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OBJECTIVES
After studying this chapter, you should be able to understand :
@ the meaning of convergence and divergence of series

@ different methods for finding the convergence and divergence of
series.

130. INTRODUCTION
The concepts of convergence and divergence are associated with

infinite series, their limits and evaluation. Therefore, it becomes necessary
to say something about them
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13'1. INFINITE SERIES

We know that an expression whose successive terms are formed by
some definite law is a sequence. When these individual terms are summed
up with plus or minus signs they form a scries. Now, if the series
terminates at some assigned term it is called a finite series and if the
number of terms are unlimited it will be an infinite series. We can define
the series formally as follows :

Let {u,} =u, u,, uy,..., u, .. bethe sequence of real numbers, then
the expression in the form
ul+uz+u3+---+“"+...
is called an infinite series and is denoted symbolically as
oo
3 u, or 3y, where u, iy, y,..., u

iy
n=1

are called the first term, second term, third term,..., nth term,... of the

infinite series. The nth term of the infinite series is also sometimes known
as the general term.

132. CONCEPT OF LIMIT

The concept of x approaching @ implies that the difference between
x and a (ie., Xx—a or a—x) is decreasing steadily and is capable of being
made as small as we like, say smaller than any positive number . We
express this as

X—a (x tends towards a)

which implies that the numerical difference between X and @ can be less
than any positive number ¢, expressed as

| x—a]| <e
In case x is infinitely large we express it as
X — oo

which implies that we can take any value of x larger than any large positive
number say m (when x > m),

For example, consider the function f(x):-l

X

The tabulated values of f{x) for larger and larger values of X are as
follows :

x 5 | 10,000 | 1,000,000 | 20,000,000

P

S(x) 02| 00001 | 0000001 | 000000005

Here, f(x) becomes smaller and smaller as x becomes larger and

larger. By making x sufficiently large, we can make f{x) less than any
given number, ’
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Thus S(x) <0°00000005 if x> 20,000,000

This explains that 1/x approaches 0'as x becomes larger and larger
i.e., as X-»co. Therefore

lim f{x)=0
X-+oC

i.e., limit of function 1/x approaches 0 as x approaches infinity (o).
Theorems on Limits :

If lim f{x)=/, and lim g(x)=m, then
x+a X+a

L lim { fix)+g(x)}== lim Ax)+ lim g(x)=I+m
X-+qa X-+g X+a

IL lim {flx)—g(*)}= lim f(x)— lim g(x)=I—m
X->a x->q X+a

M. lim {fix).g(0}= lim Ax). lim g(x)=I.m
X—+a xX+a X>aq

IV. lim { fix)/g(x)}= lim fix)lim g(x)=1I/m, where m=%0
x—+a X-*q X+q

V. lim x"=an
X+a

VI. lim k=k, where k is a constant.
X-*rqg

133. EVALUATION OF LIMITS

Before giving the tests for convergence and divergence of a series, let
U8 study the methods of finding the limits in various cases: The most
Common type of expressions in 1, where limits are required to be found out

P(n
for testing series for convergence are of the type ~Q(T-n))-. P(n) and Q(n) are

polynomials in 7 of a suitable degree.
P(m)

Case I. lim QW:O’ if the degree or the power of P(n) is smaller

n+0

than that of Q(n).

For example, let the degree of P(n) ber and that of Q(n) be s,
where s>r. Dividing the numerator and the denominator by n™ and taking
7 large, the limit 0 can be obtained.

. P(n)
Case IL nlem ?2-(?)-==:t ,
if the degree of Q(n) is smaller than that of P(n).
P
Case 111, lim A e

no 0@ by

if degrees of P(n) and Q(n) are equal, where @, and b, are the coefficients
of highest power of n in P(n) and Q(n) respectively.
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Remark. The method of finding limits requires that the given
expression, both in the numerator and the denominator, be divided by
n (raised to the highest power of the expression) so that we have nearly

1
n' n*’
approach zero when n becomes indefinitely large. Those terms of the
expression which are not of this form, both in the numerator and denomi-

nator will determine the limit of the expression as illustrated in the
following examples :

all terms of the expression in the form etc., which we know

Exawmple 1. Find the value of limits in the following cases :

. Imd—8n*4-10n—-7 nt—7n2.-9
/ AL 0 W B Sl e TS
@ o Fm—emry : @ Jim s
. 34 7n%— IIn4 19 2n
" R T (LR d
& ey 18— 20n 1 45 ) lim T3y "

1 1
(,3) lim jM
oV (204305 T)

Solution. () Denoting the expression by #,. and dividing both
the numerator and the denominator by #°, we have

7 8 10 i
A
to= g
b= tm
8 10 7
A e
im #,= lim =
n-+ o n-—+ w _ _9_,+__£ 8
T
| 1
( o —=-0 and -z—“’o as —oo )
! n "

(b) Now dividing the numerator and denominator by 74, we have

7.9
Dt
Y
o
T .8
=t
lim = hm e = o
n-+ oo n—+ @ i_;_ 5 0

nt gt
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(¢) Here dividing the numerator and the denominator by n*, we
have

3 . ikl 49

R
" 18 20 45

T+~ ot

3 7 1 19
n Tat Ty T
Im #,= lim - =0
T R IT-}-lS 20 45

n s s

2,
=

a7 5)

2

(d) U, =

lim‘u.= Iim ln 3 :—g—=0.
i & R

(€) Dividing the numerator and the denominator by n, we get

s I. 3 1 1=

Since -5 , — and -3 tend to zero as n tends to infinity.

n n n
L3

134. CONVERGENGE OF AN INFINITE SERIES

An infinite series consisting of 7 terms is a function of 7 (natural
numbers). If n increases infinitely the sum may either tend to a certain
finite limit or it may become infinitely large. Now, an infinite serics will
be convergent when the sum of the first # terms of the series cannot

'merically exceed some finite quantity, however large 7 may be. This
s been explained below :.

