CH AP_TER;.10 MATHEMATICS OF FFINAN | C E . - -

LEARNING OBJ ECTIVES

After studyrng thrs chapter the student Wlll be able to understand _ -
- ;Concept of s1mple lnterest compound 1nterest Nomrnal and effectrve rate of 1nterest
'-*_Mearung of 1nterest compounded contrnuously ' -

' :-*-Z_Drscountmg and deprecratron e

" 1 meamng and dlfferent ternunolog1es of annu1ty

- -_Derwatron of formulas for different types of annulttes -

- -'”,..._The concept of amornzatlon and s1nk1ng fund - -

. . B usmess problem solutron

In thrs chapter we shall focus on the use of flnancral mforrnatron as a part of decrs1on Makrng
process and shall 1ntroduce a number of technrques applred spec1ftcally to the evaluatron of such
mformatron ThlS leads 1nto an examlnatron of the pr1nc1ples mvolved in assessrng the value of
money over a perrod of t1me and seelng how thls 1nformat10n can be used to evaluate alternatwe
f1nanc1al decrslon However a word of cautron s necessary before westart usrng such
rnformauon The fmancral decrsron area 1s a verltable mmef1eld in the real world hedged as 1t 18
wrth tax 1mpl1cat1on Nevertheless the pr1nc1ples of such f1nancral decrsron makrng are
estabhshed through the concepts of mterest present value and annurtres amortrzatron and srnkmg
funds = = . , -

IOZINTEREST _ - - =
lnterest is the money that 1s pard for the use of money T he total amount of money borrowed
mlttally 1s called the prlncrpal amount It mrght be an amount borrowed by an 1nd1vrdual from a
bank in the form of a loan or by a bank frorn an rndwrdual In the form of a savmgs account. The
rate of 1nterest 1s the amount charged for the use of the prrncrpal for a gwen period of time
usually on a yearly bams) Rates of 1nterest are generally expressed as. a percentage
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Stmple mterest ts the mterest computed on the prmczpal for rhe cnnre perzod zt zs borrowed If a
prmmpal of P rupees is borrowed ata sxmplc mtcrest ratc of r% pcr ycar for a pcrlod of t ycars
then the s1mple 1ntcrcst 1s dctermmed by .- . -
S I _Prmc1pal><Rate>(I‘ 1me—Prt . .

_jThus the amount A due to be pald at the cnd of pcnod of t years 1s .

A Prmc1pa1 +Intercst-—' P+Prt P(1+rt) or P--i—-—— . - =
'-""If we move backward then th1s formula 1s used to calculate the valuc of the money -
Remark The s1mple 1ntcrest 1s chargcd on yearly ba31s But 1f the tlme pcrlod 1s gwen in
months wceks or days the convcrsmn formula 1s as gwen bclow _ .

k months --'-—-.--— ycars n wccks ---’jl—-— years (1 ycars = 52 wccks)

. | " L o ¥ T \ s =Ty +
= o] [ = = o e ' - " ; - T
3 Lo e i 1 = - 3 o - - = = = - s B E - - -
e C 2 = o o r = - r - - o = - - - X ; = .
- .' e = 3 b . = e i o X 5 ;

-'E'-_"Illustratlon-()l A man depos1ted Tk SOOO m a bank that pays 5% pcr annum cvery 51x month
'f:_.‘fJThc man will mthdraw Tk 500 from h1s pnnc,lpal plus any mtcrcst accrucd at each 51x month
perlod How much total mterest can he cXpect to recclve? - -

=_._'__._Solut10n In th1s casc bank is borrowmg Tk SOOO at 5% mtcrcst and wﬂl pay off 1ts debt in 10
- equal 1nstallments of Tk SOO cach every s1x months The 1nterest to be pa1d for flrst s1x months

1 5000(1/2) (o 05) Tk 125 B
2 1nstallment 1 4500(1/2) (0 05) Tk 112 50
= 3 mstallment 1 4000(1/2) (0 05) Tk 100 00

"ilini1--n_-i--1.-'--1'----:'-i"i'r'-i-ii-nfr'ii-'-riiuni-.:-||--'-|-'-'ill-nrt-t-----ii- ST e

10**' 1nstallmcnt i 500(1/2) (0/05) Tk. 12 50

_ Total mterest pald by the bank (rccewed by thc man) 1s
_. ;-_-.;_---125 00+112 50+100 00+ ...... + 25 OO+12 50

: -—12 50(1+2+3+ ....... +10) . ‘

10(1(2) +%1) __:__. Tk 687 50 [Sum of flrst n natural numbers-.-'i: (Il + 1)/ 2 ]

—-12 50><
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Illustratnon-OZ A person desrres to buy a house If the person borrowed Tk 4 lakhs at 12%

the house purchased wrth the frrst payment of Tk 50 000 -
Solutmn. P Tk 4 OO OOO r =, 12% and t_-- 1/ 12 Usmg the formula I Prt we get

I 400 OOOX—1—2~><-—1—-_—.-- Tk 4 OOO

Smce f1rst payment 15 Tk 50 000 the person has purchased Tk (50 000-4 000)-T k 46 000_7-_7_
towards h1s house w1th hrs fll‘St payment Tk 46 OOO 1s applted to the reductton of hrs debt and is
called the reductlon of hrs prmcrpal Thus m the next month he owes only Tk (4 OO OOO-“"-::
46 OOO)—-Tk 3 54 OOO Interest 18 then charged for the loan on thls shghtly smaller amount __

10 2 2 COMP.UND INTEREST

If the 1nterest on a partlcular pr1nc1pal sum 1s added to 1t after each preftxed perlod the whole_-_;_
amount earns mterest for the next perlod then the mterest calculated m thrs manner is called_f{_
compound mterest The perlod after wh1ch tnterest becomes due is called 1nterest perrod orf_'__ﬁ;
(convers1on perlod) The mterest due perlod may be yearly half yearly, quarterly etc '_ -
Let an 1n1t1a1 amount of money P be mvested at an mterest rate of I percent per year for the perlodff

of n years The amount of mterest at the end of the flrst year would become pxr therefore the':_?'f
total amount at the end of the frrst year 1s gwen by . -

A =P+ Pr. -—_--P(1+ r) _
Slm1larly, the total amount at the end of the second year 1s .gwen by
A A +Ar--.A (1+r) (1+r)(1+r) P(1+r) - _
The amount A acqurred on a prmcrpal P after n payment perlods at r% mterestls -
oAt e T e
In the compound 1nterest formula the rato of mterest r tsgtven by

e e —— of money at the end of n years
Number of compoundmg perlods per year -

[ f the normal rate I 1s quoted together wrth the frequency of conversron perrod t per year or atf_'*

1ntervals of 1/t years then the mterest rate per penod r 1s determmed as i -
r' . Interes rate per year - |

t Number of compoundmg pcrzods per year .
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Thus, the compound 1nterest formula for the amount A
interest rate I compounded t tlmes year IS - .

A P

(

acerued, on a principal P at annual

_._-The equatton (11) mdtcates that the value of the 1nvestment at the end of a perlod IS the value at
;_'_-the begmnmg of the perlod tlmes the factor 1+( / t) .. o '
= The table l shows the growth pattern of an 1n1t1al mvestment P at d1fferent perlods

- _Period e

Table-l growth pattern of Money

gy -
I Ly, ] : . i 4
= A = H
T e L

. X - - . i bt " 3 . s
- - - - . > = x: . - -
it Yoaos : :
x < s . = -
- L ; i

n-1

= - 3

Value at the begmnmg

Value at the end

"-Table-2 shows the compound value of mvestment of Tk l for dlfferent values of r and n -
- . Table-Z Compound Value of Tk 1 .

T

.-

% T

2%

L3%

4%

| %

6%

7% J

8%

| Period -

1.01‘-0-_--

et

1.020

1030 |

l 040

| 1050 '

= 060'_5.1 1070

T 1.080

e s

[ 1% _;
:_1090_1 1.100 |

1020 |

_"[

1040

1061

l 082

is ,1 145

1 166 |

1188

G B

1210

1.030

1095

L 105

_1' 1’58

1 191-_';_-..'___--

1,260

{

1.041

1176

l 170 1

1 216 |

1262 | 1310

1.464

1051

| 1159

1.062
1.072
1.083
1.094

116
1195 | 1.

1 194

1 338._ 1 .403

1 469 -

¢11539

l

1611

l 949

-

177




Special Cases: () A, = A1+ o | . if interest is compounded half yeadly.

