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OBJECTIVES
After studying this chapter, you should be able to understand :

@ mcasurement of angles, trigonometric ratios, trigonometric
functions and their signs.

@ trigonometric functions of standard angles ; use of printed tables,
f-ratios of allied angles, sum and difference of angles, t-ratios
of multiple angles.

@ changing the sum or difference to products and vice versa for
solving problems

@ trigonometric identities, properties of a triangle and solution of
a triangle.
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14'0. INTRODUCTION

The word Trigonometry is derived from two Greek words—'trigono’
(meaning a triangle) and ‘metron’ (meaning a measure), and hence the
literal meaning the measurement of a triangle, Thus trigonometry is
that branch of mathematics which deals with the measurement of the sides
and the angles of a triangle and the investigation of various relations
which exist amongst them.

There are several methods of measuring angles. One of these
methods, used mostly in trigonometry is the radian measure which is also
called the circular measure. The concept of angle is also somewhat modi-
fied in trigonometry. Here it s formed by a moving line from its initial
position to the terminal position, clockwise or anti-clockwise. Now the
circular functions deal with the relations of these rotating lines and the
angles formed by them. Since these are measured n circular or the radian
measure, they are called the circular functions. Except this there is no
difference between trigonometry and circular functions, and they are so
closely interwoven that the difference is not of much relevance.

In trigonometry we have a good deal of combination of algebra and
geometry. There are algebraic symbols, formulac aad equations which
make the subject more interesting and useful for practical applications.
To state a few, it is useful in measuring height of the mountains, the
summits of which cannot be reached, the distance of inaccessible objects,
the width of rivers without undertaking the trouble of aciually crossing
them, measurement of the size of the earth, etc. It is rather indispensable
for industrial engineering, surveying and astronomy. In business the
phenomenon of business cycles can be explained by some of the circular
functions.

Since trigonometric functions are widely used in mathematics, our
understanding of the subject will be incomplete without the knowledge of
trigonometry. There are two mam branches of trigonometry., viz., plane
trigonometry and spherical trigonometry, however, we will confine our
study only to plane trigonometry.

ANGLES

An angle in trigonometry is defined as
the amount of rotation made by a straight

line from one position to another about a ¢
point. In other words it can be traced by &
the revolution of a straight line about a b
point from its initial position to the terminal @7
position as indicated in Fig. 1. &

-y

In the adjoining figure, the initial side
OX moves anti-clockwise to the terminal
side OP from the common point O, called
the vertex, to trace a positive angle.

/
A POSITIVE ANGLE
o

INITIAL SIDE X
VERTEY

Elg. 1.
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Initial side
Negative angle

A similar movement clockwise will trace
a negative angle.

QUADRANTS

Let the two perpendicular lines X'OX ¥
and Y'OY divide the planc into four parts,
each one of them being called a quadrant, c
Conventionally the region XOY is called the
First quadrant, the region YOX’ is called the
Second quadrant, the region X’0Y' is called
the Third quadrant and the region Y'OX . "
is called the Fourth quadrant.

y

P4 [s]

¥
Fig. 3.
14’1, MEASUREMENT OF ANGLES

. In geometry, an angle is gencrally measured in terms of a right angle.
This, however, is too large a unit for practical applications in trigonometry,
S0 1n trigonometry there are three systems for the measurement of angles.

I. Sexagesimal System (or the English System). In this system
a right angle is divided and sub-divided into small parts as shown below :

I' rt. angle=90 degrees (written as 90°)
1 degree= 60 minutes (written as 60)
I miunte=60 seconds (written as 60")

II.  The Centesimal System (or the French System). In this
system, a right angle is divided and sub-divided as shown below :

I rt. angle=100 grades (written as 1007)
1 grade =100 minutes (written as 100")
I minute=100 seconds (written as 100")

The minutes and seconds used in the centesimal system are distinct
from those used in the sexagesimal system.

A right angle being the connecting link between the two systems, an

angle in the first system can be converted into the units of the second
system and vice versa,

one rt. angle contains 90° and 100¢
10¢

90°=100¢ = 1° g
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. 10
Thus to change degrees into grades, multiply by -, e.&.

9'!
Y,
0 — =T70¢
63°=03 x 9 70

. 9
Similarly to change grades into degrees multiply by 0" e.g .

9 (t
40r =40 X 1 == 36",

477

Remark : A conversion process from one system to the other can
be simplified if the given measurcment 1s first converted into a dccimal
fraction. This, in the case of sexagesimal system, is done by dividing ecach
successive part by 60, 60 and 90 from right to left and in case of it being
in centesimal system by 100, 100, 100 in the same manner as illustrated in

the following example.

Example 1. (a) Express [7° 15" 27" as a decimal fraction of a right

angle and then reduce it into centesimal measure.
(h) Reduce 36 32' 50" to the sexagesimal measure,

Solution. () 2?"ﬁ%:‘0'45'

15-45°
U L . . L — () £
15927 =1545 b 02575

17:2575 _"T2575
T i e — 9
=0"19175 rt. angle

100

17°15°27" —=172575"=

19°175 grades
100

175  minutes
100

50 seconds
Thus 17°15727" =19*17'50"
o, S
(b) 50" = 109 =05
325
100
36325
100

32'5¢ =0325¢

36°325¢ =

rt. /. =036325rt. /.

rt.
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90

326925 degrees
60

41-55
60

3300 seconds
Thus 36532'50"=32°41"33"

III. The Circular System (or the Circular Measure)

In all the higher branches of mathematics, this system is commonly
used for measurement of angles. In this system, the unit of measurement
is a radian,

The radian is defined as an angle sub-
tended at the centre of a circle by an arc equal
in length to the radius of the circle,

Let us draw a circle around the centre O
with any radius. From any point 4 on the
circumference cut off an are AB=radius of
the circle. Join OA and OB. Then [

AOB=1 radian, circular measure of an
angle is the number of radians it contains).

Since, the angles at the centre of a
circle are proportional to the arcs subtended
through them, we have

Arc(r)

Fig. 4.
/AOB arc AB r 1 h
Total angle at O ~ Circumference ‘2_;;'5;[ Where weed-14 15 ]
I radian 1

=>

art, /5 2n
> 1 radianm4 i /“s=~2— rt. /.5
2n n
= n radians=2 rt. /5=180"=200¢

which is the relation between three systems for the measuremen

= L6 the t of angles.
Through this, given any one system we can derive in any other

system,
Example 2,  Find the circular measure of

(i) 60°, (if) 112°30°, (iii) 135°
Solution. We know 180°=x radians

() 60°:£6 x 60= -‘-_,} radians

(it) ] rzfzo'z%s
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#5 ><22 mdi'mSWS—ﬂ—- radians
2 18 2 <« < R 8 s LS
e i s
(iif) 135 =180 < 135 radians= 4 radians
Example 3. Find the circular measure of

(§) 40° 27" 30*, (ii) 6556’ 7",
Solution. (i) 30"=30 :

60 = 2

o 11°
2x60 1207 24

27 307 =27 L 2% 3

40°27'30" —40 L1

qq =404583°
Since 180° =« radians. lu:lﬁ% radians
40-4583"=l—'é—0><40-4583 radians
~22 l—éﬁx 40°4583 =0°7064 radians
& ro T oo
6’7" =607 = 61%%'=0'0607‘
65¢6'7" = 650607 =65'0607 x i%tr) [ 2007 =r radians]
196—52(1622 n radians=0'3253035 r radians.
Example 4.

The angles of a triangle are in A_P. and the ratio of the
number of degrees

in the smallest angle to the number of radians in the
greatest angle is 60 : =, Find the angles in degrees,

Solution. Let the angles be (@—d)°, a” and (a } d)°.
The sum of the three angles being 180°,
(a—d)4-a+(a+d)=180° = a=60°
so that the angles are (60 —d)°, 60°, (60 |-d)°

0 T g
Now 1 180 radians

Greatest angle =(60+/)° = ——

80 (60+/) radians.
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Therefore, from the given data
(60—d) 60
= ©0+d) ™
= 180 (60 —d/)=60 (60 +d)
= 4d=120°, so that d==30°
Hence the angles are 30°, 60°, 90°

Example 5. (a) If D, G, Care respectively the number of degrees,
grades and radians in an angle, show that

D . i .
Lo I S o BT
] n

D
Solution. (a) D dcgrccsr—g-c— tt. /.5

G
G grades== —-- i
grades [0 it 4§

C radians - (’—,3:2 . 2.5

Equating all the three, we get

D G 2C

90 100 x

D ¢ 2C
(h) Let §6 r_:i-(')—o-—:.-;._‘k

D90k, G=-100k and C=}rk
L.H.S.=G—D =100k —90k

= 10k =20 % Iuk
™
c
elp i
™

Theoxrem, The circular measure of an angle subtended at the centre
of a circle by an arc is .
Subtended arc
Radius
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Draw a circle with centre O and
radius (a? Let [ BOC=¢ radians and
arc BC=I,

!
We have to prove that Peeies;
Now cut off arc B4=r. Join OA,
Since angles at the centre of a circle

are proportional to the arcs subtended by
them,

{_A_OB__arc AR
[_BOC™ are BC
1 rachan r

= _._=.._?._

8 radians

I
= 6= 3 radians.

Remark, I=rg and r:—gh

Thus, if any two of these quantities are given, the third can be deter-
mined. Butin applying this formula, # must invariably be expressed
in radians and / and r should be expressed in the same units.

Example 6. Find the angle subtended by an are 15 cm. long at the
centre of a circle whose radius is 60 cm.

Solution. 8:71_- _—,.16—3 radians =% radians,

Example 7. Find the length of an are which subtends an angle 120°
at the centre of a circle whose radius is 6 cm.

Solution. Here r=6, 6=120°=120x “1'3'"0 radians

Substituting these values in the formula, we have

w
I=rg=6x 120 jgo=d

=4x3142=12'568 cm.

Example 8. A circular wire of 6 cm, radius is cut and bent so as to
lte along the circumference of a loop whe#e radius is 0-96 metre, Find in
radians (and also in grades) the angle which is subtended at the centre of the

hoop.,
Solation. Here /=Length of the arc
=Circumference of the circular wire with 6 cm. radius
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=2XnX6cm.=12x cm.

r=radius of the loop=0'96 metre=96 cm.

I 12v = .
0=—r-=-§3- =3 radians

Also n radians=200 grades

L4 s 200 =
. e =758
8 radians —R-g grades

Example 9. The !argé hand of a big clock is 3 feet long. How many
fnches does its extremity move in 10 minutes’ time ?

Solution. In 60 minutes, the minute hand turns through 360°

In 10 minutes it turns through=362§ s

=60°

L -
6=:60 X 180 radians

r=radius of the circle=36 inches
I=length of the arc==rf

=36%60% 22 % —

7 X180
= 2—,—‘;&=37‘7 inches.

Example 10. A horse is tied fo a post by a rope 81 metres long,

If the horse moves, always keeping the rope tight, find what distance will it
have covered when the rope has traced an angle of 70° 7

Solution. The distance covered by the horse is the length of the

are of the circle with radius 8°'1 metres, the arc subtending an angle of 70°
at the centre.

r=radius of the circle=38'1 metres

¢=angle at the centre in radians
o

= T0x 130 radians
=required Jength of the are

-
=rg=81x70x% 180 metres

) 22 1 e
=81xT0x 7 Xig0 metres=99 metres.
Example 11. The moon’s distance from the earth is 350,000 kilo-

metres and its diameter subtends an angle of 31’ at the eye of the observer
Find the diameter of the moon,
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Solution. Let AB be the diameter of the moon which subtends an
angle of 31 at O, the eye of the observer.

Since [ AOB is very small,
therefore, the diameter AB
ts nearly equal to arc AB
of the circle whose centre
is O and radius is OA, ie.
the distance of the moon
from the earth. Jlet AR
be [ kilometres.

_ Fig. 6.
.31 .
Hence 8=31"= 0 % éﬁ radians and r=2350,000 kilometres
I xw . i - f= i )
60 180" 350,000 ( o
31 x350,000x22 85250
I="2 : = i
> G0x180x7T = 27 kilometres
I .
> f—3!57;—7- kilometres.

EXERCISE (I
1. Give the different methods of measuring angles and give their
inter-relations

o2 (a) Express in terms of a rt. angle, and then reduce to the cen-
tesimal system,

(f) 20° 44’ 42", (ii) 79°5’ 15", (§ii) 135° 24’ 29°34".

(b)Y Express in terms of a rt. angle and then convert into the sexa-
gesimal system,

(i) 35¢ 2’ 50", (i) 26¢ 97" 5"

3. Express in radians the following :

(a) (i) 225°, (if) 375°, (iif) 225¢, (b) (i) 47°48 45", (ii) 56 45" 75"

4 FExpress both in degrees and radians, the angles of a triangle
whose angles are to each otheras 1:2:3.

5. The angles of a triangle are in A.P: and the ratio of the number
of grades in the smallest angle to the number of degrees in the greatest
angle is 10 : 21. Find the angles in degrees.

6. The angles-of a triangle are in A.P. and the number of grades in
the least is to the number of radians in the greatest as 40:w. Find the
angles in degrees.

7. (2) Find the length of an are of a circle of radius 7°62 cm.
which subtends an angle of 30° at the centre.

() An are of a circle of length’38'10 cm. subtends at the centre of
the circle an angle of 72°. Find the radius of the circle.

8 A horse is tethered to a stake by a rope 223 metres long. 1f the
horse moves along the circumference of a circle always keeping the rope
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tight, find how far along the arc it will have gone when the rope has traced
an angle of 70°,

9. The large hand of a clock is 60'96 cm long. How many cm
does its extremity move in 20 minutes ?

10. (@) A circular wire of radius 3 cm is cut and bent so as to lie
along the circumference of a hoop whose radius is 48 cm. - Find in grades
the angle which is subtended at the centre of the hoop. Find also the angle
in radians.

(b) A railway train is travelling on a curve of 750 metres radius at
the rate of 30 km per hour; through what angle has it turned in 10
seconds ?

ANSWERS
2. (@) () 02305rt. £, 23¢5', (ii) 087875 rt. /£, 0°87487°50",
1'504535 rt. /., 150%845" 35" (b) (i) 035025 rt. /., 31°31'21", 0°26975

L, 162 3 @ () FL ) T, i) g

(b) (i) 0°265625w, (ii) 0282287 =.

' A € .
4. 30°, 60° and 90° ( Let =— = L e =k )5 36°, 60°, 84°

o 20° 60° 100° 7. {a) 399 cm., (£) 30°30 cm. 8. 27255 metres.
9.. 1277257 cm. 10. (a) 25¢, 81 [Hint. Length of are=circum-

ference of circle of radius 3 ecm.=2wx 3 cm.], (b) 229",

14'2. TRIGONOMETRIC FUNCTIONS

Trigonometric functions are relations between any two of the three
sides of a triangle. For the sake of simplicity a right-angled triangle is
taken as a starting point to explain these relations. Among other things, the
sides of a right-angled triangle arc easy to define and grasp. These very
ideas will then be extended to all other angles. It may be noticed that
an angle in trigonometry is defined in' a highly generalised manner which
suits the subject because it helps in extending the concepts of trigonometric
relations to other angles with no significant changes.

A Right Angle. Let XOY be any angle 6. Take any point P on
OY and draw PM perpendicular to OX. A rigbt angled /A OMP is formed.
If 6 is taken as the angle of reference,
MP, the side opposite to & is called the
perpendicular and OP, the side opposite
to the right angle is called the hyporenuse
and OM the third side is called the base,

General Angles. Let a  straight
line OA, starting from the position OX
and rotating round O trace out an angle
XOA. Let 6 be the measure of the angle
Fig. 7. XOA. This angle can be of any magni.
tude. From any point P in the fina]
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position of the revolving line OA4, draw PM perpendicular to OX or XO
produced if necessary as shown below : g

Fig. 8.

