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OBJECTIVES

After studying this chapter, you should be able to understand :
® mathematical induction and its applications

(] Sequences, series, sigma notations, summation of series using sigma
notation,

11'0. INTRODUCTION

by mathematical induction can be divided into 3 steps. The first step
consist of actual verification for particular values of n, usually n=1, 2, 3 ;
the second by assuming the theorem to be true for some positive integral
value m of n and from there to show that the theorem is true for (m4+1).
The third step lies in simple reasoning that if the theorem is true for the
value m of n, it is also true for the value (m--1), which is the next higher
integer. But, by the first step if the theorem is true for the value 3, it

should be true for the value 3+1,i.e, 4 and so on.
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11'l. PRINCIPLE OF MATHEMATICAL INDUCTION

Let the formula or the proposition be denoted by P(n). The principle
of mathematical induction states that if

(i) the formula or the given proposition £(#) involving 2 is truc for
n=], 2 and

(i) if the truth of £(m) for n=m implies it is,true for £(m |- 1), then
P(n) is true for all positive integral values of .

Example 1. Prove by mathematical induction that

n(n--1)

142434 ... fn= ;. where n is u positive integer,

Solution. Here P(n) is

l+2+3—i-...+nw:@%w

sei(1)
Step I. The formula is true for 7= 1, since L.I1.S. =1
and Rps= D

L.H.S.=R.H.S. and P(1) is true.
It it also true for 7=2, because the L.H.S.—<1 4-2--3 and the

R.H.S.:EQSL—I—):B.

Step II. We will now show that the truth of P(n) to be true for
some positive integral value of n, say n=m = the truth of P(n) for
n=m+1, i.e,, we have to show that the truth of P(m),

namely
TP PR L)

p (2,
implies the truth of P(m+-1), namely

l+2+3+_,,+m+(m+l)=(m+”[(;n+ ] .(3)
L.H.S: 0f(3)=[l+2+3—.‘-...+m]+_(m+[)

m(m4-1)

e +(m+4-1), [due to assumption (2)]

=emi-n [ +1 ]
_(m+1)(m-+2)

2

=ME%ﬂ+J=11,H.s. of (3)

By the step I, P(n) is true for n=1. 2. Therefore, by step I, P(n) is
true for any particular value say n=2, and hence for n—=3, and for n=4
and so on, i.e., for every natural number n.
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Example 2. Prove by the method of induction -
P(n) : 2474124 ..+ (5n—3)=4n (5n—1) ...(d)
Solution. Step I.  We verify the result for n=1.
Putn=1in (1). L.LHS.=2 ; RHS.=}§.1.(5—1)=2
L.H.S.=R.H.S. and P(1) is true.
Step Il. We now show that the assumption of the truth of P(m),
namely
247124 ... 4 (5m—3)=4m(5m—1) ++4(2)
implies the truth of P(m 1), namely
24T+ 12+ A (Sm—-3)+(5m - 2)=4(m+1) [S(n4+1)—1] ...(3)
L.HS. of (3)==[2+7+124 ... 4 (5Sm—3)]+(5m}2)
=} [m(5m—1)]+(5m+-2), [by assumption (2)]
Sm—m--10m4-4
P 2

‘___ﬁ_%[ 5?112*{‘5"'“}‘4”14'4;]
:_;_[ Sm(m--1)+4(m+1) ]
=% (m4-1) (5m+44)

=—5-('rr+1)[5(rn+-|)%11

=R.H.S. of (3).

We have thus proved that if the result is true for n=m, it remains
true for next integral value of n namely m+1.  Since the result is verified
for n=1 in step I, it follows that itis true (by step II), for n=1+41=2
and hence for #=2+1=3 and so on for all positive integral values of n.

Exawaple 3, Prove by the method of induction :

1 1 1 + i ol
35 t37 70 Yt G haar s = 3@y
1 1 1 1
foom, P ey 5 T
Solution. Let P(n) be 35 T 57 -+ 79 +ovat )@ 13)
n 1
=3@n+3) okl

Step 1. We verify the result (1) for n=1.

