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SYMMETRY
ELEMENTS AND
OPERATIONS

Symmetry is a phenomenon of the natural world, as well as the world of human inven-
tion (Figure 4-1). In nature, many types of flowers and plants, snowflakes, insects, cer-
tain fruits and vegetables, and a wide variety of microscopic plants and animals exhibit
characteristic symmetry. Many engineering achievements have a degree of symmetry
that contributes to their esthetic appeal. Examples include cloverleafl intersections, the
pyramids of ancient Egypt, and the Eiffel Tower.

Symmetry concepts can be extremely useful in chemistry. By analyzing the sym-
metry of molecules, we can predict infrared spectra, describe the types of orbitals used
in bonding, predict optical activity, interpret electronic spectra, and study a number of
additional molecular properties. In this chapter, we first define symmetry very specifi-
cally in terms of five fundamental symmetry operations. We then describe how mole-
cules can be classified on the basis of the types of symmetry they possess. We conclude
with examples of how symmetry can be used to predict optical activity of molecules and
to determine the number and types of infrared-active stretching vibrations.

In later chapters, symmetry will be a valuable tool in the construction of molecu-
lar orbitals (Chapters 5 and 10) and in the interpretation of electronic spectra of coordi-
nation compounds (Chapter 11) and vibrational spectra of organometallic compounds
(Chapter 13).

A molecular model kit is a very useful study aid for this chapter, even for those who
can visualize three-dimensional objects easily. We strongly encourage the use of such a kit,

All molecules can be described in terms of their symmetry, even if it is only to say they
have none. Molecules or any other objects may contain symmetry elements such as
mitror planes, axes of rotation, and inversion centers. The actual reflection, rotation, or
inversion is called the symmetry operation. To contain a given symmetry element, a
molecule must have exactly the same appearance after the operation as before. In other
words, photographs of the molecule (if such photographs were possible!) taken from
the same location before and after the symmetry operation would be indistinguishable.
If a symmetry operation yields a miolecule that can be distinguished from the original in
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FIGURE 4-1 Symmetry in Nature, Art, and Architecture,

any way, then that operation is #ot a symmetry operation of the molecule. The examples
in Figiwres 4-2 through 4-6 illustrate the possible types of molecular symmetry
operations and elements.

The identity operation (F} causes no change in the molecule. Tt is included for
mathematical completeness. An identity operation is characteristic of every molecule,
even if it has no other symmetry.

The rotation operation (C,) (also called proper rotation) is rotation through
360°/n about a rotation axis. We use counterclockwise rotation as a positive rotation. An
example of a molecule having a threefold {C3) axis is CHCl;. The rotation axis is coinci-
dent with the C—H bond axis, and the rotation angle is 360°/3 = 120°. Two C; opera-
tions may be performed consecutively o give a new rotation of 240°. The resulting
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Cross section of protein disk C,, Cy and Cg rotations
of tobacco mosaic virus of a snowflake design

FIGURE 4-2 Rotations. The cross section of the tobacco mosaic virus is a cover diagram from
Nature, 1976, 259. © 1976, Macmillan Journals Ltd. Reproduced with permission of Aaron Klug.

operation is designated C5” and is also a symmetry operation of the molecule. Three snc-
cessive Cy operations are the same as the identity operation (C33 = F}. The identity oper-
ation is included in all molecules. Many molecules and other objects have multiple rotation
axes. Snowflakes are a case in point, with complex shapes that are nearly always hexagonal
and nearly planar, The line through the center of the flake perpendicular to the plane of the
flake contains a twofold (Cs,) axis, a threefold (C3) axis, and a sixfold (Cy) axis. Rotations
by 240° (C3?) and 300° (C4°) are also symmetry operations of the snowflake.

Rotation Angle Symmetry Operation
60° Cs
120° o =0
180° G, =05
240° G (=)
300° g
360° E =5

There are also two sets of three C5 axes in the plane of the snowflake, one set
through opposite points and one through the cut-in regions between the points. One of
each of these axes 1s shown in Figure 4-2. In molecules with more than one rotation axis,
the C,, axis having the largest value of n is the highest order rotation axis or principal
axis. The highest order rotation axis for a snowflake is the Cg axis. (In assigning Carte-
sian coordinates, the highest order C,, axis is usually chosen us the z axis.) When neces-
sary, the C, axes perpendicular to the principal axis are designated with primes; a single
prime (C,") indicates that the axis passes through several atoms of the molecule, where-
as a double prime (C,"} indicates that it passes between the outer atoms.

Finding rotation axes for some three-dimensional figures is more difficult, but the
same In principle. Remember that nature is not always simple when it comes to
symmetry—the protein disk of the tobacco mosaic virus has a 17-fold rotation axis!

In the reflection operation (o) the molecule contains a mirror plane. If details
such as hair style and location of internal organs are ignored, the human body has a left-
right mirror plane, as in Figure 4-3. Many molecules have mirror planes, although they
may not be immediately obvious. The reflection operation exchanges left and right, as if
each point had moved perpendicularly through the plane to a position exactly as far from
the plane as when it started. Linear objects such as a round wood pencil or molecules



EIGURE 4-3 Reflections.

FIGURE 4-4 Inversion.
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such as acetylene or carbon dioxide have an infinite number of mirror planes that include
the center line of the object.

When the plane is perpendicular to the principal axis of rotation, it is called o,
(horizontal). Other planes, which contain the principal axis of rotation, are labeled
G, OF 0.

Inversion (7) is a more complex operation. Each point moves through the center of
the molecule to a position opposite the original position and as far from the central point as
when it started.! An example of a molecule having a center of inversion is ethane in the
staggered conformation, for which the inversion operation is shown in Figure 4-4.

Many molecules that seem at first glance to have an inversion center do not; for
example, methane and other tetrahedral molecules lack inversion symmetry. To see this,
hold a2 methane model with two hydrogen atoms in the vertical plane on the right and
two hydrogen atoms in the horizontal plane on the left, as in Figure 4-4. Taversion re-
sults in two hydrogen atoms in the horizontal plane on the right and two hydrogen
atoms in the vertical plane on the left. Inversion is therefore not a symmetry operation
of methane, because the orientation of the molecule following the i operation differs
from the original orientation.

Squares, rectangles, parallelograms, rectangular solids, octahedra, and snowllakes
have inversion centers; tetrahedra, triangles, and pentagons do not (Figure 4-5).

A rotation-reflection operation (S,) (sometimes called improper rotation) re-
quires rotation of 360°/#, followed by reflection through a plane perpendicular to the
axis of rotation. In methane, for example, a line through the carbon and bisecting the

H H
3 H 4 H
H2 \.‘ / 6 . HS N S/ 1
Sy, <
H, M, 3 Hyg H, 2

Center of inversion

H, H,
Hl-___C/ i \C___. H,
HY /T H,

H, H;

No center of inversion

"T'his operation must be distinguished from the inversion of a tetrahedral carbon in a bimolecular re-
action, which is more like that of an umbreila in a high wind.
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FIGURE 4-5 Figures (a) With and
(b) Without Inversion Centers.

FIGURE 4-6 Improper Rotaticn or

Rotation-Reflection.

-
7

(a)
(b}
angle between two hydrogen atoms on each side is an S4 axis. There arc three such
lines, for a total of three S; axes. The operation requires a 90° rotation of the molecule
followed by reflection through the plane perpendicular to the axis of rotation. Two S,
operations in succession generate a C,/; operation. In methane, two S operations gen-
erate a C,. These operations are shown in Figure 4-6, along with a table of C and S
equivalences for methane.
Molecules sometimes have an 8, axis that is coincident with a C,, axis. For example,
in addition to the rotation axes described previously, snowflakes have S, (= i), §3, and 54
axes coincident with the Cg axis. Molecules may also have S, axes coincident with Cy,;
methane is an example, with §4 axes coincident with C, axes, as shown in Figure 4-6.
Note that an .S, operation is the same as inversion; an §) operation is the same as

areflection plane, The i and o notations are preferred in these cases. Symmetry elements
and operations are summarized in Table 4-1,

Rortation Angle Symmetry Operation
90° $4
180° G (=84
270° 54
360° E (=39
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TABLE4-1 =~ R R T SR LR R ) I :
~-Summary Table of Symmetry Elements.and Operations - - T . S
Symmetry Operation  Symmetry Element Operation Examples
1
Identity, £ None All atoms unshifted CHFCIBr /C\

Cl Br
C’l
Rotation, Cs Rotation axis Rotation by 360°/n p-dichlorobenzene Cl é Cl
Cs

G NH, IF

s

' H
H
C4
Cl. Cl
PICL, )2 -
c AT e T NG

Cs Cyclopentadienyl
group
. Cﬁ
Cs Benzene @

Reflection, o Mirror plane Reflection through a mirror
¥ plane
F Inversion, i Inversion center (point) Inversion through the center
e
Rotation-reflection, Sy Retation-reflection axis Rotation by 360°/n, followed by
{improper axis) reflection in the plane

perpendicular te the rotation axis

Ethane {staggered) %{
Se

Ferrocene (staggered) Fe
Sio




jsjiﬁn;'é&f:éiements in the following motecules; consider only the atoms when as-
ting symmatry Lone pairs influence shapes, but molecular symmetry is based on the

1 ggometryvf the atoms.

