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(GUIDELINES EOR BUSINESS MATHEMATICS
OF B. COM. (HONS.)]

Note : Problems and Theorems involving Trigonometrical ratios need
not be (one,

1 Galculus : Concept of limits and continuity. Evaluation of
limits, Simple application to Commerce such as Depreciation, ¢te.

Delinition of differentiation. Theorems on differentiation. Suin and
difference of functions. Muliplication and Daviston of functions. A
function raised to power of a function. Function of a function.

Implicit function (Derivation of one function with respect 1O
another lunction (Derivation oi the formulae not nccessary). Geometric
and Economic interpretation of derivatives.

Successive  differentiation.  Simple standard  forms  (without
LEIBNLIZ RULE). Parual difterentiation.  Defimuon of Euler's
Theorem (Ist order). Total difterentiation of implicit functions.

Maxima and Minima. Cascs of one variable involving second and
higher order derivatives. Cases ol two variables involving one constraint.

Integration. Standard forms. Reducible to standard forms.
Method of substitution. Integration by parts. Use of partial fractions.
Definite integration for finding areas in simple cases.

Applicaton of Calculus to Business and Economics !

Knowledge of common forms of functions used in Busincss and
Economics and shapes of their curves like demand function, supply
function, cost function, revenue function, utility function, production

function with one or more factors of production (Tracing of curve not to
be done).

Mathematical interpretation of average, marginal and clasticity
concepts. Derivation of their interrelations by using Culculus. Calcu-
lations of these values and from them (in simple forms) obteining of
original functions. Cross and Direct elasticities. Compound ~nterest
and rate of growth.

Problems involving one or two variables of optinum level of
production under monopoly. Simple cases of duopoly. Equilibrium
prices under Perfect Competition. Simple cases of inventory coptrol.
Consumers surplus and Producers surplus.

2 Matrices : Definition. Different types of matrices. Algebra of
matrices. Transpose of a matrix. Elementary row transformations
including method of finding inverse.

Determinants. Properties of determinants. Calculation of vaulues
and product of determinants up to third order.

Adjoint of a matrix and method of finding inverse. Solution of
equation with the help of matrices and determinants,

Problems relating to Business and Economics based on solution of
equation and matrix multiplication. Leontief input and output model.
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3. Linear Programming : Graphical method. Problems relating
to maximisation and minimisation involving  two variables and in-
equalities of both types greater than and equal to and less than and equal
to. Cases when no solution exist and multiple solution exist,

Simplex Method. Concept of slack variable. Solution of problems
involving not  more than three variables. Maximisation problems
involving inequalitics of types less than and equal to. Concept of
Duality. Minimisation problems involving inequalities of type greater
than and cqual to, solving of them by reducing to a problem in
maximisation.

4 Probability Concept of probability. Calculation of probabi-
lity in simple cgses from definition, Independent and mutually exclusive
events.  Addition rule for two or more mutvally exclusive events, Form
of the theorem when 1Wo events are not mutually  exclusive. Multi-
plication ruie fo; independent events. Conditional probability,

Expectation and Bayes® Theorem : Definition and simple problems
velating to Business and Commerce situations.

SUGGESTED FURTHER READINGS (For Reference)

1. A Mizrahi & M. Sulbyan Mathematics for Business and Social
Sciences— John Wiley & Sons (Chapter 111 to X1).

2 RGD. Allen - Mathematical ~ Analysis  for Economist
Macmillan St. Mertines Press —=Chapter V to XTI, XIV to XV.

d. LWT Shatford : Business Mathematics —Relevant Chapters,

4. Finite Mainematics with Business  Applications Kemedy,
Schleifer, Snell and Thompson. Prentice Hall of India— EEE Book
Relevant Chapter.

5. Linear Programming ; N. Paul Loomba. M2cGraw Hill Co.



SECTION A
Applications to Commerce
and Economics

FUNCTIONS

1. Supply Fuunctions and Demand Functions. The supply
Sunction in economics is used to specify the amounts of a particular
commodity that scllers have available to offer in the market at various
prices. The demand function specifies the amounrs of a  particular
commodity that buyers are willing to purchase at various prices. It is
well known that an increase in price usually causes an increase in the
supply, but a decrease in demand; on the other hand, a decrease in
prices brings about a decrease in supply but an increase in demand,
The market price is defined as the price at which supply and demand are
equal.

Let x denote the quantity of commodity demanded and p its price.
x and p being variables we may write the demand function

x=/{p) showing dependence of x on p or
P =g(x) showing dependence of p on x

[These are the explicit forms of the implicit demand function,
Fx, p)=0].

(@) The variables in the case of demand function, as in the case
of other functions in economics, are hypothetical quantitics and not actual

observable quantities. Changes in the values of parameters cause shifts
in the demand curve.

(b) The arguments given above apply to a supply function if x
stands for the variable supply.

(¢) (i) The slope of a demand curve is negative, i.e,, it slopes down-
wards from left to right indicating that demand under normal circum-
stances expands as price is lower.

(fi) The slope of a supply curve is positive, ie., supply curves
normally rise from left to right. )
(d) Examples of demand functions are :

L5
() Qu=5=3, () Qu="r () Qu=-3p*4p46s,

(iv) Q,=5v p and so on,

Similarly the supply functions are :

() @Q=3p-3, (i) Q=2p-+p% (i) Qi=3p—3, etc.

2. Cost functions. If x is the quantity produced of a certain

good by a firm at total cost ¢, we write the total cost function C=¢(x)
explicitly. We may write this in the implicit form :

8(C, x)=0
(a) It may be noted that the cost (C) of producing so much goods
can be analysed into two parts: (f) fixed cost which is independent of x
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(with certain limits) and (if) variable cost depending on X, Thus we
may have cost function of the type

C{x)==200+ax,
where a is a known constant.

(b) Average cost of production or cost per unit is obtained by
dividing total cost by the quantity produced.

(%
;1(7;—\-; = C=AC. x

() Cost curves are obtained from the knowledge of production
functions. Usually the cost curve is rising to the right as the cost of
production generally increases with the output (x).

3. Tota! Revenue Function. Revenue is the amount of money
derived from the sale of a product and depends upon the price of the
product and the quantity of the product that is actually sold. If O, is
the demand for the output of a firm at price p, then the total revenue (R)
collected by the firm is

R(x\=pQ > p=—
) Qu
Thus the price p is also average revenue of the firm.
4 Profit Function. The revenue and cost function lead to the
profit function of a firm. as the profit is the excess of revenue over the
cost of production. The profit function of the firm is

P(x)= R(x)—C(x)

5. Production Function. Production of a firm cannot usually
be expressed satisfactorily as @ function of the single variable such as
capital for the simple reason that production necessarily implies the
coming together of several economic factors such as capital, labour, etc.

The production function is written as

P=flL, K)
where Ls K are quantities of labour and capital respectively required to
produce P.
In Economics the Cobh-Douglas production Sunction defined as
PagR =L , atp=l.

is most generally used.
P—100K01s L075

6. Utility Function. If U (x, ¥) denotes the satisfaction obtained
by an individual when he buys quantities X and Y of two commodities
X and Y. then U (x, »), the function of two variables x and y is called
utility function or utility index of the individual.

(a) For a fixed value U=U,. we get a curve U(x, »)=U, Since
combinations (x, ») of the commodities X and Y which are on this
curve. give the same satisfaction 10 the individual, he would be in-
different to the particular combination (x, ) that he buys. The curve is,
therefore, known as indifference curve.
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(b) It may be noted that for different values of U,, we will get
different indifference curves.

(¢) If U (x, ¥)==xy, then the indifference curves arc hyperbolas
xy="U,;, where Up takes different values for different level of satisfaction
e.g., when

U=(x+3) (¥»+2)
U
P 3 —2 and x= 5T

7. Overzll Consumption Function. If Cis the total consump-
tion of the community dependent on income ¥ and properity to consume
¢ the aggregate consumption funcuon is indicated by

3

C=a+cY
But since Y=C+4 S
S=Y—(a-}-cY)
This is the savings function of the community.

EQUILIBRIUM

Equilibrium price or quantity can be found by equating demand
and supply functions or by calculating excess of demand over supnly as
shown below :

Example 1. Find equilibrium price and quantity given the functions

0,~ 2002 P
0.=—0'24.-0:07 P

Selution. Take Q,=0,

= 2—002 P=024007 P

> —002 P—0'07 P=—2+402
—1'8

Aliter. Excess demand=0Q,— Q.
Excess Demand=(2—002 P)—(0'2+4 007 P)
=(2—02)—(002 P40'07 P)=1'8—0'09 P
Equating excess demand to zcro, we have

’1'1}6 cqu_i]ib_rium quantity is found by substituting the value of
cquilibrium price in any of the given demand or supply functions.
Q,=2—002 P
With P=20. Qd:z—(0'02><20)=2—-'4=]'6.
Example 2. Find equilibrium price by the method of excess demand
given the functions : A
0,302

2p
T ,:1’0%_}.
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Solution. Excess demand=0,—0,
ie., Qy—0Q:=(50-% P)—(10+£p)
=50—3 p—10—% p =40—-181 p

Equating excess demand to zero, we have
1'81 p=40

40 )
= Pf;i'_"s—l—22l

Example 3. Find equilibrium price given

3p
Qr—‘:&‘—):"i' ) Q.-.;.- 1

Solution. Let Q.,=0,
8p
e, p——T:p‘ = 8p==p2(p—2)
Dividing both sides by p, we get
8==p*—2p
=> p*—2p—8=0
= pr—4p+2p—8=0

> p(p—A+2(p-4=0 or (p=4)(p+2)=0

B! p=4 or p=—2.

Since price cannot be a negative figure, p=4.

Example 4. Assure that for a closed economy, E=C+I+4G,
where E is total expenditure, C is expenditure on consumption goods, I 1s
expenditure on invesiment goods and G Is Goyvernment spending. For
equilibrium, we must have E=Y, where Y is total Income recelved,

For a certain economy, it is given that C=15+409 Y, I=204-005 Y,
and G=25,

Find the equilibrium values of ¥, C and I. How will these change if
there is no Government spending 7

Solution. Here we are given that £=C+I14-G (D
and for equilibrium E=Y s 2)
From (1) and (2), we have

Y=C+I1+G (3

Substituting the given values of C, 7 and G in (3), we get
Y=(15+09 Y)4(20+0°05 Y)+25=604+095 ¥

=> Y(1—-095)=60
60

Now c¢15+o-9r=15+136 X 1200=1095 ... (5)
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5
and [=204005Y=20+ {69 % 1200=80. ...(6)
The required equilibrium values arc given by (4), (5) and (6). If
there is no governmeant spending then G =0 and the equilibrium equation
takes the form
Y=Cu:J )
Substituting the given values of C and Lin (7), we find
Y-=(15409 Y)4 (204005 ¥)=354095 ¥

> Y(1 —095)=135

. Y= $§m§%539-ﬁ7000 (8)

Mow O848 ¥ 154 %muo:szss . (9)
and I=20 1005 Y:20+~l% % 10D=55. = 10)

The changed values of Y, C and 7, if there is no government spend-
ing, are respectively given by (8), (9 and (10). i

ELASTICITY

Elasticity of the function y=/f(x) at the point X is defined as the
rate of “proportional change in ¥ or fx) per unit proportional change
inax™s

Price Elasticity of supply is the relative change in supply in
response to a relative change in price. If now x stands for supply and
the supply function is written as x—g (p), the formula for elasticity of
supply retains the same form as that of 7.

dx
m=L. 2
X dp

Since the slope of the supply curve is positive, 7, is also positive.

Price Elasticity of Demand. The average price elasticity of
demand is the proportionate change in quantity demanded to prepor-
tionate change in price. Precisely if the demand changes from x to
x+ 8x when the price changes from p to p+&p, then
3X/x P 8x
dplp  x " dp

The point elasticity of demand. It is the clasticity of demand at a
particular price level say p, by definition, it is the limiting value of
average price elasticity.

Point elasticity of demand at price ‘p" is

_ dx X . ax dx
Ng=hm ig*% . —= lim {-% " L:r}—-_ i .
3p-+0 P P Sp-+0 &p X P X

In general, the slope of demand curve is negative and hence 7, is

negative.

, where x is supply function.

Average price elasticity of demand =
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p dx Marginal quantity demanded

'Jd':—“— - =

x Codp Average quantity damanded

(Usually we write 7, in the form | 74| which means that we only
consider the absolute value of N4 irrespective of its sign.)

The crucial value of 7, is 1,

When | 7, [ >1, demand is elastic,
When | 7, | <1, demand is inelastic,
When | 7, | =1, demand has unit elasticity.,

Working rule for finding Elasticity of demand :
If x=f( p) is the demand function, then

1
() Marginal quantity dcmandcd;—%-

X
(i) Average quantity dcmanded=—l;~

4

i) | =2

Muastration 1. If the demand law is p= find the elastfeity

10
(x+ 1)’
of demand in terms of x.

Solution. The clasticity of demand is defined as

- P 4 .
Ng= % Xdp ...( )
Given p=.__l..0____=10 (x.{.[)"
EES)E
{4 e = L —3;___.&_.

Substituting the values in (*), we get
10 1 5 (x+l)3}_ x+1 )
R > L i T

Ilustration 2. Find the elasticity of demand Jfor the demand functoln

X=5—» where x is the demand of a good at a price p.

PB
Solution. Marginal quantity demanded
dx 81
=‘!—p' = ——p_"-
Average quantity demanded
27 I 2d

x _ ——
=p~—8 lp p‘.

p
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Hence 7, =elasticity of demand= —id—p-[
x/p
_K=81PH [ 4
= 270

lNlustration 3. Find 7, when p=35, if the demand function is
x=50+ p—p? where x is the demand for the commodity at price p.

dx
Marginal quantity demandcd-—:’:d =142p.

Average quantity dcmandedé(% =(50+p+p»/p.

_lMarginal quantity demanded) (l+2p)
~'Average quantity demanded l 150+ p+p*

N, when p=5 is given by
5(1+2x5) 55 ; . .
e = that demand is inelastic.
50F5435 80 which is << | shows that the de
Income elasticity of demand. It is the elasticity of quantity
demanded in response to change in income. It is defined as
.
=y dy
where x is the quantity demanded and y is the income per head in the
relevant group of people.
If 7,>1, the goods are Luxury.
0-.1,<1, the goods are Necessity of life.
and 1,<0, goods are Inferior.

Remark, Elasticities can also be expressed in terms of logarithms.
For example, let demand curve be

x=1p)
d 1 dx d 1
then & (log X)=— . F and 2‘5 (log P)-—F

podx X aﬂ s 108 %)  itog x)

Example 5. Find the elasticity oj’ demand w.r.t. price for the
following demand functions :
(@) p=v'a—bD , a and b being constants,
8

(b) D= (¢) D=pre-t»**; a, b and c are constants.
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dp
Solution. | 7,1 =[4-x 5]

D Xdp
(a) p p=(a—bD)}
: P —4 b
dD 1 2(ab— D)z
dp = (dpjdDy — b

| 74 | '(ab#f&[-_ma—_b_wjj

2
(b) D:;ﬁf—’-ix.—&pﬁa"!
3
e |
D 2
‘i!p : Sx(u-%-)xp = —12p-5i
I N | = ‘ g L — 12p-52 JI
i
E b4 2 i 2 ,,3 0= ..
g ol Litaas
(C} D:Pu e blotc)

;;3,::0 pur!e—-b(pﬂ)fpa e~blpte) (_,,_b)

a
=pt e lrt+e) — —b :]
g |

=Pa—l e—“P"N[a_,_bp]

|14 = F_{éamx[pn—l eg-birte) (a_bp)]
=(a—bp).
Example 6. leen r!re demand function
0=

P+I' find the elasticity at point p =3,

Solution. QP(P-% 3) -=20(p4-1)7"

Qg -1 20
ap = 20 (p+1) '-—"""(_F:I')T
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L P(’P+1)X 20 | p
20 T(p+12| p+1

14 when p=3 is given by

|74 =

Example 7. A demand function is given hy xpn=k, where n and &
e constants, Calculate price elasticity of demand,
Solution, Herc x=kp-*
dx

S —-n-=1
% nkp
| dx
L TE - -
= ’\—:;fi—’; x(-—-—.’lkp_"_l) =N

Hence the demand curve xp"=k has elasticity equal to n atall

level of prices.
Example 8. Show that the elasticity of demand at all points on

the curve xy = o2 will he numerfcally equal to one.
Solution, Here x=—=a2y7!
dx

ol S L |
dy =y
¥ ax
Now | 74 | ]l . dyl
“| A atyyf=1,

Hence the elasticity of demand at all points on the curve is one.
Example 9. Find the elasticities of demand and supply at equilibrium

price for demand function p=+/100—x' and supply function x—23p—10,
where p is price and x is quantity, [Delhi Univ. B, Com. (FHons.), 1992]

Solution. Equilibrium conditions ar¢ determined by equating
demand and supply laws.

‘ V100 —x? =x-;]0

= 4(100 —x*)=x?+20x+ 100

=> x24-4x—60=0

> (x410) (x—6)=0

x=6 or x=—10

x=— 10 is not admissible as quantity cannot be negative.
x=6

_x+10 6410
p= 3 -——2'—=8.
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’7.4-—«—-'?- ) dx P dx

Calculation of 7,,

100 —x?
d_P _.._l_ v2\-172 ¥ U <
=5+ (100 —x2) S —=2x) T
py=_P dx 8 (__\/1004! )_1_9_
T X "dp T T 6 6 9
Calculation of 7,.
x=2p—10
dx
. a5 =2
J »,o— ‘ix__ 8 __“8_
= B = 3
Marginal Revenue and Elasticity of Demand
We know
Total Revenue = Price x Quantity sold
or R=pxx
R
Average evenue (4AR) = = =F
. dR dp
Marginal revenue (MR)_a-:p-}-x v
X" dp A
=p ( 1+ F_ o %
1 . P dx
_._p( l—ﬂ—)[Smce ?d-——x— 3 -
1
MR=p ( ‘“L: )
or MR=4R ( 1_!._'_\) or AR=MR . 1741
M4

g | 1
It follows from this that when
() 1741 =1, TR remains constant with a fall in price

() [7n4]>1, TR rises with a fall in price
(fii) | », | <1, TRifalls with a fall in price.
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Example 10, Verify the relationship

1
Af!R:p ( j—_’f;)
JSor the demand function p=(12—x)*| 0<x<12,

ACE-15

Solution. We have p=(12—x)!/? (D
b @) 2=y (-1
gpf =m:_2(lz—xw‘=
n=—2 g; ;;{_‘——‘z“xx)l" Huzuz—x)“'}
=2('i“ ) (D)

The total revenue is

R.—:px:x(] 2-—1)“"

MR=(12—x)12— ;_ (12 —x)-112

= (12— x)1/2 [ 1—7(12';—-;:3]

=p ( l_’ll? ) [From (1) and (2))

tes |

Hence MR:p( e
d

Example Il. If AR and MR denote the averuge and marginal

revenue at any output, show that elasticity of demand is equal to

Verify this law for the linear demand law p=a+bx,

Solution. Total revenue : R=px
R dR
_ _— R e
AR = — =P, whereas M =
AR P p 1
How i wie = @dN"x dp
P=\Ptx dx dx
dx
I ol | 74 |
X dp
For

AR
AR—MR

dp
Y ae
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dR
So AR= 8 =a+byx and MR:—J- =a+2bx
A 5
p dx ya4bx x
AISO Iﬂ‘i:_\_‘zp_:(h“x—_)'dp
dx
(a-kbx) 1 atbx (at+bxy
=\ 7% = 3 gt Y (a4-bx)—(a+2by)
AR
TAR=MR

EXERCISE (I)

1. What do you understand by market cquilibrium 7 State its uses.
Explain your answer graphically also.

Find the market equilibrium of prices and quantitics if the demand
laws for two commodities are
x=5—p+q, Yy=10—p+gq
and the supply laws are
X=—=54+p-tyq, P —2--pt 2g
where p and ¢ represent the price per unit of commadities x and y
respectively.

2. Explain what you understand by market equilibrium Show
graphically or otherwise that no price other than the equilibrium price
can last longer in the market.

Find the market equilibrium price and quantities if the demand laws
for two commaoditics are
P=24--x--2y g=--27—x—3y
and supply laws are
X=—06+2p—q, Y=-==3~p+By
where p and ¢ represent the price per wmt of commodities x and y
respectively.
3. Find the equilibrium prices and quantitics for the two commo-
dity market models : .
Xn=—2—p+g, Xy =3 g

ng=—3'—P“q. -‘fsg'*‘—g‘f'P*‘q
where p is price and q is quantity.
[Hint. At cquilibrium, K== and Xag = Xy,)

4. (4) Explain (i) Demand function and Supply function. (i)
Market equilibrium,

~ (b) The price P of a certain commodity is partly constant and partly
varies as the reciprocal of the quantity demanded d. The supply functio n
is S=a+pBp where a and B are constants. The demand and supply
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curves were drawn on the same graph taking the quantity on x-axis and
price on y-axis. The cquilibrium point is (4, 6) and at price 5 units,
the quantity demanded and the quantity supplied are 5 and 3 units
respectively.  Determine the demand and supply function and find t_hc
price when (i) the quantity demanded is 8 units and (i) the quantity
supplied is 10 units.

5. Explin what you understand by Demand and Supply function
and Market equilibrium.

The demand law of a commodity is p=my/x+n  If the price is
one unit, the demand is 100 units and if the demand is 16 units, the total
revenue is 144 units.  Find the constant m and n,

[t p==2 units, what is the total revenue ?

6. Explain the effect of taxation on market equilibrium,
The demand law is 3p--2x==27 and supply law is 6p—2x=9

(@) If the tax of 2 per unit is imposed, find the equilibrium  price
and quantity and the total government revenue.

(b) If a subsidv of | per unit is granted. find the new price and
quantity and total government expenditure,

7. Explain what you understand by demand and supply functions.
State their uses  State reasans for the change in demand and supply of
a commodity.

When the price of  sweets was Rs. 3 per kg its demand was
12 thousand kg and when the price was Rs. § per kg, its demand was 8
thousand kg 1f the demand function is p=/a—bx. find the values of
the constants @ and 5. What will be demand when the price is Rs. 7
per kg? Which: of these three prices of sweets will give more benefit ?

8  The demand curve and the supply curve of a commaodity arc
given by P=19 3p -p* and S=5p—-1. Find the equilibrium price and
the quantity.

[Hint. For equilibrium, we have D=5

= [9'3‘”—])2:5[)41

= pr+8p—-20=0

= (p-10)0p—2)=0, ie.. p=2and p=—10

We reject the value p=— 10, since pricc cannot be negative. Hence

equilibrium price is p=2 and substituting it in the demand or supply
curve, we get

D=8=9]
9. The demand functions of two commodities 4 and B are
Di=10-—-ps—2ps, Da=6-pa—ps
and the corresponding supply functions are
Sq=—34+pa+ps, Sa=—24ps
where ps and pp denote the prices of 4 and B respectively. Find
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(1) The equilibrium prices, and
(i) The equilibrium quantities exchanged in the market,
[Hint. For equilibrium, we have
D4=S; and Dp=8;p
> 10—pa—2p5-— —34pa+ps and 6—pa—pp=—2-4py
> 2p4+4-3pp—13=0 and p4+2ps—8=0
Solving, we get the equilibrium prices as
Pa=2 and pg=3

Substituting in demand function or supply function, the equilibrium
Quantitics are given by
D4=S4=2 and Dp=Sp=1,]
10. The dcnmndyforacommodity when its price is x, is given

x4 : ;
by y= _"_x—f—lz i find the elasticity of demand when the price is 3 units.

I Define elasticity of demand, Interpret =}, 71,

. 12. Define demand elasticity 7 for g given demand law and
Iterpret the cases when 7>>1, 7= and 1<l

If AR and MR be the average and marginal revenue at any output

AR . : .
a = i N 1 1 th
show that y— RTAfR At this output. Verify this relation for the

demand law p - 4 bx,

. 13, Define elasticity of a function. Hence or otherwise explain in
particular the elasticity of demand and supply.

If 7is the elasticity of f(x), then find the elasticities of xf{x)
J(x)
X

and

.. 14 The supply of certain goods s given by x,—a+\/ b when p
18 price and @ and b gre positive constants (p>b), find an expression for

Etlasticity of supply e,. Show that e, decreases as price and supply
Increases and becomes unity at the price=2p,

1S. Express the clasticities of demand in terms of ¢ for the
following demand laws ;

(@) p=(a—bg):

(b) p=+"a"pq

() p TR

16.  Dectermine tlie price clasticities of demand for the following :
(@  p=gen, (b) p=qe—r

=
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1

g ) -
(c) a=qe' (d) q=bpe, ) I=75

17. If the demand function is p=4—35x?, for what value of x, the
elasticity of demand will be unity ?

[Hint. p=4--5x*
Differentiating w.r.t. p, we gct
dx dx 1
_ — ,‘X =t — ey —
1=—10% . dp 0w
p dx 4--5x*
N=me— — = = —
x dp 10x2

Elasticity of demand will be unity if

4—5x? . 2 ]
—— = x3=4 =
Tox? 1 = 15x or X 05
18. If the demand curve is of the form
p—=na e~F=

where p is the price and x is the demand, prove that the clasticity of

demand is Icl_r Hence deduce the elasticity of demand for the curve

p=10e=%#
[Hint. We have p=d gk
dax
= — ak e-¥*, =
1 ak ¢ 7
] l —-l 1,__ fi_"- a.f_f: _..._.___l
el =|=7% 'dxl: x ke~

= kx N
For the curve p 10€-"1? we have
|

a=] k- —
& 2
The elasticity of demand for the curve
o 10e "
is given by
)
l ,’f | =

19. Define elasticity of a function. Hence or otherwise explain
in particular the elasticity of demand and supply. State the uses of
elasticity in Economics.
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If the demand curve is given by
Xa=p° e—blpta)

show that the demand increases as the
the price approaches the value aj/h.
than a/b, on the elasticity of demand.,

price decreases, becoming large ag
Find the effect of any price greater

20. Compare the clasticities of the demand curves

a b i
; a:--—c--—b and p-:( )

P— X—¢
ata price p;a, b, ¢ are positive constants, x is the quantity demanded,
and p is the nrice 7

Total, Average and Marginal Cost

Total cost (C) is represented as

a function of output x, ie,,
C=/fix)

Remark. Some books use the notation C=£Q) where Cis the
costand Q is the output,

C %)
Average cost—--}— wE

The average cost (AC) represents the cost per unit of production.

The term marginal cost represents the change in the total cost for
tach additional unit of production.

MC is the first derivative of the
total cost function, ie,
dc
dx
Let us now generalise the total cost function :
Total cost (TC)=f{x)-+b (b is fixed cost)

From this total cost function, other cost functions can be derived
as follow -

Marginal cost (MC)=

JES]
Average cost (AC)=—‘-I:(1J)C—+—

Average variable cost (AVC)= f_(;c)_

]

| ATC=4VC+ AFC
Average fixed cost  (AFC .-:g_ 8 4 £

|

I

_Ax)+b
dc T
Marginal cost (MC)=(7;- J

Relation betweery Average and Marginal Cost Curves

Although cost functions may assume many different shapes under
different circumstances, yet usually under natural economic limitations,

we assume average and marginal costs to have U-shapes. The relation
between them is established as follows :
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il K5 = B
We know AC== " the slope is given by
dC
—_— U
Qrey & 1@l oy
dx \ x )_-__ x? =X e TR

L (MC—AC)
X

Case I. When average cost curve slopes downwards, ie., when AC
fs declining, its slope will be negative. In other words,

d €
=3 Jeo
= (MC— ACY <0

= MC<AC

Thus when AC curve slopes downwards MC curve will lic below
AC curve.,

Case 11. When AC curvereaches a minimum point, its slope be-
comes zero, he.,
d ;s C
£()0
dx \ x

> MC= 4C

Thus MC curve and AC curve intersect at the point of minimum
average cost.

Case [I1.  When average cost curve rises upwards, its slope is positive,
In other words,
d#C
=)= : MC>AC
dx( x ) N . Moo
Thus when AC curve slopes upwards, MC . curve will be above AC
curve.
Example 12.  The total cost C for output x Is given by
2 35
Seg ey
Find (i) Cost when ouftput is 4 unils,

(ily Average cost of output of 10 units,
(iify Marginal cost when output is 3 units,

2 35
Solution. (!) C‘:—i—. x- E
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C for 4 units=—§- (4)+3—§=-20‘16 units

2
(i) C for 10 units:-%—- (10)+ ?-5-25— :—l%i =24"16 units
145 1 29 ;
AC_T X 15 =3 — 242 units
i 72 35 2 ;
A’ =-{f -—_ X e p—— )
(iif) 1C e\ x4 5 )___ 3 0°67 units

(MC is constant here

Example 13. The average cost function (AC) for a commodity fs
given by

36
e T
AC=x+45- 7

in terms of the output x. Find the outputs for which AC is increasing and
the outputs for which AC is decreasing, with increasing output.

Also, find the total cost C and the marginal cost (MC) as function

of x.
d 36 36
Solution. Slope of Aczg; (.\'+5+? )-_: =
o e 36 1 "
AC is increasing if 1 — -0, Le, if x2>>36, or x>>6

! 6 ; :
and decreasing it 1 -~%;- <10, 32, i X<56,

B

N PYCTIENE . e s s N
X x

> Total cost (C)=x, AC=x*+5x4136

d
Marginal cost (MC)=-‘?~S—-—'-2x+ 5.

Example 14. The total cost function of a firm is given by
C=004 g—=0'9 q24-10 g+ 10

Find (a) Average cost (AC).

(b) Marginal cost (MC).

(¢) Slope of AC,

(d) Slope of MC.

(e) Value of q at which average variable cost is minimum,

c 10
Solution. (a) AC=?=0'O4 q*—09 q+10+7;._

dcC
(b) Marginal cost (MC)=EZ;— =012¢*—18 g+10
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() S‘lopcof‘,{c—__._( )

=2 (o 2__(y I_O
_dq(omq 09q+10+q)

10
=(008 g—09—
~(008 g-09-7

1 10
——{ 008 ¢g2— ____)
- (00 P g
_ﬁ-—; [(0'12 q*—1'8 g+ 10)
—(004 g*—09 q+10+-‘3)]

q

d

d
(d) Slope of MC-—-( Mo

dg
(¢) When 4¥C is minimum, the slope of 4¥C curve is zero, Le,,

=024 g—1'8

d -
dq (AVC)=0  or 7z (004 ¢°—09 ¢+10)=0

= 008 4—09=0  or g=-22 1125

008

Example 15. Let the cost function of a firm pe given by the
Jollowing equation ;

1
C=300x—10x2*4 . i x?, where C stands for cost and x Sfor output.

Calculate (i) Qutput, at which marginal cost is minimum,
(#f) Output, at which average cost is minimum,

(iii) Output, at which average cost is equal 1o marginal cost.
[L.C.W.A., June 1991}

Solution. () C:300x—~10x’+-;_ X

dC 1
MC=7z =300—10 (2x)4 o . 3x2

=300—20x+4x*
Differentiating w.r.t. X and equating to zero, we have
d(MC)

Te =—20+2I=0
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or x=10 is the necessary condition for marginal cost minimisation.
To get the suflicient condition, we have
d{(MC) . . ) : . .
e =2, a positive quantity which means that marginal cost is
ox

minimum at x=10.

C  300x-—10x? 3
(i) Average Cost (AC)= — = —0—2?\—47%{ »

=300-10 x4 2

Now to find output at which average cost is minimum, we have to
differentiate the AC and equating it to zero,

d (4C) ) -
== =0—10+} . 2x=0
or x=15
d2 (4Cy d 2 2 o .
Also _;cm?}( = 10+.‘3 3 ): s @ positive quantity.

Sccond condition 18 also satisfied.  Hence the output at which
AC is minimum is given by x=15.

(iii) Now AC=MC
. NN T0x4- 1x?=300—20x+4 x?
kg
= §-=:iﬂx or x=15

Hence for x=15, average cost is equal to marginal cost,

Example 16, The total variable cost of a monthly outptut x tons by

: ; ko :
a firm producing a variable metal is Rs. To-,x-‘—-_?.x’ +35x ang the fixed cost

is Rs. 300 per month. Draw the average cost curve when cost includes
(i) variable cost only, (i) all costs,  Find the output for mininnum average
cost in each case. [Pelhi Univ, B.A, (Hons.) Econ., 1991

Solurtion. Wece have

TC=Total cost= L X3 —3x24-S5x 4300

10
and TVC= Total variable cost — ‘-l‘—; A= 3x74 Sx
(1) When cost includes variable cost only :
AVC—= Average variable cost = l"__l;C_ = % x*—3x+5
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It is a parabola with vertex at (15, — 17°3) and the axis of the parabola is
x==15. The graph of the curve is shown in the figure below

d(4 Ye) e v
dx T 7Sﬁx 3
dr (AVC) -
and Tdw E >0
d (fi,(_'_), 0 —X—3=0
dx 5
or x=15 -

Hence average cost i3 minimum
when the outputis 15 tons. ¥

(ii) When cost includes all costs -

T
AC=Average cost =—‘C

300

mllo- "-2_3;‘_}“—.\‘—
The graph of the curve is shown in the
adjoining figure.
d (AC)
dx

d¥( 4C 1
and -r%-—‘)z_g.+6kog_>0

a0 o L 1, o 300
dx x3

5
which gives x=191

Hence average cost is minimum
when the output is 19°1 tons.

Conditions for Profit Maximization

We know that if y=/{x) then for y to be maximum,
A s dy ..
E‘f (x)=0 and Tea=/""(\)<0
Now assuming that we are given the total cost function along with

the total revenue function—both in terms of output, ie., given functions
are :

Total cost function C=f(x)
Total revenue function : R=¢(x)
Total profit: ~ P=R—-C=¢(x)—/f (x)
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For P to be maximum, the cenditions are :
First order condition -

dP 4R dc
dx Tdy Ty

(IrR c-’C

> — e —— =
dy dx

= MR=MC

Thus, tiie profit £ is maximized at that quantity X for which marginal
revenue equals marginal cost.

Remark. It may be noted that MR - MC means that slope of
total revenue function =slope of total cost function.
Second order condition
diP d*R S
2= e g 5 <20
dx*™ dy? Tdx?

cizR/d"‘C
> dx? “dx2
d sdR d ((!C
> 7 (@) <xlH)
> Jf,(MR,< 0. (MC)
dx dx

Thus rate of change of MR (slope of MR) should be less than the

rate of change of MC (fe., slope of MC) at the profit maximising output
level.

We shall now discuss the problem of maximization of the profits of
a firm under various market conditions :

(@) Perfect comypetition. Under perfect competition, the price
P is constant. The prefit maximization conditions obtained above, viz.,

MR=MC, which is the condition for equilibrivm of a firm and

d(ﬂ;iR) (i.e., the rate of change of MR) should be less than 0'(::0)
(¢

(f.e., the rate of change of MC) at the equilibrium output,
() Menaopoly. Under monopoly, the monopolist fixes the output
leaving price to be determined by demand conditions,

The profit maximization conditions, obtained above,

apply to thig
case also.

Example 17. Find the profit maximising output given the following
revenue and cost functions ;

R(OY=1000 Q—20Q?*
C(Q)=0°—59024-1315Q + 2000,
[Delt Untv,, B 4. (Hons.) Econ,, 1991
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Solution. We have

P=Profit=R(Q)—C(Q)

=(1000Q—20%)—(Q*—59Q%+ 1351 Q--2000)

= — Q%+ 570%*—3150—2000

First order condition

or

or

%.g =—-30%41140Q0—-315
ar
dQ
Q*—380+105=0
(@—3)(Q—135)=0

O0=3 or Q=35

0 =

Second order condition +

Hence the profit maximising output is given by Q=35.

Exawmple 18.

Sunction for his product is X=—

dp

dQ2<0

= —18+114=96>0
0=13

=—210+114=—-96<70
=135

—30%4 1140 —315=0

ACE-27

A radio manufacturer produces x sets per week at a
total cost of Rs. (x*-+78x4-2500). He is a monopolist and the demand

600—p

3 when the price is Rs. p per set.

Shew that maximum net revenue (ie., profit) is obtained when 29 sets are

produced per week.

What is the monopoly price 7

Solution. Total cost (C)=x2-478x+42500

G
Marginal (M'C):j—- =2x+78

Demand function is x=

>

>

X

600--p
8
8x=600—p

p=600—8x
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Now total revenue for x sets is
R=p x x=(600—8x) x=600x—8x?

d
Marginal revenue (MR)=H»§ :{-;i— (600x—8x*)=600—16x  ...(**)

Net revenue will be maximum at the level of output, where
MR=—MC,

2x+T78=600--16x

> 18x=1522
522
=> X= I8 =29

Hence in order to maximise his profit, the manufacturer should
manufacture 29 sets per week. Also the monopoly price is given by

p=600-—8x-600—8x29=Rs. 368.
Aliter. We know : Net revenue=Total revenue —Total cost
&E 71 =px—C=x (600—8x)—(x*+4-T8x4-2500)

- dP
For maxima and minima ; I =0 > 600—16x—2x-—-T78=0

or x=29

[Remark. Also examine whether second order condition is satis-
fied at output level.]

Example 19. The toral revenue function of a firm is given as
R=21q--q* and its total cost function as C= —; q*—3q*—7q+ 16, where

g is the ontpu:. Find
(i) the output at which the total revenue is maximum,_ and
(if) the output at which the total cost is minimum,
Solution. (f) R=21g9—¢*
Differentiating w.r.t. ¢ and equating to zero, we have

%::- =21—29=0
or qﬂz—;:IO'S is the necessary condition for revenue maxi-
misation.
To get the sufficient condition, we have
gs-f=—2, a negative quentity, which means the revenue is

maximum at p=10'5.
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@it) =-1,— ¢*—3¢*— 79+ 16
Dilterentiating w.r.t. 7 and cquating to zero, we have
dC 1
- == ,3¢92—3Xx2¢—T7=0
dq 3 P—E N
= q*—64—T=0
= (g—7) (a+1=0
= g=T or g==—1 is the nccessary condition for cost

maximisation or minimisation. ¢=:-—1 is not admissible as output cannot
be negative,

To get the suflicient condition, we have

d*C
dqr 296

iC ; ;
(:#ﬁ] =2 7—6=8, a positive quantity which means that
. =7

cost is minimum at g=17,

Example 20, The unit demand function is x—=1% (25—2p), where x

is the number of units and p is the price. Let the average cost per unit be
Rs. 40, Find

(a) the revenue function K in terms of price p,

(M the cost function C,

(¢) the profit function P,

(d) the price per unit that maximizes the profit function, and

(e) the maximum profit,

Solution. (a) R(x)=xp=4 (25~2p) p—}(25p—2p?).
(b) C(x)=40x=40 . é(25—2p)=‘-1:? (25—-2p)
(¢) P(x)=R(x)—-C(x)
1 40
=5 (25-20%)—= (25-2p)

2% w100 50p
=% "8 — 8§ T1u
=4 [—2p*4105p—1000]

(d) The derivative of P(x) is

P'(3)= 5 (~4p+105)
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Solving the equation P'(x)=0 we find that

105 .
P =" =26°25

Using second derivative test, we have
P(x)=— —;— <0

. Maximum profit is found when p=26°25
() Maximum profit is
1 105 2 . 105
Plxy=-=1 =3 fra== -+ —_ |- = 5
() 3[ (= ) 105 = ) 1000.] 126°04
Example 21.  The demand function faced by a firm is p-=500—02x
and its cost function is C-=25x 4 10,000 (p=—=price, x—output and C=cost),

Find the output at which the profits of the firm are, maximum, Also find
the price it will charge,

Solution, Revenue, R(x)=p.x=x(500-—02x)=500x—0'2x*
Profit == Revenue —Cost
= P(x)=R(x)—C(x)=500x —0"2x*— (25X 4-10,000)
=4T5x—10,000—0"2x*

For maximum or minimum :

dP
t—ﬁ-:475-0'2 X 2X=475—04x=0
475 .
> X=oa =118750.
Also —‘!;}—)-:—0‘46.0.
ox?

~ Hence the profit is maximum when the output (x)=1187"50. At
this level, the price is given by

p=500—02x
=500—02 (1187°50)==262"50.

Example 22. ABC Co. Ltd. is planning to market a new model of
shaving razor. Rather than set the selling price of the razor based only
on production cost estimates, management polls the retailers of the razors
to see how many razors they would buy for various prices, From this
survey it is determined that the unit demand function (the relationship

between the amount x each retailer would buy and the price p he is willing
to pay) Is

x=—1500 p+ 30,000

Fhe-fixed costs to the company for production of the razors are found
to be Rs, 28 000 and the cost for material and labour to produce each razor
is estimated to be Rs, 800 per unit. What price should the company
charge retailers in order to obtain a maximum profit
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Solution. Let x denote the number of units produced, and €
denote the cost of production to the company, and let p denote the
price per unit (in rupees).

Then the cost € is given by C=Rs. 8x-+ Rs. 28,000
and the unit demand is x=-—1500 p- 30,000

~ Substituting, we find that the cost function C(x) in terms of the
price p per unit is

C(x) -8 . (—1500 p+30,000) 28,000
> C(x) =—12,000p 1-2,68,000.

The money derived from the sales of the shaving razors as
function of the price p per unit is the product of the number sold by
the price per unit, fe., the revenue function R(x) is

R(x)==(—1500 p -30,000) . p
- 1500 p*-+30,000 p.

The profit P to the company is merely the difference between
revenue (money derived from sales) and total cost, e, the profit
function is

P(x) = R(x) - C(x)
—=(—1500 p*-+30,000 p) —(— 12,000 p+2,68,000)
=—1500 p¥+42,000 p—2,68,000.
The derivative of P(x) is
P’(x)=—3000 p+442000.
Solving the cquation, £'(x)=0, we find that
x=ld
Using sccond derivative test, we have
Pr{x)=—3000 <<0
Maximum profit is found when p=14.
The profit for this price is

P=—1,500 (14)2442,000 x 14 —2,68,000
==Rs. 26,000.
The number of units sold at this price 2 is
x=(—1500)(14)4- 30,000 =9,000.

Example 23. A company making a single product has manufactur-
ing and distribution divisions. Stock of finished goods are not held, all
production being to order,

The average net revenue per unit, allowing for quantity discounts,
is Rs. (100 —001 Q\ where Q is the quantity sold.
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The average variable costs per unit for the two divisions are :
Manufacturing=Rs. 10-Rs. 0-015 O

Distribution -~ Rs. 2+ Rs. 0:001 Q.

1he fixed costs per annum are :

Manufacturing = Rs. 40,000

Distribution=- Rs. 20,000

You are required to calculate :

(@) the optimum annual production quantity to maximise the profit
of the company :

(b) the profit of the company at the level of activity in (a) above ;

() the annual production quantity to maximise the manufacturing

division’s profit. if it has been instructed to transfer the product to the
distribution division at Rs. 73 per unit,

(d) the profit of the company, showing the results of the two divisions,
at the level of activity in (c) above. .

Solution. (¢) Profit = Revenue - Variable costs— Fixed costs
P=0Q(100—001 Q)— Q1040015 Q)-- 2(2+4 0001 Q)
— (40,000 +20,000)

= P=88 Q0026 Q*— 60,000.
For maximisation, we have
I} .
(!7—-.53—*0052 00 = Q=1692 units.
dQ
d* P :

Profit maximisation output is when Q= 1692 units.
(b) When Q0-=1692,
Profit=88 (1692)— 0026 (1692)% - 60,000 =Rs. 14,461°%4

_(¢) If the manufacturing division are to transfer out at Rs. 73 per
unit, we can express their profit as :

Profit=-73 x (Production quantity)—Manufacturing variable costs
— Manufacturing fixed costs
FP=T73 Q-Q (1040015 Q)—40,000
2> P=63 Q—0015 Q% 40,000,
For maximisation,

dP
d—Q...:_-f,J - 003 Q=0 2> (=2100 units.

dP :
Also ?_é?: :—003<0.
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(¢) Company Profit (Part @)=88 Q—0'026 Q*—60,000.
if Q=2,100 ; Profit=-88 (2,100)—0°026 (2,100)?
—60,000= Rs. 10,140,
Manufacturing Profit (part ¢)=063 2 —0°015 Q*—40,000
if Q=2100, Profit=63 (2,100)--0°015 (2,100)2—40,000
=Rs. 26,150,

Distribution profit=Revenue — Transfer cost and Department cost
=@ (100001 @) {73 Q-+ ¢ (240001 Q)+ 20,000}
=100 Q- 001 ¢*~73 Q-2 Q--0°001 Q*—20,000
=—0011 @*425 Q--20,000
if  @=2,100; Profit-- —0011 (2,100)2425 (2,100)— 20,000
=-—=Rs. 16,010.

This shows that there is a loss of Rs. 16,010 from the distribution
unit,

Example 24. [t is given that a demand curve is convex from below
d? . : . .
(Eh'j; = 0) at all points, Show that the marginal revenue curve is also

i3

; et i U3 ’ : ;
convex from below either if }{: is positive or if -!—{: is negative and s
ax Coax
. 3 d% :
aumerically less than = 35 If the Jemang curve is always concave
; dx

from below, does a similar property hold of marginal revenue curve ?
[Delhi Univ. 3. A, (Hons.) Economics 1991)

Solution. Let the demand curve be

p=J(x)
d, 12
: j!i == —ve and Eﬂl—\%— +ve..

Then, we have TR=p , x

e A
2
=2 j‘% +x. %
and iz%ﬁ:Z ; %4;-;{%-1- . g}};
dp . 4

=3.gat¥ gy
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For MR to be convex from below

. |
d-[! i d‘!
e dx2’ T g\a
But &g =000 ).
u Tt given

So for MR to be convex from below either

d3p i ' ) .
:!\’>0 or if dxd 1S negative then it should be numerically less
3 d*p dHMR)
than % 2 59 that —f;ﬁ—-—::»{)
dip . <
For coacave demand curve prEe will be negative, so for MR to be
oXx-
. dip 5 s, P
concave from below we should have either gx  Degative or if o5 s
(1. P
o L , 3 dip
positive then it is numerically less than 5 hA

Example 25.  The production function of a commodit v is given by
. 5 9
Q:“U['-—}—.}f‘z“—;‘

where () is the total ourput and F is the units of input,
(i) Find the munber of units of input required to give maximum output,
(i) Find the maximum value of marginal product,

(i) Verify that when ihe average product is maximum, it is equal to
marginal product,
dQ JE?

Solution. (i) F‘E—_-;‘IO—I 6 — -5—---40+6F~F~’.

(First order condition)

For maximum or minimum :
404 6F—F2—

=> (F+10) (F—4)=0
= F=—10 or "F=3
£=—10 is not admissible as input cannot be negative.
!
= FQ2 =6—2F (Second order condition)
d:Q

dF? F:-‘i: 6—2 (4)=—2<0.

Hence output is maximum when 4 units of input are used.
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(i) ﬂ-fP---:‘;—:,-wsu |- 64°— F?

For maximum or minimum : i(t;'“) 6220
= S

Also dME) _2<0.

" di
Hence maximum value of marginal product is when input is 3 units.

Value of marginal product=40 + 6 x 3—32=49 units.

)
(fif)  Average product (zll’)r:(‘—

s
Z;M"’_ﬁ,‘:"“‘i =40+ 3F- 1;-

For maximum or minimum :

=S F=— %- =45

Also d-‘,gﬁ-f:-) = % <0.

: . .. 9
Average product is maximum when 1':—2—::4'5

— 45 )

2
2
9 8l 18T _ ..,
.__404_3(.5 ) ..7:-;(—45 75

Average product( when £-

. . 9
Marginal product ( when AP is maximum. ie., F:_f :-4'5>

81 187 :
=40+27—— == =46 TS

Example 26. The quantity sold q and the price p are related by
g=qae-"*

The production cost is given by C(q)=I4+mgq; a, b, 1 and m are
positive constants, Find the optimal price which maximises the profit ?

Solution. Profit P=Revenue—Cost==pg—(/+mq)
—pae-*» —(I+ mae-tr)y—ae-t? (p—m)—1¢ ..(*)
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Differentiating (*) w.1.t. p., we get

]
}g = -—ab e~% (p—m)-| ae-t»,

—=ae= (—bp4-bm- 1) smil ")
dP

s va ~bp (_. 3 -
e 0 gives ae=®* (—bp4-bm1)=0.

For any finite value of p, e-vr=L().
—bp4 bm41=0,

F 1+ bm 1 -
P=== R

Differentiating (**) with respect to p, we get
AP B
(7‘-03——_—(1!)2 e~ (p—m)—abe-tr.— ghe-t»
—ab e-b» {b{p—m)--2},

When pr*%— 4 m,

!
d2pa —b (fg +m ) 1
— bl 2 5 .
7 abe [ ( m m) 2]
—ab e-t1+tm) (1)

=—ab e~"+tm) () since a, b= 0.

p:% -+ m maximises the profit 2.

P=qe-*? (p—m)—1

i (Lb"’” )(_lﬁ

5 -}m—m)—l.

P:mux='ae
= E_ e~{l+bm)__ |
b

Example 27. A monopolist firm has the following total cost and
demand functions -

C=ax?4bx+ec, P=p—aX.
What is the profit maximising level of output when :
(1) The firm is assumed to fix the output :
(i) The firm is assumed to fix the price 1
Solution. When firm fixes the output level -
Revenue (R)=px=x (B—ux)- px—ax?
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MRJ121+@ 2ux

Total Cost (C)=ax*+bx+-c
. dC
MC ~~;-&——2£Ix+b

Now condition for profit maximising output level is

MR=MC
ie, B—2ax=72ax-|-b
> B—b=2ax+42ax--2x (d}x)
_p-b
- A (0 4a)

which is the profit maximising level of output.

(if) When firm fixes the price ; In this case the total revenuc and
cost are put in terms of price p.

Now p= (3 —aX =g b ﬁ—:—p-
4.4
— -
R:,,_\.:p(&_ﬂ)z,ﬁﬂ_a
& oL
dR 1
MR -- i (B—2p) «i(*)
Also C=ax+bxtc
o (Bl NE B—p
> Gea (o T+ (55 S
Mc_dinr__}iﬁ_-_%ﬂﬂp b
dp al ) o
For profit maximisation : MR-=MC
1 [ —2ap42ap b
> e [P S
& 2 24 20 b
= « o« a3+:x’ e
b
. R b 2w
(4 [+ 4 a [r 4 o
af+248 +ab 2Pd+2‘1P 2p(x+-a)
m' Cl == a_z
= p= ilﬁ+2(1{3+ab

2 (a+a)
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Now the demand function is

pPi=f—ax
af 4 2af -+ ab
= SR =g ax
2 (x+ a)
> ax=f= af+2a84ub 284208 —af—ub

2(ata) 2 (ata)
iﬂ—u!) _P,-—’J
T2 (xt+a)x 2 (2+4-a)
which gives the same level of output when the firm assumed to fix the
output level,

=

Example 28. A monopolist has total cost  function -

) _ =ax?4-bx+e¢
and if Jemand law is p — 5 —ax®, show that the output for maximum revenue
is

e v a4 3y (F—b)—a
i Jx

Solution. Total revenue=px=-3x —5x3

Net revenue= Total revenue —Total cost
R= (;"zl‘—a,\“)———(ux?vf- b,\‘—}-c)

For maximum or minimum :

d& =A—3ax?—2ax— b=
dx
or Jax? - 2ax—(E—b)=0
or o —204-14@ + X 3x (B b)
6z
_ =tV a F3a (B=B)
- K
VvV a*+-3x (B—b)—a
Y=
3
—a—\/"at' ¥ (b .
or Xz= L T Al ). this wvalue of x s
not admissible as output cannot be negative.
R
Also —i-é— =—6xx—2a
dx
/a2y - S
When X:w@—b)——a, we have
3
d’R

—z =2 (V@ +3a (B—b)—a)—2a
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<=2 Va*{3a(3-D) <0,

Hence the net revenue is maximum when the output is given by

Va3l (3—-b)—b
R
Example 29, The total cast function of a firm is
C=1x3—5x2428x 1-10
wihere Cis total cost and x is putput. A tax at the rate of Rs. 2 per unit

of output is imposed an the producer adds it to his cost. If the market
demany function is given by

p—2530-5x,

where Rs. p is the price per unit of output, find the profit maximising out-
put and price,

[C.A. ftermediate, May [990]

Solution. Total revenue function, / R=(2530—5x) x

=2530—5x*
After imposition of 2 tax of Rs. 2 per unit,
Total cost Tunction, TC =} x?—35x24-28x -+ 10+ 2«

A3 —S5a2 30410

Now Profit, P=TR-TC

= (2530x - 5x%) —{ {3 — 5x* 4 30x - 10)
IFor maximisation, we find

P
-%\_ = (2530 10x) —(x* - 10x ~30)=0

= x?=2300
== K= |j50
But x.=—350is not admissible as output can not be negative,
d*P e
and — = — 2x=<Z(.
dx®

Profit maximising output is 50 upits,
Price when x=50is P=2530—5 % 50=2280.
Example 30. Suppose the demand and torgl cost functions of a
monopolist are p<=20—4x and TC=4x+2 respectively where p is price and

x is quantity.  If the government imposes tax at the rute of 209, of sales
- . P4
determine the total tax revenue that the government will be able to collect.

[(Delhi Univ., B. Com. (Hons ), 1992)
Solution.  We are given that
P=20—4x and TC=4x+4?
Total Revenue=TR=px=20x--Jx?
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Tax=20% of TR=— (20x—dx)
Total new cost=TC-+Tax—=4x42-1- —é— (20x—4x?)

4
= = = X3 8x-}
5 ¥ hdets

Now, profit P=Total Revenue —Total new cost

b——1g — ‘2 —— ,,,l‘—;. 2..
(20X — 4x?) ( = X |8x+2)

= --]—? xH12x—-2
dpP 32 3P
H;:—-T x-+-12.-and :-‘-’-X_‘;_:_igz<0
dpP . 32 12%S 15
—_— by —— Q== e i e —
e 0 gives B x+12=0 or «x » =3

) L ;
X=g- will give maximum profit.
158 s s ;
Also, X=cg will yield the maximum tax

1y 4. .
Tax when x= 3 s given by

—;[ 30 % % —4><(-%5-)']

s
16
. 75
Hence the povernment will be able to collect 16 3 tax revenue.
Example 31. Given the demand and cost functions
p= 20:=4x
C: 4x

(a) Find the optimum quantity, price and the profit on this level,

(b) What will be the new equilibrium after a tax of Rs. 0°50 is
fmposed ?

(¢) Determine the tax rate that will maxtmise tax revenue and deter-
mine that tax revenue,

(d) Find the total tax revenue if In addition 10% sales tax is
also imposed. o ;
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Solution, (g) TR=-20x—4x* MR=20—8x

C=4x, MC=4
For optimum level, MR=MC
> 20—8x=4,ie B x=2
5 =12
(b) After Tax, C=4x+05x
MC=4-5
At the optimum level MC=MR
=> 20—-8x=4'5, i.e.,, when x=31/16=1"94
! pP=12'25

(¢) Tax revenuc is maximum where
MR=MC (after tax t)
20—8x=44t => x=(16—1)/8

New price after tax is

p—20—4( 2_—;')=( ]2+%)

Thus, the increase in price is balf of the tax imposed and profit
after tax is

Profit (P)=TR—TC
=(20x—4x?)—(4x+1x)=x(16—4x—1)

_— 16—1 .
Substituting X= 5 we obtain

16—17 (16—1):
2 |76

s JT
Maximum profit= %—{. 16—1—

16t —12
8

Tax revenue =fx=

A
0T i and o

T will be maxi -
il be maximum where  —7 dre

ey S =8

Maximum tax=1x :8(1—6—?) =8

(d) With sales tax of 10% the net TR is
TR-=090 (20—4x) x
= MR==090 (20— 8x)
At optimum level, MR=MC
090 (20—8x)=4 = x=140/7T2=194.
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Example 32. XYZ Company, asa resuls of past experience and
estimates for the future, has decided that the cost of productlon of thei
sold product, P, an advanced process machine is .

C=106445x+004 x,
where C=total in cost *000 Rs,
X=quantity produced (and sold)

The marketing department has estimated that the price of the
product is relate to the quantity produced and sold by t1he equation :

P 157 3x,
where P=Price per unit in '000 Rs.
x==quantity sold
The government has proposed a tax of Rs. 1,000 per unit on product

P but it is not expected that this will have any effect on the costs in.
curred in making P or on the demand price relationship. Find -

(@) the price and quantity that will maximise profit when there was
no tax ;

(b) the price and quantity that will maximise profit if the proposed
lax is introduced ;
(¢) how much of the tax ! per unit is passed on to the customer :

(d) the effect on the profit of the company if t was fixed at Rs, 4,000
per unit,

Solution. (@) Profit (¥)=Revenue (R)—Cost (C)
Revenue (R)= Price (P) x Quantity (x)
=(157—3x) x=157x—3x?
Cost (C)=1064 +5x 004 x2
Y=1 57x-——3x’—-(1064~f-5x+0'04x‘)
=—304x*+152x—1064

Differentiating ¥ w.r.r. x, we have

¥
4 e 152—608x=0
dx
=> Xx=25 units
d*yY

g = —608<0

Profit is maximum when 25 units are produced.

. Now P=157—3%25in’000 Rs.
=Rs. 82,000 per unit
and ¥Y=152 %25~ 304 x(25)2— 1064

=Rs. 836 in '000 Rs.
=Rs. 8,36,000,
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(b) When a tax (1) is introduced,
Y= R—C becomes
Y=(157—3x)x- (1064+5x+0'04X’+!x)
=1582x—304x*—1064—Ix

Diferentiating Y with respect to X and setting to zero, we have

dyY
T 152 —6°08x—r1=0
X

5 x__152—-r
T 608
Y _ _ ¢ 152—t
S =—608<<0, when x="g5g"

For maximum profit,

Quantity (x)225—6—_(—;-§— units
Substituting for x in the price equation, we have
1 3t
P: 5 _— — — —_—
1573 (25 6'08) 8242503
t
(¢) The amount of tax passed on to the customer is fi—%gor

approximately 49°34%.
(d) When the tax per unit is Rs. 4,000, then {=4.

4 ] . z
=23 ~§08-=24 34 or 24 in whole units.
Now Y—152x— 3 04x2—1064—1x

=(152%24)—304x (24)*—1064—4x 24
—=736°96 in "000 Rs.
=Rs. 7,36,960

The profit without tax in (@) above=Rs. 8,36,000
Profit with tax of Rs. 4,000=Rs. 7,36,960
.. Difference to profit=Rs. 99,040.

Example 33. A monopolist’s total cost is TC—ax*4bx+c and the
demand function Is p=p —oax, where x and p denote the units of output and
price respectively and a, b, c. « and p are positive constants, If the govern-
ment imposes tax at the rate of t per unit of output, show that the total tax

is maximum when t=(p—b)ig. (Delhi Univ. B.Com. (Hons.), 1991]

Solution. After the imposition of tax, ! per unit, the total cost
function, TC, is given by
TC=ax®+ bx+c+ix

Revenue function= R=px=(p—ax) xe=px—oax?
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Profit function=-P=(g t—ax)—(ax?4-bx4c+ 1x)

For P to be maximum,
First order condition :

ap
s =0, ile;, (B~ 20x)—(2ax-+b4 1) =0
_p—b—1
r x—z——(a+a)
Second order condition
dP
E(O
d*P .
gyt~ 2a--2a=—2 («+0a)<0 as « and a are positive constants.

Therefore, the level of output that maximises the profit is
xzﬁ_b—:
2(at+a)
The total tax revenue for this level of output is

t—bt— g2
T—" o :B“'——
iIx Nata)
For T to be maximum,

First order condfiion

or 1= ;_ (B--b)

Second order condition ;
d:T
ey <0
da*T 1 <0 - ” i
I e as « are positive constants,

Hence the tax rate ¢ that maximises the total tax revenue is
t=4(g—->).

Example 34, There are two duopolists manufacturing  equal and
identical bicycles. The total cost of an output of x bicycles per month is

2
Rs. (% +-3x-+ 100 ) in each case. When the price is Rs. p per bicycle the

market demand s x= 75— 3p blcyele per month, Find the total equilibrium
output per month,

Solution. Let x, and x,, denote the output per week of the two
duopolists. Then x=x,+ x,, is the total output.
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Demand function

—95_ X _as_ (X))
=25 3 =25 3

Net revenue for the first firm

x,); i
G o W R

28x,2  xx,

n,=22x;— T =5 —100
For maximum net revenue,
dr S6 X dx, x
0:—1-__:. 2__._x . 1 g -u...‘.:_.,._n;.
Iy 4 75-Y 3 “dxy 3
) o e
But the conjectural variation (_i‘H:O
X
56x, X,
ey IOy e il
0==22 e (D

Similarly, we can show, by considering the net revenue for the
second firm, that for maximum net revenue, with conjectural variation zero.
6x, X,

56x,
0:22*T—*—‘75 &k ~(2)

The equilibrivm output of the two firms in duopoly are the simul-
taneous solutions of (1) and (2). They are

51150
X,== ————=)
YR
fz, X, =x,-=2037, approx.

Total output per week is 2(20'37V==41 (approx.)

