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OBJECTIV}s

After studying this chapter, you should be able to understand
• mathematical induction and its applications
• sequences series, sigma notations, summation of series using sigmanotation.

110. INTRODUCTION

Many important mathematical formulae which cannot be easily
derived by direct proof are sometimes established by an indirect method,
known as the method of mathematical induction. The proof of a theorem
by mathematical induction can be divided into 3 steps. The first stepconsist of actual verification for particular values of n, usually n —1, 2, 3the second by assuming the theorem to be true for some positive integralvalue in of n and from thereto show that the theorem is true for (m+ I).The third step lies in simple reasoning that if the theorem is true for thevalue ni of n, it is also true for the value (m+l) , which is the next higher
integer. But, by the first step if the theorem is true for the value 3, it
should be true for the value 3+1, i.e., 4 and so on,
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111. PRINCIPLE OF MATHEMATICAl. INDUCTION

Let the formula or the proposition be denoted by 1'(n). The principle
of mathematical induction states that if

(1) the formula or the given proposition P(n) involving it is true for
n= 1, 2 and

(10 if the truth of 1'(in) for a =in implies it istrue for P(i f 1), thei
P(n) is true for all positive integral values of n•

Example 1. I'rove by nulthe.noijc(11 induction 1/1(41

	

1-1-2+3+... 
	

where ti is a positive integer.

Solution. Here P(n) is

.U)

Step i. The formula is true for n- 1, since L.H.S. --
1.(l-f-l)and	 R.H.S.--=

L.H.S.--R.H.S. and P(l) is true.
It it also true for 'x =2, because the L.H.S. -- 1 1-2- 3 and the

R. FI.S. - 2(2-f-I)

Step II. We will now show that the truth of P(n) to be true forsome positive integral value of n, say ,i -rn the truth of P(n) forfl n --1, i.e., we have to show that the truth of P(tn), namely
'n(m+ 1)

.(2)

implies the truth of I'('n± 1), namely

1 +24-3+...+n1-1(rn+
2

L.H.S. of (3)[l +2-f-3-- ...+mJ+(m-f- I)
m(m+l)

H-(ni-f- 1), (due to assumption (2)12
Pit

(rn+ l)(rn-f-2
2

(m-4-l)[(m-I-l)^IJ
2	 of (3)= 

By the step I, P(n) is true for " = I. 2. Therefore, by step U, P(n) is
true for any particular value say P1=- 2. and hence for ,1=3 , and for ii=4
and so on, i.e., for every natural number ti
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Example 2. Prove by the method of induction

P(n) : 2 + 7 -1- 12 + ...+(5n-3)-n (Sn_i)

Solution. Step I. We vehfy the result for n= 1.

Put n=1 in (1). L.H.S.-2 ; R.H.S.=.l.(5—l)2

L.H.S.=R.l1.S. and P(l) is true.
Step II. We now show that the assumption of the truth of P(m),

namely

2+7+l2+--1

implies the truth of P(m -f I), namely

27+ 12±... +(5nz 3)-f-(5m 2)==(rn .f- I) (5(m+ 1)—i)	 ...(3)
L.1l.S. of (3)=[2 i 7+12 I- ...-l- (Sm— 3)]-J(5m-f-2)
zr (m(Sm_ 01+0171-I-2), [by assumption (2)]

5m—in 101))+4

9n 2 -I-5m-1-41n4 4

5111(m . 1)+4(m+ I) J
(ui -Il) (51)) + 4)

(rnIi) 1S('n+I)—l]

=R.H.S. of (3).
We have thus proved that if the result is true for n=m, it remains

true for next integral value of.': namely in+ I. Since the result is verified
for n= 1 in step 1, it follows that it is true (by step II), for n= I + 1=2
and hence for n=2+1 =-3 and so on for all positive integral values of it.

Example 3. Prove by the method of induction

/	 1	 1	 1	 n
3,5—+j-f-7- +•+ (2fl1)(2fl+3)	 3(2n-J)

Solution. Let P(n) be - I--. -- 
I

5.7 -	

I	
--•••	

(2n+1)3

U

3(2n+3)
Step 1. We verify the result (I) for ':= I.

