
Appendices

Appendix 1: The determination
of unit-cell constants and their
use in ascertaining the contents
of the unit cell

Unit-cell dimensions
Unit-cell dimensions may be determined, with X rays of a known wavelength,
from values of 2Ë for Bragg reflections of known indices; 2Ë is the deviation of
the diffracted beam from the direct beam. The Bragg equation is then used, i.e.,
nÎ = 2d sin Ë; dhkl = spacing between crystal planes (hkl).

Example
Monoclinic cell, a = 23.033 Å, b = 7.670 Å, c = 9.928 Å, · = „ = 90◦, ‚ = 100.12◦,
sin ‚ = 0.98445, Î = 1.5418 Å [a sin ‚ = 22.675 = d100, c sin ‚ = 9.774 = d001].

Experimental measurements

a

c b

d100

d001

O

Fig. A1.1 Unit cell with b perpendicular
to the plane of the paper.

h k l 2Ë(◦) Ë(◦) sin Ë nÎ/2 sin Ë(Å)

20 0 0 85.68 42.84 0.67995 22.675
}

d100

}
a sin ‚

22 0 0 96.82 48.41 0.74791 22.676
0 4 0 47.41 23.705 0.40203 7.670 d010 b
0 0 10 104.14 52.07 0.78876 9.774 d001 c sin ‚

Conclusion: a = 23.033 Å, b = 7.670 Å, c = 9.828 Å, ‚ = 100.12◦.

Unit-cell contents
Let W = weight in grams of one gram-formula weight of the contents of the unit
cell.
V = the unit-cell volume in cm3 of this weight of the crystal.
NAvog. = Avogadro’s number = number of molecules in a gram molecule =
6.02 × 1023.
Unit-cell volume = 1726 Å

3
= 1726 × 10−24 cm3.

Observed density (by flotation) = 1.34 g/cm3.
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If the density of a crystal is known (or guessed), it is possible to determine
what is in the crystal. NAvog. unit cells occupy 1726 × 10−24 × 6.02 × 1023 cm3 =
V = 1039 cm3.
Crystal density = W/V = W/1039 g/cm3 = 1.34 g/cm3.
Therefore W = 1392.
But W also equals (ZM + zm),
where Z is the number of molecules of the compound (molecular weight M)
per unit cell, and z is the number of molecules of solvent of crystallization
(molecular weight m) per unit cell. In this example, M is known to be 340 and
m = 18 (for water).

(Z × 340) + (z × 18) = 1392.

The monoclinic symmetry of the unit cell suggests that Z is 4, or a multiple of 4,
leading to the conclusion that Z = 4 and z = 2 (W = 1396) is the correct solution,
and that the solution Z = 3 and z = 20 (W = 1380), which is equally probable
from the calculated weight alone, is much less likely, because of the monoclinic
symmetry.

Appendix 2: Some information
about crystal systems and crystal
lattices

There are seven crystal systems defined by the minimum symmetry of the
unit cell. It is conventional to label the edges of the unit cell a , b, c and
the angles between them ·, ‚, „, with · the angle between b and c, ‚ that
between a and c, and „ that between a and b. If the crystal lattice has six-
fold symmetry, sometimes four axes of reference are used. These are x, y, u,
z, where x, y, and u lie in one plane inclined at 120◦ to each other and with
z perpendicular to them. The indices of Bragg reflections are then hkil with
the necessary condition that i = −(h + k). We use the simpler cell here. For the
seven crystal systems, the minimum symmetry and the diffraction symmetry
are:

Minimum point group symmetry of a
crystal in this system

Diffraction symmetry
(Laue symmetry)

1. Triclinic None (one-fold rotation axis). 1
2. Monoclinic Two-fold rotation axis parallel to b. 2/m
3. Orthorhombic Three independent mutually

perpendicular two-fold rotation axes.
mmm

4. Trigonal/rhombohedral Three-fold rotation axis parallel to
(a + b + c)

3 or 3 m

5. Tetragonal Four-fold rotation axis parallel to c. 4/m or 4/mmm
6. Hexagonal Six-fold rotation axis parallel to c. 6/m or 6/mmm
7. Cubic Four intersecting three-fold rotation axes

along the cube diagonals.
m3 or m3m
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Here a number, 1, 2, 3, 4, or 6, implies a rotation axis. If there is a line over
it, such as 3, then it is an inversion axis. A mirror plane perpendicular to the
rotation axis is n/m, but if the mirror plane is parallel to the rotation axis it is
nm; see International Tables, Volume A (Hahn, 2005).

Diagrams of the unit cells are shown below, together with symmetry-
imposed restrictions on the unit-cell dimensions.

Diagrams of unit cells Crystal system Rotational symmetry elements
and cell-dimension restrictions

a

b

c

Triclinic No rotational symmetry. No restrictions on
axial ratios or angles.

a b

c

Monoclinic b chosen along the two-fold rotation axis.a

Angles made by b with a and by b with c
must be 90◦.

b

c

a

Orthorhombic Three mutually perpendicular two-fold
rotation axes chosen as a, b, c coordinate
axes. No restrictions on axial ratios. All
three angles must be 90◦.

b a

c

Tetragonal Four-fold rotation axis chosen as c. Two-fold
rotation axes perpendicular to c. Lengths
of a and b identical. All angles must be 90◦.

Hexagonalb c is chosen along the six-fold axis. Two-fold
rotation axes perpendicular to c. Angle
between a and b must be 120◦; other two
angles must be 90◦.
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x

a

c

a3

a2
a1

y

Reverse setting Obverse (conventional)
setting

Rhombohedral Three-fold rotation axis along one body
diagonal of unit cell. This makes all three
axial lengths necessarily the same and all
three interaxial angles also necessarily
equal. There is no restriction on the value
of the interaxial angle, ·.

a
b

c

Cubic Three-fold rotation axes along all four
body-diagonals of unit cell. Four-fold axes
parallel to each crystal axis. Two-fold axes
are also present. All axial lengths are
identical by symmetry. All angles must be
90◦.

Face-centered (F )
and
body-centered
(I )

Symmetry at each crystal lattice point is the
same as for simple cubic. F has four crystal
lattice points per cubic unit cell, the extra
three being at face centers. I has two
points per unit cell, the extra one being at
the center of the cell.

120˚

a This means that if the cell is rotated 360◦/2 = 180◦ about an axis parallel to b, the
cell so obtained is indistinguishable from the original.
b The six-fold axis present in hexagonal crystal lattices is perhaps not evident from
the shape of the unit cell, because the inclusion of the cell edges as solid lines in
the diagram obscures the symmetry. If only the crystal lattice points are shown
in a layer normal to the unique c-axis (one cell is outlined here on the right in
dashed lines), the six-fold symmetry is apparent (ignoring the dotted lines). There
is a six-fold rotation axis perpendicular to the plane of the paper at every crystal
lattice point; it is indicated by the dashed lines drawn from one crystal lattice
point.

There are five additional Bravais lattices that are obtained by adding face-
centering and body-centering to certain of the seven space lattices just listed.
Face-centering involves a crystal lattice point at the center of opposite pairs of
faces, and is designated F if all faces are centered and A, B, or C if only one pair
of faces is centered. In body-centered unit cells, there is a crystal lattice point at
the center of the unit cell; a body-centered cell is designated I . These centerings
cause additional systematic absences in the measured Bragg reflections (h, k, l)
as follows:

A (k + l), odd, absent.
B (l + h), odd, absent.
C (h + k), odd, absent.
F (h + k), (k + l), (l + h), all odd, absent.
I (h + k + l), odd, absent.
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The 14 Bravais lattices are:

Triclinic P
Monoclinic P C
Orthorhombic P C F I
Tetragonal P I
Hexagonal P
Rhombohedral P
Cubic P F I

(C in monoclinic can alternatively be Aor I ; C in orthorhombic can alternatively
be A or B. P in rhombohedral is often called R.)

Addition of symmetry elements to these Bravais lattices give the 230 space
groups. Some of these symmetry elements also cause systematic absences in
the diffraction pattern. For example, for a two-fold screw axis parallel to a,
h in the h 0 0 Bragg reflections is only even, and for a four-fold screw axis
parallel to a, h in the h 0 0 reflections is only a multiple of 4. For a glide
plane perpendicular to a with translation b/2 (which is a b glide), k in the
0kl reflections is only even. For more details, see International Tables, Volume
A (Hahn, 2005), or X-ray Crystallography by M. J. Buerger, Chapter 4, pp. 82–90
(Buerger, 1942).

Appendix 3: The reciprocal lattice

The relation between the crystal lattice (real space) and the reciprocal lattice
(reciprocal space) may be expressed most simply in terms of vectors. Some of
the relationships between these two lattices are illustrated in Figure 3.7d. The
point hkl in the reciprocal lattice is drawn at a distance 1/dhkl from the origin and
in the direction of the perpendicular between (hkl) lattice planes. If we denote
the fundamental translation vectors of the crystal lattice by a, b, and c, and the
volume of the unit cell by Vc, and then use the same symbols, starred, for the
corresponding quantities of the reciprocal lattice, the relation between the two
lattices is

a∗ =
b∗ × c∗

Vc
, b∗ =

c∗ × a∗

Vc
, c∗ =

a∗ × b∗

Vc
(A3.1)

with Vc = a · b × c = 1/V∗
c .

The vectors of the crystal lattice and the reciprocal lattice are thus oriented as
follows: any fundamental translation of one lattice is perpendicular to the other
two fundamental translations of the second lattice. Thus a∗ is perpendicular to
both b and c, b is perpendicular to both a∗ and c∗, and so on. The vectors of
the crystal lattice and the reciprocal lattice are therefore said to form an “adjoint
set” in the sense that this term is used in tensor calculus; they satisfy the condi-
tion that the scalar product of any two corresponding fundamental translation
vectors, one from each of the two lattices, is unity, and the scalar product of any
two noncorresponding vectors of the two lattices is zero, because, as mentioned
above, they are mutually perpendicular. This is expressed by

a∗
i · a j = ‰i j

{
= 1, if i = j
= 0, if i = j

(A3.2)
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That is,

a · a∗ = b · b∗ = c · c∗ = 1

and

b · a∗ = c · a∗ = c · b∗ = a · b∗ = a · c∗ = b · c∗ = 0

As stressed in Chapter 3, if a structure is arranged on a given lattice, its
diffraction pattern is necessarily arranged on a lattice reciprocal to the first.
The fact that any fundamental translation of the crystal lattice is perpendicular
to the other two fundamental translations of the reciprocal lattice, and the
converse, is an example of a quite general relation: every reciprocal lattice vector is
perpendicular to some plane in the crystal lattice and, conversely, every crystal lattice
vector is perpendicular to some plane in the reciprocal lattice. Furthermore, if the
indices of a crystal lattice plane are (hkl) (in the sense defined in the caption
of Figure 2.4), the reciprocal lattice vector H perpendicular to this plane is the
vector from the origin of the reciprocal lattice to the reciprocal lattice point with
indices hkl. It is expressed as

H = ha∗ + kb∗ + lc∗ (A3.3)

In a monoclinic unit cell,

d100 = a sin ‚ =
1
a ∗

We have the relation, for this Bragg reflection 100, where h = 1,

|H| = |ha∗| = h/d100 (A3.4)

or

|H100| = |a∗| = 1/d100

A comparison with the Bragg equation for 100 with the appropriate values
of d and Ë,

hÎ = 2d sin Ë or h/d =
2 sin Ë

Î
(A3.5)

Î = 2d100 sin Ë100 or 1/d100 = 2 sin Ë100/Î

indicates that in this case

|H| =
2 sin Ë

Î
(A3.6)

This relation holds quite generally.

|H100| = 2 sin Ë100/Î (A3.7)

|Hhkl | = 2 sin Ëhkl/Î

The equations relating the real and reciprocal unit-cell dimensions are given
in Buerger (1942) (Chapter 18, p. 360) and Stout and Jensen (1989) (p. 31). Some
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of these are listed below:

a∗ = bc sin ·/V, b∗ = ac sin ‚/V, c∗ = ab sin „/V

where

V = abc
√

1 − cos2 · − cos2 ‚ − cos2 „ + 2 cos · cos ‚ cos „

V∗ = 1/V

cos ·∗ = (cos ‚ cos „ − cos ·)/ sin ‚ sin „

cos ‚∗ = (cos · cos „ − cos ‚)/ sin · sin „

cos „∗ = (cos · cos ‚ − cos „)/ sin · sin ‚

Appendix 4: The equivalence of
diffraction by a crystal lattice and
the Bragg equation

For simplicity we will consider diffraction by a two-dimensional orthogonal
crystal lattice (a rectangular net), but the treatment can be generalized to three
dimensions and to the nonorthogonal case. Suppose the crystal lattice has sides
a and b for each unit cell and that X rays are incident upon the crystal lattice
from a direction such that the incident beams make an angle ¯ with the crystal
lattice rows in the a direction. Consider the scattering (the diffracted beam)
in the direction ¯′ with respect to the a direction. Because a and b are crystal
lattice translations, any atom in the structure will be repeated periodically with

DIFFRACTION BY A CRYSTAL
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spacings a and b. Thus atoms may be imagined to be present at the crystal
lattice points in Figure A4.1 (they will normally also be present at other points,
lying between these crystal lattice points, but spaced identically in each unit
cell). If scattering is to occur in the direction specified by ¯′, then the radiation
scattered in that direction from every crystal lattice point must be exactly in
phase with that from every other crystal lattice point. (If scattering from any
two crystal lattice points is somewhat out of phase, that from some other pair
of crystal lattice points will be out of phase by a different amount, and the
net sum over all crystal lattice points, considering the crystal to be essentially
infinite, will consist of equal positive and negative contributions and thus will
be zero.)

Consider waves 1 and 2, scattered by atoms separated by a (Figure A4.1). For
these waves to be just in phase after scattering, the path difference (PD1) must
be an integral number (h) of wavelengths (ray 1 travels a distance q , while ray
2 travels a distance p):

PD1 = p − q = a cos ¯ − a cos ¯′ = hÎ (A4.1)

Similarly, the path difference for waves 1 and 3, scattered by atoms separated
by b, must also be an integral number of wavelengths (ray 3 travels a distance
r + s more than ray 1):

PD2 = r + s = b sin ¯ + b sin ¯′ = kÎ (A4.2)

where k is some integer.
Both of these conditions must hold simultaneously. They are sufficient con-

ditions to ensure that the scattering from all atoms in this two-dimensional
net will be in phase in the direction ¯′. In three dimensions, another similar
equation, corresponding to the spacing in the third (noncoplanar) direction,
must be added. Each of these equations describes a cone. In three dimensions,
the three cones intersect in a line corresponding to the direction of the diffracted
beam, such that the conditions hÎ = PD1, kÎ = PD2, and lÎ = PD3 all are satisfied
simultaneously. This is why, when a three-dimensional crystal diffracts, there
are very few diffracted beams for any given orientation of the incident beam
with respect to the (stationary) crystal. The chance that all three conditions will
be satisfied at once is small.

Now let us see how this set of conditions can be related to the Bragg equation.
Consider several parallel planes, I, II, and III, each passing through a set of
crystal lattice points and making equal angles, Ë, with the incident and scattered
beams (Figure A4.2). The planes make an angle · with the a axis. The angles ¯

and ¯′ are defined as in Figure A4.1, and so

Ë = ¯ + · = ¯′ − · (A4.3)

Substituting for ¯ and ¯′ from Eqn. (A4.3) into Eqns. (A4.1) and (A4.2), we find

hÎ = 2a sin · sin Ë (A4.4)

kÎ = 2b cos · sin Ë (A4.5)
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or

2 sin Ë

Î
=

h
a sin ·

=
k

b cos ·
(A4.6)

Now a sin · is just the spacing between planes I and II, while b cos · is just the
spacing between planes I and III. If we let dhkl represent the spacing between
any two planes in a set of equidistant planes parallel to I, and let n be some
integer, we can write Eqn. (A4.6) generally as

2 sin Ë

Î
=

n
dhkl

(A4.7)

which is the Bragg equation, nÎ = 2d sin Ë, Eqn. (3.1).
The indices (H K ) of the “reflecting planes,” I, II and III, are determined, as

described in the caption to Figure 2.4, by measuring the intercepts on the axes
as fractions of the cell edges. From Figure A4.2 it can be seen that the intercepts
along b and a are in the ratio tan ·, whence

(b/K )/(a/H) = tan · (A4.8)

or

H/K = (a tan ·)/b (A4.9)

Equation (A4.6) then shows the relation of H and K to the indices of the Bragg
reflection (h k),

H
K

=
a sin ·

b cos ·
=

h
k

(A4.10)

That is, in conclusion, h and k, the indices of the Bragg reflection, are propor-
tional to H and K , the indices of the reflecting plane.
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Appendix 5: Some scattering data
for X rays and neutrons

Element Nuclide X rays Neutronsa Neutrons
normalized to
1H as − 1.00

sin Ë/Î = 0 sin Ë/Î = 0.5/Å b/10−12 cm

(relative to scattering
by one electron)

H 1H 1.0 0.07 −0.38 −1.00
2H = D 1.0 0.07 0.65 1.71

Li 6Li 3.0 1.0 0.18 + 0.025i 0.71 + 0.066i
7Li 3.0 1.0 −0.25 −0.66

C 12C 6.0 1.7 0.66 1.74
13C 6.0 1.7 0.60 1.58

O 16O 8.0 2.3 0.58 1.53
Na 23Na 11.0 4.3 0.35 0.92
Fe 54Fe 26.0 11.5 0.42 1.11

56Fe 26.0 11.5 1.01 2.66
57Fe 26.0 11.5 0.23 0.61

Co 59Co 27.0 12.2 0.25 0.66
Ni 58Ni 28.0 12.9 1.44 3.79

60Ni 28.0 12.9 0.30 0.79
62Ni 28.0 12.9 −0.87 −2.29

U 238U 92.0 53.0 0.85 2.24

a The quantity b is the neutron coherent scattering amplitude.

