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Multiply (1) and (2), find y in terms of X, cube both sides of (1),
find x.]
32. Find the fourth root of

(f) 56—24/5, (if) 193 +132,/2.
ANSWERS
. (D, (v) are surds
2. @) () /9+33+1, (D) Yx —3/ 7, (i) ¥/ TT=5/6
) (v7+ \/5+v2)(10—2~/§_‘57 ® (o

() 64/5— 7\/3+ T /2, (i) 174/7. 3. (@) /3 () %i\_@

4. (a) () 16— ¢3=14 268 (if) 3, (b) 0, (¢) 1.

19 13 _ 9
5. 1‘/5 iT 6 a=11,b=6 7. a=0,x=1 8. a==, x==

9. /5—+/6 13. 194. 14. (1) 10, (i) 98, (iii) 98, 15. 0
16, 126V 15 17. (a) 4, (b) 24/3 18. (i) 0, (if) 26—124/2.
I wz

(i) 10, (v) /7, (V) , (") 1, 19, 1/6 22. 970 23. x=28, y=3

4. (1) 4—/3 (i) §—=+/% (i) V15 +4/3 (W) 34/242/3
O HVXTy+v/x—»] 26.1 29.7 30.a=2, b=0
31, /3[4 4/2] 32. (i) v/5—1, (ii) (3++/2).
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OBJECTIVES
After studying this chapter, you should be able to understand :

@ Logarithms, its laws, tables and calculations with the help of
logarithms

@ Calculations with logarithms in case of compound interest,
depreciation and annuities,

70. INTRODUCTION

Logarithms are simply the powers or the indices to a given base.
Once we have converted values into logarithms to a given base we can per-
form difficult mathematical operations of multiplication by addition of
logarithms and division by subtraction of logarithms and like that the other
higher order operations- Similarly problems on involution and evolution
are reduced to those of ordinary multiplication and division. This is
because, as explained in the preceding chapter, the indices of power func-
tions are added in case of the multiplication and subtracted in case of the
division.

The conversion of values into Jogarithms is, however, no problem since
readymade conversion tables are available for the purpose. With little
practice the use is very easy. The first such use was suggested by John
Napier (1557—1610) who invented logarithms to the base e=2'71828
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which is used mostly for theorctical mathematical purposes. But for
common calculations, logaritms to the base 10 are used. These common
logarithms given by Henry Briggs (1561 —1630), have further simplified
the work. So much is the importance of logarithms that we cannot think
of tedious power or root calcuiations without the use of logarithms; the
slide rule for calculation is also based on logarithms.

Logarithms are in fact corollary to the theory of indices. In order
to understand the theory and the application of logarithms, a thorough
knowledge of indices and laws governing them is essential.

Definition. The logarithm of a number to a given base is the index
or the power to which the base must be raised to produce the number, ie.,

to make it equal to the given number. If there are three quantities indi-
cated by say a, x and #, they are related as follows :

a‘=n

then x is said to be the logarithm of the number 7 to the base ‘@’
Symbolically it can be expressed as follows :

loga n=x

ie, the logarithm of 7 to the base ‘@’ is x. We give some illustra-
tions below :

() 2'=16 = log, 16=4,
ie, the logarithm of 16 to the base 2 is equal to 4,
(ii) (10*=1000 2> log,, 1000=3,
i.e., the logarithm of 1000 to the base 10 is 3.
(iii) 57=1is > logs riz=—3,
i.e., the logarithm of r}y to the base 5 is —3.
() 28=8 > log, 8=3

i.e., the logarithm of 8 to the base 2 is 3.

Remarks 1. It should be noted that the two equations a@*=n and
X=log, n are only transformations of each other and should be remem-
bered to change one form of the relation into the other.

2. The logarithm of 1 to any base is zero. This is because any
number raised to the power zero is one. Since 4% = 1=2log, 1 =0.

3. The logarithm of any quantity to the same base is unity. This is
because any quantity raised to the power 1 is that quantity only.

Since a'=a = Jlog,a=1

Restrictions. There are a few restrictions on the base : it
should not be taken as 0 or 1 because a zero raised to any power is mean-

ingless and 1 raised to any poweris one only. Nor can the base be a
negative number otherwise certain values will become imaginary.
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As regards the number # for which we find the logarithm, the restric-
tion is that is should be a positive value not equal to 1.

Illustrations @

1. (a) Iflog, \/2=1, find the value of a.
We have ale—=,/2 = a=(4/2)%=2=8.
2. Find the logarithm of 5832 to the base 3./2.
Let us take logs, /3 5832=x
(3/2) =5832-=8 x 729=23K 3*=(+/2)" % (3)*=(3v/2)*
Hence x=6

7'1. LAWS OF OPERATIONS

We shall now proceed to prove the laws of logarithm which are valid
for any base a (>0 buts1). Since the term “logarithm’’ is merely a
substitute for the term  “index”, the laws of logarithms can be easily
deduced from the laws of indices.

[. Logarithm of the product of two numbers is equal to the sum of
the logarithms of the numbers to the same base, ie.,

log, mn=Ilog, m+log. n
Proof. Let loga m=x so that a*=m sl
and logs n==y so thata’=n el 2)
Multiplying (1) and (2), we get
mxn=a*xa’=aq*+’
= log, mn=x+y (by def.)
=> log, mn=log. m-log, n

Remark. This formula can be extended ina similar way to the
product of any number of quantities, ie.,

loga (mnpgr...)=log, m+log, n+loga p +logs ¢ +log, r+...

It should be remembered that log (m 4n)s£log m4-log 7 unless
mn=mn.

II. The logarithm of the quetient of two numbers is equal to the
difference of their logarithms to the shme base, i.e.,

log, 7 =log, m—log, n

Proof. Dividing (1) and (2) of (I), we get
m a*
S el d
n a’
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fen by the definition of logarithms, we get

m
loga T =x—y=log, m—loga n

Remark. logs [—rl,—]zlog. 1—log, n=—1log, n.["." loga 1=0]

1. Logarithm of the number raised to a power is equal to the index
of the power multiplied by the logarithm of the number to the same base, i.e.,

log, m"=n loga m

Proof. Let log, m=x so that a*=m if*)
Raising the power 7 on both sides of (*), we get

(a*)r=(m)n
> ar*=mn
2> log, mr=nx (by def.)
=4 log, m*==nlog, m

Remarks. 1. The logarithm of a number to the base ‘e’ (e=2'718
approx.) is called ‘Natural logartthm® or ‘The Napierian Logarithn’,

2. The logarithm of a number to the base 10 is called ‘Common
Logarithm’ or *Briggsian Logarithm’,

3. In theoretical calculations, the base ‘e’ is used whereas for
numerical calculations, the base ‘10" is most convenient. The tables that
are given at the end of the book are all calculated with ‘10’ as base.

4. When no base is mentioned, it is understood to be 10, i.e., by the
word ‘logarithm’ we generally mean ‘Common Logarithm’,

Illustrations.

1. (@) Find the logarithm of 1728 to the base 24/3.

(b) Find the logarithm of 3‘% to the base 32,

Solution. (@) We have 1728=2%x 3’=2‘x(\/3)’=(2¢3)°
= log,‘/3l728=6

(b) We have -

1 1
3 21 T 3'(\//2)‘:(3 v2)-*

1
324

[+
> 1083‘/2 324 =
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2. Simplify : § log,, 25— 2 log,, 3-+-log,, 18.

