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Table A2 Percentage points of

the standard normal distribution.

Percentage points

P-value One-sided Two-sided

0.5 0.00 0.67

0.4 0.25 0.84

0.3 0.52 1.04

0.2 0.84 1.28

0.1 1.28 1.64

0.05 1.64 1.96

0.02 2.05 2.33

0.01 2.33 2.58

0.005 2.58 2.81

0.002 2.88 3.09

0.001 3.09 3.29

0.0001 3.72 3.89
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Table A3 Percentage points of the t distribution.

Adapted from Table 7 of White et al. (1979) with permission of the authors and publishers.

One-sided P-value

0.25 0.1 0.05 0.025 0.01 0.005 0.0025 0.001 0.0005

Two-sided P-value

d.f. 0.5 0.2 0.1 0.05 0.02 0.01 0.005 0.002 0.001

1 1.00 3.08 6.31 12.71 31.82 63.66 127.32 318.31 636.62

2 0.82 1.89 2.92 4.30 6.96 9.92 14.09 22.33 31.60

3 0.76 1.64 2.35 3.18 4.54 5.84 7.45 10.21 12.92

4 0.74 1.53 2.13 2.78 3.75 4.60 5.60 7.17 8.61

5 0.73 1.48 2.02 2.57 3.36 4.03 4.77 5.89 6.87

6 0.72 1.44 1.94 2.45 3.14 3.71 4.32 5.21 5.96

7 0.71 1.42 1.90 2.36 3.00 3.50 4.03 4.78 5.41

8 0.71 1.40 1.86 2.31 2.90 3.36 3.83 4.50 5.04

9 0.70 1.38 1.83 2.26 2.82 3.25 3.69 4.30 4.78

10 0.70 1.37 1.81 2.23 2.76 3.17 3.58 4.14 4.59

11 0.70 1.36 1.80 2.20 2.72 3.11 3.50 4.02 4.44

12 0.70 1.36 1.78 2.18 2.68 3.06 3.43 3.93 4.32

13 0.69 1.35 1.77 2.16 2.65 3.01 3.37 3.85 4.22

14 0.69 1.34 1.76 2.14 2.62 2.98 3.33 3.79 4.14

15 0.69 1.34 1.75 2.13 2.60 2.95 3.29 3.73 4.07

16 0.69 1.34 1.75 2.12 2.58 2.92 3.25 3.69 4.02

17 0.69 1.33 1.74 2.11 2.57 2.90 3.22 3.65 3.96

18 0.69 1.33 1.73 2.10 2.55 2.88 3.20 3.61 3.92

19 0.69 1.33 1.73 2.09 2.54 2.86 3.17 3.58 3.88

20 0.69 1.32 1.72 2.09 2.53 2.84 3.15 3.55 3.85

21 0.69 1.32 1.72 2.08 2.52 2.83 3.14 3.53 3.82

22 0.69 1.32 1.72 2.07 2.51 2.82 3.12 3.50 3.79

23 0.68 1.32 1.71 2.07 2.50 2.81 3.10 3.48 3.77

24 0.68 1.32 1.71 2.06 2.49 2.80 3.09 3.47 3.74

25 0.68 1.32 1.71 2.06 2.48 2.79 3.08 3.45 3.72

26 0.68 1.32 1.71 2.06 2.48 2.78 3.07 3.44 3.71

27 0.68 1.31 1.70 2.05 2.47 2.77 3.06 3.42 3.69

28 0.68 1.31 1.70 2.05 2.47 2.76 3.05 3.41 3.67

29 0.68 1.31 1.70 2.04 2.46 2.76 3.04 3.40 3.66

30 0.68 1.31 1.70 2.04 2.46 2.75 3.03 3.38 3.65

40 0.68 1.30 1.68 2.02 2.42 2.70 2.97 3.31 3.55

60 0.68 1.30 1.67 2.00 2.39 2.66 2.92 3.23 3.46

120 0.68 1.29 1.66 1.98 2.36 2.62 2.86 3.16 3.37

1 0.67 1.28 1.65 1.96 2.33 2.58 2.81 3.09 3.29
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Table A4 Two-sided P-values for the t distribution, according to the value of

the test statistic.

The final column shows P-values for infinite degrees of freedom, equivalent to P-values from the normal

distribution.

Value of test

statistic (t)

