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Modelling drape deformation of woven
fabrics and garments — theory

9.1 Introduction

The key to developing CAD (computer-aided design) systems for clothing
products is the establishment of physically-based numerical models which
can efficiently and accurately simulate the drape and other complex
deformations of fabrics (Hu and Teng, 1996), in particular woven fabrics
which are the commonly used fabric material. Woven fabrics are complex
mechanisms made up of intersecting threads or yarns. Although they may be
treated as continuous sheet materials, when undergoing overall deformations
like draping, the complex and discrete microstructure and their very small
thickness lend these fabrics many special properties that differ from those of
other conventional sheet materials such as steel and glass. Fabrics have a
very small bending stiffness compared to their membrane stiffness and have
different mechanical properties in the warp and weft directions. They are
easily deformable, suffering large deflections and rotations even under their
own weight and in daily use. The maximum deflection involved in fabric
deformations may be of the order of hundreds of times the thickness, and the
final deformed shape may be extremely complicated, with many doubly-
curved folds. The deformations are large athough the strains are generally
small. Analysis of complex fabric deformations is therefore a difficult task
and one that was impossible, except for afew very simple cases, before the
computer era

Over the last two decades computer technology has made great advances.
These advances have made it possible to model complex fabric deformations
such as fabric draping using computer simulation techniques. There have
been many successes and considerable progressin this area during the period
(Hu and Teng, 1996; Ng and Grimsdale, 1996). Most early works (Weil,
1986; Dhande et al., 1993) in the area are geometrically based, with an
emphasis on reproducing the cloth-like appearance of a fabric sheet on a
computer. These models cannot simulate fabric behaviour physically since
no mechanical properties are included in them. Many other workers,
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however, have adopted various physically-based models (Hu and Teng,
1996).

Feynman (1986) proposed an energy-based physical model for simulating
the appearance of cloth. The simulations included hanging cloth and cloth
draped over a sphere. The total energy function of the model containstensile
strain, bending strain and gravity terms, but shear deformations are not
considered. Terzopoulos et al. (1987) introduced an elastically deformable
model for generalised flexible objects including fabrics. Since the model
was developed for general use in computer graphics, it is not capable of
directly incorporating standard engineering parameters such as Young's
modulus. The solution procedure for the equations arising from the model is
also computationally intensive. Many other works (Thalmann and Yang,
1991; Thalmann and Thalmann, 1991; Carignan et al., 1992) were
reported using and extending Terzopoulos et al.’s deformable model. These
works were focused on the computer visualisation and animation of
garments.

Breen et al. developed a particle-based model to simulate the draping
behaviour of woven cloth (Breen 1993; Breen et al. 1991, 1992, 1994). In
their model, the cloth is treated as a collection of particles that conceptually
represent the crossing points of warp and weft threads in a plain-woven
fabric. Separate empirical energy functions were proposed for yarn repelling,
stretching, bending and trellising deformations. These functions were tuned
using the KES, Kawabata Evaluation System (Kawabata, 1975), test data
empirically in their later works (Breen et al., 1992; Breen, 1993). The final
position of the draped fabric was determined based on the minimisation of
the total potential energy which is the sum of the deformation energy terms
mentioned above and the potential energy of the self weight. While the
model was conceptually based on the microstructure of cloth, continuum-
based macrostructure properties were used in the simulation. The particle
grid of 51 x 51 used for a1 m x 1 m cloth in the numerical examplesis also
far from that necessary for amicrostructural or thread level model. In addition,
the solution procedure employing a stochasti ¢ searching process was reported
to be very time-consuming. Recently Eberhardt et al. (1996) extended Breen's
particle-based model by using a different, faster technique to compute the
exact particletrajectories. Some promising simulationsincluding cloth draped
over a square table, a circular table and a sphere were presented.

Stylios et al. (1995, 1996) presented a physically-based approach using
the deformable node-bar model (Schnobrich and Pecknold, 1973) to predict
complex deformations of fabrics. In their approach, the fabric sheet isassumed
to be a continuum shell with homogeneous, orthotropic and linearly elastic
properties. Their drape simulation was compared with results from a fabric
drape testing system. The modelling of a skirt attached to a synthetic lady
was also described.
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Several other researchers employed the finite-element method for the
simulation of fabric draping behaviour. L1oyd (1980) was probably the first
to apply the finite-element method to model fabrics and dealt only with in-
plane deformations. Collier (1991) developed alarge deflection/small strain
analysis employing a 4-noded orthotropic flat shell element to predict the
drape coefficient of cotton fabrics. Their results were reported to be in
reasonably good agreement with experimental results. Gan et al. (1995)
produced a similar analysis employing a curved shell element and presented
simulation resultsfor fabric sheets draped over square and circular pedestals.
Kim (1991) described drape simulations using a geometrically exact shell
theory proposed by Simo et al. (1989, 1990). Simo and Fox (1989), Deng
(1994) and Eischen et al. (1996) extended the work of Kim to buckling,
contact and materially non-linear problems.

Chen and Govindarg) (1995) predicted the draping of fabrics using a
shear flexible shell theory. The predicted results of a square fabric sheet
draped over aflat square surface and an animation sequence were presented.
Yu et al.(1993) and Kang and Yu (1995) also developed a non-linear finite-
element code to simulate the draping of woven fabrics. In their study, aflat
shell element model based on a convected co-ordinate system (Simo and
Fox, 1989; Simo et al., 1989, 1990; Bathe, 1982) was used. The fabric was
again assumed to be an elastic and orthotropic material. The predicted draped
shapeswere shown to agree reasonably well with those obtained experimentaly.

