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Objectives

After studying this chapter, you should be able to understand :
® Indices ; positive fractional indices, and operations on them.
® Surds, operations on surds, rationalising of surds and calculation of
root of a surd.
6'1. INDICES

We are aware of certain operations of addition and multiplication
and now we take up certain higher order operations with powers and
roots under the respective heads of indices and surds.

The knowledge of these rules is indispensable for any serious mathe-
matical manipulation. We will deal with indices and surds in this chapter
and the use of logarithms to help simplifying these operations in the next
chapter.

We know that the result of a repeated addition can be had by
multiplication, e.g.,

444+4+4+4=5(4)=20 or

a+a+atata=5(a)=5a.

Likewise the repeated multiplication can be reduced to a power func-
tion as follows :

4X4X 4% 4 X 4=45 (1)
axXaxaXaXa=a® .+(2)



INDICES AND SURDS 143

It may be noticed that in the first case 4 is multiplied 5 times and
in the sccond case ‘g’ is multiplied 5 times. 1In all such cases a factor
which multiplies is called the “base” and the number of times it is
multiplied is called the “power”™ or the “index™. Therefore, ‘4’ and *‘a”
were the bases and 5" was the index for both. Remember that the
base has to be same in order to convert a product function into a power
function. [n the above case the index was positive and integral but it
can be negative or fractional which we shall consider later.

6'2. POSITIVE INDICES

In a positive index the base multiplics a given number of times
depending on the power or the value of the index. In case of a negative
index it is reciprocal of the base which multiplies a number of times
depending on the value of the negative index. The formal definition and
the fundamental rules of operations with positive index are given below
which would be relevant in other cases alsa, :

Definition. [f n is a positive integer, and “a’ a real number, i.e., n€E N
and a€ R, a" is used to denote the contimied product of n factors each equal
to ‘a’ shown below :

a*=axXaX...... to n factors.
where « is called the index or the exponent of base a.
Laws of Indices. Ifa. bR : m, nE N, then
I. afm Y atgmta
Proof. am™Xa"=(a.a a....to m factors) X (a.a.a.... to n factors)
=d. a. a...to (m4n) factors
=a™*" (by definition)
This is called the Fundamental Index Law.

IL. amat—=gmn
‘am a. a. a...m factors
Proof, T
a a.a. a...n factors

(i} If m>n, there will be (m—n) factors of ‘a’, it being more in the
numerator than in the denominator. Cancelling with n common Ffactors
from the numerator and the denominator, we are left with (m —n) factors
of @ in the numerator.

a™-a"=axaxa...(m—n) factors=am—n

(ii) If m=n, there are same number of factors of a in the numerator
and denominator which cancel away.

(iif) If m<n, there are (n—m) extra factors of a in the denominator.
Cancelling the common m factors from the numerator and the denomi-
nator, we are left with extra (n—m) factors of @ in the denominator.

am—-at= 1 pen 8
a.a.a..(n—m)factors  an—m

III' (am)n=aﬂn
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Proof (@™)"=a™ . a™ . a"...n factors
=(a.a.a..mfactors)x(a.a.a..m factors)

««X(a.a.a..m factors)
=a.a.a...(mn) factors

___..aml
Iv (ab)"‘ :=ambm
Proof. (a.b)"=(a.b)x(a.b)x...m factors
={a.a.a..mfactors)x(b. b . b...m factors
=" X h™
a \™ am
¥ e )] = bm

Proof (._,;_:_)»__(_%) (‘E’) (%)...m factors

_3d.a.a..mfactors _a™

b . b.b..m factors jm
Remark., The above laws can be extended to the case involving
three or more power functions. It should be remembered that powers

are added for multiplication and subtracted for division. Simple addition
or subtraction of power functions is not possible.

There can be a negative integral index to any base except 0 and | in
a power function. When this is there, the power function becomes the
reciprocal of the function having a positive index. For example
= 1 1
aﬂl ' a m

=a"", where a0 or |

Thus, a negative integral index makes the power function an inverse
of the one with a positive integral index. The only restriction is that the
base is not 0 or 1.

= 1 1 1
Illstrations, 1. 372= ¥ =g % “F=48=64
3. a "Xa'=qg min 4. a"Xag ™= 8 =g m

aﬂ'l
ZERO AND UNITY INDEX

The general principle is that anything other than zero raised to the
power zero is one, i.e.,

a®=x"=5%=1, (a, x#0)

Thus a’Xa'=a’*t"=a";a"xa "=ag""=go=]

As a rule any base raised to unity or | is equal to the base itself
al=q ; 5'=5
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POWER RAISED TO A POWER

A power function can be raised to a power as given below :
a¥'=a3=q°

However, this will not be the same as the whole function being
raised to a power, in that case the power will multiply as given below :

(a’)’=a°, (4ai)a:4s : a‘nﬁf-‘a'
xmu=x1m)u ’ and (xl)l=xlln

63. FRACTIONAL INDEX

In a positive fractional index the numerator represents the power and
the denominator, the root. For example

L e A L
1 x2=Yx=4/x 2. x3=VYX 3 x9=%7%
Lo
4. x99 =%/ x’. In particular, we have
1
(1) 16 2 =416 =4,
A o 3 A
(if) 64 3 =+/64 =4, and (iil) 16 4 =(16%) ¢+ =4/{6*=8

Note that in the () above, the fraction has been broken into

1 5 .
( Ix T)' This is necessary before transforming a power function w ith
a fractional index in the radical form:

2.
Meaning of a4, where p and ¢ are any two positive integers.

Since a™xa"=a"*" holds true for all values of m and n, putting

m=n= %, we have

L. B P (p
Similarly a ¢ xa 9 xa 9 X...q factors=a\ ¢ )xq =a’

(%)
a\qd =q’

arle=%/ar

P

Therefore a ¢ represents the ¢** root of the p" power of a. Ina
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P

li?e manner, @ ¢ =(3/ @), represents the p'* power of the ¢" root
of a.

In case, the fractional index is negative, the function is transformed

!i;t]o the reciprocal of one with a positive fractional index as shown
ow :

& i i A 1
L ¥ a=5u2 X i=gmyx
N RN AP

3 8 3 =gn=ym Ve 4

64. OPERATIONS WITH POWER FUNCTIONS

The two operations involved in power functions are muitiplication
and division. As indicated earlier power functions cannot be added or
subtracted so as to derive a new resultant function.

Multiplication with Common Base. In the case of multiplication
of two or more power functions with a common base, the powers are
added, in other words, the base is raised to the sum of the indices, The
formulae is

XM X X" X x? =xmintr
For example at X a'=a*"=q!®
This can be shown as follows :
Also {axaxaxaxaxa} X {axaxaxa}=a?
But remember at+at7al?

. Division with a Common Base. In this case, the base will be
raised by the difference of the indices. The formulae is

) a” = 0‘=g*.r =g™-" (where m>n)

a~-=-a" o w— (where m<n)
For example
a’ axaxaxaxaxaxa

—_— =a7—s=a2
ad axagxaxaxa

5
a axaxaxaxa -_—a°"’=a-'=-1-

and —=
a axaxaxaxaxaxa a®

Illustrations :

1. 23 =29,
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1

a-m GT 1 bn L]

2 0 eI YT
'

5 1
3. Simplify %:}hg}"?)—,

T Ay 62x® 64x%  36x°
whichis St 3s=gx 3750

—16x%%+ % x8-%=16x0+4 g—xu

— A i X

4. V@ =a3 =@)3 =@3 y= V=V
3

g 1

5. 16 4 =p= L
vVieT 8

6 sinmrm ol 7 161"5=16%=‘\/1—5=32
‘ Vet Ti6 y

8. Ifa*=-01 then @®=a® . a="01x v/ -01="01x"1="001

1 3 1

9. Ifx2=2thenx?2 =x.x2 ="04%x"2="008
1 1 1 1
= s ——
10. If =8 then a~¢=7 T T el TT 7

11. If 2™=a then 2"+*=2" , 23=4a

1 a
and 271=2" . =a, 5=
g, 4 A
12. x2 ,x2.x2 can also be expressed as
3 1 1 5
SETE VY e 53