Degrees of freedom for t

5 6 7 8 9 10 12 14

1.5 0.194 0.184 0.177 0.172 0.168 0.165 0.159 0.156

1.6 0.170 0.161 0.154 0.148 0.144 0.141 0.136 0.132

1.7 0.150 0.140 0.133 0.128 0.123 0.120 0.115 0.111

1.8 0.132 0.122 0.115 0.110 0.105 0.102 0.097 0.093

1.9 0.116 0.106 0.099 0.094 0.090 0.087 0.082 0.078

2.0 0.102 0.092 0.086 0.081 0.077 0.073 0.069 0.065

2.1 0.090 0.080 0.074 0.069 0.065 0.062 0.058 0.054

2.2 0.079 0.070 0.064 0.059 0.055 0.052 0.048 0.045

2.3 0.070 0.061 0.055 0.050 0.047 0.044 0.040 0.037

2.4 0.062 0.053 0.047 0.043 0.040 0.037 0.034 0.031

2.5 0.054 0.047 0.041 0.037 0.034 0.031 0.028 0.025

2.6 0.048 0.041 0.035 0.032 0.029 0.026 0.023 0.021

2.7 0.043 0.036 0.031 0.027 0.024 0.022 0.019 0.017

2.8 0.038 0.031 0.027 0.023 0.021 0.019 0.016 0.014

2.9 0.034 0.027 0.023 0.020 0.018 0.016 0.013 0.012

3.0 0.030 0.024 0.020 0.017 0.015 0.013 0.011 0.010

3.1 0.027 0.021 0.017 0.015 0.013 0.011 0.009 0.008

3.2 0.024 0.019 0.015 0.013 0.011 0.009 0.008 0.006

3.3 0.021 0.016 0.013 0.011 0.009 0.008 0.006 0.005

3.4 0.019 0.014 0.011 0.009 0.008 0.007 0.005 0.004

3.5 0.017 0.013 0.010 0.008 0.007 0.006 0.004 0.004

3.6 0.016 0.011 0.009 0.007 0.006 0.005 0.004 0.003

3.7 0.014 0.010 0.008 0.006 0.005 0.004 0.003 0.002

3.8 0.013 0.009 0.007 0.005 0.004 0.003 0.003 0.002

3.9 0.011 0.008 0.006 0.005 0.004 0.003 0.002 0.002

4.0 0.010 0.007 0.005 0.004 0.003 0.003 0.002 0.001

4.1 0.009 0.006 0.005 0.003 0.003 0.002 0.001 0.001

4.2 0.008 0.006 0.004 0.003 0.002 0.002 0.001 0.001

4.3 0.008 0.005 0.004 0.003 0.002 0.002 0.001 0.001

4.4 0.007 0.005 0.003 0.002 0.002 0.001 0.001 0.001

4.5 0.006 0.004 0.003 0.002 0.001 0.001 0.001 <0.001

4.6 0.006 0.004 0.002 0.002 0.001 0.001 0.001 <0.001

4.7 0.005 0.003 0.002 0.002 0.001 0.001 0.001 <0.001

4.8 0.005 0.003 0.002 0.001 0.001 0.001 <0.001 <0.001

4.9 0.004 0.003 0.002 0.001 0.001 0.001 <0.001 <0.001

5.0 0.004 0.002 0.002 0.001 0.001 0.001 <0.001 <0.001
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Degrees of freedom for t
1 (same

16 18 20 25 30 40 50 60 as normal)

0.153 0.151 0.149 0.146 0.144 0.141 0.140 0.139 0.134

0.129 0.127 0.125 0.122 0.120 0.117 0.116 0.115 0.110

0.108 0.106 0.105 0.102 0.099 0.097 0.095 0.094 0.089

0.091 0.089 0.087 0.084 0.082 0.079 0.078 0.077 0.072

0.076 0.074 0.072 0.069 0.067 0.065 0.063 0.062 0.057

0.063 0.061 0.059 0.056 0.055 0.052 0.051 0.050 0.046

0.052 0.050 0.049 0.046 0.044 0.042 0.041 0.040 0.036

0.043 0.041 0.040 0.037 0.036 0.034 0.032 0.032 0.028

0.035 0.034 0.032 0.030 0.029 0.027 0.026 0.025 0.021

0.029 0.027 0.026 0.024 0.023 0.021 0.020 0.020 0.016

0.024 0.022 0.021 0.019 0.018 0.017 0.016 0.015 0.012

0.019 0.018 0.017 0.015 0.014 0.013 0.012 0.012 0.009

0.016 0.015 0.014 0.012 0.011 0.010 0.009 0.009 0.007

0.013 0.012 0.011 0.010 0.009 0.008 0.007 0.007 0.005

0.010 0.010 0.009 0.008 0.007 0.006 0.006 0.005 0.004

0.008 0.008 0.007 0.006 0.005 0.005 0.004 0.004 0.003

0.007 0.006 0.006 0.005 0.004 0.004 0.003 0.003 0.002

0.006 0.005 0.004 0.004 0.003 0.003 0.002 0.002 0.001

0.005 0.004 0.004 0.003 0.002 0.002 0.002 0.002 0.001

0.004 0.003 0.003 0.002 0.002 0.002 0.001 0.001 0.001

0.003 0.003 0.002 0.002 0.001 0.001 0.001 0.001 <0.001

0.002 0.002 0.002 0.001 0.001 0.001 0.001 0.001 <0.001

0.002 0.002 0.001 0.001 0.001 0.001 0.001 <0.001 <0.001

0.002 0.001 0.001 0.001 0.001 <0.001 <0.001 <0.001 <0.001

0.001 0.001 0.001 0.001 0.001 <0.001 <0.001 <0.001 <0.001

0.001 0.001 0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001

0.001 0.001 0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001

0.001 0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001

0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001

<0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001

<0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001

<0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001

<0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001

<0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001

<0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001

<0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001
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Table A5 Percentage points of the x2 distribution.

Adapted from Table 8 of White et al. (1979) with permission of the authors and publishers.

d:f: ¼ 1. In the comparison of two proportions (2�2 x2 or Mantel–Haenszel x2 test) or in the

assessment of a trend, the percentage points give a two-sided test. A one-sided test may be obtained

by halving the P-values. (Concepts of one- and two-sidedness do not apply to larger degrees of

freedom, as these relate to tests of multiple comparisons.)

