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OBJECTIVES

After studying this chapter. von should be able to understand
• to find the indefinite integral of a given function
IS to state the standard indefinite integrals
• to evaluate definite integrals.

180. INJ'ROflUCTION

In the previous chapter, we dealt with the methods of finding
derivatives of a given function. We had noticed that the derivatives so
obtained were also the functions. In this chapter, we propose to deal with
the converse, Consider the following examples

(i) If : l rx, then f'(x)= I

(ii) If f(X) :rX 3 , then f'(x)= —3x
(iii) If (xl = x 112 , then f'(x) =
(iv) If f(x)sin x, then I()=cos x
(v) Tff( x l == sec x, then f'(x)=sec x tan .v
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Now let us consider the questions
(1) What is the function whose detrivative is I ?

(ii) What is the function whose derivative is - 3x
(iii) What is the function whose derivative is xI 2 ?
(ii') What is the function whose derivative is cosx 7

v) What is the function whose derivative is see x tan A , ?
Clearly the answers to these questions are X, sin x and sec -s

respectively. The functions winch we find are called primitives or anti-
derivatives or integrals of the given function. Thus we are given a function
of x and we try to find another function whose derivative is always the
given function. This is exactly the problem of integral calculus. Integration,
therefore is called the inverse process of differentiation. For example,
the function whose derivative is cos A is Sill X.

:	 sin x is called the primitive or anti-derivative or the integral
of cos X.

Definition . 1f f(x) be any differentiable function of x such that

j— [(.r)] /x)

(lien	 (x), is called au anti-derivative or a primitive or an indelinfie
integral Or simply an integral of 1(x).

Symbolically this is written as

f
and is lead as "(x) IS the integral of f(x) w,rr , x"

The process of finding the integral of ii given function is called
Infegrotiot: and the given function is called the ln(egrana.

Remarks. I. The symbol	 used for 'integral' is a distorted form
of the letter S, the first letter of' time word 'sum'.	 This is because originally
'integral' was defined as the sum of a certain infinite series.

2 The symbol i dx is purely a symbol of operation. which means

integral of with respect to x. J and dx mean nothing when taken

scp;I rately. -

3	 From the definition of anti-dcrivat j ve it is clear that

ifx
[ Jx)dx]

4. In the present chapter we shall study several methods of finding
integrals of a function but this however does not mean that integral of' any
given function can always be obtained.
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18 1. INDEFINITE, INTEGRAL

Suppose f(x)=- 2 /(x) --l-9 and X)=x +c, where c is a constant.
By dilterentiafing these functions, we get

fx)?:	 (xY=	 (x) -2x

2x 1X=x2 or x 2 9 or 2 ç

I fence	 2x dx does not give a definite value and is called an indefinite

integral. The general value of	 2xdx=.x2 +c, where c is an arbitrary

constant. The corrstailt added with the integral is called the constant of
integration.

For example
(1	 1

(sin 4- Cos V,	
.'.	

COS x dv-= sun x--f-c

From these considerations, we conclude that integral of a function
is not ii ruique arid that if f(x) he any one integral of m(x), then (i) 1(x) Fe
is also its integral, c being any constant, (ii) every integral of (x) can he
obtained from f(x)+ c , by giving a suitahle value to c,

12. RULES OF INTEGRATION

Rrile 1. The inf egret of the product of a constjnl and a function is
equal to the product of 1119 constant and integral of the function i.e.,

k f(x)dx-k 
I 

f(x)dx,

where k iv some constant.

Proof	 k f(x)dX ]k' 
f 
f(X)dXkf(x)

From the definition, we have

k Jx)d.v=Jkf(x)dx

Rule 11, The integral of the sum or difference offunctions is equal to
the sum or drffi'rence of their integrals. Symbolically

+f(x)1dx

J
f, (x)dx + 

J 
f (X)dx - I ... +

where f(x), f2(x).....f,,(x) are functions of x.

Proof. if-f, (.v )dx ±	 f( ' )dx + •- + f)dx
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-, I fl(x)"x+dx I f2(x)dx+...+L f(x)dx

From the definition, we have

f1(x)dx	 f2(x)dx+...+f.(x)dx

. 
= I [ 

f1(x) ± fly) + ... +f(x) jdx.

183. SOME STANDARD RESULTS

We give below some standard results by using the derivatives of some
well-known functions.

1.d x1iI	 I
) 

xdx=-_-1
d	 1H.	 - (log x)=-__	 ;. 

I
dx=log x

(sin x)==cos x,	 ..	 cos x dx=sin x

IV. (cos x)= —sin x, 	 sin x dx—cos x

V. .	 (tan x)=sec 2 x,	 :.	 sc2 x dx= tan x'IC

Vi.	 (cot x)—cosec 2 x, ..	 cosec x dx=—cot X

VII.	 T (sec x) sec x tan x, :. 	 sec x tan x dxscc x

viii.	 .	 (cosec x)	 cosec x cot X,

Icosec x cot x dx= cosec x

IX. .	 (ex):e,	 :. 
J 

el dx=e

X. (srn X) 	 X

Xl.	 .	 (tan' [tan1 xdx	 l-j-x-	 JlfX2
d	 1
	 lx"/

dx	XII. :. —(sec' x)r=	 :.	 =sec-' x(ix



di c'
Xlii.	 --1 --dx '.Iog a)

a fix :

J	 log 
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Illustrations

1. 5x cix-=5 - x2	-

2. j (3--2x---x4) dx=3 
1 

fix- 2x dx--- x4 dx

	

x1+I	 x4'
=3x-2	 --

	

1-fl	 4-f-I

=3x-x2 --

3	 (4x1 43x2_ 2x+5) (IX

X3 dx F3 x 2 (x 2 x dxi 5 dx

	

2+1I I 	Of'

4+3 4j	 _2jj

rr x4 -I- x3 --- X2 1-5x.

4.	 (x'-- 1) 2 dx= (x'-2x 7 + I) dx

=	 dx2	 dx	 cix

X6	 2
X' 

I x

5.- -- 
X+

dx=- /T dx_+J x dx-j-2-,--_._ d

- 2 - -	 x2 1 4 .I /2

6.	 (3x)(1±x)dx=(1_2x3X2)dx

dx 2 x dx --3 v t dx

=X—X2 X3.

dx= (x2+x2) dx	 x dx-I-J x 2 dx
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3. Evaluate	 3x--4x-3x i.8) (IX

Solution	 I	 dx 1 4x dx— 3x dx -- 8dx

3 ± dx 1 41 V2d	 x dx ± 8 dx

= 3 log X . 4xa 3---- - ---- -8x.

9. Integrate ( x---	 .x.

Solution.	 ±(Ix-. ( X3x i -	 dx
j\	 xl	 \	 x	 x31

( x3 -3x 4- 3x	 x) dx

x" eh - 3 x/x-I.3	 x_ldx__1
I+L	 lfl	 X. 31

--	 3'--3. logx -

- - .x- ±x2F3 log x+

)C2. Jx i	 74 7
IX1 - I) 1	l•	 .Inht ). r(t!L 	-------- ,..----- w.rj . X

V x

	

)hjfl. I	 33'2	 ''•l-7x-'' ) dx

5fl	 X 312	 3j6

3__ —+7--

--

f (JX -- bx-- 3 -- cx--7
Example 2. Evaluate 

j	 kx	
(lx.

hfi	 cc
Solution. /:

 -,-- 
X 1 (4.(+

 --	 (IX .1 --	 dx

ax l log x cx
4kk	 —4-

 3. Evaluate	 8e'- 4a-F3 cos x-- /) dx
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Solution-	 fix 4 a' dx- 3cos x JA: -	 x' ' dx

+3 sin x --	 xb/4
log a

u-j-hciflX
Lxi Jfl p I C 4.	 I valuate	 ------ - — -- dx

C()5 V

Solul ioll. 1 a:fsill	
j  -. a see2 A dx	 b sec x tail x dx

.3	 COS ..v	 .3

a tan A -f- l 5CC A.