Solution. The given expression
=log,o(25)¥—log,, 3*+log,, 18
=log,q 5—log,, 9-+log,, 18

=log,o 5>;18 =log,, 10=1

3. (1) log, 210=log, (2Xx3x5x7)
=log, 2+log, 3+log, 54-loga 7

() logy ao=togy Saoxd
810 77=10810 737

=logy, 5+log,, 3+1og,, 3—logy, 11—1log,, 7
(i) log, x*=3 log, x
() log./GrFy)=log, (x+»)i=} loga (x+)
) log, 81=loga (3*}=4 log, 3
4. Without using log-tables, find x if
§ logyy (11+4+/7)=log,, (24 x)
Solution.  } log,, (11+4+4/7)=log,, (11+4+/7)}
=log,y (v7+4/4)
logio (+/7++ vV4)=log,, (2+x)

= VT+4/4=2+x
- T4k
= x=4/7

CHANGE OF BASE

If the logarithm of a number to any bose is given, then the logarithm
of the same number to any other base can be determined from the Sollowing

relation :
log, m

log, m=logy mxlog, b = logy, m— Tog B
Proof. Let logs m=x, logs m=y and loga b=z,

Then by def.
a*=m, b’ =mand a®=b

Also a*=b’=(a")’=a’", therefore x— yz

2> log, m=1log, mxlogs b
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log, m |
log, b

=> logs m=

Remarks. Putting m=a, we have
log, a=logs axlog, b

= logs axlog,b=1

This resnlt can also be shown otherwise.

Let logy a=x and log, b=y, then by def,,
b*=aand a’=b

L]

b=a * =g’

1
= <= or xy=1
Hence logs ax log, b=1
Ilustrations.

1. Change the base of logg 31 into the common logarithmic base.

Solution. Since log, x— Bv |
log, a
_log,, 31
: - 31_10310 5
2.  Prove that
log, 8

516 g 10 5108 2

Solution. Change all logarithms on L.H.S. to the base 10 by using
the formula

1 \ x—IOg" s
ogs x={ =
_log,o 8 log,, 2° 3log;2
0B 8= T ogy 3~ Toge 3
_logi, 16 log;2* 4 log;p2
ogs b= e T ~ Tog, 3 210, 3
__log;, 10_ 1 = 1
Togs 0= log,, 4 log,2*  2logy, 2
['.' logu) 10=ll
_3logp2  2logy 3 2logy, 2
LHS.= Tog, 3 x 4log;;[2x 1
=3 log,;2=R.H.S.

Example 1. Prove that
2 log x4 2 log x*+2 log x3+...42 log x"=n(n+-1) log x
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Solution. L.H.S.=log x*1 log x*-+log x*+ ...+log x3*
=log (X, X8 - %%, x27)
=log(x“"‘ H+---+2n)

2108(x2(1+2+3+-..+n)) [ sn— ﬂ(ﬂ‘l' l) ]

=log x""*=n(n 4 1)log x=R.H.S.
Example 2. Show that

logy ( l+~:1,;)+loga ( 1+—;—)+Iogs ( 1+—§)

i
+ ...+fog,( 1+ —27,;,-)——'4.

Solution, L.H.S.=logs( —34- )~Hoga (% )-}-loga —Sq +...

243
-Hog;—-&i
B i 8 g 242 243
=logs ("3"“‘ g Reell ¥ o

=log, (2%1 )=loga 81 =1log, 3'=4 logs 3=4=R.H.5.

Example 3. Show that
16 25 81
log 2+ 16 log 75—+I2 Iog:?-z.—}_? log 50 =1

(1.C.W.A. June 1990]
4 2
Solution.  L.H.5.=log 2:+16 og (%) +12 108 57 5)

34
+7log (2‘><5 )

=log 2+ 16(log 2¢ —log 3—log 5)
+12(log 5— log 2°—log 3) +7(log 3¢ —log 2¢—log 5)
=log 24+ 16 (4 log 2—log 3—log 5)

+12 (2 log 5—3 log 2—log 3)

+7(4 log 34 log 2—log 5)
=(14+64—36—28)log 24 (—16—12+28) log 3

+(—16+24—7) log 5

=log2 0 log3+log 5=log2+log5

=log 10 logyy 10=1=R.H.S.
Second Method

L.H.S.=log 2+ log (%)15+ log( 22%)” - (ﬁL)

80
:log%l (]'1513)" (%)u (8?10 7}

7
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=log{2x(32>:5) x(23><3 x(2‘><5 }

24 53 328
=log { 2:(3“)( 518 X 336 5 312 x2“x5'}

85 ¢ 534 v 718
-—103[_2 Linled ]=103(2X5)=log 10=1=R.H.S.

2§¢x533x313
Remark. Since no base of logarithm is mentioned, it is taken to

be 10.
2 log 646 log 2
Rcample d. Kindithe valit of — e e =

. 2log (2x3)+6log 2
Solution.  Expression= 4 Tog 2+log 3—log 3*
_ 2(log 2+log 3)+6 log 2
" 4log2+3log3—2log3
_8log2+2log3  2(4log 2+log 3)
" 4log2+logld — dlog2+log3

=2

T log 6°+4log 2°
Aliter. Expression = fog 2 Flog 27 —log 9
_ log (62 > 28) _ log 48*
(2 X27, * log 48

__2log 48
" log 48

Without using tables, show that

=2

Example 5.

log \/57—}-(03 /8—logA/ 125 3

log 6 —log 5 .2
(C.A. Intermediate May 1982)

Solution.
LHS.— log v/27 +log v/8-log V/125
log 6—log 5

1 | 1
=5 log 27+—2— log 8——2— log 125
log (2X 3)+log 5

3. 3 3
-t 1033+7 IogZ—E—IogS
log 2+1log 3 -log 5
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3 log 3+log 2—log 5
* log 2+log 3—log 5

Example 6. Prove that
xlog y—log z xylog i—log x , Llog x—logy _J
Solution. Let

u—xlog y—log z xylog z=log x , ,logx—logy
= log t=1log [x1og y—log z >(Jr,lm; z—log x leos x—log yl

=log (xlog y—log %) tlog (ylog z—log Xy +log (z'08 x—logl »”

=(log ¥ —log z) log x-+(log z—1log X) log ¥

+(log x—log y) log #
=0

u=a%=1 (a being any base0)
Example 7. (@) Find logy 25 given that log,, 2=03010.
[IL.C.W.A., June, 1975 ; December 1'989]
b) If log 2=0- 30!0 and log 3=04771, find the value of
1

(16) 5 ()
log ~—Tomys
100
log,e )
. ~ logyp 25
Solution. (@) log, 25= T08,0 g = logm
_ log,, 100—log,, 4. 2log 10—2 log 2
o 3 log,, 2 B Jlog 2
2—2><0‘3010_ 2 06020 _1‘3980_1,55
3x03010 ~ 09030 ~ 09030
1
_ap ke Y
() Let =lo (TR

2
@) 5 (%)
8 Ty
.
25 x(10)2x(2) ®
(223 3%
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.h

log2+2log 10—21log 2—6log2—9log 3

e "

i;— % 0°3010 42 X 1 —2 x 0°3010—6 x 0°3010
—9 % 04771

— 02408+ 2— 0°6020— 1'8060 — 4'2939

— — 44611

Example 8. Find the value of the following
3 .1 15 17 19 2
¥3 TS 5o g7 19 A
logyye (9 2 M 2 +logs, (27 3 YT )+log,, 814 4 4 4)
23 25 27 29 3

e i
logye (2437 75T TS TS

Solution. Let the given expression be equal to X, then
X=10g724(9%)+ 10g359 (27"') 10720 (81"%)+10gs20 [243%]
=10g559 [(3%)°]410g; [(3*)"1] 4 logsqe [(39)'°]
+ 108520 [(35)“]
=108250 (31%) 4108729 (37) 108729 (37) + 108720 (3')
=]opiss (312 % 3N x 3% 31%5)
x=10gq, (3%

729r=3"" (By definition)
sy (3%) = 3752
> Jor==-3as2
=N 6x=252
Hence x=42

Example 9. Without using a log table, prove that

25 \3 25
L1 T) © V81
R W

81 JH log (213 3-15)e=

log, 78 ) —2 log, {I =
L wlar)
Solution. log, (’llg }=Iog, 75—Ilog, 16

=log, (5*x 3)—log, 2!
=2 log, 5+log, 3—4 log, 2
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25 13 25
e x
2 log, V(SI 1

5
=2 10g2(—§)=2 (log, 5—log, 3?)