: 1 1
Put =1 in (l). L.HS:*ﬁ:Tg

1 1
S 3 s



MATHEMATICAL INDUCTION 367

LHS.=R.HS,, ie., P (1)is verified to be true,

Step II. We now show that the assumption of the truth of P (1)
namely

1 1 | I m
35 vs7 T vt anEnemsy Cigeyy @
implies the truth of P(m+-1), namely
Spe et : ‘
35 T Ty T am nemry Y@ rea )
. m-1
EPCET R -
1 1 1 1
LHS. of 3 ::L
3) kgt et (2m-1)(2m+3)
1
L (2m-4-3)(3m+-5)
m 1 )
:3(2f?1+3) _'" (2m+3)(2m+5) s [dUC to assumption (2)]
__m(2m+4-5)+3 - 2me-5m-4-3
T 3@2m43)2m+5) 0 32mA4-3)(2m+5)
__(m4+1)@2m+3)  m] B m1
T 3@m43)(3m+S5) T 32mA-5) T 3[R(m+1)+3)
=R.H.S. of (3)

‘We have thus proved that if the result (1) is true for n=m, it remaijns
true for the next integral value of 7 namely m+1. Since the result ig
verified to be true for n=1, in step I, it follows (by step II) that it is true
f‘(}r n=2, and hence for n=3, and so on for all positive integral vaJues
of n.

Example 4. Prove by the method of induction :

1.3+2_3ﬂ+3'33+ ---+".3.=: (M+1+3

4
Solution, Here P(n) : 1.3+4+2.324+3.3%4 ... 4-n.3"= (2"_2)3"“'*‘3
wf 1)
Step I. The formula is true for n=1, since
L.H.S.=1.3=3
—1)31+14-3
and R.H.S.':(z—l)‘i—‘j;' =3

For n=2, LHS.=1.3+2.32=21
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~1)3L
and R.H.S.:ji—l‘lﬁ—{—g- =21
Hence the relation is ture for n= L2

Step II.  We will now show that the truth of P(m), namely

13423 43,34 mam.. 21— L) g (2)

implics the truth of P - 1), namely

1342304 3.3 4 4 m 30 (g 1) 3 2O 1) — 1] 3meivi 43
4

sk 3
L.H.S. of (3)=l.3‘i‘2.32‘+‘3.33‘1'*...+I?J_3"'+(nj-|-]}l3m+l &)

= m4l_y
= .W_‘?}__i_g +(m+1).3m 4 from (2)]

{2m.3'"+'— 3™ +34dm. 3414 4 34 f

i

6m. 37414337414 3 }

ll

{2m.3"'+2—+-3"‘*'+3}
__d%i I (2mt-1) 43 }

l —~
=14~|_ {2(m+1)—1} 3men14 3 ]=R.H.S. of (3)

By step I. P(n) is true for n=1, 2, Therefore, by step I, P(n) is true
for 1=2+1 and so for n=34-1 and so on for every natural number »,

Example 5. By the method of induction, show that 100 -3 4n434 5
is divisible by 9,

Solation. Let P(n): 10"+3.4"+2 45 is divisible by 9 7alh)
Step I. We verify the result (1) for n=1,
Put n=11in (1), LH.S.=1043.4*+5=207=9x23 is divisible by 9.

Step II. We now show that the assumption of the truth of P(m)
namely 107+ 3.4"+245 is divisible by 9, i.e_,

107+ 3.4m*+24 59k, where k is a positive integer w(2)
implies the truth of P(m 4 1), namely
10m+14-3.4(m+0+2 4 5 is divisible by 9 s:1(3)
We have
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(0™ 1 4-3.4mtD+2L 5 10™. 10+ 3.4+ .45
=10"9+ 10" 43,4 +.3+3.47H+-5
=:10™.943.4m+1, 34 (10" 4 3.4+ 4 5)
—=10™949.4"+24 9k [Erom (2)}
=9(10"4-4m+21.k)
=9p, where p=10"-+4"+*+k, which is divisible by 9.
We have thus proved that if the result (1) is true for #=m, it remains
true for the next integral value of », namely m+1. Since the result is

verified for n==1 in step 1, it follows by step II that it is true for #=2 and
hence for =73 and so on for all positive integral values of .