Hz0 . H>O has two planes of symmetry, one in the plane of the molecule and one

0. perpendicular to the molecular plane, as shown in Table 4-1. Italso has a

H/ \H (5 axis collinear with the intersection of the mirror planes. H,O has no in-
version center.

p-Dichlorobenzene This molecule has three mirror planes: the molecular plane; a plane
perpendicular to the molecule, passing through both chiorines; and a plane
perpendicular o the first two, bisecting the molecule between the chio-

C]@ ¢1 Tines. It also has three C; axes, one perpendicular to the molecular plane
(sce Table 4-1) and two within the plane: one passing through both chlo-
rines and one perpendicular to the axis passing through the chlorines. Fi-
nally, p-dichlorobenzene has an inversion center.

Ethane (staggered conformation) Ethane has three mirror ptanes, each containing the
C-—C bond axis and passing through two hydrogens on opposite ends of the

Hli H  molecuie. It has a C; axis collinear with the carbon-carbon bond and three C
/Cﬁc‘\-‘H axes bisecting the angles between the mirror planes. (Use of a model is espe-
H H  cially helpful for viewing the C; axes). Ethane also has a center of inversion
and an Sg axis collinear with the C axis (see Table 4-1).
EXERCISE 4-1

Using diagrams as necessary, show that §; = i and §, = o.

EXERCISE 4-2

Find all the symmetry elements in the following molecules:

NH;  Cyclohexane (boat conformation) Cyclohexane (chair conformation) XeF,

4-2  Each molecule has a set of symmetry operations that describes the molecule’s overall

POINT GROUPS

symmetry. This set of symmetry operations is called the point group of the molecule.
Group theory, the mathematical treatment of the properties of groups, can be used to
determine the molecular orbitals, vibrations, and other properties of the molecule. With
only a few exceptions, the rules for assigning a molecule to a point group are simple and
straightforward. We need only to follow these steps in sequence wntil a final
classification of the molecule is made. A diagram of these steps is shown in Figure 4-7.

1. Determine whether the molecule belongs to one of the cases of very low symme-
try (Cy, Cy, C;) or high symmetry (T, Oy, Cogws Dooirs 01 1) described in Tables

4-2 and 4-3.
2. For all remaining molecules, find the rotation axis with the highest #, the highest
order C,, axis for the molecule. o

3. Does the molecule have any C, axes perpendiculdr to the C,, axis? If it does, there
will be 1 of such €5 axes, and the moelecule is in the D set of groups. If not, it is in
the C or § set.

4. Does the molecule have a mirror plane (o) perpendicular to the C,, axis? If so, it
is classified as C,y, or D, If not, continue with Step 5.

5. Does the molecule have any mirror planes that contain the C,, axis (o, or a)? If
s0, it 1s classified as C,,, or D,;. If not, but it is in the D set, it is classified as D, .
If the molecule is in the C or § set, continue with Step 6.
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6. Is there an S;, axis collinear with the C,, axis? If so, it is classified as Sa,,. If not,
the molecule is classified as C,.

Each step is illustrated in the following text by assigning the molecules in
Figure 4-8 to their point groups. The low- and high-symmetry cases are treated dif-
ferently because of their special nature. Molecules that are not in one of these low-
or high-symmetry point groups can be assigned to a point group by following Steps
2 through 6.
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1,5-dibremonaphthalenc

F HE“\‘C/H f lf
| T | N~.‘_CO,.,-N ) B
T “ N H7 “H
0=C=0 F HoOpH N | i
co, PF, H,CCH, [Colen), 13" NH,
H F
H Cl Br H F H
,é\ Ne—c” Clse o 1 F 75:i"F o—mo/
Ff TBr / AN / . C 4
cl H Br H \Br F g H
CHFCIBr H,C=CCIBr HCIBC — CHCIBr S 1,0,

Zﬁ?

1,3,5,7-tetrafluoro-
cyclocctatetraene

Br

a BH unit)

FIGURE 4-8 Molecules to be Assigned to Point Groups.
“en — ethylenediamine = NH.CH,CH,NHS,, represented by N™ N,

dodecahydro-cioso-dodecaborate
(2-)ion, B, H 122' (each corner has

4-2-1 GROUPS OF LOW AND HIGH

SYMMETRY

high symmetry.

1. Determine whether the molecule belongs to one of the special cases of low or

First, inspection of the molecule will determine if it fits one of the low-symmetry
cases. These groups have few or no symmetry operations and are described in Table 4-2.

TABLE 4-2 .
Groups of Low Symmetry
Group Svmmetry Examples
I
C, No symmetry other than CHFCIBr /C ~B
the identity operation 1204 r
— Cl
o
H /Cl
C; Only one mirror plane H,C=CCIBr C=C
H Br
Br
Cla 7
I Only an inversion center; HCIBIC — CHCIBr ":,C—C\\ al
few molecular examples (staggered conformation) Br

SN R

AT S AT ey e L
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Low symmetry

CHFCIBr has no symmetry other than the identity operation and has € symmetry,
H,C = CCIBr has only one mirror plane and C,; symmetry, and HCIBrC—CHCIBr in
the conformation shown has only a center of inversion and C; symmetry.

High symmetry

Molecules with many symmetry operations may fit one of the high-symmetry cases
of linear, tetrahedral, octahedral, or icosahedral symmetry with the characteristics de-
scribed in Table 4-3. Molecules with very high symmeitry are of two types, linear and
polyhedral. Linear molecules having a center of inversion have D, symmetry; those
lacking am inversion center have Cy,, symmetry. The highly symmetric point groups
T4, Oy, and I, are described in Table 4-3, Tt is helpful to note the C, axes of these mol-
ecules. Molecules with T; symmetry have only C; and C; axes; those with Oy, sym-
metry have Cy axes in addition to C3 and Cy; and [; molecules have Cs, C3, and C;
axes.

TAJBV’«-E‘L?," o e

Groups of High Symmetry - v R

Group Description Examples

Coow These molecules are linear, with an infinite number of
rotations and an infinite number of reflection planes Cmﬁ‘H—Cl
containing the rotation axis. They do not have a center of
inversion.

Doy These molecules are linear, with an infinite number of C,
rotations and an infinite number of reflection planes C &O'—" =0
containing the rotation axis. They also have perpendicular e

C, axes, a perpendicular reflection plane, and aa inversion center.

Ty Most (but not all} molecules in this point group have H
the familiar tetrakedral geometry. They have four C5 axes, three I
C, axes, three § axes, and six o4 planes. They have no Cy C ~H

axes. H"/

Oy These molecuies include those of octahedral structure, F
although some other geometrical forms, such as the cube, I ’,F
share the same set of symmetry operations. Among their 48 F—S——F
symmetry operations are four C; rotations, three C, e |

rotations, and an inversion. F

~

Iy Icosahedral structures are best recognized by their six Cs
axes (as well as many other symmetry operations—120

et fA\»
Y

BU_H IZZ— with BH
at each vertex of an
icosahedron

In addition, there are four other groups, T, Ty, O, and I, which are rarely seen in nature. These groups are
discussed at the end of this section.
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HCI has Cy, symmetry, CO, has Dy, symmetry, CH, has tetrahedral {7)
symmetry, SFq has octahedral (0,) symmetry, and B;H»* has icosahedral (1)

syminetry

There are now seven molecules left to be assigned to point groups out of the

originat 15.

4-2-2 OTHER GROUPS

2. Find the rotation axis with the highest n, the highest order C, axis for the
malecule. This is the principal axis of the molecule.

The rotation axes for the examples are shown in Figure 4-9. If they are all equiv-

alent, any one can be chosen as the principal axis.

C3 CS
I o
VAN
F H
¥ H j
FF, H,CCH, 1,3,5,7-tetrafluoro-
cyclooclatetraens
Br
qci,
N
H Sy G
H Br
NH, C, petpendicular to the

plane of the molecule

FIGURE 4-9 Rotmtion Axes. 1,5-dibromonaphthalene

N

N1 N
C f(!o )
NTT ] WN

N
C; perpendicular to
the plane of the page

[Colen),] 3

3. Does the molecule have any C» axes perpendicular to the C), axis?

The C; axes are shown in Figﬁr@ 4-10.

NH, 1,5-dibromonaphthalene H,0,
No No No

FIGURE 4-10 Perpendicular Cy
Axes, Yes Yes

(N

1
oSt

\_/N

1,3,5, 7-tetrafluorocylooctatetraene
No

&

{Colen};|**
Yes
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Yes D Groups No C or § Groups

PFs, H;CCH3, [Co(en)s]** NH;3, 1,5-dibromonaphthalene, Hy0a,
1,3,5,7-terafluorocyclooctatetraene

Molecnles with C; axes perpendicular  Molecules with no perpendicular C;
to the principal axis are in one of the axes are in one of the groups desig-
groups designated by the letter D; nated by the letters C or S.

there are n C; axes.

