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The corresponding arithmetic series are
() 15 +94134174214254-...
(i) 4+5+3+34-243-F14+3440—4+...
Thus if the first term and common difference are known, the A.P. is
completely known,
The arithmetic progression
a, (a-d), (a4 2d), (a+43d), ...

whose first term is a and the common difference is d, is designated as the
standard form of an arithmetic progression,

The corresponding arithmetic series
at+(atd)t(a+2d)+(a+3d)+ ...
is designated as the standard form of an arithmetic series. The abbrevia-
tio A.P. for arithmetic progrssion is commonly used.

Definition, [f for a sequence {u,}, u,, —u, remains constant for all
natural numbers n, then the sequence is called the 4.P. and the numerical
difference between two consecutive, terms n, and u,,,, Is called the
commion difference of the A.P.

The nth terma of an AP, Let ‘@’ be the first term and ‘4’ be the
common dilterence.

Then first term (¥,)=a
second term (4,) =a-+d

third term (1,) = (a{_—d) +d:a-{.-2d
seventh term (v;) =(a+4-5d)+ d=a.+6d

nth term (#,)=a+(n—1)d, which is also the icrm indicated by /.
This nth term is called the general term of the standard A.P., as by giving
n, the values 1, 2, 3, 4, ...the successive terms of the A.P. can be obtained.

Example. 1. Which term of series
124946 ...
is equal to (i) —30, (i) —1007?
Solution. (I) The series is an A.P. with first term 12 and common
difference —3.
u,=a+n—1)d=12+n—1)(—3)=15—3n
Suppose the nth term is —30 then
15—3n=—-30 = n=15
—30 is the 15th term.
(fi) Now suppose that u,=—100
15—3n=—100 = n=—t

which is impossible, because 7 must be a whole number. Hence there
exists no term in the series which is equal to —100.
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Example. 2. Ifa, b, carethe pth,gth and rth terms of an AP.,

show that a(q—r)+b(r—p)+c(p—q)=0,

Solution. Let the A.P. be 4, A+D, A+2D,......

Then =A+(p—1) D wall)
b=A4(q—1) D 2)
c=A+4(r—1)D +(3)

Subtracting (2) from (1), we get
a—-b=(p—q) D --(4)

and subtracting (3) from (2), we get
b—c=(qg—r)D el P)
Dividing (4) and (5, we get
80 p—e
b—e g—r

= (a—b)Xg—r)=(b—c)(p—q)

> (a—b)}g—r)—(b—c)(p—gq)=0

= a(q—r) -b(g—r)-b(p—q@)+c(p—q)=0

= a(q—r) - b(g—r+p—q)+e(p—q)=0

= a(q—r)+b(r—p)+c(p—q)=0

Alternative Solution
L.H.S.=a(g—r)+b(r—p)+c(p—q)
=[A+(p—1)D)g—r)+[A+(g—1)D)(r—p)+[4A+(r—1)D)(p—9q)
=Al(g—r)+(r=p)+(p—)]+D[(p—1)(g—")+(9—1)(r - p)
+(r—1)(2-9)]
=Ax0+Dx0=0=R.H.S.
Remark. We have taken A instead of a because @ is already
present in the question.
Example. 3. The pth term of an A.P. is q and the qth term is p.
Show that the rth term is p+q—r and the ( p+q)th term Is zero.

Solution. Let a be the first term and d the common difference of
the given series. We are given

g=a+(p—1)d (1)
p=a+(q—1)d -(2)
Subtracting (2) from (1), we get
g—p=pd—qd=(p—q)d
> d(p—9q)=—(p—9)
> =—1
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Substituting the value of d in (1), we get
a+(P—1)(—1)=g = a—ptli=q
a=p+q—1
The rth term =a+ (r—Dd=(p+g—1)+(r—1)(—D)=p+qg—r
Also (p-+4g)th term is
at(p+g—1d=(p+q—-1)+(p+9—1)(—1)=0
12'2. SUM OF A SERIES IN A.P.
The sum of a series in A.P. is an important quantity which yields

many other related results. We denote the sum of n terms by S, and the
first and the last terms of the sequence by @ and ! respectively.

The formula used for finding out the sum of a series in A.P. is

_n(a+1)
F= i)

By substituting {a+(n—1)d} for /, the above formula can also be
written as

S= {20+ (n—1)d} (2)
This formula is used when the last term is not known. The proofs of

(1) and (2) are as follows :

Proof. Let/ denote the nth term and .S,, the sum of the first n
terms of the A.P., a, at+d, a+2d, ..., a+(n—1)d, then

S,=a+(atd)+ (a4 2d) ... +(I=2d)+(I— )+ ! vl 1)
Writing the series in the reverse order, we get
S,=I+(l-d)y+(—-2d)+...+(a+2d)+(a+d)}a .. (2)

Adding (1) and (2), we get
28, =(a+N+(@+NH+(@+D+...4@+N+(@++(@+H=n(a+)

> - 121 (a+1)

Altern: tive Proof. We prove the same result by means of the
Principle of Mathematical Induction. Let P(n) denote the formula for the
sum of n terms so that

P(n): at(a+d)+(a+2d)+...+{a+(n—1)d}
n
-_——2—[2a+(n.—])d] (1)

(@) By putting n=1 in (1), we get
LHS. of (1)=a

R.H.s.or(l):%[zaﬂl—l)d; a
L.HS.=R.H.S., ie., P(1)is true.
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(b) We prove the second part of the formula. We now show the
trulth of P(m) for some value m of n, namely

at(a+d)+...+{a+(m—1)d}
m
=T[Za +(m— l)d] sk 2)
implies the truth of P(m+-1), namely
a+(atd)+...+{a{(m—1)d}+ (a4 md)
0 ’"” L [2a+{(m H)th] (3)

Now L.H.S. of (3) =ﬂ+(ﬂ+d)+(ﬂ-i-2d)+
I {a+(m—1)d}+ (am+d)

:%[Za-{-(rn—l)d]+(a+mdj [From (2)]

=ma - —;-(rrﬂ_a Yd+a+4md
=(m4 a4+ ﬂz-[(m—l) £2 ]d

—(m+1)ad —;i(m—H)d: '.’ig"—‘[zamf{}
=R.H.S. of (3)
From the steps (1) and (2), we conclude that
P(n)= .’2’.[2a+(n— 1)d]
is true for all positive integral values of n.
Example. 4. Find the sum of the series :
(N 24344546} + ...t0 25 term
(i) 72470468 4- ... 4 40,
Solution. (/) Here the first term @ is 2, the common difference
: 1 )
d O, N
is 3 N 2=I 3 =T
of terms or nis 25. We apply the formula

-3 —’2'-[2a+(n— l)d]
s“=3?_[ 2x24Q5—1)5 |~ 25[4+36] 500

(i) The given series is an A.P. witha=72andd=—2. Let n be
the number of terms., Then 1,=40

The last term is not known while the number
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> a+(n—1)d=40
> 724 (1 —1)(—2)=40, i.e., 21=134 or n=17,
Now B %(a +i)

B 127-(72+40)=952

Example 5. fa) The first and the last terms of an AP, are respecti-
vely —4 and 146, and the sum of A.P.= 7171, Find the number of terms
of the A.P. and also its common difference. [1.C.W A., December 1990]

Solution : We have a=—4, /=146 and S, =7171
Let 7 be the number of terms of the A.P.

S.:%(a+l) 2717 = %(—4—%146)

or n=101

Also 146 =(—d)+(101—1)d = 100d=146+4—=150
or d=1.5

Hence n=101 and d=1'5

(b) The sum of a series in A.P. is 72, the first term 17 and the
common difference, —2, find the number of terms and explain the double
answer,

Solution. Let # denote the number of terms.
Using Sn=§[:2a+(n—1)d], we have 72=%[ —(n—1)2 ]

> n*—18n-72=0, ie., (n—6 (n—12)=0
n=g6 or 12,

The double answer shows that there are two sets of numbers whose
separate sums are 72. The series to 6 terms is 17, 15, 13,11,9.7 and
to 12 termsis 17,15,13,11,9,7,5,3,1, —1, —3, 5, ; the sum of the
last 6 terms in the latter series is zero and so the sum of the 6 earlier terms
of the series is the same as that of 12 terms.

Example 6, Find the sum to n terms of the series :

(- D)s(1- 240 2.

Solution. Here

amsim(1-2)-( 14

)
nd ua—uzz( 1-3)-(1-2) ——
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The series is in AP, with a=( 1——;—), d=—

Hence S, =

| 2

{2a+(n—1)d}

n 1 ‘ 1
5 2=+ )=}
n 2 1
n 1 n n—1 n—1
3=t
Example 7. Find the sum of the series :
1435474911 41341517+ .. to 3n terms

Solution. The series can be easily split into three A.P.’s in ecach
of which, number of terms are 7 and o is 6.

The required sum

=(1+7+13+ ... ton terms)+(3+9+ 15+ ... to n terms)
— (54114174 ... to 1 terms)

n n n
=7[ 2+(n-1)6 ]+~2—[ 6+(n—1)6 ]_-2-[ 10 +(n—1)6 ]
-%[ 246n—646 +6n-—6—10—6n+6]
=% (6n—8)=3n2—4n

Exarple 8. S, denotes the sum of the first n terms of a series, If
S.=(?ﬂ’+3n), show that the series Isin A.P.

Solution. S,=2n+3n

% 5,=2.1243.1=5
S5,=2.2%+3.2=14
Sg=2.343.3=27
S=2.42+43.4=44

Now Ist term=3S,=>5, 2nd term=295;—35, =14—5=9,
3rd term =S, —S5,=27—14=13; 4th term=5,—S;=44—27=17,
.. The series is 5, 9, 13, 17, ... which is in A.P. with common
difference 4.

Example 9. Find the 20th term of the arithmetic progression 15,

13, 11,... Calculate the number of terms required to make the sum equal
1o zero.

Solution. 20th term=u,g=15+(20—1)(—2)=—23.
In the second case the sum is equal to zero and we have to find 7,
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0= ;’—{mls +(n—1)x(—2) f-:n(lﬁ—")

> either n=0 or n=16
Hence the only admissible value is 1=16.