=2 (log, 5—2 log, 3)=2 log, 5—4 log,

= 3
i log, (218 3-1%)=4% (15 log, 2—15 log, 3)=5 log,2 — 5 log, 3
Substituting these in the L.H.S., we get

L.HS.=2 log, 5+log, 3—4 log, 2—2 log, 5+4 log, 3
+51log, 2—5 log, 3
=log, 2=1=R.H.S.

Example 10. F ind the simplest value of

’0334\,/7_1:'9_: 3v.r’9-1 2741
Let x=log, \/729 S EE

Solution

37
=log, /729 . V3%, 3
=log, V729 . 3-¢
=logav/ 3.3

32=logs /3%
x=logy 3=1 [s5

3_

log, a=1]
Example 11. (a) Iflog iﬂ___

7 (log x+log y). show that
»

— = =47
y T x

11 xy, show that
(i) log X2 —

3

(b) Prove that log [} (a+b)]=1} (log a-+log b), if a*+b*=7 ab
© If x14yt=

} (log x+log y)
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(i) 2 log (x—y)=2 log 3+log x4-log y
(@) If a* +-b*=7 ab, show that

2 log (a + by =log a+log b2 log 3
[L.C.W.A.. December 1990)

Solution. (a) log’%ﬂ’=i (log x+log ¥) =4 log (xy)=log (xy)‘
. x—%-—y- :..—(Xy)' i’
> (x+y)*=49 xy
> X1y 4 2xy =49 xp
= X4 yr—47 xy
Dividing both sides by x», we get
Xy
5 + . i
(6) Here a2y b249 ab=9 ab
= (i;—_b)‘{ ab
. log [} (a +&)]2=log ab
> 2 log [} (a+b)] =log a+1log]b
= log [} (a+b)]=} (log a-t-log b)
() () X yi=1] xy
> X:py2—2 xy=9 xy
b (x—y)*=9 xy (")
> (%_l)l(xy)m

Taking logarithm of both sides, we get

log(iz—y) =1 (log x+log y)

(#) Taking logarithm of both sides of (*), we get
log (x—y)*=log 9 +log x+log y
=log 3*+log x +log y
o 2log (x—y)=2 log 3 +log x+log y
(d) We have a4 bt =7 ab
a?+ 02 2ab =9 ab y
(@+byr 9ab 32 gp
Taking logarithms of both sides, we have
2log (a+b)=2log 3 Flog a+log b.
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Example 12. (a) If log, [log, (log, x)]=1, find x.
(b) Find the value of log, [log, {log, (log, 27%)}]

Solution. (@) Using the definition of logarithms, we get
logs (log, x)=2'=2

> log, x=3*=9
> x=2%=5]2
(b) Let log, [log, {logs(logs27%)}]=u
Assuming x=logy 27*=10g33*=9 log, 3=9
y=log9=log,3*=2 logy3=2
z=log,2=1
u=log,1=0
log a log b log ¢
Example 13. (a) I = — , show that
y—z Z—X x—y
arbyc;':a}"+yz+z’ p Pitkztat x’-l-xy-i-y’:]
log x log y log z
oy I+m—2n" " m+n-2 — natl-2m
show that xyz=1
A loga  logh  logec
Solution. (a) Let e Eam T ey =k, (say)

log a=k(y—z), log b=k(z—x), and log c=k(x—))

If the common base is, say, e, then
a=0=2 p__ek@=%) ypq ceklx-2)
(1) a*br =k —2) y rk(z=2) o g2k(x—y)
k(Y= 2) 4 yk(z=x)+2k(x=y) _ go_|
(if) tte pRtaztxt txydy
—ekly—2) b yz+2®) o, k(z—X)(x*+xz+x")
» K Xy + )
___ekfya—ﬁJ k(2> —x?) 4 k(x2—y3) =e’=1

logx oEy . log z
I4+m—2n = m+4n-20 n4l-2m
: log x=k(l +m—2n), log y=k(m+n—2[)
and log z=k(n+1—2m)

(b) Let

=k (say)
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Let e be taken as base of logarithms, we have
x==ekU+m=2n) . y;_ek{m+n—2l] z—gkln+1-2m)
xXyz= U4 m—2n)+k(m+ n—20)+kin+I1—2m) =]

Example 14 Simplify : log b. log,c. log.d. log,a.

Solution. Changing the base to a common base, ¢, the given
expression becomes

log,,b. logece, log d. log,a

logeb  logee  log,d _ log,a
4 x =
log.a log.b”™ log.c” log,d

Example 15, Ifx_!og,,, a, y=Ilog,, 2a, z=log,, 3a,
prove that —1=2yz,

Solution. L.H.S.=xyz41

=logy, @ X logsa 2a xlog,, 3a-+1

_ log, a  log. 2a log, 3a
~ fog. 2a *log, 3a * fog, 4a

+1]

[Changing to common base e)

__log, a

log, 4a+l
_ log, atlog. 4a__ log, (ax 4a)
log. 4a Iog. 4a
_ loge (2a)* 2 1log, 2a
"~ log, 4@ log. 4a

_ 2loge 2a log3a
log, 3@ ™ log, 4a

=2 log,, 2axlog,, 3a

=2yz=R.H.S.
Examuple 16. Prove the Sollowing .
i | 1 i
a —
(@) Iogx,(xyz)+ log,.(xyz) T log,(xyz)

1 1 1
® (log bo)+1 » (logoca)+1 + (logeab)+1 i
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! i 1
¢ = 0.
L log M (x) i log ¢ %) L log_r_ (x)
q ) E P
" Solution. (¢) Using the rule log,b= . we have

logsa
I 1 1
log.,(xyz) + log, (xyz) * log..(xyz)
=log,,,(xy) +log,, (¥z)+log,, (2x)
=log,, (xy X yz X zx) =log,,.(xyz)?
=2 log,,.(xyz)=2=R.H.S.
1 1 1
~ (log.be) 1 T " {logeca) +1 T (10g.aB) ¥ i
- ' ! I
iogabc +log,a Tlog,ca+ log,b | log,abFlog.c -
N 1
" log,abc " log,abce +log;abc

LHS.=

(2] LI.H.S;

Now proceed in the same way as part (a),

1 1 1
log, () Tlog , (M Tiog, (M
2 r3

d P
=1og.(%)+log, (%)Hog, (Ip_)

e .40y % 4
_.log"[qx rxp]

=log, | =0=R.H.S.
Example 17. Ifa®* . b =a**% b¥ show that

X log(-;)=lag a.

[C.A. Intermediate November, 1981)

(©) L.HS.=

Salution. We have
ad-* _ b3r-—g*+5 par
Taking logarithms of both sides, we have
log (a®-* . b°")=log (a*+5 , b3%)
= (3—x) log a+5x log b=(x+5) log a+43x log b

> 3 log a—x log a+5x log b=x log a+5 log a3 xloghb
> 2x log b—2x log a=2 log a
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> x log b—x log a=log a

> x (log b—log a)=log a
b

= X Iog("a—)=|0g a,

Example 18. Ifa* =bpY —c Z—d" show rhar
—fd 11
log. (bcd)_.x\ y 1tz + w )

Solution. Taking logarithms to the base a, we get

log, (a")=log, (b)=log, (c*)=log, (d")=x
(. log, a*=x log, a=x)

log, (8”) =y log, b=x = log, B i

B 4

y x

log, (¢*) =z log, c=x => log, €= 3
log, d)=w log, d =x > log, d= :

L.H.S.=log, (bed)=log, b-+log, c+log, d:.’f.+-:_+.~:‘7

= &4 4 |-RHs.
Example 19. Solve the following equations :
(a) log, 3+ log, 94 log, 729=9,
() log,q (x—9)+log,q x=1.
Solution. () log, 3+log, 9+log, 729=9

=, log, (3x9x729)=9
= log, (3%)=9
> X0=-39
=> x=3

(5)  log,q (x—9)+log;, x=1

> logye (x—9) x=1

> x(x—9)=101 (by definition of logarithm)
=N —9x—10=0

- x__9:|:\/81+40 RES)

2 S
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But

x==10 or x=—1

logarithms of negative numbers are not defined, therefore

x5 —1. Hence x=10,

1.