(11) A Pl + = 1f mterest 1s compounded quarterly -
'i?In general rf the mtercst be compounded w1th a frequency t per year or at mtervals of 1/t years,

e Sy 2 “ . 2 " A= el . : -
ol H by’ - - - b e S e " - - 5 - " kL . iyt o, =) H g | . ) i - L} g L y s o I '-. o i = - i - - T L3 ; b s . " s
. - k- = L = A . L L= T A . i 2 - - . g o o ol = e, el o =l . . - - - n " ; .
3 ; 3 by - 2 [ I 2 n < s 56 a0 i . a s
- _ o T . Y
-3 = = - e T ety . =
¥ o
i
" o
X, %
-

._i:'Illustratmn-O?o Fmd the number of year m Wthh a sum of Tk 1234 amount to Tk 5678 at 5%'7;”
' per annum compound mterest payable quarterly 0 s

5678

5678 = 1234[1 oo 1 25]“” o, (1 0125)
1234 e it

Taktng logartthm on both srdes we haye - -
4n log(l 0125)-—— log 5678 log1234

or 4n><0 0086 3 7542 3 0913 O 6629 or 411 — 0 6629— 77 08 or n 30 69 years

_ O 0086
'Illustratton-04 If T k 5“ were 1nvested for 8 years at mterest rate of 6% compounded quarterly,__
then what W1ll be the compounded mterest’? - =

Solution. Gtven P 500 n= 8 t- 4 r /t = (6 / 4)% = . O 1 5 A --? -

NOW applymg the formula, A Pﬁ- = W -

A soo(1+o 015):32 ....500(1 015)

Takmg logartthm on both srdeo we have - . RiasiiEs o
log A 1og 500 + 321og1 015 2 6990 & 32 ><O 0065 2 907

Then A“ antl log(?. 907) 807 24 .
_ Hence compound mtetest A p = 807 24 50. Tk 307 24
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-Il]ustratlon-OS Fmd the compound mterest on Tk 10 OOO for 1 year 6 months 1f the mterest IS
payable half yearly at the rate of 8% per annum = e _- -
Solutlon leen P 10 ooo n= 3/2 r—-z r/t-—(S/z)%..o 04 A —-?‘

Now applymg the formula A P .:'_{?1 + --"_-_i:-.' - we get . 'f_' -

.5 A = 10 on(1 ¥ o 04) Y 10 000(1 04) e

Sf’.f..:-:.-.__..hefamount A 1s the prmmpal amount for next one—month perlod Then -

B Af-f-’1'+ 8 '—-A(l+0 006) 10 000(1 04) (1 006)

Takmg logarlthm on both su:ies ”-we haue . |
. log B log 10 ooo +3 log(l 04) + log(l 006)

. ai 10, ooo +3 log(l 04) - log(l 006)

'..-... 4 ooo +0, 0513 +0. 0029 = 4, 0542

_%-Then ~ B=aniilo g(4 0542) 11329 A e o

'_.;Hence compound mterest 11329 10 OOO = Tk 1329 _ 'f'."'__ =

._-flliustratlon-06 (a) Fmd the present value of Tk 6950 due m 3 years at the mterest rate of 5%
Maee 000 s e
.-_;(b) Fmd the tlme m Wthh a sum of money wﬂl be double of 1tse1f at the mterest rate of 5% per
j:'Solutlon (a) Gwen P ‘7 A 6950 z = —I—-—- .-..--5--- : 0 05, n= 3

Now applymg the formula A P (l + z) we get - s

. 6950 6950

or P ---- -

. (1+005) (1 05)
f_or logP log 6950 3 logl 05 3 8420 3><0 0212 3 7784

_::Hence the present value of the sum 1s Tk 6004 -
(@ Let P= 100. Then A= 200, i = £ 3 . 0 05
s 100 100 .:;;3;?;:




e T

1+ 0 05 1 05 2

Takmg logarrthm on both srdes we haye 5

n lo g(l 05) = lo g 2 or n = — log 2 9—9—(11—9- = 14 19 years - .
- . - log(l 05) 0 0212 e e e

Illustratlon-07 Mr Habrb borrowed T k 25 000 from a money—lender but he could not repay any
amount m a perrod of 5 years Accordtngly the money lender demands now Tk 35 880 from hlm
At what rate percent per annum compound mterest d1d the latter lend hlS money -

SOllltl on . Gwen A 3 5 8 80 P 2 5 OOO n 5 l - r / 1 0 0 f) = o

Applymg the formula A P(1+ 1) we get - -

Takmg logarrthm on both srdes we get | | .
log 35 880 = log 25 000 + 5 log(l + z)

log35 880—log25 ooo 45549 4397_9
Then (1+z) antzlog(() 0314) 1075 or, :—1 075 1 0075

Hence the requlred rate of mterest 1s 100 ><z = 100 >< O 075 7 5%

log(1+ z) = 0 0314

_10 3 NONIMAL AND EFFECTIVE RATES .F INTEREST _ -
The compound mterest charged IS based on annual rate of mterest and the frequency of

compoundmg when mterest is compounded more than once a penod (generally a year) the
annual rate 1s called the nommal rate The rate actually earned 1s called the effectwe rate of
mterest - '_ - - - - -
For example suppose Tk 1000 is mvested for 5 years at 8% mterest compounded annually Then
the compounded amount and compound mterest ...
A 1000(1 - 0 08) & 1000( 46933) Tk 1469 33 . =
1=1469.33-1000 = Hes -
But 1f the same amount 1s mve sted for same perlod at 8% mterest compounded quartetly, the
compounded amount and mterest are - - - - -



—————

_ A 1000(1+002)20 --1m(1 485951) Tk 1485 95
 1=148595- -1000 = Tk .485.95 -

The effectrve rate of mterest 1s calculated by makrng the effectrve tlme perlod equal to the
-__-compoundmg perlod and then actually compound over a perlod of a year The formula i S =

‘ _ Effectrve rate of 1nterest rﬁ (1+-—- f? - '

-.,.f:Where i= nornlnal rate in percentage e
' t = number of conversron (compoundlng periods per years)

_j_:_.--tlt mterest rate per perlod -

Remarks 1 The effectwe rate of mterest depends on the nommal rate (1) and the conversron
"-pemds (t) rather than prmcmalP - - - = .
f _ 2 The effectwe rate of mterest 1s useful m comparrng alternatlve mvestment
':-:I‘l'lustratmn-ﬂs Calculate effectwe rate of rnterest for Tk 1000 mvested for 5 years at 8%
Imterest compounded quarterly = . .. - =

._J.Solutmn. Grven i= 0 08 and t = 4 (conversron perlods per year) - -

v rg =~ .1 (1 + 0 02) | _1 - 1 082432 1 -

. 0 082432 8 2432%

__"Illustratlon—OQ' *A person needs to borrow Tk 3m for two years Wthh of the followmg loans
should he take (a) 4 10% srmple mterest or (b) 4% per annum compounded sem1 annually '
Solutmn. Gwen 1 = O .41 t = 4 (conversmn perlods per years) and 1= 1/t = 0 041/ 4 0 0102

'Thus jj‘ (1 + r) 1 (1+O 0102)- 1 = = = >

- '"-—1 04142 l 004142 ._ - = _
ThlS 18 an effectwe ratc of 1nterest of 4 142% Hence the srmple 1nterest of 4 1% per year IS
better alternatwe e '; . | . -



Fer a f rxed prmcrpal time perlod and armual rate of mterest, 1f the compound rnterest mcreases;_'_f
contmuously wrth the mcrease m the frequency of compoundmg, then such grewth m 1nvestment?‘_';..f_
1S called contmuuus compoundmg : - - . -

Let I be the nemmal rate of 1nterest and r be the effectrve rate of mterest for n compoundmg;ﬂ;' ’-_

pcrlods

Then 7‘ fj T Ly -

The compounded amount or future value of an orrgmal prmcrpal P usrng contmuous

tompoundmg IS A Pe S e e

Illustratmn 10 Suppose Tk 1000 1s mvested for 5 years at 8% mterest cumpounded

ta) What rs the effectrve rate lf mterest‘? . e

b) Determme the value of the orl glnal prmcrpal after 5 years W e e L

Salutmn. Grven P Tk 1000 1 = 0 08 and n 5 years - - -
@y = —-1 " 1=10833-1=0,0833 =8 33% e o

The equatten of value 1s obtamed by equatlng the sum ef the values on a certam compartson or
sp—ecrfrc date (due date) of one set of oblrgattons to the sum of the values on the same date 0f
another set of obhgatlons That is, equatron of value is: < .
Value of loans at specrflc date_Value of payment at Speclflc o -
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' Illustratmn-ll In return cf a pr0m1se to pay T k. 500 at the end of 10 years a person agrees to
pay Tk. 100 now Tk 200 at the end of 6 years and a fmal payment at the end of 12 years If the
rate of 1nterest 1s 2% per annum effectwe what should be the fmal payment be‘?

Selutwn Let x be the fmal payment alsc the fccal date be 12 years hence The calculatrons for
= old and new obhgatmns are shcwn 1n the table below . ..
:"f_Focal date 12 years hence - -

Old obllgatrcn

i . - [ ey ".- - e - - . - -t . w - .
! - Z

' comparlson date

Value of each at

- New oblrgatmns -
st S ccmparlson date

Value of each at

Tk %0 to be|

| of 10 years

500(1 + 0 02)

returned at the end .-

= Tl( lOO now

.;_ _--.'Tk 200 at the end of 6
- -_'years

.. ... L—

=
, 200(1-02)

e - e --:-hub.ﬁ-.--.-t.:._.l_n’-_,- B it S E e R T

____j'.;The equaucn cf value 1s

_100(1 02)‘2 +200(1 02) +x= 500(1 02) -
. 100(1 268242) + 200(1 126 162) +x = 500(1 0404) s
0 =126.8242+225232+%=52020 o ,' ok

126 824 225 232 Tk 168 143 _. .