EXERCISE (II)

1. A man producing very finc earthenware lampstands found that
he could sell on an average of 4 stands per day at a price of Rs. 18 each.
When he increased his output to an average of 4°5 per day he could only
obtain Rs. 17°5 each, if he were to sell all his output,

Assume that he maintains no inventorics, so that he seclls all he
produces, and that the appropriate demand function is linear and is of
the form :

x=qa-}-bp
where a and b are constants, x is the average number sold per day and
pis the price. An accurate survey into his total daily production costs
produced the relationship :

=3 x*—1 x+54
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between the total production cost, C, and the average daily production x.

Required : (@) Determine the demand function giving the average
number sold per day, x, in terms of the price, p.

(b) Find an expression for the gross profit per day in terms of the
average number of stands produced and sold.

(¢) Find the profit when 6 stands are produced and sold.

(d) What is the average number that must be produced and sold
for maximum profit ?

[Hint. (a) Demand function : x=a+bp
When price p=Rs. 18, demand =4 per day on average

R _ 4=a+18b, ("
When p=Rs. 175, demand=4'5 per day on average
4'5—=a+17'5b I s
Solving (*) and (**), we get
a=22, b=—1
The demand function is X=22—p.
(b) Profit : =x(22—x)— (4 x2—4} x+54)

= en§ W42} X—54

(¢) Gross profit when 6 stands are produced and sold is
=—3X(6)*+224 x 6—54=Rs. 27

(d) To maximise gross profit :

dP dxp
J';-ﬁﬂ and P <0

ie,if  x=7} then the maximum gross profit would be
—3 (74)* 4224 X 74— 54=Rs 30°38 per day.]

2. Let the unit demand function be

x=ap+b
and the cost function be
c=ex+f
where x=sales (in units)

p=price (in rupees)
f=fixed cost (in rupees)
e—=variable cost
b=demand when p=0
=slope of unit demand function
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(a) Find the cost C as a function of p.

(b) Find the revenue function R(x).

(c) Find the profit function P(x).

3. (7) A man derives Rs. ¥ from his business this year and

Rs. y next year. By alternative use of his resources he can very X and y
according to the following relationship,

2

X
y= 1000 — jg(-)"'

What is the income this year if he plans for zero income next

.dy diy . . '

year 7 Derive —— and 7. Whatis the shape of the businessman’s
transformation curve ?

(b) A sugar mill has total cost function given by
(x4 Sx-+200),

where x tons of sugar are produced per week. If the market price is

Rs. p per ton, what is the supply function of the firm ? What is the
average fixed cost ?

4. (a) A business produces an income of Rs. x this year and
Rs. p next year, where these values can be varied according to the

250 ~—dx
as the marginal rate of return over cost. Show that the value of his

x? 5
relation y=100—==—. Explain how { dr —1 Ecan be interpreted

; . x—125 : . .
marginal rate is e when this year’s income is Rs. X.

d?
(b) It is given that a demand curve is convex from below (d'—f; >0 )

at all points. Show that the marginal revenue curve is also convex from
bel ither if R iti if &7 ti d numerically
elow cither if = is positive or if 75 is negative an

d?
less than 3; (Rf,—) If the demand curve is always concave from below,

does a similar property hold of the marginal revenue curve ?

5. Show that the demand curves

p= — ¢ and p=(a—bx)?

a
a+c
are each downward sloping and convex from below. Do the same
properties hold for the MR curves? Show further that, for each of
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the demand laws p—+/a Bbx and p=a—bx?, the demand and MR
curves are downward sloping and concave from below. Assume that
a,b, c are positive.

[Hint. A curve Y=/1x) is downward sloping if —%‘( 0 ; and
dx

convex from below (or concave from below) if
dy dy
Zw >0 (or g <o )J'

6. (a) Fora unit demand function of P=24-—-8x, where x is the

?Umb_er of units in thousands and P is the price in rupees, find the sales
unction. If the average cost per unit is Rs. &, find

{a) The profit function.

(b) The number of units that maximize the profit functien.

(¢) Graph the cost and revenue functions.
[Hixne. P{x)=R(x)- C(x) = (24— 8x)x — 8]
(®) If the to al cost function of a firm is

C=fx3-- 5x2 4 305+ 10,

where C is the total cost and X is the output, and price under perfect
competition is given as 6, find for what value of x the profit will be
maximised. Examine botl first and second order conditions.

7. If the demand function for a commodity is given by p=]2e e/t
where p is the price per unit and g is the number of units demanded.
Determine the price and the quantity for which the revenue is maximum,

[Hint. Revenue function is given by
R=pg=12ge-ta/0

For R to be maximum

d*R
OT(]: 0 and J{}*r(().

_3%?_: 1 2[(;8' tq{n(__ 1 ,r4)+e-|q,m]_.__ 12e-1s3/%) (4_;._.‘_?)]

8. State the conditions for a maximum profit. Find the profit
maximising out-put level if p=200— 10x and

X
AC=10+ 55"

9. Suppose the total cost function is given by C=a+4 bx4cxd,
Wwhere x is the quantity of output produced. Show that the slope of the

average cost curve is -—:— (MC—A4C), where MC= Marginal cost and

AC=Average cost.
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10.

12.

13.

14.

15.

A firm produces an output of x tons of a certain product at a
total variable cost given by C=x3--4x2+7x. Find the output at

which the average cost is the least and the corresponding value of
the average cost.

A company notices that higher sales of a particular item which it
produces are achieved by lowering the price charged. As a result
the total revenue from the sales at first rises as the number of units
sold increases. reaches a maximum and then falls off This pattern
of the total revenue is described by the relation :

y=40,00,000 - (x~2000)* where y is the total revenue and x the
number of units sold.
(f) Find the number of units that maximizes total revenue.
(i1} What is the amount of maximum revenue ?
(i1) What would be the total revenue if 2500 units are sold ?
[Ans. () 2000, (if) Rs. 40.00,000, (ifii) Rs. 37,50,000]
If the cost function is C(x)=4x19 and the revenue function is

Rlx)=9p-—-x% where x is the number of units produced (in

thousands) and R and C are measured in millions of rupees, find the
following :

(@) Marginal revenue,
(b) Marginal revenue at x=S5, x - 6.
(¢) Marginal cost.
(d) The fixed cost.
(¢) The variable cost at x=5.
(/) The break-even point, that is, R(x)=C(x).
(&) The profit function.
(1) The most profitable output.
(f) The maximum profit.
(J) The marginal revenue at the most profitable output,
(k) The revenue at the most profitable output,
(1) The variable cost at the most profitable output.
Suppose the cost function is given by C(x)=x*+45 and the price

function is p=12—2x, where pis the price in rupees and x is the

number of units produced (in thousands). Answer the question
asked in Problem 12.

A company has for x items produced the total cost C and the total
revenue R given by equations R=3x and C=1004 0°015x* Find
how many items be produced to maximise the profit.  What is this
profit ?

A sofa-set manufacturer can manufacture x sofa sets per week at a

total cost of Rs, (% x*+3x+4100 ) How many sets per week should
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16.

17.

18

BUSINESS MATHEMATICS

he manufacture for maximum monopely revenue when the demand

law of his product is X=10V/25—p set per week. Also find the net
revenue with this output.

The cost function C(x) for producing x units of a commodity is
given by

C(x)= %— X'—5x24-75x4-10

d ;
At what level of output the marginal cost ( %, 2—-?) attains  its
minimum ? What is the marginal cost at this level of production ?
[C.A. Intermediate, November, 1991]
[Ans. 5, 50]

If ¢ be the number of workers employed, the average cost of pro-
duction is given by

3
[ == WL I, L
2q—a) T34

show that g=425 will make the expression minimum. In the

interest of the management will you then advise to employ four or
five workers ? Give reasons for your answer.

[I.C.W. A., June 1990]
: . 3
[Hlnt. C_"Z(q-— 4)+24q

ac —3

~ @ =Ag—ay 2

d
C will be minimum if E’E:O

. -3 .
fe,, when 2(7_-‘—)2-{‘-24—0 = =425

Since the function C is not defined at g=4, therefore, the value of g
must be §.]

The following expressions define a firm’s total revenue and total cost
functions :

Total revenue= 18x —x*+24
Total cost=¢ x*—25x*4 50
(a) Use calculus methods to find the optimum production level.

(b) State the firm's profits at the optimum production level.

(¢) Using the same axes, sketch the graphs of the t-ot_al revenue and
total cost curves, indicating the output at which profit is maximum.

[Ans. (a) 6, (b) 64)
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19. A steel plant is capable of producing X toas per day of a low grade

: 40 —5. .
steel and y tons per day of high grade steel, where y=igr_~-_—x-¥. If the fixed
market price of low grade steel is half of the high grade steel, show that
about 5'5 tons of low grade steel are produced per day for maximum total
revenue.

[Hint. Let p, be the price of low grade steel. Then 2p, is the price
of the high grade steel, p, is constant.

: 40— 5x
Total revenue function, R=2p, W_T)q-xpl
R
Show that iai‘)z—:“ = x=104+2+/5

2
Further show that g{;({) for x=10—2v/5 and

dt
3;:;>0 for x=10+424/5 :I

20. Maximizing Profit. A tractor company can manufacturc at
most 1000 heavy duty tractors per year. Furthermore, from past demand
data, the company knows that the number of heavy duty tractors it can
sell depends only on the price p of each unit. The company also knows
that the cost to produce the units is a function of the number x of units
sold. Assume. that the price function is p=29,000—3x and the cost
function C=2,000,000 |-20.000x+5x*. How many units should be
produced to maximize profits ?

2l. A manufacturer estimates that he can sell 500 articles per
week if his unit price is Rs, 20000, and that his weekly sales will rise by
50 units with each Rs. 050 reduction in price. The cost of producing
and selling x articles a week is C(x)=6200 +6°10x 4+ 00003x%. Find

(a) The price function.

(b) The level of weekly production for maximum profit.
(¢) The price per article at the maximum level of production.
22. A trucking company has an average engine overhaul cost of

Rs. 1000 and routine maintenance cost (in rupees) of C-0'40x 4 1(0-% x2,
where x is the interval in kilometres between engine overhauls.

(a) Show that the total engine maintenance cost Rs. (per km) is
given by

000
- +004+105x

1
U=

(b) Find the rate of change of the total maintenance cost with

: ; c
respect to the engine overhaul to interval %
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(¢) Find the value of x at which the derivative in (&) is equal to
Z¢ro,

(d) Evaluate and compare ¢ for x==5,000 ; 10,000 ; 20,000 kms.

de . —1000
[Ans. fb) *d-;*_-_—?—-v- + 10“5, (C) 10000, (d) 029) 0.241 029. :l
23. Given: p==20—q
C=248q9+4q*
Find

(a, g which maximizes profit and corresponding values of p(=Price)
R(=Total revenue) and M (=Profit).

(") g which maximizes sales (total revenue) and corresponding
values of p. R and M,

(¢) ¢ which maximizes sales subject to the constraint M8 and
corresponding values of p and R.

24. A monopolist has the following demand and cost functions .
p=30—¢q
C=160-+8q
The Government levies a tax at the rate of 2 per unit sold. Find
profit maximizing price and quantity after tax levy.
[Ans. p 10, p=20)
25. A firm has the following functions
p=100—001 g
n=>50g4-30,000
and a tax of 10 per unit is levied. What will be the proﬁt_maximizing
price and quantity before the tax and after the tax 7 Which does the
monopolist find it better to increase the price by less than the increase
in tax ?
[Ans. Before tax ¢==2500, p=75, Profit=32,500.
After tax ¢=2000, p==80, Profit=10,000
A price higher than 80 will reduce profit below 10,000]
26, If the relevant position of the demand function is
p=100—001 ¢g
when ¢ is weckly praduction and p is weekly price and cost function is
¢=50g-+30,000
(@) Find maximum profit, output, price and total profit.

(b) If suppose government decides to levy a tax of Rs. 10 per unit
of é:trc;duct sold, what will happen to price, quantity sold and total
pro
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27. (a) Given the demand function p=(10— x)* and the cost function
C=55x—8x* find the maximum profit. What would be the effect of an
imposition of a tax of Rs. 9 per unit quantity on price ?

[Ans. 54 ; Price increase=15].

(#) Given the demand function Y=20-_~4x and the average cost
function ¥.=2, determine the profit maximising output of a monopolist
firm. What would be the impact of a tax of Rs. 7 per unit of output on
profit ? '

28. A monopolist has a total cost of output x given by a.r’-l-_bx-{._c
and the demand price for the output x is given by B—ax. Find his
monopoly output, price and net revenue in equilibrium. How will these
change if a tax at Rs. # per unit of output is levied ?

[Ans. Before tax :

__B=b . 2aBtaptab
OUtPUt_z_(&TcJ)' Price 2ata)
—by
Net revenue= :?a*_z) —€
After tax :
_B=b—t . 2aBfaBtabtat
Outputdz(m_i_a), Price Hata)

— h—r)2
Net revenue*——(%-iﬁ))—-—c ]

29. A monopolist firm has the following revenue and cost functions
R=—aQ" B0, («, f>>0)
C=aQ'+b0+C, (a, b, c>0)

The government plans to levy an excise tax on its product and wishes
to maximise tax revenue T from this source. What is the desired tax rate ¢
(rupees per unit of output) ?

30. (@) The demand and cost functions of a firm are given by
q=10,000—100p and
=594+ 130,000,
where g==quantity demanded
P=nprice/unit
c=total cost,

Determine the optimum level of ¢ that the firm should sell.

(b) Assuming that the above firm has to pay a sales tax at the rate
of Rs. 10 per unit, find out the optimum sales.
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SOME APPLIED PROBLEMS

Example 35. Prove that a rectangle with sides x and y and a given
perimeter P has its area maximised if it is a square.
(Delhi Univ., B.A. (Hons.) Economics 1991]

Solution., We have
P=2(x+y)

1
s Plox
or Y X

A:-xy=x(;— P—x)_—_;_ Px—x?

First order condition -

dA
"

or X=

Second order condition :
dP
dx3

and y=.%_ p—L p_L p

Hence the rectangle has the maximum area if it is a square.

_ Exaraple 36. A box with a square base is to be made from a square
piece of cardboard 24 centimetres on a side by cutting out a square from
each corner and turning up the sides. Find the dimensions of the box that
yield maximum volume 7

~ Solation. Let the volume of the box be denoted by ¥ and the
dimensions of the side of the small square by X. Since the area of sheet
metal is fixed, the sides of the square can be changed and thus are treated
as variables. Let y denote the portion left after cutting the x’s to make
the square, we have

y=24—2%
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Since the height of the box is x and the area of the base of the box
is y*, the volume ¥ is given by V=V(x)=xy?
> V(x)=x(24—2x)*=4x3—96x2 -} 576x
To find the value of x which maximises ¥, we differentiate and find
the critical values, i.e,,
V'(x)=12x*—192x+576
= 12(X’—lGX-f—48)=I2(x—12)(x—4)
x==12 is not admissible as in that case box cannot be formed.
: x=4
Using second derivative test, we have
V'(x)=24x—192
g V'(4)=96—192<0
* Hence the dimension x=4 maximises the volume and 4% 16X 16 are
the dimensions of the box.

Example 37. The rate of working of an engine is given by the

expression [0v : , where v is the speed of the engine. Find the speed

at which the rate of working is the least.

Solution. We require to find the value of v for which the expression

10v+*2—00 Y

Let He 10v+‘19_0°
dH 4000
RV:IO vi
dH
e =0, when v?=400, i.c., v=+4-20
v=~20 is not admissible as speed cannot be negative.
v=20.
d*H 8000
e W=
d*H

'—;2—>0 when v=20

The rate of working, H, is a minimum when v=20,

Example 38. A4 firm's annual sales are s units of a product which
the firm buys from a supplier, If the replenishment cost is Rs.r per
order holding cost Rs. h per unit per year, find the economic order
quantity by using calculus, (Delhi Univ., B. Com, (Hons.), 1991]
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Solution. Let x be the number of units ordered at any time. Then
the holding (storage) cost for x units is fix,

s
Number of orders = =

The total cost =/hx-4 (-i—) r

or C=hx+ %

For C to be minimum,

First order condition :

dC . sr
F:O, i, h-—?é =0
. sr
or —— h""

Second order condition ;

dC _
d*C  2sr
&= ="

: I 5T ST
Hence the economic order quantity is '\/—h— i.e.,, when '\/T

units are ordered at a time the cost is minimum,

Example 39. The production manager of a company plans to include
180 square centimeires of actual printed matter in each page of a book
under production, Iach page should have a 2'5 cm, wide margin along the
top and bottom and 20 em. wide margin along the sides. What are the
most economical dimensions of each printed page,

Solution. Let X, ¥ denote the length and breadth of the printed
matter in each page. Then

Arca of each page, xy=180 (")
Due to margin, the dimension of cach page will be
x+2%X2=x-}4 and Y4+2x2'5=y+5
I.ct A be the arca of each page then _
A=(x+4) (y+5)=xy+5x+4y+20

180
=200+45x+4 % o (¥
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Differentiating (**) w.r.t. X, we get

da _g_ 10 _
E, x?
= x3=144
=> x=12, discarding the negative value.

Using the Secend Derivative Test,

A 2x720

dxt ~——x:t——>0. when y==12

x=12 minimises A.

Substituting x =12 i (*), we have y-=l—$g-= 15.

Hence the most economical dimensions are :
Length=x+44=16 cms.
Breadth=y+5=20 cms.

Example 40. Your company is planning to build a new Jactory.
The rectangular urea reguired for manufacturing and office is 15,000
square melires. A car parking area to a depth of 50 metres is needed at
the front of the building, an access drive widith of 15 metres is planned for
the side and a delivery[loading bay 1o a depth of 25 metres at the rear,

You are required to calculate the smallest total site the compaiy
should buy to meet these requirements, Workings must be shown : marks
will be awarded for method used,

Solution. Let the length of the rectangular area required for
manufacturing and office be x and the width be y, then xy=15/000
square metres.

x+50 +25 is the length of the sides including the car park ang the
delivery/loading bay at the rear, i.e,, x+75, and

¥ {-15 is the width of the site including the access drive. Thg at€2
of the whole site is then

A=(cFT5)y+15)
15,000
=(x +75) (==

+15)

15,000
[ o=1500 > y==

1,125,000

=15,0004+15x 4 —;——+1125
Now —dﬁ--—-o = 15_1:@20__:0

dx Xt
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> - =Jlﬂi§;°9° ~273'86
15
2
i 44 _2x 1,125,000
dx? X3
Hence A is minimum when x=273'86
15,000

}’ffmg = 5477

Hence the smallest total site the company should buy to meet ite
requirement is

(273°86475) metres by (54'77+15) metres.

Example 41. 4 mertal box with a square ftop and bottom of equal
size, is {o contain 1000 ce. The material for the top and bottom costs one
paisa per square cm and the material Jor the sides costs half paisa per
Square cm.  Find the least cost of the box.

Solution., As the base of the box is a square, the dimensions can
be taken as x, x, . Then the volume is x? y.

__1000

x'y=1000 => Jae I

Let C be the total cost.
The area of the top and bottom =2x2 sq. cm.
Cost for the top and bottom=1 x 2x8=9 53

Cost for the 4 sidese= —;- X4xy=2xy

Total cost, C=2x24-2xy s (AR
) =2x'+2x. l—g—:io-
=2x?4 ggg_-q ] b__(a:h)
dcC 2000
_(}x“ =4x xa
%20 gives, 4x—--2—0?2--0
> 4x°=2000
= x3=500
> X=v/500=5x V¥ T =5x1'59=795
di 4+2x2000> 0, when x=7-95
dx? x3

Thus x=7'95 minimises C.
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Substituting x=795 in (***), we get

Copt =2 X (795 + S50 =3TT98= 378 pakse

Example 42. A rectangular block with a square base has the total
area of its surface equal to 150 square cms, and the sides of the base are
each x cm long. Prove that the volume of the block is } (75x—x%) au.
cm., and hence find the maximum yolume of the block.

Solution. In order to obtain the maximum volume of the block,
say ¥, we must first obtain an expression giving ¥ in terms of one variable.
As is indicated in the question, we will

1 . =
first show that V=-- (75x—x*) where X is the /1| f

fength of a side of the base.

We have V-=x%h cu. ¢cm. where # is the
height of the block.

To obtain & in terms of ¥, we usc the fact Places
that the surface arca of the block is equal to 150 ’
sq. cm.

Surface area=2x2-4-4xh=150 fo— x »;{/
x¥42xh=175
75 —x2
> Ii =-—2—x——
75—xiy

Hence V:x‘*h:—ﬂ(—i—é—- /#5 (75x—x3) cu. ems.

Having obtained ¥ in terms of one variable, we proceed to find !
maximum value in the usual way.

We have dV :E . 1{2
de = 272
av 75 3x?
dY—uO' when 7~—2—:0

ie., when x*=25, or x=r35.

[n this case, the negative value of x hasno meaning and we
discard it.
dVv 6x

gk

spfln | may rFV_
When x=3, o =-135.

dv daxv . .
Hence, when x=3, "y =0 and I is negative.
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x=35 makes ¥ a maximum.

Maximun value of V;— B15—199) =155 culcm.

Example 43. A wastepaper basket consists of an open circular
cylinder.  If the volume of the basket is to be 200 cubic centimetres ; find
the radius of Its base when the material used is.a minimum,

Solution. The materia. used jn making the basket depends on the
surface area of the basket,

Hence we require to find the radius of the base when the surface
area is a minimumn.

We must first of all obtain an expression giving the surface area
(say 5 sq. cm) in terms of the radius of the base (say r).

The total surface area S=rr24-2x rh $q. cm, where ‘4’ is the height
of the cylinder.

To obtain S in terms of 7 alone, & must be obtained in terms of r,

This is done by using the fact that the volume of the basket is equal to
200 cu. cms.

We have, volume=200=gr2h

§200
I.-.-lurz
Hence S=nrt2nrh
or S=nri42rr , —i-(lr? =nr! +i—00
dsS 400
d_;——2ﬂ’—'—;_—z-
d—S---O when 2rr———(
dr:
fe,, whenr*=——, or r= ’f%(‘l(_)
da*S 800
Also B o
200 'S

When r= 3,=— == is positive, i.e., Sis a minimum.
,\3/ x ' drt P ]
Hence, the amount of material used will be a minimum when

r=,i/l _2%)_ =399 cm.
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Example d4. ABC Co. Ltd, wishes to produce a cylindrical
container with a capacity of 20 cubic feet. The top and bottom of the
container are to be made of a material that costs Rs, 6 per square fool,
while the side of the container is made of material costing Rs. 3 per square
foot. Find the dimensions that will minimise the total cost of the
container,

Solution. Let 4 denote the height of the container and r the
radius, then the total area of the bottom and the top is 2rr® and the area
of the lateral surface of the container is 2nrh.

Ar
@ Iop
r 5

| P T £

Area = 2Nrk

Ki.nwroﬂ
Bottom surface

The total cost C' of manufacturing the container is
C=(Rs. 6)2nr?)+(Rs. 3)(2rrh)

foo— > ———

=12rrd}6rrh (%)
Since volume of the cylinder is fixed at 20 cubic feet, i.e.,
20
Viel0=xth = h= = il Py

Substituting (**) in (*), we get
C=12rr*+6nr .

=12nr*+4 -!-}2-9

20

nr?

To find the value of r that gives minimum cost, we differentiate C
w.r.t. r. Thus

dC" 120
& =t {F)=B4er= 0
24rr*—120

:—_-—r’.—-_

The critical values obey C’(r)=0
= 24rr3—120=0
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= r3=-§—
ki
1/2
2> F== i-] / [ I &
™
Using the Second Derivative test, we have
N 240
C''(r)=24r+ e
o lf 1.4 ?) K 240x
and c ({/ == =24r 1 5 >0

Thus for r=1"17 feet, the cost is a relative minimum. The corres-
ponding height of the cylindrical container is

20 20 LNy
f—;l-;T:: W =465 feet

These are the dimensions that will minimise the cost of the
material,

EXERCISE (1II)

L. An open tank with a square bottom to contain 4000 C.C. of water
is to be constructed. Find the dimensions of the tank so that the
surface area may be the least.

[Ans. Base dimensions 20 cm, Height 10 cm,]

2. A rectangular box with no top is to be made from a rectangular
piece of metal with dimensions 32 cm by 60 cm by cutting equal
sized squares from the corners, then turning up the sides. What
should be the side of the squares cut off if the box is to have maxi-
mum volume ? [Ans. 5cms]

3. A company has scrap picces of metal sheeting left over at the end
of its production line. The company has no other use for the scrap
and it can manufacture new boxes on present underutilised machi-
nery. The market is willing to pay Re. 0°50 per cubic centimetre of
such boxes, so the company wishes to maximise the volume that can
be made by cutting equal squares out of the corners of the scrap
pieces that measure 4 cm x 10 cm. The cost of manufacturing and
selling the boxes is Rs. 3-00 per box. The production department
states that the metal costs Re. 0°10 per square cm. What is the
volume of the largest box that can be made from the scrap ? Should
the company produce the box ?

[Ans. 1624 c.c. nearly. The company should produce the box]

4. A box with square top and bottom is to be made to contain 500
cubic cms. Material for top and bottom costs Rs. 4 per square cm

and the material for the side costs Rs. 2 per square cm. What is
the cost of the least expensive box that can be made ?
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[Hint. Volume of the box, x* y=500 wel ™)

Cost for the top and bottom=Rs. 4 x 2x*=Rs. 8x2
Cost for the 4 lateral sides=Rs, 2 x 4xy=Rs. 8xy
C=38x%+8xy OF ()

From (*), we get yzsog

Substituting in (**), we have

C=8x*+8x . 300 —8x? .*_ﬂo_o
x* X

5. A box with a rectangular bottom and no top is to be made from a
rectangular piece of material 30 cms. long and 16 cms. wide by cutting
equal sized square corners, then turning up the sides. What should be the
dimensions of the squares if the box is to have maximum volume ?

[Hint. Let x cm. be the side of each square cut off from a corner.
Then the dimensions of the box made are :

30—2x, 16—2x and x
V=(30—2x)(16—2%)x
=4x—92x7+480%

dVv
el 2>  3x—46x4120=0
=> =12 and IEO"
x=12 is not admissible.
aid ) —(24x— 184) 0
dx* Jx=105 x=103"

Hence in order to have maximum volume, the side of the square cut

off at a corner should be -%Q cms. :I

6. One side of a rectangular enclosure is formed by a hedge ; the
total length of fencing available for the other three sides is 200 yd. Obtain
an expression for the area of the enclosure, A sq. yd., in terms of its
lengths x yd , and hence deduce the maximum arca of the enclosure.

]
[Ans. A=100xh£2-, 5000 sq. yd.]

7. If the volume of a circular cylindrical block is equal to 800 cu,
1600

cms., prove that the total surface area is equal to 2nrx®-+ 5. €ms.

where x cms is the radius of the base. Hence obtain the value of x which
makes the surface area a minimum.

.
Ans. x= _"00 .503 cms. J
[ v w
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8. A closed rectangular box is made o

f sheet metal of negligible
thickness, the length of the box being twice

its width. Tf the box has a

. ; ! 2
capacity of 243 cu. ems., show that its surface area is cqual to -4x2+7)—? ;

Hence obtain the dimensions of the box of least surface area.

[Ans. 9, 9/2, 6]

9. A rectangular sheet of metal is 8 metre by 3 metre. Equal
Squares of side X ¢m. are cut from cach of the corners and the whole is
folded up to form an open rectangular tray of depth x cms.  Find the
volume of the tray in terms of x, and its maximum volume.

(Ans. V= ax (400 — x){150—x) cu. cms., max. volume =7 i‘; cu, m. J

10. A long strip of metal 60 cms. wide is Lo be bent to form the
base and two sides of a shute of rectangular cross-section. Find the width
of the base so that the area of the rectangular cross-section shall be a

maximum, [Avs. 30 cms.]

1I. An open rectangular box is to be made out of cardboard and
to have a volume of 288 ¢. cms. The length of the hox is to be twice
the width, If the width iS X cms., show that the area of the carctboard

864

required is 2x?+ —>~ 5q. cms. and find the value of x for this arca to be

a minimum,. [Ans. 6]

12. A rectangular box is to have a velume of 100 ¢ in. and its
lengih is to be twice its breadth. Find an expression forthe square of
the length of a diagoral of the box in terms of the breadth x in. Find
alse the minimum possible length of this diagonal. (Find the minimum
value of the square of the length of the diagonal )

[Ans. 5x‘"+2i-—2-9 : V775 in. ~l

1J. A closed cylindrical can is to have a surface area of 150x sq.
cm. Find, in terms of «, the maximum volume of the can.

{Ans. 250r c.c)

14. An open cylindrical can is to have a surface area of 147x Q.
c¢m. Find, in terms of m, the maximum volume of the can.

[Ans. 343r cc.]

15. A skclcmn of a box is to be formed from three metres of wire.,
If the le_ngth of the box is to be twice its width, find in cms. its dimensions
sa that its volume shall be as large as possible. [Aas 12,6, 9 cms.]

16. A closed box is to have a volume of 225 ¢. cms. and the length

of the base is to be I3 times the width. Find the dimensions for the
mimimum surface area, [Ans. 74 5,6 cms.]
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17. A closed cylindrical can is to have a certain given surface area.

Show that the maximum volume is obtained when the height of the can
is equal to its diameter.

[Hint. S=2nrr+42nrh (fixed)
1 "
h=2nr (S—2nr¥)
i 1
V=nrth=rnr2x i_ ol :L (Sr—2=r?)
2nr 2
dv 1 a
E'—:—i' (S—'—Gﬂr )
'“(:—'1;;’—_‘0 = S=6nr* or 2nr"-}-2“rh=6nr‘-‘
or Inrh=4nr? or h=2r
dzy

(-I;T =—6T‘r<0

Volume is maximum when height of the can is ecqual to its
diameter.

18. An open tank with a square base and vertical sides is to be
constructed of sheet metal so as to hold a given quantity of water. Show

that the cost of the material will bz least when the depth is half of the
width.

19. A manager of a printing firm plans to include 200 squarc
centimetres of actual printed matter in each page of a book under
production. Each page should have a 2'5 cm. margin along the top
and bottom and 20 cm. wide margin along the sides. What are the
most economical dimensions of each printed page ?

20. A printer plans on having 50 square inches of printed matter
per page and is required to allow for margins of 1 inch on each side
and 2 inches on the top and bottom. What are the most economical
dimensions for each page if the cost per page depends on the area of the
page.

21. The total cost C of sampling information is given by
a . . . ‘
C=an+ —;—-. where @, is the unit cost of sampling an item, @ 1S the

cost of a unit error in estimation and n is the size of the sample. Find

the number of items to be sampled that minimises the total sampiing
cost.

22. There are 60 newly built apartments. At a rental of Rs. 45
per month all apartments will be occupied. But one apartment is likely
to remain vacant for each Rs. 1°50 increase in rent. Also an occupied
apartment requires Rs. 600 more per month than a vacant one for
maintenance and service. Find the relationship between the profit and
the number of unoccupied apartments. What is the number of vacant
apartments for which the profit is maximum ? What is the maximum
profit ? [Ans. P=2340+51x—1'5x%, |7, Rs. 277350}
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23. A farmer wishes to enclose 12,000 sq. metres of land in a
rectangular plot and then divide jt into two plots with a fence parallel to
one of the sides. What are the dimensions of the rectangular plot that
require the least amount of fence ?

Example 45, Show that the rate of change of marginal utility of
commodity with respect to Y is equal to the rate of change of marginal
utility of y with respect to x, where utility function is given by

U=3xty24 y2
Solution.
E!i _ﬁ.—‘[}_ o L BT 2 i 2 d Nop s
ax —ay OXV+yY=3y a7 )+a.‘_ (r)=6y2x
au b} g d q
— = — (3x2y? 1y =31 x2 X 12 b £ 2
5 iy (3xy? | y)=2x oy O+2y=6x+2y

Sfe=06yx, [,=6x%y 42y,

' 3 ,ou B 17 S
f'yza'}’aT Tay \ax )"ay (6y%%)=6x oy MI=12ER

%™ 3 ju~ o 2
gt =2 (a}‘)”ﬁ? (6x2y4-2y)

21,0
- 2 (6x2) 4 % @9)=12xy

Now / is the marginal utility of x,
/., will be the rate of change of marginal utility of x w.r.r, y.

Similarly Sie will be the rate of change of marginal utility of y
Wt x,

Hence Jy=t,
Example 46. Find the ratio of the marginal wiilities for 1wo goods

when the wrifity Sunction is U - (x+a)2. (y+b). Show that the samie result
Is obtained when the urilis y function is taken as

U=p log (x +d)+-q log (y+0).

Solution, U=(x+a)» (y-+b)
-Qi =P(x-+ )"~ (p+b)s ang =q(x+a)’(y+4 by
dx oy
ou ou p @il o 1id]

d0x 8y ~x+a’y¥p
For utility function U=plog (x+4-a)+-q log (y-b),

qu i du q
a—:—\_— =x_+_a an a—; :_!'T{-_B
M Gu. p g

Bx "8y " x+a'yxb
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Marginal Products

If the output (Q)of a firmis a function of two inputs labour (L) and
capital (K), supposc

Q=S (L, K)
Then, it often becomes necessary to take decisions regarding changes
in the inputs with regard to their separate contributions to the enhancement
in the rate of output. The partial derivatives, 1n this case, arc known as

Marginal productivity (or product) of labour :%?‘

and Marginal productivity (or product) of capi!aizg_QK_.
Example 47. The production function of a firm is given by
O —=4LM LY, L>0 and K>0.

Find the marginal productivities of Labour (L) and Capital (K). Is it
true that the marginal productivity of labour decreases through positive
values as L increases ? Does a similar statement regarding K hold ?

@ | . 3@
L —+ e
Also, show that 3L + K K Q
Solution. The marginal productivity of labour (MPL) is
%?::4(3!'4) Lom-r KUA=3KV [
and the marginal productivity of capital (MPK) is
aﬁkg=4 (”4) 3 Kaja-l— [‘3,":/[(3,::.
Since L>0 and K>0
2@ g
5L >0 and decreascs as L increases
a0 . .
and 4 >0 and decreases as K increases.
(9
0 Q0 3K/ oL
Further L 5L Jrhé?- =L ( T )_;_]\ (W)

=3[ Kyp L3R KD
:4L:I,H KV — Q
Example 48. Let the production function of a firm be given by
Q=8LK—L*—K*
Find the MPL and MPK, Show that
L %%_ LK g.%zzg
Solution. The marginal productivity of labour (MPL) s

afl e
a—E' —8K—2L
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and the marginal productivity of capital (MPK) is

80
ok ~8L—2K.

Therefore

(=7}

aQ 2
i ST +K 5k =L BK—2L)4 K (8L—2K)

=16LK—-2L2_ 7Kz
=28LK— L2 K3
=20,
Example 49. Given the  production Sunetion P:L’—2KL+2K',

where L represenss labour and K capital, find tmarginal physical proguct of
labour I 2 and K=3,

Solution, P= [2—2KL 42K?

aP *ar o

5L =2L—2K; sk =2L+4K
when L=2 and K=3, we have

ar < o Al

aL =2X2—-2x3=-2

a0 o

k= ~2X24-4x3=38,
Example 50. Given the production function
P=4KL 2K *— L2, find the maximum p with the constraint L+ K=10,
Solution. Since K+-L=10: K=10—1

Now, P can be expressed as a function of £ by substituting the value
of K10 L
P=4(10—-L) L3 (10— 1y _1a
=80 L—7L2_ 200

For P to be maximum, we have

dP dip
0P
(?Z:*U = 80—14 L= or L=40/7
ap
and :TL_Z—_—HMQ)

Hence maximum P is given by
40 40 \2 200
P_—_ — =l — = — — o
80 = 7(7) 200="= =28'57

Example 51, Giyen the Cobb-Douglas production function
P=]0 L125gs



APPLICATIONS TO COMMERCE AND ECONOMICS ACE-69

Find the output levels for
(@) Kis fixed at 100 and L rises 5, 10, 15,
(b) L is fixed at 100 and K rises 5, 10, 15,
(¢c) With Lis 10 and K is 15,
Solution. (a) With KX fixed at 100, the function becomes
P=10 L!'* |00°®
=10 L% /7100
=100 L'

with L==5, 10 and 15 the production levels will be 74767, 177828 and
2951°98.

(b) With L fixed at 100, the function becomces
P=10x100*% K-5
=31622 K

With K==5, 10 and 185, the production levels will be 707°11, 99997
and 1223°86.

(¢) With L=10 and K--15
P=10X 10" X 15 -:688°72.
Homogeneous Function

If u=f(x, y)ybe a function of rwo variables, then this function is
said to be a homogeneous function of degree n (or of order ny f the Jollow-
ing relationship holds :

J{tx, ty)=t [ (x, y) ; 1>0,

Remark. A function is said to be linear homogencous function
if the following relationship halds :

flix, )=t f(x, )

Example 52. Let ¢ be the quantity, p be price and y be income
Show that the demand function shown as ¥ - '

g=1ip, y):,}%, where k is a constant, homogeneous of degree zero,
Solution. Here I/ (p, y):}-c'%

L VTR TS A ;
f('rpa I))’— k’P —‘-A,p =1 k'p =1 f(p, ,‘)
The demand function is homogeneous of degree zero,

Example 53. Let
Q=10L—0-1134 15SK—0-2K3 4. 2K1L,

be the production function of a commodity with @ standliiis. for-oui
for labour and K for capital, g for ou rput, L
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(@) Calculate the marginal products of the two inputs when 10 units
each of labour and capltal are used. ’

(b) Assuming that 10 units of capital are being used, indicate the
upper limit for use of labour which a rational producer will never exceed,

Solution. (a) fa% o+o+15%(K)—~o-2aix(K')+2Lé%((K)
=2L—04K+15
Now substituting L=10, and K=10, we get
Marginal product-=2x%X 10—04 X 10415=20—44-15=31
28 <1050 -0 (L2 Ho-042K 2-(L)
=3IK—02L410
Now substituting K=10, and L=10, we get

Marginal product for Labour
=2x10—02x104+10=28.

_ (b) Now, the upper limit for use of Jabour which a rational producet
will never exceed, where 10 units of capital arc being used, can be obtained
by using the following condition :

[
(a_L' )K=10 20

> g 2K—02L- 0] >
L gt K=10 20
> 2x 10=02x L4100
30
= L <150

Hence, the upper limit for the use of labour input will be 150 units.
Example 54. Show that the production funcrion
x=f(l, k)y=2+/TTk

(where x, I and k are the units of output, labour and capitaf respectively)
gives constant return to scale and diminishing returns to inputs,

[Delhi Univ., B, Com. (Hons.), 1992]
Solution. The given production function
x=f (I, kK)=2v/TTk
is homogencous function of degree one. Replace /by A and k by Ak in x
we have .

x=f (M, NK)=24/ N Ak=20v/Tk
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Hence the given function is a homogeneous function of degree one,
So, the function gives constant returns to scale,

x T
Now MP,—_—-aal— 2/\/_!.

e 1 &k
and 'a—‘,‘(-upl) = — ‘TJT,:" <0

& *

Hence the function gives the diminishing return to labour.

rp. 9% L
.U];;_ak :,\/k

a% (MP" ):—El .%:—{<0

Henee the function gives the diminishing return to capital.
The function gives the diminishing returns to inputs.
Euler's Theorem

Euler has shown that if Z=f (%, %)

is a homogencous function of
degree 1, then

Example 55 The Cobb-Douglas pro,

luction function for the economy
as a whole is given by

Q=a L® kP
where a, «, § are constants such thar atf=1,
Show that

(@) Q is linear homogeneous Junction of L ang K.

" 00 | 00 _
(b) Prove that L a—-L—+Ka—K-_. Q.

Solution. (@) Let Q=f(L, K)=a L* KB a+B=].
Then  f(1 L, t K)y=a (¢t L)* (r K)b
=t*'B (g L= KB )

=1* f(L, K).
Hence @=f (L, K) is a linear homogeneous function of £ and K.
Q0 8Q gy e
(b) ﬁ-—dﬂ La$ Kﬁ ﬂnd W:ﬂﬁ L Ag 3

Hence L g%—+Q—g%=aa L*K? tap L= KB

=alL* KB (a+p)=0Q,
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since «-+-B=1. [Here, we have verified Euler's Theorem for the Cobb-
Douglas (lincar homogeneous) production function.]

Example 56. Verify Euler’s Theorem for
u=ax*+bx2y-}-cxyr+dy?,

Solution. Here the given function is homogeneous and of the third
degree in X and y. [t is required to prove that

au au
— )y ——=13u
X % =5 >
Now u=axs 4 bx2y+cxyl--ay?

d ; .
T an B +bx2y +exy? +-dy?)

_ ey g & bxaiy 2 (expt) 42 (dp
= (nx3)4 o (bx4y) P (cxy )+ax (dy®)
=3ax*42byx--cy? s (1)
(Here y is constant)
and 2—: :'3% (ax?4 bxty 4 cxy? 4 dy?)

Al na L g ;2 0 i3
=l (I (bx"y)+ 5y (P 548

=hx?42cxy 4 3dy? 1|
(Here x is constant)
Multiplying (1) by ¥ and (2) by », we have

x %;:30.1'“ +2bxty + cxy?

y:—; =bx2y+ 2exy?+3dy?

Adding, we get

L +}’a

:l-'- =3ax-{-3bxy+ Jexyd--3dy?
ax ax

=3(ax®4-bx?y+cxyr+dy®)=3u,
Example 57, Verlfy Euler's theorem fer u= x» log % .

Solution. Here the given function is of the nth degree, the degree
of y/x being zero. It is required to prove that
ou on

—_ — ==nu,
5 ox i ay

Since u=x" log ); 4
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0 Pumags L Yean B Y F By
% =% X log < )-—x & (Iog 1;—)+[0g = B (x")
—Xxn ._I_ .a_ :?.... _}'_ =1
o - ax(x )+Iog el
X ;—y ~ y 2
=x" o («—5‘,—)4—!1:(" X logx— (Here y is constant)
= —x* 1 pxn-l, ]og_}i. ,_,([)
X
o _ 3 X Nesws I l1ea L
oy oy aills - oy Uog x)
L dqz¥ X 1 .
-=’n i 1 _— "__ —_— i —— ...2
T i B W
Multiply (1) by x and (2) by ¥, we get
x_q_u_=_\~n+nxn ]0 _Z__
ox ' g x
Ju
}'ay =X
Adding, we get
LAY L Y
xax +y E_f_nx log —x—_nu.

Example 58. Define the degree of homogeneity and state Euler’s
theorem,

If the supply function x=f (p,, Py..., Pm) 15 homogeneous of
degree n, show that the sum of the partial price elasticities of supply equals
n. (x denotes the gquantity supplied of a particular commodity and p,, p,,...,
P, are the prices of the different commodities.

[Delhi Univ, B. Com, (Hons), 1991]

Solution. If w=f (x, ¥) be a function of two variables, then this
function is said to be a homogeneous function of degree n if the following
relationship holds :

S (x, y)=t"f (x, ) ; 1>0.
If Z=f(x, y) is a homogeneous function of degree n, then

aZ Z
Xox Ty T

The partial elasticity of supply x w.r.z, pi,
pt

X
==';' . m (I_Il 2:"-1 m)

nZ.

Sum of partial elasticities of supply

n
i T

=1
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j=]
1_ 9%, 09X,
—_x (pl' apl +-p$' apz +"'+pm~. )
=—i—. nx [By Euler’s Theorem]
=n,

Example 59. A production function is given by
g=4Ln 13
where L=labour, C=capital
(@) Find the behaviour of the marginal product of each factor,
(b) What is the nature of returns to scale ?

(c) What is the reward of labour and capital if each factor is paid a
price equal to its marginal product ?

Solution. (@) We have g=4.L23C13

(4L![3C118) -4C1/8 ___(L-ua) 4C 3 ‘;'j_mf!)—l

.. Marginal product of !abour=-§— Cls [-1y3,

Rate of change of Marginal product of labour

_8._ 1/3 -.l.'S 8 I 418 £
aL aL )—aL ( 3 OPLAR Jury(—g ) L O
= E. ~43 C113
=—3 &L C
hich shows that as 7. increases, Marginal product of labour decreases,

Again Za?% C(4L=!3 )= 3 C-3/8 [218

Marginal product of capital=-§— C-23 3,

Rate of change of Marginal product of capital

—8
/3 [2/3 |2 =513 23
acac)ac(ac" & ) g,
which again shows that as C increases Marginal product of capital decreases

(b) Let g=f (L, C)=4L3s C\is
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AL, (C)=4 (LY (ICY =413 3 LA 112 C1P°
=t (41288 1) =tf (L, C)

The production function is homogeneous of degree one, which

shows that the reward to all the factors is exactly equal to total product.

[Remark. If the production function is homogeneous of degree
greater than one, we shall have a case of increasing returns and if it is of
degree less than er equal to one, this shows we have a case of diminishing
returns to scale.)

(¢) 1If each factor is paid a reward equal to its marginal product,
then we have

e s (& ey (§ 0o on)

2%(?‘!3 La,ta,l__:_ C1/3 [2/3—4C1i3 [2i8—q,

Example 60. The production function is x=Aa® p®, where atp<l.
Show that there are (ecreasing relurns fo scale and deduce that the total
product is greater than a times the marginal product of Labour plus b ! ime
the marginal product of capital. What economic interpretation can you
give for this ?

Solution. Here x=4 a% bP and «a4p<l
M P, =Marginal product of labonr

g;f —A aa®"! 8P

a g-—; =A aad® P =ax
M P,=Marginal product of capital

%% —Aa®pbP~!

b g%h—«[%x.
Thus a g?x +b g% =(a4-p)x<x
> x>a g—i +b g—;—

Hence there are decreasing returns to scale.
Exaraple 61. Find the first and second order total differentials of
the function
Z={lx, y)=7y log (I+x)
(Delhi Univ., B.Com, (Hons), 1992)
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Solution. We have

Z=1Ty log (14x)

=Jx- * d_\:+‘— dy
Z Ty aZ
a—-x— :“;: and o =7 IOg (1+X}

dZ-—-—l—'_T{—:v—;c -dx+Tlog (14x) . dy
= B’—:-;Hog (14+x) dy J
:ﬂ2=§x_ dZ) . dx-}-é% d2) . dy
L A pWE
8 14 dx dy Ty d2x

4x ~ ({0427

linear  homogeneous production  function

Example 62. Given a

Z=4L= K8 py » L, K, P, stand for factor quantities and 4 js a constant,
show that

(i) the sum of the production elasticities with respect to the Jactors
is unity,

() the sum of marginal products of factors each multiplied py its
respective quantity equals the total output,

@ity In (1) and (if) above, consider h

given production function is noi linear hom

ow these results change if the
degree n,

ogeneous but homogeneous of

Solution. (i) Z=ALP KB pY
aZ_ a—] B oy
ﬁ—ﬂ.AL K¥ p
L 9Z_, AL® KB PY
Z L U qIe kP pY O™

Similarly

K 32 P it
7 . é‘k‘—fﬁ and —-

Z - a—j‘,=)'-
Adding the above rroduction elasticities with respect to the factors,
we get

L 92 KX Z P 3Z -
7 - ét'-}-? . ;’E—I_ 7 'a?~—a+,3+)'~l.
(.‘.

For linear homogeneous production function a+f4y=1)
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; 07z Z Z
i) LK 4 PIE—(tpty) 2=Z

Hence sum of marginal products of factors multiplied by L, K and
P is equal to total output Z.

(ifi) In each case, the production elasticity will be multiplied by n
and also Z will be multiplied by n.

Marginal Demand Functions and Partial Elasticities of Demand

Let the demand functions for two related commodities x; and x,
with the respective prices p, and p, be

X, =f(pu,py) and  x,=g(p,, p.)

Then the partial derivatives of ¥, and X, are known as the (partial)
marginal demand function of x, and x,, respectively.

In particular,

the (Partial) marginal demand of x, w.r.t. p, is -%T—',
CF1
: : . 0%,

the (Partial) marginal demand of x, w.r.t. p, is A,
2

: z . 0xy

the (Partial) marginal demand of xg w.r.t. p, is T
1
x

and the (Partial) marginal demand of x, w.r.t. p, is 'g—p—’—
2

For the usual demand functions

If p, is constant, X, increases (decreases) as p, dccrcasas_(increascs)
and if p, is constant, x, increases (decreases) as p, decreases (increases) :

ax; E‘Xz

and hence, —* and ——= are negative for all economically relevant
ap p,
values (positive or zero) of p, and p,. Further,
if 5 and By are both negative for a given (p,, P,), then a
apg apl

decrease in either price corresponds to an increase in both demands ; and
the commodities X; and X, are said to be complementary.

On the other hand,

ir &% and 9%, are both positive for given (p;, p,), then a
ap, ap,

decrease in either price corresponds to an increase in one demand and a
decrease in the other; and the commodities X, and X, aresaid to be
competitive,
0X; 0%,
ap, ap,
competitive,

<0, then x, and X, are neither complementary nor
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The partial elasticity of demand is the ratio of the proportional
change in quantity demanded of one commodity (say, x,) to the pro-
portional changes in price of one commodity (p,,or py), with the price
of the other commodity (p, or p,) held constant. Thus,

the partial elasticity of demand x, w.r.t. price p,, with p,=constant is
o I
—P, X, = 0xy

M=t et =
11711 xl ap‘

(log x,)

a
-5 (log 7))
ax‘ g P
the partial elasticity of demand x, w.r.t. price p, with p,=constant is

o

—pPy 0X ox
Mol 1=t =

(log xy)
E T ;
ax, (log p2)
the partial elasticity of demand x, w.r.t. price p,, with p;=constant is
()
—p, 3% s (log -‘fg)_

Taln= ==

Xy P B, !
1 5 (log p,)

and the partial elasticity of demand x, w.r.t. price p,, with p,==constant i
[
—p ox, x0T
2 0P __,"L )
Example 63. For the following pair of demand functions JSor two
commodities X, and X,, determine the four partial marginal demands, the
nature of relationship (Complementary, Compelitive or neither) between X,
and X, and the four partial elasticities of demand

X, = and x,= I6

I_Plzpa ‘_Ptpz‘
Solution. Partial marginal demands :

ax, —8

0, PP Ik

ax, =32 ax, —4

— v — <0

P, PP Py PPet

ax, —16

op, pip,t

Hence X, and X, are complementary commodities.
Partial elasticities of demands :
| 7 | =(=2), | Mal =(—1), | 12 | =(—=1), | mg | =(—2)
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Example 64. The following are the demand Sunctions for two
commodities X, and X,
Xl____pl—!-? paﬂ-ﬂ
X, =p,%% p,~03
Determine whether the two commodities are complements or substitutes in
some sense, [Delhi Univ,, B. A, (Hons.) Economics 1991]
Solution. We have
=Py py0*® and x,=p,s p,~0
P,
L =08 py™1*7 p,~03
apy :
(ST - :
—— =05 p,70*5 p o2
LN b .
X,

ety | =—0'2P a-sp =1s1
apz 1 2

g __]-7 pl-.]-? peo-a

x ., . - .
Since _aqp_l and g;;l are both positive, the two commodities are
2 1

substitutes in some sense,

Example 65. The demand functions of two commodities X, L and X,
are X,=p,~'' p.%¢ and x,=p 05 p,-1-3 respectively, where x, and x, are the
quantities demanded of X, and X, respectively and p, and p, are their
respective prices, Find the Sour partial elasticities of demand and determine
whether the commodities are competitive or complementary,

[Delhi Univ, B. Com, (Hons.), 1991]

Solation.
. s . . ’_p1 axl .
The partial elasticity of demand of Xx; W.I.t, prices pl=—x—-°3-—
. 1 P;
“_"52%22_“ X(—=14) =24 potm 14
The partial elasticity of demand X; W.I.L. price p,

:&_.E_’.__-.___E‘__ x (0 ~ldp 0 06
X, 0P, Pt pow (0°6) p,~14 p,

The partial elasticity of demand X, W.r.t. price p,

=t Tl o (0°5) p.~05 -l 5
X, 9P, p,0t p,-11 L 5 Py
The partial elasticity of demand Xy W.I.t. price p,
= —Dy ) E_i_ —Ps

X, 25, —potpd X(=12)p"8 pre=12
2
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Since both —3-:7’- and -g—;l are negative, the commodities X, and X,
2 1 "

are said to be complementary,

Example 66. Find the elasticity of substitution (s) for the production
Junction Q= (I, k)=[ak~b+ (1—a) I7*)-1* by using the formula
S\ fe dk| D
kI 1d(f | fr)
[Delhi Univ. B. Com, (Hons.), 1991}

g==

Solation. We have

Q=[ ak—*+(1-a)t—b]w

or Q7ba=mgk™d4 (1 —a)l-¢ wil(1)
Differentiating (1) partially w.r.t. k, we get
2Q
. =p=d, W —b-1
5.0 o abk
eQ ak b1
2> BI- -.:E:ﬁ =jk
—a)l-b-1
Similarly. %QI—"—“-(I—"Q"?%T =)
9 8 20 9 b1 b+l')
Now ok =21 EE')“T‘ET( il
00

=ak-b—'d(b+ 1)Q° al

k=b=1 (b4 1)Q% (| —a)l-4-1

_a (+Q)"52_1( i Lokl 9
22 20

Sl Se dk D) gk el

= —

TTRTI TR T, 70

ook
._._ak—b_l u_a)l-o—l Q-b-—n
TOFT X T X Qa5 1) (1= @)
1
b1

Example 67. The demand (D) of passenger automobiles is given
by D=090 11 p-01 where [ is the income and p is the price per car,
Find the (i) income elasticity of demand and (ii) price elasticity of demand.

Solution. The income elasticity of demand is given by

I I 3D ’
=D -5 '




APPLICATIONS TO COMMERCE AND ECONOMICS Ace-81
: {
0 90 Fit ![J Y
=1'l.

——x 090 1" 1[o+1p=0-7

Price elasticity of demand is given by
B 2B
D ' ap
- -mﬁw x 0°90 X (— 0" 7)1 "1p1*7
=07,
Example 68, The demand function for a commodity ‘X* is given by
x=300—05p24-002p,+ 005y mel)
where x is the quantity demanded of *X*, p, the price of X, po the price of a
related commodity and y is the constant income, Compute

(i) The price elasticity of demand for X,
(fi) The income elasticity of demand for X, and
(iif) Cross elasticity of demand for X, w.r.t. p,

when p.=12, po=10 and  y=200.
Solution, (i) Price elasticity of demand for X is given by
P 0%
| Mes s o ip.
- % {05 X (— 2.}

~300—0°5p,t+0°02p0+4-0°05y
[from ...(*)]
*pxz
T300—05p,2+0°02p0 +0°05y
When p, =12, p,=10 and y=1200,
—144 | 144

l ~1300—724.02+ 10 |~ 2382

(#) The income elasticity of demand for X i is given by
25

=060

" 3y

B 005y
T 300050, +002py+ 005y
When p,=12, pe=10 and y==200, as in part (f)

[from ...(*)]

l K l’238 g =008
(iif) Cross-elasticity of demand for X w.r.t. po is given by

‘ s, 8%
WI=x 90
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(positive sign is taken since, from (*) we see that p, and x change in the
same direction).

) L 002 po *
I 170 ,*300—0'5P,’+0’02po+0'05y feanit
Atp,=12, po=10 and y =200, we get
002x10

o ZORRIN ity

/”’“ 23872

Maxima and Minima for Function of two Variables

It is beyond the scope of this book to obtain the general conditions.
We shall merely state a set of sufficient conditions, which are applicable
to a large number of problems.

For a function Z=/{x, y), if at the point (xy, y,)

- 9z oz
e e,
0 ax oy
.. a?z a?z aﬁz 2
e W G (W)‘(axay ) e
then Z is maximum or minimum according as
9%z

It is negative or positive at (x5, Y1)

Example 69. The Jjoint cost function for two commodities is
Ce=x24 2X x, 4+ 3x,2

The prices are 8( for xl') and 12( for x,) per unit. Find the maximum pro-
Sit and the total cost,

Solution.  Total revenue=_8x,412x,
Total cost =x,"+2x,x,+ 3x,*
Total profit: P=TR—-TC
=(8x,+12x,) — (x,? +2X, X+ 3x,7)
aP
'a?l’ =8— Zx, ——2x,

P
d —= 120 —.
an oy 12—2x,—6x,

The condition (i) gives
8—2x,—2x,-—-—jO and 12—2x, —6x,=0
Solving these simultaneous linear equations in X, and x,, we get
X,=3 and x,=1
P can have a maximum value at (3, 1).

o 2*P a*pP
N o =2, ——=-— —_— =2
ow ax 2 2 5%,3 6 and ¥ o%,
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2p 2P ~2p \1%

(37) - a——-—fﬁaxz) —(—2)(—=6)—(—2) > 0

The condition (if) is satisfied at (3, 1).

2P

3-\'1‘

P has a maximum at (3, 1) and the maximum profit
=(8x34+12%x1)—(9+4+6-+3)=18

Also

= —2 is negative

EXERCISE (IV)

. U gu

1. Find 2%’ 2y for
(i) w=x2y*4-x54p8, (if) u=x3p+x)?, (fii) u=x1+4y>+3axy,
(iv) u=log (x*+y?)*2, (v) u=1/v 2% +y?,

[Ans, (i) 2xy2+5x4, 2xp?+-6¥%, (i) Ix?y 4y x84 3xy?,

(ifi) 2x43ay, 3y*+3ax, (iv) 10x/3(x24-y?), 10p/3(x*+4»"),

(v) —2x(2xt4y7)00, —p(2xt 4y ]
2. Find the first order and second order partial derivatives of the
following functions :
(i) u=x*—S5xy+y?, (i) u=x%e’.
[Ans. () f,=2x—5Y, [(x=2, J(y=—3
f,==5x+2y, 1,,=2, o=—3.]

3. Find the first order and second order partial derivatives of the
following functions :

(i) u=x¥—5xy+y%, (i) y=e™ Y (iii) u=xre”
(iif) u=e*’ (iv) u=x?e’.
4. Verify that %zé%{;—. when u=x"+y"
5 If u=log [x-l—'\/—;c-'-—]—_'y‘], prove that xg;— +¥ g—;—=1.
6. If u=ax*4+2bxy+by? show that
—

7. A utility function is given by
u=24,'q,+39,9,"
Show that the rate of change of marginal utility of commodity 41
w.r. 1 g, is equal to the rate of change of marginal utility of g, w. r. t.
qi.
8. (a) If u=x*—3x%+3xy*—y?°, show that
du

&y =3u,

u
Xax +y
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(b) If a*x?4b2y2=cu, show that

9. Verify that

x2 g% +2xy %-Fy* g::: =2, where u=Xx342xy—y?,
10, If u=x+y*—3axy?, verify that

x2 8% 42 _o%u %

; 4yz 0¥
axs T2 Ss 9t s =tu,

'z 'z

o topr

12. For the production function z=ax* y3 , show that

ge

" 2z -
(i) x = +y 3y = (z+4B)z, and

2 2 2
(if) x2 ?Txi,-+2xy E;%}-H’ g—yg{:{a+ﬂ)(a+ﬁ ~1)z.

13. Suppose there is a production function of the type
z—elxX?+2xp+33?)
where z is the product and x and Yy are different factors of production,
find the marginal products of x and y.

14, If g=3L°C2—212C? where L and C are inputs Labour and
Capital. Find Average product and Marginal product of labour (L).
If input C be fixed, what is the value of input L for which AP be maxi-
mum ? Does the maximum of Marginal Product Curve reach at lower
level of Jabour ?