14'3. TRIGONOMETRIC RATIOS

Now, the three sides OM, OP and MP can be arranged, two at
a time in six (*F;) different ways and hence six ratios can be formed with
them. These six ratios are called the trigonometric functions or f-ratios
or circular functions and are defined as follows :

1. The ratio of the perpendicular to the hypotenuse is called the
sine of the angle g and is written as sin 4.

Perp. MP ¥  Ordinate
Hyp. OP r — r '

2. The ratio of the base to the hypotenuse is called the cosine of the
angle § and is written as cos g,

Base OM x Abscissa
CoOsS Immm— = e = — = ——— T
Hyp.

3. The ratio of the perpendicular to the base is called the tangent of
the angle ¢ and is written as fan g.

— 6,_Perp._l"'ﬂ:' __ ¥ _ Ordinate
" Base OM ™ x = Abscissa " .
The following three ratios are reclprocals of the above ratios.

4. The ratio of the hypotenuse to the perpendicular is called the
cosecant of the angle ¢ and is written as cosec §.

OP r r
Perp. ~ MP — y = Ordinate

5. The ratio of the hypotenuse to the base is called the secant of
the angle § and is written as sec 6.
Hyp. OP r re

SeC 8 =Hare —OM =% Abscissa
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6. The ratio of the base to the perpendicular is called the cotangent

of the angle g and is written as cof g.
_B.E:‘L_Q_A_’. X Abscissa

Perp. ~ MP = y ~Ordinate ’

Besides these six f-ratios, there are three more ratios given below :

() versed sine or 1—cos 9

(i) coversed sine or 1—sin ¢
(#i) inversed sine or 1+-cos e,

However, these are only rarely used.

Illustration : Write the values of I-ratios of angles 8, «, and B.

cot 8=

8
5 a
3
<\8
A & C
Fig. 9. Fig. 10

Solution. It has been presented in tabular form as follows :

t-ratios 9 a g

2 Ordinate 3 4 9
. 3=( r ) 5 3 15
a—( Absciaaa') 4 ¥ 1z
SsSS r 5 3 15
- 8_(Ordinate 3 4 9
1 9=\ Abscissa 3 3 iz
r 5 5 15
e 8‘( Ordinate ) 3 3 5
r 5 5 15
e G~ y E T
¢ Abscissa 4 3 12

oot '"(omi'nm"‘) 3 ry 9

|
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14'd. RELATIONS BETWEEN TRIGONOMETRIC FUNCTIONS

I. Reciprocal Relations. The following relations are obvious
from the definitions of f-ratios.

(D) sin 8 X cosec 0=1
- a=cosec @ 454 Fesne ez;in_ﬂ'
(i) cos § X sec §=1
1 1
cos 0—.——“ ) and sec 8~cos 7
(iil) tan §xcot =1
tan 8=€0ta and cot e=;—a—;-5.

In words : (f) cosec @ is reciprocal of sin ¢ and vice versa,
(#) sec 8 is reciprocal of cos @ and vice versa,
(#if) cot ¢ is reciprocal of tan § and vice versa,

II. Quotient Relations :

a1

ind
sin? 8 +cos? ¢ ata="m—=n

tan §= sim and cot 9=c(-|s o :
cos § sin @
From Fig. 8 on Page 485, we have
sin ezi, cos ==
' r
2. X
sing r vy cos @ X
st x tan § and S s 21_—)' =cot §.
r r
I{}. Square Relations :
(i) sin® 8 +cos* =1
Pt Pk P

From this relation, we can obtain
sin® 6=1—cos’ 8 and cos® =1 —sin? 4.
(11)] sec? §—tan? §=1

. r’
5 sec! 8 —tan? 6=F -
It follows from above that

sec’ §=1+tan® ¢ and tan® f==sec? 61
(#i) cosec? §—cot? =1

.. rt x? rt—xt
A cosec? § —cot? o=;,—..-y—,—=--?—-=§i.=1
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We can obtain from the above relation :
cosec? =1+ cot® § and cot® §=cosec? §—1
The above three inter-relations arc very important and are called

Identities. If any one of the trigonometric function is given, the remaining
can casily be found by using the above relations (I), (II) or (III).

Remark. It should be noted that sin # does not mean sinx§g, fe,
sin is not a multiplier. The sin ¢ is correctly read as “sin of angle 6”".
Similar is the case with other trigonometric ratios. Further

(sin 6)? is written as sin? ¢ (read : sine square §)
(sin 8)? is written as sin® @ (read : sine cube §)
Similarly, for other f-ratios of 4.
But (sin )~! is not written as sin~! 4.
Example 12. Prove that
2 (sin® g+ cos® 9)— 3(sin* §-+-cos* §) +1=0.
Solution. L.H.S.=2-[(sin? #)*+4 (cos® 8)*]—3 {sin* § -} cos® 8)+1
=2 (sin? 0--cos? §) (sin* 8 +cos* §—sin? § cos? 8)
— 3 (sin® @4 cos* &)+ 1
=2.1.(sin* 6+ cos* §—sin® § cas? 6)—3 (sin* §-+cos* £)-+1
= —(sin* 8+ cos® §)—2 sin? ¢ cos* g +1
= —[(sin® 8 + cos? )‘LZ sin® § cos? 9)—2 sin? 9 cos? g1
=—142 sin? § cos® §— 2 sin® g cos? §+1
=0=R.H.S.
Example 13. Prove that
i sin @ I4-cos ¢
I—cosg ~  sine@
sin 8 14cos 6
l—cos @ " l1+4cos @
__sin@(l+cosf)  sin 8 (1+cos 8)
~ .. 1—cos* @ - sin® ¢
= L LEORY o
sin §
Example 14. Prove that
I—sin A
Iysin A

Solution. L.H.S= /\/ 1—sin A
T4sin 4

_V l-—smA 1—sin A
1+ sin A 1—sin A

510520,

Solution. L.H.S=

—=sec A—tan A,
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1—sin A 1—sin A 1 n”sin A
=‘\/1~sin2 3 cosA cosAd cos 4

=sec A—tan A=R.H.S.
Example 15. Prove that
(cosec g —sin 0) (sec 0—cos B) (tan 64-cot §)=1.

489

Solution. Evidently we have to simplify the L.H.S. Thié_simpli-
fication is best done by expressing all f-ratios in terms of the sine and

cosine by the use of the formula :

1 in 6 cos
cosec G=-——, sec B=——1-« , tan azsln—-. cot U= g
sin @ cos @ cos 8

. r 1 ) 1 sin O cos B
LHE={=—u— ) L o Ry
5 \sin s (cos 0 e )\cos 0+sin 9

_l—sin2 @ 1-—cos*¢ sin®f6}cos®e

sin 6 cos @ “sin 0 cos 0
But I—sin? 0=cos® 0, 1 —cos? 6=sin? §, sin® 6+ cos* B=1
o n2
L=l Al 1 a-mEs

sin 0 XCOS 0""sindcos

Example 16. Prove that
sin A (I+tan A)4cos A ({ 4cot A)=s5ec A+cosec A,
Solution, L.H.S.=sin A (14tan A)+cos A(1--cot A)

Sy A)—i—cos A(H—

cos A ‘\
cos A

sin A/

=sinA(1+

; in A4+cos A ssin A+cos A
sondey A 0 Sor COR A [ RS o
= ( cos A )-{-cos (\ sin A )
. in A cosA
- A 50, £ OS2
(sin 4+ cos A)(cos A+sin A
2 sin? 4+cos? A
=(sin A4 Ay ——
(i 4-boos AR T A
_sin A+cos A sind cos A
cos Asin A cos Asin A ' cos A sin A

1 1
et A i 4 A-+cosec A=R.H.S.

Example 17. Find the value in terms of p and q of
( pcos g+q sin 6)
(pcosd—q sin @)
when cot §=pjq. Here use of any figure is not ailowea,
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Solution.

cos & P .
Pcosd+qsinh Penot? peotbtg Pg e
pcosb—gsinb cos® ~ pcotb—g P
sin 0 P q 7
pz_;_qz

Example 8. (2) Iftan A4sin A=m (1)
and tan A—sin A=n ...{2)
prove that m*—n2=4+/mn,

Solation. Adding (1) and (2), we get

2tan A=m+n
> tan 4 ik i
2
" M T 1) 3)
m+4n
Subtracting (2) from (1), we get
2sind=m—p
g m—n 2
= sie A—-T , ie., cosec A _ﬂl_—-l'l -"(‘)
Also cosec? A—cot? 4=1
4 4 Himiny—(m—n)'} |

(m—ny™ (m¥np2 (m—nYt (m+ n)
le,, .-_.‘.‘_E.i’m__ =1 = (M*—n?)*=16 mn

{(m—n)m+nm)r—
Hence (m2—n2)=4v/ mn,

&)

o 4-(2)"

Solution. We have

cosec A—sin A
- —cos A 1—cost 4
_cos A A
B i 1—sin® 4
snAd 4 “sin A

__sin A sin® A_sin' A
cos A'cos* A~ cos® A

If m=cosec A—sin A and n=sec A—cos A then prove that

(C.A., May, 1991]

=tan® 4
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n \1/3
tan A=( )
Example 19. Show thai
({ + cot 6—cosec B) (I +ian 0+ sec f)==2.
Solution. We have
cos & sin ©
L.HS.= ( H_sme sm&)( +cosﬁ cosﬂ )
{(Sm 6+cos 8)—1} {(sin 8 +cos B) 41}

sin 6 cos 6
_(sin 0+cos a)’—!L_S'“‘ 0-cos 0+2 sin 6 sos 6—1
~  smBcosB sin 0 cos 6
142sin€cos6—1 g 1
= 6+ cos® 9=1]
sin 6 cos @ { sin @
_2sinBeos® . o .g
sin 6 cos 8§
Example 20. Prove that
cos 6 sin ¢ ;
T—tang *T—corg " 00?8
. cos 0 sin 6
Solution. L.HS.= - +
j_sin 0 __ cosB B
cos 0 Y
___cos 6 sin 6
" cosh — sin6+sin0~cos ]
cos 6 sin 6
cos? sinZ §

“cos0—sin B cos 6—sin 0
__cos? §—sin? 6 (cos 6+ sin 6)(cos 6—sin 6)
" cos B—sin @ (cos 6—sin 9)
=cos 6+sin 06 =R.H.5.
Example 21. Show that
tan g tan 6
sec 0—1 7 gec 9+ !
tan & tan &
sec §—1 "secB—1
s 1 1 A
=tan 8 (eco—i T o—1/

=2 cosec 9,

Solution. L.HS.=
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sec B+ 14-sec 6—1 J
- (sec?o—1y

=tan 0

[ sec? 0=1-tan2 0]

2 sec 6_2 sec 0 2 1 cosb

tan®® “tan 0 “"cos s 0
=2 cosec 6=R.H.S.
Example 22. Prove that

=tan 6.

fan §4-sec 9—1 14 sin o
tan @—sec O+ 1~ cose

. 7 =S
Solution, [ .H.g - '4n0+sec §—(sec? p-—tan? 0)
tan G--sec 641

[*. 1=sec?0—tan? 8]
—(tan 6+sec 6) — (sec 6—tan 6)(sec 6-+tan 6)
By tan 8—sec 6+ 1

__(sec 8+tan 6)(1 —sec 0+ tan 8)
o tan 8—sec 841

4+ 5i
s
cos B

=sec f+tan =

Example 23. Prove that
(sin A4-cosec AVt (cos A+sec AV=tan® A +cot2 A+ 7,
Solution. We have
L.H.S.=(sin A+ cosec 4)?+ (cos A-Lsee A
= sin* A4 cosec® 442 sin A cosec A4cos? 4
+sec? A-+-2 cos 4 sec 4
=(sin® A+ cos® A)+cosec? A+ sec? 4472 sin A cosec 4
-+2cos A sec 4
=I+(1+cot? A) 4 (1 +tan? 4)4-242
=tan® 4 +cot? 44+7=R.HS,
Example 24. Prove that

d—sinx  J3sinx
- — = ol cosect x).
!+secx T—secx 2 cos x (cot x+ cos x)

L.HS ___(1 —sin X)(l —S€C A‘)_(I+sin x)(1+sec x)

Solation, (1+sec x)(1—sec x)
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I—sec x—sin x+sin x sec x-- 1 -—sec X—sin x—sin x sec x
- 1—sect x

—2secx—2sinx 2secxt2sinx 2secx+2sinx
1 —sec* x T sectx—1 T tan? x

2secx 2sin x 2 cos? x 2sin x, cos? x
“tan®x ' tan? x cos x . sin? x sin® x
r1 Cos X
=2.L08 x| s +—.——'-:]:2 cos X (cosec? x+ cot x)=R.H.S.
[Lsin% x " sin x

14'5. SIGNS OF TRIGONOMETRIC FUNCTIONS

The radius vector is always positive in whichever quadrant it lies,

thercfore, the sign of a trigonometric ratio of an angle will always depend
on the sign of the coordinates.

Now, in the first quadrant all (-functions are positive because both
the coordinates are positive. In the second quadrant, X-coordinate is
negative, therefore, all r-functions which involve Xx-coordinate are negative,
fe,cos9and tan 0 and their reciprocals while sin @ and cosec 0 will be
positive. In the third quadrant both the co-ordinates are negative,
therefore, f-ratios which involve both these such as tan 0 and cos ¢ are
positive but all others are negative. I[n the fourth quadrant X-coordinate
is positive but y-coordinate is negative, therefore, cos § and sec § which
do not involve y-coordinate are positive and the rest are negative. The
following figure:is a good aid to memaory.

A crude aid to remember the signs is the four worded phrase
“All Silver Tea Cups™ which may be taken to indicate that all, ie,,
S (sine), T (tangent) and C (cosine)

with their reciprocals are positive in the §¥

first quadrant. Only § (sine) and its 1 1
reciprocal is positive in the second quad-

rant,only T (tangent) and its reciprocal Sin and All (+)

is positive in the third quadrant and only Cosec (+)
C (cosine) and its reciprocal is positive

in the fourth quadrant. X 0 X
Tdn and Cos and
Now the radius vector r is:always Cot(+} S (:)
greater than the coordinates. Therefore, m :
sin and cos, where r is in the denomi. i
nator, can never be greater than unity ) Y
whereas cosec and sec, where r is in Fig. 11.

the numerator, can never be less than unity. But the functions tan and
cot can have any numerical value depending on the size of their coordinates.

5

Example 25. If ¢ is in the fourth quadrant and cos g= ER

find the
13 sin g+ 35 sec @
5 tan ¢4 6 cosec ¢

value of



494 BUSINESS MATHEMATICS

Solution.
oM_ s
_ OP =13
OM=5, OP=13 and
MP:—=0P'—-OM*
=13 -5'=144
Fot) MP=_12
_12 (' MP is —ive in the 4th quadrant)
13

12
13 sec = 5

cos =

3 .osin f=—

-
Pt
w

o
[ ]

5
Given expression
_ 13sing+5sect
Fig i2. " 5tan ¢+ 6 cosec @

3 (-)+s(3) TN
712

\ tan 8=—!2- and cosec = —
[

T d BN A3 ys ¥moriiE]
5\5/*6( 2 e

Example 26. If sin g.sec g—- ' and § lies in the second quadrant,
find sin g and sec 8.

Solution. We are given that

sin #.sec §=—1 iy
ie., skl =—1 or tan §=~—1, P
cos @
_MP 1
tan d=p5p 5

Since 6 lies in the second quadrant,
MP is 4ive and OM is —ive.