Example 6. Prove by induction the inequality
(I4-x)y">1+tnx, for n=2, 3, 4,...and x>—1.
Solution. Let P(n) be (1+¥)">14nx ity
Step I. We verify the result (1) for n=2.
Put 7=2in (1), L.H.S.=(1+x)*=1+42x+}x?
R.H.S =1+42x
We obviously have 14 2x4x*>>14-2x, since x*>>0
The result is thus true for n=2.

Step 1f. We now show that the assumption of the truth of £('n),
namely

(I4x)">14mx ==:(2)
implics the truth of P(m--1), namely
(14x)" 1> 14 (m+1)x w (3D
We have (14X =(14-x)"(1 +x)
> (14-mx)(14x), [due to assumption (2)
and x>—1]

> 1-F(m+1)x +mx?
> 14-(m+1)x, since mx*>0

We have thus proved that if the result is true for n=m, it remains
true for next integral values of n, namely (m+4-1). Since the result is
verified to be true for n=2in step I, it follows by step II that it is true
for #=3, and hence for #=4, and so on for all positive integral values
of n>2.

112. SEQUENCES

When individual elements of a set of numbers can be arranged
according to some definite rule such that we can find out which of them is
the first, sccond and so on, the set forms a sequence.
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Each number of a sequence is called the term so that we have the

first term, second term, third term and so on, which form a subset of the
set of real numbers.

Definition. If to every positive integer n, there corresponds a number
u,, such that u, is related to n by certain law of correspondence, the terms
7T IO T P S T are said to form a sequence. In other words, a set of

real numbers in a definite order formed according to some law is called a
gequence.

A sequence is sometimes denoted by bracketing its #ith term, there-
fore {#,} or <<u,>> mcans the sequence comprising terms u,, Uy, Uy, .4,
...the suffix to ‘¢’ denotes the rank of the term. If

(1) u,=(—T1)", then sequence or {1} is 12, 22, 32, ..., n®
(i) u,=(—1)", then the sequence or {u }is —1, 1, ..., (—1)"...,
(iif) u,—=4n--3, then {u,}is 7, 11, 15, 19,..., (4n+3), ...,
() u,=(—1)"-1 4" then {n,}is 4, —16, 64, —256,...., (—1)n14n ...

=L if . i bl 1
(V) u,= s , then {u }is —1, T+ 7 5y ,...,{4——!145},...,

; n? S T 4 9 n?
(Vl) Uy= -—, thcn{"—-*_—]— Els *2ﬁ, *‘3* ) T, I“’ii _{-—l S
11'3. SERIES

When the terms of a sequence are conpected with plus or minus
signs. a series is formed. In other wards, a series is an expression consis-

ting of the sum of the terms in @ sequence, Thus if «,is the nth term of
a sequence then

uy 4 u,+ug+... 41, is a series of 7 terms.
i1'd. DISCOVERY OF SEQUENCE

It is always convenient for mathematical operations to discover the
sequence or the rule of the formation of a series in terms of a sequence
related with an order set of real numbers which is not very obvious at
times. By the method of trial and error we have to determine, ensuring
that at least first few terms are observing the rule so as to generalise
ultimately. Let us take a few illustrative examples

(i) 2,6, 12, 20, 30, ... can be written in the form :
1-+(1)2, 24-(2)%, 3-+(2)% 4-+-(4)?, ...and can be formally expressed as
u,=ntn%, {n4(n)?) or {n+n%) or {n(1+n)}
(i) 1,6, 15, 28, ...which in the form of sequence can be written as :
2x12—1,2%22—2,2x32—3, 2X4'—4,...

where #,=2n%—n and the sequence can be expressed as
{2n—n)
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(#it) 2, 5, 12, 31,... which in the form of a sequence can be written
as:
(14 310), (24327, (34391), (4+34),...
where #,=n+3""1 and the sequence can be expressed as :
{n+4-3n-1}
(iv) 1,4,9, 16, 25, 36, ..., where 4, is the square of 1, we can say
u,=n% and the sequence is {n%}.