Example 10. Find the sum of all natural numbers between 200 and
400 which are divisible by 7

Solution. The natural numbers between 200 and 400 which are
divisible by 7 are 203, 210, 217,..., 399. They form an arithmetic pro-
gression (A.P.) of the type

T7x29, Tx 30, 7x31, ..., 7x57

where the first term is 203 and the #th term is 399. The number *of the
terms are

399 =203+ (1 —1)x7 = nm1=]'9r_,6=23

n=29

Now the sum of all the numbers between 200 and 400 which are
divisible by 7 can be obtained by applying the formula of A.P., viz.,

g _[29
S,=5-@th [3 {7><29 7 57”
:7[?;- 29 +57)]=7[29 x 43]=8729

Example 11. Find the sum of natural numbers from [ to 200 ex-
cluding those divisible by 5.

Solution, The required sum
=(1+42+4+3+...4200)—(5+10+15 +...200)=S, — 5,
The sum of the first bracket is
200
2
For finding out S,, the sum of the second bracket, let us first find out
the value of 7. Since the last term here is 200; we have

Sl:%(a+l): (1+200)=20,100

54(n—1)5=200 . a4 (n—1)d=200]}
=> 54-51-—-5=200, ie, 5n=200
. n=40

.I-ience, the sum of 40 terms with a=5 and /=200 is
S,=422[5 +200 |=4100
The required sum is 20,100 ~4100 = 16000
Examaple 12. Show that the sum of all odd numbers between 2 and

1000 which “are divisible by 3 is 83,667 and of those not divisible by 3is
1,66 332,
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Solution. We notice that the first odd number which is divisible
by 3 is 3 and the last number < 1000 and divisible by 3 is 999.

We have to find the sum of 349415421 +...4+999. Since 999 is
the nth term of this series, we have
3-+4+(n—1)6=999
= (n—1)6=996,1le. > (n—1)=166
: n=167.

The required sum =‘-gl [2 X34 166_x6]: 167(3 4 498] = 83,667
Again by inspection, we observe that the odd numbers between 2 and
1000 not divisible by 3 are
S, 7, 11,.13,..., 995,997

_ For finding their sum we shall arrange them into the arithmetic
series as,

GH11417+... 49954 (74134194 ...+ 997)1= S, 4 S5,(say)

If 995 1s the nth term of the first A.P., then
54 (n--1)6=995, ie., (n—1)6=990
=> n=166
S 166

——*—[2/(5—{ 165 x6] 83 % 1000 =83,000
Similarly if 997 is the nth term of second A.P., then

997:-—«7+(n—l)6, ie., (n—1)6=990
> =166

S =—-—[2><7+165x6]-—-83(14+990]—83x 1004 83,332

Hence the required sum
=5, +5,=83,000+83,332=1,66,332.

Example 13. Ifa, b, c, be the sumsof p, q, r terms respectively of
an AP, show that

a(q—r) b(r—p) c(p—q)
" PR T =0

Solution. Let A denote the first tcrm and D the common difference
of an A.P. Then

e [2A+(p—1)u ]
%-[2A+(q-—l)D ]

r

e= {2+ ]
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The above equations can be written as

a D
= =A+(p-1) 5 sssll)
b D
7 =A+e-1) - (2)
¢ D
— = A+ (r=1) 5 :(3)

Multiplying (1) by g—r, (2) by r—p, (3) by p—q and adding, we get

a b c
-5 @ b =p ) Lo =dlg- rr—ptr—9)

+ 3 [=a-nta-ne-pie-n-o |

=0.

Example 14. I/ S,, S,, S, be respectively the sum of n, 2n, 3n terms
of an AP, prove that S;=3(S,—5,).

Solution. Let @ be the first term and d the common difference of
an A.P,, then

Sl_—.%{zn-:(n—])d } (1)

Changing 7 to 2n and 31, we get
Sgugéi{za+(2rz—l)d} ()
and ss=3§ {2a+ (3n—1)d } .3
S_zﬂs,zz—;—' §2a+(2n_1)d }_—;—i 2a+(n—1)d }

n

5

{4a+(4n—2)d¥—£2¢2+(n~—1)d }]

- —;- [2a+(3n—» 1)d ]

= 3(S2—Sl)='—;[20-}-(3?1-—1):2’]:—.8,
Example 15. If S, S,, S,.., S, are the sums, each to n terms of p
arlthmetic progressions whose first terms are 1, 2 3, ... and common

difference are 1, 3,5, 7, ... respectively, then show that

1
S+ Sk Syt st Sy B,
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Bolution. Since S, is the sum of n terms of an AP, [42434...
n (n+1)
S = s P, bt DL N
= [2.l+(n 1.1 ]_ -
Again S, is the sum of 7 terms of the A.P. 24-548+...,

S,=12[2.2+(n—1).3 ]:'-’Q"Zi).
and Sj is the sum of 7 terms of the A.P. 3-8+ 13+...

S,=-;—[2.3+(ﬂ—1). sjzf(_sﬂzi‘l

Lastly Sy is the sum of # terms of the AP. pH-(3p—1)+(5p—2)+...

Se="3[ 27+ - 1)2p—1) ]

8,48, +Sy+ ...+,
ORI
+...+%[(2p—|)n+1 ]
=3 [@+D+0n LD+GrE D+ (@p—tnt 1) ]
=’21[ {n+3n+5n+...—|—(2p_l)n}+p]
=3[ nu43esy ot @r-1)r]
- n{§(2+p?i.2)§+pj

=3[ +r-1+s ]

_np(np+1)
_.——-i——

Example 16. Let the sum of n terms of two A.P's be in ratio
7n—5 : 5n4-17. Show that the 6th terms of two series are equal.

Solution. Let the two A.P.’s be
8,8+d,a+2d, ..., a+(n—1)d
a,, a,+d,, ay+2d,, ..., a,+(n—1)d,
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We are given that

n
—2—[20+(n—1)d_] ns

S.
& R FoNl
2a+(n—1)d Tn-5 1
- 2a,+(n—1)d, Sn+4-17
We want to find the ratio of 6th term, ie., we want to find
2a-+-10d

a+5d
a,+5d,
ie,, by putting #=11 in (1) above. Therefore
a-+t+5d _ 2a+10d 2a +(11—-1)d :7.11—5 0
a,+5d, 2a,+10d, 2a,+(11—1)d, 5.11417
> a+5d=a,+5d,
6th terms of the series are equal.

which can be obtained from (1) above, by writting it as 24,1104 d,

Example 17. The natural numbers are written as follows :

Show that the sum of the numbers in the nth row is jn(n2+1).

Solution. Evidently the number of terms in each row is the same
as its order, nth row will contain 7 terms.

The first term of the nth row will be the nth term of the series
1424447+ ...
Let S, denote the sum and u,, the nth term of the series
S=1424+4+T+...+u,
Also S=  1+4244+...4u,,+u,
Subtracting and transposing, we get
u=1+4+(14243+......to #—1 terms)

-1+ "'2‘——1[ 24 (n—2).1 ]:{(n2hn+2)
This is the first term of the nth row. Thus the terms in the nth row will

form a series in A.P. whose first term is §{(n2—n+42), the common differ-
ence as | and the number of terms 7.
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Sum of the numbers in the nth row
=3[ 2 4er-ninte-na ]

n
B el 2
=3 n241 )
12'3. ARITHMETIC MEAN

When there are three quantitics in A.P., the middle one is called the
arithmetic mean of other two terms. Ifa, b, ¢ are in A.P., we have

b—a=c—} or 2b=a+c

e b=

In general, when any number of quantities form an A.P., the quantities
lying in between the first and the last are called the Arithmetic means
(briefly written as A.Ms). Thus if the terms a, A, Ay, ..., A, barein
A.P,, the quantities A4, Ay. ..., A,, are called the A.Ms. between a and b,

Insertion of Arithmetic Means. Let Ay, Ay, ., A, be the
A.Ms. between @ and b. Thena, 4,, Agy veis 4,, b are in AP,

b is the (n+2)th term of this A.P., let d be the common difference.

. __b—a
b=at+(n+4+2—-1)d = dﬁﬁl
b—a
chCC Al=a+d=a+(—nq:-]—)

. At (b—a)
A,-da +2d_a+2 7"+—1-

_ - (b—a)
Ay=a43d=a+3 il

- - (b—a)
A, =atnd=a+n pil
Example 18. Find the 14 arithmetic means which can be inserted
between 5 and 8 and show that their sum is 14 times the arithmetic mean bet-
ween 5 dnd 8.

Solution. Let A, 4,, 4,, ..., 4, be the 14 A.Ms. between 5 and 8.
Then, 5, 4,, A,, ... 4,,, 8 form an A.P. whose first term is 5 and whose
16th term is 8. Let d be the common difference of the A.P., then

8=5+(16—1)d = d=1

27

A1=a+d=5+1‘;=25—6- ; A,=a+2d=—_§’
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Hence the fourteen A.Ms. are 2—;-5-, 2:;)_7" 2—;-3—,

: < v 1 26 1

Sum of these means is 5 [Zx T -[-( 14—1 )—-5- =91
A.M. between 5 and 8 is 5_12'-§= 13

2
and 14 times the A M. is 14 x %" =91

Hence the sum of the 14 A.Ms,==14 times the A.M. betwcen 5 and 8.

Representation of Terms in A.P. Wec can conveniently represent
the terms in A.P. as follows :
() 3terms:a—d, a,at+d
(fi) 4 terms : a—3d, a —d, a-\-d, a+3d
(i) Sterms : a—2d, a—d, u, a-t-d, a+2d.
It should be noted that in case of odd number of terms, the middle term
isa while in case of even number of terms, the middle terms are a—d,

a+-d and common ditference is 2d. The following examples will illustrate
the use of such representation.

Example 19. Find three numpers in AP, whose sum is 9 and the
product is — 163,
Solution. Let the three numbers in A.P. be a—d, a, a1+ (1)
Now we are given
(@a—d)+a+(a+d)=9
> a Ja=9,ie, a=3
Also we are given
(@-—-d) xax(a+d)=—165

= (3—d)X3x(3-+d)=—165
> 9—d2= —55 ie., d*-64

Putting ¢=3 and ¢=8 in (1), we get the required numbers as
3—8,3,348,ie., —5,3,11
If we take a=:3 and d=—8, we get
3—(—8),3,34(—-8),ie,11,3, —5
which are the same numbers as before, written in reverse order.
Example 20. Find four numpers ir A.P. whose sumn is 20 and the
sum of whose squares is 120,
Solution. Let the four numbers in A.P. be
a—3d, a—d, a+d, a4+ 3d (D
Sum of four numbers==20
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(a—3d)+(a—d)+(a+d)+(a+3d)=20

.u:.

