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THE INDEPENDENT MEASURES ANOVA assumes that the scores in
each condition are unrelated and the subjects have contributed a score
to only one of them. However, there are many cases when we want to use
the same subjects in all conditions. This is particularly useful as it matches
subjects with themselves across the conditions. An experiment on memory,
comparing retention of different types of words might use the same partici-
pants in each condition (as long as the carry-over effects of practice or fatigue
are controlled for). The analysis of variance that deals with this form of data
is called a repeated measures design and, as we see below, the calculations
are a little different to the independent measures design but the general
logic of the ANOVA remains the same.

Deriving the F value

A research programme was set up to develop user-friendly computer equip-
ment for those people with physical disabilities. Three new designs of com-
puter keyboard for people with difficulties in hand and finger movement
were developed and prototypes created. The research task was to decide
which of these prototypes is the most successful. Four potential users of the
new equipment agreed to take part in a test of the new keyboards. Each
participant was asked to use the keyboard to input a piece of text and the
number of errors was recorded. Three equally difficult pieces of text were
used so that a participant did not improve performance by practice on the
same piece of text. The choice of text and the order in which the keyboards
were tested by each participant was controlled for, to account for possible
confounding variables. The results of the experiment are shown below.

Participant Keyboard 1 Keyboard 2 Keyboard 3
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ONE FACTOR REPEATED MEASURES ANOVA

Notice that there is quite a bit of subject variability, with Participant 1
making the most mistakes and Participant 2 the least. Yet the repeated
measures design matches the subjects with themselves across the conditions
so that, even though they differ markedly from each other, the question is
whether they follow a similar pattern across the conditions, i.e. is one con-
dition the worst for all despite their differences in general accuracy?

If we performed an independent measures ANOVA on these data it
would not be informative as it assumes that there is subject variability both
between and within the conditions. We can see this by considering the way
we calculate F for the independent measures design:

Between conditions variance

Within conditions variance

P Systematic differences + Individual differences + Experimental error

Individual differences + Experimental error

Now as there are no individual differences between the conditions in the
repeated measures design (as the subjects are the same) the same formula
with repeated measures would produce:

_ Between conditions variance

Within conditions variance

_ Systematic differences + Experimental error

" Individual differences + Experimental error

This is not a very useful measure of the systematic differences between
conditions as F is no longer sensitive to only this one factor but to the
individual differences which are now only in the bottom of the equation. A
large value of F could mean a large treatment effect but it could mean small
individual differences. A small value of F might not mean a lack of systematic
differences but simply large individual differences swamping the effect. If
we can get rid of the individual differences from the within conditions
variance (the bottom part of the formula) we will end up with an excellent
formula for a repeated measures design as it will be highly sensitive to
systematic differences between conditions.

_ Systematic differences + Experimental error

F
Experimental error
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To produce this we need to find a way of removing the individual differences
from the within conditions variance so that we can calculate the appropriate
F value.

Between conditions variance

" Within conditions variance — Individual differences

Removing the individual differences

When we look at the keyboard data we can see that, despite the individual
differences in the participants, there is a general pattern across the participants
with Keyboard 1 producing the lowest errors, Keyboard 2 more errors and
Keyboard 3 the most. So despite the different level of performance the
pattern across the conditions is similar for each of the participants. It is the
strength of this pattern, the systematic differences between the conditions,
we wish to measure.

The key to extracting the subject differences lies in the sums of squares.
So far (see Chapter 10) we have only calculated sums of squares for the
conditions: between conditions and within conditions. The table below shows
the means of the conditions so that we can calculate these sums of squares.

Participant Keyboard 1 Keyboard 2 Keyboard 3  Participant

mean
1 5 6 10 7

2 1 2 3 2

3 0 4 5 3

4 2 4 6 4

Condition 2 4 6 Overall mean
mean =4

The sums of squares within each condition is as follows:

Keyboard 1 (5 -2+ (1 -22+(0—-22+(2-27 =14
Keyboard 2 (6 — 42+ (2 — 42+ @4 —42+ 4 —-472 = 8
Keyboard 3 (10 = 62+ (3 = 6) + (5 — 6)* + (6 — 6)> = 26

The within conditions sums of squares = 14 + 8 + 26 = 48.
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The sums of squares between the condition means = (2 — 4)* + (4 — 4)*
+ (6 — 4)* = 8. As there are four participants per condition the between
conditions sums of squares =4 X 8§ = 32.

In the above calculations of sums of squares we have focused on the con-
ditions, which are the columns in the above table, and we have calculated the
within columns variation and the between columns variation in the scores. The
same logic can be applied to the rows, where the sums of squares can be
calculated within and between the rows. Notice that the rows are the subjects.
Within the rows the variability is not due to differences in subjects as within
arow it is always the same subject. However, the variation between the rows
is the variation between the subjects. This is a measure of the individual
differences between the participants, exactly what we are trying to find.

The sums of squares within each subject is as follows:

Subject 1 (5—7%+ (6 -7+ (10— 77 = 14
Subject 2 (1 —2P2+(2 -2+ (3 -27 = 2
Subject 3 (0 =32+ (4 -3+ (5-3)? =14
Subject 4 (2-47+ @4 —47+(6-47* = 8

The within subjects sums of squares = 14 + 2 + 14 + 8 = 38.

The sums of squares between the subject means = (7 — 4)* + (2 — 4)*
+ (3 — 4> + (4 — 4)* = 14. As there are three conditions per subject the
between subjects sums of squares = 3 X 14 = 42.

Notice that however we work out the sums of squares the total is
always 80. We are not interested in the within subjects sums of squares for
the ANOVA but we now have a measure of the individual differences (the
between subjects sums of squares of 42). We can now remove the individual
differences from the within conditions sums of squares. The residual, our
error sums of squares, is 48 — 42 = 6.

As we are able to take out the between subjects variability from the within
conditions variability we no longer use the within conditions variance in our
calculation of F but employ the new, smaller, error term. Thus, in the repeated
measures design we have more chance of finding a significant effect as we
have removed the individual differences completely from the calculation.'

The ANOVA summary table

The summary table for a repeated measures ANOVA has two extra rows
compared to the independent measures ANOV A because we have to separate

153



STATISTICS EXPLAINED

the within conditions sums of squares into the between subjects sums of
squares and the error sums of squares.

THE ANOVA SUMMARY TABLE

Source of Degrees of  Sums of  Mean Variance  Probability
variation freedom squares square ratio (F)

Between Condiﬁons dﬁ)ehconds Ssber.conds Msber.conds F P

Within conditions df. i conds SS.ith.conds

Between subjects et ot SSpetsubs

E rror dferror Sserror Mserror

TOtG I dﬁol‘a/ szofa/

Below are listed the formulae for the calculations.

Degrees of freedom:

df iy =N — 1 where N is the total number of scores
Afvorconas = k — 1 where k is the number of conditions
df with.conds — df;oral - df}iet,z‘onds

Afpersunyy =1 — 1 where n is the number of subjects

per condition

dferror = (n - 1)(k - 1)

Sums of squares:

QX
SSioar = 2 X2 - 2— where X, X? is the sum of the squared
N scores and (X X)? is the square of

the sum of the scores®
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where T, refers to a total of the
scores in a condition, e.g. T, is the
total of the scores in condition 1.
>, T? is the sum of the squared

totals of the conditions

(Notice that we use T, for the condition totals and not just 7. This is to
distinguish them from the subject totals T.)