(v) 59,13,17, 21, 25,..., where u, is obtained by adding 4 to the
previous term ie., (v,.,) and #,=5, we can say y,=4n|1,and the
sequence is {dn--1}.

(vi) 3, -9, 27, —81,..., where u, is obtained by multiplying the pre-
ceding term (u,.,) by — 3 and #,=3, we can say
un={(—1)""'3", and the sequence is {(-—1)""13n}
oy 1 1 1 1 1
W TP w
the denominator is obtained by adding 3 to the preceding denominator

.., where the numerator ofu, is 1 and

1 : 1
= ool U ay, Il{): oy o = e
and u,=1/2. We can say St and the sequence |s{3n_ IE

The two very common types of squences are discussed under the
names of arithmetic and geometric progressions (Chapter XII).

11'5. SIGMA NOTATION

We now introduce a simple summation notation which considerably
simplifies the formulac and makes handling of complicated expressions
simpler. The letter *‘s™ of the greek alphabet (pronounced as ‘sigma’) is
used to denote the sum of a given series. The letter 3 is placed before
the rth term say #,. We thus write =i, to denote the sum of r terms of
the series t,. If we want to sum up %, for values of r corresponding to
r=1,2, 3, .., n; we denote the sum by

r=n
% 4, or simply by

r=1

u,

M3

Thus WU, g+ U +.adu, = 3 u,

re=]
[read as ‘sigma 4, from r=1 to r=""]

Some Properties of Sigma Notation :

n n
) il ¥ au,=a 3 u, where ais constant.
r=1 r=|]

n
Proef. S au,=qu +au,4-au.+ ., --au,
r=]

n
:a(ul +ul+ ul+n- +'un)=a E u:

r—1
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IL z @)= 3t 3% v,

r=1 r=1

L
Proof. 21 (e 4 vr)= (0, 4+-v;)+ (U - v) + (g vy) ... (12 4-v,)
'=
=(U bty 1)+ (v, vy b vg .Y

n n
=3 A 3 v,
r==] r=1
n n n n
i, % (ar*4briteridy=a 5r3-b 5 r'tcx rind
r=1 r=1 r=| r=1

n
Proof. 3 (ar*4-britcer4d)=a.1%4+b . 1%4c.1-4+d

r=1
+a,2%4b,34c.24d
—{a 3'+b 32tec, 3+d

-]-a nb n2 {c. n+d
Adding these columnwise, we get

% (@r-hbr 4 crd)=— a(l? 425 + 34 .. 4 )
=]

+O(1M 22433 . 4m) fe(1 4243 +...4n)
+d4-d4d+...4n times

r

n n n
=a 3 r*tb Erite 3 r4nd

r=|\ r=1 re=1
146, SUM OF NATURAL NUMBERS

I. Sum of the first n natural numbers. The snm of the first
natural numbers is

n
S.El+2+3+...+r+...+n=z 2”(1’1;}-1)

1

Proof We can prove this identity by means of difference of
squares of the consecutive integers. We have the identity :

(x+1)'—a?=2x+1
By putting x=1, 2, 3, ..., #, in the above identity, we get

2*—1!—2 141
—20=2.2+41
4 —3t=2.341

n®— (n— i)!= 2.(;1“1)-4-!
(n41)2—n*==2n41
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Adding these 7 equalities columnwise, we get
(n+1P—12=2(142+3+...4+n)+(14141...n times)
n*4+2n=254n = 25 =mt{n=n(n41)

Hence S,=—r2'- (n+1}

II. Sum of the squares of the first n natural numbers. The
sum of the squares of the first 7 natural numbers is

n
S,=11420430 L fr4 +n“=z rsz—é n(n+1)(2n--1)
1

Proof. We can prove this by making use of the following identity
(x+1)P—x%=3x2+3x+1
By putting x==1, 2, 3, ..., n, in the above identity, we get
28 —13=3,134-3.1+41
3P—28=328432+1
43—-3’=3.3'+3.3-.|-1