Put 11=1 in (I), L.H.S.	 I	 I

R. H S.=
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L.H.S.=R.H.S., i,e., P (1) is verified to be true.

Step II. We now show that the aSSUuil)tioll of the truth of P (m)
namely

I	 I	 I	 I	 in
(2'-l)(2m+3)3(2m+	

.(2)

implies the truth of P(in + 1), namely

1	 1	 1	 I	 __•_______,_____
3.5 +	 + 7.9 + +	

3) (2in+ 3)(2m +5)

in+l	
(3)=

- 1	 1	 1	 1L.H.S. of	 -	 +...+ (
2in+I)(2m

+
(2in -1- 3)( 3rn+ 5)

in	 I
3(2m--3) F (2m±3)(2m+5) [due to assumption (2)1

'n(2m+5)±3	 2m2 . j-5111 +3
3(2n1+3)(2fn F5)3(2m+3)(25)

(rn- l)(2m -F 3)	 in + I
3(2m-f- 3)(3m +5)	 3(2rn ±5)	 I)-1-3J

-=R,H.S. of (3)

We have thus proved that if the result (1) is true for fl=,n, it remains
true for the next integral value of n narnc]y /714 - 1. Since the result is
verified to be true for 'i= 1, in step I, it follows (by step 11) that it is true
for n-2, and hence for 1 1 = 3, and so on for all positive integral values
of n.

Example 4. Prove by the method of induction

1.3+2.3 2 +3.33 4 ...-jil.3z:: 
(2n - 1)3­ 1 + 3

4

Solution. here P(n)	 1.3 1-2.3± 3.334----+n.3* — (2n1)3'f-3
4

Step I. The formula is true for 11=1, since

L.H.S.	 1.3r3

and	
R.H.S.2+3 3

For n=2, 111.S.=1.3+2.32-21
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and	 R.H.S.= (4-1)13 -. 1.3 =21

Hence the relation is ture for n= I, 2.
Step IL We will now show that the truth of P(m), namely

(2m —1)31+3
4

implies the truth of I'(m j .. 1), 11"llnely

1.3-{2.3 2 +3.33 -1-...+m 3"'+(rnT 1)3n+1JQ+ 1)—i] 3mt1+1+3
4

L.H.S. of (3) 1.3+2.3+3.3 3 + ... +rn.3(,n-}- 1).3m1

_(2nz—I)_3'"'3 +(in-f l).3 m+l[ fro m (2)]

3+I +3 +4m.3+' +4.3m+1

-{6m.3+1+3.3+1+3 }

=-- 2m. 3 +2 +3 n2+ 3

3'"(2'n+1)--3

	

[ {2(,71+I)— 11 3-
	I^
+')+1+3 R1.S. of (3)

By step I. P(1z) is true for fl= 1, 2. Therefore, by step II, P(n) is truefor n=2 1-I and so for = 3+ I and so on for every natural number ,.
Example 5. By the method of induct ion, show that ]O n +3.4,,+'+5is divisible by 9.

Solution. Let P(n) I0 1 +14n12 +5 is divisible by 9
Step I. We verify the result (I) for "=1.

Put n=1 in (1), L.1 - I ,S. = 10+3.4+52079x23 is divisible by 9.
Step II. We now show that the assumption of the truth of P(m)namely 10"+ 3.4 12 +5 is divisible by 9, i.e.,

1Q"+3.4-4+5=.9k, where k is a positive integer
implies the truth of P(m4_ I), namely

10 1 +3.4 +I)+2 4 . 5 is divisible by 9
We have
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10.41 +3.41? + 2 + 5=10". 10 + 34"4+5
= 10".9+ 10 +3,4+.3±3.4"-l-5

l0.9+3.4 n7%+1.3+( l0 + 3.41 + 5)
=10",9+9.4"f'-I-9k	 [From (2)1

= 9(1 OM + 4rn + 2 + k)

=9p, where p= 10-j-4 + +k, which is divisible by 9.

We have thus proved that if the result (1) is true for ix =m, it remains
true for the next integral value of n, namely in +I Since the result is
verified for 'J I in step 1, it follows by step II that it is true for ii =2 and
hence for 11=3 and so oil 	 all positive integral values of ti.