4a=120, ie., a=5 i)
Sum of their squares=120
(a—3d)?+(a—d)2+(a+d)2+ (a+3d)2=120
=> (5—3(1}2-{—(5—d)2+(5+d)2+(5+3d}2zl20
2> 25—30d49d2+25—10d+-d> 4254+ 10d 4+ d24-25+30d+942=120
> 100 42042=120
> d2=1 or d=41,

Putting a=5 and d=1 in (1), we get the required numbers to be
3~3,5=1,5+F1,5+3,1e, 2 4.6,8

If we take @=5 and d=—1, we get the same numbers in reverse order.

Example 21. Find the three numbers in A.P., where the sum of the

numbers is 24 and the sum of their cubes is 1968.

Solution. Let the three numbers in A.P. be a—d, a, a+d
Then, as given in the problem,
(a—d)+a+(at+d)=24

= a=8§
Also (8—d)® 4-(8)°+(8 +d)*=1968
= (8)—3(8)2.d+3.(8)d2 —3%+ (8)*+8%+3(8)2.d +3.(8).d2 - d*=1968
= 3.(512)4+6.8d2=1968
48d2=1968 —1536=432
g d= 43,

Hence the three numbers are 5, 8, 11.

Example 22. Divide 12} into five parts in A.P. such that the first

and the last parts are in the ratio 2 « 3.

Solution. Let the five parts in A.P. be
a—2d,a—d, a, a+d alad sne L)
The sum of these parts= 124
(a=2d)+(a—d)+a+(a+d)+(a+2d)=124

> ja=124, ie., a=$
Also first part : fifth part=2: 3
a—2d 2
AT T > Ja—6d=2a+ 44
5
== == -
10d=a 3
- .
= IXio=7
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Putting az_z_ and d:T in (1), we get the parts to be

I3 TTE TP g

1 Wi 3
le., B2l 3

Example 23. [Ifa, b, carein A.P., then prove that
(i) a’ 4P 4 c*=3b(a2 c2)
(i) a2+4ac+c2=2(ab+/)c+ ca),

Solution. (i) Let d be the common differcence of this A.P. so that
b=a{dand c=a}2d
Now L.H.S.=a +4(a-+d)* | (a4-2d)?

=a’44(a*+-3a*d +-3ad2 { d*) |- (a® § 6a2d + 12ad? 4 gd?)
=a@-+4a% 4 12a2d + 12ad2 4 4431 5 | 6a%d-+ 12ad2 - gy®
=6a%+ 18a*d -+ 24ad2 1243
R.H.S.=3b(a2 +c*)=3(a +d)[a®+(a+ 2d)2]
=3a+d)[a-+ a2+ 4ad-+ 4d?]
=(3a+-3d)(2a? | 4ad }- 44%)
=6a*4-18ad - 24ad® + 12.*
L.HS.=R.H.S.

(@) LH:S.=a?+dac+c'=a*4 da(a+2d) + (a-t 2dy?
=a?+ 44"+ 8ad+a?-} 4ad + 4d*
=642+ 12ad + 4d*=2(3a" + 6ad + 247)
R.H.S.=2(ab+ hc+ca)
=2[a(a+d)+(a+d)(a+23)+ (a+2d)a]
=2[a*+ad +a*4 3ad+ 24 4 a*- 2ad)
=2[3a* 4 6ad+ 242),

L.HS.=R.H.S.
Example 24. Ifa, b, c arein A.P,, show that
() a(h+c) bcta) e(a+b)
be * ca ' T g >

() a*(b+c), b¥c+-a), ca+b) arealsoin A P
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Solution. (f) Since a, b, ¢ are in A.P.,

q..- b c
dhe+ Bt whe Be also in A.P,
" ) , (by dividing each term by ahc)
fe., EE" -é_’ a_lc' are in A.P.
ab4-bcyca abi-bctca abi-betca )
e 3 P> e =% are also in A.P.

[by multiplying each term by ab 4+ be +ecal
ab {-be 4-ca ab +be + ca ab+4-be -ca
= e l: - ] 3
be ca ab
(by substracting one from each term)
abyca ab+4bc bctca

— 1 are also in A.P.

are also in A.P.

be * ca * - .ab
b(c+- b
o a(c:);{-c)’ (Ccl a)-, c(aa; 2 are also in A.P.

(i) Multiplying each term by abe, we get
a¥(b+¢), bx(c+a), c*(a |-b) are also in A.P.
1 1 b .
Example 25. [f EW' E—i;ﬁ' m dare in A,P., prove f’lﬂf (12, b.. C’
are also in AP,

1 l 1
Solutien, e €+ﬂ " a+5 are in A.P.
(c+a)a+b), (b+e)a+b), (b +c)(c+a) are also in A.P.
[by multiplying cach term by (b-+¢)(c+a)(a+b))
> a*4(bctcatab), b2+ (be+catab), ci(be+ca+-ab) are in A.P.
= at, b?, ¢? are in A.P.
[by substracting (bc +ca+-ab) from each term]
Example 26. If a*, b* c*arein AP, prove that
_ B udg
(i) m, c+a a—-— are also jn A. P,
oo b
) 5o ckar a+b
" 1 i N
Solution. (i) re cra ath
1 1 1 1
i cta bic atb ita
b+c—c—a cta-a-b
(ct+a)btc) ~(atb)c+a)

are also in A P,

are in A.P.

e, if
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ie, if (b—a)(a {-b)=(c—b)(c+b)
ie., if b —at=c?—-h?
ie., if a3, b c® are in A.P.
btc— i
Example 27. If J—-——fl £ *-; b, aéi— are in A.P.,
that 1 —1-- -—I- are also in AP,
a* h* e
Solation, bviicha- gto—h. dia-—c are in A;P.
a °? H » <
b+c—a ct+a—b b
_+a - -|-2, +b +2, al-‘-ﬁF-i-? are also in A.P.
btcta cta+d aib.
+u—{ a' H; - 'a tocte are also in A.P.
c
1 1 l »

ol are also in A.P.

401

show

Example 28, If (b-c)}, (c—a)’, (a—b)* are in AP, show that

g 1l 1
o =5 53 are also in A.P.

Solution. Putb-—-c=x, c—a=y, a—-b=z

Then 2t-y+z=(b—c)+(c—a) +(a—b)=0
- x=—(y+z) and z=—(x4y)
TR SR S S T

b—¢ c—a’ a=b

: 1 I. 4
if PR A in A.P.
: 1 1 1 1
‘.E., If —y"—':“r‘z?-—-j;-
ie.,if 1o (O o
xy yz
ie,if - Lo § ,=,y__f
X Z
o xX—y y—z
Cay f =
e TR TG
Le;af yroxi=zi_yt
ke if x®, ¥y, 2% are in A.P.
ie. if (b—c)?, (c—a)?, (a—b)! are in AP,

which is true by hypothesis.
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Example 29, Ifa, b, carein AP, show that
(b+c), (b+a), (a+b)are also in AP,

Selution. b-+c¢, c+a, a+b will be in A.P, if
(¢ t-a)—~(b +c)=(a+b)—(c+a)
fe.if a b=b-¢
re af a, b, ¢ arein A.P.
which is true by hypothesis.
Example 30. A man saved Rs. 16,500 in ten years.

In each year
after the first he saved Rs. 100 more than he did in the preceding vyear,
How much did he saved in the Sirst year 7

Solution. Here a=savings in the first year="7
n=number of years=10, 4=100, S, =16,500
Now S_-_-._;- [2a +(n—1)d]

> 16.500==!£- [2a-+ (10— 1)100]

= 16,500 =5(2a--900)
= 10a=:16,500— 4,500 = 12,000
>

a=Rs, 1200.

Example 31. A piece of equipment cost a certain
If it depreciates in value, 15%, in the first year, 134%
in the third year, and so on, what will be its value at’ t

all percentages applying to the original cost 7

Jactory Rs, 600,000,
in the next year, 129,
he end of 10 years,

Solution. Suppose the cost of an equipment is Rs. 100. Now the

Percentages of depreciation at the end of lst, 2nd, 3rd years are 15,

134, 12,.. which are in A.P., with =15 and a"-————31_

Hence percentage of depreciation in the tenth year

=a+(1o—1)d=15+9(_-3'_ s

2 2
Also total value depreciated in 10 years

3 3 3 =1 3\ 165
=154 13741244 5 1545 )=
Hence the value of equipment at the end of 10 years
165 35
=100 2

The total cost being Rs. 6,00,000, its value at the end of 10 years

- 6,00,000 18§ o
= Rs. o0 X 2 =Rs. 1,05,000.
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Example 32, 80 coins are placed in a straight line on the ground,
The distance between any two consecutive coins is 10 metres How Sfar

must a person travel to bring them one by one to a basket placed 10 meltres
behind the first coin ?

Solution,

0 1 2 3 80
| | 4 | |

|
10| 10| 10

Let 1, 2, 3,..., 80 represent the positions of the coins and 0 that of
the basket.

The distance covered in bringing the first coin =104 10=20
“ o » " " 2nd ,, =20+420=40

. " . - e 3rd ., =30+30=60
and so on.

Total distance covered

= -% {2a+(n—1)d}

:_..STO (2 % 20 +(80—1)20)

=40(40+ 1580)= 64,800 metres.

Example 33. A manis employed to count Rs, 10,710, He counts
at the rate of Rs. 180 per minute for half an hour, After this he counts at
the rate of Rs. 3 less every minute than the preceding minute. Find the
time taken by him to count the. entire amount,

Solution., Amount counted in half an hour
=Rs. 180 % 30=Rs. 5400
Balance to be counted=Rs. 10,710—Rs. 5,400=Rs. 5,310

In one minute just after half an hour, the amount counted is
Rs. 177.

Let 7 minutes be taken to count Rs. 5310, then

5310:35— 2% 177 +(n—1) % (— 3)}:21 (357—3n)

=> 3Nt —357n-+-10620=0
- n?—119n4-3540=0, ie.,
= (n—59)(n—60)=0

: Either n=59 or 60
Now in 59 minutes after half an hour, the amount counted

59 .
=5 {2X 17758 x 3}=5310
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and nothing is counted in the 60th minute since a+ 59d=177—59 x 30
The required time=230+4 59 =89 minutes.

Example 34, B arranges to pay off a debt of Rs. 9600 in 48 annual
Instalments which form an arithmetic series. When 40 of these instalments
are paid, B becomes insolvent and his creditor finds that Rs. 2400 still re-
mains unpaid. Find the value of each of the first three instalments of B,
Ignore interest.