In the final column on the right of the table we have listed neutron scattering
amplitudes arbitrarily normalized to a value of −1.0 (for 1H) in order to illus-
trate more clearly the small range of amplitudes observed as compared with
that observed for X-ray scattering. For the nuclides considered here, the range
of scattering amplitudes for X rays is about 102 at Ë = 0◦ and nearly 103 at sin

Ë/Î = 0.05Å
−1

, whereas for neutrons it is near 6, independent of scattering angle.

Appendix 6: Proof that the phase
difference on diffraction is
2π(hx + ky + lz)
The phase difference for the h00 Bragg reflection for diffraction by two atoms
one unit cell apart is (360h◦ = 2πh radians. However, if the atoms are only the
fraction x of the cell length apart then the phase difference will be 2πhx radians.
This may be extended to three dimensions to give 2π(hx + ky + lz) as the phase
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Crystal lattice
plane (hkl)

(normal to crystal
lattice plane (hkl))

H = ha* + kb* + lc*
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difference for the hkl Bragg reflection for two atoms, one at 0, 0, 0 and the other
at x, y, z.

A proof is given below:
Let A1 and A2 be two scattering points (atoms) separated by a vector r

(Figure A6.1). An inspection of the angles in the region of A1 and A2 shows
that the phase difference for the beams scattered from these atoms at the angle
Ë is

2π
p − q

Î
radians

where

p = |r| cos
(π

2
− · − Ë

)
= |r| sin(· + Ë)

= |r| sin · cos Ë + |r| cos · sin Ë (A6.1)

q = |r| sin(· − Ë) = |r| sin · cos Ë − |r| cos · sin Ë (A6.2)

This leads to

p − q = 2|r| cos · sin Ë (A6.3)

Therefore, from Eqn. (A6.3),

2π(p − q )
Î

= 2π
2 sin Ë

Î
|r| cos · (A6.4)
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But the reciprocal lattice vector (see Eqn. A3.7) is

H = ha∗ + kb∗ = lc∗ (A6.5)

and is normal to the crystal lattice plane (hkl).

|H| =
2 sin Ë

Î
(A6.6)

Since · is the angle between H and r, where r = ax + by + cz, then, by Eqns.
(A6.4) and (A6.6),

2π(p − q )
Î

= 2π |H| |r| cos(angle between H and r)

Therefore, the phase difference on diffraction is

2π(p − q )
Î

= 2πH · r = 2π(hx + ky + lz)

since

a∗
i · a j = ‰i j

{
= 1, i = j
= 0, i = j

Appendix 7: The 230 space groups
Noncentrosymmetric space groups, chiral molecules (one hand only) in them.
These are the 65 space groups that proteins and nucleic acids, which are chiral,
crystallize in.

Triclinic (polar) P1
Monoclinic (polar) P2, P21, C2
Orthorhombic P222, P2221, P21212, P212121, C2221, C222, F 222,

I 222, I 212121
Tetragonal (polar) P4, P41, P42, P43, I 4, I 41
Tetragonal P422, P4212, P4122, P41212, P4222, P42212, P4322,

P43212, I 422, I 4122
Trigonal (polar) P3, P31, P32, R3
Trigonal P312, P321, P3112, P3121, P3212, P3221, R32
Hexagonal (polar) P6, P61, P65, P62, P64, P63
Hexagonal P622, P6122, P6522, P6222, P6422, P6322
Cubic P23, F 23, I 23, P213, I 213
Cubic P432, P4232, F 432, F 4132, I 432, P4332, P4132,

I 4132
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Noncentrosymmetric space groups, both enantiomers in them.

Monoclinic Pm, Pc, Cm, Cc
Orthorhombic Pmm2, Pmc21, Pcc2, Pma2, Pca21, Pnc2, Pmn21,

Pba2, Pna21, Pnn2, Cmm2, Cmc21, Ccc2, Amm2,
Abm2, Ama2, Aba2, F mm2, F dd2, I mm2, I ba2,
I ma2

Tetragonal P4, I 4
P4mm, P4bm, P42cm, P42nm, P4cc, P4nc, P42mc,

P42bc, I 4mm, I 4cm, I 41md , I 41cd
P4 2m, P4 2c, P4 21m, P4 21c, P4 m2, P4 c2, P4 b2,

P4 n2, I 4m2, I 4 c2, I 4 2m, I 4 2d
Trigonal P3, R3

P3m1, P31m, P3c1, P31c, R3m, R3c
Hexagonal P6

P6mm, P6cc, P63cm, P63mc
P6 m2, P6 c2, P6 2m, P6 2c

Cubic P4 3m, F 4 3m, I 4 3m, P4 3n, F 4 3c, I 4 3d

Centrosymmetric space groups, both enantiomers in them.

Triclinic P1
Monoclinic P2/m, P21/m, C2/m, P2/c, P21/c, C2/c
Orthorhombic Pmmm, Pnnn, Pccm, Pban, Pmma, Pnna, Pmna, Pcca,

Pbam, Pccn, Pbcm, Pnnm, Pmmn, Pbcn, Pbca, Pnma,
Cmcm, Cmca, Cmmm, Cccm, Cmma, Ccca, Fmmm,
Fddd, Immm, Ibam, Ibca, Imma

Tetragonal P4/m, P42/m, P4/n, P42/n, I 4/m, I 41/a
P4/mmn, P4/mcc, P4/nbm, P4/nnc, P4/mbm,

P4/mnc, P4/nmm
P4/ncc, P42/mmc, P42/mcm, P42/nbc, P42/nnm,

P42/mbc, P42/mnm, P42/nmc, P42/ncm, I 4/mmm,
I 4/mcm, I 41/amd , I 41/acd

Trigonal P 3 1m, P 3 1c, P 3 m1, P 3 c1, R 3 m, R3 c
Hexagonal P6/m, P63/m

P6/mmm, P6/mcc, P63/mcm, P63/mmc
Cubic Pm 3, Pn 3, F m 3, F d 3, I m 3, Pa 3, I a 3

Pm 3 m, Pn 3 n, Pm3 n, Pn 3 m, F m 3 m, F m 3 c,
F d 3 m, F d 3 c, I m 3 m, I a 3 d

The first letter shows the Bravais lattice type (P , A, B, C , R, I , F ). Then follow
the symmetry operation symbols. Monoclinic unit cells have b unique. The
obverse setting is used for rhombohedral R space groups (listed in trigonal).

Appendix 8: The Patterson
function
The Patterson function, deduced by A. L. Patterson in 1934, is a Fourier
series, analogous to Eqn. (6.1), in which the coefficients of |F | are replaced
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by |F |2:

P(uvw) =
1
V

∑ ∑
all h,k,l

∑
|F |2 exp[−2πi(hu + kv + lw)] (A8.1)

This function was an extension from the suggestion of Zernike and Prins
in 1927 that, because there may be local order in a liquid, there should be
diffraction effects. For example, in a monatomic liquid such as mercury, the
nearest neighbors of a given atom should never be at a distance less than two
atomic radii, and seldom much more. There is more disorder for second nearest
neighbors and, as the distance from the atom under consideration increases, the
arrangement becomes random. Zernike and Prins showed that measurements
of the diffraction pattern could be used to calculate the average radial distribution
of matter in a liquid or powdered crystal (Zernike and Prins, 1927). The term
“radial” is used because the distribution is averaged over all directions and
depends only on the distance from its origin. The term “average” implies that
the distribution function found represents the average of the distributions of
neighbors around each of the atoms in the sample whose diffraction pattern
has been used.

These ideas were extended to crystals by Patterson, who recognized the key
fact that, because of the high degree of order in the crystal, the averaging
over all directions could be eliminated and detailed information about both the
magnitudes and the directions of the interatomic vectors (that is, both radial and
angular information) could be obtained (Patterson, 1934, 1935).

It is easiest to consider first a one-dimensional case and then extend it to
three dimensions. A one-dimensional electron density distribution map, Ò(x),
for a regularly repeating cell, length a , can be expressed by Eqn. (A8.2) and is
illustrated in Figure A8.1:

Ò(x) =
1
a

∑
all h

F (h) exp(−2πihx) (A8.2)

u

x x+u

r (x)

0 1
x

Fig. A8.1
Consider the distribution of electron density about an arbitrary point, x, in
the unit cell. The electron density at a point +u from x is Ò(x + u). Patterson
defined the weighted distribution, WD, about the point x by allotting to the
distribution about x a weight that was equal to Ò(x) dx, the total amount of
scattering material in the interval between x and x + dx:

WD = Ò(x + u)Ò(x) dx (A8.3)

It can be seen that, for a given value of dx, the weighted distribution is large only
if both Ò(x) and Ò(x + u) are large, and is thus small if either or both are small.

Values of weighted distributions are summed by integrating over all values
of x in the cell, keeping u constant, so that the average weighted distribution of
density, P(u), is

P(U) = a

1∫
0

Ò(x)Ò(x + u) dx (A8.4)

=
1
a

1∫
0

[∑
all h

F (h) exp(−2πihx)

] [∑
all h′

F (h′) exp[−2πih′(x + u)]

]
dx (A8.5)
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The properties of the complex exponential are such that the integral in Eqn.
(A8.5) vanishes unless h = −h′; consequently, Eqn. (A8.5) leads to

P(u) =
1
a

∑
all h

F (h)F (−h) exp(2πihu)

=
1
a

∑
all h

∣∣F (h)
∣∣2 exp(2π ihu) (A8.6)

since ·(h) = −·(h) and, by Eqn. (5.18), F (h)F (−h) = |F |2ei·e−i· = |F |2.
This function, P(u), may be visualized by imagining a pair of calipers set

to measure a distance u. One point of the calipers is set on each point in the
cell in turn; since the unit cell is repeated periodically, the situation at x is
repeated at x − 1, x + 1, x + 2, . . . The sum of all the products of values of Ò(x)
at the two ends of the calipers then gives P(u). As the electron density is nearly
zero between atoms and is high near atomic centers, the positions of peaks
in P(u) correspond to vectors between atoms; in other words, large values of
Ò(x)Ò(x + u) give large contributions to P(u).

These equations may be extended to three dimensions, letting Vc = the vol-
ume of the unit cell, so that from the definition

P(u, v, w) = Vc

1∫
0

1∫
0

1∫
0

Ò(x, y, z)Ò(x + u, y + v, z + w) dx dy dz (A8.7)

after substitution of values for Ò and integration, most terms are zero, leaving

P(u, v, w) =
1
Vc

∑∑
all h,k,l

∑ ∣∣F (hkl)
∣∣2 exp[2πi(hu + kv + lw)] (A8.8)

This equation can easily be reduced to Eqn. (A8.9),

P(u, v, w) =
F 2(000)

Vc
+

2
Vc

∑ ∑
h≥0 all k,l

excluding F 2(000)

∑
|F |2 cos 2π(hu + kv + lw) (A8.9)

by noting that |F |2(hkl) = |F |2(h̄k̄l̄ and

eiˆ = cos ˆ + i sin ˆ (A8.10)

and then grouping Bragg reflections in pairs, hkl and h̄k̄l̄. For every such pair,
the value of ˆ for hkl is equal in magnitude and opposite in sign to that for h̄k̄l̄
for each point u, v, w and thus, since cos ˆ = cos(−ˆ) while sin ˆ = − sin(−ˆ),
the sine terms in the expansion of Eqn. (A8.8) cancel when summed over each
of these pairs of Bragg reflections.

To summarize, the importance of the Patterson function is that peaks
in it occur at points to which vectors from the origin correspond very
closely in direction and magnitude with vectors between atoms in the crys-
tal and that no preliminary assumptions are needed because |F |2 values
are independent of phase and can be derived directly from the measured
intensities.
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Appendix 9: Vectors in a
Patterson map
A certain derivative of vitamin B12 crystallizes in the space group P212121 and
contains Co, Cl, O, N, C, and H, with atomic numbers 27, 17, 8, 7, 6, and 1,
respectively.

(a) The expected approximate relative heights of typical peaks in the Pat-
terson map are

Co–Co 27 × 27 729
Co–Cl 27 × 17 459
Cl–Cl 17 × 17 289
Co–O 27 × 8 216
Co–C 27 × 6 162
O–O 8 × 8 64
H–H 1 × 1 1

(This map will then be dominated by Co–Co and Co–Cl vectors unless
there are accidental overlaps of other peaks.)

(b) Derivation of the coordinates of vectors between symmetry-related
positions of any atom (for example, Co) in terms of its atomic position
parameters:

(i) Atomic positions:
(1) x, y, z
(2) 1/2 − x, −y, 1/2 + z
(3) 1/2 + x, 1/2 − y, −z
(4) −x, 1/2 + y, 1/2 − z

(ii) Interatomic vectors between symmetry-related atoms are expected
at the following positions, corresponding to the differences in coor-
dinates of the various atomic positions:

u = 0 v = 0 w = 0 (position 1 to position 1)
u = 1/2 − 2x v = −2y w = 1/2 (position 2 to position 1)
u = 1/2 v = 1/2 − 2y w = −2z (position 3 to position 1)
u = −2x v = 1/2 w = 1/2 − 2z (position 4 to position 1)

(The vector between any other positions—for example, 2 to 4 or 4
to 3—either is identical to one of these, or is related by a two-fold
axis or by a center of symmetry at the origin. Every Patterson map is
centrosymmetric.)

(c) The actual Patterson map for this crystal shows peaks at, among other
positions:

u v w

0.00 0.00 0.00
±0.20 ±0.32 0.50
0.50 ±0.18 ±0.20
±0.30 0.50 ±0.30

(d) A comparison of these observed peak positions with the general expec-
tations in (b) above shows that a consistent set of coordinates for the Co
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atom is x = 0.15, y = 0.16, z = 0.10. (See Hodgkin et al. (1957), p. 228 and
Hodgkin et al. (1959), p. 306.)

Appendix 10: Isomorphous
replacement (centrosymmetric
structure)

FT = FM + FR

M = replaceable atom or group of atoms

R = the rest of the structure

If the position of M is known, then FM is known. If two isomorphous crystals
are studied, it is assumed that the position of the remainder of the structure is
the same in each. Then, for one crystal,

FT = FM + FR

while for the second one,

FT′ = FM′ + FR

The experimentally obtained data* consist of |FT| and |FT′ | derived from the
* See Glusker et al.(1963). measured intensities. FM and FM′ are computed from the positions of M and

M′, found by an analysis of the Patterson map. The signs of FT and FT′ may
then be obtained, as illustrated in the following table.

h k l |FT| |FT′ | FRb − FK

(calculated from
known metal
position)

Sign of
F for Rb
computed

Sign of
F for K
computed

Rb salt K salt

0 1 1 16 20 +33 + −
0 1 3 132 78 −59 − −
0 2 1 63 70 −11 + +
0 2 2 56 31 +29 + +
0 4 0 102 50 +61 + +
0 4 1 6 12 +17 + −
0 5 2 9 16 +21 + −
0 5 3 38 9 −50 − +

For example, for the 0 1 1 Bragg reflection it is known, from computed values of
FRb and FK, that the difference is approximately +33 between FT for the rubid-
ium salt (for which the experimental value is ±16) and FT for the potassium
salt (for which the experimental value is ±20). This is only possible if FRb is
+16 and FK is −20, an experimental difference (FRb − FK) of +36. For the 0 1 3
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Bragg reflection, the calculated value of (FRb − FK) is −59 and the experimental
values are ±132 for FRb and ±78 for FK. This difference of −59 indicates that FRb

is −132 and FK is −78, an experimental difference of −54. Some phases may be
ambiguous, in which case they must then be omitted.

Appendix 11: Diffraction data
showing anomalous scattering

The following values of |F | for five pairs of reflections hkl and h̄k̄l̄ from
a crystal of potassium dihydrogen isocitrate** (Figure 10.6b), measured with

** See van der Helm et al. (1968), p. 578.

h k l |Fo| |Fc|

1 3 1 19.0 19.2
−1 −3 −1 22.9 23.7

1 3 2 6.4 6.6
−1 −3 −2 11.7 11.7

1 3 3 26.3 25.7
−1 −3 −3 20.7 20.0

4 5 2 7.2 7.0
−4 −5 −2 2.5 2.7

7 1 2 9.2 9.0
−7 −1 −2 13.1 12.9

chromium radiation, show the effect of anomalous scattering as a result of the
presence of potassium ions in the structure. With these data the effect was
sufficiently large that the absolute configuration of the sample could easily
be determined. The |Fc| values given here were calculated for the absolute
configuration of the dihydrogen isocitrate ion given in Figure 10.6b; for the
enantiomorphous form, the corresponding values for hkl and h̄k̄l̄ would be
reversed.

The effect of anomalous scattering on the electron density calculation was
discussed by A. L. Patterson (Patterson, 1963). He showed how to correct the
value of F so that the effect is removed, and in so doing, demonstrated that to
use F (h̄k̄l̄) or F (hkl) to compute electron density is not correct when anomalous
scattering is appreciable:

|F±|2 = A2 + B2 + (‰2
1 + ‰2

2)(A2
d + B2

d )

+2‰1(AAd + B Bd ) − 2Û‰2(ABd − B Ad ) (A11.1)

where A and B are the components of the structure factors for the normally
scattering atoms and Ad and Bd are those for the anomalously scattering atoms.
Û has a value of +1 for F (hkl) and −1 for F (h̄k̄l̄). ‰1 = f ′

d/ fd and ‰2 = f ′′
d / fd . As a

result two quantities were defined:

S = 1/2{|F+|2 + |F−|2} = A2 + B2 + 2‰1(AAd + B Bd ) + (‰2
1 + ‰2

2)(A2
d + B2

d ) (A11.2)

D = 1/2{|F+|2 − |F−|2} = −2‰1(ABd − B Ad ) (A11.3)

Thus the average of the intensities of Bijvoet-related pairs of reflections (hkl and
h̄k̄l̄) may be computed by Eqn. (A11.2) and the differences may be computed by
Eqn. (A11.3), provided the structure is known. If the sign of D is wrong, then
the structure model has the wrong absolute configuration.