A sequence {4,} is said to converge to a number / if the absolute
difference between u, and /, i.e., { { u,—! | } can be made as small as we
please by taking n sufficiently large. Here ! is the limit of the sequence
{u}. To define it in a formal way, {1,} converges to a number ! if for a
given positive number e, there corresponds a positive integer m such that

| u,—1 | <eyn>m
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Then [ js said to be the limit of the sequence, and is written as

lim u,=l
n-> @,

1 . : :
For example, let us take a sequence {F which we shall show

converges to the limit 0. Take ¢>0 to be any small number. Then
1 1 ; 1
Ju,—0| =|—-0|== <cif > —-
n H €
Choosing the positive integer m=> :-. we see that
1
lu,~0] = = <eMh>Mm
1 " 1
‘ =0 ,<e, when - <le.
Hence the sequence u, tends to zero  Yet the series formed by such

sequence is not convergent which we will discuss later.

In short we say that an infinite series of positive terms is said to be
convergent if its sum is a finite quantity.

135. DIVERGENCE OF AN INFINITF SERIES

An infinite serfes is divergent when the sum of the first 7 terms can
be made numerically greater than any finite quantity hy taking # suffi-
ciently large. Tt can be defined as follows :

A sequence {1.} is said to diverge to + oo if 4, remains positive and
becomes larger and farger as 7 becomes large in such a way that v, can

be made to exceed any finite number. however large by taking n
sufficienty great.

Formally. {u} diverges to Loo if for a given positive number &,
howsoever large, there exists a positive number 7 such that

uSkvnsm,
In this case lim u,=4eoo,
n+w

Similarly, a sequence {u,} is said to diverge to —oo for each negative
number /. howsoaver small, there corresponds a positive integer 7 such that

u>lyn>sm
Then lim ¥, ==—oco
n-=>m

For example, the sequence {u,} defined by u,=n?, it diverges to +oo,
while defined by 1, = —(n?), it diverges to --oo.
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A sequence {4,} is said to be oscillatory when it neither converges
nor diverges, € g.,

u,=(—1)y"
u":~.(— l)" n |
both are oscillatory.
13'7. SEQUENCE OF PARTIAL SUMS
Let 3u, be a given infinite series. Let us form a sequence {S,} with
the help of the series %u, as follows i
S]. ::u!
Sy=uy+ ",

Sn ::ul+ui+---+".
) The sequence {S,} is called the sequence of partial sums of an
infinite series.
The infinite series Sy, is said to be convergent (i.e., has a finite sum)
if the corresponding sequence of partial sums {S,) is convergent.

In this case {(=1lim S,) is called the sum of the series Su,.
n-—+ oo

If the sequence {S,} is divergent, 3u, is said to be divergent and if
{S.} oscillates, the series %t is said 1o be oscillatory.

GENERAL RULES

. We can ascertain whether a series js convergent or divergent by
finding out whether the sum of the first n terms of a given serics remain
finite or becomes infinite as n is made infinitely Jarge.

(i) Consider the following expression of a serjes :
Tfrfrg g -1y

In this case if r is equal to 1, the sum of the first # terms is equal to
n, therefore, it is divergent as indicated in the series below :

I+ 1414+141...

Here the sum of the first n terms can be made sufficiently large by
taking # sufficiently large.

If 7 is equal to — 1 then the series isI—14+1—141—1+...

Here the sum of the series is cqual to 0, if the number of terms is
even and 1 if the number of terms is odd so the series does not converge
nor does it diverge but it oscillates infinitely.

If r is numerically less than 1, then the sum approaches the finite limit

1—; @nd the series becomes convergent. For example, the series with
r=05 will be

T 1 1
l+—2-+§;+...+'2—,,:f+...
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> 1-++0°5+0254+01254...

_r"l 5
e, Therefore, with r—=0'5 the sum

1
and the sum will be equal to =

1

. 2" 1
LE
2
hm -&,=2

n-—+o

Thus the series approaches a finite limit 2. It is, therefore, convergent.

If r is numerically greater than 1, the series will be divergent. For
example if r=2, then the series becomes

142422422+ ... +201., or 1+2+44484+164-...

and the sum of the # terms will be equal to 3:}
When r=2 and n =35, the sum will be
2"—1 2°—1 31

Sﬂ=—_" B =

s v el W
l.im S"_:oo
n—=*>@m

(2) An infinite serics of the type
el g el e f L5
2 4 8 2
has a commen ratio 4. It can also be written as
1D +EP 4+ +@)
Formally, it is a geometric series of the type
atar+ari4-, +arn"t 4
This type of series is convergent when r<1 becausc it approaches a
finite limit which in the above case is 2. The sum of the first # terms is
} S,=2—-(3)? (where r=$, and a=1]
Thus, S, approaches 2 as n—>co and (3)"'—0.
(3) An infinite serics of the following type is convergent :
1 1 1 1
fataatsat-Tamrn t

Here the nth term of the series is

. SEpeeY Sp—

n(n+1) T Tl
Actually this series can be written in the form :

u~n+u—u+uhn+m+Q§_£ﬁ)+m
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The sum of the first # terms js
S,,=1.__|_, N
(n+1)

The series is convergent Decause as n—soo, S,->1, i.e., its sum does

not exceed 1.
13'8. CONVERGENCE OF SERIES
For an infinite series to be conver

approach zero as n becomes infinitely larg
series

gent its general term shou_ld
e. In symbols, for an infinite

ui+u?+ua+...+ﬂ,+...

24, is convergent = lim u,=0.
n-+*co

@
Proof. Let us suppose that 2 U, =wtu,tuy 4. Fu,+... bea
n=1

given convergent series. By definition
where S,=~u, 4 u,4 +14, is convergent.

lim S, =/ (finite quantity)

the sequence {S,} of partial sums,

n—+co
Also Sn_1=u,+u,+u,+...+u,,"—-=S,,—u.
> Up=5,—8, |
> lim u,= lim (S,-5,_)
n—> o n—+ o«
= lim S$,— lim S, =I-I=0.
n-*co n-»oc
Hence 3u, convergent = lim w,—(Q,
n-+ow

Remark. It should be noted that this theorem never proves the
Convergence of a series, [t only states that if the above limit is not zero

then the series must be divergent. Tt is still possible for the limit to be
Zero and the series to be divergent, e.g., in the series

o+ og--ci 4n+5
ﬁ+§§+§§ +...+'I"6m-+...
i
the nth term is u,—= 3
IO+';
lim u,= 4
n-+aoQ 1 m

and is not zero, therefore, the series is divergent.
But in the harmonic series

1 1 1
1+_2-+T+..-+_n‘"+---
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2 . 1
lim #,= lim -—=0
n—+ w n-» oo
and yet the series has been proved to be divergent.