Solution. We are here given S,=9600, n=48
9600=2 (204 48— 1Md} = 2a447d=d00 D)

Also 4600—2400=7200

Again 7;:00-:‘7‘29 (20 (40 — 1)d} =20(2a + 394)

= 2a+439d =360 R )
Solving (1) and (2), we get a=82}, d=S5,

Hence the first three instalments are Rs. 82°50, Rs. 8750, and
Rs. 92°50.

Example 35. A man agrees to repay a debt of Rs. 2500 in a number
of instalments, each instalment (beginning with the second) exceeding the
previous one by Rs. 2. If the first instalment be of Re. | , find how many
Instalments will be necessary to wipe out the loan completely ?

Solution. We are given
a=], d==2, §,=2500, n=?

Now §,= 5 (2a +(n—1)d)
n n
B 2500=—§- {2x1+(u—l)2}=-2—{2+2n—2}
> 2nt= 5000
n=30

Example 36. The rate of monthly salary of a person is increased
annually in A.P. It is known that he was drawing Rs, 400 a month during
the 11th year of his service, and Rs. 760 during the 29th year, Find his
starting salary and the rate of annual increment. What should be his
salary at the time of retirement Just on the completion of 36 years of service 1

Solution. Let a be his starting salary and 4 be annual increment.
Now 1, =400 = a4(11—1)d=400 w40
and Uy =760 = a+(29—1)d =760 )
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Subtracting (1) and (2). we get
18d=360 = d=20

From (1), we get a+200==400 => a=200

Starting salary=Rs. 200 and annual inerement=Rs. 20
.. Salary at the time of retirement=t,-=a+ 35d=200+35 % 20=900
Example 37. Mr. Mohan Lal buys national savings certificates of
values exceeding of the last year’s purchase by Rs, 100, After 10 years he

JSinds that the total value of the certificates purchased by him is Rs, 5000.

Find the value of the certificates purchased by him, (i) in the first year, (if) in
the 8th year.

Solution. Suppose value of the certificates purchased in the first
year=Rs. a
So he has purchased certificates of the value

a, a4 100, a+200, a+300,...

Also S,0=5000, d=100, n=10
Now S,= %{2a +(n—1)d}
10
= 5000=-5-[2a +(10—1) 100]
o 5000==>5[2a--900]
= 1000—900=2a
> a=30.

Value of certificates purchased in first year=Rs. 50
Again value of certificates purchased in the 8th year is
Uy=a+(8 —1)d=50+47 x 100=Rs. 750.

EXERCISE (1)

i. Find the nth terms of the following and give their 10th term :
() 3,8, 1318,
ot q 8
g1 8 gUx
2. (a) Find the sum of the following :
(f) 2+4+4+6+48+...to 1 terms
(i) 8+13+18+234...to 25 terms
(i) 21+15+9+34-...to 20 terms.
() How many terms are there in each of the following series :
(N —34+3494...+117,
() 10493 +9+...+1
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3. Find sum of the following series :
(i) 7+4+14+421+4-...to 20 terms
({fi) —4—1+4+2+54...to 21 terms.
4. Find the last term and sum of the following series :
() l-l--—— o+ ; +...to 58 terms
a+b a+3b a45b
(@ a+b’ ab ’a4b’
(i) 3+4)+@B+9)+(13414) +...to 20 terms.

5. Find the nth term and sum to # terms of the following A.2. :
() a+b,2a, 3a-b,
(i) (x+y)' G228, (X =)
-2 n-3

(m) —_— +—— —}—T—»{—...

..to 15 terms

6. How many terms of the series :
(1) 5+7+9+...must be taken so that the sum may be 480 ?
(fi) 24420+ 16+...must be taken so that the sum may be 72 7

7. (a) If 10th term of an A.P.is 15 and the 15th term is 10, find
the series. :

(b) Find the 20th term of the A.P. 80, 75,70,... Calculate the
number of terms required to make the sum equal to zero.

(¢) The 4th term of an A.P. is 64 and the 54th term is -—-61, show
that the 23rd term is 164.

8. Prove that if unity is added to the sum of any number of ,terms
of the A.P. 3, §, 7, 9,...the resulting sum is a perfect square.

9. The sum of # terms of an A.P. is 2n2. Find the 5th term.

10. The sum of 7 terms of an A.P. is 2n%243n. Find the nth term
and the series.

11. (a) If pth term of an A.P. is% and gth term is -;—. show that

the sum of pg terms is §(pg+1).

(b) The sum of p terms of an A.P. is ¢ and the sum of ¢ terms is p.
Find the sum of (p+q) terms.

12. If 5..5,,5, be the sums of  terms of threc azithmetic series, the
first term of each being | and the respective common differences 1, 2, 3,
prove that

S, +5,=25,
13. The sum of first 11 terms of an A.P. is 19 and the sum of first
19 terms is 11. Find the sum of the first 30 terms.

14. (a) If the 6th term of an A.P. is 121, find the sum of the first 11
terms.
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(b) If the 35th term of an A,P. is 30, show that the sum of its first 69
terms is 2070.

15. (@) Find sum of all ndd numbers between 200 and 300.

(6) Find the sum of all natural numbers between 500 and 1,000
which are divisible by 13,
(¢) Find the sum of all natural numbers from 100 to 300 :
(f) which are exactly divisible by 4,
(i) excluding those which are divisible by 3,
(fif)  which are exactly divisible by 5,
(#) which are exactly divisible by 4 and 5,
(v) which are not exactly divisible by 4 or 5.
16. Find three numbers in A.P, such that
(f) their sum is 18 and the product is 192,
(#)  their sum is 27 and the sum of their squares is 341.
17. Find four numbers in A.P. such that
(f) their sum is 24 and their product is 945.
(#)  their sum is 20 and the sum of their squares is 120.

(iif) the sum of 2nd and 3rd numbers is 22 and the product
of Ist and 4th numbers is 83.

I8, Find five numbers in A.P. such that

() their sum is 25, and the sum of their squares is 135.
(#) their sum is 20 and the product of the first and the last is 15.

19. (a) It p, g, r, 5 arc any four consceutive terms of an A.P., show
that p2—3¢2+ 3r2 - 52—,

(b) If p, g, r, 5, t are in A.P., show that p+t—q 4s=2r,

20. (a) The sum of n terms of two arithmetic series are in the ratio
of 78—5: 5n+4 17, show that the 6th terms of the two series are equal.

(b) The sum of % terms of two arithmetic progressions are in the
ratio 3n 41 : n+4, find the ratio of the 4th terms.

(¢) Divide 20 into 4 parts which are in A.P. and such that ‘the' pro-
duct of the first and fourth is to product of the second and third in the
ratio 2:3.

[mm. 20:%[2“(4_1);1 ]: 2a+3d—10 (1)

Also we are given
' a@+3d) 2
(at+d)e+2d)” 3
> a=—4d or d.

,ie, a2 4 3ad —4d2--(
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Substituting a=d in (1), we get
2d4-3d=10 or 5d=10
d=2 and a=2,
The numbers are 2, 4, 6, 8.
Substituting a=—4dd in (1), we get

—8d+3d=10 or —5d=10
= d=-—-2 and a=R8

.. The numbers are 8. 6, 4, 2.

Hence the required parts are 2, 4, 6. 8.]
21, The sequence of natural numbers is written as

Find the sum of the numbers in the rth row.
[Hint. Let S, denote the sum of rth row. Then
S=1 14 (1—-0)°
Sy=2+3+4=9 =24Q2-1)

Se=5+6+7+4+8+9= % (5+9)=5.7=35=33+(3—1)?

.
. .
- .

Se=r34(r—1)%]

22, S, 85,8, ...,S5.,be the sums of n terms of m arithmetic series
whose first terms as well as the common differences are 1, 2, 3, ..., m;
show that

Syt Syt Syt it 4 8= 20 om- 1) 1y
4

23. Find the sum of the series 724+70+468+...4+40. What will be
the sum, if all the terms are increased by 124 per cent? Express the
original sum as a percentage of this sum, giving the result correct to one
significant figure only.

24. A mansaved Rs. 16,500 in ten years. In each year after the
firsi he saved Rs. 100 more than he did in the preceding year. How much
did he save in the first year ?

15. Mr. X takes a loan of Rs. 2000 from Mr. ¥ and agrees to repay
in a number of instalments, each instalment (beginning with the second)
exceeding the previous one by Rs. 10. If the first instalment be Rs. 5,
find how many instalments will be necessary to wipe out the loan
completely ?
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26. A class consists of a number of boys whose ages are in arith-
metical progressions, the common difference being four months. If the
youngest boy of the class be only eight years old and the sum of the ages
of "all the boys in the class be 168 years, find the number of boys and
the age of the oldest boy in the class.

27. A lamp lighter has to light 100 gas lamps. He takes 1} minutes
to go from one lamp post to the next. Each lamp burns 10 cubic fect of

gas per hour. How many cubic feet of gas has been burnt by 830 P.M.
if he lights the first lamp at 6 P.M.

[Hint. First term (@)=150 min. (i.e., 8.30—6 P.M.)
Last term (1)=a-+ (1—1)d=1504(100—1)(—1-5)=15 min.
3um=—;- (@-+1)=50(150+ 1°5)=7575 min.

Total pag burnt-=7575 ég

==1262'5 cu. f1.]

28. A workman agrees to accept certain wages for the first month,
on the understanding that his pay is to be raised one rupee every subse-
quent month until the maximum (namely Rs. 300 p.m.) is reached. At
the end of the month for which he received Rs. 300 for the first time he

resigns and finds that his wages during his period of service have averaged
Rs. 288 a month. How long has he served ?

[Hint. Wages at the nth term=a--(n—1)x 1=300 (1)

Average wages for # months= -;l; P4 % ,Za+(n——l)>< 1 I=288 sl 2)

Subtracting (1) from (2), ¢=276. .. n=300—276+1=25 months.]

29. A money-lender lends Rs. 1000 and charges an overall interest of
Rs. 140. He recovers the loan and interest by 12 monthly instalments

each less by Rs. 10 than the preceding. Find the amount of the first
instalment.

30. The monthly salary of a person was Rs. 320 for each of the first
three years. He next got annual increments of Rs. 40 per month for each
of the following successive 12 years. His salary remained stationary till
retirement when he found that his average monthly salary during the
service period was Rs. 698. Find the period of his service.

