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OBJECTIVES

After studying this chapter. vou should be able to understand :
@ to find the indefinite integral of a given function

@ to state the standard indefinite integrals

@ to evaluate definite integrals.

180. INTRODUCTION

In the previous chapter, we dealt with the methods of finding
derivatives of a given function. We had noticed that the derivatives so
obtained were also the functions. In this chapter, we propose to deal with
the copverse. Consider the following examples :

(Y If fix)=x, then ['{x)=1
(i) If fix)=x73, then f'(x)=—3x""
iy Tf fix)=x5/2, then f'(x)=§x*/*
(iv) If fix)=sin x, then f(X)=cos x
(v) If fix)=sec x, then f'(X)=sec x tan x
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Now let us consider the questions :

(f) What is the function whose detrivative is | ?

(7i) What is the function whose derivative is — 3x-4 7
(ifi) What is the function whose derivative is Fx3t2

() What is the function whose derivative is cos x ?

(v) What is the function whose derivative is sec X tan x ?

Clearly the answers to these questions are x, x=, x*/2_ sin x and see x
respectively.  The functions which we find are called primitives or anti-
derivatives or integrals of the given function. Thus we are given a function
of x and we try to find another function whose derivative is always the
given function. This is exactly the problem of integral calculus. Integration,
therefore, is called the inverse process of differentiation. For example,
the function whose derivative is cos X is sin X.

sin x is called the primitive or anti-derivative or the integral
of cos x,

Definition. [f ¢(x) be any differentiable function of x such that
d "
7% [B)] fix)

then ¢(x), is called an anti-derivative or a primitive or an indefinite
integral or simply an integral of f(x).

Symbolically this is written as
#0) = [ Sarx

and is read as "“¢(x) is the integral of f(x) w.rt, x.

The pracess of linding the integral of a piven function is called
integration and the given function is called the integrand.

Remarks. 1. The symbol E used for ‘integral’ is a distorted form
of the letter S, the first letter of the word *sum’.  This is because originally
‘integral” was defined as the sum of a certain infinite series.

2 The symbol I dx is purely a symbol of operation, which means

integral of  with respect to x. jand dx mean nothing  when taken

separately.
3. From the definition of anti-derivative it is clear that

£ | j fu)dx] =f(x)

4. In the present chapter we shall study several mett_mds of finding
integrals of a function but this however does not mean that integral of any
given function can always be obtained.
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18'1. INDEFINITE INTEGRAL

Suppose f(x)= x%, $(x)=x*-+-9 and y(¥)=x?+¢, where cis a constant.
By dilferentiating these functions, we get

(1‘ (1 d
x ﬁ-‘)gg‘t $(x) =ity Y(x) =2x
S 2x dx=x? or x>-++9 or x* }-¢

Hence g 2x dx does not give a definite value and is called an indefinite

integral, The gencral value of K2xdx:x1+c‘, where ¢ is an arbitrary

constant. The constant added with the integral is called the constant of
integration.

For example

d ) s
e (sin x)=cos x, X cos x dy=sin x-+¢

From these considerations, we conclude that integral of a function
is not unique and that if f{x) be any one integral of ¢(x), then (§) f{x)-}-¢

is also its integral, ¢ being any constant, (fi) every integral of ¢(x) can be
ohtained from f{x)+c, by giving a suitable value to ¢,

182. RULES OF INTEGRATION

Rule 1. The integral of the product of a constant and a function is
equal to the product of the constant and integral of the function, ie.,

j k f(x)dx—k j_f(_r)dx,
where k is some consiant,
Proof ci" k Ef(x)dx :I:.k fi—[f(x)dx—.—:kﬂx)
dx dx
From the definition, we have
k ] f(x)dx:[kf(x)dx

Rule I1. The integral of the sum or difference of functions is equal to
the sum or difference of their integrals. Symbolically

K [ S ) H LX)+ .o HS(X))dx
- I fi(x)dx+ I SoX)dx -+ + I Sa(x)dx
where [ (x), [i(x),..., [.(x) are functions of x.
dr
Proof. d; [j f.{\)d).’.-{- I _f’(‘\‘)d,\’ + ... j fn(_);)(!x ]
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d d
— I fi(x)dx+ ij So(x)dx 4 ...+ ‘% I fi(x)dx
=)L)+ e + (%)

From the definition, we have

S fl(x)dx-i-] f,(x)dx+...+l Lu(X)dx

o I[ SO i)+ o) ]dx.
18'3. SOME STANDARD RESULTS

We give below some standard results by using the derivatives of some
well-known functions.

xn+l . \,n+l
Y I
d ) 1
L o (log x)_—_-? : j dx=log x
L, o K. (sin x)=cos x cos X dx=-=sin x
S 2
vi - T (cos x)=—sin x, I sin x dx=—cos x
d
V. dx (tan X)=sec* x, [ sec? x dx=tan x
d
VI. -y (cot x)=—cosec? x, I cosec® x dx=—cot X
d
VI p (sec x)==sec X tan X, sec X tan x dx=sec x
VIIIL di (cosec X)= —cosec x cot X,
X
cosec x cot X dx= ~cosec X
. = d x ____el - x d x
X, g (e)=er, - je xse
s A 1 dx
X. Vv =6 1X)=————, . | ———— =sin-!'x
ax Vi-x? IV1I=x
d 1 [ dx
.o __ =1 - . o -1 4
>4 A (tan x)= T - e _f_x,_,_tan X
5 d SF 1 . dx i
b 1 dx (sec X)_x‘\/_:t—-"—_l- powe [x\/ x!_.—l =sC™" X
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x

- . »(-{.- g = x . X PR
X =~ =+ (Iog a)_a s 2 j a* dx e 5
lllustrations
Sxtdx=5| x*d Sm =
1. 5 x* dx= E X = 5T =g X

2. ] (3--2x—x%) dx=3I dxﬁzlx dxHI x4 dx
xl{-l xd&l

== i

5

=3x—x2— %

3. I (4x*43x2—2x+5) dx

:45 x? dx-}-3j x° (f,t—zj xdx+5 j dx

x:h-l xe+1 xlél xo0+l1

e PR TR Y
=x¥4-x?-—x%4 5x,

] (vi—1)2 d.r:[ (x?'=2x24-1) dx

4,
:;E x4 dxu—z-\- x? dx-{-[ dx
ang x5 2 3
=5 g Fue
5. !(\/-z- ] x4+ 2,,__) dx—_-.S\/“; dx——-l—'[xdx+2jﬂl—; dx
2 VvV ox 2 Ve
:% -7 T:li— XZT4 4x112
6. j (}=3x) (14x) dx=5 (1 —2x—3x%) dx
:K dx—zg % r{x—3§ Xt dx
=X —X? —=X3,
x4
7 I—\"“H dx ~E (x24+x"7%) dt“j xTdx J‘ X7 Jx
X1
=3 %"
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8. Evaluate I( Ix-14-4x2—-3x |8 ) dx
Solution. [ j-i— dx—'rx 4x* dx-—j 3x dx+j Bdx

::35 ! dy | 4] de,rﬁ3[ xd_rJrsX dx

X

3 2
=3 log x4 -‘%{— -*321 +8x,

I 52
9. Integrate ( v;—-) w.rid. x.