Ascough et al. (1996) adopted a rather simple beam element model in
their cloth drape simulations and the simulation results for a piece of fabric
draped over atable corner do not appear to be close in shape to that seen in
a corresponding photo. They also presented simulation results of the falling
of a skirt from its initial position into contact with a human body. Their
simulationswere carried out as adynamic analysis using Newmark’s method.

As reviewed above, there exist basically two main approaches in the
existing modelling approaches of fabric drape deformations: (@) the finite-
element approach employing a shell element; (b) a more empirical approach
developed specifically for fabric deformation analysis, among which the
particle-based model of Breen et al. is representative and the most widely
quoted (Breen 1993; Breen et al. 1991, 1992, 1994).

The studies of Stylioset al. (1995; 1996) and Ascough et al. (1996) do not
fall neatly into either of the above two approaches, but both are closely
related to the first approach.

The finite-element approach employing a shell element has been used by
anumber of researchers. It has arigorous mechanical basis and can be easily
understood and further devel oped by the computational mechanics community.
As the method was not developed making use of the special characteristics
of fabric drape deformations, it has a number of disadvantages. First, the
method entails a high computational cost as high-order shape functions are
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used and very large displacements have to be followed in a step-by-step
manner. Second, when the popular degenerated shell elements are used, the
bending stiffness and the membrane stiffness of the shell surface will be
coupled, and this subsequently leads to difficulty in modelling fabric sheets
dueto their independent membrane and bending stiffness. Thirdly, the method
istheoretically complex, making it more difficult to be readily accepted and
understood by its users.

On the other hand, the widely cited particle-based model of Breen and its
extension (Breenet al., 1991, 1992; Breen, 1993; Breen et al., 1994; Eberhardt
et al., 1996) contains much empiricism in the establishment of the energy
functions and uses definitions of deformations which do not follow arigorous
mechanics approach. The computational cost may also be very high.

9.2 Finite-volume formulation
9.2.1 Discretisation scheme

Fabric drape deformations involve very large deflections, but the associated
strains are small. Thisis because fabric sheets are very thin and flexible, so
most of the gross deformations come from bending; the amount of in-plane
stretching is very small in comparison. This means that an initial patch of a
fabric sheet would retain its original surface area and volume after drape
deformations.

Based on thisknowledge, the finite-volume method is adopted for simulating
the complex deformations of fabrics. In this method, an initially flat fabric
is first subdivided into a finite number of structured small patches finite
volumes (or control volumes). One control volume contains one grid node.
The deformations of a typical volume can be defined using the global co-
ordinates of its grid node and several neighbouring grid nodes surrounding
it. The strains and curvatures, and hence the in-plane membrane and out-of -
plane bending strain energies, of the whole fabric sheet are then calculated
very easily over all control volumes which retain their original surface areas
and thicknesses. The equilibrium equations of the fabric sheet are derived
employing the principle of stationary total potential energy. Geometric non-
linearity and linear elastic orthotropic material properties of the fabric are
considered in the formulation. This leads to a simple but rigorous way of
formulating the equilibrium equations of a grossly deformed fabric sheet.

The concept of finite volume or control volume was originally used for
the discretisation of differential equations, particularly in computational fluid
dynamics (Patankar, 1980; Versteeg and Malalasekera, 1995). Using this
discretisation approach, the calculation domain is first divided into many
non-overlapping control volumes such that there is one volume surrounding
each grid node. The differential equations are then integrated over each
control volume, resulting in discretisation equations containing variables for
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a group of grid nodes. The most attractive feature of the finite-volume
formulation is that the integral conservation of physical quantities such as
mass, momentum, and energy is exactly satisfied over any group of control
volumes (including the limiting case of asinglefinite volume) and, of course,
over the whole calculation domain (Patankar, 1980).

In recent years, the finite-volume method has also been applied to solid
and structural mechanics problems (Fryer et al., 1991; Demirdzic and
Martinovic, 1993; Demirdzic and Muzaferija, 1994; Onateet al., 1994; Bailey
and Cross, 1995; Wheel, 1996, 1997), particularly for solid body stress
analysis (Demirdzic and Martinovic, 1993; Demirdzic and Muzaferija, 1994;
Onate et al., 1994; Bailey and Cross, 1995; Wheel, 1996).

Here we attempt to extend the finite-volume method to model fabric
deformation, ahighly non-linear problem of orthotropic sheet materials with
unique features. The deformations and energies are cal culated over all control
volumes based on simple but reasonabl e assumptions. The discretised equations
containing the global co-ordinates of grid nodes as unknowns are derived
using the principle of stationary total potential energy. The proposed formulation
gives the finite-volume method an explicit physical interpretation in fabric
deformation modelling and extends the horizon for the application of the
finite-volume method.

There is another major difference between the analysis of fabric drape
deformation and a non-linear load-resisting structure. In fabric deformation
analysis, attention is given to the final shape of the deformed fabric sheet
under self weight with or without additional applied load, whilein the analysis
of a non-linear load-bearing structure, the maximum load that the structure
can carry and the load-deflection response are of more interest. In addition,
both the displacements and the internal forces need to be carefully determined
inthe analysis of load-bearing structureswhile, in fabric deformation analysis,
the final displacements are the only focus. These aspects are exploited here
in developing an efficient solution method.