31. Two posts were offered to a man. In the one the ‘starting salary
was Rs. 120 per month and the annual increment was Rs. 8, in the other
post the salary commenced at Rs. 85 per month but the annual increment
was Rs. 12. Then man decided to accept that post which would give him

more earnings in the first twenty years of the service. Which post was
acceptable to him ? Justify your answer.
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[Hint. Total earnings in the first Jjob in 20 years

=-22£ (2X 120419 x 8] x 12=47,040
Total earnings in the second job
;—.2—29-[2><85+|9x 12] x 12=47,760)

32. A person pays Rs. 975 by monthly instalments cach less than the
former by Rs. 5. The first instalment s of Rs. [00. [n what time will the
entire amount be paid ?

33. To verify cash balances, the auditor of
his assistant to count cash in hand of Rs. 4500. A
at the rate of’ Rs. 150 per minute for 10 minute
that time he begins to count at the race
could count in the pPrevious minute.,
take to count this sum of Rs, 4,500 7

a certain bank, employs
t first he counts quickly
s only but at the end of
of Rs. 2 less every minute than he
Ascertain  how much time he will

34. A man secures an interest-free loan of Rs, 14,500 from a friend
and agrees to repay itin ten instalments, He pays Rs. 1000 as firsi instal-
ment and then increases each nstalment by equal am
ceding instalment. What wijll be his last instalment ?

35. The rate of monthly salary of a person increased annually in
A.P.  Itis known that he was drawiog Rs. 200 a month during the 11th
year of his service, Rs. 380 during the 29th year. Find his initial salary
and the rate of annual increment.  What shouid be his salary at the time
of retirement Just on completion of 35 years of service ?

36. A Grm produced 1000 sets of T.V. during its first year. The sum

total of the firm’s production at the end of 10 years’ operation is 14,500
sets,

ount over the pre-

(f) Estimate by how many units, production increased each year.

(#) Forecast based on the estimate of the annu

; al increment in pro-
duction, the level of output for the 15th year.

37.  An enterprise produced 600 units in the 3rd year of existence and
700 units in its Tth year.
() What was the initial production in the first year 7
(i1) What was the production in the fifth year ?
(7)) 'What was the total production in the first five years ?

ANSWERS

L (i) Sn—2and 48, (i) 5"3;2_3 and S—g
2. (@ @ ant), (i) 1700, i) —720, (B) () 21, Gi) 20

! Y . 296 15(a+156
3. (D) 1470, (i) 546. 4. (i) 20; 609, (if) ";ﬁrb, (a:& )
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(it}) 197 ; 2040, 5. (i) n(a—¥b)-4-26b, In(a+3b)+4 3n*(u—>b),
(i) n(x+y)—n(n—1)xy, n(x+y)*—n(n—1)xy, (ifi) 0, y(n—1)
6. (i) 20, (i) 40r9. 7. (a) 24,23, 22...,(b) 33
9, 8. 10. 4nt1; 5,9, 13... 11. (b)) —p—q. 13. —03.

14. (@) 1331, (b) 2070. 15. (b) 28405, (c) (i) 10200, (i) 30000,
(i) 8200, (iv) 2200, (v) 16200. 16. (i) 4, 6, 8, (ii) 2,9, 16.
17. (1) 3,5 7,9, (i) 2,4, 6,8, (i) 5,9, 13, 17. 18. (i) 3,4,5,6,7,
(i) 3,34,4, 44,5 20. (b)) 2:1. 2L ri+(r—1).

952

23. ﬁﬁ-[xl()() =899, 24. Rs. 1200 ,25. 20

26. Number of boys==16, Age of the oldest boy=13 years
27. 1262Scu ft. 29 Rs. 150 30. 40 years 32. 15 months
33. 34 minute 34, Rs. 1900 35. Rs. 100, 10, Rs. 440
36. (f) 100, (if) 2400 37. (i) 550, (iy 650, (i) 3,000

124. GEOMETRIC PROGRESSION

A geometric progression is a sequence whose terms iacrease or
decrease by a constant ratio called the common ratio. A series in geometric
progression thus is a multiplicative series whose common ratio can be
found by dividing any term by its preceding term. Thus

(#) the sequence [, 2, 4, 8, 16, 32,... is an infinite geometric progres-
gion, the first term is 1 and the common ratio is 2. Similarly,

i) th uence | LA R 15 tric progres-
(1) the seque » 3 Fr g0 1§ I8 @ geometrt prog
sion, the first term is | and the common ratio is .

(iii) the sequence 5, —10, 20, —40, 80,...is a geometric progression,
the first term is 5 and the common ratio is —2.

{iv) the sequence 27, —9, 3, —I1, 4,...is a geometric progression,
the first term is 27 and the common ratio is —¢.

The corresponding geometric series are ;
(i) 1+244+8+16+32+ ...
" 1 1 1 1
(#) l+—2-+7+-8—+ﬁ5—+...
(i) 5—104+20—40+480—...
(iv) 27943 —1+44—...
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The geometric progression is, therefore, in the form :
a, ar, ar?, ar?

whose first term is @ and the common ratio is r,and is designated as the
standard form of a geometric progression.

The corresponding geometric series is
a+ar+ar’tard4 .

and is designated as the standard form of geometric series. The abbrevi-
ation commonly used ror ‘geometric progression’ is G,P.

u .
Definition. If for a sequence, T"*-‘ remains constant for all natural

n
numbers n, then the sequence is called G P, and the constant ratio of two
consecutive terms u, and u,,. is called the common ratlo of the G P,

We can also state the series as
S,=a-ar+tart 4 ard4 . 4 arn-3 4 arvi 4 et

Fhe sequence has the property that the ratios of successive terms are
cqual. Thus if u, u,,..., u, are the terms of a G.P,, then

u Ui U .
== o 4 —r, known as the common ratio.
ul u! ul

Multiplication of these terms yields

u
—;" =pn=1 or U, =u rn-1
1
Thus the nth term u,=arn-1

Now we can illustrate the nth term of the Geometr_ic Progression,
a, ar, ar®,... where a is the first term and r js the common ratio as follows :

Ist term w, —=a=arl-1
2nd term u,=ar=ar?-1
3rd term uy,—ar*=qrs-1
It may be noted that thé index of r is one less than the suffix of u
which denotes the rank of the term in the sequence.
: nth term u, =:arn-1

Alternative Method

We can also prove the formula for the nth term of G.P. by
mathematical induction,

Let P(n) be the nth term, u, = arn- (1)
Step I. Putz=1in (1), we have u =ar’=a
) P(1) is true, since u, =a,

Step Il.  We now show that the assumption of the truth of P(m),
namely

U, =ar™-!
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implies the truth of P(#1 1), namely

Uy =ar=ti-l=gr» w:(2)
L.HS. of 2), 4ps1=H,. " (by definition)
=ar™' r (by assumption)
=ar" (by index law)
=R.H.S. of (2)

From steps (1) and (2), we conclude that P (n) is true for all positive
integral values of 7.

Example 38. If the third term of a G.P. is the square of the first and
the fifth term is 64, find the series.

Solution. Let a be the first term and r the common ratio. Then

u = arn-1
4 Uy urd-l=ar* and u;=ar3-1—=art
But ug=(u,)2 (given)
> ar2=a?, le., rl=a Led(1)
Also uy=064 2> art=64 «+4{2)

Substituting the value of r2 from (1) in (2), we get
aa’=64 > a=—4
Putting this value of @ in (1), we have
ri=4 = r=32o0r —?2
Taking a=4 and r=2, the serics is
44+8-+164324 ...
Taking a=4 and r=—2, the serics is
4—8416—32+4 ...
Example 39, Find which term of the series
00044002401 4.,..is 1259
Solation. Here

u, 002 20 . 01 I8
ul.._ 0004~ 4 5 and 1‘3::‘.]-"65:_5-_5'

The series is a G.P. with a=0"004 and r-=35.
Now suppose 12°5 is the nth term.

But u,=ar*'=0004 x 5~
> 0004 x 57 =125

a1 12512500 =
> 5 =0004= 4 =3125=5*

e n—1=5 or n=6.
Hence 1275 is the 6th term.

Example 40. Three numbers whose sum is 15 are in AP, i 4
and 19 are added to them respectively, the results are in G.P., find the
mymbers.
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Solution. Let the three numbers in A.P. be a—d, a, a+ d so that
(a—d)+a+t(atd)=15
= a=5,
Also we are given
(@a—d41). (a+4), (a-+d+19) are in G.P,

(a-d+Da- d419)=(a+ 4)2 [ a=5)
= (6—d)(24+d)=38I
= d?4-18d - 63=0, ie., (d—=3)(d+21)=0
d=3 or —21.

Hence the numbers are 2,5.8 or 26,5,—16.

Example dl. If a, b, ¢ are the pth, qth and rth terms of a G.P,,
prove that a D7"7 P a1,

Solution. Let A be the first term and R, the common ratio of the

G.P.
Then a=4. Rr1 413
b:f‘, R"" (2)
c=A. Rr} .(3)

Raising (1) to power ¢—r, (2) to powerr—p and (3) to power p—g
and multiplying them together. we get

av=t, ar=%, r-i= A7, ArP, Ar‘q_er-l)(u—r)x R{q—l)[r—p]l Al 1ip-n)
= A° . Rn=]
Example 42. Ifa, b, c arein A.P. and x,y,z in G.P., prove that
X pe-e zo-b—],

Solution. Since a.b, carein AP, b=a+td c=a+2d, d being the
common dilTerence of A.P.

Also x, ¥. z are in G.P., means y==xr, z=xr2, r being the common
ratio of the G.P.
xi=t, yordl Pl RPN R Ay

Example 43. [Ifa b, carein AP, and x,y, z in G.P., prove that
xbyeze =xcyezb

Solution. Let d be the common difference and r the common ratio
of the given A.P. and G.P. respectively.

We thus have, b=atd c=a+2d and y=xr, z=xr?
L.H.S. =x*yo.z9=x2*9 (xr)e*2¢ (xr2)°=x39+43d r3c42d

R.-HIS= = yo 20 X I¥2Y (xr)® (7 2)#+ § — y 33434 [p5ey)d
L.H.S.=R.H.S. and hence the result.
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12’5, SUM OF A SERIES IN G.p

The sum of n terms of a series in G.P. can be Jound out using the
Joilowing formula -

| PP diemi ]

n

» when r>|

r—1\
= —g%]—_::—“-)- when r<|.