1.

EXERCISE (I)

Change into ]ogarithmic form :
(1) 6°1= i (1) 2¢=16, (i) /8 =2, (iv) ao=1,
Change into exponential form :
2 1 s
() log, 64=3, (ii) log, 6—25;—;_4, (1i7) log,/, 16=8.

Find the value of x, if
(i) logs x=3, (ii) log, x=0.
(a) Simplify

log,y 1000 1log, 32, "
(i) logm '00 » I 4 N (1{) log (y )‘!08 »

(1ii) log 44—1log 176, and (iv) log, 256--log, 1124.
(b) Prove that

) log, 11 loga 11 l
log5 i Iogs 13~

(i) (log a)*—(log b)’=los (ab) log (a/b).

(@) Find the values of (i) log, 256, (ii) log, 64.

(5) Find the logarithm of

(7) 784 to the base 2+/7, (ii) 19683 to the base 3/3,
(@) Given that u=log, X, find in terms of u

(i) x, (ii) log, (3x), (iii) log, (81)

(&) Find x in the fol]owing cases :

(9 103\/ x*—-——. (i) log( ) =4, (iii) log, 125=3,
(@) If log, x=m, log, y=n, what are the values of

(i) log, (), (i) logu( ). (i) 1og, (+) @ loga(m)

(b) Correct the following :
(9) If log, N=x, then x*=N

207
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log, m
log, n

(i) log, (mn)=log, m>xlog, n, (i) log, (=-)=
(iv) log, (m™)=log, m . log, Mm......n times.
(¢) Given that log,, ¥=2—log,, x, express ¥ in the form ax",
() If 3+log,, x=2 log,, ¥, express X in terms of J.
8. (a) Prove that
(i) log, x .log, ¥ . log, z2=1
(i) log, (x*) . log, (%) . log, (2%)=27
(iii) log, (V' %) . log, %) . log, (/29 =1
(b) Prove that
(v xloeriz  plogar Flogxly
(i) (yz)IOg ylz ) (L\‘)I“B F129 . (xy)|og x!y=]

9. Show that

zn
_ =0

(1) log(-——)—Hogk )+logk———-) 0.

10. Show that
log 343

144 log (‘ig—)-l-} log( i—;—s)

11. (@) Without using tables, evaluate

log :S +log 70— logf‘z—l +2log 5

(b) Prove that

log 881 —2log —%—-I—Zi log -:’,;—-Hog%ﬂﬂ

(¢) Show that

25
(i) 7 log i3 +5 log 24 ~—-3 log 80 +log— ; ={

75 32
(i) Iog16 -2 log = 5 +109243 =log 2

81
(iii) log 5 —Hog?‘:z +3 log 3 —-log 9=2
12. (a) Find the value of —é— z i 3dog 1728 without
1+ 3 log 0°36+ log 8

reference to log tables.
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[(Hint. log 1728 =log (2°x3%)=6 log 2+4-3 log 3
36
log 0°36= IOgIOO =log 6*—log 102=2log 6 —2 log 10
=2 jog 2-+2log 3—2 log 10
log 8=log 2%=log 2

Substituting these values in the given expression.]
(b) Find the value of

1/ _3logi728

6+ %log3644logs
13 (a) If logmt‘& (log x t+log »), show that

._._*_-__H]

() If x* + y*=T xy, prove that
log {} (x+4-»)}=1 (log x +log »)

(¢) If x* +3y3=0 and x+y5£0, prove that
log (x+¥)=1} (log x+log y-+log 3)
(d) If a=log,, 12, b=logss 24 and ¢ =log,s 36, then prove that

1+abe=2bc

[gint. Here 24°=12, 36°=24, 48¢=136

: 12 = 24%=(36)0 = 4g°b¢

225 12X 48=48°2+1 (24)2=48s<t1 )
- (24)!3(36)n:(48)30l=481+nb( [From (.)]
Hence 2be =1 + abe)

Iog a logh logc
" (9 If =r—p —p-g ' Prove that
() abcﬁ l,

(if) av*r . br+r  crte—|

&) 1f Iog 8 103 2.0 z, show that x*y3z71=|

2 75
() If l_o__g_hxﬁlgzg‘yzlogs . , show that x'=yz

(d) If l_o_gd:,__ =!98—’}—,=1%%‘5-5 , and x*y*z=1, show that value of

kis —§.

153, {2} Show that
(i) e
log xy log, xy
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16.

17.

18.

19.

20.

BUSINESS MATHEMATICS

1 1 1
log, 24 ¥ log,, 24 - “log, 24

(i) =2

(ii5) -"“!-"-"‘f‘ : + : = i , where abe=x

log, p logs p log, p log. p

() If x=1+log, be, y=1+log, ca, z==1+log. ab, prove that

xyz=xy+yz+zx
(@) Ifu=vl=wi=2z4 then prove that

logu(uvwz)=1-4 l—~l— l—+ .

2 3§
(b) If a*=b*=c5=d" that
tog(abe) =%

(@) Solve the following equations :
() log, 4+log, 16 +log, 64=12,

() If log, x+logy x+loge x=2l find x.

T’
(#if)  logye x+log,, (x—3)=1,
() Togiy (x+3F—2=log,y -, and

(v) logg x+log, x+logy x=11
(b) Solve the equations :
(7)) logys [log, (log 32)]=2
(#) log, [log,(log, x)]=1
If p=log, be, g=log, ac, r=log. ab, show that
Pgr=p+gq+r+2
Prove that
log, x+log.s ** +log,y x*+ ... +log,” x"=log x"
Show that -

() x=a'lloss,

(i) x=a'oBeb. 10gsc. loged, logsx

[Hint. ({) Let x=a’ so that y=log x

X= a‘o8¢x=al”0’xﬂ

(i) We have x=a'08o*
Now . Tlogbxlog,c x log.d x log,*=log x.

(1)
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Substitute in (1), we get the required result.]
21. If a,b,c are any three consecutive integers, prove that
log(1+4-ac)=2 log b
St _ 1 1+x
22, Iif x—m, show that y = 5 log, (lTx

[Hine. Apply componendo and dividendo, viz.,
a € atb c¢+d

P d%a b c-d
23. If(3'7)*=(0'37)”=1000, show that

X-1—y 1=3-1
[Hine, - (37)*=1000=10°
’ . Xlog 3'7=3log 10=3
> —i—- = -;—Iog 37 8 (1)
and (0°37)" =1000=10°
2 ¥ log 0037=3 log 10=3
> -J;'_z L10g 037 (2)

1 1 1 1 ]
" 7= [‘ 037=' 10310“3
24. If a** 3 b =a%* b prove that

3loga=xlog bﬁ-

(C.A. Intermediate November 1981)
25. Without the use of logarithm table, show that

2 1
5 <log, 3I<

ANSWERS

(1) loge d=—1, (if) log, 16=4, (iif) logy 2=3, () log, 1=0
(i) 47= 64, (ii) 5-¢:?;3, Qi) (v2)'=16 3. () S% (iD)1
@) 3/2, 52, (i) logy, (iif) —log 4, (i¥) 4/$

(@) (V) 4, (i) 6, (&) (i) 4, (i) 6.

(a) (i) 9 (i) ¥4y, (i) 2/u,

®) ()},  Gi) 13, (i) S, (i) 25.