9272 Finite-volume discretisation

Before deformations, the fabric sheet is assumed to be flat. The whole fabric
surface is taken to be the computational domain of the problem, over which
an appropriate discretisation grid needs to be established.

9.2.21 General control-volume discretisation

Consider an initially flat fabric sheet, which consists of two orthogonal sets
of threads, warp and weft yarns. Figure 9.1 illustrates the domain discretisation
scheme of such afabric sheet. The dashed linesin the two orthogonal directions
(warp and weft or x- and y-) divide the whole fabric areainto afinite number
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9.1 Two-dimensional non-uniform grid.

of structured sub-domains, called finite volumes (or control volumes). The
solid lines are located midway between neighbouring dashed lines.
Conseguently, the crossings of solid lines, which are called grid nodes, lie
exactly at the geometric centres of the control volumes, while the crossings
of dashed lines and solid lines, which are called face nodes, lie at the mid-
points of the respective finite-volume boundaries or faces.

A system of notation for each control volume is now established as shown
in Fig. 9.1 for atypical internal volume. It contains one grid node which is
identified by P and four face nodes which are identified by w, e, n and s,
denoting the west, east, north and south side faces, respectively. The same
letter P is also used to identify this typical volume. Four neighbouring grid
nodes, identified by W, E, N and Srespectively, are connected directly with
the node P. Here nodes W and E are x direction neighbours of P, whileN and
S are the y direction neighbours. The two axes are assumed to be aligned
with the two orthogonal directions of a woven fabric composed of warp and
weft yarns, For ssimplicity of presentation here, the x-axis is assumed to be
in the warp direction and the y-axis to be in the weft direction.

If the grid intervals (or finite-volume sizes) are non-uniform, the four face
nodes will not lie midway between the grid node P and its four neighbouring
grid nodes W, E, N and S, respectively. The positions of the four face nodes
are, however, smply determined by alinear interpol ation between the adjacent
grid nodes. In particular, if a two-dimensional fabric drape problem is
considered, theinitial grid will be one-dimensional. This discretisation scheme
isgivenin Fig. 9.2.
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9.2 One-dimensional grid.

@]
C



246

Structure and mechanics of woven fabrics

@

9.3 A typical control volume P: (a) before and (b) after deformation.

9.2.2.2  Assumptions about deformation

Deformation will lead to a subsequent change in the location and the overall
shape of each control volume. For atypical control volume P (Fig. 9.3), this
means that the grid node P and the face nodes w, e, n and s will move from
their initial positions to their new positions. Since the fabric undergoes large
displacements and rotations but small strains during the process of deformations,
it may be reasonable to make the following assumptions in the analysis of
fabric deformations:

D

)

©)

4)
©)

(6)

The fabric is an elastic and orthotropic material whose two principal
directions of anisotropy coincide with the warp and weft directions of
the yarns, respectively. Although the displacements may be very large,
considering the small strains involved, the two directions of the warp
and weft yarns are assumed to remain orthogonal throughout the
deformation process.

For atypical control volume, only uncoupled out-of-plane bending and
in-plane tension or compression and shearing are produced during the
deformation process. The contribution of twisting deformation to the
strain energy is ignored.

The surface area and thickness of the fabric sheet, and hence those of
a control volume, do not change significantly during deformations.
Thestrains and curvatures of atypical control volume can be determined
using the positions of its grid node and four face nodes.

The deformed position of each face node can be determined using a
linear interpolation between its two adjacent grid nodes as in the
undeformed state. For example, the deformed position of the face node
e in Fig. 9.1 can be found by linear interpolation of the deformed
positions of nodes P and E.

Each grid node has three degrees of freedom: three global coordinates
X,y and z
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Under the above assumptions, the deformations of an internal control volume
will only depend on five grid nodes: the grid node of the volume itself and
its four neighbours surrounding it.

In assumption 2, the twisting shear strain energy isassumed to be negligible.
This assumption in fact has been involved in al fabric deformation models
based on approach b, although it has never been discussed or even mentioned
in these studies. Physically, the assumption may be justified by noting that
the warp and weft yarns of a woven fabric structure can slide against each
other under twisting shear stresses, a situation which also makes the in-plane
shear stiffness much smaller than the tensile stiffness. The assumption of
ignoring the resistance offered by twisting shear deformationsisalso supported
by numerical comparisons later (Press et al., 1992).

9.2.2.3  Boundary control volumes

So far, no discussion has been given on the control volumesthat lie along the
edgesor at the corners of the computational domain. Since boundary conditions
are usually imposed only on the grid nodes, the solid grid lines are placed
along the domain edges, leading to half volumes along edges and quarter
volumes at corners. That is, the typical edge volume P; (Fig. 9.1) may be
viewed as a ‘half’ of an internal control volume and the corner volume P,
(Fig. 9.1) a‘quarter’ of an internal volume. Therefore, the deformations of
the edge control volume P; will depend on four grid nodes instead of five,
one of itself and three neighbours, and those of the corner control volume P,
depend only on three grid nodes.