.9 B 2 .
[Hmt. aL =3I (BLCr—2L:Cy- 5L OLCH—7 (2L2C)
=3C%3L2-2C3 2L =9C2[3—4C?L,

Marginal product of Jabour (MP)=9C2L2_ 4¢3,
(T2 2’3
Also Average product of Labour (AP)= g =¥‘£—2£_C_

1. If z=(ax}-by), find the value of

L L
=3L1C2 -2 (8,
Now for maximum value of AP,
E‘JP’:AP
or 9C2L3--4C3L =322 — 9L Cs

6C?L2—2CL =0, 6CU =205 o L=-3€.
Again Marginal product of labour (MP) is maximum when slope of

MP curve is zero, ie., when a—%— (MpP)=0.
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_8_ L7 BN e | g Cs _3_ L2y—4(C3 _Q- LYy=
30 (9CU2A—4C3L)=0 = 9 oL (L2)—4 5L (L)=0

C
> L=-2-9-—. ]

15. The demand function is g=3y+2y*—6x?— 5x—4,
where x>0, y>0, q is quantity demanded, ¥ is income, X is the price.
Find what is the slope of the demand curve 7 Is the commodity

normal or inferior ? Is the reaction of demand to price is independent of
the level of income ?

Hi 09 . 3 1l &y _ -5
[Hlut. I = (Ay+2y*—6x2—5x"1)==—12x420x
aq

— S
i = 12x+4-20x-3,

Slope of Demand curve-=

If f,:g—%‘)(), then the commodity will be normal.

it 2 P _6x?—5x" =344
j £ ¥ 3y (37 42y —6x}—5x~4)=3+44y,

Since y is positive, f,>0
The commodity is normal commodity and is not inferior.
Now the reaction of demand to price is independent of the level of
income if f,,=/,.=0.

_ 39 - T b
Now f,—a—};_3+4y and f*“ax’ 12x+420x

829y 2 e
Now = e e (a,v )=y B+4=0
_ BT _ RN B e sy
and j:u——bya:—r— =a '_(a_;)-—a_v( 12x + ZOX )—-0.

The reaction of demand to price is independent of the level
of income.]

16. The following are two linear homogeneous production func-
tions where X, L, K represent output, labour and capital respectively.
Show that in each case, L times the marginal product of labour plus K
times the marginal product of capital equals total product.

(i) X=A4L® K'=%, (i) X=aL+bK,
Find what is the sum of the partia| clasticities in each case.

17. If ‘@ men are employed in planting ‘4* acres with timber,
the amount of timber cut after 4* years is x=/ (a, &, 1). What meaning
can be attached to

ox x ox ,

3a> 3b AN0 5
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The production of a particular commodity was estimated as :

X=L%" Ko*, where X is the production of that commodity,
L is labour and K is capital.

Determine the marginal productivities for L=1'5 and K=1I'1
units.

18, Q=101 L®™K%* wherc Q=output, L=Labour, K=Capital.
aQ a0
oL T55r=2

19. The following is a lincar homogeneous production function
where X, L, K represent output, labour, and capital respectively :

X=+/ al*+2hL K4 bK?,

Show that L times the marginal product of labour and K time
the marginal product of capital equals total product

Prove that L

20. (a) For the linear homogeneous production function :
X=4L% K'~*

where X, L and K denote output, Labour and Capital respectively ; show
that the average and marginal products of each factor L and K are
functions of the relative amounts of L and K used.

(b) If the production function is given by X=4LP KB
there are increasing, decreasing or constant returns to
e+pf>1, <l or=1.

(¢) For the production function X=AL® KB where X, L and K
represent Output, Labour ana Capital respectively, show that—
"

, show that
scale as

(i) « and B represent the labour share and capital share of the
output respectively.

(if) « and B arc also the elasticities of output with respect to labour
and capital respectively.

. K 23X L X
[Hlnt. (if) Calculate Y ‘oK ¥ ' 3L ]
21. The production function is P=AK®* L? where «a+8<1. Show
that there are decreasing returns to scale. Deduce that total product
is greater than total income distributed between K and L, when income

is distributed according to each factor’s marginal productivity. What
will be the economic interpretation of the residual ?

22. Explain what you mean by production function. State the
factors which are generally involved in it. State the mathematical form of
Cobb-Douglas- production function, interpret its constants and describe
the method to fit it to the production data.

For the production function

X=A ab bl—ﬂ
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show that the average products and the marginal products are functions
of the ratio of the factors used.

23. A production function is given as x=4 a% b8 where a-+p>1,
and factor quantities are @ and b for labour and capital respectively.
Show that there is increasing returns to scale and deduce that the total
product is greater than a time the marginal product of labour plus b
times the marginal product of capital.

24.  For the production functjon

Q==Alal ™ +(1-a) K071

where 4>0, 0<a<<l and B#0 are constants, find the marginal products
of labour (L) and capital (K). Further, if

20 30
a_a{, ‘2K
B 0. 99
"alak
is the elasticity of substitution, show that ozl—_*% is a constant.
25. M U=fx, x,, ...... » Xa) is the (total) wility (index) function in
terms of the amounts Xy, x,. ..., x, consumed of the n respective goods

(commodities) X, X,, ..., X., then the marginal utility of the goods X,
5 U .

is defined to be %r"’ at a point (x,, x,, ..., x,).

Find :

(f) The marginal utilities with respect to two commodities X, and
X when x;=1 and X,~=2 units of the two commoditics are consumed,
if the utility (index) function of X, and X, is given by

U_—'(xl +3) (*,+5).

(") The ratio of the marginal utility of the good X, to the marginal

utility of the good X,, if the utility function of the goods X, and X, is
given by

(a) Uax,+bxy+cv/xpx, ,
(b) U=log, (ax,+bx,+cy/xx,) ;
[Ans. (i) Marginal utilities :
ol =7.(3Y _
(ﬁi)u. » =i (%, )u. » =¢

(i) In (@) as well as in (b) :

alu )/ BU) 2a \/.\:;,—{—cxz]
ax, /I \%x, J=2b V XX, +ex,

26. If X=flp,, P,» M) is a homogeneous demand function of degree
zero, where p, and P, are prices of two commodities x and y, and M s

the money income ; then prove that the sum of the partial elasticities is
equal to zero.
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27. The supply function for
x=ﬂp1: p[' pl! LA A ] p?l)

(where py, Py, Py, .-, P, are the prices of several goods) is a homogeneous
function of degree n.  Prove that the sum of partial elasticities of x must
total n. [Delhi Univ., B.A, (Econ. Hons.) 1990 (N.S.)]

28. A manufacturer finds that his costs are given by the function
Q=a+8b. Under the assumption that he keeps his cost fixed at the value
of @= 50 and that his production function is defined by

U=32ab—7a*—16b?
prove that his maximum production is U==500.

29. For the linear homogeneous production function :
2Hab—Aa®— Bpd
Ca4-Dp L2
where H, A, B, C and D are positive constants, and a and & denote

Labour and Capital respectively ; show that the average and marginal
products of the factors depend only on the ratio of the factors.

30. If x, and p, are demand and price of tea and x, and p, are
demand and price of coffee, and the demand functions are given by

x1=pl—1‘3 puﬂ-ﬁ } (*)
X,=p"? p0* '

show that the two commodities are competitive. Also find four partial
elasticitics of demand.

" oxy " 89Xy e &
t, — = 5 18 =0-5 0 d bukid ) 0-7 0-5
[Hin T Py S0 an 2, =03 p;~ 0T p S0
Since both g >0 and 2—;1>0. the two commodities, viz., tea
I 1
and coffee, are compctitive.’
Partial Elasticities :
n P ax, —23 505 |
L p"p“ [(—13);: P &
axl p2 [ =1.8 . _o.a] .
1 T B T e - ]
(i7) + X, T3P, Py oo x| N (0°5) p, 05

(Note that here positive sign is taken since from (*), x, and p, move
in the same direction).

X
(#it) +‘z‘:‘ . g}f='ﬁ{%m Xl: 030577 p0b :|=0'3

(Here also note the positive sign)

; P 9x.
() —é . é}f =—*—ﬁ3ﬁ-[ P22 (0 8) p 10 :I-—O 5 ]
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31 Determine the partial elasticities and nature of commodities for

the demand functions,
X|:p|_"-? pzo'a x'_' p‘ll}-s p. 0-%

32. When are two goods X; end X, said to be () Competitive,
(b) Complementary ih demand ?

Examine the relation between X, and X, in the case of the follow
ing demand functions :

() X, =0, —a;, P, 48, Py

,'.l_'i:d:—{m(lm 1 ”22 pz

(b) al +a p
b — e R
YT tay -
X, a’ +a P
T pyta, M
(C) Xl_-:pl_aﬂ e(ﬂllpt+a;)
x,>=p!"ﬂn e(azlp1+a|)

33. The demand functions for two commodities X, and &, in terms
of their respective prices p, and p,, are given by

X=p " G and X,=p,” %
where a,, a,, b, b, and ¢,, ¢, are constants.

ehrpita

Find the four partial marginal demand functions and show that :

g . I ) !
The ‘direct’ price-elasticities (viz., "1 and -a—x-‘—) are independent of
or, P, "
x
the prices ; while the ‘cross’ price-clasticiti viz,, 91 and —% )are
p p clasticities ( 7. BPI-)

determined in sign, by the constants b; and b,.

34. Show that k.=a, f—)—’— is an example of a demand law for good
1

: 5 s a !
%, in competition with good x, and that x.=5—5'- is a corresponding
1Fe2

law where x, and X, are cemplementary.

35, The cost functions for two duopolists producing a common
good are respectively by

¢, =5x; and Ak
The demand function for the good is given by
p=100—05x
where x=x,+x,.

Assuming the duopolists take independent decisions regarding out-
puts (ie. there is no conjectural variation), find their equilibrium

outputs and profits.
[Rint. The profit functions of duopolists are
P =px —c¢ and Py=px,—c,
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respectively. Equilibrium outputs are determined by the condition that
P, and P, are maximum.]

[Ans. Equilibrium outputs : x,=3980/43 and x,=210/43; equili-
brium profits : P;=~462'8 and P,=130.]

36. A monopolist firm produces chocolates of two types X, and
X,. The constant average cost of X, and X, are respectively, Rs. 2:50
and Rs. 3'00 per kg. For price of p; and p,, the demands for X, and X,
are respectively, given by ‘
x1=5(py—p) and  x,=3245p,—10p,.

Find the levels at which prices will be fixed for X, and X, for
maximum joint monopoly profit.

Also find the prices of X; and X, fixed by two independent mono-
polists.

[Ans. For a single monopolist, levels of prices Rs. p,=4'45 and
p;=~470; for two independent monopolists, levels of prices is
Rs. p;=~32 and p,~39.]

37. A monopolist produces amounts x, and X, of two goods X, and
X; at a total cost w=x,2+2x,X,+3x,2. The demands for the two goods
in the market are

Py=36—13x, and P,=40—5x,

where p, and p, are the prices charged. Determine the quantities and
prices which maximise the profit. Find also the value of the maximum
profit.

38. The demand for a good X is represented by the demand relation
P=y(x). The production of the good is shared between two duopolist
firms selling at the same price p. The first duopolist produces an output
x, at a total cost of w,=F|(x,) and the second doupolist produces an out-
put x, at a total cost of w,=F,(X,). Find the equations which determine
the output of the two duopolists. (Assume zero conjectural variation.)

APPLICATIONS OF INTEGRATION
~To find the cost function when marginal cost is given :

We know that if the total cost function, say C, is given then the
marginal cost function is the first derivative of the total cost function.
It follows, therefore, that the total cost function is the integral of the
marginal cost function.

If C represent the total cost of producing an output x, then the
marginal cost is given by

dc
C=i (MC)dx+k

The constant of integration k can be evaluated if the fixed cost (i.e,, the
cost when x=0) is given.
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Further the average cost AC can be obtained from the relation :

Ac=E.
5 g

Example 70. The marginal cost function of a product is glven by

4C _ 100—10g+0'1 g,

where q is the output. Optain the total and the average cost function of
the firm under the assumption that its fixed cost is Rs. 500,

dC

Solution. dq =100—-109+0'1 g2=MC

Integrating both sides w.r.t. g, we have

=I(100—109+0'lq’) dg

2 3
=|00~|0.-‘1— 401 . ‘L+k ()
Now the fixed cost is 500, i.e., when g=0, C= 500
k = 500.

Hence total cost function is
C=1009—54*+ ~—+500

Average cost function is

2 g 500
AC=— =100— 5q+3~6——+——-

Example 71. The marginal cost function of manufacturing x shoes
is 6+ 10x—6x3. The total cost of producing a pair of shoes is Rs, 12, Find
the total and average cost function,

d
Solution. MC=6+10x—6x"= 5&—(0)

c= I(6+ 10x—6x)dx

x® x3

= .= —6.—+k

6x+10 2 6 3 +k,

where k is the constant of integration.
Now C=12, when x=2.
2 3
12=6(2)+ 10X ("2 —6x (ZT).M:

= k=12—12—20+16=—4

The total cost function is
C=6x45x—2x'—4
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Further the average cost function AC is given by

c 4
AC=—X——6+Sx—Zx=— =

Example 72. The marginal cost function of a firm is given by
MC=3000 e*3* 50,

when x is quantity produced. If fixed cost is Rs, 80,000, find the total cost
Sunction of the firm. [Pelhi Univ., B. Com. (Hons) 1990}

Solution. The total cost function ot the firm is given by

TC=I(MC)JX+ k, where & is constant of integration.

7§ o j(3000e°-='+ 50)dx 4k

¢0-31
=3000 . -55—+50x+k
=10000e%%* 4 50x+k

When x=0, TC=80000, therefore, we have
80000 =10000+k

k=7000
TC=10000e"**+ 50.x 4-70000.

Example 73. Assume that the marginal cost in lakhs of rupees is
given by

MC:4+5X'+'% C o

“Where x is the quantity produced. Find the total cost of production when
x=2, If fixed cost is Rs. 6 lakhs, [Delhi Univ., B. Com. (Hons.), 1992)

Solution. We have

MC=4+5x1+ ~23— o

TC=IMC dx=]( 4+5x’+~;— e-* )d.r

St 3
=4x+ ‘—3—-—-5* € +k,

where k is constant of integration.

We are given that when x=0, TC=§6

3 ]
= ——— = k::-—-.-
6 2 +k 3

3
TC=4x-} 5—;—-— %—e' 1
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TC(arx=2)= 4x2+5xg 3—3_"f‘ 1_5_
2 2
40 3 15
=8+ T3 %0353+ 3
=Rs. 28 63 lakhs.
[Lety=e2 .. logy=-—2loge=—2x0'4343
=1-1314

y=antilog ( 1.1314)=0"1353]

To find the total revenue function and the demand function
when the marginal revenue function is given.

If R is the total revenue when the output is X, then the marginal
revenue MR is given by

dR
MR =—— .

Hence if the marginal revenue MR is given, then the total revenue
R is the indefinite integral of MR with respect to x, i.e.,

R=K (MR) dx+k

The constant of integration k czn be evaluated from the fact that
the total revenue R is zero when the output X is zero.

Further, since R=px, the demand function can be easily obtained as

R .

%
Example 74. If the marginal revenue function for output is given
& *(x—}62)=+5'ﬁ"d the total revenue function by integration. Also

deduce the demand function,

Solution. Total revenue function is given by

R=XR,, dx:“m%jﬁd}dx
_—..j——6~~— dx+5 Idx

(x+2)!
e e i
T (x+2)
Since total revenue is zero at x=0, we get
Reie -6 4se

x+2
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Also we know R=pxx

Hence = m—{d is the required demand function.

Example 75. If the marginal revenue function is

ah
R—_' '(';—;—E;)—z —C,
a
show that P:BTX' -_C
s the demand law.,
Solution, aa

d
Integrating both sides w.r.t. x, we have

ab
LG R
where k is a constant of integration.

=ah I (x—b)y*dx—-c ] dx+k
(‘\-_.b)'-lﬂi b

a
= — e e i
L e oy T 4 —p otk ..(®)
Now when x=0, total revenue=:0.
ab
B k=—a.

Hence the total revenue function is given by

TR:x—b —CX—a=px
- f | (R
X(x—b) X
—ab—ax+ab —ax

Xx-b) T xx=B
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= AU I
" Tx=b T b=
is the required demand law.

To find the consumption function when the marginal pro-
pensity to consume (MPC) is given.

If P is the consumption when the dispgsable income of a person is
x, the marginal propensity to consume (MPC) is given by

dp
MPC:-dx
Hence if MPC is given, the consumption P is given by the indefinite
integral of M PC with respect to x, i.e.,

P=§{MPC) dx+k

The constant of integration k, can be evaluated if the value of P is
known for some x.

Example 76. If the marginal propensity to save (MPS) is
154 0-2x-2 when x is the income, ‘Find the consumption function, gwen
that the consumption is 4-8 when income is ten.

Solution. Now ‘‘derivative of consumption function w.r.t. output
represents marginal propensity to consume’.

P
MPS=15+02x-2= 92
. dx

—241
P=g(l‘5+0'2x")dx-_«l'5x+0'2(x DEL:

o
02
Now P=48§ when x=10
48=15x10— 22 1k
10
> k=—10"18
Hence the consumption function is

P=1'5x— -‘B —10'18
X

Maximum Profits

Suppose we are required to find the maximum profits of a firm when
only the marginal cost and the marginal revenue functions are given. Tpen
our problem is, how to compute maximum profits ? By equating marginal
cost to marginal tevenue, we can find the output that maximises total
profits. To calculate total profits at this output, we have

dP dR dC

— — ——

dx  dx dx
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where P, R, C, x represents the total profit, total revenue, total cost and
output respectively.
Integrating, we have
dR dC

p=ITd IT SRR Tk

where the constant of integration, X, can be found from the additional
information given.

Remark. It may be noted that profit is makimised when
marginal revenue equals marginal cost, given the assumption of pure
competition Total profit is the integral of marginal revenue minus
marginal cost from zero quantity to quantity for which profit is maximised.

~ Example 77. The marginal cost of production of a firm s
given as
C'(g)=5+013g
Further , the marginal revenue is
R'(q):]b’ s
Also it is given that  C(0)=Rs. 120. Compute the total profits.

Solution. Since profit is maximum, where,
marginal cost=marginal revenue

ie., C'@=R(q)
= 5+013=18
13
=> = ——
q 013 100.
Also =] k@ @~ [ca) aq
Now J R(9)=[ 18 dg=18q+k,,

where k, is an arbitrary constant.
Put k1=0, as under pure competition, total revenue = output X price.
R(g)=] R'(q)dg=18q.

Also JC(9)da=[(5+0'13q) dg
]
& C(g)=59+0'13 %+k,,

where &, is an arbitrary constant.

From Ll%e additional information C(0) =120, we have
C(0)=5(0)+ 0"13(0) -+ k,=120
= ky=120; S C(9)=5g9+ 00659+ 120.
Now P(g)=R(9)—C(g)
=18¢—5¢—0'065¢— 120
=13¢9—0'065¢*—120
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Total profit, when g==100 is
P(100)=13—100-0065(100)*—120
=1300—650—120=Rs. 530.

Example 78. The ABEC Co. Ltd. has approximated the marginal
revenue function for one of its products by MR=20x-—2x* The marginal
cost function is approximated by MC=81 — 16x+x?,

Determine the profit-maximizing output and the total profit at the
optimal output,

Solution. Solving for profit-maximizing output, set MR cqual to
MC,ie.,

MR=MC
20x—2x2=81 —16x+x*
—814-36x—3x%=0

X2—[2x4+27=0
(x—3)(x—9)=0
=39

The second derivative of MR— MC is the second derivative of total
profit. The sign of P7"(x) indicates whether x is a relative maximum
or relative minimum.

RN

d(MR—MC)
O dx
P7(3)=36—-6(3)=-+18.
PT(9)=36 -6(9)=—18.
Therefore, at x=9, profit is maximum.

=36—6x

9 9
Total profit= J (—81436x—3x?) dx=| (—8lx+18:2—Xx%)
0 0

=[—81(9)+18(9)!]=0
which indicates no profit. A negative sign would signify a loss.

Example 79. XYZ Co. Ltd. suffers a loss of Rs. 121'50 if one of
its special product does not sell. Marginal revenue is approximated by
MR = 30— 6x and marginal cost by MC = —244 3x,

Determine the total profit function, the break-even points, and the
total profit between break-even points,

Solution. Solving for total profit, first determine marginal
profit.

MP=MR—-MC
=(30—6x)—(~24+ 3x)
=54—9x

Total profit function

=[MP dx
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=[(54x—9x) dx
: |
=545~ 4k

Since a loss of Rs. 121'50 occurs when there are no sales, kK must
equal —121°50. Consequently, total profit function equals

P()=— 12150+ 54x — >~ x*
Solving for break-even points, set P(x)=0
0=—121"50454x — %— x*

= (x—3)(x—9)=0

= x=3,9.

Integrating the profit function between break-even points will give
total profit between break-even points.

9
szj(—|21-so+54x—g— x ) dx
3 N
ey x3 i = 9
=[(—121 S0x+54. 5 — 2 x )3
. ®r 3 .]
=[ 121°500) + 54 5= - ©9)
' @y 3 3]
.{—121 S03) +54 45 — 3 (3)
=Rs. 4536.

Example 80. The price elasticity of a demand curve x=f(p) is of
the form (a—bp) where a and b are given constants. Find the demand
curve,

Solution. We are given

Np= — -i—— d—; -_—.a—bp
= (57) w5~
: (35) @+l

Integrating, we get
(alog p—bp) +log x=log ¢

= log (p° e7**)+log x=log ¢
= xp° e tr=¢
= x:cp—a ebp’

where log ¢ is the constant of integration.
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Example 81. Derive the demand function which has the unit price
elasticity of demand throughout. [Delhi Univ., B, Com. (Hons.,) 1991]

Solution. Since the elasticity of demand is wupity throughout,
we have

p dx
s, | e
x “dp
d
or ¢ B
X P
Integrating both sides, we have
dx dp
[yt
where k is the constant of integration.
or log x=—log p+k
or log x +log p=k
or px=e¥=c

px=c is the required demand function.
Consumer’s Surplus
Suppose the price p a consumer is willing to pay for a quantity X
of a particular commodity is governed by the demand curve
p=D(x).
In general, the function D(x) is a decreasing function, since, as the

price of a commodity increases, the quantity the consumer is willing to
buy declines.

Further, suppose the price p that a producer is willing to charge
for a quantity X of a particular commodity is governed by the supply
curve

p=S(x).

_ In general, the function S(x) is an increasing function since, as the
price p of a commodity increases, the more the producer is willing to
supply the commodity.

The point of intersection of the demand curve and the supply
curve is called the equilibrium point E.

p
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If the coordinates of E are (xg, py) then py, the market price. is the
price a consumer is willing to pay for and a producer is willing to sell
for. a quantity x, the demand level, of the commodity. The total
revenue of the producer at a market price p;; and a demand level X, is
PoXo (the price per unit times the number of units) which can be inter-
preted geometrically as the area of rectangle O4ER.

In a free market economy, there are times when some consumers
would be willing to pay more for a commodity than the market price p,
that they actually do pay. The benefit of this to consumers, i.e., the
difference between what consumers actually paid and what they were
willing to pay, is called consumer’s surplus (CS), Thus

CS={Total area under the demand curve D(x) from Xx=0 to X=X}
— {the area of the rectangle OAERB}

Xo
:[ D(x) dx —xy % py
0

=y

In other words, consumer’s surplus is the amount which a consumer
is willing to pay for a commodity rather than go without it, minus what
he would have to pay actually for it at the market price.

Remarks. 1. Under pure competition, the price p, is determined
by equating the demand and supply functions, and frem this relation the
demand X, is calculated.

2. Under monopoly, the price po is determined by equating MR
and MC functions. From this price value po, we obtain the correspending
value of x; and then the consumer’s surplus is calcu)ated in the usual way.

Producer’s Surplus

In a free market economy, there are also times when some
producers would be willing to sell at a price below the market price p,
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that the consumer actually pays. The benefit of this to the producer,
le, the difference between the revenue producers actually receive and

p
p:Sh’y’
d P
ol T
Ay 4k
/_/5.’/'
A
Q Xp e

what they have been willing to receive, is known as producer’s
surplus (PS).

PS-—-{Area of the rectangle OAEB)—{Arca below the supply
function from 0 to x,}

Xg
0
Example 82. The demand law for a commoity is
p=20—D—-D3

Find the consumer’s surplus when the demand is 3.
Solution. Here p=f(D)=20—=D—-D*
Also when the demand D=3, the price
Pe=20—(3)—(3)*=38
Dy
Consumer’s surplus-—-j D) dD —p D,

0
3

:I (20—D—D%) dD—(8 x 3)

0
Dt 933
o Wmp-m
[20 - 3] 24
0
(e (3 45
:[ 20x3——§-———3——-’g24=.2_

Example 83. [fthe supply curve is p= 10 +x and the quantiry
sold in market is 6 units, find the producer’s surplus.
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Solution. Now - X,=6 = py=4/ 1046 =+4
Xo="6 and p,=4 (*." pp=—4 is meaningless).
Hence producers’ surplus
6
=6x4—l\/10+x dx
0

6
g |10+ x)2 I
=24 I-__m3/2

2 : . T
=24"T[ (16)*12—(10)*" ]ﬁz 42

Example 84. Determine consumer surplus and producer surplus
under pure competition for the demand function p=36—x* and supply
L]

x2

Sfuuction p=6+ 7

, where p is the price and x is quantity.
[ Delhi Univ. B. Com, (Hons.), 1991}

Solution. Under pure competition, market equilibrium conditions
can be obtained by equating the demand and supply.
e

3 =30

H]
36-x'=6+7- or
I0x4

x4
Py=36—24=12

Xa

or x'—

24 = x=2v6=%,

Consumer’s Surplus= ] D(x) dx—poxe
0

'e

zs (36 —x?) dx—2 1/ 6 x12

0
2v/6

_—.l 3sx-’-‘-;-| =24 /6
0

=72V 6 —16vV 6 —24v 6 =32V 6

Xeo
Producer’s Surplus =pox‘,-—[ S(x) dx
0



APPLICATIONS TO COMMERCE AND ECONOMICS ACE-103
2v'6
=2V X 12— I(6+l)d
=2 4
0

26
~24 /6 -—'6x+]2l
_24v 6 —12/'6 —4\/ 6 =86

Example 85. Find the consumer surplus and producer surplus
under pure competition for demand function p=

8
Fany, — 2 and supply function
1
p= 5 (x+3), where p is price and x is quantity.

[Delhi Univ. B. Com. (Hons)., 1992]

Solution, Under pure competition, market equilibrium conditions
can be obtained by equating the demand and supply.

8

P "—‘“2“ (x+3)
or 16—4(x+1)=(x+ N(x41)
or 16—4x—4=x244x-}+3
or XL 8y —0=0
or (x+9)(x—1)=0

i x=1 or x=-—9
=—29 is inadmissible as quantity cannot be negative.
x=1

1
When x=1,  p=o (x+3)=2 (143)=2,

Xo

Consumer  surplus =] D(x) dx—p,x,

0
l 8

\
](.r+l 2/dx~—l X2
0

=[ 8 log (x+1)—2x j -

0
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=8 log 2—2—2=18 log 2—4.
Xa

Producer  surplus :poxo-—i S(x) dx

=}

. 1
S s ]% (x+3) dx
0

()
I

Example 86. The demand and supply function under perfect
competition are y=16—x* and y=2x?44 respectively. Find the market
price, consumer's surplus and producer’s surplus.

Solution. Demand function : y=16—x* 0
Supply function : y==2x*+4 = )
Subtracting (1) from (2). wc have
0=12-—3x?
= x= 2=X,

When =2,
y=16—(2)'=12=),

Thus when the quantity demanded or supplied is 2 units, the price
is 12 units. :

Consumers’ surplus

2
:[ (16 —x?) dx—2x 12
0

2

xa“
— 4“_-"4
[!6:( 3| 2

0

6
-2 4!

il B
3 3 ¥
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Producers’ su. plus

2
sl 3 F E (2x2+44) dx
0

' 2
23 16 32
::24—[43* +4x ]--‘24—LT +8 ]:‘_3"
0

=1067

Example 87. Demand and -supply functions are D(x)=(12—2x)*
and S(x)=36 +4x respectively. Determine CS under monopoly (so as to

maximise the profit) and the supply function is identified with the marginal
cost function,

Solution. Total revenue =TR=xx D(x)

=(144—48x +4x*)x
=144x —48x* }4x3
MR=144—96x -} 12x2
Since the supply price is identified with MC, we have
MC=56+4x

In order to find CS under monopoly, i.e., to maximise profit, we
must have

MR=MC
> 144—96x 4 12x2=56 + 4x
12x2—100x4-88=0
32 —25x-422=0

4

22
=> .\C:]=XDOI‘ X=— =X,

3
When xo=1, D(ro):poz_(]z_z)!:]oo
’ 1
CS':I (144—48x44x2%) dx—1x 100
0

1
3 .3
{ l44x—48 . - +4 .’L]—wo

3
0
=144—244- 2 —100= £t units.
3 3
Again when xoﬁ%z- s Po= ( IZ—E;-)“zgg—
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Rs. 400, ABC Co. Lid. sold 20 every month.

an average of Rs, 100, 120 were sold every mont
When the price was Rs. 400, 200 calculators were available per week for
sale. When the price reached Rs, 100, on

K 64
cS:i (144 — 48X +4x2) dx_233 X%
0
: AP 0 64 19360
X X 5
___l laax- 8. 544 . 5| —Fxg
0

BUSINESS MATHEMATICS

Example 88. When the price of pocket calculators averaged

sumers® and producers® surplus.

Solution. The demand and supply functions are obtained as
follows :

D (q): D(q)- 400 100400
' q—20 ~ 120—20

- D(q)= 460— 34
S(g)- 400 100 400

iy 4 q—200°  50-—-200
g Sla)=24q
At equilibrium, D(q)=5(q)
- 460—39=29
> q=92=4,
With Go=92 ; p,=184
92
C.S.— ] (460— 34) dg— (92X 184)
0
92
=| 4604 - 9%3 16928
0
—460% 92— %Fx (92)? — 16928 = 12696
o
P.S.—92x 184— E 29 dg
0

92
=16928— [ q* :|=— 8464
0

When the price dropped to
h by the same company.

ly S0 remained. Determine con-
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Example 89. Let p be the price of rice, q the quantity of rice, and
S, the amount of fertiliser used in rice production. Using dma foi India
for 1949— 1964 (Tintner and Patel), we find for the per capita-demand
function for rice p=0-964—6'773q

and for the supply function
g—006340036 S
(i) Find the equilibrium in the rice market if S=0-5 -
(if) Find the consumer’s surplus.

Solution. The demand function for rice is

p=0964-6'773g (%)
The supply function is
g==0063+0036 S el %)

For equilibrium, quantity demanded == quantity supplied.
.. From the two equations, we have (on eliminating ¢)
p=0964—6773 (0°063+0Q036 S)
For S=05, p=0964 ~6773 (0006340036 "5)
. =0964—6773 (000634-0°018)=0'415=p,
and ¢=00634+0'036%x05=0063-+0018=0081=¢,
are the equilibrium price and quantity exchanged.
0081
(b) The required consumer’s surplus= j pdg—p, q,
0
0081
=[ (0964--6"773 q) dg—0'415x 0081
0
0081
] —oo3sars
0
6773
2

6773q%
2

=[0'964 q—

=0964x0081—

("081)*—0°033615=0"02225

The Learning Curve

In certain industrial operations such as assembling of television
sets, cars, home appliances, operating printing presses, workers Jearn
from experience so that the direct labour input per unit of product
steadily declines. The rate of reduction in direct labour requirements
is described by a curve called Learning curve. The general form of the
function is usually taken as :

Slx)=Ax"®
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where f(x) is the number of hours of direct labour required to produce

the xth unit, —1€a<0 and 4>0. The choice of X*, with —1ga<0,
guarantees that, as the number of x units produced increases, the direct
labour input decreases.

The learning curve can be used as a predictor to determine the
number of production hours for future work, once it has been determined

Y

!

—

*x

fora gross production process. From a given learning curve the total
number of labour hours required to produce units numbered ‘a’ through

‘b s
b
fixyd =:5Ax“ dx

N::

£ t——

o

Example 90. ABC Co. Ltd, manufactures air.conditioners on an
assembly line. From experience it was determined the Sirst 100 air con-
ditioners required 1400 labour hours. For each subsequent 100 air

conditioners (I wunit), less labour hours were required according to the
learning curve

Nx)=1400 x-°-3

where f(x) is the rate of labour hours required to assembple the xth unit
(each unit being 100 air-conditioners), This curve was determined after 100
units had been manufactured. If the company is in the process of bidding
Jor a large contract involving 20,000 additional air-conditioners or 200
additional units, find the man power required to complete the Jjob.

Solution. The labour hours required to assemble the additional
200 units can be estimated by evaluating

300 3C0
N.:] f(x) dx= I 1400 x=03 gy
100 1o
300
11400 x°?
=07

100
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=2ooo[ (300)"— (100)¢ 7 ]

=2000[ y—z 1, say o

Let y=(300)"7
log y=107 log 300-=0"7 x 24771 =1"73397
y=Antilog (1'73397)=54"20
Also let z=:(100)"7
log z=0"7(log 100)=07x2=1'4
z=Antilog 1"'4=25"12
Substituting the values in (*), we have
N=2000(5420—25"12)=58,160

Hence the company can bid estimating the total labour hours
needed as 58,160.

Example 91. After producing 35 units, the production manager
of a company determines that its production facility is following a learning
curve of the form

f(x)=1000 x™05
where f\x) is the rate of labour hours required to assemble the xth unit,

How many total labour hours should they estimate are required to produce
an additional 25 units,

60
Solatinn. N:[ 1000 x-98 4y
15
60
— 2000 | x12 J =2000( 601/2 3513 )
35

#2000 (7°746 —5°916)=23660 hours
Rate of Sales

When the rate of sales of a proguct is a known Junction of x, say f(x)

t;‘h.ere x is a time measure, the total sales of this product over a time period
is

T

'[ Sx) dx

0

Example 92.  Suppose the rate of sales of a new product is given by
S(X)=200—90 e~
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where x is the number of days the product is on the market. Find the total
sales during the first 4 days,

4
Solution. The total sales=j Sx) dx
0

4 4
- [ (200—90 %) dx = |200x+ 90 e-*

0 0
—8004-90 e-4—90 =710+ 90 e-*
7104 90(0'018)=711"62 units.

Example 93, Assume that in 1990 the annual world use of natural
gas was 50 trillion cubic feet  The annual consumption of gas is increasing
alt a rate of 3% compounded continously. How long will it take to use
all available gas, if it is known that in 1990 there were 2200 trillion
subic feet of proven reserves 7 Assume that no new discoveries are made,

[Delhi Uniy., B. Com. (Hons.) 1991]

Solution. We are given that
f

I 50. €*%dr=2200

0
eo‘OS! i
” ‘ 50 . | = 2200
]
5000 -
% 5~ (e )=2200
i €003 . —*—“225?)%3 3 ti—2m
003f log e=log 2'32
> (0°03£)(0°4343) =(0°3655)
. 03655

~003x 04343 28 1 year

Exaruple 94. A firm has the current sales of Rs, 50,000 per month,
The firm wants to embark on a certain advertising campaign that will
Increase the sales by 29/ per month (compounded continuously over the
period of the campaign which is 12 months, Find the total increase in
sales as a result of the campaign. Use calculus,

[Deltii Univ., B. Com. (Hons.) 1990)
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Solutiou. Total increase in sales is given by

12
= 150000 €0 0%dfr — 50000 12
] .
12
e | —so000x 12
—-50000 . \ = x12
0
—=25,00,000(e0 2* —1) - 50,000 x 12
LCt . y:eo‘u
log y—=024 log € =024 X 0'4343 =0"1042
or y =antilog.(0'1042) = 1272

Total increase in sales is given by
=25,00,000 (1°272 —1)—50,000% 12
=6,80,000 - 6,00,000=80,000.

Example 95, A company whose annual  sales are currentiy Rs,
5,00,000 has been experiencing sales increase of 209, per year. Assuming
this rate of growth continues, what will the annual sales *be in five years.

Solution. If 4 is the annual sales in five years, then
5
A_—_j 5,00,000 92 dt

500000[ ]

=5,00,000(8°59139)=Rs, 4295695

Amount of an Annuity

The amount of an annuity is the sum of all payments made, plus all
interest accumulated.

If an annuity consists of equal annval payments P in which an
interest rate of 7% per annum is compounded continuously, the, amount
A of the annuity after N payment is

N
A:i Pe” d’
0

l Pert ‘ P(e"—l)

0
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Example 96. XYZ Bank pays 10% per annum compounded
continuously. If a person places Rs. 10,000 in a savings account each year,
how much will be in the account after 5 years ?

Solution. Here P=10,000; N=5 and r=0'10. The amount A
after 5 years is

5
A=I 10,000 e° 39 dr
0

5
10,000 | .y 5, - 10,000

=m0 ¢ 17 ot0 D
0
='°‘§?O (0°6488] = Rs. 64880

Example 97. A bank pays interest at the rate of 6% per annum
compounded . continuously, Find how much should be deposited in the
bank each year in order to accumulate Rs. 6.000 in 3 years

[Delhi Univ., B. Com, (Hons.) ; 1992)

Solution. Let Rs. A be deposited each year. Then, we have

3
6000:] A, e dy
0
0-08 3
ki) A
=4 .| —— | = — 0 18 __ po
9 [0-05 | 06 (€€

:0’:}6 (eo-té_ 1))

= 6000 X 0°06 == A(e®18— 1)
6000006 * 360

= A= OB "o 181
Le: y__:eo-lﬁ
log y=018 log e=0"18 X 0'4343=00782
y=antilog (0:0782)=1"198]
5 360 360 "
A=TT98—T ~g1o8 = 181818
EXERCISES

1. If MC of a firm is given by
Clg)=2+5e,
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find total cost if C(0)=100. Also find average cost. What will be
the marginal, average and total cost for ¢=60 units 7

2. Let the marginal cost function of a firm be 100—10x-+0°1 X%
where x is the output. Obtain the total cost function of the firm under
the assumption that its fixed cost is Rs. 500.

[Hint. MC=100—10x-40"1x*
. TC=[(100— 10x+40'1x?) dx

/8
= 100x—5x2+ f:'_ﬁ + k.
Fixed cost is=500
3
T e 105 s.x=+;6 +500)

3. The marginal cost of production is found to be
MC=2000—40x -} 3x*

where x is the number of units produced. The fixed cost of production
is Rs. 18,000. Find the cost function.

If the manufacturer fixes the price per unit at Rs. 6800,

(i) Find the revenue function.

(if) Find the profit function.

(#i7) Find the sales volume that yields maximum profit 7

{iv) What is the profit at this sales volume ?

[Hint. C(x)=[(2000—40x 4 3x?) dx=-2000x—20x*+x*+ k

C(0)=18,000 = C(x)=x*—20x24 2000x+ 18,000]

4. A company determines that the marginal cost of producing
x units of a particular commodity during a one-day operation 18
MC=16x—1591, where the production «<ost is in rupees. The selling

price of commodity is fixed at Rs. 9 per unit and the fixed cost is
Rs. 1800 per day.

(a) Find the cost function.
(b) Find the revenue function.
(¢) Find the profit function.
(d) What is the maximum profit that can be obtained in a one-day
operation ?
[Hint. (6) C(x)=] (MC) dx=:[(16x—1591) dx=8x3— 1591x+k
C(0)=1800 = C(x)=8x*-—1591x+ 1800
() R(x)=9x
(¢) Px)= R(x)— C(x)=—B8Bx*41600x— 1800
(d)  P(X)=—=16x+1600=0 = x=100
The maximum profit that can be obtained in one day is
P(100)= —8(100)2+ 1,60,000— 1,800= Rs. 78,200.]



Ace-114 BUSINESS MATHEMATICS

5. If the marginal cost function is given by =, = and

3
V3q+4
fixed cost is 2, find the average cost for 4 units of output. [Ans. 8/7]

6. Find the tofal revenue functions and the demand functions
corresponding to the following marginal revenue functions.

(i) MR=9—4x3, (if) MR=7—4x—x?;
6
i) MR=———~ 5.
e TES T
A () R=7Tx-2x* o k. AR=17- 2~——~(11)~— 3 5]-
[ ns., - X 3 N X P +2 .
7. The marginal revenue function of a commodity for output 4 is
given by E"-;_ q _%, where R stands for total revenue. What is
the demand function ? [Ans. p=g7'7%]

8. If the marginal revenue of output ¢ is given by the equation
dR ] . :
?&——-m -Bq, where R is total revenue. Find the total revenue function

and hence deduce the demand function.

[Ans. R=ag--} g9* and p:a-—rg— q]
ab

9 Ifthe marginal revenue functi_on is MR= by —¢, show
that p;-a——'—-r:is the demand law.
x+b
Hine, - MRS ;
[ e i by Y Tdx
ab ab
P s T " gy i 5 k
> R H("*’b)' ci dx v 1y cx+
where & is the constant of integration. Now R=0 when x=0.
_Zb +k=0 .. k=a.
ab ax
R.._.—x+b 4a—-cx ;I-b—-—cx
R a " J
P BB T

10. If the marginal revenue and the marginal cost for an output Xx
of a commodity are given as

MR=5-4x43x3 and MC=3+42x
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and if the fixed cost is zero find the profit function and the profit when
the output is x==4.

[Ans, Profit function=2x ~3x24-x? ; 24]

11. Additional earnings obtained by purchasing a new machine i$
approximated by R(x)=50x —x%, The annual maintenance costs for the
machine are C(x)=4x% How many years should the machinc be
maintained, assuming no salvage value 7 What are the total net earnings
for that period ? Costs arc in Rs. 100 units and x is in years.

[Ans. 5, Rs. 125]

12. If the marginal cost function is MC=x®—16x+20 and margi-
nal revenue function is MR=20--2x, determine the profit-maximizing
output and the corresponding total profit. Costis in units of Rs. 1000
and x is in units of output.

13. The marginal propensity to consume out of income for the
economy as a whole is given as 4, It is known that when income is zero,
consumption equals Rs. 12 billion. Find the function relating aggregate
consumption to national income. Find aggregate saving as function
of income.

(Ans, C=3 Y12, 5=} Y—12]
. 14. In an economy, the marginal propensity to consume of domes-
tically produced goods is given by

dC . : " . dM
d—y=0'6 and marginal propensity to import is 3?—:0'2,

where €, M and Y stand for consumption, imports and income respec-
tively. What will be the equation for aggregate expenditure of the

economy ?  Also give economic interpretation of the constant of
ntegration.

[Aps. E=K+408Y, where E is aggregate expenditure of the eco-
nomy and K represents autonomous expenditure.]

15. Determine the consumer’s and the producer’s surplus, given
the demand function D(x)=25-5x+(x%4) and supply function
S(x)=5x+(x2/4). Assume a monoply situation.

[Ans. 1302, 18°25.]

16. Under pure competition for a commodity, the demand and
supply laws are :

8 1 ;
p"=x_+_l—2 and p.:T (x+3) respectively.
Determine the consumer’s surplus and the producer’s surplus.

1

8
[Aus CS"—*S m-—Z)dX"2X1'—"8 lOg 2"“2—2 ]
0
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17. Find the consumer’s surplus (at equilibrium price) if the demand
25

function is D= e *Jg and supply function is p=5+ D,

18. Find consumer’s surplus and producer’s surplus defined by the
demand curve D(x)-20—5x and supply curve S(x)=4x-8.

Sketch also the appropriate graphs.

4/3 413
[Hint. c3=j (20— 5%) dx—-?—)( %, Ps=_1_;2—[(4x+3) dx]
0 0

19. The quantity sold and the corresponding price under monopoly
are determined by the demand law p=16—2x* and by the CM=6+x in
such a way as to maximise the profit. Determine corresponding C.S.

In the above question, if demand law is : p=45—x2? and

2
MC:6+%—’ determine C.S.

20.  Assume that the demand and average cost curves of steel are :
P=234—1"34x
and AC=- _08340850x,
x is the quantity of steel demanded or produced.
Show that consumer’s surplus under monopoly and perfect competi-
tion is 0'351 and 0°129 respectively.
Show also that C.S. would have been equal to 2043 if steel were
a free good.
21. Find the consumer’s surplus if the demand curve is
D(x)=50-0025x*
and it is known that the market quantity is 20 units.
20

[Hint. CS:I (500025 X?) dx— 40 x zo]

22. A business organisation made an analysis of production which
shows that with the present equipment and workers, the production is
10,000 units per day. It is cstimated that the rate of change of produc-
tion P with respect to the change in the number of additional workers
X is

dP

L Bl == )
o 200—3x

What is the production (expressed in units per day) with 25 addi-
tional workers ?
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[Hint. x denotes the change in the number of workers. When

there is no change in their number, x=0. When 25 additional workers
are taken, x=285.

dp
dx

[ntegrating both sides with respect to X, wo get
| dP=] (200—3x'73) dx

3xau
};:'\ —._4_‘_'__ _k
P =200x 32 -+

=20--3x'1,

P=200x— 2231 -k

Using the condition that when x=0, P==10,000, (*) becomes
10,000=200 X 0—0-}-k
k--10,000
Hence P =200x—2x34 10,000
When x=285, P==200x25-2(25)*4-10,000 = 14,750.)

23. The production manager of an electronics company obtained
the following function :

S (x)=1356"4x-0-3318
where f(x) is the rate of labour hours required to assemble the x** unit
of a product. The function is based on the experience for assembling
the first 50 units of the product. The company was asked to bid on a

new order of 100 additional units, Find the total labour hours required
for assembling the 100 units. [Ans. 31,460]

24. The purchase price of a car is Rs. 75,000. The rate of cost

for the repair of the car is given by the function :
C=600 (1 —e-051)
where 7 represents the years of use since purchase and € denotes the cost.

Find the cumulative repair cost at the end of 5 years. Also find approxi-

mately the time in yeais at which the cumulative repair cost equals the
original cost of the car.

25. If Rs. 500 is deposited each year in a saving account paying

5:5% per annum compounded continuously, how much is in the account
after 4 years ?

4

[ Hint A=] 500 eo-ost dl'=9090(€°‘“—-1):2236.]
0

26. What is the present value of Rs. 1200 per ycar at 7% for five
years 7 How does this compare with Rs. 100 per month ? (Assume

continuous discounting). [Ans. Rs. 5062°49, same)

17. A small data-processing company is planning to acquire addi-
tional components for its main computer. FEstimated maintenance costs
foreach unit are C(x)=3x2 Anticipated savings from each added unit
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are approximated by S(x)=2x%+16. C(x) is in Rs. 1000 units ; S(x) is
in units of Rs. 10,000 ; and x is the number of units added. How many
units should be added and what are the resulting earnings ?

28. The anticipated additional sales from a ncwspaper advertise-
ment campaign are approximated by R(x)=16088 %, where R(x) is
extra daily sales in rupees and xis in days. Research has found that
10 days is the maximum period of return for an advertisement. If
the advertisement cost is Rs. 11°89, what is the expected additional
income at the end of the first day ? At the end of the fifth day ? At the
end of the tenth day ?

9. Pareto’s hypothesis concerning income distribution is given
by the equation y=A x"*' 4 and b being positive constants, where y
represents the number of persons with an income of Rs. x and is a conti-
nuous frequency distribution of persons according to their levels of
income.

Find (/) the number of incame recipients between income levels p
and g and (i7) their average income

A 1 1 ‘] h g--h_p-ib-1)
[ Ans P @ T po—q-t ]
30. Suppose a law of income distribution states that
) o
y(x)-:! a:r="ylt
X

where X is income level, ¥ and a are constants and » is a cumulative
frequency of incorme recipients. Find the number of people falling into

the income bracket (X}, x,).
u
[. Ans, T_—‘b[ xR — x -0 :}]

31. If the investment flow is given by L,=51'4 and the capital
stock at 1=01is K, find the time path of capital K and also find the
capital formation in the ? th period.

[Ans. 46384k, 4 (1314 —(1—1)514))

32. Obtain the demand function for a commodity for which
clasticity of demand is constant ‘a’ throughout.

uy P dx 5. - dx - dp
[Hint. X' B =q > —-;._q,;_
> —log x=0olog p+ log k=log p* +log k

Hence Xp* =g



APPLICATIONS TO COMMERCE AND ECONOMICS ACE-119

APPLICATIONS TO MATRICES

Example 98. Mr X is a sole trader, m mufucturing tables and
chairs. Each table requires S hours of labour and 6 units of material. A
chair requires 3 labour hours and 3 units of material. If Mr X plans to
produce 10 tables and 15 chairs in the next week, how many hours will he
need to work and how much material will he require 9

Solution., The labour requircment is (10 % 5)4-(15 % 3)=95 hours
The material requirement is (10x6)+ (15 3)== 105 units.

The matrix solution would be @

Tables Chairs Labour Materials Labour Materials
3 6
(10 1%y 3 . )M —(95 J0S), 0,

It may be noted that

(5 3.~ 55)

is incorrect as labour hours are being added to units of material.

%y

Example 99. A firm produces different pump units, each of which
requires some components shown below in a tapular form -

Pump Housing fmpeller Bolts Couplings Inlets Armoured

Hose
Type A 1 1 5 4 2 8 m,
Type B 1 1 7 3 2 4 m,
Type C 1 i 3 5 2 3 m,

The firm receives an order for 8 Type-A pump units, 4 Type- B units
and 2 Type-C units.  Using the notion of Matrix multiplication, obtain the
matrix whose elements may represent the quantities of each item required
to make up the order.

Solution. The specifications of the different pump units with their
components can be represented by the following matrix,

i O where each column represents the type of the pump and
{ [ cach row represents the different components required.
[ A (v The firm has received order for § type 4. 4 type B,
; " . { 2 type C units.  This can be represented by the matrix,

7 .
| [
| 4 3 5 | r 8
} | | I
1l 2 2 2 II | 4 |

| I

L8 4 3 J6x3 L 3 Ja
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Therefore the matrix multiplication of these two matrices gives

1 1 17 [ Ix841x4t1x3 )
| I |
| X -% 17 | 1X8FIX4+1x3 |
{ | f 8 [ I
| & 7 3 | | | | 5x847x4+43X%X3 |
I I x 1 4 | = | |
| 4 3.5 ] | | | 4x84+3x44+5x3 |
I | L 3 Jaa | I
|2 221 | 2x8+42%x4+2x3 |
I I | i
L8 4 3 Joo [ 8X8+4+4x4+4+3x3 J 4y

The first element of matrix (=14) gives the number of components
for housing, the second {(=14) gives that of impeller and so on.

Example 100, The following matrix gives the number of units of
three products (P, Q and R) that can be processed per hour on three
machines (A, 8 and ) :

A B L
Prio 12 159

! I
|
|

Q|13 1 20 |

|
R T8 18 14 )
Determine by using matrix algebra, how many units of each product can be
produced, if the hours available on machines A, B and C are 54, 46 and 48
respectively. [Delhi Uniy, 5. Com. (flons.), 1992]
Solution.
A B C
Pr 0 12 15 - 54 1 A
Units of products=0] 13 11 20 46 | B
R 16 18 14 L 48 ] C
{ 54045524720 ]

7024-506+960
86418284672

1812 7P
=| 2168 |@Q
2364 ) R

1812, 2168 and 2364 units of product P, @ and R are produced
respectively.

Example 101. The following matrix gives the proportionate mix of
constituents used for three fertilisers -

Constituent
A B C D
I 03 0 05 0
Fertiliser 2 02 03 0 05
3 a-2 02 01 05
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(i) If sales are 1000 tins (of one kilogram) per week, 20%, being
Sertlliser 1, 30, being fertiliser 2, and 50%, fertiliser 3; how much of each
constituent is used ? :

(If) If the cost of each constituent is 50 paise, 60 paise, 75 paise and
100 paise per 100 grams, respectively, how much does a one kilogram tin
of each fertiliser cost 7

(fif) What is the total cost per week ?
Express the calculations and answers in matrix form,

Solation. (i) The sales of fertilisers per week can be expressed as
the following matrix :

1000 (02 03 0°5)=(200 300 500)
Thus
05 0 05 0
(200 300 - 500) | 02 03 0 05
02 02 01 05
=(260 190 150 400)
Requirements of constituents are :

A : 260, B:190, C:150, D : 400

(if) Costs of each constituent are 50 p, 60 p, 75 p, and 100 p per 100
grams, i.e., 500 p, 600 p, 750 p and 1000 p per 1,000 grams (one kilogram)
- of each constituent, respectively. _

Thus
300 '

05 0 05 0 625
600

02 03 0 05 |x| =| 780
750

02 02 01 05 795
1000

Costs per 1 kg tin of fertilizer are :
1: Rs. 6725, 2 : Rs. 780, 3 : Rs. 7°95.

(iff) The total cost of fertiliser if 1,000 one-kilogram tins are needed
per week may be calculated by either : ;

625
(200 300 500) | 780 |=(7,56,500)
795
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500
600

or by (260 190 150 400) =(7,56,500)
750

1000

Hence, total cost per week is Rs. 7,565. :
Example The total cost of manufacturing three types of motor
car is given by the—following table .

Labour Materials Sub-contracted

(hrs) (units) work (units)
Car A 40 100 50
Car B 80 150 80
Car C 100 250 100

Labour costs Rs. 20 per hour, units of material cost Rs. 5 each and units of
sub-contracted work cost Rs. 10 per unit. Find the total cost of manufac-
turing 3,000 ; 2,000 and 1,000 vehicles of type A, B and C respectively.

(Express the cost as a triple product of athree element row matrix,
@ 3% 3 matrix and a three element "column matrix and perform the muli.
Plication according to the same rules you used for 2x 2 malrices, )

Solution. Let matrix P represent labour hours, material used and
sub-contracted work for three types of cars 4, B, C respectively,

40 100 50
P=| 80 150 30
100 250 100

Further let matrix Q represent labom cost per unit, material cost
and cost of sub-contracted work

[ 20 ]
Q- 5
10

The cost of each car 4, B, Cis now given by the column matrix
18007

| |
PQ= } 3150 |
L4250J'

Let the number of cars A,_B. C to be manufactured in that order
be represented by the row matrix

R=[3000 2000  1000]

Hence the total cost of manufacturing three cars A, Band C

: is give
by the matrix Hiven
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18007
| |
PQR=: | 3150 |i % [3000 2000 1000]
L4250
=[1,59,50,000]
Example 103, A manufacturer produces three products: P, Q and

R which he sells in two markets. Annual sales volumes are indicated as
Sfollows :

Markets Products
P 0 R
I 10,000 2.000 ' 18,000
i 6,000 20,000 8,000

If unit sale prices of P, Q and R are Rs. 250, 125 and I'50
respectively, find the total revenue in each market with “the help of Malrix
Algebra,

If the unit costs of the above 3 commodities are Rs. 180, 1:20 and
0-80 respectively, find his gross profits. S

Solution. Total revenue in each’ market is obtained from the
matrix product :

10000 G000
| |

[2:50 1-25 1°50]% | 2000 20000 | =[54500 520060)
|

I
118000 8000 )
(10000 6000

| |
Total cost=[1"80 1720 0'80)x | 2000 20000 |
[

[ 18000 SOOOJ
=[34800 41200}

Profits from market A= 54500—34800=19700

Profits from market B=52000--41200 = 10800
Example 104. In a certain city there are 25 colleges and 100 schools.
Each school and college has 5 peons, 2 clerks and 1 cashier. Each college

in addition has 1 accountent and I head-clerk. The monthly salary of each
of them is as follows :

Peon—Rs. 300 ; Clerk—Rs. 500 ; Cashier—Rs. 600 ; Accountant—
Rs. 700 ; and Head-clerk— Rs. 800,

Using matrix notation, find

(a) the total number of posis of each kind in schools and colleges
taken together.

(b the total monthly salary bill of each school and college separately,
and
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(¢) the total monthly salary bilt of all the schools and colleges taken
together,

Solution. (a) Consider the row matrix of order 1x2

A=[25 100]
This represents the number of colleges and schools in that order.
5 2 1 1 1
Let B=
5 2 1 0 0

where columns represent number of peons, clerks, cashier, accountant,

'l};ad-clerk while rows represents colleges and schools in that order.
en

5 2 1 | 1
AB=[25 100] x
1x2 L5 2 1 0 0
2x5
=[625 250 125 25 100]
I1x5
of peons, second represents

tal number of cashiers, fourth
fth represents total number of

where first element represents total number
total number of clerks, third represents to

represents total number of accountants and fi
head-clerks.

(b) Let the column matrix
3

[
|I50
C='|6
I
|
L

8

s 8

r{

|
800 )
clerk, cashier, accountant and head-

g

represent monthly salary of peon,
clerk in that order. Then

£ 1500+ 1000+ 6007004800 4600
ﬁ'_ 1500+4-1000+600+0 -0 ]_[ :]

3100
2x] Ix)
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Thus. total monthly salary bill of each college is Rs. 4600 and of each
school is Rs. 3100.

(¢) The total monthly salary bill of all schools and colleges taken
together is

4600
A(BC)=[25  100) x[ ]
1x2

3100
2x1

=i1,15,000-+3,10,000}1x,
=[4,25,000].

Example 105. The allocation of service department costs to produc-
tion departments and other service departments is one area where matrix
algebra may be used,

Consider the following data :

Service departments Production department
Maintenance Electricity Matching ~ Assembly
Manhours of
maintenance time = 3,000 16,000 1,000
Units of electri-
city consumed 20,000 - 1,30,000 50,000

Department costs
before any alloca-
tion of service

departments Rs, 50,000 Rs. 4,000 Rs. 1,40,000 Rs. 2,06,000
You are required (o :

(i) Calculate the total costs to be allocated to the production depart-
ments using matrix algebra (Formulate the problem and show all workings) :

(ii) Show the allocation to the production departments, using matrix
methods,

Solution, (i) Let X be the total cost of the maintenance department
(f.e., including an allocation of electricity costs).

Let Y be the total cost of electricity (i.e., including an allocation of
maintenance costs).

) Proportion of maintenance time consumed by electricity department
is

3000 3000
3000-41600041000 ~ 20000

ie, 15% of the maintenance deptt. costs should be allocated to the
electricity department.

Y=4000+0'15 X ()

=0'15
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Likewise, the proportion of total electricity consumption used by
the maintenance department is

20000 20000
20000 + 130000+ 50000 — 200000

so that 10% of the electricity cost should be allocated to the mamtenance
department.

X=500004+01 Y (Y
From (*) and (**), we get
—0'15X +Y=4000
X—0'1Y=50000

-015 l) X 4000
Le_' ( X( == )
1 —01 Y 30000
( X ) ( - 015 1 )—1 ( 4000 )
=> = x
X 1 —01 \50,000

1 /01 1 4000
=6W( 1 0-15)"(50000)

( 51,168
. ll,675)
Hence X==Rs. 51,168 a0d  Y=Rs. 11,675.

