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| I)}ifmctmu wlm h 15 1!11351,; atml in l* ag -i i 1.5 &iw lwmhn;., ui ﬂg.}lit Mound
:__"'_B,Il uhbtm'lf* mi-: h m Um {*dge m a hllt; W{* um b{}ﬁ tht, d;ifmﬂitm :}f hght by
_"__.____';flmkmg thmugh a crack hLLWP(‘Il two img{% at a dmlmzz i:gm wurw bu(,h'?
.:-::::clb a tubular neon. %}gu or by lmkmg at a bumt ugm thrmxgz 8 d{}ih um- -
*;_‘hiella Ubually dlﬂ mctmu eﬁm ta m e mmll and muai he hm!«&:ﬁd ma m!efully .
-f_Albo mu.st SOUrces ui l}g:,ht have an extu:ded area S0 t}mi, a ii!ﬂ!&ﬁ tion paiw. |
- tern pm{lum{l by une pmnt uf the source wall {Wﬂ‘l&i{} Hmi gm:dm,i.,d by
another. Finally, common sources uf lig,ht are not. mmm*hmnmiw - The
- patterns for the various wuwlvng,lhb {)wr!ap mui {zg.,mn Hw-vﬂw 13 lebs
__'_"-__]-ap;mrmt . e e e o EmR . -

l)lﬁhli*tl{}ll wa.a dm mmwﬁi hy l* am*{*b{*u Mﬂm ( ,:HHHL ih 11%:%&% liabti),
-:'f_&nd the phenummmn was. Lnuwn imth to Nuygum (i!}ii} ﬁhﬂﬁ} and t{} New-
~ ton (1(}41’——17 )7) Newton did not see in it any giihti‘w‘imﬂii fm* a wave-_-
_’_-"thmry for light. Huy;.,mm a thoug:,h he htz%wwii in o wave %hmz"y, Jld m)t
~ believe in dif im( tion! iie zmag.,uwd hh ses \mdmy wa velets to be &ﬁt’*ctwe
~only at ‘iiw gmmt u! um“ my to thur mzm;mn uzwirsgm aii!%% {szmg the
..f':__.'p{}%ﬁihlhiy ui dzlfrzu*[um m hh ’U"{Hﬂh | | | e *

Am] thm we see the lmamis why hght . g}rwuw!h {miy in %hrﬁgm hﬂﬁﬂ mn
- sue h a way that it dw& not illuminate mw {;i}jmt ey wg;t ﬁa%ier; t*m«. ;mth fmm tha
af;u:(,e tﬂ Eu':, uhjwt 1-,- upen alm:g &;uch a, hm, ey e X i G e)

: l* reanel (1788—~1827) f(}l‘l u*tly apphed Huygem mmmp!@ m*hzth 15 ca.lled_
the Huyg&nw—l* resnel prmmple m Eumpe) L0 axpmrz diffraction. In these
"_:'7:-"“1}’ de“’ the llght waves were heheved m be mwhamf 1] W&\”f‘% m an all-
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| 44-1 ;’/nght 18 diffracted at the
aperture in screen B and illuminates
~ screen C. The intensity at P is found
by dividing the wavefront at B into
f_-”-ﬁlementary radiators dS and combin-
_mg thelr eﬁects at ‘ot 3

.e”'
.

pewadmg ethe-r We haw seen (Seetmn 39-5) hew Maxwe (1831--1879)
showed that hght waves were not mechanical in nature but electromagnetic.
‘Einstein (1879- 1955} rmmaif*d out our modern view of hght waves by elim-
mamng the need to g}mmlﬁt{, an ether (see be(*tmn 40-4). |

Figure 44 -1 shows a gene ral {ﬁ:ﬁ matwn mtuatmn burface Aisa wave-fmnt
that, falls on B, which is an opague screen (=onmmmg an aperture of arbitrary
shape: C is a d:ﬁuﬁmg screen that receives the light that passes through this
aperture. This pattern of light intensity on C can be calculated by sub-
dlwdmg the wavefront into elementary areas dS, each of which becomes a
source of an exp&ndmg Huygens ‘wavelet. The light intensity at an arbz-:
trary point P is found by superimposing the wave disturbances (that is, the
E vectors) {.‘;&lﬁﬁﬁd h} the wavdﬁm reafhmg P fmm all theae elementar y ‘
r&di&t@f’ﬁ - | S8y ShE 2 P . : |

'lhe wave dlSﬁﬁE‘b&ﬂﬂe& mwlung P diﬁer in amphtude and in phase lw-
cause (ﬁ) the eiwnenmry mdmmm are at mrymg dlataneeb from P, (b) the

hght leaves the radiators at various angleb to the normal to the wavefmnt,'
(see p. 102@) and (c) some mdmmrs are blocked by screen B: others are not.

.ﬂzﬁmeﬁmn caleulations mé:;implﬁ in principle—may bemme dlfﬁf'ult in prac-
tice. ‘The caleu lation must be repm!‘ed for every point on screen C at which
we wish to know the light intensity. We followed exa.ctly thls program in
almtl&tmé the double-slit intensity pattern in Section 43-3. The calcula-
tion there was qxs&zpl& because we assumed (mly two elementary mdlators

the two narrow slits. o |
Fi igure 447?5&@&1@%3 thir gm(,ma case of Cl're.wwt_ dzjfmctwn g; wlnch the |

P Y

lgght sourcejand @ the screen on which the dlﬂracbmn pattern is dlbpl@xgd _____
ram* finite distance fmm tiw dlﬁmctitlg?ﬁ?ﬁe the Wronfs that fall
on the diffracting aperture in this case and that Teave it to 1llummute any.
point P of the diffusing screen are not planes; the correapandmg rays are

not parallel,
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| A slmphﬁca,tmn results 1f source S and sereen C a.re moved to a large
-dlstance from the dlﬁmctlc:m aperture, as in Flg 44#2!) Thls hmltmg case
7}15 called qunhofer diffraction. 'The wavef ronts arrlvmg ‘at the diffracting
“aperture from the distant source S are planeq and the rays assomated with
-:ff'these wavefronts are parallel to ea('h other. Simllarly, the wavefronts arriv-
ﬁ mg at any point P on t,he dlf-:tant screen ( a.re planes the correspcmdmg rays

. T{J pmnt em
dzstant screen oo

. Fig. 44-2 (a) Fresnel dzﬁractii}n (i:) ‘a{mr{*e S and S(‘l‘l’:&l‘l C are mﬂved t.o a large dls-
~ tance, resulting in l'rmmh{;fer diffraction. {c) qunhﬁfer diffraction conditions pmdurpd
by lenses, leaving source S and screen C In the:r original positions. -
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also being pamllel Fraunhofer conditions can he established in the la,lmra-
tory by using two converging lenses, as in_Fig: 44 2¢. The flrat {}f these
converts the diverging wave from the soure ¢ 1nto a plmw W wf? l lw see fmd.
lens CcAUSes pltmf* waves ]mwnﬂ: the dthmN mg aperture to mmvvrgo to [mmt
P.._- All rays that lllllmln‘lf{‘ P will leave the dlffmctmg &]){‘I‘HII‘{‘ '- *z,mllel to
the d&ﬂh(*d line l’:r dmwn fmm i thmugh H)P center of 1]115 S tmd (fhm) h*m
;-_WP asqumvd l*mtmhnff* f*fmdilmm fnr \mm;,a f]t}tl])h" hlli Mpf l’i!ﬁf nt m
Hﬁf*tmn 431 (see Fig. 43 D). ‘ D e
AlfhmJgh Praimhoﬁ*n ditTmfimn 1S a hm;tmg case of the more gmem]
'FI‘PSH?] diﬁ'rartum 1t 1s an m}pf)rhmt lnmtmg caw and is easier m }mndlo-_'

_mathematu‘dllv Ilm Imnk dmls {mly w;th ]-l rmmhufm* dl[}'rm lmn .
f” 2 Single sm . oo
_'_VFignrp 44 {_hh{)W&

plmuiwzlw fallmg aL norma,l mmdem‘e {m a, ltmg_;'_-:._.
'_"";_rrq}w u,hf al’ mdth a.’ Lm us fomls our ¢ ttentmn on the centml pmnt I’g of
sereen (7Y The myq o'-ctemlmg from th( f-:llt to Py all haw the same ophml
path l{*fz'gtha, a8 we saw in Hw!mn 42 5. Since they are in phase at the
fplnnv of the slit, @hfw will mn he in phdso at 1*‘“, :md t,he {{‘Htl‘&l p()mt of
diﬁmctmn pattpm that appears (m %reen C’ hm a, maxxmum mtens:ty

3 r
3
. = ll'
--'. I .'. I
- L - - -

’Fig 44-3 ( m*;dmnnq nt thP mntrﬂl mfwlmum nf thv diffrartmn pattﬁm Th# qht thpnds
n flzqtmwn aimw and iwluﬂ iho hgurp this dwtam*v lmmg murh grﬁater than tho Sl!t
mldth a ' s
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S lﬂC!dEﬂtI ‘?E’?’ﬁ*jt‘ :

 — . Fig. 44-4 Conditions at the first minimum of the diffraction pattern.