.V(fl X dA
Exa in pIe S.	 Ll0111a1t

sin x (	 - sun 5)	 sin X- sin 2 x
Soluiion. 1= 	--------	 ,1	 -- - -------- -dx

- Sill	 2	 CnS2

Sill V	 Sill' .2
-	 - dx ---	 -

COJS- V	 COS X

	

SeC A tall x dx -	 tafl .V (IX

Sec v	 (seca x — I) (IX

=Sec .v—tafl X-fX.

	2co.cx	 I
Example 6. intrgraic 52 +	 wr.t. ;.

	

A((-	 I
Solution	

2	 cos -
,	 let	 I -	 -	 -------------

j ( 5	 S1 1l A - 5	 ens2 x

12	 COSX	 I	 I

—,5	
(1X +	 - - - - dx

.3 5	 sin x	 ccis x

COsCC .1 COt A (l.k-i-
	 x (IX

- -- COSCC X+ -- tan X.

Example 7. Integrate \/I -f Sill 2x w . r - 1. x.

Olfl(jOfl,	 /--- fvi+511)2x dx

= Vcos2 X fSiil 2 x+2 sill x Cos X dx

\7(cos x - I Sill	 dx	 (cos x sin x) (Ix

COS X C/A + Sun X (IC + 5 j fl X cos x.
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EXERCISE (I)
Integrate the following functions

I.	 (i) x'' , ( ii)	 /4 , 
( iii)

x
2. (i)	 \/x	

V

(ii) 7	 _3xJ8	 -- •-

(iii) t±b2±cx+

4xG+3x+2x4+x3+x2(rv)

3. ( 2±.Le+.3_L)
	2	 x

	

X4j24 1	
x

4.	 sin  X+COS3 X 
6	 cos 2x -

	

2(x2 - 1)	 si ne x cos2 x	 cos2 x sin2 

ANSWERS

1. (i)	 (ii) 
-4. x7 / 3 , (Iii) 2x' '

2. (1) - - x312-2x' 12 (ii) _x3 -	 X2 -f-8x-2y'T+log x -

(iv) X4 +X3 + X2 +X4_lO , X---!- 3. 1 ---e-*4 log X—X,og
4. (1)	 (_- +tarr' x)
5. Sec x—cosec x.	 6. —sec x cosec x.

184. INTEGRATION BY SUBSTITUTION

Integration can often be faciIitted by the substitution of a new
variable for the given inde pendent v ariable, in other words, by changingthe independent variable. Experience is the best gu ide as to what substi-
tution is likely to transform the given expression into another that is more
readily integrable.

Illustrations

I.	 COS3 X

Let sin xi- cos x - - 1

cos3 x dx	 cos3 x	 di
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cos2x. Cos x	 -dt

0 -sill' x). (It	 dl	 t2

Sjfl X - Sifl 5 X.

2. Evaluate	 (4x+5)6 dx. dx

	 I
Let	 4x+5=t	 4	 or	 -

	

(4x+5)6 dv=f (4x-t-5)6	. dt
IT

dt =	 g8 (It_t
.1	 '4	 4J	 4	 7

(4x4. 5)7

3. Evaluate	 x (x f- 4)5 dx.

dv	 dx
Put	 x2 +4=t	 2x	 =1 or x

	 —2-

J x(x 2 -f . 4)5 dx-= (x2 4)5 x v-. di

-1 i s .J- dt= J 0
2	 12

(xS 4)6,

4. Evaluate	 J sin x cos 3 x dx.

Put	 COS X= 	 —sin 
dx

x	 =1

1.	 I'	 d
J

sin x cos3 x dx------- cos a x (--sin x)	 di

	

--1	 .
	J 	 4__	 4

Example 8. Integrate (x +a) , w.r,t. x.

Solution. We put (x+ a ) =t	 .	 _==I	 dx==dt
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%,&1I	
(*4-a)" 1

J 
(x4 a)" dx= 	 ell= -------	 -

Example 9. Integrate the following functions w.r.t • x.

(a) (x3 + 2)2 . 3x,	 (b) (x 3 -1- 2)112 x2,	
8

(c) 

and (d)
(3+2Y'4

Solution, Let us put (x3 ±2)=:t then dt=3x 2 dx

(a) IW; 2)2. 3x 2 dx	 1 di

2)""	 d=	 (x ± 2) 12 3X2

3/2

3J	 3	 3/2

(X : ' -J - 2) 12

(C)	 dx=8	
-_ 

J (0-1-2)- 3x 2 dx

-- I t- 3 di— !	 -L, 2
3j	 3\	 2

4
3(x3--2)2

(il)	 (.-j 2)	 3x2 dx

t	 4 di— -	 g814

rT (x3+2)14.

Exaniple 10. Integrate e"" I sec2 x Wri. X.

Solution. We put tan x=t

sec 2 x 
dx

1, i.e., sec , x d=rdtdi

Je", , sec  x dx=1 C' th=e'=e'"
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,sin-I v

Exainpli I I.	 Intt,'r(l1e-_------------ wet

Solut iou. I lere sin	 X is involved i ll the iritegiaiid and its derivative

i.s hictor of the iiitegranL.
Vl-x

This suggests ihe substitution sill - .V I -	 - .	 dx= dl
\/ i —x-

I	 e' dl - e	 e'

Exa uiuple 12. Lro/unte	
/ --

Solo ion.	 Ve put x 5 I -	 (	
-- --
	 fe fti dx di

tit

tit

dx	
((i+!)	

tD1 f-a:-	 taji

Exa flu 1)1(5 13. integrate (IIt folio wins' i-c r .

 sin' . (ii) sin 4v cos 2x.

Soil]( ion. (t) We know sill 	 3 sin v --4 sin .v

3 sin v -- sin 3x	 3
Sm 3 X	 -•---	 sin v- --- sin 3x

Jv	 -si nvdx-----J sill 3.vdx

3

	

	 I	 ens 3x
ens -S -f- - i--

(II) sin 4x cos 2x=	 -	 2 sill 4x cos 2x	
[ 

sill 	 2x]
2 1..	 P

sin (-v-i-i- sin 2.v

J sill 	 cos 2.v dx:	 sin 6x d	 sin 2.v dc

-	 I	 ens 6x	 I	 Ci)S 2-v

6

'PS toP?	 X

Example 14. integrate	 w,ri. x
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,fl
Solution. Put nj tan-' x-=l so that I -{- x-—a dx=dL Therefore

m	 1
e	

x
ç	 dx	 I	 f	 1	 1	 in tan- i

—	 .--- _	 c' di -. ----. e l --• e
•)	 1 4- x	 .1	 In

Example 15. Integrate	 Sin \/ X iv.r.i, x.