The term that should be used in computing an electron density map is

|F |0 = {S − 2‰1(AAd + B Bd ) − (‰2
1 + ‰2

2)(A2
d + B2

d )} (A11.4)

Thus it is best, if accurate electron density maps are required, to measure
diffraction data far from the absorption edge of any atom in the structure.
Data measured near an absorption edge can be used to establish the absolute
configuration.
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Appendix 12: Molecular
geometry

Transformation from fractional coordinates to
Cartesian coordinates
The fractional coordinates of atomic positions, x, y, z in a unit cell of dimensions
a , b, c, ·, ‚, „, may be expressed in Cartesian coordinates, X, Y, Z (in units of Å),
as follows:

X = xa + yb cos „ + zc cos ‚

Y = yb sin „ + z{c(cos · − cos ‚ cos „)/ sin „}
Z = zcW/ sin „

where

W =
√

1 − cos2 · − cos2 ‚ − cos2 „ + 2 cos · cos ‚ cos „

The orientation of the Cartesian axes relative to the crystallographic axes is:

A parallel to a;
B in the a, b plane perpendicular to a;
C perpendicular to A and B.

Interatomic distances
Distance A–B:

dA-B =
√

(XA − XB)2 + (YA − YB)2 + (ZA − ZB)2

=
√

ƒX2
A-B + ƒY2

A-B + ƒZ2
A-B

Interbond angles
Angle A–B–C = arctan(

√
1 − c2

A/cA)

where

cA = −(ƒXA-BƒXB-C + ƒYA-BƒYB-C + ƒZA-BƒZB-C)/dB-CdA-B

Torsion angles
Torsion angle A–B–C–D = arctan(sT/cT)
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where

sT = (ƒXABv1 + ƒYABv2 + ƒZABv3)/dAB

and

cT = u1v1 + u2v2 + u3v3

where

u1 = (ƒYABƒZBC − ƒZABƒYBC)/(dABdBC)

u2 = (ƒZABƒXBC − ƒXABƒZBC)/(dABdBC)

u3 = (ƒXABƒYBC − ƒYABƒXBC)/(dABdBC)

v1 = (ƒYBCƒZCD − ƒZBCƒYCD)/(dBCdCD)

v2 = (ƒZBCƒXCD − ƒXBCƒZCD)/(dBCdCD)

v3 = (ƒXBCƒYCD − ƒYBCƒXCD)/(dBCdCD)
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Absent Bragg reflections. (See Unobserved Bragg reflec-
tions.)

Absolute configuration. The structure of a crystal or
molecule expressed in an absolute frame of reference. The
configuration of a molecule or crystal is the relationship
in space of the atoms within it. It is generally defined by
atomic coordinates (see Atomic parameters) with respect
to three independent axes, each of which has direction-
ality; these axes provide an absolute frame of reference.
Absolute configuration describes a real-space relationship
and gives the actual three-dimensional structure as one
would see it if it were lifted out of the viewing screen;
we can immediately see it is “left handed” or “right
handed.” Bijvoet and co-workers, in 1951, used the dif-
ference between I (hkl) and I(h̄k̄l̄) for zirconium radiation
in crystals showing anomalous scattering by rubidium
ions to determine the absolute configuration of sodium
rubidium (+)-tartrate.

Absolute scale, scale factor. Structure amplitudes are
on an absolute scale when they are expressed rela-
tive to the amplitude of scattering by a single classi-
cal point electron under the same conditions. A scale
factor is required to convert measured structure ampli-
tudes (from experiment) to absolute values. This scale
factor is generally found from a Wilson plot (q.v.)
or by comparison with calculated values for a model
structure.

Absorption correction. (See Linear absorption coeffi-
cient.)

Absorption edge. At absorption edges the plot of absorp-
tion versus X-ray wavelength shows an abrupt drop
and then rises again. These sharp discontinuities, called
absorption edges, occur at energies at which the incident
X rays can excite a bound electron in a particular atom to
a higher vacant orbital or can eject it altogether. The inner-
shell vacancy left by this electron is then filled by another
electron falling from an outer shell. The energy (and hence
wavelength) of this process depends on the difference in
energy of the levels that this second electron has moved
between.

Accuracy. Deviation of a measurement from the value
accepted as true (cf. Precision).

Amorphous solid. A material without a real or apparent
crystalline nature; it contains no long-range ordering of
atoms. Many substances that appear superficially to be
amorphous may, in fact, be composed of many tiny crys-
tals.

Amplitude. The height of a wave measured from its mean
value. For a vertically symmetric wave (such as a sinu-
soidal wave), it is half the peak-to-valley (maximum to
minimum) displacement. The square of the amplitude
gives a measure of the intensity of the wave.

Angle of incidence. The angle that a ray of light that is
impacting on a surface makes with a line perpendicular to
(i.e., normal to) the surface at the point of incidence. The
Bragg angle, Ë, which is half the angle between the direct
beam and a diffracted beam, is the complement of this,
and the angle of incidence is (90◦ − Ë).

Angle of reflection. The angle between a ray that is
reflected by a surface and the normal to the surface at the
point of reflection. (See Angle of incidence.)

Ångström unit. The unit of length used in crystal
structure analyses, named after Anders J. Ångström,
a Swedish spectroscopist. 1 Å = 10−10 m = 10−8 cm =
10−7 mm = 10−4 µm = 0.1 nm = 100 pm.

Anisotropic. Exhibiting physical properties that are non-
spherical, that is, have different values when measured
along axes with different directions.

Anomalous dispersion. “Dispersion” is the passage of
light through a medium, such as glass in a prism or a
crystal, so that the light is separated into its component
parts, that is, beams of different (rainbow) colors. The
refractive index of a material is the ratio of the velocity
of light in vacuo to its velocity when it passes through
this medium. Blue light (which is shorter in wavelength
than red light and which has a larger refractive index than
does red light) is bent more than red light when it enters
a medium. This is “normal dispersion.” If, however, the

236
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wavelength of the light (or X rays) is near an absorption
edge (q.v.) of one type of atom in the structure, there will
be a large discontinuity in the curve of refractive index
against wavelength. In a plot of wavelength versus refrac-
tive index the refractive index increases with wavelength
and blue light is less refracted than red, the opposite
of normal expectation. This is called “anomalous disper-
sion.” All atoms scatter anomalously to some extent, but
when the wavelength is near the absorption edge of a
scattering atom, anomalous dispersion will be especially
strong. It will cause a phase change on scattering other
than the normal value of 180◦, and diffraction data will not
obey Friedel’s Law (q.v). In noncentrosymmetric crystals
intensities of pairs of Bragg reflections I (hkl) and I(h̄k̄l̄),
normally the same, will be different if a strong anomalous
scatterer is present. These intensity differences can be used
to determine the absolute configuration (q.v.) of the crystal
and its constituent molecules.

Anomalous scattering. An effect caused by high absorp-
tion at wavelengths near an absorption edge (q.v.). In
noncentrosymmetric crystals, Bragg reflections hkl and h̄k̄l̄
from opposite faces (that is, in directions at 180◦ to one
another) are caused to have different intensities, contrary
to the requirement of Friedel’s Law (q.v.). These differ-
ences in intensity (I (hkl) versus I(h̄k̄l̄) may be used to
determine the absolute configuration (q.v.) of chiral crys-
tals (see Anomalous dispersion).

Area detector. An electronic device, such as a charge-
coupled device (q.v.), for measuring the intensities of a
large number of Bragg reflections at one time. It gives
information on the intensity and direction of each Bragg
reflection and is equivalent to electronic film.

Asymmetric unit. The smallest portion of a crystal struc-
ture from which the entire structure can be generated from
the space-group symmetry operations (including transla-
tions). The asymmetric unit may consist of part of a mole-
cule, a whole molecule, or all or part of several molecules
not related by crystallographic symmetry.

Atomic displacement parameters, displacement parame-
ters. Displacements of atoms in the unit cell from their
equilibrium positions as a result of atomic vibration or
disorder. Because static displacements from one unit cell
to another will simulate vibrations of an atom, the term
“displacement parameters” is used unless it is clear that
the displacements are caused by temperature effects only,
and not by static disorder.

Atomic parameters or atomic coordinates. A set of num-
bers that specifies the position of an atom in a crystal
structure with respect to a selected coordinate system,

usually the crystal axes, and the extent of its vibration
and disorder from unit cell to unit cell. Atomic coor-
dinates are generally expressed as dimensionless quan-
tities x, y, z (fractions of unit-cell edges, measured in
directions parallel to these edges), but sometimes as
lengths (with dimensions), with respect to either the
axial directions of the crystal or an orthogonal Carte-
sian coordinate system (q.v.). Additional parameters
include thermal or displacement parameters (one para-
meter if isotropic, six if anisotropic), and, for disordered
structures, parameters that define the atomic occupancy
factors.

Atomic scattering factor, scattering factor, form factor.
The scattering power of an atom for X rays, fi , is defined
relative to the scattering of X rays by a single electron
under the same conditions. It depends on the number
of electrons in the atom (approximately the atomic num-
ber) and the angle of scattering 2Ë. This scattering power,
which is for an atom at rest, not vibrating, falls off as the
scattering angle increases. By contrast, for neutron scatter-
ing this reduction in scattering power at higher scattering
angles does not occur, because the scattering object, the
atomic nucleus, is so small. Atomic scattering factors can
be computed, usually as a function of the scattering angle,
from theoretical wave functions for free atoms (neutral
or charged). They are modified by anomalous scattering
(q.v.), which occurs to some extent at all wavelengths. The
value fi is replaced by fi + f ′

i + i f ′′
i (see Chapter 10). The

effect is largest if the incident-beam wavelength is near
an absorption edge of the scattering atom; at most other
wavelengths it is often ignored.

Automated diffractometer. A computer-controlled instru-
ment that automatically measures and records the intensi-
ties of the Bragg reflections. It may measure Bragg reflec-
tions sequentially or may have a detector that can mea-
sure large numbers of reflections at the same time. For
sequential measurement, the mutual orientations of the
crystal and of the detector with respect to the source
of radiation are assessed by computer from some ini-
tial diffraction data on some 20–30 selected Bragg reflec-
tions. The computer then provides an orientation matrix
that specifies the orientation of the crystal and detector
with respect to the X-ray beam. Electromechanical devices
under computer control then drive the gears that move
the crystal orienter and detector to the desired angu-
lar settings for each Bragg reflection in turn, and scan
and measure the intensity and scattering angle for each
I (hkl); they also open and close the X-ray shutter. The
newer technology now involves the use of area detectors
to record large numbers of Bragg reflections simultane-
ously through a continuum of angular rotations, while
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the data are evaluated during the collection of the data
or processed at a later time.

Avogadro’s number. Named after Amedeo Avogadro,
who, in 1811, proposed that equal volumes of all gases
at the same pressure and temperature contain the same
number of molecules. Avogadro’s number is the number
of molecules in a gram molecule of material (its molecular
weight in grams), 6.022 × 1023 per mol.

Axial lengths and angles. These are the unit-cell lengths
and angles, a , b, c, ·, ‚, „. They are generally reported in Å
and degrees.

Axial ratios. The ratios of the axial lengths, customar-
ily expressed with the value of b equal to unity. These
ratios may be deduced from measurements of the angles
between faces on a crystal, and are useful in identifying
the composition of crystals.

Axis of rotation or axis of symmetry, rotation axis. When
an object can be rotated by (360/n)◦ about an axis passing
through it, and, as a result, give an object indistinguish-
able from the first, then the original object is said to pos-
sess an n-fold axis of rotation.

Azimuthal scan. The azimuth of a line is the angle
between the vertical plane containing the line and the
plane of the meridian. If you stood at the center of the
earth, the north pole would be at an azimuthal angle of
0◦, and, measuring angles clockwise from the meridian
(longitude through Greenwich), east at 90◦, south at 180◦,
and west at 270◦. An azimuthal scan (also called a psi-scan
or ¯-scan) of diffraction data is measured as the crystal
rotates about the diffraction vector (q.v.). This scan is used
to make an empirical absorption correction (q.v.) and to
avoid possible errors due to double reflections (q.v.).

Bessel function. Bessel’s differential equation arises in
numerous problems, especially in polar and cylindrical
coordinates. The solutions of this equation are called
Bessel functions, named for Friedrich Bessel, a German
mathematician and astronomer. These functions, which
give graphs that look like damped cosine or sine waves,
are available in computer mathematics libraries. They
are used for structures that are best defined by polar
or cylindrical coordinates, such as nucleic acids. They
also appear in the probability theory that underlies direct
methods.

Best plane. The plane through a group of atoms that
satisfies the least-squares (see Method of least squares)
criterion of planarity.

Bijvoet differences. In 1951 Johannes Martin Bijvoet and
fellow crystallographers in the Netherlands demonstrated

that it is experimentally possible to determine the absolute
configuration of an optically active molecule in the crys-
talline state from the effects of anomalous dispersion.
They showed that this information is available in the dif-
ferences in intensity between Bragg reflections I (hkl) and
I(h̄k̄l̄) when the incident X rays have a wavelength near
the absorption edge (q.v.) of at least one (but not all) of the
atoms in the asymmetric unit of the crystal.

Birefringence. Double refraction, that is, the separation
of a ray of light on passing through a crystal into two
unequally refracted, plane-polarized rays of orthogonal
polarizations; these are called the “ordinary ray,” which
obeys the normal laws of refraction, and the “extraordi-
nary ray,” which does not. This effect occurs in crystals
in which the velocity of light is not the same in all direc-
tions; that is, the refractive index is anisotropic. Uniax-
ial crystals, such as calcite or quartz, have one direction
(the anisotropy axis or optic axis) along which double
refraction does not occur, and are characterized by two
refractive indices; biaxial crystals have two such axes of
anisotropy and three refractive indices.

Body-centered unit cell. A unit cell having a lattice point
at its center (x = y = z = 1/2) as well as at each corner (x =
y = z = 0 or 1).

Bragg. Father, William Henry Bragg, pioneered instru-
mental methods for measuring X-ray diffraction patterns.
Son, William Lawrence Bragg, developed methods for
analyzing the experimental data in terms of the atomic
structure of the crystal. They shared the Nobel Prize in
Physics in 1915 (W. L. Bragg then being only 25 years old).

Bragg reflection, reflection. Since diffraction by a crystal
may be considered as reflection from a set of lattice planes
(a view suggested by William Lawrence Bragg), the term
“Bragg reflection” has come to be used to denote a dif-
fracted beam. While this is correct, the term “reflection”
(without the “Bragg”) is also used. The more definitive
term “Bragg reflection” is used in this book.

Bragg’s Law or Bragg equation. Each diffracted beam is
considered as a “Bragg reflection” from a family of paral-
lel lattice planes, hkl. If the angle between the nth order of
diffraction of X rays, wavelength Î, and the normal (per-
pendicular) to a set of crystal lattice planes is (90◦ − Ëhkl ),
and the perpendicular spacing between successive lattice
planes is dhkl , then

nÎ = 2dhkl sin Ëhkl Bragg′s Law

When X rays strike a crystal they will be diffracted when,
and only when, this equation is satisfied. With this equation,
W. L. Bragg first identified the integers h, k, and l of the
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Laue equations with the Miller indices of the lattice planes
that cause that Bragg reflection.

Bravais lattice. One of the 14 possible arrays of points
repeated periodically in three-dimensional space such
that the arrangement of points surrounding any one of
the points is identical in every respect to that surrounding
any other point in the array. They are obtained by com-
bining the seven crystal systems (q.v.) with one of the lat-
tice centerings, that is, P = primitive, I = body-centered,
F = face-centered, and A, B, or C = single-face-centered,
and eliminating equivalent results (giving 14 rather than
42 Bravais lattices). They were studied by Auguste
Bravais.

Bremsstrahlung. X rays (specifically “braking radiation”)
that are produced when accelerated electrons are sud-
denly decelerated by a collision with the electrical field of
an atom in the metal target of an X-ray tube. This radiation
has a continuous spectrum with respect to wavelength,
and is generally considered background to characteristic
X rays (q.v.).

Calculated phase angle or calculated phase. The phase
angle, ·(hkl), relative to a chosen origin, computed from
the atomic positions (x, y, z) of a model structure. The
equations that lead to its value are as follows:

A(hkl) = � f cos 2π(hx + ky + lz) and

B(hkl) = � f sin 2π(hx + ky + lz)

F (hkl) = A(hkl) + iB(hkl) and

|F (hkl)|2 = [A(hkl)]2 + [B(hkl)]2

·(hkl) = tan−1[B(hkl)/A(hkl)]

where f includes the scattering factor and displacement
factor of the atom and each summation is over all atoms
in the unit cell.

Cartesian coordinate system. The three-dimensional
position of a point (x, y, and z) can be located by reference
to three orthogonal (mutually perpendicular) axes with
units of equal length (e.g., Å or cm) along these axes. The
location is defined by distances from an origin, measured
parallel to these axes. (Named after René Descartes, the
mathematician and philosopher.)

Cauchy–Schwarz inequality. The square of the sum of the
products of two variables (a and b here) for a particular
range of values is less than or equal to the product of the
sums of the squares of these two variables for the same
range of values:

|�ab|2 ≤ {|�a 2| |�b2|}

In this equation each sum � is over the same range,
e.g., from 1 to N. This equation, the result of stud-
ies by Augustin Louis Cauchy, Viktor Yakovlevich Bun-
yakovsky, and Karl Hermann Amandus Schwarz, is
used in direct methods of phase determination (see
Chapter 8).

Center of symmetry or center of inversion. A point
through which an inversion operation is performed, con-
verting an object at x, y, z into its enantiomorph at −x, −y,
−z if the center of inversion is at 0, 0, 0 (see Inversion).