J
Selution. g(\ X -—l‘;) d.\:::‘( x3_-3x 1,.;, ,;:3 )dx

= S (P—3x43x71 —x-?) dx

j @ dx_sg X dx+43 [ e dx—l X3 dx

i+l It 3

e 7 s e e

i :f__?"_.z, _l_ =
i 7 1-310gx+2.¥ 3

« a '
BeTut s K7, =
oo

Solution. [ E( X342 gxV2 4 x VI8 Tx 13 ) dx

Example 1. [ntegrate

x5 x3iz x5/ xl/2
== T — 3 . 3_ T _-—5r-—+7 " l
3 2 6 2
%_ Pl DL —g— X515 [4x1/2,

. ax+bx-34ex7
Example 2. Evaluate '[ kﬁw——-fx.

h 1l c |
Solution. 1-“-—(-’:—5 3 dx*l"';,c'—g-}- dx+7(-§ x=5dx

_axt blogx cxt
=kt Tk Tk

Example 3. Evaluate K( Se* —4a*-+3 cos x+ q./?) dx
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Solution. l:HI e~ rfxv~4“ a* J.\'——".lg cos X d.xkl-] x4 dx

qar

: 4
=ge'— ——— LA gin af X1
log a 5

d 1
Example 4. FEvaluate Sv—jzgsi'—’—{-dx
s

3 : a-+ b sin x 5
Solut ion, VTR =] u sect ¥ X b sce x tan x dx
cos® x

—a tan X+ P sec x.

sin X dx

- sin x

Example 5. Lvaluate S

. sin X (J —sin sin X —sin? x
Solution. [= ; —(-r.—‘ ) dx —— dx
| --sin* x COS7. ¥

sin X sin? x
:.E = dx—\-5— dx
C( 6]

2 x

5

=’S scc x tan x dx— X tan x dx

= sec x- ! (sec? x—1) dx
=s¢c x—tan X+ X,

2 cos x {
s R G
5 sin* x+ S cos® x

. ] 2 «¢ons x| 1
Solution. Let [ {f =5t . de
olution et % 5 S A."? 5 ' coSE X

(2 e L, Loa
3 P 5 * cos® x

Example 6. Integrate

:%—K coscc x cot X dx - ;—S sec? x dx

wlN

|
cosec X+ 5 tan X.

Example 7. [Integrafe A +sin 2X worl, X,
Solifon. 1= gw‘miz—x i

— !\/cos2 X fsin® x +2 sin x cos x dx
= i‘\/(cos X+ sin x)? dx +] (cos x+sin x) dx

e Scos x d_\'-{—! sin X dx 4sin x+cos x.
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EXERCISE (I)

Integrate the following functions :

1. () x%5, (i) /x| (iil) \/.l_
X

20 vE 77;:

() Tx*—3x4§— :

X

1 1
+jc-+x~{

(iif) ax*4bx*4cx+d
X
: 4x54-3x5 4 2x 4 X3 x2 4 ]
(W) X3 R

1
. ( 2x+ _l_e"'+ i'—ﬂ_:_:
2 X X

w

x4 x24] sin® X+ cos? x cos 2x
2(x*+1) 7 sin*xcosfx  CosExsindx

ANSWERS

i

(i) l—sl—xllls_ (i) —-,:;- x73, (i) 2x1/2

Ll

1
(0 % XI2—2x1 1, (i) —;-X" ~ % X8 ~24/% +log x —

x

() X443 4+-X2 4 x4 log — ——1e~"-+4 log x —Fx*3,

2x? 7 log 2
4. (i) 1 (f— +tan! x)
2\ 3
5. sec x—cosec x. 6. —sec x cosec X,

18'4. INTEGRATION BY SUBSTITUTION

Integration can often be facilitated by the substitution of a new
variable for the given independent variable, in other words, by changing
the independent variable. Experience is the best guide as to what substi-
tution is likely to transform the given expression into another that is more
readily integrable.

INlustratians :

1. I cos? x dy
; dx

Let sin x=t = cos x = 1

dx
3 = T Rl
Icosxdx—j co:.xa,r L
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dx
—| cos® x.cos X —— .dt
dt

=§ (1 —sin® x) . dt :[ dt I 2 d:=t-—3_

~=sin Xx— } sin? x.
2. Evaluate [ (4x +3)% dx.

dx | oode 1
Let dx+5=t => 4m——~l ar g-s=y

j (4x +5)° dx:] (4x+-5)° ij . dt

1 Ll g 1 e
—_-!Is_—4— df——4.‘.t(h-7—‘i-_77—

1 &y7
=35 - (4x45)
3. Evaluate I x (x¥44)% dx.

dx _l_
or x 3?‘:2

Ix(x‘-’+4)5 dx:l (x*4-4)° x ‘g— dt

dx
Put x2t+4=t > 2x (F=1

! 1 1
B, i (B8
gk, dt 3 !

B I 2 6
=17 (x* 4 4)°.
4. Evaluate }‘ sin x cos® x dx,

dx
Put Cos X=I > —sinx J!—=1

] sin X cos® x dx:—] cos® x (—sin .w:)?;-:E dt

4 4
Example 8. [Integrate (x+a)" w.r.r. x.

d
Solution. We put (x4a)=1 = %:1 > dx=dt

& i
_ﬁj o] de= 1 _costx

18

731



732 BUSINESS MATHEMATICSY

2 = s __1'::' (x-faym+?
[(-H ay" dx=— It (”H"-H':“n-’r-l l

Example 9. Integrate the following functions wr.t. x.

¢ 8x8
a I4L2)2 ) 3x® 34 )2 42 e S
By
and (d) TESUT
Solution, Let us put (x®+2)=1 then df=23x? dx
(a) j(x"’*{- 2P . 3x2 ix -_—_—[ 12 At — tTi =~:l;—(x"-|f2)3.

(b) j (242p8 2% fff=-;—] (x2-L2)112 342 dx

I:Hz dr:L . il
3 3/2

\D,N ul'-'

(x4 27

2
(c) I(.ﬁ& dx—=8 . —:;uj (x%-1-2)73 3x2 dx

.}_2)-1
[ ()

RN,
T2y
1

T3
—}I (x*4-2) 3x? dx

() L x* dx

=

.b[--

1 4
! dt=— . 314
J X &y

LTS w[—

(x> 24,

Example 10. Integrate e'*" * sec? x wr.t, x,

Solutien. We put tan x=1

dx 2
> sec? x s 1, ie., scc? x dy=dlt

I elon x sec? x dX:j e' dt:e':e“" x
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e.w’n" X
Example 1. [Imegrate —— —_ w.r.t, X,
v I—x?
Solution. Here sin~! x is involved in the integrand and its denivative
| - g
— —-—_is [actor of the mteprand.
V1 —xt
5 - o |
This suggests the substitution sin™' x = T dx=lt
il e
I k el i~ e etm iy
N Eval - xSdx
Example 12, Lvaluate k‘} it
: ; Ix : ;
Solution. We put x* [ = 6x® (Tf = |, ie, Grxbdx dt
[#
a® di | |
— x — e . tan"' f=— tan~' x5
! ErE E (1417 6 g o

Example 13, [Integrate the following w.orit, x :
(i) sin® x, (il) sin 4x cos 2x.
Solution. (f) We know sin 3x=13 sin x—4 sin"

5 3 sin X--smn 3x 3
= SIN- % Swmm—em—

T
7 G s X N sin 3x

j sin® x dx

K | cos 3x
- CO§ X4 T g B

3 . 1 .

3 I sin x dx— -4-—I sin 3x dx
3
4 3

(i) sin 4x cos 2x=—%—[ 2 sin 4x cos 2X J: T,I![ sin 6X-Fsm 2XJ

] :
2—2— sin 6X ¢ &3 sin 2x
L . L
.| sin dx cos 2x nv‘.\r::T sin 6x dx | 5 [ sin 2x dx
1 cos 6x I cos 2x
=" & Y& 2
Jmoran! x
Example 14. [ntegrate — Ww.r.if. X,

143
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m
Solution. Put m tan™ x={ so that T3 dx= dt. Therefore

mian-1x

dx -
]_E"f" e a T =l—1_ X e' dfu-———!;_ e’_—.:...._!.. e nLan %
1 4x* m n

1 ; —
Example 15. [Integrate — $in /X w.rl X,
b

- | .
Solution. Put /7y =1, then 5= ax=dt, ie.,

V% v x

:{ZSintdr-_—.—z cos t=—2¢cos + x.

e* (1
Example 16. Lvaluate [ cTs(i'—(t_g‘)T

Solution. Put xe*=t so that (xe*-+¢*) dx=dt
dt "
I=| ——=| sec® f dt=tan f=tan (xe*).
cos® ¢

3x dx
Example 17. Obtain g(“x-?“ﬁ‘

Solution. Put x?4-k?=1 so that 2x da=t
1

— dt e
1_—_I.E_._ _:_3__5 [-n d{:_{ i+
fid ) “hatl
_ sk
- 2(1—n)
53
Example 18. [Integrate T W.rl. X

Solution. Put X?41=1 so that 2x dx=d!