9.2.3 Strain energy

The out-of-plane bending and in-plane membrane strain energies of atypical
control volume are considered in this section. The total strain energy of a
control volume is the summation of these two types of strain energy. The
total strain energy of the fabric sheet can be found by adding together the
contributions from all control volumes.

9.23.1  Out-of-plane bending

The bending deformations of a typical control volume P are in general
produced simultaneously in two directions. warp (or x) and weft (or y).
Figure 9.4aillustrates the x-direction bending. Although the draped shape of
afabric sheetisin general acomplicated curved surface, theradii of curvature
in both the warp and weft directions of a small surface area are still much
greater than its thickness. Therefore, if the control volume is sufficiently
small, it is not difficult to derive the equivalent bending curvatures in the
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9.4 Deformations of a typical control volume P: (a) out-of plane
bending in x-direction; (b) in-plane tension and shearing.

two directions from the two bending angles formed by its grid node and the
four neighbours. For example, theradius of curvature of the deformed surface
in the warp direction is found as the radius of a circular arc which has two
end tangents coinciding with the deformed lines P'w” and P’€’ for the control
volume P (Fig. 9.4a). Therefore, the curvatures of the control volume P in
the two directions are

Kpp = 20tg 9—51/Ip1 and Kp, = 2ctg‘9%llp2 [9.1]

where kp; and «p, are the bending curvaturesin the warp and weft directions,
61 and 6p, are the corresponding bending angles (see Fig. 9.4a), Ip; and Ip,
are the finite-volume sizes in the two directions, respectively. Based on
assumptions 1-6 as given in the previous section, the bending strain energy
is given as

Upp = %(Dﬂ(gl + 2Dk piKpy + DokEy) - Ap [9.2]

where D, and D, are the bending rigidities in the warp and weft directions,
respectively, D1, is the bending rigidity reflecting the Poisson’s effect, and
Ap is the in-plane surface area of volume P which is assumed to remain
constant during deformations.

Based on the classical continuum bending theory which assumes that the
tensile and compressive Young's moduli are the same and that they are also
the same regardless of the nature of deformations, these bending rigidities
can be related to the elastic moduli obtained from uniaxial tensile tests. For
awoven fabric, however, the situation is quite different in that the measured
bending rigidities are much smaller than those cal cul ated using the conventional
continuum mechanics approach. That is, a fabric has independent bending
stiffness and stretching stiffness. Therefore, equation 9.2 is used directly
with measured bending rigidities.
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9.2.3.2 In-plane tension and shearing

Thein-plane (or membrane) deformations of acontrol volume include tension/
compressionin thetwo principal directionsand membrane shearing. In general,
the surface of acontrol volumeis not plane after deformations, so subdivision
of the volume into smaller sectionsisdesirable for amore accurate evaluation
of the in-plane strain energy. Referring to the typical volume P as shown in
Figs 9.1 and 9.3, the two lines ew and ns subdivide the whole volume into
four sections, nPe, nPw, sPe and sPw. The in-plane deformations of the
quarter section nPe are illustrated in Fig. 9.4b. The membrane strains of the
section can then be evaluated as

P’e’— Pe _ P'E’— PE _ dpe —lpe

E1 = Epe = — = —
LT Pe PE I e
Pn”—Pn _ P’N"= PN _ dpy —Ipy
Er = € = — = — = [93]
z2o o Pn PN Ien

— -
€12 = Vnpe = i — Qnpe

where lpg, dpg and | py, dpy are the distances between grid nodes P and E, and
P and N, before and after deformations, respectively; ¢.peisthe angleformed
by lines Pe and Pn after deformations (Fig. 9.4b).

As the fabric is assumed to be an orthotropic elastic material, the
corresponding stress resultants (force per unit length) in the section can be
easily obtained as

Ny E, Ep O €1 E: En O] é&pe
N, =|Ep, E; O € ¢=|EBEpx Ey 0}fé€pm [9.4]
S 0 0 G| (7w 0 0 G

Y nPe
where G is the shear rigidity and E;, E,, E;, are given by

— EW&FP
E,=7——
1- Vwarpvweft
Evert
E2 =_ —wet [95]
1- Vwarpvweft
E., = Vwarp Eweft _ Vet Ewarp
12 — 1— - 1—
Vwarpvweft vwarpvweft

Here, Eyap and Eye are the membrane rigidities of the fabric sheet in the
warp and weft directions respectively determined from tensile tests, and
Vwarp @d Vet are the corresponding Poisson’s ratios. The in-plane strain
energy of section nPe is therefore given by
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Unpe = 3(Es£% + 2Enpeton + Exchy + Gdpe) ‘Ape 98]

where A,p. is the area of quarter section nPe.

Thein-planestrainenergy U,pw, Uspy and Ugpe OF the other threequarter sec-
tionscanbefoundinasimilar manner. Thein-plane(or membrane) strain energy
of the whole control volume is the sum of the above four sections given by

Upm = Uppe + Uppw + Ugpyy + Ugpe [9.7]

The total strain energy of the control volume P is the sum of bending and
membrane strain energies, i.e.