(if) The proportions of maintenance and electricity consumed by
the production departments are :

Maintenance Electricity
; 16,000 . 1,30,000
Machine 20,000 08 3,00,000 =0'65
1,000 50,000
Assembiy —26.—@" =005 2,00,000-—0 25

Accordingly the allocations of maintenance costs to the production
department is
08 0'65) (X )
(0'05 025 Y
08 0'65) (51,168) (48,523)
ﬂ(o-os 025/ \11,675) \ 5477

re.,, Rs, 48,523 to machining and Rs. 5477 to assembly, a total of
Rs. 54,000,
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Example 106. A, B and C has Rs. 480, Rs. 760 and Rs. 710 respec-
ttvely, They utilised the amounts to purchase three types of shares of
prices x, y and z respectively. A purchases 2 shares of price x, 5 of price
y and 3 of price z. B purchases 4 shares of price x, 3 of price y an 6 of
price z, C purchases 1 share of price x, 4 of price y and 10 of price z. Find
x,yand z,

Solution. We obtain the following set of simultaneous linear
equations :

2x+5y-+3z= 480
4x+43y-+ 62=760
x-4-4y+4-10z2=710

The above system of equations in the matrix notation is

{2 5 3Y %™ lr 480]I
P |

4 3 61 x| »y !

|| = 760 |
| L b !
11 & mwj LzJ L.7e
!rxw 2 5 33 --1lr 430?
I j
b [Iy_l;i4 SR | 760 | %)
P l
LzJ. L1t 4 10) { 710)J
2 5 3
Now  A-l =“%’5‘; whete A [=t4 3 &l=1®
1 4 10
f+6 -38 421
|
and Adjf A= | —34 +17 0] (Try yourself
I :
L+13 — 3 —14)
From (*), we get
[ x *I f+6 —38 4217 [ 480)
[ [ | |
y!=———]:T|—4 17 0 I x| 7601
| I | : |
L z)J L+13 -3 —14) [ 710)
1 6 x 480— 38 X 760 421 X 710

57| —34x480+17x760+40 X710
1 13X 480—3 X 760—14x 710

1 [ —11090 11090/119
~ 37| —3400 |=| 3400119
19 | 980 | 5980/119

I
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11090 3400 5980
T [ A | e T

Example 107. To control a certain crop Jisease it is necessary to
use 8 units of chemical A, 14 units of chemical B and 13 units of chemical
C. One barrel of spray P contains one unit of A, 2unitsof B and 3 units
of C. One barrel of spray Q contains 2 units of A4, 3 units of B and 2 units
of C. One barrel of spray R contains one unit of A, 2 units of B and 2 units
of C. How many barrels of each type of spray should be used to control
the disease 7

Hence

Solution, To grasp the situation easily, let us tabulate the data
as follows ;

Spray Requirement in
chemicals

P (@) R

A 1 2 1 8

Chemical B 2 3 2 14

C 3 2 2 13

Quantity in

each spray x y z

Let x barrels of spray P, y barrels of spray @ and z barrels of spray
R be used to control the disease, Then

X+42y+z =8
2x43y+2z=14
3x+2y422=13

Writing the equations in the matrix form, we get

F 1 2 1 % B
2 3 2 |x] ¥ |=]| 14
L '3 2 2 z .. 13
M x 1 2 1 -1 8
| 2 3 & 3] 13
Now [ 1 2 V=17 42 =2 41 17
2 3 2 = +2 -1 0 | (Try yourself )
[+ 3 2 2 =5 +4 —1 |
B i = I e 8 7 1
y |= +2 -1 0(x| 14 |=| 2
L& -5 +4 —1 18 1 3
g X=1], y=2 and z=3

Hence 1 barrel of the spray P, 2 barrels  spray Q and 3 barrels of
ray R should be used to control the disease.
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Example 108. The XYZ Bakery Ltd. produces three basic pasiry

mixes A, B and C. In the past the mix of ingredients has been as shown
in the following matrix -

Flour Fat Sugar
A 5 | 1
Type B 65 2'5 05
C 45 3 2

(All quantities in kilogram weight)

Due to changes in consumer tastes it has been decided to change the
mixes using the following amendment matrix -

Flour Fat Sugar
A 0 +1 0

Type B —05 +0'5 ~—0'5
C +-0'5 0 0

Using matrix algebra you are required to calculate -
(1) the matrix for the new mix ;

(if) the production requirements to meet an order Sor 50 units of
type A, 30 units of type B and 20 units of type C of the new mix ;

(ifi) the amount of each type that must be made to totally use up 3700

kgs. of flour, 1700 kgs of fat and 800 kgs of sugar that are at present in
the stores.

Solution. (i) The new mix is given by the addition of the original
mix matrix and the amendment matrix.

5 1 1 / 0 +1 0 5 2 1
65 2'5- 05 +\—0'5 +05 05 (=] 6 3 1
4°5 3 2 405 0 0/ 5 3 2

Therefore, the answer to part (i) is
Flour Fat Sugar
Type A4 5 2 1
Type B 6 3 1
Type C 5 3 2

() To determine the production requirements it is necessary to
multiply the order vector by the new mix matrix,

5 2 1
(50 30 2001 6 3 1 ]=(530 250 120)
5 3 2
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530 kgs of flour, 250 kgs of fat, 120 kgs of sugar
(fit) 5X, +6X,+5X,=3700

2X,+3X,+43X,=1700
X, +X,+2X,=800

5 6 5\ /X, 3700
2 3 3 X, |=| 1700
R &, 800
= AX=p
> X=A-15
X, 5 6 S\—1 /3700 \
- X, =( 2 3 3) x( 1700 )
X I 1 > 800

On simplification, we get
X, =400, X,=200 and X,=100.
Example 109. A mixture is to be made of three foods A4, B, C.
The three foods A, B, C contain nutrients P, Q, R as shown in the tabular

column. How to form a mixture which will have 8 gms of P, 5 gms
of Q, and 7 gms of R,

gms per kg of

Food Nutrient P Nutrient Q Nutrient R
A I 2 J

B 3 i 0

C 4 2 2

Solution. Let x kgs of food A, » kgs of food B, and z kgs of food C
he chosen to make up the mixture.

Then we have the equations,

x+3y+4z=8
2x+ y42z=5
Sx42z=7
Expressing these equations as a single matrix equation, we have
1 3 4 Xx 8
2 1 2 Il .y }: 5
5 0 2 z / 7
1 3 4 x 8 Apply
or 0 -5 —6|x| y |=| =11 R,+(—2)R,
0 —15 -—18 z —13 7 R+(-5)R,
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1 3 4 ( X ( 8 Apply
or 0 5 6 [X y == 11 (—1) R,
0 0 0 z / \\ 0 R3+ (___3)‘q2
Therefore, we have
X4+3yt-4z=38 (M
5y+6z=11 . (*®
Let z=a. From (**), Sy4-6a=11, ie, y=: 1_‘5;@‘
Substituting in (*). x--3 (-l-l-j__f 6”)+ 4a-=8
=> 5x+3(11 —6a) +20a-=40
= Sx=7-2a or X ﬁ‘]_'sza
The solution is x = 7—'*32, y:lllgq, —

5

As ‘@’ changes, we can get any number of solutions and thus there

are any number of mixtures. Since x, ), Z take non-negative values 220,
fe,a > 0.

Considering the value of x, we have

3353—" >0,0e,7-2a> 016,73 2 ie,a < 1 G
Considering the value of y,
H_;‘_G?} 0,le,1l—6a> 0,ie,11 > 6a,ie, a< % +++:{1D)

The restriction (II) covers the restriction (I)
Therefore, we have 0 < a < % i

When a=1, x=1, y=1 and z=1.

Example 110. ABC company has two service departments, S,
and S,, and four production departments, P,, P, P, and P,

Overhead is allocated to the production departments for inclusion
in the stock valuation. The analysis of benefits received by each depart-
ment during the last quarter and the overhead expense incurred by each
department were :
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‘ge(';ak’.:menf Percentages to be allocated to departemnts
5 S3 P, P: Py Py
5 0 20 30 25 15 10
S 30 0 10 35 20 5
Direct ovarhead
Expense Rs '000 20 40 25 30 20 10

You are required to ;

(i) express the total overhead of the service departments in the form
of simultaneous equations :

(i) express these equations in a matrix form ;

(iif) deiermine the total overhead to be allocated from each of S, and
S, to the production departments,

Solution. () Let

S, =otal overhead of service department S,
Si=total overhead of service department S,
Then $,=20,0004-03 S,

S, --40,000402 S,

Written as simultaneous equations, this becomes
5,—0'3 5,=20,000
—02 5,4+ S,=40,000

(i) In matrix form, the equations are written as

E A S
(20,000) ( 1 =03 ( S,
= X
40,000 -02 1 ) S, )
S A-1 E

( S, ) ( 1 —03 )“ ( 20,000 )
= = X
s, —02 1 40,000
(7ii) By the normal rules for finding the inverse of a 2 2 matrix, this

equals
( S, ) l ( ki3 ) ( 20,000 ) ( 34,043
- — x =
S 094\ 02 1 40,000 46,808 )
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The allocation of overhead from S, and S, becomes :

Pl
($)%(0:3 025 0'15 0°1)=
P,
P,
10,213
' 8,511
=> (34,043) (0°3 025 0’15 0°'1)=
5,106
3,404
Pl
P,
and (S,)x (01 0°35 02 0°05)=
P,
Pi
4,681
16,383
=> (46,803) (0°1 0°35 02 025)=
9,362
2,340 /
The final allocation becomes :
Department Total Py Py P P,
- Rs. Rs. Rs. Rs. Rs,
S i 27,234 10,213 8,511 5,106 3,404
A 32,766 4,681 16,383 9,362 2,340
Total 60,000 14,894 24,894 14,468 5,744 J

LEONTIEF INPUT-OUTPUT MODEL

The Leontief input-output model in economics (named after
Wassily Leontief, a recipient of the Noble prize in Economics in 1973)
may be characterisgd as a description of an economy in which input
equals output, or in other words, consumption equais production, ie,,
the model assumes that whatever is produced is always consumed.
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Input-output models are of two types : closed, in which the entire
production is consumed by those participating in the production ; and
open in which some of the production is consumed by those who produce
it and the rest of the production is consumed by external bodies. In
the closed model we seek the income of each participant in the system,
In the open model, we seek the amount of production needed to achieve
a forecasted demand when the amount of production needed to achieve
a current demand is known,

Consider an economy consisting of n industries where each industry
produces ouly one type of product (output). There is an inter-depen-
dence of industrics in the sense that one must use other products to
operate. Also the production of the finished product must mect the
final demand as well as the demand of the other industries.

Our problem is to determine the production of each of the
industries if the final demand changes, assuming that the structure of
the economy does not change. The data is tabulated in the following
input-output transaction table :

To (user) Final Tatal
1 2 3 - n demand output
i X o Xy ;1 d, X,
o
3 2 X1 Xaq Xo3 e Xan d, X,
3
T
2 3 X3y X3g Xag Xn dy Xy
A,
S 2 i
E : ’
&
n -\'.1 Xna Xna Xan . dn X.l

where x,; is the output of industr){ isold to industry J, iLe., it represents
the rupee value of the product of industry i used by industry j.
Now X=Xy X+ Xig+ ...+ x,+4d,
represents the rupee value of the total output of industry I,
x,,  Rupee value of the product of industry i used by industry Jj.
i Rupee value of the total product of industry Jj.
—Rupee value of the out-put of industry 7 that industry j must
purchase to produce one rupee worth of its own product.
=a,, (say)
In other words,

X,=ay X, amounts to saying that sales of industry i to indostry
j are a constant proportion @,, of the output of industry j.

—Rupee value of the product of industry i used by industry j.
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Now we introduce the matrix of input coeflicients.

[ a4y dy..a, )

; | e o A
| Ay Gyy...a,, |, where T
A= | | e,
| | a, -—-—12
I e ' jz—X . ele,
2
R T e o J

Replacing cach x,, by a,, X, in the table, we get the set of simul-
taneous linear equations :

ay, X,+ay, Xy+...4a,, X, +d =X,
a2 J_(l'i‘an Xa‘Jr'---“f‘"f’!- Xo+d,=X,
akl :¥1+a.n2 X2+""+'ana ‘X-"+ d’l::"’i’n

which may be written in the matrix form as

X=AX+D
{1—-0“) Xl_'alz Xz_ala Xs"---—au X.: 1
*'“a:zl Xx""(! —ay,) Xz'_azl ’_Ya‘— ey, -Y,'=a"1
—"anl X[_anz Xz-_an;Xa_'..-_‘(! —"an.,) Xﬂ=d.ﬂ
In the matrix notation this may be written as:
l—ay, —dp ... 0 X, / d,
—a,, 1—--:_12; —a,, X, d,
—a., —py . l"'am Xn dn
> (I—A) X=D
> X=(I—A)"'D

where 7 is the matrix of input coefficient, while X and D are the vectors
of output and final demand of each industry.

.

. "Leontief whilo developing the input-output analysis made the assumption
of direct proportionality between the outpul and. the individual inputs of the
industry,
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Example 111. Given the following Transaction matrix, find the
input-output coefficlent :

. Purchasing ;

N\ sector Agriculture Industry Final
demand
i
Producing \
sector
N i

Agriculture 300 600 100
Industry 400 1200 400
Consumer 300 200

Find also total output as well as total input.

Total output for Agriculture is

3004 600+4+100=1000 and

for industry 4004-12004- 400=2000
Similarly total input for Agriculture is

3004 400+-300=1000 and
600+ 1200+4-200=2000

The above transaction can be put in the followihg way :

Solution.

for industry

ki \
\, Purchasing
Ngector Agriculiure Industry Final Total
u n ina a
s i demand output
Praducr'ng\
sector input
Agriculture 300 600 100 1000
s =
Industry 400 1200 400 2000
e A e —
Consumer 300 200 0 500
Total input 1000 2000 500 3500
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Now to find out input-output coeflicients :

A coelficient is obtained by industry’s input by total output. It is
an indication of the number of any industry’s output needed to produce
one unit of another industry’s output,

Therefore, coeflicient of input-output can be obtained as follows :

300 600

1000 =030 ; im=0'30
400 1200
1-0—66- =040 ) 2000‘ =()60
300 . 200
7000 — 030 5 3550 ~0'10
which can be represented as follows :
5
L% Purchasing
sector
. ou 1put Agriculture Industry
Producing .
sector input
Agriculture 030 0730
Industry 040 060
Consumer 030 010

Example 112. Suppose the interrelatlonship between the production
of two industries R and S in a given year Is

Current Consumer

R S Demand Total output
R 14 6 8 28
s 7 18 11 36

If the forecast demand in two years is

20
D, =
L o3
What should be total output X be ?
Solution. Step I. To obtain the input-output matrix, we deter-
mine how much of cach of the two products R and S is required to
produce one unit of R, For example, to obtain 28 units of R requires

the use of 14 units of R and 7 units of S (the entries in column one).
Forming the ratios, we find that to produce: 1 unit of R requires
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14/28=} of R, 7/28=} of S. If we want, say X, units of R, we will
require § X, units of R, } X, units S.

Continuing in this way, we can construct the input-output matrix as
follows :

R S
RO ¢
¢ 4
It may be noted that column 1 represents the amounts R, S required
for one unit of R, column 2 represents the amounts of R, S required for

one units of S, For example, the entry in row 1, column 2 represents
the amount of S needed to produce one unit of S,

As a result of placing the entries this way, if

5 ]

represents the total output required to obtain a given demand, the
product AX represents the amounts of R and S required for internal
consumption. Here the total output is

28 -
Xe=
36
The correctness of the values in A may be verified by noting that
i 28 20
>4 =
t 1 36 L 25
20
where represents the internal needs of R and S.
25

If the demand vector is

]

then for production to equal consumption, we must have
Internal needs+4-Consumer demand =Tota] output

vz (%)
In terms of the input-output matrix A the total output X, and the
demand vector Do, (*) becomes ’

AX4D,=X

Again, the correctness of this result
demand vector D,, we know the output is

[ 28
X=
36

may be verified since for the
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To find the total output X, required to achieve a future demand

20
Dg'_‘
30

we need to solve for X in
AX+D,=X

Simplifying, we have
(1—A) X=D,.

Solving for X, we have
X=(1—A)"'.D,

R -} 11 20
= b
e | 3 30
SRS
T3 1 i 30
24[ 15 ]_[ 72 :I
5L 20 ) L 96
Hence the total output of R and S for the forecast D, is

X,=72, X,=9%.

Example 113.  Given the following transaction matrix, find the gross
output to meet the final demdnd of 200 units of Agriculture and 800 unfts

of Industry.

Mo T

Producing Purchasing Sector Final
Sector Agrieuliure  Industry Demand
Agriculture 300 600 100
Industry 400 1200 400
Solution.
Producing Purchasing sector Final Total
sector Agriculture Industry Demand Qutput
Agriculture 300 600 100 1000
Industry 400 1200 400 2000

The input-output coefficients can be obtained as follows :
R,
MT000 100 7?2000 10
i) &, J20 8
nT10000 ST 2000 S
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The technology matrix is

£ ] 3
[ 10 10
1 5
: .
3 3 7 3
1 o 10 10 10 10
Ve )" 9 ?_)‘ 2 )
5 - > 5 £l
7 2 2 3 8 4
H—dl =% 5=(-5)%(~5 )=~
2 3
251 s 10
I~ Ay-1—="2
= 2 2
5 10
Now X=(I—A)' D
2 3
X, 25[ 5 10 100
= I—A -1 D:;. —_
£ (Xz) [+ 4 2 g 400)
A7 10
2_5( 160 )_( 1000
4\ 320/7\ 2000
which verifies the given data.
. 200
The new demand vector is D=( 300
Then
2 b4
- 251 5 10 200
X=(I—A)1 D=22
(=) 4|5 7 ><(soo
5 10
X, 25 7320 2000
= ( X,,)*T 640 )‘:( 4000)

Hence the Agricuiture and Industry sector must produce 2000 and
4000 units to meet the final demand,

EXERCISES

1. The prices of 3 commodities A, B and Cin a shop are Rs. 5,
Rs. 6 and Rs. 10 respectively. Customer X buys 8 units of 4, 7 units of
B and 6 units of C. Customer Y buys 6 units of 4, 7 units of B and 8
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units of €. Show in matrix notation, the prices of the commodities,
quantities bought and the amount spent.

2. Two types of food, 1 and 2 have a vitamin content in units per
kg given by the following table :

Vitamin A Vitamin B
Food 1 3 i
Food 2 2 9

Express the vitamin content of 5 kg of food 1 and 6 kg of food 2
as a matrix product and evaluate it. If food 1 costs 30 paisc per kg and
food 2 costs 35 paise per kg, express the cost of § kg, 6 kg of foods 1, 2
respectively as a matrix product and evaluate it.

[mm. s 6 ( 3 ;’
89 units of vitamin 7.

60 (3)

)z(ﬂ 89), i.e., 27 units of vitamin A and

=-(360), i.e., the cost is Rs. 3°60.)

3. A motor corporation has two types of factories each producing
buses and trucks. The weekly production figures at cach type of factory
are as follows :

Factory A Factory B
Buses 20 30
Trucks 40 10

The corporation has 5 factorics 4 and 7 factories 5. Buses and
trucks sell at Rs. 50,000 and Rs. 40,000 respectively, Express in matrix
form and hence evaluate :

(7) The total weekly production of buses and trucks.
(i) The total market value of vehicles produced each week.

[Ans. () (ig ?g) . (g)=(310), i.e.,, 310 buses, 270 trucks

270
. 20 30 5
(i) (50000  40000). (40 10) . (7 )
B 310y
~(50000 40000) . (.)=(2,63,00,000),

ie,, the total weckly value=Rs. 2,63,00,000]

4. In a certain coal mine, the amounts of Grade 1 and Grade 2
coal (in tonnes) obtained per shift from cach of two teams, A and B are
given by the following table :

Grade | Grade 2
Team A 4,000 2,000
Team B 1,000 3,000
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Team A has worked 5 shifts per week and team B has worked 4 shifts
per week. Grade 1 coal sells at Rs. 9 per tonne and Grade 2 coal sells
at Rs. 8 per'tonne. Find :

(f) the total amount of coal mined each week,
(1) the market value of the coal mined each shift,
(1) the market value of the coal mined each week.
[Ans. (i) (24,000 ; 22,000) tons of Grade 1 and Grade 2 respectively.
52,000 4,000 2,000 9
(it) ( ), (ifi) (5 4)
33,000 1,000 3,000 8
5. A builder develops a site by building 9 houses and 6 bungalows.
On the average one house requires 16,000 units of materials and 2,000
hours of labour ; one bungalow requires 50,000 units of materials and

4,800 hours of labour. Labour costs Rs.5 per hour and each unit of

material costs, on the average Rs, 10. Express in matrix form and hence
evaluate ;

() The total materials and labour used in completing the site.
(i) The cost of building a house and a bungalow.

(iti) The total cost of developing the site.

16,000 2,000
Ans. (i) (9 6) ( )
50,000 4,800

16,000 2,000 10
o (o ) ()
50,000 4,800 5
16,000 2,000 10\’
(iit) 9 6) ( ) ( )
50,000 4,800 5
6. Two television companies, TV, and TV, both televise documen-
tary programnmes and variety programmes. TV, has two transmitting
Stations and TV, has three transmitting stations. All stations transmit
different programmes. On an average the TV, stations broadcast 1 hour
of documentary and 3 hours of variety programmes each day, whereas
cach TV, station broadcasts 2 hours of documentary and 14 hours of
variety programmes each day. The transmission of documentary and

Variety_ programmes costs approximately Rs. 50 and Rs. 200 per hour
respectively, Express in matrix form and hence evaluate :

(f) The daily cost of transmission from each TV, and each TV,
station.

(if) The total number of hours daily which are devoted to docu-
mentary and to variety programmes by both corporations.



APPLICATIONS TO COMMERCE AND ECONOMICS . ACE-143

(fii) The total daily cost of transmission incurred by both corpo-
rations,

1 3 50 650
oo (1 M5 )
2 13 200 400

i.e,, Rs. 650, Rs. 400 per day respectively for each TV, TV; station.

1 3
@ @3 ( )L:(S 10)
2 13

i.e., 8 hours documentary and 10} hours variety.

1 3 50 650
(iii) Rs. (2 3) ( ) ( >=- Rs. (2 3)( )iRs. 2,500}
2 1} 200 400

7. A firm produces five qualities of its product which needs the
following materials :

Quality Materials needed
M, M, M, M,
Ay 6 6 10 8
A, 3 4 12 6
Ay 4 5 15 8
Ay 2 2 12 5
Ay 3 2 10

If the firm has to produce, respectively, 3, 22, 20, 12 and 7 units of
the five qualities find the amounts of different materials required by
writing their requirements as a row vector.

[Ans. (169, 194, 658, 324)]

8. A publishing house has two branches. In each branch, there
are three offices. In each office, there are 6 peons, 8 clerks and 10 typists.
In one office of a branch, 12 salesmen are also working. In each office
of other branch 4 head-clerks are also working. Using matrix notation
find (i) the total number of posts of each kind in all the offices taken
together in each branch, (if) the total number of posts of each kind in all
the offices taken together from both branches.

Al Az Aa
9. A=T 2 4 6 4 6 8 6 10 14

1 8 10 12|, B8=|10 12 14| C=|18 32 26
Ir ‘14 16 18 16 18 20 30 34 38
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Matrix 4 shows the stock of 3 types of items 1, 11, Il in three
shops 4,, A,, A, Matrix B shows the number of items delivered to
three shops at the beginning of a week. Matrix C shows the number of
items sold during that week., Using matrix algebra, find

(§) the number of items immediately after the delivery,

(if) the number of items at the end of the week.

) 10. The following matrix gives the vitamin content of food items,
N conveniently chosen units

Vitamin : / A B C D

Food I 5 ‘5 0 0
Food I ‘3 0 2 1
Food 111 1 g | 2 5

If we eat 5 units of food I, 10 units of food 11, and 8 units of food
111, how much of each types of vitamin we have consumed 7 If we pay
only for the vitamin content of each food, paying 10 paise, 20 paise, 25
paise, 50 paise respectively for units of the four vitamins, how much

does a unit of each type of food costs ? Compute the total cost of the
food eaten.

)

[Ans. (63 33 3'6 50); | 13 [ ; Rs. 469}
|
I, 33 .4

1l. A manufacturing unit produces three types of products 4, 3, C,
The following matrix shows the sale of products in two different cities.

A B c
1200 900 600

900 600 300

If cost price of each product 4, B, C is Rs. 1000, Rs. 2000, Rs.

3000 respectively and selling price Rs. 1500, Rs. 3000, Rs. 4000 respec-
tively, find the total profits using matrix algebra only,

6 per hour, paper costs t paisa per sheet, that the printer charges 11
paise for each minute that his Press runs, that the cover costs 28 paise,
and the binder charges 15 paise to bind each book. Suppose now that
a publishers wishes to print a book that requires 300 hours of work by

the typesetter, 220 sheets of paper per book and five minutes of press
time per book.
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(/) Using matrix multiplication, find the cost of publishing one
copy of a book.

() Using matrix addition and multiplication find the cost of
printing a first edition run of 5000 copies.

(ifi) Assuming that the type plates from the first edition are used
again, find the cost of printing a second edition of 5000 copies.

[Ans. (i) Rs. 1801°53, (ii) Rs. 9450, (iii) Rs. 7650)

13.  One unit of commodity A4 is produced by combining I unit
of land, 2 units of labour and 5 units of capital. One unit of B is produc-
ed by 2 units of land, 3 units of labour and 1 unit of capital. One unit
of commodity C results if we use 3 units of land, | unit of labour and 2
units of capital. Assume that the prices are P,—27, P,—16 and Pe— 19.
Find the rent R, wage W and rate of interest I, (Use matrix method).

14.  To control a certain crop disease it is necessary to use 7 units
of chemical A, 10 units of chemical B, and 6 units of chemical C. One
barrel of spray P contains 1, 4, 2 units of the chemicals, one barrel of
spray Q contains 3, 2, 2 units and one barrel of spray R contains 4, 3, 2

units of these chemicals respectively.  How much of ecach type of spray
be used to control the disease ?

[Ans. 14 barrels of spray P, } barrel of spray ¢ and one barrel
of spray K]

15. A certain company gets the automobile chassis and then builds
3 types of bodies, viz,, luxury coaches, ordinary passenger bus and lorries.
For a luxury coach 5§ supervisors and 20 skilled Jabourers, for a passenger
bus 3 and 12, for alorry 2 and 11 of these categories, are required for a
day's work. If 50 supervisors and 260 skilled labourers are available
how many coaches, buses and lorries could be built ?

16. A firm manufactures 3 products P, Q, R using 20 machines
of type L, 12 machines of type M and 15 machines of type V. 1If the
machinery time Tequirements are given in the following table, find the
production quantity of each product during a 40-hour week.

Machines
Product L M ’ N
P 3 hr. 2 br. 4 hr.
Q 2 hr. 1 hr. 2 hr,
R 4 hr. 3 hr. 1 hr.

[Ans. 16 units of P, 232 units of @ and 72 units of product R.]

17. In a market survey three commodities A, B and C were con-
sidered. In finding out the index number some fixed weights were
assigned to three varietics in each of the commodities. The table below
provides the information regarding the consumption of three commodities

according to three varieties and also the total weight received by the
commodity :
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Commodity Variety Total Weighi
I 1 1

A 1 2 3 11
B 2 4 5 21
C 3 5 6 27

Find the weights assigned to the three varieties by using Matrix-
inverse method, given that the weights assigned to a commodity are equal
to the sum of the weights of the various varieties multiplied by the
corresponding consumption. [Ans. 2, 3,1}

18. The monthly expenditure in an office for three months is
given below according to the type of staff employed :

Total
Month No. of Employces monthly salary
Clerks Typists Peons (Rs.)
April 4 2 3 4,900
May 3 3 2 4,500
June 4 3 4 5,800

_ Assuming that the salary in all the three months of different cate-
gories of stafl did not vary, calculate the salary for each type of stafl
per mensum using the matrix method, [Ams. 700, 600, 300]

19. The following table shows the fixed cost (F) and the variable
cost (¥) of producing 1 unit of X and 1 upit of ¥

Product
¥
5 8 (Rs. ’0C0)
Cost
4 12

When x units of X and y units of Y are produced, the total fixed
cost is Rs. 6,40,000 and total variable cost is Rs. 8,20,000. Express this
information as a matrix cquation and hence find the quantities of X and
Y produced. (Ans. x=40, y=55]

20. A salesman has the following record of sales during three

months for three items A, B and C which have different rates of
commission,
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Months Sales of Units Total Commission
drawn (in Rs.)
A B (&
January 920 100 20 800
February 130 50 40 900
March 60 100 30 850

Find out the rates of commission on items A, 8 and C.
[Ans. Rs. 2, 4and 1]

21. (@) We consider buying three kinds of food. Food I has one
unit of vitamin A, three units of vitamin 8 and four units of vitamin C.
Food Il has two, three and five units respectively. Food III has three
units each of vitamin 4 and vitamin C and nonc of vitamin . We need
to have 11 units of vitamin A, 9 of Band 20 of C. Find all possible
amounts of the three foods that will provide precisely these amounts of
the vitamins.

(b) One unit of food I contains 100 units of vitamins, 60 units of
minerals and 80 calories. One unit of food II contains 150 units of vita-
mins, 60 units of minerals and 180 calories. One unit of food 1II contains
90 units of vitamins, 40 units of mincrals and 100 calories. Diet require-
ment for a patient is 1100 units of vitamins, 500 units of minerals and
1200 calories. Find out either by matrix method or by determinants
method how many units of each food be mixed to form the diet which
would meet the requirements exactly.

22. An automobile manufacturcr uses threc different types of
trucks 7, T, and T, to transport the number of station wagons, full size
and intermediate size cars as shown in the following matrix :

Station Full-size Intermediate-size
Wagons Cars Cars
" 2 6 I
Trucks 7, 3 7 12
i 6 6 8

Using the inverse of the matrix, determine the number of trucks of
each type required to supply 58 station wagons, 75 full-size, and 62
intermediate-size cars to a dealer in city A.

If a dealer in city B orders 46 station wagons, 60 full-size and 64
intermediate-size cars, how many trucks of each type does the factory
need to make this delivery.

, —16 5 9

M L 48 —38 3 &

[Ans. 0 | —24 24 ol ]

City A : Station wagons 2 ; fullsize cars 3 ; Intermediate cars 4
Cily B: " ”» 5 H »” 3 5 » + 2]
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23. For the following input-output table, calculate the technolog
matrix and also write the balance cquation for the two sectors -

Sector A B Final demand
A 50 150 200
B 100 75 100

24. Suppose the interrelationships between the production of two
industries P and Q in a given year is

Currem Consumer

P O Demand Total output
P ed 30 40 60 130
Q 20 10 40 70

If the forecast demand in two years is

80
e
40
what should the total output X be ?

25. The following table gives the input-output coefficients for a
two-sector economy consisting of agriculture and manufacturing industry.

Tnput-output Coefficiznt

"\ in;:r
\ % A M
hrdmtry\ e
A 010 1’58
M 020 0°25

The final demands for the two industries are 300 and 100 units
tespectively.  Find the gross outputs of the two industries,

If the input coefficients for the labour for two industries are respec-
tively 0°5 and 06, find the total units of labour required.

26. Consider an oversimplified two sector economy in which
there are two industries, each producing a single commodity. The
production of Re. one worth of the first industry’s product requires
material worth of 30 paisa of the first industry and 20 paisa of the second
industry. The production of the second industry’s product worth Re.
one requires 10 paisa and 30 paisa matcrial of the first and second
industries respectively. Determine the output levels of each industry
necessary to meet the open sector demand of Rs. 12 million and Ry, 5
million worth of goods of the first and second industries respectively.

[Ans. 20, 10]
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27. In an economy there are two industrics A4 and B and the
following table gives the supply and demand position of these in million
rupees :

User Final Total

A B Demand Quiput
Producer A 15 10 10 35
B 20 30 15 65

Determine the total output if the final demand changes to 12 for .t
and 18 for B. [Ans, 42, 78]

28. In an economy of three industries A, B, C the data is given
below (in millions of rupees of products).

User Final Total

A B G demand output
A 80 100 100 40 320
Producer 3 80 200 60 60 400
& 80 100 100 20 300

Determine the output if the final demand changes to
(i) 10 for 4, 40 for B, 20 for C,

(if) 60 for A, 40 for B, 60 for C.
[Aus. (i) 179:13, 24522, 189°13 i (1) 417°39, 455°65, 417393

29. Suppose that the final demands for steel, coal and electricity
in an economy consisting only of these three sectors are Rs. 10
crores, Rs. 5crores and Rs. 6 crores respectively. [t is given that a
Rupee worth of steel requires 20 paise, 40 paise and 10 paise worth
of steel, coal and electricity respectively as inputs, a Rupee worth of
coal requires 30 paise, 10 paise and 30 paise worth of steel, coal and
clectricity respectively as inputs and that a Rupee worth of electricity
requires 20 paise worth of steel, coal and electricity each as inputs
respectively. How much of steel, coal and electricity should be produced
to satisfy both final and intermediate demands ?

[Hint. Matrix of input-output coefficients is

020 0°40 010
A-_{ 030 010 030 :l
020 020 020
30. A pharmaceutical company produces three products X, Y
and Z which are partially used in the manufacture of these products.
However, none of the products is used in its own manufacture. The
quantities of the outputs of each product which are used as inputs in the
manufacture of one unit of cach of the other products are :
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i Input
X Y Z
X 0 03 04
Qutput Y 02 0 03
Z 01 05 0

The production targets for each product are Rs. 1,50,000 for X,
Rs. 2,00,000 for Y and Rs. 1,00,000 for Z, these being the amounts of
the three products which are to rcach the final consumer. Use input-
output analysis to determine how much of each of the products should be

produced.
11. From the following matrix, find out the final output goals of

cach industry assuming that consumer output targets are Rs. 80 million
in steel, Rs. 30 million in coal and Rs. 50 million in railway transport:

Sreel Coal Railway transport
Stecl 03 02 02
Coal 02 01 05
Railway transport 02 04 02
Labour 03 03 01

What would be the labour requirements in final output of three
industries ?

JO09. =Y =02
(Hint. .. [1—A]=| —02 +09 —05
—03 =04 408

Substituting in X=[I—A4]" D, we get

X 07 —02 —02 7' [ 80
x=| X, |=| -02 09 —05 | x| 30
X, —02 —04 08 50

After inverting the matrix, we get the required result.]

32. D Limited produces three products, x, ¥ and z on three different
types of machine installed in three departments A, B and C. The
departmental monthly capacity is limited to :

Department Machine hours
A 1,800
B 2,100
c 1,300

The machines are purpose built and each type can perform specia-
lised task only.
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The three products are proposed in all three departments but take
varying amounts of time in each as follows :

Departments

Products A V] c
Hours per unit

¥ 2 6 1

¥ 2 l 3

z 3 2 2

The production controller has been instructed to obtain the fullest
possible utilisation of all machines.

Calculate the number of units of products X, y and z to be produced

in order to fill the eapacity of all three departments for the month.
[Ans. x=200, y=100, z=400]

33. The prices of the three commodities X, Y and Z are x, y and z
per unit respectively. A purchases 4 units of Z and sells 3 units of X and
5 units of Y. B purchases 3 units of ¥ and sells 2 units of X and 1 unit of
Z. C purchases 1 unit of X and sells 4 units of Y and 6 units of Z. In the
process A, B, C earn Rs. 6,000, Rs. 5,000 and Rs. 13,000 respectively. Usin
matrices, find the prices per unit of the three commoditics. (Note tha%'
selling the units is positive earnings and buying the units is negative
earnings).

[Hint. The above data can be written in the form of simultancous
equations as

3x-+5y—4z=6,000
2x—3y+4r=5,000
—x+4y+62=13,000

and the equations can be written in the matrix form as

3 5 —4 % 6,000
( 2 —3 1 ) x{ » )z( 5,000
=} 4 6 z 13,000

> AX=B > K=4"B

X 3 5 =i {5 6.000

=> y I=| 2 =3 1 ) x( 5,000

z -1 “+ 6 13,000

—D2 —46 = F] 6.0

1 ;000 3,000
=_.15_[( =1% 14 —11 )( 5.000 ):( 1,000
5 =7 —19 /\ 13000 2,000

Hence x=3,000 ; y=1,000 and z=2,000]



SECTION B

Linear Programming

“LP is only one aspect of what has been called a systems
approach to management where all programmes are
designed and evaluated in terms of their ultimate effects
in the realisation of business objectives.”

N. Paul Loomba
INTRODUCTION

The central theme of economic theory and management science is
o0 optimise the use of scarce resources which include machine, man-
power, mouncy, warchouse space or raw material. There are ‘several
theoretical toc!s to accomplish this purpose in both the sciences. But
such tools are not adequate for treating a complex economic pr-oblem
with scveral alternatives each with its own restrictions and limitations
It is for tackling such problems that the use of linear programming haé
been found to be most usetul. The technique was first invented b
the Russian Mathematician L. V. Kantorovich and developed later by
ﬁeorgc B. Dantzig, the Simplex method is particularly associated wit?’x
is name, '

MEANING

~ Linear programming is a method or technique of determining an
optimum programme of mt_cr‘-depcndcnt activities in view of available
resources. I other words, it is a technique of allocating limited resources
in an optimum manner so as to satisfy the laws of supply and demand
for the firm’s products. [n general, Linear Programming is a mathe-
matical technique for determining the optimal allocation of resources
and obtaining a particular objective (i.e., cost minimization or inversely
profit maximization when there are alternative uses of the resources :
Land, Labour, Capital, Materials, Machines, ete. '

Prr,gmmming_is_just another word for “planning” and refers to the
process of determining a particular plan of action from amongst several
alternatives. The word linear stands for indicating that all relationshi
involved in a particular problem are of degree one. W
APPLICATIONS

~ The use of LP is made in regard to the problems of allocation
assignment, transportation, etc. But the most important of these is that
of allocation of scarce resources on which we shall concentrate. Some
allocation problems are as follows : ’

I. Devising of a production schedule that could satisfy future
deminds (seasonal or otherwmf:) for the firm’s product and at the same
time minimise production (including inventory) costs.

2. Choice of investment from a variety of shares and debentures
so as to maximise return on investment.

3. Allocation of a limited publicity budget on various heads in
order to maximise its effectiveness.

4 Sclection of the product-mix to make the best use of machines
man-hours with a vicw to maximise prolits ’
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5. Selecting the advertising mix that will maximise the benefit
subject to the total advertising budget, Linear Programming can be
effectively applied,

6. Determine the distribution system to minimise transport costs
from several warehouses to various market places. ‘

Three Typical Problems. Three problems have become classical
illustrations in lincar programming.

A, The Diet Problem

It is the problem of deciding how much of ‘n’ different foeds to
include in a diet, given the cost of each food, and the particular combi-
nation of nutrient each food contains. The object is to minimise the cost
of diet such that it contains a certain minimum amount of each nutrient.

B. Optimal Product Lines Problemn

How much of ‘n’ different products a firm should produce and sg:ll,
when each product requires a particular combination of labour, machine
time and warchouse space per.unit of output and where there are fixed
limits on the amounts of labour, machine time and warehouse space
available ?

C. Transportation Problem

It is a problem of determining a shipping schedule for a commodity,
say, steel or oil, from each of a number of plants (or oil-fields) at
different locations to each of a number of markets (or refineries) at
different locations in such a way as to minimise the total shipping cost
subject to the constraints that (1) the demand at each market (refinery)

will be satisfied, and (2) the supply at the plant (oil field) will not be
exceeded.

General Linear Programming Problem
Let Z be a linear function defined by
() Z=cx,tex,+...+c,x,

where ¢ 's are constants.

(if) Let (a,) be mn constants and let (4,) be a set of m constants
such that
al]-xl']-algxz'_*_---+alnxn (\<~.v =5 2) b]
Ay Xy ApoXg ... Qpx, (K, =, 2) b,
ﬂMle+am2x!+---+amnra (<' =" >) bm
and finally let
(i) x; 20, ¥, 20, ..., x,>0.

Tre problem of determming the values of x,. x, ..., x. which
makes Z @ minimum (or maximum) and which satisfies (/i) and (fif) is
called the General Linear Programming Problem.
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(@) Objective function. The lincar function
Z=Clx, ‘!‘chg'}'--. "]‘c-,-rn

which is to be minimized (or maximized) is called the Objective Sunciion
of the general L. P, P.

(b) Constraints. The inequalities
of the General L.P.P.

(¢) Non-negative restrictions. The set of inequalities (iif) is
usually known as the set of non-negative restrictions of the General L.P.P.

(d) Solution  Values of unknowns x,
constraints of a General L.P.P. is called a solt

(¢) Feasible Solution,
satisfics the non-negative restri
solution to the General L.P.P.

(/) Optimum Selution, Any feasible solution which optimizes

(minimizes or maximizes) the objective function of a General L.P.P. is
called an optimum solution to the gencral L.P.P.

(i) are called the consiraints

» Xg, ..oy X, which satisfy the
ition to the General L.PP.

Any solution to a General L.P.P. which
ctions of the problem, called feasible

Example 1. 4 manufacturing firm has discontinued production of
a certain unprofitable product line, and this has created considerable excess
production capacity.  Management is considering to devote this excess

Capacity to produce one or more of three products I, 2 and 3. The available

€xcess capacity on the machines which might limit output, is summarised in
the following table -

Machine type Avoilable excess capacity

(in machine hours per week)

Milling machine 250
Lathe 150
Grinder 50

The number of machine-hours requires for each unit of the respective
product is given below -

Capacity Requirement
(in mochine- hours per unir)
Machine Type Product | Product 2 Producr 3
Milling machire 8 z 3
Lathe 4 3 0
h;inder y 2 (1] i
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The per unit contribution would be Rs. 20, Rs. 6 and Rs. 8 respec-
tively for products 1, 2 and 3. Formulate the problem mathematically.

Solution. Step 1. Let the number of units of the products 1, 2
and 3 manufactured be designated by X,, X, and X, respectively.

Step 2. Since it is not possible to manufacture any negative
quantities, it is quite obvious that in the present situation feasible alter-
natives are sets of values of x,, X, X3 satisfying X, >0, x, 220, X;20.

Step 3. The objective here is to maximize the profit, which is
given by the linear function :

(maximize) Z=20x,+6X,+8x,

Step 4. Next we express in words the influencing factors or
constraints (or restrictions) which occur generally because of the cons-
traints on availability (resources) or requirements (demands). Here in
order to produce x, units of product I, X, units of product 2 and X, uhits
of product 3, the total time needed on Milling machine, Lathe, and
Grinder are given by

8x, 42X, 4 3X,, 4x,+3x, and 2X,+x;

Since the manufacturer does not have more than 250 hours available
on Milling machine, 150 hours available on the Lathe and 50 hours
available on the Grinder, we must have

8x, 4 2x,4 3x, €250
4%, +3x, <150
2x,  +X, <50

Hence the manufacturing firm problem can be put in the following
mathematical form :

Determine three real numbers X;, X, and Xg such that
8x,+2x,+3x <250
4x,+3x, <150
2x, 43 &350
Xyy Xy X3 =0
and for which the expression (objective function)
Z= 20 x:-l‘ 6x2+ 8.—\'3
may be maximum,

Example 2. Production Scheduling Problem. A company is
manufaciuring two products A and B. The manufacturing times required to
make them, the profit and capacity available at each work centre are given
by the following table :
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Prafit per unit

\ Matching Fabrication Assembly (in Rs.)

Product "\
e

B 2 hours 4 hours 1 hour

— A ——

A 1 hour S hours 3 hours 30
100

Toral 720 hours 1800 hours 900 hours
Capaciry

el

Formulate the L P, model

Solution. Step I.

The key decision to be made is to determine
the number of units of pro

duct 4 and B to be produced by the company.

Step L. Let x, be the number of units of product A4 and x,, the
number of units of Product # which the company decides to produce.

Step I The total profit that the manufacturer gets after selling
the two products 4 and 7 is given by

Z=80 x, 4100 x,

Step IV. Now, i

order to produce these two products 4 and B,
the total n

umber of hours required at matching centre is given by
X '!'2"‘2
The total number of hours required
5x;+4x,
and the total number of hours required at assembly
3x, +x,

at fabrication centre is

centre is given by

_ Since the matching centre is not
_fahr_lcation centre is available only for
available only for 900 hours. we have

available for more than 720 hours,
1800 hours and assembly centre is

* +2x,<720
5x,+ 4x,<<1800
3x,+x,<900
Step V. Also.

since it is not possible for the manufacturer to
l1:-:!:'1:»(:1:.1::;’ negative number of the products, it is obvious that we must also
dve

X,20 and x,>0

-
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Step VI. The above allocation problem of the manufacturer can
be mathematically expressed as follows :

Find two real numbers, x, and X, such that

x,+2x, € 720 el 1)

Sx,-+4x, < 1300 ;5 62)

3x, 4%, < 900 .4
X, % 20

and for which the expression (objective function)
Z=80x - 100x,
may be maximum (greatest)

Example 3 A company produces three products P, Q and R from
three raw muaterials A. B and C. One unit of product P requires 2 units
of A and 3 units of B. One unit of product Q requires 2 unils of Band 5
units of C and one unit of product R requires 3 units of A, 2 units of B
and 4 units of C. The company has 8 units of material 4, 10 units of
material B and 15 units of material C available to it. Profits per unit of
products P. Q and R are Rs. 3, Rs. 5 and Rs. 4 respectively,

Formulate the praoblem mathematically.

Decision Product Type of raw material Profit per unit
variables A B cC (Rs.)
Xy F 2 3 = 3
Xy Q - 2 5 3
s R 3 2 4 4
"Units of material 8 10 15
available : maximum maximum maximura

x,=number of units of Product o
x,=number of units of Product 2
xg==number of units of Product R

S

The given problem is formulated as the LPP as follows :
Maximize Z=23x,+ 5%,+4xs
Subject to the constraints :
+3x;, <8
3x,4+2%,+2%, < 10
5x,+4x; < 15
e e ife wishes to ensure certain
E le 4. A diet conscious housewife wishes to e
minimu:ja tilr‘ul:::e of vitamins A, B and C for the family, The minimum
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daily (quantity) needs of the vitamins A, B, C for the family are respectively
30, 20 and 16 units. For the supply of these minimum vitamin require.
ments, the housewife relies on two fresh foods. The first one provides 7, 5,
2 units of the three vitamins per gram respectively and the second one
provides 2, 4, 8 units of the same three vitamins per gram of the foodstuff
respectiyely, The first foodstuff costs Rs. 3 per gram and the second Rs. 2
per gram, The problem is how many grams of each foodstuff should the
housewife buy everyday to keep her food bill as low as possible ?

Formulate the underlying L .P. problem.

Solution. Step 1. By designating the number of units of foods
X and Y by x, and x, respectively, the data of the given problem can be
summarized as below :

Decision Food Content of vitamins Cost per unit
variables type
A B % (Rs)
xi T i 74 5 2 3
% Q 2 4 8 2
Minimum vitamins 30 20 16
required

x=number of units of food P
Xs=number of units of food @

Step 2. Here the objective is to minimize the cost and, therefore,
the objective function is
Z= 3x1+ 2x'
As the minimum required amounts of vitamins 4, B and C are 30,
20 and 16 respectively, the constraints of the problem are :
7x|_+2x'>30 ; 5x|+ 4x'>20 ; 2X1+ 3x,> 16

Thus the given LP problem is :

Minimize :
Z= 3":1 +zxt
Subject to the constraints :
Tx; +2x, > 30
5x,+4x, > 20
2x,+8x, > 16
X,x 20
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Example 5.- A city hospital has the following minimal daily
reauirements for nurses :

Minimal Number of

Period Clock Time (24 hour day) Nurses Required
1 6 AM. — 10 AM, 2
2 10AM, — 2PM, 7
3 2PM., — 6PM, 15
4 6 PM, - 10PM, 8
2 10 PM, — 2AM, 20
6 2AM, — 6 AM, 6

Nurses report to the hospital at the beginning of each period and
work for 8 consecutive hours. The hospital wants to determine the
minimal number of nurses to be employed so that there will be sufficient
numper of nurses available for each period. Formulate this as a Linear

Programming Problem by setting up appropriate constraints and objective
Sfunction, Do not sclve,

Solution. Let X, x,, X3, x4, x5 and »; be the number of nurses
commencing duty at 6 A.M., 10 A.M,,..., 10 P.M., 2 A M. respectively.

(i) Requirement Constraints, Between 10 A.M. and 2 P.M.. the
nurses who start work at 6 A.M. (x,) as well as those who start work at

10 A.M. (x;) will be available. Since the requirement of nurses during
this interval is 7,

X +x. 27

Similarly Xo4x, 2213
Xy+x, 28
X+ 220
X5t Xg 26
Xg+x,22

X, Xg, Xy, Xq, X5, Xg =0
Objective Function : To minimise
Z=x,+ X3+ X3+ XX+ X
EXERCISES

I. A small manufacturing firm produces two types of gadgets,
A and B, which are first processed in the foundry, then sent to the
machine shop for finishing. The number of man-hours of labour
required in each shop for the production of each unit of 4 and of B,

?nd the number of man-hours the firm has available per week are as
ollows :

Foundry Machine Shop
Gadget 4 10 5
Gadget B 6 4

Firm's cqpacity per week 1000 600
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The profit on the sale of Ais Rs. 30 per unit as compared with
Rs. 20 per unit of B.

The problem is to determine the weekly production of gadgets
A and B, so that total profit is maximized.

[Hint. Determine two unknown variables X, and Xx,, such that
(f) 10x,+6x,<<1000 (Foundry constraint)
(i) 5x,44x,<C 600 (Machine shop constraint)
(#ri) XX 20 (non-negativity constraint)
and for which the expression (objective function)
Z=30 x,+20 x,
may be a maximum (greatest).]

1. The 4BC Llectric Appliance Company produces two products :
refrigerators and ranges.  Production takes place in two separate
departments. Refrigerators are produced in Department 7 and ranges
are produced in department ff. The company's two products are
produced and sold on a weekly basis. The weekly production cannot
exceed 25 refrigerators in Department / and 35 ranges in Department
I, because of the limited available facilities in these two departments.
The company regularly employs a total of 60 workers in  the two
departments. A refrigerator requires 2 man-weeks of labour, while a
range requircs one man-week of labour. A refrigerator contributes a
profit of Rs. 60 and a range. a profit of Rs. 40,

The problem is to determine the weekly production of refrigerators
and ranges, so that total contribution is maximised.

Formulate the above problem as a lincar programming prohlem

[Ans  Maximize Z=60 x,+40 x,, subjecl to the constraints
2 x4+ x, <60 : Xy < 25; % <35 x,, X, 20, where x, and X, be the

number of units of refrigerators and ranges respectively.]

3. Three products are processed through three different operations.
The time (in minutes) required per unit of each product, the daily
capacity of the operations (in minutes per day) and the profit per unit
sold for each product (in rupees) are as follows :

Time per unit (minures)
Operation QOperation Capacity

tinutes da
Product T Product I Product 1! (minu ¥)

1 3 4 3 43
2 5 0 4 46
3 3 6 2 42
——c st T )
Profit unip
(Rs) 2 2 3
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The zero times indicate the product does not require the given
operation. It is assumed that all units produced are sold. Morcover,
the given profits per unit are nct values that result after all pertinent
expenses are deducted, The problem is to determine the optimum daily
production for three products that maximizes the profit,

Formulate the above production planning problem in a [lmear
programming format.

[Hint. Find the real numbers x,, x,, X; s0 as to maximize

Z=2x,-+2x, + 3%,
subject to the constraints
Jx, Hda, +3x,<43
5%, 1-4x, <046
3x, 4+ 6x,+2x,<42
with restrictions

x: '\.31 .\‘3;30]

@ Vitamins A4 and & arc found in food £, and #,. One unit of
food “F, contains 20 units of vitamin A and 30 units of vitamin B. One
unit of food F, contains 60 units of vitamin A and 40 units of vitamin
B. 1 unit of each of foods F, and F, cost Rs 3 und Rs. 4 respectively.
The minimum daily requirement (for a person) of vitamins A4 and £ is
80 units and 100 units respectively.  Assuming that anything in excess of
daily minimum requirements of vitamins A4 and £ 15 not harmtul, find
out the optimum mixture of foads F, and £, at the minimum cost which
meets the daily minimum requirements of vitamins 4 and B

Formulate the above problem as a linear programming problem.
[Hint. Find two real numbers x and y, such that
20x 4+ 60y >80
3I0x 440y >100
. %5 y20
and for which the expression (objective function)
z=3x+4y
may be a minimum (least)]
5. A feed mixing company purchases and mixes one or more of
the three types of grain, each containing different amounts of four
nutritional elements ; the data is given below :

One unit weight of Minimum tetal

frem requirement over
plannihg horizon

Grainl Grain2 Grain 3

e T = E—
Nutritional ingredient A4 2 4 6 > 125
Nutritional ingredient B 0 2 5 > 24
Nutritional ingredient C 5 1 3 > 80

Cost per unit weight (Rs.) 75 15 18 Minimize




Le-11 BUSINESS MATHEMATICS

The production manager specifies that any feed mix for his live-
stock meet at least minimal nutritional requirements, and he seeks the
least costly among all such mixes. Suppose his planning horizon is a
two-week period, ie., he purchases enough to fill his needs for two weeks.

Formulate the above problem as a linear programming problem.
[Ans. Find three real numbers x,, X,, ¥, 50 as to minimise

Z=25x,4+15x,+ 18x,
subject to the constraints :

2x1+4X,4 6x3 125
2x3+5x, 2224
5x)4x,43x, 280
and Xy, X2, X520]

6. The XYZ Company Ltd. manufactures two products 4 and B,
These products are processed on the same machine. It takes 20 minutes
to process one unit of product A and 15 minutes for each unit of product
B and machine operates for a maximum of 80 hours in a week. Product
A requites 3 kg and product B, 2 kg of the raw material per unit, the
supply of which 15 1200 kg per week. Market constraint on product B is
known to be 1500 units every week.

If the product A costs Rs. 10 per unit and can be sold at a price
of Rs. 15, product B costs Rs. 15 per unit and can be sold in the market
at a unit price of Rs. 22 ; the problem is to find out the number of units
of A and & that should be produced per week in order to maximize the
profit potentially

Formuiate this problem in the standard linear programming format.
Do not solve it.

7. A firm manufactures 3 products 4, B and C. [I'be profits are
Rs. 6, Rs. 4 and Rs. 8 respectively. The firm has 2 machines and below
is the required processing time (in minutes) for each machine on each
product :

Machine Products
A B C
X | 6 10
Y 4 4 8

Machine X and Y have 4,000 and 5,000 machine minutes respectively.
The firm must manufacture 200 A’s, 400 B’s and 100 C’s but no more
than 300 A4's.

Set up a L.P. problem to maximise profit. Do not solve it.
[Hint. Find the real numbers x,, x, and X, so as to maximize
Z=6x,+4x,4 8x,
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subject to the constraints
8x,+ 6x54- 10x,<4,000
4x,+4x,-+8x,<<5,000
with restrictions
200X, <300
x, =400
x322100.]

8. The manager of a company, which supplics office furniture, has
asked you to prepare a profit maximizing schedule for their production of
desks. This particular company sells a basic line of four desks. (Type A4,
Type B, Type C and Type D) to local distributors at the prices given below.
Costs of producing each type are also given :

Desk Selling Price Froduction cost
Type (In Rupees) ({n Rupees)
A 28 21
B 35 30
2 52 39
D 72 54

For short-run scheduling,
and desks production is a two-s
and finishing operations. Labo

labour must be considered a fixed quantity
tep process, requiring labour for carpentry
ur is not transferable between operations.

6,000 hours and 4,000 hours can be used

in carpentry and finishing
Tespectively. The labour hours required for each

desk are given below :

Desk Hours of Hours of
Type Carpentry Finishing
A 4 1
B 9 |
C 7 3
D 10 40

Formulate this as a Linear Programming problem.

9. A media specialist has to decide on the allocation of advertise-
ment in three media vehicles. Let x, be the number of messages carried
in the i-th media, i— 1, 2, 3. The unit costs of a message in the 3 media
are Rs. 1000, Rs. 750 and Rs. 500. The total budget available is Rs. 20.000
for the campaign period of a year. The first medium is a monthly
magazine and it is desired to advertise not more than one insertion in one
13sue. At least six messages should appear in the second medium. The
number of messages in the third medium should strictly lie between 4 and
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8. The expected effective audience for unit message in the media vehicles
is shown below :

Vehicle Expected effective audience
! : 80,000
2 60,000
3 45,000

Build the lincar programming model to maximise the total effective
audience.

[Ans. maximize Z=380.000x,+ 60,000x,+ 45,000x3
subjects to
1,000x,4 750x,-+500x,< 20,000 (budget)
Xlg_ 12

x,<6
4<4,<8
Xy, X X, 20].

10. The manager of ABC Oil Co. wishes to find the optimal mix of
two possible blending processes.  For process 1, an input of 1 unit of
crude oil A and three units of crude oil B produces an output of 5 units of
gasoline X and two units of gasoline Y.. For process 2, an input of 4 units
of crude oil 4 and 2 units of crude oil B produces an output of 3 units of
gasoline X and 8 units of gasoline ¥, Let x, and x, be the number of
units the company decides to use of process 1 and process 2, respectively.
The maximum amount of crude oil A available is 100 units and that of
crude oil A is 150 units. Sales commitments require that at least 200
units of gasoline X and 75 units of gasoline Y are produced. The unit
profits of process 1 and process 2 are p, and p, respectively. Formulate
the blending problem as a linear programming model.

Ans. Maximise Z=p, x,+p, x,
subject to
x,+4x,<100
3x; 4+ 2x,<150
5x,+3x,>200
2x,+8x,275
xy, X, 220]

} Availability

} Demand

GRAPHIC METHOD
Summary Procedure for the Graphic Method
Step 1. Formulate the appropriate LPP,

Step 2. Construct the graph for the problem as follows :

‘Treat each inequality as though it were an equality and for each
€quation arbitrarily select two sets of points. Plot each set of points and
connect them with appropriate line’.
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Step 3. Identify the feasible region, ie., that space which satisfics
all the constraints simultancously. For less than or equal to' and ‘less
than’ constraints this is generally the region below these lines. For
‘greater than or equal to' or greater than’ constraints, this is generally the
region which lies above the lines,

Step 4. By choosing a conyenient profit (cost) figure, draw an
isoprofit (isocost) line so that it falls within the shaded area.

Step 5. Move this isoprofit (isocost) line parallel to itself and
tarther (closer) from (to) the origin until an optimum solution s
determined.

Exampie 6. A fuctory manufactures two articles A and 5. To
manufacture the article A, a certain machine has 1o be worked for 1'5 hours
and in addition a craftsman has to work for 2 hours. To manufacture the
article B, the machine has to be worked for 2°3 hours and in addition the
craftsman has to work for 1°5 hours. In a week the factory can avail of
80 hours of machine time and 70 hours of craftsman’s time.  The profit on
each article 4 is Rs. 5 and that on each article B is Rs 4. [ all the articles
produced can be sold away. find how many of euch kind should be produced
to earn the maximum profit per week.

Formulate the linear programming problemn,
Solution. Step L
DATA SUMMARY CHART

Decision Article Hours on Profit per unit
variahles Muachine Craftsman
T m y 1's 2 Rs. 500
¥a B 2°5 g Rs. 400 .
Hours available 80 70
( per week) maximum maximum

X, =number of units of article 4
N.=number of units of article B

Thus the given problem is formulated as a L.P.P. as follows

Maximize Z = 5x,+4x, ol 7Y
subject to the constraints ;

'S x,+2'5 x,<80 (")

2x +1'5 x, <70 s

X1 X520 TN A

Step 1I.  Consiruct the graph. Next we construct the graph by
drawing horizontal and vertical axes which are represented by the
Xp-axis and xp-axis in the cartesian X,0X, plane. Since any  point
which satisfies the conditions x, >0 and x,>0 lies in the first quadrant

enly our search for the desired pair (x,. Xg) is restricted to the points of the
first gquadrant only,
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Now the inequalities are graphed taking them as equalities, e.g.,
the first constraint 1'5x,42°5X,<C80 will be graphed as 1°5x;+25x,=80,
and the second constraint 2x,4-1'5x,<70 as 2x,-+1'5x,==70 and the
third constraint x;, x,>0, merely restricts the solution to non-negative

values.

Further, since the functions to be graphed are linear we need plot

“

40k 151102‘:;};—‘60
G F (e 32) ’va_o"‘zi’om
B <

Feasible orea
for machine

only two points per constraint.
Thus to graph each constraint,
we arbitrarily assign a  value

to X, and determine the correspon-
ding value of x,. The procedure
is then repeated for another pair
of values for the same constraint.
Thus for the first constraint ws
have two such points as P(0, 32)
and @(53'3, 0), which

upon
Q(5330) b
i
R R e A T, Jloining represents
Article. 1"5%,42°5x,=80.
Fig. 1.
If x, 0 353
then 5 } 32 o

Similarly, by considering the set of points satisfying x, >0, x,20

and the sccond constraint 2x, - 1°5x,<70,

Fig. 2 as shown below :

If X | 35 0

then X 0 46'7

2

Step 111. Identify the feasible
region. The feasible region, ie,
solution space, is the area of the
graph which contains all pairs of
values that satisfy all the constraints.
In other words, feasible region

we obtain the shaded area of

%

R(0,457) | 2x,+15%2570

130,%,20

40

@ 3D Feasibie area
{or craftsman
)
©
=2
L o
1

10
Article A

Fig. 2
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will be bounded by the two axes, and the two lines 1"5x, +2°5x, =80,
2x,+ 1'5x,~=70, and will be the common area which falls to the left of
these constraint equations as both .
the constraintg are of the ‘less than 2
equal to’ type.

Step IV. Locare the solution
points, The shaded area OPTS
represents the set of all feasible
solutions. The four corners of the
polygon are 0= (0, 0), P=(0, 32)

T'=(20, 20) and
5=(35, 0).

Article B

Step V. Evaluate the opjec-
tive function. Dantzig’s theorem
guarantees that the optimal solution
to an L.P.P. occurs at ome or _
more of the corner points, we Fig. 3

/ NS : _—
0 10 20 30 4 50 &0 x
Article o

evaluate the objective function at each of these four points as follows :

Corner point Objective function Value
(x1, x;) Z=5x+4x,
0=(0, 0) 5%0+4x0 Z(0)=0
P=(0, 32) 5x04-4x32 Z(Py=128
T=(20, 20) 5%x20+44x 20 Z(T)=180

5=(35, 0) 5%35+4x0 Z(8)=115

Now the optimal solation is that corner point for which the objec-
tive function has the largest value. Thus the cptimal solution to the
present problem oecurs at the point T'=(20, 20), ie, x,--20, x,=20
with the objective function value of Rs. 180.