M —(—1)=3.(1— 113 (n—1) +1
(n+1)2—n*=3n4 3n4-1
Adding these 7 equalities columnwise, we get
(1) =13 =3(1"4214 3+ ... £ n2) + 3(1 42434 ...+ n)
+(14+1+41+4...n times)
(n+1)*—1=35,435, +n

> n 4 3n3 4 3n=3S,+3."("2+ D 4n
= 3S,=n’+-3n'+3n—-% n(n+1)—n
=% [2174 61 +6—3(n-+1)—2)

=5 2043+ 1]=7 (1 1)2n+1)
g Mn+1)X2n+1)
{ e __-___6—"_

Alternative Method. We can prove the above result by the
method of mathematical induction also.
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Here P(n) is

14204324 =
Step I. Forn=1, LHS.=1%=]

nn+1)(2n+41) (1)
AR T

- R.H.S.=-é— (4124 1)=1
- L.H.R.—R.HS.
For n=2, LHS. =1242=]14=5
it R.H.S.——-—'z- @+1)@d+1)=5

L.H.S.=R.H.S.
Thus the result is true for n=1, 2.

Step II. Let us assume that the result is true for some particular
value, say m of n. We now show that the truth of P(m), namely

N ).l T
implies the truth of P(m 1), namely

11+21+31+._i_m-l_{_{m_*_l)g:(m‘l"l){(m‘l‘l);'l}{z(m *‘1)"{“1} .(3)

Then
L.H.S. of (3)=(1"+2%+324 o tmt) - (mA-1)2

m(m+l)é2m—i ) +(m+1)* [From(2)]

=——) [m(2m+1)+ 6(m +1)]

(+)

[2m? +7m 6]

- . +” =) [2m* 4 4m 4 3m 6]

=(3’--—— [2m(m +2) 4 3(m +2)]

( + Lihe ) = [(m +2)(2m+-3))

“_? (m+ D[{(m+ 1)+ 1}{20m + 1)+1}]
=R.H.S. of (3)
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From the two steps I and II, it follows from the principle of mathe-
matical induction that the result P(n) is true for every natural number #.

1II. Sum of the cubes of the first n natural numbers. The
sum of the cubes of the first # natural numbers is

n
Ss=l°+23+331-...+r‘-l—...+"==z ":[n(":”]
1

) Proof. As discussed in the previous cases we will now use, here, t_he
identity based on the difference of the forcth powers of the consecutive
number x+1 and x. We have

(x4 1) —x'=4x3+ 6x2 +4x+41
Patting x=1, 2.3, s (n—1), n ; successively in the identity, we get
28— 14=4.134 6.12+4.1+1
31—24=4.2%46.2*1+4.2+1
4*—3'=4.334+6.32 +43+1

M —(1— 1)1 =4, (1= 1) +6.n— 1) +-4.(1—1) + ]
(1 + 1) =S =And 46 +4n+1
Adding these n equalities columnwise, we get
(r+1)' = 1'=4(1*+ 2+ 3 +... +17)
+6(12+22 43 +...+n?%)
+4(142+3+...+n)
+(1+141+...n times)
=45,+ 65,445, +n
2> A4S,=n*-14n {61+ 4n—6S,—4S, —n
n(n+135(2n+l)__4_ﬂ(n+l) .

=n*4-4n* 4+ 6n24-4n—6 . 3 n
=n'44nd+6n24+4n—2n*—3n2—n—2n*—2n—n
=ni42m4 nt

— (420 + 1)=n¥(n+1)*

rp=]
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Example 7. By the method of induction or otherwise prove that

RS B TINER N L b

Solution : Step 1.
For n=1, LHS.=P=]

R.HH.'?S!.=E%ﬂ2 =1

L.H.S.=R.H.S. and the proposition is true for n=1.

