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The inventor of this theorem was Isaac Newton who in 1676 gave it
through a letter to H. Oldenberg. Before, he could devise a general
theorem, the Hindus and Arabs new the expansion up to the 2nd and the
3rd power only to which Vieta added the expansion up to the 4th power.
But, all this was through simple multiplication and without the discovery
of the law of expansion, the credit for which goes to Newton.

Now, we take a few expansions on the existing lines to cnable the
reader to grasp the manner in which the terms appear :
(x+yP=x545xy + 10x3y2+ 10x%7 |- Sxp% 4 y
Some special features of the above expansion are :
(i) The total number of terms are onc more than the power, i.e.,
5+ 1==6 in the above case.

(if) The coefficients of the terms are symmetrical, viz., 1, 5, 10, 10,
5, 1. These can also be egpre&sed by combinatorial expressions of the
form *C,. *C,, 5C,, 3C,, °C,, $ 5 respectively.

For these coefficients there is a table in the form of a triangle called
Pascal’s Triangle which can be constructed intuitively beginning with
power 1 to 7 in a ladder like fashion without any difficulty.

Pascal’s Triangle

(Showing coefficients of terms (v +3)7]

Size of n Binomial coefficients Sum
b I ! 2
2 1 2 7 4
3 1 3 3 1 8
4 1 4 6 4 1 16
b 1 5 10 10 5 i 32
6 1 o I35 20 75 6 1 64
7 1 7 21 35 35 21 7 1 128
8 1 8 28 56 70 56 28 8 1 256
9 I 9 3 64 126 126 84 36 9 { 512

10 1 10 45 120 210 252 210 120 45 10 1 1024

The above triangle is bascd on the principle that
G —n r-1+"C,, proved in the earlier chapter.

This solves the problem of the coefficients when the indices of the
expansion are positive integers. One can note the symmetry of the succes-
sive coefficients. This can be observed from the fact that the coeflicients
equidistant from the middle term are the same.

(ifi) The coefficients of the first and the last terms arc the same

"Cp:: "C” =k ]

since
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(iv) The indices of the terms rise from 0to 35 in the case of second
element of the binomial and come down from 5 to 0 in the first element.

Since
(BCo)x5y0 4 (°C, ) x5 1y |- (FC,)x5=2y2-1 (3C3)x573y3 - (SCYx5™4yt + (Cy)x®-5p°
Naturally, as y*=1 and *C,=1, the first term remains as x* and
through a similar logic as °Cy=1 and x°=1 the last term remains as P

Further, it should be noted that the sum of the indices of elements in
the two terms is equal to the index of the expansion as elaborated below :

Terms Sum of indices
X 3
xiy! 5
X3yE 5

and so on.
10°'1. BINOMIAL THEOREM
Statement. If (x4a) isa binomial expression, the expansion of
(x4-a)y~ is given by
(x4 QP =Cox™ 4 "Cyxn1a 4 Cpx 2024 "Cyxn 30 -, 4-1C,xn"a 4. +1C, an
Proof. The theorem can be proved by the method of induction.
Step I. By actual multiplication, we have
(x+a)?=x*+2xa+a*=Cox?+2C xa+-2C,a*
(x4 ap=x"+3x%a+4-3xa* { a®
=3C x3+3C x?a+-3Cyxa*4-°Cya®

Thus the theorem is true when n has the values 2 and 3.

Step I1. To prove this theorem by the principle of mathematical
induction we shall now assume that the theorem is true for some particular
value m of n, and we shall show that itis true for m+1 of 7 also. So we
assume

(x+a)m____mcoxm+'"clx”" "a-}—"sz”'“‘a'-]- s PO Xm0t +mC am
Multiplying both sides by (x+-a), we have
(x+a)yn(x-+a)=[x"+4"Cx"-lat-"Cyxm a4 4-mC x™-"ar 4.,
+7C.am)(x 4 a)
=x[x" 4 "Cxm=laLmCoxm-tat - {-mCoxm-ra" 4, +mC,_am]
+axm 4 "C ARG MCxm-tat - 4 Crxmorar ... mC, am)
=xm+)L.rC x"a4"Cox™'a .. 4 mC,x"""Ha' 4. 4 ~C, xam
4 xmatmCoxm-lgt4mCoxm=2a3 4, 4 »C, x™~7a 414, 4 mC gm+1
(x-Fay 1 =x"t1 (1 +"C)xma+4 ("Cy+"C,)x" "1 +. ..
+("C,y+mC)xm-rlary | 4 =C, am+1

Now

m! m
=T =) T (m—r)1

.CI—I+ mCr':'
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_ml(r4+m—ri-1) m! (m-1)

rim=—r+0)1 — 7 Vm—r41)1
_ (m41)! o]
Tt i m—ry Ty e
and "Cp=1:=="11C_,

So(xbayntl=m i Coxmbl 4 MG ymg | m1C g -1 g m HC xm=2g3 .
_l_,m-n(jmﬂam-bl

Thus the expansion of (x -+a)™*! is exactly of the same form as that
of (x | a)™, Le., the theorem is true for next higher value (m +-1) of m.

Step III.  But we have seen that the theorem is true for the value
n =13, therefore it should be true for the value 34-1=4.

Hence the theorem is true for all positive integral values of n.

Remarks : 1. The expansion of the binomial (x—a)" is given below :
(x—ayr=x"4-"C(—a)xn™! 4 rC( —a)2x"-24-7Cy( —a)Px*-3 } +0C.(—a)r
=x"—"Ciax*~3-{*C,axn-2_C,gdxn-34 L (—1)» »C an

Thus, the terms in the expansion of (x—a)" are numerically same as
(x--a)* with the difference that the terms are alternatively positive and

negative and the last term is positive or negative depending on whether n
is even or odd respectively.

2. Weare now aware that in the expansion of (x+a)", the coeffi-
cient of the second term is "C, and of the third term it is "C, and so on,
Thus, the suflix of each term is one less than the number, the

S refore "C, is
the coeflicient of the (r4-1)th term.