We mm {'(mmit 1 .mutlwr pmiat on thv vwm Li;ﬁht rays whwh r@aeh P1
in Fig. 44-4 leave 1 lw shit at an an;,,lt* 0 as. ulmwn sz Ty mlgmatw at the
~top of the slit and my ry at m center. If 0 13 vhmv h so that the dibtan{:e bb’
in the figure is {1:1f~—half a wayv elength r; ami o will he out, trf phaae and wﬂl
_'prmhu e No effect at ). In fact, wery ray imm the, npp(,r halt of the slit
“will be g mf'vlml by «a hw fr{ml tlw l{)wer half, ur:g.,umtm;, rat a ]mmt, a/z below
"_thf& fit*ht ray. The pmnl 1‘;, Hw iirat mlmmum uf Llw {lilTrm*lum puttem,
will have. 2610 l!li(*ll%lty (mmpam l*zg i _J} '

A\ l he (*(mdltmn hh()\’«"ll In l*!g 14, -} 18

(‘M lj

As we amlml ear lwr (wv l* 1;, 12 ) 1), the (-omml mammum hﬂeomcs wxdﬂr as

e, P . e et ol

the sht is made narrower. if tiw aht wullh 15 a8 5ma!i as one wavelength

of ey ﬁhiil@ = ).

(a )\), Lhe first mintmum oeeurs at § = 9()” which 1mplaez~s that the central
mdmmum hlla th(., Bntll‘b forward henmpher( / 'We absumed a mndltmn apw
e yea Mk o £ e

A Whatpver ]}hﬂﬁ{‘ rvlattun ex:stﬁ b{ twun ri and rg at the. planﬂ representad by the
sloping dashed line in Fig. 44-4 that passes through b’ also Lmsts at £y, not bemg aﬁect.ed '

by the lens (st*c %t('tmn 42*5)
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- Fig. 44-5 Conditions at the -ﬁ'éc@d minimum of the diﬁrﬁf:tibn' pattern.

@proachmg thls in our dlswssmn of Young s double—-sht mterference experl-_-

mem; in Sectmn 43~1.

{ "In l*ig 44-5 the sllt 18 lelde mtu faur equal zune.s thh a ru.y lea.vmg the:'
wp of each zone. Let 8 be (,hosm 50 that the dxsmm-a bb’ is one-half a wave-

length Ray:s r, and r2 will thm mmel at 1. l{uys ryand ry wﬂl also be
ha!f a wavelength out of pha&e and wﬂl also mnml Constder four other '
FAYS, emergmg from the slit a given distance below the four rays sbove. The”-_” .
two rays below r; and r, will cancel umquely, as wdl the two rays below rg--*_ :
and r,. We can pmceed across the entire sht and wnclude a.gam that no

light reaches P, : we have located a second point of zero mtenmty )
: 'I he candatmn deﬂcnbed (see F zg 44—-5) reqmrea that |

) Fae 3 ~
V0 e e s Sy
o e i - e T,
%;"...uh Srde” .?_"- A g

oF - iR b itaind all & 2l ik et

By extensmn the general fmnmla. for the mmima m the dlﬁr&ctmn pattem
on mreen C ;3 | sf A | S b e |

asind=mn m=1 2 3',' (min-ima)._- i e s
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There is. a maximum appmx:mately ha.lfwa,y betwaen each adjacent pair of
mmlma  The student, should consider the mmphﬁcatmn that has resulted
in this analysxs by exammmg Fraunhofer (Flg 44——2{:) rather tha.n F reanel
condltmnf, (Flg 44—-2&) - .
_-.';a:'mple 1. A Sllt of w:dth ais lllumma,ted by Whlte hght For what v&lue of
....ﬁ}rll{-the first mmlmum for red hght. ()\ = 6500 A) fallat 8 = 30“? |

At the ﬁrst mnumum we put m_ = l in Eq 44-—2 Domg 30 and 301 |
Bin.fﬂ ~sin 30“ s =

' Note that the Bht wudth must be tw:ce the wavelength m thlﬁ mse

In Example l what is the wavelﬁngth )U of the hght whose ﬁrat dlf-
wuntmg the cent.ra.l maxlmum) fa.lls at 6 = 30“ thus co-

asm@"‘*’ 1 5)\"

me Examplel l'-.f:_'.}_u_:y,_vf';:'r'.af_e'wéxﬂ.,. '_ . a Bm 9 J\ _' |
Dmdi?lg awe?_ L YR Ty A

nght of this (,olor is welet The ﬁecand maxlmum fm llght of wavelength 4300 A will
always coincide with the first minimum for hght. of wavelength 6500 A, no ‘matter
what the slit width. If the slit is relatweiy narmw, the angle 6 a.t whwh thns overlap

OCCUI'B mll he relatwely la,rge s 7

44‘3 Singla s“"""‘qﬂﬂlﬂdﬁva __ e

Fxgure 44-6 shows a slit of mdth a dwnded into N parallel stnps of wadth
Az. Each strip acts as a radiator of Huygens’ wavelets and produces a
characteristic wave disturbance at point P, whose position on the screen,
for a particular arrangement of apparatus, can be described by the angle 6.

If the strips are narrow enough- —which we assume—all points on a given
strip have essentially the same optical path length to P, and therefore all
the light from the strip will have the same phase when it arrives at P. The
amplitudes AE, of the wave disturbances at P from the varmu& strlps may
be taken as equal if 8 in Fig. 44-6 1s not too large.

~ We limit our considerations to points that lie i in, or mﬁmt,ely (-iose to, the plane of
Fig. 44-6. 1t can be shown that this procedure is valid for a slit whose length 18

much greater than its width a. We made this same assumption tautly both earlier
in this chapter and In Chapter 43; see Flgs 43-5 &nd 44-3, for exa.m;}le |

The wave disturbances from ad;acent strips have a mnsmm pha&e dlf-
ference A¢ between them at P given by

phase dnﬁ'erence path dlﬁemnce 2
By ot B _X = =2

o A el Wi o N e A¢=<T) (Msinﬁ);' Sulee .
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Fio. 446 A slit of width  is divided into N stripe of width az. The insert shows condi-
tions at the second strip more clearly. In the differential limit the slit is divided into an

infinite number of strips (that is, N — ») of differential width dz. For clarity in this

where Az sin 0 is, as the figure insert shows, the path difference for rays origi-

‘nating 'a-'_tf the top edges of adjacent strips. Thus, at P, N vectors with the

same amplitude A, the same f requency, and the same phase difference A¢
between adjacent members combine to produce a resultant disturbance. We

.ask, for various values of A¢ [that is, for various points P on the screen, cor-

responding to various values of 6 (see Eq. 44-3)], what is the amplitude Eg

of the resultant wave disturbance? We find the answer by representing the

individual wave disturbances AEy by phasors and calculating the resultant
phas.r amplitude, as described in Section 43-4. ' -

At the center of the diffraction pattern 6 equals .z_ér_q, and t.he'_ p'ha.Sé shift
between adjacent strips (see kq. 44-3) is also zero. As Fig. 44-7a shows,

the phasor arrows in this case are laid end to end and the amplitude of the

' resultant has its maximum value E,.. This corresponds to the center of the
‘central maximum. ' B - "
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' As we move to a value of @ other than zem Ac,b assumes & deﬁmte nonzero
value (again see Eq. 44 -3), and the array of arrows is now as shown in Fig.
44-7b. The resultant amphtude E, is less than before. Note that the length
of the “arc” of small arrows is the same for both ﬁgures and mdwd for all
,_ ___ﬁgures of this series. As 0 mﬁrea,sea further, a situation is reached (Fig. 44-7c¢)
in whlch the cham of arrows curls amund through 360°, ‘the tip of the last
___:_:a.rmw touchmg the f oot of the first armw ThlS corresponds to Es = 0, that
is, to the first minimum. ‘For this condition the ray from the top of the slit