Example 6. Prove by induction the inequality

(!+x)'>I-l-flX, for it 	 3, 4.,,and x>—I.

S:,lut ion. Let P(n) be (1 -1-4)"> 1 +x

Step 1. We verify the result (1) for n=2.
Put n=2 in (1), L.U.S.'=(l +x)2=1+2x+X2

R.11.S.== I +2x

We obviously have 1 +2x+x2>1 -l-2X, since x2>0
[he result is thus true for n=2.

Step I!. We now show that the assumption of the truth of P(in),
namely

(l+x)"'>I+rnx
	

(2)

implies the truth of P(rn I- 1), namely

(14-x)">l+(m+ 1)x
	

(3)

We have	 (1 -l-x) 1 = ( 1+x)( l +•)

> 0 -f rnx)(1 +x), [due to assumption (2)
and x>-1J

>1 +('n+l)x+tnx2

>l+(n4-l)x, since 'flx2>0

We have thus proved that if the result is true for n in, it remains
true for next integral values of ii, namely ("± 1). Since the result is
verified to be true for ii-- 2 in step I, it follows by step II that it is true
for it -3, and hence for n=4, and so on for all positive integral values
of 'i	 2.

ii 2. SEQUENCES

When individual elements of a set of numbers can be arranged
according to some definite rule such that we can find out which of them is
the first, second and so on, the set forms a sequence.
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Each number of a sequence is called the term so that we have the
first term, second term, third term and so on, which form a subset of the
set of real numbers.

Definition. If to every positive integer ii, there corresponds a number
u,,, such that u, is related to n by certain law of correspondence, the terms
u 1 , u2 , ua, ... , n .......re said to form a sequence. In other words, a set of
real numbers in a definite order formed according to some law is called a
sequence.

A sequence is sometimes denoted by bracketing its 11th term, there-
fore {u} or <u,> means the sequence comprising terms U, U2 , U, ,

the suffix to 'u' denotes the rank of the term. If

(i) u, :--(- I ), then sequence or (u) is 1 2 , 22 , 32 , ...,

(ii) u=(- 1)', then the sequence or {u,} is -1, 1, ..., (-- I)".

u,,=4n + 3, then {u) is 7, 11, 15, 19.... . (4n 4- 3),

(iv) U,,= (- l)"-' 4n, then {n,,}. is 4. - 16, 64, -256,..., 	 l)-4' .....

1	 1	 1	 1	 11(v) u	 :fn-5 . then (u i} s - I,

	

1112 ).	 1	 4	 9(vi) 1r 	 then1___j_j_ Is	
,	 3'	 4' •-•';ii1'-'

113. SERIES

When the terms of a sequence are connected with plus or minus
signs, a series is formed. In other wards, a series is an expression consis-
ting of the sum of the terms in a sequence. Thus if U,, is the nth term of
a sequence then

U1 + U2+US+"'+Ul is a series of  terms.

11'4. DISCOVEP.Y OF SEQUENCE

It is always convenient for mathematical operations to discover the
sequence or the rule of the formation of a series in terms of a sequence
related with an order set of real numbers which is not very obvious at
times. By the method of trial and error we have to determine, ensuring
that at least first few terms are observing the rule so as to generalise
ultimately. Let us take a few illustrative examples

(i) 2, 6, 12, 20, 30, ... can be written in the form
1+(1)2, 2+(2)1, 3+(2)2 , 41(4)2 , ...and can be formally expressed as

u=n+n1, (n4()2} or { n + n2} or {n(l-I-ri)}

(ii) 1, 6, 15, 28, ...which in the form of sequence can be written as
2x1 2 -1,2x22 ----2,2x32 --3, 2x4-4,...

wbere u=2nt-n and the sequence can be expressed as
{2n'-n}



MATHEMATICAL INDUCTION
	

371

(iii) 2, 5, 12, 31,... which in the form of a sequence can be written
as:

(1f-3'), (2432- 1 ) , (3+3--1-1),   (4-1-3 1),,••

where u=n+3 i and the sequence can be expressed as
( n -I- 3"-')

(iv) 1, 4, 9. 16, 25, 36, -.., where u,, is the square of n, we can say
14,,=112, and the sequence is {n2)

(v) 5, 9, 13, 17, 21, 25,..., where u,, is obtained by adding 4 to the
previous term I e., (u - ) and 11 1 5, we can say y, = 4n I- I, and the
sequence is {4n-f- I).