In the general term we have °C,, by giving numerical values to r,
we can find out the coefficient and by assigning appropriate indices to ‘x’
and ‘a’, the whole term can be obtained as follows :
nn—1yn—=2)...... (n—r4-1)
r
It should be noted that the index of ‘@’ is the same as the suffix of
C and that the sum of the indices of x and a is n,

3. The simplest form of binomial expansion in the general form is
given below :
(14X ==14"Cix $-7Cyx2 4 . 4-*Cox" 4 ... 4-nC, xn
=14nxt %—n XL, 4 xn
eg., (14X =1+45x-+10x2+ 10234+ 5x* x5

The general term in the above expansion indicated by .+
follows :

lrr+|T:m(".x"_"f:""-'

.\-ll = raf

¢ 1S as

nn--~1)n—2..00—r41)
f’+1= _l -,,)(.___i__.._‘ i_.x

;-
bk - . y
4, (-’(-l.-J')":[x ( I+ “'\-,') =x"(1+2)", where z= =,

r
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5. The binomial expansion of (1= x)"is as follows :

n—1) o nn-1)x=2) — 1y
=3 x 133 X +...+( l) X

.8 (l—x)5=1n—5x+10x‘ﬂ10x3+5x‘—-x5

The general term in the above expansion indicated by #,4, is

tyy=(— l)rn(n—-— 1Xn *Zr) .!,,(n—- r+1) X

(1--x)'=1—nx+

1 \5

Example 1 Expand { B ) .
1 ] I ' I &
Solation. x———;) =3C x345C,x* ( _._x) +5C x? (“.x )

i (b wes(- k) v
1

" 1 1
=P SXI 4 10x—10. —+ S — 5

1
Example 2. Write down the expansion of ( 3x—'% ¥ ) by the

binomial theorem. By giving suitable value to x and y, obtain the value of
(29-5)* correct to four significant figures.

Solution. (3x——;- y )“5(3}()44_ 'C,(3x)? (_,___)2:,)
e (-3) 40 (<5 (-5)

¥y y? oo 28
=(3x)'—4(3x) el -+ 6(3x)? = —4(3x) T +—l-6- sl

. 1 ‘
Now (29°5)*=(30—0'5)* or (3.10_.-2— 1 )

Substituting x=10 and ¥=1 in the above expansion (1), we get
(29°5)* =(30)* —4(30)*(0"5) -+ 6(30)* (0" 5)* + ...
=8,10,000 — 54,000+ 1350=7,57,350
(to five significant figures)
Example 3. Expand and simplify
(V2+ D+ (y2-1)*
Solation. (v 24 1)%==(v/2)*+°C(v2).1 +:C, (V2L 124 5C (v 2) 10
+EC (V214 4+C (v 2).1°4°C 1
(V2—1)=(v2)—*C,(V2).1 LOC (V212 —EC(v2) 13
+EC(V2 1 -C(V2).1° +°C 18
(V24154 (V2 - 1=V 2P +C (V2 +°C(v'2)*+ °Ce}
(terms with odd indices have cancelled out)
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6x5 6X5x4x3
=2 4234222 gry 6XIX4X3
e {2 b Py 24 }

284604304 1)~ 198
Example 4. Evaluate (x4 +/ X IY5 fx— .\'T'*_f-—r}"
Solutien. [et {x+-\/x2+I}“—-(x—}-y)“, where y= VX3

- '*CU.'C'J i ﬂcl \‘5_}' I 5("37\4},5 4- ﬁCg.Ia}"g = GC¢x2y4 = scs—'f}"" - ecdya = ( 1 )
Also {x—v/xf l"}“- (x—y)8
. HC&X:“ _HCI xSy SCIX',V’*-‘ scax:iya 4 “C,xzy‘ =) BC'S_\.ys -+ Ecﬂys -y (2)

Adding (1) and (2), we get
DA VIR (x— v Ty
20X - C, xhyrp.6C, w2y . iCyy8)
= 2{*Cox®+9Cyx4(x* 4 DA Cx2(x - 1yr 1Cs(x2 1))

=2 {x”-+% xi(xr+ l)—r?—:-g AN xA2x2 )

“{(x“‘fJ‘C“-f-gl!_{_I) }
“2{32x%4-48x4 4 I8y 41}
Example 5. Write down the 7t} term in the expansion of

(F=)

Solution. [n the expansion of (¥ +a)", the general term is
fryy=nCoyn—rgr

; 4x )
Putting r--6, y~:-5—, a;::(_ﬁ-) and =9 we get

4{\- 8-8 5 L}
= (3) (-5
91 xp (s
631 T (2x)¢ -
_OXBXT 64 5y 5x5xSx5xs

3x2  "5x5x§ ° 64x®
84125 10500
T T
Example 6. Using the hinomial theorem, caleulate (1) correct to
6 decimal places, (C.A, Intermediate, Novemper 1981]

Solution. We have
(1)®=(1+4-0'1 )0
= 100 1) 4+ 10C (0 1)2-1- 1001 PH10C (1)
g wcn(O'l )5+ mce(o-l)u_l_loc_,(o-l )1+ '“Ca(O'l)a
& 10Cp(0'1)9+mcm(0‘”m
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==1410(0"1)+45(0°01)+ 120(0°001) + 210(0°0001)
+252(0°00001)+210(0°000001)
+-120(0"0000001) + 45(0:00000001) -+ ......
=14104045+0'1204+002104+ 000252
=+ 00002104 0°0000120 4000000045
=2'593742

EXERCISE (I)

1. Expand
B @x—yy, (m(§+%g
Giy (3 x-5), @) Q—xtay
" W2+ 1) —(V2-1) [I.C.W.A., December 1990)

2.  Write down and simplify
(i) the 1lth term in the expansion of (¥ +4x)%,

S B Ix 4 12
(i) the 5th term in the expansion of (_4_"'3—::
i ; 4x 5 \®
(iff)  write down the 5th term of (T ~Bei? and

show that it does not contain x.
3. Write down

: ; 4x 5 3\?
(@) 3rd term trom the end in the expansion of (——5— —

3n
(b) nth term in the expansion of ( x—;i— )
] 8
4. Expand (J’+ T(F)

Simplify each term as far as possible. Use your expansion to
evaluate (1°1)® correct to four places of decimal,

5. Expand in ascending powers of x, up to and including the term
in x3,
x °
el t - Xx)8
O(1+3), (i) @2—x)",

6. Expand [14(x+x?)]'0asa series in ascending powers of x up to
and including the term in x*. Find the value of (1'0101)'° correct to three
places of decimal.