SSwith.suhjs = SSmtaI - SShet.zronds

Y12 QL Xy
n - N

SSper.subjs = where T, refers to a total of the
scores for a subject, e.g. T, is the
total of the scores for subject 1.
Y Tf is the sum of the squared
totals of the subjects
SSeror = SSithconds = SSbet.xubjs

Mean square:

MS _ SSbet.Conds
bet.conds —
dﬁ)et.conds
MS — SSerror
error —
df;rror
Variance ratio:
MS,
F = bet.conds
MS(’H'OV

The degrees of freedom accompanying F are the between conditions and
error degrees of freedom.

F(dfyer conass Aforror) = calculated value

We compare the calculated value with the critical value in the F' distribution
tables at our chosen level of significance (Table A.3 in the Appendix).
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When we look up the table value we use df,,, ... as our first degrees of
freedom (the columns in the table) and df,,, as our second degrees of
freedom (the rows in the table). Our calculated value of F is only significant

if it is equal to or larger than the table value.

A worked example

The keyboard example provides us with some illustrative data for calculat-
ing the repeated measures ANOVA. First we calculate the totals for the

formulae.

Participant  Keyboard 1 ~ Keyboard 2 Keyboard 3  Participant

totals

1 5 6 10 T, =21

2 1 2 3 T, =6

3 0 4 5 T,=9

4 2 4 6 T, =12

Condition T, =38 T, =16 T, =24 Overall total

totals > X =48
We also need:

The number of subjects per condition, n = 4

The number of conditions, £k = 3

The total number of scores, N = 12

The overall total squared, (X X)? = 2304

The sums of the squared scores, > X* =5+ 1> +...+ 5" + 6

=272
We next calculate the degrees of freedom:

dfpy=N—-1=12-1=11

fperconss =k —1=3-1=2

A itn.conds = Yrorar = Wperconss = 11 —2=9
dfhmuhjs =n-1=4-1=3

df oy = —1)(k-1)=3Xx2=6
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Sums of squares:

Q. xy 2304

SSuw = Y, X? = S =272 = S0 =272 - 192 =80

YT QXP 4162 +242 2304
SSber.conds = n - N = 4 - 12

=224 -192 =32

SSwirh.('()ndx = SStmal - SSherA('zmds = 80 - 32 = 48

? (X7
SSbet.suhjs = Zn - ZN

212 +67 +97 +122 2304
3 12
=234 -192=42

SS(’rror = SSwith.(ronds - SShet.subjs =48 -42=6

Note that most of the variability of the scores within the conditions occurs
due to individual differences. Our error sums of squares is consequently a
lot smaller than the within conditions sums of squares.

We can now work out the appropriate mean squares and variance
ratio:

MS et.conds = Bl - 2
bet.cond dﬁyet.conds 2
] 6
MSerr())- = M =-= 1
df;rrar 6
F= M — E =16

MSG rror 1

We therefore have the following summary table:
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THE ANOVA SUMMARY TABLE

Source of Degrees of ~ Sums of  Mean Variance  Probability
variation freedom squares square ratio (F)
Between conditions 2 32 16 16 p < 0.01
Within conditions 9 48
Between subjects 3 42
Error 6 6 1
Total 11 80
(Between
+ within)

From the F distribution table, Table A.3 in the Appendix, F(2,6) = 10.92 at
p =0.01. As our calculated value of F' is greater than the table value we can
reject the null hypothesis at p = 0.01. We can conclude that there is a
significant difference between the keyboards on the number of errors made.

(This particular example was deliberately chosen so that the calculations
are very simple with whole numbers throughout. This is not typical of the
numbers we would normally obtain but shows the working of the repeated
measures ANOVA very clearly. For interest we can consider what would
have happened if these data had come from 12 different people rather than
the same four in each condition. We would have had to perform an inde-
pendent measures ANOVA and used the within conditions mean square as
our error variance. We can see from the above table that this value would
have been 48 divided by 9, which equals 5.33. This would have resulted in
an F value of 3 (16/5.33) which would not have been significant, as the
critical value of F(2,9) = 4.26 at p = 0.05. The effect of different keyboards
would have been lost in all the subject variability.)

Multiple comparisons
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We can perform post hoc tests on a repeated measures design ANOVA to
find the source of the significant differences. The only difference from the
independent measures design is choosing the appropriate error term in the
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comparison. Whilst not universally agreed on, it is reasonable to use the
MS.,,,,, and df,,.,., as calculated in the ANOVA, in the Tukey calculation of
HSD and not the within conditions variance.

For the keyboard example, our means are: X, =2, X, = 4, X; = 6. We
have MS,,,. = 1, df,,.,, = 6, n =4, k = 3. In the tables of the Studentized
range statistic ¢ = 4.34 for 3 conditions and 6 error degrees of freedom at
p = 0.05, so:

HSD =g, Meror = 4.34\/% =434 x0.5=2.17
n

The difference of 4 between means of Keyboards 1 and 3 is significant at
p = 0.05 as it is larger than 2.17. The other differences in means are not
significant. The size of the difference in means of 2 between Keyboards 1
and 2, and also between Keyboards 2 and 3, might reach significance if
more participants were tested so it is worth exploring these non-significant
differences further.

We can look at this information in a slightly different way by calculating
confidence intervals. Quite simply, the 95% confdence interval of a mean
difference is 95%CI = X; — X; + HSD, where X, and X; are any two means
(the i and j standing for 1, 2, 3 etc. or which ever means we choose to
compare). So,

For X, — X,, 95%CI = -2 + 2.17, producing 95%CI = (-=4.17, +0.17)
For X, — X5, 95%CI = —4 * 2.17, producing 95%CI = (-6.17, —1.83)
For X, — X, 95%CI = -2 * 2.17, producing 95%CI = (-=4.17, +0.17)

Notice that the confidence intervals for X, — X, and X, — X, contain zero so
this shows why we cannot claim a genuine difference in means for these
conditions for the population. However, the zero value is close to one end
of the confidence interval, plus, with so few participants (as our example is
for illustration purposes), we have low power in our test. A more powerful
test with larger sample sizes might show a larger effect.

Details on calculating the one factor repeated measures ANOVA using
the SPSS computer statistical package can be found in Chapter 10 of
Hinton et al. (2004).
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UITE OFTEN RESEARCHERS wish to study the effects of more

than one independent variable in their research rather than just a single
factor, such as observing the effects of age and experience on motorway
driving performance. Fortunately, the analysis of variance can be applied to
more than a single independent variable. In fact we could consider any
number of independent variables in an analysis, the problem being to explain
the complexity of the results. However, as we shall see, the two factor
analysis of variance offers advantages over studying the two independent
variables separately, particularly as the two factor design allows us to examine
the effect of the interaction of the two variables on the scores. In this
chapter we shall see the importance of an interaction in data analysis. This
will be explained via the use of the following example.

It has been suggested to the city Education Committee that one school
in the city (Old School) has gained a reputation for discouraging girls from
studying the sciences. A researcher is commissioned to investigate the matter.
The researcher chooses another school in the city (New School) that matches
Old School on the range of subjects pupils can choose to study (and also
matches Old School on a number of other appropriate factors, such as size,
standards, ages taught, ratio of boys to girls, etc. to control for confounding
factors). In this city the maximum choice for pupils occurs at the age of
fifteen and this is also when the pupils study the widest range of subjects.
The researcher randomly selects 20 fifteen year old boys and 20 fifteen year
old girls from each school and finds out how many science subjects they
have chosen to study. In this experiment there are two independent variables,
school and gender, and the dependent variable measured is number of science
subjects chosen.

The researcher is not particularly interested in the separate effects of
the independent variables, but a combination of the two: is the difference
between the boys and girls, in terms of the number of science subjects chosen,
significantly greater for Old School than for New School? A two factor
analysis of variance can be performed on the data to answer this question.