(vi) 3,	 9, 27,-81 ..... where u is obtained by multiplying the pre-
ceding term (u, 1 ) by	 3 and U 1 3, we can say

( - )"-'3", and the sequence is {( -- I )n13i}

(vii) 1 l ,
 1 1 1 ••, where the numerator of u, is 1 and

the denominator is obtained by adding 3 to the preceding denominator

and u 1 1/2. We can say, 
U= ---, 

and the sequence

The two very common types of squences are discussed under the
names of arithmetic and geometric progressions (Chapter XLI).

115. SIGMA NOTATION

We now introduce a simple SUflHfl1tjOfl flotation which considerably
simplifies the formulae and makes handling of compicated expressions
simpler. The letter "" of the greek alphabet (pronounced as 'sigma') is
used to denote the sum of a given series. The letter is placed before
the rth term say U,. We thus write °, to denote the sum of r terms of
the series Ur. If we want to sum up mtr for values of r corresponding to
r=l,2, 3, ..,n; we denote the sum by

r=n

	

.	 ii, or simply by
r = I	 r

Thus	 U1 U2 U3 + ... ± U, +...+u,
= r 1

[read as 'sigma u, from r= I to r=

Some Properties of Sigma Notation
n

i	 au,-=a y u,, where a i constant.
r1

Proof.

Ii

_a(u 1 + u1 -- u8 4- • . f . fl)a	 U,

r•- I
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ii	 Fl	 Fl

II. ) (u,+v,)= > Uy4 Z Y,
rI	 r1	 r1

Proof.

	

	 (t4+vy)=(u14-vi)+ (U2 +v2)+ (u-I-v3)+

r=(ui+ua__ua_f-... --U,) --(v1---v+v1±...

11	 Fl

r=1	 rI

11	 ,l	 ii	 n
III. y, (a3 4 br9 + cr 4- d)= a xr3 -I- b > r'-f-c	 r.4-n(1

r-1	 r=t	 r1	 r1

Proof. z (are + br 2 4-cr-f d) a. 1' ± b. I + c . 1± d
r	 I

+a . 2-b . 3 2 + c . 2+d
4-a. 3' f . b 3-}-c 3+d

4a n3 +b - n	 'r+d
Adding these columnwise, we get
if

(ar3 -f'r 3 jcr+d)-- a(1 3 +2 +33-f ... --n3)
rj

3-j-...-f-n)

+dl d fdf...i n times
n	 Il	 it

a ) r3 -f-b Y. r 2 -f-c	 rfflj

116, SUM OF NATURAL NUMBERS

I, Sum of the first n natural numbers. The snm of the first n
natural numbers is

Si1+2+3+.+r+ ... +n=E r=±

Proof We can prove this identity by means of difference of
squares of the consecutive integers. We have the identity

(x+)--x22x±1
By putting x=1, 2, 3, ..., ?1, in the above identity, we get

22-12=2i+1
3- •2=-2.2-- I
4-3-2.3i- I

n 2 -- (n— I)= 2.(rz-- 1)4-1

	

(n-4-1) 2 —n 1 r=-2.n	 I



MATHEMATICAL INDUCTION 	 373

Adding these n equalities columnwise, we get

(n-I- 1)2 -1 2 -=2(1+2+ 3+..,4-n)+(j + 1+1...n times)

n2 +2n-2S1 +n 	. 2S1 -n2-I-n=n(n+1)

Hence	 S1= f (n + I)

II. Sum of the squares of the first n natural numbers. The
SUM of the squares of the first n natural numbers is

S2 1 2 4. 2 9 +31 I- 	 r2= n(n+1)(2n-I-1)