P
Maltiplication of Factors with Different Bases. The rules for
this can be stated as follows :

(i) amx bm=(abym (ii) a™ . b™ , c™=(abc)"
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3¢ S5=(3 X 5)'=(15)*
We can prove the formula a™ . b"=(ab)™ as follows :
a~ bP=(axax...... to m factors) X
(bxbx......to m factors)
=(axb)x(axb)...... to m factors
=(ab)m

Division of Factors with Different Bases. The rule for the
purpose can be stated as follows :

am a \m
= =(7)
We can prove the formula (g—;—)z(—g-)m as follows :

am axaxd.....tom factors
™~ bxbxb...... to m factors

.—_(-g—)x(%—)x(-‘;—) ...... to m factors
{57

1. To which power should we raise x2/® to get x ?
3 2 3
(Jc""‘)T == xT - T=x"=x
2. Ifa*=4 and b*=a, find b® and b2,
If br=a then b°=a*=4
and bi=(a*)=(4)'=16

Example 1. Find the value of (i) (81)% and (if) (‘001
Solution. (i) 81!1=+81 =9

@y coont = oi= i/i'oTlJo=1
Example 2. Express (i) ‘00001 and (if) /100 into index form.

Solution, {) "00001= kot 1o

100000~ 10°
(i) ¥/ 100=3/10*=10

2.2
3.1

Mlustrations :

|~

=01

(=]

Example 3. Simplify
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LAY a4
Solution. Given expression— - 53 )(3.)43)
36 " 3 . 38 35+I+B 32
=T g mgmw = S 3
9(4:)1

Example 4. Simplify TeF 3 g

3. (YT
QY =2 @r

Solution. Given expression=

3! ) (221)‘ 33 . 2{!
:‘2-"+4_2x+l i (2)8: =24x+4__.,2|2+1
3R> 3 9

=4 262" P nT 14
n
Example 5. Simplify {/x‘___- VE. Ve P

s TGP

XA, x306 A7 R

Solution, X-8/8  J8[6  xB/6 * X318
-
X417, X316 30T x 5 X0 .
- Yoyt =27 =y (v »=1)
i3
B P o/ xn
; S x_‘-x “ X
Example 6 implify U R, x"1, xmb
J B &
‘ ) P X0 % 7
Solatien. Given express10n=x __mx =

n m n
=ttt (n=1)—(m+1)

Ll

) +m (—L +—;)—I'n+m]
(n+m) 4+

J
q
1
. - )—(m+n)

1
(m -+ n) ( = +

t ]

3 _ 3
Example 7. Divigex8 .,y 5 z7by /3. U%. /.
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X 3 8
and multiply the quotient by x40 , y 3 | z 7 Evaluate for x=16, y=2'5
3 gd o L3 2 9 3-4& 3 8
Solution. x8.y 5,27 —x8 5 j §$3 71
2 4558
x5_y3.27
9 29 5

5
Now, multiplying (*) by x40 . » 3
2.1 29 3 5.5
Pkl R Ul M
W 42 X 4
=x40 y 15 z20—=x 4 . P -l_s- z0
If x=16, y=2'5, the given expression
161]1 (zl)lrl 2 l

: z-'r. we get the product as

P T TR
i =3
Example 8. Simplify 2:7—‘_':) * x H) ’
L
Solution. Given expression—(z:l TZ:) g (5, 7?:
x T
=[5-1-* T*-(—)] 2 X[5-%-3 TI+s] 2
. D
=(5"*.7T92(5=%.7% 2
21 25 21’ 25

==5_T. 71,52 -w_j5 _2 +7 721-10
5. =175
Example 9. Find the value of
i !I‘
3" (5 )" ©OMeoB1y

©9)6) 2 () (243)1 0

i
2

573)

*)
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Solution. Let

%
|

N T
— p—
N ™
= K
t:"'\ P
3~ IR
S’
- S
— -
o -
w iy
N —
-
~ -
Cd -~
ﬁ\ A
=] [d =0
ea 8|a—-
— N
»
e )

o

wlsle Z|e|g|w
R
-
=
h —
&
=
—
W=l v

e
—
S
p—
L
<
™
w
S
o
~
p——
N
H
N
w
o
S
o
i

1 1 1 z
=(3x10-1) 3 x(3-9)F x(3) 6 x(3'x10-Y) 3
2 1 1
X(3#x107) 3 X(3) 2 x(3)XE) ¢
B S i,
=3'18x10 3 x3 4 x3'2x3%3x10 3
4

—

T X 101X 31X 373 384
1 4 2
x10 3 3%%

x3

+— —2

u|—
oo

4
o

i
+
wfen

3
-5+

il
w
wl=

=03

Slw

3. 10'=

9

Un Y3 x T VY
Example 10. Simplify X i . S g
AR iy 3
y 2 x 3

Solution. Removing the radical signs, the given expression
9

B xS x T gp
= 1 xy'usx IE X 3%

——

y

Bd S o8 3.1 g
L i e T e e T )
'_—x'yn:l

Example 11. (a) Simplify
2m+8 5 JIm-n g Smén+t 3 x 6"+1

6"+ x 10"+ 1 5m
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(b) Obtain the simplest value of

(22n__3 . 23!\—!)(3!_2 § 3-—IJ
3n"(4n+l_23n)

Solution. (a) Let the given expression be
2'1"-0" * Sll—ﬂ X sﬂ'-_l-n-i»l X 6ﬂ+l
6m+1x JOr+3x 15"

Lm0 Ftmenny SmEned e (7, el
(2.3 (2. 5 (3. 5"

2m+3 3¢ JTM—n 5 SMANES 3¢ IR 3¢ Jnd
= 2m+1 5 M+l IR+B 3¢ 5a43 5 Im o Gm

=2m43tntl-m-1-n-3 X 3lM—n+n+l—m—l—m X §m4A43-n-3-m

=203050=1

X=

(% —3.2% . 2-%)(37—2. 3, 3-9)
37, 32 . —2m)

(- (-3)
T 3n (1/81). 2%"(64—1)

() The expression=

63/81 36 <3 02

4% x 20m-1 ¢ [2m-» x ] Sm4n-1
Idn X 5|m+n X 9!!-]
(I.C.W.A., June 1990)

(39 —=5x Jin-2)(50_ 3 x 5n-1)
Sn- d(pn-n _3:.)

Example 12. (@) Simplify :

() Simplify :

[L.C.W.A., December 1990}
4% 2071 ] 2% 3 | S=4n-"
167 x 5minx gn-1
(29" X (22X 5)="2 x (22 x 3)™-" X (3 x 5)"+n~2
2 x 5=+ x (A
2!11 PYe ztn—ix 5--1 b4 zln—ln X 3m -8 3n+a-l X s.m 4+n—2
i 20 §tman x 303

Solution. (@) We have

gztui»hr—l-}l-—ll-—l- % 3m—n+n+n—l-lm+2x 5m=1limin—t-m-n

1 1

=2"1x30x 5= m—:-————sm =0002
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(b) We have
(3ln_.__5 b'4 3!5——-!)(511_ 3 X 5-1-2) - 32:1—2(33_, 5) " 5:1-—!(5!,_, 3)
5u—‘(9n+3_38n) N Sn—i p 32!1(30_1)
X 4x22 275
3Tx 728 © BI19

2 -ny-1__ n
red 3'35,3 2). <L =;7, prove that m=1--n,

=034

Example 13, If

Solation. We are given that

9n, 3, (3-m)-1_27n r
L =27
o @Y. 3.3 @) 1
3lm i 23 . 7
- 3an | 3!+n__33n =.1-‘ ” 3!u+2_38n=-1_.
38m )3 272 3w 28 Ty
33(9—1 1 1 cam e
il e
= n—3m=—3
= n—m=——|
Hence m=n-1

Example 14. Show that
A

n-t

O Vi _
(@ {—-———-_.3 e g 27

16(32) —22="*(4)=+  SG)"'
. LR OLIRYE Caat
Solation.

d, 11

n+ A1
(@ LHS.= { (3 4 .(lz.m) 2 } r

—_—

3-n) 2
ntl
32

-—-——]

L
n
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1
s ] g B
=[ S r+! 1+-——2]

1
=[3%] " =3*=27=RHS.