*=> X =520.20-

- . ; _.Tk X due In 12 yeals e -

(a) Slmple dlscount It 1s often called bank dlsccunt where the rate of the dlscount d In
[percentage forapeuod cfone year Let -
- D-- srmple drsccunt on a sum

s - sum on wh1ch dlscount 1s taken -
t= time in o

.‘The srmple drscount (D) and the present value (P) cf a sum (s) rs A

- ‘D?“" Sdt

' P s D-s sdt--s(l dt)

Illustratlon 12 Frnd a srmple dlscount and present value of Tk 2000 loan for srx mcnths at 8% _-

Solutlon Gwen s— Tk 2000 t = 6rnonths = 1/ 2 years andd 8%
2000><o 08><(1/2) Tk 80 -
P s(l dt) 2000{1 o 08(1/2)} Tk 1920

Thus D.-- sdt

And



(b) Compound Dlscount T he present value or caprtal value of an amount, A discounted (or
payable) forn perrods at an annual 1nterest rate iis determrned by maklng certarn changes in the_"
compound mterest formula In other words the percent value of Tk A due 1n n perrods IS that
prrncrpal whrch is mvested now at an 1nterest rate i per perrod wrll amount to A m n perlods -
From compound mterest formula we have e -

| A P(1+£) 01. P_ __ A _A (1“) _

= : o 4 = b ot i i & e 5
L - - : - _ - - T - T T = - S o - X
™ = : 3 L 2 i '] " - -
r; X o e -l , s . | ! . e L Rt - = T L % o
X = - w - ot 0 X k . ety i . s - et L = H - =
- - o v ' - - - — 2 - = - - E " .. iy - - - Lr "
s e - = = - ¥ e - = i o e = 5 iy -
= m - - d = - - — - 4 = 7 e . = i o - Foa ey - = i e . = =
] i 5 =5 = = - : . LA 5 ' A 3 vl =l T -
! " - Ca = i, ] . o .. s i 0 - % i " - e -\. = ¥ ¥ X
e X - i, - L - 2 2 . < - - L . il - = "l
- - g - = i T i |
L " - = R r - . - . y - - - r + .. 2w - 1
X
"
=
o
¥

where P present or caprtal value

A_. amount payable inn perrod trme
z --mterest rate (as a prOpOI'thI‘l)

n= number of trme perrods

Table 3 contarns values for (1 + r) used n determmmg present value 1f an amount Tk l for
varrous values of trme perrod (n) and 1nterest rate (r) . _' - - -
- _- _ Table-3 present value of Tk 1 =
. 2”_1_ 930 ._l"—-‘96§1 i 943 925 1907 890 | | 857 843 826 797- T 769 | 756 |
ﬁ...%}_ 924339 185 | 708 . 683 636 39 1572 |
| .68 1650 | 621 | 5 67 S19 4 4’79

| 630 ‘;.596? | 564 | 507 | 456 | 432 |

[RE——

951 |.906 |.863 |.822 |.784 | .74 B

- 194 - 888_1" .838 790 740 | 105 |
933 871 813760 711 | 665 |.623 | .583 452 | .400 |
o 914 |.857 [.766 | 703 592 |.544 | 500 | 460 | 424 361.5*51“”' 308 -;-;.'2842_;'i:?:5
10 905 .-""820 744 676 614- -;558 508 463"-'s--;422*7-"_- 336 322.,.__.-'-'-'.270"_-.f-'. 247
c) Contmuous dlscountmg In drscountrng a srngle sum to determme the present value of ani-_-;j__

amount A due at the end of n years at the annual rate 1 w1th contrnuous dlscountmg the followrng;"’-}__;'

P Ae

Illustratmn 13 Determme the present value of Tk 5000 due 1n 5 years 1nvested at 8%
rompounded annuallyv What is the compound drscount of th1s 1nvestment‘? |
bolutlon. leen A Tk 5000 1--8% andn 5years Thus

P A (1 + z)".“. = 5000(1 + o 08)“5.. 5000( os)
'. - = 5000(0 68058) Tk.3402. e
Thus compounded drscount A P 5000 3402 90 Tk 1597 10



'Illu.stratlon-lél What ts the present value of Tk 2000 due after 5 years from now 1f the mterest
IS compounded contlnuously at the mterest rate of Tk 8% .. e e
_ Solutwn' Gwen A Tk 2.00 z = O .8 and n = 5 years T hen

- P A e "= 2000 e*"OS 2000 e‘“”
-- - = 2000(0 67032) Tk 1340 64 e

In the case cf deprecratlon the pr1nc1pal value goes on decreasmg cvery year by a certam
__constant arnount In this way after a certain pcrtod the dtmrnrshed value becomes the pnnclpal
'}'value In the case of deprecratlon 1s replaced by --r then thc formula as derwcd 1n prevrous
A P(l-') . - .
e rate cf deprecratlcn ' |

= _}_f A = scrap value at the end of the tlrne perrcd

_'_Thls formula 1s also known as Reducmg Balance Deprecmted Value Formula.

_:”-..Illustratlon- 15 A Machlne 1s deprec1ated 1n such a way that the value of the rnachlne at the end
"";-_of any years 1s 90% cf the value at the begmnmg of the year The actual cost cf the rnachlne was
_-'-'Tk IO OOO but 1t was sold only fcr Tk 300 due tc scme defects Calculate the number cf year
'fdurlng Wthh the machme was m use -

:I:.Solutmn. Gtven P 10 OOO A = 300 z = -140— n = ?
100 100

Usmg the formula A P(l--z) we get

300 10 OOO ~-1 = 10 OO. —

. . \10 1. 00' '1“
f;_"Taklng logarlthm on both srdes we get

'*_._,_ \194- e \100/f{;;:;}‘“'””]'
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or n[log9 — log 10] = log 3 ~ log 100

- l or n( 0 458) .---1 5229 or n l 5229/ O 45 8 33 years (approx) “ -

Illustratwn-lé The hfe of a machlne 1s estlmated 15 years The orlgmal eost of the machtne 1s
Tk 12 000 and the deprec1at1on on the reducmg 1nstallment system bemg charged at 10% per
annum Fmd out the scrap value of the machme after the end ef 1ts Irfe - . -
Solutlon Gwen P 12 OOO z-—'-’-" r —IO.L n= 15 A '“-‘? . -
100 100 10 _“;J,p;;maap;_g r |

Usmg fermula A (1 -t) we get

a= A = 12 000 Sow b ions huslaal ol ~
or, log A log 12 ooo + 15[log 9 - log 10] 4 0792 + 15[0 9542 1] "
- . . = 4 0792 -0, 6870 3 3922 -
Then A antrlog (3 3922) 2467 i - |

Hence the serap value ef the machme 1s Tk 2470 - _ - - % "

\/Iany transactlons in every day l1fe mvolve makmg a serres of equal payments over a perred of
time, such as mortgage rent etc In general a Sequence of ﬁxed annual payments ( or recetpts)
made at unrform (or equal ) nme mtervals lS called c.m cmnutty The t1me between payments 1s?__.
ealled the perrod and the trme from the beglnmng of the flrst perlod to the end of the last perrod
1S called the term of the annu1ty Annmty may be elass1f1ed 1nto two categorres e e
Annmty Certaln' In case the frrst and last dates of an annurty are frxed the annurty 1s called an-'{_.
annurty certaln for example 1nstallment payments T hat is, payment perrod 1s flxed for a certamf_
number of years Annurty certam may be further d1v1ded 1nt0 two eategerres -
a) Annulty due. The annurty n whrch the payment rs made at the begmmng of each per10d 1 e

all payments are to be made at the beglnnmg of suecesswe 1ntervals fer example rent orf

leases 1s ealled an annulty due - - ', _' - = '_ -
(b) Annulty ordmary (or 1mmedlate) The annulty 1n wh1ch the payment 1s made at the end of __

each perlod e all the payments are to be made at the end of suceesswe 1nterval for'

' example mortgages or loans is called srmple (or 1mmedrate) annulty

.
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fContmgent Anmuty In case the term of payment depends on some uncertatn event the annurty
S called contmgent annurty, for example msurance premlum whrch 1s termmated w1th the death

_'-'-::Deferred annruty If the payments are deferred (or delayed) for a certaln number of years then it
.'ffis called deferred annu1ty When it is deferred for n years 1t Is sa1d to commence after n years
"'f:and the ftrst mstallment is made at the end of (n+l) years _' -
'_'-'__Remarks 1 If we constder an ordmary annu1ty, the accumulated amount denoted by

- - lSum of fmlte G P wrth a 1 r ‘“'(1+l)] - -

":_'2 If mstead of T k 1 we use payment of Tk P at each payment perlod for an annurty at i percent
'-1nterest per payment pertod the accumulated amount or sum of annu1ty after n payment perlods

A=Y7<-PSH,;- cp20ains orus oy
WPRESENTVALUEOFANANNUTY

_}The present value of an annmty 1s the current value of the total amount of annulty at the end of
__the gwen pertod In other words present value of a gwen sum 1f money due at the encl of a certam
“perlod of t1me 1s the sum of prmmpal amount plus tnterest accumulated at the gwen rate for the
| f1 Present Value of Immedlate Annmty (or Ordmary Annmty) -
_.Let a denote the annual payment of an ordmary annutty, nis the number of years and 7. percent
is the interest on one taka per year and P be the present value of the anntnty In the case of
_f_1mmed1ate annurty, payments are made perlodlcally at the end of specrfred perlod Smce the first
- . - . a - = =
_;-mstallment is pald at the end of f1rst year 1ts present value 1s 1 the present value of second

-ll}s:t_allment___1;s_-. (1_ _ )2 and so on If the present value of last mstallment 1s ( ) then we have
- e 1B = . . . l+l -




(l + l) (1 + 1)2
e = a[ .