Solution. Put	 \//-X-	 t, then -_._L-	 (It, i.e., —. :2Jt

/2sin1 (it --2 cos t=-2 Cos x.

-	 1c
L.xample 16. I:1'OIuaiC	

(I.f-)
coS2(xe) d.

SOluior!.	 Put xe= I so that (xe -f ) dx.- -iI

ç	 di	 f
cos I
----------	 sec2 I (Ito- tan (--tan (X9)

i	 ,j

I
Example 17. Obuiln	

3: dx

Solution. Put x 2 -3-k 2 = I so that 2v d.-=dt

	

3 1	 3
I;= I---	 —.I i' di=

j	 1'	 2 1	 2 - n- -1

3 (x 4 k)'-'
2(3—n)

Example 18. Integrate (4.j)3 w.r.. x,

Solution. Put K-1- I rI so that 2x dx di

	

1 f X. 2 x dx	 I f (I- L) a!

	

- - 2 j (x2 -+ 1)3	2

I fi I	 I \	 I /	 I	 I
-- It---i

	

2 iv- - 12 /	 2 \	 1	 2t

_JJ I	L-2 (X2 11)

2	 21 )	 2 L	 (x21.i

I	 2x±I

4	 (x:-f- 1)2

sill X Cos X
Exatnp1 19. Integratewr.i. x

a 2 sw2 dX -F b7 	x
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Solution. Put a2 sin8 x-j Il l ccs2 x=(, so that

2(a--b 2) sin x cos x dx- cit	 s i ll  cos x	
di

2(ab2)
I	 rdr	 1•	 I-	 i	 -- --- to	 t2(a 2 h 1) J I - 2(a 2 _l,2)

-	
. log ( ( 12 sin x - b2 cos2 )

Example 20. Integrate

	

	 --•
X log x log (Jog x)

Solution. Put loc (log x)=t so that 	 . - a'x-dilog.	 x

i 
J 

L cit s log l.-log [log (lo-

Example 21.	 integrate sin 13-4- cos 13- -_	 •	 e
si/i (1- cos 0

ci
-	 (sin h-c	 13)I sin0 -cos 13	 i allSSolution.

S

	

t-.--- ------	 I----- -------- db

	

I Si O ---cos 0	 j	 - cosO, i n 13 - 

-Hog (Sill El -cos 0).

SCC V ('o.cec XExample 22. Integrate ----
x	

IVY•f vfog tan 

d
(tog (an x)

	

r 5CC -' Cosec ax	 dxSoluiion. I--- ---------------	 -----__.J	 log tan x	 .	 log tan x

-=--log (log tar v).

E	 1 4 sin 2x]Example 23 Integrate -------- ii r.i V
x4 sin x

f I -I- sin 2x	 r (I -4- 2 si x cos x)Solution	 ----s----- dx= I	 —--------. IXJ	 X -I-sin- x	 j	 .v--I- sin 2 x
(I

- — (x 4-sin 2 x)

•--- dx=log (x4- sin x)

Example 24. Integrate ------_ w.r . t .x.fog sin

d
r co x	 r	 (log 

sir,Slt10. -_- dx 	 dj log sin x

	

	 J	 log sin X
=log (log sin x).
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EXERCISE (II)

Find the integrals of the following functions w.r.1. X

I.	 Ci) sin X cs x, (ii) scc' X Ian x, (i/i) tn' x seO

2.	 (i) e3l 1 `	 COS X . ( ii) ((jx	 2x 1 . c)(V I b), (iii)	
)3

M
t 	

t:) '	 in

•	 \1 taii	 .X	 ..	 COS A
'	 (')	 ("

•	 3 cos •V	 ..	 3	 . -	 4 cos x

I - - s111 2 x ' xf I +(log x1j 
(u1) 

(1+sinx)2
sin (24-3 log x)	

6 (i	
sin ..Y	

..	
cos-

x	 3+7 cos x	 9 --2six
SCC?X	 1- sec 

7. (1)
v'4-3 tan X L(I -tan xf

	

sec 3x Ian 3x	 . cus x sin X	 .	 sin 2x
(u)	 (Ii:)	 (iv)

	2 sec 3 x -- 5	 5 + COS X	 I + S i n t .

ANSWERS

I	 ..	 tan4 x
I.	 U)-- cos 2x, (II) ---, (ul)

2	 (i)	 +2 .. •	
( + 21?•V+0"41	 (ii)

2	 '	 2(n+1)	 log 

3	 (i)	 log (3 tan x + 1), (ii) - cos). (iii) 	 4-(x-3)
4.	 (i)	 (Ian - x). (II) tan-' (sin x), 5. (i) 3 tan	 (sin x),

(ii) 3 tan	 (log x), (Iii)(iv) -- - cos (2 + 3 log x)

6.--- log (31-7 cos 4, (ii) - log (9 --2 sin x),

-3 tan x 7. (1)	 ------(ii) Jo?- sec 3x -5)

(iii) - log (S-f cos x), (iv) log (I -f-sm x).

jgs. INTEGRATION OF TRIGONOMETRIC FUNCTIONS

In standard forms, we have already seen that

	

Sin V dx=—cos x and	 cos dx- si ll x

We now derivr the following standard formulae for the primitives of other
circular or trigonon1toC tuncions.
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f
tan x	

fsinx
1	 fix - - --

cos	
--------

j	 Jx	 J C-0 IS

d
X)

(iA	 -Iogcosx1og sec x
J CoSx

tan x

I!.	 cot x dx= COS x
 dx==	 dxsin •-	 sin x

=log Sin ;k-

cot x dx4og Sj7

f	 dx	 dx
Iii. I cosec x	

I

J	 •	 '	
2 sin	 cos 2

x	 I	 x5CCt 	 dx	 iCc' - dx

sect -(2sin -- COS -)

di	 Atan_-i--)	
I

=
 J -	

dxr]og ari
tan	 I

2

Second Method.	 cosec x dx=j 
(.OSCC )	 cot X)

cosec A Cot X

cosec x-- I• --	 cot x - fc'i x

-- j	 cosec xT cot x

(cocc X — Cot x)
-dx

J	 cosecX —cotX

I i --cosxlog (coscc A—cot x)- Io'. t 
---fl---sir k

I
2 s:a 2 -

2/	 (A= Jog ---------------- =lotan-)
2sin --- cos T)
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Cosec x dx==log (cosec —cot x)=1og tan (-)

IV. J sec x dx=J Cosce (x	 )ilx

	

Jcosec I dl, putting x	 -	 - I, so that dxdt

log tan -y--log tan (-

Second Method,	 Sec x (IX= Sec x(Sec x+tan x)
(R

	

I	 (Sec x + tan x)
s log (sec X -4-tan x)

Now sec X- I tan
cos x

cos

	

Cos'	 Sin2

	

x	 x	cos -- +sin ---	 1 -F-tan --
	 /
=tan( -— -F--

	

x	 x	 x	 2	 2COS - -- - sillI — tayi --

sec x dxIog (see x- tan x) r=Iog tan (-- -

18'6. SOME STANDARD INTEGRALSI a cos 0 dO
	J/TT 	

putting Xa si ll 0

x
= do=o=1 1 —

a

I	 dxThen I ------	 . — i x
a

	

dx	 a sec 0 tan 0 10
tan o -, putting x=a sec 0

=j Sec & de=log (sec +tan 0)