Hence to maximize profit the company should manufacture
20 units of article A4 and 20 units of article B per week,

Example 7. A company produces two articles X and Y. There
are two departments through which the articles are processed. viz. assembly
and finishing. The potential capacity of the assemply department is 60
hours a week and that of the finishing department is 48 hours a week .
Production of one unit of X requires 4 hours in assembly and 2 hours
in finishing. Each of the unit Y requires 2 hours in assembly and 4 hours
in finishing, If profit is Rs. 8 for each wunit of X and Rs. 6 for each
unit of Y find out the number of units of X and Y to be produced each
weelk 1o give maximum profit,
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Solution.
Time required for producing
one unit
Products Toral hours
¥ y avallable
Assembly Department 4 2 60
Finishing Department 2 4 48
Profit per unit Rs. 8 Rs. 6

Objective function @ Z=8X+6Y
Subject to constraints : 4X+2Y<60
2X4-4Y<C48
Non-negativity requirement : X' 2>0, ¥Y2>0.
Plot the constraints in a graph given below. X is shown on the horizontal

axis and Y is shown on the vertical axis. Consider the constraint
4X +2Y<60. When production of X is 0, then Y =30. Plot the point
(0, 30) in the graph.

Again when production of Y is 0, then X=15. Plot the point
(15, 0) in the graph. Joining these two points, the resulting straight
line BC is such that area ABC of the graph represents the inequality
4X +2Y<60 as long as X and Y are both greater than 0.

Similarly plotting the constraint 2X—4Y<48, ie., joining E(0, 12)
and F(24.0). The arca AEF contains all possible combinations which
will satisfy the restriction of the finishing department.

v
it
bL:]
24t

20}

o
T

Praduct ¥
=
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Therefore the best combination of X and ¥ which must not exceed
the available time in either assembly or finishing should fall within
the arcas A8C and AEF., The area which docs not exceed either of the
two constraints of the assembly and finishing departments is the shaded
arca AEDC.

Now obscrving from the graph, the point which yields the greatest
profit is the point D (12, 6).

P e e

Point Total profit (applying objective function)
Rs. 8X 4-Rs, 6Y

A(0, 0) 0

C{15,0) Rs. 8(15) +Rs. 6(0) =Rs. 120

D(12, 6) Rs. 8(12) - Rs. 6(6)=Rs. 132

£(0, 12) Rs. 8(0)+4 Rs. 6(12)=Rs. 72

This may also be o-bmincd algebraically by solving
4X¥4+2Y=60 and 2X4+4Y=48 or 8X+4Y=:120, 2X-+4Y-:43
By subtraction 6.X =72 = X=12and Y=6

Applying it to the objective function £ =8X--6Y, the maximum
profit equals to Rs. 8(12)+4 Rs. 5(6)-=Rs. 132, Thus 12 units of X and 6
units of ¥ give a maximum profit of Rs. 132.

Remark. If there is a third constraint as shortage of labour
which restricts the production of ¥ to a maximum of 4 units per week.
then Y is less than or equal to 4 units per week and X and ¥ are non-
negative.

Now plot the constraint in tlc graph given below and draw a
straight line parallel to the horizontal axis. The feasible  alternative
will be somewhere in the shaded arca AHGC. The point which yields
the greatest profit is found out by testing the four corners of the shaded

Assembly gepit
/

I,er‘srmg cepit

fLJ':\Jur
K. restreaint
S e .‘\<,__£ ——
Y, -~
DTN @0
2 16 2 24 28 37 X
Product X

""_‘,‘ “
A ¢ 8

area. This is the point G(13, 4). Therefore the optimum production
per week is 13 units of X and 4 units of ¥ and the maximum profit
max Z=Rs, 8(13)+ Rs. 6(4)=Rs. 128.
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Example 8. Solve the following linear programming problem
graphically :

Maximise: Z=4x46y subject to constraints x4y—S5, xX>2, y<d,
x, y>0, [Delhi Univ. B.Com. (Hons) ; 1992)

Solution. Clearly each point (x, y)
satisfying the conditions x>0, y>0 must
lie in the first quadrant only. Also since
x-+y=5, x2>2and y<4, the desired point
lics somewhere on the line CB. The co-
ordinates of C=(2, 3) and B=(5,0). The
values of the objective function Z at these
points are

Z(C)=4x2+4+6%x3=26
Z(B)=4x546x 0=20
Since the maximum value of Z occurs

at the point C(2, 3). Thus to maximise
Z, x=2 and y==3.

EXERCISES

1. (@) Describe the graphic method of solving a lincar program-
ming problem.

(b) Solve the following problem by graphic method and for that
show

() Objective function (fi) Set of feasible solutions
(iif) Optimum solution (fv) Extreme points
Maximize Z=3x,+-4x,

subject to the constraints :
4x, 4 2x, < 80
2x,+5x, < 180
X, %, 20

2. It is required to maximise Z==2x,4-5x, subject to x,+x, < 24,
3% € 21, x+%, € 9, x >0,y >0. Show graphically how to arrive
at the solution and find the maximum value of Z,

3. A dealer wishes to purchase a number of fans and sewing
machines. He has only Rs. 5760 to invest and has space for at most
20 items. A fan costs him Rs. 360 and a sewing machine Rs. 240. His
expectation is that he can sell a fan at a profit of Rs. 22 and sewing
machine at a profit of Rs. 18. Assuining that he can seli all the items
that he can buy, how should he invest his moncy in order to maximize
his profit ?

[Hint. Maximize 2222-\'1"‘18&\';

8.1, x,+x, < 20
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360x,-1-240x, < 5760
X“ xz > 0]
[Ans. x,=8, x,~=12; max. Z=Rs, 392)

4. A manufacturer produces tubes and bulbs. It takes 1 hour of
work on machine M and 3 hours of work on machine N to produce one
package of bulbs while it takes 3 hours of work on machine M and 1 hour
of work on machine N to produce a package of tubes. He earns a profit
of Rs. 1250 per package of bulbs and Rs. 5 per package of tubes,
How many packages of each should be produced each day so as to
mf;ximize his profit if he operates. the machines for at most 12 hours
a day.

[Hint. Maximize Z=12'50 x,+ 5x,

st. x--3x, € 12

Ixnptx, € 12

Xy X%y 2 0]
[Ans. x,=3, x,—3 ; max, Z=DRs. 52'50]
5. A dealer deals in only two items, cycles and scooters. He has
Rs. 50,000 to invest and a space to store at most 60 picces.  One scooter
costs him Rs. 2500 and a cycle costs him Rs. 500. He can sell a scooter
at a profit of Rs. 500 and a cycle ata profit of Rs. 150. Assuming

that hx.: can scll all the items that he buys, how should he invest his
money in order that he may maximize his profit ?

[Hint. Maximize Z==500x,-+150x,

SIL, X +x, < 60
2500x%,4500x, < 50,000
x]: x! > 0]

[Ans. x,=10, x,=50, Max. Z=12,500]

6. A firm makes two types of furniture : chairs and tables. The
contribution for each product as calculated by the accounting depart-
ment is Rs, 20 per chair and Rs. 30 per table. Both products are
processed on three machines M,, M, and M,. The time required in hours
by each product and total time available in hours per week on each
machine are as follows :

Machine Chalr Table Availlable Time
M, 3 3 36
M, 5 2 50
M, 2 6 60

How should the manufacturer schedule his production in order to
maximize contribution ? (Use graphic method only.)

[Ans. x,=3, x,=9, Max. Z=330]

7. Food X contains 6 units of vitamin A4 per gram and 7 units of
vitamin B per gram and costs 12 paise per gram. Food Y contains 8
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units of vitamin 4 per gram and 12 units of vitamin # and costs 20 paise
per gram.  The daily minimum requirements of vitamin 4 and vitamin B
arc 100 units and 120 uwnits respectively. Find the minimum cost of
product mix using graphic method.

[Hint. Minimize £ =12x,+420x,

subject to the constraints :

6x,+8x, 2100

T 4-12x, 2120

Xy, X320

5 ] B
Ans, x;=185, x,=‘~*- ; minimun: £==205]

8. A farm is engaged in breeding pigs. The pigs are fed on
various products grown on the farm. In view of the nced to ensure cer-
tain nutrient constituents, it is necessary to buy two products (call them
A and B) in addition. The contents of the various products, per unit,

in nutrient constituents (.., vitamins, proteins ctc.) is given in the
following table :

Nutrients Nutrient content Minimum amount
in product of nutrient
e e —
4 R
M, 36 6 108
M, ki 12 36
M, 24 i0 100

_The last column of the above table gives the minimum amounts of:
nutrient constituents M, M, M, which must be given to the pigs. If
the products A4 and £ cost Rs. 20 and Rs. 40 per unit respectively, how

much cach of these two products should be bought so that the total cost
1S minimized ¥

[Hint,

) Find real numbers x; and x, so as to minimize the objective
function -

£=20x,4+480x,
subject to the constraints :
36x,+ 6,108
3x;4 12x, 236
20x,+4 10x,3 100
xXrhx, 220

m should purchase 4 unit: of product 4 and 2 units of product
T to maintain a minimum cost of Rs. 160.]

~ The far
B in orde

9. A scrap metal dealer has teceived an order from a customer for
at least 2,000 kilograms of scrap metal. The customer requires that at least
1,000 kilograms of the shipment of metal must be high quality copper that
can be melted down and used to praduce copper tubings. Furthermore,
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the customer will not accept delivery of the order it it containg more than
175 kilograms of metal that he deems unfit for commercial use, 7e., metal

that contains an excessive amount of impurities and cannot be melted
down and refined profitably,

 The dealer can purchase scrap metal from two different suppliers in
unlimited quantitics with the following percentages (by weight) of high
quality copper and unfit scrap.

Supplier A Supplier B
Copper 25% 15%
Unfit scrap 3% 10%

The costs per kilogram of metal purchased from supplier A nlnd
supplier B are Re. 1 and Rs. 4 respectively, The problem is to determine

the optimum quantities of metal for the dealer to purchase from each of
the two suppliers.

[Hint. Our problem is to find the real numbers x; and X, so as to
minimize :

Z=x,44x,
subject to the constraints : x,+Xx,2>2,000

X1 3%

a -+ 3 > 1,000

& Ky

20 1 10 <15
xll x'z ? 0

The dealer should purchase 2,500 kilograms of scrap metal from
supplier 4 and 500 kilograms of scrap metal from supplier B in order to
maintain a minimum cost of Rs, 4,500.]

10. A cold drinks company has two bottling plants, located at two
different places. Each plant produces three different drinks 4, B and <,

The capacities of the two plants, in number of bottles per day are as
follows :

Product A Product B Product C
Plant I 3000 1000 2000
Plant I 1000 1000 6009

A market survey indicates tbat during any particular month there
will be a demand of 24,000 bottles of A, 16,000 bottles of B, and 48,000
bottles of C. The operating costs, per day, of running plants I and II
are respectively 600 monetary units and 400 monetary units. How many
days sbould the company run each plant during the month so that the
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production cost is minimised while still mecting the market demand ? (Use
graphic method).

[Hint. Minimise cost : Z--600x,4-400x,
8.6 3000x;4-1000x, > 24,000
1000x,41000x, > 16,000
2000x,-+6000x, > 48,000

X D0, 3 0]

1. The manager of an oil refinery wants to decide on the optimal
mix of two possible blending processes | and 2 of which the inputs and
outputs per production run are as follows :

Input (Units) Output (Units)
Procesy Crude A Crude B A Gasoline X Gasoline Y
1 5 3 5 3
2 4 5 4 4

The maximum amounts available of Crudes 4 and # are 200 units and
150 units respectively. At least 100 units of Gasoline X and 80 units of
Y arc required. The profit per production run from processes 1 and 2
arc Rs. 300 and Rs. 400 respectively, Formulate the above as Linear
programming problem and solve it by graphical method.

[Ans.  Maximize Z= 300x,-}-400x,
5.1, 5X, +4x,< 200
3xy 4 5%, 150
5x,+4X,2100
Bx,-+4x, >80
x20, x, 20
SIMPLEX METHOD

In most of the linear programmng problems, we have more than
two variables and, therefore, it cannot be conveniently solved by a graphic
method. A procedure known as “Simplex Method® can be used to find the
optimal solution. The method is in fact an algorithm or a set of instructions
Which seeks to examine corner point in a methodical manner until the
best solution ensuring highest profit or the lowest cost under given
Constraints is obtained. Fortunately, computer programme is available
for dealing with problems involving several variables but to understand its
mechanics we shall confine to a few variables only.

Slack and Surplus Variables. The formulation of a linear
programming problem for simplex method requires introduction of slack
Or surplus variable to convert a linear inequality into linear equality.
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(#) Let the constraint of LP problem be 2x,-43x,<10
Then the non-negative variable S, which satisfies
2x,+3xg-+5,=10
is called a slack variable.

(#1) If the constraint of a LP problem is 4x;--5x, 225

Then the non-negative variable S; which satisfies
4x,+5x,—8,=25
is called a surplus variable.
The variable S, is called slack variable, because
Slack = Requirement—Production
The variabie S, is called surplus variable, because
Surplus=Production —Requirement

These slack or surplus variables introduced in an appropriate manner
to lincar constraints expressed generally as inequalities get represented in
the objective function so that the number of variables in objective function
has correspondence with those in the constraints but they do not contribute
anything to the objective function and their coefficients in the objective
function are only zero.

Ilustration.
Problem : Maximise profit="7x;+ 5x,
Subject to @ 2%, 4 1x,<10
4x,43x,524
X 20, x; 20

The incqualitics expressing constraints are converted into equalities by
adding slack variable to each inequality as follows :

2%, 4+ 1%,+5,=10
4x,4 3%, + 5, =24

Now, the objective function is being transformed to accommodate
slack variables with zero coeflicients as follows :

Maximise profit=7x,+4 5x,405,4-0S5,

But, since all equations must have equal number of variables that is
made possible by incorporating the slack variables of other equations
with a zero coefficient as follows : '

2%, 4+ 1%,4-15,+ 08,=10
4x, +3%,+4-05, 4 18,=24
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A model of simplex tableau to present these is given hereunder :

Simplex Tableau

Coefficlents of  Programme  Avallable ¥ 3 1 0 oo

Objecrive variable
Programme variables  quantities coefficients
variables in of
in objective variables | x, X 5 1S S35 Objective
obfective Sunction

variable row

0 5 @ s« ¢« |l 100
0 S @ - - = = @ 1°0
0 Sy @ W # g e 0 0 1

T
Structural Identity
coefficients, matrix
matrix

Summary Procedure for the Simplex Method
(Maximization Case)

The various

steps involved in the simplex method may be summed
up as follows :

1. Formulate the problem and the obiective function.

2. Develop equations from the incqualitics by adding slack
variables,

3.

Develop the initial simplex tableau including the initial (trivial)
solution,

4. Obtain the Z, and C,—Z, (index row) for this solution.
5. Choose the highest positive number in the index row.
6. The highest positive number determines the key column.

7. Divide the numbers in quantity column by corresponding
numbers in key column.

8. Sclect the least positive ratio of these quoticnts.
9. The row containing the least positive ratio is the key row.,

10. The key number is at the intersestion of the key column and
key row.

Il. Divide every figure in the key row by the key number.

@ Data on total available capacities.
I Data on coefficients of variables in the objective function.
* Data of cotfficients of structural constraints.
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12. The quotient of the key row divided by the key number is the
main row in the next table. Tne formula is
Main row= Eﬂ[“ﬂ‘lﬂﬂ“ﬂcj
Key number

13. All other numbers for the next table are derived by the
ormula

[ Corresponding  Corresponding

Derived _ Selected ¢ pumber in key X number in key
number ~ number < row column /
1 — - e e e l.
Key number J

14. Repeat steps 5 to 13 unul no positive numbers exist in the
mdex row. When no positive numbers exist in the index row, an
cpumum solution has been obtained.

Remarks .  Stmplification of Caleulaiions

It is possible to simplify the calculation process by following a
few rules :

1. Any variable in the variable column will have a I where the
row of that variable intersects with the column of that variable, and al
other figures in the column of that variable will be zero.

2. Ifthercis a zero in the key column, then the tow in which that
zero appears will remain unchanged in the subsequent matrix.

3. Ifthere is a zero in the key row, then the column in which that
zero appears will remain unchanged in the subsequent matrix.

By obscrving the above three rules, the number of items for which
derived numbers are to be calculated will be greatly reduced. Where a
simplex solution has to be worked by hand methods, the saving in time
and cffort is significant. When computers are used, it is desirable to
allow the normal procedure to be followed.

2.  Rules for Ties

In choosing the key column and key row, whenever there is a tie
between two numbers the following rules may be adopted :

1. Sclect the column farthest to the left, whenever there is a tie
between two numbers in the index row.

2. Select the ratio (8) nearest to the top whenever there is a tie
between two ratios in a matrix,

Hlustration. A factory can manufacture 2 products X, and X,
Each product is manufactured by a two-stage process which involves
machines I and Ii and the time required is as follows :

Machine Product
X, X s
1 2 hr. 1 hr,

I/ 3 hr. 2 hr,
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Available hours on machine I is 10 hours and machine Il js 16 hours.
The contribution for product X, Is Rs. 4 per unit and Jfor Xy is Rs, 3 per unit.
What should be the manufacturing policy for the Sfactory 7

Solution. Step I. Formulation of the LP problem.

Maximise (Profit) Z=4X, 4 3.,

Subject to : 2X,4- X, <10 (constraint on Machine I)
3X, 1-2V,<16 (constraint on Machine 1)
X,>0. X,30 '

Step 1I. Develop Lquations from the Inequalities. The first
step in the Simplex Method is to convert the inequalities (or restrictions)
into equalities. This is done by adding what are known as slack variables
(slack variables in economic terminology represent unused capacity but
the contribution associated with them is zero). After adding the slack
variables. all the above expressions can be written as

2+ X4 5,=10 1)
3N, 42X, S,=16 ..(2)
4X,+ 343 +0.5, +0.5,=Maximicc Z e

Heve the slack variables S, and S, represent the idle hours op
machines 1 and II respectively.

Step 111, Designing the Initial Programme. Set the basic
variables equal to zero in which case the slack variables assume the full

value of the resources available and the contribution at this stage is
minimum.

A first feasible solution is thus
X1=Os er'on Sl =10, Sz= 16

The profit contribution resulting from this ' programme can be
determined by substituting the values of the different variables in the
objective function. Thus

Profit contribution = 4(0) + 3(0)+0(10) +0(16) = 0.

Step IV. Develop Initial Simplex Tableau. We can now set
out this whole problem in what is known as a Simplex Tableau. The
simplex tableau also known as simplex matrix is a table consisting of
rows and columns of figures We illustrate below the form of simplex
tableau and explain its various parts :
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TABLE |. PARTS OF INITIAL SIMPLEX TABLEAU

C column i.e., profit per ﬁrl;tl
| Product-mix column) )
| Constant column (i.e., quantities of product in the mix)
| | | Variable columns
I | | +
(o Product Quaatit Rs. 4 Rs 3 Rs. 0 Rs. 0 «Cjrow
mix ' y X X Ay 82 - Vunub_ic row
Rs. 0 4 10 2 1 1 0 1?.0\#5 ﬂlustr_—
- y ting constraiot
Rs, O Sz 16 3 2 0 | } equations
(Coellicients
only)
St i, gt
Body Matrix Identity
consisting of Matrix
co-eflicients consisting of
of real pro- co-ctlicients
duct variables of slack
variables.

(a) C, row or objective row.  On the top row of the tableau known
as C; row or objective row, we insert the cozfficients in the objective
equation.

(b) The identity matrix is formed by the slack variables and
consists of a diagonal of 1's and ('s. It may be noted that the identity
should never have negative numbers.

{¢) The body matrix consists of all restrictions and cquations and
includes the coefficient of all variables not in the identity. The numbers
in the body can be zero, positive or negative.

(d) The quantity column represents the list of constants of the
equations. Every number in the quantity column (cxcluding index
row) must be zero or positive. This condition is true from the time of
setting the matrix until its solution stage.

(e) The product mix column in the initial programme is a list of the
variables in the identity. (It may be noted that the row headed by S,
and the column headed by S, cross in the identity where the 1 occurs.
The same is true for S5, also). It may be noted that the product-mix
column shows the variables in the solution. The variables in the first
solution arc S, and S, (the slack variables representing unused capacity).
In the quantity column, we find the quantities of the variables that are
in the solution :

S,=10 hours available on Machine I
S,—= 16 hours available on Machine 1L.
As the variables X, and X, do not appear in the product-mix, they
are equal to zero.

(/) C, or objective column. The C, or objective column at the left
end shows the profit per unit for the variables S, and S,. For example,
the zero appearing to the left of the S; row means that profit per unit
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of S, is zero. Likewise, the zero to the left of S, row means that profit
per unit of S, is zero. The initial simplex tableau will now appear as
followns :

Rs. 4 E§.3 Rs. 0 Rs. 0

Product y s
& mix Quantity Xy NN S,
Rs. 0 S, 10 2 1 1 0
Rs. 0 5. 16 3 2 0 1

(2) Z, row. The Z, is the C, for a row times the coeflicient for that
row within the tableau, summed by column. In other words, to arrive
at the Z, value for a particular column, we first multiply each coeflicient
in that column by the C, against that coeflicient and then add up the
products so obtained. The four values of 7, under the columns of
variables X, X,, S; and S, are likewise computed as follows :

7, for column X;=Rs. 0(2)4 Rs. 0(3)=Rs. 0
Z, for column X,==Rs. 0(1)+Rs. 0(2)=Rs. 0
Z, for column S;= Rs. 0(1)-]-Rs. 0(0)=Rs. 0
Z, for column S,= Rs. 0(0)}- Rs. 0(1)==Rs. 0

The above values of Z, represent the amounts by which profit
would be reduced if 1 unit of any of the variables (X,, X,, S,, S,) were
added to the mix.

(kY C,—Z, (Index) or Net Fvaluation row., C,—Z, represents the net
profit that will occur from introducing one unit of a variable to the
production schedule or solution. For example, if 1 unit of X, adds
Rs. 4 of profit to the solution and if its introduction causes nd loss, then
C,—Z, for X,=Rs. 4. The net profit per unit (ie., C,—Z,) of each
variable js calculated as shown below :

Profit per Profit lost Net profit
Variables unit per unit per unit
(€) (Z) W,=~Z)
X, 4 0 4
X, 3 0 3
S, 0 0 0




-3
LINEAR PROGRAMMING Le-30

TABLE 2. INIUTIAL SIMPLEX TABLEAU COMPLETED

" 4 3 0 0

[’rm{’rr” Quantity S g —_—

Cy » mix .

k X\ X2 S )

0 5 10 2 1 0

0 S 16 k 2 0 1
£ 0 0 0 0 0
Cj—Zj (Inidex row) 4 3 0 0

Remark. By examining the numbers in the (€, — Z,) row of 'l';\hl":
2, we find that total profit can be increased by Rs. 4 for cach unit of X,
added to the mix or by Rs. 3 for each unit of X, added to the mix.
Thus a positive number in the (C, - Z,) row indicates that profits can be
improved by that amount per unit of X, added. On the other hand. a
pegative number in the (€ -7 row would indicate the amount by
which profits would decrease if one unit of the variable heading that
column were added to the solution. Hence the optimum solution is
reached when no positive numbers are there in C,— 2, row.

Step V. Developing Improved Solutions. After the initial
simplex tablcau is set up, the next step is to determine if the improve-
ment is possible.  The computational procedure is as follows :

(@) Choosing the entering variable. We choose the variable to be
added to the first solution which contributes the highest profit per unit.
This is done by identifying the column (and hence the variable) which
offers the largest pesitive number in the (C,— Z)) row. As will be seen
from Table 3, bringing in A, will add Rs. 4 per unit to profit. The X
column is the optimum column, also commonly known as Pivoer Column or
Key Column, By definition, the optimum colummn is that column which
has the largest positive value in the C,—Z, row, or in other words, the
column whose product will contribute the highest profit per unit. Tos-
pection of key or pivot column indicates that the variable X, should be
added to the product mix replacing one of the variables present in the
mix. The variable X is, thus, the entering variable.

(h) Choosing the departing variable. Since we have chosen a
variable to enter the solution mix we have to decide which variable is to
be replaced.  This is done in the following manner.

First, divide each number in the quantity column (also known as

constant column), ie., 10 and 16 by the corresponding numbers in the
key column.

Second, sclect the row with the smallest non-negative ratio as

the
row to be replaced.
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Here the ratios would be :

S, row : 10 hours/2 hrs. per unit=35 units of X,

Sy Tow : 16 hours/3 hrs. per unit:= 5} units of X,

As the S, row has the smallest positive ratio, it is called the replaced
row, or the pivol row or key row. This row will be replaced in the next
solution by 5 units of X, ie, the variable S; (unused time) will be
replaced by 5 units of X, in the next solution.

The number at the intersection of key row and key column is
referred to as the pivot or key number which is 2 in the present case.

TABLE 3. INITIAL SIMPLEX TABLEAU, KEY ROW,
KEY NUMBER, KEY COLUMN

G Product B.E 4 Rs 3 Rs. 0 Rs. 0
mix Quantiry X, X St S
+ Key number
Rs. 0 S 10 2 1 1 0 +Replaced row
Rs. 0 St 16 3 2 0 1 or Key row
Zj Rs.0 Rs. 0 Rs. 0.{; Rs..0 Rs. 0
G—Zj w0l Bl | S
)
Optimim Column or
Key Column

Step VI. Developing Second Simplex Tableau. Having chosen
the optimum solution and the replaced row, a second simplex tableau
can be developed, providing an improved solution,

(a) Compute new values for the key row. For this we have to simply
divide each number in the key row by key number. The key row now
becomes :

cj Product-mix Quantity Xa X 5 S
4 | X I 5 l 1 i b 0

It may be noted that in the product mix, S, has been replaced by
X\ and the corresponding C; value also has been replaced (4 for 0)

(b) Compute new values (derived numbers) for each remaining rows,
To complete the second tableau, we compute new values for the remain-

ing rows. All remaining rows of the variables in the tableau are calculated
using the following formula :

New ) Elements in ) [( Intersection Corresponding ele-

row /  \theold row /7 | \element of old rowxments in replacing )]
row

Using this formula, we get the new S, row as follows :
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E}é;?;ﬂu Intersectional Corresponding New S, row
old S, row element of element in
3 row key row B
BRCE 2 3) (H-@x@)
- 16 3 5 16—3% 51

3 3 1 3—3x1=0

2 3 3 2-3xb=13

0 3 ) U- Ixi=-

1 3 0 1==3x 0=

Thus, the new S, row will be :
(1,0, 4, —&, 1)
An alternative formula is as follows :
Derived Number=Selected number
Corresponding Corresponding
( number in key row * pumber in key Column)
- Kéy number

The compntations will be as under :

10.%:3 2:(3 1=23 1
e s o B e N
7 =13 =0 2=y
133 0x%3
S A Y . ... O
5 i1 2 1.
(¢) Cﬂmpulmg Z,and C,—Z, rows. Ncw, we shall compute the Z,

and C,—Z, rows (the proﬁt opportumttes) accordinrg to the methods
discussed earlier,

TABLE 4. SECOND SIMPLEX TABLEAU

Crs 4 3 0 0
4
Produet mix Quantity X\ X S A
L} X1 5 1 1 ¥ 0
0 _ +~Key
Sa 1 0 B 3/2 1 o
Z; 20 4 2 2 0
C,—2Z 0 P -2 0 <Index
J___ e ) R - o row
:
—— Key Column

* Keynumber
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The computation of the Z, row of the sccond tableau is as follows :
Z, (i.e., total profit) for quantity column
(4% 5) +(0% 1)==20
Z, for X, column -(4x 1)-4-(0x 0)=4
Z,; for X, column -(4x3) +H(OX$)=2
Z, for S, column=(4x})+{0x(—3§)}=2
Z, for S, column = (4 < 0)4(0x 1)=:0

The computation of the (€, - 7)) row of the second tableau is as
follows :

‘ariables Profit per ijir' lost Net profit
unit (C)) perunit (Z))  per unit (C,— 7))
.——;.‘]“_Wf 4 ——-l 0 '
X, 3 2 1
S, 2 —2
5 0 0 0

Step VII. The presence of a positive aumber in the X, column
of the C,—- £, row of the second tableau shows that positive improve-
ment 15 possible,  Hence the process used to develop the sccond solution
must now be repeated to obtain a third solution.  Accordingly, we find
that

(¢; The variable X, will enter the solution by virtue of C,—Z,=1
being the largest and only positive number in that row. This means that
for every umt of X, that we produce, the objective function will increase
by Re. 1.

(b} The optimum column or key column is &, column.

(¢) The replaced row is S, row ; also known as key row or pivot
row. Thisis found by (i) dividing 5and 1 in the quantity column by
their corresponding numbers in the key column, ie., 3 and } respectively,
(ii) choosing the row with the smaller ratio as the key row.

(d) Intersectional element of X, row is %, and the intersectional
element of S, row is also 4. This will be the pivot number or the key
number.

(e) The key row is replaced by dividing every number in it by the
key number, i.e , }, the key row now becomes :

(e Product mix ‘ Quantity J X X S S,

T

-
3 X , 2 l 0 1 -3 2
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( /) The new values of the X, row (third tableau) are :
) ( Intersectional ~ Corresponding

( Element in \ element of x element of ):New X, row

old X, row X, row new X, row
5 — (4 x 2) = 4
l —_ (% b4 0) = 1
3 — (4 % 1) == 0
b = (2 X —3) = 2
0 — (4 X 2) == —1

(We can compute the new X, row through the alternative formula
as well.) ,
TABLE 5. THIRD SIMPLEX TABLEAU

C;+ i ¥ 3 0 0
v
! 1
‘ Product mix ‘ Quantity ! X1 X S S
] |
4 X 4 1 0 2* -1 +Key row
3 X2 2 0 1 =3 2
1 ]
l Z, 22 4 3 -1 2
I =iy ' 0 0 I -2 «Index row
ey : B
“ — — —Key column

Step VIII. Once again, we find that all the values of this row
are not zero or negative, therefore, we have to procced a little further.
However, the key row, key column as well as the key number have been
indicated in the third simplex tableau.

Step 1X. By repeating what has been done earlier we arrive at the
final tableau 1V.

TABLE 6. FOURTH SIMPLEX TABLEAU

Cy—+ 4 3 0 0
+
Product mix Quantity X X St S
0 S 2 ] Q 1 e |
3 X 8 3 1 0 i
Zj 24 t 3 0 3
Ci=-z -4 0 0 —-g-
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As there are no positive values in C,—Z, row, no further improve-
ment is possible, and the optimum solution has now been obtained This
solution is X|=0, X;=8,S,=2

_ The Z, total, i.e., Rs. 24, represents the profit obtained under the
optimum solution.

Example 9. An electronics firm is undecided as to the most profit-
able mix for its products. The products now manufactured are transistors,
resistors and carbon tubes with a profit (per 100 units) of Rs. 10, Rs. 6 and
Rs. 4 respectively. To produce a shipment of transistors containing 100
units requires 1 hour of engineering, 10 hours of direct labour and 2 hours
of administration service. To produce 100 resistors are required 1 hour,
4 hours and 2 hours of engineering, direct labour and administration time
respectively. To produce one shipment of the tubes (100 units) requires 1
hour of engineering, 5 hours of direct labour and 6 hours of administration,
There are 100 hours of engineering services available, 600 hours of direct
labour and 300 hours of administration, What is the most profitable mix 9

Solution. For the sake of convenience, we tabulate the data in
the following manner :

Products
Available
’ hours
Transistors Resistors Carbon Tubes
Engineering 1 1 1 100
Labour 10 4 5 600
Admipistration 2z 2 6 300
Profit per 100 units Rs. 10 Rs 6 Rs. 4
Objective Function : Maximise Profit
Z=10x,+6x,+4x, (1)
Subject to the constraints :
X, +X, 4%, 100 »2)
10x, +4x, + 5%, <600 .. (3)
2x; +2x,+ 6x,<300 ..(4)

Xy Xy, X320
The first step in the Simplex Method is to convert the inequalities
(or restrictions) into equalities. This is done by adding a slack variable
(unused capacity of the department). After adding the slack variables,
all the expressions (1) to (4) can be written as
X+ X3+ X3+ 5,=100
10x, 4 4x,+ 5x3+5,= 600
2%, +2%, 4 6x,+ 5= 300 .
10x, 4+ 6x,+ 45,4 05,4+ 0°S +0'S, =Maximise 7
The simplex method always begins with a zero solution, ie., it starts
at the point of no production whatsoever. This enables the steps in the
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solution to determine the appropriate quantity of each item to produce,
subject to the objective function and the restrictions.

In other words, if X,. X, and X, are not produced, then the unused
capacity of the three departments as given by S, §, and 5; will be 100,
600 and 300 hours respectively. The solution at the first programme is
given by the quantity column and the product mix column. The solution
at this point is $;,=100, S,= 600, S,=300.

SIMPLEX TAELEAU I

C)> 10 6 4 0 0 0 Ratio
+ Product Quantity Column
Mix X1 X Xa 5 S: 7 5
0 S 100 1 1 1 1 0 0 100
-

0 & 600 10 4 5 0 1 .0 | 6D

0 S 3co 2 2 6 0 o 1 150
Z 0 0 0 0 0 0
Ci=Z 10t 6 4 0 0 0

SIMPLEX TABLEAU 11

=
0 S 40 0 6/10* 510 1 ~—1/10 0 67
10 X 60 1 4/10 510 0 i/10 0 150
0 Sy 180 0 12/10 5 0 =2/10 1 150
Z; 10 4 5 0 1 0 '
C-2 0 2% -1 0 =1 0 ’

SIMPLEX TABLEAU III

6 X3 400/6 0 ] 5/6 10/6 -1/6 0
10 X, 100/3 ] 0 16 =2/3 16 0
0 S 100 0 0 4 —2 0 0

Zy i 6 2013 1073 273 0

4
-2, 0 0 -203 -19/3 =23 0O
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Hence the most profitable mix is 1? resistor and $100 transistors.

3
The maximum profit is 400+ “;00 LR T

3
Example (0. Vitamins A, B ang C are Sound in foods F, and F,,
One unit of £\ contains 1 mg of A, 100 mg of B and 10 mg of C. One unit
o/ F, contains 1 mg of 4, 10 mg of B and 100 mg of C. The minimum daily
Tequirements of A, B and C are 1 mg, 50 mg and 10 mg respectively. The
€ost per unit of F, and F, are Re, | and Rs. 1-50 respectively, You are
required to (i) formulate the above as a linear programming problem minimis-
ing the cost per day, (ii) write the Jual of the problem and (if) solve the
dual by using simplex method and read there from the answer to the primal,
[Delhi Univ., B, Com, (ffons.), 1992)
Solation. (i) Let x, units of F, and x, units of F, be purchased.
Primal :  Minimise (cost per day) : Z=x, 4 1'5x, subject to
Xyt X221, 100x; + 10x, 2250, 10x,+ 100x,2>10
x, 20, x, 20,
(i) Dual : Let p, q. and 7 be the dual variables. Then we have
Minimise C=p+ 50¢+ 107 subject to
P+100g r 10r<1, p+109+100r< |, p, g, r>0.
(iii) Solution to Dual - Introducing slack variables s, and s,, the dual
may be written as under
Maximise C=p+50g +10r+ 0.5, + 0.5, subject to
P+ 1009 +-10r+5,+ 05,= 1
P+109+100r+ 05y + 5, =3
P, g, r. 5,530

ET—* Basic  Valuesof 1 50 10

i) i)
Variables Basic Ratio
Variables P q r 5 s,
0 <3, 1 I 100 0 1 0
0 S5 3 1 10 100 0 I 1
Z, 0 0 0 0 o0 0
—Z, 1 50 ¢ 10 0 0
50 q ™ e 1 s —riv 0 iy
0 <5 i K 0 i 1 o3
Z, 3 ) 5 3 0
—_Ci—2Z, i 0 5 } 0
50 q Y ﬂl 5 iy I 0 5G ) i
10 r I35 tig 0 1 oy 4g 1hs
Z 2 H 50 10 33 ¥s '
€=2, 83 0 0 i3 5y
1 P +81 I 110 0 e L
10 riis o Goio ok
Z, ] 1 100 10 0 0
A 0 —50 0 | 0

Answer to primal ; x,=1, x3=0 and total cost=1
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EXERCISES

1. Why is the simplex method a better technique than the graphi-
cal approach for most real cases ?

2. Give outlines of ‘Simplex Method’ in Linear programming.

3. (a) A manuficturer produces two items X, and X,. X, needs
2 hours on machine A and 2 hours on machine B. X, needs 3 hours on
machine A and 1 hour on machine B. If machine 4 can run for a
maximum of 12 hours per day and B. 8 hours per day and profits from X,
and X, are Rs 4 and Rs. 5 per item respectively. find by simplex
method how many items per day be produced to have maximum profit.
Give the interpretation for the values of ‘indicators’ corresponding to
slack variables in the final iteration

(b)) A manufacturer produces bicycles and scooters. each of
which must be processed through two machines 4 and B. Machine A has
a maximum of 120 Kours available and machine B has a maximum or 180
hours available. Manufacturing a bicycle requires 6 hours in machine A4
and 3 hours in machine B. Manufacturing a scooter requires 4 hours
in machine A and 10 hours in machine B. If profits are Rs. 45 for a bi-
cycle and Rs. 55 for a scooter, determine the number of bicycles and the

number of scooters that should be manufactured in order to maximize
the profit.

4. A novelty manufacturer makes two types of emblems, A4 and B.
He uses three departments : preparation, cutting and packaging. Each
dep_artmcnt is used for both types of emblems. Processing rates are :

Type A Type B

(min/pc) (min/pc)
Preparation 4 3
Cutting 8 2
Packaging 6 3

_ The profit per unit is Rs. 2 and Rs. 3 for type A and type R res-
pectively. Tf 1.200 minutes are available in each of the departments,
determine the optimal production schedule. Use Simplex Method.

S. A firm makes two types of furniture : chairs and tables. Profits
are Rs. 20 per chair and Rs. 30 per table. Both products are processed
on threc machines M,, M,, and M,. The time required for each product

in hours and total time available in hours on each machine are as
follows :

Machine Chair Table Available Time
M, 3 3 36
M, 5 2 50
M, 2 6 60

(@) Formulate the above as a linear programming problem to
maximise the profit; (b)) Write its dual: and (¢) Solve the primal by
simplex method. [Ans. 3, 9; Rs. 330.]
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. 6. A manufacturing company contemplates to produce two addi-
tional products, called 4 and &, which can be marketed at prevailing
prices in any reasonable quantities without difficulty. It is known that
product A requires 10 and 5 man-hours per unit in the foundry and the
machine departments respectively ; and that product B requires only 6
and 4. However, the profit margin of A is Rs. 30 per unit as compared
with Rs. 20 per unit of 8. [n the week immediately ahead, it is esti-
mated that there will be 1000 and 600 man-hours available in the
foundry and the machine departments respectively. How much of A
and B should be produced in order to most profitably utilize the excess
capacities ?

7. A company makes three products X, ¥, Z out of three matarials

P, P, and Py The three products use units of three materials according
to the following table :

Materials

1| X |4 2 3
|
Products <Y |2 1 1

|
[ € |38 9

The unit prolit contributions from the three products are :

Product : X Y Z
Profit Contribution (in Rs.) : 3 4 5
and availabilities of the three materials are
Material : Y Py P
Amount available (in units) : 10 12 15

The problem is to determine the product mix which will maximize
the total profit.

[Hint. SIMPLEX MATRIX V
Ci»  Product  Quantity 3 4 5 0 0 -0
I Mix X Ly < 2 Eotng u s
0 5 1 050 - A5 LTS ) oags
3 X 4 1 0° =448 . —~1/8 0 2/5
4 i 3 0 1 8/5 3/5 0  —1/5
C—2Zz, 0 0 —4/5 —9/5 0 =28

—

The optimal solution of the primal problem is to produce 3 units of

product X, 4 units of product ¥ and no uaits of preduct Z which gives a
maximum profit of Rs. 24.]

8. A manufacturer of leather belts makes three types of belts 4,
B and C which are processed on three machines M, M, and M, Belt
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A requires 2 hours on machine M, and 3 hours on machine M,. Belt B
requires 3 hours on machine M,, 2 hours on machine M, and 2 hours
on machine M, and Belt C requires 5 hours on machine M, and 4 hours
on machine M,. There are 8 hours of time per day available on machine
M, 10 hours of time per day available on machine M,, and 15 hours of
time per day available on machine Mj. The profit gained from belt A 13
Rs. 300 per unit, from Belt B is Rs. 5:00 per unit, from belt C is Rs. 400
per unit. What should be the dailv production of each type of belts so
that the profit is maximum.

(Hint, Maximize
z=3x,+ Sx,+4%,
Subject to the constraints :
2x,4-3x, <8
2x,+ 5x,<10
3x,+2x,+4x,<15
Xy, Ko Xy 20,
Using simplex method, we get

g x{=52 and max 2o 22
MEETYTAL Y AL T al

9. Explain the nature and significance of L.P.

A farmer has 1,000 acres of land on which he can grow corn, wheat
or soyabeans. Each acre of corn costs Rs. 100 for preparation, requires
7 man-days of work and yields a profit of Rs. 30. An acre of wheat
costs Rs. 120 to prepare, requires 10 man days of work and yiclds a
profit of Rs. 40. An acre of soyabeans costs Rs. 70 to prepare, requires
8 man-days of work and yields a profit of Rs. 20. If the farmer has Rs.
1,00,000 for preparation and can count on 80,000 man-days work, how
many acres should be allocated to each crop to maximise the total
profit ?

[Ans. Corn 250, wheat 625, soyabeans 0, Profit Rs. 32,500.]

10. A small-scale industrialist produces four types of machine
components M. M,, M, and M, made of steel and brass. The amounts
of steel and brass required for each component and the number of man-
weeks of labour required to manufacture and asscmble 1 unit of each
component are as follows :

M[ M: M‘, M" Availability
Steel 6 5 3 2 100 kg.
Brass 3 4 9 2 75 kg.
Man-weeks 1 2 1 2 20

The industrialist’s profit on each unit of M, M, M, and M,is
respectively Rs. 6, Rs. 4, Rs. 7 and Rs. 5.

How many of each should he produce to optimize his profit, and
how much is his profit 7 (Note that the values given are the average
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values per week. 1f a fractional value appears in the answer, it should be
Interpreted as an average value.)

[Ans. M,:14; M,:0; M, :10/3 ; M, .03
1

Profit ; Rs. .13 3

per week])

DUALITY IN LINEAR PROGRAMMING

Associated with every linear-programmin? problem is a related
{fuaflincar-programming problem. The originally ~ formulated problem,
In relation to the dual problem, is known as the primal linear program-
ming problem. If the objective in the primal problem is maximization of
some function, then the objective in the dual problem is minimization of
 related (but different) function. Conversely, a primal minimization
problem has a related dual maximization problem. The concept of
duality is more effectivity demonstrated in the following illustration :

Primal Dual
Maximize : Z— 3xy+5x, - 4x, Minimize : Z*=8y,+10y.+15y
Subject to : Subject to :
2x, +3x,<8 2y, + 3,23
2%, 4 5x%,< 10 34 2p,+ 2y, 25
3%, 4 2x, 4 4x,<15 5y, 4y, 24
X120, X220, x,0 Y120, 7,20, 7,20
PRIMAL
Variables X3 X3 X3 Relation Censtants
»n 2 3 ar < 8
DUAL ye — 2 5 < 10
¥s 3 2 4 < 15
Relation p- > win Z*
Constants 3 5 4 max Z
e
It will be seen that
1. Primal, here, involves maxi- Dual involves minimizatio
mization.
2.- In primal, we write objective  In dual, we write objective function
function as Z. as Z*,

3. In primal, the variables are Dual has a new set of variables, Lo
X5 Xg and Xq. J’;: J"; and Ys.
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4.

10.

Primal has three variables,
Wz, X, X, and x,.

The primal has three cons-
traints,

In primal’s objective func-
tion, 3, 5 and 4 are the
cocflicients.

In primal, the coefficients
of constraints, columnwise,
are

In primal, the signs of
constraints are less than or
equal to

The non-negativity cons-
traints are as many as the
variables in  the primal,
ie 3.

The signs in the non-ncgati-
vity constraints are greater
than or equal to,

Conclusion

The foregoing examples make it clear that the transformation of
a given primal problem involves the following considerations

1 If the primal involves maximization, the dual involves mini-
mization. and vice versa,
2. A new set of variables appears in the dual.

3. Ignoring the number of non negativity constraints. if there

are n variables and m inequalities in the primal, in the dual. there will
be m variables and 7 inequalities.

4. The coefficients in the

dual’s constraint constants, and vic

5. Of the primal’s constraint inequalities, the coefficients column-
wise (from top to bottom) are positioned in the dual’s constraint
inequalities row-wise (from left to right), and vice-versa,

6. If the primal’s constraints involve < signs, the dual’s constraints
involve > signs, and vice versa,

7. The signs in the non-negativity

primal and the dual.

Example 9. Food F, contains 6 units of vitamin A, 7 units of vita-
min B and 8 units of vitamin C. It costs Rs. 10 per unit, Food F, contains 7

LP-42

The dual, therefore. has three
const aints.

The  dual, therefore. has three
variables. wiz,, v,. y, and y,.

In dual. 3, Sand 4 become cons-

tants of constraints on the right hand
side.

In dual, each column takes the

position row-wise as under :

2 — 3
3 2 2
- 5 4

In dual. the signs of the constraints
are just the reverse, i.e., greater than
cr equal to.

The non-negativity constraints are
as many as the variables in the dual,
e 3,

The signs in the non-negativity
constraints do not change and remain
the same,

primal’s objective function are put as
e versa,

constraints are > both in the
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units of vitamin A, 6 units of vitamin B and 10 units of vitamin C, It
costs Rs. 12 per unit, Food F, contains 8 units of vitamin A, 9 units of
vitamin B and 6 units of vitamin C. It costs Rs. 15 per unit, The daily
minimum requirement of vitamins A, B and C are 100 units, 120 units and
150 units respectively, Write the dual of the above linear programming
problem. Solve the dual. From the optimal solution of the dual, find the
optimum solution of the primal problem,

Solution. ‘The given problem, i.e., the primal problem, stated in
an appropriate mathematical form is as follows :

Minimize C (Total cost)=10x,+12x,+15x,
Subject to the constraints :
6x,+7x,+8x, 2100
Tx;-+6x34+10x,2>120
8x, 4-9x,4-6x, 2150
x,20, x,220, X,20
where.
x, =Number of units of Food F,
x,=MNumber of units of Food F,
x;=Number of units of Food F,
The dual to the above problem is
Maximise Z =100y, 4120y, 150y,
Subject to the constraints :
6y, +7y,+8y,<10
Ty, +6y,+9y,<12
8y, +10y,+6y,<15
120, ¥, 20, y, 20
Solution of Dual Problem

For solving the Dual problem, we convert the inequalities by adding
slack variables S,. S, and S,.
Maximize Z =100y, + 120y, 4 150y,+ 0.5, 40.5,+0.5,
6y, + Ty, +8y,+S5,=10
Ty, +6p, 495, +5,=12
8y, + 10y;+6y,+5,=15
Y Y2 Y1, S Say 5320

. Asusual, if we make an initial decision of no production, this
decision summarized in tabular form will be as follows :
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SIMPLEX MATRIX I

Cj-> Product Quantity 100 120 150 0 0 O
} Mix )
! Yi Y ya & S5: S
T - | 0 0 | «Key
8 i 10 § 8 Colunn
0 Sa 12 7 6 9 0 I Q
0 Sa 15 8 1w 6 0 0 1
Cj—zj 100 120 150 0 O O
?

L ——Key Row

[n simplex matrix I, we find that key column is corresponding to
the variable y; and key row is corresponding to the variable S, We
now proceed to Simplex Matrix IL

SIMPLEX MATRIX II

{ oo 120 150 o0 o0 0
ci~ 1‘
¢ Product Quantity | = Yy »a AY S Sa
Mix

150 y3 s/4 L34 78 1 18 0 0
0 [ S 3/4 1/4 —15/8 0 -9/8 1 0
0 Ss Y751 272 19/4 0 -34 0 1

i

i s B
Cj—2Zj | —25/12 —45/4 -0 150/8 0 0

The optimal solution to the dual problem gives a maximum value
or - for the objective function.

Interpreting Primal-Dual Optimal Solutions

Once the dual problem has been formulated and solved, there,
remains the vital step of correctly interpreting the optimal solution to
the primal. The solution values for the primal can be read directly
from the optimal solution of the dual. This can be. described in the
following steps :

Step 1. Locate the slack variables in the dual programme. These
correspond to the primal basic variables in the optimal solution.

Step 2. Read the values of the index numbers in the index row
corresponding to the columns of the slack variables. This directly gives
the optimal values of the basic primal variables.
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Step 3. The optimal values of the objective function for the
problems are the same.
15 ! 7
.\',-—:—Bp—;x.£=.r,==0 and Min. Cost=-—459
Rermsark. It may be noted that if the primal problem inveolves
lesser number of variables than the number of restrictions (constraints),
the computational procedure can be considerably reduced by converting
it into dual and then solving it This offers advantage in number of
applications.
EXERCISES

1. Solve the following primal graphically. Write down its dual
and solve this also graphically.

Maximize Z=x,45x,
subject to the constraints :
5x, 4 6x,<30
3Ix, + 24,512
Xy X 220

[Ans. x;=0, x,=35,Z_,..=25]

2. Some town, a small'township of 15,000 people. requires, on the
average. 3,00,000 litres of water daily. The city is supplied from a central
waterworks where the water is purified by such conventicnal methods as
filtration and chlorination In addition, two different chemical com-
pounds (i) softening chemical and (if) health chemical, are nceded for
softening the water and for health purposes. The waterworks plans to
purchase two popular brands that contain these chemicals. One unit of
ABC Corporation’s products give 8 kilogram of softening chemical and 3
kilogram of health chemical. One unit of XY¥Z chemical company’s
product contains 4 kilogram and 9 kilogram per unit, respectively.

To maintain the water at a minimum level of softness and to meet
a minimum in health protection, experts have decided that 150 and 100
kilogram of the two chemicals that make up each product must be
added to water daily. If costs per unit. for ABC corporation’s and
PQR chemical company’s products are. Rs. 8 and Rs. 10 respectively,
what is the optimum quantity of each product that should be used to
meet the minimum level of softness and a minimum health standard ?

Write also the dual to the above linear programming problem and
solve it.

[Hint. The relevant data may be tabulated as below :

Chemical A BCBM"d XYZ Deily Requirement
(i) Softening 8 4 150
(ir) Health 3 9 100
Cost/unit of each brand 8 10
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Primal : Minimise (cost), Z=8x,-+10x,
Subject to the constraints :
8x,44x,2150
2x,4-9x, 2100
and x; 20, x,>0.

Minimum cost=Rs. 185.

Dual: Maximise, Z*=150y,-1-100y,

Subject to the constraints :
By, +2y,<8

4y, +9).<10

Y, ¥, 20]

3. A diet for a sick person must contain at least 4000 units of
vitamins, 50 units of minerals and 1400 of calories. Two foods 4 and B
are available at a cost of Rs.4/- and Rs. 3/- per unit respectively. If
one unit of A contains 200 units of vitamins, 1 unit of mineral and 40
calorics and one unit of food B contains 100 units of vitamins, 2 units

of minerals and 40 calocies, fifd by simplex method what combinatiom
of foods be used to have least cost.

[Hint Primal : Minimize Z=4x, 4 3x,
Subject to the constraints :

200x, +100x, >4000
xl+2xa>50
40x, +40x, > 1400
X1 X5 20,
Dual : Maximize Z*=4000y,+ 50y, + 1400y,
Subject to the constraints :
200y, +y,+ 40y, <4
100y1+ 2y, +40y,<3
Yis Yoy Y320
x, =5, %,=30, Z,,.=Rs. 110]

4. A company makes three products, X, Y, Z out of three
materials P,, P, and P,. The three products use units of three materials
according to the following table :

PI. P: P!
X 2 3
¥ 2 1 1
z s 2 1

The unit profit contribution of the three products are Rs. 3, Rs. 4
and Rs. § respectively. Availabilities of the materials are 10, 12 and 15
units respectively. The problem is to determine the product mix that
will maximise the total profit Solve the primal problem, write its dual
and give the economic interpretation,



SECTION C
Probability

INTRODUCTION

Two types of phenomena have usually been observed in nature and
in everyday life. These are :

(i) deterministic, and

(if) probabilistic.

In the first type, the hypotheses are stated exactly and no ‘chance
elements’ are involved subsequently during the analysis of the pheno-
menon. Consequently, in such a case predictions of complete reliability
can be made, € g., if we are given that a train is running at a uniform
speed of sixty kilometres per hour, then we can predict with cent per cent
surety that it will cover one hundred twenty kilometres after two hours,
assuming, of course, that it never stopped during these two hours. Most
of the phenomena in physical and chemical sciences are of a deterministic
pature. However, there exists a number of phenomena where we cannot
make predictions with certainty or complete reliability and are known
as unpredictable or probabilistic phenomenon. Such phenomena are
frequently observed in business, economics and social sciences or even
in our day-to-day life. Forexample :

(i) Tn toss of a uniform coin we are not sure of getting the head
or tail.

(if) A manufacturer cannot ascertain the future demand of his
product with certainty.

(iii) A sales manager cannot predict with certainty about the sales
target next year.

(iv) If an electric tube has lasted for one year, nothing can be
predicted about its future life.

Probability is also used informaily in day-to-day life. We daily
come across the sentences like :
(i) Possibly, it will rain to-night.
(ii) There is a high chance of your getting the job in October.
(iii) This year's demand for the, product is likely to exceed that of
the last year’s.
(iv) The odds are 2 : 1 in favour of getting the contract applied for.

All the above sentences, with words like ‘possibly’, ‘high chance’,
‘likely’ and ‘odds’ are expressions indicating a degree of uncertainty
about the bappening of the event. A numerical measure of uncertainty is
provided by a very important branch of statistics called the “Theory
of Probability ™ Broadly. there are three possible states of expectation—
certainty’, ‘impossibility’ and ‘uncertainty’ The probability theory des-
eribes ‘certainty’ by 1. impossibility by 0 and the various grades of un-
certainties by coeflicients ranging between 0 and 1.
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According to Prof Ya-Lin-chou “Sratistics is the science of decision-
making with calculated risks in the face of uncertainty.”

MEASUREMENT OF PROBABILITY

The following is the broad classification of the different schools of
thought in probability :

PROBABILITY
! i
Objective Subjective
!
Classical Empirical

Approach Approach
I |

¥
Modern Approach
Brief description of these concepts is given below.

OBJECTIVE PROBABILITY

The objective probability is based on certain laws of nature, which
are undisputed, or on some experiments conducted for the purpose.
This is not based on the impressions of the individuals as is the case
with subjective probability. These theories, therefore, are free from personal
bias and ensure objectivity. The two approaches to objective probability
are (@) classical approach, (b) empirical approach.

Fundamental Concepts

1. Random Experiment. An operation which can produce any
result or outcome is called an experiment. An experiment is called a
random experimen: if, when conducted repeatedly under essentially
homogeneous conditions, the result is not unique but may be any one of
the various possible outcomes (The word random may be taken as one
‘depending on chance’ without any bias). For example :

() Tossing a fair coin is an experiment. (A coin is a circular metal
disc, the two faces of which are somehow distinguishable and are called
‘bead’ and ‘tail’.) Whether the coin will throw up head or tail is
unpredictable.

(if) Rolling an unbiased die is an experiment. (A die isa solid cube,
the six faces of which are marked with 1, 2, 3, 4,5 and 6 dots or actual

figures 1, 2, 3. 4,5.6 respectively.) How many dots it will actually throw
up is unpredictable and is subject to chance.

(i) Drawing a card from a well-shuffled pack of playing cards is
an experiment and as there are 52 cards in the pack and any of these may
be drawn in a specific trial, which card it will turn out is unpredictable.

_ (® Drawing two balls at random from a box containing. say. 8
whlr_e,Qred and 7 green balls, all well-mixed is an experiment. Which
particular ball will be drawn is unpredictable.
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(¥) When a coin is tossed 100 times or 100 coins are tossed together,
there are hundred experiments,

(vi) Experiments in business world can be in regard to the obser-
vation of the number of defective items produced by a machine, or
recording the number of customers visiting a sale counter. In an
advertlsing campaign for a new product launched, the number of items
sold may be observed.

2, Elementary Event. Each one of the possible outcome in a
single experiment 1s called an elementary cvent.

(i) In an experiment of tossing a coin there are 2 possible elementary
events, the head and the tail'.

(if) In an experiment which consists of throwing a six-faced die, the
possible elementary events are 1, 2, 3, 4, 5 and 6.

(i) lan an experiment of drawing a card of a given designation
from a pack of cards, there are 4 possible outcomes corresponding to 4
suits with designations of heart, diamond, spade and club.

(iv) In a trial of drawing a card from a suit of spade alone, there are
13 elementary events, vz, 1 to 13 cards.

! (v) In a trial amongst 12 face cards, there are 4 elementary events,
viz,, king, queen and jack.

3. Exhaustive Cases or Qutcomes. The total number of possible
outcomes of a random experiment is called the exhaustive cases for the
experiment. Thus 1 toss of a single coin, we can get head (H) or tail
(Z,. Hence exnaustive number of cases is 2, viz, (H, T). If two coins
are tossed, the various possibilities are HH, HT, TH, TT, where HT
means head on the first coin and tail on second coin and TH means tail
on the first coin and head on the second coin and so on. Thus in case of
toss of two coins, exhaustive number of cases is 4, l.e., 22, Similarly, in a
toss of three coins the possible number of outcomes is :

(U, T)yx(H, Tyx(H, T)
=(HH, HT, TH, TT)x(H, T)
=(HHHH, HTH, THH 6K I'TH, HHT, HTT, THT, TTT)
4. Favourable Cases. The number of outcomes of a random

experiment which entail (or result in) the happening of an event are termed
as the cases favourable to the event. For example :

({) In a toss of two coins, the number of cases favourable to the
event “‘exactly one head” is 2, HT, TH and for getting ‘two heads’ is
one, viz,, HH,

(if) In drawing a card from a pack of cards, the cases favourable to
‘getting a club’ are 13 and to ‘getting an ace of club’ is only 1.

5. Mutually Exclusive Events or QCases. Two or more events
are said to be mutually exclusive if the happening of any one of them
precludes the happening of all others in the same experiment. For
example, in tossing of a coin the events ‘head’ and ‘tail’ are mutually exclu-
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sive because if head comes, we can't get tail and if tail comes we can’t get
head. Similarly, in the throw of a die, the six faces numbered 1, 2. 3, 4,
5 and 6 arc mutually exclusive. Thus events are said to be mutually
exclusive if no two or more of them can happen simultancously.

6. Equally Likely Cases. The outcomes are said to be equally
likely or equally probable if none of them is expected to occur in pre-
ference to other. Thus, in tossing of a coin (die), all the outcomes, viz.,
H, T (the faces 1, 2,3, 4,5,6) are equally likely if the coin (die) is
unbiased.

Independent Events. Events are said to be independent if
the occurrence of one event in no way affects the occurrence of the other.

For example :

(i) In tossing of a coin, the event of getting ‘head’ in first throw is
independent of getting ‘head’ in second, third or subsequent throws.

(if) In drawing cards from a pack of cards, the result of the second
draw will depend upon the card drawn in the first draw. However, if
the card drawn in the first draw is replaced before drawing the second
card, then the result of second draw will be independent of the Ist draw.

Similarly, drawing of balls from an urn gives independent events if
the draws are made with replacement. If the ball drawn in the earlier
draw is not replaced, the resulting draws will not be iadependent.

Mathemaltical or Classical or ‘a Priori’ Probability
Definition. If a random experiment results in N exhaustive, mutually
exclusive and equally likely cases (outcomes), out of which m are
favourable to the happening of an event A, then the probability of accur-
rence of A, usually denoted by P(A) Is given by :

PiA)= Number of outcomes favourable to the occurrence of A

Exhaustive number of outcomes

=

T n
This definition was introduced by James Bernoulli.

__ Remarks. 1. Probability that event A will not occur, denoted by
P(A) is
—  Number of outcomes not favourable to occurrence of A
P(A)= :
Exhaustive number of outcomes

N-—m m
=!——ﬁ=1“-F(A)

N
2 Probability of any event is a number lying between O and
1, i.e.,
0 P(AX,
for any event 4. If P(A)=0, then A4 is called an impossible or null event.
If P(A)==1, then A is called a certain or sure event.