C-PalGl Soes s, ar

1+ z 1 + l """1

For convemence values of a

% u

)

1

-

. (1+ 1)3

. o __l-\. L Paspit IS -
2 £ e T 5
Sy ] re oSt
By . 5 I
= s - bk 3

r : £y = = T N iy
e 3 -
.. .. 1

1+z.

e M . . = e - L = " =,
o i = e . 0 o
! L - " — o
1 g E :
L -

i - --_-'. .- oL

Table-4 Present value of an annmty of Re-l a

for vanous values of n and r are glven m table-4

{ (1+ r) }/r

2%

[ 3% -

4%

”T?f 98039:'

97007

 fiaﬁ98O4&;

9709

5%

6%

96154

96238'

1 8%

9%

9.4_340

7%
92558

92593_”-_;-}*

"'-

91743f~ 909093%2

_ ¥

10%

9615

9524

1 9135'22_:?_.‘

1.8831

‘-2 8286 |

27751

_l

9:4.3:4-

9346

—r

“99259t5_

5091 |

'-i_"_":l 8594'}?}.

1.8080_|

19833

9t
17591 |

1 7355 '-:

21N

...T_ R

26243

29011

Ea 8077_:_-

3717

135459 |

34657

13

33121

] 28

9 23 97_;" 3 16991‘?1.:&‘

_|'-

35 | 47134

45897

[ 3.6299

4 45 l 8

1 43295

14213

4.1002

13 9927

13.8866 | 3.7908 |

5 | 5.6014_

[54172 |

53411

- 051

(47665

4.6229 |

44859 |

43553 |

2 4720,

162302 |

6.0020 |

57863

15.3893

52064

5.0329 | 4.8684

| 7.0196

673 27 =

6.4632 |

159713 |

57466 |

55348 | 53349 |

e

o -:77-'_';7 7861 |

- 7.1078

16.8017

65152

——

50852 |

5 71590

if-' 187302

.'J

8 1 109.._:?--:1;

- / 7217_5-;:

70236

167101

64176 6 1446."

— 1103677 fi-;9 78687

9.2526 |

8. 7604

77768

17.4987

|'

7.13 89 |

68052 | 64951

= iy i

_'I ;

19.9539

19.3850 |

;_8..3632.’-;_- '

8.3838

7.9427

71607 | 6.8137 |

12,1338

11 3483 |

10.6349 |

- 9856:?.-7

93935

83310

7. 5361ﬁ
17.9038

74369 | 7.1 1.1074

1121062 | 11.2960

10.5631 |

9.8085

| 8.7454

04D

778 61

75667 |

- ST o

{ 9.2950

. 1'2;8-492; 1119379

111183

10.3796 |

9.7122

g 107‘9:.-_:_?;5'

8.5595 |

7 6061 |
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3. Future Value or Amount of Immediate Annuity (or Ordinary Annuity):-
Let a be the ordlnary and i percent be the rate of mterest per perlod In ordmary annurty, the flrst
mstallment lS pald after the end of frrst perlod T herefore 1t earns mterest for (n—-l) perlods

second mstallment earns mterest for (n 2) perrods and so on The last mstallment earns";_f_*f_';_f-'

for (n n) perlod 1e earns no 1nterest The amount of flrst annu1ty for (n 1) period at-"_ff'-"{':';-;

_ - - - o
zpercent rate per perrod --a(1+ z)” second annulty = a_.sl;_+z) thlrd annulty = 'a(1+t) -
and so on . :

Thus the total anntnty A for n pertod at 1 per cent rate of 1nterest 1s

,“ “-a+a@+0+ —H%Hq) +a(l+z)1

- i -.- a ll + ( I + l) + + (1 + l) 2 + (1 +i)nf1] . . o

= a ( (1 + )) (lete G P w1th common ratlon 1+ z > 1 and 1"t term 1)

A 0 r FV __ [(1 + l ) ;”f-i- - ] fi. - ;

4. Foture Value or quount of Annuity Dues: .

As deflned earller annmty dne 1s an annulty 1n whrch the payments are made at the begrnnmg of
each perrod The fll‘St 1nstallment w111 eam 1nterest for n perlods at the rate of z percent per
perrod Slmllarly second 1nstallment wﬂl earn mterest for (n 1) penods and so on the last
;nstallment wrll earn mterest for one perlod . -'i:fl -f-'x'i
 Hence the amount of annuity due '_ -
A a@+z (Lf) +a@+ﬂ -+ +a0+0"
1+;)' + +1] -

- aael [ el ey e

= (1: - )ﬁ (1 + 1).- _ r - __f: W "j .







Illustratlon 17 Equ1pmcnt 13 pu1 chascd on an mstallmcnt bablS such that Tk 5 OO. 1s to be pald .
on the 31gn1ng of thc contract and four yearly 1nstallments cf Tk 3 000 each payable at the cnd of-__-"
the flrst second and fcurth ycar If mtcn,st 1s charged at 5% per annum what would be the cash_'f
[Gwen 10g105 2 0212 log 82 26 1 9152]

Solutmn' To fmd the present Value of four mstallment wc use the formula .

. - e . . . e vt - W T iy . 1 - N 0 s, . § -
. a - - , .. . " b= Cs - et . - £ - . oy s - - - - -
o e -3 - - e I C 2 - I T = = I I < ; ! g s = s o - = r < = s T . M Eoriisy 3 e L - o L .. o
L - : L - —— ; = l . - = - e e 5 ol - 2 A 3 - el = - T '_"- S e r 5 = = - = '
i . T L ” 5 L = E: t . L 5 " - ey - e e et " ¥ T ' r
L i -
e i - E L e - & - L)
s x o L = ¥ L! e - 5 ; Ly e e =
- ; T g e 1 . T i Z i . : e ] 3 .- ,
- - e - o R - b iy L L
-:. it e .:. : . : s ! - - 3 A x 5
- = b L3

Given, 4=3000, r=0.05 and n=4. h o .

r (1 05)

__-‘1og £ -------4 logl 05 —.-....4 X 0 0212- = --0 0848 1+ 1 0 0848 — 1 9152 .
. x=antilog(l. 9152) GB35 05 L e ’ Oniin 4
Puttmg the value of (1 05) m (1) we get -

3000 3000

P....._._-_”-[l 08226] ——X. 1774 10 644
0.05 04

Hence the cash do wn prlce would bc Tk (5000+ 10 644) Tk 15 644 '_}

Illustratmn-lS A machlnc coqts Tk 98 000 and 1ts effcctlve llfc 1s csttmated to 12 ycars If thc
ncrap Value 1s TI\ 3 OOO only, what should be retalncd out of proflts at thc end of each ycar to
Jccumulate at compound 1ntcrest at 5% per annum so that a ncw machlne can bc purchascd at thc

xame prlcc aftcr 12 ycars [leen logl 05 O 0212 cmd logl 797 0- 2544]

Solutlon' FV—Tk 98 OOO Tk 3 000--Tk 95 OOO - -
To f1nd thc amount of moncy avallable aftcr 12 ycars we usc thc formula

FV = -A [(1+r)] 1 ] ' | " - :

leen r — O 05 n 12 M (cost of the machme) = Tk 98 OOO A = ‘7

= efeOTQ - 0 .5 [( | ) - ] “mﬁ
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Let : (1 05)12 Then
logx 12 10g1.05 = 12><o 0212= 02544

= am‘t log (0 2544) 1 797 e
"-'-.:ﬁ;-fPuttlng the value of (1 05) | 'm (1) we have -

- 98 ooo == [1 797 1] or, A =2 = = Tk 5 968
005 079

_Illustratron—l9 If money is worth 6% compounded once 1n two months fmd the present value
ﬁ__and the amount of an annurty Whose annual rent 13 Tk l 800 whrch 1s payable once 1n two
'-"';ff._months for 5 years [ G1ven loglOI = 2 0043 and 10g13 458 1 129]

";'-"-?'-;-'Solutlon To fmd the present value of an annu1ty we use the formula

r | (1 + r) r (1 + r) =
Here n 5><6 30 r 0 06/ 6 O 01 and

A (amount due after every two months) 1 800/ 6 300

(1 + O 0 1) = o 1 : = 300 X 100 (1 O 1) % o 1 ?_-'i'_;'j_-_ (1)