Centrosymmetric crystal structure. A crystal structure for
which the space group, and therefore the arrangement of
atoms, contains a center of symmetry. When the unit-cell
origin is chosen at the center of symmetry, the phase angle
for each Bragg reflection is either 0◦ or 180◦.

Characteristic X rays. X rays of definite wavelength, char-
acteristic of the target (generally a metal) and produced
when that target is bombarded by fast electrons. Charac-
teristic X rays are emitted when an electron that has been
displaced from an inner shell of the atom being excited (an
atom in the target material) is replaced by another electron
that falls in from an outer shell. This gives radiation of a
wavelength corresponding to the difference in the ener-
gies of the two shells in the target atom.

Charge-coupled device area detector, position-sensitive
detector. A position-sensitive electronic device for mea-
suring the intensities of a large number of diffracted inten-
sities at one time. It gives information on the direction
(exact point of impact on the detector) and intensity of
each diffracted beam and behaves like electronic film. It
is a photoelectric radiation sensor that acts, when hit by
a photon, by generating electron–hole pairs. The electric
charges so formed, which are proportional to the radia-
tion intensity at that point in space, are collected in pixels
(picture elements) formed by an array of gates, and trans-
ferred by application of a differential voltage across the
gates.

Chiral. A chiral object or structure cannot be superim-
posed (with complete equivalence) upon its mirror image
(Greek: cheir = hand). Left and right hands provide excel-
lent examples of chiral objects.

Chi-square. The sum of the quotients obtained from the
square of the difference between the observed (xi ) and
mean or averaged (〈x〉) values of a quantity when divided
by the square of its standard uncertainty (s.u.), Û(xi ). The
relationship is ˜2 = {�(xi − 〈x〉)2}/Û(xi )2.

Chi-square test. A test for the mathematical fit of
the distribution of chi-square to a standard frequency
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distribution. This gives the likelihood that an observed
distribution arose from fluctuations of random sampling
rather than from systematic error. Tables of probability
values (likelihoods) are available.

Cleavage. The property of many crystals of splitting read-
ily (usually upon impact) in one or more definite direc-
tions to give smooth surfaces, always parallel to actual or
possible crystal faces.

Coherent scattering. Scattering in which the incoming
radiation interacts with all the scatterers in a coordinated
manner so that the scattered waves have definite relative
phases and can interfere with each other. The energy of
the scattered photon is the same as that of the incident
photon. (See also Incoherent scattering.)

Collimator. A device for producing a parallel beam of
radiation.

Complex number. An expression of the form a + ib, where
a and b are real numbers and i =

√−1. The word “com-
plex” here implies that the number is composed of two or
more separable parts, that is, a and ib.

Configuration. The configuration of a molecule consists of
the relationships in space of the atoms within it.

Conformation. One of the likely shapes of a molecule.
Generally applied to molecules for which there is a pos-
sibility for rotation about bonds. Different rotational posi-
tions about bonds are represented by torsion angles (q.v.).

Constraints. Constraints are limits on the values that
parameters in a least-squares refinement may take. They
reduce the number of parameters and are mathematically
rigid with no standard uncertainty. A common constraint
is a reduction in the number of parameters defining a
group of atoms that is being refined. This simplifies the
refinement. For example, a benzene ring may be con-
strained to six parameters, three defining position and
three defining orientation in the unit cell. Atoms in special
positions may also need to be constrained so that they do
not move during refinement. Constraints remove parame-
ters and restraints add data. (Think of a dog constrained
in a cage in which he fits tightly and is not able to move.)
(See Restraints.)

Contact goniometer. A device for measuring angles
between faces of a crystal by making direct contact with
the crystal faces with two straight edges and then measur-
ing the angle between these straight edges.

Contour map. In crystal structure analysis, this is a
map showing electron or nuclear density by means of
contour lines drawn at regular intervals. It resembles a

topographic map, with peaks representing areas of high
electron or nuclear density. The map is drawn with con-
tour lines at regular intervals of electron or nuclear den-
sity. (See Electron-density map.)

Convolution. One mathematical function folded with
another. To calculate the convolution of the plots of two
mathematical functions, we set the origin of the plot of
the first function in turn on every point of the plot of the
second function, multiply the value of the first function in
each position by the value of the second at that point, and
then the results are added together for all such possible
operations. For two functions A(x, y, z) and B(x, y, z), the
convolution of A and B at the point (u0, v0, w0) is

c(u0, v0, w0) =

∫ +∞∫
−∞

∫
A(x, y, z)B(x + u0, y + v0, z + w0) dx dy dz

Note that a crystal structure is the convolution of a crystal
lattice and the contents of one unit cell.

Correlation of parameters. The extent to which two
mathematical variables, such as atomic parameters, are
dependent on each other. For example, position para-
meters of an atom that has been refined by least
squares in an oblique coordinate system are correlated
to an extent that is dependent upon the cosine of
the interaxial angle. Parameters related by crystallo-
graphic symmetry are completely correlated. Displace-
ment occupancy factors are often highly correlated, and
this may be evident in the output of a least-squares
refinement.

Crystal. A solid that contains a very high degree of long-
range three-dimensional internal order of the component
atoms, molecules, or ions.

Crystal class. (See Crystallographic point group.)

Crystal lattice. Crystals are solids composed of groups of
atoms repeated at regular intervals in three dimensions
with the same orientation. If each such group of atoms is
replaced by a representative point, the collection of points
so formed provides the space lattice, or crystal lattice. The
meaning is specific for this arrangement of points, and
the term “lattice” should not be used to denote the entire
atomic arrangement.

Crystal morphology. (See Morphology.)

Crystal structure. The mutual arrangement of the atoms,
molecules, or ions that are packed together in a regular
way (on a crystal lattice) to form a crystal.
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Crystal system. There are seven crystal systems, best
classified in terms of their symmetry. They are: triclinic,
monoclinic, orthorhombic, tetragonal, cubic, trigonal, and
hexagonal. As a result of their symmetries they lead to the
seven fundamental shapes for unit cells consistent with
the 14 Bravais lattices (q.v.).

Crystallographic point group, crystal class. A point
group is a group of symmetry operations that leave at
least one point unmoved within an object when the sym-
metry operation is carried out. There are 32 crystallo-
graphic point groups (crystal classes) that contain rotation
and rotatory-inversion axes (n = 1, 2, 3, 4, 6). The crystal-
lographic point groups characterize the external symme-
try of well-formed crystals.

Cubic unit cell. A unit cell in which there are three-
fold rotation axes along all four body diagonals. All axial
lengths are therefore identical by symmetry, and all inter-
axial angles must be 90◦ (a = b = c, · = ‚ = „ = 90◦).

Data reduction. Conversion of measured intensities,
I (hkl), to structure amplitudes |F (hkl)| or to |F 2(hkl)|, by
application of various factors including Lorentz, polariza-
tion, and absorption corrections (q.v.).

Database. A collection of data on a particular subject, such
as atomic coordinates from crystal structure determina-
tions. These data are readily retrievable by computer.

Defect. A crystal lattice imperfection. This may be due to
impurities. A point defect is a vacancy or an interstitial
atom. A line defect is a dislocation in the crystal lattice.

Deformation density. The difference between the exper-
imental electron density in a molecule (with all its dis-
tortions as a result of chemical bonding) and the pro-
molecule density (q.v.) (a model of the molecule with a
spherical electron density around each isolated free atom).
The deformation-density map contains information on
chemical bonding, although this information is modified
by errors in the phases and the measured intensities of
the Bragg reflections and inadequacies in the calculated
scattering factors of free atoms.

Deliquescence. The property that some crystals have of
attracting and absorbing moisture from the surrounding
atmosphere and dissolving gradually, eventually becom-
ing a solution.

Density modification, solvent flattening. A computa-
tional method for improving phases, particularly when
a unit cell contains a high proportion of solvent as do
macromolecular crystals. When an electron-density map
is calculated with |F (hkl)| and an initial set of possible

relative phases, the map will probably be noisy if the
relative phases are not very good. However, the outline
of an “envelope,” the protein–solvent boundary, may be
evident. The overall density of atoms in aqueous areas
of the crystal (involving oxygen–oxygen distances near
2.7 Å) is lower than in the interior of the molecule (involv-
ing C–C, C–O, and C–N distances near 1.4 Å). An “enve-
lope” defining the approximate boundary of the molecule
is determined from the electron-density map. All of the
electron density outside this envelope, that is, the electron
density in the solvent area, is then set to a single low value
(the average for disordered water) and a new set of phases
is then determined by Fourier inversion of this “solvent-
flattened” map. The process is used to improve the phases
and may be repeated, if necessary.

Difference synthesis or difference map. A Fourier map
for which the input Fourier coefficients are the differences
between measured structure factors and those calculated
from a proposed structural model. Such a map will have
peaks at positions in which there is not enough electron
density in the trial structure, and troughs where too much
is included. It is an exceedingly valuable tool both for
locating missing atoms and for correcting the positions of
those already present in the trial structure.

Differential synthesis. A method of refining parameters
of an atom from a mathematical consideration of the slope
and curvature of the difference synthesis (q.v.) in the
region of each atom.

Diffraction. When radiation passes by the edges of an
opaque object or through a narrow slit, the waves appear
to be deflected and they produce fringes of parallel light
and dark bands. This effect may best be explained as the
interference of secondary waves generated in the area
of the slit or the opaque object. These secondary waves,
so generated, interfere with one another, and the inten-
sity of the beam in a given direction is determined by a
superposition of all the wavelets in that direction. When
light passes through a narrow slit all the waves will be
in phase in the forward direction. In any other direc-
tion, each secondary wave traveling in a given direction
will be slightly out of phase with its neighbors by an
amount that depends on the wavelength of the light and
the angle of deviation from the direct beam. The shorter
the wavelength, the more a wave is out of phase with its
neighbor. In X-ray crystallography, the radiation is X rays
and the slit is replaced by the electron clouds of atoms
in a crystal which scatter the X rays. Because the crystal
contains a regularly repeating atomic arrangement, the
beams diffracted from one unit cell may be in phase with
those from other unit cells and can reinforce each other to
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produce a strong diffracted beam. The scattering from the
arrangement of atoms within the unit cell will modify the
intensities of these beams.

Diffraction grating. A series of close, equidistant parallel
lines, usually ruled on a polished surface. Because of the
regularity of the ruled lines, this grating can be used to
produce diffraction spectra.

Diffraction pattern. The intensity pattern obtained when
radiation is diffracted by an object that has a regular spac-
ing with similar dimensions to that of the wavelength of
the radiation.

Diffraction plane. The plane containing the incident
beam, the location point of diffraction by the crystal, and
the diffracted beam.

Diffraction symmetry. Symmetry in the intensities of
Bragg reflections with indices (hkl) related by a change
of sign (e.g., −h, −k, −l) or permutation (k, l, h). The dif-
fraction symmetry must adhere exactly to one of the Laue
groups; a small difference from Laue group symmetry is
allowed when anomalous-dispersion effects are present.

Diffraction vector. A vector perpendicular to the lattice
planes hkl causing a Bragg reflection. This vector bisects
the directions of the incident and diffracted beams and lies
in their plane. (See Diffraction plane.)

Diffractometer. An instrument for measuring the direc-
tions and intensities of Bragg reflections in the dif-
fraction pattern of a crystal (see Automated diffrac-
tometer). For serial measurements, the required orien-
tations of the crystal and detector with respect to the
X-ray source are computed from initial data on some
Bragg reflections. The orientations necessary for the mea-
surement of all of the diffraction data are achieved
by computer-directed commands to electromechanical
devices that position the components of the instrument at
the required settings. Alternatively, an area detector may
be used that can measure many Bragg reflections at one
time.

Diffuse scattering. Halos or streaks that appear around or
between intense Bragg reflections and indicate the pres-
ence of disorder in the structure (static disorder), or high
thermal motion of atoms (dynamic disorder).

Dihedral angle. The dihedral angle between two planes is
the angle between the planes, often defined (with the same
result) as the angle between the normals (perpendiculars)
to these planes. If the planes, with an angle Ë between
them, have equations

a1x + b1 y + c1z + d1 = 0 and a2x + b2 y + c2z + d2 = 0

then

cos Ë =
a1a2 + b1b2 + c1c2√

(a 2
1 + b2

1 + c2
1)(a 2

2 + b2
2 + c2

2)

Direct methods or direct phase determination. A
method of deriving phases of Bragg reflections by con-
sideration of probability relationships among the phases
of the more prominent Bragg reflections. These relation-
ships come from the conditions that the structure is com-
posed of atoms (giving independent, isolated peaks in
the electron-density map) and that the electron density
must be positive or zero everywhere (not negative). Only
specific values for the relative phases of Bragg reflections
are consistent with these conditions.

Direct space. There are two types of lattices important in
crystallography: the crystal lattice, commonly called the
direct lattice, and the reciprocal lattice. Each of these two
lattices can be thought of as existing in a space defined by
its coordinate system. Direct space is the space where the
atoms of the crystal structure reside. Reciprocal space is
the space where the diffraction intensities reside.

Discrepancy index. (See R value.)

Dislocation. A discontinuity in the otherwise regularly
periodic three-dimensional structure of a crystal result-
ing in a defect, often an imperfect alignment between
lattice rows. There are two common varieties of dislo-
cations: edge and screw dislocations. Edge dislocations
form where only part of one plane of atoms or molecules
exists in the crystal and, because atoms or molecules are
missing, causes stress as a result of distortions of nearby
planes. These dislocations can move through the crystal
as a result of shear stress applied perpendicular to the dis-
location line. On the other hand, screw dislocations also
have a dislocation line, but a helical path is formed around
it. This dislocation involves a displacement of rows of
atoms or molecules along a plane.

Disordered crystal structure. Lack of regularity in the
internal arrangement within a crystalline material. For
example, there may not be an exact register of the contents
of one unit cell with those of all others. Such disorder
may be revealed by large displacement parameters in the
least-squares refinement or by the presence of diffuse scat-
tering, either as halos or streaks, around intense Bragg
reflections.

Dispersion. Variation, as a function of wavelength, in the
velocity of light in a material (such as a crystal) and hence
variation in the refractive index (q.v.) of the medium. For
example, the spreading of white radiation by a prism or
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grating into a colored (rainbow-type) beam is due to dis-
persion of light. The variation of velocity with wavelength
is usually smooth, but at strongly absorbed wavelengths
of the incident radiation the curve may be discontinuous,
leading to anomalous dispersion (q.v.).

Displacement parameters. (See Atomic displacement
parameters.)

Distribution of intensities, intensity distribution. The
number of intensities in selected ranges of the diffrac-
tion pattern and their overall variation. Intensities from
a noncentrosymmetric crystal tend to be clustered more
tightly around their mean value than do those from a
centrosymmetric one. This forms the basis for one test for
the presence or absence of a center of symmetry in the
crystal.

Domain. A small region of a crystal containing a com-
pletely oriented structure.

Double reflection. X rays that are diffracted by one set
of lattice planes may then be diffracted by another set of
planes that, by chance, are in exactly the right orientation
for this. The twice-reflected resultant beam emerges in
a direction that corresponds to a single Bragg reflection
from a third set of planes, whose Miller indices are the
sums of the indices of the two sets of planes producing the
Bragg reflection. This double reflection that is, by chance,
traveling in the same direction as an original singly dif-
fracted beam will enhance or weaken the intensity of the
latter. The effect may even cause an ambiguity in the space
group determination if a systematically absent Bragg
reflection gains intensity by it. It can generally be elimi-
nated by reorienting the crystal or by changing the wave-
length of the incident X rays. The effect is also called the
“Renninger effect” after its discoverer, Moritz Renninger.

Dynamical diffraction. Diffraction theory in which the
modification of the primary beam on passage through the
crystal is important. The mutual interactions of the inci-
dent and scattered beams are taken into account. This is
important for perfect crystals and for electron diffraction
by crystals.

E-map. A Fourier map (equivalent to an electron-density
map) with phases derived by “direct methods” and nor-
malized structure factors (q.v.) |E(hkl)|, replacing |F (hkl)|
in the Fourier summation. Since the |E(hkl)| values corre-
spond to sharpened atoms (with no fall-off as a function
of sin Ë/Î), the peaks on the resulting map are more easy to
identify than those in an electron-density map computed
with |F (hkl)| values.

E-values. (See Normalized structure factors.)

Efflorescence. A change in the surface of a crystal that
results in a powder as a result of loss of water (or some
other solvent) of crystallization on exposure to air.

Elastic scattering. When radiation is scattered elastically,
there is no exchange of energy or momentum between
the incoming radiation and the scatterer, so that there is
no change in wavelength between the incident (incoming)
and scattered (outgoing) radiation. This is the type of scat-
tering described in this book.

Electron density. The number of electrons per unit vol-
ume (usually per cubic Å).

Electron-density map. A representation of the electron
density at various points in a crystal structure. Electron
density is expressed as the concentration of electrons per
unit volume (in electrons per cubic Å) and is highest near
atomic centers. The map is calculated using a Fourier
synthesis—that is, a summation of waves of known ampli-
tude, frequency, and relative phase. The input consists
of |F (hkl)| and ·(hkl). The three-dimensional map can be
viewed and manipulated on a computer screen. Summa-
tion of the electron-density values (in electrons per cubic
Å) over the volume expected to be occupied by one atom
will give the atomic number (the total number of electrons
in that volume) of the peak; this calculation, however,
depends on good scaling and a near-perfect model.

Enantiomorph. A molecule or crystal that is not identical
to its mirror image when superimposed on it.

Epitaxy. The oriented overgrowth of one crystalline mate-
rial on the surface of another. Generally there is some
match of periodicity between the two.

Epsilon factor, ε. This is a factor used in computing nor-
malized structure factors (E-values, q.v.) that takes into
account the fact that, depending on which of the 230 space
groups the crystal belongs to, there may be certain groups
of Bragg reflections in areas of the reciprocal lattice that
will have an average intensity greater than that for the
general Bragg reflections. The ε factor is used to correct
for these differences.