ANSWERS
1. (1) 81x'—108x*y+ 54x?y*—12xy% 4 y4
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.o x¥ 8x*  8xtT 32x 16
(“)8_] +2—'7}_+3F+3TV_’- +yT
iy 243 s 1355 15 40 320 1024
1024~ 64 2 YT axtire T
() 1—4x4-10x? —16x% + 19X — [6X5 + 10x5—4x7+4-x®  (v) 82.

2. (i) 410 9C, proxto (if) 00950 iy 1120, 3. (a) 373

256 ° x4
- (3n) ! x?
— 1)1 2
() (=D (n—1) 12a+1)!
4. 21436, 5. (1) 143x4-4x2, (i) 64—192x 240x2,

6. 1-+10x455x*4-210x%; 1°106.
102, POSITIONS OF TERMS

We have already explained that in the expansion of (1 + x)", the
coeflicients of terms equidistant from the beginning and the end are equal.
We also know that the coefficient of (r-+1)th term from the beginning is
nC,. The (r-1)th term from the end has {(n4+1)—(r+1)} or n—r terms
before it, therefore, from the beginning it is (1—r+ th term and its
coefficient is "C, _,, which has been shown to be equal to "C,.

Therefore, when 7 is even the greatest coefficient is "C ,, and when

2
nis odd it is"C,_y or nC,,,, these two coeflicients are however

2 2

equal.
Example 7. (a) Find the middle term in the expansion of

a 1
(TC —bx )
(b) Find the two middle terms in the expansion of

(=Y

Solution. (a) The total number of terms in the expansion_is
124+ 1=13. Since the number is odd, there is only one middle term, i.e.,
the 7th terms.

a \12 8
1,=1C, (T) (—bx)*=11C,a%h?

(b) The total number of terms in the expansion are 8 (even) and so
there will be two middle terms, viz., the 4th and 5th.

3\ 3
1="Cy(3x)% (—%x- ) = —840.x10
{ = C(3x)'r_-l f_z_x’ ":26_0.":11

5
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Exarnple 8. Show that the middle term in the expansion of
(14x)* is

135..n-1) ,
nl

Solution. In (14x)™, there are (2714 1) terms and so the middle
term i3 (7 1)th term. Now

(2n) 1
——2n = T
fay=2C,x = SO x

2?1(2!2—l)(2ﬂf2)(2n—3)(2)!-«4)...5.4. o2a] =
o wWimyp 0 o s

[(2n(2n—2)(2n—4)...4.2)[(2n—1)(2n—3)...5.3
o nin|

2 D—2) 2.1)(1.3.5...(2n —1)]

nln| -

2°n 1 {1.3.5...(2n--1)]

i ninl

_[1.35..n—1)]
T

: 4

2rXn

Example 9. Prove that the middie term of
i ¥ o LT (e
(x+37) is By

in
Solution. In (x-l—ﬁ) » there are (2n4-1) terms and so the
middie term is (7-4-1)th term. Now
1,4, =C, xn (_?}[ )“.—;:nc L. 20t 1

"2 Talni*am
=[_]_ii,’;__ﬂ_(!2"“1)] [Sce above example]
10’3. BINOMIAL COEFFICIENTS

The coefficients of ‘the expansion of the binomial are the prefixes of
each term, the elements are with variable powers of the binomials, The
coefficients are "C,, "C,..., *C, indicated briefly as €, ..., C.. The
properties of these coefficients are given below :

I. In the expansion . of (I14-x)°, where nisa positive integer, coeffi.
cients of terms equidistant Jrom the beginning an end are equal,

Proof. (r+1)th term from the beginning-=1,,, is "C x*

= Cocfficient of (r+ I)th term from the beginning is »C,

Now total number of terms in the expansion are n-}-1,
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Since (-+1)th term from the end has (4 4 D—(r+1),ie, n—r terms
before it, at the beginning it is (7 —r--1)th term.
(r+Dth term from the end or ¢, ., by 1870 T
= Coeflicient of (r+1)th term from the end is nC e="C,
(. "Cr=nC,.)
1. Sum of the binomial coefficients in the expansion of (1-4x)* is 2»,
Proof. We know that
{}x)r=C,-C x4 Cox?f.. 4 C xn
Putting x--1, we get
(1+1)=CotC, 4+ Cyot-... 4C =20

I In the expansion of ({4x)*, the sum of even coefficients is equal
fo the sum of the od,] coefficients and each is equal to 271

Proof. We know have
(1-+2x)== Co - Cix+ Cpx2 -, - C xn
Putting x— — 1, we get
Co—C+4-C,—Cy+Cy—...==0
> Co+Ci+Cit e =C, 4+ C3 4 C, ...

> Sum of odd coeflicients=Sum of even coefficients
2" -
Also, the sum of each - 5 281,

IV. The sum of squares of the coefficients in the expansion of (I14x)*
(2m) 1
(n 1)t
Proof. We know that
(14+x=C,+ Cx+C;x24 ... +C,_x" 14 C x" wol(1)
Also (x+i)“::COX"+C‘x""‘+C',x""—E—...+C,,_1x+Cn .(2)
Multiplying (1) and (2), we get
(1 -}--x)“:[c +C.x4C x4 +C, . _x""L{-Cnx“]
a 1 i [évox,+clx,|-1;_szn—z_’_._'+Cﬂ_1x+G_]
Equating the coefficients of x* on both sides, we get
2nC,, == Coﬂ '{‘ C]!+C2!+ “es +C2"_1+Cn2
Sum of the squares of binomial coefficients is
o (2m) 1 2n!
N TR T =
Reroark. Equating coefficients of x"*! on both sides, we get
"o =CC $C,C. 40 4 v G,
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B (2m) !
> CC+C\Ci+ CCyt... +C""’C"un(ﬁ+_lm

Example 10. If C,, C,, C,,..., C, denote the coefficients of the ex-
pansion of (1+Xx)", prove that

(@ C,+2C,+3Cs+...+nC,=n2""1
() C°+ZCI+3CQ+...+(n+l).C,=(n+2)_2n-1
() C0+3C1.‘|'5ca+-"'1'(2""’1}-6:1:‘(”*'1)2"-
Solution. (@) L.H.8.=C,+42C;+3C,+...4n.C,
B nn—1) n(n—1)(n—2)
=n-2. 2] +3. 331 + ... tn
~ _l .
:nLl+(n~1)+—“f-——%-(£——a+...+l ]

=n[*-1Cy4-*-1C, 4+ 1C +... +-*1C, ]
=n[(141)"*]=n2""1=R.H.S.