Proof. We can prove this by making use of the following identity

(x+	 3x+ 1

By putting x=1, 2, 3 ..., n, in the above identity, we get

22__ 1 3= 3.1 2 +3.I+ 1

33 -23 =3.2f-3.2+ 1
48_ 3S331. 3•3 +

?'s—Q'-03=3.(n— l)2+3 (n- 0 +1+ I
(n+1)8—n==3n'-+ 3n+l

Adding these n equalities columnwise, we get

(n+1)2_P=3(12+22+31+... +n2)+3(l+2+3+... +n)

+(1+1+1+...n times)
(n+1)8-1=3S2+3S-fn

n'+3n2 +3n=3S2 -1-3.'	 +n

3S2=fl3f30 43_3 n(n-f-I)—n

==-- [2n1-+6nf6-3(n+1)-2]

r=-- [2n'+3n+]]=-- (n-I-1)(2n+I)

S,2	 6

AItriative Method. We can prove the above result by the
method of mathematical induction also.
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1-Lere P(n) is

6

Step I. For n=1,L.H.S.l2_1

and	 R.H.S.==-- (1+1)(2+I)==1

L.H.R.rR.H,S.

For n-2,

and	 R.H.S==-- (2+1)(4±1)=5

L.H.S.=R.H.S.

Thus the result is true for n=1, 2.
Step II. Let us assume that the result is true for some particular

value, say m of n • We now show that the truth of P(nz), namely
m(,n-f- l)(2'n-I-- 1)l2+2z+32+...fn12=

6
implies the truth of P(rn -F- 1), namely

...(3)6
Then

L.H.S. of (3) ==(l + 22 ±3 2 +... + m2)+(?n -I-. l)

[From (2)]

(M+ 1)
[m(2?n+ 1)+6(rn+ 1)]

(m+I)
[2m I +l'n+6]6

(M + 1)614m+3m+6]

(m--l)
6	 [2rn(m+2)+3(m+2)1

1)
P. -f-2)(Z'n4-3)J6

(n l)[{(n+ l)- 1}{2('n 1)+l}J

=R.H.S. of (3)
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From the two steps I and 11, it follows from the principle of rnathc
matical induction that the result P(n) is true for every natural number n.

M. Sum of the cubes of the first n natural numbers. The
sum of the cubes of the first n natural numbers is

r3=[''U]

Proof. As discussed in the previous cases we will now use, here, the
identity based on the difference of the for.cth powers of the consecutive
number x+l and x. We have

(x-1- 0 4 -xr=4x 3 +6x2 +4X+ 1

Putting X= 1, 2, 3...... . (n	 1), n ; successively in the identity, we get

24 -1 4 =4.1 3 -i- 6.12j4.1±1

1

4 4 _3=4.33 +G,3 2 f4.3+l

,i 4 —(n-- l) 1 4.(n— 1)3 +6Jn— 1)2+4.(n-1)-f- I

(n f 1)-1 1 =4.n3 +6.n2 +4.n -f- 1

Adding these n equalities columuwise, we get

+6(121-22+32-I-...-f-"2)

+4(l+2f3+ ... +fl)

-f(l+1+l+...ntinies)

=4S+ 6S-l-4S1+n

4S3 =n 4 -4-40 f6n244n-6S,4S1fl

,i(n+ l)(2n-I- 1)4	 JJ -- 1= n + 4n + 6n 2 + 4" —6 6

=n h +4n 3 +6n2 +4fl_2fl8_ 3 fl2 -n-2n 2 -2n - n

=n 4 +2n3 -+ n2

=n(n'+2n - 1)=n'(n+02

'1

S3 r  2 r3=["("]
F-1
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Example 7. By the me/hod of Induction or otherwise prove that

1 3 +22 ±33 	+n3= n
2 (n-;- 1)2

Solution Step I.

For n I, L.ILS.= I= I

R. H.$. 
12(1+1)2 

1

L.Fl.S=R.fl.S. and the proposition is true for n= 1.