No final assignments of point groups have been made, but the molecules have
now been divided into two major categories, the I set and the C or § set.

4. Does the molecule have a mitror plane (g, horizontal plane) perpendicular to
the C,, axis?

The horizontal mirror planes are shown in Figure 4-11.

D Groups C and § Groups
H,CCH, [Colen), > NH,  H)0, 1.3,5.7-tetraftuoro-
cyclooctatetracne
No No No No No
F
T ™™
- v )
|
F
PF, 1,5-dibromonaphthalene
FIGURE 4-11 Horizontal Mirror Yes Yes
Planes. D3h Czk
D Groups Cand § Groups
Yes Yes | Cyy
PFs is Dy, 1,5-dibromonaphthalene is Cyy,

These molecules are now assigned to point groups and need not be considered
further. Both have horizontal mirror planes.

/'Jf

No D, or D,z No C,, Cyy, or Sy,

H;CCHs, [Coten)s>* NH3, H,0,,
1,3,5,7-tetraflucrocyclooctatetracne

None of these have horizontal mirror planes; they must be carried further in
the process.

5. Does the molecule have any mirror planes that contain the C,, axis?
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FIGURE 4-12 Vertical or Dihedral
Mirror Planes or S, Axes.

D Groups C and § Groups
c,? c,? 85,7
[Co(en)313+ H,0, 1,3,5,7,-tetrafluoro- H,0,
cyclooctatetraene
No No
G

1,3,5,7,-tetrafluoro-

cyclooctatetracne
Yes Yes Yes
D 3d C3v R} 4
These mirror planes are shown in Figure 4-12,
D Groups C and 8 Groups
Yes Yes
H3CCH; (staggered) is D3y NH;3 is C,

These molecules have mirror planes containing the major C, axis, but no horizon-
tal mirror planes, and are assigned to the corresponding point groups. There will be n of
these planes.

No No C;, or 5y,

[Cc>(en)3]3+ is Iy H,0,, 1,3,5,7-tetrafluorocyclooctate-
{raene
These molecules are in the simpler rotation groups D, C,,, and S,, because they

do not have any mirror planes. D, and C,, point groups have onlfy C, axes. S, point
y P n pomt group Y Ln p
groups have C,, and Sy, axes and may have an inversion center.

6. Is there an S5, axis collinear with the C,, axis?

D Groups C and § Groups
Any molecules in this category Yes
i3

that have S,, axes have already
been assigned to groups. There
are no additional groups (o be No

considered here, o H,0, is G

1,3,5,7-tetrafluorocyclooctatetraene is Sy

We have only one example in our list that fails into the S», groups, as seen in
Figure 4-12.

A branching diagram that summarizes this method of assigning point groups was
given in Figure 4-7 and more examples are given in Table 4-4.

bt oyinsn e g s,
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TABLE 4-4 L o
Further Examples of Cand D Point Groups
General Label Point Group and Example
/F
Cop Cyy,  diflucrodiazene N=N
/
F
H
(i)/
Cy, B(OH);, planar H /B\
™~ o (!)
H
O
SN
Cov Cyy  H0 H H
P
Cyy PClL Ci’y e
Cl
F
F._ | F
Cyy  BrFs (square pyramid) - Br ~
F F
Cyy HF, CO, HCN H—F C=0 H—C=N
H p
C, C>  NyHg, which hasa \N —N'<‘ H
gauche conformation H/ H
Cy P(CgHs)s, whichis like a
three-bladed propeller
distorted out of the
planar shape by a
lone pair on the P P
F
;
Do D}k BF3
F~ F
2
Cl\ /Clj
D PtC1, % Pt
1 4 N
Cl Cl
Ds,  Os(CsHs), (eclipsed) Os

Continued
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" TABLE 4-4—cont'd : "
Further Examples of € and D Pmnt Gro;rps

General Label Point Group and Example

Dg,  benzene

DDG;! Fz,Nz, Fﬁ_‘F NEN
acetylene (C;Ha) H—C=C—H
H
N _-H
Dnd D?_d HzC:CZCH'Z, allene /C=C=C\H
H
Dys  Nilcyclobutadiene), (staggered) Ni
Dsy  Fe(CsHs) (staggered) Tie
D, Dy [Ru{NH,CH;CH,NH,)51 —2
(trcating the NH,CH,CH,NH, N

group as a planar ring)

Determine the point groups of the following molecules and ions from Figures 3-13 and 3-16:

XeFs 1. XeF,isnotin the groups of low or high symmetry.

2. Its highest order rotation axis is Cy.

3. Tt bas four C; axes perpendicular to the Cy axis and is therefore in the I set of groups.
4

. It has a horizontal plane perpendicular to the Cy4 axis. Therefore its point groupis Dyy.

SF4 It is not in the groups of high or low symmetry.

Its highest order (and only) rotation axis is a Cy axis passing through the lone pair.
The ion has no other C; axes and is therefore in the C or S set.

It has no mirror plane perpendicular to the C;.

It has two mirror planes containing the Cy axis. Therefore, the point group is Csy,.

il e

IOF3; 1. The molecule has no symmetry (other than E). Its point group is Cy.

EXERCISE 4-3

Use the procedure described above to verify the point groups of the molecules in Table 4-4.
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C versus D point group classifications

All molecules having these classifications must have a C,, axis. If more than one C,, axis
is found, the highest order axis (largest value of #) is used as the reference axis. In gen-
eral, it is useful to orient this axis vertically.

D Classifications C Classifications
General Case: Look for nC, axes L C,axis No(Craxes L (), axis
C,, axes perpendicular to
the highest order C,, axis.
Subcategories:
If a horizontal plane of
synmumetry exists: D, Con
f 2 vertical planes exist: Dy Cpy
If no planes of symmetry
exist: D, C,
Notes:

1. Vertical planes contain the highest order C,, axis. In the D, ; case, the planes are
designated dihedral because they are between the C, axes—thus, the subscript 4.

2. Simply having a C, axis does not guarantee that a molecule will be in a D or C
category; don’t forget that the high-symmetry T3, Oy, and [, point groups and
related groups have a large number of C,, axes.

3. When in doubt, you can always check the character tables (Appendix C) for a
complete list of symmetry elements for any point group.

Groups related to I, Oy, and Ty groups

The high-symmetry point groups I,,, Oy, and T; are well known in chemistry and are
represented by such classic molecules as Cgq, SFy, and CH,. For each of these point
groups, there is also a purely rotational subgroup (1, 0, and T, respectively) in which the
only symmetry operations other than the identity operation are proper axes of rotation.
The symmetry operations for these point groups are in Table 4-5.

We are not yet finished with high-symmetry point groups. One more group, 7;,
remains. The T point group is derived by adding a center of inversion to the T point
group; adding 7 generates the additional symmetry operations Sg, S¢°, and o,

TABLE 4-5 R T L E
Symmetry Operations for High-Symimetry Point. Groups and Their.Retational Subgroups
Point Group Symmetry Operations
5 E 12C; 12657 200 15C, i 128, 1285,° 208, 15¢
i E 125 12652 200 15C;,
Oy E 8C, 60, 6C, 3C; =CH) i 6354 856 3ay, 60,
o E 8C; 60, 6C, 3G, = G
Ty E 8C, 3, 68, fog
——rre e,
T E 403 4C4? 36,

405402 3¢, i 455 4547 30y,

=
=




FIGURE 4-13 W[N(CH;),ls,

a Molecule with T}, Symmetry.

4-3

- Symimetsy ‘dnd Grolip Theory

PROPERTIES AND
REPRESENTATIONS
OF GROUPS

FIGURE 4-14 Symmetry Opera-
tions for Ammonia. {Top view) NH;
is f point group Cs,,, with the sym-
metry operations £, C5, C;z, [+
o, 0,”, usually writlen as E, 2C5,
and 3o, (note that C33 = F).

T, symmetry is rare but is known for a few molecules. The compound shown in
Figore 4-13 is an example. I, O, and 7' symmetry are rarely if ever encountered in chemisiry.

That’s all there is to it! It takes a fair amount of practice, preferably using molec-
ular models, to learn the point groups well, but once you know them, they can be ex-
tremely useful. Several practical applications of point groups appear later in this
chapter, and additional applications are included in later chapters.

All mathematical groups (of which point groups are special types) must have certain
properties. These properties are listed and illustrated in Table 4-6, using the symmetry
operations of NHj3 in Figure 4-14 as an example.