Up = Upp + Upn [9.8]

Consequently, the total strain energy of the whole fabric sheet consisting of
r control volumes Uy is

r

Ugr = F§1UP [9.9]

9.2.4  Governing equations

Under its own weight and given boundary conditions, a fabric sheet always
deformsinto afinal stable equilibrium state and forms a complicated surface,
the process of which is called fabric draping. Complex deformations may
also occur under additional applied loads. The final equilibrium state of the
fabric can be determined by using the principle of stationary total potential
energy. The total potential energy IT is the summation of the total strain
energy as given by equation 9.9 and the potential energy of gravitational
forces and other applied loads

n
IT=Ug +Ug + Ug :Pzzl(upb‘*‘UPm + Upg + Upey [9.10]
Upg = —Mpgzp
where Ug and U, are the potential energies of gravitational forces and other
applied loads respectively, mp is the mass of the finite volume P, g is the
gravitational acceleration, and z isthe vertical co-ordinate. The equilibrium
eguations can be obtained using the variational principlethat the total potential
energy I1 must be stationary;
O0IT=06(Ug +Ug+Ug) =0 [9.11]
or
oIl _ oU 4 + d(Ug + Ug)
oXpi  OXpi 0 Xpi

=0 (P=1,2,...,r,i=1273)
[9.12]
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where Xp; (i = 1, 2, 3) stands for the three global co-ordinates Xp, yp and z of
the position of node P at any point of time during deformation. Equation
9.12 leadsto aset of non-linear algebraic equationswith the global coordinates
of al grid nodes as unknowns, which can be cast in the following form

F-R=0
E= E)Udf
T X [9.13]
_ 0d(Ug + Ug)
RE——x
where X = [+ Xy Xwe Xwa - Xp1 Xp2 Xp3 ---] T is the global nodal co-ordinate

vector, F isthe global nodal internal force vector and R is the global nodal
load vector due to gravity and applied loads.

Using the Newton—Raphson iteration scheme (Bathe, 1996; Crisfield, 1991),
equation 9.13 can be rewritten in the following iterative form

KAX=R-F

XD = X® + AX [9.14]
_0E _ 9°Uq
T 9X T 9XoX

where K is the global tangent stiffness matrix of the fabric sheet, and X{"
denotes the i-th iterative solution of the vector X. From equation 9.9, the
global internal force vector and the global tangent stiffness matrix may be
written in the form of summations as

- s aUp
F=Z5x
- d aZUp
"~ PL 9X0X

[9.15]

Since the strain energy function Up depends only on the co-ordinates of
node P and its four neighbours W, E, N and S, only 15 components in the
vector dUp/dX are non-zero. Similarly, the matrix d?Up/dXdX contains
only 15 x 15 non-zero elements. These non-zero elements form a sub-vector
F€ and a sub-matrix K€, which are referred to as the element internal force
vector and the element tangent stiffness matrix, respectively. Once al the
element vectors F€ and matrices K€ are obtained, they can be assembled to
form the global vector F and matrix K, the procedure of which is similar to
that in the finite-element method.
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9.24.1 The element internal force vector

In this section, the internal force vector for atypical internal control volume
P (referred to as element internal force vector here) isformulated. The vector
is given by

.
oUp dUp dUp dUp dUp
€ =
- |:aXWi OXni OXpi OXg OXEi [9.16}
and the corresponding element nodal co-ordinate vector is
XC=Dw XN X Xs Xl [9.17]

In equations 9.16 and 9.17, each component denotes a 3x 1 vector, for
example

T
{aUP} _ |:aUp aUP aUP :| and {XPI} f [XPl Xp2 XP3]T

8Xp| aXpl asz ang
[9.18]
From equations 9.7 and 9.8, it is easy to see that
oUp _ dUpy N Upn
an an an
Upm _ Uppy  dUppe . dUgpy . OUype
aX,- an an an an [ ]
(Xj :XWi1XNilXPi1XSIXEili = 1, 2, 3)
Noting that
2 gl oy 2 [Traoshn _, 2 [T+
2 yobp2 oy 2 |1t
& |P2 Ctg 2 * |P2 1_fnps
[9.20]

where f,,pe and f,ps denote the cosines of the bending angles 6, and 6p,
respectively, thestrain energies Upp, Uppy, Unpe, Ugpy, @nd Uy pe Can be expressed
as functions of the nodal co-ordinates, that is
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1
Upy = §(D1K.%1 + 2D1pKp1Kpy + Dngz)AP

_ 2Dilpy 1+ fype

IPl 1- fWPe

1+fupe 1+f 2D,lp 1+ f
+ 4D . nPs + 2'P1 nPs 921
12\/l_fwPe l_fnPS IP2 1_fnPs [ ]
and
Uppa = %(Elega + 2Ep€papp + Exedy + GYEpa) Avra
YbPa = % - arCCOSbea
_ dpa—lpa _ . _
z—:pa—l— (Pa=Pw, Pe, Pn, Ps, PA = PW, PE, PN, PS)
PA
(bPa = nPw, nPe, sPw, sPe)
[9.22]
where
be - tha
a nga
3
Nopa = J.z::l[(XBj — Xpj )(Xaj — Xpj)]
= dpad
OoPa palps [9.23]

dpa

3
1/%(XN —Xpj)?, dpg

3
\/El(m——xpj)z(A,B:W,E,N,S)