3. The probability of happening_ of t_lie event A, ie, P(A) is
also known as the probability of success and is usually written as p and
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the probability of the non-happening, i.e., P(4) is known as the probabi-
lity of failure, which is usually denoted by 4. Thus,

g=1—p > P+g=1

4. Limitations. The classical probability has its shortcomings
and fails in the following situations :

(f) If N, the exhaustive number of outcomes of the random experi-
ment, is infinite.

(i) If the various outcomes of the random experiment are not
equally likely. For example, if a person jumEs from the running train,
then the probability of his survival will not be 50, since in this case the
two mutually exclusive and exhaustive outcomes, viz, survival and death,
are not equally likely.

Statistical or Empirical Probability

Definition (Von Mises). [f an experiment is performed repeatedly
under essentially homogeneous and identical conditions, then the limiting
value of the ratio of the number of times the event occurs to the number of
trials, as the number of trials becomes indefinitely large, is called the

probapility of happening of the event, it being assumed that the limit is
Sinite and unique,

Suppose that an event A4 occurs m times in N repetitions of a
random experiment. Then the ratio m/N, gives the relative frequency of
the event 4 and it will not vary appreciably from one trial to another. In
the limiting case when N becomes sufficiently large, it more or less

colliresponds to a number which is called the probability of 4. Symboli-
cally,

m
P(A)= lim —
() N—va

Remarks. 1. Since in the relative frequency approach, the
probability is obtained objectively by repetitive empirical observations,
it is also known as Empirical Propability.

2. The empirical probability provides validity to the classical theory
of probability. If an unbiased coin is tossed at random, then the classical
Probability gives the probability of a head as §. Thus, if we toss an
unbiased coin 10 times, then classical probability suggests we should have
5 heads. However, in practice, this will not generally be true. In fact
in 10 throws of a coin, we may get no head at all or 1 or 2 heads. J.E.

errich conducted coin tossing experiment with 10 sets of 1,000 tosses
€ach during his confinement in World War I The number of heads
found by him were :

502, 511, 497, 529, 504, 476, 507, 520, 504, 529

This shows tha: the probability of getting a head in a toss is nearly
}. Thus, the empirical probability approaches the classical probability as
the number of trials becomes indefinitely large.



PROBABILITY . p-6

3, Limitations. (i) The experimental conditions may not remain
essentially homogeneous and identical in a large number of repetitions of
the experiment.

(if) The relative frequency m/N, may not attain a unique value no
matter however large N may be.

Axiomatic Probability

The modern theory of probability is based on the axiomatic
approach introduced by the Russian mathematician A.N. Kolmogoroy
in 1934. Kolmogorov axiomised the theory of probability and his small
book *Foundations of Probability’ published in 1933, introduces probability
as a set function and is considered as a classic. In axiomatic approach,
to start with some concepts are laid down and certain properties
or postulates commonly known as axioms are defined and from these
axioms alone the entire theory is developed by logic of deduction. The
axiomatic definitions of probability includes both the classical and em-
pirical definitions of probability and at the same time is free from their
drawbacks. Before giving axiomatic definition of probability, we shall
explain certain concepts, used therein.

1. Sarnple Space. A sct whose elements represent the possible out-
comes of an experiment is called a sample space, which is a universal set
and is denoted by S. Each possible outcome given in the sample space
is called a sample point. The number of sample points in S may be
denoted as N(S). For example :

(i) If one item is drawn from a manufactured product, the item
selected may either be defective D, or non-defective N. Then the sample
space is

S={D, N}

(i) When acoin and a die are tossed together, there are twelve

sample points in the sample space :

S={(T, 1), (T. 2), (T, 3), (T, 4, (T, 5), (T 6), (H, 1), (H,2), (H.3),
(H, 4),(H, 5), (H, 6)}.

_ (iif) If a pair of dice is to be cast once, the 36 possible outcomes of
this experiment will be :

Outcome of Qutcome of Second Die
First Die

1 2 3 s 5 6 The

i
T LY L3 (L 0,5 6|
@0 @2 @y @a 6 ee)l iiad
i

(3,1 3.2y 3,39 (3,9) (3,5 (3.6) of the
(4, 1) (4,2) (4,3) (4,48 (4,5 (4.6) experi-
(5,10 (5,2 (5,3 (54 (55) (56)|]| ment.
(6.1 (6.2) (6.3) (6.4) (6.5) (6,6 |)

AL BN e

2. Evert Sets An ‘event set’ is a subset of the sample space. Thus
on a sample space there can be two or more event sets consisting of a
group of elementary events (sample point).
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For example, in the experiment of picking two items, one at a
time, at random, from a box containing defective and non-defective
items, “both items are defective” is one event, ‘“‘both items are non-
defective™ is another event.

The event sets are denoted by capital letier 4, B. C or £, E,, .
etc. The sample points in each set may be denoted by small letters,
say a, b, ¢ or a,, a,, a,, or by any other suitable description. The number
of sample points in an event set 4 may be denoted by n(4).

Remarks 1. An event £ defined over a sample space S is said
to be a sample, or elementary, or fundamental event if it contains exactly
one sample point in S. Anevent E defined over a sample space S is
called a composite, or compound event or simply an event, if it contains
more than one sample point in S. Thus, when a die is tosszd, each of
the elements in the sample space S—{1,2,3,4, 5 6!isasimple event ;
but the events £,={1. 3, 5} and E£,={2, 4, 6} are composite.

2. A set of events defined over the same sample space is said to
be mutually exclusive, ar disjoint. if no sample point 1S contained in more
than one of these cvents, i.e, aset of events {E\. E,, .} is mutually
exclusive if no two sets have any sample points in common,

3. Two or more events defined over the same sample space are
said to be collectively exhaustive if their union is equal to the sample
space.

Axiomatic probability (Definition). Given a sample space of
a random experiment, the probability of the occurrence of any event

A is defined as a probability function P(A) sausfying the following
axioms.

Axiom 1. The probability of an event exists, is real and non-
negative, i.e,
P(AY>0
Axiom 2. The probability of the entire sample space is 1, i.e.,
P(S)=1
Axiom 3. If A,, A,, A,,...be a finite or infinite sequence of disjoint
events of S, then
P(A;+A,+..)=P(A)+ P(A,)+ P(4,) + ...

Remark. The above axioms are also krown as axioms of
positiveness, certainty and complete additivity respeciively.

Example 1. (a) Find the probability of getting head in a throw of
a coin,

(b) If two coins are tossed once, what is rhe probability of getting
(i) both heads, (ii) at least one head ?

Solution. (@) When a coin is tossed, there aré two possible
outcomes—head or tail.

n=2
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The outcome ‘head’ is the favourable case.

m=]

Hence P(Head)=1}

(b) When two coins are tossed there are four possible cases, viz,,

HH : Head on the first coin and head on the second coin

HT : Head on the first coin and tail on the second.

TH: Tail on the first coin and head on the second.

IT : Tail on the first and tail on the second.
n-=4

(i) Out of these 4 cascs, we need heads on both, i.e., the HH
m=]

Hence P(both heads)=P(HH)=}

(if) 1In three cases HH, HT and TH, we get at least one head.

P(at least one head)=2 or 1—}

Example 2. What is the chance that a leap year selected at random
will contain 53 Sundays ?

Solution. In a leap year (which consists of 366 days) there are 52
complete wecks and 2 more days. The fo'lowing are the possible combi-
nations for these two ‘over’ days :

(7) Sunday and Monday, (ii) Monday and Tuesday, (fif) Tuesday
and Wednesday, (i) Wednesday and Thursday, (v) Thursday and Friday,
(vi) Friday and Saturday, and (vii) Saturday and Sunday.

In order that a leap year selected at random should contain 53
Sundays, one of the two ‘over’ days must be a Sunday. Since out of
the above 7 possibilities, 2, viz., (i) and (vii) are favourable to this event,

the required probitability = %—

Example 3. Three unbiased coins are tossed What is the pro-
bability of obtaining (i) all heads, (ii) two heads, (iii) one head, (iv) at
least one head, (v) at least two heads, (vi) all tails 7

Solution. There are 2® or 8 possible cases, viz,, HHH, HHT, HTH,
THH., HTT, THT. TTH and TTT (the three letters in each case denoting
the results on the Ist, 2nd and 3rd coins respectively). These are mutually
exclusive, exhaustive and equally likely cases.
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The cases favourable to the events are as follows :

Event Fayourable cases Number of
favourable cases
A : All heads HHH 1
B : Two heads HHT, HTH, THH 3
C : One head HIT, THT. TTH 3
D: At least one HTI, THT, TTH, HHAT,
head HTH, THH, HHH 7
E : At least two heads HHT, HTH, THH, HHH 4
F o Al tails rrr 1
Applying the classical definition of probability, we have
() P(A)=P(all heads)=1/8
(U9)] P(B)=P(two heads)=3/8
(#it) P(C)=P(one head)=3/8
(iv) P(D)=P(at least one head)=7/8
() P(E)=P(at least two heads)=4/8=1/2
(vi) P(F)=P(all tails)=1/8

Example 4. Two unbiased dice are thrown, Find the probability
at

(a) both the dice show the same number,
(b) the first dice shows 6,
(¢) the total of the numbers on the dice is greater than 8,

Soiution. Each of the six faces of one die can be associated with
each of the six faces of the other die, so that the total number of equally
likely cases which can arise would be 6x6, ie, 36. These can be
denoted as

1; 1) 2, 1) (3, 1) 4,1) (5, 1) (6, 1)
(1, 2) 2,2) (3,2) 4, 2) (5, 2) (6, 2)
(1,3 (@3) 3,3 4,3 (53 .:146,3)
(L4 (2,4 @G, 4 (4, 4) (5,4) (6,4)
(1,5) @35 (3,35 (4,5 ' (55 .:(65)
(1,6) (2,6) (3.6) 4,6) (56 (6,6)
y The expression say (3, 4) means the first die shows 3 and the second
die 4. The total of all possible events is
N=36
(@) The favourable cases are (1, 1), (2, 2), (3, 3), (4, 4), (5, 5) and
(6, 6). Therefore —m=6 E
Probability that the two dice show the same number
6 1
=36 "6
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(b) For out of 36 cases, the first die shows 6 in the following
cases : (6, 1), (6, 2), (6, 3), (6, 4), (6, 5) and (6, 6). m=6.
= .
36 6

() The cases which give a total of more than 8 are (3, 6), (4, 5),
(4, 6), (5, 4), (5, 5), (5, 6), (6, 3), (6, 4) (6, 5) and (6, 6).

oo m=10

Probability that the first dic shows ‘6’

10 _5
36718

Example 5. 4 bag contains 5 green and 7 red balis, Two balls
are drawn. What is the probability that one is green and the other red ?

Probability that the total is greater than 8=

Solution, Total number of balls=547=12
Now, out of 12 balls, 2 can be drawn in 'tC, ways.

. . 12
Exhaustive number of cascs:”C,:-—-—;E]—]:GG
Out of 5 green balls, I green ball can be drawn in °C, ways and
out of 7 red balls, one red ball can be drawn in 7C;, ways. Since each of
the former cases can be associated with each of the latter cases, the
total number of favourable cases is °C, x 7C, =5x 7=135.

; it 5
Required probab:hty:g? ’
Example 6. Five men ina company of 20 are graduates, If 3 men
are picked out of the 20 at random, what is the probability that they are
all graduates T What is the probability of at least one graduate ?

Solution, There are *°C, possible ways of selecting groups of 3
men out of 20, and these groups are mutually exclusive, exhaustive and
equally likely.

However, a group of 3 men (all graduates) out of 5 can be obtained
in °C; ways. Similarly, a group of no graduate out of remaining 15
can be obtained in ¥*C, ways. Therefore, the number of cases favourable
to the event is °Cy x 15C,,

Hence, the probability that all are graduates
B G, 10x 1 1

wC, 1140 " 114

In order to find the probability of at least one graduate, it will be
easier to find the probability of the complementary event, viz., that ‘none
is a graduate’.

BCyx8%C, 455 91
WCs 1140 228
Hence, the probability that there is at least one graduate
o1 " 137
228 T 228

Probability that there is no graduate=

=]—
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ADDITION RULE OF PROBABILITY

Statement. The probability of occurrence of at least one of the
two events A and B is given by :

P(AU B)= P(A)+ P(B)— P(AN B)
Proof. Let us suppose that a random experiment results in a

sample space S with N sample points (exhaustive number of outcomes),
Then by definition :

P(AUB)="(:(%;?) :"(A;,Jm,

where n(A(J B) is the number of outcomes (sample points) favourable to
the event (AU B).
F” ]
A

From the above diagram, we get

PAUB)— ln(A)"”(AmB\}l+"(AIQB)‘H"(B)—"MﬂB)]

_n(A)+n(B)—n(ANB)
- L

n(4d) n(B) n(ANA)
TN TR

=P(A)+P(B)—P(ANB).

Remarks 1.. If the events 4 and B are mutually exclusive, ie., if
(ANB)=4¢, then

Pung="LOB_19) _,

Thus, the probability of happening of any one_of the two mutually
disjoint events is equal to the sum of their individual probabilities,
Symbolically,

P(AUB)=P(A)+P(B)
2. For three cvents 4, B and C, the probability of occurrence
of at least one of them is given by ,

P(auBUC)= P(4)+ P(B)+ P(C)— P 4N B)—P(BNC)
~PANC) + ANBNC),
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Example 7. A card is drawn from a well shuffled pack of playing
cards. Find the probability that it is either a king or a spade.

Solution. Let A denote the event of drawing a king and B denote

the event of drawing a spade from a pack of cards. Then we have

1

o =7

1 13
= P(B)=--
52 13 and (8 52
There is only one outcome favourable to the event ANB, viz., king of

spade. Hence P(A ;’}B}=51-2._

P4V B)=P(A)+ P(B)— P(ANB)
L - A
13 82T
Example 8. The probability that a student passes an Accountancy

or  P(AUB)— % 4

, 2
test is T and  the probability that he passes both an Accountancy
and Law test is % The probability that he passes at least one test

4
i 5 What is the probability that he passes in the Law test 7

Solution. Let us define the following events :
A: The student passes an Accountancy test.

B: The student passes a Law test.
We are given :

2 14 4
P(A)——j~, P(AF\B)-~45 and P(AUB)= ¢

Now  P(AUB)=P(A)+P(B)— P(ANB)

4 2 14
> -3—=*3“ +P(B)-‘-4T

4 14 2 4
. P e R P Gk
® B)=7+E~3=3

Example 9. The probability that a contractor will get a plumbing
contract is 23, and the probability that he will not get an electric contract
is 5/9. If the probability of getting at least one contract is 45 what is
the probability that he will get both the contracts ?

Solution. Let 4 and B denote the events that the contractor will

get a ‘plumbing” contract and ‘electric’ contract respectively. Then we
are given :
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2 — 5
P(Ay= = - e
(A) 3 P(B) = 9
o
> P(B)=1—P(B) = 9
and P(AUB)=Prob. that contractor gets at least one contract
—4/5

> PlA)+ P(B)—P(Aﬂli)=%- (By addition rule of probability]

2 4 4
e ootica:  asife) = —
=> 3 + ) (ANB) 5
5 ‘N4 3
1’ e T T e s
= MG~ +y 5=
Hence the probability that the contractor will get both the contracts
is 14/45.

Example 10. A question paper contains 6 questions of equal value
divided into two sections of three gquestions each. If each question poses
the same amount of difficulty to Mr. X, an examinee, and he has only 509,
chance of solving it correctly, find the answer to any one of the following -

(i) If Mr. Xis required to answer only three questions from any
one of the sections, find the probapility that he will solve all the three
questions,

(#f) If Mr. X is given the option to answer the three questions by
selecting one question out of the two standing at serial number one in the
Iwo sections, one question out of the two standing at serial number two
in the two sections, and one question out of the two standing at serial
number three in the two sections, find the probability that he will solve all
the three questions correctly. [Delhi Univ., B. Com. (Hons ), 1992]

Solution. (¥) Mr. X' will solve all the three questions correctly,
if he is able to solve :

(1) all the questions of the first section and not all the questions
of the second section ;

(2) all the questions of the second section and not all the questions
of the first section ; or

(3) all the questions of both the sections.

Hence required probability

1 1 1 I 1 1
~(7) (- ) -5+ (5 )F)
7§ 7 1 15
=64 t64 tea"6a
(#if) Mr. X will solve a question correctly, if he 1s able to solve at
least one of the questions standing at the particular serial number in the
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two sections, the probability of which is 1— }T = 3

Hence required probability
- 1)”_,21.
=%~
MULTIPLICATION RULE OF PROBABILITY

Statement. 1he probability of simultuneous occurrence/ of two evenls
A and B is given by

P(ANB)=P(4) . P(B | A) ; P(A)7#0
P(BNA)=P(B) . P(4 | B) ; P(B)#0
where P(B | A) is the conditional probability of happening of E under the
condition that A has already happened and P(A | B) is the conditional

probability of happening of A under the condition that B has already
happened.

or

Proof. Let A4 and B be the events associated with the sample space
Sc_)fa random experiment with exhaustive number of outcomes (sample
points) V, i.e,, n(S)=N. Then by definition :

P(AmB):'L{ﬁgf’ ™

For the conditional event A | B (ie., the happening of A under the
condition that B has happened), the favourable outcomes (sample points)
must be out of the sample points of B In other words, for the event
A | B, the sample space is #(8) and hence

P |3):”i‘if;%?
Similarly, we have
P(B | A):%? W
Rewriting (*), we get
P(Ar‘)B)=:E—§-.-)2 x "(faf—)
=P(A4) . P(B | A) (From ..(**)]

Also

n(B) nANR)
HANBY =) * By

=P(B) . P(4 | B)

Remarks. 1. Multiplication Rule for Independent Events. If
A and B are independent so that the probability of occurrence or non-
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occurrence of A is not affected by the occurrence or non-occurrence of B,
we have ;
P(A | B)=P(4) and P(B| A)=P(B)
Hence substituting in (**), we get
P(ANB)=P(A) P B)
Hence the probability of simultaneous happening of two independent
events is equal to the product of their individual probabilities,
2. The multiplication rule of probability can be extended to more
than two events. Thus, for three events A, B and C, we have
P(ANBNC)=P(4) P(B | A) P(C | ANB)
3. Ifevents A and B are independent then the complementary events

A and B are also independent.
Proof. We know

P(AUB)+ P(AUB)=1

> P(AUB)+ P(ANB)=1 (By De-Morgan’s Law)
> P(;T N B)=1—=P(AUB)

=1—[P(A)+ P(B)—P(ANB)
=1—P{4)— P(B)+ P(A)P(B)
(" A and B are independent events)
=1—P(A)—P(B) [1— P(A))
=[1=P(4)] [1—-P(B)] =P(A).P(B)
> A and B are independent events.
4. P(happening of at least one of the events A, B and C)
=1—P(none of the events 4, B, C happens)
or equivalently,
P(AUBUC)=1—-P(AN B N0
=1—P(4). P(B). P(C)
(If 4, B and C are independent events).

Example 11. 4 bag containts 8 red and 5 white balls, Two
successive drawings of 3 balls are made such that (1) balls are replaced
before the second trial. (ii) the balls are not replaced before the second
trial.  Find the protability that the first drawing will give 3 white and the
second 3 red balls.

Solution. Ilet A denote the event of drawing 3 white balls in the
first draw and B denote the event of drawing 3 red balls in the second
draw. Then we have to find the probability P(4N B).

(1) Draws with replacement. If the balls drawn in the first draw are
replaced back in the bag before the 2nd draw then the event Aand B
are independent and the required probability is given (by the multj-
plication rule of probability) by the expression
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P(ANB)=2P(4) . P(B) )
56‘ ) HC
;—_1__“C: X_"WC:

(#5) Draws without replacement. [f the balls drawn are not replaced
back before the second draw, then the events 4 and £ are not indepen-
dent and the required probability is given by

P(ANB)=P(A) . P(B | A) o

As discussed in part (i),

5(:':'
'I3C:

Now, if the 3 white balls which were drawn in the first draw are not

replaced back, there are 13 -3=10 balls left in the bag and P(B | A)is

the conditional probability of drawing 3 red balls from the bag containing
10 balls our of which 2 are white and 8 are red.

P(4)-

. B
Hence P(B | A) ~BE
-3
Substituting in (**), we get
3C, 8C,
P(/I(']B—ITC—",; P, IEE‘:

Example 12. Let 4 and B be the two possible outcomes of an
experiment and suppose

P(d)=04, PAUB)=0T  and  P(B)=p
(1) For what choice of p are 4 and B mutually exclusive 7
(i) For what choice of p are 4 und B independent 9
Solution : (i) We have
P(AUB)=P(4)+ P(B)—P(AN B)
> P(ANB)=P(A) + P(B)— P(4 B)
=044p—-07
=p—03
I[f A and B are mutually exclusive, then
PANB)=0 =  p—03=0 = p=03
(i) A and B are independent if
PANB)=PA) . P(B)

= P—03=04xp
> 06p=03
03 ..

Example 13. The probability that a management trainee will remain
with a company is 0 60, The probability that an employee earns more than
Rs. 10,000 per year is 050, The probability (hat an employee is a
management trainee who remained with the company or who earns more
than Rs. 10,000 per year is 0-70, What is the probability thar an employee
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earn more than Rs, 10,000 per year given that he is a management trainee
who stayed with the company ?

Solution. Let us define the events :
A : A management trainee will remain with the company.

B : An employee who earns more than Rs. 10,000/-

Then we are given
P(A) =060 and P(R)= 0"50
Also we are given

P(A management trainee remains with the company or carns more
than Rs. 10,000 per year)=070

= PiAB)=070
> P(AY+ P(BY=P(ANBY=0T0
> PANB)=P(A)+ P(B)—- 07

=064 05-07-04
Required probability is

P .
p(g | my=TANB)_04

TP 06
Example 14. The odds against student X solving a Business

Statistics problem are 8 : 6, and odds in favour of student Y solving the
same problem are 14 ; 16,

-
3

(i) What is the probability that neither solves the problem, if they
both try, independently of each other ?

(if) What is the chance that the problem will be solved.

Solution. Let A4 denote the event that student X solves the pro-
blem and B denote the event that the student Y soves thc problem.
Then we are given :

~ 8 4 - 6 3
P = e == =] — ot s o
(A) i Sl P(A)=1—P(A)= T3 7
14 7 = 16 8
P = — = —— =] — o P o R
(B) R > P(B)=1—P(B) 30 =15

(i) The probability that neither X nor Y solves the problem is
given by :
P(4 1 B)=P(A)x P(B)
[Since 4 and B are independent = A and B are independent]

4 8 32
T *15 105
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({i) The problem will be solved if at least one of the students X and
¥ solves the problem. Hence the required probability is given by :

P(A U B)=Probability that at least one of X and Y solves the
problem

= | —Probability that none solves the problem
32 3
105 7 105

Example IS, [t is 8 : 5 against a husband who is S5-year-old living
till he is 75 and 4 : 3 against his wife who is now 48, living till she is 68,
Find the probability that (iy the couple will be alive 20 years hence, and
(if) at least one of them will be alive 20 vears hence,

Solution. Let 4 denote the event that husband will be alive 20
years hence and B denote the event that wife will be alive 20 years hence.
Then we are given that

s (A =1 — e B
3 =_ . 3 1

(/) The event that
A M B

couple is alive 20 years hence is given by
Required probability = P(AM )
=P(A)x P(B)
{By multiplication rule of probability, since 4 and 8 are
and consequently 4 and B are independent).

5 3 15
T3 T

(fi) The event that at least one of the persons 4 and B is alive 20
years hence is given by A\UB,

Required probability = P(4UB)
=1—P (None of 4 and 2 s alive 20 years

independent

hence)
=1—P(A)N\B)
=1—P(4), P(B)
18, 4 %
137779

Examvple 16. 4 candidate is selected for interview
For the fifst post there are 3 candidates for
the third there are 2, What are the chances

Jor three posts.
the second there qre 4 and for

of his getting at leqst one post 7
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Solution. Let 4, B and C denote the events that the candidate is
sclected for the first, second and third post respectively. Since the selection
of each candidate is equally likely, we have

l —
P()=5- .:- PLD) =%

1 ==

1 . |
P(C)=7 = P(C) = 5

The probability that the cundidate is selected for at least one post is
given by

PAUBUC)=1—P(ANBNC)

=1—P(A). P(B). P(C)
[Since the events A, 8 and C are independent]

AL e ey
—aEE R Ry

Example 17. A piece of equipment will function only when all the
three components A, [3 and C are working, The probability of A failing
during one year is 015, that of B failing is 0°05 and that of C failing is
010, What is the probubility that the equipment will fail before the end
of the year 7

Solution. Let us define the events :

A, : Component A fails
A, : Component B fails
A, : Component C fails
We are given
P(A))=015, P(4,)=005, P(4,)=0'10
Probability that equipment will fail before the end of the year is
given by :
P(‘41UA:|UA3):1 —=P( Axﬁﬁ:ﬁZs)
=1 —=P(4,)P(4,) P(4,)
=1-(1—015)X(1—005) x(1—0°10)
=1—-0'72675=027325
Example 18. A bag contains 5 white and 3 black balls and four

are successively drawn out and not replaced.  What is the probability “thar
they are alternatively of same colours ?

Solution The required event can materialise in  the f‘gowing
mutually exclusive ways :
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(i) The balls are white, black, white and black in the first, second,
third and fourth draw respectively.

(i) The balls are black, white, black and white in the first, second,
third and fourth draw respectively.

Hence by addition rule, the required probability ‘p’ is given by
p=P(i)+ P(if) ik

Let 4, 8, C and D denote the event of drawing a white, black, white and
black in the first, sccond, third and fourth draw respectively. Since the
balls drawn are not replaced before the next draw, the constitution of the
bag in the four draws is respectively !

FW' 3B 4W | 3B [4WII2B*‘ FW\ 2B l
Ist dra\;. ) 2nd draw 3rd draw 4th draw
P(i)=P(ANBNCND)
—P{A) . P(B | A). P(C | ANR) . P(D | ANBNC)
5 3 4 2 I
=g RN Xy

Similarly P(li)= % % —.5!— x -2

.S
%9 ™14
Substituting in (*), the required probability is

W
P=ig*1a =7
Example 19. A bag contains 5 red and 3 black balls and the second
one 4 red and 5 black balls. One of these lIs selected at random and a
draw of two balls is made from it. What Is the probability that one of
them is red and the other black ?

Solution. Two balls (one red and one black) can be obtained in the
following mutually exclusive ways :

A : when bag I is selected and two balls are drawn from it.

B : when bag Il is selected and two balls are drawn from it.

Hence by the addition rule, the required probability is given by
p=P(A)+P(B)

But A is itself a compound event consisting of (i) the selection of

bag I, with probability 4, and (if) the drawing of two balls, onc¢ red and
g ;

other black from it, with probability —C—',%—E‘—

2

Hence by the multiplication rule, we have
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P(A)=(Probability of selection of bag I) % (Probability of drawing
one red and one black ball assuming that bag I is selected)

L, %X 1 15 1s
T X TR, =g X fug
'C %X 5C, | 2_0-_ __5__
AR Vel T S T
Hence the required probability is
15 5,275
- Pesstig s
Example 20. The odds that a Fook on Business Mathemarics will

be favourably reviewed by 3 independent critics are 3 to 2,4to3and?2
0 3 respectively, What is the probability that| of the three reviews

(@) all will be favouraple,

(b) majority of the reviews will be Sfavouraple,
(¢) exactly one review will be Javourable, and
(d) exactly two reviews will be favourable,

(e) at least one of the reviews will be favourable,

Similarly, P(B)==—%~ X

Solution, Let 4, B and C denote respectively the events that
the book is favourably reviewed by first, second and third critic respec-
tively. Then we are given that

PUA) =%, P(B)= -, and P(C)=2
s P(}-)=‘§- 2 P(Yf)z% and P(C)= -;1-

(i) P(all the three reviews will be favourable)

=P(ANBNC)

=P(A),P(B)_P(C)

{"." 4, B and C are independent]
Do 2 e

ot 0w AR e 1T

(ii) P(majority, ie,, at least 2 reviews will be favourable)
=P(ANBNC)H+PANBNC)+PANBNC) + PANBAC)

= P(A)P(B)P(C)+ P(4) P(B)P(C) 4 P(A)P(B)2(C)

+ P(A)P(B)P(C)
(" A, Band C are independent)
3 4 3 3 3 2 2 4 2
=?->< 7—><—5—+-5—X”:]"X-5—+'5‘X7X—5H
3 4 2 94
g X Tx =
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o (t;iyx') The probability that exactly one review will be favourable is
giv

P(ANBOC)+ P(ANBNC) + P(ANBPNC)
=P(A)P(BYP(C) + P(A)P(B)P(C)+ P(A)P(B)P(C)

A & % 2 & & B § 4 @&
VERFEY Py Xy R ey Sy Ry

(i) Similarly, the probability that exactly two reviews will be
favourable is given by

P(ANBNC)+ P(ANBNC)+ P(ANBNC)
— P(A)P(B)P(C) + P(A)P(B)P(C) + P(A)P(B)P(C)

whgd Aol 2 % 2 4 2
5 7 5 5 7 5 + 5 x T;‘( ‘3‘ :71775*

(iv) The probability that at least one of the reviews will be favour-
able is given by

P(AUBUC)=1—P(A N BN C)
—1—P(AP(B)P(C)

el e o e i A3
- B B T

BAYES' RULE

One of the important applications of the conditional probability
is in the computation of unknown probabilities, on the basis of the infor-
mation supplied by the experiment or past records. For example, suppose
we have two boxes containing defective and non-defective items.  One item
is picked at random from either one of the boxes and is found defective,
and now we might like to know the probability that it came from Box 1 or
Box 2. These probabilities are computed by Bayes’ Rule, named so after
the British Mathematician Thomas Bayes who propounded it in 1763.

Quite often the businessman has the extra information in a partt-
cular event, either through a personal belief or from the past history of
the cvent Probabilities assigned on the basis of personal experience,
before observing the outcomes of the experiment, are called prior pro-
babilities. For example, probabilities assigned to past sales records, to
past number of defectives produced by a machine. are examples of prior
probabilities. 'When the probabilities arc revised with the use of Bayes’
rule, they are called posterior probabilities. Bayes' rule is very useful
in solving practical business problems in the light of additional infor-
mation to arrive at valid decisions in the face of uncertainties,

Statement. Ifan event Bcan only occur in conjunction with one
of the n mutually exclusive and exhaustive events Ay, A, Ay, A, and if B
actually happens, then the probability that it was preceded by the parti-
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cular event 4, (i=1, 2, ..., n) is given by

P i P I B i
PO = PEOD) Py )

z P(4) P(B | 4,) z P(A) P(B | 4)
i

=1

Proof. Since the event B can occur in combination with any of
the mutually exclusive and.exhaustive events Ay, Ay,..., A, we have

B=(BNA4,) U (BN 4,) U...U(BNA4,)

where BN 4,, BMA,y, ..., BMA, are all disjoint  (mutually exclusive)
events.  Hence, by addition rule of probability, we have

I’(B)-ﬁ——P(BﬁAl)+P(BﬂAz)'}-...+!’(BﬂAn)
=P(A,) P(B | A,))+P(4,) PB| A)+...--Pid,) P(B | A)

n
.. z P(A) P8 | 4)

For any particular event Ay, the conditional probability P(A4, | B)is
given by

P(AiNB)=P(B) P(4, | B)

(A
> P4, B):fm__.})(g;‘g)

_PUAIP(B | 4,)
n

2 P(A) P(B | 4))
=]

which is the Bayes’ rule for obtaining the conditional probabilities,

Remark. The probabilities P(A)), P(4,), ..., P(A4,) which are
already given or known before conducting the experiment are termed as a
Ppriori or prior probabilities. The conditional probabilities B(A4, | B),
P4, | B),..4 P(A4, | B) which are computed after conducting the experi-

ment, viz,, occurrence of A, are called a posteriori or  posterior
Probabiljties.

Example 21. Two sets of candidates ar
on the Board of Directors of a company. The

and second sets will win are 06 and 04 respectively. If the first set wins,
the probability of introducing a new product s 08, and the corr esponding
probability if the second sel wins is 0°3,  Whart is the probability that the
Product will pe introduceg 7

€ compeling for the positions
probabilities that the Sirst

Salution, Let A,, Ay denote the events that the first and second
Sets of candidates win respectively,

‘ Let # denote the event that ‘new
Product’ s introduced.
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We are given
P(A)==06, P(A4,)=04
P(B | A))=08 =Probability that ‘new product’ will be introduced
given that first set wins.
P(B A)=03

The event B can materialise in the following mutually exclusive
ways :

(#) First set wins and the new product is intreduced, ie., 4, N B
happens,

(i) Second set wins and the new product is introduced, ie., A, M B
happens. Thus

B=(A,NB) U (4,NB),
where A/MB and 4,N B are disjoint.
Hence using addition rule of probability, we have

P(B)=P(A,N\B)+ P(4,NB)
=P(4,) P(B | A)+P(4y) P(B | As)
=06x08+04x03
=0'6.

Example 22. Suppose that a product is produced in three factories,
A, Band C. It Is known that factory A produces twice as many items as
factory B, and that factories B and C produce the same number of items.,
Assume that it is known that 2 per cent of the items produced by each of
the factories A and C are defective while 4 per cent of those manufactured
by factory B are defective. ~All the ftems produced in the three factories

are stocked, and an item of product is selected at random. What is the
probability that this ftem is defecttve 1

Solution. Let the number of items produced by each of factorics
B and Cbe n. Then the number of items produced by the factory A is
2n. Let A,, 4, and A, denote the events that the item is produced by
factory 4, B and C respectively and let E be the event of the item being
defective. Then we have : .

2n 2n 1

P(A, =4"?=%=0 25
n 1
P{A5)=&;’-:T=O'25

P(E | A)=P(E | A)=002 and P(E | 4,)=0'04 (Given)

The probability that an item selected at random from the stock is
defective is given by

P(E)=PI(ENA,) U (EN4,) U (ENAy)]
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=P(ENA)+P(ENA,)+P(ENA,) ’
[By addition rule of probability]
=P(A,) P(E | A))+P(4,) P(E | A;)+ P(As) P(E | Ay)
=0'5x0024025x0044025x 002
=0"025.

Example 23. A company has two plants to manufacture scooters,
Plant I manufactures 70%, of the scooters and Plant 11 manufactures 309,
At plant 1, 80%, of scooters are rated standard quality and at plant I 90%,
of scooters are rated standard quality. A scooter Is picked up at random and
is found to be of standard quality. What is the chance that f#t has come
Jrom plant I 7

Solution. Let us define the following events :
A, : Scooter is manufactured by plant I
A, : Scooter is manufactured by plant II
# . Scooter is rated as standard quality.
Then we are given :
P(A))=070, P(4,)=030,
P(B | A))=080, P(B | A,)=090

Using Bayes’ rule, required probability is
P(4,) P(B | 4))
B)=
PN BY= 5ayP@ | 4) 1 Py PB | A)
070 % 0°80 056 56

Example 24. In an automobile factory, certain parts are to be fixed
to the chasis in a section before it moves into another section. On a given
day, one of the three persons A, B and C carries out this task. A has 45%,
B has 35%, and C has 20%, chance of doing it. The probabilities that A, B
and C will take more than the ellotted time are 1 /16, 1/10 and 1[20 respec-
tively, If it is found that none of them has taken more time, what is the

probability that A has taken more time 7
[Delhi Uni B.Com.(Hons.) 1992)

Solution. Let £, E, E, denote the events of carrying out the task by
4, B and C respectively., Let H denote the event of taking more time.
Then we have

P(E))= 045, P(E;)=035, P(Eg)=020
1 1 1
W E)e = ...
The required probability
o P(E)) . P(H | E))
~P(E).P(H | E)+P(E,),P(H|E)+ PE). P(H | E,)
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. 1
3 045:(16
= Sl S0t I
S
=13

Example 25. In a bolt factory, machines A, B and C manufacture
respectively 25%,, 359, and 40%, of the total, Of their output 5, 4, 2 per
cents are Jefective bolts. A bolt is drawn at random from the product and
is found to be defective, What are the probabilities that it was manufactured
by machines A, B and C ?

Solution. Let us define the events :

Ay = Bolt is manufactured by machine 4.

A,=Bolt is manufactured by machine B.

Ay=Bolt is manufactured by machine C.

The data of the problem give the following probabilities :
P(A,)=025, P(4,)=0'35, P(A,)=0'40

P(B | A))= 005, P(B | Ay) =004, P(B | Ag)=002
P(BMA,)=P(4,) PLB | 4,)==025 x 0'05=00]25
P(BMA)=035x%004= 00140
P(BMAy)=0'40 x 0:02=0"0080

Hence the probability that a defective bolt chosen at random is
manufactured by factory A is given by Bayes’ rule as

P(4, | B)= - TLA BB | A .
P(A) P(B | A)+P(A4,) P(B | 4,)) + P(4,) P(B | 4,)
00125 00125 25
T0'0125+ 00140400080 — 0034569
Similarly, we get

P(4, | B)

_00140 28
003457 69
00080 16
The above information concerning various probabilities may be
summarized in the following table :

Event Prior Condittonal Joint Poster{or
Probability Probability Probability Probabpility
. 25
A, 025 005 00125 €
' 28
A, 035 004 00140 3
are 16
Ay 040 002 0'0080 69

Total 1:00 00345 100
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Important Remark, P(4,) is greatest, on the basis of ‘a prior’
probabilities alone we are likely to conclude that a defective bolt drawn at
random from the product is manufactured by machine C. After using the
additional information we obtain the ‘posterior’ probabilities which give
P(A, B)as maximum. Thus, we shall now say that it is probable that
the defective bolt has been manufactured by machine B, a result which is
different from the earlier conclusion. However, latter conclusion is a
much valid conclusion as it is based on the entire. information at our
disposal. Thus, Bayes’ rule provides a very powerful tool in improving the
quality of probability and this helps the management executive in arriving
at valid decisions in the face of uncertainty. Thus, the additional informa.
tion reduces the importance of the prior probabilities. The only requirement
for the use of Bayestan Rule is that all the hypotheses under consideration
must be valid and that none is assigned ‘a prior’ probability 0 or 1.

EXERCISES

1. (@) Define random experiment, trial and event.

(b) What do you understand by (i) equally likely, (i) mutually
exclusive and (ilf) independent events.

(¢) Define independent and mutually exclusive events.. Can two
events be mutually exclusive and independent simultaneously 7 Support
your answer with an example.

2. Discuss the different schools of thought on the interpretation
of probability How does each school define probability ?

) 3. Explain the meaning and illustrate by an example how probabi-
lity can be calculated in the following cases ;

(i) Mutually exclusive events, (/i) Dependent events,
(iii) Independent events.

4. Differentiate the following pairs of concepts :

() Mutually exclusive events and overlapping events,

(i) Simple events and composite events.
(#if) Mutually exclusive events and independent events.

5. Define independent and mutually exclusive events. Can the

two events be mutually exclusive and independent simultaneously.
Support your answer with examples.

) 6. Explain with examples the rules of Addition and Multiplication
in theory of probability.

7. A cardis drawn from a pack of c ds.. Eind. 1 .
that it is pack of cards. Find the probability

) queen, (ii) queen of diamond or heart, (fii) not a diamond,
() a ten, a jack, a queen or a king, 4

- (Ans. () 1713, (i) 125, (iii) 3/4, (iv) 4/13]
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£ (a) Given the following data :
o 0—10 10—20 20—30 30—40 40— 50

7 2 8 13 7 5
What is the probability that an item chosen at random from the
data falls between 30 and 40 ? [Ans. 1/5)

(b) Given the following probabilities concerning the number of
accounting personnel that will be needed in a company during the next
two years.

No. of
Accountants : <100 100—199 200-—299 300—399 400—499 500—599
Probability : 0'10 015 030 030 010 005

(f) What is the probability that the company will need 400 or
more additional accountants during the next two years,

(i) What is the probability that the company wili need at least
200 but not more than 399 additional Accountants ?
[Ans. (i) 0°10+0°05, (i) 030+ 0'30]

9. The following data shows the length of life of wholesale grocers
in a particular city :

Length of Life Percentage of
(years) wholesalers
0— 5§ 65
=10 16
10—15 9
15—25 5
25 and over 5

Total 100

(1) During the period studied, what is the probability that an
entrant to this business will fail within five years ?

() That he will survive at least 25 years ?
[Ans. (i) 065, (i) 095)

10. Fron:; 30 tickets marked with the first 30 numerals, one is drawn
at random. Find the chance that,

() itss a multiple of 5 or of 7, (ii) it.is a multiple of 3 or of 7.
W e 5
EDRCENCES
11. A number is chosen from each of the two sets :
1.2, 3,4,5,6,7.8.9:1,2 3.4, 56,789
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If p, is the probability that the sum of the two numbers be 10 and
Py the probability that their sum be 8, find Py +D,. [Ans. 16/18]

12. From a pack of 52 cards, 2 are drawn at random. Find the
chance that one is a king and the other a queen,
Lol
[ Ans, —1= 1

& o
13. A bag contains 3 red, 4 white and S black balls. Three balls
are taken from the bag. Find the probability that
(7) all are black,

(#) all are of different colours. .
[Ans. (i) ;;%: (#) ’E&I;’C;Lﬁ]
14. Two cubical dice are tossed. Find the probabilities of the
following events :
The sum of numbers
(1) Divisible by three, (7i) Less than 7,

(#il) Not less than 7 (or at least 7 or more than 6).
[Ans. () 1/3, (1) 15/36, (L) 21/36)

15S. An urn contains 5 white, 3 black and 6 red balls, 3 balls are,
drawn at random. Find the probability that

({) two of the balls drawn are white, (if) one of each colour,

{fif) none is black, and (iv) at least one is white.

iy Cex®Cy . 5x3x6 . NC, °C,
[ Ans, (!) _TIE;_]’ (") —W:,a—- 5 {Hi) @—, (ﬂ') 1 _Tﬁ
16 There are 3 economists, 4 engineers, 2 statisticians ‘and 1
doctor. A committee of 4 from among them is to be formed. Find the
probability that the committee :

(i) consists of one of each kind ; (if) has at least one economist :

(#f) has the doctor as a member and three others.
245 . 35 . 84
e, i e el Iy s—x
[Ans' @) 210 @ 1 210° (4t 210

17. A bag contains 12 rupee coins, 7 fifty paise coins and 4 twenty-
five-paise coins. Find the probability of drawing :
() a rupee coin ; (if) three rupee coins, and
(iii) three coins, one of each type.
18. The Federal Match Company has forty female employees and

sixty male employees. If two employees are selected at random, what is
the probability that
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(7) both will be males ? (#i) both will be females ?
(ifi) there will be one of each sex ?

Since the three events are collectively exhaustive and mutually
exclusive, what is the sum of the three probabilitics ? [Ans. Onc]

19. In a box there are 4 granite stones, 5 sand stones and 6 bricks
of identical size and shape. Out of them 3 are chosen at random. Find
the chance that

(i) They all belong to different varieties,
(if) They all belong to the same variety.
(iif) They are all granite stones.

20, If the probability is 030 that a Management Accountant’s
job applicant has a post-graduate degree, 0'70 that he has had some
work experience as a Chief Financial Accountant, and 020 that he has
both. Qut of 300 applicants, approximately what number would have
either a post graduate degrec or some professional work experience ?

[Ans. 240]

21. Find the probability of getting 6 at least once in two LoSSEs
of a die.

[Hint. Using Addition rule, the required probability is
6 ¢ 1 11
PAO B*‘_—‘PA B--* A = | e ———— —
(A or B)=P(A)+ P(B)—P(A and B) TR e T T
22. (a) A chartered Accountant applies for a job in two firms X and
He estimates that the probability of his being selected in firm X is

07, and being rejected at ¥ is 0°5 and the probability of at lecast one of

his applications being rejected is 0'6. What is the probability that he
will be selected in one of the firms ?

[Hint. Let 4 and B denote the events of his being selected in firms
X and Y respectively.

P(A4)=07, P(B)=0'S, P(d or B)=06

The required probability that he will be sclected in one of the
firms is obtained by using addition rule as follows :
P(A or By=P(A)+P(B)—P(A4 and B)
Also we know
P(4and B)=1—P(4 or B)=1—06=04
Hence P(A4 or B)=0"7T405—04=08]
23. Two vacancies exist at the junior executive level of a certain com-
pany. Twenty people, fourteen men and six women, are eligible and

equally qualified. The company has decided to draw two names at
random from the list of eligibles. What is the probability that :

(@) both positions will be filled by women ?
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(b) at least one of the position will be filled by women ?
(€) neither of the position will be filled by women ?

i 1 ue
[ Ans. (a) 'TCL‘, ()] IL-QEE-‘:. (¢) zo__E":]

24. Sixty per cent of the employees of the ABC Corporation are
college graduates. Of these, ten per cent are in sales. Of the employees
who did not graduate from college, eighty per cent are in sales.

(i} What is the probability that an employee selected at random is
in sales ? .
(i) What is the probability that an employee selected at random is
ncither in sales nor a college graduate ?
[Ans. (@) 038, () 0°08]

25. A small insurance company has written theft insurance' for
two different businesses. In any one year, the probability that business
A is burglarized is 0'01. In any one year, the probability that business
B is burglarized is 0'15. (Assume these are independent events.) Find

the probability that :
(a) both will be burglarized this year.
(5) neither will be burglarized this year.
(¢) exactly one will be burglarized this year.
26.  The probability that a person stopping at a gas station wjll ask

to have his tyres checked is 0°12, the probability that he will ask to have

his oil checked is 029 and the probability that he will ask to have them
both checked is 0°07.

A8 What is the probability that a person stopping At this 2as station
will have either his tyres or his oil checked ?

. (1) What is the probability that a person who has his tyres checked
will also have his oil checked ?

. ({if) What is the probability that a person who has his oil checked
will also have his tyres checked ?

[Aps. () 034, (ii) 0°58, (iii) 0°24]
27. A card is drawn from a full pack of cards. What is the pro-

bability of drawing a “‘black” king (either spade or club) given that the
card drawn was “face” card ( jack, queen or king) ? :

28. A bag contains 6 white and 9 black balls. Two drawings of 4
balls (in each draw) are made in such a way that

(i) the balls are replaced before the second trial.

(i) the balls are not replaced before the second trial.

Find the probability that first drawings will give 4 white and the
second 4 black balls in each case.

- L8 W o 9
[4en. 0 mgtxage @) 58]
4
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29. If the probability that ‘4’ project will have an economic life of
20 years is 07 and the probability that ‘B’ project will have an economic
life of 20 years is 0°S. What is the probability that both will have an
economic life of 20 years ? (Ans. 0'7x05)

30 A salesman hasa 10 per cent chance of making a sale to cach
Customer. The behaviour of successive customers is assumed to be
independent. If two customers A and B eater, what is the probability
that the salesman will make a sale to A or 2 ? [Ans. 0°19)

31. It is known that bolts produced by a certain process arc too
large 10 per cent of the time and are too small 5 per cent of the time.
If a prospective buyer selects a bolt at random from a lot of 500 such

bolts, what is the probability that it will be neither too long nor too
short ?

32, A problem in Statistics is given to three students A, Band C
whose chances of solving it are 4, $ and < respectively.  Find the pro-
bability that the problem will be solved by at least one of them,

[Ans.  3/5)

33, The probabilitics that three drivers will be able to drive home
safely after drinking are 4, }, and g respectively.  If they set out to drive
home after a party, what is the probability that all three drivers will have
accident 7 What is the probability that at least one driver will drive
home safely ?

34. (@) Find the probability of throwing 6 at least once in six
throws, with a single die. [Auns.  1—(5/6)%]

(b) Suppose two six-faced dice are thrown 10 times. What is the
probability of getting a double six in at least one of the throws

[Ans. 1--(35/36)17)

35. In the milk section of a self-service market there are 150 quarts,
100 of which are fresh and 50 are a day old.

(1) If two quarts are selected, what is the probability that both will
be fresh ?

(if) Suppose two quarts are selected after 50 quarts have been
removed from the selection. What is the probability that both will be
fresh 7,

(i) What is the conditional probability that both will be fresh, given
that at least one of them is fres

36. An urn A contains 2 white and 4 black balls, Another urn 4
contains 5 white and 7 black balls. A ball is transferred from urn 4 to

the urn B, Then a ball is drawn from the urn B. Find the probability
that it will be white.

37. A bag contains 5 white and 3 black balls. Another bag con-
tains 4 white and § black balis. From any one of these bags single draw
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of two balls is made. Find the probability that one of them would be
white and another black ball.

38. An urn contains 10 white and 3 red balls. Another urn con-
tains 3 white and 5 red balls. Two balls are transferred from the first
urn and placed in the second, and then onc ball js taken from the latter.
What is the probability that it is a white ball ?

39, There are two groups of subjects, one of which consists of 5
science subjects and 3 engincering subjects and the other consists of 3
science subjects and' 5 engincering subjects. An unbiased die is cast. If
number 3 or number 5 turns up, a subject is selected at randown
from the first group. Otherwise, a subject is selected at random
from the second group. Find the probability that an engineering subiject

is selected ultimately.
1 3 2 A
[ Ans. [(5x3)+(33))

40. An urn contains 7 red marbles and 3 white marbles. Three
marbles are drawn from the urn, one after the other, without replacement.
Find the probability that the first two are red and the third is white.

41. One shotis fired from each of the three guns. E|, E,, £, denote
the cvents that the target is hit by the first. second and third gun respec-
tively. If P(E))=05, P(E))=06 and P(E))=0'8 and E,, E,, E, are
independent events, find the probability that (a) exactly one hit is regis-
tered, (b) at least two hits are registered. [Ans. (a) 026 (b) 0°70]

42. A certain part can be defective because it has one or more out
of three possible defects : insufficient tensile strength, a burr, or a dia-
meter outside tolerance limits. In a lot of 1000 pieces it is known that

120 have a tensile étrength defect.
80 have a burr.
60 have an unacceptable diameter.
22 have tensile strength and burr defects.
16 have tensile strength and diameter defects.
20 have burr and diameter defects.
8 have all three defects.

If a piece is drawn at random from the lot, what is the probability
that the piece :

(a) is not defective ?
(b) has at least one defect, and
(¢) has exactly two defects ?

43. An investment firm purchases 3 stocks for one-week trading
purposes. It assesses the probability that the stocks will increase in value
over the week as 0°'8, 0°7 and 0°6 respectively. What is the chance that
(7) all three stocks will increase, and (i) at least 2 stocks will increase ?

—
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[Assume that the movements of these stocks are independent ]

Also find the probability that: (iii) Exactly one stock will increase
in value, (i) Exactly two stocks will increase in value and (v) At least onec
of the stocks will increase in value.

[Hint. Let 4, B and C denote respectively the events that Ist, 2nd
and 3rd stocks increase in value. Then we are given that :

P(4)=0'8, P(B)=0'T and P(C)=0'6

B P(4)=02, P(B)=0"3 and P(C)=04
(1) The probability that all the three stocks will increase in value is
P(ANBNC)=P(A)P(B)P(C)

[. Movements of the stocks are independent]

(fi) The event that at least two of the stocks jncrease in v

(s4) 1] ! | alue can
materialise in the following mutually exclusive ways :

(@) ANBNC happens, b)) ANBNC happens,
(©) ANBNC happens, and (d) ANBNC happens.
Hence by the addition rule the required probability is given by :
P(ANBNC) + P(ANBNC) 4 P(ANBAC)+ P(ANBAC)
=P(A)P(B)P(C)+ P(A)P(BYP(C)+ PIA)P(B)P(C) 4 P(A) P(B) P(C)
[ A4, B Care independent]

(i) Arguing as in case (i) the probability that exactly one stock
will increase in value is given by :

=P(A)P(B)P(C)+ P(A)P(B)P(C)+ P(D)P(B)P(T)
(" Movements of stocks are independent]

()  Similarly, the probability that exactly two stocks will increase in
value is given by :

P(ANBNC)+ P(ANBNC)+ P(ANBAC)
=P(4)P(B)P(C)+ P(A)P(B)P(C)+ P{A)P(8)P(C)

(v) The probability that at least one of the stocks will increase in
value is given by :

PAUBUC)=1~PANBNC) =1~ P(1)P(FI PO

44. In a multiple choice examination there are 20 questions. Each
question has 4 alternative answers following it and the student must
select one correct answer. 4 marks are given for the correct answer
and | mark is deducted for every wrong answer. A student must secure
at least 50% of maximum possible marks to pass the examination.
Suppose a student has not studied at all so that he decides to select the
answers to the question on a random basis. What is the probability that
he will pass in the examination ?
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45. A speaks truth 4 out of 5 times. He throws a die and reports
that there was a six. What is the chance that actually there was a six ?

" 1 4 4 —_ — 5
1 = — —_— e — P ——
[Hine.  PuNB=5 x5 =55, AANB)=55

; o 4/30 4
Required probability 5730 =5 :l
46. (@) In 1992 there  will be three candidates for the position of
principal Dr. Singhal, Mr. Mehra aad Dr. Chatlerji whose chances of
getting appointment. are in the proportion 4 :2: 3 respectively. The
probability that Dr. Singhal il selected will abolish co-education in the
college is 0 3. The probability of Mr. Mehra and Dr. Chatterji doing
the same are respectively 05 and 0'8. What is the probability that co-
education will be abolished from the college in 1992 ? [Ans. 23/45]

(b) Suppose that one of three men, a politician, a businessman,
and an educator will be appointed as the vice-chancellor of a university.
The respective probabilities of their appointments are 0'50, 030, 0°20.
The probabilities that research activities will be promoted by these people if
they are appointed are 030. 0770 and 0°80 respectively. What is the
probability that research will be promoted by the new vice-chancellor 7

[Ans. 0°52]

47. Flectric light bulbs are manufactured at two plants. The first
plant furnished 70% and second 30% of all required production of
bulbs. At the first plant, among every 100 bulbs, 83 arc on the average
standard, whereas only 63 per hundred are standard at the second plant.
What is the probability that a bulb chosen at random is manufactured at
the second plant, given that the bulb is standard. [Ans. 0245]

48. Suppose that there is a chance for'a newly constructed house
to collapse whether the design is faulty or not. The chance that the
design is faulty 1s 20%. The chance that the house collapses if the design
is faulty is 98% and otherwise it is 25%. [Itis seen that the house collapsed.
What is the probability that it is due to faulty design ?

[Hint. We are given
P{A)=02 and P(A.z_}=0'8 ; P(B| A)=098 and P(B| A,)=025.

Using Bayes’ rule, we have
il P(4,) . P(B | 4))
: PAy) . P(B|A)+P(A)P(B | 4,)

(0°2) (0°98)
=(0°2) (0°98)-+(0°8) (0°25)

q9. The president of a company must decide which of two actions
to take, say whether to rent or buy expensive machinery. His vice-
president is likely to make a faulty analysis and thus recommend the
wrong decision with probability 0°05. The president hires two consultants,
who separately study the problem and make their recommendations.

P(A




PROBABILITY p-36

After watching them at work, the president estimates that one consultant
is likely to recommend the wrong decision with probability 0°05, the other
with probability 0'10. He decides to take the action recommended by a
majority of the three reports he reccives. What is the probability that
wie will make a wrong decision ? Does the assumption of independence,
ycu hav: made scem reasonable for this problem ?
[Ans. 0012)]
5(. A factory produces a certain type of output by threc types of
machines. The respective daily production figures are :
Machine I : 3,000 units
Machine Il : 2,500 units

Muachine  IIT + 4,500 units

Past experience shows that 1- per cent of the output produced by
Machine | is defective The corresponding fraction of defectives for
the other two machines are respectively 1'2 per cent and 2 per cent.
An item is drawn at random from the day's production run and is
found to be defective. What is the probability that it comes from the
output of (@) Machine I, (6) Machine II, and (¢) Machine [II 7 ’

[Ans. (a) 1/5, (b)) 1/5, (¢) 3/5]
MATHEMATICAL EXPECTATION

If X is a random variable which can assume any one of the vajues
X,. X, .....x, with respective probabilities p,, P, ... P, then the
mathematical expectation of X usually called the expected value of X and
denoted by E(X) is defined as

E(X)=x, )1+ X Bt o FX, Pa

n
S

i=1
Properties of Expected Value

(i) The expected value of a constant is the constant itself, le,

E(k)=k, for-every constant k,

(ii) The expected value of the product of a constant and a random
variable is cqual to the product of the constant with expected value of
the random variable, i e.,

E(kX)y=kE(X)

(ifi) The expected value of the sum or difference of two random
variables is equal to the sum or difference of the expecred values of the
individual random variables, i.e.,

E(X+Y)=EX)+E(Y)

(iv) The expected value of the product of two independent random

variables is equal to the product of their individual expected values, i €.,

E(XY)=E(X). E(Y)
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() E[X —E(X)]=0

Hlastration. A dealer in radio sets estimates from his past

experience the probabilities of his selling radio sets in a day. These are
given below :

No. of radio sets
sold in a day 0 1 2 3 4 5 6

Probabiliy |02 1031 32 20 0906

We observe now that the number of radio scts sold in a day is a
random variable which can assume values 0, 1. 2, 3, 4,5, 6 with the
respective probabilities given in the table. We may also note that the

dealer has estimated the probability zero of selling seven or more radio
sets in a day,

Now

Mean number of radio sets sold in a day
=0X"0241X"1042X 21 43x 3244 204+5%09 +6x 06
='10+"42+496+ 804454 36=309

Example 26. A bakery has the Sollowing sehedule of dail 'y demand
Sfor cakes, Find the expected number of cakes demanded per day,

No. of cakes J

demanded in 0 1 2 3 4 3 6 7 8 9
hundreds

Probabiliry ’ 0021 007 ’ 009 ’ 012 ‘ 020 ’ 020 ’ a18 I 010 ' 00l I 00l

Solution. We observe that number of cakes demanded per day
is a random variable (X) which can assume the values 0, 1, 2, ..., 9 with
respective probabilities given in the table.

Now
E(X)=0x0'0241x% 00742 x 0094-3x 012
+4x0204+5x020+6 X018 47 x 010
+8X0014+9%001
=436
Example 27. Anil & Company estimates the net profit on a new
product it is launching to be Rs. 3,000,000 during the first year if it is
‘successful® ;. Rs. 1,000,000 ifitis ‘moderately successful’ and a lass of
Rs. 1,000,000 if it is ‘unsuccessful’. The firm assigns  the Jollowing
probabilities to firss year prospects for the product Stuccessful -015,

moderately Successful - 0-25. Whar is the expected value of firss year
net profit for this product 7

: Solution. Taking loss as negative profit, the probability distribu-
tion of net profit («) on the new product in the first year is
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Profit 3 1 —1
(in million Rs.)

Probability 0’15 025 1—0'15—025
pl(x) =060

Fxpected value of first year nct profit is
£(X)=3x p(x)
=3x0'154+1x0254(—1}x060
=010 million Rs.=Rs. 1,00,000
Example 28 A lottery sells 10,000 tickets at Re. 1 per ticket, a

prize of Rs. 5,000 will be given to the winner of the first draw. Suppose
you have bought a ticket, how much should you expect to win ?

Solution. Here, the random variable ‘win’, W, has two possible
values : —Re 1 and Rs. 4,999, Their respective probabilities are

9999 Gid 1
10000 1000
9099 1
s ElWY=(—1)X 7—x B .
Thus E(W)=(—1)x 76000 + 4999 x 10000 Re 0°50

Hence a minus 50 paisa is the amount we expect to win on the
average if we play this game over and over again.

Example 29. A box comains 6 tickets. Two of the tickets carry
a prize of Rs. 5 each, the other four a prize of Re. I. (a) If one ticket is
drawn, what is the expected value of the prize 1 (b) If two tickets are drawn
what is the expected value of the game?

Solution. (a) The sample space consists of °C,=6 sample points.
Let X be the random variable associated with the experiment and let it
denote the amount of prize associated with the sample point. Here
assumes values Rs. 5 and Re. 1 respectively for 2 and 4 sample points.

2 _4 2
Also P(S)———G—m—3— and p(1)= =3
E(X)=Expected value of the prize
=X, P(A"g)+12.p(xg)
1 2 5 2 T .

The expected amount of prize is Rs. 2°33.