Step II. Let us assume that the result is true for some particular
value, say 7 of 7. We ndw show that the truth of P(m), namely

2 3
13.4-23 *..38_].'__.{_513_:"_1_(’_1__21. ...(1)

implies the truth of P(m+-1), namely

(m4 1M+ 1)+ 1)
4

134234 33 4. 41 (m 4 1o = (2

L.HS. of (2)=(1*4+2*+3* ... 4-m¥)+(m+1)*
_mE(m+1)?

— (in_j‘—_i")? [m24-4(m4-1))
___{m +1)2(m+2)*
o 4

_n+ D(m41)+1]2
i 4

=R.H.S. of (2)

_ From step I and II, we conclude by the principle of mathematical
induction, that the result is true for every natural number 7 or all integral
values of n,

F(m4-1)° [by assumption (1)]

Example 8. Find the sum of the series :
1.443.74+5.104...to n terms,

Solution. The rth term of the series is equal to the product of the
rth terms of the two series

1,3,5,...and 4,17, 10...
up=[1+4(r—1)2] . [4+(r—1)3]=(2r—1)(3r+1)=6r2~r— 1

n n n n
Hence S,=3% =3 (6r*—r—1)=63% r*— 3 r—n
r=1 r=1 re=] r=1
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_6Gn(n+-1)2n+1) n(r-t1)
= 6 =T 2

= -12— n(4n®+ 5n—1)

Find the sum of the series

Example 9.
124334 5% 724 .-} n terms
Solution, U,=[1-4(r—1)22=(2r—1)*=4dr*—4r-1
n n n n
S,=3u, =% (4r*—dr4+1)=4 3 r*—4 3 ~+n
r=| r=1 r=1 r=1
., n(r+1)2n+ 1) n(n41)
=4, ] —4 5 +n
n(4n?—1)
=73

Example 10. Find the sum of the series 14 (1+2)+(I42+3)...10

n terms,
2
Solution. =142+ 3+__“+r:fff;l):(r2+r)
n i =
-2, a3, Py
I P P
r=1 r=1 e
b Hotilindd, 1 il
- 2 ' 6 -f' 2 . 2
=,

Sum to n terms the following serfes :
1T 222 [ 223t
T g v

1 2 2 .2

Solution, Here u'___l +2 +:i 4.t

r(r+1)2r+1)  2r*4-3r41
- 6r 6

n n
2
-5 0- S (i)

r=1 r=]

Example 11.

n n n

1 L 1
=32 MY, Tt 1

r=1 r=1
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L (i D@ayl) 1 n@gl) | 1
I R il et

)

_n(4n® - 15n+17)
g 26

Example 12. Sum the series to n terms -
—

2464468 +68.10+

Solution. The first factors of the terms form the sequence 2, 4, 6,...
where rth term is 2r. Also, the second factors of the terms form the
sequence 4, 6, 8, ... where rth term is (2r +2). Similarly, the third factors
of the terms form the sequence 6, 8, 10,...where the rth term is (2r +-4).

The rth term of the given series is
Up=2r(2r4-2)(2r +4)=8r3+24r2 +16r

r=1 r

n n n
Se= X Ur=8 [ X r|4+24[ X ri]416 [ 5 1]
= r=1i =]

2

—o MO gy MDD

et 1)
YR
=2n(n+1)[a(n+1)42(2n 4-1) +4]
=2n(n +1)(n+ 2)(n+43).
Example 13. Sum 1o n terms the series
1.3 4+-4.424-7,524-10.6%4- ...
Solution. Here ur=[1+(r—1).3]%x[3 4 (r—1).1}2=3r—2)(r+2)¢
=3r34-10r2+-4r—8

n
Sy= % = % (304107 | 4r—8)
= r=1

n n n

=3 3 r*+10 % r*+4 ¥ r—8n

re=| re= r=1}
ni(n4-1)?