Equivalent positions. The complete set of atomic posi-
tions produced by the operation of the symmetry ele-
ments of the space group upon any general position,
x, y, z, in the unit cell.

Equivalent reflections. There are eight measurements
for each h, k, l, of each Bragg reflection corresponding
to combinations of positive or negative values of each
h, k, l. Those that are equivalent by the symmetry of the
crystal have (within experimental error) identical intensi-
ties. For high-symmetry crystals, other Bragg reflections
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may also be equivalent, e.g., hkl, klh, and lhk for cubic
crystals. In the absence of anomalous dispersion (q.v.),
|F (hkl)| = |F (h̄k̄l̄)|.
Estimated standard deviation. (See Standard
uncertainty.)

Euler’s formula. eiË = cos Ë + i sin Ë.

Eulerian angles. The three successive angles of rotation
needed to transform one set of Cartesian coordinates into
another or describe the orientation of a rigid body in terms
of a defined set of axes. They are named after the Swiss
mathematician Leonhard Euler.

Ewald sphere, sphere of reflection. A geometric construc-
tion for considering conditions for diffraction by a crys-
tal in terms of its reciprocal lattice rather than its direct
(real) crystal lattice. It is a sphere, of radius 1/Î (for a
reciprocal lattice with dimensions d∗ = Î/d), drawn with
its diameter along the incident beam. The origin of the
reciprocal lattice is positioned at the point at which the
incident beam emerges from the Ewald sphere. The crystal
(and its reciprocal lattice) can then be rotated. Whenever a
reciprocal lattice point P touches the surface of the Ewald
sphere, the conditions for a diffracted beam are satisfied.
A Bragg reflection with the indices of that reciprocal lattice
point P will result. Thus, for any orientation of the crys-
tal relative to the incident beam, it is possible to predict
which reciprocal lattice points, and thus which planes in
the crystal, will be in a “reflecting position” (in the sense
used by Bragg).

Extinction. An effect that reduces the intensity of a Bragg
reflection to less than the expected value. This means
that the X-ray beam has been weakened as it passes
through the crystal. Extinction is evidenced by a ten-
dency for |Fo| to be systematically smaller than |Fc| for
very intense Bragg reflections. Primary extinction occurs
when the incident beam passes through a single block
of a perfect crystal. Part of the beam may be reflected
twice so that it returns to its original direction but is
out of phase with the main beam, thus reducing the
intensity of the latter. However, when a crystal has a
mosaic structure (q.v.), part of the incident beam will be
diffracted by one mosaic block and therefore may not
be available for diffraction by a following block. As a
result the second block contributes less than expected to
the diffracted beam. This is called secondary extinction.
Extinction of this kind can sometimes be reduced by dip-
ping the crystal in liquid nitrogen, thereby increasing its
mosaicity.

Face-centered unit cell. A unit cell with a lattice point at
the origin and at the center of a face. If all faces are cen-

tered, the designation is F ; if only faces perpendicular to
the a axis are centered, the description is A (in which case
the face-centered atom lies in the bc plane). Analogous
conditions pertain to B and C .

Faces of a crystal. The flat, smooth surfaces of a crystal
that intersect with other faces giving sharp edges. They
show symmetrical relationships that may reveal the point-
group symmetry (see Point group) of the internal struc-
ture of the crystal.

Figure of merit. A numerical quantity used for indicating
comparative effectiveness. In crystallographic studies it is
used to indicate an estimate of the average precision in
the selection of phase angles. It is particularly used in
protein crystallography where phase angles are derived
by isomorphous replacement methods.

Film scanner. A device for measuring the intensities
of spots on an X-ray diffraction photograph. This is
done by a light beam that is caused to scan the photo-
graph systematically. The intensity of the beam transmit-
ted through the film is recorded for each point on the
film.

Filter. A semitransparent material that absorbs some or all
of the radiation passing through it. It is possible to choose
appropriate filters with different wavelength absorptivi-
ties to select a narrow wavelength range.

Focusing mirror system. Two bent metal mirrors that
deflect the X-ray beam and produce a small, intense
beam with a narrow angular divergence, a uniform beam
profile, and a low background intensity. They are use-
ful for experiments involving crystals with large unit
cells.

Form factor. (See Atomic scattering factor.)

Fourier analysis. The breaking down of a periodic mathe-
matical function into its component cosine and sine waves
(harmonics), which have specific amplitudes and frequen-
cies. The procedure was initiated by Jean Baptiste Joseph
Fourier, a French mathematician and physicist.

Fourier map. A map computed for a periodic function by
addition of waves of known amplitude, frequency, and
relative phase. The term is generally used for an electron-
density or difference electron-density map.

Fourier synthesis or Fourier series. A method of sum-
ming waves (such as scattered X rays) to obtain a periodic
function (such as the representation of the electron density
in a crystal). It is a mathematical function f (t) that is
periodic with a period T (so that f (t + T) = f (t)), and is
represented by a sum of sine and cosine terms (an infinite
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series) of the form

f (t) = a0/2 + a1 cos 2π(t/T) + a2 cos 2π(2t/T)

+ . . . + b1 sin 2π(t/T) + b2 sin 2π(2t/T) + . . .

The Fourier theorem states that any periodic function
may be resolved into cosine and sine terms involving
known constants. Since a crystal has a periodically repeat-
ing internal structure, this can be represented, in a math-
ematically useful way, by a three-dimensional Fourier
series, to give a three-dimensional electron-density map.
In X-ray diffraction studies the magnitudes of the coeffi-
cients are derived from the intensities of the Bragg reflec-
tions; the periodicities of the terms are derived from
the Miller indices h, k, l of the Bragg reflections, but
the relative phases of the terms are rarely determined
experimentally.

Fourier transform. A mathematical procedure used in
crystallography to interrelate the electron density and the
structure factors. In X-ray diffraction the structure factor,
F , is related to the electron density, Ò, by

F =

∞∫
−∞

Òeiˆ dVc and, conversely, Ò = (1/Vc) � F e−iφ

summing for all Bragg reflections. In these equations, ˆ =
2π(hx + ky + lz), and Vc is the volume of the unit cell. Sum-
mation replaces integration in the latter equation because
the diffraction pattern of a crystal is observed only at
discrete points. F is the Fourier transform of Ò, and Ò

is the inverse Fourier transform (because of the negative
sign) of F . (Note that eix = cos x + i sin x). See Glusker et
al. (1994), p. 204, for a detailed worked-out example of a
Fourier transform. Most such calculations are now done
by computer.

Fractional coordinates. Coordinates of atoms expressed
as fractions of the unit-cell lengths a , b, and c (see Atomic
parameters).

Fraunhofer diffraction. Diffraction observed with parallel
incident radiation, as in the diffraction by slits described
in Chapter 3. Named after Joseph von Fraunhofer.

Friedel’s Law. This law, named after Georges Friedel,
states that |F (hkl)|2 values of centrosymmetrically related
Bragg reflections are equal (even for an acentric crys-
tal structure): |F (hkl)|2 = |F (h̄k̄l̄)|2. This law holds only
under conditions where anomalous scattering (q.v.) can be
ignored.

Gaussian distribution. In many kinds of experiments
repeated measurements follow a Gaussian or normal
error distribution, which is a probability density function,

named for Carl Friedrich Gauss, a German mathematician
and scientist. It is a symmetrical bell-shaped curve of the
form y = Aexp(−x2/B), where x is the deviation of a vari-
able from its mean value and Û2 = B/2 is its variance (the
square of its standard uncertainty, s.u.). 68% of values lie
within 1 s.u. of the mean, 95% lie within 2 s.u., and 99.7%
within 3 s.u.

Geiger counter. A discharge tube filled with inert gas that
can briefly conduct electricity if ions have been produced
in the gas by ionizing radiation. The conduction is ampli-
fied by the gas tube and the amplified effect can then be
detected electronically. This device, invented by Johannes
(Hans) Wilhelm Geiger and improved with assistance
from Walther Müller, can count radiation events but can-
not provide the identities of the types of radiation being
counted.

Glide plane. A glide plane involves reflection across the
plane combined with translation in a direction parallel to
the plane. It is designated by a , b, or c if the translation
is, respectively, a/2, b/2, or c/2, by n if the translation is
(a + b)/2, (a + c)/2, or (b + c)/2, i.e., halfway along one of
the face diagonals, and by d if the translation is (a + b)/4,
(b + c)/4, (c + a )/4, or (a + b + c)/4.

Goniometer. An instrument for measuring angles, such as
those between the faces of a crystal. (See Contact goniome-
ter and Reflecting goniometer.)

Goniometer head. A device for orienting (by movable
arcs) and aligning (by translational motion) a crystal
ready for diffraction studies. The crystal, mounted on the
goniometer head, is adjusted so that it is always in the
center of the collimated X-ray or neutron beam.

Group (mathematical). A collection or set of symmetry
elements that obeys the following conditions. One ele-
ment must be the identity element. The product of any
two elements must also be an element. For every symme-
try element in the group there must be another that is its
inverse, so that when the two are multiplied together the
identity element is obtained.

Habit of a crystal. The appearance of a crystal, as seen in
the relative development of different faces.

Harker–Kasper inequalities, inequality relationships.
Space-group-dependent inequalities among unitary struc-
ture factors (q.v.) that allow for the determination of the
phases of certain intense Bragg reflections in a centrosym-
metric crystal. These provided, in 1947, one of the ear-
liest successful methods for solving the phase problem
by direct methods. Named for David Harker and John
Kasper.



246 Glossary

Harker sections. Certain areas or projections of the Patter-
son map that contain many vectors between space-group-
equivalent atoms. For example, if there are atoms at both
x and x + 1/2 then the Patterson map will contain informa-
tion on them in the Harker section at u = 1/2.

Heavy-atom derivative of a protein. The product of soak-
ing a solution of a salt of a metal of high atomic number
into a crystal of a protein. Many protein crystals contain
aqueous channels that permit the interaction of a heavy-
atom compound with functional groups of the protein.
The heavy atom must be substituted in only one (or a
few) ordered position(s) per molecule of protein, and the
unmodified crystal and its heavy-atom derivative must be
isomorphous. Then the isomorphous replacement method
(q.v.) can be used to determine the phases of the Bragg
reflections.

Heavy-atom method. A method of deriving phase angles
in which the phases calculated from the position of a
heavy atom are used to compute the first approximate
electron-density map, from which further portions of the
structure are recognizable as additional peaks in this map.

Hexagonal unit cell. A unit cell containing a six-fold rota-
tion axis parallel to one axis (arbitrarily chosen as c) and
also two-fold rotation axes perpendicular to c. These sym-
metry relations dictate that the lengths of a and b should
be identical, that the angle between a and b is 120◦, and
that the other two angles are 90◦ (a = b, · = ‚ = 90◦, „ =
120◦).

Homometric structure. A crystal structure with a
uniquely different arrangement of atoms from another
crystal structure, but having the same sets of interatomic
vectors, and hence the same Patterson map (see Patterson
function).

Identity operation. A symmetry operation that leaves
apparently totally unchanged anything upon which it
operates.

Image plate. A detector surface that behaves like photo-
graphic film and can be used to store X-ray intensities
as latent images in the form of color centers. The stored
image is scanned by laser light to extract data. The image
plate is erasable and can be used many times. It is more
sensitive than photographic film and useful because inten-
sities can be retrieved electronically.

Imperfect crystal. An ideally imperfect crystal is com-
posed of small mosaic blocks that are small but are not
precisely aligned with each other. An imperfect crystal
ideally shows no primary and usually very little sec-
ondary extinction (see Extinction).

Improper symmetry operation, symmetry operation of
the second kind. Any symmetry operation (q.v.) that con-
verts a chiral object into its enantiomorph (that is, a right-
handed object into a left-handed object). Such operations
include mirror planes, glide planes, centers of symmetry,
and rotation-inversion axes.

Incoherent scattering. Scattering in which the incoming
radiation interacts independently with each scatterer. The
scattered waves have random, unrelated phases.

Indices. Indices are used to describe the faces of a crystal
and the orders of diffraction—that is, to refer to a specific
crystal face or Bragg reflection (using indices h, k, l) (see
Miller indices).

Inelastic scattering. With inelastic scattering of X rays by
electrons or of neutrons by nuclei, there is an exchange
of energy and momentum on impact, resulting in a small
wavelength (energy) change for the X rays or neutrons.

Inequality. A mathematical statement that the value of
one expression is not equal to the value of another expres-
sion. The expression that is greater is usually specified.

Inequality relationships. (See Harker–Kasper inequali-
ties.)

Integrated intensity. The total intensity measured at the
detector as a Bragg reflection is scanned. The intensity
may be scanned over one, two, or three dimensions.

Intensity distribution. (See Distribution of intensities.)

Interference. The mutual effect of two waves traveling in
the same direction on each other. If one wave is in phase
with another, the second wave enhances the intensity of
the first. The interference is then said to be “constructive.”
If they are partially or totally out of phase with each other,
the intensity will be decreased and the interference will be
described as “destructive.”

Inversion. Conversion of an object into its enantiomorph
by projecting it along a line through a center of symmetry
(also called a center of inversion) and extending it an equal
distance beyond this center. If the center of symmetry is at
the origin (0, 0, 0), every point x, y, z, after passing through
this center, becomes −x, −y, −z.

Isomorphism. Similarity of crystal shape, unit-cell dimen-
sions, and structure between two substances of similar
(but not identical) chemical composition (for example,
when one atom has a different atomic number in the two
structures). Ideally, the substances are so closely similar
that they can generally form a continuous series of solid
solutions.
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Isomorphous replacement method. A method for deriv-
ing phases by comparing the intensities of corresponding
Bragg reflections from two or more isomorphous crystals
(such as heavy-atom derivatives). If the locations in the
unit cell of those atoms that vary between each isomorph
have been found, for instance from a Patterson map, then
the phase of each Bragg reflection can be assessed if a
sufficient number of isomorphs is studied (at least two if
the structure is noncentrosymmetric).

Isotropic. Exhibiting properties that are the same in all
directions throughout a material of interest.

Isotropic displacement factor. An atomic displacement
parameter (q.v.) that represents an equal amplitude of
vibration or displacement in all directions through the
crystal. At the beginning of a least-squares refinement of
a structure, all atoms are considered to have isotropic dis-
placement parameters but in the later stages, anisotropic
displacement parameters are usually assigned to appro-
priate atoms.

Kinematical diffraction. Diffraction theory in which it is
assumed that the incident beam only undergoes simple
diffraction on its passage through the crystal. No further
diffraction occurs that would change the beam direction
after the first diffraction. This type of diffraction is consid-
ered in this book. (See Dynamical diffraction.)

Lagrange multiplier. An artificial variable used in least-
squares calculations that is introduced in order to find
the maximum or minimum of a function that is subject
to constraints. Named after Joseph Louis Lagrange.

Lattice planes. Planes through at least three non-colinear
crystal lattice points.

Laue class or Laue symmetry. Symmetry in the intensi-
ties of the diffraction pattern beyond that expected by
Friedel’s Law (q.v.), named for Max Theodor Felix von
Laue, a German physicist. The Laue symmetry of the dif-
fraction pattern of a crystal is the point-group symmetry
of the crystal plus a center of symmetry. There are the 11
Laue groups, obtained by adding a center of symmetry (if
absent) to the 32 crystallographic point groups (q.v.).

Laue equations. Equations that, like the Bragg equation,
express the conditions for diffraction in terms of the path
differences of the scattered waves. The path differences
must be an integral number of wavelengths for diffraction
(that is, reinforcement) to occur. This condition must be
true simultaneously in three dimensions.

Laue photograph. Diffraction photograph produced by
sending a beam of X rays that has a wide range of

wavelengths (“white” X rays) along a principal axis of
a stationary crystal. It demonstrates well the diffraction
symmetry.

Law of Constancy of Interfacial Angles. In all crystals of
a given type from a given compound, the angles between
corresponding faces have a constant value. This law, of
course, applies to only one particular form of a polymor-
phous crystalline material. Interfacial angles are measured
with a goniometer (contact or reflecting) (q.v.).

Law of Rational Indices. A rational number is an inte-
ger or the quotient of two integers. The Law of Rational
Indices, first proposed by Haüy in 1784, states that all of
the faces of a crystal may be described, with references
to three non-colinear axes, by three small whole numbers.
(See Miller indices.)

Layer line. When a crystal is rotated or oscillated about a
principal axis of a crystal, the diffraction spots on a cylin-
drical film surrounding the crystal are arranged in a series
of straight lines called layer lines. They are perpendicular
to the axis of rotation.

Least-squares method. (See Method of least squares.)

Libration. A form of rigid-body vibrational motion that
may be described as a vibration along an arc rather than
along a straight line.

Linear absorption coefficient, absorption correction. A
factor to correct for the reduction in intensity of X rays
as a result of absorption when the beam passes through a
crystal. It is the ratio of the intensities of X rays entering
and leaving a crystal of thickness t. This ratio is exp(Ït),
where Ï is the linear absorption coefficient of the crystal
(with units of cm−1); it is a function of the atomic compo-
sition of the crystal and the wavelength of the X rays.

Linear equation. An equation that uses only constants or
the product of a constant with the first power of a single
variable, for example y = ax + b or d = ax + by + cz.

Liquid crystal. A substance, such as para-azoxyanisole,
that has observable optical anisotropy, as does a crystal,
but behaves in other ways as a liquid. Thus the term refers
to a state of matter with structural order intermediate
between that of normal liquids and of crystalline solids.

Lorentz factor. A correction factor used in the reduction of
intensity diffraction data to |F (hkl)|2 values that takes into
account the time that it takes for a given Bragg reflection
(represented as a reciprocal lattice point with finite size)
to pass through the surface of the Ewald sphere (q.v.).
The value of this Lorentz factor depends on the scattering
angle and on the geometry of the measurement of the
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Bragg reflection. For a standard four-circle diffractometer
the Lorentz factor is (1/ sin 2Ë).