I_]_!I’.?de”l [ (t— 1) dt
T2 (21 2 13

1 1 1 1
‘:_2“](:7 - Y=g (~
__I_(ln?f)_“l_r 2(:%])1
2 20 )7 2L X0
1 2xt41
=0 & R

sin x €os x

Example 19, Integrate . -~ Wil X
e L 2 £ a* sin? x-+b? cos? x
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Solution. Put a2 sin? x4 b® cos? x=1, so that
dt

2(a®—b% sin x cos X dx=dt > sin X cos ¥ dx=w

- dt 1 —
G b)J’ T 2@ B

- 2(all b?) . log (a2 sin* x4-b2 cos? x)

1
x log x log (log x)

Example 20. /ntegrare w.rit x.

I !
) i = ————— —_ ==
Solution. Put log (log x)=! so that g * * dx=dt

I= j‘L’ dt=log t=log [log (log x)].

Example 21. Integrate sin B4 cos 6

S
sin —cos 0 8

d
I 18I 60— cos §)
sin 0 {—-Cﬂ 5] 10l i
iGH. SR de;z[‘,_. s
Solution [ sin 6 s 0 sin 8- cosf u8
=log (sin 8—cos 0).
s
Exemple 22. [ntegrate == 2 0%CX s
log tan x
A sec X cosec x dx  [dx (108 tan x)
Solutien. |-——"— ke N v e
log tan x log tan x

=log (log tan 3
I+ sin 2x

x4 sin? x

, 14 sin 2x (1+2 sin x cos x)
Solution J Tie dx= I T EeagE — Hx

Example 23 /ntegrate

wri, x,

!
[3}(x+sinﬁ x)

= e T T e d': Y
x+4sin® x x=log (x-+sin® x)
cor ¥
le 24. Integrate "X _
Example 2 g Tog sin - W X

d
. 5 (log sin x)
Solution, I el 2 dx:J d—-—-*.__f\ dx

log sin x log sin x

=log (log sin x).



736 BUSINESS MATHEMATICS

EXERCISE (II)
Find the integrals of the following functions w.r./. x

1. (i) sin x cos x, (ji) sce” X tan x, () tan® X sec? x.
3 (i) €32 “ cos x. (i) (ax*+2bx {-c)'(ax | b), (iif) o Ig 5

1

h () (3 tan \-H} cos? X wiy.€” sin g7 ) ( +'4)
A tana sy, COS A
S OB ey s o
i Beos X i 3 4 cos x
5. o - -
) ) 1 +sin? x' th x[1+(log x)?] (ifi) (1 4sin x)?
. sin (243 log X) T ” cos A
) x 6. ) ST cos x V) S 3vin o
. scc® x sec X
i s o ]
e vV'4-3tan x ()[— (1 - tan x)
... scc 3x tan 3x . cos X sinXx . sin 2x
() "2 secc 3x—5 " {4 S4cos? x ' () I +sint x
ANSWERS
; 4
L) — conax iy ZEE () ELE
4 n
i (ax2-42hx+c)*4t .. 1
y R T R £ L e iy St SR 7 e
2 () 5 . (1 A1) (i log %

3. (D) -3— log (3 tan x+ 1), (fi) —cos (¢7), (iii) - 2(£3i{:3)

4. (i) } (tan"! x)* (#) tan—! (sin x), 5. (i) 3 tan~! (sin X),
i . 4 |
(ii) 3 tan™' (log x), (#f) Tim ™ (fv) e cos (2+3 log x)
6. (i) —+log (347 cos x), (il) —4 log (92 sin x),

1
—tan x)ﬁ( i) i log(2 scc 3x -5)

(#iiy —4 log (34 cos* x), (iv) log (I +sin® x),
18'5. INTEGRATION OF TRIGONOMETRIC FUNCTIONS

(iiiy —#v4-3tanx 7. (i) e

In standard forms, we have already seen that

E sin ¥ dx=—cos x and E cos x dx- sin x

We now derive the lollowing standard formulac for the primitives of other
circular or trigonometiic functions,
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sin x f--sin x
1. tan x dx-= dx = — } s dx
cos x Cos X

L.
Idx(cos )

—— dx=—log cos x=log sec x
cOS X

5 tan x dx-=log sec »

e (Sﬂ X)
Il j cot x dx-——'i cf)b = dx= d\——_— dx
8in X sin X

=log sin X

i cot x dx=log sin x

111, I cosec X dt-—-[ dx j _LH,
tin % 2sin 2 cos -
2 7
I scc‘-;—dx ,;_ see? X dx
= T R Rl i
= o _
sec? = (2 8in = cos — ey
k) T
tan "-—-
= J é-{g—x——— dx=log tan (g )
tan —2-

cosec x (cosec X — -
Second Method. ] cosec x d.r:j ( cot x) de
cosec A--cot x

I —cosec X cot X-+cosect x d
X

Cos€C x - cot X

d
2 (cosec x— cot x)

,[ cosec X —cot X

Y=
= log (cosec x—cot X)=log ( - 1—cos. % )

sin X

2 sin? :_Y-
)
:]Dg

=log tan (

,k.}l e
"\‘:__"

L on A B
|\2 sin & cos )
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!‘ cosec x dx=log (cosec x —cot x}=log tan (-‘;- )
1V, [ sec x a‘xzj cosce («Hﬂ% )dx
~] cosec I dI, putting x + _21 =1, 50 that dx=dt

t Fik "
= log tan —2-—-log tan L—E» -+ T-).

X :
Second Method. j sec X dx:j S X (sec x-+tan %) dx
: (sec x+tan x)

=log (sec x +tan x)

| +sin x
Now sec x-tap x—=—t2tX
COS x

BN . £ X X
€0s" ——+sin? —— 42 sin — cos —
2 5 + ey

s X L, X
€os* — —sin? ——
2 2

X ; X X
cos ‘i‘"‘Slll T 1 +tan *—2' = (_Ti —x—)'
:——*——}—% an 3 + 3

) X 5 X i J
COs —2"-—*311‘1 —2" —Tlan —2—

S sec x dx=log (sec x+tan x)=log tan (—::— + -::—)

18'6. SOME STANDARD INTEGRALS

1 j dx  _ _[acos8dp s Hesp D
vfa'.!__xi - acosl ° put Ing X=a sin
X
=j d)=0=sin"! =
a
dx x
R e X
The[\ E\/az_xz_s]n 3
i [ =22 [ asecBan0do e B
C)Vxi—g = T atang  Putting x=a sec

-_—J sec B do=log (sec 6+ tan 0)

=log (sec 0+4 sec? p— 1)

=log (—Z—+ \/x’a-a= )=log {x+v x2—a®)/a}
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[ ]

d
Thus I\f o = ===log {(x+ \/x2_a2)[1}

dx 2
I [__ : _*:jusec 0 d0
VvV xita? asecl

, putting x=a tan 0
=.-] sec O di=log (sec A--tan 0)
=log(+/ 1+ tan? 0 tan 8)

= ]og(- — ++— )—log {(x+ v x"}ah)/a}

Thus I:\'/ [:: = —log{(x+V/ x*Fa?)/a}

i st L
X—agt Ja\x—a ~x+ta

[ 1 1 [.[ = .[ dx]
- ) b —
x:_g? 2a x—a X+4-a

=3 108 (x—0)—tog (x+a) ]

IV. Since

), we have

lo X—a
T
dx 1 x—a
Ve L‘z—_?:z; 8 T2
: . 1 1 ( 1 l
Y. Since m=2_[? E.*T-x+a—.r)’ we have

dx [ de: I dx :|
[Eig‘ ~9al Jarx v ) a=x
1 a+t-x

:E[ log (a4 x)—log (a—x) }:2—5 log s

dx 1 f"i‘
al—x? 2a %8 a—x

[ dx -{ a sec? 6 do
1

VI, by putting x=« tan

x?+at a*(1+ tan’O) ’

L | g 0-—— lan"—‘:c-'
:;"a" 4"'—” a

I;?——'T.;-’—'z ;—tm:l"l (-E-)'

dx
Example 25. Evaluate jm
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. dx _-l dx dx
Sinkinm. Iz_\*—zxﬂ - j T =J{(X’-x+i)+i}

i 5
J_J dx
2 ) (x-§)2+(3)?