If MP=1, then OM=—1. o
—_— X M -1 o X
Also OP=+/MP*4+OM? y i
=VIi+l =2 Fig. 13.
) _MP 1 _OP V2
sin BMOP g and sec ﬁ"MP - V2

Example 27. Ifsin 8=%, prove that

(i) sec 8-+tan e:-;, if ¢ lies between 0 and —;—
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What will be the value of the expression when g fies

o
2
Solation, (i)
MP 21
OP 729
MP=21 and OP=29

Also OM?=0P*_Mp:

=29%—21"=400
OM=20
Is +ive in the first quad-

(if) between

sin § =

>
.. OM
rant)
oP 29
MP 2i
tan 6=-O—M-=§6~
29 2i

sec §

and

Hence sec §4-tan g=

(#) When ¢ lies between —E— and n,

OM is negative. (Draw the actual figure)

and w, and (jiii) betwern » and

Ir

-
=

1

Fig. 14.

>

20 t0=7

i.e.,, in the second quadrant,

. 129 29 = 21 21
sec g = _202—2‘6' and tan 9——_—2'0—:—2—0'
sec f--tan 6:—22- 21 3

(i) The
negative but it is given to be positive.

Example 2§. If cot a'—:_%
sec § and sin g.

Solution. cosec® §=1+4cot?

1
1
5

|

cosec §= —

g=14234

20 20" 7

question is impossible since

in the third quadrant sin @ is

5 ( n<8<{;—), find the value of

169

25 ~ 35

(Since cosec @ is negative, ¢ being in the third quadrant)

5

sin 3:—-—13



496 BUSINESS MATHEMATICS

. 1 sin § 1
Agam sec —66'3—9:(?(;6 —sm—tall @ . cosec ¢

3 I3y __13
—i2 '(_]5)— 12°
Example 29. If sec Bxa-i-d-!;,pmve that

1
sec gtan §=2a or -—.

. 2a
Solution. We know
1 12
tan? 6=§ec2 e—1= (‘Hﬂ-) |

[ 2 1
] 2

= ”‘47) [ (x+y)E—dxy=(x—y)?]

- 1 1

tan B_( a—-—ﬁ)or _(a_za.

Taking the first value of tan g, we have
_ 1 Ly
sec §+tan 6= ( a+4a /+(a-—zs)._2a

and taking the second value of tan 8. we have
: 1 1 1
sec §+tan 8ﬁ<a+4u )__( adq—a—):pj
sec 6+ tan =22 or ~-.
2a
Example 30. If sec §+tan 6=4, find
(a) sec g and tan g, (b) sin § and cos 8,
Solution. (@) We are given

sec @ +tan §=4 ..(1)
Also (sec? g —tan? §)=1
= (sec §—tan @) (sec 0+tan ¢)=1
» (sec 0—tan 6)=- (2
Adding (1) and (2), we get
- E "47
2 sec 8—4+T=T,
= o] 9-—1:1
. sec f=5
Substituting (1) and (2), we get
1 15
2 tan 6—4—7 =

= tan B=l§-
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1 8
(b) cos e—ﬁ_é=ﬁ
. o Sim o
and sin a—c—-—os § X cos 6=tap 8 Xcos
15 8 15
=TTy
Example 31, Ifcos §—sin g=./2 sin g,
prove that cos -f-sin §=4/2 cos §.
Solution. cos §—sin §=+1/2 sin ¢
> cos §=v/2 sin §+sin §=(/2+41) sin ¢
. 1
= sin §= :/E—T—_l cos @
1 v2—1 V21
:ﬁﬁ Ry .ODSGﬁ—\/"i)ET(—I—)g . COs B
> sin 6=14/2 cos 8~—cos 6 '
> cos 0+sin 0=+/2 cos 0.

EXERCISE (II)
Prove the following identities :
1. (a) (1—sin? B) sec? 0=1, (b) (sec? 0—1) cot? =1
(¢) tan 6 (1—cot2 0)4-cot 6 (1 —tan? 6)=0,
cot A+-tan B cot 4 l—tanf cotf—1

2. (@ tan A+cot B~ tan B’ () l1+tan 0 cot 6+1
() cﬁsji-[—c% B sin A+sin B

sin A-sin B +cos A—cos B
sin® 0 cos* ¢ +cos® 0 sin® ¢ +sin? 0 sin?* ¢ -+cos? 6 cos? p=1,
(@) sin® 0+cos® 6=(sin 0+cos 0)(1 —sin 6 cos 0)
(b) sin® 8+sin* f cos? 0—sin?® @ cos® 6 —cos® B—sin? 6 —cos® 0.
5. (a) \/Mcsec A+4tan A

l—sin A

(b) 1+cos 6
I—cos 6

14tan?p I—tan 6 \2 /l+4tan 6 \?
O l+col’0;(l—cot0 :(I-}-cotﬂ

=cosec 8 4-cot 8
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10.

1L

12.

13.

f-ratios.

BUSINESS MATHEMATICS

by COSA L ot A,

(&) 1+tan? A +([+cot‘ A lsin? A=1.
tan A cot A

@ T—cotA T+ 1—tan A =sec 4 cosec 441

) cosec A cosec A
cosec A—1 ' cosec A+ 1

sec 8-+ 1 tan0
(©) Sy +sece+1H2°°sc°0

(a) (sin 6+sec B)+(cos 8+cosec 8)*=(1-+sec 8 cosec D)?

=2'gec? 4

sec A cosec A
cosec? 4 sect A

(¢) (1+sin 8—cos 0)?+2(sin 0+4-cos 8)*+ (1 —sin 0 + cos 0)*=6.

1 1 1 1
cosec A+cotA  sind ~ sind ~ cosec A—cot A

cot 6-4-cosec 6—1 1+cos ]

() (sin A-—cos A)(1+4cot A+tan A)=

(@) cot 6—cosec 64+1  sin 0
sec x-+tan x—1 cosec x+1
® ( tan x—sec x+1 ) " cosec x—1
1 sec f— onf SiD 6
(©) COte(l+sn6+ e(l-}-sccﬁ =1,

(2) Prove that the equation
1
sin B=( ﬂ+?)
is possible only for imaginary values of a.
(@) If sin 8=-1%-, find tan 8+sec ©

sec H—tan 0
cosec 6+cot 6

(b) If sin B=—3— and —'21<B<n, find the value of

(@) 1If cos A:% and 4 lies in the fourth quadrant, find other

: 3n 3
(b) If o is an angle lying between m= and 5 and tan BET ,

find all the other -ratios of 6.

(¢) The sine of an angleistoits cosine as 8 : 15. Find their
actual values.
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(#) Ifsec 6=4/2 and :%‘—4(0-(21:, find the value of

1-4-tan 0+ cosec 0_
1 +cot B—cosec B

4 2sin0+4+3cos o
(e) If tan 0=§- . find the value of dcos0135m0"

14. If 5sin? 0—1=0, find the other f-ratios.

15. (a) If cos 0.cosec O0=—1 and 0 lies in the fourth quadrant,
find cos 6 and cosec 6.

(b) Eliminate 0 and ¢ from x=r sin 0 cos ¢, ¥=r sin 0 sin ¢
and z=r cos 0.

(¢) State giving reason whether the following equation is
possible :

2 sin® 6—3 cos 6—6=0

ANSWERS
12. (a) -%, () ——%- 13. (@) sin A.—_—i—g, tan A=—§?—,
(b)Y cosec A=_£—gg—, sec A=§—?~. cotA:l:'z%l_.
cosec ﬁ:——%—, (c) sin e:—%-. cos 0=—-:—,:;-, (d) —1.
14. cos b= :{:;3—5, tan e=iéﬂ,cot 0=142, sec 6= :]:%-?,

cosec 8=j:\/5 15. (a) ’\4}3: _‘\/2: (b) Xl+y.+z'=r' (¢) No.

14'6. TRIGONOMETRIC FUNCTIONS OF STANDARD ANGLES

() Angle of 0°. Let OX be
the initial position of the rotating
line. Take any point P on this line Y
in this position. Then OP makes
an angle of 0° with x-axis. If OP=r
and co-ordinates of P be (r, 0),
then vy definition

co 0°=ir=~$=| — P(r.0)
d X
sin 0%= -‘?-:-9-=0
r r Fig. 15.
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) t OD: sooz_;_"ﬂ_ﬂa
Similarly
e on oo e
"0 ~es 0 ~1 -}
ec 0"——1“—-!—‘—!:0
COs ‘—-snoo 0 e
Q 1 l _—
and COtO-—-m:ﬁ-—- :

BUSINESS MATHEMATICS

(i) Angle of 30° or n/6. Rotate the straight line through a positive
angle XOP of 30° starting from the initial
v’ position OX. Make /. QOX=30° in magnitude.

LP=/ Q=60

of the rotating line.

Let P(x, ) be any point in this final position
Draw PM 10X and
extend it to meet OQ in Q. Then evidently
L5 MOP and MOQ are congruent. Therefore

Hence A POQ is equilateral.

1 r
MP=—_ PO—— =
Q 2 o 2
Fig. 16. From AOMP,
OMY=0P:—- MP?
1
r'-—l—r— 23_r_’
4 4
oM ="Lz3’l [*." 30° lies in the first quadrant]
; o ME ¥ 1
chce sin 30 —‘Jﬁ:i;—:.—'i-’
o OM +/3r /3
cos 30 s Rk
P =
oo AP G v A1

M
cot 30°=-£:—=\/3

o :_5- ' 1/3"
o

3
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: OF 2
sec 30°= =OM ‘/3
, OP
and cosec 30 77 =2

(iif) Angle of 45° or —:— . As before rotate the straight line through

a positive angle of 45° with OX. -

" P
Take P(x, ¥) any point in the final
position. Draw PM 1 OX. :
A
Here OM=MP=x L x
OP=+/OM*{-MP?Y s
2 S
From AOMP Fig. 17

45° MP _x 1

sin = 0_15 = V/ \/'
. oM x 1

cos 45°= —O—F——x‘/z :7—

tan 45°=—> —1.
X

Similarly sec 45°=4/2=cosec 45° and cot 45°=1.

() Angle of 60° or ~§- Rotate the straight line through a positive

Ya angle of 60° starting from the initial posi-

P(x,y) tion OX. Let P(x, ¥) be any point on the
final position of the straight line. Draw
PM | OX. By geometry, OP=2 OM

r=2x and MP=y=xy/3

’ Y From AOMP,
, sin 60’=%.__x2%.3_\/23
‘(ﬂ ® Ta— = cos 60°=-§ =21‘;=.%.
Fig. 18. tan 60°=§_)‘1§.% zxﬁgZ _—

Similarly sec 60°=2, cosec 60°= 2

V3
1

and cot 60°= -\-/-;—5
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(v) Angle of 90° or % . When the rotating straight line makes an
angle of 90° with OX, it lies along OY.

Yf Let OP be this position. Here in this position,
the coordinates of P are (0, r)
P(o,r) .. As before,
sin 90°= m:-f-=1
A
\90" cos 90°= ——_—_TO=0
0 % o_ 8in 90° 1
tan 90°= 00— ="
. 1 1
Fig. 19 ° e
. Similarly cosec 90 0= 1 1
. 1 1 PR | s _L .
sec 90 YT T cot 90 = a9 =0

TABULAR PRESENTATION

The values of some standard angles dealt above have been presented
in a systematised tabular form as an aid to memory. The first four rows
are simple steps for assigning suitable values to six f-ratios in the re-

%‘:mmg six rows. The method of writing these has been explained
ow

(i) The standard angles from 0° to 90° stated in order.

(#i) The numbers 0 1o 4 written in the ascending order.

(iii) Each number has been divided by 4. -

(iv) Square root has been taken of the fractions in the previous row.
(¥) The simplified results of the previous row give the values of sin 6,
(vi) Values of sin 6 given in the row (¥) written in the reverse order.

(vii) Values of sin 6 in row (v) divided by cos 0 in row (vi) give the
values of tan 6.

(vili) Reciprocals of the values of tan 6 given in the previous row.
(ix) Reciprocals of the values of cos 0 given in the row (ix).

(x) Reciprocals of the values of sin 6 given in the row (x).
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T-ratios of Standard Angles

® 0° 30° 45° ’ 60° 90°
(i) 0 1 2 3 4
- 0 ! 2 3 4
(it ry a 4 4 4
l ——
() ry 4 4 4 4
po s —t—
; 1 1 ES 1
(V) sin 0 ] 0 —2' ﬂf2 —2--
. V3 i A, 0
(vi)| cos0 1 3 72 2
(vii) | tan 0 0 \—/% 1 V3 oo
(viii) | cot 0 oo V3 1 \-}? . 0
(fx) | secH 1 \% V2 2 oo
(x)| cosec® oo 2 V2 —\% 1

It may be noted that the f-ratios of 0° and 90° are valid only in the
limiting sense. For example, sin 0° =Lt sin 6 and tan 90°= Lt tan 0.
9-+0° 8-+90°

Example 32. Simplify

” w ™ 5 14 w kg w -
cotd— sect—cos — — 15 sin? =-cos — —4 ¢c05—cos—cos —
2 3 2 2 4 6 4 2
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Solution. We note that cos % is a factor in the first and the third

terms of the given expression. But cos —;— =cos 90°=0, therefore each of

these terms is 0. Hence there is no need of substituting values in these
terms.

Given expression=0—15 sin2 90° cos 45°—0
1 15

=—15X (1) x 7 =— =5

Example 33, Ina triangle ABC, C>90°, Find all angles if
sin(A +B)=3/—3 and cos(A— B)= A .

2 V2
Solution. Since C>90°, A+ B<90°, also A—B<90°
Now sin (A+ B)=‘-§‘ = A+ B=60° .1
and " o — B=45° sal2)
cos (4— B) ;) > A—-B=45 (

Adding (1) and (2), we get 24 =105°, i.e., A=524°

Subtracting (2) from (1), we get 2B=15°, i.e,, B==7}°

Also C=180°—(A+ B)=180"—60°= 120"

A=524°, B=17}°, C=120°.
147. USE OF PRINTED TABLES

. The approximate values of t-ratios can be found out from the

printed tables which are available for both natural and logarithmic
cxpressions. These tables indicate f-ratios for acute angles, for other
angles we have to calculate on the basis of the values of acute angles.
Since the tables have columns for interval of 6’ the mean difference has to
be adjusted given for 1 to 5. It must be remembered that in case of
natural sine, tangent and secant, the mean difference is added because
these values increase as the 0 angle increases from 0° to 90° but in case of
natural cosine, cotangent and cosecant (all with initial ¢) the mean
difference has to be subtracted because their values decrease as the 8 angle
Increases from 0° to 90°,

Example 34. Find the value of sin 20° 32°,

Soluticn. [In the table of ‘‘natural sines”, first run through the first
column under degrees till 20° is reached and then look the horizontal row
till the minute column under 30’ is reached. We get

sin 20° 30'=03502
) For the second part, we have to add the mean difference for 2’ which
15 ('0005 as follows :

sin 20° 30"'=03502
Diff. for 2'=0'0005
sin 20° 32'=03507.
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Example 3 . Find the value of
(a) cos 21° 17, (b) tan 17° 17",
Solation. (a) Table value of cos 21° 12’ is 09323, In this case
the mean difference for 5' has to be subtracted as follows :
cos 21° 12'==0"9323
Difference for 5 =00005

B cos 21° 17'=09318
(b) From the tables, we have

tan 17° 18'=03115
Subtract mean difference of 1’ = 00003

tan 17° 17'=03112

. Interpolation. Values have to be interpolated for f-ratios of angles
higher than 80° where mean differences are not sufficiently accurate. Also
Interpolation is resorted to where the angles lie between values shown in the
table.