MAD phases. MAD = multiwavelength anomalous dis-
persion. A crystal containing highly anomalous scatter-
ers, such as heavy atoms in a protein, is used to collect
diffraction data at several carefully chosen X-ray wave-
lengths. The scattering factor for the heavy atom varies
for data measured near and far from its absorption edge.
As a result, sufficient information may be obtained from
these data sets to determine phases and solve the crystal
structure. The heavy atom may be a metal or metal com-
plex. This method works well when, for example, sulfur
is replaced by selenium in a protein structure.

Method of least squares, least-squares method. A statis-
tical method for obtaining the best fit of a large number of
observations to a given equation. This is done by minimiz-
ing the sum of the squares of the deviations of the exper-
imentally observed values from those values calculated
with the equation to be fitted. The individual terms in the
sum are usually weighted to take into account their rela-
tive precision. In crystal structure analyses, atomic coordi-
nates and other parameters are used to calculate values of
|F (hkl)|, and these calculated values may be fitted by the
least-squares method to the appropriate experimentally
measured structure factors (so that the sum of the squares
of their deviations is minimized). Ideally, there should be
at least ten experimental measurements for each parame-
ter to be determined. In a similar way, the least-squares
criterion can be applied to the computation of a plane
through a group of atoms and to many other geometrical
problems.

Miller–Bravais indices. In the hexagonal lattice (c
unique), there are three axes perpendicular to c inclined
at 120◦ to each other. Therefore four indices, hkil, rather
than the usual three Miller indices, hkl, are used in this
hexagonal case, where i = −(h + k).

Miller indices. A set of three integers (h, k, and l) that
identifies a face of a crystal, a set of lattice planes, or a par-
ticular order of Bragg reflection from these planes. They
are named for William Hallowes Miller, a British miner-
alogist. For sets of lattice planes with Miller indices h, k,
and l, the plane nearest the origin makes intercepts a/h,
b/k, and c/ l with the unit-cell axes a , b, and c. The “Law
of Rational Indices” (q.v.) states that the indices of the
faces of a crystal are usually small integers, seldom greater
than three. The importance of the Bragg equation is that it
identifies the integers h, k, l that specify the “order” of
diffraction in the Laue equations with the Miller indices
of the lattice planes causing the “Bragg reflection.”

Minimum function. A method of analyzing a Patterson
map that involves setting the origin of the Patterson map
in turn on the known positions of certain atoms, and then
recording the minimum value throughout the map for all
of these superpositions. The resulting three-dimensional
map, a minimum-function map, should contain an indica-
tion of additional atoms in the crystal structure.

Mirror plane. A mirror plane converts an object into its
mirror image. This image lies as far behind the mirror
plane as the original object lies in front of it. If the mirror
plane is perpendicular to b, it converts a chiral object at
x, y, z into its enantiomorph (q.v.) at x, −y, z.

Modulated structure. A regular structure that is modified
by a periodic or partially periodic perturbation. This is
revealed by additional halos or spots around Bragg reflec-
tions in the diffraction pattern.

Molecular replacement method. The use of rotation and
translation functions (q.v.), of noncrystallographic sym-
metry (q.v.), or of structural information from related
structures to determine a protein crystal structure. The
method is primarily used for macromolecules. It is used
when a new investigation involves a protein or other large
molecule that is similar to one for which the atomic coor-
dinates are already available. The Patterson function is
used to compare the relative orientations and positions of
the two molecules, giving a rotation matrix and a transla-
tion vector between them. From these, a model of the new
structure is available for refinement.

Monochromatic. Consisting of radiation of a single wave-
length.

Monochromator. An instrument used to select radiation
of a single wavelength. Some monochromators are crys-
tals, such as graphite crystals, and an intense Bragg reflec-
tion from the crystal is selected as the new incident beam
for diffraction studies. Gratings may also be used. Often
monochromator crystals are bent or even doubly bent (for
example, silicon crystals at a synchrotron source). The
beam exiting the monochromator is the incident beam for
diffraction studies.

Monoclinic unit cell. A unit cell in which there is a two-
fold rotation axis parallel to one unit-cell axis (usually
chosen as b); as a result there are no restrictions on the
axial ratios, but · = „ = 90◦.

Morphology, crystal morphology. The shape or form of
a material. With crystals, a description of the crystal
faces and the angles between them can often be used for
identification.
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Mosaic structure or mosaic spread. A measure of the
degree of orientational inhomogeneity in a particular crys-
tal. Bragg’s Law (q.v.) implies that X-ray diffraction occurs
only when the orientation of the crystal with respect to
the incident beam exactly satisfies the Bragg equation,
nÎ = 2d sin Ë. In practice, however, diffraction is apprecia-
ble over several tenths of a degree around the Bragg angle
because the crystal is composed of a mosaic of tiny blocks
of unit cells differing slightly in orientation. The misalign-
ment of these blocks of unit cells is small, of the order of
0.2◦ to 0.5◦ for most crystals. (See Extinction.)

Mother liquor. The solution in which the crystals under
study were grown. If the crystal is not stable in air, as for
a protein, it is maintained in a capillary in contact with
its mother liquor during data collection. An alternative to
capillary mounting is freezing. Most protein data sets are
now measured at 100 K. This reduces radiation damage
(q.v.) and keeps the mother liquor in place.

Multiple Bragg diffraction. Further diffraction of a Bragg
reflection by a second set of lattice planes. This occurs
when two reciprocal lattice planes lie simultaneously on the
surface of the Ewald sphere. It affects the intensity of the
Bragg reflection, and a detailed analysis of the effect can
lead to some phase information. (See Double reflection.)

Multiple isomorphous replacement. When heavy-metal
compounds are bound to a protein in a crystal they per-
turb the diffraction pattern. This gives information on pos-
sible values for the phase angle if at least two heavy-atom
derivatives have been studied.

Neutron diffraction. Neutrons of wavelengths near 1 Å
can be used for diffraction by crystals. Neutrons are scat-
tered by atomic nuclei, but their scattering factors are not
a regular function of the atomic number of the scattering
atom. Therefore their diffraction data give information
that complements that from X-ray diffraction. The loca-
tion of deuterium atoms (replacing some of the hydrogen
atoms in a structure) by neutron diffraction is much more
precise than for X-ray diffraction. This is because the neu-
tron scattering of deuterium is similar to that of carbon,
while, by contrast, the X-ray scattering of both hydrogen
and deuterium is very small. Larger crystals are required
currently for neutron diffraction than for X-ray diffraction
studies.

Noncentrosymmetric structure. A crystal structure with
no center of symmetry in its atomic arrangement. The
phase angle of most Bragg reflections may have any value
between 0◦ and 360◦ (0 and 2π radians). An electron-
density map calculated with relative phases of a trial
structure will generally show the features of the trial struc-
ture even if this structure is partially wrong. However,

some features of the correct structure may also appear in
the electron-density map.

Noncrystallographic symmetry. Local symmetry within
the asymmetric unit of a crystal structure that is not
accounted for by the space-group symmetry. For example,
the asymmetric unit of a crystalline protein may contain
a dimer whose two subunits may have identical molecu-
lar structures but, since they are not related by crystallo-
graphic symmetry, may have different environments. This
noncrystallographic symmetry in macromolecules can be
used as an aid in structure determination.

Nonlinear optics. In linear optics light, as it passes
through a material, may be deflected or delayed but its
wavelength remains unchanged. In nonlinear optics the
dielectric polarization does not correspond linearly to the
electric field of the light. Now that intense sources of light,
such as lasers, are available, these effects are of techno-
logical use. An interesting effect is second-harmonic gen-
eration, or frequency doubling, in which light with half
the wavelength is generated on passage through a non-
centrosymmetric crystal. It can be used to test for a center
of symmetry in the structure, in which case no frequency
doubling is observed.

Normal equations. Any set of simultaneous equations
involving experimental unknowns and derived from a
larger number of observational equations in the course of
a least-squares adjustment of observations. The number of
normal equations is equal to the number of parameters to
be determined.

Normalized structure factors, E-values. The ratio of the
value of the structure amplitude, |F (hkl)|, to its root-
mean-square expectation value. It is denoted by |E(hkl)| =
|F (hkl)|/(ε � f j )1/2, where (� f j )1/2 is the root mean square
scattering factor, corrected for thermal motion and disor-
der (see Epsilon factor for a definition of ε).

Nucleation of crystals. The action of a tiny seed crystal,
dust particle, or other “nucleus” in starting a crystalliza-
tion process. An example is provided in the seeding of a
cloud with crystalline material (silver iodide, which has
almost the same unit-cell dimensions as ice) so that ice
crystals will be formed that may act as rainmakers.

Observational equation. An equation expressing a mea-
sured value as some function of one or more unknown
quantities. Observational equations are reduced to nor-
mal equations during the course of a least-squares
refinement.

Occupancy factor. A parameter that defines the partial
occupancy of a given site by a particular atom. It is most
frequently used to describe disorder in a portion of a
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molecule, or for describing nonstoichiometric situations—
for example, when a solvent molecule is being lost to the
atmosphere.

Omit map. A difference map in which part of the structure
in a specific area of the unit cell is omitted from the phas-
ing calculation. The resulting electron-density map is then
examined to check if the proposed structure can still be
recognized in that area. This technique is generally used
for large macromolecules such as proteins.

Optic axis. The direction in a birefringent crystal along
which the ordinary and extraordinary rays travel at the
same speed. Uniaxial crystals have one such axis; biaxial
crystals have two.

Optical activity. The ability of a substance to rotate the
plane of polarization of plane-polarized light.

Order of diffraction. An integer associated with a given
interference fringe of a diffraction pattern. The diffraction
is first order if it arises as a result of a radiation path
difference of one wavelength. The nth order corresponds
to a path difference of n wavelengths.

Orientation matrix. A matrix that provides a connection
between the orientation of the diffractometer circles and
the production of a Bragg reflection so that the indices hkl
of the Bragg reflection can be related to the orientation of
the chosen unit cell of the crystal, and the intensity of the
Bragg reflection can then be measured.

Origin of a unit cell. The point in a unit cell (usually one
corner), chosen by the investigator, from which x, y, and z
axes originate. It is designated “0, 0, 0” for its values of x,
y, and z.

Orthogonal system. Reference axes that are mutually per-
pendicular.

Orthorhombic unit cell. A unit cell in a lattice in
which there are three mutually perpendicular two-fold
rotation axes (parallel to the three reference axes a , b,
and c); as a result, while there are no restrictions on
axial ratios, all interaxial angles are necessarily equal to
90◦ (· = ‚ = „ = 90◦).

Oscillation photograph. A photograph of the diffraction
pattern obtained by oscillating the crystal through a small
angular range.

Parallelepiped. A six-sided figure, each side of which is a
parallelogram, and opposite sides of which are parallel to
each other.

Parity group. A set of structure factors whose three Miller
indices (h, k, and l) are odd (o) or even (e) in an identical

way. There are eight parity groups for three indices (eee,
eeo, eoe, eoo, oee, oeo, ooe, and ooo).

Path difference. This term is used in diffraction to
describe the difference in distance that two beams travel
when “scattered” from different points. As a result of such
path differences, the two beams may or may not be in
phase with each other.

Patterson function. A Fourier summation that has the
squares of the structure factor amplitudes as coefficients
and all phases zero. Because these values of |F (hkl)|2 can
be obtained (after some geometric corrections) directly
from the diffraction intensities, the map can be computed
directly with no phase information required.

P(uvw) =
1
Vc

∑ ∑
all h,k,l

∑ ∣∣F (hkl)
∣∣2 cos 2π(hu + kv + lw)

Ideally, the positions of the maxima in the map represent
the end points of vectors between atoms, all referred to
a common origin. There is only one Patterson map for a
given crystal structure, but the input may be enhanced
to make the interpretation easier. If values of |F (hkl)|2
are modified by an exponential or similar function that
enhances those Bragg reflections with high values of sin
Ë/Î, the resulting interatomic vectors appear as sharper
peaks. The map is named for Arthur Lindo Patterson, a
physicist.

Perfect crystal. A crystal in which the unit cells and their
contents are in perfect register.

Phase. The phase is the point to which the crest of a given
wave has advanced in relation to a standard position, for
example the origin of the unit cell. It is usually expressed
as a fraction of the wavelength in angular measure, with
one cycle or period being 2π radians or 360◦; that is, if the
crests differ by ƒx for a wavelength Î, the phase differ-
ence is ƒx/Î or 2π ƒx/Î radians or 360 ƒx/Î degrees (see
also Calculated phase). If two waves of the same wave-
length travel in the same direction, their phase difference
is the difference between the positions of crests (peaks)
between the two. The relative phase of a structure factor is
expressed relative to the phase of a wave scattered at the
chosen origin of the unit cell (or some other defined posi-
tion) in the same direction: ·(hkl) = tan−1(B(hkl)/A(hkl)),
where A(hkl) and B(hkl) are components of the structure
factor F (hkl). If the crystal structure is centrosymmetric
and the origin is set at a center of symmetry, the phase
is 0◦ or 180◦ (0 or π radians) according to a positive or
negative sign of A(hkl); B(hkl) = 0. When we use “relative
phase” we remind the reader that its value depends on
the chosen location of the origin of the unit cell; that is,
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a structure factor does not usually have a fixed phase; its
relative phase depends on where the unit-cell origin has
been chosen to be.

Phase problem. The problem of determining the phase
angle (relative to a chosen origin) for each Bragg reflec-
tion, so that an electron-density map may be calculated
from a Fourier series with structure factors (including
both amplitude and relative phase) as coefficients. “Solv-
ing a structure” requires determining phases.

Photometry. Measurement of the ratio of the intensity of
a constant source of light to that of an equivalent beam
of light after it has passed through a selected position on
a piece of photographic film. In this way the intensity of
a Bragg reflection that has been recorded on film can be
measured.

Piezoelectric effect. The generation of a small potential
difference across certain crystals when they are subjected
to stress such as pressure (the direct effect), or the change
in the shape of a crystal that accompanies the applica-
tion of a potential difference across a crystal (the inverse
effect). The effect is found only for noncentrosymmetric
crystals; examples are provided by quartz and Rochelle
salt.

Planck constant. The Planck constant (h), named after
Max Planck, defines the size of a quantum of electromag-
netic radiation. It is the proportionality constant between
the energy of a photon (in joules) and the frequency (in
oscillations per second) of the wave that it represents.
h = 6.626 × 10−34 J s or kg m2 s−1.

Plane groups. The groups of symmetry elements that
lead to those symmetry operations that produce regularly
repeating patterns in two dimensions. There are 17 plane
groups (listed in International Tables), meaning that there
are 17 symmetry variations of wallpaper (if it has a two-
dimensional repeating pattern).

Plane polarization. Electromagnetic radiation, such as
visible light and X rays, contains electric vectors of its
waves and if the radiation is plane-polarized, all of these
are confined to a single plane.

Pleochroism. The property of certain crystals of appear-
ing to have different colors when viewed from differ-
ent directions under transmitted white light (dichroism if
only two colors).

Point group. A group of symmetry operations that leave
unmoved at least one point within the object to which
they apply. Symmetry elements include simple rotation
and rotatory-inversion axes; the latter include the center of

symmetry and the mirror plane. Since one point remains
invariant, all rotation axes must pass through this point
and all mirror planes must contain it. A point group is
used to describe isolated objects, such as single molecules
or real crystals. (See Group (mathematical).)

Poisson distribution. A distribution of measurements
applied to rare events in which the number of such events
occurring in a fixed period of time depends only on the
length of this time interval and is independent of previ-
ous events. The mean and variance of the distribution are
equal so that the standard uncertainty is proportional to
the square root of the measured value. The distribution
is named after the French mathematician Siméon Denis
Poisson.

Polar axis. An axis in a crystal that has different properties
at its two ends (meaning that it has directionality, like an
arrow). Such properties include crystal face development
and charge accumulation.

Polarization factor. A correction factor for intensity data
that takes into account the reduction in intensity of X-ray
scattering due to the state of polarization of the incident
beam. If the incident X rays are not polarized, the factor is
(1 + cos2 2Ë)/2. It will be further modified if a monochro-
mator was used to provide the incident radiation.

Polymorphism. Property of crystallizing in two or more
forms with distinct structures (dimorphism if only two
forms), generally depending on the conditions of crystal-
lization. Polymorphs have different unit cells and differ-
ent atomic arrangements within them.

Position-sensitive detector. (See Charge-coupled device
area detector.)

Powder diffraction. Diffraction by a powder consists of
lines or rings rather than separate diffraction spots. The
diffraction pattern obtained is like that expected for a set
of randomly oriented crystals. For diffraction studies the
powder is either glued to a glass fiber, placed on a flat
surface (e.g., a microscope slide), or, if it is unstable in air,
put in a sealed capillary tube.

Precession photograph. A photograph of the diffraction
pattern that is an undistorted magnified image of a given
layer of the reciprocal lattice. The necessary camera and
crystal motions involve the precession of one crystal axis
about the direction of the direct beam. The film is contin-
uously maintained in the plane perpendicular to this pre-
cessing axis. The photograph resulting from this compli-
cated set of motions is simple to interpret, and the indices
(h, k, l) of the diffraction spots may readily be found by
inspection.
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Precipitant. A chemical used to promote crystallization
but not denaturation of a protein. Examples are highly sol-
uble inorganic salts (ammonium sulfate or sodium chlo-
ride) and organic polyethers (polyethyleneglycols of a
selected molecular weight range.)

Precipitation. The act of separation of a solid mass from
solution. A precipitant (q.v.) will assist this.

Precision. A measure of the experimental uncertainty in a
measured quantity, an indication of its reproducibility (cf.
Accuracy).

Primitive unit cell. The unit cell of the smallest possi-
ble volume for a given space lattice. The term is used to
differentiate this unit cell from a centered cell or other
nonprimitive cells. When a primitive cell is chosen, the
symbol P is included in the space-group designation.