Thus, the condition of limit tending to zero is only a necessary con-
dition but not the sufficient one. Even when the limit tends to zero, the
series may not be convergent and for what we have to apply certain other
tests, one of which is based on the use of an auxiliary series.

139. AUXILIARY SERIES

It is a serics whose nature is known to us.
series which are used to test any series are :

[ l4r4ri4...4r" 14, where rel.

The common auxiliary

l I 1 1
I g +2-,; +3-’- +...—|-n;- +... where p—1.
We give the proofs below :
{. Aninfinite geometric series

Igrg-rz4 34 . 4o iy

(i) isconvergent if | r | <<l andits sum to oo is _i.

_.f’
(i) is divergent if r»1,
(iify is finitely oscillatory if r= 1,
(iv) is infinitely oscillatory if r< -1,
Proof. Let us consider the partial sum
S =l 4+r4r24. rmt
Case. (i) When || <l
| —rn
S,=t4rtrtt+. .. trrt=
1 —r
; : 1 —-ro 1 ' i
lim S,= lim ( = —— — lim -
o > 0 n—-+ 0 1--)' ) Y=r n-—>on ‘\1"""‘
1
o (0 r*=>0asn->co, when |r | <1)

=finite quantity.

» sequence {S,} is convergent and consequently Xu, is also
convergent. The sum of the series is

lim S,= —
n->eo ] =+
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Case (if) Let r>1
S,=14r -rt4-...

lim #,== lim
n—r o n—» a3

= sequence {S,}

_+, rn-1

e

r*—soo as H—co when r>1)

is divergent

hence the series is also divergent.

Case (iii) Let r—=-—1
Sp=1—141—

BUSINESS MATHEMATICS

Let r=1
S,=14r4rit. 4!
=14+1414...4+1

=n
lim 8,=co
n-*w

= sequence {S,} is divergent
and hence the series is divergent.

wauFelfm=e] =1

=1 or 0 according as 1 is odd or even

lim S,=0 or 1.
n- oo

= sequence {S5,} oscillates between two points and as such Xu,

is an oscillatory series.

11. The series

o

1 1 1 1
znp p +2; g 44.- +e +

n=1

fs convergent if p> I and divergent if p<1,

Proof. Case I. When p>1

The terms of the series

oo
1 1 1 1
=ity

. n=1

can be grouped as

Now since 32
1 1
7 3 <3

R
Il
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Using similar arguments, we have

1 | 1 1 4 l
gp Tt & +7,. Q4, T +4p + “*—“=ia?,;zr,
Also we have

1 I 8 1
FL 9' e +15P< +8’ e + R
and so on.

I (51 1 (1 £.1 1
7t 2F‘+3_'")+ o tsitg +7 )“L

1 1 1 1
<_+2p =il o 2= n+23w TS

The serics on the R.H.S. is a geometric serics with common ratio - l

23’—1
_ ; 1
which is less than | (smce Pl = z-ﬁ<1 ) converges (by geometric

series test) and consequently

the given series being less than a convergent
series, is also convergent.

Case II. When p=1,

In this case the series is

1 $ L Lo® . m
z i i

can be grouped as follows ;

1
o TrE>TrE=3

and so on.

1 1
>2 T+—j~+... (1)
The series on the R.HS, is a geometric series with common ratio
1 diverges (by geometric series test) and consequently the given series being
greater than a divergent series, is also divergent,
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Case IIl. When p<l, we have

. bed it
But the series E kL divergent.

1 ] ; A
E =y being greater than a divergent series is also divergent.

IR I, s 1 1 I, :
Hence the auxiliary series z ] +2—;- +3-5— -{-? +... Is con-
vergent if p> 1 and divergent if p<<|
The above two auxiliary series form the basis of comparison test.

1310. COMPARISON TEST

The convergence or divergence of a series can be determined by
comparing it with some suitable auxiliary series (knewn also as standard
series or helping series) whose convergence or divergence is known before-
hand. Through this test we can know about the convergence or the diver-
gence without knowing the sum of the series.

In the following comparison methods, v, serves as an auxiliary
scries. ~

Test L. (i) If Ju,, Sv, are two positive term series and there is a
positive constant kK such that

u, < kv, ¥ nand Zv, is convergent then %u, is also convergent,

(i) If 5u,, Sy, are two positive term series and there is a positive
constant K such that

a,>ky, v nand v, is divergent then 34, is also divergent.

Test I If 3Zu,, v, are two positive term series and there exists
two positive constants A and B such that

A<“—"- <B v n
v

n
then the two series S, and Zo, converge or diverge together.,
Test MI. (Comparison by limits)
(a)y 1f =u, and Zu, are two series of positive terms and

J u oo,
lim —* =1 (finite and ron-zero)
a-+m Us

*hen the two series su, and Zu, ure either both convergent or both divergent.
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by 1f lim al

n—+ o v.‘l

=0 and v, is convergent, then su, is also convergent,

oo 1 : ; ;
(¢) If lim —"- oo and 3y, is divergent, then yu, is also divergent.
nrata
[t should be noted that this test is very useful in practice and as such
is worth remembering,.

Test 1V. If 3u, and Zv, be two series of positive terms, thenlzﬂ_,
is convergent if ({) v, is convergent and (#) from and after some parti-
cular term

u"+l B U'|+l.
r‘l‘ “® Uﬂ
U, is divergent if (f) Zv, is divergent, and (#) from and after some parti-
cular term

Unp1  Unty

u, ~ v,
Since the removal of a finite number of terms fjoes not alter the nature of
the series, we shall assume that the inequality is satisfied from the avery
first term.

How to find an Auxiliary Series. If the given series is indicated
by its nth term u,, we have to take a suitable auxiliary series v,. First we
have to simplify the given series X, and then take the highest power of
n, dropping the coefficient, as an auxiliary serics, indicated by its nth
term v,.

Example 2. Proye that the following series is divergent -

2. 43" « n+4-1
TFrFtotetgta
1
i n4-1 b
Solation. Here e =

Let us take the auxiliary series Y+,, where

1
Vp=—
n
u S T | . on+1 ; 1
i —%= | —t— = lim — = lim (1 -—)=1.
METO Un niﬂzo n n nsw N ﬂ"'w( o »

= By limit comparison test both X4, and v, converge or diverge
together. But the auxiliary serics I-H—- is divergent, hence the given scries

3u, is also divergent.