Example 36. Find the value of
(a) tan 82° 26", (b) sin 43° 19’ 20",
Solution. (a) The table values for higher and lower values other
than the one given are :
tan 82° 30’ =7-5958
tan 82° 24'=7'4947

Difference for 6'=01011
0‘10161 X2 —0'0337

tan 82° 26'=1749474-0'0337="7'5284.
(b) The table values of

sin 43° 20'=0'3960

sin 43° 19°=03958

Difference for 2'=

Difference for 1’ or 60" =0'0002

Therefore difference for 20":0'00(;%>< 20

00002x20
50 =03959
Example 37. Find the ¢ (angles) if
\a) sin 0=08865,  (p) cos §— 08719,
Solution. (@) The value of sin 62° 24" in the table is 0°8862, and the
difference between 0'8865 and 0°8862 is 0°0003. The mean difference of
0°0003 is under the column of 2°, therefore, the angle is

sin (60° 24" +2')=sin 60° 26’

sin 43° 19" 20"=0°3958+
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(b) The value of cos 29° 18" in the table is 0°8721. There is now
difference of 0'0002 but it being not there in the mean difference, where
it is 0°0003; we have to adjust Zrd of this. But, in cos the f-ratio

decreases with increase in angle, so the angle has to be adjusted for a
decrease.

Therefore
08721 =-cos 22° 18’
0'8719=cos [29° 18'+(2" X §)]=cos [29° 18’1’ 20"]
=cos 29° 12’ 20"

Logarithms of f-ratios are found in the same manner as in the case
of natural logarithms. But, the table values have been given with an
addition of 10 to avoid expression in negative values.

Example 38. Find (a) log sin 43° 17’,

(b) angle whose log cos is 1'2184 or 92184,

Solution. (a) From the table

log sin 43° 12'=9'8354
Add mean difference for 3" = 7

log sin 43° 17'=9'8361 or 1'8361.
(b) The value of angle whose log cos is 9°2176=80° 30’
Subtract angle for mean difference of 8 = 1

Angle for log cos 9°2184=80° 29’

EXERCISE (11I)
1. Find the values of
(i) tan 45° sec60° 5 sin 90°

Cosec 30° T ot 45° 2 * cos 0°
(i) cos?® 0°4-cos? 30°+cos? 45°+ cos? 60° - cos? 90°,

(i) 3 sin® 60°— . sec 60° tan? 30°+ 5 sin® 45” tan? 60°.
2. Prove that
(@) 4(sin' 30°4cos* 60°)—3(cos? 45°—sin® 90°)—=2=0

2 T 2T _ g ¥ 13
(5) 4 cot 3 +sec g —Sin® 7 =2
© (sin 30°+ cos 60°)(sin 0°+cot 45°)(cot 90°+tan 60°) 1
(tan 45°+sec 60°)(cosec 30° + tan 0°) 243

(d) 32 cot’———-S scc’ +8 0053?*3\/3 =i,
3. Find the values of 0 from the equation

cot* 0 (1+1/3) cot 0-+v/3 =0 for 0<B<7
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4. (a) If tan? 45°—cos® 60°=x sin 45° tan 60°, find x
(b) Find x from the equation
; & roch chot‘ 30° sec 60° tan 45°
i S woa 53 cosec® 45° cosec 30°
5. (a) Given sin (4—B)=%, and cos (4+B)=1}, find 4 and B
(4, B being positive acute angles).
(b) Given tan (4+B8)=+/3, and tan (4—B)=1, find 4 and B
(A, B being positive acute angles).
ANSWERS

L @) 0, ) _g,(m)f—g. 3. 45°, 30°.
b @, @ 6. 5 (@ A=45, B=15°, (¢) A=52)°, B=T4"

14'8. T-RATIOS OF ALLIED ANGLES

Two angles are said to be allied when their sum or difference is either
zero or a multiple of 90°. The angles —0, 90°+0, 180°+s, 360°+0 etc,
are angles allied to the angle 6, which is being assumed to be expressed in
degrees. However if 8 is measured in radians (7 radians=180°), then
angles allied to @ are

.*9,7" 40, w40, 2r-+p, 2n7w 4+ 0, elc.

Through the f-ratios of allied angles we can find the f-ratios of angles
of any magnitude. Broadly speaking all angles can be represented by
n.90°+6, where n is zero, an even or an odd integer. Thus, if 7 is zero
only 0 angle remains ; if 7 is even it may be 180°£6 or 360°4-6 and like
that ; if 7 is odd then it may be 90°46 or 270°+0 and like that. The
detailed break-up of the three groups is presented below. You will find that
except the change of signs depending on the quadrant in which the angle
falls, the same f-ratios are there when #nis even and they change to co-
ratios if 7 is odd.

Some important relations between the f-ratios of various allied angles
are given below without any proof. Students arc advised to remember all
these results.

I sin (—6)=—sin 6 (
cosec (—0)=—cosec 0 [ Since —0 lieslin the
— )= | - fourth quadrant, only cos
0m(—8)=<Cus § { and sec are +ive, all other
|

sec (—0)=sec 8 t-ratios are —ive.

tan (—6)=—tan 6 I
cot (—0)=—cot L
II. The trigonometric ratio of (7.90°460), where 7 is an even integer-

and @ is acute angle is numerically equal to the f-ratio of 6. The algebraic
sign is with reference te the quadrant in which 7.90°+6 lies.
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(a) ~ sin (180°—6)=-}sin &

[
cos (180°—0)=-—cos 0 [ Since 180°—0 lies in
tan (180°—g)= —tan @ { the second quadrant, only
cot (180°—@)= —cot @ | sin and cosec are -ive, all
sec (180°—0)=—sec 6 | other f ratios are —ive.

cosec (180°—0)=+4cosec 8 |

Sifice 180°4-6 lies in
the third quadrant, only
tan and cot are +ive, all
other f-ratios are —ive.

cos (180°+4-0)=-—cos 0
tan (180°+4-0)=-tan 6
cot (180°+6)=+-cot 6
sec (180°+0)=—sec 8
cosec (180°4-0)=—cosec 8 [

(b) sin (180°4-0)=—sin® [
|
|
I
|

(c) sin (360°—6)= —sin 6 r

cos (360° —0)=+4cos O | Since 360—0 lies in the
tan (360°—0)= —tan 0 | fourth quadrant, only cos
cot (360°—0)= —cot 0 { and sec are —+ive, all other
sec (360° —0)=: +sec 0 | f-ratios are —ive.

cosec (360°—0)= —cosec O [

{(d) sin (360°4-0)=-+-sin 0 [
cos (360°+ 6) = +cos 0 |
tan (360°+46)=-+tan 6 | Since 360°+0 lies in
cet (360°48) = 4 cot { the first quadrant, all f-ratios
sec (360°+0)= +sec 0 I are +ive.

cosec (360°+ 6)=-+cosec 0 [

) II. Any trigonometric ratio of n.90°+6, where 7 is an odd
integer and 0 is any acute angle is numerically equal to the corresponding
co-ratio of 6 and vice versa. The algebraic sign, as in the previous case is
the one applicable to the quadrant in which 7 . 90°4-8 lies.

(a) sin (90°—6)=+cos 6 { Since 90°—0 lies in the
cos (90° —=0)=-+-sin 0 | first quadrant, all the (-
tan (90°—8)= +-cot 0 | ratios are -tive but since
cot (90°—8)= +tan 6 4 90°=1x90°=0dd multiple of
sec (90°—68)= +cosec 0 | 90° therefore, sin changes

cosec (90°—0)=+sec 6 | to cos, tan changes to
| cot, sec changes to cosec
| and vice versa,

(&) sin (90°4-0)=+4cos 0
cos (90°+0) = —sin 0
tan (90°+0)=—cot 0
cot (90°+0)=—tan 6
sec (90°+6)=—cosec 0
cosec (90°+0)=-+sec O

Since 90°+0 lies in the
second quadrant, only sin
and cosec are -+ive and all
the other f-ratios are —ive.

——A——
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(©) sin (270° —0)=—cos 0 (
cos (270°—0)==—sin 0 | Since 270°—0 lies in
tan (270°—0,= +cot 8 | the third quadrant, only
cot (270°—8)=+tan 0 { tan and cot are -ive and

all the other [f-ratios are
—jve.

sec (270°—0)=-—cosec 0
cosec (270°—0)=—sec O

cos (270°+0) =+sin 8
tan (270°+68)=—cot 0
cot (270°+0)=—tan 0
sec (270° +0)=-}cosec
cosec (270°4-0)= —sec 6

Since 270°-}-8 lies in the
fourth quadrant, only cos
and sec are +ive and all

|

(d) sin (270°4-0) = —cos 0 [
I
I
{

| the other f-ratios are —ive.

The two important rules to bear in mind are :

1. Any t-ratio of an angle expressed as 180° or 360° plus or minus
an acute angle, fe., even numberXx ; -+ acute angle has numeri-
tally the same f ratio as that of the acute angle. The proper signs can be

ascertained as per the rules stated below depending on where the revolv-
ing line term nates.

sin all

tan cos

2. Any f-ratio of an angle expressed as 90° or 270° plus or minus an
T
2

co-I-ratio of the acute angle with the plus or minus sign depending upon
the quadrant in which the revolving line terminates.

acute angle, i.e., odd number x + acute angle equals numerically the

The same rules can be presented in the form of a table given below :

t-Ratio —8 90°—#8 90°+6 180°—6 [80°+0
sin 0 —sin 0 cos 0 cos 0 sin 0 —sin 0
cos 0 cos 0 sin 9 —sin 0 —Cos 0 —cos 0
tan 0 —tan 0 cotb —cot 0 —tan 0 tan 6
cosec 0 —cosec 0 sec 6 +sec 0 cosec 0 — cosec 0
sec 6 sec 0 cosec 0 —cosec 0 | —sec B —sec'0
cot 6 —cot 6 tan 0 —tan 0 —cotl cot 0
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Example 39. Find the values of
(a) sin 315°, (b) cos (—1760°)

Solution. (@) sin 315°=sin (360°—45°)=sin (4 X 90°—45°)
o agon - 1
=-—sin 45°= 73 -

(b) cos (—1760%)=:cos 1760°=cos (4 x 360°+ 320°)
=cos 320°=cos (360°—40°)

= cos 40°
=0"7660.
INlustrations .
1. sin 115°=sin (90°4-25%)=cos 25°=0'9063
2. sin 120°=sin (180°—60°)=sin 60°=%3
3. cos 134°=cos (90°+44°)= —sin 44°=—0"6947
4. cos 150°=cos (180°—30°)=—cos 30°=— %3
5. tan 172°=tan (180°—8°)=—tan 8°=—01405
6. tan 211°=tan (180°+431°)=tan 31°=0'6009
7. sin 748°=sin (2 X 360°+28°)=sin 28°==0'4695
8. cos 700°=cos (2X360°—20°)=cos 20°=0"9397
9, cos 246°=cos (180°466°)=—cos 66°=—04069
10, tan 675°=tan (2% 360°—45°)=—tan 45°=—1
] —— T s b
11. sin 315°==sin (360°—45°)=—sin 45 s
12. tan (—1742°)=—tan 1742°

= —tan (5% 360°—58°)
=tan 58°=16003

13. cos (—1760°)=cos 1760°
=cos (4 x 360°4320°)

=cos 320°=cos (360°—40°)
=cos 40°=0"7660
14. Prove that tan 225° cot 405°-tan 765° cot 675°=0.

Solation. L.H.S.=tan (180°+45°) cot (360°+45°)
+tan (2x 360°+45°) cot (2 X 360°—45°)

‘ =tan 45° cot 45°+tan 45° (—cot 45°)=0=R.H.S.
Example 40, Prove that
cos 24° f-cos 55°4-cos 125°4-cos 204°+cos 300°=}
Solution. We have
cos 125°=cos (180°—55°)= —cos 65°
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and

cos 204°=cos (180° 4-24°) = —cos 24°
cos 300%=cos (360°—60°)=cos (—60°)=cos 60°=}
<+ L.H.S. cos 24°-+-cos 55°—cos 55° —cos 24° -} =3=R.H.S.
Example 41, Prove that
cos 310° cos 330°+-sin 390° cos 120°= ],
Solution. Now cos 510°=cos (360°+ 1507)
=cos 150°=cos (180°—30°)

i o _ V3
cos 30 3

cos 330°=cos (360°—30°)=cos 3o°-:‘—;u3
sin 390%=sin (360°+30°)=sin 30°=}
cos 120°=cos (180°—60%)= —cos 60°= —3
L.H.S.~=cos 510° cos 330°+sin 390° cos 120°
3 3 1 1 3 1
(NP +3(-3 -3 —f-—1-rus.
cos (90°4-6) sec (—0) tan (180°—q)
sec (360°—0) sin (180°-0) cot (90°—0)
Solution. We know that
cos (90° +6)= —sin 6, sec (—6) =sec §
tan (180°—0)=—tan 0, sec (360°—8)=sec 0
sin (180°+6)= —sin 0, cot (90°—6)=tan 6
(—sin 6) sec 6 (—tan 6)

i xpression= z T
Given expression - sec 6 (—sin 6) tan 0

Example 42.  Simplify

Example 43. Simplify
sin () tan (—6) sec (180°—p)
cos (90°_e)+ran (180°—0) " cosec (90°—p)
Solution. We know that
tan (—0)=—tan 0, cos (90°—g)=sin 0
sec (180°—0) = —sec 0, tan (180°—0)= —tan @
cosec (90°—06) =sec 6

Given expression=

sin 0 sin 6 _secl -
sinf "tanB sech
Example 44. Find x from the equation :

cosec (90°4A)+x cos A cot (90°+ A)=sin (90° -+ A),
Solution. We know that

(=] o, =2 1
cosec (90°+A)=sec A—-—-——S y
o e o _ sind
cot (90°+A4)=—tan A_—cos =

sin (90°+A)=cos A

511
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Substituting these values in the given equation, we get

1 sin A
s - s =
cos A RO A( cos A cos 4
s 1 1—cos? 4 sin® A
A:-'. " —_— _—
= i cos A cos. 4 cosA ~ cos A
14
- =tan 4.

“cos A Xsin A
EXERCISE (1V)
1. Find the values of the following :
(@) sin 480°, cos (—11257), sin (—3060°), cos 720°
(b) tan 1170°, cot 570°, sec 3120°, cosec 390°, cosec 1125°
2. Prove that
d) sin 330°x tan 495° xcosec 150" 1
( tan 120° ==
(b) sin 480° cos 690°+-cos 780° sin 1050°=4
"(¢) cos 570° sin 510°-sin (—330°) cos (—390°)=0.
3 i cos (90°40) sec (—0) tan (180°—0)
- (@) ZTB60°—0) sin (180°1-0) cot (90°+0)
b) cos (270° —A) tan (90°+A) sirﬂ89°+2z1)_ o
( 7 sin (270°+ A) cos (180° + A) sin (360°+4) i
© cot (450°4A) sin (180°+24) cos (270°—4) -2
cos (180°+4) sin (360°— A) cos (630°+A) :

cos (2rn+4) cosec (2r+4) tan (—g- +A)
(d) 3 -
sec (7 +A) cos A cot (n+4)

4. Prove that

@ cosec (90° 4 A) + cot (450°4-A)
cosec (90° — A)+tan (180°—A)
tan (180°+4 A)+sec (180°—A) 2
tan (360°+ A4)—sec (—A)
cos (180°+0) sin (90°+6)+sin (I 80°—0) sin (180°+8) .
(&) - = 5 = =sin 0
cos (360°—0) tan (90°+0)sec* (180 +0)
sin (270°+4-0) cos? (720°—0)—sin (270°—0) sin® (540°+6)
) sin (90°F 0) sin (— 0)—cos” (180°— 0)
cot (270°—8)
+ Gosec® (450°+0)

Iv
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where 6 is taken such that the denominator appearing in any fraction in
the expression does not vanish.