	

= log (sec	 I)
X( 

log \+

	

a	 a	 )=log {(x+/i_a2)/}
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Thus	 --1og {(x±Vx2-Ey/a}

Sec 2 0 (10
j0	 P11"1119 x a tan 0X 2 	 2

= sec 0 d0log (sec O--tat 0)

-log(./ l- tan 2 0±tari o)

V +a ll
4--f- )=log (x+V X2+(j2)/(j)

Thus	 log{(x+ /x2Li2)/a}

IV. Sricc( -	 we havea 2

	

X?	 2a x-a	 .e--a

I	 1 11(I	 dx	 I dx
X	 r I	 -

	

•V- c	 2a	 .-a Jx-fa

log (x-a)--log (x+a) ]

x-a
log2a

	

I d 	 Irhus	 ----- - -log --jx -a	 2a	 x+a

	

1	 11	 1V. Since — —I ---- 	 we havea2 - x2 2a \ a -x a- X-'

I	dx	 I rr dx	 f dx

2 a U a -p-x

	

dx	

log (a+x)-log (a-x) }=- log -  ---

--log —
J a 2 -x2 2a	 a-X

	dx	 asee? 0 dOVP.	 2(1±7' by puttingx=a tan 0

d0=- 0=—tan'aj	 a	 a	 a
Idx	 1tan-x+a'	 a	 \ a

Example 25. Evaluate
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f	 A I f	 (IX	 f	 d
Solution.	

j 2X+J((X2._X+k) + U

	

1 1 	 (IX
J

where r=x—

tan	 .i]==tan1 (2x- 1).

Example 2o. 
Evaluate (1--x)i_x	

[CA., May 1991]

Solution. Put I — x =	 so that —dx -	 di
1	 71

or	 dx-1.

	

/	 I	 2	 1	 21-1l—x

dx	 f	 Cd02)

j(l-x)iT-x'J	 V/(I/)7ii
di

	

(2t1)	 dl

(2t	 2	 ^Jl i x

(fl(2) --	 I 1—x	 1- x

Example 27. Integrate	 W. r. 1. X.

Solution.	
'-	

d	 dx

dx

V(++)-(x2 4 x+)

I f	 dx

	

=7j I(\•w9'1	
_ 

5

	

J- .)	 )

ir	 dl
 where t=x 5

v'3	 /Th) -	
6
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1	 ±	 I	 - (6x--5
Sill-'

109/6

	

	 VROT

-I-Example	 12x,28. L	 (3x 7) dx
valuate 

	 +3x-2

Solution. Let (3x-f-7)	 (2x2+3x--2)+

(3x+7)A (4x43)+

3	 19
Then 4=3 and 3-l-=7 giving ?= , - ,

3x+7= (4x+3)-I.1. (This can be done by inspection also)

( 3 	 19--
J	 2x2-i-3x.-2

3	 (4x . 3) (/X	 19 
f	

dx
4 J2x+3x-2 4 j2x 3x2

3
--	

19	 dx-- log (2x2 3x-2)+-8- JTi
	log (2x2+3x..2)+!	

25

	

4	 16

3	 19
=-;4- log (2x2+3x-2)+ x++ 4)2.() log 

(35)

3	 19	 2x-1
=	

log (2 x2 +3x-2)+	 log

Example 29. Evaluate 1_-__-_(4x+1) d
Js/3+4x4?

dSolution, Let 4x + li - (3 + 4x -4x 2)+ i

Equating co-cfficients of x and constant term, we have

4x±1=__(4_8x)+3

jJ(-1(4-8x)_4-3)
dx
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_(4 —8x) dx 	 cdx
J 34x2+3 I V3+44x

di 

r	 dx

2 	 x'—x 1)
(2X_1)

Example 30. Evaluate 
x2 dvI

So1utiox. Jr._I (x2±1)-l-(x2--I) 
dx	 [Note this step]x 4 ± I

1 fx2+1

	

dx--	 dx

(	 1\	 /	 1\

Now	
fx+I dX=1_	 JdX=IL-I -
Jx4-4-1	 J	 1	 j	 I(x___) ±2Xi

dt	 1	 1where f =x---- so that df( i

==tan'=tan-'[J( x.L)i

ALISO jdx= _ dx— ^X4+ 1

-

Idu
• where u=X+—1 -

ju-2	 x

--	 to	 x2 - V2x+ I
2V2	 .X+/2x-f 1

• 1	 (x2—1	 1-	 tan -- 
j -
	 log	

y2x +1
Remark. The above technique can also be applied to evaluate

integrals of the type	
x2-

x4fkxa+ dx.I
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Ea inpi e 31. Find	
d.

4 -5 sin 2 x'

dx sec 2 . dx
Solution.	 - -

	 (Note this step)
^ 4 + 5 sin 	 SL() x

see' x dx	 sec x dx

	4(l -1-tan' x)+5 tan x	 4-t-9 

tic
ntx

I f dt
putting 3 tan X=t

1	 1	 '(3 tailx )
tail1--tan -----	

-2.

187. INTEGRALS REDUCIBLE TO SOME STANDft.RD FORM

1	 1
When functions are of the type

	

	 —	 and
a -I-h cos x ' al-h sin X

then substitution tan 
X--

1 is most useful. All integrals

of the above type can by reduced by this substitution to algebraic forms
where the integrals call evaluated by available methods of integration
of algebraic fu nctions.

\Vc also make use of Following results from trigonometry.
21	 1—"

1fl x=
	

cos Xrr---j- etc.

Also	 tan -- I	 -2 see' -- - dx di

1 2d1
T(1+12)=dt i.e., d=1--

dt

ç	 dx	 ¶2.i-_t	 ç	 2d(____

	

ja fb Os x	 ia-Lb 
j.1 2 j(a . b) t2-i-(a-l-h)
1+12

2 f di
a_bJ ,2 a+b

a--b

	

Case I. Let a'> b2, so that	 is positive say V. Then

abt2+k2 --tan (-k--)

	

2
tan_ h A	 P tan

	

/a2_b	 ". V a+b	 2
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Case II. Let a.<b1, so that a+b is negative say -p '. Thena-b

2 f di	 2	 I	 1-p

 b-l.a
tan_L_

log

Case III. Let a!h? so that b=ja

dx	 I  dx -

J aacosx aJl+ cos x
11	 dx	 If dx=-I---	 or -I-aJ	 x	 aJ	 2X'

2 cos2 --	 2 sin

according as ba or b= -a.