1 dt
=—2-]- ﬁ_k_({)?' where t=x—§

1 1 -1 x_& o f ey
=7[(”2) tan ] ]—ldn (2x—1).

dx

Example 26. Evaluate I-__....__.___..
(-—-x)v 1—xt

[C.A., May 1991)

Solution. Put l"—x=—tl— so that —dx=— ;_i' dt

or dx=—,

l—xt=1—( 1——

dx I (dt/1?)
!u-x)#hx' (/vV@—nie

I ,2, E(zr——l) =

B e | Fx
___(‘_2‘_1_)-" ﬁ\/Z‘_l ::Jl 2 -1 = .I_..—}_:E

(#)2) —x 1—x
Example 27, Integrate __._f._.-__. wril x.
vV 745x—3x?
Solutien. K --—EX-——- :_l..g-—-—_ié-:-—_—_—-
V745535 \/3 V(T F §x—x7)

- (,. 3
"T[J(\ |n9) "”‘"'2“)2

dt 5
—— e 1= X o
7 [ , where X 3

T iE

1
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1 ! 1 6x—35
T S sin-l —_—— *"_"Sin_l (+—«)
i Vv 109/6 — /3 \V109
(3x4-7) dx
Example 28. FEvaluate I2x‘+—3l:2

Solution. Let (3x+ 7)== (gc- (2x24+3x—2)+p
(3x+7)=) (4x+3)+ 4

v 3 19

Then 4A=3 and 3A+ p=7 giving A= F i L

Ix+T=3 (4x+ 3)-{«1-3—-. (This can be done by inspection also)

2x*+3x—2

___3_}‘ (4x4 3) dx Bj" dx
=% )3 ia—2 T 7 |3 3%
3 19 dx
=7 log (2x2-{-3x_2)+-8- Im
e log (264 3x—2)+ = I—"—'ﬂi—'—
4 8 (x+_1"_ 2
4/ 16
3 5
1 ( T _T)

3 19
s 1 2.4 3x—2)4
g loa(i+3x-2) 8 " 29 - (x“*- 3.5
4173

! 19 2x—1
= ] 2 e sl
5 log @¥'+3x-2)+ 55 log e
Example 29. Evaluate j- (#x+1) dx
I44x—4dx?

Solution. Let 4x 4 1=} Ed— (B+4x—4x) 4 p
X
- dx+l=N (4—8x)4p

Equating co-efficients of x and constant term, we have
4=—8n and 1=4N44, ie., A=—1, u=3
4x+1=—4} (4—8x)+3
I-—:]-[_'} (4—8x)+ 3}

Vitax—qe
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=_%j (4—8x) dx dx
mmrrxf*-" I \/m

_apde
I /\/——-—-(x’ x)
= :1/=+% j/\/ l~( x'—x-f-z‘ )

. 3 2x—1
= 4 2 -
V3tfax 4X+251n1 ( 3 )

fl

x2 dx
l+1
2 2
Solution, [=-— 3 Eg—i%{— 1) dx
1 x¥41 x¥—1
":?]x'nd T3 ,{ ol

Example 30. Evaluate ]

[Note this step]

e Jx'+1 I(H_x") j( )

-4 1 l_ .
x5+ x? f—x, (xh_;_) +2

d_'t = ! d ‘ 1 .

:_-]‘2+2 ) where --x---;:— so that f:( 1 -!-x_i)dx

‘*Z/'z“’“—1 vz «/2 Vi vz( %)J

1 1
- R ki
Ao 5 dx jl & dx=.§(1 x:)'xq
2"*‘"—. (X+—x*) =2

du 1
&]”’—:2 , Where u—x+—x-

I T T g Xt —y/2x+1
=33 8 2= 573% orvar

1 {1 X3 —y/2%+ 1
/S 1
Iz (x\/Z 328 i axtd

Remark. The above technique can also be applied to evaluate

X241
integrals of the type I Ty dx,
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) dx
Exntnple 31. Flf!d X‘im-
. dx sec? x dx o
Solution. E‘H-S T x.—:h o e T (Note this step)
E sect x dx _ E sec? x dx
~J4(1+tan* x)+5 tant x ) 4+9 tan® x
_._.I_ i!.{_.. t 1 3 1tz x=1
=3 4_“z,pu ting 3 tan X=
| & oot (b j,ﬁtanx)
= —3 ] tan ™ tan (m?.

187. INTEGRALS REDUCIBLE TO SOME STANDARD FORM

1

w i ; ' : d
hen functions are of the type T B ca s alt sus an

] 5 2
. ituti an—-=fi 1. All integrals

L i then substitution tan 2 is most usefu g
of the above type can by reduced by this substitution to algebraic forms
where the integrals can be evaluated by available methods of integration

of algebraic functions.
We also make use of following results from trigonometry.

e o OF o Lot
510 X= Ly cos ---l"+—’.." etc.
B - d oot X s
Also tan 2 =l => 2su: > dx=dl!
1 e o 3 _2dt
> (A dx=dt, ie., dx=i"
2 dt
I dx _‘] Bk _'j 2dt
atbceosx a+b e {G"'_b) 12-(a+b)
1412

-4 j -
Ta-b a+b
e

b
Case I. Let a> 52, so that % is positive say k. Then

2 dt 2 t
Bl | . B s
ﬂ--bxr=+k2 T )

2 a-b x
1 — -1 —_— —_—
v (’\/a+b Ll o
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b
Case II. Let a®<<b? so that % is negative say —p*. Then

o I dt 2 l! t—p
Ta-b)rP—ptTa—b-" 2p gt+,p

x b~+ a
b=a

1
voie tan —~+ /\/b-}a

Case I1I. Let a*=5? so that b=1.a
1=] st AR IR _‘_] dx

tan —-

a-tacos x 1+cos x
1 dx | dx
el " a X
[ it 31 in?_
2 cos 3 2 sin 2

according as b=a or b= -a,

x x
=—-—I sec? — dx or 2—;[ c:osm:a—2 dax

2a 2
= -l— t % — cot —
= tans or —— cot 5
. dx
Example 32. Evaluate 55+4c7)s_x'
2d!t
2
Solution. 1‘—‘5 }_—":—:_gs putting tan % =t
S T4
I B tau"—f-
94 3

~—~—tan 1[ 3 tan“]

Example 33. Evaluate S 13+ 3 cos x+4 sin x

2dt

. :
L <, , putting tan i
13 A=) 2

Ly o [T L +l+f’

S olution I

I dt 1 di
) FaFsT 5 ), 4 8
+—5' ’+?
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-_‘l_'\' dt - &

— 5 2 \? 2T 6
(+5)HF) ° 5
=K é tan—1 [—é—( 5 tan -% +4-2 )]

EXERCISE (Ii1)
Evaluate the following :

dx . dx
L ) [m—*_3x1+2.t+5’ (i) Eﬂc::—l
- Jef1 e Sx— x+1
2 @ ,[2,»;=~2x-;73 %, ) X 1+2w3r %, Gt _[3+2x—x' “