7. (a) (i) m—n, (ii)y 2m—n, (iii) m—2n, (iv) 3Im—n

—

S a N
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(®) () a*=N, (1) log,m-log.n, (i) log, m—Ilogn

(i) n log, m, (c) 100x-1, (d) x=-l—§:50—
11. (a) 2, 12. (a) § ) 3.
17. (a) (i) x==2, (i) x=8, (i) x=5, () x=2 (v) x=64,
) (1) x=625/16, (i) x=6561,

72. LOGARITHM TABLES

The logarithm of a number consists of two parts, the wholc part or
the integral part called the characteristic and the decimal part called the
mantissa. Whereas the former can be known by mere inspection, the

latter has to be obtained from the logarithm tables given at the end of
the bodk.

Characteristic. The characteristic of the logarithm of any number
greater than 1 is positive and is one less than the number of digits
to the left of the decimal point in the given number. The characteristic of
the logarithm of any nnmber less than 1 is negative and numerically one
more than the number of zeros to the right of the decimal point. If there

I8 no zero than obviously it will be —1. The following table will
illustrate :
Number Characteristic
37 1 ?
4623 3 One less than the number of digits to
5312 2 j the left of the decimal point.
621 0
‘8 —1 ]
‘07 -2 | One more than the number of Zeros
‘00507 -3 + on the right immediately after the
000670 —4 J decimal point.

Zero or Positive Characteristic

When the numder under consideration is greater than unity :

Since 10°=1 . log 1=0
10'=10 . log 10=1
10:°=100 g log  100=2

100=1000 i log 1000=3

It is clear that if a number is a positive integral power of 10, its
logarithm is a positive integer.  All numbers lying between 1 and 10, :te,;
numbers with 1 digit in the integral part have their logarithms lying
between 0 and 1. Therefore, their integral parts are zero only.

. All numbers lying between 10 and 100 have two digus in their
integral parts. Their logarithms lie between 1 and 2. Therefore, numbers
with two digits in their integral parts have 1 as characteristic,
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In general, the logarithm of a number containing n digits only in its
integral part is (n—1)-|-a fraction.

Hence we deduce that the characteristic of the logarithm of a number

greater than unity is one less than the number of digits in its integral part
and is positive.

For example, the characteristics of log 75, log 79326, log 1'76 are
1, 4 and 0 respectively.

Negative Characteristics

1
i e = i [
Since 10 ) 01, log 0'l=—1

10-2= f&)=0.01’ log 0°01=—2 etc.

Obviously, if a: number is a negative integral power of 10, the
logarithm is a negative integer. All numbers lying between 1 and 0’1 have
logarithms lying between 0 and —1, i.e., greater than — 1 and less than 0.
Since the decimal part is always written positive, the characteristic is -- 1.

All numbers lying between 0'1 and 0'01 have their logarithms lying

between —1 and —2. Therefore, such numbers have —2 as characteristic
of their logarithmns.

In general, the logarithm of a number Laving n zeros just atrer the
decimal point is --(n-+1)+a fraction. '

Hence, we deduce that the characteristic of the logarithm of a number

less than unity is one more than the number of zeros just after the decimal
point, and is negative,

Mantissa. The mantissa is the fractional part of the logarithm of
a given number. It is same for a given set of figures in the same order
and does not depend on the position of the decimal point.

Number Mantissa Logarithm
log 4597 =(... 6625) =36625
log 4597 =(..."6625) =2'6625
log 4594 =(..."6625) =1'6625
log 4'594 =(..."6625) =0'6695
log "4594 =(..."6625) =1'6625

Thus with the same figures there will be difference in the character-
istic only. However, it can be noticed in the last logarithm that the minus
sign of the characteristic has been placed on the top of it, which is read as
bar 1 point 6625. This is to show that only characteristic has a negative
value. It should be remembered, that the mantissa is always a positive
quantity. The other way to indicate this is

log 004594 =—34"6625=23"6625
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In the common system of logarithms, the characteristic of the
logarithm may be positive or negative but the mantissa is always positive.
A negative mantissa must be converted into a positive mantissa before
reference to a logarithm table. For example

—36872=—4+(4—36872)=—4+073128=4"3128
It may be noted that 4-3128 is different from —4°3128.

How to consult a logarithm table 7 For this purpose the first thing to
remember is that we use all the digits irrespective of the decimal point
(which is relevant for determining the value of the characteristic only).
The second important thing is that we use only the significant digits thus
we ignore zeros because they are there to determine the place of the signi-
ficant digits only. But we do not ignore zeros which are in between the
digits. For example the significant digits for consulting a log table with
the following numbers would be —

Number Significant digits
52 52
37500 375
‘0163 163
5012 5012

Now, the first two digits form the significant ones which are used for
determining the row of the logarithm table. If there is only one digit then
we add a zero. For example in case of 9 we will see the row which starts
with 90 in the first column. We then proceed along that row till the column
of our 3rd digit is reached. For further accuracy we use the 4th and 5th
digits which we see in the same row in the outer or the difference column
and add that difference to the value indicated by the 3rd digit in the main
column of the relevant row.

llustrations. 1. Add 474628 and 3°42367
Solution. — 4474628
3442367

—14+1'16995=0"16995
2. Subtract 3562493 from 324567
Solution. — 3424567

—5+4°62493

+

+2—14-62074 =162074

3. Multiply 377815 by 5
Solution. —34-77815

—15+ 389075 = 12-89075
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In all these examples we have followed the ordinary rules of calcu-
lation except that we kept apart the initial operations of the negative
characteristic from the positive mantissa and then got the final result. The
same thing we are going to do in division with little variation in the
characteristic.

4. Divige 1315836 by 5

Solution. Here before performing division we raise the negative
characteristic to a value which is divisible by 5 as follows :

15 +2'15836 = 5=3'43167

5. Find log 34.

Solution. The number has two digits. Its characteristic is 2—1=1.
To find mantissa move along 34 horizontally and note down the number
under 0 (34 or 34'0). The number found is 5315.

log 34=1°5315
6. Find log 347

Solution. The number has three digits. Its characteristic is 3—1 or 2.

To find mantissa move along 34 horizontally and note the number
under 7. It is 5403.

log 347=2'5403

Antilogarithms. If x is the logarithm of a given number n, with
a given base then n is called the antilogarithm (antilog) of x to that very
base. This can be expressed as follows :

If log, 7 =x then n=antilog x

For example, if log 61720=4"7904 then 61720 =antilog 47904

The process of finding the antilog of a given logarithm is just the
reverse of the procedure adopted for finding the logarithm of a given
number. Anti-log tables are available but log tables can also be used if
anti-log tables are not available.

For finding out the anti-log of a log, we use only the decimal part or
the mantissa in consulting the table, ... in 1'9072 we will look 90 in the
first column of the anti-log table to locate the relevant row and then use
the 3°¢, 4" and 5'* digits as in the case of finding the logarithm. Now, the
characteristic 1 in the above case will be used for placing the decimal
point as indicated in the table below :

Number Logarithms Antilogarithms
206 23139 2060
2006 13139 2060
206 03139 2:060
206 13139 2060
10206 23139 ‘02060

This can be verified from the log and anti-log tables of 4 digits.
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Nlustrations. 1. Find the value of log 5 if log 2 is equal to *3010,

Solution. log 5=log (I—g )=Iog 10—1log 2=1—"3010
="6990

Remark. Remember that 10g 1000

is not the same as

log 100
log (I-iq(%.—) Only the Jatter can be written as log 1000—log 100.

2. Find the number whose logarithm js 2:4678.
Solution. From the antilog table,
for mantissa 467, the number=2931
for mean difference 8, the number=35
For mantissa "4678, the number= 2936

The characteristic is 2, therefore the number must have 3 digits in
the integral part.

Hence antilog 2°4678=293'6
3. Find the number whose logarithm is —2-4678,

—24678=—3-43—2'4678= -3+ '5322=13"5322

For mantissa *532, the number =3404
For mean difference 2, the number =2
For mantissa 5322, the number =3406

The characteristic is — 3, therefore; the number is less than one and
there must be two zeros just after the decimal point.