Step I!. Let us assume that the result is true for some particular
value, say in of n • We nw show that the truth of P(m), namely

1112 (in ç- i

implies the truth of P(in+ I), namely

1-3 2 + 3+ ... ±:&l(,nl)3=	 Zfl+ l)-I	 (2)

L.}1.S. of (2)=-(11+21+3 3	
... + 'n a ) + (t?, 

+- I )

- n2(n -!Y_ 1-(in 1- 
J)3	 [by assumption (I)]4

—(2 4(m+1))

(in+ l)2('n-+-2)2
—	 4 

1)41]2
4

= R.H.S. of (2)

From step I and II, we conclude by the principle of mathematical
induction, that the result is true for every natural number fl or all integral
values of n.

Example 8. Find the sum of the series:

I.4+3.7+5.I0-i-...'o ii terms.

Solution. The rth term of the series is equal to the product of the
rth teims of the two series

1, 3, 5,... and 4, 7, lO..

u,=[I+(r—l)2] .	 I
11	 11	 fl

1-lence	 Sfl= U- (6r 2 —r—l)=6 > r 3 — i r—n
r1	 'l	 r=t
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6n(n+ I )(2n + ) n(n -j- 1)
2

fl(4n2+5n1) 

Ex ample 9. Find the suin of the series
1 2 +3 2 +52 +72 -4-... -1- n terms

Solution.	 [I -f- (r— 1)2] 2 =(2r_ I ) 2 =4r 2 -4r-I- 1
11	 it	 n
U, r- (4r 2 -.-4r4 1)=4 y r'-4	 +fl

	

I	 -=1	 r1

n(n4-I)(2n-4-- I)n-4_4 n(j)
4. 61	 2
n(4n'-_I)

3

Example 10. Find i/ic sum of the series Z4(1+2)+(l+2_i-3) ... tO

n terms,

Solution. U,j +2-f 3+... -f

' ES,, 	u, =- -	 r2 +	 r

I	 n(n±I)(2n-4-l)	 I	 n(n-11)
6	 ±2	 2

n(n-f. 1)(n+2)
—	 6

FampIe ii. Sum to n terms the following ser(es
12 	 12+22+31

+ 2	 3

1 1 +22 +32± 4y2
Solution.	 Here u,.=- r

r(r-f-1)(2r-f-I) 	 2r2+3r+1
=	 6r	 6

s=	 21(2r2+3r+1)

2	
r+ WEr2+-
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1	 t'(n -f-- 1)(2n .4-1)	 1	 n(n-4-1)	 1
- 3	 6	 ± 2	 2 + 6

13 (4122-	 -	 5n ± 17)
26

Example 12. Su,n the series to it

2.4j5.f-468 -1-6.8.10-I-

Solution. The first factors of the terms form the sequence 2, 4, 6,...where rth term is 2r. Also, the second factors of the terms form the
sequence 4, 6, 8, ... where nh term is (2r -f-2). Similarly, the third factors
of the terms form the sequence 6, 8, 10,. .where the rth term is (2r+4).

The rth term of the given series is

ur2r(2r+2)(2ri 4) .=8 r3 +24r 2 - 16r
a	 a	 Li

S.	 r3J-}-24[	 r21+16 [	 r]
r=I	 r=l	 r-I

=8	 -24n(n+1)(2n+t) 16 i(a-f-1)
4	 6

=2n(n	 1)f'i(' * l)+2(2n	 1) -1-41

=2n(n 4-I )(n .4 2)(+ 3).

Example 13. Sum to it 	 the series

I.3 --4.4•i• 75 -f-JO.62±

Solution. Here u 7 =[I f(r - 1).3) x (3 4 (r_1).112=(3r__2)(r+2)2

=3r3 + l0r2+4r-8

Sn=r,Urr ri(3T1- 10r2-l-4r-8)

n	 n	 fl

=3 > r '-4-1 0 1` 1 4-4 )
r - I	 r=l	 r'1

2(n ± )1 +10 n(n -1- 1)(2n+ 1) 4n(n-4. —8's
6	 + 2

[9n + 49n ±44) - 8n

Example 14. Find the nth tern, and sum to it terms of the series

469 i-)3-i-l8+...

Solution. The law of formation of the series is not obvious. In
such a case we proceed as follows:
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Let S denote the sum of the lust it terms and u the nth term of a
given series. Then

S=4+6+9-- 13 18-i-... +u
Also	 S,,=	 4+6+9+ 134-...+u.1+u.