The two factor analysis of variance provides us with not one but three
variance ratios. The first two of these concern the main effects of the two
factors, that is, taking each factor separately and looking at its effect on the
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dependent variable. The main effect of school will tell us whether there is a
significant difference in the number of science subjects chosen at Old School
compared to New School (combining the boys’ and girls’ scores at each
school). This might be of interest, as it will tell us which school is more
science-oriented but it will not tell us the difference between the boys and
girls. The main effect of gender will tell us whether there is a significant
difference between the boys and girls on the number of science subjects
chosen. This will combine the boys from both schools and the girls from
both schools. Again this might tell us something about differences in science
subjects chosen based on gender but will not tell us how they differ between
the two schools.

What the two factor ANOVA also tells us is whether there is a signific-
ant interaction between the factors or not. A significant interaction occurs
when the effect of one factor is different at the different conditions of the
other factor. Thus, the effect of school on the choice of science subjects for
the boys is different to the effect of school on the choice of science subjects
for the girls. If we found that school had no effect on the boys then there
would be no difference in number of science subjects chosen whichever
school they went to. However, if there was an effect of school on the girls
with the Old School girls taking fewer science subjects than the New School
girls then we would find an interaction in support of the experimental
hypothesis. Here the effect of school is different for the two conditions of
gender. The best way to understand a significant interaction is to plot the
means for the various conditions on a graph, as in Figure 14.1, where the
interaction described above is shown.

It is worth noting that if we obtained the significant interaction of the
form shown in Figure 14.1 we would almost certainly have a significant
main effect of school, as overall there are more science subjects taken at
New School compared to Old School, and a significant main effect of
gender, as overall the boys took more science subjects than the girls, but
these main effects are only a by-product of the interaction, not important
results in their own right. It is clear from this interaction that at Old School
the girls are taking fewer science subjects than the boys whereas at New
School there is no such difference.

Even if we had found that the boys in New School chose more science
subjects than the girls the experimental hypothesis would still be supported
if the boy—girl difference was larger at Old School than at New School. The
interaction would again show a significant difference between the two schools
in the effect of gender on the science subjects chosen.
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FIGURE 14.1 An interaction of school by gender

Interactions

When the effect of one factor upon another is additive then there is not an
interaction in the results. Look at the example data from the schools study
in Figure 14.2(a). There is a significant main effect of gender here (the girls
choose significantly more science subjects than the boys) but no effect of
school (the same number of science subjects are chosen at the two schools).
It does not matter which school we take, the effect of gender is the same:
changing from boy to girl adds one science subject to the mean score. In
the example data of Figure 14.2(b) there is a main effect of school, more
science subjects are chosen at New School and a main effect of gender, the
boys take more science subjects than the girls. But despite having a different
pattern of main effects to Figure 14.2(a) there is still no interaction. Going
from girls to boys (at either school) simply adds a set amount (0.5) to the
mean score. Similarly going from Old School to New School adds a set
amount (1) to the mean score, regardless of whether we look at the boys’
scores across the two school or the girls’ scores. In any graph of means
from a two factor experiment we can tell there is not an interaction when
the lines on the graph are parallel, as this indicates that the effects of the
factors are additive.

The examples in Figures 14.2(c) and 14.2(d) are clearly not additive
as the lines on the graphs are not parallel. In these cases we will find an
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FIGURE 14.2(a) No interaction in the data
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FIGURE 14.2(b) No interaction in the data again

interaction and we can decide on its significance from the two factor ANOVA.
In Figure 14.2(c) there are no main effects but the interaction shows that the
gender effects reverse as we move from one school to the other. At Old
School the boys take one more science subject than the girls but at New
School it is the girls who take one more than the boys. In Figure 14.2(d) we
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FIGURE 14.2(c) An example of an interaction
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FIGURE 14.2(d) Another example of an interaction

also have an interaction as there is a wider boy—girl gap at Old School
compared to New School. There will also be a main effect of gender as
boys take more science subjects overall but not a main effect of school in
this example.

The above examples are not exhaustive but the basic rules apply
regardless of how many conditions we have for the two factors: parallel lines
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indicate additivity of factors and hence no interaction. When the lines are
not parallel we have an interaction which indicates (if significant) a different
effect of one factor at the different conditions of the other factor.

Dividing up the between conditions sums of squares

We have seen in the one factor ANOVA that it is the between conditions
variability that contains the systematic differences between conditions. It is
only the choice of the error term that differs when we choose repeated
measures as opposed to independent measures. The same is true of the
two factor ANOVA. However, in the two factor case we have systematic
differences that could arise from three possible sources: the effect of the
first factor (called Factor A, such as school), the effect of the second factor
(called Factor B, such as gender) and the interaction of the two factors
(referred to as Factor A X B).

Just as we are able to partition the total sums of squares into two,
the between conditions sums of squares and the within conditions sums
of squares, we are also able to divide up the between conditions sums of
squares into the sums of squares due to Factor A, Factor B and Factor A X B.
Recall that the between conditions sums of squares is:

ZTZ ~ (z X)z
n N

SSbet.Conds =

This uses the totals for the conditions in the calculation of variability of the
scores between the conditions. If we used this formula for the two factor
design then it would indicate a significant difference between conditions but
not which factor is producing it. In our example we have four conditions
each with 20 subjects (n = 20): Old School-Boys, Old School-Girls, New
School-Boys and New School-Girls. If we consider for a moment that we
are only interested in Factor A (school) then we combine the conditions
across Factor B to produce conditions of Factor A only: we combine Old
School-Boys with Old School-Girls and New School-Boys with New School-
Girls to give the conditions of Factor A, Old School (A,) and New School
(A,). We can then find a sums of squares for Factor A:

TZ ( X)Z
S5, = ZI‘mA - 2‘N
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This formula uses the totals of the conditions of Factor A (in this case T,
and T,)) and bn, the number of scores in each of the conditions of Factor A,
where b is the number of conditions of Factor B (in this case there are two:
Boys and Girls). Combining the 20 Old School-Boys and the 20 Old School-
Girls gives 40 (bn) subjects in Old School. We can then work out a mean
square using the degrees of freedom for Factor A (¢ — 1, where a is the
number of conditions of Factor A which, in this case, is 2).

We can do the same thing for Factor B, by combining the conditions
of Factor A within the conditions of Factor A. Old School-Boys are com-
bined with New School-Boys to produce condition B, Boys, and Old School-
Girls and New School-Girls are combined to produce B,, Girls. We then
work out the formula for the sums of squares for Factor B:

2T QX
an N

SSB =

Dividing by the degrees of freedom (b — 1) gives us a mean square for
Factor B.

The interaction sums of squares can now be worked out. We do not
want to combine any conditions as we are interested in all the different
conditions of Factor A and Factor B, referred to as AB conditions. In our
example we have Old School-Boys (A,B,), Old School-Girls (A,B,), New
School-Boys (A,B,) and New School-Girls (A,B,). We can work out the
following sums of squares:

2T X
n N

SSbet.conds =

Notice that this is the same formula as the overall between conditions sums
of squares. The only difference is one of labelling: the totals of conditions
are referred to as T, rather than T or T,, as condition 1 is A,B,, condition
2 is A,B,, condition 3 is A,B, and condition 4 is A,B,. This contains all the
variability in the scores due to Factor A, Factor B and the interaction Factor
A X B. If we now remove from it the sums of squares from Factor A and
Factor B then the remainder will provide us with the sums of squares of the
interaction:

SSup = - 88, — SS;

2 Th (X
n N
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Dividing this by the degrees of freedom of the interaction, (a — 1)(b — 1),
gives us the interaction mean square.

All we need to do now is to find the appropriate error variances to
compare the mean squares to, in order to calculate F values for the three
factors. The choice of error mean square depends on whether the factors are
independent or repeated measures and the next chapter describes how this
is done.