Example 3. Diseuss the convergence or divergence of the series -
1 1 1
VA ERVS REVS RV RV RSVZ Sl
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Solution. Here U, = —

‘n*[1+(1+—;;)'3’]

Let us take the auxiliary series
2, ‘
v,= —_—
Z«/’n‘

1
so that Y, == —
v on
lim . lim : i :—;—
n—}mun nam[]’*‘(l‘*"n_)é]

which is a finite quantity other than zero.
= By limit comparison test, x4, and Zv, both converge or diverge
together.

But the auxiliary series Xv,= 2 \/l— is divergent as p=14 <l.
n

Hence the given series X4, is also divergent.
Example 4. Examine the convergence of the series :
1’12 34 56

T t5g et
) ™ @n—1)2n
Solution. Here un_-(2"+ ])I (2ﬂ+2)’

degree of numerator is 2 and that of the denominator is 4, i.e., degree of
denominator is in excess by 2. This suggests that the given serics may be
compared with the auxiliary series v, where

1

U, =——

._n'
O € L)
e T @At )@+
(2—-%).2.1
- T \* 2 \?
( 2+—n") (2+5)
o M 22 |
lin S =g T

= By limit comparison test 3/, and v, are either both convergent

1 = . -
or both divergent. But Zv,=3_5= 18 convergent, hence the given series is

also convergent.



CONVERGENCE AND DIVERGENCE OF SERIES 451
Example 5. Examine the convergence of the series :

Siv @D —v

Solution. Let u, denote the nth term of the series, then

=4/ D=V 1"
ey [( E _._)& =g ] (apply Binomial Theorem)

—_ —-————l
o[ 2T (4] )
=,;.we[( 1+ ! 8:1‘ T-...)—l]

1
! EE

Tonde gpeim
Comparing the series with the auxiliary series Xv,, where
1

U..—.—}-ls—”’
.ou, . 1 1 1
then, n}:fg 7!); n]_in; ) —.8!‘13 o ]— 5

which is non-zero and finite.

= By limit comparison test, the series 21, and v, are either both
convergent or both divergent. But the auxiliary series

1
b= zn_)’

is convergent ( p> 1), hence the given series is also convergent.
Examplz 6. Show that the series whose nth term is

VD) =V (1)

is convergent,

Solution, Here u,=(v/m+1—+/n'—1)

— V14 /]
=IO ST L
(n*4-1)—(n* - 1)

\/raT?1+~/n‘-—1

ECTE

1

e
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s : 1
Let us take the auxiliary series 3v,, where v,= . S0 that

150

lim === fim 1 i2 . S
n+w Ya n—rao{l_i_(;‘_)( + ]_;‘_)ij =¥

= By limit comparison test both 3%, and v, converge or diverge
together.

But S U= Z an is convergent. ¢ p=1)

Hence the given series 3%, is also convergent.

E:xample 7. Examine for convergence the series :
23 38 43
1k+3k+2k_+4k +3k_|_ Sk +...
Solntion. Here

I 2
RGeS, s
" mk NG k
o (nt 2) n*[1+( 1+1)]
n
Degree of numerator is 3 and that of denominator is k. The degree of

@enominator is in excess by k—3. Compare the series with the auxiliary
series 3o, where

It may be seen that lim Ll -;-;eo

n—+w Uy
= By limit comparison test %4, and Xv, are either both convergent
or both divergent.
But Xpv, is convergent if k—3>>1, f.e., k>4 and divergent if k —3<1,
he., k<4.
Hence the given series is convergent if k>4 and divergent if k<4,

Example 8. Discuss the convergence of the serfes :

@
1
2(0-{-5)’( +")| , (P and q bt’lng positive)

n=]
Sclation. Here
1 1 .

“n=(a+n)'(b+n)°a nm( H—-a—)p( 1+_b_50
n n

Taking auxiliary series
1
zunm —

nrta
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e B o 1
il ,,'fi“m( TN e

which is finite for any given value of p and g and is non-zero.

0

.+ By limit comparison test, 2u, and Zu, either both converge or
both diverge.

But Eﬂn:z’;%-a is convergent if p+¢>1 and divergent if p+¢<l.

Hence the given series is convergent if ( p-+¢)>1 and divergent if
(P+9)<1.

Example 9. Examine the convergence of the series :

2 6,14 2y
I—+'-§- ,‘(-[-"Q—X +ﬁ_ X ++2""__}_—1 XPT L
Solution., Here ".=22-;--—_’—_f XA
Let us take the auxiliary series 30, =%x"-1, then
2
lim %= fim 202 20
n+wm Y5 n-+ oo 2r+-1 n- oo = L
2-

= By limit comparison test both 34, and %v, converge or diverge
together.

But Ev,=3x""! (geometric series) converges if | x | <1 and diverges
if x1, hence the given series converges if x<1 and diverges if x>1.

Example 10. Dfscuss the convergence or divergence of the serfes
jpl, B, 3

Solution. Since we know that the convergence or divergence of a
series remains unaltered by the omission of a finite number of terms, neg-
lecting the first term, we get

nn m

u.=(n+1)n+1=nn“( l+—;~)"l

()

- 1
Let us take the auxiliary series Ev,zz?

‘.

M 1
* (gl
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= lim L lim
e )(H——)
= lim 1 . lim :
o (i B (D)
—20 [+ um (14 )“zf_]
n-* o

= By limit comparison test, 3u, and v, both converge or diverge
together.

But the auxiliary series 2 Uy == Z_”L is divergent. Hence the

given series Xu, is also divergent.

EXERCISE (I)
1. Prove that the series :

; 1 1 1 -
(i) l+—§ +—5-+—,T +-... is divergent.

1
(i 1.1:34_2%5.;53.{.‘:*7-{- ...is convergent.

1 3 5 7 .
(tih) m-f.m+m+m—i- ...18 convergent.

2n—1 1

[Hint. H.=——'—-—--——n(n+1)(n+2) 5 v,.=;§-

lim o rum L 2__) =
Ao Ua n-’mi (H— )(1+_) § ]

1
) —— —— — e 1 di .
( )V34+‘\/45+\/56+1/ +...is divergent

F
) /\/ 5 +/\/ a5 /\/ at ,\/ +...is divergent.