4-3-1 MATRICES

Important information about the symmetry aspects of point groups is summarized in
character tables, described later in this chapter. To understand the construction and use
of character tables, we first need to consider the properties of matrices, which are the
basis for the tables.?

g

H
x 1
|

S
—_

H- 0 NH

o, (o) k”’j

C; rotation about the z axis

One of the mirror planes

I s X
N N
Hy “H;  H TH, Hy” TH,
NH; after £ NHj after C;  NHj; after o, (y2)

"More derails on matrices and their manipulation are available in Appendix | of E. A. Cotton,
Chemival Applications of Group Theory, 3rd ed., John Wiley & Sons, New York, 1990, and in linear algebra
and finite mathematics textbooks.
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Examples from Point Group C,,

1. Each group must contain an identity operation that com-
mutes (in other words, £A = AE) with all other members
of the group and leaves them unchanged (EA = AE = A).

2. Each operation must have an inverse that, when combined
with the operation, yields the identity operation (sometimes
a symmeiry operation may be its own inverse). Note: By
convention, we perform combined symmetry operations

Sfrom right to left as written.

3. The product of any two group operations must also be a
member of the group. This includes the product of any

operation with itself.

4. The associative property of combination must hold. In other

words, A(BC) = (AB)C.

'3y molecules (and afl molecules) contain the identity operation E.

N Q N @ N
2N PN N
H; H, H; H, H, H,

€42 €3 = E (Cy and €42 are inverses of each other)

I"Il o II{3 s, I¥I3
N N | N
SN U PN | AN
H, Hy H, H, ' H, H,
" H
_%" -’
P N
.- ~
. H, \Hl

,C3 has the same overall effect as o,"; therefore, we write 0,Cy = ",

It can be shown that the products of any two operations in (s, are aiso
members of C3y.

C3(oy 0y} = (Caop)ay]

By matrix we mean an ordered array of numbers, such as

3 2

710r[20135]

To multiply matrices, it is first required that the number of vertical columns of the first
matrix be equal to the number of horizontal rows of the second matrix. To find the prod-
uct, sum, term by term, the products of each row of the first matrix by each column of
the second (each term in a row must be multipfied by its corresponding term in the ap-

propriate column of the

second matrix). Place the resulting sum in the product matrix

with the row determined by the row of the first matrix and the column determined by
the column of the second matrix:

Here Ci; =

ij - EAik X Bkj

product matrix, with ¢ rows and j columns
initial matrix, with i rows and k columns
= initial matrix, with & rows and j columns
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EXAMPLES

K j J J
Ios1, [7 30, _Toms o o+ o], T2 ],
2 6 48T @+ O 3+ 6ys) | |38 s

This example bas 2 rows and 2 columns in each initial matrix, so it has 2 rows and 2 columns
in the product matrix; i = j = k = 2.

k
1 0 o
1 2 3]0 =1 Ofk=
0 0 1
J J

(1) + (2)(0) = (O} (1)(0) + (2)(~1) = (3)(0) (1) + (D) + (BH(W)]i=[1 -2 3}

Here,i = 1, j = 3,and k = 3, so the product matrix has 1 row (i) and 3 columns ().

k 7 J J
1 0 o1 () +  (0)(2) + (0)(3) 1
o -1 of2k= O+ (D) +O3) li=] -2
0 113 (0(1) +  (0)(2) + (1)(3) 3

Here{ = 3, j = 1,and k = 3, so the product matrix has 3 rows (/) and 1 colurn (;}.

EXERCISE 4-4

Do the following multiplications:

[5 1 3 21 1
a |4 2 2!x11 2 3
(1 2 3 5 4 3
1 -1 -2 2
h 1 —-1]x|1
1 0 o 3
1 -1 -2
e. {1 2 31x|2 1 -1
3 02 1

4-3-2 REPRESENTATIONS OF POINT GROUPS

Symmetry operations: Matrix
representations

Consider the effects of the symmetry operations of the Cy, point group on the set of x,
¥, and z coordinates. [The set of p orbitals (p,, py, p,) behaves the same way, o this is
a useful exercise.] The water molecule is an example of a molecule having Cs,, symme-
try. It has a C; axis through the oxygen and in the plane of the molecule, no perpendic-
ular C; axes, and no horizontal mirror plane, but it does have two vertical mirror planes,




4-3 Properties and Representations of Groups 95

Z
I Y
AT AN /O AON
H, H, H, H, H, H, H, H,
FIGURE 4-15 Symmetry Opers- Coordinate system After C, Aller g (x7) After ¢, (yz2)

tions of he Water Molecule,

as shown in Table 4-1 and Figure 4-15. The z axis is usually chosen as the axis of high-
est rotational symmetry; for H,O, this is the orly rotational axis. The other axes are ar-
bitrary. We will use the xz plane as the plane of the molecule.® This set of axes is chosen
to obey the right-hand rule (the thumb and first two fingers of the right hand, held per-
pendicular to each other, are labeled x, v, and z, respectively).

Each symmetry operation may be expressed as a transformation matrix as follows;

iNew coordinates] = [transformation matrix][old coordinates]

As examples, consider how transformation matrices can be used to represent the sym-
metry operations of the C,,, point group:

C;: Rotate a point having coordinates (x, y, z) about the C,(z) axis. The new coordi-
nates are given by

"= npewx = —Xx -1 0 0
y =newy = —y 0 -1 0 | rtransformation matrix for C,
"'=npewz =z 0 0 1

In matrix notation,

x’ -1 0 0 —x —-X

¥ = 0 -1 0 = -y | or =1 —-y

z' 0 0 1 z z z’ z
New - transformation old _ | new coordinates
coordinates matrix coordinates in terms of old

o,(xz): Reflect a point with coordinates (x, y, z) through the xz plane.

"= pewx = x i 0 0
¥y =mnewy = —y 0 -1 0 wansformation matrix for o,(xz)
Z = newz =z 0 0 1
The matrix equation is
x' 1 0 0 X x ! X
yi=10 -1 0 yl=|-y| oo | Y |=|~y
z' 0 0 1 z b4 4 F4

3Some sources tee ¥z as the plane of the molecule, The assignment of B; and B, in Section 4-3-3 is
reversed with this choice.
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The transformation matrices for the four symmetry operations of the group are

0 0 -1 0 0 1 0 0 -1 0 0

1 0] Ca 0 —1 0 ouxz): |0 -1 0 o,/(vz): 01 0

0 1 0 0 1 0 0 1 0 0 1
EXERCISE 4-5

Verify the transformation matrices for the £ and o,'(yz) operations of the €y, point group.

This set of matrices satisfies the properties of a mathematical group. We call this a
matrix representation of the C;, point group. This representation is a set of matrices,
each corresponding o an operation in the group; these matrices combine in the same
way as the operations themseives. For example, multiplying two of the matrices is
equivalent to carrying out the two corresponding operations and results in a matrix that
corresponds to the resulting operation (the operations are carried out right to left, so
Cy X @y, means @, followed by C,):

-1 0 ot o o -1 00
CoXoyxz)=, 0 =1 0o -1 o|l=| 01 0|=0a/(v2)
0o o 1o 1 00 1

The matrices of the matrix representation of the C,, group also describe the oper-
ations of the group shown in Figure 4-15. The C; and ¢,/ (yz} operations interchange
H; and H,, whereas E and o,(xz) leave them unchanged.

Characters

The character, defined only for a square maltrix, is the trace of the matrix, or the sum of
the numbers on the diagonal from upper left to Jower right. For the C,, point group, the
following characters are obtained from the preceding matrices:

E G oulsz) o, (yz)
3 - 1 1

We can say that this set of characters also forms a representation. It is an alter-
nate shorthand version of the matrix representation. Whether in matrix or character for-
mat, this representation is called a reducible representation, a combination of more
fundamental irreducible representations as described in the next section. Reducible
representations are frequently designated with a capital gamma (I).

Reducible and irreducible representations

Each transformation matrix in the C,, set above is “block diagonalized™; that is, it can
be broken down into smaller matrices along the diagonal, with all other matrix elements
equal to zero:

[-1] 0 0 1} 0 o0 11 0 0
0 [-1] O ou{xz): ] O [-1] O o/ (v | 0 [1] O
0 0 [1] 0 0 [1] 0 0 [1]

All the nonzero elements become 1 X 1 matrices along the principal diagonal.
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When matrices are block diagonalized in this way, the x, y, and z coordinates are
also block diagonalized. As a result, the x, y, and 7 coordinates are independent of each
other. The matrix elements in the 1,1 positions (numbered as row, column) describe the
results of the symmetry operations on the x coordinate, those in the 2,2 positions de-
scribe the results of the operations on the y coordinate, and those in the 3,3 positions de-
scribe the results of the operations on the z coordinate. The four matrix elements for x
form a representation of the group, those for y form a second representation, and those
for z form a third representation, all shown in the following table:

Irreducible representations E G oy(xz)  oy/(yz) | Coordinate Used
of the C,, point group, -1 1 -1 x

which add to make up the ~1 -1 1
reducible representation T’ 1 1 1 z
-1 I 1

Ga | e s =

Each row is an irreducible representation (it cannot be simplified further), and the
characters of these three irreducible representations added together under each opera-
tion (column) make up the characters of the reducible representation [, just as the com-
bination of all the mairices for the x, v, and z coordinates makes up the matrices of the
reducible representation. For example, the sum of the three characters for x, v, and z
undet the C; operation is —1, the character for I' under this same operation.