Simple main effects

If we find a significant interaction in a set of data we know that one factor
is having a different effect at the different conditions of the other factor. In
our schools example a significant interaction means that the effect of school
on Boys is different to the effect of school on Girls. We can, if we wish,
view it the other way round: the effect of gender is different on Old School
compared to the effect of gender on New School. Which way round we
choose to look at the interaction depends on our focus of interest. We are
concerned here with the effect of gender as we want to know what the
Boys—Girls difference is at Old School and how it compares to the Boys—
Girls difference at New School.

Following the discovery of a significant interaction we may choose to
look at the simple main effects of one factor at the conditions of the second
factor. Calculating simple main effects is like performing a single factor
ANOVA of one factor at each condition of the second factor. We can work
out the simple main effects of gender on Old School and the simple main
effects of gender on New School. For the simple main effects of gender on
Old School we completely ignore the results of New School and work out
a sums of squares between the Old School-Boys and the Old School-Girls.
We then work out a mean square and an F value for this simple main effect
which we compare to an appropriate table value. We can do the same for
the simple main effect of gender on New School by ignoring the Old School
results. If we had found the interaction as shown in Figure 14.1 we would
expect a significant effect of gender at Old School (as the girls take fewer
science subjects) but not a significant effect of gender at New School (where
boys and girls do not differ in the number of science subjects chosen). These
simple main effects would strongly support the experimental hypothesis.

The simple main effects of gender at Old School are only concerned
with Old School-Boys (A,B,) and Old School-Girls (A,B,). Notice that Factor
B (gender) varies between these two conditions but Factor A does not, it
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stays at A, (Old School), so we term this the simple main effect of B at A,.
The sums of squares of this simple main effect is calculated from the
following formula:

2T T}

n bn

SSB at A, =

where Y, Tj] 5 1s sum of the squared totals of the A, conditions: the squared
total of Old School-Boys (leb,l) plus the squared totals of Old School-Girls
(TXIBZ), and T/fl is the squared total of all the Old School participants (Boys
and Girls combined).

To find the sums of squares for the effects of B at A, we work out a
similar formula but this time we are only concerned with New School (A,):

ZTAZZB B Tizz

n bn

SSB at A, =

If we had wanted to find the simple main effects for Factor A instead of
Factor B all we would have done is use the same formula for the sums of
squares but replaced the Bs with As (and the b with a) and vice versa.

Conclusion

A two factor ANOVA allows us to examine the interaction of the two
factors. The way we do this is to separate the between conditions sums of
squares into the components due to the main effects of each factor and the
interaction. We can investigate a significant interaction further by looking at
the simple main effects of one factor at the various conditions of the other
factor, taken one at a time. In this way we can discover the source of the
interaction.
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T HERE ARE TWO IMPORTANT considerations when calculating the
two factor ANOVA: first, it is necessary to lay out the data correctly
and second, the correct error terms must be chosen for the variance ratios.
In this chapter the three different types of two factor ANOVA are dealt
with: the two factor independent measures ANOVA where both the factors,
A and B, are independent measures; the two factor mixed design ANOVA
where Factor A is independent measures and Factor B is repeated measures,
and the two factor repeated measures ANOVA where both Factor A and
Factor B are repeated measures.

The two factor independent measures ANOVA

The simplest two factor ANOVA to calculate is where both factors are
independent measures. Here the between conditions variance has to be
separated into that arising from Factor A, Factor B and the interaction A X B,
as in all two factor ANOV As. As there are individual differences in all sums
of squares calculations we can use the within conditions variance as the
error term for all three variance ratios. This makes the calculations relat-
ively easy. We, therefore, complete the following ANOVA summary table.

THE ANOVA SUMMARY TABLE
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Source of Degrees of ~ Sums of  Mean Variance  Probability
variation freedom squares square  ratio (F)

Factor A CIFA SSA MSA FA Pa

Factor B CIFB SSB MSB FB Ps
Interaction A x B dfys SSps MS .z Favs Paxs

Error (Within df.... SSerror

conditions)

Tota I dfforal Ssrofal




CALCULATING THE TWO FACTOR ANOVA

The results table

Organising the results table is important for all ANOVAs but which factor
we choose as the rows and which as the columns is not as crucial for the
two factor independent measures ANOVA as for the other types of two
factor ANOVA, but it is important to get the various totals of the different
conditions and combination of conditions correct. The following data layout
is a good example to use for clarity and organisation."'

THE RESULTS TABLE

Factor B
Factor A Condition B, Condition B, Condition B,
Condition A, X X. X.

X; X. X

X X X

Tas, Tas, Tas, Ty,
Condition A, X X X

X X X

x X x

Tag, Tas, Tas, Ty,
Condition A, X X X.

X X X

X X Xobn

Tag, Tag, .. Tag, Ty,

T, Tg, Tg, > X
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The formulae for calculation

Degrees of freedom:

dfi=a-1 where a is the number of condition of
Factor A.

dfy=b-1 where b is the number of conditions of
Factor B.

dfyg = (@ = 1)(b = 1)

df,,,., = ab(n — 1) where 7 is the number of scores in an AB
condition.

df iy =N — 1 where N is the total number of scores in
the data.

Sums of squares:

X 2
SStotal 2 X2 (z )

2 QX
N

SS, = where X Tiis To + To+ ...+ T,
2 (Y X2
SSB:Z L z where X T is Ty + T+ ...+ Ty
na N
T; ( X)?
S = Z b QX0 SS, — SS; where 3 T2, is
N Tip +Tis+...+Tis
SSe/‘/‘o/‘ = SStotal - SSA - SSB - SSAXB

(There is an alternative formula for SS

error*

T2
SSe""U" = SSwith.conds ZXZ — z AB

Both formulae should give the same answer.)
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Mean square:

MSA = &
df
MSB = &
df
MSAxB — SSAXB
dexB
MSermr = M
dﬁ%rmr

Variance ratio:

F d ’d error) — T

A( fA f ) M Serror
MS

FB(de’d.ﬁrl'or) = m—B
MS,.

FAxB(dexg,dfe”.w.) = WAB

The F values are then compared to the table values (Table A.3 in the
Appendix) at the chosen level of significance.

(The above calculations are based on equal numbers of scores, n,
in each of the AB conditions. It is possible to perform this analysis with
unequal numbers of scores in each condition, as with the single factor
independent measures ANOVA, but it will not be dealt with in this
book.)

A worked example
An expanding company wanted to know how to introduce a new type of

machine into the factory. Should it transfer staff working on the old machine
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to operate it or employ new staff who had not worked on any machine
before? A researcher selected 12 staff who had experience of the old machine
and 12 staff who had no such experience. Half the participants from each
group were allocated to the new machine and half to the old machine.
The number of errors made by the participants over a set time period was
measured. These errors are shown below.

Experience on Machine

old machine
old New

Novice 4 5
5 6
7 5
6 6
8 5
5 6

Experienced 1 8
2 9
2 8
3 8
2 7
3 9

What are the effects of the two factors experience on old machine and type
of machine on the dependent variable number of errors?