(b) The sample space consists of *C;=13 sample points. Let X be
random variable ~ssociated with the exgenment and let it denote the
amount of prize associated with sample points. Then X assumes follow-

ing values :
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(f) Rs. 10 (when both the tickets carry prize Rs. 5 cach ie.,
Number of sample points *C,=1)

() Rs. 6 (when one ticket carries prize Rs. 5 and the other Re. 1
i.e., Number of sample points=*C, x 1C,=8)

(fii) Rs. 2 (when both the tickets carry prize Re. | each, i.e.,, No. of
sample points=4C,= 6)

8 6
Also 2(10)= 1—15- v P(6) = 5 p(2)=—

15
E(X)=x..p(x,) +X5.P(X3) + X5.0(x4)
1 8 6
=lOX-l-5—+6X E+2x 5
2 16 4 10+48-k12 70 14 B
R P e e TR e

Hence expected amount of prize is Rs. 4'67.

play a game, The game consists
of repeatedly tossing a coin and recording the number of times it Jalls

heads, The game ends as soon as the coin falls tails or when it has fallen
3 heads in succession, The player is paid Rs. 2 for each head which

appears. Calculate (a) his éxpectation in each game, (b) the amount won
or lost, on the average, in 20 games.

Solution. According to the rules, the
the following outcomes :

game ends with either of
T Tail in Ist throw
HT  Head in Ist throw and Tail in 2nd (ie., | head)

HHT Head in Ist, Head in 2nd and Tail in 3rd throw, (ie, 2
heads) . .

Head in 1st, 2nd and 3cd throws (i.e., 3 heads)

The probabilities of these events and the amounts
shown below :

HHH

received are

Outcomes Probability Amount Received (Rs )
(Rs. 2 for each head)
T 1/2 0
HT 1/4 2
HHT 1/8 3
HHH 1/8 6
(@) Mathematical expectation= — x 0+ —i~ %2+ % X 4+ -;— X6

I

|~ | =
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: 7

(b) Average loss in one game==1 e

Loss in 20 games = ——%— X 20=—Rs. 15

Example 31. The manager of a machine shop has a choice of com-
peting for one of the two contracts shown in the table below :

Contract A Contract B
Event
pProbabilities Consequences  Probabilities  Consequences
Contract awarded 050 + Rs. 60,000 040 + Rs, 80,000

Contract not
awarded 0-50 — Rs. 10,000 060 —Rs, 14,000

Which contract should be preferred if the expected monetary value
is considered as an oppropriate measure,

Solution. For contract A : Let X be the random variable which

assumes the values 60,000 and —10,000 with probabilities 0°50 and 050
respectively.

Then

Mean of X=60,000x%050— 10,000 x 0'50
=25,000

Similarly, for contract B, we can define a random variable Y, and
we find that

Mean of Y=80,000 %040 —14.000x 060
=23,600

Thus, if the expected monetary value is considered as an appropriate
measure, then contract 4 should be preferred.

Example 32. There are four different choices available to a customer
who wants to buy a transistor set. The first type costs Rs 800, the second
type Rs. 680, the third type Rs. 880 and the fourth type Rs. 760. The
probabilities that the customer will buy these types are 1/3, 16, 1[4 and
1/4 respectively. The retailer of these sets gets a commission @ 20%, 127,
25° and 15% for these sets respectively. What is the expected commission
of the retailer 7 [Delhi Univ,, B. Com. (Hons.), 1992]
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Solution. We have

Type Price (Rs.) Commission Probability Expectation

(1) (2) &) (4) (xB)x($)=3
Frist 800 20% } 5333
Second 680 12% 3 13°60
Third 880 25% 1 5500
Feurth 760 15% 4 2850
Total 15043

Hence the retailer’s expactation is Rs. 15043,

EXERCISES

1. (@) What do you understand by ‘the expectation of a random
variable’ ? Explain as clearly as you can ¢

(6) A balanced coin is tossed 4 times. Find probability  distri-
bution of the number of heads and its expectation.

(¢) In a business venture a man can make a profit of Rs.l ?,000 with
a probability of 04 or have a loss of Rs. 1,000 with a probability of 0°6.
What is his expected profit ? [Ans. Rs, 2001

2. A random variable X has the following probability distribu-
tion :

X z -1 0 1 2

Probability : 1/3 1/6 1/6 1/3
Compute the expectation of X, [Ans. 1/2)
3. Calculate the expected value of X, the sum of the scores when
two dice are rolled. [Ans. 7]

4. A box contains 8 items of which 2 are defective. A man
gelects 3 items at random. Find the expected number of defective
items he has drawn. [Ans. 3/4]

5. A player tosses two fair coins. He wins Rs. 5 if 2 heads
appear, Rs. 2 if 1 head appears and Re. 1 if no head occurs. Find his
expected amount of winning. [Ans. Rs. 2°5)

6. A player tosses 3 fair coins. He wins Rs. 5 if 3 heads appear,

Rs. 3if 2 heads appear, Re. 1 if | head occurs. On the other hand, he
losses Rs. 15 if 3 tails occur. Find expected gain of the player.

[Ans. Rs 0°25)
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7. An urn contains 7 white and 3 red balls,. Two balls are devwn
together, at random, from this urn. Compute the probability thaut
neither of them is white. Find also the probability of getting one white

and one red ball. Hence compute the expected number of white balls
drawn.

3C W0, % C; 63
" 3 1 1 L
[ Hint. E(XJ:OX’—MC, +1x “he, 42 X'WC;"ZS J

8. The monthly demand for transistors is known to have the
following probability distribution :

Demand : 1 2 3 4 5 6
Probability 010 015 020 025 018 012

Determine the expected demand for transistors. Also obtain the
variance. Suppose that the cost (C) of producing (n) transistors is given
by the rule, C=10,000 + 500 n. Determine the expected cost.

[Hint. E(C)=E[10,000+ 500 n]
=10,000+ 500 E(n)
= 10,000 + 500 [5(n % p)] =10,000 + 500 x 3°62]

Y. The probability that there is at least one error in accounts state-
ment prepared by 4 is 0'2 and for 8 and C they are 0'25 and 0'4 respec-
tively. A4, B and C prepared 10, 16 and 20 statements respectively. Find
the expected number of correct statements in all.

[Hint. Expected number of correct statements is :
(1=02)x 10+ (1 —=025) X 16-+(1—04) x 20
=08 x10+075X16+06x20
=32]

10 (a) Suppose an insurance company offers a 45 year old man
a Rs. 1,000 one year term insurance policy for an annual premium of
Rs. 12. Assume that the number of deaths per one thousand is five for
persons in this age group. Whatis the expected gain for the insurance
company on a policy of this type.

[Hint, Expected gain=12x(1—0005)—(1000—12)x0005]

(b) The probability thata house of a certain typs will be burned
by fire in any twelve month period is 0°005. An insurance company
pffers to sell the owner of such a house Rs. 29,000 one year term fire
Insurance policy for a premium of Rs. 150. What is the company ex-
pected to gain ? [Ans. Rs. 5]

11. A firm plans to bid Rs. 300 per tonne for a contract to supply
1,000 tonnes of a metal. It has two competitors A and B and it
assumes that the probability that 4 will bid less than Rs. 300 per tonne
is 03 and that B will bid less than Rs. 300 per tonne is 0°7. If the lowest
bidder gets all the business and the firms bid independently, what is the
pxeeefed value of the contract to the firm ?
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[Hint  300x 1000 [P(both bid less than 300)
+ P(A bids less than 300 but B bids more 300)
+ P(4 bids more than 300 but  bids less than 300)

=300000(03% 0°7+0°3 X 0'3+40"7 X 0" 7)=Rs. 2,37,000.]

12. A gamester has a disc with a freely revolving needle. The

isc is divided into 20 equal scctors by thin lines and the sectors are

marked 0, ¥, 2 .. , 19,  The gamester treats 5 or any multiple of 5 as
lucky numbers and zero as a special lucky number. He allows a player
to whirl the ncedle on a charge of 10 paise. When the needle stops at
the lucky number the gamester pays back the player twice the sum charged
and at the special lucky number the gamester pays to the player 5

times of the sum charged. Ts the game fair ? What is the expectation of
the player ?

[Hint.
Event Favourable cases plx) Gain (x)
Lucky number 5,410 15 3/20 20--10=10 P
Special Lucky No. 0 1/20 50~10=40 P
Others 1,2,3,4,6,7,8,9, 11, 16/20 —i0p
12,13, 14, 16, 17, 18, 19

3 1 16 9

13. In a college fete a stall is run where on buying a ticket a person
is allowed one throw of two dice. 1f this gives a double six, 10 times the
tickct money is refunded, if only one six turns up, double the ticket
money is refunded and in other cases nothing is refunded. Will it be
profitable to run such a stall 7 What is the expectation of 3 nlayer 7
State clearly the assumptions, if any, for your answer.



SECTION D

Some Additional Topics

DE-MOIVRE'S THEOREM
Statement. For all rational values of n (positive, negative or frac-
tion) cos nQ+1 sin n6 is the value or one of the values of (cos 8-} i sin 9)".
Proof. Case I. When n is a positive integer,

By actual multiplication, we have
(cos B, i sin 6,)(cos 0,1 sin 6,)
=(cos 0, cos B, —sin 8, sin 6,)+1(sin 0, cos 0,+ cos 8, sin 6,)
=cos (0, 4-0,)-+7 sin (0,40,)
Again (cos 0,41 sin 0,) (cos 0,41 sin 0,) (cos 0341 sin 0,)
=[cos (0,40,) 41 sin (6,4 0,)] (cos 0,41 sin By)
=cos (0;-+0,+40s) 41 sin (9,+98,+0,), as before.
Proceeding as above, the product of n factors
(cos 8,47 sin 8,) (cos 0,17 sin A,)...(cos 0,47 sin 8,)
=cos (6,+0,+...+60.)+7 sin (6,460,4...40,) e d(*)
Putting 0,=0,==...=0,=0 on both sides of (*), we have
(cos 041 sin B)"=cos nO-+ i sin n
Aliter. The proof can be obtained by the method of mathematical

induction also.
For n=1, the result is obviously true.

For n=2, consider
(cos 041 sin 0)*=cos? 012 sin?0 + 2/ sin 0 cos H
=(cos? 8—sin? 0)+1 (2 sin O cos 0)
=cos 20+ sin 20
Hence the result is also true for n=2,
Let the result be true for n=m, ie,,
(cos B+ sin 8)m=cos m0 i sin mf w=i(*)

Now “(cos 8+ sin B)™*+ =(cos 0+ i sin 0)™ (cos O+ sin 0)

=(cos mB+1i sin m0) (cos O+ sin 0)
=cos (m+1) §-+1isin (m-41) 6.
Hence the result is true for n=m4-1 also.

Thus we conclude that if the result is true for n=2, then it should
be true for n=2-1, ie, n=3. Therefore, proceeding in this manner we
find that the theorem is true for all positive integral values of n,

Case 11, When n is a negative integer.

Let us suppose 7= —m, where m is a positive integer.
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(cos 0-1-i sin 8)"=(cos 8-+ sin 6)~"

1 1
“(cos 041 sin 6)" (cos mO +1 sin mo)
1 (cos mH—i sin m9)

~(cos m0 +i sin m0) % (cos mO—1 gin m0)
cos m0—i sin mf
(cos* m-sin® i)
= cos (—m0)4-i sin (—m0)
=cos h0+7sin n6 [ n=—m]

Case 111, When n is a fraction, positive or negative,

=cos M —i sin mo

Let n= {; , where ¢ is a positive integer and p an integer positive
or negative.

By case I, we have

0 s ONE ] il 0 )

— TR P Py Rt W o

(cosq 1Ismq) cos(qxq)Hsm\q q
=cos B+isin 0

Taking the gth root of both sides, we get

(cos -g-+l' sin %) is one of the values of (cos 0+isin 0)'/¢

Raising both sides to the power p, we get
P
(cos % +isin %) is one of the values of (cos 8+ sin 8)7/2
£
q
= (cos nf-i sin n0) is one of the values of (cos 047 sin 0)"

= (cos % 641 sin ] )is one of the values of (cos 6+ sin 0)?/?

Remarks. 1. (i) (cos 641 sin 8)~"=cos (—n0)+i sin (—n0)
=cos nf—i sin nb
[ sin (—6)=—sin 0 ; cos (—0) =cos 6]

(if) (cos 0 —i sin 0)" ={cos (—0)+i sin (—6)}"

=¢0s (—n6) 41 sin (—np)

=cos n0 — 1 sin 1
(iii) (cos 6—1i sin 8)~"={cos (—0)+1i sin (—0)}~"

=cos b+ isin nH
2. Students often wrongly apply De-Moivre’s theorem in the

following way :
(sin 041 cos B)"=sin n6 +i cos nd

It should be noted that the real part must be cos 6 and imaginary
part should be sin 9, but 6 must be the same with cos and sin both.
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i (sin @+ cos B)"5£sin nO--i cos nH
3 (cos -1 sin p)"5Ecos no+ i sin ne
1

———————— =08 0 fisin N
cos 041 gin nf F

5. Every complex quantity can be put in the form r (cos 0+1isin 0),
where r and 0 are both real.

Let a given complex quantity be x--iy.

Also let X-f-iy=r (cos 0-+1 sin 6)
or X+iy=r cos O+ir sin 0
Equating the real and {imaginary parts on both sides, we get
x="rcos 0 (%)
and y=r gin 0 P
Squaring and adding (*) and (**), we have
R=x'ty* or r=+/x2;
Dividing (**) by (*), we get tan 6=2- . petan- <

Here r is always positive and is called the Modulus of the complex
number. 0 is called the amplitude of the given complex quantity. That
value of 0 which satisfies equations (*) and (**) also lying between n and
—n is called the principal value of amplitude, We shall always take

?rincipal value of the amplitude expressing any complex quantity in the
orm

r(cos 041 sin 0)
Example 1. Simplify
(cos 30 +1 sin 36)° (cos 0 —i sin 0)3
(cos 5041 sin 58)7 (cos 20— sin 26)°
Selution. Expression
(cos 150+ sin 150) [cos (—B) +7 sin (—o0)pe
™ (cos 356+  sin 350) [cos (—20) 17 sin (—20)F°
___(cos 156+1 sin 150) [cos (— 30)-}- sin (—30))
" (cos 350+ sin 350) [cos (—100) +7 sin (—100)]
cos (156 —30)+i sin (150 —36)
" cos (350— 106)—7 sin (350 - 100)
cos 120 +1isin 120
~"Cos 250+ 7 sin 250
=(cos 120+ sin 120) (cos 250 41 sin 2560)71
==(cos 126+ sin 120) [cos (—250) +i sin (—250)]
=cos (12—25) 0+ sin (12—25)0
=cos 136 —isin 136
Example 2. Show rhat
I4sin p+icos ¢ ng . . /hig
1-4sin :—lcosqb el (_2—_-"¢ )——lsm (—2__"95 )
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i .
Solution. L.H.S.-—=[ (pie toos 17 Qin oo §)
[+sin p—icosm

(sin @1 cos @) (sin ¢ —-1i cos @)+4(sin §+4i cos ¢)
(1-+sin ¢ —icos ¢)

[ (sin ¢+icos ) (1+sin $—icos )
I (14sin ¢p—1i cos ¢)
=(sin ¢+1i cos ¢)"

:[cos (—;——QS )-Hsin (% —q,‘:)]n
=cos (n_;_—.mﬁ )+l'sin (n-zi—an')-:R.H‘S

Example 3, Prove that
[(cos 0+ cos ¢)-1-i (sin O-}-sin $)]"+ [(cos 6+ cos ¢)—i (sin O + sin )]

=2n+1 eosn @.;_(é_).. cosn (i';_‘?l
Solution. L.H.S.
”[2‘30 Té -%E-stin ‘.’_izfj’ cosq_—i_g]"
+[ 2 cos —;9 cos 9%_}_?5#:-2 i 0-{-2@5 - %ﬂ]n
=2 ot 3 foos S5 ST
o028 s 258
=2" cos —-[: n @ ;ﬂ—i—isinn (.9;.’_@
+cos n w;‘“-i sin n(e_;’g’_):l
=2" cos" {9%1’)_ .2cosn Q.%_@.

== 2+l ¢cog®

(6-¢) 0+¢)
Sts . EOAN Frp

Example 4. If x=cos 0+isin 0, y=cos ¢+i sin ¢ and mandn
are integers, prove that

';,7-{—%,: =2 cos (m 0—ng)

Solation. xm |yt cos mB -+ sin mf |, Sos ng 1 sin ng
T cos ng-+isinnl " cos mO+i sin mo
=(cos M0 i sin m0) (cos np -+ 1 sin ng)~!

+ (cos np+1i sin ng) (cos mo+i sin m0)™
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==(cos m0 + i sin m0) [cos (—nP)+isin (—nep)]
+(cos ng i sin nh) [cos (—mO) 4-i sin (—m0))
=cos (M0 -—-np)+-i sin (M) —ng)+cos (M0 —ng)
— 1 sin (0 -—ng)
=2 cos (mg—ng)
Example 5. [f(a,+ib,)(a,+ib,)(ay+iby)...(a, {-ib,) =A +iB,
prove that

(@) (a,24-02)(a,* +-b7) (03" + bg?) .. ...(a,2 - b,2) = 414 B?

(b) tan-? 1'?-1- Jt-mu"tl’—-Haa—‘ és—r% ...... +tan™! b—"—_—.!cm-l e
al ) a| aa a,, B
Solution. (a) Let a,4+1b,=r, (cos §,-1 sin §,)
a,4ib,=r, (cos 0, +i sin 0,)
and similar other expressions,
re=Vartbi r,=Vaitht ..., ete
D i b
and 0, =tan ‘lﬁ. 0, tan '-(;z. 5 el s %)
Now it is given that
(@, +ib)a,-Fib)(ag+-ib,)...(a,+ib)=A i
or [ri(cos @,-Fisin 0)](r,(cos 0, +i sin 8,))[rs(cos 0, isin 04)]
«[ra(cos 9, +17 sin 0,)]=A+iB
or r1r2ra_.,r”[(,‘03 (014-92 t .. 4+0,) +isin (81+92++8.)]-'—A'|'18
Equating real and imaginary parts on both sides, we get
A=t Flyennn. r,cos (0;4+0,+4-...40,) . (*%)
B=riryry......tysin (O 4-rg+...40,) cor (HHE)

Squaring and adding (**) and (***), we get
A2 Br=r2rdrt .1t
=(a,2+b,%)(a*+b,?)...(a,'+ b,%)
(b) Dividing (***) by (**), we get

B
T =tan (0,-+0,+...40,)
B
or tan-‘—z-_—.e,+02+...+0.

b b b
=tan™! —“+tan~! 2L 4 .., gt S
n a, +tan a, +...4tan 2,

Example 6. Show that

n
5 kil
(1 4ip4(1—iy=2"2 ok
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Solation. Let I1+i=r (cos 6 +isin 6)
Bquating real and imaginary parts of both sides, we have
rcos =1 and rsin 0=1
Squaring and adding, we have
r2=1-41=2 or r=+/2

Dividing, we have tan 0=-1 =5 0=-r/4

SE

1+I'=r\/2-f cos— 41 sin \
\ 4 /

(1'i'f)"==2"“{ cos— +1i sin %_J"

4
— -.;2[ cos-~ 4 i sm- J
o e PN n,ml L i"_j
Similarly (1—1#)"==2 L (:054 i sin 3 J
n
; B _2 +1 nm
(l+f)'+(l~l)”=2"/9[ 2 cos - J cos —-

Example 7. Prove thal
(a-|~|'h)m{n+(a—fbjrn 1n-=2(G b1 cos \(%’_mn_l?b,)
Solution. The cartesian coordinates can be transformed into

polar coordinates by means of the following relation :
a=rcos®,  b=rsin6,

b
where rt=a'4-b* and 0=tan"7-

Putting this value in L.H.S., we get
18 Al i,
(a+ib) " 4-(@—ib) " =(r cos 6+4ir sin 0) 7

n
+(r cos 6—1ir sin 0) 7
m = A
=g [(cos 841 sin0) " +(cos6—i sin 6)" ]
A
o " cos™ 047 8in ™ 04cos™ i sin
=r [cosn 6 7sin = (Hcosne—rsm—n— B]

[By using De-Moivre's Theorem]
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m m

—r ™, 2 cos o 0:=2 (a+b"2" cos [f’lm—n P_]
n a

[ =V @ o 2]
a
m i o
Thus (a+4ib) " +(a—ib) " =2(a*+b?) 27 cos L-’:‘Ltan'l ?‘J
(73
THEOREM. Find q roots of (cos 0 {-i sin #)?/', where p and
q are integors prime to each other.
[Hint. We know that
cos (2nw {-¢)==cos 8 and sin (2nrc+ ) —sin 6,
where 1 is any integer.
(cos 841 sin 0)?/7=cos {(2nm+0)+1 sin (21 4-0)}r /e
( .
=C08$ {—“"2”; Fﬂ%-}-fsin i "—Jggf;+ﬁ) g

Now giving n the successive values 0, 1, 2,...,(¢ -1), we obtain the
q values as

cos—‘; O-i sin %— 0 when n=0

— P(2n+4-6)
q

s -
COSP( ; 8)-!-f51ﬂ pﬁigiﬂ)} when ne=2

- 2
4 stnp—(-;i@, when n =1

cos—‘}{Z(q—I)n-%OH-f sini;- {2(9—1) = +6),

when n=g—1
When n=g, we obtain the values as

. p(2q;+8) I, sinP(ZQ;-J-e)

=cos p( 2x+ o) +isin p( Zn-}-%)

=Ccos (2pw+ﬁ)+i sin( 2pn+i’qf)

pé
q

which is the same value as obtained by putting g=0.

= co§ — +I sin'—
q+



A-8 ' BUSINESS MATHEMATICS

Example 8. Find all the values of (16)11+
Solution, 161/4=2(1)/*
=2 (cos 0+ i sin 0)'#=2 (cos 2 + i sin 2ng)'/4
= 2( cos”% +1 sin '-i—;)
Giving n the values 0, 1, 2 and 3, we get the required values as
2,2 ( cos—;— -+i sin

n g s
5-), 2 (cos 71 i sin n)

and 2 { cos——-—i—l sm—)
ie., 2, 2i, —2 and —2i.
Example 9. Find the all values of (8:‘)*

% ~ & ™ " m
Selutien. Since cos - =0 and sin Tﬂ—-l

81=8§ [ cos%-}-i sm%]

@iy} mgé[ cos_;; P g]i

=2 [ cos-{ 2"1r+%)+i sin( 2nn+—;-)_,!

=2L cosdnnﬁﬂ]ﬁr-{-i sini'%‘i"-t

Giving 7 the values 0, 1 and 2, the required fvalues are

2 [ cos——+l' sm—] [ cos-——+r sm—6-]

and 2[ cos—--[—l Sm-:'f'_l

L.ey [__ +1i —E]. 2[*2 +1. -—] and 2[0-+47 (—1)]

g, * 3 ’\‘i%i'), 2(:-‘2’/i+ l) and —2i
ie., V3410, —3/3+i and =2i.
Example 10. Find all the values of (—14 ,/3iy'13
Solution. Let — 1+ 4/3i=r (cos §+1i sin @), then
rcos §=—1 and rsin §=4/3 > r=2
and cos fi= ——;— and sin g= };3' > a_g%r_
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(—144/3i)7=2" l:cos ?3_-14 sin 23:5

14
3
)+x sin ( Mﬂ=+l4"= )]

. 6ng 4 1dx s 6 - 14n
. T3 --27[3 i e e b
or  (—144/30)1=2 [cos ( g )+i sin (222E )]
Giving 7 the volues 0, 1 and 2, the required values are
27 [cos 13—“+i sin EL] 2718 [cos g—g—'l-bi sin 2—31]

26m 26

+1 sin —
9

=27 [cos %‘-{-i sin

=27 [cos ( Znn*%-

and 273 [cos

Example 11.  Find the continued product of the four values of
a4
(cas g- -1 sin T’;-)

. 3/4 In g
Solution. (cos —-+1 sin E) ) [co:, #-+t sin —3———:}

-'—"(LOS w4+ sin)t/?
=[cos (2nm +r) +1 sin (2ne +w)]'A

s (2"";“ ) +i sin (2——“7'4"")

Required continued product

o o --“_'f_\ ﬁt‘_ i 3n N/ _5‘11 "
== cos 4 +1 sin i ,(cos 3 41 sin -—4—-)r\cos 3 1 sin " )

/ Tr 5 Tn
x\cos —4—+lsm a )

3n 7:: (_r:-_ 3n  S= 71:)
st t3 13

=CO0S ( 3 + ) i sin
4 4 +3

=C0s 4x+ I sin 4r:=1+r><0:1.
Example 12. Expand cos 8¢ and sin 8g.
Solation. By De-Moivre’s Theorem :

(cos 047 sin 0)*:=cos 80+ sin &0 seil™)
Also by Binomial Theorem, we have
(cos 8+1 sin 8)*=cos® 0+ "¢, cos? B (i sin 0)+%, cos® 0 (i sin 0)*

43¢y cos® O (7 sin 8)*+ 8¢, cos® O (i sin 0)*

8¢5 cos® 0 (i sin 6)°+%¢, cos? ¢ (i sin 6)

-+ %¢; cos 0 (i sin 8)7 + 8¢, (i sin 0)®



or

and

and

BUSINESS MATHEMATICS
=cos? §-+87 cos” ¢ sin 6—48 cos® ¢ sin® §— 56 i cos® g sin® ]
+70 cos* ¢ sin* 84 567 cos? ¢ sin® §—48 cos? 8 sin® 4
—87 cos @ sin” g-+sin® @
(cos 8+ sin ) =(cos® §—48 cos® ¢ sin® 8-+70 cos* @ sin® O
—48 cos? O sin® 04 sin® )
+17 (8 cos” 8 sin 0—56 cos® ¢ sin® 8+ 56 cos? g sin® g
—8 cos @ sin” §)
From (*) and (* ), we have
cos 8¢ 47 sin 8¢ =(cos® 6—48 cos® 6 sin? §--70 cos® 8 sin® @
~48 cos? 0 sin® 0+ sin® €41 (8 cos? ¢ sin §--56 cos® @ sin? §
+56 cos® 6 sin® ¢ —8 cos @ sin” @

“.(*v)

Equating imaginary and real parts on both sides, we have
sin 86==8 cos” g sin §—>56 cos® § sin? §---56 cos? 6 sin® g

—~8 cos 0sin’ 6
cos Bf=cos® § —48 cos® ¢ sin? 8--70 cos® ¢ sin® 0

—48 cos? § sin® 84-sin® #
Example 13, Express:

(a) cos™ g in a series of cosines of multiples of g.

(b) sin'® § in a series of cosines of multiples of 6,
Solution. Let X=cos 8417 sin ¢ so that AL =co0s 0 —1 sin @
X"=cos nf+isin n8 and xi" =cos nd—isin ng
x4 ;l:— =2 cos 6§
n 1 -
x4 - =2 cosn@
l ?
¥ e L
(@) (2cose) _(x+ - )
=XT4%, (%8, —1—+’c, X, e ]
x X
-7, . X8 -—l—-—l-"c x? -}—-{—"c X L +% L
‘ - . x‘ 5 - ..‘5 ‘ . . x 7 -
1 1 1 1
=x"+7x"’+21x’+35.1r+35 . ;—*[‘-2] =47, g +}—c.,'

1 ML 1N 1
=( =45 )+7( oz )42t (x4 5 )35 “+5)
27 cos” 8=2 cos 70+7 . 2 cos 56421 .2cos 36+35.2cos @
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Hence cos? § =(3)® [cos 70+7 cos 56+21 cos 38435 cos @]
(b) We have

- 1 v 1 1%
(27 sin 0)‘“:(.1:—-;— j‘“::_t"’-}-“'cl X (._ ;ﬁ)-l—“’ca x"(_?)

100, x7 (“%_)3 10, Te(_?)

P ]
430 x5 | — - ) -+ 1%, ﬁ( e .1_\
b X x /

4190, x3 (__ ) 419, \,(__1__ 4

X
1
o i1 10 [ 2
]_upx( .‘jicm\ x)
= xW0— 10x®445x5~120x*+4210x%—- 252
1
+210 F—-IZO = 4y u-~10 +; m-

o) —10 (34 )43 ( iy

=<

—120( .\-4+IIT)+210 ( x"+i:—)—-252.

or 210 710 | sin}® 0=2 . cos 10 6—10 . 2 cos 80445 ., 2 cos 60
—120 2 . cos 404210 . 2 cos 26—252.

Hence sin!? 6 = (—4)? [cos 106—10 cos 80445 cos 68
—120 cos 404-210 cos 20—126]
g3 IID_(II)E_.(_l)ﬁ::_-],]

Example 14. Prove that
sin® 0 cos? 922—5— [—cos 80+4 cos 68 —4 cos 4p—4 cos 204-5]
Solution. Put
x=rcos 041 sin 0=C+iS
—1—= cos B—isin B=C—S

1

2 cos 0=x+—1— , 2i8=x— —
® x

n 1 i
and xn==cos nf +1i sin 8, 7 =cos ng—1 sin no.

R 1 = 1
2 cos HB =x"+ f 2 isin Nf=x"— oy
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(2i sin 0)* (i cos 0)?
(Y=L
~(x—5)(m-5)

=( xt—4. ‘;—+6X'- ;l!-—4x § ;l, -*‘iii‘)
(2 )
=( xM-X‘T)—&&( x'+xl—,)+4( x,,+xlT)

/ 1
+4( x4 )+10
— 28 5in® B cos® 6
=2 (cos 80 —4 cos 6044 cos 4044 cos 20— 10)
Hence sin® 6 cos® 6

=i-l.,— (—cos 80-+4 cos 60—4 cos 40 —4 cos 20+ 5)

SOME IMPORTANT THEOREMS ON MATRICES

Theorem 1. Matrix multiplication is associative, ie., if A. B are
conformal for the product AB, and G are conformal for the product BC,

then, {AB) C=A (BC)

Proof. Let A, B, C be the mXxn, nxp and p x ¢ matrices and
A= [all}= B= [bU}! C= [cfj]
Here A, B and C are conformal for the product AB and BC.

n
AB={a,]x[b,]=[ ki bk bx, 1={u,], say
=]

[u,] is an m X p matrix. i= B R e TR
= 2 SR
(AB) and C are conformal for the product (AB) C.

(AB) C=ulx{e,=l 3 weul

P n

={ 2 ( 3 axbd,)cy)
I=1 k=1
p n

=[ P b bl‘f (.'”]’ Je=1, 2, ...... , m
1=1 k=1
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It is an m x ¢ matrix.
P
BC= (0] [e,]=1 % bu cul=Dub (say) =1, 2, oo
i

j=12,..,4
[v,] is an 7 X g matrix.
Therefore, A and (BC) are conformal for the product A(BC).

[4
A(BC)=[a|}]X [Vl}]‘:[ Eia“ vl;]
1=

n P p n
~[Za, (% bscy]=3% 2 a,bucy

==\ s=1 s=1r=1
i=1,2, .. m,
j=1,2, ..., 4.
Here (AB) C=A (BC)

Theorem 2. Matrix maltiplication is distributive with respect to
addition of matrices, i.e., if A and B are conformal for the product AB, B
and C are conformal for addition, then

A(B+C)=AB-+AC
Proof. Let A=[a,] be m xn matrix

and B=[h;] and C=[c,;] be each n< p matrices, s0 that
(B+C) is also nx p matrix.
Thus A (B+C) is of order mxp.
Also AB+ AC is of order m xp.

Therefore, the matrices A(B+C) and AB+AC are conformable,
Further.

(i, /) th element of A (B-+C)

=Sum of the product of the corresponding elements
of ith row of A and jth column of B+C.

o
=k§: ax (bx,4cr)
=1

n n
= 3 axba+ 3 ancx,
k=1 k=1

(Since in case of real number, multiplication
is distributive w.r.t. addition

=(i, j) th element of AB-}(i, /) th element of AC
=(i, j) th element of (AB+ AC).
Hence A (B+C)=AB+AC
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Theoxem 3. The transpose of the product of two matrices is equal
to the product of transposes taken in reverse order, i.e., if the matrices A
and B are conformable for the product AB, then the matrices B', A" are
conformable for the product B' A' and

(AB)'=B' A"
Proof. Let A=[a,] be an m X p matrix and
B=[b,] be an nx m matrix. Then
A'=[a,]is an nx m matrix.
and B'=[b,]isa pxn matrix

AB-[0,1X(b41=1 5 a, b)
Ttis an m x p matrix, '
(AB)'=[_£;lbﬂ‘ a,);  k=1,2,.,p
o i=1, 2,....m

The elements in the kth row of B' are the elements of the kth
column of B,

They are by, b, ..o, b Similarly the elements of the ith column
of A'are a,, b,......, a,,.
n
The scalar product of these two sets of elements= 3 bk a,,
J=1
n
Pl B’ A":[ b bjka”}; k:l, 2, ...... . P
j=1
I=1. 2,000veey M
Hence (ABY=B'A"

Theorem 4. Every square matrix can be uniquely expressed as the
sum of a symmetric and a skew-symmetric matrix.
Proof. Let A be a squarc matrix and A' its transpose.
Then we have
A=} (A+A)+} (A—A)

=P+Q, (say) adl)
where P=} (A+A) and Q=3 (A—A") -(2)
Now P'=} (A+A")Y=} [A"+(A")]=} (A'+A)=P
and Q=% (A-AY =} [A'~(A)]=—} (A—A)=—Q

Thus P i8 a symmetric matrix and Q is a skew-symmetric matrix.
Hence from (1), we conclude that a square matrix can be expressed as
the sum of a symmetrio and skew-symmetric matrix.

To prove the uniqueness of representation (1), let, if possible

A=B+C X3 )
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where B is symmetric and C is skew-symmetric matrix so that
B'=B and C'=—-C
Then =(B+C)'=B'+C'=B-C ...(4)
On adding and subtractmg (3) and (4), we get respectively
B=} (A+A)=P
C=% (A—A)=Q
This establishes the uniqueness of (1).
Theorem 5. If A=[a,/] is a square matrix of order n, prove that
A(adj A)=(adj A) A= | A | 1,
Proof. We have

[ Gy gy e B ]l r Ay A, ... 4,4 )

A (adj A)= E a,, aim f?,,, ; >< l dAys Ay 5 A lj
LTy gy ] Ay s s i J
{' 4] 0 ... 0 ]l

: : : [
B o el ]
gince from the property of determinants, we have

n | 4 )ifi=k
'ia”Ahzt 0 ,ifistk
Hence A (adj A)= | A | I,.
Similarly it can be proved that
(adjA). A= | A1,

Theorem 6. The necessary and suﬁic:em condition for the existence
of the inverse of square matrix A is that A is non-singular,

Proof. The necessary condition : Let B be the inverse of A.
AB=BA=I
|AB | =|A| X |B|=]|I|=1
| A|#0. Thus A is non-singular.

The sufficient condition : If | A | 0.
adj A adj A
A(T5 )-1= (TaT)- A
dj
e

and it exists.
[ Al
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Theoxrem 7. A and B are non-singular matrices of the same order,
then AB is also non.singular and

(AB)'=B-'A"!
i.e, the inverse of the product of two non-singular matrices A and B is
equal to the product of the inverses A~ and B~ in the reverse order.

Proof. If A and B are non-singular matrices of order , then

| A |0, | B| 0.

Also | AB| =|A| X |B|7#0
=> AB is also non-singular and hence has an inverse (AB)—1
We have
(B™* A-') (AB)=B-' (A-! A) B=A"[, B=B"! B=I,
and (AB) (B-'A")=A(BB™}) A-'=A 1, A-1=AA"1=1,

Hence B-?A-! is an inverse of AB. In other words,
(AB)'=B'A™!
EXAMPLES ON DETERMINANTS

Example 15. Show that
B+~ o 1

Y+« B 1 {=0

at+p Y 1
Solutinn. Operating C,—>C, +C,, we have

Btrta a 1 1 « 1
A= y+a+p B 1 |=@+p+y) |1 B 1 |=(@+p+7)x0=0
atft+y v 1 I ¢y 1
1 a a
Example 16. Show rhat a' 1 a [=(1—a%)t
Y L I |

Solution. Operating C;—C,+ C,+ C,, we get
1-+a+a? a at |

A=| 14+a+4a? 1 a

1+4+a+a? a? a

=(l4+a+a?) | 1 1 a
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=(1+a+a")

=(1-+a+a?)

=(1-}a+a*)(1—a)?

1 a a2
Operating
0 l1—a a—a? and
0 al—a 1—at
1—a a(l—a)
a(@a—1) 1—ag*
1 a
—a l1+a

=(1- @) (1) (1+a+a*) (1+a-+a)=(1—a")?

Example 17,
1
'}

1

Solution. A=|1

Show that
a al— be
b Hr—ca |=0
c ct—ab
1 a at 1 a be
b oY f=| 1 b ca
1 c cl 1 ¢ ab
1 a a? a at
1
=|1 b b |=abc| b b
1 ¢ ct c c?
1 a a? a a® 1
= 1 b b |- b b 1
1 c ch ¢ ct 1
1 a at a 1 a2
==t b »+|b 1 b2
1 c e je 1 o
1 a at 1 a a
=] 1 b b || 1 b bt
1 c 1 c o

Ry>R,— R
Ry->Ry— R,

ape
abe

abe

A-17
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Example 18, Show that
(b+e) at a?
b2 (c+a) b* |=2abc (a++b+c)®
c? ct (a4-b)2
Solution. Operating C,—~»C,—C, and C,—~C,—C; we get
(b+c)-a 0 at
P 0 (c+a)?—b? b2
—(at+b) ct—(a+by  (a+d) |
(b+c—a) (b4c+a) 0 a?
= 0 (c4-a—b)(c+a+b) b
(c—a—b)(c+a+b) (c—a—b)cta+b) (a+b)?
byc—a 0 a?
=(a+b+c)? 0 cta—b b*
c—a—b c—a-b (a+b)
byc—a 0 a®
Operating
=(a+b+4c)? 0 c+a—b b¥ R SR,—(R,+R,)
—2b —2a  2ab
Operating C,=C, + é— C, and C‘,—»C,-{-;— C,, we get
2
b+4c % a?
bt
0 0 2ab
a2
bt .
=(a+b+4c). 2ab
bt
‘ —a" c+a

(expanding the determinant along its third column)
=2ab (a+b+c) [(b+¢) (c+a) ab]
=2abc (a+4b+c)
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Example 19, Show that

x4a b c d
a x4b & d
=x3(x+atb+c+d)
a b X+c
a b ¢ X+4-d

Solution. Denoting the given determinant by A, and operating
Ci—C+ C, -G+ C,, we get

X+ta4-btectd b i d
x+a+btctd x-+b e d
B X+a4-b+4ctd b x+e =15
xta+bictd b c x+d
1 b c d
x-+b c d
=(x+a+b+c4d)
I b x+tc d
1 b i x4d

[ (x+a+b+tctd)is common in ¢l
1 b c d

0 x 0 0 |, operating
=(x+a+b+c4d) R,—>R,—R,,
0 0 * 0 Ry3—>Ry—R, and
R,—~R,~R,
0 0 0 x
X 0 0
=(X+a+btc+d) |0 x 0 |, expanding the above
determinant along C,
0 1] X
X 0

=(x+a+b+tctd). x » expanding the above

determinant along C,

0 x
=(x+a+btectd), x . x1
=X (X+-a4b4c4-d).
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Example 20, Prove that

a® Jaz 3a
a* at+42a 2a+1
a 2a+4-1 a2
I 3 3

Solution.
C,—C,—C;+Cy—C,, we get

a*—3a*+43a—1

0

=(a*—3a*43a—1)

BUSINESS MATHEMATICS

1
=(a—1)®
1

1

Denoting the given determinant by A and operating

3a® 3a 1
a*+2a 2a+1 1
2a41 a+2 1 [

3 3 1
a*+2a 2a+1 1
2a-+1 a2 | ] A
3 3 1

(expanding the above determinant along C,)

at—1 a—1 0
=(a—1) 2(a—1) a—1 0|
3 3 1
(operating R,—» R, — R, and R,—»R,—R,)
a+1 1 0
=(a—1) 2 1 0], (@=1) is common to R,
and R,
3 3 1
a+1 1
=(a—1)' expanding the above determinant
2 1| along C,

=(@—1) [(a+1) . 1—1. 2]=(a—1)* (a—1)=(a—1)*
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Example 21, Prove that
14-q? ab ac a

ab 14+b be bd

a8

ac be  I14¢% ¢d

ad bd cd 14a2

Solution. Multiplying C,, C,, C, and C.bya, b, ¢ and d respec-
tively and dividing by aoed, we get

|
i
| = +artbrpcryan

a(l +a®) abt ac? ad?
e ah b(1 4+62)  ber bd?
A= zbea
at b2e c(l4+¢%) ey
atd bid cid d(14-d?)

14-a2 b2 c? d?

abed a? 146 ¢ dz
“abed
cd az A R

al b? ¢t 14-d? \
(Taking a, b, ¢ and & common from R,, R, R, and R, respectively),
Now operating C>C+C+C+C,, we get

1 b c? d?
L1462 e g
A=(1+a4b | c*d?)
1 b 148 g3
1 b2 et 14-d?
1 b c? d* | Operating,
0 1 0 0 Rz“”‘Rz"Rl
=(1+a'+b e +dY)
0 0 1 0 ’ Ry—>R,—R,
0 0 0 1 l R,~>R,—R,
1 0 0
= l+a'+b+cr4d) | 0 I 0
0 0 |

=(1+a* + b -2 d?) [Expanding along the first column]
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Example 22. Prove that
I+a 1 1 1

BUSINESS MATHEMATICS

1 146 1 Vi

i . F 2. 0
=g hedl” Tty s fiets
1 I I4c I [(+a+b+c+d)

v i ) 1 ]—-}-d

) Solution. Dividing C,, C,, C; and C, by a, b, ¢ and d respec-
tively, we get

(1/a) +1 1/b 1/e 1/d
1/a /b +1 - 1c 1/d
N =abed
1/a 1/b (Ije)+1  1)d
1/a 1/b 1/e (1jd)+1

Operating C, > C,+ C,+ C+ C,, we get

1 I 1 |
A =abcd (l+-5--{- o .+,—F)

' 1 1/b /e 1/d

1 @b+ 1 1

Tt o+t
1 1/b Ve (d)+1

1 1/b 1/e 1/d

|
l o 1 0 0
T
=abed (1-’:--5 %-‘F‘F?-FB) PO 5 , 3
1
"o 0 0 1

[Operating R,—R,— R, ; 1=2, 3, 4]
1 1 | 1
—abed (14— +5+7+5)
(Expanding by first column)
PRODUCT OF TWO DETERMINANTS

The product of two determinants of third order is a determinant of
third order. More precisely if A, and A, are two determinants each of
order 3 as given below :
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al bl Cl
Hy=| ay b, €4
dy b, €3

then their product A, .
alal+b:ﬁ|"1'clTl
ayoty -+ bZI?"l +¢,

dyo0) - bsB: 431

o ﬁl
and Sy= | a, Bs
%3 Bs

yogi- b+ €y,
@y -+ b3, +C,y,
gty 4 byfi, -+ C3Y2

A-23
T
Ya

Y3

L\ g is the determinant A of order 3 given by

iotg+ b B+ €,y
@+ b,y oy,

Qya3 + by + €y,

Now A can be splitup into 3x3x3, ie, 27 determinants, since

there are three constituents in ecach column.

are :

ey
Gaay
Agay
0B,y
b:B,

H

ajay

ayxy

ﬂaaa

These 27 determinants
a,ap ayay a,B, ayiy
a0y Ayay PN a5,
Agory Agory asB, Ayys
€1
€23
C3Ys

The first of these determinants

a,
Tayday | Ay

ag

a

a,

ay

a
a, | are identical.

ay

The second of these determinants

6

=o;ByYs « A

Cy

a, b,
=By | Gy b,
ag by
The third of these determinants
b, a,
=BTy b, dg
b, a

=—a,fyys X 0,

G a,
€ [=—Pixasrs a,
€, a,

=0, since the columns in the determinant

by €
b, C;
by Cy
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In this way we can easily find out that 21 out of these 27 deter-
minants will vanish and the remaining six determinants will be

@ Bara N\ — & Pava A1+ aBari & — 2P iye Dy
+agfryai— asfavi &y
=(“tB=Y:_¢1ﬂaTz+“zﬁaYt —asfyYstasPirs —aaBary) A
=[at; (Baya— Bayz2) —%2 (Biva —Bay1)tas (B:Ya_ﬂﬂ't)] AN

oy ] &3
=| B B2 8y | XA1=0X Ny
T ¥e Ys
A=A X O,

Remark. Formula gives the so-called row by row rule of the
multiplication of two determinants and may be described in words as
follows :

“The three elements of the first row of the product determinant
A=A, A, are given by the sum of the products of the elements of the first
row of ,\, with the corresponding elements of the first, second and third
row of A, respectively, Similarly the elements of the second row o [ £ are
given by the sum of the products of the constituents of 2nd row of A, with
the constituents of the first, 2nd and 3rd row of N\, respectively ; and so
on for the third row of N,

Similarly, we can obtain the value of A by column by column or
column by row rule of multiplication of two determinants A, and A,.
Thus the value of A can be obtained by any of the four rules of multi-
plication, viz.,, row by column rule, row by row rule, column by column
rule or column by row rule. In other words, we can multiply two  deter-
minants of the same order by any of the four rules of multiplication.

Example 22. Express the product
a 0 1 0 1 a

S
~

i1 b 0 |x|b

|
| 0 1 ¢ 1

as a determinant and find the value of it
Solution.

~
=)

a 0 1 0 | a
1

o

L. b 0fx| b

0 1 c 1 c 0
ax04+0x1+1xa axb+0x0+1x1 ax1+0xc+1x0

= Ix041x1+0xa 1xbybx0+4+0x1 Ix14+bxe+0x0
0x04+1x14exa 0xb4+1x0+exl Ox1+1xc4ex0
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a ab 41 a
B b b 1+be
1+tca c c |
Also
a 0 1 0 a I 0 1 a
A=|1 b 0 |=—] 0 ] O ===l b 0 1
i 0 1 e i 1 0 c 1 c 0
(by interchanging the columns)
[by expanding]

.-=(abc—{- 1)

Example 23. pProve that

A, B, ¢, a, b, <
A, B, G |=| a b, €, !
/‘fa [)‘:; C; l ay bg C, |

where capital letrers ¢

in the determinant on the right hand side,

Product=(abc4- 1)

lenote the cofactors of the corresponding small letters

provided it is not zero,

Solution. Let us write
a, b i ‘ A, B, Cs
A:’ a-z bz Cg ﬂﬂd é, = A'l B’E Cg
i by €, Ay s G,
Now
9, b, Ei A, B, |
Al=| G b € | X] Aq 8, C,
ay by 4 Ay By Gy
a,A+b,B,+¢,C, a,4,+b,By+ ¢,C, 51A3+blBs'+’C1C3
=| a,A,4+6,B,4+¢,C, @At byByt By a,Ay+ by By + €;Cs
ayA,+ by B+ ¢,Cy azA,+hsby o€, ayAyt+byBy+€3Cy
(By row-by-row rule of mutiplication)
A 0 0
=0 VAN 0{=4"
0 0 A

Hence if A0 ; then A, =A?
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Example 24. Expresy
(a—x)? (b—x) (c—x)*
@y G-y (c—yp
(a -z)2 (b—z) (c—z)?

as a product of two determinants and prove that the value of the deter-
minant is

2 (b—c¢) (c—a) (a--B) (y—2) (z—x) (x—y)
Soluticn. Given determinant
a'—2ax -} x? b' —2bx 4 x2 ¥ —2cx--x?
A=|al=2ay+yt  B—2bytyr  cr-2cpyr
a*—2az 4zt br—2bz 4 21 ¢t -2¢cz4 2t

a? —2a 1 1 x x=
=| b —2b 1 (x| 1 iy »n
c? —2¢ 1 1 Z zv !

(by inspection and trial)

=211 b b |I|x[1 y g,

1 ¢ c? 1 z 28
(Interchanging the first and third column)

=2(a—b) (b—¢) (c—a) (x—y) ()—2) (z—x)
' (On simplification)
Example 26. Solve the following equations by Cramer’s rule -
xX—2y+43z=5
Ix+4 3y 4z=7
xX+y—z=—4

Solution. We have
A =Determinant of coefficients of x, y, z

1 -2 3
= 4 3 4
1 1 -1

=1.(=3-4)+(3-2)+1 (—8-9)=—20540
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Since /0, the unique solution of the system is given by

SRR ¢ Sy ¥
X e y , Z x
5 -2 3
where Dy== 7 3 4 =40 (on simplification)
-4 1 -1
1 5 3
A= 4 i) 4 = — 20 (on simplification)
|
' 1 —4 —1
] -2 5
Na= 4 3 7 =60 (on simplification)
1 1 —4
Substituting in (*), we get
x=—2, y=1 and =3

Example 26. Use determinants 10 solve the following equatfons :

axt+ hyycz=k
a'x byt clz=k?
adx+ bty + cdz=k?
Solution. The determinant of the system

a b c 1 1 1
A=]| a? b c?|=abc | a b ¢
a b c? at bt ct

=abc(a—b)(b—c)(c—a)

A-27

(™

Let us suppose that a, b, c are three distinct nimbers and they are

different from zero.
A F0.
k b & 1 1 1

k? b ct kbe| k b ¢

g el e b o

- A T A
kbe(k —by(b - c)c—k)  k(k—b)(e—k)

=‘abcla=b)(b—c)c—a) ~ a(a -b)(c-a)




A-28 BUSINESS MATHEMATICS

a k c | 1 1

a k2 ct kac| a k &

ad k3 c8 at k2 e
B A = A

kac(a—k)k—c)c—a) k(a—k (k-<)
= abc(a—b)(b—c)(c—a) — a(@a—bybh-0)
Similarly, we shall get
7= Kb —k)(k—a)
o(b—c)(c-a)
CHARACTERISTIC EQUATION AND ROOTS OF A MATRIX

Let A=[a;,] be a nxnsquare matrix. Then matrix A — Al is called
the characteristic matrix of A. The determinant

FA—=AT | =¢(n), say
which on expansion gives a polynomial of degree a1 in A is called the
Characteristic polynomial or characteristic determinant of characteristic
function of 4. The equation
¢ =[A-a1| =0

i known as characteristic equation of A and its roots, say, Ay, Ny, ..oy Ay
are called the characteristic roots or lateral roots of A.

Example 27.  Find the characteristic equation and roots of

6 -2 2
A=| =2 3 —1
2 —1 3
Solution. The characteristic equation is
| A=l | =0
6—2n =32 2
> -2 3-2 =1 |=0D
2 -1 3-2
3= — 1] -2 —1 | -2 3-2
> (6-17) +2( ‘+2‘ =0
—1 KR v 3 3I-2 2 =1

2 (6-N)[B=A)1—1]+2A-6+2r42]4+2[2—6+27N]=0
> A*—127*4 447\ —48 =0 (on simplification)

> (A=2) (A—4) (A—6)=0

Hence characteristic roots are 2, 4 and 4
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Cayley-Hamilton Theorem
Every square matrix satisfies its characteristic equation. Thus if
$(A)= | A=NL | =(=1)* (A" +p A" 4PN 2. +pa) =0
is the characteristic equation of the matrix A, then
$(A)=(—1D" [A"+p; AP~ p A2 4 p1)=0...... *

Remark, Cayley-Hamilton theorem may also be used to obtain
the inverse of a non-singular matrix A. If A is non-singular ( | A | 7=0),
then premultiplying (*) by A~! and transposing, we get

A ::_.]_,I_ [A* Y 4p, A" 24 P 1]

Example 28. Verify that the matrix

2 - 1
A= — 2 — J
b =l 2
satisfies its characteristic equation. Hence compute A~

Solution. The characteristic equation of A is

[ A—dL | =0
2 =1 1 1 0 0
& i 2 =i }?\[ & & 4 |=B
. 1 =1 2 Lo o 1
0 R | !
= -1 2-A —1|=0
1 -1 2=
2-x —1 -1 =1 -1 2—A
* (2-7) 41 l +1 =
=1 2—N\j 1 2—A 1 —1
> (2-2) [2= 0= 114 (=2+ A+ D +[1=(2-N)]=0
=> MB—622+9N—4=0 (On simplification)
By Cayley-Hamilton theorem, we get
A’—6A'+9A—41=0 (")
Verification of (*).
2 — 1 2 -1 1
A=A A= =} 2 —1 (X ~1 2 =1
: 1 —1 2 1 ~1 2

G =5 5

—5 6 —5

5 —5 6
22 —21 21
Al=A% A= =21 22 =21
L 21 =21 22
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We have A*>—G6AY 4+ 9A—41

22 -21 21 6 —S 5
= -2l 22 =21 | -6 -3 6 —35
) 21 -21 22 5 -5 6

2 -1 1 1.0 0 0 0 0
+9 —1 2 -1 (-40120|= 00 0 |=0
| ) | 2 o0 0 0 0

Premultiplying (*) by A-!, we get
A’—6A+9I—4A1=0

> A 1=} [A'—~6A+9I]
5 <5 3 3 —f 1

=l =5 & —Si=<6] ~I "2 -1 |8
5 -5 & I =] 2
3 f - -

=} 1 3 1 |= 1
s 1 3 - 1 3

Ezample 29. Obrain the characteristic equation of the matrix

1 0 2
A=| 0 2 I
2 0 3

Hence or otherwise calculate its inverse.
[Delhi Univ., B.A. (Hons.) Eco , 1992]

Solution. The characteristic equation of A is
| A=Al | =0

1 0 2 1 0 0
> 0 2 1 [—a © 1 0 |=0
2 0 3 V] 0 1

SO
C=O

- g
|

e B
e

1—2 0 2
- T B
2 0 3-a
2 (I=7).{2-N(B-N-0}-0.{0-2}+2.{0-2(2—n}=0
> — A4 6A'=TA—2=0

By Cayley-Hamilton Theorem, A satisfies its characteristic equation,

herefore, we have

— A" 6A—-TA-21=0.
Premultiplying by A-!, we have
—A'+6A—TI—2A-1=0
A A-'={[— A+ 6A~T1]
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1 0o 2 1 0o 2 5

Al=| 0 2 1 0o 2 1 |=| 2

2 0 3 2 0 3 8

0

2

0

5 0 8

— A 6A-TI=-| 2 4 5 |+6.
8 0 13

0

0

7

~5% 6~T7 OF 0—0 — 8+iz-
=| —24 0-0 —4412—7 — 5+ 6—
—84+12—0 0+ 0-0 —I3+18

-6 0 4 -3 0 2
&‘1=i[ -2 1 1 ]=[—-1 ) 4 ]
4 0 =2 2 0 -1

EXERCISES

1. Determine the characteristic roots of cach of the following
matrices ;

8§ —6 2 2 2 1 21 0
(i)(—ﬁ 7-4), (a)(1 3 1).(:’;-‘)(021)
2 —4 3 i 2 2 00 2

2. Prove that each of the matrices

o hg o f h o g [
(haf), (fog) C=<goh)
g fo g o S h o
has the same characteristic roota.

3. Prove that the following matrices have the same characteristic
equation

a b c b ¢ a ¢c ab
A,ﬁ(b c a ),A,:(c a b), A,:—.(a b c)
¢c a b b ¢ a b ¢ a

4. Find the characteristio equation of the matrix
il 0 —1 11
I
A=| 3 4 5 l|
[
L. O —6 -7 J
Verify Cayley-Hamilton theorem. Hence or otherwise compute A™!
[Hint. Characteristic equation of A is
AM+H2AT—-A—20=0
By Cayley-Hamilton theorem, we have
A'4-2A'—A-201=0

2 6 4
This gives A~'=y; [A'+2A—1]=/4 21 -7 -8
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5. Show that the matrix

satisfy Cayley-Hamilton theorem.
[Hint. Characteristic equation of A is
AT W@t 4 b2y e?)=0
To satisfy Cayley’s Theorem, we have to verify that
A’+(a*+ b4 c*) A=0]

S O =t
o

SR o
B

| 0 0 4
6. If A=l 1 0 | R
0 1 0

show that for every integer #>3,
Au: An-e _}_ Az_ 1
Hence determme A% and A190

[Hint. Cayley-Hamilton theorem gives

AP A'—A+I=0 e l)
> A(A*—T)=A%—1
Premultiplying (*) by A*-3, k>3, we get

A*'(AT—1)= AK-3 (A2—1]) (*)

Putting k=n, n—1, ..., 3 in succession and multiplying the resulting
equations, we shall get
A (AP—1)=A’—1;n>=3
= An,_,An-z?:At_! - ”>3 ___(".)
as desired.

To obtain A®®, put n=50, 48, ..., 4 successively in (***) and add
the resulting equations. Similarly for A'%)

SUCCESSIVE DIFFERENTIATION
Example 30. If x=sint, y=sin pt : prove that
(1= y,— 3, +p2y=0
Solution. —j—f =cos !, % =p cos p!t
dy  pcospt
dx —  cost

COS 1, yy=p cos pi
cos? | y,2=p* cos? pt

LR
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= (1—sin® ) y,2=p*(1—sin® pt)
L (1—x3)p*=p(1—p*)
Differentiating again, we get
(1=x%) 2y, 9,4 3,* (—2X)= - p* . 2py,
= (1= )y, —xy,+py=0
Example 29. If y=Ae-* cos (pi+ 4 e), show that

dz'v dy ? 9 2 a
T +2k 5 4 nty= 0, where n*=p24 k*,

Solution. E'}—'.= —kAe* cos (pt-}e)- pAe*' sin (pt+e)

dt
==—ky—pAe-* sin (pt4-e) el
or pAe~t sin(ptte)=—ky —5;%- P
¢

Differentiating (*), we get

d i
a}’%:_k .%—m [—ke=* sin (pt+e)+e™** . p cos (pt+e)]
d
cupills’ ?fl +k . pAe* sin ( pt+e) - pty
d d
— (ﬁi + k ( —ky— !—.{{i)—p‘y (Using **)

dy
=-2k - —( pr+Ehy
ay . .
= -2k 2 —"'y. Transposing we get the result.

Example 30. [f p*= a? cos*g+ b? sin*g, prove that
a'.‘

d? b*
P+ Eé’z_,-.—- T
Solution. We have
pr=a® cos® O+ O*sin? ¢ (1)
=a® (| —sin? )+ b? sin® 6
=a*—(a*—b2) sin® @ --(2)
Again p'==a? cos? 0+ b? (1 —cos? 6)

= (a®—b?) cos? g+ b2
(a®>—b?%) cos? O=pr—b* ...(3)
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Differentiating (1), we get

(4

«{5)

[Using (2) and (3)]

dj
2p a_'g_: —2a® sin 8 cos 0425 sin @ cos 6
= P g’é— = —(a*—b?) sin 6 cos B
Differentiating again, we get
d? 1
P +(§%) =—(a*—b?) (cos® 0 —sin® 0)
dp (a*—b") sin 0 cos 0
From (4), we get e =
Substituting in (5), we have
d*p  (a®—b%? sin® 0 cos? 0
p EE?_{' pl
=—(a*—b*) (cos? 0 —sin? 0)
d’p  (a®—b") sin? @ . (a®—b?) cos? §
= P gmt 7
=~ (a*—b?) cos? B4 (a?—b?) sin 0
dp (a*—p?) (p2—b?) "
=2 ey [ X | 1_p
> P jgit o (p*—06")+(a*—p?)
d?p azht .
= p‘-{—@+a'——-}1——p1+b‘=al+bl_2pl
dip . ab?
= Pag P =g

Dividing by p, we get the result.
Example 31. If x%42xy + 3y*=1, show that

dy

D3 ==

(x+3y) di +2=0,
8olution. Differentiating the given relation, we get

dy dy
2x42 { xZty §+6y Z=0

dy x4y

d._y__[(xuy} fredt-cinfies &

dx3 (x 430
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d
[+~ +tay-3e-3) F |
- (x+3y)
dy M "
=—[ 2y —2x (-,;] - (£+3)

_x(_"t'!l. o t

=—2 [ y+ X ED | eran)
=2 (Xy+3yr+-x24-xy) - (x 4+ 3y)
=—2 (X34 2xp 4 Iyt = (x+3p)
- s
T () '

diy
> (x+3yP 25 +2=0

X2 4 2xy+ 3yt=1)

LEIBNITZ’S THEOREM

Statement. If f{x) and g(x) be two functions differentiable up to
order n, then

(fg)nr‘go'cr j:l--!gl'

="Co f,8 +°C, fu_1 8, +"Cy fr-2 83t ... +:‘C’ ff“"_ g'.+ ", f8n
where the suffixes in fand g denote the order of differentiation w.r.f. x.