2‘(25)ﬂ_ I.—’(z!)lﬂ-i 5(5- = 5-—1)
® LHS.=—5aer L8
(5t) 2
25-+‘__2'n-l+'ﬂ+i 5m—1+1
=TIsErm
20m(24— 1)

s 5--l+l-n

=152 . 279

=2m-6m 2502  2-5—2—-1=]=R.HS.

Example 15. Show that

® (x' )-+a ( )uex( x* )u.

@) M+J)J:; X me, lxn }x:l_.

1 1 1
grrNP=T ¢ rtp\I=T ¢ piq N4
o (B (

xp—4 X\ xq—r =1
Solution.
0 s (5) (3 ()"
atd

=(x-0)"*" x (xb-)"* x (xe-o)™*

= £ N |
=xa‘ b Xxb —ct x xS —a

1_ Lt | R | C e |
- b*+br =t et —a =R g
1

() LHS= [ _Tm [x.-]'ﬂ = ]’M

A
=[x..s-n:]m+n x [xnl-rl]n+px [xn-n}p-l-m

smXMR K XTI X XM

me.-ﬂ{.a-"f"-gxo: l =R.H-S-
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g+r r+p E+ﬂ
(ii) L.H.S.=[ x (=p)p—a) w x(p—aXq—7) x x{a—r¥r—p) J

[ (g—rNp+r)+(r+p)r—p+ (p+ q)(p:i)]
= ¥

(p—a)g—r)(r—p)

ql"'r"l'f’_"p.'*'p.:qf
=[ x (p=aXa=r)r—p) ]=x°=l=R.H.S.
Example 16. If x+4y+z=0, show that
axl " =1 . =1 } a*~1l-r2. 21 . a*-1-y-1 . "=ﬂa,

(1.C.W.A., December 1989)
Solution. We have

LHS =g P80 27501 arignip

=g YD)+ x2)+(22 xy)
xX14y'4 23

=a (1)

Now x’+y'+z‘—3xyZ=(x+y+2)(x'+y'+z=—-xy—xz-yz)
=0 as x+y+2z=0 (given)
x*+y 4+ 23 =3xyz
Substituting the value of x*+ )3+ 2% in (1), we get
3z
L.HS,=a *77 =g*=R HS.

Example 17. Find x, if

x x -
¥ =V X))
-
Solution. X A =(x/ % )"
xx . x*=(x . xll‘)'
3
Xx3/a -2_‘t
= x =(_x:’l')" =x
= = 21 x
=> x3s x“=%
3_ s
2 x 2 l‘_—_'—'23—, "_e.’ X 2 =-__—;b-|
3N g
- *=(3) =y
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Example 18. (@) Show that

1 1 1
TFatgx e TTro 2 T IFxragxer

(b)Y Simplify the expression

I 1 1
Oy R RN R A
given that a4 b+ c=0,

=1

. 1 1
Solution. (a) First term:1+x"‘°+x““=x"'+x"ﬁx‘“
1
A X P RO XY
1

T x x4 x4 x)
1 1.
Second term= TF- g0 =x"-°+x""°+x°"
1
=[x x*+x%)

1
xd[x-°+x—5+x-°]
By taking sum of the three terms, we get
1 1 1 1
LES.=g=rr vy [+ ot 37 )
- o T 55
=x-epxtfxe

Similarly the third term=

=]1=R.HS.

1 x°

01T X
(multiplying denominator and numerator by x*)

=.—-—-—.E:—._ (‘.' b+c-= ——d}
x-of] —x¢
1 _ x "
xd+x—l+ 1 ‘_xa—n+x-b-¢+rﬁa
(multiplying denominator and numerator by x~¢)

2% -
=TFxtx f =bedng

Third term=
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The given expression

I e I RN e
"x"“+x‘+l+x"“+x‘+l +Jr“"-i—.:c"—t—l
kil .
T x4 xt41 ’

L
Example 19.(a) If x=37 +3 3 prove that 3x°*— 9x—10
by Ifa.%/x* 4b .3 x + c=0, then prove that
@x®453x 4 3 =3abcx,

1
Solution. (a) x=33 43

4
3

Cubing both sides, we get
1
.. =
wa( 37 )4 3

=34+3143.3°.x

a
)+33 % 3 3,
[ (@+-b)P=a +b°+3ab(a+-b)]

-

=344—3x (. a®=1, a0)
By transposition, we get 3x*—9x=10, °
(b) a.%xt +b.3 % =—c
> (@. V5" +b. ¥ X P=(—cp
> a®x*'+'x+3ab . Y / x(@. Y F +b. ¥V x) =—c
= @x?4-bx 4 3abx(—~c)=—c?
> a®x?4-b3x - =3abcx,

Example 20. (a) If a*=b, b*=¢, c*=a, prove that xyz=I,

(&) If a*=b’=c" and b®=ac, prove that

_ 2xz
y_x+z
(¢) If(2:381)"=(-2381)=10¢, prove that
i1 4
x ¥ F

Solation. (9) a"*'=(a")"=b"=(b")' = —g—qt

= xyz:]
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(b) Let each of the given ratio be equal to‘k, so that
a*=k > a=Kk/*
br=k = b=klI”
=k = c=kl* :
Substituting these values of g, b, ¢ in terms of k, x, » and z in b*=ac,

we have
(kU’)’:.-.kU‘ K

= k2)r =k 5+
2 1 1
= —_—=— —_—
¥y X 14
2 z4x
- Yy  xz
> ‘ y T¥x
{c) (2:381)*=10" > 2381=10"/"
. 2381 10°
. 10— 10
=> 02381=10%/*, 107!
= 2381 =10%/1-1
Also (2381 =10" > 2381=10°/"
. 10(2[11-1=103n
z z
z z
= ey '—-—y—--l
|
=2 = —y z

Example 21. (@) If 2*=37=12°, prove that xy=2z(x-+2y)
(b) If 2*=47=8 and xyz=288, prove that
4 4,5 0
2x T3y 8279
Solution. (@) The given relation can be written as
4*12=37=12"=k (say)
4=k2/* 3=Kk'1? 12=Kk'F
Also 4x3=12
k2=, ki =k1ft
=> ke =f1?
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. Lifol
2y+x 1
w Txy Tz
= xy=2z(x+2y)
() We have 2¥=4r=8",
de, 25 =21 =¥
i x=2y=3z=k, say
Also Xyz=288
ok, —3"— —288
k*=6 . 288=6 x 144 x 2
=6X12x12x2

=6X6X2X6x2x2
=6°, 2*=(2.6)*
> k=12
X=12, y=6, z=4

1.1 .1 _1 .1 1 n
Hence &y tez =37+ +35= =96
xntl yntl ZR+1

Example 22. If = = =0+b+e,

where n is a positive integer, show that

n
(nt+1)  (a+1) (n+DP+I
X +y n 4z n ]’.
Solution. We are given
Xt yn+l zn+l

Xxntl=(g4b-c)an
H=(a+b-+c)bn
" =(a+b4-c)en
(n+1) i _g_
Now X " o=[(@a+btc)a"] " =(atbtcyn,
(n+1)
Similarly, y 7 =(atb+c)

wi(l)

(2)
()

1
—_—
N
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(n+l)
and zZ T W =(a4b-}c)
(n+1)  (+1)  (nt1)
5 s n +y n +z n

_L
n

1 1 1
=(a+b+4c) " a+(a+b+c)7 b4(a+b+c) nc
1
=(a@+4b+c) "[at+b+c]
(1+m)
=(a+b+c) n

Raising both the sides to power ———

n
1 e get

(n+1)  (a+D)  (n+1) ("+U
[x 5 gy ¥ s ¥

n
(n+ DD
“L@+b+te) n =a+b+c.
EXERCISE (1)

1. State with reasons, whether the following statements arc true or

false.