_lﬁ :

Let (1 01) The“ .
_ 103 X = 30 logl 01 = 30 >< 2 0043 0 129
x - anti log(lO 129) 3 3458 A

| ;_Thus

P 30 OOO

1 3458

1 3458 1"‘

3¢ 30 ooo

11.3458 |

O 345 8 '-- 30 000><0 2569 Tk 7 707

':"_';Now the amount of such annurty 1s calculated by usmg the formula ﬁ_ -
- M = él(l + r) . 1] g%(i [(1 01)3”-.-2 jﬁ] 300><100[1 3458 1] 30 000>< 3458 u 10 378

_'é-"'-'Illustratlon 20 A man borrows Tk 6 OOO at 6% and pronnses to pay both pr1ne1pal amount and
i_f-;the interest In 20 annual mstallments at the end of each year What rs the annual payment
f_necessary? e e £ i L '_

':'T_Solutlon Grven P 6 OOO r 0 06% and n 20
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. - B (1'”' )
= 6 000 - 1___ e _____[1 0 06)2‘}], e
o R (1 + 0 06) 0B s ) anea
Let" [ (1 06)*20 . - - e
O, .;}__.:710 g x=-20 lo gl 06 = ;...20 x 0 02 53 = j_ }i? ) 50 60 = —1+1-0.5060 =1.4940
Then x ann log (1 4940) . 31 19 o

Puttmg the value of (1 .6) m (1) we have

6000 ...,_.__-A (1 03119) .

006 006

(o 6881) '

or A 6 OO' x0.0 .é = Tk 523 179

- e

Illustratlon 21 A man retlres at the age ef 60 years and hlS employer gwes h1m pensmn Of Tk
8 200 for the rest of hIS l1fe Reckonmg hlS expectatlon of llfe to be 13 years and that mterest lS at
‘7 per annum what smgle sum equwalent thlS persen‘? [leen

log104 2 0170 and 1036012 | 7790]

Selutmn' The present value P of an annmty of Tk A pald perlodlcally at the end of each of n
Perlods is gwen by .

" =0 - . -’ - - - . e . - . - L - - = - ke e, -
. i r g = 5 h, =3 - E: r. - 5 K, e g et P A " T - 1 Ak i s . - "
T . = X . = -. i - i o e RS ¥ 3 n, - ! - . A o i e, B, Lo o " e 3 g
= Ak e = A r; y L e - i - - " e i 3 ol by B e - .-'\'..\. ™ - e e . . Ay -
5 L] 2 - o=, 2, . L, : P ) A = - '~ =y L A e - ¢ - it i -
x - Lf - - . =
: i 3 - - i . 3
b = = . _' - L e R, P
2
- = £
. X
f
SR

_ rL (1+ r)

Here A 1 200 r"4% -—-0 04 andn 13 Thus

Leta (1 04) " Then
logx-u-_-—13log(l 04):. --13><(0 017) ..__0 221
or  x=anti log( 0221) 06012

Substltutmg thlS value of x m (1) we get

-P- ....102:2 [1 06012] 300><100(0 3968) R511964

chce the smgle sum equwalent to hlS Persmn 1s Tk 11 964 -

¥ b 5 - - s = e b, T = = . - o " x - g o . = - e e g L -1 : > o [l = e e
- -~ . - - o " L2 - . - e ) i o - o . " -
- TR el i r ek = . T r & - % Ll L = Ll e e o - - e ] . u - el N T " -
= i [ = H 5 L} . - = ey - = W . 5 = i T = i it =
i ] b . ' : A : a
e . . - 5 L - . - 2 "
! e e - = - x - L -
i . 1 s T ] -
! 4 s H
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Hlustrauon-zz A company 1ntends to create a depreC1at1on fund to 1eplace at the end of the 20th
years assets closmg Tk 5 00 000 Calculate the amount to be retamed out of proflts every year 1f
the 1nterest rate 1s 5% ' - " s

‘Solutlon leen M 5 00 OOO n 20 r — 5%-t0 05 A '7
Let (1 05) or logx 201og 1 05 20 ><0 0212 0.4240

. x antz log(() 4240) 2 655 . '
;. '_Substltutmg th1s value of x 1n (1) we have

A (1 655)

s ooo = {2 655- 1}—---"-
- 0,05 005"

A = -5--00 OOOXO 05-—- Tk 15 105 (approx)
. i 655 :

"'_’_'-"'?-'Illustratlon-23 A machlne costs a company Tk 52 000 and 1ts effectlve hfe is estlmatecl to be 25
:_:_.-i”years A smkmg fund 1s created for replacmg the machme by a new model at the end of 1ts
”j_-’_'_.llfet1me when 1ts scrap w1ll reallze a sum of Tk 2 500 only The pr1ce of the new model 18
f’-.-';_;estlmated to be 25% hlgher than the prtce of the present one Fmd what amount should be set
aside e every year out of the proflts for the smkmg fund if it accumulates at 3 5% per annum.

'-_5-_;_'Solutlon The amount of the annmty, Wthh w1ll contmue for 25 years 1s Tk (52 00 2 500)--Tk

_'-{App lymg the fOI‘I‘I‘lUla M . A {(1 . r) : 1} We get - :

. = 0035 {( +C ) __ 1} = e

Let __x = (1 035)25 orlogx - 251og(1 035) 25><o 0149 o 3725
x=antilog(0.3725)=2.358 L
Substltutmg thlS value of X m (1), we get

e -
495oo=.m 2358 1 = ——(]. 358
0.035 é } 035( )

A ﬁ%g - 1276 (appm)
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e o AND SINKING FUNDS

_One of the most rtant apphcatlons of annu1t1es is the. repayment of interest bearing debts.
These debts can be pard by mal(mg pertodlc deposrts 1nto a smkmg fund whrch 1s used at a future
'date to pay the prmc1pal of the debt or by makmg perlodtc payments that cover the outstandmg
.mterest and part of the prmcrpal T hrs second method is known as amor t17atlon .

Deﬁmtlon A loan wzrh a ﬁxed rnte of mteresr is sazd to be amomzed tf borh prmcxpal and.
mrerest are pcud by a sequence of equal payments mnde over equal perwds of nme -
Purchasmg a-car of ether items by makmg a series of perlodlc payments is an example of a loan;:._f
that is amortlzed but probably the most famrllar example of amortrzatron 1s monthly payments{
made for 15 or 20 years on a loan used to buy a house An understandmg of how loans are _:
Jamorttzed and the costs 1nvolved can save money by enablmg you to make an 1ntelh gent selectlon f:-
ofalender andarepayment plan - _' - =
Frndmg the payment When a loan of T k R 1s amortrzed at a partrcular rate r of mterest perf
—payment perrod over n payment perlods the questlon 1s what lS the payment P‘? To fmd the_-
amount of payment P Wthh after n payment perlods at r percent 1nterest per payment perlod
gwes us a present value of an annurty equal to the amount of the loan th1s present value 1s glven

Fmdmg the payment When a loan of Tk R is amortrzed at a part1cular rate r of 1nterest per
payment perlod over n payment perrods the questton 1s what i5 the payment P‘? To fmd the_
amount of payment P Wthh after n payment perrods at r percent mtelest per payment perrod

gwes us a present value of an annu1ty equal to the amount of the loan thls present value 1s grven
- _ r_ \ nr / e
For amortlzatron problems mvolvmg long term mortgages W1th monthly payrnent 1t 1s convemenl
to use the table for mortgage Problems m Wthh approprlate values of a and - are lrsted
- s .- - _ - . a

-
- - ..'. Y - b - - - w0 r . .
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Period'il- --——~ | | " “a ._.____._____..._______
n. 2/3% 3 / 4% 5 / 6%
50 T 4931 1s433 48073374 47.065369

- 82421481 78941693 75671163
180 104640592 98593400 93057439

240 1 19.554292 111.144954 1_03 624_61_9_ _

0 12 564523 _119.61622 :--1-_10'047230~=-- 

: R i ST
5

- . 1 / aﬂ r

2 / 3% 3/4% 5/ 6%

0. 020276;—';_j | P 02__07_58 0021247 - __
| 0012133 0012668 0_ 013215
0009557  0.010143 0;010746_:"?-_
~ 0.008364  0.008997  0.009650
=4 007718? -0 008392';-1 ___0.009087

Illustratron 24 What monthly payment 1s necessary to pay off a loan of Tk 800 at 18% per

| .annum II] two years‘7 In three years‘? .- - - . '_ .

____Solutlon For the two-year loan R Tk 800 n 24 r._ = O 015 The monthly payment P 1s
P Tk soo e 7k800(10 049924) Tk 39 94 - ’

- .._\a240015 /..