1 1
) 1+ =z + + 2 +...is divergent.

2 2
43 93 143
I

(vit) 1+ ‘—“" + — ——l—l +...is convergent.

2.210 3.310 4.410°
I N
200 3i0 40
i) 142 ¢ 33 L —'53— +...is divergent.
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2. Examinc the convergence of the series :
2 1 V2 /3 V4
O 5+
.. 1 2 3
(&) ai+h tazrys tazfp Tt

L 1424 34 4 l()n
(“l) i_g_ "!'23 e + +

A

3. Examinc for convergence of the series :

n(n+1) 2 ka1
w Z("—H)(HH)UH 3y (i) P lk—(i-g__lj

k -
(i zka T @ D e 0o ST

o 3T

3
s 2(1;-:22;8 (x) Zm(n T (G, Nov, 199]]

n=1

(i)

4. Test for convergence of the following series :

(i) (v’2—l)+(v> —2)+(V 10 —=3)+ .. H(V 12 1=n) ...

(i) Z{v -V @D }

o

(R E{V'*Tﬁ~n2£, (i) i{wﬁ?ﬁ—ﬁr}

! 1

Nt - - w\/( +1)—v{a=1)
() Z{x/ (n*+1) n}, (vi) z} n - n

5. Examine the fol]owing series for convergence :

. g .73 .
() l—,'+27—:3,+ +..
i 1 1 1

() r"+§?' -+
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; 17 2 32
) Tntgmtimt

6. Test for convergence the series whose gencral term is

. 1 . 1 oo AV 1—n
() a3y (i) @to g ——————
ANSWERS
2. (i) Divergent, (i) Divergent, (iii) convergent.
3. (i) Divergent, (i) divergent, (iii) convergent, (iv) divergent,

(v) convergent, (vi) convergent, (vii) divergent, (viii) divergent,
(ix) convergent.

L (1) Divergent, (i) divergent, (iii) convergent, (iv) convergent
(v) couvergent, (vi) convergent.
5. (f) Convergent if p>2 and divergent if p<2,
(if) convergent if p>1, divergent if p<{1,
(7if) convergent if g—p>1, divergent if g —p<1,
() convergent if g1, divergent if g<l,

_ 6. (i) Convergent if p>1 and divergent if p<C1. (if) divergent,
if p<0, (ifi) convergent if p>} and divergent if P<3 :

13'11. D’ ALEMBERT'S RATIO TEST
If we could find S,, i.e., the sum of

of its convergency could be settled. In most cases this is impossible or very

difficult, for which there is a very useful test which requires us only to
know the nth term. We will state this theorem without preof.

Let u,4-uy+ wy+... +4,+...denote a series of positive terms. Find
the ratio;u"— and find the limit of this ratio as n tends to infinity. If

terms of a series, the question

e g oy WEL ; ] :
this limit is greater than 1, the series converges ; if less than 1 the series

diverges, if equal to 1 ; the series may converge or diverge and this test
gives no information.

In symbols, if 3y, is a positive term series, then

(1) it is convergent if lim -ﬁ->l,
n+o© “nt+y

(#) is divergent if lim “a =,

n-» o L

(tii) the test fails if lim Yn__|
n—r w0 nt]
This_test is known after the name of a French mathematician Jean
e-Round D’ Alembert as D’ Alembert’s test or the generalised ratio test.
Example 11. Test for convergence of the series :

I .3 & 2
@ T+3+ma+m+..
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b 1 2 2
O wirtiztE e

! 2 3 4
@ T g g i

Solution. (¢) We note that the nth term of the series is

n

u ﬁzg:_'ll so that

[2-4)
iy Eo-] s n—1 1" nl
7. 2n -1 2n+_i'H TAn4-1 g E ;f_ Il
Lo )
u |r|2—“;]1_1I
Then lim ——= lim 2 | | =2>1.
n->w “ni) n— oo 1 2+_1_',
L n J
The series is convergent.
23_1
b =
(6) Here wu, 04 (= l)sothat
u, an=1 104 n
Uy 10+(n=1) ~ " 27 -
1 104n 1 a t1
2 9FnT32 " 79
w ]
S (A
lim T B A
wrw M pew |29 T2
L w]
Hence the series is divergent
n
(c) Here By
2
. u, n nt2 1'(1+"")
o un"'l—.m ' n+1 (
g X 1)
lim _.'2_=1
n>co0 M 4

Thus the test does not give any information. We note, however,
‘hat since
1

1
]+-n-

U =

n
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lim u,=1,
n—+@w

and since this limit is not zero, the series is divergent.

Example 12. Test the convergence or divergence of the series :
Lo.r 2 3 -did
PN - e

Solution. The nth term of the series is

u 2
l__JT
u, n} 3 nl3n3 3
Uy, 3 T (1) 3(n1) 0! onq
3
; : 3 : n
lim = lim — = lim ——— =0<1.

n+w Brel g +1 nro 14

Hence the series is divergent.

w

3.4
Example 13, Prove that the series z_n_,a_ is convergent
2nda
n=0
using d* Alemovert's Ratio Test.
Solution, Let ¥, be nth term, then
nt4a
= ——— +
u, yya 5° that
a a
u, n'4a 2441 4 g 1+ 2+
Uppy —(AFIP+a - 2ta R, a
( 7 n' 1+;,Tﬂ

; u, 140 240
Now | = .
sy 148 © 10
which is greater than 1.
Hence by ratio test, the series is convergent.

'-:Za

Example 14, Test far convergence of the series whose nth term is

n?4-1 o 1.3.5,..(2n—1
o oa B, o 22mE=h

Solution. (i) Let 1, denote the nth term of the given series, then
u, nt_+_l ga+1 5(n2+1)

Uy 5" (WF1)IHL AR 2n02

: u
Thus lim —"- =35>1, consequently Z#, converges.
n-=+co adl

by
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u nn (n4-1)! nn 1

i) —— =— . = == n
e TR (R o CERY! (141

u 1
Obviously lim to— lim ———— =—=<1
viously ”l,o Uopy  joion ( e 1 ) e

Consequently 34, diverges.
Gl u,  1.35..02n—1) (n+1)8
) - nt ' 1.35..2n—D@2n+ 1)

U )y e
D) )

Obviously lim o8 =0, consequently Zu, diverges.
n>wm “ntl
Example 15. Prove that the series
xﬁ x3 x4
x+7 +‘3‘-{:-7 +...
is convergent for 0<x <1 and divergent for x 21,
Solation. The nth term of the series is

uH_.

n

Thus u_ -—i ><M+1 -( -}—1 )

n+1 X n
Then lim = lim [( 1+ —) —]
n—+ w0 Hnty n--om

So if -1~ >1, i.e., if x<C1, the series is convergent,

and if —-<l ie., if x>1, the series is divergent.