(i) ar=a? > . p=q

(i) am=>bm = a=>b

ity 23 =@, (v) 3 =3y
» a>b > a>h

i) a>b =  a'>b

2. Simplify

0] 625 "% (if) (g%)’

~ (81y—% . YB3
(i) (256) ! () 5\/(32)"

™ *~(32)°
3. Prove that
242070 3
e T2
4. (a) Find the value of
2 x3txat 3 x5—
10—Ex58 "47E¥x6
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(b) Express in fractional indices and then simplify
() Va xiat xa, (i) yrxYy xYy
5. Simplify

0] ‘\:yl_3—5q—‘(8/25)"”a
(3.645)t 3+ (200)71 3

() V3Ix53-3/31/ 5 xX8/3Ix5
4

|
+ i3 e
(i) /\/81—-3— = (27) +12V 16

3-%6)x v/ 98

(i) S S " o
(5% 5= X (197 x(3)73

6. Simplify
Xm+2r| A3m—8n 521+8.101'+1

() e 1} ey o
25¥12 15" 2

o IN¥2_—35 Tn-1 kAR I 1 "
(i!f) ---—-,-7-;‘71—1—, and (h') L o b d 3=n (27)
33nx9
7. Show that
W 3.2%%1 420 o 2,314 7301
B ST =2 @ o= !

T3 2( Py

L (3E7) . 9
(tit) (371 '-'(3»—1)-—12",;

(81)" . 35— 34! (243) 4.3"

() gin _ 38 T 3n¥l_3n ==
94,33 (3-8/M)I_(27)" 1 o T R
8 If 3m 33 =357, Show that m=1+-n.

9. Show that

O (Z)x(= )x( )=t
i (% )”‘ x<“>“’ (%) _,

(i) (x‘ ) a*+tab+b? ( )b'-rbc-l-: " 3 )c'+ca+a’

] =]
X
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. i l 1

® ( xo—*b)hc" ( xb—c) x( xc-—a)c_b

o (F) TG T(E) -

10. Simplify

%0 \a'—ab b [ X \blebetct ¢*—ca+a®
('x——-') X(F"' «(F)

11. Simplify
= I v
@ 145 Lot Tt
L xn+bJ be+aJ J
xet Tlatb xb*+cYo+e x’a Teta
@) [a’+b‘ [T] X x‘"ﬂ‘]
12. Simplify
(5)" (%) s swar-

13. (@) Show that

[

1  —
o=t iga—
(b) If pgr=1, show that
1 1 1
T3p+q7 TTFg+rT T igripi |
_q 1 P
q 1 Pq

T TN W R

T 9+pq+1 T 149+pg Tpgi+p
14 () If 2*=3"=(12), show that -i—n%+.§_.
e —6~F . - l —l_. I =
(#) I 2*=3"=6""; showithat 5+ 3 +?_0
(i) If 3*=57=(75)", show that xy=2(2x+y),
a\’ 1 1 1
15. If¢’=-(—,-c-) =km, prove that i
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il e Lo gl 32
16. If 2*=4"=8* and ix ',"4y +82 = show that

oy B S i
BI6F 1T T e

17. If a*=b’=c"=d" and ab=cd, show that

I+ = 4 1 1
Tr¥y=ztw
. 25
¥ »

x 2 =
18. If x”=y*, show that ( M ) x

and if x=2y, prove that y=2.

19, If m=a*, n=a” and (m” . n*)*=a?, stow that xyz=1,

20. (i) If a==xy*-), b=xy91, c=xy*-1 show that
a-Tx br-r xerma=1
(i) If a=xet+ryr b=-xr+ryq, ¢ =x*+ayr, show that
a®=rx br-ry cr-t— 1.
21. Obtain the simplest value of
[1—{1—(1=x®*)"17)"18, when x=0'1
2

1
22, Ifx=23 42 3 ghow that x*—6x=6
2 2

23. (i) If x=33 +3 3 , show that 9x*—27x=82

() If x=3/J2+1 —3/ v/ 2—1, show that x*43x=2

1

1
(iri) If x=a’ +a 3 , show thatx’——31=a+%
 RLETS A 1
24 Ifx=34 43 4  y=34 _3 4 showthat

3(x*+)")'=64
25. Simplify 4
VXY R = A
ANSWERS
1 (i) 29428, () 3#£3%, (W) a>b > a'<b

= e | :
2. (i) -é-, (i) 8—?—-, (fii) ig%:‘, (iv) 4%-, )
10,

4. (a9 (®) () @, (i) 1

1

8

163
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5.0 4 @ 2, ) 3208 @) 28y2
6. () xm, (if) 8, (i) 4, () &
10 x2(a’+b‘+c3)
1

1. @ 1, (&) =5 1.3 4, o1

A% B
25‘ x.’_s_, ySO

6'5. SURDS

In the discussion on the theory of real number system we have seen
that the numbers like V2, v/3, 3/5 etc: do not belong to the set of
rational numbers and are known as irrational numbers. An irrational
number we recall is one which cannot be expressed as the ratio of two
integers in the form P/q9, where p and 4 are the integers. For example
!2~5, 3’14 are rational as they are equal to —i— and %—l)-g respectively.

However /2 is not a rational number as it is equal to 1'4142 to the

nearest ten-thousand. Similarly r=3'1416, 1—'5—5 ‘—ii and 2++/7 are

irrational numbers.

In this chapter we shall discuss the particular types of irrational
numbers called surds. In other words, we shall confine to a subset of the

set of irrational numbers,
Definition 1. 4 Surd is defined as the irrational root of a rational
number, of the type Y a, where it is not possible to extract exactly the n

roof of “a”. In other words, a real number Vv a is called a surd, if and
only if

(f) it is an irrational number, and
(i) it is a root of a rational number.

In the surd 3/ a

» the index n is called the order of the surd and ‘a’
the radicand.

Illustration. +/3 is a surd, since /3 is the irrational root of the
rational number 3.
2. V5,VUF, (324 are surds,

3 5) s\/.8— is not a surd, its root 2 is rational.

(iti) i/'lg— v {3729} are not surds, their roots are rational,

4. V24377 although an irrational number is not a surd because
it is the square root of an jrrational number,
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5. Similarly vV ®s3/3+Fv 5 V/5-1/7 are not surds as the
radicand of each of these is not a rational number,

Order of a surd. The order of the surd is the number which

indicates the root, e.g., V48,3/17, /21 and A/ a are second, third,
fourth and n'* order respectively. However, surds of different order can
be converted into same order as follows :

V3, V2, VT =312, 21, it =3z gape g2
=AW, VT
Surds of second, third and fourth order are called quadratic, cubic
and quartio surds, respectively.
A surd may be with or without a coefficient, for example, § V7 has
a cocficient while 3/ 4 has no coefficient. The former is called the

mixed surd, the cocfficient there could be positive or negative. In the
latter case, where there is no coefficient, it is presumed to have 41 as
the coefficient and it is called an entire surd, e.g.,
() —S3/4 is a mixed surd,
(7)) 4/2 is an entire surd.
-
But a mixed surd can also be written as an entire surd, e.g., —~/48
3 — — —
as —y/8.6 or 23/6 and +/27 as V9.3 or 3v3.

The surds of the type 3/ @ where ‘@’ is not a prime integer can
be split into prime integers. For example

() V16 =22/7 and (i) VT =iVI5 =Hv5xvI).
6'6. OPERATIONS ON SURDS

Surds can always be expressed with fractional indices. Therefore,
the rules of indices given earlier will apply to them also. These are
stated here in the radical form.

(i) ﬂ\/; 'A‘\/-B_r-:/(;b—. or a*im, bl}l____;(ab)].[n

o r‘l\/?-_ |T i i _a— 1/n
(i) BV or al"=b ._( 5 )
(i) Nija="va=/m/a or (aMmum=gtin
(¥ "/ab ="yatn or (a*)rim=(a’*) /™
v ('{/_(ﬁ“:.';/aﬂ_ or (al Inym—gmin,

In the above rules m and n are pOSitiVE integers andaaﬂdbﬂl‘e
rational numbers.