3 0 r dx N I 3dy I dx

v 1 _ 3 [ dx
Wisttega W | T e () V21 3x—2x3

a—Xx

% W .wm*:r"” T")Lf’@“s—"—"* o] j ¥ 2ax—x

[ xdx 2 dx x?—1
5. () 5 (i) I Py (#if) I_;‘__“g—i—_l_ dx

dx

J x4 xt4 ]
[ l+x " (x+DV+2
6. () | x dx, (if) I~-—r~—-—-v~—— dx
’ J l_' \/’_‘-—2
[ e dx cos X dx
. —
@ J3e*43er 1 (i) ,[4 sin? x+4 sin x+5

(iif) ] _H .
2 cos® x+sin x cos x-4sin? x

dx dx ox
(),[5 4 cos X’ ()j -5 sin x’ (i )J2 3sin 2x

j’ dx B i j dx
24 cos x+sin x " J3cosx+4sinx+13
ANSWERS

1 _,3x+1 & 2 (x— l)}
Py tan \/_. , (i) lo §2x+l

U] i log (2x’—2x+3)+£§ tan-! ig—j-}——_sl)}

Jx+1
i _.. 2_..__.. et it G LB
(ii) log(1+2x+3t) 3\/ztn lv’?f

(iif) -% log (3+2x-x=)-|— log (x“

Ll

()

L
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T}S +V/55° % Sx?i}

(i) 3 sin” !{j—ﬁl (iif) {7_. Sm-l(‘h—})
4. (i) _‘\/512-!-8»\’ 4+'—;;3|08{ 5( x+—= +Jx -}—r_k)/ i

3.0 Tig log {v’SX-I-

(i) —~/FTFBx—a" -4 sin-) ’\’}f-;— ), i) v/2ax—x

: i 2xi4-t
5. (i) x/3t n K“T—)
5 x-+1
(17) 2\/3 tan~ ’ “/3 )—} ~-log (X'1 STl
(iii) (x'—-—\/3.\+l\

2_\73 log \ s a1/
6. (i) —%[ sin"x—(x+2)vl—x_’]

Ky \/x-—4 +log (x +VXT—8)+3/x7 -4

. 2e*+ | . ! 2 sin x-}-1
— =1 f 2 e -1

e @) \/3 tan ( Vi ) (i) tan (———-——-—-2 )

2 2 tan x+| 7 o x
(i) o tan~ (22) 8 () 2 tan ( 3tan 5 )

142 tan =

. 1 2 % 1 2 tan x—(3++/5)

(i) = log | ———= | (iti) log ——
3 442 tan _;_ 24/5 2 tan x—(3—4/5)

_ | X
9. +/2tan ‘[;—2( tan —2-+I)]

1 i 3 x 1
10. < tan (-6- tan ——4- —3-—)

18'8. INTEGRATION BY PARTS

Let # and v be two functions of x, From differential calculus, we
have

du
dx
Integrating both sides w.r.t. x, we have

d dv
"de-' (uv):lld—x- +v

dv du
uv_j ua‘-dx+! vZ; dx
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Transposing, we get j u @y dx=uy — I " i” dx
dx dx

If u=f{x) and g_:-qu(x), so that v= S $()dx,

the above rulc may be written as

[ ) #Cax =) (| o ){}% A m poods | dx

Thus

The integral of the product of two functions =first function x integral of

the second function—integral of (the derivative of the first x integral of the
second function),

Example 34. Integrate x* sin x, w.rt, x,

Solution. Let X% be the first function and sin x be the second
function. Then

d=® Isinxdx—-K(gf x’) ; (E sin x dx )a‘x

= —x% cos xvl-x 2x cos x dx
Integrating by parts, the second term of the R.H.S., we get
T==—2x? cos x+2x [ cos X dx— S(;:; (2x) j cos X dx ) dx
= —Xx2 cos X+2x sin x—2 J sin x dx
== —Xx?% cos X-+2x sin x+4-2 cos x.
Example 35. Evaluate I xe¥dx

i Solution. Let x? be the first function and e®* be the second one.
hen

xleal I 2x pix ‘,.x
=i 3 — . "'3— {
$p3x
=x ; — %_ 5 ,\:esx d,“

Integrating by parts the second member on the R.H.S., taking x as
the first function, we have

I— "';" _%{ x S o dx— I(—ai— () . j e dx ) d }
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o B L)
b — Rt — T .-.—- - at
3 3 3 3

Xiea: 2,}(33‘ 2 e.‘!l
3 9 ity

Example 36. Evaluate (a) j log x dx, (b) I x" log x dx,

Solution. (a) Take log x as the first function and 1 as the second,

J log x . 1 dx=log x j 1..dx— J[ch‘ (log x) ] L dx ]dx

=X log x— I-l— LiXelx
=x log x—x.

(h) Taking log x as the first function, we have

I=log x j X d.t—j[ii— (log ) . ] X" dx ] &%

xﬂ+l I x!\+l
=log "-WJ‘; ‘aFl
> e 1
:—-logx.m n’rl_[x dx
xn+1 an

-r_logx -n+l E?E:*l)!

Example 37. Evaluate I x tgn;tix dx,

Solution. Let tan~! ¢ be the first function, then

I=tan"' x |x dx— [4 (tan~*x) . | x dx |dx
Ldx

xl - l xh
=3 tan x—I'l':'x—n- v 7 dx
x¥ " (x*+1)—1
e, 1 e
- S 2[ X F1
X . 1
=2 tan~ x—--—i—ld-\szm—l—dx
2
—-iz— tan~? x—-—%-}-—é—- tan-! x

Example 38. Evaluate j e sin (bx-c) dx.

Solution. Taking €°* as the first function, we have

I=eg** ] sin (bx+4-¢) dx—l i%— (e=*) ] sin (bx+c¢) dx }dx
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—e*t | st o) +j O Eb_(f.x_l_‘;)_ dx
b b
1 a
e e cos (bx+c) +-b—j e’" cos (bx +¢) dx
Integrating the sccond member again by parts, we have

1;—-—;— e*" cos (bx+c)+ Z[ et ] cos (bx+c) dx

= j ;(;i (e**y j cos (bx +¢) dx} dx ]

a { e sin (hx+4c)
b b

[ ae* sin g%ﬁf_) dx g

I x
=3 e  cos (bx+c)+

ez—-}; e’ cos (bx4c¢)+- G € sin (bx+c)

a?
:.—.55—[ e** sin (bXx 4 c) dx
a-!
- Figp I=%- [ ~b cos (bx+c)+asin (bx ¢ f‘i]
et av_
Hence [:EW‘JI sin (bx + ¢)--b cos (bx 4 ¢) ]

Example 39. [Integrate the functlon x cos? x wrt. x,

’ ’ | +-cos 2x
Solution. From trigonometry, cos® x — ;

1+cos 2x i i
[_—‘jx(—__ ) ftgfl X dx+— 5 ] X cos 2x dx

The second integral is integrable by parts.

Xt I sin 2.x s 2x
x cos? xn’r~— £, o |20
] +5 3 j X
x? xsin2x ]
=0t — ciy 2K

4 4 '8

vample 40. Integrate Ja"_.x* w.ri. x.

Solation, I=-[\/ﬂ" - .\."'i 1 alx

VT [ v
= et LI o 5 X
2val—x?

:.\'\/5— e
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=xva*-x? - [*/a*——-,x” dx-ta? -[

dx
at—=x2
S\/ﬂ’ Xidx=xo at—x* 4 a? sm“‘i\;

2

o e i, e
EJ& x? dx 24/« x4 sin~! =

X2

Example 41. [ntegrate ————
: ¢ 5 (x sin x-t-cos x)*

wri, X,

Solution.