Proof. Let a be the first term, r the common r
number of terms. I 8, denotes the sum to n terms, then

S, =a+ ar--ar? 4+ . arr-24 gre-) a5 ()

atio and # the

Multiplying both sides by r, we get
r. .Q,m(:r+ar2-§—_,_-}Aru"“l.{.(u*"

il 2)
By substracting (2) from (1), we have
S,=r.S,=a—arn e, (1—r)S,=a(l —r)n
- a(l—rm)
I e -
W s P 2 (3D

If ! denotes the last term, fe., the nrh term (/-

=dar*=1, the ahove
formula becomes

a—lr
.S‘ —_ <
T o (d)
Changing the signs of the numerator and denominator, we can also
write
a(r—1)
S‘ZTTU Sl )

It will be found convenient to remember both the forms (3) and (5)

for S,. The form (3) may be used when r< and the form (5)
used when r>1.

If r=1, the G.P. reduces to a, a,a,...
3 S,=na,

may be

Alternative Method. We now prove the formula for the sum

of n
terms of the G.P. by the method of mathematical induction,
Let P (n) be :a+ﬂr+...+ar"“'=-€$:—;-l—), r#£l 013

StepI. Putn=1in (1), we have
1--'
L.HS.=a and R.H.S.=-‘I—frr——l—l-)=a
Thus, the proposition is true when n=l, ie., P(1)is true,
Step II. Now we assume the proposition to be true for n—m

" ateryegtt.dar W) o)
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We now show that it implies that the formula is valid for n=m 11,
i.e., the proposition P(m+1) is
a(rm+1—1)
r—1

a(rm—1)
r—1

a+tariarty,  Farm=liart= k3]

L.HS. of 3)=[a+tar+...far"']tfar"= +-arm [Using (2)]

=g =141 —1)]

a
=5 lm—1prmii—pm)
a{r"+1—1)

o R.H.S. of (3)

From steps (I) and (II), by mathematical induction we prove that
P(n) is true for all positive integral values of n.
Example 44, Find the sum of the series :
143494274, 410 10 terms.
Solution. Using the formula
_i(rt~1)

il we have
3‘0-1 59 04
Sp=m— = ; =29,524.

Example 45. Sum up the serles 4 424 1-4-§+}-+ro 10 terms,

Solation. Using the formula given in the previous example, we have

u 41 —(l)“’] [ 1024] 1023
S * 1024
Example 46. Find sum of the series :
2434324 44324-...10 n terms,

324 4 433 4
W33 M3

=8 (approx.)

Sclation

The series is a G.P. with a==243, r=%>l.

(4N _ } *®
o _a 1431\3! 1 243(3,—1)
L r—1 i——l = 1
3 E}
4~w3- 38(47-- 30
—243\(3( e (3- ):3"H(4'_3n)'
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Example 47. Prove that the sum to n terms of the series :
11410341005 4-...is {g (10~ —1) +n?

Solution. Let S,=11-103 1005 + ..
—(104+1)+(102+3) +(10° +-5)+...
=10+ 10%-10° 4 ...+ 10" +[1 434 54 ... 4 (21 — 1)]

Now the series in the first bracket is in G.P. and in the second bracket
in A.P.

LA —1), B s
S,= S5y + 7 Q012
10 n 10
=‘9" ([0"—")'}‘ -2-- {2+2}!~u2}x_9-(]0!‘l_._.1)*-n‘

Example 48. Find the sum to n terms of the series :
(a) X(x +p) XHxp2) 4 X3 3 4 .
®) (x4+2) + Xy -y + (3P Xy xpi )+

Solution. (@) The series can be split into two parts, cach of which
is a G.P. to n terms.

S, =(xt4-xp) 4+ (x* + x) +(x* + x*4?) +...to n terms

=(x24x*'+-x-. . .to A terms) 4 (XY + X224 X33+ . to 1 terms)
-0} | =)

- 1= 1—xy
=) xy(l—xyn)
T 1—xt 1—xy

(0) Let S,=(x+y)+(¥*+xy+y)+(x*+ 22 + xy*+3%) +. .to n terms.
Multiplying both sides by (x—»), we get
(x- NS =(x2—y)+(x*=») +(x*—y") 4...to n terms
=(x?4+x34-x44 . +to n terms) - (¥ +y2 444 ..to 7 terms)
—x!(l ‘Hxﬂ) y'(l _yn)
R T i
5] %x’(lﬂx") bl -.P"J}
rTx=pl 1-x T I—y
Example 49. Sum to n terms the series :
(@) T4+77 47774 ... ; () 7774777+ ..
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Solution. We have
S,=T4774+ 7774 ...to n terms
=T(1+1141114...ton terms)

- —; (94-99--999+ .. .to n terms)
-3 % (10— 1D)+(10*~ 1)+ (10~ 1) ....t0 1 term]

::% [(10+ 10104 ....to n terms)

—(I414+1+. ton terms)]
n___ n+l__
7[1 (IO |) ] 7(10 10) 7

(b)) S,=T7+4+774+7717+ ...ton terms
=714+ 114+ 11l 4...ton terms]

= %['94—‘99 t'999+...to n terms]
,_w,ngﬁ [(1="1)4( =01+ (1 =001) +...to  terms]
i ( l‘T:T)*(l_l_OI?)'}( J= lioa)+...tontcrms]
7[ (IO 11024 IO ...tontcrms)J
1

Example 50. Find the least value of n Jor which the sum 1434324
+...to n terms is greater than 7000.

Solution. Sum to ntcrms=l-i-3+3'+...+3*"1=:-3“—_-| =1

3=T.: "2
This sum to # terms will be greater than 7000 if
21 7000 |
L€ nit I"—1 2> 14000, ie., if 37 > 14001
re.if nlog 3 > log 14001

log 14001 4'1461
“Tog3 04771 569 (approx.)

Hence the least value of 1 js 9,

ve.if n>
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Example 51. If S be the sum, P the product and R the sum of the
reciprocals of n terms in G_P., prove that
Glp S e
F={x
[Delhi Uni. B.A. (Hons.) Eco., 1991]

Solution. Let the n terms in G.P. be g, ar, ar?,..., ar»~!

Now g A1~ i,
v
(n—1)n
Peq _ af . GFY.,.apn-t=ge 14ttt etz ga 7 2
Pi=qn  prin-1)
4 {4
R_—]— i"* | L 1__a r -
R=gtartoptTgrT=

i -
r

m_.r" (I__rn) !_rn

a “({l—-ry Tarr(1—r)

i# a(l—r") aiv""’(l:L):a.zr,,..1
R™(=n (-7

= (fs')“z(a!,n—.l)n:az-rusn—n_-_Pi

S \n
= o ’=(—R“)
Sum to infinite terms of a G.P. The sum to infinite terms of
a G.P. is given by
Sw T]i_'r where | r| <l

Example 52. Find sum of the following series :
(@) 8+4+/2+4+...10 o0

] 1 1 1 I i
(b) > _;,;2--_*.5; -}-3—‘-—}- jl-{'_—i‘_’— 4...10 oo

1
8olution. (a) The seriesisa G.P. with a=8 and r:—{ﬁ
s _[‘_aﬂ]_ 8 8v2 8\/2 V241
i = e =V2=1"v2—1" V2+I
2
_BQAVD_en

- 2=1
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) S““(%+517+i{"+" to oo )+(§f-+~3—1,~+3i.+...to w)

—( An infinite G.P. with aa-—- and r=— )

+( An infinite G.P. thha—-— and r=— )

e i pl 10
N TR e b L

Example 53. The sum of an infinite series in G.P.is 57 and the
sum of their cubes is 9747, find the series.

Solution. Let the series be a +-ar +ar?4 ... oo
Then -ﬁ"r%_s? (1)
Also, the series whose terms are the cubes of its terms is
a4 a4 alré4-.. oo
a'
- 9747 wk2)
Dividing the cube of (1) by (2), we get

a3 I—r 57x57x57_

(T=n’*"a = 9747
(L=r)(1+r4rt) I4rrt
® oo R Ny e a1
o> (l4r+4r)=19—-38r+19r2
= 18r2—39r 4 18=0
> (3r—2)(6r—9)=0
2 3
= f=—3—- or T

We reject r=-;—. because the sum of an infinite G.P. exists only
when r is numerically less than 1

r=—2-
3

From (1), we get ——r%=57 = a=19

o

3

Hence, the series in G.P. is 19 a8 %

y 3—, -9—,
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Example 54. In an infinite G.P. each term is equal to three times
the sum of all the terms that follow it and the sum of the first two terms is
15. Find the sum of the series to infinity.

Solution. Let @ be the first term and r the common ratio of the
series. Then the series is

a+-ar+ar*4ard4-,..co
Since nth term=:3 X Sum of the terms that follows the nth term

ar»
ar"'=3(ar"tarrt J-arttr | eo0)=3 , iz
=> 1—r=3r
r—--l—
= 4
Also we are given a4 ar=15
> a=l-1—°r-;. 151 =12
1+ T
Hence - SO B - N
1—r 1
Y 9

Example 55. Ifx=1+a+a'} .. . oo,
y=14b4-b2-},. oo, prove that

5 . A
1+ nb+a’b +,,,oon +_}’—I
when |a| and | b | are less than I,
Solution. x=l+a+a'+,,,m=l.:l_a.

because the series is an infinite G.P. with first term | and common ratio a
and |a| <l

}'=l+b+b’+...oo=-l—-13
1

LHS.=14ab4ath?+ . co= i=ab

1 1
xy 1—a " 1-b
RHS.— === ]
i—a T1=8
1 1

“A=BF(—a—(-a(1—b) "1—ab
L.HS.=R.HS.
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Representation of terms in G.P. The following are some con-
venient ways of representing terms of G.P. by symbols :

(#f) Three numbers in G.P. : -:i, a, ar,

i ’ a a _
(if) four numbers in G.P. : W Tz A ar® and

s = a a
(fif)  five numbers in G.P. : —5, ——,a,ar, artetc,
rt r

) The usefulness of assuming the terms in the above form will be
illustrated in the following examples.

Example 56. The sum of 3 numbers in G.P. is 35 and their product
is 1,000. Find the numbers.

a .
Solution, Let ~~» @, ar be the three numbers in G.P.

The product of these numbersz—f— .a . ar=1000

=> 03:1000, i,e., ﬂ=10
The sum of the three numbers is

a

— +a+ar=35

1 s

> a(+1rr )=35
= 10(1 +r+4r*)=35r [ a=10]
= 24-2r4+2r3="7r
= 2r*—5r4-2=0
= (2r—1)(r-=-2)=0
i o
. r_i- or 2

Thus, we have a= 10 and r=]2— or 2

For r=4, the numbers will be 10 x 2,10, 104, i.e,, 20, 10, S and for
r=2, the numbers are [2(1 » 10, 10X2, ie, 5, 10, 20 which are the same

but in the reverse order.
Hence the three numbers are 5, 10, 20.