Both factors are independent measures as a participant took part in
only one experience/machine condition. I will label experience on old
machine as Factor A, with two conditions (a = 2) ‘novice’ (A,) and ‘experi-
enced’ (A,), and type of machine as Factor B, also with two conditions
(b = 2), ‘old machine’ (B,) and ‘new machine’ (B,). There are four AB
conditions each with six participants (n = 6), giving twenty-four participants
in all (N = 24).
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Factor A Factor B

B, B,
A 4 5

5 6

7 5

6 6

8 5

5 6

Tys,=35  Typ=33 T, =68
A, 1 8

2 9

2 8

3 8

2 7

3 9

Tys=13  T,p=49 T, =62

T, =48 Ty, = 82 Y X =130

Degrees of freedom:
dfy=a-1=2-1=1
dfy=b-1=2-1=1
dfop=@-DB-DH=2-D2-1D=1
dfyy=ab(n —1)=2x2x(6-1)=20
dfpy=N—-1=24-1=23

Sums of squares:

SStotal = 2 X? -
= 127.83

X)? 2
(2—):(42+52+...+72+92)—130
N 24

SS, = =1.50

2T X 68 +622 1302
nb N 6x2 24
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Y12 QXP 424822 1302
SSB = - = -
na

=48.17
N 6x2 24
T2 Y x)
SSaxp = 2 2 - 2 - S8S, - SS;
n N
2 2 2 2 2
_ 352 +332 +132 +49 3 130 150 — 48.17

6 24
= 60.16

SSer‘ror = SStota/ - SSA - SSB - SSAXB
=127.83 — 1.50 — 48.17 — 60.16 = 18.00

Mean square:

1.
ms, =251 =190 _ ;56
df, 1
MS, = S5y _ 4817 _ 48.17
df, 1
1
MS, s = SSua _ 0016 60.16
dexB 1
ms, =S 18004 4
A error 20
Variance ratio:
M. 1.
F,(1,20) = Sa _ 150 _ 1.67
MS,,,, 0.90
M. 48.1
F,(1,20) = MSy _ 4817 _ 53.52
MS,,,,  0.90
M. 1
Fop(120) = Moww _ 0016 _ o6 o)
MS,.,,  0.90
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THE ANOVA SUMMARY TABLE

Source of Degrees of Sums of Mean Variance Probability
variation freedom squares square ratio (F)

Factor A 1 1.50 1.50 1.67 p > 0.05
Factor B 1 48.17 48.17 53.52 p < 0.01
AxB 1 60.16 60.16 66.84 p < 0.01
Error 20 18.00 0.90

Total 23 127.83

From the tables of the F distribution (A.3 in the Appendix), F(1,20)
=4.35 at p = 0.05 and F(1,20) = 8.10 at p = 0.01. We can conclude that
the effect of experience on an old machine is not significant at p = 0.05
(F(1,20) = 1.67), the effect of type of machine (F(1,20) = 53.52) and the
interaction (£(1,20) = 66.84) are both highly significant (p < 0.01).

We can examine the interaction by calculating the mean values. The
table of means is shown below:

Experience Machine

on old

machine old New
machine machine

Novice 5.83 5.50

Experienced 2.17 8.17

These values are plotted in Figure 15.1. The first point to note is that the
lines are not parallel so we have further evidence of the interaction. Notice
that the experienced workers, not surprisingly, made fewest errors on the
old machine. However, they made most errors on the new machine. This
looks like a case of negative transfer, where previously learnt skills can be
a hindrance rather than a help. An example of this occurs when a visitor
to Britain, experienced in a left-hand drive car, reaches down to change
gear with the wrong hand when driving a right-hand drive car. The novice
workers appear to perform with equal accuracy on both machines.
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8 - New machine
v 7
o
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2
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=]
Z 3-
2] Old machine
'I_
0

T T
Experienced Novice
Experience on old machine

FIGURE 15.1 The interaction of experience and machine on the number of errors

In this case the interaction is quite clear. However, for illustration the
simple main effects will be calculated for the effect of type of machine on
the two levels of experience. In the two factor independent design ANOVA
the error term is once again the single error term from the summary table:
MS,,.,. = 0.90, df,,,, = 20. This error term is used in all the simple main
effects.

The simple main effect of type of machine on the novice operators, B
at A;:

=0.33

o _2The T3 _39+3% 68
pard n bn 6 2x6

dfgua, =b—1=2-1=1 (as it is the effect of B and B has
2 conditions)

MSg 4 = M = % =0.33
de at Ay 1
Bar A, = M35, = 033 =0.37
YoMS,,,, 090

with degrees of freedom dfy , ,, = 1 and df,,,,, = 20.
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CALCULATING THE TWO FACTOR ANOVA

From the F distribution tables we know that F(1,20) = 4.35 at p = 0.05, so
we can conclude, as the calculated value of F is smaller, that we have not
found an effect of type of machine on the novice operators.

The simple main effect of type of machine on the experienced oper-
ators, B at A,:

=108.00

o XTie Th 131498 62
PR b 6 2%6

dfgua,=b—1=2—-1=1 (as it is the effect of B, and B has
2 conditions)

 SSgua _ 108.00

MSg0 4= = =108.00
PR s, 1
M 108.00
Fgun,= S5 u = =120.00
MS,,,., 0.90

with degrees of freedom df; , ,, = 1 and 4f,,,,, = 20.

From the F distribution tables we know that F(1,20) = 8.10 at p = 0.01, so
we can conclude, as the calculated value of F' is considerably larger, that we
have a found a highly significant effect of rype of machine on the experi-
enced operators.

The simple main effects usually explain the cause of an interaction but
we can perform post hoc tests such as the Tukey or Scheffé tests if we wish.
We need to be careful to select the appropriate comparison and the correct
error term although it is particularly easy with the independent measures
design as we use just the one error term.

The two factor mixed design ANOVA

The two factor mixed design ANOVA involves one independent measures
factor and one repeated measures factor. This design is often used when we
want to compare independent groups across a number of ‘trials’, such as
comparing men and women on, say, alertness at different times of the day,
or two groups of students on their knowledge at different points throughout
the academic year.
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For consistency we label the independent measures factor as Factor
A and the repeated measures factor as Factor B. This is important as the
error calculations are different for the two types of factor. This leads us
to produce two error terms and this makes the calculations a little more
complex than for the independent measures design. In the summary table
below we see how the subjects’ variability, S, needs to be considered in the
calculations.

THE ANOVA SUMMARY TABLE

182

Source of Degrees of Sums of Mean Variance Probability
variation freedom squares square ratio (F)

Factor A df, SS, MS, F, Pa
Error FOI" A ch[errorA sserrorA MSerrorA

(S within A)

Factor B df, SS; MS, Fs Ps
FCIC"OI' A X B deXB SSAXB MSAXB FA><B prB
EITOF FOI' B df errorB SSerrorB MSerrorB

and A x B

(B x AS)

Tota | dﬁofal Ssrolal

The results table

We designate the independent measures factor (Factor A) as the rows and
the repeated measures factor (Factor B) as the columns in the results table
so that the results from a single subject form one row of the table. We must
be careful to lay out our results consistently so that we do not analyse the
results of the two factors incorrectly. Also if we use a computer program to
analyse our data it could analyse the factors the wrong way round if the
layout is different."
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THE RESULTS TABLE

Factor B
Factor A Condition B,  Condition B, ... Condition B,
Condition A, S, X X X Ts,
S X X X. Ts,
5 X x X n
Tas, Tas, Tas, Ta,
Condition A, S.., X X X. Ts
S.., X X X. Ts
:Szn X X X Ts
Tas, Tas, Tas, Ta,
Conditon A, S X X X
S. X X X
:Sa,, X X Xabn TS
Tas Ta.z, Taz, Ty
T Tg Tg, > X

Degrees of freedom:

deZCl—l

dferrorA = a(n - 1)

The formulae for calculation

where a is the number of conditions of
Factor A.

where 7 is the number of scores in an
AB condition.
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dfy=b-1 where b is the number of conditions of
Factor B.
dfss = (@ — Db - 1)
df oy = a(b — 1)(n — 1)
df iy =N — 1 where N is the total number of scores

in the data.

Sums of squares:

QX
SStotal = 2X2 - ZT

77 (Y X
SS, = sz - ZN where X T7is T; + T3 + ... + T
n

ZTSZ (2 X)? 2 - 2 2 2
SS,ora = P v SS, where 2 T§is Ts + Tg + ... + T

(The sums of squares between subjects, the first two components of the
error A sums of squares, comprises all the Factor A variation. If we take
away the variation between the A conditions, SS,, we are left with the
variation within the A conditions as our error term.)