I

5 (a) [1+cotA—sec (,H--l;-)][ 14-cot A+sec (A-{--i"—)]
=2 cot 4

®) If sin 0= -} and 2-<0<r, find the value of

24/2 cos (—2'5- +6 ) sec (n+6)—3 sin (-’21 —9 ) tan (nw—0).
6. Find x from the equation :
cosec (270°—A) +x cos (180°+4) tan (180°— A4)=sin (270°+A).
7. Find the value of

1l . 4=n 3 2 T el 1A
tan 3 —2 sin —6-—-Tcosec ey +4-cos 3
Y i B e TR g B
8. sin g tHsin 9+am i3 -+sin 5 2.

9. If 4, B, 0, D are the angles of a quadrilateral, show that
(1) sio (4+B)+sin (C+D)=0
(1)~ cos (A+B)=cos (C+ D).

10.  Find the value of tan 5° tan 25°, tan 45°, tan 65°, tan 85°.

ANSWERS

@ G Z500 ® de, v3, 22,2, 12

6. tanA. 7. 3—:—2413—. 10. 1.

149. T-RATIOS OF SUM AND DIFFERENCE OF ANGLES

So far we have studied the #-ratios of single angles, Now, we take
up the f-ratios of compound angles, i.e., sum or difference of two or more
angles such as 4+ B8, A—B, A4+ B+C, etc.

I. For any two angles 4 and B,
(1) sin (A+B)=sin A cos B+cos A sin B
(i) cos (A4 B)=cos A cos B—sin A sin B,
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Proof, Let the revolving line start from OX and trace out the
LX0Y=A in the anti-clockwise direction. Let the revolving line further
trace out the [ YOZ=pB in the same

direction so that Z XOZ=A4 4 B.

From any point P on OZ, draw two
perpendiculars PM on OX and PQ on OY
and from Q, the foot of perpendicular of PQ,
we draw two perpendiculars QN on OX and

L on PM respectively. Further we extend
QN to meet PR drawn parallel to LQ.

Then /PQR=90°—/ PQL

Fig. 20.
(1) sin (44 B)=

PM RN
OP TOFP

QN 0Q QR PQ .
=00 bT,—+ PO OP (Note this step)
=sin A cos B+4cos 4 sin B
oM ON-—-NM ON-—PR
OP —— oP =~ OP
_ON PR _ON 0Q PR PQ
T OPEOP 00 OP PO - OP
(Note this step)

()  cos (A+B)=

=cos A cos B—sm 4 sin B.

1I. For any two angles A and B,

(i) sin (A— B)=sin A cos B—cos A sin B
(fn) cos (A—B)=cos A cos B+sin A sin B,

Proof. Let the revolving line starting from OX in anti-clockwise
dfrecti_on. trace out the /X0Z=A4 and
revolving back in clockwise direction, trace
out the / YOZ =B so that \

L X0Y=A4A—B
From any point P on 0QY, draw two
perpendiculars PQ on OZ and PM on OX
respectively. Next we draw another perpen-

dicular QN from Q on OX and extend PM to
meet QL drawn parallel to OX.

Then LPQR=90°"— / PQL=4
() sin (A—B)= g—»"}
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MLmPL_QN—-QR_QN OR
=—"©0oP ~ OP _OP OF
_QNV 00 OR PO
T 0Q *OP PQ " OP
=sin A cos B—cos 4 sin B
; OM ON+MN ON--PR
(i) cos (A—B)= OP = 5P = 0P
HON I_’f_ ON 0Q PR PQ
=pp YoP=0Q ' OP TPQ ' OP
=cos A cos B+sin A4 sin B
. _ tan A--tan B
L () tan (A+B)—I——!an Atan B
tah A—tan B
l+rtan A tan B

(Note this step)

(if) tan (A—B)=

Proof.
: in (A44+B) sin A cos B+cos A sin B
1) tan (A+B)=21 =
() tan (4+35) cos (4+B)  cos A cos B—sin A sin B
By dividing both the numerator and denominator by cos 4 cos B,
wo have

sin A sin B
cos A 'cos B tan 4+4tan B

_sind sin B~ 1—tan 4 tan B
cos A ' cos B
.. _ sin (4 —B) sin A cos B—cos A sin B
e i cos (A—B)  cos A cos B+sin Asin B’
By dividing both the numerator and the denominator by cos A cos By
we get

sin4d sin R
cos A cos B tan A—tan B
tan (4—B)= - sinA_sinB _ 14tan Atan B
cosA ~ cos B
. cot A cot B—1
IV. (I) cot (A+B): cot B+cof A

cot A cot B+1

@) ot (A=By= Zrp—or A4

] 1 1—tan A tan B
Solution. (1) cot (A+B)= By = an A+tan B
1- 1 cot A cot B—1
___[I"cot F coté_ cot A cot B
= 1 1 " cot B+cot A
cot A+cot B cot Acot B

__cot Acot B—1
~ cot Btcot A



516 BUSINESS MATHEMATICS

(i) Left as an exercise to the reader.
- sec A sec B cosec A cosec B
v. O sec (A+8 )_casec A cosec B—sec A sec B
sec A sec B cosec A cosec B
sec A cosec B--cosec A sec B
Proof. (I) "." cos (A+FE)=cos A cos B—sin A sin B
I Lo, 1
sec (A+B) sec A" sec B cosec A " cosec B
__cosec 4 cosec B—sec A sec B
" sgec A sec B cosec A cosec B
Taking reciprocals of both sides, we get
__sec A sec B cosec 4 cosec B
1ec (4 +5) " cosec A cosec B—sec A4 sec B
(1) Left as an exercise to the reader.
VI. ({) sin (A+B) sin (A— B)=sin®* 4—sin?* B (or cos* B—cos* A)
(i) cos (A4 B) cos (A—B)=cos* A—sin® B (or cos® B—sin? A)
Proof. (i) sin (A+B) sin (4—B)
=(si~ A cos B+cos A sin B) (sin A cos B—cos 4 sin B)
=sin? A cos® B—cos® 4 sin® B
—gin* A(1—sin® B)—(1—sin® A) sin® B
—gin® A—sin® 4 sin® B—sin® B+ sin® 4 sin® B

(if) cosec (A+B)=

=sin® 4—sin* B (First form}
=(1—cos® A)—(1—cos® B)
=cos? B—cos* 4 (Second form)

(#) Left as an exercise to the reader.
Example 45. (a) Evaluate (i) sin 75°, (i) tan 75°, (i) cos 15°
(tv) tan 15°.,
(b) Prove that tan 75°+cot 75°=4,
Solution. (a) (i) sin 75°=sin (45°+30°)
=sin 45° cos 30°4-cos 45° sin 30°
1 o3, 1 1 V341

gt K ey S i

tan 45°+tan 30°
1 P TR
i tan 75°=tan (45°+30) =1 o5

Fet

V3 341 V341 W3+1

T DRz I WRVE R MRV RS
2/ 3
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34 1+424/3 44243
ks R T
(411) cos 15°=cos (45°—30°)
=cos 45° cos 30°+sin 45° sin 30°
1 v3, 1 1 4/3+41
=22 V32" 2v2
tan 45°—tan 30°

24 4/3

) tan 15°=tan (45°—30°) =y =75 tan 30°
1
B SRV ot MRV Tt VRV
I VTS WV S GV B |
-
_dHI=2v3_, s
2
1

(b) tan 75°+cot 75°=(2+ «/3)+(2—+7g)

- 1 @—y3)
=Q+vIt GE* G=v)

=2+ 3)+2—v3)= 4
Example 46. (@) If cos Aﬁ-]i and cos B=

“,A and B being

positive and acute angles, prove that A—B=060°,

1 1 .
) IfsinA-\/E and sin B=—, Aand B being positive and

. vj '
acute angles, prove that 4+ B=45°,

1 48
1 L P, | L
s‘Dlntion. (ﬂ) sin? A=1—cos A= 49 49
> sin A= :i:4\/3
. \ 43
Since A ig an acute angle, sin A=T-
169 27
in? =] — =] — o———
Also sin* B=1—cos?! B=1 196 — 19€
> sin B= :}:3‘/3
Since B is an acute angle, sin B=—"" ‘/3
Now cos (A—B)=cos A4 cos B+sm Asin B
1 13 41{ 33
= A 14 14
_'i+3_6___‘__m 60°
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A—B=60°
S P
= —sin? A= e e
(b) Here cos A=4/1—sin® A= /\/ 0 =10
cos B= \/l'—sln’B—/\/lv-—«————
cos (A+B)=cos A cos B—sin 4 sin B
L B B
V10T VS VI0 VS
5 5 o
="\75:"6,=5—‘\—/-2—=—?"-C03 45
> A+ B=45°

Example 47. (a) If A+B+C+ D=g, prove that

cos A cos B+cos C cos D=sin A sin B+sin C sin D
(b) In any quadrilateral ABCD, prove that

cos A cos B4-sin C sin D==sin 4 sin B+ cos C cos D,

Solution. (4) "." A+B+C+D=rx

A+B=w—(C+D)

> cos (A +B)=cos {w —(C+D)j=—cos (C+ D)

= cos (4 + B)+cos (C+ D)y=0

=2 cos A cos B—sin A sin B+cos C cos D—sin C sin D=0
= cos A cos B+cos C cos D=sin A sin B+4sin C sin D.

(b) Since 4, B, C and D are the angles of a quadrilateral, therefore,
A4+ B4+ C4 D=360°

> A+B=1360°—(C+D)

> cos’ (4 +B)=cos {360°—(C+D)}=cos (C+ D)

= cos A cos B—sin A sin B=cos C cos D —sin C sin D

> cos 4 cos B+sin C sin D=sin 4 sin B+ cos C cos D,

Example 48. If A+B=45°, show that
(@) (I+tan A)YI+tan B)=2, (b) (cot A—1)(cot B—1)=2.
Solution. (@) L.H.S.==(1 +tan A)(1-+4tan B)

 =(l+tan A)[l+1an (45°—4)] [.". A+B=45]

tan 45°—tan A
=(1 < T )[ 1+l+tan 45° tan A

tan A
-(1+tan A )[1+1—+tan ~

..( I+4tan 4 )[”"“1' :;;;'a“ 4 ]=2=R.H.S.
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(6) L.H.S.=(cot A—1) (cot B—1) =({;nl'2_1 )(tanl B! )

_l—tanA l+tanA_1:|
T tan A “l1—tan 4

(. i i B____l—tan A
) 1+-tan 4
_l-tand 2tand _,_ pys.

“tan A *T—tan 4

Example 49. Prove that
tan 8 4—tan 54—tan 3A=tan 84 tan 54 tan 34,

tan 54 +tan 34
1—tan 54 tan 34

=> tan 84 (1—tan 54 tan 34)=tan 54-tan 34
= tan 84—tan 54A—tan 34A=tan 84 tan 54 tan 34

Solution. tan 84=tan (54+34)=

Examaple 50, Prove that
tan 75°—tan 30°—tan 75° ran 30°=1

Solution, tan 45°=tan (75°—30°)
1— tan 75°—tan 30°
14tan 75° tan 30°
= 14-tan 75° tan 30°=tan 75° —tan 30°
> tan 75°—tan 30°—tan 757 tan 30°=I,
Example 51. Prove that
cos 13°+4sin 13°
@ cos 13°—sin 13°
(&) tan 69°4tan 66° 4 1=tan 69° tan 66°
Solution, (a) tan 58°=tan (45°4-13°)
_ _tan 45°+tan 13°  [+tan 13°
T |—tan 45° tan 13° = I—tan 13°
+sin 137
cos 13° cos 13°+sin 13°
sin 13° cos 13°—sin 13°
" cos 13°
(b) The angles involved are 69° and 66°, whose sum is 135° which
can be written as 180°—45°
: tan 135°=tan (69°+ 66°)
_ ;. tan 69°+1tan 66°
I —tan 69° tan 66°
[ " tan 135°=tan (180°—45°)=—tan 45°= —1]

=tan 358°

1
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= tan 69°-tan 66°=—1-tan 69° tan 66°
= tan 69°--tan 66°+ 1= tan 69° tan 66°,
Example 52. Prove that

cot ( 40 ) cot (-—e)
Solution, cot (—4——6 )=tan [-;——(—:;—- -0 )]
(4 )mtn (340)

..cot (—4'-'-—!-0 ) cot (T';' —-8)=—-—cot (—g— +0 ) tan (% +6)

: (5+)
= ——— .tan ( —46 |=
™ 4
tan (T +6 )
EXERCISE (V)
% i 1 -—i =
1. (@ If 0<0<~-, 0<¢<- and sin 6= = and sin ¢ 17
find cos (8+ ¢) and state in which quadrant 6+ ¢ lies.
(b) If sin azu%, u<a<3“
T
and cos f3==—2—-5-. u<B<-—2—.
find sin (x—B) and cos (a+ B).
2. Prove that
sin (A+B)
Q) coh d ca i =tan A+ tan B
(i) sin (A+B) tan A-4tan B
sin (4—B) ~ tan A—tan B "
3. sin (ﬂ—?)—i cos (8-— 3-)=\/3 sin 6,
n l+tan 6 3 __1-tan6
4. tan (40 )= Tomnee 0 (§-0)= T+tan 6"

5. (@) sin (B—C)cos A+sin (C—-A) cos B+sin (4—B) cos C=0
® sin (4— B) sin (B—C) . sin (C—A) 25
cos A cos B’ cosBcos C ' cos Ccos A
6. sin 105°+ cos 105°=cos 45°
[Hint. sin 105°=sin (60°+45°).]
tan (x+B) sin'a—sin®f  tan® a—tan? B
cot (x—B)  cos* a—sin® B 1 —tan® « tan? g
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8. sin (n4+1) A sin (n—1) A+ cos (n-+- 1) A cos.(n—1) A=cos 24
9. (@) cot §—cot 20=cosec 20
(6) tan 26—tan O=tan 0 sec 20

1 1 B
19. tan 344tan 4  cot 3d+cot 4 ot 44

11. Prove that

cos § sin 6 : n
I —tan G+1-cot 0 =y (T+B )
12. (@) tan 134—tan 94—tan 44—tan 134 tan 94 tan 44
(b) tan 23°+tan 22°4tan 23° tan 22°=1
{¢) tan 70°=tan 20°+4-2 tan 50°

o8 29°+4-sin 29° o

B W cos 29°—gin 29°  12n 74
®) co8 15°—sin 15° - i
cos 15°4-sin 15° ~ 4/3

14. (a) tan (—:——l—ﬁ) tan(%—ﬁ )=I
tan (—;i 44 )—Han(-; —6 )

™ ™
tan (—4- +0 ) —tan(T —0 )
N sin o cos «
15. Iftan 3‘T-‘-?EDT' prove that
tan (a—B)=(1-n) tan a.
14'10. T-RATIOS OF MULTIPLE ANGLES
The angles 26, 36, 46, ... are called multiple angles of 0 and the
(]

angles —g—, —g—, 3’ - are called submuitiple angles of 9,

(b) cosec 20—

I. Formula for the t-ratios of 20 :

(a) (i) cos 20 =cos? §—sint 9
(i) cos 20=2 cos* §—1
(iii) cos 20=1-—-2sin g
I—tam g
@) cos 20= T
(2] I+ cos 2=2 cos? § ; 1—cos 20=2 sin? §
(©) () sin 20=2 sin § cos 9
N 2tan @
(H) stn 29-— Wﬂ
2 s B 2 tan §

I—tant®
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Proof. We use the results of the addition theorem for cosines, sines
and tangents.