(1in F1g 4H7c) 18 180 out of phase with the my from the center of the slit
_'__(%N in Fig. 44*7{:) These phase rela,tmns are conmstenﬁ mth Flg 44—4
ﬁ."_.whmh also represents the first minimum. . -
~ As 6 increases further, the phase shift continues to increase, and the chain
of arrows coils amund thmugh an angular distance greater than 360°, as in
Fig. 44-7d, which cerrespunds to the first maximum beyond the cemml
_-__'___'mammum This maximum 18 much smaller than the central maximum.
~ In making this comparison, recall that the arrows marked Ep in Fig. 4 44-7
":__eorrespond to the amplztudes of the wave dmtmban{*@ ﬁnd nm: to the m-

Fig. 44-? (ﬂndztmnﬁ at (a) the Y (b)
- central maximum, (b} & direction e |
slightly removed from the central
 maximum, (¢) the first zsnmmum;
snd {d) the first maximum heyond |
 the centra!l maximumn for single-
~slit diffraction. This bgure corre-

| a;wmi& tﬂ N 18 I hg M «b
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-' tmmty The ampht.udes must be squared to abtam the correspondmg rela-
f’twe mtenﬂat,lea (me Eq 43~7) A e e

4H Single Slil-—Qunnﬁhﬂva

The ‘arc” of &mall arrows m Flg 44—8 EhOWB the phaaors representmg,
‘amplitude and phase, the wave disturbances tha.t reach an arbitrary pomt P
on the screen of Fig. 44—6 correspendmg to a partzcular angle 6. The
reaultam amphtude at Pis By If we. dlwde the slit of Flg 44-—6 mto infi-
~ nitesimal strips of width dz, the arc of arrows in Fig. 44*8 approaches the arc
of a cire le, its mdma {4 bemg md;cated 1n that ﬁgure The length of the are
18 E,, the mnphtude at the center of the dlﬂ‘ractmn pattem f0r at the center
of the pattern Lhe wave dlsturbances are a.ll m phase and thls “am” becﬁmes
_astraight line as in Fig. 44-7a. o - - .

-~ The ang}e ¢ in the lower part of Flg 44*--8 18 revealed as the diﬁerence m
phaae between the mﬁmteslmal vectors at the left and mght ends of the are
E,.. This means that ¢ is the phase dlﬁerence between rays from the top and
the bottﬂm of the shit of Fig 44-6. F rom geometry we see that P 1s also the
angle between the two radii marked R m Flg 44-8. Frf)m thls figure we can
wnm L o | e ..

o il "--."“-"QR.-_"Ei'_n w0
In Iﬂ{hﬁﬂ measure ¢, from the figure, is
B o
P
NS
A
ia‘l\a 'ux
- ¢‘>\
Jab 5
I s gk\ R :
\\ _ _ e s Flg 44—-3 A mnatrum,mn used to

R SR EL LR L caleulate the intensity in slngle—sllt.

V- S RS Y iffrsctioh. | The  sitagtion corre-

-\\' SR e e : e ~ sponds to that of Fig. 44-7. |
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Combining yields | E,,;. = —— §in —.

e s e s’i'n“j;":z = g i G
or : ey By = By —— e s (44-4)
T fe (g TR .
in which a = é . : (44-5)

. _From g 44-6, Ibﬁhnilig that ¢ is E‘he pham? difference between rays from
the top and the bottom of the slit and that the piith difference f(}r these rays
is ¢ sin 0, we have

h..;nize dzﬁwmw&- yath hﬁerence
P F

- -l i
__ E‘a*r A R-
| ' | " -2 429N ;'
or B i ' _ {i) :: _ “} i\ir’: “’ai"t {;-"
Combining with Eq. 44-5 yields = g =
¢ ma .
@ = — = — Sin §. by (44*---6}

T

-} ;mtmn 44 4 ta,ken tag@thu WILh the d-s,hmmm af Eq. 44—6 gwes the '
amplitude of the wave disturbance for a bmgi{ siit diffraction pattern at any
angle 8. 'The 1nten31ty I ¢ for the patmm 1S prap{}wmm% to the square of the

arm phtude or
x 2

o sin a e TR _

x

For convenience we display tagethm z-md rmmnhu the formulaa for the
amphtude a.nd Lhe intensity in single- 511‘(3 fjlﬂ"muwn

o , Sm .:::“' o | ' :
Bq 444 BEe=Bi— ) 0 . (4489
| e Lo me o S AN aeN : . =
[Eq. 4471 = Ly =1, (-—~~-~~> W (e 8)
it st e sl diffptione i avion o1 R0
[Eq. 44—6] | « (=*_-_ %q‘;)r-e hﬂm g | o | _(44"30) |

Figure 44*9 shows plots uf I ¢ for seve ral values (}f the ratm a/k Note that -
the pattern becomes narrower as a/X 1s umreabed campare this figure Wlth

Figs. 42-1 and 42-3.
Mmlm& oceur in Lq 44 Bb when

a: =‘m1r e 1 2 3, 5 - v B | ’ 9) .'
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Mg 44-9 The relutive intensity in single-slit diffruction for three values of the ratio a/\.

The ﬁﬁfi.'.l'(_}w it (b) shows the h&if;width_ia}ﬂ of ih&_ central ix_x@_x_i;;?mn)_

Combining with Eq. 44-8c leads to

- which is the result derived in the preceding section (Eq. 44-2). In that
~section, however, we derived only this result, obtaining no quantitative in-
formation sbout the intensity of the diffraction pattern at places in which
it was not gero. Here (Eqs. 44-8) we have complete intensity information.
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B hxample 3 1 ntensdws of the gecondary dtﬂmctwn maxima. Calculate, appw
imately, the relatwe mtenmtles of the secﬂndary maxima in I;he smgle—sl:t F ruunhﬂfeff

diffraction pat-t,ern 330 | | _.
- The secondary maxima he approxmmtely ha.lfway between the minima and are

.__found (compare Kq. 44——9) from: ... : et
- . s “E(m + %)’H’ -m = “l,_2,_3!
"Substltutmg mto Eq 4-1- 8b }'l&]dg il sl e

<. P‘Zﬁ’i&ﬁ"l

fa Pl 3
(m+ )2 -

‘This ylelds, form=1,23, Ig/I 0045 0016 00083 etc The succesawe
- maxima decrease mpidly in mtenszty Eoo | g

Example 4. Ww!th of the ceniral dzﬁractwn mazrimum. Derive the half wtdth
“Af of the central maximum in a single-slit Fraunhofer diffraction (see Fig. 44-9b).
‘The h&lf-mdth is the angle between the two pmnts in the pa.tbem where the mtensity
_is one-half that at the center of the pattern. - .
Pmnt; z in E lg 44—-9b is so chosen that Iy = %I wiy OF; from ILq 44*86

poek (ﬁm &I)z |
9\ a.::

Thlﬂ equatwn eaﬂnot be salved an&lytwally fm a,. It can be solved graphically,
as accurateiy as one wishes, by plotting the quantity (sin «,/a,)* a8 ordinate versus
‘o, as abscissa and noting the value of a, at which the curve intersects the line “‘one-
half”” on the ordinate scale (see Problem 5). However, if only an appmx:mate answer
18 desired, it 1s often quu,ker to use trial-and-error methoda i (k1

We know that o equals x at the first minimum; we guess that a; i8 perhﬁ.ps x/2
( = 90‘:' 1. 57 radi&ns) Trymg this in Eq. 44—8b yields

| -__Ii_ 3 [sm (r/})_]
v ol o iluenf2

whlch reduces t.o

=04,

This intensity ratio is less than 0.5, so that a, must be less tha,n 90”’ | A’ftér ai'.:feﬁ;f more
trials we ﬁmi mmly Lnoul.,h that B .

= 140 radians = 80 e

: d{}@ﬂ viehi a mtm e luse to the mrrect value of 0.5. L e
- We now use l q. 44-—~8¢, to ﬁnd the corresponding &ngle 9 e
i = —8mb,=140, . o ..