(6) L.HS.=Cy+2C,+3C,+44Cs+ ... +(n+1).C,
=(Co4+C1+Ca+ ... +C)+(C+2.C,+ .. +n.C)
= 2u+ "’211—1_—_-2‘2.«-—1 + n2n-1
=(2+n).2"'=R.HS.

(¢) L.HS.=Cy+3C,+5C,+...+(@2n+1).C,
=(Cy-FC,+Cy+... +C)+-2(C, +2C, + .. +nC))
=274 2(n.2""Y=2"(1+n)=R.H.S.

Example 11. [/ ( +x)0=Cy4Cyx + Cox2 4 .. +Cox", prove that

C, .2C, 3G, nC, n(n+1{)
(ﬂ) 6;+-C_l.+ C2 +'--'{'C"__1 ’-—*_f‘_
C, . Gy C, 21 ]
®) Cota+3 ety i="n¥l
Solution.
2.n(n—1) 3n(n—1)n—2)
n Zd 3l nl
(a) L.H.S.---T+ = + A=) +...+-n—
21
< 1) F =2 il :'i"{f—l) ~R.MH.S.
C. € [
b S.—= e L et SR (B
(5 LBS.=Cy+ 2 +3+- I~n_jrl
n(n—1)
n {5 1
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gy B nn-1) 1
=I+ g4y bty
s (n+Dn (n41).n(n—1) 1
-], s R |
1 ;
r:_—"T‘l ["“C1+"“C: |""HC5+...+“+'C"+11
1 2!!-]—[__[

s =R.H.S.
Example 12. Ifa,, a,, a,, a, are the coefficients o f the second, third,

{ﬁz:rh and fifth terms respectively in the binomial expansion (I-+x)*, prove

=ngy L =ll=

a, dg 2a,

a,+a, ' ayta,  ay+a,

Solution. Since (14 X)*=1-4"Cyx +7Cyx? 4-7Cyx® 4 1C x4 4-... +-"CoX™
a,=rC,, a,="C,, @y="C,, a,=nC,
a a? nC nC
L:HS= 2! B e T
H.S al+az+aa+ a, HC1+-:C=4 "Gy 1"C,
ﬂc nC
= ﬂ+|éz+n+lca" [Using the formula nC,4-C,_,=="+C/]
n(n—1)n—2)
— sl
“mE e (DA —1)(n—2)
2.1 4.3.2.1
I -
“aritntl At
2a, 2.7C, B 2__-1(;'2
a,+a, "Cyt+"Cy *+C,
nin-—1)
_ A a1 6
SmtDagn—1) ntl A+l
3:2:1
L.H.S.=R.H.S.

Example 13. Find the coefficient of x* in the expansion of
1\
] —_—
(x +x’ )

. . g 1 \18
Solution. 1, in the expansion of (x4+;3—)

and R H.S.=

1 \F
::“'C,(x‘)“'" (;3_)
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. ”C,IM'“_.‘!C'H'

== 15 x60-7r

This term will contain x4 if 60—7r—4, i.e., r—8

1
The required coefficient of x*-—15C,-- 811§?'—

Example 14. Find whether there is any term containing x®° in the

expansion of
I N2
2«v——-
(2-%)

29
Solution. 1/, in the expansion of(Zx‘—%)

T 1 T
— 2y2p-—-r
0C, (2x2)% ( — )

=(—1)" 2°C,(2)"0-rx10 -3¢

The term will contain x° if 40—3r=9, ie, r==3. which i3 not

possib'le. bccal_.:se r must be a positive integer. Hence there is no term
containing x° in the given expansion.

Example 15, Find the term independent of x in the expansion of
3 1 \®
—l
( R )

- . . e
Solution. 1,4, in the expansion of L g- X -—)

2x
o) ()
—¢,(3)7 eyr—1yn

= BC'( _?5_ )ﬂ—rxw_" (___ l)r 2-rx-!

- 3. N ry-rx18-3
Jc,(?) (—1y 2-rxis-3r

This term will be independent of x if
18—3r=0,ie., ifr=6

The required term independent of x
p-8
—(=1)*.5C, ( -g- ) &

91 3 12268
T6131° 55 2% TgO00
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Example 16.  Find the term independent of x (or the constant term
or the absolute term) in the expansion of

[#=i)

Solution, t,,,=3C y3n-r (__i#)'

o, ’xaﬂ—r(_%l'_): =:( =1 )r'.’iucn xan-3r

This term will be independent of x, if 31— 3. 0,ie., r=n.

i) |
Required term=(—1)"3"C, -(— 1)".,1—2 (i;—};) :

Example 17. Find the term independent of x in the expansion of

15
( gx,‘i’) [C.A, Entrance, June, —’93"]
X

Solutin,.  Let us assume that (r-+ Dth term be independent of x in

. 15
the expansion of( 2.:——\%—)

3 r
tra =G, (— )
:__ISCPZH-!_'\.IS—r‘(i 3)r-x--')r
— 15C’_215-r_(_ 3}7“\-!5“3?

Since this term is independent of v, we must have
15—3r=0
or r=>5

Hence the 6th term is independent of x and its value is given by
tg==15C;.210,(— 3)5:= — 13C; 210,35

Example 18. (a) If the 2ist and 22nd terms in the expansion of
(I1+x)* are equal, find the value of x.