Principal axes of thermal ellipsoids. Three mutually per-
pendicular directions, along two of which the amplitudes
of vibration of an atom, represented by an ellipsoid, are at
a maximum and at a minimum. Each axis is characterized
by an amplitude and a direction.

Probability density function. The probability that a ran-
dom variable will take on a particular value in an infini-
tesimal time interval, divided by the length of the interval.

Probability relationships. In crystallographic use, this
term refers to equations that express the probability that
a phase angle will have a certain value. Such equations
are the basis of phase determination by direct methods.

Promolecule density. The electron density of spherically
symmetrical free atoms without effects from chemical
bonding or other factors that distort the electron density.

Proper symmetry operation. A symmetry operation that
maintains the handedness of an object. Such operations
include translations, rotation axes, and screw axes.

Proportional counter. A radiation detector that produces
a measurable amplified voltage pulse of height propor-
tional to the energy of photons hitting it; it gives a linear
response at high counting rate.

Pyroelectric effect. The development of a small potential
difference across certain crystals as the result of a temper-
ature change.

R value or R factor, discrepancy index, residual. An
index that gives a measure of the disagreement between
observed and calculated structure amplitudes and there-
fore a crude (and sometimes misleading) measure of the
correctness of a derived model for a crystal structure
and the quality of the experimental data. It is defined as

R = �|(|Fo| − |Fc|)|/�|Fo| and values of 0.02 to 0.06 are
considered good for present-day small-molecule structure
determinations. However, some partially incorrect struc-
tures have had R values below 0.10, and many basically
correct but imprecise structures have higher R values.

Racemic mixture. A mixture composed of equal amounts
of dextrorotatory and levorotatory forms (enantiomorphs)
of the same compound. It displays no optical rotatory
power.

Radiation damage. Damage caused by radiation. Since
a crystal is constantly irradiated by X rays during a dif-
fraction experiment, such damage can be an important
source of error. As a result of such damage, molecules
in the crystal may move, be ionized, form free radicals,
or interact with other species in the crystal. Sometimes
sets of three or more Bragg reflections are measured at
regular intervals during intensity data measurement by a
diffractometer in order to monitor any radiation damage.
However, with area detector data, radiation (and other)
damage is checked by average counts per image and any
drop thereof. Radiation damage by X rays is dramatically
reduced by low-temperature data collection. By contrast,
neutrons do not generally damage a crystal.

Raw data. Diffraction data when they are first measured,
before correction and other factors are applied to them.

Real space. (See Direct space.)

Real-space averaging. A computational method for
improvement of phases, when there are two or more iden-
tical chemical units in the crystallographic asymmetric
unit. In a trial electron-density map, the electron densities
of the two identical units are averaged. Then a new set of
phases is computed by Fourier transformation of the aver-
aged structure, and, with these, a new electron-density
map is synthesized with the observed |F (hkl)| values. By
iteration of this procedure, the electron-density map can
be improved. This method is commonly used in refining
large crystal structures.

Reciprocal lattice. The lattice defined by axes a∗, b∗
, c∗,

related to the crystal lattice or direct lattice (with axes a,
b, c) in a reciprocal manner such that a∗ is perpendicular
to b and c; b∗ is similarly perpendicular to a and c; and
c∗ is perpendicular to a and b. The repeat distance, d∗,
between points in a particular row of the reciprocal lat-
tice is inversely proportional to the interplanar spacing, d,
between the nets of the crystal lattice that are normal to
this row of points (d∗ = Î/d).

Refinement of a crystal structure. A process of improving
the parameters of an approximate (trial) structure until the
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best fit of calculated structure factor amplitudes to those
observed is obtained. This is usually done by the method
of least squares (q.v.). Since the dependence of the struc-
ture amplitudes on atomic parameters is not linear, the
process involves a series of iterations until convergence
is reached. To avoid falling into physically meaningless
minima, it is important to start with a good set of initial
parameters.

Reflecting goniometer. A device for measuring the angles
between crystal faces by measuring the angle through
which a crystal has to be rotated from a position at which
one face reflects a narrow beam of light into a stationary
detector to a position at which a second face reflects.

Reflection. (See Bragg reflection.)

Refraction. The change in direction that occurs when a
beam of radiant energy passes from one medium into
another in which its velocity is different. (See Refractive
index.)

Refractive index. The ratio of the velocity of light in vacuo
to its velocity as it passes through the material under
study. It is evident when a stick is placed in a tumbler
full of water. The stick appears bent at the surface of the
water. When a colorless, clear object (such as a crystal) is
immersed in a colorless medium of the same refractive
index, the object becomes invisible.

Residual. (See R value.)

Resolution. The ability to distinguish adjacent parts of
an object when examining it with radiation, that is, the
process of distinguishing two adjacent objects (high reso-
lution) as separate entities rather than as a single, blurred
object (low resolution). Most X-ray structures of small
molecules are determined to a “resolution” of 0.75–0.9 Å
or better. At this resolution each atom is fairly distinct.
The resolution improves with an increase in the maximum
value of sin Ë/Î at which Bragg reflections are measured.
Sometimes the quality of the crystal or the wavelength of
the radiation limits the resolution that may be obtained
experimentally.
A second use of this term is for the separation of enan-
tiomorphs.

Restraints. Limits on the possible values that parame-
ters may have. For example, additional observations, such
as known bond distances and angles, can be added to
the least-squares equations, and these must hold true
for the results of the least-squares refinement. Restraints
are used like data and one refines against them. They
come with a standard uncertainty or elasticity that should
be obeyed. Constraints remove parameters and restraints

add data. Constraints rigidly relate certain parameters or
assign specific values to them, while restraints give ranges
to target values for certain parameters. (Think of a dog
restrained by a flexible leash of a selected length.) (See
Constraints.)

Rhombohedral unit cell. A unit cell in which there is a
three-fold rotation axis along one body diagonal of the
unit cell. This symmetry requirement makes all three axial
lengths necessarily the same and all three interaxial angles
necessarily equal, although their values are not restricted
(a = b = c, · = ‚ = „). This is an alternative description of
unit cells in trigonal space groups that are centered if they
are drawn in the hexagonal representation. The difference
between the trigonal and hexagonal systems is the sym-
metry; a hexagonal unit cell has a six-fold rotation axis,
while a trigonal unit cell has only a three-fold axis. The
rhombohedral unit cell, denoted R, is a third of the vol-
ume of the hexagonal representation. The hexagonal set-
ting (a = b = c, · = ‚ = 90◦, „ = 120◦), which has obverse
and reverse settings (see Appendix 2), is, however, usually
preferred.

Right-handed coordinate system. A system of three axes,
x, y, and z, in which a rotation from x to y, coupled with a
translation along z, corresponds to the action of a right-
handed screw moving clockwise into a piece of wood
(with x to y as the clockwise motion and z the direction
into the wood). If the thumb, index finger, and middle
finger of the right hand are extended in mutually perpen-
dicular directions, then these digits point to the positive
directions of x, y, and z, respectively.

Rigid-body model. A model of vibration that assumes a
molecule (or a specific part of it) to be rigid, so that, during
vibration, all its interatomic distances are constant and all
atoms move in synchrony.

Rotating-anode generator. An X-ray tube in which an
electron beam hits a wheel of target material rotating
at high speed. The anode moves while the X-ray beam
remains fixed, so that the heat generated during X-ray
production is spread over a larger area than in a conven-
tional sealed X-ray tube. This provides a higher intensity
of X rays than obtained with a conventional sealed X-ray
tube.

Rotation axis. (See Axis of rotation.)

Rotation function. A function that describes a measure of
the degree of correspondence between (1) a set of inter-
atomic vectors that has been calculated for a known struc-
ture and (2) the Patterson function of that crystal. It is
expressed by a map of the rotation about the origin of
one of these functions with respect to the other. Peaks in
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this map define a likely orientation of the known fragment
of the structure. The orientation of a known part of a
structure may often be found through such comparison.
In a self-rotation function, the Patterson map is compared
with itself. Peaks in this function will indicate the relation-
ship between molecules if there is more than one in the
asymmetric unit.

Rotation photograph. A photograph of the diffraction
pattern obtained by rotating a crystal continuously about
a fixed axis, sometimes normal to some set of reciprocal
lattice planes.

Rotatory-inversion axis. Rotation by 360◦/n combined
with inversion through a center of symmetry (on that axis)
to give an enantiomorph of the original object.

SAD phases. SAD = single-wavelength anomalous dis-
persion. A single set of anomalous-dispersion data is mea-
sured with CuK· radiation for a crystal containing a heavy
atom such as iodine or bromine. Alternatively, a sulfur-
containing structure may be measured with CrK· radia-
tion. In both cases the data can be collected in a laboratory
(rather than at a synchrotron source), but the phase ambi-
guity persists (because only one data set was measured).
This ambiguity is generally resolved by direct methods,
such as by locating all the anomalously scattering atoms
in the structure.

Salting out. Precipitating, coagulating, or separating a
substance from a solution by the addition of a salt.

Saturated solution. A solution is saturated when the
solute and solution are at equilibrium. This occurs when
the maximum amount of solute has been dissolved in the
solvent, and is usually dependent on the temperature and
pressure.

Scale factor. (See Absolute scale.)

Scattering angle. The angle at which the scattered wave
deviates from the direct beam. Conventionally, in X-ray
diffraction, the direct X-ray beam is deviated by an angle
2Ëhkl .

Scattering factor. (See Atomic scattering factor.)

Scattering vector. The reciprocal lattice vector associated
with (and perpendicular to) a set of reflecting crystal-
lattice planes hkl,

H = ha∗ + kb∗ + lc∗

Its magnitude is given by H = 1/dhkl = 2 sin Ëhkl/Î, where
dhkl is the interplanar spacing. The order of diffraction,
n, is contained in the Miller indices hkl as a multiplying
factor.

Scintillation counter. A device for measuring the inten-
sity of an X-ray beam. It makes use of the fact that X rays
cause certain substances to emit visible light by fluores-
cence. The intensity of this visible light is proportional to
the intensity of the incident X-ray beam and is amplified
by a photomultiplier and then counted. The substance
generally used as the X-ray detector is a sodium iodide
crystal, activated by a small amount of thallous ion.

Screw axis. A screw axis, designated nr , is a symmetry
operation that involves rotation about the axis by 360◦/n =
2π/n coupled with a translation parallel to the axis by
r/n of the unit-cell length in that direction. A two-fold
screw axis through the origin of the unit cell and parallel
to b converts an object at x, y, z to one at −x, 1/2 + y,
−z. The translation component leads to the generation of
an infinitely repeating periodic pattern in the direction
of translation. The enantiomorphic identity remains the
same if a screw axis is used.

Series-termination error. An effect in a periodic function
that results from a truncation of the number of terms
in a Fourier series. Ideally, an infinite amount of data is
necessary for the calculation of a Fourier series. In prac-
tice, only a finite number of data are measured in a dif-
fraction pattern. This leads to a truncation of the Fourier
series so that peaks in the resulting Fourier syntheses
may be surrounded by series of ripples, which are espe-
cially noticeable around a heavy atom. The use of differ-
ence syntheses (q.v.) obviates most of the effects of series-
termination errors.

Sigma Two formula (�2). A formula used in direct meth-
ods. It relates the phases of three intense Bragg reflections
to each other.

Simulated annealing. Annealing is a method used to
make steel or glass more soft and less brittle, and involves
heating and then cooling. This process is simulated in
crystallographic refinements by adjusting the parameters
of a macromolecule to simulate “heating” of the molecule
(by increasing the displacements or vibrations), and then
“cooling” it so as to minimize the energy. In this way
a global minimum may be more readily obtained than
with other methods of refinement, such as least-squares
methods, where a local minimum, but not the deepest
minimum, may be the end point of a refinement.

Sinusoidal wave. A wave described by a function
y(t) = Asin(˘t + Ë), where A = amplitude, ˘ = angular fre-
quency, and Ë = phase. Sine and cosine functions are both
sinusoidal waves, with different phases [cos x = sin(x +
π/2)]. A sinusoidal wave retains its wave shape when
added to another sinusoidal wave (see Fourier synthesis).
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Small-angle scattering. The study of matter by analysis
of the diffraction of X rays with diffraction angles smaller
than a few degrees—that is, Ë less than 1◦, for copper radi-
ation. This scattering occurs when the sample is composed
of particles with dimensions of the order of several hun-
dred to several thousand Å. Measurement of the inten-
sity distribution gives information on the low-resolution
structure of the diffracting material; for example, it will
give the radius of gyration of the particles, which is a
measure of the size of the particle.

Solvent flattening. (See Density modification.)

Space group. A group of symmetry operations consis-
tent with an infinitely extended, regularly repeating three-
dimensional pattern. There are 230 such groups, which
can be identified (although sometimes with some ambi-
guity) from the systematic absences in the diffraction pat-
tern combined with the intensity data (see Distribution
of intensities) and the Laue symmetry (see Laue class).
A space group may be considered as the group of oper-
ations that converts one molecule or asymmetric unit into
an infinitely extending pattern of such units. The 230
space groups are listed in detail in International Tables for
Crystallography, Vol. A (Hahn, 2005).

Space group ambiguity. Sometimes more than one space
group fits a set of systematic absences in the intensities of
Bragg reflections for a given crystal. Other methods, such
as information on the crystal contents and their possible
symmetry or employing characteristics of the intensity
distribution, may have to be used to determine the correct
space group.

Spallation. Spallation is the ejection of material on impact.
It can involve high-energy incident particles that bombard
an atomic nucleus, ejecting particles such as neutrons.
Neutrons are obtained when short bursts of high-energy
pulsed protons are used to bombard a target of heavy
nuclei (such as mercury, lead, or uranium) several times
a second. Each proton produces several high-energy neu-
trons, which are slowed down by moderators to useful
energies for diffraction studies.

Sphere of reflection. (See Ewald sphere.)

Standard uncertainty (s.u.). A measure of the precision
of a quantity. If the distribution of errors is normal, then
there is a 99% chance that a given measurement will dif-
fer by less than 2.7 s.u.. from the mean. A bond length
1.542(7) Å (1.542 Å with an s.u. of 0.007 Å) is, by the usual
criteria, not considered significantly different from one
measured as 1.528(7) Å (2 s.u. away). This term is some-
times called an “estimated standard deviation” (e.s.d.).

Stoichiometry. The quantitative relationship of con-
stituents implied by a chemical formula or equation.

Structure factor. The structure factor F (hkl) is the value,
at a reciprocal lattice point, of the Fourier transform of
the electron density in the unit cell. The wave scattered
by the contents of the unit cell in the direction of the hkl
Bragg reflection is described in amplitude and phase by
the structure factor F (hkl). The structure factor has both a
magnitude (amplitude) and a phase (relative to the origin
of the unit cell). The magnitude of the structure factor,
|F (hkl)|, is the ratio of the amplitude of the radiation
scattered in a particular direction by the contents of one
unit cell to that scattered by a classical point electron at
the origin of the unit cell under the same conditions. The
structure factor depends on the chemical identities and
arrangement in the unit cell of the constituent atoms, and
on the direction of scattering with respect to the incident
X-ray beam. For the relationship between structure factors
and electron density, see Fourier transform.

Structure invariant. A linear combination of the phases of
a particular set of Bragg reflections that does not change
when the position of the origin of the unit cell is changed;
that is, this linear combination of phases is totally inde-
pendent of the choice of origin.

Structure seminvariant. Bragg reflections whose phases
remains unchanged (except by an integral multiple of
2π radians) when the location of the origin is changed
(provided this origin change is allowed by space-group
symmetry constraints).

Superposition methods. Analysis of a Patterson map by
setting the origin of the Patterson map in turn on the
positions of certain atoms whose positions may already
be known, and then recording those areas of the super-
posed maps in which peaks appear that are derived from
both maps. The resulting map is called a vector superpo-
sition map and may contain information that allows one
to derive the atomic arrangement.

Symbolic addition method. A direct-method procedure,
in which phases for a few Bragg reflections are repre-
sented by algebraic symbols (such as a, b, or c) when
needed during phase assignment. The meaning of the
symbolic phases, such as + and − for 0◦ and 180◦ for
a centrosymmetric structure, may then become evident
during the subsequent analysis (for example, if the phase
becomes a2 which must be positive). Otherwise, electron-
density maps with all possible values for the undeter-
mined symbols must be computed, and hopefully one of
these will be obvious as the correct structure.
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Symmetry element. A point, a line, or a plane on or about
which a particular symmetry operation is performed. The
actual operation is a “symmetry operation” (q.v.).

Symmetry operation. In crystal structures (assumed
infinite in extent), the possible symmetry operations
include axes of rotation and rotatory inversion, screw
axes, and glide planes, as well as lattice translations.
Symmetry operations convert an object into a replica
of itself. Translation and rotation are proper symmetry
operations, while reflection and inversion are improper
symmetry operations, which convert an object into the
mirror image of itself.

Symmetry operation of second kind. (See Improper sym-
metry operation.)

Synchrotron radiation. Radiation emitted by very high-
energy electrons, such as those in an electron storage ring,
when their path is bent by a magnetic field. This radia-
tion is characterized by a continuous spectral distribution
(which can, however, be “tuned” by appropriate selec-
tion), a very high intensity, a pulsed time structure, and
a high degree of polarization. Its high intensity makes it
useful for rapid data collection on macromolecular crys-
tals and its tunability makes it convenient for collecting
anomalous scattering data.

Systematically absent reflections. Bragg reflections that
are too weak to be observed by the method of measure-
ment used and for which h, k, and l values are systematic
in terms of evenness or oddness (for example, an absence
of all Bragg reflections for which h + k is odd, indicative
of C-face centering in the unit cell). Systematic absences
depend only upon symmetry in the atomic arrangement.
There are two types of systematic absences: (1) those aris-
ing from translational symmetry elements, i.e., screw axes
and glide planes, and (2) those that arise from a decision
to use a nonprimitive unit cell, and are an artifact of the
way we index Bragg reflections. Systematic absences are
of great use in deriving the space group of a crystal.