P-value

d.f. 0.5 0.25 0.1 0.05 0.025 0.01 0.005 0.001

1 0.45 1.32 2.71 3.84 5.02 6.63 7.88 10.83

2 1.39 2.77 4.61 5.99 7.38 9.21 10.60 13.82

3 2.37 4.11 6.25 7.81 9.35 11.34 12.84 16.27

4 3.36 5.39 7.78 9.49 11.14 13.28 14.86 18.47

5 4.35 6.63 9.24 11.07 12.83 15.09 16.75 20.52

6 5.35 7.84 10.64 12.59 14.45 16.81 18.55 22.46

7 6.35 9.04 12.02 14.07 16.01 18.48 20.28 24.32

8 7.34 10.22 13.36 15.51 17.53 20.09 21.96 26.13

9 8.34 11.39 14.68 16.92 19.02 21.67 23.59 27.88

10 9.34 12.55 15.99 18.31 20.48 23.21 25.19 29.59

11 10.34 13.70 17.28 19.68 21.92 24.73 26.76 31.26

12 11.34 14.85 18.55 21.03 23.34 26.22 28.30 32.91

13 12.34 15.98 19.81 22.36 24.74 27.69 29.82 34.53

14 13.34 17.12 21.06 23.68 26.12 29.14 31.32 36.12

15 14.34 18.25 22.31 25.00 27.49 30.58 32.80 37.70

16 15.34 19.37 23.54 26.30 28.85 32.00 34.27 39.25

17 16.34 20.49 24.77 27.59 30.19 33.41 35.72 40.79

18 17.34 21.60 25.99 28.87 31.53 34.81 37.16 42.31

19 18.34 22.72 27.20 30.14 32.85 36.19 38.58 43.82

20 19.34 23.83 28.41 31.41 34.17 37.57 40.00 45.32

21 20.34 24.93 29.62 32.67 35.48 38.93 41.40 46.80

22 21.34 26.04 30.81 33.92 36.78 40.29 42.80 48.27

23 22.34 27.14 32.01 35.17 38.08 41.64 44.18 49.73

24 23.34 28.24 33.20 36.42 39.36 42.98 45.56 51.18

25 24.34 29.34 34.38 37.65 40.65 44.31 46.93 52.62

26 25.34 30.43 35.56 38.89 41.92 45.64 48.29 54.05

27 26.34 31.53 36.74 40.11 43.19 46.96 49.64 55.48

28 27.34 32.62 37.92 41.34 44.46 48.28 50.99 56.89

29 28.34 33.71 39.09 42.56 45.72 49.59 52.34 58.30

30 29.34 34.80 40.26 43.77 46.98 50.89 53.67 59.70

40 39.34 45.62 51.81 55.76 59.34 63.69 66.77 73.40

50 49.33 56.33 63.17 67.50 71.42 76.15 79.49 86.66

60 59.33 66.98 74.40 79.08 83.30 88.38 91.95 99.61

70 69.33 77.58 85.53 90.53 95.02 100.43 104.22 112.32

80 79.33 88.13 96.58 101.88 106.63 112.33 116.32 124.84

90 89.33 98.65 107.57 113.15 118.14 124.12 128.30 137.21

100 99.33 109.14 118.50 124.34 129.56 135.81 140.17 149.45
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Table A6 Probits.

Adapted from Table 4 of Pearson & Hartley (1966) with permission of the Biometrika Trustees.

Probit¼ value of standard normal distribution
corresponding to cumulative percentage

þ 5, optional: not included
in this table

Decimal place of %

% 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0 �1 �3.09 �2.88 �2.75 �2.65 �2.58 �2.51 �2.46 �2.41 �2.37
1 �2.33 �2.29 �2.26 �2.23 �2.20 �2.17 �2.14 �2.12 �2.10 �2.07
2 �2.05 �2.03 �2.01 �2.00 �1.98 �1.96 �1.94 �1.93 �1.91 �1.90
3 �1.88 �1.87 �1.85 �1.84 �1.83 �1.81 �1.80 �1.79 �1.77 �1.76
4 �1.75 �1.74 �1.73 �1.72 �1.71 �1.70 �1.68 �1.67 �1.66 �1.65

5 �1.64 �1.64 �1.63 �1.62 �1.61 �1.60 �1.59 �1.58 �1.57 �1.56
6 �1.55 �1.55 �1.54 �1.53 �1.52 �1.51 �1.51 �1.50 �1.49 �1.48
7 �1.48 �1.47 �1.46 �1.45 �1.45 �1.44 �1.43 �1.43 �1.42 �1.41
8 �1.41 �1.40 �1.39 �1.39 �1.38 �1.37 �1.37 �1.36 �1.35 �1.35
9 �1.34 �1.33 �1.33 �1.32 �1.32 �1.31 �1.30 �1.30 �1.29 �1.29

10 �1.28 �1.28 �1.27 �1.26 �1.26 �1.25 �1.25 �1.24 �1.24 �1.23
11 �1.23 �1.22 �1.22 �1.21 �1.21 �1.20 �1.20 �1.19 �1.19 �1.18
12 �1.18 �1.17 �1.17 �1.16 �1.16 �1.15 �1.15 �1.14 �1.14 �1.13
13 �1.13 �1.12 �1.12 �1.11 �1.11 �1.10 �1.10 �1.09 �1.09 �1.08
14 �1.08 �1.08 �1.07 �1.07 �1.06 �1.06 �1.05 �1.05 �1.05 �1.04

15 �1.04 �1.03 �1.03 �1.02 �1.02 �1.02 �1.01 �1.01 �1.00 �1.00
16 �0.99 �0.99 �0.99 �0.98 �0.98 �0.97 �0.97 �0.97 �0.96 �0.96
17 �0.95 �0.95 �0.95 �0.94 �0.94 �0.93 �0.93 �0.93 �0.92 �0.92
18 �0.92 �0.91 �0.91 �0.90 �0.90 �0.90 �0.89 �0.89 �0.89 �0.88
19 �0.88 �0.87 �0.87 �0.87 �0.86 �0.86 �0.86 �0.85 �0.85 �0.85

20 �0.84 �0.84 �0.83 �0.83 �0.83 �0.82 �0.82 �0.82 �0.81 �0.81
21 �0.81 �0.80 �0.80 �0.80 �0.79 �0.79 �0.79 �0.78 �0.78 �0.78
22 �0.77 �0.77 �0.77 �0.76 �0.76 �0.76 �0.75 �0.75 �0.75 �0.74
23 �0.74 �0.74 �0.73 �0.73 �0.73 �0.72 �0.72 �0.72 �0.71 �0.71
24 �0.71 �0.70 �0.70 �0.70 �0.69 �0.69 �0.69 �0.68 �0.68 �0.68

25 �0.67 �0.67 �0.67 �0.67 �0.66 �0.66 �0.66 �0.65 �0.65 �0.65
26 �0.64 �0.64 �0.64 �0.63 �0.63 �0.63 �0.63 �0.62 �0.62 �0.62
27 �0.61 �0.61 �0.61 �0.60 �0.60 �0.60 �0.59 �0.59 �0.59 �0.59
28 �0.58 �0.58 �0.58 �0.57 �0.57 �0.57 �0.57 �0.56 �0.56 �0.56
29 �0.55 �0.55 �0.55 �0.54 �0.54 �0.54 �0.54 �0.53 �0.53 �0.53

30 �0.52 �0.52 �0.52 �0.52 �0.51 �0.51 �0.51 �0.50 �0.50 �0.50
31 �0.50 �0.49 �0.49 �0.49 �0.48 �0.48 �0.48 �0.48 �0.47 �0.47
32 �0.47 �0.46 �0.46 �0.46 �0.46 �0.45 �0.45 �0.45 �0.45 �0.44
33 �0.44 �0.44 �0.43 �0.43 �0.43 �0.43 �0.42 �0.42 �0.42 �0.42
34 �0.41 �0.41 �0.41 �0.40 �0.40 �0.40 �0.40 �0.39 �0.39 �0.39