The set of 3 X 3 matrices obtained for H>O is called a reducible representation,
because it is the sum of irreducible representations (the block diagonalized 1 X 1 ma-
trices), which cannot be reduced to smaller component parts. The set of characters of
these matrices also forms the reducible representation I', for the same reason.

4-3-3 CHARACTER TABLES

Three of the representations for C,,, labeled A, By, and B, below, have been deter-
mined so far. The fourth, called A,, can be found by using the properties of a group de-
scribed in Table 4-7. A complete set of irreducible representations for a point group is
called the character table for that group. The character table for each point group is
unique; character tables for the commeon point groups are included in Appendix C.

The complete character table for Cs, with the irreducible representations in the
order commonly used, is

Cay E C; a,(x2) a,' (yz)

A, 1 i 1 1 z i 2
As 1 1 -1 -1 R, xy

By 1 -1 1 -1 x, Ry xz

By 1 -1 -1 i ¥ R, ¥z

The labels used with character tables are as follows:

X, 02 iransformations of the x, y, z coordinates or combinations thereof
R, R, R, rotation about the x, y, and z axes

R any symmetry operation [such as C; or 0,,(x2)]

X character of an operation

iandj designation of different representations (such as A or A;)

h order of the group {the total number of symmetry operations in the group)
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The labels in the left column used to designate the representations will be described
later in this section, Other useful terms are defined in Table 4-7.

TABLEA- D T P S,
“Properties of Characters of trreduclble Representations in Point Groups "~
Property Example: Cy,

1. The total number of symmetry opetations in
the group is called the order (k). To deter-
mine the order of a group, simply totai the
number of symmetry operations as listed in
the top row of the character table.

2. Symmetry operations are arranged in
classes. All aperations in a class have
identical characters for their transformation
matrices and are grouped in the same col-
umn in character tables.

3. The number of irreducible representations
equals the number of classes. This means
that character tables have the same number
of rows and columns (they are square).

4. The sum of the squares of the dimensions
(characters under £) of each of the irre-
ducible representations equals the ozder of
the group.

k=3 x{E)]

5. For any irreducible representation, the sum
of the squares of the characters multiplied
by the number of operations in the class (see
Table 4-8 for an example), equals the order
of the group.

h= % [X(R)P

6. Trreducible representations are orthogonal
to each other. The sum of the products of the
characters (multiplied together for each
class) for any pair of irreducible representa-
tions is 0.

ng(k)xj(k) = 0, wheni # j

Taking any pair of irreducible representations,

multiplying together the characters for each

class and muliiplying by the number of oper-

ations in the class (see Table 4-8 for an exam-
" ;:Ee), and adding the products gives zero.

7. A totally symmetric representation is in-
cluded in all groups, with characters of 1 for
all operations.

Osder = 4 [4 symmetry operations: E, C;,
ou(xz), and @y’ (yz}].

Each symmetry operation is in a separate class;
therefore, thete are 4 columns in the charae-
ter table.

Because there are 4 classes, there must also be 4
irreducible representations—-and there are.

12 + 12 + 12 + 12 = 4 = J, the order of the
group.

Fordg, 12+ 12+ (=12 + (-1 =4 =4
Each operation is its own class in this group.

B, and B, are orthogonai:
(HD+(-D-D+ DD +{-1){1}=0
E G, oulxz)  o(y7)

Each operation is its own class in this group.

Cayp has A, which has all characters = 1.

A S Sl b e 1 S e o

S

FEEE e .

The A, representation of the Cs,, group can now be explained. The character table
has four columns; it has four classes of symmetry operations (Property 2 in Table 4-7).
It must therefore have four irreducible representations (Property 3). The sum of the
products of the characters of any two representations must equal zeto {orthogonality,
Property 6). Therefore, a product of A; and the unknown representation must have 1 for
two of the characters and —1 for the other two. The character for the identity operaticn
of this new representation must be 1 [x(E) = 1] in order to have the sum of the squares
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of these characters equal 4 (required by Property 4). Because no two representations
can be the same, A, must then have x(E) = x(C3) = 1, and x(o,,) = x(o,;) = —1.
This representation is also orthogonal to B) and B;, as required.

Another example: C3,{NH3)

Full descriptions of the matrices for the operations in this group will not be given, but
the characters can be found by using the properties of a group. Consider the Cs rotation
shown in Figure 4-16. Rotation of 120° resuits in new x’ and y* as shown, which can be
described in terms of the vector sums of x and y by using trigonometric functions:

2 1 V3

. bt I LU S
¥’ = xeos == — ysin— 5% 5 Y
’—xsinz—ﬂJr coﬁ“ﬁ *lv
S T e T T
The transformation matrices for the symmetry operations shown are as follows:
mo_ow ) Py Ve
COS 3 5 3 5 3 1 0 0
Cs: sinng coszZI ol ﬁ _1 o | ot -0
3 3 2 2 0 0 1
0 0 1 0 0 1

In the Cs, point group, x(Cs?) = x(C3), which means that they are in the same
class and described as 2C, in the character table. In addition, the three reflections have
identical characters and are in the same ¢lass, described as 30,,.

The transformation matrices for €3 and C;° cannot be block diagonalized into
1 X 1 matrices because the Cy matrix has off-diagonal entries; however, the matrices
can be block diagonalized into 2 X 2 and 1 X 1 matrices, with all other matrix ele-
ments equal to zero:

1 o] o - 5 1 o] o
E: 01 0 Cs: V3 1 Tofxz): -1 0] 0

o0 1] - 5] ° 0 0 1]
0 o 1]

y
4

wne N

X',

? KA\\\\\\\ _:"'T (x.

\\ 8 ~ i

General case: x' = xcos 8 —ysin 8
¥ =xsn0 + ycos 0
For Cy: 8 = 2n/3 = 120°




100

Chapter 4 Symmetry and Group Theary

The C3 matrix must be blocked this way because the (x, y) combination is need-
ed for the new x and y'; the other matrices must follow the same pattern for congsisten-

¢y across the representation. In this case, x and y are not independent of each other,

The characters of the matrices are the sums of the numbers on the principal diag-
onal (from upper left to lower right). The set of 2 X 2 matrices has the characters cor-
responding to the E representation in the following character table; the set of 1 X 1
matrices matches the A representation, The third irreducible representation, A,, can be
found by uwsing the defining properties of a mathematical group, as in the Cy,, example

above. Table 4-8 gives the properties of the characters for the Cs, point group.

Cay E 20, 30,

A 1 I ] z 2+

As 1 1 ~1 R,

E 2 -1 0 (x. ¥} (R R) (2% = ¥4 xp), (x2,¥2)
TABLE 4-8 . s - i ‘ ‘
Properties of the Characters for the G, Point Group-_ |
Property Cap Example
1. Order 6 (6 symmetry operations)
2. Classes 3 classes:

E

2C3 (= C3a C?Z)

3oy (: Tyy 7y, GU”)
3. Number of irreducible representations 3(A;, A2 E)

Sum of squares of dimensions equals the
order of the group

Sum of squares of characters multiplied by
the number of operations in each class
equais the order of the group

Orthogonal representations

Totally symmetric represeatation

P+12e2?=6

E 20 30,
AP+ 200 +3(172 =6
Ay 1?4 2012 +3(~1¥% =6
E: 22+ 2(-12 + 30 =6

(multiply the squares by the number of
symmetry operations in each class)

The sum of tite products of any two
representations multiptied by the
nurnber of operations in each class
equals 0. Example of A, X E:

(@) + 21 +3(-1){0) =0

Ay, with all characters = 1

Additional features of character tables

1.

When operations such as Cj are in the same class, the listing in a character table
i8 2Cy, indicating that the results are the same whether rotation is in a clockwise
or counterclockwise direction (or, alternately, that Cy and C3° give the same re-
sult). In either case, this is equivalent to two columns in the table being shown as

one. Similar notation is used for multiple reflections.
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‘When necessary, the C, axes perpendicular to the principal axis (in a D group) are
designated with primes; a single prime indicates that the axis passes through sev-
eral atoms of the molecule, whereas a double prime indicates that it passes
between the atoms.

When the mirror ptane is perpendicular to the principal axis, or horizontal, the re-
flection is called oj,. Other planes are labeled o, or 043 see the character tables in
Appendix C.

The expressions listed to the right of the characters indicate the symmetry of
mathematical functions of the coordinates x, y, and z and of rotation about the
axes (Rx, Ry, RZ). These can be used to find the orbitals that match the represen-
tation. For example, x with positive and negative directions matches the p, orbital
with positive and negative lobes in the quadrants in the xy plane, and the product
xy with alternating signs on the quadrants maiches lobes of the d,, orbital, as in
Figure 4-17. In all cases, the totally symmetric s orbital matches the first repre-
sentation in the group, one of the A set. The rotational functions are used to de-
scribe the rotational motions of the molecule. Rotation and other motions of the
water molecule are discussed in Section 4-4-2.