For the three-year loan R Tk 800 n 36 r_ = 0 015 The monthly payrnent P 1s

k.800] — J Tk soo(o 036152) Tk 28 92

'?For the two-years loan the total amount pard out rs Tk (39 94) (24)_.Tk 958 56 for the three—
years loan the total amount pard out is Tk (28 92) (36)--Tk 1041 12 It should be clear that the
. longer the term of a debt the more 1t costs the borrower to pay off the loan =

'Illustratlon 25 A person has Just purchased a Tk 70 OOO house and have made a down payment
of Tk. 15 000 They can amorttze the balance (Tk 55 000) at mterest payment‘? After 20 years
:._'%':What equity do they have ln thelr house? - . - ;}
'_'.Solutron* The monthly payment P needed to pay off the loan of Tk 55 000 at 9% for 5 years 1s '. |

P=TSS 000( - Tk 55 ooo(o 008392) Tk 461 56

\aaoo ooozs y -

The total pa1d out for the loan 1s Tk (461 56) (300) Tk 138 468 00 Thus the 1nterest on thlS
'-'f";amount 18 Tk. (138 468 55 000) Tk 83 468 OO . - -
_:'-'After 20 years (240 months) the present value of the loan 1s

 ThA61.56) X g 5 = Th(461. 56)(48.173374) = T%.22,234 90
-,_Thus the equlty after 20 years is Tk 55 OOO Tk 2 234 90 Tk 32 765 10

v
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Qurte often a person wrth a debt decrdes to accumulate suffrcrent funds to pay off his or her debt_’;_l_f{-'
by agreetng to set a31de enough money each month (or quarter or year) so that when the debt!_fﬁ'{
becomes payable the money set aside each month plus the interest earned equals the debt. This
type of fund created by such a plan 1s called a smkrng fund Smkmg funds are used to redeem'z-}_f—i
bond 1ssues payoff debts replace outdated equrpment or prowde money for purchasmg new“
cqurpment In general smkmg funds pay only the prrncrpal (not the lnterest) of a debt In case the.f |
prmcrpal and the 1nterest are pard off by partlal payments the process 1s called arnortlzatlon asi'_"'__}
dxscussed earher We shall 11m1t our drscussmn of smkmg funds to those 1n whrch equal payments'-__’_f_
are. made at equal trme 1ntervals Usually, the debtor agrees to pay 1nterest on hrs debt as a
separate 1tem S0 that the amount necessary 1n a smkmg fund need only equal the amount he_._:.':

orrgmally borrows If ‘a’ 1s the pertodrc deposrts or payments at the rate or t per year then after‘_":,

Illustratmn 26 A man borrows Tk 3000 and agrees to pay 1nterest quarterly at an annual rate*’__:_
8% At the same trme he set up a smklng fund in order to repay the loan at the end of 5 years S
the smkmg fund earns 1nterest au the rate of 6% compounded semr-annually, flnd the 51ze of each;?-gg
= annual srnkmg fun d deposrt “: = - _. =
Solutlon. The quarterly 1nterest payments due on the debt are T k 3 OOO(O 02) Tk 60

The srze of the smkmg deposu rs calculated by usmg the formula A PS 1n whrch A represent

| Ihe .aI‘I.’lIOI.l-l'lt tO be Saved The payment P IIS 3 OOOSHL | .Where n 10 and r, - O 03 Thus_
P 3000 : 1 = 3 000(0 08723 1) Tk 261 69 ' _

SlU 0. 03

That 1s a sem1 annual s1nk1ng fund payment of Tk 261 69 1s needed
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Problem-03 A owes B Tk 1600 but 1t is due for payment tlll the end of 3 years frorn thrs date.
How much should A pay B 1f he IS w1111ng to accept now in order to clear off the debt (a) taku'@
money to be worth 5% per annum 31mple mterest (b) takmg it to be worth 5% per annure
'_:_compound mterest payable yearly? -

}'_:-'Solutmn F= 1600 n= 3 = 5% = 0 05

_ Requ1rement P
51':(a) For snnple 1nterest .

P-—-F -- 16'0 16.0.0-._:17< 1391 30 [Ans] -
1+m 1+3><0 05 1 15 - _ ’

f-'_i-(b) For compound mterest

. = (1 1?)085) = -~ :?;;1og x :3 lo glOS

ot - => Iog X = 0 0636
1600 \. % =
—- Tk 1382 [Ans] - 11577

Problem-04 A machme m a factory 1s valued at Tk 49074 and 1t rs decrded to reduce the
-estlmated value at the end of each year by 15 percent of the value at the begmnmg of that year
| When W1ll the value be (a) Tk 20000 (b)l/ 1()th of the orlgmal value‘?

_Solutlon (a) Gives A-ZOOOO P_49074 d-— ! 5%—-—0 15 -

- chmrement n-__-'?” . -

. cA=Pl-dy @ %

;_ = 20000 49074(1 0 15) __ -

- - = 399@- = (o 85 ) ::» o 4075 (0 85)

- 0w <

_-:> logO 4075 = log(O 85) = logO 4075 nlogO 85
e logO 4075 16101

- log 085 = 19294 _




:;> n 5 52 years [Ans ]

49074
;(b) leen A = 9,'7 = 4907 4, p 49074 d_ = 15% - o 15

Requlrement n
- A =P(l-d)" .
= 4907.4 = 4907 4<1 -0, 15)
= i = 85" = 0.10= (0 85)
;;;;z;; 49074 o
3 10 g 0 10 lo g(O 85) :> 1o g o 10 n lo g 0 85
::>n- - 1 f .-Q..-Q-Q— - :> n= -- - i':-—-' 1 e :‘> n= 14 16 ye ars [AHS ]

machme deprec:1ates at the rate of 10% of 1ts value at the begmnmg of a year The
machme wa.s purchased for Tk 5810 and scrap Value reallzed when sold was Tk 2250 Fmd the
_number of years that the machme was used s

-Problem-()s

Solutlon' Gwen A 2250 P 5810 d 10% = 0 10 -
A P(l ) -

.j ff :‘~ 2250 = 581¢ 10(1 0. 10) -

_'*f”:> 225 . - (o 90) :> o 3 873 (0 90)

- 0 m--~*~~ﬂ~~ﬁw;
:> 1o g 0 3 873 = 1. g(o 90) = 10 g 0 3 873 - nlog og 0%
- log 0 90 1 9542

_f;iff;:>ii-+f~- :?rr—aua
-y 9542 - -0 045 8
f_..'-._'f:ff;:> n= 8 9946 = n = '?79 years [Ans]
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%:Problem 06: A man borrows Tk 20 000 at 4% C l and agreos to pay both tho prlnc1pal and the
interest in ]0 oqual mstallments at tho ond of oach year F1nd tho amount of oach 1nstallment

Solutwn Gwen P—20 000 n= 10 1_-- 4% O 04 Lot x (1 04)‘m

| Roqurrement A ‘? _. :::> logx “*--“'—lOlogl 04

1 % gj) - 1ogx=18300

: A 1 O 6761 ' :> x anrz logl 83OC
. o

E - = ey e b o o " . 1 ek o & - = L - : T
- " e x -, X S ) iy . oy =
uul - - - e - - T - - i o k.- = - . S x e »
= - . - a - = =g r 5 & 2 L - T . z .
e ity P . 5 = e L e 2
- % A
-
3 5
5

.-.. - . b ¥ =

- - A 0 3239 A __20 OOO><0 04 - Tk 2 470 :> x O 6761 ' [ Ans ]
ﬂ 0 04 0 3239 .

Problem-07 A rnan borrows Tk 1500 promlslng to ropay the sum borrowod and the propor

:';-"_l-rntorost by 10 oqual yearly 1nstallmonts tho f1rst two fallrng due 1n 1 yoar s trmo Reckonmg cl
;f_?f;::;at 5% p a frnd the value of tho annual 1nstallmont [Gwon (1 05)10,- 1 629 ]

Solutxon Grven P =1500,n=10, i=5%=0.05, . 05)10.;-1 629 _, }

Requrromont Annual Installment (A) — ‘?
- -;}_;f-f s A”r (1 + z)‘"" - o Letx= (1 05 )"“)
:’150 O.-'-:A 0 05 .- :> 108 x "‘-“‘0 212

0 05 ﬂ ;ﬁi;!‘--'{:_g}ffj . : x antz lo gl 7 ss
-0 61 3 8 ::> x= o 61 3 g
. - 5 | L
f:> 1500 . A[7.724 1
.

::> A = eids Tk 194 20 [Ans]
- 724 _ -

=l S00= A

e
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Problem-OS A company buys a machme for Tk 100000 Its estrmated 11fe 1s 12 years and scrap
value 1s Tk 500() What amount 1s to be retamed every year from the profrt and allowed o
accumulate at 5% C I for buymg a new machrne at the same prrce after 12 years

Solutlon' Gwen F Cost Scrap Value = 100000-5000 95000 n -*12 1 --O 05
Requrrement A --‘? e .

. Fo A (1 + z) -- ‘ - .j: | . - Le z‘x (1 0 5) 1 2
. e => log x = 12 x 0 02 1 2
:9sooo‘=A “ i '5> . logxr=02544
L 0 05 - :> x=anti log 0 2544
1 7964 ll .