459

If x*—I the test gives no information, but m that case, we note

that the given series reduces to the auxiliary series l+ +—-— +..

we know is divergent.

. which

Hence the given series is convergent if X <1 and is divergent if x221.

Example 16. Discuss the convergence of the series :

7 X x3 xn
3 t36 taggt Tt
. x"
Solution. Here u,= S

u, _x" 3"+ (n4-1)° 1_ s 3
Thus = . =( 1+ ) x =

3'!."'- xntl
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S lim -—i’-—: lim [( 14— ! ) 5’; ]2_

H=* O n'|1 n—+ oo

= By ratio test, the series xu, is convergent if %}1, fe, if x<3

and diverges if —3;— <1, Le,, x>3,

3n 1
Hx-_-’3, then u,=ﬂ?-—_z&i~.
But the series z n%’- is convergent, being an auxiliary series
(r>1).

Hence 31, is convergent if x<3 and divergent if x> 3,

Example 17. Tes.r the convergence of the series :
o 1
Tty b E amp
Soluuon. If 3u, denotes the given series, then

PEl n oy _OEDHL

Up=—g—" X" " Tmr
e 041 (n41) i
=T e X —— | ——
U n3 n-2 xntl

(n+1)¢ 1 "‘(H)

TR xS 2y an(l_'____)

5 . u 1
oA lim —— ——
wvat iy X

Hence by d' Alembert’s Ratio test, the series is convergent

if i— >1, e, x<I and divergent if —-::—<1. Le, x>1.
1

(1+5)
nl

Taking the auxiliary series as XU, =

=15

v g M : 1 * y
Joolim 2o )im ( 1+ — )= 1, a non-zero finite quantity.
n+o Uy n=+ O n

«'+ XM, and v, are either both convergent or both divergent.

Il

If x=1, then u,=%—

1
';g—l
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Since V== ’—l-,— i8 convergent, 21, is also convergent.

Hence the series is convergent if Xx<{1 and divergent if x>>1.

Fxample 18. Examine the convergence of the series :

@l
Em ot ¢=0

, N2 .
Solution. Here ¢ (n 1_2)(’!+3) %
___(n+2) "1 go th
and u.‘.l—m) i e +1 .16 thdt
w_eresy 1 ()
Uoyy (127 " x (1+= YT E
. iz 1
lim - ==
u X

neop “nt1

By ratio test, it follows that the series Zu, is convergent if

1 ol e, ]
X

and divergent if —i—-<l, le, x>1

For x=1, we have
(a1 (I+%)
" n4-2)(n4-3) i ( 1+—2—)( l+—3—)
n n

Choosing v,.=-71l-, we get

i [l
(1+——)( 1+-2)
: (143)

u
. lim %= lim =1, a non-zero finite quantity.
n+w Yn n-ooo(l+ )fl}__..)

and thus the two series X, and Xv, converge or diverge together by
comparison test.
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But Zv,,: 271’— is divergent, therefore, the given series i,
is also divergent.

Hence 3u, is convergent if x<1 and divergent if x>1.

Example 19. Test for convergence of the series :

1 x3 x4 X¢
i 1 I I
» F—%—'j?-\{— X2, +(2n+1),, L D
x2:|—2 xtn

Solution. (a) Here u,—=

(n+1DV'n b S VA
u, n+2 n+ 1 1
Ugy M1 \/( n ) z
2
r.l

] (1+fi) _1?

Hence the given series is convergent if‘;l; >1, e, x*<1 and diver-

gent if A—_l,—t<l, ie, X257,

But if x*=1, the nth term of the given series becomes

B T = 1
SNCESINZ n”!‘( 1+ __"r?m[ I—T+'--]
Comparing it with the '1uu]|ary series

E = zan

we find that
. uﬂ
lim = lim ( 1-—-+- )Hl which is non-zero and finite,
n»>oo Yn n—»o

The both 3u, and Zv, converge or diverge together. But the

auxiliary series v,= =7 is convergent, hence the given series is

also convergent.
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463
1 r
(b) M, (@nt1)y 1 (H'ZT:) 1
ey (2n=1)7 " x 3( 1w X
3 )
f'( 1 B
lim R B m f 1+2” _ L =_1
nam“n'ﬁ] n-»co | ( I—L)F X | X
L 2n J

s o . . .

Hence the given series is convergent if -;C->1, e, if x<1 and diver

1 2

gent if 5 <1, fe., if x>1.

But if x=1, the given serics becomes

1 1 1
QR TR R
L Wp— 1
I L P
n

i o . z 1
Choosing the auxiliary series ¥ v,== prr We have

u, ne 1
ET" 1F 1 7
w(2-5) (2
lim S lim ] — 1 __L
n+w Ya n—»m(z___l_)F (2—0)F 2
n

which is non zero and finite for any given value of p.

Thus 3, and Zv, cither both converge or diverge together.

1 ; .
But 2 V= ZF is convergent if p>1 and divergent if p<<1.

Hence the given series is convergent if X<<1 and divergent if x> 1 and
when x=1, the given series is convergent if p=>1 and divergent if p<1.
13’12, CAUCHY'’S ROOT TEST

According to this test if Su, is a positive term serics, then

1
(i) it is covergent if lim (¥,) 7 <I,
n-+ o
L
(i) is divergent if lim (4,) 7 >1, and

n—+a
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1

(ifi) the test is inconclusive if lim (4,) " =1.
n->w

Example 20. Show that the series :
I 1 1 1
+o5 3 + gt ds convergent.

Solution, Here the nth term of the series is

Thus ) ? = (_. —

lim (’1.)_;] = lim -—1;:-:0<l

n-*a

=> By Cauchy's root test, i, is convergent.