(h) In the expansion of (I +x)'1, the fifth term is 24 timesthe third
term. Find the value of x,

Solution. (a) (r--1)th term in the expansion of (1 --x)*4
‘f'+1: GIIC’ xr

1, =1C,yx?° and Tog="0, 4™

Now I2=1,, (given) 4
= "C:_'Dx20 e ‘chlxll
- _MCy 441 231211

9C, 241201 Taar
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_A2_3 Ix21x20! 21 7
24x231x201 " 24 8
() s =11C, X1
. 1,=21C,x" and f;,-ﬁ“C‘x‘
We are given 15,==241,
o nC,x4-=24,C,x?

ug 1
N 24 1S g 1! 417!

C, %3181 X111
e 4¥%3x21 %71 12

2T xOXBxTT %774
X=42
Example 19. (a) If the coefficient of x in the expansion of
k \b
T W nd k
(x +5Y 15 220, find 1

. = k\le
(b) If the absolute term in the expansion of (x/ x -x_i)

is, 405,
find the value of k.

. . k3
Solution. (@) fry, in the expansion of (x"+gx—)
rSC',()‘:z)s—r (ﬁ_)'zscr xlo-2r for x-r
X
=5C, krxlo-ar
This term will contain x if 10—3r=1, i.e, if r=3,

Now coefficient of x is given to be 270.

CRI=2T0, Le, Bt 21059

e
= k=-3
. k\®
(£) 1,4, term in the expansion of (\/ X .—;-,-)
S ~ k \"
=1C, (4/ x )0 r(__;i_)
=10C, (—=1)r kr x5-riz x-2r
10—-5r

:(_I)r 1°C, k'.x 2

This term will be independeat of X, i.e., the power of x will be zero if

Do, ie., if r=2
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Thus the third term is independent of x, and its value is
ty= (1) 10Ck?
and we are given

: 405 405
— )20 k2 1_. o I
(—1)219C,k2=405, ie., k e, = 45 9

k=43

I an
Example 20. [f x" occurs " in the expansion of (x-{— o ) .

prove that its coefficient is
(2m) !
{# @n—r)} 1 {§ (4n+7)} !

g 1 xEs
Solution. In the expansion of(x+ = ) "
1 r .
rp+1:‘zncpx2n‘.ﬂ (_;a__) :_2!|Cvx?.n 3p _"(1)

In (1), the power of x will be 7 if
M—3p=r > p=4@2n—r)
Substituting this value of p in the coefficient of (1), we have

Required coefficient=2*"C

i@2n—r)
B (2m) !
i {@i—nj2n—{(2n—n)}!
(2n) !

T@ =T @y !

Example 21. [n the expansion of (I 4x)1°, the coefficlent of (2r+ Nth
term is equal to the coefficient of (4r 4 5)th term. Find r.

Solution. (2r+1) term=/{,,;,='9C,, x?"
(4r-5)th term="_y 1=ty 49=""Corsq X' ¥
Coeff. of t,ry,=1C,,
Coefl. of t4rs5="10C,, 4,
Now we are given 0C,,=1C,,,,
2r +(4r-+4)=10*
Hence r=
Example 22. Find the eoefficient of x% in the expansion of
(.r'— _'1_ 15.
xt (C.A. Entrance December 1983]

IfnC,=nC _,,thear+n—r=n

n—
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Solution. Let us assume that x** occurs in the (74 1)th term of
; 1 \1
4—-—_ -
the expansion of (x = )

]
t""l :H'C. (xl)IS—r_ __F )\

— lscr . x80-gr . (—l)' i < g H'Cr X (_])r i x060-7r

Since x® s in the (r+1)th term, we must have
60— 7r=32
7r=128
F=d
I==15C, (—1)* . x¥2=15C, . x32- {365 . x38
Coefficient of x32 is 1365,
Example 23. Find the coefficient of x1' in the expansion of
(F—2x+43x2 (I+x), [C.A. Intermegiate Novemper 1982]
Solution. Using binomial theorem, we have
(1=-2x43x2) (14 1)1t

=(1—2x+43x2) (1 + 10 FRC x4 RE N o
“ngg-P”Cpx"—]»”C,ux‘“-f llcuxll)

Coefficient of x11 in the expansion of
(1—2%43x2) (1 +x)1*
=1IXNC—2x 10, +3x ¢,
=1-2xUC, 43x1C, [ sG]
=1—-224165-144.
Example 24. Fing the coefficient of x* in the expansion of
(T4x—2x% Ifthe complete expansion of the expression Is given by
14ax4axt+ . +a,,x'3,
prove that
Ayt agtag+... 4 a,=31
Solution. (1) (14x— 2P =[14x(1 —2x)J°
=14+9C; x(1—2x)+C,x%(1 —21)*+Cx¥(1 —2x)®
+0C o (1—2x)0 ...
=14C, X(1—2x)+°Cox2(1—4x + 459
+0Cx(1—6x +...) + 8C,x4(1 S,

Coefficient of x1~ 4, %Ci—6. C4+%C,
=60—120-+15~ —45

@) Now (I-+x—2x%0-: I4+ax 48,50+ ... 4a 0
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Putting x=1, we have
l4a, Fayt- ... -0,-=0
Putting x-= -1, we have
l—a f-a,—., a, 64
Adding (1) and (2), we get
2(1 'I'ax'*'a.;*‘---‘|’“12) 64 = d, i‘a.l'"...-iw{?u =3¢ 1 |
Example 25, [f the 2nd, 3rd and dth 1o
(x-|a)r are 240, 720 and 1030 respectively, find x, a and n,
Solution. (x-{-a)" G AN o A la-pnCxr -yt |

r—_;xﬂ+n_\n“1‘] I_ "{(Lz_-]—)x""d: {_H(” = l{)(” -2)
)

Equating 2nd, 3rd and dth terms, we get
HA)g-= 240

n_(.i__-QJ xn-3qr 720

M DE=2) osas 1080

Multiplying (1) and (3), we get

1 el .
"_f"_.lg)_(’i_zl XM-4g0 2405 1030

Squaring (2), we get

ni(n— 1)
o Xlat T30 720

Dividing (4) by (5), we get

nl(n — 1) (n—2) xin-tgt N 4 240 1080
5 =Ty 7300730
4n-2) 1
= 6(i—1) 2
= 8n— 16:6”-' 6
-y H:S
Substituting the value of n in (1) and (2), we get
5x*a=-240
10x3a*==720