: 4

=?.1.(11;:ﬂ.[9n‘ + 49n-+44] —8n

Example 14. Find the nth term and sum to n terms of the series ;
4+6+9 4134184,

Solution. The law of formation of the series is not obvious In
such a casc we proceed as follows :

=3 +10. —8n

n(n+1)@2n+1y | 4n(n+1)
6 2
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Let S, denote the sum of the first # terms and u, the nth term of a
given serics. Then

S, =446+4+9413--18+...4u, wik 1)
Also S,=  4+6+9+134...4u,_+u, 5

The same series is written again with each term shifted by one place
to the right.

By subtraction, we have
0=4+2434+4+54 ... +(u,—u,_,)—u,

5 t,=4+4 (2-+344+5+...to n—1 terms)

=4+ -2
=4+ 42 =L i)

Snzgu.:%[ sntlsn46n ]
_ A [n(r+D@2r+1)  n(n+1)
“z[ 6 +25 6 |

=715[2"3+ 6112~} 40n] = %(n2+3n+20)
Example 15. Find the nth term and sum to n terms of the series .
114234594167 +-...

Solution. Let S, be the sum and u,, the nth term of the given
series.

Then S,=114-23+594167+... +u,
Also S,= 11423459 +...+4,_,+u,
By subtracting, we have
0=11+12+436+108 +...+(4,—u,,)—u,
= #,=114{124 364108 +......to (n—1) terms}

3l i
5= )= 11+6Gm1=1)

=u+12(
=2.3%45

Giving to n the values 1, 2, 3,..., n, we have
=2, 3'4+5
u,—_—, 4 32+5
:{,=2 . 3B4+5

u,=2,k 3745



380 BUSINESS MATHEMATICH

S,=2(3+3%+ 3+ ...4-3")+ 5n

_2.3(3—1)
- =

=3"*145n-3
Example 16. Sum to n terms the series :
1 1 T
Solution. u,= i e 1
T B =DSO+(—1)5] " (Sn—1)(5n+4)

___L (5n+4)—(5n—1)
-5 (5n--1)(5n+4

. Y
T 505m—1 " 5n+4
Giving to 7 the values 1, 2, 3,...,n—1, n; we have
L 1
“r—‘s‘[a‘—?]

171 i
”r*?[ﬁ “1a

+5n

I'E i 1
H.~1~_§[5K6_5"‘|] it ¥

1 1 |
""*‘5"[5::— 1 H5n+4]

Adding columnwise, we get

171 1 n
S=.-f . s
. 5<4 5n+4) 4(5n% %)
Remark. The sum to infinity of the above series
1 73 1
=5(3)=%-
Example 17. Find the sum of the first n terms of the infinite serles

«©
2 ?-'Fl{ ) and then prove that the series converges to the sum one,

n=1

[C.A., May, 19917
Solution. We have

1
SRR

1
n T ngl
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Giving to # the values 1, 2, 3,..., n—1, n ; we have

1
H, =] == e
e=k—ay
[ !
“2='§-—-—j-
1 1
"3 —3—._T
S
e T
.
N T |
Adding columnwise, we get
o 1 "
=1 A

The sum to infinity of the above series=1
Henee the series converges to the sum one.

EXERCISES
1. Use the method of induction to prove the following results :
() 143+5+F+...+@2n—1)=n? (C.A, Nov. 1991]

(i) 2464104 ... +(dn—2)=2n
(1) L2423 4344 n(n+D=tn(n+41)(n4-2)
(iv) 1.23+2.3.4434.5+...4n(n+1¥n+2)
n
=7 (+1) (n +2) (n+3)
(V) 1243284528 4...+(2n—1) 2"=(n—1) 2432414 ¢
o b &k y 1 an
C) sstentant T GG T TG
(vii) 21 —1 is divisible by 15.
(vifi) 3" —2n-—1 is divisible by 4,
(ix) n{n—1)(2n—1) is divisible by 6.
(x) 7"+ 16n—1 is divisible by 64.

7 i 1 i 1 J 1 2n
Co B R e W AR P e ey
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2. If the matrix P is given by

P (~l -l

then using the Princiyle of Mathematical Induction establish that

pf 0 n
For all positive integers n 2 1. [C.A., May, 1991]
3.  Sum to # terms the series :
(i) 204 5+ 83+ ..., (i) 13434554,
(iiiy 1.44 3.745.104... (v) 1.3.543.5.7+5.79+...