-	 sec3 Z lx or[ coscc2	 dx
2aJ	 2	 2a)	 2

Ix	 I	 x
tan -- or -- - cot

Example 32. Fvaltiaie

2dt

Solut 0 . A'=	 It2' putting tail -- =1

5-f 4.-
I 4f 2

f 2d1	 2	 t
= j 94t T tan -

2	 ri	 x
=-Ttan	 tan--i-

Example 33, Evaluate

2d1
X

Solution	
'= 1	 3(1 (2)	 S1' putting tan 2 =1

1+1, I-j-1

f did,
51+41-f85j 2+	 1+4
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2
1	 5	 5I	 - tan2 (
	 5	 6	 6

T) 
6
T)

=	 tan-'	 5 tan	 *2 )]

EXERCISE (Eli)

Evaluate the following

dx	 (IX
1. (I)	 (ii)

2. (1) 
J 

2 L.dx (ti)	 (iii)	 dx V2 — 2,v -i	 ^1-3x!	 J3 + Zx —x2

3.
dx	 3d	 dx

() 
IN/"73_x '+8x+T 	 6x_x2'	 JVx2x2

4. (i) J	 gIXii)J-7=-_-__dX (iii) 
jw 

^ (Ix

Xdx 	 I X2-•--1

J+x'+i	 J X+'c'-)' (iii) j-.----_---_ dx

6.	 (i)(IX,	 11	 Jc±.	 Ti2 d

7.
I 	 e dx	 .. C
	

COS x 

(Ix
(') i3C+3&f-l'" J4sin2xF4sinx±5

dx
j2 cos 2 x-f sin x cos x •+-sn' '

dx	 ..i

	

dx	 •..	 ç Ix8. 
(i) j-----, (") 	T5	 23sjn 2vCOS

r dxrd x9. 
j-,	 10.	 ._-2-fCOS _X-fSIn- _x	 3 cos x + 4sui x+13

ANSWERS

I	 13x--j	 •.	 I	 (2(x-1)1. (z)	 tan	 (ii) -3 Jog 
-------

2. (i) -3 
log (2x!-2x+3)+±- tan-' 

j (2,, — 1)^

log (1 ±2x-t- 3x2)_ j-_. ._2 tan'

(hj) --i- log (3+2x—x2).F+ iog(± ..)



746	 !3USLNES MATHEMATICS

3. (i)	 log	 '5x-t-4 (.V5xl+8x4

	

(ii)	 3 sin 1	 . (11) -- sin

	

V2	 5

4.(1)	 5(1+±jx2±x±)/6

	

(ii)	 9-3-8x-1j4 siii-' 	 ), (iii) /2ax_x2

I	 i2x2+l•	 0) ,	 tan
(X	 i	 I	 XI—X-1 I

23 tan-	 -1log	
-A-:1)

I	 (X&_V'3X-fJ\
log \/1l

6. (1)	 sin X(x+2)/iT?]

	

(ii)	 /X2_	 1 log

2	 2e-1. 1	 ..	 I	 2 sin xj-j7. (i)	 tan-' (--, (ii) - tan' (-2----)

	

2	 2tanx-i-I	 .	 2tan	
(	 8. (i)
	 tall_
	 3 tan -

log (_i_ui) (iii) _3iog [	 j

9. /2 tan [-( tann--i- +11 )]

10. --.tan'	 5

188. INTEGRATION BY PARTS

have Let 
U and v be two functions of x. From differential calculus, we

ddv	 du
(rIv)=u .-

	

d	 dx	 dx

Integrating both sides w.r.t, x, we have

r duu_. u—dx1 v— dx
I dx	 dx
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C (IV	 f	 (114
Transposing, we get

	

	 u - dx_uv 	dx
I Tv

	

If u=-J(x) and	 -- = (x), so that v=

the above rule may be written as

AX) (x)dx:- Jx)	 (x)dx ) -
	

Jx) } 
J 

(x)dx 
I 

dx

Thus
The integral of the product of two Junctions :-first function x integral of

the second function - integral of (the derivative of the first x integral of the
second function).

Example 34. Integrate x 2 sin x, w.r.t. x.

Solution. Let x he the first function and sin x be the second
function. Then

	

12	 sin X (IX- (T x	 ( sin x dx ) dx

=_XZ cos x -I•- 2x cos x dx

Integrating by parts, the second term of the R.1-1.S., we get

^ / d

	

1= - cos x + 2x cos .v dx--	 (lv) cos x dx ) dx

cos x2X sin x--2 
J 

sin .v d

=•—x2 cos X-F2x sin x+2 cos x.

Example 35. Evaluate 
J 

xedx

Solution. Let x 2 be the first function and e be the second one.
Then

	

I=X' I e3 dx--(x2) .	 e 3 ' dx dx

	

xe'	 I	 e3
2x. - dx

	

x 2e3 '	 2 C
- - - xe x dx

Integrating by parts the second member on the R.H.S., taking x as
the first function, we have

	

Xt	

--I-{ 
x x dx— J(-/- (x). e tix ) dx }
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x2e3 '	 e3-2 (II e3 il
—	 3	 3(•3	 3J	 -

Xe'	 2xe	 2
3	 -- 9	 r7

	

Example 36. Evaluate (a)	 log -v dx, (b) 
f 

x" log x dx.

Solution. (a) Take log x as the first function and 1 as the second.

J log x. 1 dx=log x J I dx	 J[	 (log x) I . dx ] dx

=rx log xJLxix

	

x log	 X.

(b) Taking log x as the first function, we have

1=- log x x" dx--j[/-- (log x). X" (IX ] dx

'+i	 r
=log X. ------_-_I--_- —dx

n-}l	 Jx	 n+l
i	 r

-log X . -- --- -- I X" dx	nfj	 nflj

	

X" 1	x'''= log x .
	 -

	

Example 37. Jaluwe	 x tan X dx.

Solution Let tan' r be the first function, then

i--- tan ' x IX dx -
	

(tan x)	 x A ] dx

I 	 XI
 JLdx

tan x —	 , -- dx

x'	 I f(x+1)—i

	

tan - '	 dx

	

If	 If	tan'	 I	 dx+-1-j	 dxTi
X2	 x	 1

	

tan	 X— -- +-- tan X

	

Example 38. Evaluate	 e sin (bx-I-c) dx.

Sol ution- Taking e as the first function, we have

!=e , sin (bx+c) dx_J/_ (e0) sin (bx+c) dx dx
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cos (/'x I c)I	 ens (1).x I c)
+)	 ---— dx

e' ens (bx±c)±	 e cos(bx Fe) dx

[ntcgratiiig the second member again by parts, we have

--	 e' cos (bx c) -	 e	 (hx+) m/v

(e') cos (hx +c) ix } (IX J
C ' , ens (b+c)	 h

I	 sin (bx 4-
(IC'	

c) dx
--- -- --

-= --	 e° cos (hx+c)	 c'' sin (hx +c)

S in (bx I c) dx

b cos (b--c 4-a s in (/x Ie)]

I knee	 a sin (hx c) - b cos (hx c) ]

Example 39. Integrate the function x cos , x w.r.t, s.

FCOS 2.vSolution. From trigonometry, cos' 	 -----------

II-i- cos 2x	 I I
Ij X(	 )Jx-)	 dx4	 V cos 2xd

The second integral is integrable by parts.

XCOS ? xdx=-- +_fx	 1	 Jin2x	

]It	 2
x 3	 X sin 2x	 I

+	 -f---- ens 2x

a mple 40. Integrate

" IUton,	 . I Ix	

—2x=	 x— - -- - x (IX1 2 V/a..x2

: I	 -'- -_-.-_-..	 dx
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X V'a 2 V'T 2 d-[-a2

2 Va2=x2dx=x4Ia2_x24a2 siir'--

	

(lX	 1c2_2+_ sin	 -

Example 41. Integrate -.	 --- w.r.t. x.
(x sin x (OS )2

S ol ut i on.