2T XXy
na N

SSB =

where X T5 is T; + Th + ... + Tj,

T2 ( X)z
SS s = 2. T - ZN —SS, —S8S; where ¥ T2, is
n Tip +Tip + ...+ Tig

T2
SSermrB = Z X2 - % - SSB - SSAXB

(The variation within subjects, the first two components of the error B sums
of squares, contains the B and A X B variation. Removing the between
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condition variation for B and A X B leaves the error sums of squares for B
and A X B, unaffected by individual differences.)

Mean square:

MS, = 54
df,
M. SErrorA — SSerrorA
df;rrorA
Ms, = 53
dfy
MS,p = S
df AXB
M. SermrB = M
df;rrorB
Variance ratio:
MS
FA (de ’df;’rrorA) = MS A
errorA
MS,
FB(de’df;rrm‘B) = MS B
errorB
MS,,
FAXB (df AxB ’dﬁ)rrorB) = #
errorB

The F values are then compared to the table values (using Table A.3 in the
Appendix) at the chosen level of significance.

A worked example

A company has introduced a new machine on the factory floor and it wants
to see how the workers gain skill on the machine. There is particular interest
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in comparing the performance of workers experienced on the old machine
with that of novice operators who have not operated a machine on the
factory floor before. A researcher randomly selects 6 experienced operators
and 6 novices and monitors the errors they make on the new machine over
a three week period to see whether there are differences between the
two groups in their performance on the machine. The results are shown

below.
Participants Time
Week 1 Week 2 Week 3
Novices
1 7 6 5
2 4 4 3
3 6 4 4
4 7 6 5
5 6 5 4
6 4 2 2
Experienced
7 7 3 2
8 8 4 2
9 6 2 1
10 9 6 3
11 7 4 3
12 10 6 3

We have an independent factor experience which will be designated Factor
A, with ‘novice’ as A, and ‘experienced’ as A,. The repeated measures
factor is time, so this is Factor B, with ‘Week 1’ as B,, ‘Week 2’ as B, and
‘Week 3’ as B;. We can draw up the results table as follows.
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THE RESULTS TABLE

Factor B
Factor A B, B, B,
A] S] 7 6 5 TS] = ]8
s, 4 4 3 T, = 11
S 6 4 4 T, =14
Sy 7 6 5 T,=18
S, 6 5 4 T, =15
S, 4 2 2 T,= 8
TAIB1 = 34 TA]Bz = 27 TA]B3 = 23 TA] = 84
A, s 7 3 2 Ts, =12
Ss 8 4 2 Ty, = 14
S 6 2 1 T, = 9
S]o 9 6 3 TS]O = ]8
S]] 7 4 3 TS” = ]4
512 ]O 6 3 TS]Z = ] 9
TA251 = 47 TAZB2 = 25 TA233 = ]4 TA2 = 86

2 3

Degrees of freedom:

dfi=a—-1=2-1=1
dfss = aln — 1) =2(6 = 1) = 10
dfy=b—-1=3-1=2
dfpsg=(@—-1Db-1)=2-DGB-1)=2
dfpos = alb — D(n — 1) =23 = 1)(6 — 1) = 20
dfyy=N—-1=36—-1=35
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Sums of squares:
We can make our calculations easier if we work out the following
parts of the formulae first:

QL X?  170?
N 36

= 802.78

DT} 84 + 3862
nb 6x3

= 802.89

DT 812 +52° +37
na 6x2

= 886.17

= 852.00

DTE A8 112 4. 4142 19
b 3

= =907.33
6

DTk 342 4277 423 + 472 425 + 142
n

YXP=T+ 4+, + 3+ 3" =962.00

Now we can work out the sums of squares:

X 2
S = X, X* = (ZT) = 962.00 — 802.78 = 159.22

T? X)?
SS, = 2 A (2 ) = 802.89 — 802.78 = 0.11
nb N

T () X)?
SSuorn = zb S ZN — SS, =852.00 — 802.78 — 0.11

=49.11

T (O, X)?
SSp = 2 L _ 2 = 886.17 — 802.78 = 83.39
na N
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ZTAB ORS
N

SSAXB = - SSA - SSB
=907.33 — 802.78 — 0.11 — 83.39 = 21.05
SSuros = Y, X = é — 585 = SSuxs

=962.00 — 852.00 — 83.39 — 21.05 = 5.56

Mean square:

1
MS, = & = O— =0.11
df, 1
MS,,o4 = SSenora _ 4911 _ =491
df;rrorA 10
MSy, = & = —83'39 =41.70
dfy 2
21.
MS 5 = SSpa _ 2105 _ 1 55
dexB 2
MSerr()rB = SS“”‘”B = 5 56 = O 28
df;rmrB 20
Variance ratio:
M. 11
F,(1,10) = MSi = 2—91 =0.02
errorA .
F,(2,20) = MA;SB = 401'2780 =148.93
errorB .
M. 10.
F,.5(220) = MSSAXB = (?2583 =37.61
errorB .
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THE ANOVA SUMMARY TABLE

190

Source of Degrees of Sums of Mean Variance Probability
variation freedom squares square ratio (F)

Factor A 1 0.11 0.11 0.02 p > 0.05
ErrorA 10 4911 4.91

Factor B 2 83.39 41.70 148.93 p < 0.01
Factor A x B 2 21.05 10.53 37.61 p < 0.01
ErrorB 20 5.56 0.28

Total 35 159.22

In conclusion, the main effect of experience (£(1,10) = 0.02) is not significant
(F(1,10) = 4.96 at p = 0.05), whereas the main effect of time (F(2,20) =
148.93) and the interaction (F(2,20) = 37.61) are both highly significant
(F(2,20) = 5.85 at p = 0.01).

As we have found a significant interaction we can look at the means to
see the source of the interaction. The means are listed in the table below and
plotted in Figure 15.2.

Experience Time

Week 1 Week 2 Week 3

Novice 5.67 4.50 3.83
Experienced 7.83 4.17 2.33

We can see that, taken over the three weeks, the total number of errors of
the two groups of operators does not differ by very much which is why
there was no main effect of experience. All the operators made fewer errors
over time, which is responsible for the highly significant effect of time. The
highly significant interaction is interesting, as the experienced operators
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10
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8 .
v 7
(2]
& 61
5
€ 4 Novice
ZD 3- operators
o Experienced
operators
‘| -
0 T . :
Week 1 Week 2 Week 3

Time

FIGURE 15.2 The interaction of time and experience on machine operator errors

began by making more errors than the novices but by Week 2 had caught
them up and at Week 3 were making fewer errors. The initial difficulty for
them might have been due to negative transfer (see page 179) from the old
machine to the new but after a while their experience began to help them
and they leapt ahead. Clearly this is speculation but it is consistent with the
outcome of the analysis.

With the mixed design ANOVA, when we have a significant interaction,
we are much more likely to look at the simple main effects of the independent
measures factor at the various conditions of the repeated measures factor
than vice versa. In our example it is more interesting to look at the effect of
experience at Week 1 and then at Week 2, and Week 3 rather than looking
at the effect of time on novice operators, and then on experienced operators.
I shall therefore only look at the simple main effects of Factor A.'”> The
simple main effects allow us to look at the effect of experience on the errors
at one week only, ignoring the data from the other weeks. In this design we
work out a different error term for each simple main effect.