Ilustrations. 1. v/ 3 x3/ 4 =317 | 413=(3.40P=(1227=3/12
s o
VE_ge s o i

% U e =0
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3. s‘\/\/?=[ﬂ”’]”“=(a)111°-_—.1:/?
(i) Vi a =larpr=(a)rm_ 7
4. () VT =Q)r=pn=4/7
() VB =UYTR= P

It may be noted that the order of the surd can be changed by multi-
plying the surd index and the index of the radicand by the same integer.

Remark. Two surds are similar if they can be reduced to the

same irrational factors. For example 4/48 and v~ 147 are similar surds
because they can be put as 4/3 and 1v3.

Rules for Operations on Surds :
1. Surds of the same order can be multiplied as follows :

Va x\b =alnx Oln=(ab)tin=7/ab
With rational coefficients also, they can be multiplied as follows ;
P.Va xq.Yb=pq.Jab
Example 23. Multiply 6 . 3/F by 3 /7
Solution. 6.3/ 4 x3.3/7 =6.3%/353=18 . 3/8 =18.2=16
2. Surds of the same order can be divided as follows

1ja —
BT T Lin - bl ".‘3_ =4 lﬂ'
v a =y b=ain \b ) :/_b_
With rational coeflicients they can be divided as follows :

1/n e

o T A al[n_:_ blin__ p _a_ 2-& l__‘_z__

ERaf el < PRI Zg q(b) g %2/5
3. Surds which are unot of the same order can be reduced to the

lowest possible common order by multiplying both the index and the
radicand by the same number as per rule shown below :

Yy
Example 24. Multiply 5 ;’\/'E by 32,

Solution. It will be necessary to first reduce the two quantities to a
common order.

Now 5.V6 x3v73
= 5, "V6 x3.vE
= 5%3%/36x8  or 15. 3/288.

 Remark. If the surds are of the same order, multiply the rational
and irrational factors separately. But, if they are of different order then
first reduce them to the same order and then proceed.



INDICES AND SURDS 167

Example 25, Multiply WEE A3 + 4 by NEE V7
2

Solution. Required product is
=v3( «/5—-«/3+V -1:-)+x/2(\/5—x/3+ J:;l_)
~VTF -3+ A/ ZAHvTT-VEt1
=115 -3+ —;—1/64- V10 — v6+1
-_-\/i?+\/iﬁ—-—;—v’6——2.

Example 26. Divide 4 . 3/10 by 5.3
Solution. 4, V10 +5. V7
=0 APes . U3
|00~
: 73
Simplification for Addition and

Subtraction of Surds can
be effected by taking the common factor out in the manner indicated
below :

—
=%

pP.Va4+q.Va=0pt+t9).Va
p.Va—q.Va=(p—q.va
Example 27, Simplify, 2v/ 180—7+/20 + 10445
Solution. We can have
(2V'36 X/ 5)—(TV 5% v/ 4)+(10v9 X /5)
=3 B\IST . B TS0 . S
=12v/5~14 . v/ 5+30V5
=(12—14430)v/5
=285

Examople 28. Simplify 3./[47 — % \/ } - 24 /\/ -—;.—

Solution. We have 3V 49 . /3 73 TV3

TV TV ARV TOVE)
—3x7. 1/3——;—- . \/3+%—\/3
Fox T A
={ 2 "9“+—3-)\/3

203
= 6—\/3.
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Simplification for Arrangement. For arranging surds in an
order it is always advisable to convert them into surds of lowest possible
common index.

Example 29. Arrange f.,/?, ‘\/-3', '\/_7- in an ascending order,

Solution. First we have to make the index for all the quantities
equal to 12 and then compare. These would be

VA, YF o
or V256, V125, and V343
In ascending order the surds wil] be placed as
V25, /256, /388, e, T 3T, U
The division of two surd expressions can be effected by rationalising as
discussed below :

67. RATIONALISING FACTOR (R.F.)

When the product of two surds is rational then each one of them is
called the rationalising factor of the other. The following are illustrations
of rationalising factors :

(@) R.F. of Monomial Surds. The rationalising factors of monomial
surds are obtained by inspection as follows 2

() aVx x v x =ax
) 3. V8 xV2 =322 =3, 2/1—¢

(,‘ﬁ) (aa,rz Lb-1s C”E)X{a“’! L b-2p2 . c"'ﬁ):_-a?b‘lc:

(&) R.F. of Binomial Quadratic Surds -
) (VI—VNVI+ /) =(v9)i— (T2 =9—7—2
(M (V'3 —VYYVT— F)=x—y
(W) @V/'x +bv y ) aVX —by/T)=arx— by
(¢) R.F. of Trinomial Quadratic Surds. The surd expressions
O (VF £ VT £V7), (i) @ F£bV5 +ev/ 7)

are called trinomial quadratic surds. The following method is applied for
finding a R.F. of (i) above,

OVELbY Y L e VTN aV/ T +bV5 —eV 2= (@VE +bVy)—(ev/ 7
=a'x+by+2aby/ Xy ¢tz
=(a?x by —c2z) 4 2aby/ xy

ac

Apain
[(a®x 452y — €*2)+2abV'xy] [(a*x 4 bty — c2z)—2aby/" .;y]
=(a’x+-b2y— €*z)*~4a’bexy, which is rational

: Remarks. The quantities a— /5 and a4+ b are called the con-
Jugate binomial surds. The additional feature of them is that the sum and
product of these factors is also a rational quantity, e,g.,
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and a+vbh 4(a-+v b)=2a
(a—vb)yx(a+V b )=a*—b

Many times R.F.’s can be obtained by using algebraic identities
such as

() X34y3=(x+y)(x*—xy+y?)
(i) X3—P=(x—p) X34 xy+y?), (i) X8 —yo=(x3—p%)(x34*)
(iv) X34 X2 pla= (X2 + Xy + Y2) (X2 —xy +)?)

() X4y3428—3xyz=(x+y +2)(¥*+y*+ 2~ xy—pz—2x)
L g
V 48+ V18
W3I-5vV2 V48~V 18

Vag+4- V18 VA8 VI8

_(IV3—5v2)(4/3-32)

Example 30. Rationalise

Solution

48— 18
_ TW3(@4v3-3/2)-5/2(4V/3-3y/2)
i 30
_84—21\/6—~20\/6+30
- 30
_114—414/6
o 30
Example 31, Rationalise .
i e VO ERVERRYST:
Solution, N ¥ ‘\/2+\/3—\/i—6

= VIEVITVT0  VIHV3—v1o
__V2+v3-VI0  V244/3-VI0
(V2+v3)—(v10): 2+3+2v6—10

24+4/3--VI(
=\—/—_ﬁ%~\7‘~]—0~ (Rationalise further)

V24/3—VI0  —5—-24/6
R T R T T
=(\/2+v'3—\/1_0}(-—5—2v’6)
25—24
=(v/2+v/3—V10) (—5—2v/6)
=4V 1545V 10—9¢/3—11y/2.
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Example 32. Divide /98 —+/50 by 1/12.
Solution. The required quotient is
_VB-V50  VaIx2—-v25x2
\/ 12 vV 4x3

_— —— e

Properties of Bi-quadratic Surds :
L ¥ atvVb=x4V'y or a—/F=x—y
then a=x and b=y
where a and x are rational v/ & and V¥ are surds.
2. Ifv'a =b++/ ¢ then b=0 and a=c
where b is rational and v gand V' ¢ are surds.