1 ;_49;\ 140

sm@ -
Ta 5‘&'

00892

The hﬂ ‘*‘*"!*“h 33 ”f ”i*‘ ﬂﬁﬂtral maximum (see Fig 44—96) 13 glven by '.
A =20, = 2sin—0.0802 = 2 X 5 1“ 10 2°

which is in agreement with the figure. - . '_j. %
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44—5 Dlﬁmmon m u Clrculm Aperlure

| l)lffl'ﬁ( tion will oceur when a wavefmnt 18 purtmlly blﬂcked oﬁ' by an
‘Opuque object such as a metal disk or an opaque screen contmmng an aper-
ture. Here we consider diffraction at a circular aperture of diameter 0 the
aperture constituting the boundary of a circular lens. |
Our previous treatment of lenses was based on geometrmal 0pt1cs dlﬂ'rac-
tion being specifically assumed not to occur. A rigorous analyms would be
based from the beginning on wave ﬁptlcs since geometrical optics is always
an upproximation, although often a good one. Diffraction pthomena would
- emerge in a natural way from such a W&V&—Gptl(‘&l analysis.
Figure 44-10 shows the image of a distant point source of llght (a star)
- formed on a photographic film placed in the focal plane of a converging lens.
It is not a point, as the (dpprm{lmate) geometrwal ﬁptlcs treatment suggests
._but a circular disk surrounded by several progressively fainter secondary
- rings. (‘ﬁmp&nmn with_ Ptg 42-3c leave&. little doubt that we are de&lmg
~ with a diffraction phenomenon in which, however, the aperture is a circle
rather than a long narrow slit. f‘he ratio d/\, where d is the diameter of the
lens (or of a eircular aperture placed in front of the lens), determines the 5cale
of the diffraction pattern, just as the ratio a/\ does for a slit.
Analysis shows that the first minimum for the diffraction pattern of a
- circular aperture of diameter d, ass_umi_ng qunhofer conditions, is given by

sin 6 122; ww il umbon bes gt akdde10)
_ 'I his 18 m be mnapared w1t11 Ii.q 44-—-—1 or
: sin 6’ i

%

which locates the first minimum for a':-l'érig narrow slit of width a. The factor
 1.22 emerges from the mathematical analysis when we integrate over the
element&ry radiators into whwh the circular aperture may be lelded

_Fla 44-10 T}ib mmge of a stur. formed by a

converging lens is a diffraction pattern. N ote the

central maximuin, sometimes called the Alry disk
 {after Sir Gieorge Airy, who first solved the problem
B of diffruction at a circular aperture in 1835), and
. the circulur sec 'undury maximum. Other second-
ary maxima occur at larger radii but are too faint
to be seen. - -
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In aet.ual lenm the image of a distant point objeet wrll be semewhat la er than
that shown in Fig. 44-10 and may not have radial symmetry. This is eaused by the
various lens ‘defects’’ mentioned on p. 1061. However, even if all of these defects

could be eliminated by suitable ghaping of the lens aurfacee or by mtroduemg cor-
- recting lenses, the diffraction pattern of Fig. 44-10 would remam. Itis an mherent.
pmperty of the lena aperture and ef the wavelength of hght used 5

The fact that lens images are diffraction pattema is lmportant when We
w:ah to distinguish two distant point objects whose angular separatmn is
amall Figure 44-11 shows the visual appearances and the correspondmg
mtenmty patterns for two distant point objects mth amall angular separw

tions. In (a) the objects are not resolved: that is, they cannot be distin-

gmahed from a single point object. In (b) they are barely reaolved and m’
: "(c) they are fully resolved. ' o . |
- In Fig. 44-11b the angular aeparatmn of the two point sources is such that
f}. _;a-the maximum of the diffiraction pattern of one source falls on the first mini-
£ '-*-'mum ef the diffraction pattern of the other. ’lhle is ealled Raylezgh’a erite-

- rion. This criterion, though useful, is arbltrary, ether criteria fer dec:dmg'
'ff"f.{when two emecte are resolved are sometimes used Frem Eq 44—-—10 two
~objects that are barely resolvable hy Raylelgh’a erltermn muat have an angu—-
';_lar Beparatmn ﬁR of - e @l T

1 22)\

_ ﬁﬁ"_#‘_ Siﬂ

:_";Smee t,he angiea involved are ratner small we can replace eln 63 by BR, er

S P e - :. bt n 5 ;

A < =t et = GRS R T o ¥ =2 T e .. | ' o P _._-\."

L x L - - ] =) - = 3 e - oy et ' g, ¥ Ta b e Sl

r b F K ! e e e ! =ry e e i foe
T e T eh 1L 3 ) - e e W et gt L - A - =

: e A s T s } e R R Sty
[oass o] . s D e T S R e e ety - ; prs ; : 5 . pE TS z
L e B e e e L e S e By S, W 5 i ek L ey = ec Py T 5 : 3 R ah
e g e e e e i i ; # 3, R
r AL R s A B a2 . S 1 o iy . P e
Hee b P e Gy - Ly : ] ' - et - - et 4
L Sy B TR Er = i i

""_If the anguiar gseparation 0 between the ebjects 13 greater than 93, We can
reaelve the two ehjeeﬁe if it is less, we cannot. TR TS e

> Example 5. A eerwrgmg lena 3 0 cm in dlameter hae a feeai Eength I ef 20 cm.
{a) What aagular aeparaitue must two distant pemt ij&ﬁtﬂ have ta aatiefy Rayleigh’a

_.-_erlterien? Assume that A = 5500 A.
o “From Eq. fﬁa 11,

“ 22}(5 5. e meter’% R e
e i s ! m_h._ - 5
& 22_;1 3 0 X 10~ meter 22 X 10 radian . «,

(&) Hew far apaet are the Lﬁﬂt&‘*’ﬁ of the {hﬁrae‘!}mn pattema In the feeal plaﬂe of
the leﬂa’? T!se lmear aeparatmn I8 | - 3 |

.  r=fi= @ cm)f’ze X 10=" radian) = 44 000 A o8
Thia 1:5 8 0 wave en gtha {}f the Ilgi’it employed. o 4

When one wzahea te uee a lens to resolve objecta Of emall angu]ar eepar’aqu
o tma, it is {,leezrabl to make the central disk of the diffraction pattern as
~ small as peealtsle I‘hze can be done (see Eq. 44— 11) b:ii.__f;'i-ﬁ-;ﬁiinereaamg the lens
dialneter or by using a eherter wavelength. One reason for eenst,ruetmg
f Eagge wleewpes is to produee sharper images so that celestial objects can be

eaanuned m fmer detal b he images are also brighter, not only because the
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i “énergy is concentrated mto a smal]er dlﬂ raction dwk but hecause the larger
lens col]ects more hght Thm famter objectq fm' example mere dmtant
To reduce diﬂractmn effects in macroscopes we eften use u]travmiet hght
!f-;whlch because of its shorter wavelength permits finer detail to be examined
than weuld be possible for the same microscope operated with vmble hght
We shall see in Chapter 48 that beams of elections behave like waves under
some circumstances. In the electron microscope such beams may have an
effective wave.length of 0.04 A, of the order of 10° times shorter than wmhlp
light (A = 5000 A). This permlts the detalled examm&tmn of tmy objects
like viruses. If a virus were exammed with an {}ptmal mwrmmpe ﬂa qtmr-
ture WOllld be hOpeleqsly mncea]ed hy dlﬁ raoti(m ¥ il

44-6 Daubh Shl

In Youngs doubl e-sht exper}merxt (“xectmn 4‘3-—2) we a.squm9 mfﬁ’, the
slits are arbitrarily narrow (*hat is, @ << \), which means that the f'mi'ml
part of the dtffusmg screen was umf ormly 1l]ummatml hy t,h{* d:ffmr*teﬂ WAVes
from each slit. When quch waves interfere, they produce fringes of uniform
_intensity, as in Fig. 43-9. This idnahzed situation cannot occur with actual
slits because the condition a < A\ cannot mually be met. Waves from the
two actual slits combining at different points of the sereen will have intensi-
ties that are not uniform but are governed by the diffraction pattern of &
single slit. The effect of relmmg the assumption that a < A in Young's ex-
periment 18 to leave the fringes relatl vely umhanged in location but to alter
their intensities. | - &

The interference pattern for mﬁmteqlmally narrow slits is given by Fq.
| 43 116 and ¢ or, with a small Lhange in nnmenclatuw

where | L e e sin. ! (44-13)