I	 x2	 x _-_N	 in x-- cos x)	 jcos x	 (x sill)" -

Since(x sin x-cos x)x cos x, integrating by parts, we get

	

cos x	 (x sill x---cos x)

j A cos x I (x sinco-,x -- cox 
dx

x

+ (:05 x)

r cos x--x sill X

-1-'------.-------------	 -.---	 ---- (lx
J	 cos2 x	 (x Sin x-+COS x)

4- I sec 2 dvcos x (x sin --XCoS x)	 j 
I

= ------------ -+tan x
cos x ( sin x

-
cos x)

Example 42. Evaluate the following integrals

xel
(1)	 dx	 [l.0 WA., June 11]

r	 1--sfnx
(ii) I e .	 dx.

J	 l+CoSx

r xe	 I 
Sniution. W

(x -j- 1) 
dx 

= j	 t)	
e dx

cr	 -	 ] e ^ dx
JLx+1 (x+1)2

Integrating ----j-- e' A by parts, we get
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(LV -- - --a-, e•	 C (IX
J x-1	 x-1	 j (x-j- 1)

Ir	 1	 1	 i	 1
It	 -.	 I e' 1Ix=
JL x ±1	 (X-H)J	 xi-1

(ii) e (_±2	 :	
1±2 Si!)

1-cosx I

	

	 x

L
2 cos' 2

x

	

I_I	 x
see- -- -I--tan

Integrating e	
x

tan	 by })arts, We get

I	 x	 x	 xe tan 
2 

(j_.etth	 2 sec2dx

e (sac' 
4 

-1-tin 4 ) dx -e tail
2

Example 43. Integrate	
X Sj11' X

wr.(
\r J--_\-

Solution. let sjir' x-9	 -V=sjr 0

so that iLv-=cos 0 do

tj	 fIii 0 1) cos U do
J	 cosD

I) sin o do

0)-fl cos

O COS O-I-sin 0=sin 0—. 0 V jT712j

x— /l—x sin-' x

I x2 ta,z I .
Example 44. Evaluate 

	
--____.L (IC

Solution. Let tan'	 i.e, Xtan 0 so that dx=scc 2 0 dj

	I 
f	 O. sec? 0 do=	 tan' F) scc'O-	
j

	

TT i ll 111 0	 i	 see2 8

0 tan' 0 IoJ 0 (sec2 0l).de

0 sec , 0	 0 dO
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= 0 tan 0—	 . tan 0 d -

=0 tan 0- log sec 0-- -- o2

0 tan 0 ---og	 / i -o -.	 (;2

tan	 \'--	 -- log (I +x2)-	 (-

EXERCISE (IV)

Integrate the Iollowing functions.
I. (i) XC',	 (ii) x 2 e ll	 [!.C.W.A., December 19901
2. (1)	 x sin -.	 (if) . sin (02),	 (iii) xi cos X.

3. (i)	 sin ' x,	 (ii) cot	 x.	 (iii) x see - I .v.
4 (1) x log x,	 (ii) (log x)2.
S. (1) x sec 2 X, (Ii) X2 Sin X COS X.

6. (i) x sin x sin 2x sin 3x, (11) sin x log (cos x).

-.	 I x-4-sii, X	 I x--sin x
7•	 (1)	 .-------- - (1.,;,	 (1,)	 ---. dx

J 17- f cos X	 J 1 - cos x

8.	 ( 0 h2'	
e' dx, (ii) i ----' ±: J9_:_ e' i.--.

I e' rcosx -fsinx \
(ill) i	 --.-----------'----------) dx

J	 co2x

9.	
-I	 x3 s j n -• ' x

M
(i—x1)1' 

dx, (U)	 2 dx,

I X tan' x(in) I --	 -_- ix.
J (1

10	
C08 0+ sin 0

cos 20 . log -	 — dO.
cos 0—sin 0

ANSWERS

1.	 (1) ,x--- l)e, (II) 01-2x4 2 e'. 2. (1) sin .v --x cos x,

(ii) --2x cossin

(x 6x) sin +3(x— 2) cos x.

3	 (1) x S1fl 1 x  VFx, (ii) x cot x -	 to(l +x2),

(iii) -._ [
X1 sec	 X—

4.	 (0	 - x2 log (f-) ((I) x(log x)22. log 1+2x
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5. (i) x tan x — 109 Sec X, (it)	 (1-2x2) cos 2x-f--	 sin 2x

6. (i) -	 x ( cos 2x+	 cos 4x—	 cos 6x )

	

I	 I 6x )sin2+	 sin 4x--	 sin

(ii) cos x[l ---log (cos x)].

X7.	 (i) X tan -ix -., (ii) —x cot 2

8.	 (1) ---, (U) eiog x, (II) e sec x, 9. (III)	 (x- tan x)ex

sin 20	 1 +tanO sin 20	 2	
dO

10. 	 log 1—tan 0	 2	 cos 20
(Integrate by parts)

1810. INTEGRATION USING PARTIAL FRACTIONS
X

Example 45. Integrate (x-1)(2XI-i) w..t. x.

	

X	 A	 B
Solution. Let	 -_-I) +

Multiplying both sides by (x— 1) (2X+ I), we have

x=A(2x+ 1)+B(X— 1)

Putting x1 and -- -i--, we get

l=3A

and -	- - -- B	 B= -

...	 JI)(2X+l)	 [3(x_1)	 3(2x+ 1)

	

(x--1)	 J(2x
	 )dx

=--- log (x-l)+- . -- tog (2x+l)

r
Example 46.46. Eyaluate	

d

dx	 t dxdx
Solution.	 '	 . x(l —x)(l +x)
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Let A	 ii	 c- -	
4.---X(1 x)(I -fx)	 x	 I --x	 1-4 x

Multiplying both sides by x(1 —x)(l -+-x). we have

1=-A(1--x)(1-4 x)-f-Bx(1+x)+cx(!_x)
	Putting x 0, 1 and	 1, we have

	

1==A	 A=1

	

1=2B	 B=
and	 I = —2C

I dx	 ç t	 1	 1
j x•—x	 J	 2(1—x) 2(l +x)

(Ix

=log x-- j log (1—x)--3 log (1 +x)

2 log x—log(1--x) -log (l+)J

11
log	

x2

Exrnple 47. Evaluate [__±__	 Lr.J(x—a,)(x--nx_.c)
________	 A	 B	 CSotuon. Let--

x a x --b x—.c
Mdtiplying both sides by (x--U)(x-_.b)(_c), we have

=(x—a)(._b)(x c){(x- b)(x_c)A+()(a)B

-f- (x— a)(x.—b)C
Putting =a, I-' and c, we

b3	 0
B. C(a- b)(ci— c)	 (b—a)(b —c)' 	 (c—a)(c —b)

	

dx+A	 a 3.B1+CJ
x+A log (x—a)+B log (x—b)1 Clog (x- c)

hcre A, B. C have the values obtained above.

Example 48. Evaluate	 cos x A
JTsjr, x)(24

[CA., November 19911
Put Sin x( so that cos x

I

	

cos xdx	 di
	J(1 +sin x)(2±si	 'J Cl +1)(2+1)

jrL1d
iL l -I- I 2+tJ
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f 1,	 di
)i* t j2+1

log (1+ 1 ) — log (2+1)

ll-t \-1-SmX
--log )	

)_
1O (12.