Divide square of (6) by (7), we get
25:%a' 240 % 240
10a%® 720

o, _\""3'!3-F- _—

349

(1)

..(2)

rs in o the expansion of

"Cuxn 2@t 4,

(1)
w2}

-..(3)

. (4)

...{5)

.. (6)
«o(7)
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=> =3 iel x=2

Substituting values of x and 7 in (1), we get
240 _,
S5x16

Hence =2, a=3a0d n==5

Sx2-'xa=240 = a=

EXERCISE (II)
1. Evaluate the following :
lng‘;'llC1+”C2+--'+”C“
2. If(14x)"=Cy+Cx+Cyx2+... 4+ C,x", prove the following :
@n) !
(i) T (1—2) !
@) Co—2C;+3C;—...+(—1)" (n4-1)C,=0

) GO L G, e T gl

220y 2C2 p AT G Lo 2 |

() 2Co+ —— — 4 3 e + 3" 5
Cz n _g_” 1
(d) ———+ =l =

3. Show that
("Co'l'"c1+'C,+-..'i-"Cﬁ‘)gf-i"CU-Fz'Cl +2ncl4_‘__,+_2uczm

4. If P be the sum of odd terms and Q the sum of even terms in the
expansion of (x+a)", prove that

(a) P*—Q*=(x*—a?)",
(&) 4APQ=(x+a)*—(x—a)"
% a 12
5. Find the middle term in the expansion of(? + bx ) in ascen-

ding powers of x. .
6. Fird the middle term of

(i) Q~d-J (if) (1-+4x)

7. Find the two middle terms in the cxpansion of
o (-3Vw (-2

x y Intl e i .
8. Fxpand (‘; +*;-) giving, in particular, the general term
and two middle terms.

9. Find the middle term of (1 —3x+4 3x?—x?)2n,
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10. If kis a real number and if the middle term in the exXp

(32‘_-1—2 )a is 1120, find .

ansion of

11. Find the term independent of x in

. | - 3 I R .. 4 3 N9
(1) ( 2x+ 3}3) , (i) ( ‘2—-‘2—' 3_{—) . (i) (—sz-n—z—x)
12, Show that the term independent of x jn

oL 18050 (2 —1) s
1§ ——-——2

the expansion of
1
(x s/ nt

13. Show that there is no term independent of v in the expansion of

[ A
.2____-_
<2.\ 4y )

14. Find the term containing 33 in the exp

( 2x — 12 )10

15. Find the coefficient of

ansion of

(1) x'* in the expansion of (ax!—px)9

(if) X1 in the expansion of (2,»;37__L )m
X

15
(fif) X3 and x7'7 in the expansion of ( xi— ;3!—) and show
that their sum is zero.
(") x=2in the expansion of (2,\'_ I H)m
/ p xz-\/-
16. (a) If the coeflicients of x® and x* in the expansion of (34 kx)?
are equal, find the value of k.

(b) If the coefficiem of X7 and x® in the expansion of( 3+ xT)

are cqual, find the value of n.

17. In the expansion of (14+x)%, the coefficient of the rth term is to
that of the (r+1)th term is in the ratio | : 2: Find the value of r.

18. Find the coefficient of x’y*z% in the expansion of (ax— by -+ cz)*

19. (a) Show that the coefficient of x5 in the expansion of
(1+3x)(1—x)? is 27,
(b) Show that the coeflicient of x5 in (14-x)* (] 4-x2)8

20. In the expansion of (14-x)?+1, the coefficient of x*
equal, find r.

is 60.

and x'+1 are
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in
21. If x* ouccurs in the expansion of (\f;%—) , show that its

coeflicient is
(4my !
{@n—=3p)} | {2(dntpy T
22, Find the value of r il the coeflicients of (2r+4)th term and
(r—2)th term in the expansion of (L +4x)'* are equal.

23. Write down the fourth term in the binomial expansion of the

function
(rerty

(f) If this term is independent of ¥, find the value of n.

(i)  With this value of n, calculate the values of p and ¢ given that
the fourth term is equal to 160, both p and ¢q are positive and p—g=1,

24. (@) The first three terms in the expansion of (@a+b)" are 1. 14
and 84 respectively. Determine.a, b and 2.

. (b)) The first three terms in the expansion of the power of the
binomial are 625, 3500, 7350 respectively. Find them.

25. If in the expansion of (14-x)", the fifth term be four times the
fourth term and the fourth term be six times the third term. Find the
value of 7 and x,

ANSWERS
1. 2080
3. [Hint. ("Co+"CpX+"Cx¥ ... 45, x")?
= (14 X)P=(1 2y
=C 4 MCix+1Coxt+-... 4-"C x"
Put x==1 on both sides.]
4. [Hint. We have
(xt+a)y'="Cox"4-"Cix""'a+"C,y"-tad | "Cex" a3 .,
(x+a)=("Cox"+1C,x"a*+...) +(*Cix"a
gl S L L (1)
Changing a to —a, we get
(x—a)r=("Cox"+"Cyx-%a?4- )

{

—("Cix* a4 "Cx"%a3+-...) N §5.)
&% (x+ay= P40 «(3)
and (x—a)y'=P—Q (4

Muitiplying (3) and (4), in terms of P and Q
(x*—a?)"=P1_ Q"
Squaring and subtracting (3) and (4), we get
(x+a)** —(x—a)™=4PQ]
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|
5. 924 a¥%b 6. (i) —252, (ii) ég)—a—x

¢ 2
7. @) 2w, 2l i) 85w 4, 1890 3

%
& By (o), mig (2
9. [Hint. (1—3x43x2 =32 =[(1—x)*]*"=(1—x)*"
There are 621-4-1 terms so (372 +1)th term is the middle term.]
10, k=+4-1 11 (i) 4chterm, (i) 6th, ¥, (fi) 6th term, 2268.
14. 7th term, 1920 x%* 15, (i) °C, a® b8, (i) *°C,2"°,
i) #C, €, (v B2

200, _ i
17. zucr‘ = ';‘ 2> r=T7,

16. (a) k--=—9,)-,-, (b) n=55.