Tangent formula. A formula used in direct methods of
phase determination that allows the development of addi-
tional phases.

Taylor series. A power series that expresses a function as
an infinite sum of terms that can be calculated from values
of its derivatives at a single point. In this power series,
the coefficients are the corresponding derivatives divided
by the factorial of the order of the derivative. The higher
the power in a term, the smaller its value. The series is
named after Brook Taylor, an English mathematician, who
followed the earlier work of James Gregory.

Temperature factor. An exponential expression by which
the scattering of an atom is reduced as a consequence
of vibration (or a simulated vibration resulting from sta-
tic disorder). For isotropic motion the exponential fac-
tor is exp (−Biso sin2 Ë/Î2), with Biso called, loosely but
commonly, the “isotropic temperature factor.” Biso equals
8π2〈u2〉, where 〈u2〉 is the mean square displacement of
the atom from its equilibrium position. For anisotropic
motion the exponential expression contains six para-
meters, the anisotropic vibration or displacement para-
meters, which describe ellipsoidal rather than isotropic
(spherically symmetrical) motion or average static dis-
placements. (See Atomic displacement parameters.)

Tetragonal unit cell. A unit cell in which there is a four-
fold rotation axis parallel to one axis (arbitrarily chosen as
c); as a result, the lengths of a and b are identical and all
interaxial angles are 90◦ (a = b, · = ‚ = „ = 90◦).

Thermal diffuse scattering. Diffuse scattering results
from a departure from the regular periodic character of a
crystal lattice. It is evident as diffuse spots or blurs around
normal diffraction spots. If it is a temperature-dependent
effect, it is called thermal diffuse scattering. This can be
analyzed to give information on the elastic properties of
crystals and the force constants between their constituent
atoms.

Thermal-motion corrections. Adjustments to intramole-
cular dimensions from a crystal structure determination
for distortions arising from atomic vibrations, especially
libration (q.v.). The appropriate corrections depend on a
model for specifying the correlations between the motions
of the several atoms.

Time-of-flight neutrons. Neutrons from a reactor arrive
at a detector array at times determined by their energies.
They come in pulses (as a result of the action of mechan-
ical choppers) and their energies (and wavelengths) are
determined from the time it takes for them to travel to
and hit the detector. Their velocities v are related to the
wavelength by Î = h/mv = (h/m)(t/L), where h is Planck’s
constant, m is the mass of a neutron, and t is the time
of flight for a path length L . This equation gives essen-
tial information for analysis of a Laue-type diffraction
pattern. Time-of-flight detectors can record the different
wavelengths one after the other.

Torsion angle (sometimes called “conformational angle”).
The torsion angle (or angle of twist) about the bond B–C in
a series of bonded atoms A–B–C–D is defined as the angle
of rotation needed to make the projection of the line B–A
coincide with the projection of the line C–D, when viewed
along the B–C direction. The positive sense is clockwise.
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If the torsion angle is 0◦ or 180◦, the four atoms lie in
the same plane. Enantiomers have torsion angles of equal
absolute value but opposite sign.

Translation. The word “translation” has two different
meanings in crystallography. Generally it indicates the
symmetry element (of one unit cell length) that is typical
of lattices, or some fraction of that. It is also used when all
atoms of a molecule move the same distance in the same
direction along the same or parallel lines.

Translation function. A function that can be calculated in
order to determine (with respect to the unit-cell axes) how
a molecule, for which the orientation has been found (see
Rotation function), is positioned with respect to the origin
of the unit cell. This function is important in structure
analysis in macromolecular crystallography.

Trial-and-error method. A method that involves postulat-
ing a structure (that is, assuming locations of the atoms in
the unique part of the unit cell), calculating structure fac-
tors Fc, and comparing their magnitudes with the scaled
observed values |Fo|. Since the number of trial structures
that must be tested increases with the number of parame-
ters, such methods have generally been applied in solving
only the simplest structures.

Trial structure. A possible structure for a crystal (found by
one of several methods), which is tested by a comparison
of calculated and observed structure factors and by the
results of an attempted refinement of the structure.

Triclinic unit cell. A unit cell in which there are no rota-
tion axes or mirror planes. As a result there are no restric-
tions on axial ratios or interaxial angles.

Trigonal unit cell. (See Rhombohedral unit cell.)

Triple-product sign relationship. The sign relationship
s(h, k, l) s(h′, k ′, l ′) s(−h − h′, −k − k ′, −l − l ′) ≈ +1, where
≈ means “is probably equal to” and s means “the sign of.”

Twin. A composite crystal built from two or more crystal
specimens that have grown together in a specific relative
orientation.

Unit cell. The basic building block of a crystal, repeated
infinitely in three dimensions. It is characterized by three
vectors, a, b, and c, that form the edges of a parallelepiped.
The angles between these vectors are · (between b and c),
‚ (between a and c), and „ (between a and b).

Unit-cell dimensions. The unit-cell dimensions a , b, c, ·,
‚, „, of a crystal structure.

Unitary structure factor. The ratio of the structure ampli-
tude, |F (hkl)|, to its maximum possible value—that is,

the value it would have if all atoms scattered exactly in
phase. It is denoted by U. U(hkl) = |F (hkl)|/|� f j ], where
f j is the scattering factor of atom j at the sin Ë/Î value of
F (hkl).

Unobserved Bragg reflections, absent Bragg reflections.
Bragg reflections that are too weak to be measured by
the apparatus in use. The term is also used for Bragg
reflections for which the intensity I (hkl) is less than
nÛ(I ), where n is chosen (usually 2–3), and Û is the s.u.
of I (hkl).

Variance. The mean square deviation of a frequency dis-
tribution from its arithmetic mean. The variance is the
square of the standard uncertainty Û. For a random vari-
able x, the variance is �[(xi − xm)2/n], where xm is the
mean value of x, and n is the number of measurements.

Vector. A quantity that requires for its complete descrip-
tion a magnitude, direction, and sense. It is often rep-
resented by a line, the length of which specifies the
magnitude of the vector, and the orientation of which
specifies the direction of the vector. The sense of the vector
is then indicated by an arrowhead at one end of the line.
Two vectors may be added together by placing the second
vector with its origin on the end (arrowhead) of the first.
The resultant vector is the directed line from the origin of
the first vector to the end of the second. This process of
addition can be continued infinitely. The scalar product,
a · b, is |a ||b| cos „, where „ is the angle from a to b. The
vector product, a × b, is a vector with direction normal to
both a and b, and magnitude |a ||b| sin „.

Wavefront. All points reached at a given instant in time
by a series of waves as they move through any material.

Wavelength. The distance between two similar points on
a wave system, for example, the crests of a cosine wave.

Weight of a measurement. A number assigned to express
the relative precision of each measurement. In least-
squares refinement the weight should be proportional to
the reciprocal of the square of the standard uncertainty
of the measurement. Other weighting schemes frequently
are used.

Weissenberg camera. This is an oscillation camera in
which the camera is translated (moved) as the crystal
rotates so that Bragg reflections can be indexed more read-
ily than for a simple oscillation photograph that lacks this
simultaneous motion of camera and crystal. It is named
after Karl Weissenberg, an Austrian physicist.

White radiation. Any radiation, such as X rays or sun-
light, with a continuum of wavelengths.
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Wilson plot. A plot of the logarithm of the average ratio
of the observed Bragg intensities to the theoretical values
expected for a random arrangement of the same (station-
ary) atoms in the unit cell, in successive ranges (shells)
of sin2 Ë/Î2. Such a plot typically approaches a straight
line, whose intercept yields the factor needed to place the
observed intensities on an absolute scale (q.v.) and whose
slope yields an average isotropic displacement parameter
for the entire structure. The plot was designed by Arthur
James Cochran Wilson, a crystallographer.

X-ray camera. A device for holding film in an appropriate
manner to intercept and record an X-ray diffraction pat-
tern.

X-ray tube. The basic parts of an X-ray tube are a source of
electrons and a metal anode that emits the Xrays, enclosed

in a glass envelope under vacuum. Tubes may be classi-
fied according to the nature of these parts.

X rays. Electromagnetic radiation of wavelength 0.1–
100 Å, produced by bombarding a target (generally a
metal such as copper or molybdenum) with fast electrons.
It is found that X rays of definite wavelengths, characteris-
tic of the target element (characteristic X rays, q.v.), plus a
continuous background of X rays (bremsstrahlung, q.v.),
are produced. Characteristic X rays are produced when
electrons from the innermost shells (K or L) are ejected
from atoms in the target material. When an electron from
an outer shell falls back into the vacant shell, energy is
emitted in the form of X rays with a specific wavelength.
The spectrum of the emitted X rays has a maximum
intensity at a few wavelengths characteristic of the target
material.
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172, 228, 243, 249, 251

noncrystallographic symmetry 138, 249
noncrystallographic symmetry averaging

(real-space averaging) 126, 252
nonlinear optics 249
nonmeasured reflection extrapolation

method 127
normal equations (least squares) 249
normalized structure factors,

E-values 119, 132, 243, 249
nucleation of crystals 11–13, 249
nucleic acids and nucleotides 113,

200–202

observational equations (least
squares) 249

occupancy factor 174, 249
omega block (kappa diffractometer) 61
omit map 127, 170, 250
optic axis 250
optical activity 250
optical diffraction pattern 38–41
optical properties of crystals 21, 22
order of diffraction 30, 31, 94, 248, 250
orientation matrix 250
origin of a unit cell 81, 250
origin-fixing reflections 128, 129
ORTEP (Oak Ridge Thermal Ellipsoid

Plot) 83, 187, 188
orthogonal system 74, 76, 77, 237, 250
orthorhombic unit cell 19, 20, 23, 109,

181, 217, 218, 220, 227, 228, 241, 250
oscillation camera 250, 257
oscillation of crystal 52

parallelepiped 14, 250, 257
parity group (direct methods) 250
particle size 255
path difference (PD) 78, 88, 89, 156,

222–224, 250
Patterson map, Patterson function 115,

123, 130–147, 145, 149, 160, 207, 210,
211, 228–232, 246–248, 250, 253–255

Patterson superposition methods 137
peak heights in Patterson map 131
pentagonal tiles 104
pharmacognosy 10
phase 6, 28, 32, 72, 81, 84, 96, 250, 251,

254, 255
phase angle 72–74, 81, 86, 88, 91, 118,

126, 130, 144, 147, 244
phase angle ambiguity 145–147, 163
phase change 154
phase difference 29, 225–227, 250
phase problem 86–100, 251
phase sum 126
phenyl group geometry 137, 175
phi-scans 148
photographic film 63, 251
phthalocyanine molecule 40, 41, 184
piezoelectric effect 22, 112, 157, 251

Planck constant 57, 251, 256
plane groups 21, 111, 251
plane-polarized light 22, 151, 238, 250,

251
pleochroism 251
point groups and point symmetry 19, 20,

103, 114, 217–220, 251
Poisson distribution 251
polar space group 113
polarity sense 157, 158, 251
polarization factor 65, 251
polarized light 22, 48
polarized X rays 25, 56
polymorphism 207, 251
positivity (direct methods) 116, 117
potassium chloride 37, 38, 182
powder diffraction 202–205, 251
Powder Diffraction File (PDF) 203
precession camera and method 35, 37,

58–60, 201, 251
precipitant and precipitation (salting

out) 12, 13, 252, 254
precision 177, 178, 186, 252
primitive unit cell 20, 23, 24, 109, 182,

239, 252
principal axes of thermal ellipsoid 188,

252
probabilities 119, 121
probability density function 245, 252
probability distributions 176, 252
promolecule density 252
proper symmetry operations 252
protein crystals 8, 12, 14, 60, 83, 99, 113,

126, 138, 142–147, 150, 193, 195,
210–212, 246, 248, 250, 252

Protein Databank 184, 211
protein relative phases 145–147
pycnometer (density) 51
pyroelectric effect 22, 112, 252

quartets and quintets (direct
methods) 126

quartz 196, 204, 251

R value, R factor, R index, discrepancy
index 97, 100, 172, 175, 177, 186, 210,
252

R/S (rectus/sinister) system (absolute
configuration) 160

racemic mixture 252
radial distribution function 197, 198, 229
radiation damage 50, 51, 211, 249, 252
radiation-damage-induced phasing

(RIP) 145
radius of gyration 255
real-space averaging 126, 252
reciprocal lattice point (hkl) 80, 91, 206,

252
reciprocal space 29, 33–41, 52, 53, 59, 92,

120, 220–222, 225–227, 244, 249, 251, 252
refinement of a crystal structure 46,

167–180, 252, 253
reflection (symmetry operation) 110
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refraction and refractive index 21, 153,
154, 242, 253

relative phase angle 4, 6, 27, 28, 72, 80,
81, 86, 88, 91,100, 207

reliability of a structure analysis 176–179
Renninger effect 88, 99, 147–150, 243, 249
residual (R value) 97, 100, 172, 175, 177,

186, 210, 252
resolution (electron density) 94, 97, 98,

99, 253
resolution (separation of

enantiomers) 112, 253
restraints 175, 253
rhombohedral unit cell 19, 20, 23, 217,

219, 220, 228, 253
Richards box 147
Rietveld method 203, 205
right-handed coordinate system 253
rigid-body motion 189–191, 253
robot setup for crystallization 13
Rochelle salt 251
root-mean-square amplitude of

vibration 187
rotating-anode X-ray generator 56, 59,

253
rotation axis (symmetry operation) 19,

21, 24, 103–105, 110, 250, 256
rotation function or search 137, 138, 149,

253, 254
rotation photograph 254
rotational symmetry 217–220
rotatory-inversion axis 104, 105, 110, 241,

254, 256

SAD (single wavelength anomalous
dispersion) phasing 147, 160, 163, 211,
212, 254

sampling regions (diffraction
pattern) 31–41, 45

saturated solution 254
scattering angle 2Ë 71, 254
scattering factor, form factor 77–85, 152,

155, 178, 187, 237, 24,
scattering vector 254
scintillation counter 63, 254
screw axis 21, 24, 106–112, 132, 133, 254,

256
second-harmonic generation (SHG) 22,

249
selenomethionine 163, 212, 248
self-rotation function 138
series-termination error 254
sharpened Patterson function 132
shift in atomic parameter 170
sigma 2 formula (�2) 121, 254
sign of a structure factor 117
silica and silicates 197, 199

simulated annealing 254
sine-Patterson map 163
sinusoidal wave 6, 72, 73, 254
slit diffraction 26–35, 45, 83
small-angle scattering 202, 255
snowflake 10
sodium chloride 3, 179, 182, 183, 252
solvent flattening 126, 163, 241
space group 21, 24, 101, 109, 110, 113,

114, 122, 181, 206, 210, 227, 228, 239,
243, 255

space group ambiguities 111, 112, 255
space shuttle 13
space-group symmetry 20, 101, 103, 106,

109, 112, 237, 249
spallation (of neutrons) 57, 255
sphere of reflection, Ewald sphere 52, 53,

148, 244, 247, 249
standard uncertainty (s.u.) 177, 178,

255
stereopairs 147
stoichiometry 196, 255
structure factor amplitude 86, 87, 88, 96,

161, 167, 236
structure factor 65, 80, 82, 86, 87– 93, 118,

144, 157, 210, 251, 126, 255
structure invariant and structure

seminvariant 119, 126, 255
summing density waves 117–119
superposition method Patterson 255
superposition of waves 72–77, 93
symbolic addition procedure 123, 255
symmetry 101–114
symmetry element 101, 103, 251, 256
symmetry of crystal 19–21
symmetry operation 101, 133, 251, 255,

256
synchrotron radiation 25, 47, 56, 160–163,

212, 256
systematic errors 177, 179, 186
systematically absent reflections 102,

109, 111, 256

tangent formula 125, 256
tartaric acid, tartrate 112, 152, 157, 159,

236
Taylor series 174, 256
temperature effects 189, 198
tetragonal unit cell 19, 20, 23, 181,

217–220, 227, 228, 241, 256
theoretical calculations 194
thermal diffuse scattering 179, 256
thermal motion 132, 186–194, 256
time-of-flight neutrons 256
tobacco mosaic virus 184
torsion angle 184, 185, 190, 234, 235, 240,

256, 257

translation (lattice) 35, 254
translation (motion) 189
translation function 138, 257
translational symmetry 14, 103,

257
trial structure 46, 88, 96, 97, 100,

115, 167–180, 207, 210, 257
trial-and-error method 117, 257
triclinic unit cell 19, 20, 23, 217–220, 227,

228, 241, 257
trigonal unit cell 19, 20, 23, 217, 227, 228,

241, 253
triple-product sign (triplet phase)

relationship 119, 121, 123–125, 129,
149, 257

twinning 13, 174, 257

uniaxial crystals 250
unit cell 10, 14–19, 23, 35, 51, 181, 216,

217, 250, 251, 257
unit cell dimensions 51, 52, 59, 71, 94,

202, 210, 213, 216, 221, 238, 248, 257
unitary structure factor 257
unobserved Bragg reflections, absent

Bragg reflections 257
uranyl (heavy-atom) derivative 143

vapor diffusion method (crystal
growth) 12

vector 75, 132, 220, 242, 257
vector map 131, 139
vector superposition method 136, 137
vectorial representation of waves 74–77,

85
viewing stereodiagrams 147, 194
virus structures 8, 184
vitamin B12 140, 141, 143, 184, 231

water 198, 199
wavelengths 72, 99, 153, 160, 249
weight of a measurement 173–176,

257
Weissenberg camera 58, 257
white (polychromatic) radiation 56, 64,

257
Wilson plot 66, 127, 236, 258
World Wide Web 126, 184, 211, 269

X rays 3, 25, 26, 37, 47, 52–57, 216, 237,
258

X-ray diffraction 3–8, 37, 59, 99, 191, 206,
225–227, 244, 245, 249

X-ray tube 48, 52–56, 253, 258
X – X and X – N maps 193–194
xylose isomerase 112, 193

zinc blende (sphalerite) 157, 158