X2 x X COs X
= e _ dx
N (X sin x—+ cos x)? cos x  (x sin x+4cos x)?
d
Since 3 (¥ sin x-+cos X)=X cos X, integrating by parts, we get

X —1
cos x (X sin x+cos x)

+] 7 () T
+)ax \cos x * (xsin x+cos x) ¥

- X

= cos X U Sin X + cos x)

+ cOs X+Xx sin X 1 d
. - i
cos? x (* sin x+cos x)
—X
= 2 v d
= . = SeC” XA dx
cos x (x sin X<4cos X) +J

—X

: -+tan x
=cos X (x sin x+cos x)

Example 42. Evaluate the following infegrals ;

( ICW
@ J(Jc+!)2 [1.C W.A., June 1991)
3 1+4sin x
(i) [ i I 4cos x dx

e* (x

Solution. (i) K xet ,_I (e D=1

(x+1)* (x+1)
1 1 .
~[[=r -l

[ntegrating —-I_FT- e* dx by parts, we get
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1 — 1
2 de= Ko @ ]
Lr+| T [(t+ il
1 1 x == 1 x
- [[.H-l “(’ﬁ-—l_)ﬂ]e L
.
—_ (1+51n 3 )We‘ 142 sin N cos 5
\M+cosx/ _ X
2 cos? —-
2
x l apd i P i
='e {—2—~ sec 3 +tan 5 2

[ntegrating e~ tan —- by parts, we get

x X | X
e tan - dx=e* tan —— | & —- sec? — dx
{ tan 5 X tan 5 K > sec 5 dx
o i b 5 X e o X
= 5 e ( 5 Sect “+tan 3 )d.\ —e* tan T
x :n'u‘" X
Example 43, Jntegrate ————= w.or.i. x.
\V 1—x*
Selution. Letsin™! x=4¢ »> X=s5in ¢

so that dx=cos § dg

=1 .
gxbm X dx:jsm{).!)cosa do

V1-x* cos D

=j A sin o d0

=¢ (—cos e}+I cos 6 dg

=—8 cos 04-sin O=sin 8—6 /1 —sin? §

——
=x—V1—=x? sin-1 x
x2 tan-1

_I_-ﬁ-!'- dx.

Example 44, Evaluate I

Solution. Let tan~! x=9, l.e., x=tan 0 so that dx=scc? 6 dg

Iziia_nlﬁ_._ﬁﬁgf__o_ de____j 0 tan® 6 scc® 6
14-tan® 0 sec? f

a9
:I f tan? 0 4’9=J. 6 (sec® 6—1).46

;.—X 0 sec? 0 (fB""I 6 do

751
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g2
=0 tan 6—5 1. tan 0d9+-i-

=0 tan 0- Jog sec H— -%- *

=0 tan 0 -log v/ 1+tan2 0 — -;— 02

< xtan™t ¥= 5 log (14+%2) ~ -1 [tan"" 1]

EXERCISE (1V)
Integrate the following functions :
() xeé*; (ii) x* &* [{.C.W.A., December 1990]
(1) xsin x, (i) xsin (x/2), (i) x3? cos x.
(§) sin"'x. (i) cot™' x, (fif) x sec”! x.
(i) xlogx, (i) (log x)*
(Y wxsec®x, (H) x*sin X cos x.
. (1) xsin X sin 2x sin 3x, (ff) sin x log (cos X).

\4)]#“# dx, (M) I__*_x~31n_t dx

=

()

I%ws l-cos x

,-

€08 X+s8in x )
e dx

Tcostx

(iir)

xginit x
sin”! x dx, (i) S s di.

9. (i)

8. () I -‘-)—? e~ dx, (il) I 14";]08 X e dx.
E 1—x?

x?)‘) 2
X tan”
0 |
cos B4sin B

cos 0—sin 8 e

10. j cos 26 . log

ANSWERS
1. (i) (x—1)e*, (i) (x*=—2x42e". 2 (i) sin x—~X ¢cos X,
i X ! x
(i) —2x cos (—2—-)-1—4 8in (—2-)
(i) (x*=6x) sin x-43(x2—2) cos X,
3, () xsin' x4/ 1--x3, (i) x cot™' ¥+ 108(1 +x?),
(i) 5 [ % see x— /T |

4. (1) —%— x* log (% ), (1) x(log x)? —2% 10€ X4 2x,
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5. (i) x tan x—log sec X, (i) —i— (1—2x2) cos 2.\'+% sin 2x

6. () _-%- x(cos 2x-+—17 cos 4x—-% cos 6x )

1 ; 1 . 1 .
1—6 sm?.x-l—jf sin 4x-§- sin 6x )

(if) cos x[1—log (cos x)].

7. (@) xtan o, (i) —x cot 5

—— (x—tan~! X)

10. Hint. s1n220 14-tan B_I sin 20 2

108 {—tan 2 Cos 20
(Integrate by parts)

db

18'10. INTEGRATION USING PARTIAL FRACTIONS

Example 45, [Integrate w.orl X,

S, S
F=D(2x+1)

1 x A B
Solution. Let GoDx D) =(X———I) + <7D

Multiplying both sides by (*— 1) (2x+1), we have
x——-A(2x+I)+B(x——1)

1
Putting x=1 and — -, we get

2 »
1=34 = Ac—]——
3
1 3 1
and —--5-2‘-——2—5 => B= 3
X 1 1
j( “)2x+1) ""‘"E[ SE—1) 3(2x+1)]""
1 1 1
i - dx .
FIE-1 v a Euxm
1 1
- log (x--1+3 . 5 log (2x+1)

3 dx
Example 46. Evaluate .;:-;;

dx S I dax
[ xu-xz) x{(1—x)(1+x)

Solution. E
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Let . 1 A 4] B

X(1-x) T+ =% * == 1=
Multiplying both sides by x(1—x)(1+x), we have
I=A(1—x)(14 x)+ Bx(1 4 x)+ Cx(1—x)
Putting x=0, 1 and — I, we have
=4 = A=1
=2B = B=}
and I=~2C = C=-—}

dx 1 | 1
I x—x? =H'; +2(l—x) T 21+x) } o
=log x—} log (1—x)—} log (1 +x)
=1[2 log x—log (1 —x) ~log (14 x)]

x3
“val d
Exmple 47. Evaluate [(x— —h=a X
] +3 . A B C
Sofution, Let (x_ ﬂ‘}(_\‘—b](.\”r—c) o' 5 a X — a+};:3+‘x——c

Multiplying both sides by (x—a)(x—b)(x—c), we have
X=X —a)(x—b)(x — ) (x— bfx—)A+ (x—c)(x—a)B
+(x—a)(x~b)C
Putting x=a, » and ¢, we get

a3 b3 c 3
@ P pmaese S e=aesh)
dx dx dx
1—-] dx+ A Ix_a +Bjm+ ij—c

=x+4 log (x—a)+8 log (x—b){C log (x - ¢)
where 4, B. C have the values obtained above.
cos x dx
(! +sin x)(2+4 sin x)
[C.A., November 1991)

Example 48. Evaluate J

Solution. Put sin x=/ so that cos x dx=dr

I cos Xdx I dt
(1+sin x)(2+sin x) = J(1+0)(2+1)

1 1
=Li‘$rmj N
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v dt j dt
251 +t )24t
=log (1+1)—log (2+1)
— (1+I l-Hin\‘)
g 241 i \2+sm x
5 dx
Exanl,plc 49‘ Evaluate Xm
dx dx
. 1‘7 e e &
Solution. TLet Esm x+sin 2x Isin x-+2 sin X cos x
_X e __I sin x dx
“ ) sin x(1+2cos x)  )sin® x(t +2 cos x)
B K __ sinxdx
~ ) (1--cos? x)(1+2 cos X)
B E sin x dx
“J(1 —cos x)(1 +cos x)(142 cos X)

Put cos X=1 so that sin x dx=—d!t

dt
1T=—[(l—f)(l FO(1+ 20

e B B 8
A=naEn0+20 T Timtt 72

1= (1401420 A4+ (1 - 01 4208+ (1—0)(1+10)C

Let

1 .
Putting f=1. —1 and — - respectively, we have

2
1=64 a1
a 6
=28 = Bt
2
3 4
and | 7] = 3

i 1 4

—5[6(1~r‘) B EDMETES ] ] &

1 1 2
:—g-log(l—r)Jr —z—log(l+r)—Tlog(l+2r)