The mtenszty for the giffracted wave from either sht 13 given by hqq 44 -8h
and ¢, or, with a small vhange in m)menclature -

f‘l'

.' : qm o |
lo.ait = Imdit\ —— ) _ (44-14)
| _ __a.' 3
- i
where g gk e el e R R (1=‘1'"'*35)

LI

The combined effe(*t Is ff;und by rflgardmg I,,, int 1N I_..q H L.. na a v .;mmp*.-'
amphmde given in fact hy s ¢;,fm' iuq 414 lhm aw;mptmn fm- Hw mm~
bmed p'lttem ]ea.d% tn s | oD
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and diffraction. s o an S T
Let us Mprmq t,haca mﬂ*ult in wnrdq At fmv pomi on the ﬁcrwn the avml—-;
able light mtmqlty fmm m(‘h shit, mm:dpred qpparatf-ly, is given by the
| dlﬂ'mctmn pattem of that ﬂht ([ q 44 14) lhf diffraction patterns for the
two ~=zht5 agam mnq:dorod 39pa.mtvh,, commdo lmame pa,mllel rays in

—

-Relat_ive"’i'hten;tym

I ~ a=10\

Relative intensity —
()

/-
>

e B e Il e B B

Lk LK)
151 o 10 L8 an
. i e degrees

Flg. 44-32 Int,erferenre I'rmgea for a. dnuhie 3111; wnth aht aepamtzon d = 50\, Three-
diﬂerent 3ht wrdths descrlbed by a/A = 1, 5, and 10 are shown, - SRR
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Relative intensity ———

\
i

¢

. Ré!a_tive’- intensity

—Relative intensity —

Sy o e _ e My 19: 15
= degrees i bl i

~ Fig. 44-!3 (a) The “‘interference factor” and (b) the “dtﬁractlon fa.ctor” 'in Eq 44—16
" and (c) tbelr prodmt t-ompare Blg 44 l2b | |

F mlmhufw ditTrw tum are fm ubed at Lhe same spot, (sce Fig. 44——-5) Because
| the two diffructed waves are {'oh{*rmt, they will interfere’” -~ -
 The effect of interference 1s to redlbtrlhute the avallable energy Over the
- sereen, prodm*mg a set of f rmges In %ctmn 43-1, where we assumed a KA,
‘the available energy was virtually the same at all points on the screen so
"that, the interference fr ringes had virtually the same mtens;tles (see Fig. 43-9).
If we relax the as&.umptmn a <\, the available energy is not umform over
the screen but is given by the diffraction pattem of a sht. of width a. In this
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. Fig. 44-14 (a) Interference fringes for a double-glit gystem
. 4 in which the slit width is not negligible in comparison to the
~ wavelength. The fringes are modulated in intensity by the
~ diffraction pattern of a single slit. (b) If one of the slits is
- covered up, the interference fringes disappear and we see
- the single slit diffraction pattern. (Courtesy G. H. Carra-

i -(ﬁ)

~ gan, Rensselaer Po}y"techgig _Iﬂétitﬁiéi} |

case the interference fringes will have intensities that are determined by the
intensity of the diffraction pattern at the location of a particular {ringe.
Equation 4416 is the m&thematical'exmes&iiﬁh of this argument.

Figure 44 12 is a plot of Eq. 44-16 for d = 50\ and for three values of
a/X. It shows clearly that for narrow slits (@ = A) the fringes are nearly
uniform in intensity. As the slits are widened, the intensities of the fringes
are markedly modulated by the “diffraction factor” in Kq. 44-16, that 18,
by the factor (sin a’/a)?. | | s el - -

F.quation 44 16 shows that the fringe en velopes of Fig. 44-12 are precisely
the single-slit diffraction patterns of Fig. 44-9. This is especially clear in
kg, 44 13, which shows, for the curve of Fig. 44-12b, (a) the “interference
factor” in Kq. 44-16 (that is, the factor cos? 8), (b) the “diffraction factor”
(sin a/a)®, and (c) their product. |

If we put a = 01n Kq. 44-16, then (.sée Eq. 44-15) a = 0 and sin a/a 2

a—()

a/a = 1. Thus this equation reduces, as it must, to the intensity equation
tor a pair of vanishingly narmw:rﬂitsf(Eq;' 14-12). If we put d = 0 in Eq.
14 16, the two slits coalesce into a single slit of width a, as ig. 44-15 shows;
d = 0 unplies g = 0 (see Eq. 44-13) and cos’ g = 1. - Thus Eq. 44-16 re-
duces, us it must, to the diffraction equation for a single slit (Eq. 44-14).

Figure 44 14 shows some mr_;t_ua_l_dﬁubl&—slit. interference photographs.
The uniformly ____:5]};;(:(_@_.-ii-mfrféreme fringes and their intensity modulation
by the diffraction pattern of a single slit is clear. I one slit is covered up,
as In Fig. 44- 140, the interference fringes disappear and we see the diffrac-
tion pattern of a single shit. |

P Example 6. Starting from the curve of Fig. 44-12b, what is the effect of (a)
increasing the slit width, (b) increasing the slit separation, and (c) increasing the
(a) If we increase the slit width a, the envelope of the fringe pattern changes so
thut its central peak is sharper (compare Fig. 44-12¢). The fringe spacing, which
dependson d/Xidoes notchiange. < 1inl e 0t ains g be el
() I we increuse d, the f ringes become closer together, the envelope of the pattern
remaining unchanged. | ' s ol | | -

E

() 1f we merease A, “iL Ln j‘s'fe;_l'__qﬁé .béém;i__es_ brﬁ&dg;#nd_che frmges mﬂve further
apart. Increasing X is equivalent to decreasing both of the ratios a/A and d/\. The
general relationship of the envelope to the fringes, which depends only on d/a, does

not change with wavelength, =
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~_Example 7. In double-sht qunhofer_-diﬁf@ictiqn_ﬁw}mi-iﬂ_ the fringe spacing. on &

screen o0 cm away from the slits if they are illuminat.ed-"with; blue light (A = 4800 A),

f d = 0.10 mm, and if the slit width ¢ = 0.02mm? What is the linear distance from
the central maximum to the first minimum of the fringe envelope? o

' The intensity pattern is given by Eq. 44-16, the fringe spacing being determined
by the interference factor cos? 8. From Example 2, Chapter 43, we have
' : o e e A

PoL ety iy

where D is the distance of the screen from the slits. Substituting yields

A ———— RS i

B (480 X 10 meter)(50 X 10 :m:eter)_ - 2.4 X 10~ meter = 24 mm.

The distance to the first minimum of the envelope is determined by the diffraction
factor (sin a/a)? in Eq. 44-16. The first minimum in this factor occurs for a = =.
From Eq. 44-15, FRLIRNL e e 6 IR b
syl N A _ 480 X 107 meter _

§inf=""="= i 000 Bk
Sl'-n - ma 4 GOZX ]0*“3 Illﬁtre_.l‘_ e m kideret B

This is so small that we can assu me that ﬁg 51119 E tan 6, or
Y= Dtanf=Dsin6 = (50 cm)(0.024) = 1.2¢m.
There are about ten fringes in the central peak of the fringe envelope. ‘5

_Example 8.  What requirements must be met. for the central maximum of the
envelope of the double-slit Fraunhofer pattern to contain ;_'.;Bxac.t_ly'_;..el_e"wﬁ"f.i'_i}l_gﬂ&? -
The required condition will be met if the sixth minimum of the interference factor
(cos?B) in Eq. 44-16 coincides with the first minimum of the diffraction factor
(sin a/ex)®. b, o b e AR b e i e Hhlvg T )
The sixth minimum of the interference factor occurs _when_.._ﬁ_;;-. ot g g g

_ ¢t
_'The first minimum in the diffraction term oceurs for . -

Dividing (see Eqgs. 44—---13-’31_1_{1 44-15) yields
B Sd e

R —

a::‘iﬂ2

"This condition .{_ié.per.zds bnly'ﬁon--:the slit geometry and not on ___-t'h'_'efwavelezigth-. For
long waves the pattern will be broader than for short waves, but there will always be
eleven fringes in the central peak of the envelope. st g Hiady