35 �0.39 �0.38 �0.38 �0.38 �0.37 �0.37 �0.37 �0.37 �0.36 �0.36
36 �0.36 �0.36 �0.35 �0.35 �0.35 �0.35 �0.34 �0.34 �0.34 �0.33
37 �0.33 �0.33 �0.33 �0.32 �0.32 �0.32 �0.32 �0.31 �0.31 �0.31
38 �0.31 �0.30 �0.30 �0.30 �0.30 �0.29 �0.29 �0.29 �0.28 �0.28
39 �0.28 �0.28 �0.27 �0.27 �0.27 �0.27 �0.26 �0.26 �0.26 �0.26

40 �0.25 �0.25 �0.25 �0.25 �0.24 �0.24 �0.24 �0.24 �0.23 �0.23
41 �0.23 �0.23 �0.22 �0.22 �0.22 �0.21 �0.21 �0.21 �0.21 �0.20
42 �0.20 �0.20 �0.20 �0.19 �0.19 �0.19 �0.19 �0.18 �0.18 �0.18
43 �0.18 �0.17 �0.17 �0.17 �0.17 �0.16 �0.16 �0.16 �0.16 �0.15
44 �0.15 �0.15 �0.15 �0.14 �0.14 �0.14 �0.14 �0.13 �0.13 �0.13

45 �0.13 �0.12 �0.12 �0.12 �0.12 �0.11 �0.11 �0.11 �0.11 �0.10
46 �0.10 �0.10 �0.10 �0.09 �0.09 �0.09 �0.09 �0.08 �0.08 �0.08
47 �0.08 �0.07 �0.07 �0.07 �0.07 �0.06 �0.06 �0.06 �0.06 �0.05
48 �0.05 �0.05 �0.05 �0.04 �0.04 �0.04 �0.04 �0.03 �0.03 �0.03
49 �0.03 �0.02 �0.02 �0.02 �0.02 �0.01 �0.01 �0.01 �0.01 0.00

(continued)
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Table A6 Probits (continued )

Decimal place of %

% 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

50 0.00 0.00 0.01 0.01 0.01 0.01 0.02 0.02 0.02 0.02
51 0.03 0.03 0.03 0.03 0.04 0.04 0.04 0.04 0.05 0.05
52 0.05 0.05 0.06 0.06 0.06 0.06 0.07 0.07 0.07 0.07
53 0.08 0.08 0.08 0.08 0.09 0.09 0.09 0.09 0.10 0.10
54 0.10 0.10 0.11 0.11 0.11 0.11 0.12 0.12 0.12 0.12

55 0.13 0.13 0.13 0.13 0.14 0.14 0.14 0.14 0.15 0.15
56 0.15 0.15 0.16 0.16 0.16 0.16 0.17 0.17 0.17 0.17
57 0.18 0.18 0.18 0.18 0.19 0.19 0.19 0.19 0.20 0.20
58 0.20 0.20 0.21 0.21 0.21 0.21 0.22 0.22 0.22 0.23
59 0.23 0.23 0.23 0.24 0.24 0.24 0.24 0.25 0.25 0.25

60 0.25 0.26 0.26 0.26 0.26 0.27 0.27 0.27 0.27 0.28
61 0.28 0.28 0.28 0.29 0.29 0.29 0.30 0.30 0.30 0.30
62 0.31 0.31 0.31 0.31 0.32 0.32 0.32 0.32 0.33 0.33
63 0.33 0.33 0.34 0.34 0.34 0.35 0.35 0.35 0.35 0.36
64 0.36 0.36 0.36 0.37 0.37 0.37 0.37 0.38 0.38 0.38

65 0.39 0.39 0.39 0.39 0.40 0.40 0.40 0.40 0.41 0.41
66 0.41 0.42 0.42 0.42 0.42 0.43 0.43 0.43 0.43 0.44
67 0.44 0.44 0.45 0.45 0.45 0.45 0.46 0.46 0.46 0.46
68 0.47 0.47 0.47 0.48 0.48 0.48 0.48 0.49 0.49 0.49
69 0.50 0.50 0.50 0.50 0.51 0.51 0.51 0.52 0.52 0.52

70 0.52 0.53 0.53 0.53 0.54 0.54 0.54 0.54 0.55 0.55
71 0.55 0.56 0.56 0.56 0.57 0.57 0.57 0.57 0.58 0.58
72 0.58 0.59 0.59 0.59 0.59 0.60 0.60 0.60 0.61 0.61
73 0.61 0.62 0.62 0.62 0.63 0.63 0.63 0.63 0.64 0.64
74 0.64 0.65 0.65 0.65 0.66 0.66 0.66 0.67 0.67 0.67

75 0.67 0.68 0.68 0.68 0.69 0.69 0.69 0.70 0.70 0.70
76 0.71 0.71 0.71 0.72 0.72 0.72 0.73 0.73 0.73 0.74
77 0.74 0.74 0.75 0.75 0.75 0.76 0.76 0.76 0.77 0.77
78 0.77 0.78 0.78 0.78 0.79 0.79 0.79 0.80 0.80 0.80
79 0.81 0.81 0.81 0.82 0.82 0.82 0.83 0.83 0.83 0.84

80 0.84 0.85 0.85 0.85 0.86 0.86 0.86 0.87 0.87 0.87
81 0.88 0.88 0.89 0.89 0.89 0.90 0.90 0.90 0.91 0.91
82 0.92 0.92 0.92 0.93 0.93 0.93 0.94 0.94 0.95 0.95
83 0.95 0.96 0.96 0.97 0.97 0.97 0.98 0.98 0.99 0.99
84 0.99 1.00 1.00 1.01 1.01 1.02 1.02 1.02 1.03 1.03