!
=5 log (1—cos x)-l——;— log (1 +cos x) —-—'-‘;—Iog (142 cos x)
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x+3
Example 50. Integrate W w.rt. x,
X+5 A n C

Solution. Let FDEF2) =xr1 'f_(x-{-2)_{&(?-“}-113.z

> x+52AXA 2+ B(x+1)(x+2)+ C(x+ 1)
Putting x=—2 and x=—1, we get A=4, C=—13.
Comparing co-efficient of x*, we get A+58=0, i, e, B=—4

_‘4‘[ dx 4‘[_@__3] dx

x+1 x+2 (x+2)7
= & ’ 3
=41og (x+1)—4 log (x b+
x2—1
Example 51. Integrate . % "7 W.rt x

Solation. Let x? be denoted by Y (we are not substituting y for x).
Then the integrand becomes

ry—1 -1 3 —2
O+D0+D0+H3) yrityrz tyes ,
(Using partial fractions)

Writing back x? for y, we get
(x*—1) dx dx dx
ey s T P +3]x=+z 2[5t
= —tap~! x+;-/—-,2tan‘1 72 ‘/3 -\—;3
EXERCISE (V)
Integrate the following functions w.r.t. x

x ‘
L O &oery @ eroe g
i (x—1)(x-—-2) *+12
%0 Grac+raxrs’ P T
(iii) o -
(x4 1)(x-—1)(2x+1)
xS Xt
YO e @ cmaeey-
1
x[6(log xX)*+7 log x+2] °
5. (1) sin 2x

(8in X+ 1)(sin x+2)(sin x4 3)



INTEGRAL CALCULUS 757

1 sec? x

() 3sin X+sin 2x i (a+tan x)(b+2 tan x)
X : 3x+4
O T ™ waee
xv—1
(x¥ 4+ D(x?4-2)(x*+-3)
ANSWERS

L) 103 (r—3)* e 1), () - log [(x-+ 1)(x-+ 3)/(x-+2)1].

2. (1) 101log (x+3)—30 log (x+4)+21 log (x+5),
(i) 19 log (x—7)— 18 log (x—6)

@iy — —g- log (x+1)+——-; log (x—1)+ -gﬁ log (2x-1).
3 3 35
B — e s 2 it
3.() g log (x—1) 3 log (x4 1)t 4 log (3x-+1),

: 2
(1) r-!—“—f-b— log ("‘*")";'Ei_b log (x—b)

2 log x+1
3 log x+2°

5. (1) 4 log (sin x+2)—log (sin Xx+1)—3 log (sin X+3),

4. () log

(1) 1-:) log (1—cos x)—-% log (1 4cos x)4- -%—log (3+2 cos x),

. 1
(iff) b3 108 (@+tan x)+2—a-l_-:-5 log (b—2 tan x).

2 . x—1 1 1. =t 1
& =it L i, x-6 1
N 3 log 73 = @ 5y lei H{xF2)
3 X 2 . x
7. ——tanl —a. = 1 -1
73 an \/2 \/atan 73 tan™* x

8'10. DEFINITE INTEGRALS

In geometrical and other applications of Integral Calculus it becomes
ccessary to find the difference in the values of the integral of a function
x) between two assigned values of an independent variable x, say, a, b,
he difference is called the Definite Integral f{x), over the interval [a, 8]
nd is denoted by

b
! S(x) dx
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b
Thus [ 70 dx=g0)- @),

a

where ¢(x) is an integral of f{x).

The difference (¢ (6) —¢(a)] is sometimes denoted as

[ 4 ﬁ

Thus if ¢(x) is an integral of f(x), we write
b

j J1%) dx=[¢(X) j=¢(b)—¢(a)

a

The numbers @ and b are respectively called the lower limit and the
b

upper limit of definite integral. S Aix) dx is called the definite integral
a

because the indefinite constant of integration does not appear in it. Since

b

| dx=[¢(x)+cjz{¢(b)+c }~{¢(a)+c |

a a

=¢(b)— ¢(a)
80 that arbitrary constant ¢ disappears in the process.

Illastrations :
1 1

o Jo e B3 D)
=1 -l

=

v.n}-h.

4 4
2. j (3x—2)2 dx_—_j (9x2-— 12x+4) dx
2 2 :
e 4
x3 X )
=[9. -3——'12 . -2—+4_\. ;|
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4

::[3x3—6xt;4xJ
’ 2

=(192-96+16)—(24—-24+48) =104
=]

-1
11 N T 1 i i
% [[‘" "Ea‘]""‘"[‘?*rx*J:[""TJ—[NWJ
-3 -3
10

9

g 4
4. ;['\/(75 :[2 ../EI]

=2(v4—1)=2
10 10

5. j%:[ log (x+2)]
6 6

=log 12--log Smlog(!gz—):log (—-23—)

L3 e
6. 1 log x d,\f::r X log x—x ]
1 L 1
=(e log e —€e)—(log 1 —1)=1

In/4 In/4
7. j sin x dx:[—cosx]

/2 w2

:#(_%\/2*—0 ):—%—«/2

3 3
8. I e-* dx:[ —2e“1'2]
-2 =
=2 (e"¥?—e)=49904
2 2
1
0 ﬁ_}_: : 2 :J
I e [2 tan
-2 -2
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18'11. PROPERTIES
In this article we establish some important properties which consider-

ably facilitate the evaluation of many definite integrals. It is assumed
throughout that
¢’ (x)=S(x).

Property I. The value of definite integral is independent of the
variable of Integration, i.e.,

b

Ib §10) dr:.-j Mx) dx

a a

b
Proof. L.H.S.r—-[ (1) ]-——-¢(b)—¢(ﬂ)
a

b
. I fix) dx—R.HS.

a

a
Property II, I S(x)dx=0
a

Proof. L.H.S.=[ $x) :I=¢(a)—¢(a):o==R.H.s.

b a
Property I1L l Ax) dx= ——j Mx) dx
a

]
Proof. L.H.S.— [¢(x) ]= d(b)— ¢(a)

a

=—[ s@—-¢0) J=—[ 900 |
b

a
=_S fix) dy=R.H.S.
b v

c

b b
Property IV j ﬂx)dx+£ f(x)dx=j fix)dx
c a

a
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Proof L.H.S.=[¢()—d(@)]+[4(0)—9(c)]
b
=¢(b)—¢(a)= ] S(x)dx =R.H.S.

a
a a
Property V. E f(x)dx=5 fla—xX)dx
0 0

Proof. In the integral on R.H.S., put a—x=I so that —dx=dt.
Also 1=a when x=0 and =0 when x=a.

0

RHS.— — ] fltydt

a

a
m]' Ryt (by Property 11I)
0
=I f(x)dx (by Property I)
0
=L H.S.
Cor. If fia—x)=—J(x) then [ S(X)dx=0
0
Property VI. (i) I Sx)dx=2 ] fix)dx, if fix) is even function of
—a 0

x, ie., if {—x)=Ax) and

a
(i) l Ax)dx=0, if ix) is an odd function of x, i.e., if

—a

fi=x)==1x).

Proof. We can write
a 0 a
I ﬂx)dx=§ (x)dx+ E Sx)dx
-a —a 0

In the first integral on the right hand side, put x=—I 80 that =0
when x=0 and r=a when x=—a.
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0 0
j f(x)dx:—-j f(—tidt
:‘[ f(=)dt {by Property II)
0
=] S(—x)dx (by Property I)
0
Therefore
| fgax= [ A=t | 10 = U= 100 de
—a 07 0 0
=2 [ futx it fi= )= )
0
=0, if - x)= —fix)
2(? a
Property V11 J Six)dx=2 j f¥)dx if f2a—x)=f(x)
0 0

=0 if fl2a—x)=—f(x)
Proof. We have

T Sx)dx= f Six)dx +2f S(x)dx (1)
0 0 a

Now in the second integral on the R.H.S, put x=2a—! so that when
X*=a, t=a and when x=2a, 1=0.