(bPa = wPe, nPs, nPw, nPe, sPw, sPe)

where fp, denotes the cosine of the angle formed by grid lines PA and PB
after deformations (A, B=W, E, N or S), while dps and dpg are the distances
between grid nodes P and A, and P and B, respectively, after deformations.
In eguation 9.21 above, if the control volume deforms into an anticlastic
surface, the second term on the right-hand side assumes the negative sign
and otherwise the positive sign. Using equations 9.21-9.23, the first partial
derivatives of the bending and membrane strain energy functions, namely
the components of the element internal force vector F® can be found as
follows:
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aU Pb — 4D1| p2 1 a fWPe

IXwi lp1 (1- fwPe)z IXwi
oU Pb _ 4D2| P1 1 afnPs
IMni Te2 (1—fops)? OXn
dpp _ 4Dilp, 1 9 fupe
X lpr (L —fupe)? OXp

[9.24]
+ 4D2| P1 1 J fnPs

lp2 (- fnPs)2 OXpi
Upy _ 4D,lp; 1 9 fips

0Xg - lp2 (1- fnPs)2 dXg
ou Pb - 4D1| p2 1 0 fWPe
OXgi lpr (1 —fype)? OXg
and
ou bPa _ o€ Pa 0€ Pa aYbPa
T = Elé‘pam + Eppépp m + GYppa Xn Abpa
ou bPa _ o€ Pa e Pb de Pb
o Eiepa X Ezxepp X + Epp€pa X
97
+ Eppé€pp X *+GYbpa ax,:a) Aopa
Uppa _ J€pp J€pp 97 bpa
0Xg; Ezp 0Xgj ¥ Elzepaa Bi * Gra 0Xgi Pors
(bPa = nPw, nPe, sPw, sPe)
[9.25]
where

aybPa - _ a(PbPa — 1 abea
an an 1_fb2Pa aXi

(Xj = Xaj» Xpiy Xgi, i = 1, 2, 3) [926]

For simplicity, in deriving equation 9.26, the coupling of bending in the two
directions due to the Poisson’s effect has been neglected (i.e. D1, = 0) and Ap
= Ipylp, has been used. There is currently little information on the Poisson’'s
ratio of fabricsand its accurate measurement is difficult (Chen and Govindarg),
1996). The effect of the Poisson’s ratio is therefore ignored in almost all
models belonging to the second approach. In finite-element shell models,
while a non-zero Poisson’s ratio can be easily handled and is quite often
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included in numerical simulations, it has also been set to zero (Kim, 1991;
Eischen et al., 1996), a very small value (Kang and Yu, 1995) or not at all
mentioned in the material properties (Gan et al., 1995).

Collier (1991) compared the drape deformations of a circular piece of
cloth draped over acircular pedestal using two very different values for the
Poisson’s ratios, 0.12 and 0.54 respectively, and showed that they led to
some significant differencesin the draped shape. A recent study by Chen and
Govindaraj (1996) has, however, shown that the Poisson’sratio has no visible
effect on fabric drape deformations for values between 0 and 0.5. Chen and
Govindargj (1996) also argued that Collier et al.’sresults are not reliable due
to the particular modelling approach used for their circular cloth pieces. Itis
also apity that they did not include results for a Poisson’s ratio of 0.3 which
was used for other examples in their papers.

Even in the above two studies which give special attention to the effect of
the Poisson’s ratio, the definition of the Poisson’s ratios is a little loose.
Collier et al. does not even mention which of the two Poisson’s ratios he was
referring to when quoting the values, while Chen and Govindargj define only
one Poisson’sratio athough the symmetry of the constitutive matrix is enforced.
It thus appears to be wise to set the Poisson’s ratios to zero. The theory
presented here is, however, not limited to the case of zero Poisson’s ratios,
although a more involved derivation is required if a non-zero value is used.
Numerical results given later in the section further justify the omission of the
Poisson’s effect.

In equations 9.24-9.26, the first derivatives of ep, (Pa = Pw, Pe, Pn, Ps)
and fyp, (bPa = wPe, nPs, nPw, nPe, sPw, sPe) with respect to the nodal co-
ordinates are given in the following four expressions

0€pa — Xpi = XA
OXpi lpadpa

(Pa = Pw, Pe, Pn, Ps; PA
J€pa _ Xa — Xpi

X - [padpa

= PW, PE, PN, P9 [9.27]

d
Ifupa (2Xpi — Xai — XBi )9opa — Nopa a%’:ia
aXPi ggPa
[9.28]

00bpa _ (Xpi — Xai)dps + (Xpi — Xgi)dpa
OXpi dpa dpg
9 fopa _ Xgi = Xpi _ Nppa 99pa
aXAi ObPa ggPa aXAi [9 29]

dGra _ (Xa — Xpi)dps
OX pj dpa
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and

dfppa _ Xai — Xpi _ hipa 99bpa

0Xg; Obpa Oipa OXei

[9.30]
0Qbra _ (Xg — Xpi )dpa
0Xpi dps

By now, all components of the element internal force vector F© have been
expressed as functions of the element nodal coordinate vector X®. The global
internal force vector F can then be formed by placing these components at
appropriate positions according to the global grid-node numbering sequence.