"T'he double-slit problem as illustrated in Fig. 44 -12 combines interference
and diffraction in an intimate way. At root both are superposition effects
and depend on adding wave disturbances at a given point, taking phase dif-
ferences properly into account. If the waves to be combined originate from
a finite (and usually small) number of elementary coherent radiators, as in-
Young’s double-slit experiment, we call the effect interference. 1f the waves
to be combined originate by subdividing a wave into infinitesimal coherent
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;.'ra.dmters a.s in our treatment of a smgle slit (Flg 44 {)), we call the eﬂ'ect
diffraction. This dlbtmctlon between mterference and diffraction is con-
~venient and useful However, it should not cause us to lose sight of the fact
~ that both are Buperposmon effects and t.hat oft,en both are pre.sent blmul—
__ﬁ_taneously, as m Young S experlment ' i ke onl b

a U ssn o NS

1. Wh y 18 the dlﬂractmn of aound wavea mure e'ﬂdent in daily experience tha.n that of
llght waves? . W el s s |
2. Why do mdm waves diff!‘ﬂbt amund bulhlmga although l;ght waves do not?
- 3. A loud-speaker horn has a rectangular aperture 4 ft hlgh and 1 ft wide. W:ll the
-:._:-_patt,em of sound mtens:t.y be brﬁader in the honzont&l plane or in the vertlcal‘? ot
4. A radar antenna is designed to give accurate measurements of the height of an mr—'
craft but only reasonably good measurements nf its d:re(,tmn in & hor:zc}ntal plane. ‘Must
~ the height-to-width ratio of tht, radar reflector be lEEﬂ than, equal to, or greater than unity?
- 5. A person holds a single nurrow vertical slit in front of the pup:l of his eye and looks
~at a distant light source in the form of a long heat,ed ﬁlu.ment Is the dzﬁ_ra.ctmn pat.teljn
that be sces a Fresnel or a Fraunhofer pattern?
~ 6.Ina smgle-ﬂllt Fraunhofer dlﬂ'ract.mn what i8 the effect of i 1ncreaamg (a) the wave-
Iength and (b) the slit width?
7. Sunlight fulls on a single slit of w1dth 10‘ A. D&scnbe quahtatwely what the result-'
' mg diffraction pat.tem looks like. ' - |
8. In Fig. 44-5raysryand r3 are in phaae, 80 a.re rg and r4 Why isn t there a. ma:rmmm
mt.enslt.y at P: rather than a minimum? LR e o F
- 9. Describe what happens toa I*raunhofer Blngle—ﬂht dlﬂ"ractl{m patbem lf the whole

apparatus is immersed in water, = | R
10. Distinguish clearly between 6, a, and ¢ in Eq. 44 —-80 oy
11. Do diffraction effects occur for v:rtual images as well a8 for real images? Explam

12, Dﬁ diffraction Bﬁﬂﬂt& {)ccur for i Images formed by (a) plane mlrrorﬂ and (b) sphﬁncal

mirrors? Explain.
13. If we were to redo our ana]yaw of the pmpertieﬂ of lenses in Section 42-5 by the"‘

‘methods of geometrical optics but without restricting our considerations to paraxial rays
and to “thin’' lenses, would diffraction phenmmna such as that of Fig. 44-10, emerge

from the analysis? Discuss. v Ty
14. I)mtmgumh carﬁfully between mtﬁrferen{'e and dlﬂ"m{,twn m Youngﬁ daubleﬂsht;_.

':t:xpenmeght !
-~ 10. in wimt way are interference and diffraﬂtmn similar? In what way are they dif-

ferent? | | |
16. ln double-slit lm,erference pattemﬂ suvh a8 that of Fig. 44-14a we said that the

mterference frmgea were modulated in mtenmty by the diffraction pattern of a single slit.
Could we reverse this statement and say that the diffraction pattern of a single slit is
mtenmty-mudulated by the interference fringes? DIH(‘HHH
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1 In a smgle«eht. dlﬁmetmn pattem the dlet.a.nce between the ﬁrat rmmmum en the
.nghf and the first minimum on the left s 9. 2 mm. The screen on which the pattern is
~displayed is 80 cm from the slit and the wavelength is 5460 A. Calculate the slit width.
- 9. A plane wave (x = 5900 A) falls on a glit with a = 0. 40 mm. A converging lens
(f = +70 cm) is placed behind the slit and feeueea the hght. on a screen. What is the linear

distance on the screen f rom the center ef the pa.t.tern t,o (e) t.he ﬁret mlmmum ‘and (b) the
second mmunum? o | |
& a smgle slit is 1llummated by hght whoee wavelengtha are A and \», 80 chosen tbat.- the
first diffraction minimum of A, cemcldea with the gecond minimum of \p. (a) What
re!atleneh;p exists betw een the tee wavelengths? (b) I)e any other minima in the two
'P&tterne coincide? | s L S Sor
4. (a) Show that the vulues of a at whmh mtenslty mamma fer smgle-ellt. diffraction
occur can be found exactly by diﬁerentlat,mg Eq 44—86 mth reepect to o and equatmg to
| zero, obtaining the eend;tlen e | | |
o oy | ta.nn: s a |
(b) Fmd the valuea ef a eetief ying thiﬂ relat.lon by plottmg graphically the curve y = tan a
and the etrmght lme y = a and ﬁndmg thelr mtersect,:one (c) Find the (nenmt.egral)-- '
veluee of m eerreepondmg to successive maxima in the smgle—eht patt.em Nete that the
secondary maxima do not lie exactly ha.lfway between mlmma v e
o In Exampie 4 solve the tranecendental equation o .

: “ﬂ (em a:)

:graphleelly fer az, to an accuracy ef three elgmﬁcam ﬁguree T |
6. (a) In Fig. 44-7d, why is Eg, which represents the first mammum beyend the eemral

maximum, not. vertical? (b) Caleulate the angle it makes mth the vert.leal aaaum\l{g the
glit to be divided into infinitesimal strips of widthdz. |
7. What is the half-w ridth of a diffracted beam for a sht wheee widt.h 18 (a) 1 (b) 8, and
() 10 wavelengths‘? | - .
8. (a) A cxreula.r diaphragm 0. 60 meter in dmmeter eeelllatea at, 8 frequency ef 25 MG'
yelee[eee in an underweter source of sound for submarine detection. Far from the source
the sound intensity is dtetrsbuted as a Fraunhofer diffraction pattern for a eireular hole
whose diameter equals that of the diaphragm. Take the speed of sound in water to. be
1450 meters/sec and find the angle between the normal to the diaphragm and the direc-
‘tion of the iimt mmnnmﬂ (b) Repeet fer a source hevmg an (audlble) frequency of 1000
-eyclee /sec. ' | -

9. The two headlights of an appreaehmg autemebxle are 4 ft apart At what maximum
distance will the eye resolve them? Assume & pupil diameter of 5.0 mm and A = 5500 A.
~ Assume also that this dzetenee is determined only by dlffrectien effects at the elrcular

pupﬂ aperture. | 5T |
 10. The wall of lerge r{mm 18 covered with a.ceuﬂtie tile in which small holes are dnllcd _
50 mm from center to center. How far can a person be from such a tile and still distin-
- guish the individual holes, assuming ideal conditions? Assume the diameter of the pupil

to be 4.0 mm and \ to be 5500 A.