2a 0 a a
Ij{x)dx:— j f2a--t)dt= J fRa-t)dt= jﬂza—-x)dx
a a 0 0

From (1), we get
2a a a a

j ftx)dx=j f(x)r/x+j ftza-x)dx:I [ ftx) +/(2a —x)Jdx
0 0 0 0
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2a a
! Six)dx =2 S fix)dx, if f(2a —x) =fix)
0 0
=0, if fRa—x)=—Ax)
b b
Property VIIIL. K Six)dx= S fla+b - x)dx

Proof. Inthe integral on the R.H.S. put a+b—-x=tso that
—dx—dt. Also when x=a, t—=>h and when x=b, t==a.

& b b
R.H.S.s—g fi)dr= Xf(f)dr: K fx)dx=L.H.S.
b a a
3 14 2t+5
Example 52. Evaluate K‘__.If.l_fi_ dt,
I
(IL.C.W.A., June 1990]
? 1245 ¢
% 12204 o g
Solution. [ e dl_j( t+2+ = dt
1 1
2
—If-+2t 51 :|
= 2 + Og

1
%_ (4—1)+2(2—1) +5(log 2— log 1)

3
SN 4-2+45log 2=5 log 2+ %

dx

T

(C.A., May 1991}

a
Example 53. Evaluate E
0

Solution. Put x—a tan 0 so that dx=a sec® 0 48

When x=0, 6 =tan™ (9=)—0
a

When x=a, 6=tan™! (%):tan" T 14

a n/4
. K dx -‘asccsﬁde__l do
oy (@4x3)RT ) adsec’s “a?
0 0 0
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n/4

w/4
:r‘;ifcosﬁtfa—f-alﬁ,lsin 0

0

1 . ; 1 ,
=-aT( sin - —sin 0 )::'17_2'_::2
Example.54. Evaluate the integral

T
dx
OI 14} cosx [C.A., May 1991}
ad 2dt
Solution. Put tan 3 =1 so that dx=m’—.

When x=0, f=tan (%)=0

When Xx=mn, f=tan (_;)=m

(=}

f dx ___I 2dlj(1+t') __T 4dt
PR DU U S Bt g I o ey
0 I+-2— Coh X 0]+7. l+f' 0

<« =5

[+ o]
4dt dar ____1__| y _____
=IT=+3 =4£:=+(«/3)~ % 73 *‘“’( '3_(!
0

zv-gr(tan"co-—tan"‘ 0 ):v;-(—;--—())=vz%—'
(T
142

Example 55. Evaluale Sx dx,

0
[C.A., November 1991]
Solution, Put 1+4+x*=1*s0 that x dx=1dt

When x=0, =1 and when x=1, f=‘\,/-2-.



INTEGRAL CALCULUS 765

——e = a x
[..- jv a"—.t. dx::—-;— VQH__xI_'_‘_I_z_Sl’n—] _&' J

__{ \/_2.- \/ ‘"i_ 4 2;1 _*_'isin‘l —=——sin"! _g}
= 2 2 M 2
1 1 T ] T 1
s o L1 ol v, — e e — e e
= 3 +sin~! I —sin V32 p) -+ 3 1 3 2

Example 56. Evaluate the following integrals :

x/2 i n/2
(i) I cos x dx, (if) I e** dy and (iii) S
0 2 0

vV 1+sin x dx

n/2 n/2

Solution. (i) I cos x dxrz[ sin x :):sin —;— —sin0 =1
3 1
@ | erd=[ 5] L (et erery)
2 2
n/2 n/2
(i) gx/(lﬂin x) dx:]J( cos=32‘- +sin? -‘-;- +2 sin'—%—cos -;—)dx
n/2

. ](cos ;— +sin —5—-) dx
0

r/2
X X
sin =~ —cos =
e F il
2 F)
0
n/2
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=2[( sin %—»cos —:—)—( sinO-——cosO)]

=2 [(-\-}—2“7\-/%}_(_0_1 )]:2

Example 57. Evaluate the following integrals :
nf2 w/3

(i) S cost x sin x dx, (if) I
0 a

4
(i) sin 29 do
sint § 4 cost 6

_cos x dx
344 5inx

0
=/2

Solution. () Let 1::[ cost x sin x dx
0
Put cos x={, then —sin X dx=dI or sin X dx= —d!

Also, when x=0, t=1 and when xz—;-. t==0

0 0
1 1 1
e tm L [ 0-0-4
! i

n/3

2 - cos x dx
jiig] R I—E 344 sinx
0
Put sin x=1, then cos x dx=dt
Also, when x=0, t=0 and when X= -‘g-, :=‘/_2_3
V32 p i /32
t
=] =g e G ]
0 0
=-}" [ log (3+24/3)—log 3 ]
1 34243 1 a:
g Y tog ( 1+\/3)

=4 nl4
I__S _sin 26 dg [ 2 sin § cos 8 dd
=) sm0+cost 8 ) sin®@-+cos'
0

(iii)
0
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n/4
- S 2tan @ .sec? g 4o

tan® 8§+ |

{Dividing num. and den. by cos* 6]
Put tan® 8= then 2 tan @ sec® 8 dp—dr

Also, when =0, =0 and when =} n, 1=1.
I 1

it
f bl wf e
S ’1_&‘1_[tan f]_ ‘] 0= 4
0 0

n/2

Example 58. [Lvaluate 1=\ - __m =
YV x e x

Sclution. Izniz \'/ o (%— = ) dx
. ,\/ sin(%——-x )-l—*\/cos (-;——x)

[by Property (V)]

nf2
:.I VvV osin x d
T— X
0 V' sin x4+ Vv cos x
n/2 x/2
2 [ vVeny a"x-{-[ Vieosx
o V osinx 4+4/ cos x oV sin X 44/ cos x
"i2 ] /2
ﬂ__['\/sina:-{-‘\/casxd Il w T
p V sin x+4/ cos x 3 = 2
m
I= i
/2
Example 59. Evaluate I=j log (sin x) dx.
0
w/2 "/

Solution. I=] log [ sin ( ;—x )] dx-——'j log cos x dx
0 0
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=—-12—'in[ log (sin x)-}log (cos x) ] dx
0

1 nf2 y nf2 .
. sin
._172,] log (sin x cos x)d. "—f] log(-—--z-.-) dx
0 0
] n/2 y n/2
= j log (sin 2x) d. g [ log 2 dx
0 0
1
: "’H( 7 kel )
n/2
where Ii= S log (sin 2x) dx
0

™
1= -H log sin 7 df, putting f=2x
0
n/2

-%— .2 I log sin 1 dt [by Property (VII)]

x/2
=I log sin x dx=1I
0

1

i, i e o
I 3 ) log 2, whence [ 3 log 2

EXERCISE (VI)

Evaluate the following definite integrals
1

1. [ X0/ dx
-1

o

X

& ]zs-»?
3

11
S\/ 2x+3 dx.
3
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3
4. Prove that (i) I—tdfii —log 5,
3
1:1'2 ; ™ [
LO!: X dX ax T
() I(l el o iy (“')j LA i
nl2 /4
% I dx & I"'"ﬁi
’ 3tcos2x 2-4+tapn x °
0 0
=2 "
> . S y 984
7. Prove that I B iy [C.A., May 1984]
0
[llim. Write tan X =0 % ]
cos X
T oxd
x dx
8. Provc that 5T+ S [C.A., November 1981
0
2 o 2
q 1)
9. Evaluate (f) j —}/x f_x (i) J—- e
VX +v 27x x+ DV
0
5
10. Evaluate X —\/——J—t—a-
T-x+V x
z
ANSWERS
2 |- 1 3
e T e A = 2
1 3 vV 3 2 5 log 5
98 /2
3. "3‘ 5 -8—' s
\
10, 5y