9.24.2  The element tangent stiffness matrix

The element tangent stiffness matrix K®is a 15 x 15 symmetric matrix. For
the typical internal control volume P, the matrix is
9%Up
9Xwi OXwik
0%Up 0%Up
OXpni Xk IXpNi OXnik
0%Up 0%Up 0%Up
OXpi OXwik  OXpi Xk OXpi OXpyc
0%Up 0%Up 0%Up 0°Up
OXg Xk OXgOXnk OXgOXpe 0XgOXg
0%Up 9%Up 9%Up 9%Up 20%Up
OXgi OXwk  OXgiOXnk  OXEi OXpk  OXgiOXs  OXgi OXg |
[9.31]

in which each component stands for a 3 x 3 sub-matrix. For example

Ke

0°Up 0%Up 0%Up
aleaXWl aXNlaXWZ aleaXW3
?Up | _| 0%Up 90%Up 90%Up
aXNiaXWk aXNZaXWl 8XN28XW2 aXNzaXW3 [932]
0%Up 0%Up 0%Up
| OXn3OXwn  OXn30Xwa  OXn3OXws |

Using equations 9.17 and 9.18, the second partial derivatives may be expressed
as
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9?Up _ 0%Up, , 9°Upm
BX,-BX| - an aX| anaX|
aZUpm — 82Unpw + azunpe + BZUSPW + aZUSpe [933]
OXjOX;  0XjOX,  OX;OX;  OX;OX  OX;0X

(vaxl =XV\A!XNi!XPi1XSlXEi1i=1!2!3)

The second partial derivatives of the bending strain energy Up, can be obtained
by differentiating equation 9.24 with respect to nodal co-ordinates once
more, which leads to

0%Up,
0Xpi OXpi

- 4Dilps 1 0% fupe + 2 0 fupe 9 fwpe
Ip1 (1- fWPe)2 9Xp; IXp (1- 1:wPe)g IXpi  OXpk

4D,lpy 1 02 frps 2 9fps O frps
* + 9.34
oo [(1—fnps)2 Oxp0Xer (L fo)® OXer D |
and
9%Up,
aX\MaXWk
_ 4Dilpy 1 92 fiupe N 2 9 fupe O fupe
b1 | (1 —fupe)? OXwidXwe (1 —fupe)® OXwi X
[9.35]

The other four terms BZUpb/E)Xpi aka, BZUpb/ain 8ka, E)ZUpblﬁinaxpk and
02U p/OXg0%gx can be found by appropriate permutations in the subscripts of
the nodal co-ordinates on both sides of equation 9.35. Similarly,

aXNiaXNi
_ 4Dalpy 1 92 fps . 2 O fops O s
ez (1 —fups)? OXniOXnk (1 —Fps)® OXni OXnk
[9.36]

Again, the terms 02U py/0Xpi Xk, 92U pp/0Xs 9Xnk, 92U pp/9Xg Xpy and 0°Upp/
0Xg0Xg can be obtained by permutations in the subscripts on both sides of
equation 9.36. The second derivatives of fyp, (bPa = wPs, nPs, nPw, nPe,
sPw, sPe) can be derived without difficulty. The second derivatives of thein-
plane strain energy function Up, (bPa = nPw, nPe, sPw, sPe) can also be
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obtained by differentiating equation 9.25 once more with respect to the
nodal co-ordinates.

9.2.5 Boundary control volumes

In the previous sections, the element internal force vector F€and the element
tangent stiffness matrix K€ for internal control volumes are established. The
corresponding matrices for boundary control volumes, such as the edge
volume P; and the corner volume P, as shown in Fig. 9.1, are now derived.
For an edge control volume such as the typical volume Py in Fig. 9.1, the
strain energy Up; only depends on four grid nodes. Therefore, the element
internal force vector F®isa 12 x 1 vector and the element tangent stiffness
matrix K®is a 12 x 12 matrix. They are expressed as follows

dUp dUp aUp Up "
e —
Fs [aXNi OXpi OXg aXEi} o
and

92U, |

Tt o
82Up azUP
o o | PP OXpiOXee [9.38]

02Up 02Up 0%Up
an BXNk an 8ka an BXS(
92U, 92U, 22U, 92U,
_BXEi aXNk 8XEi aka ain an( ain aXEk ]

Similarly, for a corner control volume, such as the typical volume P, shown
in Fig. 9.1, the strain energy Up, depends only on three grid nodes, so F¢is
a9 x 1 vector and K® a9 x 9 matrix. These are given by

T
e _ | 0Up dUp dUp
k= |:aXNi OXpi aXEii| [9:39)

and

9%Up
OX i OX Nk
9%Up 9%Up

e —
s OXpiOXnk  OXpiOXpy [9.40]

02Up 02Up 92Up
| OXg0Xnk  OXgOXpr  OXgOXgy |
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The procedure of derivation for all componentsin equations 9.37-9.40 isthe
same as that for internal control volumes as presented in the previous
sections.

9.2.6  Solution method for the non-linear equations
9.26.1  Existing solution procedures in fabric deformation analysis

A variety of algorithms have been employed for the solution of the non-
linear algebraic equations arising from a discretised fabric model. In Breen
et al.’swork (Breen, 1993; Breen et al., 1994) the deformed shapes of square
pieces of woven cloth draped over rectangular tables were simulated using
a particle-system model. They used a three-phase solution procedure. The
first phase accounts for the effect of gravity and the collisions between the
cloth and the interacting object. The second phase is an energy minimisation
phase in which a stochastic technique is used to reach alocal minimum. In
the third phase, a stochastic perturbation techniqueis used to produce amore
natural final shape.