- 11. (a) How small 18 the angular geparation of two stars if their lmagee are barely_
resolved by the Thaw refracting telescope at the Allegheny Obeervatery in Plttsburgh"
The lens diameter is 30 in. and its focal length i is 46 ft. Assume A = 5000 A. (b) Find the
distance between these barely resolved stars if each of them is 10 light yeare distant from
the earth. (¢) For the image of a single star in this telescope, find the diameter of the
first dark ring in the diffraction pattern, as measured on & photographlc plate placed at the
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focal plane. Assume that the star amuge sttuLmlL IS abmmated entirely with diffraction

at the lens aperture and not with (anmll) lens “‘errors.” |
12.. Find the m-;mmtmn uf m T munts on t.he nmml 8 sm l'ucﬁ that can juaﬁt be resulved

hy the ﬁ[}-m‘ li‘h‘ﬂf'{}p& it Muunt i‘uluznar asau:mng thnt thm distance is determined by_=
d:ﬂ’ma Limi effects. . The dmmnw fr om the earth to the mooit is'240,000 miles.” =~
bl (unhtruf- quulatniiw vector: dmgmmﬂ I:ke those of Fig: 44-7 for the dﬂubie-sllt
e rfi Tenee ]mttwn For mmplmty, cuualdt,r d=2a (sf,e hg 44 15) (;an yau inter p;ret
the main features of the mtermt}f pdttem this way? |

[} e - b ¥ 3 ;
_Fig. 4415
. Tig.
] T ;
o e - 1
] E ]

14 bll[l]lﬁﬁt‘ t,hnt a8 i lhxmn];]v 8 UI{‘ i‘ii\’t‘lﬁ[l!‘ ﬂf the ce nt,rul p{luk P{mtazns f‘!f‘Vt’“Ii
-??ffnngm ‘How many f:mgm lie be tmvu lhf’ first. and second :mnmm of the wwelope?
45, Kor = zu T O g 44-15, hnu many inte tf:-n nee f!lllf.,i'H Iw m tlw f*ﬂn!ml dli’frzwlmn
".‘H‘s’l lu[u' 28wl imiieer adiesn B0 : _ -y L ' o
; 16,0 m* put d a m i 1g 41 l") llw h-. (¢ hl!iH {{hiI{'H{i‘ mt,n a mnglv bht Uf u. ldth 2(1,
5huw Hmt I.l[ 44 H} reduces to ilw 1hﬂ'nu'tmn lmt!i rn for hti{‘h a slit. B
AT () ]h“-tlg'll mn t]llll'lli**hht system in which the fuutlh fringe, not muutmg the central
muxuuum i3 l]ilﬁHHig (h) \‘c hut other frmgea, if nny, _aw also mmmng’ G R Sk



rcmngs and PeC""

CHAPTER 45_7«

45--1 lnirodumen - . o

" In connectmn w1th Youngb experlment (gectmne 4.&—4 a,nd 43—-3) We,--
dlecussed the interference of two coherent waves fermed by dlﬁractmn at
two elementary radiators (pmholes or sllts) In our first treatment we as-
‘sumed that the slit width was much less than the wavelength s0 that llght{'--'
:-'-dlﬂ’racted trem each slit ﬂlummated the ebservat,mn screen eeeentially uni-
_formly Later mn Seetlon 44-6, we teek the slit ‘width into aecount and
':ehewed Lhat the mtemzty pattem of the mterferenee frmges is modulated '
bya “diffraction factor” (sin u:/a) (e(,e lﬁq 44-16). . . o
Here we extend our treatment to cases in which the numher N of ra.dla.-

.‘-;ters or diffracting centers 1S largerwand ueually much la.rger-mtha.n twe
__iWe conblder two eltuatmne L L e e

e An army of N pumllel eqmdistent Hllt‘a (*alled a deﬂ'ractmn gmtmg
"2 A three-dmwnsmnul army of permdwally arranged radmtore—-—-the
_”a,toma in a uyetallme solid such as “\a,( |. In this case the average spacmg“:-
_.;'hetween the Elt‘!l‘i(‘llidly radiators is so small that mterferem*e effects must
be sought dt vmuleng,the much anm!l(,r tlmn thnw-uf vmhle llght We_._
hpmk of X- -ray fb_{}'rmtme | | e

i each case we thanng,tmh (e u*equy bef ween th(, dsifmvtmg, pmpertzes
._:'__uf e m;gk* mdmtm (sht or amm) and t,l o mtt'rt{'rem'v ul tlw waves dlf-___
*im{lwl mhnemh imm lhv uwmhly uf I'!ull;llm s . .

45—-2 Mulhple Slsls

r'-

.....

'mereaee t,hf,, numhu‘ uf &lllh imm two Lu e la,rg,,er number N An arrangement

'_:[ll\P lhat ef l* 1g -L) l u,eu.-.i,lly mvelwng many more shts 15 e&lled a d;ﬂ'rm--.
| ' . o 1123 : .1-__x :
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Flg. 45~1 An idealized diﬁmctmn gratmg (*at-tmnmg hVL slits. The slit width ¢ is shown
for convenience to be L{}Hﬁl{itr&hiy smaller than A, althnugh this condition is not m&hzed
in prﬂ.{‘tl{.e The figure 8 dwtorted m thut f 1:5 mu{ h &r Hﬂ.tel‘ Lhan d in pmctme

_::ii-_twn gmtmg As i"ur a dauhle bllt the mtemity pa.i;tem that resuits when
'-,munuchmmutu, Ilght of wav dengtlz A fﬁ.“b on a [,mt,mg consunts {}f a ﬁ-ern,b of
“interference fringes. The angular sepamtwna of these fringes are determined
by the ratio A /d, whem, d is the spacing bel,wcnn the centers of &dmwnt %lltb -
"lht relutwt inle nsities uf theb{, frmgea are {ie (lumm,d by t.he dlifmvtmn p.;s.t-
=:.__:-:-'tem of a bmgh, gmimg slit, whmh dﬂ’j}{illdb on th{, rat,m J\/ﬁ M:flﬁ, a is the
slit width. el B Bl e i 5o o _
I'lgure 45 . Mudl umlpamﬁ the mtumty pattems ff}r N == 2 zmd ’V = 5
HhUWH L!E&!‘l}’ that the ““nm,rfezm{*c frmg*ﬁ are moduiatt.,d in lntmsxty by
| {hﬁm-:*um: em*{,!up{ 48 1n l*xg 44-14; hgurv 45-3 presents a theoretical
mh*u!atmn of the mtmmty pmtvrm tor a few fringes near the centers of the
patterns of ¥ ;g 45-2. H;mﬁ two figures show that i increasing N (a) does
:not vimnge tim ﬁpa{jmg lwt wum the (prmvmal) mterfmw;( e fri rmge maxuna,

BN e 45-2 mtenmt}’ patterns for “grat-

E }.f_ E L | "'lﬁg’h ‘with (@) N = 2 and (b) N =5 for

i “t : , s L llL ;ﬂﬂ!_ﬁ_(; Vﬂ.i e o f i f A i }k Nﬂii* h(}w

- e e the intensities of the fringes are modu-

; N =2  lated by a difl raction envelope as in Fig.

44-14; thus the assumption @ << A is not

' "'realzaeti in these actual “gratings.” For

N' =5 three very faint secc ondary ‘max-

_ TR ima, not vigible in this photograph, ap-

(b) N=§. pear between each pmr of adjacent pri-
DA&ry maxlma -
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Fig. 45-3 Calculated intensity patterns for (a) _ﬁ'_twﬁ%li:t"ﬁjﬁd-'(e‘;)::a’-ﬁve‘-slit grating for
the same value of d and X. This figure shows the sharpening of the principal maxima
and the appearance of faint secondary maxima for N > 2. The letters on the five-slit

a

pattern refer to g 45 5. The figure assumes shits with a < A 50 ihﬁt-—_the principal
maxima are of uniforni intensity. "

provided ¢ and A remain unchanged, (b) sharpens the _(pr:i'_;wi‘piﬂ) maxima,
and (c) introduces small secondary maxima between the principal maxima.
Three such secondaries are present (but not readily visijﬂf&_);betWégn each
pair of adjacent principal maxima in Fig. 45-2b. - 5%
A principal maximum in Fig. '45-1 will occur when the path difference
__1_’;e.tWtﬁﬂ'x'x' rays from adjacent slits (= d sin 8) 1s given by '

" deiind = kom0, ],2, e (prmupal mamma)’ (45"1)

where m is called the order number. This equation is identical with Eq. 43-1,
‘which locates the intensity maxima for a double slit. The localions of the
(principal) 11_13;5{'11"!715, are thus determined only by the ratio A/d and are inde-
pendent of N. As | or the double slit, the ratio a/A determines the relative
intensities of the principal maxima but does not alter their locations appre-
GBI o e PR S s P e B ey e i
The sharpening of the principal maxima as N is4ncreased can be under-
~ stood by a gmphit:éxl_i’irgument,z using phasors. Figures 45-4a and b show
" conditions at any of the principal maxima for a 't;"s%.f__{)-};;'lit“and a niiie'-#sliﬁ grat-
ing. The small arrows represent the amplitudes of the wave disturbances
arriving at the sereen at the position of each principal maximum. For
stmpheity we consider the central principal maximum only, for whichm = 0,
and thus 8 = 0, in Eq. 451 . ' 4 L g ) o
 Consider the angle A8y -mrrespm}-ding to the position of zero intensity that
lies on either side of the central principal maximum. Figures 45—4c and d
show the phasors at this point. ‘The phase difference between Wav&ﬂfrom
adjacent slits, which 1s zero at the central principal maximum, must increase
by an amount A¢ chosen so that the array of phasors just closes on itself,
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yielding zero resultant lIltLllblty For N = , A _...nr,r’2 (= 180°); for
N =9 A¢ = zr/*?.l (-- 40") In the guu,ml L&bL lt Ib gwm by

'lhlb increase in pha&e dlfferenw for ad]uwnt wa.ves corresponds to an
Increase in the pa,th d:ﬂ'erem,e Al gwen by ' -

phabe dtﬁeren(,e path dlff(,ren(,e

25 ——I--.—'_-._u_-,.. -" ,.