85 1.04 1.04 1.05 1.05 1.05 1.06 1.06 1.07 1.07 1.08
86 1.08 1.08 1.09 1.09 1.10 1.10 1.11 1.11 1.12 1.12
87 1.13 1.13 1.14 1.14 1.15 1.15 1.16 1.16 1.17 1.17
88 1.18 1.18 1.19 1.19 1.20 1.20 1.21 1.21 1.22 1.22
89 1.23 1.23 1.24 1.24 1.25 1.25 1.26 1.26 1.27 1.28

90 1.28 1.29 1.29 1.30 1.30 1.31 1.32 1.32 1.33 1.33
91 1.34 1.35 1.35 1.36 1.37 1.37 1.38 1.39 1.39 1.40
92 1.41 1.41 1.42 1.43 1.43 1.44 1.45 1.45 1.46 1.47
93 1.48 1.48 1.49 1.50 1.51 1.51 1.52 1.53 1.54 1.55
94 1.55 1.56 1.57 1.58 1.59 1.60 1.61 1.62 1.63 1.64

95 1.64 1.65 1.66 1.67 1.68 1.70 1.71 1.72 1.73 1.74
96 1.75 1.76 1.77 1.79 1.80 1.81 1.83 1.84 1.85 1.87
97 1.88 1.90 1.91 1.93 1.94 1.96 1.98 2.00 2.01 2.03
98 2.05 2.07 2.10 2.12 2.14 2.17 2.20 2.23 2.26 2.29
99 2.33 2.37 2.41 2.46 2.51 2.58 2.65 2.75 2.88 3.09
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Table A7 Critical values for the Wilcoxon matched pairs signed rank test.

Reproduced from Table 21 of White et al. (1979) with permission of the authors and publishers.

N ¼ number of non-zero differences; T ¼ smaller of Tþ and T�; Significant if T < critical value.

One-sided P-value One-sided P-value

0.05 0.025 0.01 0.005 0.05 0.025 0.01 0.005

Two-sided P-value Two-sided P-value

N 0.1 0.05 0.02 0.01 N 0.1 0.05 0.02 0.01

5 1 30 152 137 120 109

6 2 1 31 163 148 130 118

7 4 2 0 32 175 159 141 128

8 6 4 2 0 33 188 171 151 138

9 8 6 3 2 34 201 183 162 149

10 11 8 5 3 35 214 195 174 160

11 14 11 7 5 36 228 208 186 171

12 17 14 10 7 37 242 222 198 183

13 21 17 13 10 38 256 235 211 195

14 26 21 16 13 39 271 250 224 208

15 30 25 20 16 40 287 264 238 221

16 36 30 24 19 41 303 279 252 234

17 41 35 28 23 42 319 295 267 248

18 47 40 33 28 43 336 311 281 262

19 54 46 38 32 44 353 327 297 277

20 60 52 43 37 45 371 344 313 292

21 68 59 49 43 46 389 361 329 307

22 75 66 56 49 47 408 397 345 323

23 83 73 62 55 48 427 397 362 339

24 92 81 69 61 49 446 415 380 356

25 101 90 77 68 50 466 434 398 373

26 110 98 85 76

27 120 107 93 84

28 130 117 102 92

29 141 127 111 100
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Table A8 Critical ranges for the Wilcoxon rank sum test.

Reproduced from Table A7 of Cotton (1974) with permission of the author and publishers.

n1, n2 ¼ sample sizes of two groups; T ¼ sum of ranks in group with smaller sample size;

significant if T on boundaries or outside critical range.