P, orbitals have the same symmetry as x
(positive in hatf the quadrants, negative

inthe 0

d,, orbitals have the same symmetry as the
function xy (sign of the function in the four
ther half). quadrants).

In the ', example described previously the x and y coordinates appeared togeth-
er in the E irreducible representation. The notation for this is to group them as
(x.y) in this section of the table. This means that x and y together have the same
symmetry properties as the E irreducible representation. Consequently, the p, and
py orbitals together have the same symmetry as the  irreducible representation in
this point group.

Maiching the symmetry operations of a molecule with those listed in the top row
of the character table will confirm any point group assignment.
Irreducible representations are assigned labels according to the following rules, in

which symmetric means a character of 1 and antisymmetric a character of —1
(see the character tables in Appendix C for examples).

a. Letters are assigned according to the dimension of the irreducible representa-
tion (the character for the identity operation).

Dimension  Symmetry Label

1

2=

if the representation is symmetric to the principal rotation opetation {x(C,,) = 1)
B if it is antisymmetric (x(Cy) = —1).
E
T
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4-4
EXAMPLES AND
APPLICATIONS OF
SYMMETRY

FIGURE 4-18 A Chiral Molecule
and Other Chiral Objects.

b. Subscript 1 designates a representation symmetric to a C, rotation perpendicu-
Jar to the principal axis, and subscript 2 designates a representation antisym-
metric to the C,. If there are no perpendicular C; axes, 1 designates a
fepresentation symimetric to a vertical plane, and 2 designates a representation
antisymmetric to a vertical plane.

c. Subscript g (gerade) designates symmetric to inversion, and subscript u
(ungerade) designates antisymmeltric to inversion.

d. Single primes are symmetric to oy, and double primes are antisymmetric to ¢,
when a distinction between representations is needed (Csy, Csp, Di, Dsp).

4-4-1 CHIRALITY

Many molecules are not superimposable on their mirror image. Such molecules, labeled
chiral or dissymmetric, may have important chemical properties as a consequence of
this nonsuperimposability. An example of a chiral organic molecule is CBrCIFI, and
many examples of chiral objects can also be found on the macroscopic scale, as in
Figure 4-18.

Chiral objects are termed dissymmetric. This term does not imply that these ob-
jects necessarily have ne symmetry. For example, the propellers shown in Figure 4-18
each have a Cj axis, yet they are nonsuperimposable (if both were spun in a clockwise
direction, they would move an airplane in opposite directions!). In general, we can say
that a molecule or some other object is chiral if it has no symmetry operations (other
than E) or if it has only proper rotation axes.

EXERCISE 4-6

Which point groups are possible for chiral molecules? (Hint: Refer as necessary to the charac-
ter tables in Appendix C.)

Air blowing past the stationary propellers in Figure 4-18 will be rotated in either
a clockwise or counterclockwise direction. By the same token, plane-polarized light
will be rotated on passing through chiral molecules (Figure 4-19); clockwise rotation is
designated dextrorotatory, and counterclockwise rotation levorotatory. The ability of
chiral molecules to rotate plane-polarized light is termed optical activity and may be
measured experimentatly.

Many coordination compounds are chiral and thus exhibit optical activity if they
can be resolved into the two isomers. One of these is [Ru(NHzCHZCHzNH2)3]2+, with

F | F l
L i

,*C | C.. I
a4 >N !
Br | Br l
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FIGURE 4-19 Rotation of Plane-Polarized Light.

FIGURE 4-20 Chirai Isomers of
[Ru(NH,CH,CH,NH, 1 [*+
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FIGURE 4-21 A Set of Axes for
the Water Molecuie.

Dy symmetry (Figure 4-20), Mirror images of this molecule look much like left- and
right-handed three-bladed propellers. Further examples will be discussed in Chapter 9.

4-4-2 MOLECULAR VIBRATIONS

Symmetry can be helpful in determining the modes of vibration of molecules. Vibra-
tional modes of water and the stretching modes of CO in carbonyl complexes are exam-
ples that can be treated quite simply, as described in the following pages. Other
molecules can be studied using the same methods.

Water (C;, symmetry)

Because the study of vibrations is the study of motion of the individual atoms in a mol-
ecule, we must first attach a set of x, y, and z coordinates to each atom. For convenience,
we assign the 7 axes parallel to the C, axis of the molecule, the x axes in the plane of the
molecule, and the y axes perpendicular to the plane (Figure 4-21). Each atom can move
int all three directions, so a total of nine transformations (motion of each atom in the x,
v, and z directions) must be considered. For N atoms in a molecule, there are 34 total
motions, known as degrees of freedom. Degrees of freedom for different geometries
are summarized in Table 4-9. Because water has three atoms, there must be nine differ-
ent motions.

We will use transformation matrices to determine the symmetry of all nine mo-
tions and then assign them to translation, rotation, and vibration. Fortunately, it is only
necessary to determine the characters of the transformation matrices, not the individual
matrix elements.

In this case, the initial axes make a column matrix with nine elements, and each
transformation matrix is 9 X 9. A nonzero entry appears along the diagonal of the ma-
trix only for an atom that does not change position. If the atom changes position during
the symmetry operation, a 0 is entered. If the atom remains in its original location and
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TABLE4S - L .. 0 o ]

Degrees of Freedom .~~~ - - 00 00Tt e e
Number of Total Degrees of Translational Rotational Vibrational
Artoms Freedom Modes Modes Modes
N (linear) 3N 3 2 3N -5
3 (HCN) 9 3 2 4
N (nonlinear) 3N 3 3 IN -6
3 (H,0) 9 3 3 3

the vector direction is unchanged, a 1 is entered. If the atom remains but the vector di-
rection is reversed, a —1 is entered. {Because all the operations change vector directions
by 0° or 180° in the Cs, point group, these are the only possibilities.) When all nine vec-
tors are sumnmed, the character of the reducible representation I' is obtained. The full
9 X 9 matrix for C; is shown as an example; note that only the diagonal entries are used
in finding the character.

o
]
1
ST TE S T T T I

-

-

H,

=g R e B o Y e

|
—
oMM N W N =
o
=]

H,

[l oe Rl on B wn B o B wn I o T o B o
== ==l o B o B o B L = B = R
|
S oo o - 0000
S CC - o0 e o

I
e el e B e B e i e Bl o B o R
SO0 DO D~ o
OO0 OO OO
e S - R Y o N o TR e Y o B e}

o o
§

L

[

]

L

The H, and H,, entries are not on the principal diagonal because H, and H, ex-
change with each other in a C, rotation, and x'(H,) = —x(H,), ¥ (H,) = —v(H),
and z'(H,) = z(Hp). Only the oxygen atom contributes to the character for this opera-
tion, for a total of —1.

The other entries for I" can also be found without writing out the matrices, as follows:

E:

Ca:

op(xz):

uy'(vz):

All nine vectors are unchanged in the identity operation, so the char-
acter is 9.

The hydrogen atoms change position in a C, rotation, so all their vec-
tors have zero contribution to the character. The oxygen atom vectors
in the x and y directions are reversed, each contributing —1, and in the
z direction they remain the same, contributing 1, for a total of —1. [The
sum of the principal diagonal = x(Co)=(—-1)+(—-1)+(1)= —1]]
Reflection in the plane of the molecule changes the direction of all the
¥y vectors and leaves the x and z vectors unchanged, for a total of
3-3+43=3,

Finally, reflection perpendicular to the plane of the molecule changes
the position of the hydrogens so their contribution is zero; the x vector
on the oxygen changes direction and the y and z vectors are unchanged,
for a total of 1.

Because all nine direction vectors are included in this representation, it represents
all the motions of the molecule, three translations, three rotations, and (by difference)
three vibrations. The characters of the reducible representation I are shown as the last
row below the irreducible representations in the Cy, character table.
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Cw | E Gy oufxz)  oy'(yz)

Ay 1 1 1 1 z x% 2 2
Ay 1 1 -1 —1 R, Xy

B 1 -1 1 -1 Ry, | oaz

B 1 -1 -1 1 v, R, ¥z

r 9 -1 3 1

Reducing representations to irreducible
representations

The next step is to separate this representation into its component irreducible represen-
tations. This requires another property of groups. The number of times that any irre-
ducible representation appears in a reducible representation is equal to the sum of the
products of the characters of the reducible and irreducible representations taken one
operation at a time, divided by the order of the group. This may be expressed in equa-
tion form, with the sum taken over all symmetry operations of the group.”