3. Varvb=vI4vy N 40
then Va-vVbi=tWx vV
where a, b, x, y are all positive rational numbers and V/ b is the only surd.
Proof. Squaring both sides of (*), we get
a+vV b =x+y+24/ %y

= a=x+y and V b =4xy (From first property)
> a—V b =x+y) -2V =(V =V I
s \/a—‘v’?=:i:(ﬂ/'§ —V'y)

Example 33. If x=+/3+ — calculate the value of

\/3'
V126 1
( "‘“;;F%)( X x_zv_s)
3

correct to two places of decimal,

w/Tz"s' \/3\/42

Solution. x—X -2 3
Va2 va ¥
S Iy T
= V3 5-vi=
.. T T 1 2 _ 1
W S e Y i



INDICES AND SURDS 171

: TRV | J V3
Given expression= \/3[ v3+ 73 ]

2
T I
=1+ 37 27=% =0.83
Example 34. (a) Simplify
4/ 3 30 \/18

2—2 43 —/T8 332V 3
(by Simplify :
32 473 | 373
VO—+3 +6— 1/2 642
(C.A. Intermediate, November 1981)

Solution. (a) Given expression= 3 ‘/;2 5= 3?9:‘ e
V/9IXV2
T3+2v3
43 30 32

T2—v2 T 4V3-3v2 3423
Rationalising each term, we get

43  4/3 x2+1/2_8\/3+4\/6
2—v2 2—-V272+v2 42

_2OIENE (3420
30 30 4vV3+3v2
4/3-3V2 4y 3-3y2 &/3 132
Im‘ﬁgf———ng— 4/3+3v2
ad W2 3v2  3-2/3 9v2—6vV6
' 3+2v3 323 I3 T 912
AW 324206
43 30 Vi8

2—v2 4/3—4/18 3+2v3
=4v/34+2v6—4y/3—-3v2+3/2—-2¢/6=0.
(b) We have

W2 4/3 2V3
V-3 vV6—v2TV6+2
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V2 V6+V3  4V3  V6+v2 2v3 462
V3 V6V ITVE—vI X Vetv2 T V612X v/6=3

=3\/2(1/6+\/3) 4\/3(%6-&\/2) 2V3(v6— —2)
6—3 6—2 =g "

=V2V6+v3)—v 3V 6+v2)+/3(V6~2)

=412 4v/6=4/18 —v/6 F /I8 —2v/3
=0.

2
Example 35. I/ x f;’:‘ ‘4/3 find the value of

X+v8 x+4/12
x—v8tx—712

2V24  ._ 96
V2+43 5+2v6

Solution. Given x=

Now
EFVE x4/ T2 _ (1 XV rxiV/iD
+ I+ +
x—/8 ,\/12 \ X— ) (r-'\/l2 1)
3_\/_'&
T »/8 x—2/12
. 2x 4\/3
—x—z\/2+x-2\/3
—-8v6
—2X(vV2+43)+4/6
192 .
& T
- 24
i —r——=(V 2413+ 4/6

5+2xf6 V2+v3
{192—8v/6(5+2v6)}
T 96—44/24 (5-+21/6)+ 4/ 6(5+2v/6)
. 192—40v/6—96
" 96—201/24 —84/1444+20/6 + 48
_2096—20v6—48) _,
96—20/6 — 48

A T (37
Example 36. If 24/5445v/2944 35 V60— ig "\/%—
=W6. ﬁﬂd a,
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Solution,
e 19 37X 32
L.HS.=2V/9X6+45v 49X 6435 V6~ §§§§*\/§§§§’
=(2X3\/5\+(5X7‘\/6)‘|“1"9— '\/6-—3— «/G—L\/&
30 i0 3
=EYBL IV S Wl 66
30 10 3
=416 + 35 [199/6-9v/6—10y/6]
=416 +0=41/6
41y/6=ay6
Hence a=4l

14-1/48

Example 37. (a) If =
e SV3+4v2—/77 — /108 ++/8+2

=a--b\/3, find a and b,

4+ 18
b) I, - — = ~—
i V48 —\/1284+/200—8+/ 12458

=a+by/ 2,
find a and b,

1+4/16x3 .
5V34+4v2—=136X2—V36x 34+ 4% 242

N 1+4y/3
T V3t 2—6V2—6v 3427212

_144v3_144v/3 2443
= RAV3T I3 XIi3
_248v3+v 344133
= -3
=249v/34+4x3=1449/3

> 1449y 3=a+5b\/3

Hence a=14, b=9

Solution, (@) L.H.S.=

B 443y2
®) LHS. IX&/I-8y2% 10y 28X V3 TS5 373
4+3v2 122
132 “15v32
482472

T 288
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=72 -

Hence a_T b_?
Example 38. Find the values of a, b, ¢ and d if
r_,*:;f;m=a+b\/3+ e/ S4+dv' 15

1 1 14+45—4/3

__1+V5—v/3
(V5P —(v3)

_1+V5-v3 3-2v5
=T3V5 X3Tas

_(1+v5-3)(3—-2//5)
—-(2v'5)

343V 53 3—-2v/5—104+24/15
9-20

_=T+V5=3v342¢/15

Example 39. If x='—’-:—\2-/-£-l-, prove that

()3 ()t D)

—4/21
Solution. x=§*—-3-§———

1
E \/ o1
o SV g s
=5_ \/21 S1var (Rationalising)

2(5+1/21) _5++/21
To2%=2 2




INDICES AND SURDS

and

1 5—4/21 ,5+4/21 _
Bl T et e

Squaring both sides, we get
(x++)=25 = x4t 4225
x x?

1
> x4 = =23
Cubing both sides of (1), we get
(x+ : )'-125
X —x- =

1 1 1
" X3 x . ?( x+ )=125
> x'+xL,=125—3.5=110

s (43 ) s (s )+ (4-L)
=110—5. 23+45=0

Example 40. If x=9+4/5, find the value of

; 1 1
O F-, @) -

Solation,  X=9-444/5

.1 9—4y/5
E T VAR CE Va0 T v

X =0+ 4V )+ O 4y/5)=18

=% =O+4v/5)—0—4y/5)=8y/5
() Multiplying (1) and (2) together, we get
1 1
( x+-x-)( x—— )=18x8y/s
3 xz—;}-, —1441/5=321-9984
(ff) Cubing both sides of (2), we get
1 3
( x——) =(8y/5p

175

k)

-..(2)

(1)

...(2)
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1 1
i W —3 (X +)=2560v'5
- X o —~3X8v/5=2560'5
> X9 - 2584/ 5= 57780824

Example 41. If x=341/8, find the value of
I
x4 4.*;;'

Solution. x=3+8

1 _3-v8_.
P Ty ey Ly

x+%—-——3+\/8+3_\/3=5
Squaring both sides, we get
("+~L)'=“" & Fpt o3
x x? =
= x’+x—‘z' =34

Squaring again, we get
1 i
(x”_xT) s=L3a),

x'+;',——_-1156—2=1154

Example 42, If x=\‘//’§:§, prove that x14x—% in an integer,
(C.A. Intermediate November 1982),

Solution. We have

_V/5—2 V5-2 v/5-2 9—4V/5
T Y e B e
| _ V542 V542 V542 9+4v5_
s v b v aa i

X b =18
X

Squaring both sides, we get

§ .4
X2 X g =324
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- Mt =304 —2 322
x?
Squaring again both sides, we get

i .o
X428 o =(322)8

& x'+;1r ~(322)'—2
x4 x74=(322)—2=an integer.

Example 43. [f x=34-2\/2, find the value of

(i) x/?ﬁfvl—;_, (i) v x — \/L}:.