One-sided P-value

0.025 0.005 0.0005

Two-sided P-value

n1, n2 0.05 0.01 0.001

2, 8 3, 19

2, 9 3, 21

2, 10 3, 23

2, 11 4, 24

2, 12 4, 26

2, 13 4, 28

2, 14 4, 30

2, 15 4, 32

2, 16 4, 34

2, 17 5, 35

2, 18 5, 37

2, 19 5, 39 3, 41

2, 20 5, 41 3, 43

2, 21 6, 42 3, 45

2, 22 6, 44 3, 47

2, 23 6, 46 3, 49

2, 24 6, 48 3, 51

2, 25 6, 50 3, 53

3, 5 6, 21

3, 6 7, 23

3, 7 7, 26

3, 8 8, 28

3, 9 8, 31 6, 33

3, 10 9, 33 6, 36

3, 11 9, 36 6, 39

3, 12 10, 38 7, 41

3, 13 10, 41 7, 44

3, 14 11, 43 7, 47

3, 15 11, 46 8, 49

3, 16 12, 48 8, 52

3, 17 12, 51 8, 55

3, 18 13, 53 8, 58

3, 19 13, 56 9, 60

3, 20 14, 58 9, 63

3, 21 14, 61 9, 66 6, 69

3, 22 15, 63 10, 68 6, 72

3, 23 15, 66 10, 71 6, 75

3, 24 16, 68 10, 74 6, 78

3, 25 19, 71 11, 76 6, 81

4, 4 10, 26

4, 5 11, 29

4, 6 12, 32 10, 34

4, 7 13, 35 10, 38

4, 8 14, 38 11, 41

4, 9 15, 41 11, 45

4, 10 15, 45 12, 48

4, 11 16, 48 12, 52

4, 12 17, 51 13, 55

One-sided P-value

0.025 0.005 0.0005

Two-sided P-value

n1, n2 0.05 0.01 0.001

4, 13 18, 54 14, 58 10, 62

4, 14 19, 57 14, 62 10, 66

4, 15 20, 60 15, 65 10, 70

4, 16 21, 63 15, 69 11, 73

4, 17 21, 67 16, 72 11, 77

4, 18 22, 70 16, 76 11, 81

4, 19 23, 73 17, 79 12, 84

4, 20 24, 76 18, 82 12, 88

4, 21 25, 79 18, 86 12, 92

4, 22 26, 82 19, 89 13, 95

4, 23 27, 85 19, 93 13, 99

4, 24 28, 88 20, 96 13, 103

4, 25 28, 92 20, 100 14, 106

5, 5 17, 38 15, 40

5, 6 18, 42 16, 44

5, 7 20, 45 17, 48

5, 8 21, 49 17, 53

5, 9 22, 53 18, 57 15, 60

5, 10 23, 57 19, 61 15, 65

5, 11 24, 61 20, 65 16, 69

5, 12 26, 64 21, 69 16, 74

5, 13 27, 68 22, 73 17, 78

5, 14 28, 72 22, 78 17, 83

5, 15 29, 76 23, 82 18, 87

5, 16 31, 79 24, 86 18, 92

5, 17 32, 83 25, 90 19, 96

5, 18 33, 87 26, 94 19, 101

5, 19 34, 91 27, 98 20, 105

5, 20 35, 95 28, 102 20, 110

5, 21 37, 98 29, 106 21, 114

5, 22 38, 102 29, 111 21, 119

5, 23 39, 106 30, 115 22, 123

5, 24 40, 110 31, 119 23, 127

5, 25 42, 113 32, 123 23, 132

6, 6 26, 52 23, 55

6, 7 27, 57 24, 60

6, 8 29, 61 25, 65 21, 69

6, 9 31, 65 26, 70 22, 74

6, 10 32, 70 27, 75 23, 79

6, 11 34, 74 28, 80 23, 85

6, 12 35, 79 30, 84 24, 90

6, 13 37, 83 31, 89 25, 95

6, 14 38, 88 32, 94 26, 100

6, 15 40, 92 33, 99 26, 106

6, 16 42, 96 34, 104 27, 111

6, 17 43, 101 36, 108 28, 116

6, 18 45, 105 37, 113 29, 121
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Table A8 Critical ranges for the Wilcoxon rank sum test (continued )

One-sided P-value

0.025 0.005 0.0005

Two-sided P-value

n1, n2 0.05 0.01 0.001

6, 19 46, 110 38, 118 29, 127

6, 20 48, 114 39, 123 30, 132

6, 21 50, 118 40, 128 31, 137

6, 22 51, 123 42, 132 32, 142

6, 23 53, 127 43, 137 33, 147

6, 24 55, 131 44, 142 34, 152

7, 7 36, 69 32, 73 28, 77

7, 8 38, 74 34, 78 29, 83

7, 9 40, 79 35, 84 30, 89

7, 10 42, 84 37, 89 31, 95

7, 11 44, 89 38, 95 32, 101

7, 12 46, 94 40, 100 33, 107

7, 13 48, 99 41, 106 34, 113

7, 14 50, 104 43, 111 35, 119

7, 15 52, 109 44, 117 36, 125

7, 16 54, 114 46, 122 37, 131

7, 17 56, 119 47, 128 38, 137

7, 18 58, 124 49, 133 39, 143

7, 19 60, 129 50, 139 41, 148

7, 20 62, 134 52, 144 42, 154

7, 21 64, 139 53, 150 43, 160

7, 22 66, 144 55, 155 44, 166

7, 23 68, 149 57, 160 45, 172

8, 8 49, 87 43, 93 38, 98

8, 9 51, 93 45, 99 40, 104

8, 10 53, 99 47, 105 41, 111

8, 11 55, 105 49, 111 42, 118

8, 12 58, 110 51, 117 43, 125

8, 13 60, 116 53, 123 45, 131

8, 14 63, 121 54, 130 46, 138

8, 15 65, 127 56, 136 47, 145

8, 16 67, 133 58, 142 49, 151

8, 17 70, 138 60, 148 50, 158

8, 18 72, 144 62, 154 51, 165

8, 19 74, 150 64, 160 53, 171

8, 20 77, 155 66, 166 54, 178

8, 21 79, 161 68, 172 56, 184

8, 22 82, 166 70, 178 57, 191

9, 9 63, 108 56, 115 50, 121

9, 10 65, 115 58, 122 52, 128

9, 11 68, 121 61, 128 53, 136

9, 12 71, 127 63, 135 55, 143

9, 13 73, 134 65, 142 56, 151

9, 14 76, 140 67, 149 58, 158

One-sided P-value

0.025 0.005 0.0005

Two-sided P-value

n1, n2 0.05 0.01 0.001

9, 15 79, 146 70, 155 60, 165

9, 16 82, 152 72, 162 61, 173

9, 17 84, 159 74, 169 63, 180

9, 18 87, 165 76, 176 65, 187

9, 19 90, 171 78, 183 66, 195

9, 20 93, 177 81, 189 68, 202

9, 21 95, 184 83, 196 70, 209

10, 10 78, 132 71, 139 63, 147

10, 11 81, 139 74, 146 65, 155

10, 12 85, 145 76, 154 67, 163

10, 13 88, 152 79, 161 69, 171

10, 14 91, 159 81, 169 71, 179

10, 15 94, 166 84, 176 73, 187

10, 16 97, 173 86, 184 75, 195

10, 17 100, 180 89, 191 77, 203

10, 18 103, 187 92, 198 79, 211

10, 19 107, 193 94, 206 81, 219

10, 20 110, 200 97, 213 83, 227

11, 11 96, 157 87, 166 78, 175

11, 12 99, 165 90, 174 81, 183

11, 13 103, 172 93, 182 83, 192

11, 14 106, 180 96, 190 85, 201

11, 15 110, 187 99, 198 87, 210

11, 16 114, 194 102, 206 90, 218

11, 17 117, 202 105, 214 92, 227

11, 18 121, 209 108, 222 94, 236

11, 19 124, 217 111, 230 97, 244

12, 12 115, 185 106, 194 95, 205

12, 13 119, 193 109, 203 98, 214

12, 14 123, 201 112, 212 100, 224

12, 15 127, 209 115, 221 103, 233

12, 16 131, 217 119, 229 105, 243

12, 17 135, 225 122, 238 108, 252

12, 18 139, 233 125, 247 111, 261

13, 13 137, 214 125, 226 114, 237

13, 14 141, 223 129, 235 116, 248

13, 15 145, 232 133, 244 119, 258

13, 16 150, 240 137, 253 122, 268

13, 17 154, 249 140, 263 125, 278

14, 14 160, 246 147, 259 134, 272

14, 15 164, 256 151, 269 137, 283

14, 16 169, 265 155, 279 140, 294

15, 15 185, 280 171, 294 156, 309
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table of areas in tails 470–1
table of percentage points 472

normal test see z-test
null hypothesis 5, 62, 72, 309
see also hypothesis test, P-value