18. [Hint. Grouping the term as
{(ax—by)+-cz)®
The term with z* will be °C (ax —kp)*(cz)'.
The term containing x%® will be °Cy (ax)? (—by)?
S¥X433
T 3x2xl
Hence the coeflicient of x%y3z* is
YCy(—10a2)?) ct= —1260 a*b3ct]

19. (@) {Hint. (14-3x)%(1—xP®=(1412x4-54x24-108x3-+-81x%)
X (1—3x—3x"—x?),

arxipiy,

Multiplying the two factors on the R.H.S. and collecting the term in

X5 in the product, we get the coefficient of x*
=(81)(—3)+(108)(3) 4-54(—1)=27

20. [Hint I =t C gy
> r4-r--1=2n+1 o> r=n,
22, r=6. 23. (i) n=6, (ii) p=2, g=1.
24, (@) a=l, b=2, n=7, () (5+7)'- 28 n=l1, x=2

10'4. BINOMIAL THEOREM WITH ANY INDEX

We illustrate these with reference to the simplest form of expressions
(14+x)'" and (I —x)=" from which other binomials can be reduced. The
two such expansions are (f) with a fractional index and (if) wiin a nega-
tive index, e.g.,

— I 1 1

/2 — o [0 OO N . | e S
(14x) v 14x H—z:w. 8.\+19x »

('r_‘l?)"s‘=l-.l-ZX+3x=+4r‘ s

(1=x)"*=
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In each of these series the number of terms are infinite. The general
form of expansion which can be used in the first case is
n(n—1) " n(n— 1)(n~2)
P Y T H

X4,

If we put -:1!— for n, in that case the above expansion will take the

following form :

|
2z (—"")(2 A
Sl Y 123
Now, if the index is negative, the general form of the expansion is
=== (— n)(—n—-l)(-—u-—-2) 4
v e 123
Example 26. Expand (1—x)** up to four terms.,

33 )

1
1+

Solution. (l—x )3’2ﬁ1-§ —-— (—x)+ I—T-—-(—.t)'
2(2 l)(““ )(_ -
123 X T
3 3 1
=1 5 x‘*'-g—xz-f-l—g*xs']-...

Example 27. Expand (24-3x)~% up to four terms,

Solution. {2-|-3x)"=2"( 1+3—x-)

= [1+( 4) 3x) ( 4)( 5) 3\’)

L. o 4)](25;)( 6) 3x) ]
:i—lé-(l 6x {»-—x’-gé X34, )

Remark. The general term of the expansion can be obta
the formula :

(r+1)thterm="(n 1)(n— 2) ...... ("“*’+])xr

ined by

Example 28. Find the general term of the expansion of (1 -x)-3,

Solution. The (r+ 1)th term= e, e 4)(_5) (-3—r+l)(_x)r

=(- nf~——-———(’+2)c yrxr
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345 45 (r+2)
A A v Wt
(f+1)(f+2)
13

Remark. Students should remember the following expansions :
(I=xX)'=14x4x24 X34 .. JxT4
(1=x)2=142x+3x2 4 4x .. (r4-1)x"+-...

(1300 14354 63041074, LR D oy

Example 29. Using Binomial theorem, find rhe value of {/ES to
Sfour decimal. places,

s 1
Solution. 3/126=(126) * =(1254+1)7F

1
3

1 1
.+ N I PN
(125) [|+125] S[14-0°008]

= ! g i( = :2; ) 5 2
=5 1+—3 ><0008+——r~—21 * (0°008)
(neglecting the other terms)

/125 = 5[1+0°002666 — 0°00000711] = 5(1°002659]
=5'013295-=5'0133
(correct up to four places of decimal)

Example 30. Find the value of (630)1/4 correct to five places of
decimal,

Solution. The number nearest to 630 which is the fourth power of
whole number 25 is 625. Thus

1 1
4 a

(630) ¢ =(6254135)

=(625) 4 [ 1 +625]
2L

=5(1+0008) 4
1 s _3_

:5[ 1 (0008) 4 * (0°008)2+ ... ]

= 5[1 +0002— 3% (0'000064) + :l

=5[1"'002—0°00006]=5 x 1'001994
= 5009970, correct to five decimal places.
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Example 31. Extract the fifth root of 244 correct to the three places
of decimal,

1

; g g LYTF
Solation. (244) (243+1) —[243( l+243)]

=’3[1+"’5"'3 (35) ]

| 1 2 1
=3[l+—5~' 3—5‘—2—5'33-{-:[
1L ¥ & 1
=3+ 597 "To0-3 T

1 8
=3 I‘-S—(O 01234)ﬁ]06(0 00005)

=3+4-0'00247—0000004=3002466
Example 32 Find the coefficient of x1° in the expansion of
I+ 2x
(1—2x)%°
Solution. (ll—jizgji"——(l-{-ZX)(l—ZX)“‘
=(142x)[14 2(2x) + 3(2x)* +-... +10(2x)° + 11(2x) 04 ... ]
=(14+2X)[1+4x+12x*+ ... +10.29.x° + 11,2'0.x104- ]
Required coefficient==11.2'94-2,10.2°=21504

Example 33. Find the coefficient of x» in the expansion of
(IHx4xP+x24x44..... )20 where | x| <l.
[L.C.W.A, June, 1990)
Solution. We have

G g o o o e PR L
=(i1_-;c)m={(1—x)-'}m=u—x)-'f3= frx

SHE T 1 e )

—(—xy

+(“"§‘)(—%3“" )(—%“2)(_ ;

o O ) )

+ 4 1 (_x)4+
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L3L,000, 06,

“JF(T)\ 3 )(?)(‘1‘3{—) .