:> 95000 A[lS 928]
95000

::~;> A - = Tk 5964 34 [Ans ]
15 928

:> 95000 A

Problem-09 A man borrows Tk 1000 on the understandlng that 1t 1s to be pard back in four
equal 1nstallments at 1ntervals of srx months the frrst payment to be made srx months after the

I

Solutlon. Gwen P — 10“ n 4 1 = 21/2% = O 025
Requrrernent Annual Installment (A) = ’? -

[1-a+p™] et xs (1 025)"‘

P A.:

. _:> 10g x=—4x0.0107
. ()25 . :> log x —---—0 0428

= 1000 = A 1 (1 .25) = :j log x l 9572 -
- - = '-:> x am‘z logl 9572
:>1000:A - ' 9061 = oge 0 9061
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— 1000 = A[3 756]

~a- 1000_ m

266 24 [Ans ]

-:"-_:._”}-i.._'_::Problem-lﬂ A loan of Tk 40 000 1s to be repald 1n equal annual mstallment conStstlng of

"‘ff.'_-*f"prln(:lpal and 1nterest due 1n course of 30 years
mterest at 4% p a - . e 0

FlI’ld the amount of each mstallment reckonmg

‘_Solutlon leen p 40 OOO n 3. z = 4% = O 04

:f_ Requ1rement Annual Installment (A) = ‘?

PA

i v dnong = A

© 1

L ...'.... : ..h-. $ H

004

Let x= (1 04)“"*30

- :> log x -.-'—30 lo gl 04

- 1 (1 +0. 04) - - = logx=-30x001 70:7-’?
:> log x __._:.._o 5100

- l (1 ()4)“30

004

5;::> x antt 10 gl 4900 .

= 1 0 30907

e -
i L 5 . .
- 2 -
-
=
5
=
~
=

- :> 40000 A[l 727 5] A [1 7 27 5 ]

40000

__.::Problem 11 (a) The annual

17 275

Tk23l5 48

[Ans] s
subscrrptlon for the membershlp of a Club 1s T k 25 and a person |

”_=rnay beeome a llfe member by paymg Tk 1000 In a lump sum F 1nd the rate of 1nterest charged
'._-_:(b) A man ‘Wwishes to create an endowment fund to prowde an annual .

fund

iz o £ . z
- = Tty =S 7, =
A it Y n 5
., .

'=fpr1ze of Tk 500 out of 1ts 1ncome If the fund IS 1nvested 1n 2 /2 % p a fmd the amount Of thlS

.??Solutlon (a) GwenE —--1000 n= 30 Annual Installment (A) 25
Reqmrement Rate of 1nterest (1) =7 _
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Problem- 13 A machlne costs the company Tk 97000 and 1ts eftectwe hfe IS estlmated to be 12
years. If the scrap reallze% T k 2000 on] y, what amount shou]d be retamed out of pI'OfltS at the end
of each year to accumulate at compound mterest at 5% per annum" - -
Solutlon Gwen F Cost— Scrap Value 97000 2000 95000 n 12 z"" 0 05

- Requn'ement A ‘7’ : _' -

- _ l _ :> Iog x 121021 05

s 1 + 0 0 5 1 .- :-':-;_.: - g X = 12510, 02 12 .

0 05 - -~:> log x O 2544

- 1 (1 05)12 _—_> x ann logO 2544-;

- . : A= f 55 2.00 Sl e

Iri_Problem 14 A lcan of Tk IOOO 1s to be pald in 5 annual paymente 1nterest bemg at 6 percent per
é.;annum composed mterest and fII‘St payment bemg made after a yeat Analyze the payment into
:those on account of 1nterest and on account of amortlzatlon of the pr1nc1pal

Solutlon Gtven P 1000 n 5 1'“ 6% —-O 06
- Requ1rement A - "-? . . e
“‘“” L t 1 06 s
- Py A 1 (l+ 1) : x ( )

. 06 | ':> 10 g x-.....' --O 126 5 -
. - % :ﬂ 1] 873 5 .
- 0 06 . :> log = ann lo gl 8735

. o 06 -- -
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:>1on A[4 2115]

- 4 21 15 -

Problem 15 A machlne costs a company Tk 52000 and 1ts effectlve llfe 15 estlmated tc be 252}5-
years A Smkmg fund 13 meatcd for replacmg the machme by a new model at the end of 1t<; hfef_i;'
ume when 1ts scrap realzze a sum of Tk 2500 only T he prlce of the new model IS estlmated to be_:
?5 percent hlgher than the prlce of the present one. Flnd what amount should be Set asu:le every{_s
year out of the profnts fnr the smkmg fund 1f 1t accumulates at 3 /2 Percent per annumf.
Qolutlon. Gwen Coat (old machlne) 52000

. Cost (new machtne) = 52.00+(52000><25%) 65000

F Cost -~ Scrap Value = 65000 2500 62500 n 25 z-3 /2% = . 035
. . L t 1 03 5 5 -

_. :?62500 -:.A 0 035 .:.: :> 10g x 0 3725

. o 1 0 3 5) 5 5 }:> x= am‘z lo g O 37 25

[23578- ﬂ -

. 00 1

; . - :> 62 5 O . A [3 8 7 9 3 2]
- 62500

,; 38 7932 . -

- ;;: 62 soo A

Problem 16 A man aged 4() w1shes hlS dependents to have Tk 40 000 at hlS death A banker"_'_
arees to pay thlS amnunt to hlS dependents on condltton that the man makes equal annuallf
nayments of Tk x to the bank commencmg now and gcmg on untll hlS death What should be the";_
ta]ue of x assummg that the bank pays mterest at 3% p a. cc:)mpound‘?l From the table on the“:
ﬂxpectatlon cf llfe 1t 1s found that the expectatlon of hfe of a man of 40 13 30 years -
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Selutmn leen F 40 .OO n 30 1-003
_ Requzrement A ‘?
- A (1 + z) ---1 ?_ - Let S (1 03) 0
- z . ::> log x=10 logl 03

aoe = logx= =30x0.0 01 28

O 03 | :> 10 g x O 3 840

003

:> 40000 4 [2421-1]
- o

e :_i:._; = > 40000 = A [4 73 667] - ; | :j_j

A -----f 4“00 .._T k 844 48[Ans ]

i - ir
o) X 9
. i b
i e W T e ool L
Z x - el . L v =] e .
-\. . y < 5 L J
5 T ULk " w ~ L
=T x S Tt Lot - F o=
= T - -
- f A r E . - o e, -
=il Iy . i . 3 -
a )

'f'fifProblem 17 The coqt ef a maehme 1s 'Ik 1 OO OOO and its effectwe llfe 812 years If the scrap
:___-_f_:.jjreallzes only Tk 5000 what arnount should be retamed out of proflts at the end of each year to

:'_f_f:':..-:accumulate at c L at 5% p a.? [Use logm 1 05 o 0212 logw 1797 = o 2544]
'Solutmn Gwen F Cest - Scrap Value = 100000 500. 95000 n 12 z- O 05
Reqmrement A"‘ " :: - e
. texsaost
| - , | :> 10 g x 12 le gl 05
- . =Sl o 1 2
. =>95000= ;A ( ) _?"? -;j:> log x> 0 2544
= - .—_> x=anti logO 2544
. m 9500:/—1 (1 05) - 3 x 1 7%4
' = ' 05
0 05 - ~
o ;.;._f-::> 9 5 000 A [1 5 9 277]
- 95000

. = A = —— =Tk 5964 45 [Ans]




Slmple Interest When 1nterest 1s calculated only on the orlglnal prmclpal then 1t 1s called'

Compound Interest When mterest 1s calculated on both prrnc1pal and successwe mterests then.'-j_};;lf_f.
1t 1s calledcompound mterest (CI) - . = . = ..

Effectwe Intel;est When 1nterest 1s compounded more than once 1n a year then the actual{;ﬁ;f
percentage Of 1ﬂt€1‘68t rate per year 1s called ef‘fectwe rate of 1nterest | - -

Annmty Due' An annulty, 1n Wthh all payments are made at the beginnlng of each perlod 1s f
alled annulty due Examples savmg schemes llfe msurance payments etc - o
Immedlate Annmty An annulty, 1n Wthh all payments are made at the end of each perrod 1s -
called 1mmedlate annu1ty or ordmary annurty Examples car loan repayment of housmg loan etc -
Annulty Contmgent In case the term of payment depends on some uncertam event the annulty |
1scalledannu1tycontmgent - . . .

Deferred Annmty If the payments are deferred or delayed for a certaln number of years then 1ti |
IS called deferred annulty For EX. pensmn plan etc Many f1nanc1al orgamzatlons gwe loan -
_nnount 1mmed1ately and regular 1nstallments may start after specrf1ed trme perrod '



Perpetual annmty An annurty whose payments are contmue forever 1 called perpetual annulty

2:2"

or perpeturty In th1s case PV = Where a payment of each 1nstallment z- rate of mterest

--'__:;;:"Present value of an annulty The present value of an annu1tygrs the sum of the present values of
'jﬁ-_all the payments of annurty at the becrmnmg of the annulty - -
_.j::'-'_.:';Future value of an annulty The future value of an annu1ty 1s the sum of all payments made and
:_mterest earned on them at the end of the term of annu1t1es - '_ - “ -
___:_'_Smkmg Fund A type of savmgs fund m whlch deposns are made regularly, w1th compound
f-f_.-_mterest earned to be used later for a spec1f1c purpose such as purchasmg equlpment or buﬂdlngs

_'_;_'-1s called srnkmg fund

'-_-_:_*Amortlzatlon' A loan w1th ﬁxed rate of mterest is sald to be amortrzed 1f both prlncrpal and

interest are pard by 2 sequence of equal payments wrth equal time perrods Purchasmg a car by

1.