Number of irreducible 1 number character of character of
representations of = 4 2 of operations | X reducible X irreducible
a given type order °x in the class representation representation

In the walter example, the order of Cs, is 4, with one operation in each class
(E, Cy, 04, 0y"). The results are then

[N + (=11 + ()1 + (IN(1)] =3

]’IA] =

N o

(9D + (=D + (=D + (=] =1

nAz
ny, = ?}[(9)(1) + (-1)(-1) + (3)(1) + ()(~1)] = 3

ng, = %[(9)(]) + (13- + 3)(—1) + Q11 =2

The reducible representation for all motions of the water molecule is therefore
reduced to 34 + A, + 3B, + 2B,.

Examination of the columns on the far right in the character table shows that
translation along the x, y, and z directions is A; + B| + B, (translation is motion atong
the x, y, and z directions, so it transforms in the same way as the three axes) and that
rotation in the three directions (R,, Ry, R.} is A, + B; + B,. Sublracting these from
the total above leaves 2A, + By, the three vibrational modes, as shown in Table 4-10.
The number of vibrational modes ecquals 3N — 6, as described earlier, Two of the
modes are totally symmetric (A ) and do not change the symmetry of the molecule, but
one is antisymmetric to C; rotation and to reflection perpendicular to the plane of the
molecule (B;). These modes are illustrated as symmetric stretch, symmetric bend, and
antisymmetric stretch in Table 4-11.

*This procedure should yield an integer for the number of irreducible representations of each type;
obtaining a fraction in this step indicates a calculation error.
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‘TABLE 4-10 - :
" Syminetry of Molecular Motions of Water
Translation Rotation Vibration
All Motions (x,%,27) (R:, Ry, R) {Remaining Modes)

34, A, 24, )

Ay Ay by
38 B By B e
2B, B, B,

TABLE 4-11 L

‘The Vibrational Modes of Water . ' 7

A 0 Symmetric seretch: change in dipole moment; more disiance
2N between positive hydrogens and negative oxygen

H H IR active e

B 0 Antisymmetric stretch: change in dipole moment; change iv
™ distances between positive hydrogens and negative oxygen ’
H H IR active

O Symmetric bend: change in dipole moment;
H'( >H angie between H——O vectors changes
IR active

A molecular vibration is infrared active (has an infrared absorption) only if it re- -
sults in a change in the dipole moment of the molecule. The three vibrations of wafer =
can be analyzed this way to determine their infrared behavior. Tu fact, the oxygen atom
also moves. Its nmotion is opposite that of the hydrogens and is very small, because its - ;
mass is so much larger than that of the hydrogen atoms. The center of mass of the mol- -
ecule does not move in vibrations. . ¥

Group theory can give us the same information (and can account for the more -
complicated cases as well; in fact, group theory in principle can account for afl vibra- %
tional modes of a molecule). In group theory terms, a vibrational mode is active inthe  °
infrared if it corresponds to an irveducible representation that has the same symmetry
{or transforms) as the Cartesian coordinates x, y, or z, becanse a vibrational motion that
shifts the center of charge of the molecule in any of the x, ¥, or 7 directions resulis in a
change in dipole moment. Otherwise, the vibrational mode is not infrared aclive.

EXAMPLES

Reduce the following representations to their irreducible representations in the point group
indicated (refer to the character tables in Appendix C):

CZh I E C2 i Tp
r | 4 G 2 2

Solution:

4y = A1) + O)0) + (2)(1) + @H)] = 2
na, = A1) + O)(=1) + @(1) + @)(-1)] = 1

na, = émm +{0)(1) + (2)(=1) + (2)(-D] =0

np, = im)(l) +(0)(-1) + 2} (-1 + ()] =1



4-4 Examples and Applications of Symmetry 107

Therefore, I' = 2Ag + B‘,;r + B,.

Cay ‘ E 2G5 3q,
I ’ 6 3 -2

Solution:

nay = é[(é)(l) + (2)(3)1) + BA(-2(D] = 1

nay = SLO0) + )E)1) + GY-D(-D)] =3

ne = £[(6)(2) + )EN-1) + (-] = 1

Therefore, " = 4, + 34, + E.

Be sure to include the number of symmetry operations in a class (column) of the character
table. This means that the second term in the Cs, calculation must be multiplied by 2 (2C3;
there are two operations in this class), and the third term must be multiplied by 3, as shown.

EXERCISE 4-7

Reduce the following representations to their irreducible representations in the point
groups indicated:

Ty E 8C, 3¢, 654 6oy
I, 4 1 0 0 2
DZd E 2S4 Cz 2C2’ 20’d
I; 4 0 0 2 0
C;w E 2C4 C2 20}; 20'd
Ts 7 -1 -1 -1 —1

EXERCISE 4-8

Analysis of the x, v, and 7 coordinates of each atom in NHy gives the following representation:

a, Reduce I to its irreducible representations.

b. Classify the irreducible representations into translational, rotational, and vibrational
modes.

c. Show that the total number of degrees of freedom = 3N.

d. Which vibrational modes are infrared active?
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FIGURE 4-22 Carbonyl Stretch-
ing Vibrations of cis- and trans-
Dicarbonyl Square Planar
Complexes.

FIGURE 4-23 Symmetry
Operations and Characters for
cis-ML(CO)s.

th
'Y

O ¥ O
A AN A
L C L C
NS N, S
Mz M
7N AN
L C C L
N ¥
O 0
Cis-dicarbonyl complex Trans-dicarbonyl complex

Selected vibrational modes

It is often useful to consider a particular type of vibrational mode for a compound. For
example, useful information often can be obtained from the C— O stretching bands in
infrared spectra of metal complexes containing CO (carbonyl) ligands. The following
example of cis- and frans-dicarbonyl square planar complexes shows the procedure. For
these complexes,” a simple IR spectrum can distinguish whether a sample is cis- or
trans-ML»(CO),; the number of C-— 0 stretching bands is determined by the geome-
try of the complex (Figure 4-22).

cis-ML,(CQ),, point group C,,. The principal axis (Cy) is the z axis, with the xz
plane assigned as the plane of the molecule. Possible C— O stretching motions are
shown by arrows in Figure 4-23; either an increase or decrease in the C-— O distance is
possible. These vectors are used to create the reducible representation below using the
symmetry operations of the C,,, point group. A C-—0 bond will transform with a char-
acter of 1 if it remains unchanged by the symmetry operations, and with a character of
0 if it is changed. These operations and their characters are shown in Figure 4-23, Both

0
A
L
\M/C@
AN
¢
\@

O
/ C/ c (xz)\ Lo N
O O O O

b s ” P
L L L C L C
N N N N
M M M M
AN AN y

N N
r c L C L c [N N G)
2 NG N N
0 0 0 O
2 vectors unchanged 0 vectors unchanged 2 vectors unchanged 0 vectors unchanged

|

l E < G (x7) G {y7)

1"'2 0 2 0

M represeats any metal and L. any ligand other than CO in these formulas.

OIS RV O P A
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stretches are unchanged in the identity operation and in the reflection through the plane
of the molecule, so each contributes | to the character, for a total of 2 for each opera-
tion. Both vectors move to new locations on rotation or reflection perpendicular to the
plane of the molecule, so these two characters are 0.

The reducible representation I” reduces to A; + By:

Coyp E G o,{xz)  0,/(yz)

r 2 0 2 0

A 1 i 1 1 z 2y 2
B 1 -1 1 -1 x, R, Xz

A\ is an appropriate irreducible representation for an IR-active band, because it

transforms as (has the symmetry of) the Cartesian coordinate z. Furthermore, the vibra-
tional mode corresponding to B, should be IR active, because it transforms as the Carte-
sian coordinate x.

In summary:

There are two vibrational modes for C— O stretching, one having A, symmetry and one
B) symmetry. Both modes are IR active, and we therefore expect to see two C— O stretch-
es in the IR, This assumes that the C— O stretches are not sufficiently shnilar in energy to
overlap in the infrared spectrum.

trans-ML.,(CO),, point group Dy,. The principal axis, C,, is again chosen as the 7
axis, which this ime makes the plane of the molecule the xy plane. Using the symme-
try operation of the [, point group, we obtain a reducible representation for C—O
stretches that reduces to A, + Ba,:

Dy | E Gle) Cly) Glx)y i olxy) olxz) olyz)

r 2 0 0 2 0 2 2 0

Ay 1 1 1 1 1 1 1 i 2y 2
By, 1 -1 —1 1 -1 1 I “1 | x

The vibrational mode of A symmeiry is not IR active, because it does not have

the same symmetry as a Cartesian coordinate x, y, or z (this is the IR-inactive symmei-
ric stretch). The mode of symmetry B, on the other hand, is IR active, because it has
the same symmetry as x.

In summary:

There are two vibrational modes for C— O stretching, one having the same symmetry as
A, and one the same symmetry as Bsy,. The A, mode is IR inactive {does not have the
symmetry of x, y, or z); the B3, mode is IR active (has the symmetry of x). We therefore
expect to see one C— O stretch in the IR.