Coeflicient of x* in the expansion of
(L4 x4 xB 4 x84, )13 is give by

( )( )( ( L ) ..to n factors

= | (3n—1)
i 3"nl
Example 34. If x isvery small compared to 1, prove that

Ty —
'\/1 +x+w/(_t-")' :IME nearly
(1 +X)+VIFx 8
Solution. The given expansion
2
_(+%) T B x) 5 ( Iy )*( =5 <)
(14 x)+( 14+ x )
(neglecting the other terms)

(I4+x)+(14-x) 2

1 1
2——x  1—— x
6 -1
- —g ~(1—gz = (145 =)
2+‘2" X 1+T X ¢
a( lf% x )( 1—% x ). omitting other terms
wf o g B sgrull
el R e
Example 35, Find the first three terms of
1)1 +x)t4/T+4x
assuming the validity of the expansion in ascending powers of x.
Solution. Given expansion=(1+4x)"*(144x)"? 12
(—- 2)* ( ZX{~2 —1)
i+ 20 ]
(- _‘)4" g )(“? ¥ )
14— -~ + (4x%)+ ..
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w (1—2x43x .. ) (1 —2x +-6x24-..)),
‘ ignoring higher powers of x

=1—4x4+13x¥ 4 ciernrrinnnns
EXERCISE (III)

1
o -2
1. Express (4+3x) 2 _( 1——;- x)
as a series of ascending powers of x up to and including the term in X3,

up to the term containing ¥* when x < 5 .

1
2. Expand ————
P v/ 4=3x2

; ; ; A Ix2—2

3. Find the coefficient of x® in the expansion of Famral
i, Find the coefficient of x? in the expansion of (1—x4x2)-3,

5. Product in thousand kilograms of a certain firm in first, second,
third, etc. weeks is the same as the coefficient of first, second, third, etc.,
powers of x in the expansion of (14x)(1 —x)~%. Find the production in the

sixth week.
6. If x is small, show that
i 1

= 2
(1—2x) 1 (1+2")l-=4+2x(approx-)

(1-x 2-(1+x072
7. Evaluate the following :

() (1°03)'% to 4 places of decimal.
(i) (998)'® to 5 places of decimal.

8. Evaluate —l_-- up to 4 decimal places.
V128

ANSWERS

2
X STX 3 1, 418, 5. 13, 8. 022046,

1. I_T_@l—'
10'5. SUMMATION OF A SERIES
We can find approximate value of a series if it is on lines of the

expansion of the binomial. We know (1+4x)"=1+4nx} 'ﬂ}:i—l) X,

If x is small compared to 1, we find that term which get smaller and
smaller and we take 1 as the first approximation of the value of (14x)"
and (1+nx) as a second approximation etc. The following examples will

illustrate.
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Example 36. Find the sum of the infinite series -
1 2 1 28 J Fsg 7
vy Tt mtage -t

Solution. Compariug the given series with the expansion

(1 4-x)* *'“l-+-a'uc—{—m(’l 21) x*+..., we have
nx:% . % ...(l)
nn—1) a_ 235 1
12 " 362 sl

From (1), we get x-——zin

Substituting the value of x in (2), we have

1) 1 25 1
2 9n® 3622

= o :-—5—,:e 2n—2=5n
n 2
2 +
= = — I

and from (1), we get x=--f;—ll-.

. . 1 2/8
Hence the given sencs=(l+x)"=( !-3—) "

()

Example 37. Sum the following series :
2 b 37 379
trtnmtar et

Solution. The given series is

. 5 1 57 I\2
E,”“fi? 35T (5) +- ]

Comparing the series in the bracket with the expansion

(1 p-x)"—1+nr+ (n )x’—l-..., we have

nx=| (1)
nn—1) 3 1
Al Rk )
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From (1), we get ~ x= ’]—I

nin—1 5
Subs tituting in (2), we get ( 5 ) ‘nL*:ff
n—1 3

= —2-‘—?!'—"_—_'3‘, ]‘_E,’ ﬁn—6"10n
= n=—-§-

2

2
T'rom (1), we get x=— 3

Hence the given series

3 3
2 _T; .L _T_ LY T
~(1-7) "33 " rerr=
I« 1.3 135 135F

Example 38. If y=_3“+§,-6+_-?,_6,'9+m+"'

prove that y+2y—2=0.

Solution. The given series may be written as

1 L3 1.35
y*‘“{‘*?*ﬁ*ﬁﬁ*m]

Comparing the series in the bracket with

(1 4-x)"=1 4-nx+"(';;l).x2+ ..., we have
nx= L
A
n(n—1) s 13
and G 7 i 7

Solving for # and x, we get

"--—-—-:1,,_- and x=-%—

———

y=(+xr—1=( l—%) * 1=yl

Y+1=+/3
(y+1)*=3
Y2y +1=3
g y:+4+2y—2=0.

U AN

(1)

(2)
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Example 39. Sum the series :
1 14 147
i i (WD
Il-3 x436 F369 Lol
Solation. Let the given scries be identical with
(14+y) -Hny+——(——|)— TH (1)
Equating the second and third terms in the two series, we get
1
ny== -z X k)
n(n—1) 1.4
and —ri—!—y’-——--&— x? e 3)

From (2), we get ¥==—. Substituting this value of y in (3), we get
3

nn—1) x* 4

2 9nt 18
Bl
= R~y
> h—1=4dn
> gt ‘
3
yt:—3-“._ < —_ —X

Hence the sum of the given series
=(14+y)=(1—x)13

Example 40. If a and b are values of the second and third terms
respectwely m the expansion of (1-4 x), prove that

= 2
o @ 5 and x= b
— 4l

Solution. We know that

n=

(14x)r=1+nx+ ( ])

We are given nx=a wik1)
and M1y il
2 !
Dividing (2) by the square of (1), we get
n(n—1) x? b n—1 b

L= T ——
21 nx* T at 2n a?
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= atn—a*=2hn or n(a*—2p)=aq?
aﬂ
2> ani:-—z'z;

From (1), we get X e,

EXERCISE (1Vv)
1. Sum the following series :

3.5.7
@ 1+ +48 4812+ o

l

) 142 -——+3 gy
i

\) 2 2.5.8

(¢) 1+—9~ f918 t51857t -
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2, Find the sum of the series to infinity :

3.5 357
(@) l_4*43 4813
LSt P VR T R
O 5 . g435 69 gt
1.4 1.4

1 147
@ Itz +p3. ¥ +t123 - 5wt
5

1 1% 1 2 1
(d) 1"‘?+§‘", T+——~-§-+...

3. Prove that
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4. Prove that
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BINOMIAL THEOREM
5, Sum the following series
5 Se . 579
367369 13.69.12

[Hiat, The given series may be written as

3.
ik 5,357, ]
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ANSWERS
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3. [Hint. The series in the bracket can be proved by
l
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