The simple main effect of experience at Week 1:

o 2T T3 _34+47 8P
et n an 6 2x6

=560.83 — 546.75 = 14.08
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dfiup,=a-1=2-1=1

14.
MS, 5, = Shan g =14.08

de at By

. 2T
SSermrA at By = z TABIS - n
=T +4+...+7 + 10 - 560.83

=581 - 560.83 = 20.17

where Y, TjB]S is the sum of the squared scores of each subject in each A
condition (novice and experienced) at B, (Week 1).

df;’rmrA at By = (l(f’l - 1) = 2(6 - 1) =10

. 20.1
MSerrorA at B, = SSGrmrA 25 = 0.17 =2.02

df;’rrorA at By 10

MS,,
FAatBl(LlO) =——4ab

SerrorA at By

= % =6.97 (from Table A.3, F(1,10) =4.96, p =0.05)

There is a significant ( p < 0.05) simple main effect of experience at Week 1.
We can conclude that the experienced operators are making significantly
more errors than the novice operators in Week 1.

We replace B, with B, in the above calculations to find the simple
main effect of experience at Week 2. F,,5,(1,10) = 0.14, so there is not a
significant difference between the errors made by the operators in Week 2.
We calculate the simple main effect of experience at Week 3 in the same
way and F,,;(1,10) = 6.64, which is significant at p = 0.05. In Week 3
there is a significant difference in the number of errors made between the
two groups of operators, with the experienced operators making signific-
antly fewer errors. Thus, the simple main effects have confirmed the source
of the interaction observed by ‘eyeballing’ the graph in Figure 15.2.
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The two factor repeated measures ANOVA

The advantage of having repeated measures on both the factors under study
is that we can perform a two factor analysis with relatively few subjects. It
also allows us to extract out the subjects’ variability and consider whether
the subjects are performing at similar levels.

The calculation of the two factor ANOVA is most complex when
we have repeated measures on both factors. This is because we have
to calculate a different error term for each of the three factors under study
(A, B and A X B). In this design we are able to extract the variation between
subjects, so subjects (§) can be seen as a random (independent measures)
factor in the analysis. To produce an error term for a factor we select the
interaction of S with the factor under test. This is shown in the summary
table below.

THE ANOVA SUMMARY TABLE

Source of Degrees of ~ Sums of  Mean Variance  Probability
variation freedom squares square ratio (F)

Factor A df, SS, MS, F, Pa
Factor B df; SS; MS, Fs Ps
Subjects S df; SSs (MSg) (Fs) (ps)
Error I:OF A dFermrA SserrorA MserrorA

(AxS)

Error FOI' B dfermrB sserrorB MSerrorB

(Bx S)

Error FOI' A X B dferrorAB sserrorAB MSerrorAB

(Ax BxS)

TO"Cll df,o,a/ S'Sfolal
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I have include the mean square and F' for the subjects in parentheses as we
only need to calculate these when we are concerned that there are significant
individual differences between the subjects.

The results table

In the mixed design we arranged the data so that columns in the results
table refer to the repeated measures factor. We keep the same pattern
when both factors are repeated by laying out the table in the format shown
below, with the subjects as the rows and the conditions of Factors A and B
as the columns. As both factors are repeated measures it does not matter
which we choose as Factor A and Factor B as long as we are consistent
throughout."'

194

THE RESULTS TABLE
Condition A, ... Condition A,
Subjects Condition ... Condition ... Condion ..  Conditon T
B, B, B, B,
S X X, X. X, T
S X, X, X, X Ts,
s, X X X X T
sn X X X Xabn TS,,
TA]B.‘ cee TA]Bb cee T/AGB‘| e TAaBb 2 X

We also calculate two additional tables to aid the calculations: the AS matrix
and the BS matrix. We work out the former by adding up the scores across
B, and the latter by adding up the scores across A. For subject 1, T, is
the total of the scores in condition A, summed across B, so it is the sum
of subject 1’s scores in conditions A;B, to A,B,. Similarly, T} s is the sum of
subject 1’s scores in conditions A,B, to A B,.
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AS Matrix BS Matrix

Subject A,S AS Subject B,S B,S

S, T, T, S, Ty, Ty,

SZ TA ISZ ces TA(,SZ SZ TB ISZ cee 7"3]}52

S3 TA]S3 ces TA4S3 S3 TB|S3 cee TB,,S3

S n TA 1S, oee TAMS,, S n TB 1Sh e TBhSn
T, T, Ty, Ty

The formulae for the calculation

Degrees of freedom:

dfy=a—-1 where a is the number of conditions
of Factor A.

dfy=b-1 where b is the number of conditions
of Factor B.

df¢=n-1 where 7 is the number of subjects.

dfpp = (@—=1)(b = 1)

foprora = (@ = D(n = 1)

forrors = (b — D(n = 1)

forroras = (@ = 1)(b — D(n — 1)

dfip =N —1 where N is the total number of scores

in the data.

Sums of squares:

XZ
SSIotal = sz - (ZT)

T2 Xz
SSAzsz _(ZN) where X T7 is T; + T3 + ... + T
n
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o o 2Ti Xy
? na N
o o2l XXy
s ab N
T2
S = 2T _ (ZNX)2 —~ 88, — S,
n
T2 2
SSeprors = zb L (ZNX) — S, — SS;
T2 2
SSerrors = 2T _ (ZNX) — 88, — SS;
a

where X T is Tj, + Tj, +
o+ T

where X 75 is Ts + T5 +
o+ TS

where X T3, is T3 5, +
2 2
T2, + .. +T2,

where X, Tigis Thg + ...
+Tig + ...+ Thg o +
Tis,

where ¥ T is Tz + ...
2 2
+ T3 + o +Thg oo+
2
TBhSﬂ

SSerrorAB = SStotul - SSA - SSB - SSS - SSAXB - SSm'rorA - SSerrorB

Mean square:

MS, = S84
dfa
s, = 55
dfs
M, = 55
dfs
MSAXB = %
df AXB
MS,, = Dot
df;’r"01~A
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M. SErrorB — SSerrorB
df;}rmrB
M SermrAB = M
df:?rmrAB
Variance ratio:
MS
FA(de ’df;rrorA) = MS 4
errorA
MS,
FB (df B ’df;rrorB) = MS 5
errorB
MS;
F d ’d error; e —
S( f:g f AB) MSerrorAB
MS,,
Fos(dfss s ferroran) = #
errorAB

The F values are then compared to the table values at the chosen level of
significance.

A worked example

In a factory a machine produces two kinds of product, one that requires the
operator to follow a complex set of instructions and one that is very simple
to make. There are two shifts in the factory, a day shift and a night shift.
The factory manager wants the factory to make the products with the min-
imum of errors. A researcher decides to study the effect of shift (day versus
night) and product (complex versus simple to make) on the errors made
by the operators. All operators work both shifts on a rotation system. Six
operators are randomly selected and their error performance is measured
during a day shift and a night shift. Appropriate balancing is undertaken so
that carry-over effects from one shift to another are controlled for by testing
three operators on the day shift first and three on the night shift first. The
number of errors made during a shift are shown in the table below.
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Operator Complex product Simple product

Day shift Night shift Day shift Night shift

AN N AW =
() "o NEN RV V)
@OOS\]OO@
W AN W
AN WA BN

There are repeated measures on both factors so the repeated measures
ANOVA can be used to test the effect of the independent variables
on performance. Due to the way I have laid out the conditions above,
I shall label product as Factor A, with ‘complex product’ as A, and ‘simple
product’ as A,, and shift as Factor B, with ‘day shift’ as B, and ‘night
shift’ as B,. There are two conditions of Factor A (a = 2), two of Factor
B (b = 2), six participants (n = 6) and twenty-four scores in total
(N =24).
First we produce the results table:

Participants  Condition A, Condition A,

Condition Condition Condition Condition

B, B, B, B, T
S, 5 9 3 2 Ty, = 19
S, 5 8 2 4 Ty, = 19
S, 7 7 4 5 Ty, = 23
S, 6 10 5 4 Ty, = 25
S, 4 8 3 3 Ty, = 18
S, 6 9 5 6 Ty, = 26

TA|B| =33 TA132 =51 TAzBl =22 TAsz =24 ZX =130

The AS and BS matrices can be created from the results table.
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AS Matrix BS Matrix

Participant A,S A,S Participant B,S B,S
S, 14 5 S, 8 11

S, 13 6 S, 7 12

A\ 14 9 S, 11 12

S, 16 9 S, 11 14

Ss 12 6 S 7 11

Se 15 11 Se 11 15

T, =84 T, =46 Ty =55 Ty =175

We can now calculate the F values:
Degrees of freedom:

dfi=a-1=2-1=1

dfy=b-1=2-1=1

dfy=n-1=6-1=5
dfps=(@—-1DO-1H=2-D2-1)=1
dforrra=(@=Dn =1 =2 -1)6-1)=5
Ay =B -Dn-1)=2-1)6-1)=5

Aferrorap =@ = DB -Dn-1)=2-D2-1)6-1)=5
dfpy=N—-1=24-1=23

Sums of squares:

We can make the calculations easier if we work out the components of the
formulae first:

Q. X» 130
N 24

=704.17

D TE 842 + 462
nb 6x2

=764.33
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=720.83

2T 55 475
na 6x2

=719.00

DTE 192 419 +23° +25° + 18 + 267
ab 2x2

=791.67

DT 33 4512 4227 424
n 6

=783.00

DT 1824132 +142 4.+ +6 +1D
b 2

=738.00

DTh S+T 1P+ 142 4112 +15
a 2

D X2 =2820.00

We can now work out the sums of squares:

Q. X)
S = 3, X* — ZT = 820.00 — 704.17 = 115.83

T2 X)?
SS, = 27 - R = 764.33 — 704.17 = 60.16
nb N

T3 X)
SS, = 27 - 2% =720.83 — 704.17 = 16.66
na N

T2 X)?
SS, = 27 - QX =719.00 — 704.17 = 14.83
ab N

SSuxp =

T2 X)?
2 AB—(EN) — 8S, — SS,
n

=791.67 —704.17 — 60.16 — 16.66 = 10.68
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~ D T ~ Q. Xy
b N

SSermrA - - SSA - SSS
=783.00 — 704.17 — 60.16 — 14.83
=384

TZ ( X)2
SSermrB = z » - 2 - SSB - SSS
a N

= 738.00 — 704.17 — 16.66 — 14.83
=234

SSerrorAB = SStotal - SSA - SSB - SSS - SSAXB - SSermrA - SS()r'z*or'B
= 820.00 — 60.16 — 16.66 — 14.83 — 10.68 — 3.84 — 2.34

=7.32
Mean square:
60.16
MS, = 554 = ——=00.16
df, 1
ws, = 50 1066 _ 14 66
df, 1
Msszﬁzmﬁzzm
dfs 5
MS,p = SSus _ 10.68 10.68
dexB 1
MSerrorA = M = & = 077
df;rmrA 5
MSerrorB = M = & = 047
df;’/'rorB 5
MSerrorAB = M = E = 146

df;}rmrAB 5
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Variance ratio:

M 1
Fi15) = a5 0910 _ 9813
MS,..s  0.77
M 16.
F15) = % 1090 _ 3545
M SerrorB O '47
M 2.
F(55) = —a% = 22T 503
MSerrorAB 1 '46
M 10.
Frals) = v 08 _ g5,
M SerrorAB 1.46
THE ANOVA SUMMARY TABLE
Source of Degrees of Sums of Mean Variance Probability
variation freedom squares square ratio (F)
Factor A 1 60.16 60.16 78.13 p < 0.01
Factor B 1 16.66 16.66 35.45 p < 0.01
Subjects S 5 14.83 297 2.03 p > 0.05
Factor A x B 1 10.68 10.68 7.32 p < 0.05
ErrorA 5 3.84 0.77
ErrorB 5 2.34 0.47
ErrorAB 5 7.32 1.46
Total 23 115.83

In conclusion there is a highly significant effect of Factor A ( product)
with F(1,5) = 78.13, and of Factor B (shift) with F(1,5) = 35.45 (compared
to a table value of F(1,5) = 16.26, p = 0.01). The interaction of product
and shift (F(1,5) = 7.32) is significant at the p = 0.05 level of significance
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(F(1,5) = 6.61, p = 0.05). The effect of subjects (F(5,5) = 2.03) is not sign-
ificant (F(5,5) = 5.05, p = 0.05) which indicates no significant differences
between the participants in their level of performance.

The mean number of errors in each condition is shown in the table
below.

Complex product Simple product

Day shift Night shift Day shift Night shift

5.50 8.50 3.67 4.00

These means are plotted in Figure 15.3 to help us interpret the interaction.
More errors are made on the complex product than the simple product
(producing the effect of product) and more errors are made on the night
shift (producing the effect of shift). However, from Figure 15.3 we can see
that the difference in the errors between the day and night shifts is much
greater on the complex product. More errors are made at night relative to
the day for the complex product in comparison to day—night difference for
the simple product.

Night shift
4

31 Day shift

Number of errors
O
1

0 - .
Complex Simple

Product

FIGURE 15.3 The interaction of product and shift on machine operator errors
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We can perform the simple main effects of shift on the two products
separately to confirm the above interpretation of the significant interaction.
There is a different error term of each simple main effect but the same
formula is used with the As and Bs adjusted accordingly, whichever of the
two factors we choose." First, the simple main effect of shift (Factor B) on
the complex product (A,).

2 Tis T 33 +51 84

SSpara = —
Bard n bn 6 2X6

=615 - 588 =27

dfyun=b-1=2-1=1

27.
MSp i a, = SSpan _ 2700 27.00

dearA] 1

_ ZTAZIB ZTAZIS TAZ1
g B BT

SSerrarB at Ay
where X T2 5=5"+ 5+ 7+ ... + 10* + 82 + 9> = 626

2T

A 615 (from above)
n

DTi 142 +132 +142 + 162 + 122 + 15
—

=593
2
T;
— = 588 (from above)
bn

SSprors arn. = 628 — 615 — 593 + 588 = 6
Aferrorpas,=b—=—D-1)=2-1)(6-1)=5

MSermrBatA. = M = g = 120

dfermrB at Ay

MS 27.00
F;rrorB at Al(las) = Bat 4, = =22.50
MSerrorB at A, 1 '20
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We can conclude that there is a highly significant effect (p < 0.01) of shift
on the errors made on the complex product. Observing the means we see
that there is a significant increase in errors during the night shift compared
to the day shift.

We can perform the simple main effect of shift (Factor B) on the
simple product (A,) in the same way by replacing A, in the formulae
with A,. We find that F} , , (1,5) = 0.47, so we have not found a significant
difference between the number of errors made on the simple product between
the two shifts (p > 0.05).

A non-significant interaction

In the examples chosen for the three types of two factor ANOVA there has
always been a significant interaction. This has been done to illustrate what
an interaction entails and also how we can examine the simple main effects
to explore the source of the interaction. There will be many cases when the
interaction will not be significant, because the effect of the factors is either
additive or non-significant. In these cases we can examine the main effects
in more detail if we wish by post hoc tests, such as the Tukey or Scheffé as
long as we select the appropriate error term for the analysis. In the Tukey
for example we would use the mean square error of a significant factor if we
wanted to consider the differences in means for the conditions of that factor.

Details on how to calculate the different types of two factor ANOVAs
using the SPSS computer statistical package can be found in Chapter 11
of Hinton et al. (2004).
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