Antilog (—2°4678)=0'003406
73. OPERATIONS WITH LOGARITHMS

1. Multiplication. To multiply numbers, add their logarithms. The
sum of the logarithms is the logarithm of the product.

MMustration, Find the value of 62824 % 93-536.

Solution. Let x=62824x93'536

Then log x=log 62824+ log 93°536
=279814-1'9710=4"7691

_(The characteristic 4 determines the position of decimal point after
5 digits from the ieft).

x=58760
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The scheme of work may be shown as below :

log 628'24=2"7981
log 93:536=19710

anti-log 47691 =58760

11 Division. To divide one number by another, subtract the log-
arithm of the latter from the logarithm of the former,

Ilustration. Find the value of 6282493536,
Solution. Let Xx=62824--93'536

Then log x==log 628'24—Jog 93°536=27981—19710
==0'8271
=ganti-log (0°8271)= 6761

111, Involution. To raise a given number to any power, multiply

he logarithm of the number by the index of the power. The product is the
legarithm of the power.

Mlustration. Find the value of (3:786)°

Solution. Let x=(3'786)°

Then log x=6 log 3'785=6x 0"5782=13'4692
: x=anti-log (3'4692)==2945

IV. Evolution. To extract any root of a given number, divide the
logarithm of the number by the index of the root, The quotient is the
logarithm of the root.

Ilustration. Find the value of (789-45) /8
Salution. Let x=(789-45)1/8
Then log x=1 log (789'45) =} x 2'89733=036217
! x=anti-log (0°36217)=23023
Exarople 20. If log 3=04771, find the number of digits in 3%*,
Solution, Let x=34
log x=log 3*=43 log 3=43x04771=20"5153
x=anti-log (20'5153)

As the characteristic is 20, the number of digits in the integral part
of xis 20+ 1=21.

Hence number of digits in 321.%% is
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Example 21. If log 3="47712, find the position of the first signi-
ficant figure in 3720,

Solution. Let x =320
log x=1log 3-%0=—20 log 3
=—20X"47712=—9'54240
—104+(10—9°54240)
=104576

The characteristic of the logarithm of 32 =—10 which is
numerically one more than the number of zeros immediately after the
decimal point in 3-%°

.. The number of zeros immediately after the decimal pointin
320=10—-1=9.

Hence first significant figure is in the 10th place of decimal.
Example 22. Show that
I Nloo
(155) >100
Given that log 2=030103, log 3="47712, log 7 ="8450980

oo 1 yloo
Solution. Let x_,\ 20) 20)

log x=log (%T])' )100:-1(}0 Iog(g—:)— )

kb (321’0)

=100{log (3 X 7)—log (2x 10)]

=:100{log 3 +log 7—log 2—log 10]
=100["4771213+ 8450980 —*3010300—1]
=100[1'3222193—1°3010300]
=100{"0211893] =2"11893>2

1og( ) ~2—2 . (1)=2 log 10=log 10*=log 100

log (ié )! >log 100

- ( Iﬁ) "> 100
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_—— 5 3
Example 23. Simplify : 6253 ( 1+ 555) ( 1+755) 6253,
you can use logarithm tables.

Solution. Let

x=6253( 1+ —1%6-)5( 1+ %0)

105 \®, 405
=6253( ;55 ) {200
405
log x=log 6253+‘°8( 100 ) +log (455

=log 6253 +8 [log 105 —log 100]+ (log 405 —log 400)
=3"7961 4-8(2:0212—2'000)+(26075—26021)=3"9711
x=anti-log (3°971 l)=9356

Hence 6253 ( 1 T‘mo) ( L4 5=s )—6253 ~9356—6253=23103

24:395 % (3163

Example 24. Evaluate 350

24395 x(3°16)°
879
log x=log 24'395+3 log 3'16 ~log 8'79
=1"3874 + 3 x 04997 — 09440
=1"3874 + 1'499]1 —0'9440=19425
x=:anti-log (1°9425)=87'60
00357 % /0235
V00637

Solution. Let x=

Example 25 Find the value of
tables,

using  logarithm

00357 x v/ 0235
———————— { =log 0°0357+% log 0235
300637 } g il
—1 log 000637
=25527+ (1"3711)—$(2'8041}
Now in T'3711, the characteristic is negative but the mantissa "3711
is positive. To divide 1'3711 by 2, we write the logarithm as (2413711}
and divide each term separately by 2.
W37 =32 +1'3711)=14"6856=1-6856
Similarly $(2'8041)=3(3 +18041)=1+"6014—16014

Solution. log 2
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Hence if thp_charactqristic is negative, increase its numerical value
equal to the divisor or Ifs nearest multiple so that the characteristic
remains integral and the mantissa, positive and fractional. For cxample

5—'%3@ =4(64-1'9746) —3-9873

. tog{ LT X VI
3/0°0637

=2'552741'6856—1'6014
={(—=2)+ (= 1)—(—1)}+(-5527+ 6856 —"6014)
= 246369 =2"6369

Here again the characteristics are separately added.

Antilog 2'6369 = 0°04334

0'0357 x v/ 0235

Hence s——==004334
2/0°0637
Example 26. Calculate, with the help of log tables, the value of
[ 1T
VO8I76 % 3621

" I N S
Solution. Let x—[0‘8176x36'21 J

log x={[log 1—log 0'8176—log 36'21]
=3[0-T-9125—1-5588)
= H1—-09125—1"5588)] =4 (—1'4713)
=—02102=—141-02102=1.7898
x=antilog (1'7898) =0'6103
Example 27. (a) Simplify
(63')é X (0-0731)1' X (46)
0:0032 x (24:08) %

¢

N
Solution. Let x-—--b— , where N and D denote the numerator and

denominator of the given fraction,
Then log N={ log 63+ log 00781+ } log 46
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=} (1'7993)+} (2'8927)+-} (1'6628)
=08996+ {(~2+0'8927) + 02771
=08996+(—0'54+02232) + 02771
=08996—05+40'22324-0'2771=0"8999
Similarly  log D =1log 0°0032—} log 24'08
=3'5051—§(1°3816)
=(—34+0'5051)—04605
=—3+4+05051 —04605=—2'9554
Now log x=1log N—log D =08999 --( —2'9554)
=0'8999+42'9554 =3'8553
x =antilog (3'8553)=7166
E‘!-lmple 27 (b) Evaluate

(17-5)*4,(15-2)“%
(56:3)" —(12:9)°
Solution. Let the expressimwﬁ—i%
Now x=(17-5)
log x=4 log 17°5=§(1'2430)=0'6215
> x=4"183
y=(152)"
log y=—14 log 152=—} x I"1818 = — 0393916061
- y=04037
Also u=(56'3)%

log 4=} log 56'3=3 (1-7505)_53‘5315_«1 0503

> u=1123
Now v=(12'4)t

log v=1 log 12'4 = {(1°0934)=027135
> v=1"877

4183404037  .4'5867
11'23=1877 9353 0489

(On using logarithms again)

The expression
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Example 28. Using log tables, where necessary, calculate the value of

(178~ %

{5/3219-(00624)") + * =
v ( o F]

-—

o]

(1-78)
vV

Solution. Let x={1/3219+(0'0624)"}+

|

—
w

Assuming u=>5/3219-(0'0624)"
log u=1 log (3:219)—7 log ( "0624)
= }{0°5077]—7[2-7952]
=0'10154—7(— 2+ 07952)
=0'10154+14 — 55664 =8"5351

= u=antilog (8'5351)=2342900000
a7t
= 4213
% log v=--% log 1'78—} log 2°13

=—3x 02504 —} x 0°3284
=—0'1878—0°1642=—0"3520
 =—141-03520=1'648
- v=anti-log (1'648)=0"4446
Hence X=u-+v=7342900000+ 0°4446 = 3429000004446

Example 29. Solve the equation
FIAmi JE8 o SHE R

Solution. The equation may be written as
1S RF=5%"XT*

Taking logarithms of both sides, we get

log 114*-%+log 3% =log .5° " +log 7
= (4x—5)log 11+ 2x log 3=(3—x) log 5+x log 7
o= 4xlog11—51log 114+2xlog 3=3 log 5—x log 5+xlog 7
= .x(4log 114 2log 3+log S—log 7)=3 log 5+5 log 11
= x(4X 1041442 X 04771 4+ 0 6990—0'8451)=3x 0699015 x 1'0414

> 49737 x=T"3040
49737
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Again taking logs, we get
log x=1log 7°3040—log 4'9737=0"8635— 0'6968=0°1667
x=anti-log (0'1667)==1"468
EXERCISE (11I)
1. Evaluate log,, 57.