Eberhardt et al. (1996) used a Runge-Kutta method with adaptive step-
size control and the Bulirsch-Stoer method (Press et al., 1992) as anumerical
solver for the differential equations resulting from the particle-system model.
The simulation examples presented include cloth sheets draped over asquare
table, a circular table and a sphere. Other researchers(Kim, 1991; Chen and
Govindargj, 1995; Gan et al., 1995; Kang and Yu, 1995) employed the
incremental Newton—Raphson iteration method to solve the non-linear
equilibrium equations derived from a finite-element formulation. Their
simulation examplesinclude the two-dimensional draping of fabric cantilevers,
square cloth sheets draped over cubic objects or circular tables. Deng (1994)
and Eischen et al. (1996) employed an adaptive arc-length algorithm (Riks,
1979; Schweizerhof and Wriggers, 1986) with an acceleration factor to deal
with non-linear effects including material non-linearity and contact. The
predicted results of fabric pieces draped over a block, hanging over a round
rod, draped over intersecting cylinders were presented.

Intheexisting literature, little discussion has been found on an appropriate
solution procedure for fabric deformation analysis which takes into account
the special characteristics of these problems. This issue is considered first
below, leading to the choice of the Newton—-Raphson method (Crisfield,
1991; Bathe, 1996) in conjunction with the use of the line search technique
(Crisfield, 1991). The effectiveness and efficiency of the solution
procedure is then investigated, through comparison with the conventional
step-by-step incremental iterative Newton—Raphson procedure in anumerical
example.
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9.2.6.2  Special characteristics of fabric deformation analysis

Fabric deformations generally involve very large displacements, often of the
order of hundreds of times the thickness of the fabric sheet. This kind of
gross deformation is not encountered in the analysis of load-bearing structures.
The only obvious examplein non-linear structural mechanicswhichisclosely
related to this class of deformations is the elastica problem. There are also
some other major differences between a fabric drape deformation analysis
and anon-linear analysis of load-bearing structures. First, the aim of afabric
deformation analysis is to determine the final deformed shape under self
weight with or without additional applied loading, while in the non-linear
analysis of load-bearing structures, the maximum load-carrying capacity and
the load-deflection response are of interest. Second, both the displacements
and the internal forces need to be carefully determined in the analysis of
load-bearing structures, while in a fabric deformation analysis, the final
displacements are the only item of interest.

It is easy to seethat a step-by-step incremental iterative approach is well
suited for the analysis of load-bearing structures, asthe |oad-deflection response
can be traced and internal forces and displacements can be computed at
different levels of loading. For a fabric deformation analysis, a more direct
and efficient approach is clearly desirable as the only information of interest
is the final displacements of the cloth sheet.

9.2.6.3  The Newton—Raphson method

Based on the above rationale, the full Newton—Raphson iterative method
(Crisfield, 1991; Bathe, 1996) is adopted for the solution of the non-linear
eguations of the fabric sheet with all the loading applied in a single step,
instead of an incremental iterative approach. The solution process using the
Newton—Raphson iterative method (Crisfield, 1991; Bathe, 1996) in asingle
step is described by the following two equations

KAX=R-F }

X new — xold + AX [941]

where X is the global nodal co-ordinate vector, K is the global tangent
stiffness matrix, F is the global nodal internal force vector and R is the
global nodal load vector dueto gravity and other applied loadsif any. Details
of the computational steps will be given later.

9.2.6.4  The line search technique

To accelerate the convergence of the Newton—Raphson iterative solution
process, the line search technique (Crisfield, 1991) isincluded in theiterative
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solution process. In this technique, the incremental co-ordinate vector AX
obtained from the first part of equation 9.41 is now defined as an iterative
direction for the actual co-ordinate increment. The co-ordinate vector isthen
updated using

Xupdate = xold 1 nAX [9.42]

in which the scalar 1 is the iterative step length and the only variable for the
line-search process. The scalar 11 can be determined using the linear
interpolation method until the defined inner product

s(n) = AX"(F - R) [9.43]
is small, i.e. until the following expression is satisfied
Is(m| < Bis|s(n = 0)| [9.44]

where fBs is the line-search tolerance. In the numerical simulations to be
presented later, the line-search technique was employed in the solution process
for all-three dimensional cases and was found to be effective. For the two-
dimensional draping analysis of fabric cantilevers, this technique was not
used as it was not found to be useful.

9.2.6.5  Convergence criterion

A rational and realistic convergence criterion is an essential ingredient of an
effective iterative solution procedure. As stated by Bathe (1996), ‘if the
convergence tolerances are too 100se, inaccurate results are obtained, and if
the tolerances are too tight, much computational effort is spent to obtain
needless accuracy’. A number of convergence criteria have been used in
non-linear analysis of load-bearing structures (Bathe, 1996), which may be
either displacement-based or |oad-based. Bearing in mind that the concernin
fabric drape deformation analysisisthefinal deformed shape, the convergence
criterion adopted is the iterative change of the position vector at a grid node
which is given by

_ |Anew —A0|d|
B= e < Bg

ANew =( /XZ +y2 + Z2)new Aold =( /X2 +y2 + 72 )old

where f4is the displacement convergence tolerance, X, y and z are the three
co-ordinates of the grid node. This criterion has to be satisfied by each grid
node before convergence is deemed to have been reached. A value of 107°
has been used and found to be satisfactory in all the numerical simulations
presented below.

[9.45]
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