(@) () cos 20=cos (8-+4-0)=cos 6 cos 6—sin O sin 6=cos? 6—sin® 0
(i) cos 20=cos? 0—sin® B=cos® 6 —(1—cos? 6)=2 cos® 6—1
(ill) cos 20=cos® 8—sin? 8=(1—sin® ) —sin® A=1— 2 sin® 0
cos? 6 —sin2 0
cos? 0 +sin® 6
[ cos?0+sin?8=1]

(iv) cos 20 =cos? 8—sin® 6=

cos? O—sin? 0
cos® 6 [dividing numerator and
~cos® 0 +sin® 0 denominator by cos® 6]
cos*0
1—tan® 0
, “1+tan® 0
b) cos 20=2cos*H—1 = 1-+cos 20=2 cos? 0
Also cos 260=1—2sin?6 = 1—cos 20=2sin?0
(¢©) () sin 20=sin (840) =sin 0 cos 8+cos 0 sin 6 =2 sin 6 cos O
T : 2 sin 6 cos O
(i) sin 26 =2 sin 6 cos Oz__cos‘ St 0
2 sin 0 cos 0
costh [Dividing numerator and
“cos? 0+sin? 0 denominator by cos? 6]
" costh
2 sin
'cos 6 2 tan 6
“cos’f  sin®6  l+tan’ @
cos® B cos? 0
tan 6+tan 0 2tan 0

= - 8) —
) tan 28==tan 8+ Q)= (o0 tan 01 - tan'0
II. Formula for the t-ratios of 30 :
(a) sin 30=3 sin —4 sin® 0
(b) cos 36=4 cos® 6—3 cos 6
3 tan §—tan®
(c) tan 39= il

Proof. We use the results of the addition theorem and its extension.
(a) sin 30=sin (204-6)

=sin 20 cos 8+ cos 20 sin O

=2 sin O cos 0 cos 0+4(1—2 sin® 6) sin 8

=2 sin 6 cos? 6+4sin 0—2 sin®*-6

=2 sin 6(1 —sin® 6)+sin 6—2 sin® 0
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=2 sin 0—2 sin® ¢ -+ sin 6 —2 sin® €
=3 sin 6—4 sin® §
(b) cos 30=cos (20+6)
=cos 26 cos 6 —sin 20 sin 0
=(2cos*0—1) cos 0—2sinBcos 0. sin 6
=2 cos® B—cos 6—2 sin®* 0 cos 6
=2 cos® 0—cos 6—2(1 —cos® 6) cos 0
=2 cos® 0—cos 6 —2 cos 6+2 cos?® 0
=4 cos* 0—3 cos O
tan 20tan 6

(c) tan 30=tan (204-6)= 1—tan 20 tan 0
2 tan 6
_ l—tan? B-H
T 2 tan 6
“T—tan®0 " Jo 2y

_ 2 tan g-+tan 6(1 —tan? 6)
(I—tan? 6)—2 tan® 0

3 tan B tan? 0
T 1-31an’0

IIl. Formula for the t-ratios of -—g .

Changing 9 to %— in (1), we get

(@ O cos §=cos? —g_ — sin? %
(1) cos §=2 cos? %_1
(i) cos §=1—2 sint %
I —13 8
tv _1-r o 8
) cos § e where t =tan 3
b - 8 8
() 0] sin @ 2.!'#12‘-032
(i) sin e_._f_ where t=mnﬁ-
I+41¥ 2
]

© tan e.—_m, where t==tan 3
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0 ,\/ T4cos®
2

(d) cos— =4
] I—cos B
(e) sln7 = /\/ 7
0 sin® I—cos®
-(f) ® . 2 “I¥cos6 ™ sinb
6 I—cos 8
&) tanz Sk T+4cos 6
Proof. (d) cos 0=2 cos’%——l
- - __@__1+c059
2
e cos———;{;'\/ Fcos ©
(e) cos 6=1—2 sin® = gin? £=];cm_3
2 2
sm— _— \/l—cos 0
sin —  sin L 2 mi
] 2 2 2
cos > cos 5 2 cos5-
2 sin -a—cos
2 2 sin 6
-] T+cos @
(] 1—cos 8
gin = =k
: (] 2 V 2 \/l—cosﬁ
ii = = =
il 2
sin §4sin 20
Example 53, Prove that 7T oo8 65 cok 7= 6
8ol ) HS.= sin 6+sin 20
ki LHS 1+4cos 6+4cos 20

__sin 6-+2 sin 6 cos 6 sin 6 (142 eos 0)
= 1+cos 20+cos® 2 cos? 6-}cos b

sin 6 (1+2cos 6) _ o
=cos 0 (2 cos 0+1) tan 0=R.HS.
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Example 54. Proye that
tan Acot A= 2 cosec 24
Solution, L.H.S.=tan A-+-cot A4

sln A cos A _ sin? A+cos’ A
“cosA ' sin A sin Acos A
| 2 2
“sindcotd 2sindcos A —sn2 A
=2 cosec 2 A=R.H.S.
Example 55, Prove that

cosec A—2 cot 24 cos A=2 sin A

Solution. L.H.S.=cosec A—2 cot 24 cos 4

1 2 cos 24
Tsin A sin 24
1 2 cos 24 cos A
sind  2sin Acos A
1 cos 24 lﬁ—cos 2A
TsinA sinA sin A
2 sin® 4
sin 4

Example 56. Prove that

cos A

=2sin A=R.H.S.

2 cos B=J2+ Vv 242 cos 40

—_——

Solution, RHS.= [ 244/3(1Fcos 40)

—

=J2+s/2>(2005‘ 20 =,/244/4 cos? 20
=+/2+2 cos 26=/2(1+cos 20)

=1/2x2cos? 6=2 cos 0=L.H.S.
1+ sin A4cos A A

| kel

T¥sin A—cos 4 < 2

(1-+cos A)+sin 4
(l—cos A)+sin A

Example 57. FProve that

Solution. LB.S.=

A A
1 2 .t
2 cos? = +2 sin 5 Cos >

=3

: A . A A
r L L vopi
2 sin 3 +2 sin 7 Cos
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A A |
2 cos 7(005 2 ~+sin ——) cos 5
A TR
2 sin i (sm ) +cos?) sin -
= oot s RS
2
Isin @ 0
E:amplg 58. Prove that = ﬂ_t ( y —2-)
0
Solution, L.H.S.= :st'.“
—sin 0
[ 0 0 B )
5 s g W : s
& cos 5 +_sm 5 +2 sm—2—~co 5
0 0 [} 0
I e o
cos® — 3 ~+sin? 5 2 sin 2 co8 —=— )

] 5. D) ]
S ~2—+sm—2_1+tan 5

cos —B—-—sin i Hl—tan ‘—3-
2 . 2

[ Dividing num. and denom. by cos g—]

t x +t —
an -—- an
4

L ]
=l_t ks : _9_ =tan(T+—i—)=R.H.S.
an n =
Example 59. (a) Prove that cot x—tan a=2 cot 2«
Hence deduce that
tan «+2 tan 2044 tan 4a+8 cot Ba=cot «

Solution. We have

2 2 1—tan® «
2eot e = = Tana — tana
1—tan! a

-—---l—-——tan a=cot a—tan «
tan «

> 2 cot 2a=cot a—tan « (1)
8 cot 8x=4 [2 cot 8a]=4 [cot du—tan 4o]
=4 cot 4a—4 tan 4e
=2(cot 2a—tan 2a)—4 tan 4« ...[using (1))
=2 cot 2a—2 tan 2a—4 tan 4«
=cot a—tan a—2 tan 2a«—4 tan 4a
> tan a+2 tan 2a-+4 tan 4a+8 cot 8a=cot «.
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Example 59. (b) If tan le ;,;0; 4 , then prove that one solution [s

=2x, Use this result to prove ;

. 7’? T . (C.A., November 1991)
Solution. We have

l—cos y 2 sin® (¥/2) .
Siny 2 sin (y/2) cos (y/2) —tan 0/2)

x=y/2 or y=2x,
cos 157=cos (45°—30%) =cos 45° cos 30°-sin 45° sin 30°
1 8 U 41 o

tan Xx=

=it 2 YRR T R
sin 15°=sin (45°— 30°)==sin 45° cos 30°— cos 45° sin 30°

_Lv3 L1 _yat
T2 2 '_\/2)‘ 2 3
V3t
tan 7_E= l—cos 15° _ 2&{__2__:2\/2—\/'3—_1_
2 sin 152 v3i-1 v3-1
242

_2v2—+4/3—1 4/3+1
SRRy T g b v

/6—3 — e -
_2/6—3 \/34;2\/2 V31 6t a—a.

Example 60. From the formula for the circular functions of 26 and
30, deduce the values of cosines and sines of

(a) 18, 72°, 36°, 54°, (&) 22)°
Solution. (a) (i) Let 6=18°, then 56=90° or 26+ 36=90°

=> 26=90°~—130
= sin 28=sin (90°=30)=cos 30
= 2 sin A cos =4 cos®* §—3 cos 6

Dividing throughout by cos 0, (which being cos 182, is not zero),
we get

25in 0=4 cos? 0—3=4 (1 —sin? 6)—3=1—4 sin® 0
4 sin* 842 sin 8—1=0, a quadratic equation in sin 0

o i 62—2i\g4+16 =:H;V'5
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528
As sin 18° is -ive,
sin 18°= ‘/5"'1
o08 lso_‘/m'l—a‘.“;J l—( Vv5i—1 ) =1/10+2\/5
«/10+2vs
X7 o

(if) sin 72°—sm (90°--18°)=cos 18°=
4/5-1
4

cos 72°=cos (90°— 18°) =sin 18°
cos 24=1—2 sin® 4]

and
(iti) cos 36°=cos 2.18°=1—2 sin? 18°
[-.-
(6—2+/5) 4+444/5
16

el (1/5_;-_1_)= ===
v5+1

sin 36°=4/ 1—cos? 36° ey (V’S—H)

J il 6+2~/5 _VIi0=2v35
4

Again

sin 54°=sin (90° — 36°)=cos 36° = V'S'H
cos 54°=cos (90° —36°) =sin 36° ‘/10'4"2V5

(b) We know that
-y l—cos A
sin 3= d:v_-l’._-
Put A=45°, then

sin 22$°u—.j:¢\/1:‘.’.°i’;4_5':=iJ
B T

()

sk

V2

Since 224° lies in the first quadrant, sin 22}° is +ive
sin 224°="Y2-V2

2
b 22404 [lAc0s45° _ J 1
®) os 2247k [ g [(14 Ty
=4 24;1/2'___:{:‘\/2;‘L2
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Now cos 224° being +ive, we have

cos 225":3_/_,2:;1,/,2_

Example 61. Prove that

5
sin 36° sin 72° sin 108° sin 144° — 573
Solution.  sin 108°=sin (1B0°—=72")=sin 72°
and sin 144°=sin (180°—36°) =sin 36°

L.H.S.=sin* 36° . sin? 72°==sin? 36° . cos? 18°
[ sin 72°=sin (90°—18°)= cos 18°)
=[1—cos? 36°] [I'—sin® 187]

L5 T (2
10-2/5 104-2v/S 100—20 5
=T16 T 16 —16x16 —i§

EXERCISE (VI)

=R.H.S.

1. (a) Ifsin AzrlT, find cos 24
() If tan 0=5, find tan 26
: 2
(¢) Ifsin 0= 3 and 0 lies between 2L and =, find the value of

«cos 20-|-tan 20

sin 20 sin 24
2 @ T—cos 20 ot 0, (&) ————T
(¢) WAy tesih =sec 0, (d) cot A—cot 24 =cosec 24

sin0  cos0
3. (a) tana+tcota=2cosec2a, (b) cot A—tan A=2 cot 24
| +sin 20— cos 20

4 @ 1 +sin 264-cos 20 —ng
1+ sin A-Fcos A A
b p———— -
(®) !{mnf(*cos/! e 2
1+cos A A . AN .
A T L el — el -
5 (a) T cot 2 , () (cos 5 +sin 3 ) I+sin A

cos A+sin A cos A—sin A
cos A—sin A cos A+sin A

=2 tan 24
L - (—1; ==
7. tan(-z- +0 )—t:,m\4 0) 2 tan 20

1 1
tan 34—tan 4 cot 34 -cot A

=cot 24
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9. gsec 2A-} tan 24A=tan (41+A)

10. If cos e:L( x4 L), show that
2 X

1 1 ol 1 1
i = (%t = == (x4 5
() cos 20— (457 ). ) eos 30=3- (345 ).
11. cos® A cos? (120°4 A)+cos? (120°—A)=3
12. tan 0+4tan (0+60°)+tan (6—60°)=3 tan 30

cos A o
13 yPea (4=

14. If 2 tan «=3 tan B, show that tan (0!—‘5)=5 Sic? 5223
—co

ANSWER

L@ 3 O T @ iy

14'11. TRANSFORMATION OF PRODUCTS AND SUMS

and

In the last article we have proved that
sin 4 cos B--cos A sin B==sin (4+ B)
sin A cos B—cos A sin B==sin (4— B)
By addition, we have

I 2 sin A cos B=sin (A4+B)-+sin (4—8)
By subtraction, we have
Il 2 cos A sin B=sin (4-+B)—sin (4—B)

These formulae enable us to express the product of sine and cosine

as the sum and difference of two sines.

and

are

Again cos A cos B—sin A4 sin B=cos (4+B)
cos A cos B+sin A sin B=cos (4—B)
By addition, we have

111 2 cos A cos B=cos (4+B)+cos (4—B)
By subtraction, we have
1v 2 sin A sin B=cos (A— B)—cos (A+B)

These formulae enable us to express

(i) The product of two cosines as the sum of two cosines.

(ff) the product of two sines as the difference of two cosines.

For practical purposes, the following verbal statements of the results

more useful.
2 sin A cos B=sin (sum)-sin (difference),

2 cos A sin B=sin (sum)—sin (difference),
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2 cos A cos B=cos (sum)- cos (difference)
2 sin A sin B=cos (difference)—cos (sum)
Let A4+ B=C and A—B=D, then
c =
AL o 2 and B=C 5 -

By substituting for 4 and B in the formula L II, IIi and v, we
obtain

L sin C sin D=2 sin C+2D cos-Cz——D
¥ sin C—sin D=2 cosg_'l' gk C_—;z_l_)_
il cos C4cos D=2 cos C;‘D - C—;D
VIIL e o B C;_Dsm 9__59

) In practice, it is more convenient to quote the formula we have just
obtained verbally as follows :

Sum of two sines=2 sin (half sum) cos (half difference)

Difference of two sines==2 cos (half sum) sin (half difference)

Sum of two cosines=2 sin (half sum) cos (half difference)
Difference of two cosines=—2 sin (half sum) sin (half difference).

Ilustrations. 1. 2 sin 94 cos 64=sin (94+64)+sin (94— —6A)
=sin 154+ sin 34

2. 2 cos 40 sin 70=sin (484-70)—sin (40—76)
=sgin 110—sin (—36)=sin 110+sin 30.