_ _log 57_ 17759
[Hmt. log, 57—‘]03 43 16335

2. Given log 3=="4771, find
(7) the number of digits in 3%2,
(#) the position of the first significant figure in 3-%,

(#i)) Find the number of zeros between the decimal point and the
first significant figure in the value of (0°0504)'2 (given that
log 2="301, log 3="477, log 7="845, no log tables are to
be used).

[Hint. Let x=("0504)"?=(504 x 10412
=(7x32x 22x 10-4)2
log x=12(log 743 log 242 log 3—4 log 10)
=12("845+-903 4954 — 4-00)
=12(—1298)=12(2'702)=16'424]

3. Given that Jog 2="30103 and log 3="47712, find the number of
digits in 6%,

4. Show that

l 1000
( 1 E) 100,000

5. Find with the help of log tables, the value of
1
577002 X 6°0818 - 69-732
6. Find the value of
(435 —(-056) 4
(380)*
7. Find with the help of log tables, the value of
2389 x 0°004679
000556 x 5214
9376 X (11°059)* x (0°02097)
v/ 6004 X 10° x 806

8. Evaluate
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9. Simplify by using log tables,

(@) 19268 x 4573 % 0:0864
Y 8T65x0°5432

®) (6°45)® x (0000344 x (981°4)
(9:37)* X (8'93)4 x (00167)’

2
(10437)" x (1:407)"

(-0015)5 x(1235)7

(d) Using log tables, find the numerical value of x from the
relation

2x=log,e 26'54-logi, 0'004321 —log,, 000001357
and find the value of

(©)

26'54x 0004321
000001357 °*
correct to the nearest integer.

10. Simplify by using log tables,
V8583~ 9172

6 s

21257
11.  Find the value of 30{(14+0'035)"5—1}
12. Bvaluate
400, 1 i B

13. Find the square root of
V00125 x V3115

0-00081

[Hint. We can write the above expression in the following form :
x=anti-log [§ log 0°0125+! log 31'15—} log 0°00081]
= ., [§X20969+}x1°4935—} x 4°9085)

v [ X(6+40969)+:3734—2'4643)
= ,,  [(1I'68284-0°3734)—2'4543)

=, [00562—2'4543]
= .,  [1'6019]
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14, Solve for x the equations :
([‘) % 321+1:711+3
(i) 4% .20%-2=40" 231
15. Pareto law of income for a certain place is
_ 5x 10t

e T
X

where x is income level and N the number of persons earning incomes
$ x and over. Find the number of persons earning $ 327500 and over.
You can use logarithms tables.

16. Find the value of ¥ when x =3362 in the following :

000603 x (4'6378)-*
13

N5y =

17.  Use log-tables to find the value of x (correct to three places of
decimal) if x satisfies the equation :

20 [ 0'0613]"“
@7 L x

ANSWERS
2. () 30 (fi) 32nd. 3, 16, 4. 8757
5. 201 6. 0°0009342 7. 00382 8. 00426

9. (a) 2063 (b) 1963 (c) 2082  (d) 19635
10. 011986 11. 30{1'6764—1}=20292 12. (i) 1386, (ii) 7076
14, (i) x=--09672, (i) 2301  15. 12040
16. 0:000002567  17. 0°04854.
74. COMPOUND INTEREST

The common logarithms can be conveniently used to solve problems
on compound interest. Let P denote the principal, r the rate of interest
per cent per annum, n the period in years and 4 the amount of Pin®
years,

The interest on P for the first year= P -i%-o

The amount at the end of the first year
r r
=P+P.15=P (1+55)

Similarly the amount at the end of second year

=P( 1) +( 14755)=P (1+15)
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Proceeding thus, amount at the end of 7 years is

A=P('+1{)‘6)ﬂ

A=P (14i)", where ir—l—go

_ The formula for compound interest admits of logarithmic computa-
tion. Taking logarithm, we have

log A =log P+4nlog (141)

The formula involves 4 quantities A, P, n and i. Given any three of
them, the fourth can be determined. Thus

log P=1log A—n log (1-} i)

. A-tijog P

> log(+i="8A"l87

= o Jog A—log P
log (14-1)

i

4
N
/

i~ 2n
If the interest is compounded half yearly A=7F ( 1—.—%- ) and if
in
+

the interest is compounded quarterly, A=F (1 ) . The above

formula in general may be writtenas A= P ( 1+ , where  the

i
_ q
Interest is compounded ¢ times.
Example 30. Find the compound interest on Rs. 10,000 for 4 years
at 5% per annum, What will be the simple interest in the above case ?

Solution, Here P=10,000, n=4, i=—5—-:0‘05

100
We know A=P(1+i)
4=10,000 (1+°05)*=10,000 (1°05)*

—'=‘l‘10,000 »1'215 x=(105)*
=12150 log x=4log 1'05

C.I. = Compound Interest =4x00212
=A—P=Rs, 2150 =0"0848

S.I.= Simple Interest x=anti-log (0°0&48)
= P.mi. = 10,000 X4 X < =1215

i 100

= Rs. 2000
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Example 31. Find the compound interest on Rs, 6950 for_.i' years
if interest is payable half yearly, the rate for the first two years being 6%,
p.a., and for the third year 9%, p.a.

i\
Solution. We have A=P( 1+7)

. 6
Here P=6950, n=2, l=@=0'06

. 2x2
4=6950 (149°) " =6950 (1:03)"
log A=log 695044 log 1'03
=3'8420+4X 00128
=38932

A=antilog (3'8932) =7820, which is the principal for the third

year.
. 2x1
Again A=7820 ( 1+-g—9) ¢ ne=1)
or A=T820(1"045)*
log A=log 782042 log 1'045=3'8932+2x 0-0191
=3'9314

A=anti-log (3'9314)=8539
C.I.=8539 - 6950=Rs. 1589

Example 32 What is the present value of Rs, 10,000 due in 2 years
at 8%, p.a., C.I according as the interest is paid (a) yearly or (b) half-
yearly ?

Solution. (a) A=P(1 i)
.8
ere ,000, ¢ 100 08, n=2
p__ A 10,000
- (140"~ (1°08)?
> log P=log 10,000—2 log 108 =4--2 x0'0334
=3'9332
P=anti-log (3'9332)=Rs. 8574
e
b A 2.
(b) P( I+ 3 )
Here A=10,000, %:‘3'7913:0-04
p_ 10,000

T (1°04)tx:
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=> log P=log 10,000—4 log 1'04=4—4x0'0170
==3'9320
P=Rs. 8551,

Example 33. Mr, Mehta borrowed Rs, 20,000 from a money-lender
but he could not repay any amount in a period of 4 years. Accordingly the
money-lender demands now Rs, 26 500 from him. At what rate per cent per
annum compound interest did the latter lend his money ?