Example 57. Find three numbers in G.P. such that their sum is 21,
and the sum of their squares is 189,

] a
Solution, Let the three numbers in G.P. be —+» G, ar.
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and

>

a

—tatar=21

S (rrem=2
al H 1,2
F—-—{-a +alrt=189

as 2 4
— (112 ) =189

Dividing (2) by (1), we get

a(rtrigl)

AR
a (P +r4d)rr—=r4-1) =
r réiro| if

L (r—r41)=9
r

Again dividing (1) by (3), we get

R

riyr1 _%,l_ml

rr—r+l 9 " 3
Trr—Tr +7=3r*4+3r43

4r:—10r4+4=0

2r*—5r42=0

(2r- )(r—2)=0
r=4{ or 2

When r=2, from (1), we get % @ +24-4)=21

a=6

Hence the three numbers are 3, 6, 12
For r=4%, we get the same numbers but in the reverse order.

423

—a

i3

wal(3)

Example 58. If a, b, care in G.P., prove that a(b? +c?) =c(a’+h?).
Solution. Let r be the common ratio of the G.P., we have

()

b=ar, c=ar?
L.H.S.=a(b'+c*)=a(a’r*+ ar') =a*r¥(1 4r?)
R.H.S.=c(a?+b%) =ar?(a? -+ a’r?) =a®r}(1 4+ rY)

L.HS.=R.HS.
Example 59. Ifa, b, c darein G P, prove that
ab—cd "
=t XS (i) (@b +-be +cdy =(@r 451 4 Bt ).
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Solution. We are given that a, b, ¢, d are in G.P., theref: if v j
the common ratio of this G.P., then < ore, if r is

b=ar, c=ar?, d=ar?

- ab—cd a,Lar—ar® ar®
U) L.H.S.-:E,—C: = a’r’-_ﬂgri
_ERI-FY. (1)
“a'ry(l __r!)= P

2
e “—l;‘--‘:"*‘"
ar

a(l-+r?) 1412

ar r
5 LHS.=R.HS.
(ir) L.H.S.=(ab+tbc+cd)?
=(a .ar+ar ar*tar?, ar?)?
=a'rt(1+ri4 ri)
RUHLS. = (a4 B4 €)(B 4 - &)= (@@ a%rd)(aPr - adri -+ )
=a?(14-r2+r?) . @r¥l-4ri4ri)=a'r¥ (14 r24ri)?
L.HS.=R.HS.

Example 60. Ifa b, ¢, dare in G P, prove that a b btc, etd
are also fn G.P,

Solution. We are given that a, b, ¢, dform a G.P. Hence if r is
the common ratio of the G.P., then

b & .
a - b~ ¢
> b=ar, c=br,d=cr
= b=ar, c=ar?, d=ar?
Now o+b, b+c, c+dwill be in G.P.
if (b+c)r=(a +b)(c+d)
ie,if (ar-+4-ar®)*=(a+ ar)(ar?--ar?)
ie.,if arr’d(14r)t=a'r’(1+4r)*

which is true. Hence the required result.
Example 61. If a*+b?, abtbc and b¥4c* are in G.P,, !
a b, care aigo tn G.P, o
Solution. a*4b?, ab+ b, b+ ¢* are in G P.
ab4 be b4t

> a*+b%  ab+tbe
& (a®+-b%) (b2 4 c)=(ab + be)?

> ath* 4 a%cd 4 bt bret=atb 4 pcd - 2abic
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= br-ath? —2abc--()
> (b*—ac)*=0
> b —ac=10
> b*=ac
=

a, b, ¢ are in G.P.
12'6. GEOMETRIC MEAN

When any number of quantities form a G.P., the quantities lying in
between the first and the last are called the Geometric Means (briefly
written as G.Ms, between the first and the last. Thus if @, G,, G,, Gy,..., G,,
b are in G.P., the quantities G,, G,, Gy, ..., G, are the G.Ms. between a and
b. In particular, if we take any three quantities of a series in G.P., the

middle term is known as the Geometric Mean (G.M.) between the other
two.

Let G|be the geometric mean between @ and b, then g, G, b will be
three terms of an order set in geometric progression so that

g .2
a G
= G*=ab
> G=+/ ab
For example, if 4, 8, 16 are consecutive terms in G.P., then
L
8 4
ie., 64=4x16
- 8=1/4x16

Insertion of Geometric Means. Let G, G,,..., G, be the n
geometric means between @ and b. Thena, G, G,,..., G, b are in G.P.

Let r denote the common ratio of this G.P., including the given terms
a and b, there are (n+ 2) terms in this

b=(n+2)th term of the G.P,=ar(n#21-1— grn+3

b
i X
> i
U
bntl IF
hEs r=(z)  or s
1
a+1
Gl...ar—-a(i)
a
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T
" b \ntl
G,=ar’= ﬂ( — )
(4]

n
_ b \nt1 .
G,~arn= a(;—) respectively,

Remark. Product of # geometric means is

n

x- X
G,, Gz- Ga- o G (_z_)n~i-l(%)n+l‘“(%)n+l

b Mlu+2+ .+n)
':;f‘"(—-—)
¥}

n(n+1) n

__a( )2(n+l) (b) 3 -

a

Now, to find out the value of r we can adopt this simple procedure :

Let @ be the first term, / be the last term
then there are 742 terms where

[=(n+2)th term
which can also be written as :

and n the number of means,

=ar"*! [where n stands for the number of means between « and /]

rh+l=_{,
a

I ] s )llnwn

r:"_[,:/a—_:.\_

Exarople 62. Insert 5 geometric means between 320 and 5.
Solution. We have in all 7 terms of which the first term is 320 and

!
the 7th term is 5. Therefore, using the formula rn+t .=

where {=5
and a=320
Iyt s [t 1 yue
W 8 ey el [
e have r 64’ ie,=, 64‘(64)

=-—2-, which is the common ratio.

Therefore, the series is 320, 160, 80, 40, 20, 10 and S, and the geo-
metric means are 160, 80, 40, 20 and 10
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Example 63. (a) Ifa, b, x, y, z are positive numbers such that a, x,
barein AP, a,y bareinGP., and (a+ byz=2ab, prove that

() x.y,z,arein G.P, and (ii) x2y >z
Solution. (i) Numbers a, x, b are in A.P.
o

= x 3 D
Numbers a, y, b are in G.P.
= }'zzﬂb '(2)
) 2ab
Also ZH(;_-{-_b- (3)
2ab a+b
. <MY i o
Now =ab s i xz
> '—r:—}i-, ie. x,y, 2z arein G.P.
¥y z
. . a+b R _ -
(if) K —+ab -,-:2—(0+b 2\/ab)
. —_— 2
:%(\/u VB ) >0
> Syie, & | (@)
X L8 i
BT
X%
But %:721 & Yz )

From (4) and (5), we have
xXZzyzz

(b) Find four positive integers x,y, z, w such that y, z, w are in
Arithmetic Progression; x, y, z are in Geometric Progression and

z4w=1[0, x+y=73. [C.A., Nov., 1991]
Solation. y, z, ware in A.P. > 22=y4 W 1)
X, ¥, z are in G.P. > y2—=x2z «sli2)
Again z4+w=10 :2:(3)
and x+ry=3 ..(4)
From (1) and (3), we get
y=3z—10 «+:(3)
From (4) and (5), we get
x4+ (3z—10)=3 => x=13—3z ...(6)

Substituting the values of x and » [obtained from (5) and (6)] in (2),
we get

(3z—10p*=(10—32) . z
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> 122 —73z4 100=0
> 1222 — 482252+ 100=0
= (122 -25)(z—4)=-0
= z=4 or Z=%—§-
B : ; &
ut z being an integer so =13 i rejected.

Thus z==4 is an admissible value.
x=13--32=-13—-12=1
y=3z—-10=12—-10=2
W=10—z=10—4=6

Hence x=1,y=2, z2=4, w=6,

Example 64. For three consecutive months, a person deposits some
amovnt of money on the first day of each month in small savings fund, These
three successive amounts in the deposit, the total values of which is Rs. 65,
form a G.P. If the two extreme amounts be muliiplied each by 3 and the
mean by 5, the products form an A.P. Find the améunts in the first and
second deposits, T

f® folution. Let the three successive deposits be Rs. a4, Rs. ar and
5. arl,

Thus atar+ar?=65 A1)
Also 3a, 5ar and 3ar* form an A.P.
Thus 3a—5ar=>5ar—3ar?
=> 3ar*—10ar+ 3a=0
= 3rt—10r+3=0, ie, (r—3)(3r—1)=0
& r=3, %
When r=3, from (1), we get a-3a-}+9a=65
or a=5

Thus the amounts are Rs. 5, Rs. 15 and Rs. 45,

Again if f=—;~ then from (1), we get a-{-—; +.§a_=65
or 13a=65x9, ie., a=45

Thus the three successive deposits are Rs. 45, Rs. 15, Rs. 5. Hence
the amounts in the first and second deposits are either Rs. 5, Rs. 15 or
Rs. 45, Rs, 15,

Example 65. At 10% per annum compound interesi, a sum of
money accumulates to Rs. 8750 In 4 years. Find the sum fnvested inltially,
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Solution. Let 2 be the principal, then

[0
amount of P after | ycar-—-—l’( 1 -I—U—O) =Px ]

5w w2 years=Px (1°1)?
woow oo 3 years=Px(1°])?
v w4 years=Px (I'1)!
' Px(1'17=8650
8750 8750
P’:(T*l-)-izl__(m—‘ﬁ—'—'r=5976'37
which is the required principal.

Example 66. If the valu
annually, what will be its estimat

429

e of Fiat car depreciated by 25 per cent

ed value at the end of 8 years if its present
value is Rs, 2048 9

Solution  Present value of car=Rs. 2048

Value of car depreciated =257, annually

If present value is 100, then value after one year=Rs. 75

" " " 3 LE

» " " » 2048 ,,

» 1 LR}

a==1536

We also note that values at the end of second
sixth, seventh and eighth years form

75 3
N =00~7
. Value at the end of eight years
3 T
==qri-1— 1= ——
ar ar’=1536 x ( r )

:1536x3x3x3x3x3x3x3 6561

4xdxdxdxdxdx4" 33 =20503

EXERCISE (11)
1. Find

() The 6th term of 3; 15, 45,,..