3 cos‘%l cos'%‘i:_%{ c05<4;+7A)+ (4,4 7:1)}

= g eosg? reos( )}

= ~1—{ cosl—!‘—“—i-cos?”‘}
= 2 2 2

4. sin 75° sin 15°=% {cos (75°—15°)—cos (75°+15°)}

— 1 {cos 60° —cos 90"}

2
166 +88 168*80
5 sin 160+sin 80= 2 sin—e—— COS——F=——
2 2
=2 sin 126 cos 46

A+ . 94-74
6. sin 94 —sin 7A=2 cos : 3 4 sin ——5—

—2 cos 84 sin 4
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114 A
7. cos 24+cos 94=2 cos%—cos (-ﬁ‘g‘)

=& COS ) [o}] 2

8. cos 80°—cos 20°=:2 sin 50° sin (—30°)=— 2 sin 50° sin 30°
7036 70—30

g, Sin 70+sin 30#_2 PRy s R
" cos 70+cos 36 70430 70-3p " &
2.cos—— cOos
2 2
2 sip 1134 34—
o, Crd-sos3d BEn Ty T
©osin 34—sin A7 JAEA . 3d—gq
2 cos sin 3

Example 62. /Prove that
1
cos 20° cos 40° cos 60° cos 80° - 5

Solution. L, H.S.==4(cos 20° cos 40°) cos 80"

=4{cos (20° 4 40°)-}-cos (20°—40°)} cos 80°

= }{cos 60°+ cos 207} cos 80° [ " cos (—20°) =cos 20°]
=}{4 4 cos 20°} cos 80°

=1 cos 80°+} cos 20° cos 80°

=1 cos 80°+4 } . 4 {cos (20°+ 80%)+ cos (20°-- 80°)}

=1 cos 801 (cos 100°4-cos 60°)

=1 cos 80°+1 (cos 100°44)

! py oq 1
=-8—cos 80°- g cos 100 +16
1 . 1 S |
=‘?COS 80 ——*S— cos 80 -I-l—ﬁ—

[ cos 100°=cos (180°—80°) = —cos 80°]

1
=
Example 63. Prove that

sin A sin (60°— A) sin (60°+A)=} sin 34
Solation, L.H.S.=1 sin A [2 sin (60°— A) sin (60° 4 A4)]

=13 sin 4 [cos 24— cos 120°]

=1 sin 4 [cos 24A—(—1))==4 sin 4 cos 24 14 sin4

=1(2sin 4 cos 24) 4+ 1 sin’Ad

=1 [sin (4 4-24)+sin (A=24)]+! sin 4

R.H.S.
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=1 8in 34 —¢ sin A+ sin 4
=1 sin 34=R.H.S.

Example 64, Prove that

4cosacos(a+f; )cos (o:-{— ):«—cos Ja

Solution. L.H.S.=4 cos a cos ( at —;-)cos (a+?")

=4 cos « [cos( 23 F%) 005( “"‘2'-;‘1)]
0 3 %[cos (2a-+m)+ cos (—%)]

=7 Cos « l:—cos 20+ ]2]-" —2 cos 2« cos «+cos «

( . cos (-—%):cos :—:%]

=—2. —;—— [cos 3x+cos a]+ cos «
=—c08 Jx—cos «+4cos a= —cos Jx==R.H.S.
Example 65. Prove that .
a—B
2

(cos a+ cos B)> 4 (sin o+ sin p)2=4 cos?>

> 3
Solution. L.H.S.= (2 cos —2+—qc0 z 2ﬁ )

+(2 sin Z2F cosa—ﬁ )
o za—ﬁ ga+ﬁ 1 g G+B]
—~4_cos [cos 5 -+sin 3

=4 cos? —z—ﬁwRHS

Example 66. PFProve that
cos A+cos 34+-cos SA+cos 74
sin A4-sin 3A-+sin SA+ sin+74
(cos A+ cos 7A4)+(cos 34+ cos 54)
(sin A+sin 74)+(sin 34 +sin SA)
(Note this step)
2 cos 44 cos 3442 cos 44 cos A
=2 sin 44 cos 3442 sin 44 cos A
2 cos 44 (cos 3A+4cos A)
= 2 sin 44 ((cos 3A+cos A) =cot 44=R.H.5.

=col 44

Solution. L.HS:=
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Example 67. Prove that
sin 80 cos 0—sin 60 cos 30
cos 26 cos 0—sin 30 sin 49

=tan 20

%[2 sin 80 cos 6 —2 sin 60 cos 30]
Solution. L.HS.=

—5—[2 dos 3000 —2 atn 30-wi 40 ]

_ (sin 90+-sin 76)—(sin 96+ sin 30) sin 70—sin 30
" (cos 36--cos 8)—(cos 0—cos 70) ~ cos 78-+cos 30
70430 . 7638
2 cos . sin

. 2 2 HZ cos 59 ., sin 20
"2 70430 70—30" 2 cos 50 . cos 20
cos . COS
2 2
=tan 20=R.H.S,

Example 68. Show that

(cas A+cos B \» sin A4 sin B
sin 4—sin B cos A—cos B

according as n is even or odd.

A—RB

3 or(

)" =2 col®

cos-—-—vA_B

cos A-+cos B 2 2 _cmA——B
sin A—sin B A+B . A—B 2
2 cosT sin =

2 cosA+ &
Solution.

B _
5 whenever n is even or odd

(1)

(cos A-tcos B\ t"A
sin A—sin B ) —

A4 —B

3 sig 418
Alg Sin A+sinB =y Wy

cos A—cos B~ , . A+B . B—A
23111-—2— smT

vo anB—4 . A=
[. sin —2-—-— sin '_2
. (sin A+sin BN A—B
o (cosA—cosB =(—1)" cot®

f cot # '—‘-_—-E, when 7 is even ] .
| 2 |
=4 = LA2)

~A—B .
L—-cot 3 , when 7 is odd
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cos A4cos B\" ssin A+sinB \* _
( sin A—sin B (cos A—cos B ) =(+Q@)

g or 0,

=2 cot” 4=

according as n is even or odd.
Example 69. Find the value of
cos 20°+cos 100°-cos 140°,

Solution. Given expression=cos 20°+(cos 100°+cos 140°)
=cos 20°42 cos 120° cos 20°
—cos 20°+2(—14) cos 20°
=cos 20°—cos 20°=0.

Example 70. Prove that
2% ; 4
(@) sin§+sin ( 6+—j-)+sm ( 0+5 ) =0
(b) cos A+cos (A+ 120°)+cos (A—120°)=0.
(c) cos? x+cos? (60°—x)+cos? (60°+x)=4. [C.4., May 1991]

Solution. (@) L.H.S.=sin 0 tsin (8 +120°) +sin (0+240°)
8+120°-+0-+240° 84 120°—0— 240°
3 cos 5
—sin 042 sin (8 + 180°) cos (—60°)
—=gin 0 +-2(—sin 0) cos 60°=sin 6—2 sin B }1=0=R.HS.
(b)) L.H.S.=cos A+ {cos (4-+120°)+cos (A—1207)}
o {.... o = 00
—cos A42 icosA+]20 —;/ 120 A-} 120 2A+12 }
=cos A+ 2 cos A cos 120°=cos A-+2 cos AxX(—1)
=0=R.H.5.
(¢) L.H.S.=cos? x + cos? (60°—x)+cos? (60°+x)
1+cos 2x  14cos (120°—2x)  1+cos (120°+2x)
==3 T ) i 2

+cos 2x 4 cos (120°—2x)+-cos (120°-+2x)

=sin 0+ 2 sin

+cos 2x+([2 . cos 120° cos 2x]
_l,.

I

cos 2x-4-2 . ( ) . cos 2x [ ‘. cos 120";.——-%—]

=R.H.S.
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Exzample 71. Prove that
sin a--sin §+ sin y—3in (e+B-1vy)

. Lat+B L Bhy . yta
=4 sin — sin S sin 5 -

Solution.

2 2
o o R «t+B+2y E:f_*]
== —2 sin 3 [cos 2 cos 2

=2 sin w;B cos a—i_—ﬂ;l sin a-;ﬁ cos 0}‘"2"#27

=sin a+sin B—{sin (x+ B+ y)-Fsin (=)
=sin a-}sin f+sin y—sin (a+B+v)=L.H.S.
Examuple 72, Prove that

R.H.8.—2 sin ‘f;—ﬁ[z sin BEY. o TEB

CoSa-tcosp+ cosy+ cos (a+B+vy)=4 cos 9‘# cos %t(cos Y+2a

L.H.S.=cos «+cos B+ cos v +cos (2+84+y)
=2 cos ‘%ﬁ cos “—_;[34—2 cos E_—Hi%_z-ij-r cos (-_%ﬁ)

Solution,

2
N o+ B a—f ot B2y atp
—12003-2—- cos —2——+2cos —5 — cos K
=2 cop 2P a—f a+3+2Y]
2 cos 5 [ cos 5 + cos—nz——

=2 cos %3[2 (:t:Jsa-t—:;-;_—Y cos (——%’L—Y)]

=4 cos il cos l%—_l cos \%—G=R.H.S.

EXERCISE (VII)

Express the following products as sums :
(1) 2 sin 0 cos 50

(#) 2 sin (2x+) cos (x—2y).

2. Express the following sum or difference as products :
(f) sin 40+4sin 96, (1)  sin (x+h)—sin x
(i) cos 20— cos 40, () sin 7 —sin .

3. Prove that

(@) sin 10° sin 30° sin 50° sin 70‘_‘=]—%
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(b)

(c)

4. (a)
(®)
(¢)

(d)
5. (a)
(b)
(©)
6. (a)

(b)

(b)
8. (a)

(b)

9. (@

(b)

| wa

sin 20° sin 40° sin 60°sin 80°=l -

[*)}

cos 12° cos 24° cos-48° cos 96°= —% [C.A., Nov,, 19911

sin 38°+sin 22°=sin 82°

sin 50°—sin 70°4sin 10°=0

sin 52°-+cos 68°-f-cos 172°=0

Prove that

cos 20° cos 100°+cos 100° cos 140°—cos 140° cos 200°=—3

sin (34 4+ B)—sin (A4+8) ~dorn 4l
cos (3A+R)+cos (A+B)
sin A-sin 34 +smfi -y
cos A +cos 3A4--cos 54

sin (A—C)+2 sin A-+sin (44 C) sinA

sin (B—C)+2 sin B+sin (B4+C) " sin B °

sin 04-sin 30-f-sin 504-sin 70=4 cos 0 cos 20 sin 40.

) L —8) +si — —3&
sin (B—y) cos («—8) +sin (y )C.iez.;i(:?(a-—)s)cosw—'ﬁ):”'

. . 2 . 47 o
sin 64 sin ( 0-+ 3-)+sm (O +T)_0
cos 0+ cos (04120°) +cos (0—120°)=0

4 cos « cos f cos y=cos (x+3 Fy)d-cos (B+y—u)
¢ ¥ cos (y+a—p) +cos (xd-B=7)
cos «+-cos B4-cos y+cos (a+pB+v)
a+p t~ vta

=4 cos BT cos 5 c 5

sin A sin 24-Fsin 34 sin 64 +sin 44 sin 134
sin A cos 24+sin 34 cos 64 4-sin 44 cos 134

cos 24 cos 34—cos 24 cos TA+4cos 4 cos 104
sin 44 sin 34 —sin 24 sin 54+4sin 44 sin 74
=cot 64 cot 54.

=tan 94

14'12. TRIGONOMETRIC IDENTITIES

When two or more angles are connected by some relation, we can
find a relation existing among their circular functions. The method of
discovering such a relation is best illustrated by examples,

The student is advised to note carefully the various steps.
Example 73, If A+B+4C=mn, show that
sin 24+ sin 2B+-sin 2C=4 sin A sin B sin C.,
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Solution.

Example 74,

Solution.
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L.H.S.=sin 24-sin 28-+sin 2C

=2 sin (A4 B) cos (4—B)+2 sin C cos C
=2 sin (w—C) cos (A—B)
+2 sin C cos [mr—(4+B)] (Note this step)
=2 gin C cos (A—B)—2 sin C cos (4+B)
=2 sin C [cos (4—B)—cos (A+B)]
=2 sin C [2 sin 4 sin B]
=4 sin A sin B sin C=R.H.S.
If A4+ B+C=180° prove that
cos? A+ cos® B4-cos* C=1—2 cos A cos B cos C
L.H.S.=cos? A+-cos? B+cos? C
=4} (1+cos 24)-+3 (1 +cos 2B)+cos®* G
=144 (cos 24+4cos 2B)+cos? C
=1-4cos (4-+B) cos (4—B)+cost C
=1—cos C cos (A—B)+cos* C
[ cos (A+B)=cos (180° —C)= —cos C]
=1—cos C [cos (4A—B)—cos C]
=1—cos C [cos (A—B)+cos (4+ B)]
[*.* cos Cecos (180°— A+ B)=—cos (A+8)]
=1—cos C [2 cos 4 cos B]
==1—2 cos 4 cos B cos C=R.H.S.

Example 75. If A+ B+ C=mn, show that

sin A4sin B4 sin C=4 cos k. cos 5 €05 =5

Solution.

B €
2

L.H.S.=(sin A+sin B)+sin C

B A—B ., &
cos T+2 sin 3 cos T

o 4+
=2 sin >

C A—B o G
=2 cos 5 ©os —2——+2 sin 7 cos 5

°__. C C
[ v gin A+B=sin i C=sin (90°— N )=ws —2—]

2 2

_ C A—-B, . C
=2 cosT cos 3 +sin -2-—-]

=2 cos E[cos A—8 +cos MJ
2 2
B

2

C A .
==2cos—2—- 2 cos 7 cos T

-~ A B C
=4 cos > cos 5 cos T—R.H.S.
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Example 76. If A+B+C=w, prove that

co8 A+cos B+cos C=1+44 sin ; sin g sin g

Solation. L.H.S.=(cos A+cos B)-cos C

A+Bc A—
5 e g

v G A—B .4
=2 sin -i—cos —2—-—2 sin —2--H

i A+B _ 180°—C g Gy E]
[. cosT_cos 3 —cos(90 —2)—5111 3

[ =
=2 sin—- {cos L2 cos w‘i—t—B}+I

=72 cos

B :
+1-2 sm‘—zc—

2 2
i G 3 A+B ) A—I—B]
[. smT =sin {90 5 }— 05———-—2

=32 sin—g-. 2 sin K sin 3—2—-{—1

2 2
i e C
=4 sin 3 sin >- sin —f-{—l—R.H‘S.