Example 49. Evaluate i
	

(Ix

	

ç	
IsinSolution. Let i- 	-- dv
	 dx
-------

	

JSifl XrSlfl 2x 	 x-4-2 sin X cos x

	

f	 dx	 f	 sin xdx
Mn x(l +2 cos x)	 jsill' x( +2 cos x)

-- (	 sin x dx
J(1cos' x)(1-j-2 cos X)

f sin xdx
—cos x)(1l- cos x)(1-f2 cos X)

Put cos x-t so that sin x

•
ç -- di

	=	 J(l—l)(lt)(L+2t)

A B C
Let	

I

I-=(l+1)(1+21)A+(I - t)(I -2t)B±(l.-1)(t +t)C

Putting 1=1. --I and - -- respectively, we have

1-6A

I---28	 >	 Br-----4-

and	 1=- C	 C=4_

	

4	 3

- + --] dt

tog (I—t)+ -- log (l+— -- log (1+21)

log (I - cos x) + -- log (I +-cos x) - - log 0+ 2 cos x)
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Example 50. Integrate	 x+5
(x±1)(x2) W.r.t.x.-- 

Solution. Let	
x+5	 A	 13	

C(x+ 1)(x+2)t
* x+5A(x+2)2+B(x+1)(x+2)+c(x+ 1)
Putting X=-2 and X=-1, we get A=4, C=--3•

Comparing co-efficient of x, we get A -f-BO, i.e., 11= —4

	

14 fdx 4 [dx	 r dx
x--1	 jx+2j()i

=4 log (xf . 1)-4 log (x-l-2)+ 3
x2

Example 51. Integrate (
	

2 _ 1 
	w.r:• x,

Solution. Let x be denoted by y (we are not substituting y for x).
Then the integrand becomes

Y-1	 —1	 3	 —2
(Y+ l)(y+2)(y±3)	 ±yT

(Using partial fractions)
Writing back X2 for y, we get

	

'jx
	 I dx

f(X114- (X2 

1) IX 	d	
+	 —21 )(X2 f 2)(x-f3) -

tan' x+tan 1 a —1 tan-

EXERCISE (V)

Integrate the following functions w.r.t. x

1	 (11)	 I

2. (i) (x—l)(x--2)	
(II)	 x4-12

(x+3)(x17'	 x'-13x+ 4

(Iii) (x 0(x--i)x+ l)
XI -4	 xt. (1) 

(x2_l)(3x 	 (11) (x---a)(xb)

4.
x[6(Iog x)1 -F7 log x+2j

5. (1) Sin 2x-
(sin X+ l)(sin x +2)(510 X-f-3)
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I	 secs x
( ii)	 •-.---	 (II)

	

3 sin X +S jfl 2x'	 (a+tan x)(b-	 tan x)
x	 3x4-46. (1) 

	

(x._l)2(x+-2)	 (x+2)2(x_6)

7.
x' —1

(x 2 + 1)(x2±2)(xS+.3)

ANSWERS

1. (i) -	 lo (x 3)3 (x+ 1), (Ii) f log [(xH- 1)(x+ 3)/(x±2)2].

2. (0 10 log (x 1-3)_30 log (x+4)+21 log (x+5),

(ii) 19 log (x-7)— 18 log (x-6)

(iii) -} 
log (x+l )++l og (x-1)+- Tog (2x-fl).

3. (1) --
	 log (x—I)—	 log (X+ I) f}- log (3x+I),

(II) b2
+(,b log (x —a) log (x—b)

2logx+14. (0 log 3 log x4-2

5. (i) 4 log (sin X +2)—log (sin x+ 1)-3 log (Sin x+3),

(ii)	 log (1—cos x)--- log (1 +cos x)+ -i-log (3+2 cos x),

(ill) lTa log (a+ tan x)-4-_!-_ Tog (b-2 tan x).

x-1	
I--	

II	 x-6	 I6. (1) -- log x23(x7' (II)	 log

'	
x

-L--- 2 tan'	 tan

.810, DEFINITE INTEGRALS

In geometrical and other applications of Integral Calculus it becomes
ecessary to find the difference in the values of the integral of a function
x) between two assigned values of an independent variable x, say, a, b.
he difference is called the Definite Integral fix), over the interval [a, b
nd is denoted by

1(x) d'c



758	 BUSR4ESS MATHF3MATICS I

Thus	 f(x) dx=(b)	 (a),

wh4rc (x) is an integral of f(x).

The difference [(b)—(a)J is sometimes denoted as

[(x)]

Thus if (x) is an integral of Ax), we write

dx[) 1=(b))

The numbers a and b are respectively called the lower limit and the

upper limit of definite integral.	 Ax) dx is called the definite integral

because the indefinite constant of integration doesdoes not appear in it. Since

If(x) dx=I(x)±c1_{(b)c —(a)+c

-  (b)- (a)
so that arbitrary constant c disappears in the process.

Illustrations

I	 1
r2x x4 7 (2	 l	 ,' 2J.

1 (2x '—x3)dx=[Tj)

4

4	 4
2. 

J 
(3x 2) 2 dx=J (9x2 — 12x+4) dx

2	 2

4

=[9._-I2.
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4
3x 3 -- 6x2 4 4x 

J

= 192-961 i6)—(24-24•f8) 104

3. [4 	] dx=[—±.+]

to

4. 1 ""< — [ 2 ,,, _x

10	 10

f log (x42)1

=log 12 log 8 —log (-)log (-_)

6. log x dx=- [ x log x x

=(e log e —e)—(log I I)

3rJ4	 3rc)14

7. 1	 sin x dx---[_c05 .

/2_0 )+v2

	

e_x1 dx[	 2e12

—2

J

--2 (e'2--e)-49904

2	 2
f dx	 TI	 x

9.	 I	 tan1 -
Jx-4 L2	 2

—2	 —2

	

I TI	 t	 I	 \1TLT \4 )J4
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1811. PROPERTIES

In this article we establish some important properties which consider-
ably facilitate the evaluation of many definite integrals. It is assumed
throughout that

Property I. The value of definite integral is independent of the
variable of Integration, l.e.

f(t) dt=f fix) dx

Proof. L.ILS.[ 0 (t) ]=(h)_(a)

J f(x) d=

Property II.	 f(x)dx=O

Proof.	 L.H.S.[ (x) ]=(f(a)—&)=0==R.H,S-

b

Property III. 

3 
J(x) dx=	 fix) dx

Proof. L.H.S.[(X) ]=(b)—(a)

(a)—(b) ]=_[(x)]

=	 fix) 'tv=R.H.S.

Property IV	 f(x)dx+ f(x)dx_-1 f(x)dx
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Proof

(b) -	 = I J(X)dx -= R.ILS.

Property V.	 f(x)dx= fla -x)dx

Proof In the integral on R.H.S., put a -X-=( so that —dx----dl.

Also i—a when x=O and (=0 when x=a.

RH.S.=	 f(t)dt

I jz twl	 (by Property Ill)

f(x)dx	 (by Property I)

=L H.S.

Cor.	 If f(a —x) = _f(x) then f(x)dx 0

Property VI. (l) Jtx)dx= 2 f(x)dX, if Ax) is even function of

x, I.e., Iff(—x) =ftx) and

(iI)lflX)dX=O, if f(x) Is an odilfuncilon of x, i.e., If

J_x)= —f(x).