number needed to harm (NNH) 456–7
number needed to treat (NNT) 455–6
numerical taxonomy 106
numerical variables 11

observations 10
observer error 429
odds 136–7, 159
confidence interval 163–4
of exposure 163
observed 210
properties of 137

odds ratios (OR) 150, 157, 159–64, 448
confidence interval 163–4, 217
Mantel–Haenszel estimate, controlled for

confounding 181–3
for paired data 216–18
properties of 160
rate ratios cf 243
rationale for the use 162–3
risk ratios cf 160–2, 448–9
see also logistic regression

offset in Poisson regression model 252, 256
one-sided P-value 63
ordered categorical variables 11, 212
ordinal logistic regression 212–13
outcome 13
binary 129
common 163
expressing 318
numerical 31
rare 162

outliers 15, 112, 459

paired measurements 59, 214
see also matched data

paired t test 66, 85
parallel group trial 402
parameter estimates 193, 253
parameters 88, 190, 250
see also regression coefficient

parametric survival models 294
participant flow 399–400
Pearson product moment correlation 93–6, 349
see also correlation

percentage points 47–9
one-sided 48
two-sided 48

percentile (centile) 25, 351
period of observation (follow-up time/person-

years-at-risk) 228

calculating with statistical computer
packages 229

pie chart 16, 17
placebo (control) group 72, 148, 396
Poisson distribution 225, 227, 233–7

for analysis of rates 237–8
definition 234–5
shape 235
use of 236–7

Poisson regression 226, 249–62, 316, 317
for categorical and continuous exposure

variables 256–8
for comparing >2 exposure groups 257
for comparing two exposure groups 250–6
output on the log scale 253–4
output on the ratio scale 252–3
relationship between outputs on ratio and

log scales 255
using computer package to fit 252
controlling for confounding 258–9
general form of model 255–6
for indirect standardization 270–1
links between Cox regression and 293
offsets in 252, 256
for ordered and continuous exposure

variables 258
variables that change with time 259–62

polychotomous (multinomial) logistic
regression 212

population 9, 447
attributable risk 451, 452
mean 38–9
standard deviation 39

positive predictive value 431
positively skewed curve 20
posterior distribution 389
posterior probability 132
power 414, 425

implications for interpretation of significance
tests 426–8

relation with Type II error 425
power transformation 125
pre-post comparison 405
prevalence 146–7
principal component analysis 106
prior distribution 388–9
prior probability 132
probability 131–2, 138

additive rule for 132, 133–4
calculations 132–4
conditional 133, 134, 388
defining 131–2
frequentist definition 131–2
independence assumption 135–6
multiplicative rule for 132–3
odds and 136–7
posterior 132
prior 132
subjective (or Bayesian) definition 132
survival 275, 277

probit 109, 477–8
product-limit formula 277
profile log likelihood 307

BSL:
check
and
complete
Pg.nos
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proportional attributable risk 450, 451, 452
proportional hazards assumption 278–83

see also Cox regression
proportional odds model 213
proportions 129, 138–47

binomial distribution and 139
comparison of two proportions 148–64
paired case 214–8

standard error 143
prospective studies 407
publication bias 382
P-value (significance level) 5, 31, 59, 62, 72–3,

309
interpretation 74–6
one- and two-sided 63
in regression model 340–1
study power and interpretation 426–8
use in interpreting results 76–9
see also hypothesis test

quadratic approximation 302
quadratic relationship 335
quantiles 25
quartiles 22–5
quasi-likelihood estimation 366
quintiles 25

r� c contingency tables see contingency table
random effects 85–6
random-effects meta-analysis 374, 377–81

estimating between-study variance 378–9
fixed-effect cf 379–80
summary estimate from 378, 380–1

random effects (multilevel) models 356, 361–6,
370

random number table 482–5
randomization 180, 396
randomized controlled trials (RCTs) 396–405,

458
adjustment for baseline variables 401
analysis of baseline variables 400, 401
analysis plan 397–9
cluster randomized trials 355–6, 403
CONSORT statement 396–9
crossover trials 402–3, 405
double blind design 396
intention to treat analysis 396, 400–1
participant flow 399–400
subgroup analyses 402
summary of statistical methods 403–5
validity 399–400
see also allocation concealment, meta-analysis,

placebo
range 24, 34–5

interquartile 24
range checks 459
rank correlations 349
rate 11, 229–33

comparing 240–8
confidence interval for 238–9
of disease and mortality 225
formal definition 233
relationship with risks 230–3

standard error 237
rate difference 227

confidence interval 240–1
standard error 241

rate ratio 227, 240, 241–2, 249, 448
95% confidence interval 242
Mantel–Haenszel estimate, controlled for

confounding 243–8
risk ratio, odds ratio and 243, 448–9
standard error of log rate ratio 241–2
z-test 242–3
see also Poisson regression

ratio measures (standard error and confidence
interval) 155

Receiver Operating Characteristic (ROC)
curve 432–3

reciprocal transformation 125
reference curves 13, 49, 118, 126
reference data 126
reference ranges 49

cf confidence intervals 56–7
regression diagnostics 111–15

influence 113–15
plots of residuals against fitted values 112–13
residuals 111–12
violation of regression assumptions 115

regression dilution bias 442–3
regression modelling 315–42

coefficients 88, 194, 197, 254, 256, 316
collinearity 316, 337–9
for clustered data 355–70
dose–response relationships (linear

effects) 330–7
testing for departure from linearity 332–6
unexposed groups and 336

general linear 316
generalized linear 317
hypothesis testing in 318–22
indicator variables, use of 200, 328
interaction (effect modification) 322–30
confounding and 329
between the two exposures 324–7
with continuous variables 328–9
likelihood ratio test for 328
>2 variables 330
power in tests for interaction 330

likelihood ratio tests 313–14, 318–19
linear effects in 330–7
link function 317
measurement error, effects of 442–6
multilevel (random effects) 361–6
outcome variable, deciding how to express 318
selection of exposure variables 339–42
estimating effect of a particular

exposure 340
explanatory model for the outcome 342
implication of type of regression model