Solution. x=342+2
| BN T 3-2v2
2 3403 3+vE "33/
_3—2\/2__ _
=g~ =3-2v2

X 4L =342¢2+3-2y2=6
Adding two on both sides, we get

x-i——l- +2=6+4+2=8
X
U
=> (\/ x 4'\7?) =(2v2)*

— 1
> Vx+ﬁ—=2¢2

Subtracting two from both sides of (1), we get

PR W
X

T s S " . T, 1
(\/x‘\"/_";’/_(z)z (V=_ }=2

v'x
Example 44. I/ x= ;_i_:_\é;_' shc}w that x*(x - 14y =1
Solution. ek f TESYD (T¥4v3)(T+4v3)

TV T-4v3 TV (T=a/3)(7 1 4 3)

177
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TEa/3) _

and x—14=T4+4/3—14=4y/3-17
X (x—14) =4/ 3+ T4y 3 T)*
={4/3+ )4/ 3-D)
={16(3)—-49}* =1
Example 45, Ifx=3+2‘\/2 aﬂdy=ﬁ;—ﬁ 3 ﬁﬂd the value Of
Jx24-10xy 4532,
Solution. Here x=3424/2
XP=342v/2'=948-+12/2=1T+ 1242

o b 4 S22
32 302 i
3—-24/2
P=(3—2/2PW=17-—12v2
1 _

5x34-10xy 4+ 5y2=5(174-124/2) 410 . (1)+5(17—12v/2)

=85+ 60V 2-+10+85—60v/2=180.
Example 46. (@) If x=3—4/5, find the value of
x4 —x3_20x3—16x+39
_V3+y2
(b) If "'“\/3._,/2' find the value of
2x4—2Ix3 4+ 12x*—x 4 10

Solution. (4) x=3—+/5,ie, x—3=—1/5
Squaring both sides, we get
x*49—6x=5
=> x:~6x+4+4=0
Now divide x*—x*—20x2—16x+39 by x*— 6x+4
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x%-}-5x46
X—6x+4| x4 _x3 -20x*—16x+ 39
x4—6x3 4 4x?

e
5x3—24x¥—16 x
5x3—30x2420x

e dp

6x*—36x+39
6x*—36x4-24
P + =<1

15

Thus we can write

X4 — X3 —20X3— 16X 439 =(x2—6X 4-4)(x*4-5x + 6) 15
=(0)(x245x+6)+15=15

V3+v/2 /342 V3442 342426

R v Ry QN Eerv v E=v w e
=542v/6

= X—5=2/6

> x2425—10x =24

> x*—10x4+1=0

2x4—21x3 4+ 12X —x 410
=2x1—20x342x% —x*} 10x?—x+4 10
=2x3(x?—10x+1) —x(x*—10x-4+1)+10
=2x*(0) —x(0)+10=10.

Example 47. If x=(4+V/ I5)'P+(4+ / 15) 118
prove that xt—3x—8=0.

Solution, Let (4+1v151%=a = a'=4++/15

Then 4+ ﬁ)'m=";,‘
¥l 1 4—+/15
3 a= dv/15 A+VI5 ><4*\/1—=4""/15
1
X—G+F

Cubing both sides, we get
= 1
X*=a%4-a73_13aq, ?( a-p_‘ll_)-_-aa-{-a**-wx

=4+ 15)+(4— v/ 15)+3x=8 +3x
x?—3x—8=0.

179



180 BUSINESS MATHEMATICS
6'8. ROOT OF A MIXED SURD

There are two methods of finding the square root of a mixed surd.

First Method. This method is known as method of inspection. In
this case we try to express the given surd @4 /b in the form (v/x vy P

then +(+/ x 2/ ¥ ) is the required root.
Illustration., Consider the square
(B+4/5)2=9+54+64/5=144+6/5
Now the square root of 144 6+v/5 isd-(3-4+/5)
Also 14+ 6v/5=14+24/45 since /45 =3+/5
Here 14=9-+5 and 45=9x5

Hence find two numbers whose sum is 14 and product is 45. These
are 9 and 5.

14424/ 35 =94+5+2v/9.475=(v/9 + /5= (3 +v/5)?

To find the square root of x+3\/y, find two numbers a and b, whose
sum is x and the product is y, then the square root is4-(\/ @ /B ).

The first step, then, is to put the given surd in the form x+24/y.

For example 9+44/5=9 +24/20, the two numbers whose sum is 9 and the
product is 20 arc 4 and 5.

In case 2 is not there, multiply and divide the surd by 2. For
example

8+3v/7=8+4/63 =3}[16+2+63)

Now square root of rlf is L and to find the square root of

V2

16+-24/63, find two numbers whose sum is 16 and product is 63 which
are 9 and 7.

Thus V16424/63 = +(vVI+N=1+G+vT

Second Method. This is a general method. Here we suppose that
square root=-4-(y/ x 4/ 7y ).

Now square both sides, equating rational and irrational parts and
then find x and y. 2 .

Example 43. Find the }quare root of 3+4/5.

Solution. Let +/3+45=vV x +4 y
Squaring both sides, we get
3+ v/S=x+y+2Vxy
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and

Equating rational and irrational parts, we have

x-+y=3
2V/xy =+/5
Squaring both sides, we get
4xy=35
Ao (r—y)p=(xtyN—dry=(P'—4x o =4

Adding (2) and (4), we get

5
2x=5 = xh-z—
5 1
y*-B"*.\'=3’— ‘:2—.:—2-*
Hence V34 y5=Vv524+1)2

The second square root being —v/52— v/ 12
Example 49. Evaluate \/m
Solution. Let V28_ 5412 =/ x —\/ 5
Squaring both sides, we get

28—-5v/12 =x4y—2v%y

x+y=28
2V xy =54/12
=> 4xy=25x12=300
Also (x=yy=(x+y)*—4xy
=(28)2 —300="784 —300=(22)?
= x—y=22

Adding (2) and (4), we get
2x=28+422=50 => XxX=2§
Also y=28—25=3
Hence \/m=\/2—5-—\/3=5—v3.
Example 50. Given /5=2"23607, find the value of
10y2 V04 /T8
VE—~VEIVI) 84— )
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Solution. We have

34+ 5=16+2V5)=H(v5+1)

VITE =L and vImys V3

V2
LN 10‘/2 1/10 +3v2
2,/2..;,-2 (V5+1) 2¢2+7 5-1)
T 4—v5—-1 T444/5-1
_10X2  23++/5)
T3—-5 (34w
=30_(1‘1_‘%/_5_)_'i=13+5\/5=24'18035

Bxample 51. Prove that

VEVT
OIS 7—2r2

V 1 s—2vn
Solation. L.H.S.=

(16+2 VIXT)—2y2

/\/-;— (VT—y/1)

z\/ > WOV T—2v2

1
\/24_5'2;__2\]2 =S T—A
Ly §F ]

o -l—RHS

Example 52. If x=4(6+42+/5)711, find the value of x* 7x43
Solution. We have

i oV BTN LAE B
= Vet2vs \/(1/5+1)1‘1/5+1

4 V-
Ve L=v/5—1
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X-+1=4/5

X3 4-2x+1=5
x242x—9x—44+9=—9x19

X2 —Tx+5=-—9 (v/5—1)+9=18-9+/5.
Example 53.  Simplify and show that

¢ v ¥y

J VT3
\[;44/ 16 —5/7

Is a rational number,

Solution. Let /73y 5=+ % -/ y
T—3y/5=X+y—24/xy
Equating rational and irrational parts, we have

X+y=7 and 2V/xy =34/5, i.e., 4xy=45

Now (x—p)=(x+y)'—4xy=T"—45=4
- x—y=2
Solving x+y=17 5

9
¥y ;, we get x—-f and y= 2

et - [
Similarly \/m:\lg__\/iT?_f\/z
Vi
'\/2 +V”2 ’\/2

=/—-—=?, rational number.
Example 54. Evaluate
VI6+4:/10 —2J15 —4/6

The given expression=

Solution,

Let V1644410 —2v15 —4v6=2(VX +vV 7 -V Z)
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Squaring both sides, we get
16+41/10 2V 15 —4v6=x+y+2424/3 —2v/57 —2v/j7

Equating rational and irrational parts on both sides, we get

x+y+z=16 (1)
2/ xy =410 = xy=40 A2)
2V/xz2=2vV15 = xz=15 ..(3)
24/yz =4+/6 > yz=24 . (4)

Multiplying (2), (3) and (4), we get
X2y2zd—40x 15x 24

> xXyz=-4120
Either xyz= 4120 or  xyz=-—120
Dividing this by (2), (3) and Dividing this by (2), (3) and (4)
(4) turn by turn, we get turn by turn, we get
x:.—s,yms,z:.-B x._-:-—.5, y=_8’ Z=-—373

Equation (1) is satisfied only by positive values of x, y, z.
x=3, y=38, z=13.