'-"-makrng a serles of per10d1c payments is an example of a loan that 1s amortrzed

Multiple Choice Questions

Wh1ch oners mcorrect‘? - -
e . bRV=FV (1+ 1) f

. ._What wrll be the s1mple mterest 1f Tk lO OOO 1nvested for 4 years at 5% per annum‘?
~ a.Tk 2000 b Tk 200 -
- c. 1k 20000 d Tk 3000 - .
. What will be the compound mterest 1f Tk 10 OOO mvested for 4 years at 5% per annum‘l’

8§ 1 FE 05y - . b Tk 2155

e Tk 2355 - dik 2455

4. In what time wrll a sum of money double 1tself at 5% per annum C I ‘?
. al4lvears ... . ] years

~ c. 16 years S - d 17 years

5. How you classffy mtelests‘? -

- -'fl_-:*'c 4 types - - d 5 types
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Brief Questions

-1,_f.::;__f_ff_:;_-fiWr1te down the mathematlcal formula of s1mple 1nterest .
If Interest 1s compounded dally bams then wrlte down the laws of amount of prmelpal
-.--i .?'-r_:.:.f:-:f:erte down the formula of scrap value m case of depre01at10n

o

i"'In what tlme w1ll 3 sum of money double it self at 5% p a C I’f e
‘What will be sn'nple interest if Tk. 10 OOO 1nvested for 4 years at 5 % p a‘?';f
.’f_f-:-:if-:.-:f-;:._5_2'_Wrtte down the example of annmty contmgent -
er te down th 3 f or mul a of eff e c tlve ra te 0 f lnterest :
What is pr1n01pa1 amount? - " - -
Wthh annmty 1s the flrst payment falls due at the end of f1rst 1nterval‘?

{8 _What is conversmn penod" |
11 -:?_'__What do you mean by amort1zat10n‘? .

Concewl- n __ & ecal

- iffDefme 51mple 1nterest and compound 1nterest W1th example
. What do you mean by Compound interest? - '
What is annu1ty? D1scuss the dlfferent types of annulty
.:L:;_ff{j__j_:'_;:_Dlstlngmsh between norrnnal and effectwe 1nterest rate
.---"_f_;-';?i_-_.:f?_'__’-fD1Stmgmsh between annu1ty due and 1mmed1ate annulty
-.-l:."_:_'_-:'It_:'-_lDIStll'lgl.HSl’l between 51mple and compound 1nterests __
-'"IStlIlgUISh between annmty Certam and annmty contlngent

.;=.jf’-7ff:_";‘f:-Dlstmgmsh between present Value of armulty and future value of annu1ty;__;_:_if.;._*
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Numerlcal Questrons

1;_5__.'5-?___F1nd the compound mterest of Tk lO 000 for 4 years at 5% per annum What wrll be the

1mp1e 1nterest in the above case‘?

Flnd the compound mterest on Tk 1000 for 4 years at 5% per annum What wﬂl be the:-':__-'-__.

-_;_-;'r!j:-';'51mple 1nterest n the above case‘?

Frnd the dlfferenco between s1mple and compound mterest on Tl( 5000 1nvested for 4 years’_

;:f?.at 5% i per annum 1nterest payable yearly

-.-?.{_?_}fWhat s the present value of Tl 10 000 due m 2 years at 8% p a CI accordmg as the_'f ?..

_'5[_-f'_1nterest is pard (a) yearly, (b) half yearly

o

What is the present value of Tk 1000 due in 2 years at 5% p a compound mterest accordlngx

as the 1nterest 1S pard (a) yearly and (b) half yearly

Fmd the compound mterest on Tk 6950 for 3 years 1f 1nterest 1s payable half yearly thc rate;"’_':.

.for the flI‘S'[ two years bemg 6% and for the th1rd year 9% p a

.:-"lff'_':.What the compound mterest on Tk 25800 for 5 years 1f the rate of 1nterest be 2% m the 1 ‘”f..
-____._}{-._.year = /2% 1n the second year 3% m the 3rd year and thereafter at 4% p a " f - =
Mr Manjur borrowed Tk 20, OOO frorn a money-lender but he could not repay any amount 1nf;= -:_

perlod of 4 years Accordlngly the money-lender demands now Tk 26 50() from h1m At

what rate percent per annum compound mterest did the latter lend h1s money‘? _
_'f(a) ln what time wrll a sum of money double 1tself at 5% p a compound 1nterest‘? (b) In;ﬁf

____z;;-.’.-;%what t1me w11] a sum of money treble 1tself at 5% p a compound rnterest payable half?}

10F1nd the number of years and the fractlon of a year rn whrch a sum of money wrll treble 1tself .

_at compound 1nterest at 8 percent per annum

lll.ln what time. will 5 sum of Tk 1234 amount to Tk 5678 at 8% p a compound 1nterest_'-

:'_ﬂ.'-payable quarterly"

12'?";.-.5_;_?F1nd the present value of an annu1ty of Tk 1000 p a for 14 years followmg compoundl

. :'1nterest at 5% p 3

13:;_'_':Calculate the amount and present value of an annurty of Tk 3000 for 15 years 1f the rate of"

- ,-'__I_-mterest be 4 /4% p a

14A man borrows Tk 6 OOO at 6% and promlses to pay off the loan in 20 annual payments

| _f]-_fbeg1nn1ng at the end of the fn'st year What 1s the annual payment necessary‘?

1-5_;;_:What sum should be pa1d for an annurty of Tk 2400 for 20 years at 4 /2% compound 1nterest

.if_.j.[fi.._‘p a is [Gwen log 1 045 O 0191 and log 4 150 O 6180]
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l 16. A machme the llfe of wh1ch IS estlmated to be 10 years costs Tk lO OOO Calculate 1ts scrap
value at the end of 1ts hfe deprecratron on the reducmg 1nstallment system bemg charcred at
: IO%perannum - . . - =

. 'was sold eventually as waste metal for Tk 200 Frnd the number of years durmg wh1ch the
__'_}machme was 1n use . '_ - . -
- _.18.'.'_'A wagon is purchased on 1nstallment baSlS such that Tk 5 ()OO 1s to be pard on the srgmng of
the contract and four yearly tnstallments of Tk 3 OOO each payable at the end of the frrst
| _' -'second thlrd and fourth year If 1nterest 1s charged at 5% per annum what would be the cash
down pmeq . . .
19A srnklng fund is created for the redemptlon of debentures of Tk 1 OO OOO at the end of 25
- f_;_syears How much money should be prowded out of prof1ts each year for the sml(mg fund 1f
the mvestment can earn mterest at the rate of 4% per annum'f’ . - .
20 ::On 48 brrthday Mr Mrzan decldes to make a glft of Tk 5000 to a hospltal He decrdes to
:.:' _"save thrs amount by makmg equal annual payments up to and mcludlng his 60th blrthday toa
fund whrch glves 3 b percent compound mterest the flrst payment bemg made at once
_'j__ﬁﬂ-Calculate the amount of each annual payment e e
2lThc populat1on m a town mcreases every year by 9 % of the populatron of the town at the
fbegmmng of the : year Then i in how many years wrll the total increase of populatlon be 40%.
22What Is the value of an annu1ty at the end of 20 years rf 1k 2000 is deposrted each year 1nto
an account earnmg 8 5% compounded annually‘? How much of thls value 18 1nternet‘? -
23The dlfference between compound interest and srmple 1nterest on a certaln sum for 3 years at
5% per annum rs Tk 30 50. Fmd the sum‘7 ... _' -
24A company Wants to accumulate T k lOOOOO to purchase replacement machmery 8 years
- ~ from now to accomphsh thrs equal sem1annual payments are made to a fund that earns 7% _
?'-{";"?i-5‘___;5‘_compounded semrannually Flnd the amount of each payment . =

1ers Tk2155 SI 2000 2 cr Tk2155151 Tk200 3 Tk 78 3
'?';4 Tk. 8573 77c8‘548 5 Tk 906 95 Tk 906 13 5 Tk1592
TNy __ _' X 7 9. (@) l42yrs (b) 22 30 yrs
10. 14, Y .U 27 yrs 12 Tk. 9899

13. Tk. 61306, Tk 32810 el 523. 10 . 31200

16. Tk, 3487. - F 9y 18 Tk. 15 638

1978 a0t 98 Ay " 21 17 years

20Tk 96754 Tk 56754 . 3Tk 8D 50 _"--1,.24 Tk. 4769