-_—

(/i) The 8th term of —g—, ﬁ’

ol

" grve

(i) The 12th term of2, —2v3 6. .

100

75
,,l'i‘o'{—)K2043
=Rs. 1536

» third, fourth, fifth,

a G.P. with common ratio
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(%) The Tth term of Af%imss , 55 v
» \/3 » 3‘\/3 »
1
(\) The 10th term of \-/-i. —1,v2,...
2. Find the nth term of the series :
; 3 5 2
(I) zz.l—ﬁ“,l‘g—),...
(iy a*—b?, a-tb, g—i-g,...
(iii) 9, —6, 4,...
(iv) 0004, 002, 0 1
9 9
vy 72,18, S gy
. 6 27 274/3
(\H) :{—,-3, 3\/-3. 2\—;3'-. —E—"',
we X x—)
(V”) x_y: !' X‘i‘y‘-“
3. (a) Find a G.P. whose 3rd and 6th terms are 1 and ——;— res-
pectively. Write down the 10th term also.
() The third term of a G.P.is % and the 6th term is 52]— , find the
8th term.

(c) The product of first and second terms of a G.P. is 256 and that
of second and third terms is 16, find the 5th term.

4. (@) Which term of the series 1,2, 4,8, ... is 256 7

b Is a term of the series 25, 5,1, ... ?

-
3125

(¢) Findn if 2}—, is the nth term of the series 16, 8, 4, ...

5. 1f the nth term of the series 1, 2, 4, 8, ... be the same as the nth
term of the series 256, 128, 64, ... find out n.

6 The 4th term of a G.P. is x, the 10th term is ¥ and the 16th
term is z. Show that xz=)?.

7. The nth term of a sequence is 2.
is the first term and the common ratio ?

3n-1 show that it is in G.P. What
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8. (@) If the mth term of a G.P. be 7 and the nth term be m, show
that the (7 + m)th term is am/m=n/pynjm-n,
(b)Y In a G.P. if the (p+q)th term is m and the (P—q)th term is n,

—

prove that the pth term is v/ mmn.
9. Sum the following series :
(i) 10244-512+256-F...to 15 terms

(if) 1-—--—;—4};—-— —{-...tol2ter1ns

- ...to 8 terms

oclu QCJ—'

| I
(iry 1 —2—+2 i =3
(i) \24+1/6+4/18 1-...to 10 terms

10. Sum to 2 terms the series -

P I3

. 1 3
(7) Gj-l-l'{-:/:;Jr...
G, 2 —% —1- -%— — e

(i) 03400340003 +...
(v) (a+b)+(a?42b)+ (a4 3b)+-...
11 (@) The sum of the first cight terms of a G.P. is five times the
sum of the first four terms. Find the common ratio.
(b) The sum of n terms of a G.P. whose first term is one and the
o 3 w2 129
common ratio is 5 0 1 138" find n,
(¢} Ina G.P., the sum of n terms is 255, the last term is 128 and the
common ratio is 2, find n,
(d) How many terms of the G.P. 1, 4, 16, ... must be taken to
have their sum equal to 341 ?
12. Sum to 7 terms the series :
(2) 54-554555+4...
(b) 8488 +-888+...
(¢) 0°54+0°554-05554...
13. Sum to 7 terms the series : (@) 0°8-+ 08840888 +ias
(5) 103+ (10324 (103)*+...
a a a a
D\ o taee et aee
14.  The ratio of the 4th to the I12th term of a G.P. with positive
common ratio is 2L_6' If the difference of the two terms be 6168, find

the sum of the series to 8 terms.
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15. Sum the following series to infinity :
sl 1 1
O5+e+igt—
(i) 40-+08+016+0032+ ...

1 1

(i) v2+ \/2{2—‘\72—{
3§ .2 .8 0@
) 5 g a7 FaT tasz "

O W2+ +1+(G/2—1) ..

1o )+ s o
i) S bt

16. (@) The sum of infinite terms in a G.P. is 2 and the sum of

their squares is % Find the series.

(b) Find the infinite G.P. whosc first term is %- and the sum is %

(c) The first term of G.P. exceeds the 2nd term by 2 and the sum to
infinity is 50, find the series.
17. (@) Find three numbers in G.P. such that

(i) their sum is 130, and their product is 27,000.
(ii) their sum is l; , and the sum of their squares is ?gl
(b) Find five numbers in G.P., such that their product is 32 and
the product of the last two is 108. &
(c) The continued product of three numbers in G.P. is 27, and
the sum of their products in pairs is 39. Find the numbers.
18. 1f a, b, ¢ be in G.P., prove that

(@a+b+c)? a+bic

O e a—bte’ (NAvFmoets b%), and

(iii) a*bic? (#‘ +bl3'+ _}:E)=ﬂ:+ba+ca

19. (a) Ifa, b, ¢, d are in G.P., show that
(iy (a—b), (b—c), (c—d)* arein G.P.
(i) (a*4 b2), (ab 4-be), (b* +¢*) are in G.P.
(iii) (b—c)’ +(e—a)+(d—b)*=(a—d)?
(h) If (a—b), (b—¢), (¢—a) are in G.P., then show that
(a-+ b+ c)2=3(ab+bc4 ca)
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20. Three numbers whose sum is 18 are in AP.;if2, 4, 11 are
added to them respectively, the resulting numbers are in G.P. Determine
the numbers.

21. The sum of four numbers in G.P. is 60 and the A.M. of the first
and last is 18. Find the numbers.

2_2. There are four numbers, the first shree are in A.P. and the last
three in G.P., the sum of the first and the last is 11, and the sum of the
other two is 10, find the numbers,

23. IfVa =V'b =V/¢ and a,b, ¢ bein GP, prove that x, y, z
are in A.P.

24. The sum of the first three terms of the two series, one an A.P.
and the other a GP. is the same. If the first term of cach of these is §
and the common difference of the A.P. is equal to the common ratio of the
G.P., find the sum of each series to 20 terms.

25. If _‘.:a+,‘:,+rf:, +:..t0 o
b b
P A e

c C
Z=Ct 5+ to oo

xy ab
show that l=—-
- -

26. The sum of four numbers in G.P. is 60 and the A.M. between
the first and the last is 18, Show that the numbers are 4, 8, 16, 32,

27. The sum of three numbers in G.P. is 70, if the two extreme items
are multiplied each by 4 and the mean by 5, the products are in A.P.
Show that the numbers are 10, 20, 40.

28. (a) Ifa b, carein A.P.and a, x, b and b, y, ¢ are in G.P., show
hat x2, b%, y? are in A.P.

(bYIf a, b, c are three unequal numbersin A.P. and a,b—a, c—a

i G, show thilt L. 25 €
are in G.P., show tha Sl Sud

(¢) If a. b, c are in A.P., and a, b, (c41) are in G.P., show that
c=(a—p)?,

(d) The oumbers x, 8, ¥(x5y) are in G.P. and the numbers x, y, —8
are in A.P.  Find x and y.

29  The sequence @, b, ¢ is an A.P. whose sum is 18, Ifa and b are
each increased by 4 and ¢ is increased by 36. the new numbers form a
G.P. Finda, b, c
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30. IfS,, S, .-, S, are the sums of infinite geometric series whose

first terms are 1, 2, ..., 7 and whose common ratios are §, -4, .., G

respectively, show that

SI+S2+---+Sn"=

n(n+3)
3 ;

31. If S, represents the sum of 7z terms of a G.P. whose first terms
and common ratios are a and r respectively, then prove that

a8 481, 4 B=lt Sir

l—r (A—r)
'_Hint. S.:M—
3 I=¥
S+ S,+ . 5‘=—[(1 ...7 times)

(Pt +r")]]

32. A manufacturer reckons that the value of the machine costing

him Rs. 18,750 depreciates each year by 20%. Find the estimated value
at the end of 5 years.

33. Calculate the population in 1985 if the population in 1975 is 55
crores and is growing at a compound rate of 2% annually.

34, Find the value of the machine after a period of 10 vearsif at
the time of purchase it was worth Rs. 10,600. The machme is depreciated
at the rate of 8%, for first three years smd at the rate of 109 for the rest of

the period. The reducmg balance method of charging dcprcclatmn was
followed for the entire period.

35. If the population of a town increases 25 per thousand per year
and the present population is 26,24,000, what will be the population in
three years’ time 7 What was it a year ago 7

36. A person proposes to give alms to begger 1 nP. on the first day,
2 nP. on the second day, 4 nP. on the third day. 8 nP. on the fourth day

and so on. How much does he need to pay in the month of February,
19727

37. Show that a given sum of money if accumulating at 20 per cent
per annum more than doubles in 4 years at compound interest.

ANSWERS

Lo () 1215, (D) —5re, (1) — 486173, (Iv)

1 —————
218 5433 ) —16
aitbd

2. (i) 4( ) L ) =g ) ("'32_)_";1, (iv) %'.

3n- 12 ot n-2
() (—1)* 2“ i 7es () (%ﬁ)
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2 1
3 (ﬂ) 4, —2, ],..., —-1*-'2—-8 ( ) 7‘2—6, (f) _é"

4. (a)9th, (b) Yes, (¢)22. 5 5 7. 2,3

1365 227
(i) 20471?5’ (§i) — 3048’ (i) 73256' (V) 121(v/ 64 1/2).

%

0. () Gy, @) L sztf ,

iy 5 (1= g3), (9 =20 4 Loy 1y
11 (a) +-4/20r 1, (b) 8, (C) 3, (d) 5.

2. (a) 5—0(1o~—1)— ;‘wn,

( )—(10'-—-1) —n, (¢) ; "——8%'(1—%‘")
8 8 i 198 (g
13 (@) - n—o ( lﬁr&.), (®) = (1'03)—1},

(© 7~ {1—(L+i™). 14, 765,

15, () 3, () 5, (i) 242, () 5.0 T3V,
P o1
(v) 30 (vit) 2 3" 16. (a) I, T g e
L. & & 32
(&) T 6 g (9108 %, L

%*, 2;18,(c) 15 3, 9.

20. 3,6,9;18,6,—6. 21, 4,8, 16 32 172 2,4,6,09.

17. () () 10, 30, 90, (ii) % 1,3, (b) %

24. 7734, 2(1 3“, 28. (d) x=16, y=4

29. --2,6,14,0r 46,6, —34. 3. Rs. 6144, 33, 6,705 lakhs.
34. Rs.3646. 35. 28,25,761 ; 25,60,000. 36. Rs. 26,77,80096.