Example 21. Test for the convergence the series whose genera
term is

2
Solution. Here ,=( 1— % Y

1

Thus (uﬂ)T:-( 1- ,]T) [( 1‘}17 )]l

R
oo lim () 7 = lim [( 1—% )“"]—1 :e-x,_:_:_<l

H¥ O n+ow
= By Cauchy’s root test, 34, is convergent.
Example 22. Test for convergence the serles whose nth term ig
"'
(n+1)""
1
n" i
Solution. Here (u,)" — .
(I+m)n (I+_l_)"
n
A
lim ()" =fim 1 _1
n—+w n—+w 1\ €
(1+- )
n

Hence the series converges by the root test,
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Example 23. Test the convergence of the series
=1 3 ER 41 4 -8
]2 =7 ) ( 23 —?) "f‘(?&"“'j— S e
? | IR UL 2 R s B O
Solation. Here u, ._i(—ﬁh ) _(.n_)§

CETeR -]

(ud)‘nl"_ n H)*l[ n-| 1 ]—1
() (e T

1
e -1
Thus lim ()" = lim ( [+ l) /[( B L)" —1 ]
n-—»> <o nea \* n n
= ?171"’ which is less than 1.
Hence by Cauchy's root test, the given series is convergent.

Example 24. Show that the series Z i_(f:‘_.{_);‘_}’_' is convergent if

x<<l and divergent if x> 1,

Solation. Here u, _k{(ndr l)t}" (','_'_‘ifll‘.’f a
. . e b
_n n _J
I
(n+1)x 1
(1, ) T :( ]-{--n—) . T
nn n nn
i
lim (u) "7 =x [ o lim » ~1]
n-* o n-* o

= By Cauchy’s root test, the series is convergent if x<Cl and
divergent if x>>1.

4D 1 n4+1\" 1 1 \*
If x=1, then ¥,=——= = = (m) ———( ]—{-——)

nntl n

o . 1
Taking the auxiliary serirs Zv,, where Ty =

lim Lo = lim (l-l— ) =z,

)
n->oztn n-+m
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= By limit comparison test, 34, and v, are either both convergent

A
or both divergent, but Nu,= 2 % is divergent, therefore, 3Iu, ig

also divergent.

Hence the given series is convergent if ¥<<1 and divergent if x> 1.
13'13, RAABE'S TEST

Let su, be a given positive term series such that

ftm n Ii——[ )]%I then

n—+ o Uaty
(f) zu, is convergent if I>|
(i) 3u, is divergent if 1 <1, .
(i) if I=1, then the test fails, the serles may either converge or
diverge,

Example 25. Derermtne the convergence of the serfes
1 gy A3.5
i R LT T Sl
1.3.5...(2n—1)
2.4.6...(2n)
1.3.5...(2n—1)(2n}-1)

Solution. Here u,=

= n+l
R W T T R
1
S feud 3 K o ;
“@nt1) i1 (0
ton
. B
lim = 20 _ 2
n—» uu-i'l X

= By dAlemberts Test, the series is convergent or divergent
according as — :>l or —I-<l respectively, Le,, according as x< | or x>1

respectively. Smce this test is inconclusive when x==1, we use Raabe’s
test. If x=1, (1) can be written as

u, I &=
a1t ) 143)

. 1 1 1 1 1
_( l+_n_)( 1—27 20t :1+§n— o T
N Bl
W n(u,,ﬂﬁl )=t
lim {n "—-l)}-————(]
n-—+oc n+1

= By Raabe’s test the series is convergent,
Hence the given series is convergent if x<<1 and divergent if x2>1,



CONVERGENCE AND DIVERGENCE OF SERIES

series :

: 24 g
: +34 MLEV KT ¥ Xy LA
2 A2 £2 N2
Solution. Here N = 234426(2;" 2) . Xin

5 . 2!426: (2?3 2)’;(2,,)2 g
3456, 2a(2n 1 1)(2n42)

Mo @1+DQ42) 1 dmenta |

Thus

Wi (2n)? " x? 4qn? Xy
. u 1
lim —2- — TR
T X

» . . - I
= By d’Alembert test, the series is convergent if = >, ie

if x*<<1 and divergent ifxl, Z b s XS

If x*=1, (1) may be rewritten as
u,, - 4n’+6n+2

4ni
5 R ) ( 4»2 +6n4-2 1 ): on- | 2n
4n3 4n?

1
= lim {n(—u‘—m] )}_— lim _6"_-&’!_?‘1:;_>1
n-»

- 0 u. +1 4”2

=> By Raabe’s test, the series is convergent.

Hence the serices s convergent if x<_1 and divergent if x>1.,

EXERCISE (1)

1. Find whethn,r the following series converge or diverge.
& 3 4

@ - +2, tor et
2 3 n
() 723+§4 c2¢5+ m+
(4ii) i%‘%—:—"'.?z +"‘+ET+"'
2 K} 4
(&) ﬁ%‘*z?iﬂﬁ—ﬁsz?*--
1 : 3

O Tt

467

Example 26. Examine the convergence or the- divergence of the

sl
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468
2. Examine the convergence of the series:

O 5y7+37
@ yit+37+
!

(i)
Examine the convergence of the following series
(1) 143x45x24Tx3+9x4 4.
R pd il
) Traiaiteyte
Examine the convergence of the series
'l

3.

4.

; x xF X
R A
o 1 x?
it 123'*‘456""1.3.9 Lk
- x’
(iif) 1+22 +3 3, 4, Fsi
X il
(vy 1+ % s + +n,+]4
5. Test the convcrgcnce of tbe series :
. i X"
) a+\/l a+\/2+a+1/3+ +a+\/n
V1 V2 V3 v o
x x4 X X" 4.
ACES Vit

(it 3
: VAL V2V 1
2x 3 4Ax (n41)x"
(#it) ir +'27*-l- 3t T "’-1,——--}-
1 4 9 n?
i —_ ZL AN, e
M) 5 +g *hggish=hgean
Examine the convergence of the foliowmg series

x"-14- ..