Example 77. IfA+B+C , prove that

A B A B i
2 2 b T = = R =
cos 3 +-cos 3 4-cos 2(1+.sm 5 sin 5 sin 3 )

Solution. L.H.S. -—cos’ +cos? £ -+ cos? —g-

=-é—(l+cos A )-|—-E (1 +cos B )+ l—siuz—f—
=2+-%-(COS A+cos B )-—sin2 EC-

- C
=2+4cos 'ﬂ msu—s1n’~

2 2 2

C L c
— S iR
=2 +sin 3 cos 3 sin 3

-
[ cos (’ﬂ)=cos(90" -g )=3m 5._]
=2+ sin --[ COS——— _B—sm 3 ]
_ ; —B __A+B
=2+sin —2-[ cos——zw c:cosr.——2 ]

[ sin iC—=sin(90° A+B +BJ
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. G o oA . B
=2+sin -5[2 sin 5 sin ?:l

" i A . B _, €
=242 sin > sin D) sin 3

_ o A% B O
=2 ( 1+sin <5 sin 5 sin — )—R.H.S.
Example 78. If A4 B4 C=180°, prove that
(i) tan A4-tan Btan C=tan 4 tan B tan C
i B C C A A B
. AL L = 2 A ———zl
(i) ran2 tan 5 + tan > tan 3 +tan2 tan 5

C
(i) cotg - cor_l—;-+c01£=— co{-’i cot £ col —~

2 2 2 2
Solution, (i) A+ B+ C=180°
> A+B=180°—C
tan (44 B)=tan (180°—C)
= i tan A+tan B

—_— ~ ——tan C
l—tan A tan B

Cross multiplying, we get

tan A+ tan B=—tan C (1 —tan A4 tan B)
Transposing, we get tan A-ttan B+tan C=tan A tan B tan C

" G
(if) A4 B4C=180° = ‘%3—90— 5
A4+ By o £
tan (T)—tan(% - )
< tan ( B) cot
A B
- tan —i—-i-tan? |
A B b
1 tanf—tan o) tan 5

Cross multiplying, we get

A C B c A B
tan 5 tan > —i-tan-—z—-tan 5 =]—tan Ttan 5

Transposing, we get

B | & 34 A
tan itan -2—+tan 5 tan -A—+tan—-ta —g——:l
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(ifi) From (if), we have

| 1 ; 1 1 T
ct—T¢ - ™ 7=l

t i -cot 3 t t {' cot 4 cot —-
cO 3 2 7 CO E* [6) 2 2 5

=4 0t—4-+ t{}—- t-(-:--—')t—"!-ct [icot-—
c2cozlcoz-w.l.zo2 7"

EXERCISE (VIII)

If A+ B84 C=180°, prove that

L. sin 24-Fsin 2#—sin 2C==4 cos 4 cos B sin C
2, cos 2A4cos 28—cos 2C=1—4 sin A sin B cos C

3. sin Atsm B4-sin €4 cosﬁ;} cos —gcos %-
. A It C
i -sin B—sin C=4 sin —- sin — cos—-
4, sin A4-sin sin 4 510 5 sin 5 €os 5
4 1
5. cos A+cos B—cos C=—144 cos— cos é!’ sin f—
6. cos* A+cos* B—cos® C=1-—2 sin A sin B cos C
7. sin® A+sin® H—sin® C=2 sin A sin 8 cos C
. LB 5 e T D
8 sm?T%-sm*z—rl-sm“—é-:=I—-2 sinz- sin 3 sin 5
A 8--C b C-4 c A--B
( — e i i e R e s o] —
9. cos 2 cos 3 tcos 5 COos 3 i-cos 3 cos 3

=sin A+sin B+sin C

sin24-+4sin 28+4sin2C_, . 4 5 . C
sin A+sin Btsin ¢ < S-S 3 sin

14'13. PROPERTIES OF A TRIANGLE

We have already said in the introduction that the subject of Trigono-
metry primarily deals with the measurement of sides and angles of a
triangle. So far in the chapters we have studied the trigonometric
functions of different angles. Now, we develop some important formulae
connecting the sides and angles of a triangle.  These formulae will be

useful in solving the rectilinear figures in general and the triangles in
particular. -

Notations, Inany A ABC, A, B, C will represent the angles and
a, b, ¢ will denote respectively the lengths of the sijes opposite to those
angles,

I. The Law of Sines. In any triangle ABC,
tional to the sines of the opposite angles, ie.,

a b c
sin A 7sin B sin C

the sides are propor-
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Proof. In each case, draw AD 1L BC produced if necessary. Then

from each figure

j—? =sinB = AD=csin B (1)
A
A
H | A
i 1
. 1
' H
; i
i :
8 o . 9 FTETTTh 5
C(o)
Fig. (i) Fig. (ii) Fig. (it

D
In Fig. (), ’;—C:sin C 2> AD=bsinC

D
In Fig. (if), :{—!E=sin (180°~C)=sin C = AD=bsinC

sin C=sin 90°=1])

In Fig. (iii), ADw= AC=b=b sin C [
.(2)

Hence in each case AD=b5 sin C

From (1) and (2), we have

¢sin B=bsin C

ki b c
sin B~ sin C
Silingly o s {Candifieding dlf
imilarly oA s g (Considering altitude from C)
a b c
e SnA-snB o C

II. The Law of Cosines. The square of any side of a triangle is
equal to the sum of the squares of the other two sides diminished by twice

their product and the cosine of the included angle, i.e.,
a*=>b2+c*—2 bec cos 4
br=c24a?—2 cacos B

c?=a'+ b*—2 ab cos C
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Proof. Consider any oblique triangle ABC with the altitude AD
drawn from the vertex 4 to the opposite side. <

=] SRR, ¥ %

I
'
I
'
'
1
|
1
L
D

Fig. (1)  Fig. (i)
In Fig. (i), BD=c cos B, AD—=c sin B
CD=BC—BD=a—ccos B
In Fig. (ii), BD= —ccos B, AD=c sin B

and CD=CB-{BD=a—ccos B
In both figures b=AD2*+4+CD? (Pythagoras theorem)
=(c sin B)*+(a—c cos B)*
br=c? sin® B-{-a*+c? cos® B—2ac cos B

=a?—2ac cos B-}-¢? (sin® B+ cos? B)
=c'4a?*—2cacos B

The same result may also be written as

c2fa—p2

cos B= ——
2¢ca

By cyclic changes, we can write two more results of the similar kind,

viz.,
a?=b24 c2—2bc cos A
ct=at+4b*—2ab cos C
b2yt gt at4-br—c?
or cos A—T and cos C= g

111, The Law of Tangent. Inany AABC,

tan 'B__.C bL.C cot i
2 Tbh+e 2
Proof. We know

sinB_sinC ﬁsinB ____I_J_
b~ ¢ sinC ¢
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By componendo and dividendo, we have
sin B4-sin C b }c
sin B—sin C b—c

Transposing, we get

B—-C b-—¢ B4+€C b—c . A
tan Ty =51 R il
an — i hye tan (90 5 )
b—c A
=5TC- cot —

IV. The Half angle Formulae. In this article we shall find the

trigonometric ratios of half the angles, viz., —;—1—, —;—j-, 2£ of a AABC in

terms of the sides and the semi-perimeter of a triangle.
(a) Inany /N ABC,

sin - [ —b)(’ <)

Proof. Recalling the cosine rule, we have

bﬂ_%. 2
cos A=T (1)
Also we know that
cos A=:1—2 sin2 —:— D
From (1) and (2), we have
., A byct—qa?
1—2 sin 5 =-—25C_—~f
5 A bty —a? 2bc— (b 42— a2)
e S Rl il Tl 0
2 sin 3 1 3he =t e
—(b2—2bc 4 c") a!--(i.’J----c)2
= 2bc be

A (a+b—c)a-b+c)

2 sin® —

2 2bc ...(3)
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Now let the perimeter of the AABC be denoted by 25, where S is

often termed as the semi-perimeter of AABC. Thus
Is=a+bte
Now at-b—c=afbtec—2c=25—2¢=2(s—c)
a—b4c=a+tb-+tc—2b=25—-2b=2(s—b)
Substituting from (4) and (5) in (3), we have
A 2s—e)x2(s—0b)

il

2 sin i e 2be
., A (s=b)s—c)
ol R - B

..-(4)
w0

Taking the positive square root, since —— is essentially a positive

2
acute angle, we get

- (s—b)(s—¢)
s1n '—2— =\[ i —_—

By cyclic changes, we have

sin —211 =-\/ (__s—czgs_na) and sin TC = /\/(___m__.r--aggs—b)

(b) Inany AABC prove that

cos A _ V s(s—a)

Proof. We know

cos A=2 cos® —'21 —1
A bt 4cli_q2
e A __
2608 ) ! 2bc

Transposing, we get

A bifc2—a®  2bc4-briycd—at
? = =
2 cos 5 14+ 3be 2be
2 cos? ﬁ_(b +c)2—a® _(b+c+a)(b+c._a)
2 2bc - 2be
A 25x2 (s—a) A s(s—a)
. S R
2 cos 5 = “he = CoS 3 =

Taking the positive square root, since ’21 is essentially an

angle, we get
A 5(s—a)

acute
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By cyclic changes, we have

0s —g =\/m;b) and cos —= —\/J(J“c)

(<) «2 any A ABC, prove that
P— | _J(s—b) (s=¢)

s(s—a)
A ,/(S b) (.s' -¢) =
& w51 G=b) -9
roof. tan —2—-f 2 s(.r-a) S(s—a)
cos
2 “be
By cyclic changes, we have
(s—c)(s—a) a (s—a) (s—b)
tan — _\[ S(S b) and tan —2" = '—SW

€d) Inany A 4BC, prove that

sin A=b—i- V/ s(s—a)(s— b)(s—c)

Proof, sin A=2 sin (4/2) cos (4/2)

- J(s-b} =) \]ﬁ%:i)

=bz-\/.s(s-—a) (s—b) (s—¢)

By cyclic changes, we have

sin B=-— V' s(s—a) (s—b) (s—0)

and sin C=¢E Vs(s—a) (s—b) (s—¢)
Example 79, Prove that

a sin (-;- +B )=(b+c) sin -;

Solution.
R.H.S.=(b+¢) sin —’2‘;- =(k sin B+k sin C)sin 2

2
=k [2 sin B_;C cos B_C] sin —24-

=k [2 sin (90°— -24-) cos (B+ —’2’; -90°)]><sin L

2
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. A A o A
=k[2 sin 75 cos —2—-] cos [90 —-(B-l- —.2..)]

'=(k sin A) sin (B+ % ):a sin (B-l— ’%):R.H.S.

Example 80. If the cosines of two angles of a triangle are inversely
proportional to the opposite sides, show that the triangle is isosceles or right
angled,

Solution. Let AABC be the given triangle and let
cos A

Now —_——=— = [Law of Sines]

cos B a sin A
sin A cos A=sin B cos B
2 sin A cos A=2 sin B cos B
sin 24=sin 28
2A=2Bor 24=180°—2B8
A=Bor 44+ B=90°, i.e., C=90°

LR R

Hence the proof.
Example 81. In any triangle ABC, prove that

., B—~C b—c¢ A
sin 5= —— ¢os 5
Solation. From the Law of Sines :
a b c

sin A sin B _sinC =k, 5y
a=k sin A, b=k sin B and ¢=k sin C
b-c_k sin B—k sin C sin B—sin C

..

Now a k sin A = sin A
2 sin ol cos g+
Wiscabis- : BHC_gpe_ 4
2 sin 2 cos A 2 *
2 2
- sin B—.;—Ccos (90"——'24- )_ sin J_‘-?_;__C_ sin 24
sin 4 cos ] sin —-é-cos e
2 2 2 2
sin 2-C€
s 2_
cos A
2
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sinBHC—b——-_c c —'i
2 T a 0% 3

Example 82. Prove that
a® sin (B—C) b? sin (C—A) ¢ sin (4—B) B
sin B+sin C ' sin C+sin A sin Aysin B
Solution., We have
sin (B—C)=sin B cos C—cos B sin C

b c
= ¢os C—— cos B [From the Law of Sines}
b(a* 4 b2 — ¢t 24 024 B2
"l:: ( +2ab 2 4 +2ZC+ )] [Law of Cosines}
1 a4 bt —ct_ gty p2
1 2(b2—c?) bi-c?
Tk 20 = ka
oz ) at_ bt
Similarly sin (C— A)._ b and sin (4_3)ﬁ —
Now
2 o1 = bg s i 1. 1.
LS. 280 (B=C) B sin (C—A) c*sin (4—B)

sin B-+4-sin C +5n C+sinA "sin A+sin B
a"‘(b‘—c’) b (c2—a?) c2 (aszz)

& b et c a a b
k(g +g) % (F+7) *(F+5)
at (b2—c?) b* (c*—a?) c? (a*—-bY)

="al4c) T b(cra) T c@rh)

=a (b—c)+b (c—a)+c (@a—b)=0=R.H.S.

14'14. SOLUTIONS FOR A TRIANGLE

We illustrate below the applications of the results derived earlier in
the chapter in solving a triangle when some of its elements are known.
Usually a triangle can be solved if any three of its elements (excepting the
three angles) are known. The general problem then can be divided into
four broad cases according to the sets of known elements.

Case I. To solve the triangle, when the three sides a, b, ¢
are known. Either () use the law of cosines to determine the angles or

(ii) use the results.
() \/” ) (s-a)
/ G—a) and tan T = k)
to find the anglcs A and B.
Then C=180°"—(A+B)
The latter, however, is adaptable to the use of logarithms.
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Example 83. Solve the triangle if the lengths of its sides are respecti-
vely, 52:8, 39 3 and 72:1 cm,

Solution. Let a=52'8, b=39"3, c=72"1
25=atb4c=164'2, s=82"1

> §—a=293, 5s—b=42'8 , s—c=10
wn A _ [FEXTO
M5 =J82r1x293
” log tan %:% [log 428 +log 10— log 82°1—log 29'3]

=3 [1'6314+1— 19143 —1'4669]= 16251
Adding 10 to this (for the use of tables), we get

log tan —; =96251

-2‘1 =22°52 = A—45° 44’
Similarly, we find
10x293°
82°1x 428
=1 (log 29'3+log 10 —log 821 —log 42'8]=1"4606

B _ /
log tan 5 =log AY,

log tan f- —9'4606 Gf 10 is added]

g——‘—lﬁ"é‘ = B=32°12

Hence C=180°—(A+B)=102° 4’

Case II. To solve the triangle if one side and two angles are
given.
Procedure. Let the side a and angle B and C be given. Then

A=180°—(B+C) z:(1)
Now using the law of sines
_sin B sin C
“snd ° o=t
which will give values for b and ¢. Logarithms may be used for calcu-
lations.

Case IIl.  To solve the triangle when the two sides and the
included angle are given.

Procedure. Let thesides b, ¢ and the included angle A be given
Then B+C=180°—4 ek 1Y
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Now using the law of tangents, we have
B—C_b—-c tanB+C
2 T b+c )
R.H.S. can be computed from the data.
Hence we find (using logarithms, if necessary) B—C. .(3)

From (1) and (3), we can obtain B and C.

(2)

tan

The side @ can be determined using the result a= Z'l'; ; b

Example 84, Two sides of a triangle are ./34-1,+/3—1 and the
tncluded augle 50°. Find the other side and angles,

Solution. Let b=+/3+1, c=+/3—1and A=60°
B—( C bac B+C &

Also tan —— 3 b+ctn 3 2\/3 Wl 3=1
B—-C :
58

o B—C=9(0°

Also B4C=120°

B=105° and C=15°

b sin A (‘\/3*{- 1) sin 60°
T sin B sin (60°+45°%)

..\_/_3 3
DT vaystnys -
_l_(x_/g L)‘ V3+l -
va\z +3

Now

EXERCISE (IX)
In any A\ ABC, prove that
1. (a—b) sin C4(b—c) sin A+(c—a) sin B=0.
2, (i) asin (B—C)+b sin (C—A)+c¢ sin (4—B)=0
(#) a@® sin (B—C)+8* sin (C—A)+¢ sin (4— B)=0.

3. (Da cosB—;-g =(b+¢) sin —‘;—
() (a—b) cos . =c sinA=8

2 Z
4. (a*—b%) cos® C4(B'—c%) cos? A+(c'—at) cos? B=0,
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"

10.

il

12.

13

14.

15.

16.

a*=(b—c)? cos® -g— +(b4¢)? sin -‘;
2(0 sin‘-g--f-c sin?® —;1-)=c+a-—b

bY (e at—b?)  cHad4-bi—cY)

sin 28 ~  sin 2C
cosA cosB cos C atfbife?
a t &k T ¢ — 2abc
et —p?
Pt cos A+ a cosB+a L cos C=0

(a“-—-b’j cos 2C+ (b*—c‘) cos 2A+(c*—a?) cos 28=0

oA B
(a+b+c¢) sin 0 =24 cos Cos—

A B C
(s—a) tan . =(s—0b) tan7=(s-c) tan—?_-

(a+b+c)( tan +tan—- g )=2a cot%

&

+cot 3 +cot—- (@tb+cy
cotA+c0tB+cotC “aty b ct
1t 3
c:r-|—c+lhL ¢ at+b+te

If , then C=60°

With usual notations, prove that in a AABC,
. A . B—C . B . C—4
asin =5 sin =—5— +b sin—- sin —5=
—B

&4
+ ¢ sin~— sin - =0

2 2
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