Proof The theorem can be established using the ‘Principal of
Mathematical Induction’,

Step I. By actual differentiation, we have
( fg)l =f;g+f31=lco flg'i"clfgl
(fg).=(f,z+f}g,)+(}}g, +/85)
='Cnf,8+’Cl flgl‘{"cafga
Thus the theorem is true fot n=1 and n=2,

Step II. Let us assume that the theorem is true for n=m, so that
m
(f8)n= % ™C, f,..8
r=0
Differentiating both sides, we have
m
(fg)n{q: ZD"Cr {fn—rﬂ Er +fm-' gr+]}
r=

="C¢ {jm+l g+fm31} +nC1{ fmgl +fn—1g:}
+.Cl {fnalgi+fq_z g'}'l"---"_'.c-{ nflgn"-fgn#l}

szlf-ﬂ g+('co+.cx)f-gl+(mc1+“ 3)f.-13'.'f‘...+mc,.fgn—1
Step III. We know

"Co="4Cq, "C,="4C,,,, "C,+"C,_,==+C,
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(S8 ity ="YCo [ 1184 "1 C, .81+ "G, [ 8at ...
+ .chmh fgm+1
m+1

= X ™HC fm-rh gr
r={

Step 1V. Thus if the thcorem is true for n=m, it is certainly true

for m=m41. Tt is already verified for n=1 and 2, hence the theorem is
true for all positive integral values of 1.

Remark. We choose g for a function whose nth derivative is
known, and f should be :.uch function that vanishes after a few
differentiations.

Example 32, Find the nth derivative of
y=x3 sin ax

Solution. Here we take sin ax as fand x3 as g.

NOW gl=3x’| gz:’ 3- 2X, g3=3- 2: g‘:()
n

Also f,=a" sin ( ax-:—%}. etc.

Hence by Leibnitz’s theorem ; we have

, nmn e n—
Y,=X%" sin ( ax 4 — )-r’-u . 3x2 . a"7! sin ( ax—+

&b

2
nn—1) 3. 2x a"! sin ( ax-+ _i" )
+7 -3, Rodk
 n—1) (n-2) el =3
4 e  pa 32 1-a2 5hn ( ax-- 3 T )

Remark. If one of the factors be a power of x it will be advisable
to take that factor as g

Example 33, Let y=x' e**; Find y,,
Solution, Here g=x! f=e

so that 8, =4x"; g, =12x% g3=24x, g,=24
and g5 etc. all vanish.
Also f.=a"e" ; etc,
whence Yys=a® e x'-1-5al e**  4x3410 . a3 ea* . 12x?

+10a? e°* |, 24x-+45a e* | 24
=a e {a'x* +-20ax3 + 120a%x2--240 ax+ 120}
Example 34. Differentiate n rimes the equation :

d
dxz +x d +y 0

Solution,

() =¥,bn. 2 ol
dxn x)ﬂ)_' -}"n+2 n.Z2x }',.+1+ 2 1 Ya.

“’}\_"‘ (x»)=xy,4,+ny,.
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dy )
dxn I

therefore, by addition,
X2Vt (@20 1) X+ (024 1) ¥, =0

In+ J2+1
or X’ ‘f‘:’”-a +(2”_j I) Y _\"il (i"%— 1) d } =)

Example 35. If y=a cos (log x) +D sin (log x), show thai
X2Wuag 4 (204 1) Xy, 4y (24 1) p, =0
Solution. Differantiating, we have

¥,== —asin (log x). '1‘ +b cos (log x) . :

> xy,==—a sin (log x) +/ cos (log )

Differentiating again, we get
a cos (log x) fJ_sirl (log x)

NPyt ¥ = — -3 =
2> Xy, +xy, =—[d cos (log X} +b sin (log x)]= —y
=> Xy, 4 xy 4 y=0

Differentiating this equation 2 times using Leibnitz's theorem,

[Xﬁl‘”.z'{"nCt . 2\. . yr;-l-l Jf'rc‘g . 2 . _l',,] "["’)‘n*l"—u(-'l . }’n] '*‘)ru ==

E -\—c)’ni'g'i_ 2”x))n 'I-[-{‘ FI(H = l) }ln+“-}'n+l il ny, =a :D!

> XVprgt (@0 1) x¥,0y +[M(0— 1)+ 1] p,=0.

Remark. It may be noted that nth derivative of y=y,: nt
derivative of J, =¥+, ; nth derivative of yy=Ja,.

Example 36. [/ y=d (x4 V311" 4+ B(x — /X [y~ .
prove that

(@) (x2—1) py-+xy,=np,
(-‘5) (xz._]) }’n*2+(2"+l)-‘)'n+1-0
e i
Solution. y,=nAd (x4 4/ x2_[) —— o
RS D T ‘{H- 2y X ax g
— 1
T = S PR
v ) VA 2x
=nd x4\ Xt (_‘/_x:_:l_ﬁ)
vV oxt—|
HAB (x—V 1), (V=T
x?—1

o (V X' =D p=nd 0/ E=1n—np (x— v/ = 1)
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Differentiating again, we get

QA Bt —5,7:‘, 2% . %

s 1
=4 (x+VxE-1rt, { \+ e 1 2x }
A 1
—-n2B (x—4 =1, { iﬂW;——_—T . 2% }
B — vV X' = 14-x
a7 =
—mB (x—4/ X 1)1, v L st
v xt—1
o> (1) =t AV I B - v B 1]
—=nty (%)

Differentiating equation (*) n times by Leibnitz’s theorem,
(1) Y42 +"Cy . 250001+ °Cy . 2. Vat XPaty "Gy o 1 2a= 10,
o (X2—1) Ypaa F 20V (= 1Y XY gy 1Y, = 1Y,
b (X*—1)Ya4a+ (20 + 1)XY0sy==0
Example 37, If y' ("4 y-'im=2x, prove that
(X2— 1YY, 4o+ (204 DxY syt (0t — mh)y,=0

Solution. ylimfy-tin=2x gives M myz—2x(ytm)+1=0

Y= 2x V@) 2=x+ /=1

Thus y=[x+V ="
If y=(x++/ ¥—1)m, then
ymmt VI [ 14 ]
=m(x+4/ x’—l)"'}'\/(x’—l)—_—my,’\/x‘—]
if y=(x—\/ X—1)", then

SN 5 X
yy=m(x— \/ x'—-l)"‘“{ 1— 7—?:?—1‘]
— _mx—V oDV Bl =—myV -1

Thus in either case
m‘yz 12
L= (x2_1 ¥ t—m?y
W=D i "
Differentiating, we get
=) (x2— 1)2y,2+2X0, =2Mm°y),

= (x2—1)y,4 xy,—m*»=0
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or

ie,

Using Leibnitz’s theorem for n-times differentiation, we get

A-39

(*—= 14+ "Co(22)Y 0, + " C 0]+ (XVat1 4+ 1Cyy, 1= miy, =0

2 (1,204 Dxy, o+ [a(n— D+n—miy =0
F (=1 Q204 Dy o+ (52— mt)y, —0
Example 38. If cos—? (y/b)= log (x/n)n, prove that

(@) x*yy+xy, -+ nty=0

(B) X¥asgt- (204 I)xp sy + 20y, =0

Solation. cos™)(y/b)=n log (x/n)=n [log x—log n]

iati =l 1 n
Differentiating, WT ¥ = =
s T n
= N g
5 Xty 2= (b - y2)

Differentiating again, we get
X200 2xy, =0t (—2pp)
Dividing by 2y,, we get
XYyt xy, Hnty=0
Differentiating n times using Leibnitz theorem, we get
‘x’yﬂz Y, DX ynﬂ"i‘nca c 2. 0.)

HxVas Gy L 1L p )bty =0

4 xzyn+ﬂ+2n Xyl+l +"("““"|)}’n+-\’}’n+1+”yn+"'.]’n=0
> x’}’g.+g+(2”+l)x}’n+1+2"’yu=0
Example 39. /f y=(x++/(x'f 1), prove that
(I+x?) y,+xy,—pty—0,
Hence find the value of y, when x=0, n being an even integer,
Also find y, (0) when n is an odd integer,

Solution. We have y=(X+4vx* 4 1)

: —_— 2x
Diﬂ'erenliahng, n=plx+ \/;ca._'_”)—l . ( l+2__{/hx_;_]_)
— ‘\/x’+]+x
e R T G A
. ) Vxit]
=px+Vx*+ /v 1
=py/V X ]
" VX3 =py

(X2 1)y, 2=phy2,

(1)

e.(2)
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Differentiating, we get
(x24+1) 2y, 0, + 2592 =2p%p,
Dividing by 2»,. we get
(24 1)y, +xp =py
which was to be proved.
Dilferentiating (3) # times by Leibnitz’s theorem, we get
[(x241Yaia +°C, - 2800y 476y 2. ya]+[)-')’.1+1+"Cd'n]’—'f’nxn
Simplilying, we get
(X24-1) Varp H 20+ 1) apey, +(02 - P2, =0.
Putting x -0,

Yaral0) = (p?—-n7)p,(0)
From (1). putting x=0, y(0)=1.
From (2), Y=oV

% i) = pyo)f1 =p.
From (3), putting x =0,
raA0=p ¥ Q) =p* [ MO)=1}
In (4), put n =2, 4,6, ... ..successively ; then
r0)=(p*=2%) y(0)=(p:—2%).p
Yi(0)=(p? —42).y(0) =(p*—4?) (P*—2%)p*
yyl0) =(p* = 6?) (p?—4?) (p*=2%) p*, etc.
Hence, when 2 is an even integer,
yA0)=(p* (n=2)[p*—(n1—4)]...(PP= 270"
In (4), put 1 =1, 3, 5, .. successively then
»3(0) =(p® - 1)y, (0) =(p2—=1%) P
Ys (@) =(p" -3%) ¥3(0) =(p*~3?) (p*— 172, etc.
Hence, when 71 is an odd integer,
A =[P =( =21 [p*~ (n=4)2]...(p*—1%)p.

EXERCISES
aliacm] 4
1. If p= -—g—_:\_— prove that
(VAN
(1 =x?) Yo — (20 + 1)% .y, =0
[Hint. VI-xt, p=sin~' x
Diffzrentiating w.r.t. x, we have
VI—xT | y4y il —=x}) U7 (=2x)= " -
,\'/ o= X3
> ¥ « (F=a%)~¥ . 2—1=0

We now apply Leibnitz rule for #-times differentiation.
I( l _xEJ Yar '}'nCi ('—2—\')}’“+"C2 (_z)yn_l.l_[xyn*l 'i'“C;lyn]:’O

{2}

.(4)

"
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= (1—x?%) J’-H"’(z"”f‘ l)‘tyﬂ-—n!yn—!.:()]
2. If y=sin (m sin~! X), prove that
(1= X3)Yppq— (204 )XYy — (1~ mt)y,=0
3. If y=cos (m log x), show that
X2 4+ (204 D)XV F (m2+4nt) y,=0.
[Hint. y,=—sin (m log x) mfx
; Xy 2==mt gin® (M log x)
=m?® {1—cos® (m log x)}
=m? (1—y%).
Differentiating, we get
X2, 2y Yyt 22Xy, = (—2p ).
Divide by 2y, and differentiate 2 times by Leibnitz's theorem.]

4. If p=e™s" ' *  show that
(i) (1 ‘“xl)yz_f_‘-yl_.“‘ly::o'
(ii) (l'—-x!)y.*t..(:pl t l)x)’nﬂ’—‘("'-{-a‘)y,:(}_

[Hint. y,—=€" il x a/\/l_—1'=ay/\/l_—?‘.
yl: (l_xi)zulyl’
Differentiating, we get
(1 —x1).2y,y, —2xy,} =22’ Y.
Divide by 2y, and transpose. Then differentiate 7 times]
5. If y=(x*—1)", prove that
(X% —1)Yusr+ 25XV ney—n(n+1)y,=0.

d
Hence if P"SHE"T (x*—1)", show that

Al a—m g Jemat 0 om0,

[Hint. y,=n(xt—1)'.2x
Multiplying by x*—1, we get

(x?— 1)y, =n(x*— 1. 2x=ny . 2x.
Differentiate (n-+1) times to get the first result.
Now P.=Dr(x*—1)"=p,
Hence the sccond result required is

d d
Il g 09 Jrntmen) y.=o
d
= ((1=x2)y, 1]+ n(n+ 1)y.=0,
= (l—-xe),Vn+;-*21y.+1+"("+ 1 yn’_‘o
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Multiplying by — 1, we get
(1’— l)yn+z+2xyu+l—n(n‘*' l) Ya= 0

which is the same as the first result already proved].

or

6. If f{x)=tan x, prove that
JM0)—"C, . fr=20)+"C(0)—... =sin (nw/2)
[Aint. S(x)=sin X/cos x
cos x . f{x)=sin x.
Differentiating n times, we get
cos X . f*(x)4"C, . (—sin x) . /"~ (x)4"C, . (—cos X)L ) g
=sin (x+nr/2). ;
Putting #n=0, we get the required result. J*(0) means the value of

J/*(x), when x= 0]
PARTIAL DIFFERENTIATION

Example 40. Find the partial derivatives with respect to x and y if
Z=3xy—y 4 (y'—2xne

Solutior, Z=3xy—yd(y2—2x)22
2z 4 3
= =3y +~2— (P2 =2x)112 (—2)=3[y— (y?'— 2x)113]
2z

3y =3V 020 o)
=[xyt y(y*—2x)'1)

Example 4 If t=sin= ‘;- +tan=! -f‘ , Show that

ou ou
x = +y 35 =0,
Solution. u=gin—! iC—-'-}-tal]“ Yol
¥ x
fu B 1 1
X [ x 1\t "y

TG 7 gy )
=\/>T]—“x='?’¢37"

ou 1
o '(—yi:—)+1+(li’.‘“";'
<)

Ve ol EY

—x -
Yy }‘2—rx'+xu+."’
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g O g B0 " - ._2",_]
ax +}’ y ‘\/},3_’ x? x!_*_ y%

*‘y[;r/r et |0
Example 42 If u=f ( -i— ) prove that

u u
8 +B

Solution. Dlﬂ'crcnuatmg partially w.r.t. x, ¥ ; we get

= (5)- (55)
and 25'” : ({) : (“alr)
G () ()

Example 43. If f(x, y)=log (x*+4-y%)+tan-r 2=, then prove that
X

evf
axt Toyr
Solution. f (X, ¥)=log (¥*+ ") 4 tan-1 —:-
o f 2x 1 =y
ax x4 )R +l y’ \x’)
_i
e 2V
Tx
S (P hyh) . 2-(x—y). 2%
ax? (x*+ y1)2
2y*—2x242xy
T (2R
of 2y | 1
Y 2 Aros yr e
3y 1+- x
Y tx
e
2/ _ 4y} 2-Qy+x) . 2y
ay: (x24 y1)?
2x2 252 2xy

(X% y®)?
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A-44
tf | v
a_xT _l,_-—aF zo_

Example 44. Ifu =T/‘;—7_F—y7——'r; , show that

3 3 'u
oy gz =0
Solution. We have
%—: -..i(xl_[,yl.{.zl)-uz'-. 2x = —x(x2 + y2 4 z%)-12
1
g_xf'i- = — (X2 YV 22) =304 3x? (X3 ytyz2)-0 02
Similarly, we get
1
g—yfi— =.-—(x8+ya+z|)-lf2+ 3y‘l (x1+y:+ zz)_sn
1
and aa—;"-z—(x2+y‘l+z2)—3l!+ng(x1_1_y’+z)_5“
. 3w Ptu
Adding, we get T tim
= = 3(x -y 4 22) -1 (X2 4yt 22) 5 I(xD -y g 2?)
...-—...._3(xi+yi+zl)—!il+3(xl+y!+z:)-.sn;

=0
Example 45. [fu=e*-* cos (x—at), show that
ﬂ =q? azu
ar2 ax?

Solution -;—.l:—=e"°' cos (x —at)+e*~ 2t [—gin (x—ar)]

— gt [COS (x—at)—sin (x'—a!)]

M et [cos (x—at)—sin (x—ar)]

axy
+e*=* [ —sin (x—at) —cos (x—ar)]
=—2e*"" sin (x—at)

o o e*"(—a) cos (x—at) +e*=* [—sin (x—ar)].(—a)

af
=ae** [cos (x—ar)—sin (x—at)]
3'u 55} .
T —ae*=*" (—a)[cos (x —at)—sin (x—ar)]

. —ae**' [sin (x—al)+acos (x- at)]
= —2a%"~" sin (x—at)
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*u . 0%

'1,2 a a‘—;l

Example 46. Ifue=log r, where rt=(x—a)--(y—by+(z—c)3,
show that
' 'w Fu |

vty Y i
Solution. Differentiating partially, we get

au 1 a1 - 7 ]
‘5;:;7‘ * 5‘;’=—r—= (.Y""a) [ . 2’ ox 2(x a)
w1 =2\or 1  2Ax—a)
o= X a (5 T i o
r!__z(x_a')‘l
"y 2w rr—2(y—by m rr—2(z—c)y?
Similarly ;}'r‘""""'?l_' i gy
Adding, we get
A ' 0% 3r-2[(x—a)'+ (x—b)+(x—c)?]
axi oyt g™ r
r? 1
el
Example 47. Ifu=f(r), where r=x34y*, prove that
uw  pu
=IO+ 110

TR b 4
Solution. r=4/x1y% = 2;— —%— .(x’+}")‘“’.2x=—'—

a“ a" 8’ f X

X ~aor "ax *
s f‘(r)+xf"(r)ax] —xf L
ox®

=5 [ O+ ()= (x3jr) £/(7)]
=L feyen [ RS o (®)

Since r is a symmetric function, by interchanging x, y ; we get

= o (LR L0 ] (4%
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Adding (*) and (**), we get

' a2u

B B L2yt L L9
=7~ frry+r? l_r_(:'_}_j%(’_r)

L FOHS O L0
Hence 8—-’?' -!—iu — ey 7(r)
Homogeneous function,

A function f(x, ¥) is said to be a
homogencous of degree 7 if on replacing x by kx and y by ky, the function
is multiplied by &, ie., if -

f-(kxi k)') = kn jtxl y)
For example log x —log » is of zero degree since
log kx—log ky =log x —log y=Kk° (log x—log ¥)
Again vV x*—y' sin"! is a homogeneous function of degree 1

: — k aie
gince 4/ (kx)®—(ky)* sin~! %:k' &/ xt—y? sin~! —i’-

Another way of defining the homogeneous function f(x,y) of
degree n is that it can be expressible as

“1(%)
=X" log f

and 4/ Xt—)? sin~? *IS x? [/\/ 1-—-( sm“ ]

EULER’'S THEOREM ON HOMOGENEOUS FUNCTIONS
Statement.

Now log x—log y=

If z=f (X, y) be a homogenecous function of x and y of
degree n and possesses continuous partial derivatives, then

0z 0z
xg;-i, ¥ 3 =nz
Proof. Step I. Since z=f(x,») isa homogeneous function of
degree n in x and y,
z=f(x. y)=x"p (y/x) B b
Step 11 D'uIcrcntiating (1) partially w.r.{. x, we have
8z

ox =3% P‘"fﬁ(yfxn
—No’fﬂ R R L TN 7LD}
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or xg—z--=ﬂx"¢(}’lx)—-.\c""‘)’¢ "(¥/x) - (2)
Step 111 Again, dif!'crcntiating (1) partially w.r.t. y, we have
2z >
= 010
=X (y[x)(1/x)==xn"1 B'(y[x)
or yaa; =y . x"1 ¢'(y/x)
Step IV. Adding (1) and (2), we have
9z 9z N
xﬁ +y 57 =nx" ¢(y/x)=nz

This proves the theorem

Deduction. If z =f(x, y) be a homogeneous function of degreen,
then

2 972 &z 2 -
X 8‘-’4 2xy e }yay nin--1)z, i

. . . z z
Sinee z 1s a homogeneous function of degrec n, g? and g—)-;- are
homogeneous functions of degree (n—1).

Applying Euler’s theorem to the functions g% and a—z—, we have

ay
B N oid
G g5 )00k
8z 9z
and xar (ay) Yoy (6y) = 75'})
8’2
le, ¥ ot g Byaz =(n -—1) .- (1)
a' 3%z _ 2z
=5 17 o l)ay (2
Multiply (1) by X and (2) by » and add, taking e — 2
Byax axay
w2 o BE L0 G 1)[ x——+,v
Fox axay ay'
But by Euler's theorem x — +y37=nz,
a? 2z ,a
&x’ + 2xy ixay +y wrz{rz—lz.)
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e M=y
Example 48. If f(x, y)=+/ y'—x%sin? = 'f \/Yz_*_yl

show that t—?-‘i--{-yaf—f(x, =0

e X xi—y?
] _ —x? ein-) T
so'ntlon. f(xs y) — \/ y' X" sin ¥ '+- sz _+y3
k!xe /‘2 2
S (kx, ky)=:\/kTy? k22 sm“‘k 2

ky T/ (kext F kiy?)

PLT
=k[ Jyl_ximnl__*_J\l ]

J(x,y)isa homogeneous function of degree 1.

Hence +.V _Bi =f{x. ¥)

af af
or -0—+y ay —f(x,y)=0

Example 49. [fu=cos B kg ), prove that
/

x3+y2+z-2
pa +y =i
gx T ay 32
i _ - (XyYryztax
Solution. u=f(x, y, z)=cos \xiy2y 22 )

kr, xy+ k3, yz4k? zx
S (kx, ky, kz) = cos ( K'x?  kiyty kiz? )

N Xy+yz+zx\ .
= C0S W)—k f(x. i, Z)
. 4 is a homogeneous function of zero degree.

2 au .
a\, +y > +z a—z=0x“m0

Hence

x4yt
E le 50. If u=sin—1 X , show that
xample If =

x il +y ™ _ran u
ox oy ’
Solution. Here u is not a homogeneous function but if
x2
Z=gin u= xi;; then z is a homogeneous function of x, ¥ of degree 1.

By Euler's theorem, x a~;—+y a-z—=z

3] 49
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Since Z==sin u is a function of x, ¥

x du 3x Tox
d 2z dz  gu __ — a
an ay -—au ay = . ay

Substituting these valucs in (*), we get

ou i i
X = COSH+4Yy— cosU=sInU

ax ay
or X 0'%'+yaa“; =tan U,
Vi-vVYy
Exq le 51. If z=sin-! (-—'-:,—-'—"—.L— ,shaw
xaraple f ‘\/.t+\/y)
au. _F o
ax  x  9y
g vVx—vVy :
Solution. z=sin"! (——.—.——u—_—-.-)-—-X" sin~?
VxtVy (

z is a homogeneous function of degree zero.
Using Euler’s theorem, we have

z ¥4 L
sl b e 3y ={), =0
cZ ¥y 9z
- ax— x '@y

X343
Examaple 52. If u=log ( s ) prove that x a— “+y

that

1—/yix
1-Vy[x

3)’

X2y y2
34 y8
Solution. u=log (x'+y) = e-:i_’.%;T
[0
[+ (r?/x?)

Here €” is a homogeneous function of degree one.

By Euler’s theorem, we have

’f"'—( )+}’ (e)=1.

> ( x-—+y—)._e
= x?.’f.—-.}.y ?.'f.:

)

A-4



A-50 DUSINESS MATHEMATICS

EXERCISES -
1. Find the partial derivatives with respect to each variable of
(i) fix, y. z, w)=x? e?t37 cog 4o

2 cos 20)
@ Sf(ro0, 2)—“7{:‘;"—'
2. If z(x-Ly)=x*+y? show that

P a0
(Br ay) =4{1-3 Ty

3. Ifu=+V/x'pyt4-22 , show that
@ gu U N2
(_a;”) (av i) i(a"!f") =

4, If x*4y? +z‘:1;[2~, prove that

'u 3w Qwm
axt o o7

8 If u=xt mn“y

X
=y —y*tan! " prove that

u x3—y?
dxgy - 2"+

1 s ] §
6. Ifu=tan ‘\/W' show that
o 1
axey  (L+xT+y2pn
1 s, )
7. If (i) z=log —iy; (ii) z=(x—y) VE+P
. , 'z %2
verify the relation T

8. If z=r1an (¥ 4ax)—(y—ax)*'?, show that
e 0
"
9. I z=3xy—y34-(y?—2x)** verify that
'z 3% 3’z 3%z _( 'z \?
sxay —ayar "M v o \axay )
10. If u-—log (xt 4-y*+-2%-—3xyz), show that
7 ifre ot T
(@ ) ay az TXxX4Y4z
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lu % 3 3
Ottt G T
11. If u=log (x*--»%  22), show that
' atu a’u

* avaz ~ 7 3zax ~ % axay
12, If u=¢(y+4-ax)+ (¥ —ax), show that

ot a’u
axt — @ gy =0
[Hint. a——~q5 (y+ax) . a+y' (y—ax) (—a)
al
) =¢" (y4-ax) . a*+4 " (y—ax) . a?
a[‘ ’ ’
5:¢ (yt+ax). 144" (y—ax). 1

az Ed ~ ’
78 UHa+y - ax) |

13. If u=sin—? ; + tan-? {;, prove that
14, If z=xpf(y/x), prove that
15, If z=sin"! (_‘;..,._,

’6. z=tan™" ﬁt}i\
x—=y

X a_z +}’af-—sm 2x

prove that

xl ‘4 +}-l[~l

17. If u=sin! (was

), prove that

—+y 2ﬁtanu

A-51
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x-+y

18. If wu=cos? -
* X+ Vy

, show that

+y +2 cot u=0

EXAMPLES ON INTEGRATION

dx

: I W T W e
Example 53. Evaluate I sin® x cos? x

dx sin® x + cos? x
Solution. I = = — 5
sin® X cos? x sin? x cos? x

=] sec’ x dx+ [ cosec? x dx=tan x— cot x.

cos Xx

Example 54. Evaluate I T dx,
) - cos x

Solution, Jet Ia-.] ey ST 5
Put xta=t “ dx=dt

I=S cos (1—a) d':I cos d cos !+sin t sin @ i

cos I cos

=cos a [ dt-}sin a [ tan f dr

=1 cos a-sin a log sec !

=(x+a) cos a+sin a log sec (x-a).

dx
E le 85. Evaluat S S e 4 Bl
i - /1 +5in x
Solution. I\/"—li{x— =] —————— o dx r-—x —
sin x X
/ os’—24+sm -—+2 Sin 5-C08 -
_I dx 10 j dx
X XN /3 Tt IS N
(cos —2-+sm 5-) cos —-4-cos-i—+sm—4—sm—2—-
1 dx 1 x
=l CRERR: e (F-5)
2

_‘/2(2)logtan(4+4 x)

dx
sin (x—a) sin (x—b)

Example 56. Evaluate I
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- dx -
PP, S sin (x—a) sin (x—b)

e . sin (@—b)
“sin (@—b) S sin (x—a) sin (x—b)

1 sin {(x—b)—(x—a)} i
“sin (@—b) jsin (x—a) sin (x—b)

. 1 [ sin (x—&) cos (x—a)—cos (x—b) sin (x—.
“sin (@—b) sin (x—a) sin (x—b)

(Note this step)

a) e

=-§l-1_(¢-11-:33-[5 cot (x—a) dx—[ cot (x—1b) dx]

=cosec (@a—b) [log sin (x—a)—log sin (x—4)]

sin (x —a) }

=cosec (g ~b) log {m

sin 2x dx

Example 57. Evaluate jm

. sin 2x dx 2 sin x cos x
Solat . I=| - = =
L Let Lm‘ X+cost x Isin' X+cost x di

I (2 sin x cos x)/cos' x

(sin* x+cos* x)/cost x

_j 2 tan X sec? x
t

———es ],

[+4tant x

Put tan® x= 2 tan x sec' x dx =di

I= ——di-——tau'l f=tan-! 2
) =tan~! (tan? x)

Example 58. Evaluate ]rarr" \/ - isa 1 d'.\

Solution. Put x=cos 0
g I—x l—cos 0
t i J = =1 ——— = % e
" Vioy, =8 TTcosg — ™ (m" 7)
BT
== 2 = 2 Qs X

1<
Stan“J H—i dxx; ](cos Ix).1dx
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=—%—[xcos" x—v’l—.t’]

[}
Example 589.  Evaluate jsin—‘ (\/ P 2 ) dx.
' x
Solution. Let = Esm"‘ ;\/ TS dx.
Put X=atan?0 S dx=2a tan 0 sec? 0 d6.

gsm’l ( /a%:—%:—:—ﬁ—o-—) . 2a tan @ sec® @ d
ec 0

=2a [ 0 (tan 6 sec? 0) do

=2a(f.]tan*8—[ 1.} tan? 0 d0)

=a [0 tan® 0— [(sec? 0—1) 6]

==a [0 tan® 6 —tan 0 0]

—ﬂ[itay1-1j%} ‘E‘“ —-+tan" J ]
(/5 ) v

Example 60. Evaluate j

==2a Ism" (dan9 ) . tan 0, sec? 0 /@

dx
dx
ETCEE)
Put xn=t coonxn-ldy=dt

1= ?I:_j.' (f-,» 1)=TH d: Itii_l']

== — {log t—log (I+1)]=— log( ‘1\

Solution Let I= S

xn

“:T log (ﬁr)'

Example 61. Evaluate | log (x+ v @+ x?) d.
Solution. [ 1.log (x+ V' @'+ ) dx=x log (x+ v/ X"+ a?)

1 X
| mvEm (v e
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X

—=xlog (x4 \/(ﬁl’-le?) _I"H-—.—:__. dx

Vo a4t

<X log (x+ V@ X8~} [ 2x(@4x?) "} dx

—x log (x + Va1 H— v @TR

Example 62, Evaluate ls-ll:}f- d,
cos x

Solution, sin  3x=sin (x4 2X)==sin X cos 2X cos X sin 2x
=sin x (2 cos® x—1)-}-cos x sin 2x

] sin 3x ix 2 sin x cos? X —sin x-Fcos X sin 2x
—— = | —-
COS x

= [(2 sin X cos x~tan x+sin 2x) dx
= [(2 sin 2x—tan x) dx
-—cos 2X-tlog cos .
Example 63. Lvaluate [ cos 2x log (I +tan x) dx
Solution. Integrating by parts we gel

[ cos 2x log (1 -+ tan x) e 2’1

- log (1 -+tan x)

dx

I sin 2x sec? x
B 2 " l-ttanx

sin X
sin x-}cos x
B COs X—sin x
( e = 2 F
sin x+c05 X

=4} sin 2x log (1-+tan x)— dx,

=1 sin 2% log (1 +tan x) —-j
=3 sin 2X log (1-Ftan x)— I

[_l__L cosx—smx] I
2 2 sinx-4cosx ‘
x I

=+ sin 2x log (I-+tan x)— 5 + 5 log (sin X+cos x).
x3sin! x
Example 64. FEvaluare 3;-_“—_";‘:} dx
0

Soluti H —d (sim™2 xj= l
olution, ere ix SIN"* X \/(l— )

{
. Substitution is sin~! x =1 so t]ua14—~(l_—-—} dx—dt

A-55

dx
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Also when x=0, f=0and when x=1, r::'zL since sin %’ =1

1 2 ;
X sinTt-x 8/ ) 'ﬂ, _
v('m dx:i { Sll‘l3 4 df:jz (3 sin t_sin 3:) de.
0 0
3":1'2 i nl2
=-Z-I Ismidf—rzj!sin 30 dt
0
3 n/2 3:'1'2 ; ,,!2 ®/2
=T[-l”fcosf]i—ﬁ'gcosfdt.|-i _E‘gs 3 ]__%Ecos;’dr
- o 0 2 0
3 w2 ; . 3m’2
2 sin 3¢
—— — I e i
0+ 4[ sin J+0 4[ 5 ]
0 0

d
Integrals of the type j‘f‘\—/{;_ , where X and Y are linear or

quadratic expressions in x.

The following substitutions will render the above type to the

integrable forms :

Case 1. XandYare both linear.
The substitution is Y=t
Case II. X Is quadratic and Y is linear,
The substitution of ¥=1t%
Case I11. X is linear and Y is quadratic,

The substitution is X= —:—
Case iV. Xand Y are poth quadratic,

e A
The substitution is -i—=x".

dx
Example 65 Evaluate (i) I—x—\—/a__?‘_—)

S X241
Gr12) Voo &

(i0)
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Solation.

(i) Put [ —x==1? dx=—2tdt and x=1—1?
"’ﬁj —2¢ dt

- dt N 1 13-
a=mi_ er:-*"z-‘z—""gm

A-51

1t 1—t¢ 1/ 7ex
=—log ——=log+— =log 3

BT 1+1 1+\/l

(ii) Put x—1=t? so that dx=2¢ dt.

X141 (1) 1) 2:
= M e R
](3):—#2) A{x—1) o= 5 (3t*4-342) . -

g r“+21*+2 e
"2} e i

3 §+9(3I’i~5)]d
e

. =

26 i
tan " -

V15 ’\/( )

Example 66 Lvaluate I X423

*
R+ yern &

Put x4 1=1*so that dx=2¢ (t
j o x42 s I (#3+1) . 2t dt
343 Vi 1y (U= 1)*+3(*—1)+3] ¢

Solution,

1
25(1'+l)dr 2] T

e st e
f’+-;l~,—-+-l
du
=2]F-§-3 ( where r—~—%ﬁ=u )
2 | 2
= tan~! =—tan™! —— . tan-! -——x""'_
73 VENRVE VI VI UGe )
dy
Example 67. LEvaluate S M S
(x=3)y/(x¥=6x+8)
. < dt 30
olation. Put x—-3—-—’— 5o that dx= —=3 and x= --T*
1:_[ e F——
1y L (+30f (1430
t 13 =

{
=_~I ot

V(16 912) —61— |Ri1 4812
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di
= — I?l_{—,’. =—‘sin-l = ’—Sin_l —']_'

x—3
E le 68. Evaluate ] dx
e N ——
Xam p (x2.|_])\/“ ,_,xa)
1—xt L, 111
Solution. Put Py =12 50 that x _m

Taking logarithmic differentiation, we get

—2x 2x 2
_] _‘_—x, -x’-l-l )dv—-—r— df
2334 2X42x—2x3 2 g
-y — 7
4x dx 2
- T=ee ¥ =7
dx T =32
- — = t
!(1+l)\/(l-x’) 2x -

3 [Jl— dt=—1/2 sin"' ¢

=—4/2 sin"? (/\/%)

rl4
Example 69. Evaluate J\/ tan x dx
0

Solution. Put \/tan x=1 30 that tan x=1* and sec? x dx=2¢ 4t
2t 2t dt
== et B
= iThe s 150
Also when x=0, r=4tan 0=0

m m
when Xm= t=\/tan-—; =1

Hence the given integral becomes

1 ]
t, 2 dt ]
g T+1° “2j1+r‘ -
0
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1
~ /241 L n 1]
2[-—1 "M/2f+1+%‘/2m1'\/20

=2 Dl:/;i og%"\%ﬁ-ﬂ tan—! 0]
5\/2 log l—~}-/—2 tan~! oo }]

SDP L 3]

2-v2 v2 | s
et T Yy vz*zvz
n/2

sin x
Example 70. Evaluate Kﬁ’m
]

lo

V2
4
dx and hence find the

t dx
Vﬂ’h’e Of jm—i
0

nf2
Solution. Let I=ST—511‘—'—‘—~—- dx, then
s$in x+cos X

w2 .

I=I sin ( 2 x) "
0 sin(—;-—x)-i-cos(-;——-x)
/2

cos x
) cos x4 sin x

0
n/2 . n/2
sin x cos x
2=\ = d
[ sin x+cos x {h,[ sin X+4cos x -
=/2
" n
— X == ——— v ==
I ity ' 3
0
a
dx
To evaluate |———=————, put x=acos 7, then
Ix+/(a"—x7)

dx=—asin t dt
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Also when x=0, t=-§- and when x=a, 1=

0 /2
£ j asintd ( sintdt
~ IX‘f' \/(as_xa)z_ @ cos t+asin t “‘I cos f-+sin t
0 12/2
'!L
= 4
/4
Example 71. Prove that I log (I+tan g) dg -(-;5 log 2
0
‘ log (I
and hence find the value j Lg—(—iti)- dx,
l+x
0
=/4 8
Solution. Let I=[ log (1 +tan 0) 46, then
0
w/4 N
B, .
j log [ 1+tan (4 0 )_Jde
0
nj4 i § n/4 2
—tan
_I log [1+~—~——-——1+tana]dﬂ=jlog—-—-—l+lma do
0 0
x/4
=j lOg 2do—1
0
x/4
2!2]‘ log 2 dO:% log 2
0
=L
=> A log 2

For the second integral put x =tan 0, then dx=sec® 0 d0

Also when x=0, 8=0 and when x=l, 0=%
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1 1
log (1-+X) . . S log (I+tan0) 454
14 x? sec? O :
0
x/4
75 log (1 +tan 6) d :—;- log 2
0
oD
2 1
Example 72. Evaluate 5 iag( x+ —f) .
0

dx
e ]

I

o

|
Solution. Let / -:! log ( x }--;-)
0

dx
e

Put x==tan 0

dx=scc? 0 db e L)

"

Algo, when x= oo, (*) gives 8- 2

and when x=0, 0=0

w2

! ec? 0
= g log ( tan 0+ ) =

tan 0/~ 1-+tan% B

=I (log 2—log sin 26) d6
0
n/2
log 2-—] log sin 26 d6
0

i

(STE



A-62 BUSINESS MATHBMAT ICS

n/2 n/2
e g— log 2— S (log 2) dﬁ—I log sin 0 d0
0 0
n/2
-[ log cos 0 do
0

L

™
== log 2— —2— log 2+ — log 2+-2— log 2

2
=nr log 2.
n

x !'ar: x
Example 73. Evaluate E T g dx,

™
[ _ xtanx
Solution. Let j e P dx, then

™
_[ ._(m—x) tan (7 —x)
’—I sec (7 — %)+ tan (r—x) %
0
™
=I (m—x) tan x e
sec x--tan X
0
™ ©
__] T tan x __j X tan x .
) sec x+tan x sec X¥-tan X
0 0
™
j T tan x
= ~1I
seC x-+tan x
0

(sec x—tan x) tan x
sec® x—tan? x

=

ha Gt—-.'

[sec x tan X —(soc? x—1)] dx
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A-63
"
== [ sec X - tan x4 X :I =mw(~147—1)
0
mw
k{2t )
REDUCTION FORMULAE
n/2 /2
Example 74, Prove that [ sin® x dx=| cos™ x dx
0
[ (r-Hn-3)n-5..3.1 =
nin-2)n-4). 4.2 - 2°
when n is even
<| (n—Nn—-3)n-35)..4.2 ]
| mnr—2)n-4).5.3 "7
L when n is odd

/2 w2 n/2
Solution, j sin™ x dng sin" (%—x ):I cos® x dx
] 0 0

[ ff(x) dx= ]j(a——x) dx]
0

0
Now [ sin® X dx=| sin"~! X, sin x dx

=—gin"*" x (—cos x)—J (7—1) sin"? x cos x (—cos x) dx

e (Integrating by parts)
=—sin""! x cos x+{n—1) [ sin"~? x (1—sin® x) dx
= —sin"! x cos X+(n—1) [ sin"~t x dx—(n—1) | sin® x dX
2

Let I :s sin® X dx. Then by transpoﬁition. we get
0

r/2
L+(n-1) f.=[~sin"-‘ X €o8 x ]+ (n—1)1,_,
0

=—

n—3 .
—— i . I,., (Chauging n to n—2)
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A-64
_Bh—1 n—-3 pn-—5 I
G = ey
(Changing n to n—4)
and so on.
(n—1)(n—3)(n—5)...3 . 1 .
y - ‘4
Mn—2)(n—A) 4 3 o When 7 is even
_ (i=D)(n—3)n—5)...
n(n.-.z)(n 3., 5 3 ~— 1,, when n js odd
nf2 n/2 n/2
Now Io=| sin® x dx= J dx=[ x ‘f-—z-zl
0 0 0
/2 n/2
and I = sin x dx:[-_cos x ].--,]‘
0 0
nf2 n/2
Example 75, Prove that j sinm x cos" dx= | cos™ x sinm x dx
0 0
r{1.3.s. c(m—DY . {1.3.5....(n— 1y} "
I 246.. (m¥Iny 7T
<' when both m and n are even integers.
s 7 - —
Beocipeni—1) when one of the two indices. say

| (B +I}n+3)...(n+m)
L m is an odd integer,

J'sin™ x cos® x dx=| cos"™? x (sin™ x cos x) dx.

Solation,
Integrating by parts, we get
I sin™ x cos™ x dyx= SD7TLX cos*-1 x-j (n—1) cos*? x (—sin X)
my1
sin™+1
( m1 ) x

3. L3 | n=-1 x -
= ,:_f(:s - -l--:-;;!l-—l[ sin™*? x cos"? x dx
sin™*! x cos"-1 n— ]
___’?;I"l__i-+ FIII-,[ sin™ x cos”~? x(1 —cos® x) dx,
in™ x m=1 n—
n""l =g d
—“m Sin™ x cos® x dx,
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By transposition, we get

H—- 5' "Il ¥ o S*k'l x
It I ) B 8O K Y e T OOS T X
\ {1 m-1
=1 . n-1
g, B " T x dx,
i '{ sin”™ X cos
n/2 rl2
. ] -1 = do‘._ S_‘Lln_‘_"l "F,,(,:O"_i_._! .\"
& sin™ x cos" x dyx= man
0 0
n(2
n— ) -
. J j sin™ x cos" * x dx,
m-+n
0
n(2
sl gon =1 sin™ X cos™ "% dx
m4-n '
0
w2 ni2
. n— .
or j sIN™ X CO8™ X Jx= —I—J sin™ X cos™~? x dx, a5 (1)
m-n
0 0
It can be similarly proved that
x/l ﬂfz
[ sin™ X cos ® x dx:J’ sin™! x (cos" X sin X) dx
0 0
wi2
el sin"~? X cos" x dx (proceeding as before) sl 2
—~Th :
0
Here, with the notation,
n/2
1., ..:[ §in™ x cos™ X dx
0
We get, from (1) and (2)
n— ==
e S5 N = N
m+n m--n
n—1|
Thus I, " i e
(m—1)(n—3)

= sl o
(m4-n)m+n—-2) "4



A-66 BUSINESS MATHEMATICS
(n—1)(n=3)(n—5)
“(mn)m—n—2)(m+n—4)
(n—1)(n—3)(n—5)...
= (m+tn)(m+n—2)(m+n—a).. {m+2) Toys
where 7 is an even integers

(n—1)(n—3)(n—5)...1. (m—=1)(m—73)...1 L

1. .,-¢ and so on.

[ ;

I (m+n)(m+n ~2)..4.2 T2
{I when m and 7 are both even integers

| (n n—1)}n—-3)n—-5)...3 . I(m—1)(m—-3)4 .2
!
L
r

(n+m)(n+m—=2). . (n-3)n—1)..3.1
when 2 is even and m is odd
(m—1)m-=3)...4.2
| (ntn)m ¥ n=2) " (n+1) °
{l when 7 is even and m is odd
| (n—1)n—3)..4.2
| (m+tn)(myn—2). . (m+1) °
L when # is odd and m is even
When both 7 and # are odd ;

r (n—1)n—3)...4
p HJ (m+n)m+n—2) . (m+1)
e (m—1)(m—3)...4

L (m+n)(min—-2). (n+1)

/2
Also I sin™ x cos” x dx
0 ‘
w2 n(2
=j sin™ (-g——-x ) cos” (zl—x )=] sin” X cos” x dx
0 0
i'e" [-u n Iu. m
1.3.5...0m—1)} (1.3.5...(n—1) T
Hore L.l .= 2.4. é (m-)gn( 2)(m-(+-n) E 2
when both m and 7 are even integers
2.46..(m—1)

T BFDn+3) (nrm)’
when any of the indices is odd.
Example 76. If I, = cos™ x sin nx dx ; show tha:

1 —Cos™ x €os nx m I
ol min +mgn leev e
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Bolution. Taking cos™ X as the first function and sin #x as the
sccond function, we have on integrating by parts,

Cos nx
‘[m: n=c05m X (—"—"——)

n

y COs nx
_I m cos™! x (—sin x) (“T—) dx

COS™ Xx COSs nx m i i
e e [ cos™ ! x sin x cos nx'dx sk

Now sin (#—1) x=sin (nx —x)=sin NX cos X—cos NX sin X
> sin x cos Mx =sin NX cos X —sin (1 —1) x
Substituting this value in (*), we get
[ _ _ Sos” X cosnx
n

m _ ;
i I cos™ ! x {sin nx cos x—sin (n—1) x} dx

COs™ x cos nx m

= n “n Lo s
m .
+ 5 | cos m-1 x sin (n—1) x dx
m C0s™ x cos hyx
- (e
m .
prim= I cos" ! x sin (m—1) x dx
COs™ X cos Nnx "
= Imr =

m4in +ar:rz-{—n Lomtr ama
Remark. There is another form of the reduction formula for

| cos™ x sin nx dx

g cos ™ x cos nx m z
I cos™ x sin nx dx__'__'m_—r'; -—_+m = I cos™ ! x sin (n+1) x dx,

This is left as an exercise for the students.

Example 77. IfI,, .= cos™ x cos nx, show that

I =cos"xslnnx m I
= m+n +m+n m=1r a-]:

Solution. Taking cos™ x as the first function and cos nx as the
second function, we have on integrating by parts,

sin nx
I, .=cos" x.

= : in A
—I m cos™ ! X (—sin x) . smu * dx
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_Cos™ Xsinnx m

e = j- cos™ ! x (sin nx sin x) dx - 1(%)
But

cos (n—1) X =cos (nx--X):=cos nx cos x-Lsin nX sin x
sin nX sin X=cos (M1 —1) x—cos Ax cos x

. cos™ x sin nx
(*) gives 1, =t
n
m id
o | ROFT R {cos (n—1) x—cos nx cos x)} dx
o .3 n m
= g a0 KR 08

TR n

= S cos™~! x cos (n—1) x dx

m
ey cos™ x cos nX dx

cos”™ xsin nx m

m
==+ ey L
m cos™ X sin nx m
= (l-i-k—) I, ,=—— 4+ -— L1 a=y
n n n
cos™ x sin nx m
=> ]m- e e e T Im"]’ n—1
m-i-n m--n

which is the required reduction formula.

Remark., There are two other forms of the reduction formulae for
| cos™ x cos nx da

i cos™x sin nx
() I COs™ X ¢os Ny dx =— sin
m-—n
m .
+ 5| cos™ 7 x cos (n+1) x dx
: ncos™ X sin nx  m cos™! X sin x cos nx
(#) I COS™ X cos Hx dX—=
m? - nt m¥—n?
m(m—1
-}E'n_’)j cos™~? x cos nx dx,
n/2

Example 78. Prove that ] cos™ x cos nx dx=
0

m 5
e n being a
positive integer,

n/2
Solution Let !.=I cos™ x cos nx dx

0
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w2 w2
08" X sin m)
=lic——-2——-—~r— 14--_2 J cos" ' xcos (M—1) x d
" N
0 0
2=} Doy =il%)
Writing (n—1) for n in (*), we have
15—1:§ {n—z

(*) gives f,=}.4%1

n-2

Proceeding in this way and applying the reduction formula n times,

we have
I,=(}.}.....ton factors) I,
/2 2
l
;_.2—"— K {CDS A)0 cos Oy d‘\-::i‘,!."[ 1. i
o 0
i1
1 1w
=~ X S o S
2 B i 0
0

Example 79, Find a reduction formula for | x* sin nx (x.

Solution. Let [, ,=[ x™ sin nx dv

Taking x™ as the first function and
we have on integrating by parts,

I, ,=x" (_CDS n.r)_s s (—_M) e

sin AxX as the second function,

n n
X™ cos Ax m .
= — = +—;- xm-l cos ax dx (™)
N _x'- cosny m. i1 (sin nxy
n n n_

HI (m—1) xm-2 (s'_"l"'_ ) dx J
n
XM cos nx m .
=% g 7 sinng
m(m—1)
———

I X™=%sin nx dy

. —nxm o sy o
Hence E ¥ gl il 0% 08 BTSN gl mx
=00 PR Sla x
nl

m(m— 1)
BT E XT2 sin nx dx

the required teduction formula.



A-T0 BUSINESS MATHEMATICS

Remark. A reduction formula for [ x™ cos nx dx is given by

nx™ sin nx-+mx""! cos nx
L =

m(m—1)

e

[ x™ cos nNnx dx=

5 x"-2 o8 nx dx
This is left as an exercise for the rcader.
wf2
Example 80. If U,= S x" sin x dx and n>1, prove that
0

U,4nn—1) U, ,=n (-g- )Ml

xl2
Solution. We have U.=§ Xn sin. X dx
0

w2 nl2
=!~x" cos x ]+n j x"' cos X dx
0 0
x/2

=n ] xn-1cos x dx
0

{2 =(2
=n [ | x"=1sin x‘ —(n—1) K xn-1sin x c]x]
0 0

=n (-12-:-)"”1 —nn—1) U,_,

a \""1
Hence U,+nin—1) U,_,=n (-i—)
Example 81. (a) Find a reductiqn formula for [ tan" x dx.
n(4
» If I,,=§ tan* x dx, prove that
0

i 1
(l) IA+I'|‘!:5:_—I-

(i) n(y_y+1,4)=1.
Solution. (a) [ tan® x dx=[ tan"~? X tan® x d%
= tan™"? X (sec® x—1) dx
=[ tan""? x sec x dx—[ tap" * x dx
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tan"-1 x
Hence I tan® x dx= - l———I tan"~3% x dx,

which is the required reduction formula.

Remark. The reduction formula for [ cot” x dx, vfz

cot"1.x
j cot" x dx= _n_ml—__]’ cot"? x dx

bl

is left as an exercise for the reader.

= (4 nf4
(&) (1 ],.:5 tan" x dx:[ tan®* x tan® x dx
0
(4

=I tan"-? x (sec? x—1) dx
0

w/4 a/4
=I tan™ ¥ x sec? x dx— E tan™ 2 x dx
0 0
t n=1 “!4
ﬂl ar’ll;l_xi_ln_gznl_,l_lﬂ_,
0
1
o I+ ]"":r’:?"}
n/d n/4
(i) n (I —:+[m)=ﬂ[ j- tan"-1 0 40 I-j tan*+' 6 do ]
0 0
nl4
=n[ (tan*-' 0 + tan"*! 6) do
0
ri4
::n] tan""1 6 (14-tan® 0) 46
0
/4 r/4
=n| tan"-! 0 sec? 6 do=n l t_gnT"_ﬁ ! =]-
0

0

A-T1
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Statistical Methods

Dr. S.P. GUPTA
Dean, Faculty of Management Studies, University of Delhi, Dethi

Twenly-Ninth Revised Edn. 2001’ Pp. xxiv+ 1428, 152 Diagrams 1000 Solved lllustrations
1300 Exercises with Answers ISBN 81-7014-772-7 Rs 275

Special Features

m The book has been wntten in a very simple and lucid sytle. The text maternial 1s self-explanalory and even
the students of correspondence courses can follow it without much stress and strain

® The treatment is non-mathematical in character and the readers can easily understand Lthe text material
without rnuch taxing their brains.

m Besides good theory the book contains a largr wumber of solved illustrations (to be exact. 1000). These
illustrations have been very carelully selected mainly from the latest examination question papers of various
Universities all over India and neighbouring countries.

® This book is primarily meant 1o cater 10 the needs of undergraduate and postgraduate students of commerce
and economics.

Elementary Statistical Methods

Dr. S.P. GUPTA
12th Edn. Reprint 2000,  Pp. vii+ 702 22 x14cm.  ISBN 81-7014-402-7  Rs. 125.00

Special Features

m This book is especially designed for B.Com. and B.A. Economics Courses of indian universities. It has
devoted maximum space to explain in simple and clear language the topics and at the level required lor
them,

m There is an abundance of solved problems (497 to be precise) of all varieties as illustrations 1o help quickly
understand the application of various statistical tools.

Statistics
D.C. SANCHETI V.K. KAPOOR

Ex-Principal, Shri Ram College of Commerce,  Shri Ram College of Cornmerce,
University of Deihi, Delhi  University of Delhi, Delhi
Formerty, Joint Director, Board of Studies,
Institute of Chartered Accountants, New Delhi

Seventh Thoroughly Revised and Enlarged Edition, 2000 =
Pp. xxxii + 1447 566 Solved lllustrations 1510 Problems with Answers .
22x 14 cm. 152 Diagrams ISBN 81-7014-276-8 Rs. 210.00

Special Features

m Aconscientious effort has been made all through to keep the treatmen! simpie, lucid and non-mathematical

m Thetheoretical description of each sub-section has been followed by simple illustrations. Complex problems
have been solved thereafter.

m Exercises at the end of each chapler are substantially reorganised. Hints and answers have been provided
for most of the exercises. z

m Soived examples and unsolved problems have been drawn from examination papers of M.Com , B Com., M.A.
(Eca.), B.A. (Eco), C.A., LC.W.A. etc.

m ‘Objective Type' queslions are also there at the end of each chapter.



Operations Research
Dr KANTI SWARUP

Former Professor, Indian Institute of Public Administration, New Delhi

Dr P.K. GUPTA, ph.D. Dr MAN MOHAN, M.Sc., Ph.D.
J.V. Jain College, Saharanpur  Ramjas College. University of Delhi. Delhi

Eighth Revised Edn. 2000 Pages xiv+ 815 22 x 14 cm. Rs 150. 00
300 Solved Examples 150 Diagrams Over 900 Unsolved Problems with Answers
ISBN 81-7014-216-4

Special Features

B Itis designed to satisly the long-felt need of students of O.R., Business Systems Analysis,
Management, Engineering, Mathematics, Statistics, Commerce and executives.

B tisrigorous inits treatment of the theory, comprehensive and lucid in its explanation of techniques.

M All important Algorithms have been summarised in a step-wise manner, followed by their
Flow Charts.

M Great emphasis on mathematical formulation of O R. problems through sample problems
arising in the fields of Managemenl, Economics, Detence, Manpower Planning. Agricullure, etc.

B Addition of two new chapters on Decision Analysis and Resource Analysis in Network Scheduling.

B A chapter on case studies for the students of management.

B . An appendix presents answers to problems contained in the book.

Problems in Operations Research

DrP.K. GUPTA  Dr MAN MOHAN
J.V. Jain College. Saharanpur  Ramyas College, Unwersity of Delhi, Delhi

Eighth Edition 2000  Pages xvi + 972 ISBN 81-7014-359-4 Rs 170.00
760 Typical Problems Fully Solved . 350 Unsclved Problems wilth Answers

Special Features

m Contains sufficiently large number of solved problems on each topic.
B Problems have been framed so as to include ticklish points.

Contents

Operations  Research—An  Over-view < Linear Progamming Problem—Mathematical
Formulation « Linear Programming—Graphical Solution =+ Linear Programming—
Representation in Standard Form & Basic Solution + Simplex Method « Degeneracy in
Linear Programming « ODuality in Linear Programming + Dual Simplex Method -«
Revised Simplex Method * Bounded Variable Problem '« Inleger Programming =
Post-Optimal ~ Analysis * Parametric Linear Problems « Transportation Problem «
Assignment  Problem < Sequencing Problem < Dynamic Programming ¢ Decision
Analysis = Competitive Games + Markov Analysis Problems « Queuing Problems «
Inventory Problems e« Replacement Problems « Non-Linear Programming * Quadratic
Programming + Project Schedulingby PERT/CPM « CostConsideralionsin PERT/CPM
Simulation « Information Theory * Statistical Tables.

"
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Helping students to achieve their aspirations
23, Daryaganj, New Delhi-110 002
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Operations Research

for Managerial Decision-making

V. K. KAPOOR
Co-author of Fundamentals of Mathematical Statistics
Fifth Revised Edition 2000 Pages xvii + 868 ISBN 81-7014-130-3 Rs 225.00

This well-organised and profusely illustrated book presents updated account of the
Operations Research Technigues.

Special Features

B Itis lucid and practical in approach.
B Wide variety of carefully selected, adapted and specially designed problems with complete
solutions and detailed workings.
B 221 Worked examples are expertly woven into the text.
B Useful sets of 740 problems as exercises are given.
B The book completely covers the syllabi of M.B.A., M.M.S. and M.Com. courses of ali indian
Universities.
Contents
ning &Scope  * Linear Programming : GraphicMethod = Linear Programming : Simplex
d + Linear Programming Duality <« Transportation Problems
r Problems » Sequencing Problems = Replacement Decisions *
ng Theory e« Decision Theory * Game Theory + Inventory Management =
Statistical Quality Control + Investment +« PERT & CPM « Forecasting

Techniques <+ Work Study « Simulation.

Problems and Solutions in

Operations Research

V.K. KAPOOR
Fourth Rev. Edition 20C0 Pages xii + 835 ISBN 81-7014-605-4 Rs 235.00

Salient Features

B The book fully meets the course requirements of management and commerce students. It
would also be extremely useful for students of professional courses like ICA, ICWA.

M Working rules, aid to memory, shor-culs, alternative methods are special attractions of the book

B Ideal book for the students involved in independent study.

Contents

Meaning & Scope * Linear Programming : Graphic Method * Linear Programming : Simplex
Method * Linear Programming : Duality * Transportation Problems * Assignment Problems -«
Replacement Decisions « Queuing Theory * Decision Theory « Inventory Management *
Sequencing Problems * pert & CPM « Cost ConsiderationinPert = Game ory « Statistical
QualityControl + Investment Decision Analysis * Simulation.
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Fundamentals of Mathematical Statistics

S.C.GUPTA VK. KAPOOR

Hindu College,  Shri Ram College of Commerce
University of Delhi, Delhi - University of Delhi, Delhi

Ninth Edition 2000 Pages xx + 1284 22 x 14 cm ISBN 81-7014-120-6 Rs 210.00

Special Features

® Comprehensive and analytical treaiment is given of ali the topics.

®  Difficult mathematical deductions have been Ireated logically and in a very simple manner.

m i conforms to the latest syllabi of the Degree and Posi graduate examinations in Mathematics, Statistics
and Economics.

Contents

Iniroduction = Frequency Distnbution and Measures ol Central Tendency » Measuresof Disparsion, Skewness and Kurtosis
* Theoryal Probability = Random Varabies—Distribution Function « MalhernahcalExpeclamn,Generabng Functions and
Law of Large Numbers « Theorelical Discrete Distibutions » Theoretical Continuous Distributions + Curve Fung and
Prnciple of Least Squares « Correlation, Regression, Bvariate Normal Distrbution and Panial & Multple Correlation =
Theory of Afinbutes = Sampling and Large Sampie Tests of Mean and Proportion « Sampling Distribution Exact {Chi-square
Distribubon) +  Exact Sampiing Distnbutions (1. F and Z Disinbutions) Theory of Estimation Tesing of Hypothess,
Sequenual Analysis and Non-parametrnc g -3

Elements of Business Statistics &

Operations Research
Dr SP.Gupta = Dr.PK.Gupta * Dr. Man Mohan

Sixth Edn 2000 Pp. xiv + 896 ISEN B81-7014-401-9 Rs. '

Special F itures

®m  Thelanguage is simple and the text-material self-expianatory in character

®m Besides good theory, the book contains a large number of illustrations of varied lypes
Contents

Part1—Siaustcs (Pages 710)
Statislics—What § Why = Conducting a Statistical Enquiry * Primary and Secondary Data and Sources » Sampling

Techmques + Diagrammalc and Graphic Presentation * Maasures of Central Value + Measures of Vanaton =
Skewness. Moments & Kunosis .Correlation Analysis » Regression Analysis + Index Numbers -+ Analysis ol Time
Seres + Iiterpolation & Extripolation « Piobaility Theory Stanstical Quaity Control s Interpreation of Dava

Pan li—-Operawons Research (Pages 180) .
Linear Programiming—Fommutason  »  GraphicalMethod = Simpiax Method «  Transponation Probiem  « Assgnment Probiem

Fundamentals of Applied Statistics
S.C.GUPTA V.K.KAPOOR
Third Edition 2000 Pages xx + 628 ISBN 81-7014-151-6 As 110.00

Special Features

®  The book provides comprehensive and exhauslive theoretical discussion.

m  All basic concepts have been explained in an easy and understandable manner.

® 125 stmulating problems selected from various universily examinations have been solved.

® |lconforms (o the latest syllabi of B.Sc. (Hons ) and post-graduate examination in Statistics, Agricuiture and
Ecanomics. i

Contents

Suatisticai Quaiity Control *  Analysis of Tme Senes {Mamematical Treatment) * Index Number + Demand Analysis, Price
and income Elasticity « Ana‘ysis of Variance )

Design of Experiments. Completely Randomised Design + Randomsed Biock Design, Latin Square Design = Facional
Designs and Confounding :

Design of Sample Surveys (Mathematcal Treatment) = Sample Random Sampiing. Stratfied Samping, Systemalic
Sampling, Multi-stage Sampiing « Educational and Psychologea! Statistics » Vital Stanctical Methods