4.  Find the nth term and the sum to # terms of the series :
2.3+ 5.424+8.574+11.62+...
8. Sum to 7 terms of the series :
() 14143+ +3-+54...
(i) 124(124-2)4- (12422433 4-...

1 1 1 1 1 1
(i) 1+ ( I+ T)+( I 457, +( =+ +§‘,')+‘..
6. Find the sum of the following series :
(0 n.14-(n—1).24 (1—2).3-...42.(n—)+1n

(i:')( 1—-:1—)+( lﬁ—- +( l—h\ -...to n terms.

7. Find the sum of 7 terms of the series whose #th terms are
() 3n®--2n, (i) n27, (i) 5.3°*142n
8. Find the nth terms and sum to n terms of the series :
(N 1454124224 ...
(i) 4--14-1-30-4-52-80+ ...
(i) 346411420437+ ...

9. Find the sumton terms and to infinite terms of the following
series :
1

“47+ 0+1013

+

» 1
B g i 4)(p+ otororse T

10. Prove that : n242n[14-24-3+ ...+ (n—1)]=r




MATHEMATICAL INDUCTION 383

11.

e

11.

(@) Find the sum of the scries :

113 ‘(la+23) (13_* 24 33) 14-...to 2 terms

a2k | 1BpRRRge
() T _| i +m-4T t ...to n terms

ANSWERS
() —’2{ (61 + 3n—1), (i) n¥(2u2—1), (iii) —;—- n(dn+ Sn—1),
(V) aln-- 1) (202 |-6n 4 1)—3n

I3 11n - 8n—4q ——(0n3+{)2n +123n422).

() -é nn+D2n4-1), (i) i%n{n +1)3(n+4-2),

e 3 1 3 1 Ly
(i) 5 1-3v), ?[”“ 30 1=5)

() gn(n4-1)(n+4-2) (i) $(n—1)

() dn(n4-1)(2n43), (i) (n— 1)2%0 142 (iif) f3n*2—9]+ n(n41)

(i) 5 (n-1), ia ('; ‘;‘l[3,, +2 ] (if) 3n¢+ m, n(n-4 1)
(#if) 2" n, 2% L dn(n -1) =2
Ll 1 n
(')_?,-(31!+1—3rr+4 )’ 4(3n+4) ° L
(if) _L n - n . 1
2 (P+2)(p+2n+2)" (p+2)(p+2n+2)° 2p+2)

(a) "(n+l)(ﬂt;§2)(3n+ 5) ) n_(%ﬂ)
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Arithmetic and Geometric Progressions

STRUCTURE

120. INTRODUCTION

12't. ARITHMETIC PROGRESSION
12:2. SUM OF A SERIES IN A.P.
12:3. ARITHMETIC MEAN

124, GEOMETRIC PROGRESSION
12'5. SUM OF A SERIES IN G.P.
126. GEOMETRIC MEAN

OBJECTIVES
After studying this chapter, you should be able to understand

@ arithmetic progression, its sum, arithmetic mean and its applica-
tions in solving problems.

@ pcometric mean and its applications in solving problems.

12°0. INTRODUCTION

In this chapter we shall discuss two special types of serics with
sequences increasing or decreasing by an absolute quantity or a certain
ratio designated as arithmetic and geometric progressions™ respectively.

12'1. ARITHMETIC PROGRESSION

An arithmetic progression is a sequence whose terms increase or
decrease by a constant number called the common  diflerence. A series in
arithmetic progression thus becomes an additive series in which the
common difference can be found by subtracting each term from its pre-
ceding one. Thus

(i) the sequence 1,5,9,13, 17,21, 25,...is an infinite arithmetic
progeession of seven terms, the first term is 1 and the common difference is
4. Similarly,

(if) the sequence 4, }

,3,8.2,4, 1,30, —4, ...is an arithmetic pro-
gression whose first term is 4 and the co

y
mmon difference is — 3.