Proof. We can write

f(x)dx	 (x)dx	 ftx)dx

	In the first integral on the right hand side, put x 	 80 that t 
when x=0 and t=-a when x=—a.
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_
fix) d.v

a
J f( t)dt	 (by Property III)
()
a

= f( —x)dx	 (by Property
0

Therefore

_ 

f(x) (IX = fix)(Lv+J f(x) x	 f(— x) f(x)J dx

=2 
J J(x)dx if J—x)f(x)

—0, if f( x)= —f(x)

Property

2a	
0

 VI I. f(x)d2 
J 

f(x)dx If f(2a—x)f(x)

Q iff(2a—x)_f(x)

Proof, We have

2a	 a	 2a

J xix =J f(x)dx + 
I Ax)dx 	- - (I)

0	 0	 a

Now in the second integral on the R.H.S. put x2a-1 so that whenxa, t=a and when x=2a, 1=0.

J
ftX)dx	

J J2a-f)d1= 
J f(2(j--t)di= J2a--X)dx

From (1), we get
2a	 a	 C7	 a

J ftx)dxJ f(x)(/x +J f(2a—x)dx J [ AX)	 a —x)]dx
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2a	 0

flx)dx=2 fx)dx, if f(2a x) =f(x)

=0, iff( 2a -x)=—f(x)
15	 b

Property VIII.	 f(x)dx	 fa + b - x)dx

Proof. In the integral on the R.l-LS. put a -+- b —x .=-- f so that

—.-dx=dl. Also when X=(l, t--=h and whet, x- b, t ..a.

R.H.S,=— f)dt	 f(t)dt=	 f(x)dx=L.H.S.

Example 52. Evaluate	
0- f 	 di.

[I.C.W.A., June 19901

Solution.	 ±± dt( 1+2+ 1) dr

=k+2t+5 log 

(4_1)--2(2_-1)+5(1og2-- log!)

log 2=5 log 2+

Example 53. Evaluate

	

	 _	
[C.A.. May 19911

(a2 4-X )
0

solution. Put x-=a tan 0 so that dx=a see' 0 dt3

When x=O,0=taia (-)._o.

When x=a , 0==tan_ 1 (_)tafl h 1= --

a
• f	 dx	 f a see" 0 dO	 I ç do

• ' J (a2 + x')8 /2-J a3 sec3 o	 a2 j Sec U
0	 0	 0
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ir/4

=-L
as f cos Odo=.Ji! sin o

sin -	
) va

Example 54. Evaluate the Integral

I	 'Ix
•1 l-I-4cosx

So1utjn. Put tan x-=t so that dx= 2d1

	

2	 l+1

When x=O, t=tan (--)=o

When X=x, t=-tan

[C.A., May 19911

co	 Co

•	 ç	 dx	 f 2dt/(1-4-z')	 I	 4d1
J 1

	

	 2+2:5+1_0
cc r, x 0+--.

Co	 Co

12+3

f4dI 	 r	 dl	 I	 (I

(3

	

4	 4 2
=_3_ (tan'c-tan 1

 o )(T—°)T

Example 55. Evaluate	
I±xt dx.

0
[CA., November 1991]

Solution. Put 1+x2_12 so that x dx_—t di

When x=O, 1=1 and when x=l, :=/T

j /:	 diI +

a/

2--tdI
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r
. ..	 /a—x' dX = 	 \/a+-sjn--' L-]

v'2
t 	 2	

f-=2±iSIn v'2

isill
i

2	in'1—sill	 --	 --
-- 	 v'2	 22T•

Example 56. Evaluate the following iniegrals

(1)	 cos x dx, (ii) 
J 

e 2 dx and (iii)	
y	 (IX0	 2

TO	 it/2

Solution. (I) 
J 

cos x dx[ sin x ]=sin -i-- —sin o -

(ii)	
J
	

(eee4)!. e(e 2 -- I)

(iU) j -\/Tj _+7—,ir x)dx=J( COS2	 + sin ' j_.2COSdx

,J2

1(
ci 	 x	 .x

—2 +sIn ---)dx
0

sin x-

-	 2
0
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=2 [( sin - —cos ---)-( sin 0—cos 0)1

—2 (---- -
V

--
2 (

o—i —2
L k /2	 '	 )

Example 57. Evaluate the following integrals

ic/3
r.	 r
 Cos xdx

(t) CO54 X Slfl X dx, (ii) )

0	 0

fsin 2odo
j s114 6-'1- —co .1

0
n 1

Solution. (i) Let	 C0S4 x Sfl X (IX

Put cos x= t , then --sin X dx-dt or sin x dx —dt

Also, when xO, t =I and when X-- t=0

id dt---[S 
]_-	

(Ql)-

n/3
cosxdxr

(u) Let	 344 sinx
0

Put sin x=t, then cos x ddt

Also, when x=O, t=0 and when 	 1

,/312	 V312

3-4-41	
__[ log (3+4t) ]

=-' [log (3+2'3)IOg 3]

1	 3-+2V3	 I 108 1+ 7
2

-

,;14
C'	 sin 29 d	 C' 2 sin cos 8 dO

in 1) + COS0 I sin4 O+cos4O

0	 0
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r/4
f 2 tan 0. Sec s dd
)
0

fDividing num. and deEl, by cos' 01

Put tail2 C t then 2 tan 6 sec' 8 d	 (it

Also, IVhCIi 9 =:O, (=0 and \hen 0	 rr. 1	 1.

j = tail

 58. Evaluate	 1= 7 r' r dx

	

(-	 -)Sill 	 xSrIution.	 1= / dx

sin( -x 
)+Vcos (-)

by Property (V)]
7T/ 2

sin x
J	 7==— dx

81n x --- v/' ^o s

ij2
fV SiflX	 f	 CosX21	 -dx

r'2	 J2
L S In 3+\/TT	 I I dx -

sin x-1-V cos x	 2

4

rl2

Ex6mpe 59. Evaluate	 log (sin x)dx.

o!ution. ;= 
log  

sill (-__x)]dx= log cos xdx
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r/2

=--	 [tog (sin x)-t-log (cos x) I dx

2	 iI2

log (sin x cos x)dx=4J iog(-) dx

0	 0

nf2

=
tog (sin 2x) dx— - J log 2 dx

ir

=2	

1	
log 

42

where	 log (sin 2x) dx

0

log sin g di, putting t==2X

0

• 2	 log sin I di	 [by Property (VII)j

0
42

=1 loggia xdxf

0

J---- log 2, whence I==—	 log 2

EXERCISE (VI)

Evaluate the following definite integrals

x14—:7/Xd

4

j	
d.'(2. 	

j 25—x2
3

dx.
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4. Prove that (i)	 tog 5,

f	 cos x th	 4( IX(IX	 TV
(ii) - - 	 --- -	 tog	 (ui)	

s' j
0	 0

TtIZ

1-
3 ----- . , 6.
 cos2x	 2 1 tax

0	 0

r/2fix
7. Prove that -	[CA., May 1984

Write tan
L	 cos.

IT

I	 xdx
8. Piove that	 I -----------	 [C-A., November 1981]

J 1 -	 sin .
()

2	 2I9.Evaluate (I)	 \/ x	 J---  - 
(IX

______
X 4- V 2 x	 (x 4- 1) V. -0	 0

10. Evaluate	 _____	 A.

ANSWERS
	I 	 •-	 1	 3

1. j- TZ	 V 3	 2.	 --- log

98
3.	 3

	

5.	 ---T

9. (i)	 I	 (ii)

10.