The same series is written again with each term shifted by one place
to the right.

By subtraction, we have

0=4+2+3+4+5±.,.

u,4+ (2+3-•4+5+...to n-- I terms)

j-72 
2 

1 [4+(n-2).1J

=4+1 (n+2)=-- (112+n+6)

Xn2+n+6n

1 rn(n+i)(2'-l-I)	 a(n+1) +6iTL	 6	 2

12n 3 -f 611+ 40iiJ= (a2+3n+2O)

Example 15. Find the nth term and sum to n terms of the series
11+23+59+167+...

Solution. Let S,1 be the sum and U,,, the nth term of the given
etes.

Then	 S,,=l1+23+59+167++u

Also	 S,,=	 11±23+59-I-...+u,,1-i-u

By subtracting, we have

0r11±12+36±108+.,+(u_u1)u

u,,=1 1+(12-l-36+108-f- ......to (n—I) terms)
3n-1_

=11+12	 I
(	

)=11+6(3-'--I)

=2. 3+5

Giving to n the vaiues I, 2, 3,..., n, we have
U,-2 . 3'--5
u2=2 325

U 3 =2 . 3+5

u=2 . 314-5

379
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S=2(34.3232+±3n)+5n

2. 3(3-1)
-

4— —, +
3af + 5n-3

Example 16. Swit to it terms the series:

1	 1	 1
1

Solution. U,.	
(5n-1)(5n+4)

I	 (5n+4) -(5a-1)r=-	
5n-I)(5

I	 I
=-

Giving ton the values 1, 2, 3,..., if— 	 ; we have
11-• 1	 1
 j

in	 iU2 ==_[_ --

11.	1	 -	 1	 1U,_=

ir	 i

Adding columnwisc, we get
1 '	 it

5.¼4	 5n +4 14(3n4-4)
Remark. The sum to infinity of the above series

1(1 '	 I
54 )2O

Example 17. Find the sum of the first n terms of the lizfinhle series
Go

and then prove that the series converges to the sum one,

[C.A., May, 1991]
Solution. We have

Ufl = ( 1 ) ±
n
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Giving to ii the values 1, 2, 3,..., ti — i,	 ; we have

= 1 -

I	 I
I'2T

1	 1U.33	 4

I	 Iu.

I	 I
U

Adding columnwisc, we get

S = I .- --=-.-

	

pt+1	 ni-I

The SUFTfl to infloity of the above series -= 1
Hence the series converges to the sum one.

EXERCISES

1. Use the method of induction to prove the following resuiN

(i) 1-f 3 -5-F-... +(2n-1)=rn 	 (CA, Nov. 19911

(ii) 2-f-6+10+...+(4n-2)=2nt

(iii) 1.2+2,3+3.4-I--... -l-n(nf1)==n(n-l-l)(n-]-2)

(iv) 1.2.3 f- 2.3.4+3,4.5+ ... -I-(n -- l)(n+2)

= . (n -li) (it F 2) (m - 3)

(v) l.2-I-3.2+5.2+.. +(2n-- I) 2=(n— 1) 2 tl _2 ?H- t f6

(ri)
	 I	 ___n

(vii) 2	 -- I is divisible by 15.

(viii) 3"	 2n-- I is divisible by 4.

(ix) nyi	 1 )(2n - 1) is divisible by 6.

7"+ 16r1— I is divisible by 64.

(xl) I	
+21H23	

*
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2. If the matrix P is given by

3	 4\
_1	 1)

then using the l'f1j iQjj c Of Mathematical Induction establish that

( 11 . 2n	 41:-	
--ii	 1---21:

For all positive integer.; 1: > I.	 [CA., May, 1991]

3. Sum to it terms the series

(1) 2i 51-82-F-.... 	 (ii)

(iii) 1 .44 3.715.10± ...	 (fr) 1.3.5-1-3.5.7+5.7.9±

4.	 Find the nrh term and the sum to it terms of the series

2.3 t +5,4 2 ±8.5+1 1.6+...