6.
@ §ﬁ+xi‘;2+x+3+ +x+n+ )
i) 1+ 3 +;: +‘g:

s HJ-(x*zf:xz"*Sj;x’* e
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7. Examine the convergence of the following series :

@ 12,23 34
~ e

@ 2(3)+ 8("" ( )64 m)+

8. Test for convergence or divergence of the series :

[s0]
In—4 nti®
(l.) ﬁit-—z}l X ’ ([i) z(ng+l)3’2
n=1 n=1
(e o]
(iif) Z[v’u"‘klu-rtjx“
n=1]
o
; 2.5.8...3n—1) 13.5..2n—1)
W 2159 @3y ™ Z Tl
n=]
0]
n
“(vi) zl—x_*_—x-a (given 0<<x 1) [C.A4., May, 1991]
n=1

9. Test for convergence the following series :
(e a] w
n n 1
! — i e
o Dl ® s
n=1 n=|1

(ifi) z[ 1+ [ ) J__(”W;n’___)i"]"

n=1 Nex |
® i[ o= " o i 2"
ne=1 =1

10. Test for convergence the following series :

. 1.3.5
@ +24 2467

N 135 (n—3) 1
(i) Zﬁa...(zn—l) " @n=2)

Ne=|
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15 f®gs, 2 manas
wtpptag et

x .k 2 ;B3 & 138
() Tr3 - 3 t34: 5 tia6- 7t

(i)

ANSWERS
1. (/) Convergent, (i) divergent, (i) divergent, (iv) divergent,
(v) divergent.
2. (i) Convergent, (i) divergent, (iif) divergent.
3. (1) Convergent, if x<<1 and divergent if x>1,
(ii) convergent for all x.
4. (i) Convergent for X< 1 and divergent for x>-1,
(i) same as in (§); (#i) same as in ({); (iv) same as in (i),
(1) Convergent if x<1 and divergent if x>>1, (ii) same as in (i),
(#i) and (iv) same as in (i).
6. (i) Convergent if x<<1 and divergent if x> 1, (i) same as in (i),
(i) convergent if x2< 1, divergent if x*>>1. Also convergent if x*=1 and
P>1 and divergent if X2 =1 and p<1, (Iv, convergent.
7. (i) Convergent if x>>1 and divergent if x<1,
(#) convergent if x<Za and divergent if x>a,
8. (i) - Convergent if x<C1 and divergent if x21,
(#) convergent if x<{1 and divergent if x>1, (iii) same as in (fi).
(vl) convergent if 0Kx<<1 and divergent if x=1.
9. (i) to (vi) convergent.
10. (i) Divergent, (if) convergent, (i) divergent,
(fv) convergent if x?<{1 and divergent if x*>1.
13'14. ALTERNATING SERIES

An infinite series in which the terms are alternately positive and
negative and in which each term is numerically less than the preceding
term is called an Alternating Series. Symbolically, a series of the form

@
Uy —UtUg—u, ..., ie, 3 (_.l)n—lun
ne=1

where ¥,>0vn, is called an alternating series.

13°15. LEIBNITZ TEST

An alternating series is convergent if each term is numerically less
than the preceding term a~u the nth term is infinitely small when # is
taken infinitely large. Symbolically, the alternating series

Uy — gty —tyt (=1,



CONVERGENCE AND DIVERGENCE OF SERIES 471

is convergent if (1), <t,¥n, and () lim u, =0
n-» o =

and its sum always lies between 0 and u,.

Example 27. Test the convergence of the series .

;] 1 1 1
“TiternTa
Solution. In order to discuss the convergence of the givgu scric_?,s.
we will apply Leibnitz test for the convergence of an alternating series

and we shall verify whether the terms of the series satisfy the two condi-
tions or not.

!

. . : ; x 1
(i) Obviously 1,534, () hm 4, = lim —=0
ey nro M1
= By Leibnitz test, the given series is convergent.
Example 28. Test the convergence of the series :
1 & 1 N -
abc ~ (a+ (b D(e-t+ 1) Fairnd +2)(c+2) {(aiHbtIet3) "

a, b, c are positive,

Solution. Let the given series be represented by
Uy — Uy -ty — g

i e 1 ooz i 1
u"‘_(rH n—b4n—1)ct+n—1) Hatr” (a-+n)(b4-n)(c+n)

Since @, b and ¢ are all positive,

I S S SN PR .
a-l—n—l>a-|-n’ b+nr—[>b+n — c{n—l>c+n
1 - 1
@rn—D@n—Dictn=1)"(@rm@E+meE+n
> luﬂhf"ul‘fl
= Uy <M, I 5

; . 1
Also lim u,= lim —
prw | nwve (@HN—10+n—1)c+n—1)

= lim

i 1
A n’[ l+“n——l][ 1 +'—’n;1:”: 14> !
=0 0

From (1) and (2), we conclude that the given series is convergent.
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Example 29. Examine the convergence of the series :

S RV

n=1

Solution. Here t,=V/(nf 1)~/ n

L NOED+V
e N v

n4-l1—n N _ 1
A (AN +Vn T V(@mr D4
Now we shall apply the Leibnitz test for the convergence of an alter-

nating series and we shall verify whether the terms of the series satisfy the
two conditions or not.

1 1
Qe R VT YRR
_AnFT 4V n —v/ng2—+/ati
C(nr24vnr) atie ny

Ly vV 'n—+/n§2
(VAR VAt VaElL 4 D
VA —v/nt2 AR
CWnt2+ VAtV atl+V n) ~ n +vnt2
- n—(n+2)
Wnt24+An+ 1) Vatr1+vV (V7 +vVnr2)
<0
Wi un+l_un<01 1,8., un>ul+l'
= g 1 1
1 n= 1 ———— e
“ iy Reweod Vnt+l+vn

= lim

! =o.
n-+ \/TT[( 1+-’ll—)”' +1 J

Hence by Leibnitz test, the series is convergent

EXERCISE (I11)
1. Test the convergence of the following series ;

1 1 1
(i) I— —\;,“2-{»-\'—/——-\7-"'4‘*'
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= 1 3 1
(ll) 1—2{/31-5'?3 - 4--\744-

2. " Show that the following scries are convergent :

o> 0w > e

n=a] n=1

- — 1)1
(iif) z (n’ﬂ)-af—

n=1

3.  Examine the convergence of the following serics :

o 1 I 1
O S —sa *¥iza ~x53

o 1 1 |
(i) 5

- ...where x and a0

TEINOFD T ETII) ThE 3)()’-&-3)_Jc

where x and y>0.
ANSWERS
1. (#) Convergent, (i) convergent,

2. (i) Convergent, (ii) convergent.
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