Hence

V16+4V10 —21/15 —dy/6=1(V5+ v8—1/3)

=4/ 54+2v2-+3).
Example 55. Find the square root of
5—10 - I544/6.
(C.A. Intermediate May 1981)

Solation. Let V/5_ /70 — V15 +‘/6=:1:(~/Y~ VY +vz)
Squaring both sides, we get

5—V10 =V I5 +v/6=x+y+2—2V 3y —2/ 57 +24/57
Equating rational and irrational parts on both sides, we get

xt+y+z=$§ &A1)
2v/xy =v'10 2> 4xy=10 «il2)
2432 =4/15 > 4yz=15 %43
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Multiplying (2), (3) and (4), we get
64 x* y*23=10X15%6
= 4 xyz=+15

Either 4xyz= 415 or 4xyz=—15

Dividing this by (2), (3) and Dividing this by (2), (3) and
(4) turn by turn, we get (4) turn by turn, we get

x=1, y=4§, 2=} x==1, y=—4§, 2=—1
Equation (1) is satisfied only by positive values ol Z
x=1, y=§, z=4%.

Hence V5—4/10 — v 15 +v 6=+ 1—Vi+V}

=+(1-v§ +V .
Example 56. Find the fourth root of 137—36 Vv 14.

Solution., We have
137—361/14 =137—2+/ 324 % 14
=137--21/4536
=81+456—24/81 % 56=(9— v/ 56)
V137-364/14 =0 V/56)
Now 9-—4/56 =9—214
=742-2vTx2=(v/T—V2)
V9356 =(vT—V?2)
Hence V137-36v14 =V 9—-1/56 =V T-V2
Example 57. Prove that

Va4 /5—1/6—3/5+ 1/ H—6y35=2
Solution. LHS.=V24./5—1/6—3v5—4 (9+5—240x5)
=V 2+v/5—V6=3V5+(3—3)
=V241/5—V9—4v/5

=V 24 /5—1/5+4-24/5x 4
=4/24+/5—(/5—2)=v4=2=R.H.S.
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EXERCISE (II)

1. State which of the following are surds.
@ VIL () = ) VI ) VIFVE O [

2. (@) Find the rationalising factors :

B Vi, @) YF 457 + V5
() BVII+5v6),and () (V5—v24+vT)
(b) Simplify

() V63+4/28-1/175

(i) 2V I8+V20—VI4T+IV50+4V 45

BT |
i) 4/112—+/63 +5~§—

3. Simplify
3+4/6
@ Az v +v5%
® S+vE 5
15v/3—-24/32 4+24/50 —g /12
4. Simplify

2+v3 2—v3 4/3-—1

@ O = AtsratyaTi
o TS T35
@ 5375 *3=73
®) B, G 415
2vV3—/6 "4V 3+4V 2T /30— [0
© V3 2vs 32
V10 V3 V64+v5 /15 +3v2
:

e
5.  Express 3—4%/-5 in the form (ay/5—b), where @aand b are

simple fractions.
6. Find the value of @and b if both are rational numbers and

5423
Ws— a—-b\/3
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AR e W;i_?(/ﬁlﬁ 7755 —a+xv3, find a and x.
8. (\;2312) =a+xv2,
find @ and x.
9. Express 1};?33_{- i "33 in the form ay/5-4-b4/6.
10 Show that
() b ==
V2+4/3—v/5"v/2—V3-V5 /2
& 7 Trtess +\/21—j’;/—53\/ gR
11. Show that
3 1 2 3
—v2iviti—v2a—vi “i5v2—v3 Tv3 ~
12. Prove that
5 3 &
VT16-34+1 ¥ 16+ vVa+1
13. If x=7+4y3, y=T—4/3, find the value of

14.

15.

16.

17. (@) x=T7—44/3, find the value of (\/-5:_-{-& )

1 1
P
1/3+\/2 v3—-42
If x= v \/2 and y= ,3+‘/2,ﬁndthevalueof

O %+, () ¥ 43, () 4o

If x=7—1/ 48, find the value of
(x’-f—x, )-15 (x’+ )+20 (x+-—) 72

Ifx=4-}—'\/15, find the value of

(#-%)

=]
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(b) If x=54-24/6, find the value of (1/7+ ﬂ/l_;)

18. - Find the value of

. 1
= . B
(i) x*~10x+1, if x 5F2v6
() ®*—6x2+T7x48, if x=3—24/2
(1) x4 —4x3—2x3—4x4 31, if x=342

. 2
) ] 2 e H o —
(v) 2x4—9x3—14x24Tx—=3, if x Y
1 .
(V) m, |fx—2+'\/2
(¥i) 10x—2, if x=(5+ 21/6)"1
19. Find the value of
x+l
+x+1 , if x=4/344/2
20, IF ¥=s— and Jema—t—, shovi thet
: I—v3 3¢ YT
Txt 1xy— TP =114 56v/3.
21. 3xi; =21/2, show that X*—2x+3=10
22. If x_:g H‘ﬁ nd y= VH\\% find the value of x3+%.
. _V3—V2 Vi-v2
[Hint, \/34_1/.2 Visvas =5—24/6
Similarty =Y 3IEV2 VRIS

Y] ey 4 Lty viag,
X4 y2=(x4 )0 —3xp(x+y)=(100—3 . 1 . 10=970.)

23. If4/3144v/21 =+ x +V/ 7, find x aund .
24. Find the square root of

() 19—8v/3, (f) %_%vs
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(iit) 184+6v/5
(v) 6(5+2v6)
() x4V X2y
25. Show that
@ V3ITV5+V3I—V3=vVI0
(5) (28—10v/3)1 28— (T4 4y/3)71 133,
26. Find the value of

V=V3+y/atystVTT—ay 15
27, Prove that
1 3 . 4
\/11—2\/50_ TVT=2/10 V43
(b )\/3 + : —_— =]
\/3 —V8 "V3t+y/31y8
28. Show that

V19+4y/31 +4/7—/30—24/56 — /12 =2

29. Find*and ¥ if (V x +V ¥ P'=4+/15
Deduce that

vIviE=A/ 34/
Hence find &, If
(@4 A 154 (4= 15 *=k/ T0
2443 2—4/3
V2+4/2+44/3 \/2 v2—4/3
find the value of @ and b.
31. Find the cube root of 9/3+114/2

Hint. Y9AFTIVE =(v3) . la, LA /2
[Hint V9v3+1ly (\/);\/31-3/\/3

11

3 3 ___x

Let 3/ + 3 +V'y
T2

so that :/3 3 3 == —-V'y

]2=a+bv’3.

=0

189
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Multiply (1) and (2), find y in terms of X, cube both sides of (1),
find x.]
32. Find the fourth root of

(f) 56—24/5, (if) 193 +132,/2.
ANSWERS
. (D, (v) are surds
2. @) () /9+33+1, (D) Yx —3/ 7, (i) ¥/ TT=5/6
) (v7+ \/5+v2)(10—2~/§_‘57 ® (o

() 64/5— 7\/3+ T /2, (i) 174/7. 3. (@) /3 () %i\_@

4. (a) () 16— ¢3=14 268 (if) 3, (b) 0, (¢) 1.

19 13 _ 9
5. 1‘/5 iT 6 a=11,b=6 7. a=0,x=1 8. a==, x==

9. /5—+/6 13. 194. 14. (1) 10, (i) 98, (iii) 98, 15. 0
16, 126V 15 17. (a) 4, (b) 24/3 18. (i) 0, (if) 26—124/2.
I wz

(i) 10, (v) /7, (V) , (") 1, 19, 1/6 22. 970 23. x=28, y=3

4. (1) 4—/3 (i) §—=+/% (i) V15 +4/3 (W) 34/242/3
O HVXTy+v/x—»] 26.1 29.7 30.a=2, b=0
31, /3[4 4/2] 32. (i) v/5—1, (ii) (3++/2).