(= )ad == )l=])=

- i i ._ | M*’“

- From Plg 45-1, however t,hL path dlﬁeremt A[ d,f, the ﬁr&,t, minimum is alm
_-..gwen by d sin. Mu, 80 th.—.a,t we can wrlt,e Ty - |
--ds-sm ﬂ&u- == ey

A
Nd

-‘Smce N >> 1 for actual gratings, sin A&;, will ordmanly be qmte small (that
| _"is the !mea wall }}{, ::har p) a.nd we may replaee it by Af, to good appromma—

OF : e i e Aot I Ol

- Abg :%N*(} ~ (central principal maximum).  (45-2)

‘This equation shows specifically that if we increase N for a given A and d,

- (a)

Eﬁ..o

' (ir:)

| Fig 45-—4 Dmmngu (u.) ami {b) uh{m mnd:tium aL Llu ummi prmup&l maxnnum for a
Lwo—am and e mnv-ﬁh{ gruung, I‘LH[}H tive Iy Uramnga (¢) and (d) show conditions at the
mlmmum of zero'intensity that lies on either side of this central principal maximum. In

' gumg from (a) to (¢) the plmw shift' between waves from adjacent slits changes by 180°

{Ap = ’2:/2), in going from (b) o {d) it Lhﬂ,nges by 40° (A¢ = Zr/‘})
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Fig. 45-5 'The figures taken in sequence from () to (r) and then from (n) to (a) show con-
ditions as the intensity pattern of u five-sht grating is traversed from.the central principal
maximum to an adjacent principal maximum. Phase differences between waves from

adjacent slits are shown directly or, when going from (n) to (a), in parentheses. Principal
maxima oceur at (a), secondary maxiing at, or near, (h) and (n), and points of zero intensity
H,L {{i)}};il(i(k}—, (:‘J!ft }}ﬂr{-‘ li‘ig_ 45},3&,* B . ' A : ik : . e ' L i : L

Aby will decrease, which means that the central principal maximum becomes
sharper. v - S

- We state without pre of, * and for later use, that for principal maxima other than

-

~the central one (that is, for m # 0) the angular distance beiween the position 6.
of the principa! maximum of orifer m and the minimum that lies on either side 1s

given by By e | T
Al = (any prineipal maximum). w0 (b3

Ior the central prineipal maximum we have m = 0,0, = 0, amd A, = Afy, so that
Fi. 15 3 reduees; as it must, to log. 45 2. BE e R siihE i T

: ___f“_-;-i&--{J!.‘igill of the secondary maxuna that appear for V. > 2 can also be
understood using the phasor method.  Figure 45 da shows conditions_at

the central prinei pal maximunm for a five-sht grating. The vectors are in

i p—

TR i

-~ * Bee Problem 15
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L

phase.  As we depart from the central maximum, 6 in Fig 45 ] mereases
from zero aml the phase difference between dii]df‘tﬂ’li Vt"{'ti}lb Increases from

G e o e

2010 m Ar,b - d sin 8. Suwebbwe hgures shuw how the reﬁultant wave

| A |
| amphmdv Eg varies with A¢. The student should verify by gmphwal con-
struction that a given figure represents conditiens for both A¢ and 27 — A¢.
Thus we start at A¢ = 0, proceed to A¢ = 180°, and then trace backward
through the sequence, following the phase differences shown in parentheses,
until we reach A¢ = 360°. This sequence (IJII{‘bI)(}IIdb to traversing the
intensity pattern from the central principal maximum to an adjacent one.
' igure 455, which should be {Jompared with Fig. 45-3b, shows that for
N =5 [hf‘[‘f‘ are three secondary maxima, corresponding to A¢ = 110°, 180°,
dmi 250“ i hﬁ btll{j{,nf should make a similar analysis for N = 3 and should i
show that (m]y one :'::L('{Jﬂfid,!‘/ maximum oceurs.  In actual gratings, which -
{*{mmmnly umhun 10 000 to 50 ()()() “shits,” the sec undd:y maxima lie bu'f'.f'
close to the prine ipul maxima m are so reduced in mtelnsity tha,t they cannot
e dl::,tmgnhhvd lmm Ihvm exper unvnmllv |

45-3 Diﬁrnction Gratings

- The ymnng.spaunj d tor a typical grating that contains 12 ()0( “shts”’
distributed over a l-in. width 1s 2.54 ¢em/ 12,000, or 21,000 A. Gratings are
ulten used to measure 'm’elmgt}m and to study the strlwture and 1ntensity
of spectrum lines. Few devices hdve {‘Un“!hlltt,d more to our knowledge Uf

modern physies.
(iratings are made by ruling equally spaced parallel gr O0Ves on a glass or a

metul * plate; using a diamond cutting point whose motion is automatic ally
controlled by an elaborate ruling engine.  Onece mwh a master grating has
been prvpared replicas can be formed by pouring a collodion solution on the
grating, allowing it to harden, and stripping it off. The stripped (,ulludmn |
fastened to a flat pw e of gliss or m‘!m backing, forms a f,uml grating.

Figure 45 6 shows a cross section of & comnion tnpv of gmtmg ruled on g]ma In
the rudimentary grating of Fig. 45 | open slits were separated by opaque strips; the
amplitude of the wave disturbance varied in a periodic way as the grating was ¢ rossed,
droppiug to zero on the opaque strips.  The g ;,mlm;, of Fig. 45-6 1s transparent every-
where, 5o that there is little periodic change iy, amplitude as the ;.,mtm;., 13 crossed.
The effect of the rulings is to chunge the optical thickness of the grating in a periodic
way, rays traversing the grating between the mlm;.,s (b in Ig. 45 6) containing more
wavelengths than rays traversing the grating in the center of the mlun.,zu (u in kg,
45 6). This results in a periodic change of pfum s one crosses the grating at n;.,ht'
angles to the rulings.  Reflection gratings also depend for their operation on a pertodie
change in phase of the reflected wave as one crosses the g grating, the ¢ lmn;,v In ampli-
tude under these conditions being negligible.  The principal maxima for phase
yratmga assuming that the incident light falls on the grating at right angles, can be
gwen hy the same fmmula derived ear ler fm idealized amplitude or slit b:atmga

=

. (:mtmgn ruled on metal are called rrﬂentmn yratmy.s lmmuse the mt,{,rfﬁrwwe {,ff{*('tn
are viewed in reflected rather than in transmitted light. Many wm,m{,h grutmga are
the reflection type; conmonly they are ruled on the surface of a concave mirr or, which
ehininates the IH"{‘II fur lenses.
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L

Flg. 45—-6' At enlarged eross "n-:-m*t"i’n'n of
a diffraction grating riled on o glass
:-_--f'vlm!-l gratings, in which the phase of
the. varging‘ wave changes ns one
Crosses thf‘ p;mtmg are - ui!mi phﬂw
’_{;mh ngs. |

> | S e e e i 2 oo E ] .
= o en A o " S s L - e om, e TR T 1l .
L . A R . . =t %, % 5 i T R rhop oW L LR
LY b e - A=ty ’ L]
) - H . Lo, N . i a [

= o 2 .a. e g T LR 1 | . ¥

T, ] X J. 4. ~ e ] - - * R 1 o
AL : | G ;
[

namely = b s TN RS e 4T R
_ d s l‘? =A==t R
where d is fh{‘ distance hetween ‘thP mlmgq and the integer m1s. Mllml thn nm’f«*r of

the pmtwuhr principal maximum. . Fssentially all- gmtmgq used in the viqmle
spectrum, whether of the transmission type, as n l igr. 49- {} or ﬂli‘ wﬂmhnn h’p? are

plmqe gr dtmg'«
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