5. Sum to U terms of the series

(i) I +(14-3)40 +3--5)+...

(ii) 1 2 +(1 2 +2 2)* (12+22±32)+...

(iii) i	
(ii +)+ 1 ±--+)F( I-I

6. Find the sum of the following series

(i) a. 1 -i-(n-- 1).2-1- (11-2).3 1- ... -I-2.(n— 1)H- La

(11) ( i---)-. ( i_ 2 )+( 1_--)± ... ton terms.

7. Find the sum of n terms of the series whose nth terms are

(I) 3 71 1 42fl, (11) n2". (iii) 53' +2,1

8. Find the 11th terms and sum to it 	 of the series

(I) 1+5-1-12+22+...

(ii) 4+14+30+524-80+...

(iii) 3±6+11120+37±,..

9. Find the sum to a terms and to infinite terms of the following
series

1	 1	 1
(z)	 10.i3+

(a) 1	 1	 1
(p2)(p4) (p-f 4)(p+6)+(p+6)(p+8) 	 "

10. Prove that n 2 -f. 2af1 +2+3±...-1-(n—l)]=.
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ii. (a) Find the sum of the series

1 3 	(1+2\ f13-l2-F3\
-I-----}-J---------- —j-i-	 ton terms

1 2 	1 2 1.2 2 	 12 I_2 2 	 32
(h)	 TT +	 ... to 11 terms

ANSWERS

3.	 i)	 - ( 602 + 311	 I), (ii) n 2 n2	 1), (iii)	 PJ(4fl2.{	 - I),

(ir) ,i(n	 I )(2n I- 6"	 I) —3)1

4•	 31t- . ] 1	 - 8n--4; '-(9i3 + 62n 2 + 12 3 n + 2 2).

5,	 (i) I n ( ; ' i - 1)(211 1- I), (U)	 "0F I )2(,, -F 2),

(w)- 3'	 )1\ ,	3	 Il	 1-( 1	
2 r	 3"

6. (i) n(n - I )(n -1- 2)	 (ii)	 (ii-- I )

7. (1) n(n-l- 1)(2n + 3), (ii) (n -- I)2' '+2, (iii) ( 3 11 `-9] f ii(iz + 1)

8. (i)	 (Jn 1),	 ..cL±1311 i-2 ] (ii) 3n 1 n, n(n-f 1)2

(iii) 2" -i n, 2' ' 1- not I- I) –2

9. (i)±(—L__L_)
n

3 3n+ I 3n+4 ' 4(3ii' 1)12

I	 2n	 if(ii)_	 ---	
-- 2 (p -f2)(p+2n2)	 -F(P2)(p+2n±2) ' 2(p+_2)

J. 1)(n-l-2)(3n-4 5)11.	
48	 (h)
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Arithmetic and Geometric Progressions

STRUCTURE

120. INTRODUCTION
121, ARII'UMETIC PROGRESSION
322. SUM OF A SERIES IN A.P.

123. ARfUWvIETIC MEAN
124. GEOMETRIC PROGRESSION
12'5. SUM OF A SERIES IN G.P.
126. GEOMETRIC MEAN

OBJECTIVES

Alter studying this chapter, you Should h able to understatid

• arithmetic progression, its sum, arithmetic nie:l'i and its applica-
tions in solving problems.

• geometric mean and its applications in solving problems.

120. INrRODUCTI0N
In this chapter we shall discuss two special types of series with

sequences increasing or decreasing by an absolute quantity or a certain
ratio designated as arithmetic and geometric progreSsiOflS respectively.

121. ARITHMETIC PROGRESSION
An arithmetic progression is a sequence whose terms increase or

decrease by a constant number called the conmion difference. A series in
arithmetic progression thus becomes an additive series in which the
common difference can be found by subtracting each term from its pre-
ceding one. Thus

(i) the sequence I, 5, 9, 13, Il, 21, 25,... is an infinite arithmetic
progression of se v e n terms, the first term is 1 and the common difference is
4. Similarly.

(ii) the sequence 4, , 3, , 2, , 1, . 0, -, ...is an arithmetic pro-
gression whose first term is' 4 and the common difference is--