It is therefore possible to distinguish cis- and trans-ML,(CO), by taking an IR

spectrum. If one C—0O stretching band appears, the molecule is trans; if two bands
appear, the molecule is cis. A significant distinction can be made by a very simple
measurement. -
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EXAMPLE

Determine the number of IR-active CO stretching modes for fac-Mo(CO)3(NCCHa4)s, as
shown in the diagram.

0 This molecule has Cs,, symmetry. The operations to be consid-
? 0O ered are E, C3, and o,. F leaves the three bond vectors un-
C C/ changed, giving a character of 3. C3 moves all three vectors,

giving a character of 0. Each o, plane passed through one of the
CH,CN —/ Mo—C—0 CO groups, leaving it unchanged, while interchanging the other

CN N two. The resulting characteris 1.
C C
H, CH,

The representation to be reduced, therefore, is

E 20, 30,
3 0 1

This reduces to A; + E. A has the same symmetry as the Cartesian coordinate z and is there-
fore IR active. E has the same symmetry as the x and y coordinates together and is also IR ac-
tive, It represents a degenerate pair of vibrations, which appear as one absorption band.

EXERCISE 4-9
Determine the number of IR-active C— O stretching modes for Mn(CO)sCL

GENERAL There are several helpful books on this subject. Good examples are F. A. Coiton,
REFERENCES Chemical Applications of Group Theory, 3rd ed., John Wiley & Sons, New York, 1990;

S. F A, Kettle, Symmetry and Structure (Readable Group Theory for Chemists), 2nd
ed., John Wiley & Sons, New York, 1995; and I. Hargittai and M. Hargiltai, Symmetry
Through the Eyes of a Chemist, 2nd ed,, Plenum Press, New York, 1995, The latter two
also provide information on space groups used in solid state symmetry, and all give rel-
atively gentle introductions to the mathematics of the subject.

PROBLEMS

4-1  Determine the point groups for

. FEthane (staggered conformation)

b. Ethane (eclipsed conformation)

Chloroethane (staggered conformation)

. 1,2-Dichloroethane (staggered anti conformatiomn)

]

er

4.2 Determine the point groups for

H. _H
a. Ethylene  C=C
H  H

b. Chloroethylene
¢. The possible isomers of dichloroethylene

4-3  Determine the point groups for
a. Acetylene
b. H—C=C—F

¢. H—C=C—CH;
d. H—C=C—CH,Cl
e. H—C=C—Ph (Ph = phenyl)




Determine the point groups for

a. Naphthalene

b. 1.8-Dichloronaphthalene Cl1  CI

g

¢. 1,5-Dichloronaphthalene Cl

g

Cl

d. 1,2-Dichloronaphthalene Cl

G

Determine the point groups for

a. 1,1'-Dichloroferrocene Cl

Q0

b. Dibenzenechromium (eclipsed conformation) @

&=

Cr

<<=

d. H,0"
e, 02F2 F

f. Formaldehyde, H,CO

SZS\S/SlS

g. Sg (puckered ring)

Cr

<=

Problems

111
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4-6

4-7

4-9

4-10

b. Borazine (planar) H H

i, [CrC005% 0 3

j» A tennis ball (ignoring the label, but including the pattern on the surface)

Determine the point group for

a. Cyclohexane (chair conformation)

b, Tetrachloroallene Cl,C=C==CCl,
¢ SO

d. A snowflake

¢, Diborane H
H-.. B/ ~_ _.-H

H" N\ / ™H
H

f. The possible isomers of tribromobenzene
g. A tetrahedron inscribed in a cube (alternate corners of the cube are also corners of

the tetrahedron).

h. B3Hg H H
H. / ~__H._/
H/B\ / ~H N

Determine the point group for

a. A sheet of typing paper

b. An Erlenmeyer flask (no label)

C. A screw

d. The number 96

e. Five examples of objects from everyday life; select items from five different
point groups,

f. A pair of eyeglasses (assuming lenses of equal strength)

g, A five-pointed star

h. A fork (assuming no decoration)

i. Captain Ahab, who lost a leg to Moby Dick

j- A metal washer

Determine the point groups of the molecules in the following end-of-chapter problems
from Chapter 3:

a. Problem 3-12

b. Problem 3-16

Determine the point groups of the molecules and ions in
a. Figure 3-8
b. Figure 3-15

Determine the point groups of the following atomic orbitals, including the signs on the
orhital Iobes:

a. p, b dyy

c dg2.? d d2



4-11
4-12

4-13

4-14

4-15

4-16

Problems 113

Show that a cube has the same symmetry elements as an octahedron.

For trans-1,2-dichloroethylene, of Cyj, symmetry,

a. List all the symmetry operations for this molecule.

b. Write a set of transformation matrices that describe the effect of each symmetry op-
eration in the Cy;, group on a set of coordinates x, y, z for a point, (Your answer
should consist of four 3 X 3 transformation matrices.)

¢. Using the terms along the diagonal, obtain as many irreducible representations as
possible from the transformation matrices. (You should be able to obtain thzree irre-
ducible representations in this way, but two will be duplicates.) You may check your
resules using the €y, character table.

d. Using the Cyy, character table, verify that the irreducible representations are mutual-
ly orthogonal.

Ethylene is a molecule of Dy, symmetzy.

a. List all the symmetry operations of ethylene.

b. Write a transformation matrix for each symmetry operation that describes the effect
of that operation on the coordinates of a point x, v, z.

¢, Using the characters of your transformation matrices, obtain a reducible representation.

d. Using the diagonal elements of your matrices, obtain three of the D, irreducible
representations.

e. Show that your irreducible representations are mutually orthogonal.

Using the s, character table,

a. Determine the order of the group.

b. Verify that the F irreducible representation is orthogonal to each of the other irre-
ducible representations.

¢. For each of the irreducible representations, verify that the sum of the squares of the
characters equals the order of the group.

d. Reduce the following representations te their component irreducible representations:

Dy | E 25 c ¢ 20y
T, 6 0 2 2 2
T 6 4 6 2 0

Reduce the following representations to irreducible representations:

Cyw | E 205 3o,

3 2
-1 -1

e
=N

Oh E SCg 6C2 6C4 3C2 i 6S4 855 30’h 60’d
r 6 0 0 2 2 0 Y 0 4 2

For Dy, symmetry show, using sketches, that d,, orbitals have B;, symmetry and that
d,2— 2 orbitals have B, symmetry, (Hint: you may find it useful to select a molecule
that has Dy, symmetry as a reference for the operations of the Dy, point group.)

Which items in Problems 5, 6, and 7 are chiral? List three items nor from this chapter
that are chiral.

For the following molecules, determine the number of TR-active C—O stretching
vibrations:

. b.
a 0 ¢ O
Ca [~
/ OC—Fé~CO
cl v
| ot «
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4-19

4-20

4-21

4-22

4-23

4-24

Using the x, y, and z coordinates for each atom in SFy, determine the reducible repre-
sentation, reduce it, classify the irreducible representations into translational, rotation-
al, and vibrational modes, and decide which vibrational modes are infrared active,

Three isomers of W>Cl4(NHEL),(PMe;), have been reported. These isomers have the
core structures shown below. Determine the point group of each (Reference: F. A. Cot-
ton, E. V. Dikarev, and W.-Y. Wong, Inorg. Chem., 1997, 36, 2670.)

cl N cl Cl cl cl
e / e / g /
P v|v ¢ P vr N Py V|V N

1

1 E 1

| i [

PN p-Po-d-N N-¥-o--p
. / o / o /
o N of Cl cl a

1 it i

There is considerable evidence for the existence of protonated methane, CH; ™. Calcu-
lations have indicated that the Jowest energy form of this ion has C; symmetry. Sketch
a reasonable structure for this structure. The structure is unusual, with a type of bond-
ing onfy mentioned briefly in previous chapters. (Reference: G. A. Olah and G. Rasul,
Ace. Chem. Res., 1997, 30, 245.)

The hexaazidoarsenate(V) ion, [As(N3)] , has been reported as the first structurally
characterized binary arsenic (V) azide species. Two views of its structure are shown
below. A view with three As—N bonds pointing up and three pointing down (alternat-
ing) is shown in (a); a view down one of the N— As—N axes is shown in (b). What is
its point group? (Reference: T. M. Klapitke, H. N6th, T. Schiitt, and M. Warchhold,
Angew Chem., Int. Ed., 2000, 39, 2108.)

| /N N N
N /N \ / /N
N N N Ny
Ny N TN BN
L] N — INT
SN TN 210
N | /N N N
~ N / \
N/N | N N \
N N/
(a) b

Derivatives of methane can be obtained by replacing one or more hydrogen atoms with
other atoms, such as F, Cl, or Br. Suppose you had a supply of methane and the neces-
sary chemicals and equipment to make derivatives of methane containing all possible
combinations of the elements H, F, Cl, and Br. What would be the point groups of the
molecules you could make? You should find 35 possible molecules, but they can be
arranged into five sets for assignment of point groups.

Determine the point groups of the following molecules:
a, F3SCCF,, with a tripie $=C bond

E E
pos=C—cAF
F F