340
model to predict the outcome 340–2
stepwise variable selection in 341

sum of squares 96
types of 316–17
Wald test 318
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regression modelling (cont.)
see also conditional logistic regression; Cox

regression; generalized estimating
equations; linear regression; logistic
regression, meta-analysis; multiple linear
regression; Poisson regression

regression to the mean 441, 442, 444–6
relative frequencies 15
relative risk see risk ratios
reliability 433–9, 466–7
repeated cross-sectional surveys 407
repeated measurements of exposure 261
reproducibility (reliability) 433–9, 466–7
residual sum of squares 81, 84, 96, 111
residuals 92, 354
respondent errors 429
response variable 14
see also outcome variable

retrospective data 407
reverse J-shaped distribution 21, 55
risk 131, 138
attributable see attributable risk
population 451–2
relationship with rate 230–3

risk differences 150, 151–3
standard error 151–2
z-test 152–3

risk factor 14
see also exposure variable; case-control studies

risk ratios (relative risk; RR) 150–1, 153–9,
447–8

confidence interval 155–8
further analyses 158–9
interpreting 154
null hypothesis test 158
rate ratio, odds ratio and 243, 448–9
regression analysis of 211–12
risk difference and 154–5

risk sets 277, 287, 290
robust standard errors 343, 353–4, 356, 359–60,

366
robustness 54
ROC curve 432–3

sample 9
sample mean 38–9
sample proportion 138
sample size 10
determination 413–28

adjustment for clustered designs 423–4
adjustment, other (loss to follow-up,

interaction, confounding) 423
formulae 417–23
principles 413–17
table of formulae 420–1

sampling distribution 31, 39, 41, 59–60, 151–2
sampling error 31
sampling scheme
on basis of time 410
frame 409
multi-stage or cluster 356, 410
simple random 409
stratified 410

systematic 409
two-stage 410

sampling variation 4, 9, 38–41, 59, 139, 151
sandwich variance estimate 354

see also robust standard errors
scatter plots 26–9, 87
score 312
score test 309, 311–12
score variance 312
screening tests 431
second moment 110
selection bias 429
sensitivity 430–1
Shapiro–Wilk test 111, 112
sign test 345
significance level see P-value
significance (hypothesis) test 71–3

see also P-value
skewed distribution 20, 120
skewness 109–10
slope of the line 88
small study effects 384
sources of heterogeneity 381
Spearman’s rank correlation 345, 349–50
specificity 430–1
square root transformation 125
standard deviation 31, 35–7

calculating from a frequency distribution
37–8

interpretation 37
of the points about the regression line 91
standard error 38–41, 254, 302, 305
of difference between two means 60
of difference between two proportions 152
of log ORMH 183
of log proportion 157
of log rate ratio 241
of log risk ratio 155, 157
of log RRMH 246
of mean 39, 51
of proportion 143
of rate 237
robust 343, 353–4, 356, 359–60, 366
of standardized proportion 266
of standardized rate 266

standard normal deviate (SND) 45, 62
see also z-test

standard normal distribution see normal
distribution

standard population 263
standardization 263–71

direct 264–7
indirect 264, 268–71

standardized
means 264
mortality (or morbidity) ratios (SMRs) 264,

268–70
residuals 115

step function 21, 278
stepwise selection procedures 341
stereotype model 213
strata 180, 205, 410
stratification 129, 180–3, 225, 243
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Student’s t distribution see t distribution
subgroup analyses 467
sum of squares 81

regression 96
residual 81, 84, 96, 111
total 96

supported ranges 300–1
see also likelihood ratio

survival analysis 225, 226, 272–86
choice of time axis 290–3
Cox regression 287–94
parametric models 294

survival curve 272, 275
confidence interval 276, 278
Kaplan–Meier estimate 276–8

survival probability at time t 277
survival studies 225
survivor function 272
symmetrical distribution 20
systematic reviews 5, 7–8, 372

t-distribution 54
percentage points of 473
two-sided P-values for 474–5

t test
paired 69–70, 85
unpaired 66–7

table see contingency table
tail see frequency distribution
target population 10
Taylor series expansion 157
tertiles 25
test dataset 342
test statistic 62, 309

see also hypothesis test
general form 73–4

third moment 110
threshold values 12–13
time periods 261
time trends, displaying 29–30
transformations 31, 55, 118–28

change of units 37
choice of 125–6
Fisher’s 95–6
logarithmic 113, 118–24, 312
power 125
reciprocal 125
square-root 125
z-scores 45, 49, 118, 126–8

transformed variable 157
treatment group 14, 58, 72, 148

see also exposure variable
trend test 258

see also dose–response relationship
two-sided P-value 63, 73
two-stage sample 410
type I & II errors 425

unbalanced design 85
unexposed (baseline) group 104, 198, 256
uniform distribution 21
unimodal distribution 20
univariable analyses 461–2

see also crude association
unpaired t test 66
untransformed variable 157
upper quartile 23
upper tail of the distribution 20

vaccine efficacy 150
validity

�2 test for 2 � 2 table 168–9
external 399
internal 400
Mantel–Haenszel methods 185
McNemar’s �2 test 218

variability, underlying 429
variable 10, 35

displaying association between two 25–9
outcome cf exposure 13–14
types of 10–13

variance-ratio test 81
variation

between-cluster 363
between-person 69
extra-linear 331
sampling 4, 9, 38–41, 59, 139, 151
within-cluster 363

Wald test 195, 309, 310–11, 313
cf likelihood ratio tests 313–14, 318–19

Weibull models 294
weighted average 180, 265, 375
weighted kappa statistic 437

link between intraclass correlation coefficient
and 439

Welch test 67
Wilcoxon matched pairs signed rank test, critical

values 479
Wilcoxon rank sum test 347–9

critical ranges 480–1
Wilcoxon signed rank test 344–7
within-cluster variation 363
within-person differences 69
Woolf’s formula 164

x-variable 14
see also exposure variable

y-variable 14
see also outcome variable

Yates’ continuity correction 168

z statistic 254
z-score 45, 49, 118

reference curves and 126–8
z-test

for difference between two means 61–3
for difference between two proportions 152–3,

216
for odds ratio 164
for population proportion with a particular

value 144–6
for risk ratio 158
for rate ratio 242–3
see also Wald test
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