[LC.W.A., June, 1987)

Solution. We have A=P(1+1)
Here A=26,500, P=20,000, n=4, i= 7
: 26,500 =20,000(1 )
Taking logarithms, we get
log 26,500 =1log 20,000+ 4 log (1 +1i)

> log (I~ o8 26:500—log 20,000

4
=4-4232:4-3010 pm—
(1 4-#)=anti-log (0'0305)=1'073
= i=1073—1=0073

Hence the required rate per cent
=100xi=100x0073=73
Example 34. (a) Find the number of years and the fraction of @
year in which a sum of money will treble itself at compound interest at 8
per cent per annum,

(b) In what time will a sum of Rs. 1234 amount to Rs. 5678 at 8 %
p.a. compound interest, payable quarterly 7

Solution. (a) We have A=P(1 4i)

8
Le 100, then A=300, i 100 008
> 300=100(1'08)", i.e., 3=(108)"

- _log3 04771
"“log 108 — 00334 14728 years

(&) We have 4=P ( 1+ 41)"‘

5678=1234 ( 1+%8-)"=1234(1-02)*"
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Taking log, we get
log 5678=log 1234-4n log 1'02
e log 5678 —log 1234
4 log 102

37542~ 30913 06629
400086 00344
Example 35. A man borrows Rs. 750 from a money-lender and the
bill is renewed after every half year at an increase of 21%, What time

will elapse before it reaches Rs. 7,500 ? [You may use : log,, 121 =20828]
[1. C. W. A., June 1990]

Solution. Let the time elapsed be n years. Since the bill is renewed
every half year, so the number of half years is equal to 2n.

=19'27 years

We have
in
7500=750 ( ‘+%)
2+
2n

Taking logarithms of both sides, we get
log 10=2n(log 121 —log 100)
1=2n(2'0828—2)

> =604

1
"=7x00828
. n=¢ years approximately
Hence it will take about 6 years for Rs. 750 to reach Rs. 7,500.

7'5. DEPRECIATION
In case of depreciation, the principal value is diminished every year

by a certain constant amount, and in the subsequent period the diminished
value becomes the principal value. In case of uniform decrease or depre-
ciation ‘i’ is to be substituted by ‘—~i" and the formula is reduced to
A=P(1 =iy
Example 36. A machine, the life of which is estimated to be 10 years,
costs Rs. 10,000. Calculate its scrap value at the end of its life, deprecia-
tion on the reducing instalment system being charged at 10%, per annum,
Solution, We have
A=P(1=i)"
19 L. o
1007 10°

Here A=10,000, i= =10
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A=10,000 ( 1—% * = 10,000 (%)m

Taking logarithms, we get
log A=log 10,000+ 10 (log 9—1log 10)
=410 (019542—1)
=449542—10=3'542
A=antilog (3-542)=23483
Hence the scrap value of machine is Rs. 3483.
Example 37. A machine is depreciated in such a way that the
value of the machine at the end of any year is 90%, of the value at the begin-
ning of the year. The cost of the machine was Rs. 12,000 and it was sold

eventually as waste metal for Rs, 200, find out the number of years during
which the machine was in use.

Solution. We have A=P(I—i)"

1o

100
10 \»

200= 12,000( -

Here P=12,000, A=200, i— —7

=12,000 (%)"

9 )n_ 200
= (10 ~12,000

Taking logarithms, we get
n(log 9—1log 10)=log 200—log 12,000

= n(0'9542—1)=2'3010—4"0792
=> n(—0'0458)=—17782
_ 17782
=> u—m—w years (approx).

76 ANNUITIES

1. Annuity. An annuity is a series of payments, ordinarily of a
fixed amount payable regularly at equal intervals. The intervals may be
a year, a half-year, a month and so on.

Annuities may be divided into iwo classes—Annuity Certain and
Annuity Contingent,

In Annuity Certain payments are to be made unconditionally, for a
certain or fixed number of years.

In Annuity Contingent the payments are to be made till the happen-
ing of some contingent event such as the death of a person, the marriage
of a girl, the education of a child reaching a specified age. Life Annuity
is an example of Annuity Contingent. Annuity Certain may be divided
into () Annuity Due, (/) Annuity Immediate.
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Annuity Due i3 one where the first payment falls due at the begin-

ning of the first interval and so all payments are made at the beginning of
successive intervals,

Immediate Annuity is one where the first payment falls due at the
end of the first interval.

2. Present value. The present value of an annuity is the sum of
the present values of its instalments. In finding the present value of an
annuity it is always customary to reckon compound interest.

3. Present Value of an Immediate Annuity. Let 4 be the

annuity, ¥ the present value, i the rate of interest per unit per year and n
the number of years to continue.

——

Then the present value of A due in 1 year=

I+
Present value of 4 due in 2 years= (_l%?)_'
Present value of A due in n year3=—i.—ﬂ
(1)
i .. The sum of the present values of the different payments is given
Y
A A A
VZ S — 78 3 )4 EEry ra - g i isi oL
e +“+‘),+ +(I-H)"' which is in G.P
M-t
ATy
BT
L. 1+i J

A 1 7
=7 -]
4. Present Value of an Annuity Due. An annuity due for n

years is equivalent to an immediate payment of 4 plus an immediate
annuity for (n—1) years. Hence the present value of an annuity due is

veat+ 4 f1-grrd
=+ f1-fsl]

5. Amount of an Immediate Annuity. Let A be sct aside at
the end of every year for 7 years. Then at the end of 7 years

the first payment will amount to A(1 +i)"-?
the second payment will amount to A(1 4i)»-2

the nth payment will amount to A(14#)"-" or A
The amount at the end of # years is given by
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M=A(l+i)"'1+A(l+l)""vi—...+A. which is a G.P.

(14 DHr—1

(141i)—1

6. Amount of an Annuity Due. Let A4 be the annual payment.
Then each payment A4 is paid at the beginning of each year. The first
payment earns interest for n years, the second for (n—1) years...etc. and
nth payment for 1 year. Hence

the first payment amounts to A(1+i)"

i — A i

the second payment amounts to A(1 4 i)» ! .

the nth payment amounts to A(1-+i)
M=A(1+i)"+ A1 4 iy 4 A(1 4 i)
=A(L+D{(L+) 1 (L4 )2 .. 4 1)

= A(l+1i) {'z‘l%gi;llg

=L iyiy—1

Example 38. A man borrows Rs. 20,000 at 4%, C.I. and agrees to
pay both the principal and the interest in 10 equal annual instalments at the
end of each year, find the amount of these instalments,

Solution. Using the formula for present value
A 1
=S

where ¥'=20,000, i=%)x'04, n=10, we have

A Let x=(1.04)-'¢
20,000 = == {1—(1°04)-10
T 1 o] pisk: log wesasi0 oy 104
A ; =—10("0170)
e Ml B
0-04 ¢ ) ——0'1700
A 3
B : 1 4+1-0'1700
= 5o (0°3239) "
4_20000x008 gt
v 03239, . x=06761

Examwple 39. 4 wagon is purcrased on instalment basis, such that
Rs. 5000 is to be paid on the signing of the contract and four yearly instal.
ments of Rs. 3000 each payable at the end of the first, second, third and
Jourth year. If interest is charged at 5%, p.a., what would be the cash down
price ?



LOGARITHMS 233

Solution. To find the present value of four instalments, we use the
formula

Ve if— {1=(1 +-i)"}, where

A=3,000, i="05, n—4 x=(1:05)"4

V=200 (1~ (140054 | = Jog x= —4 log (1'05)
J%@SQ (1--0'8226) = —(00212) = —0848
=§%05~{-)><'1774 =T19152
— 10,644 x=0'8226

Cash down price=Rs. 5,000+ Rs. 10,644=Rs. 15,644,

Cxarople 40, A4 man retires at the age of 60 years and his employer
gives him a pension of Rs. 1,200 a year paid in half-yearly instalments for
the rest of his life. Reckoning his expectation of life to be 13 years and that

interest is at 4%, p.a, payable half-yearly, what single sum is equivalent to
this pension 7

Solution,
V:;% { 1—( 1+_21—)_“§ A=600=%)~0, =04, n=13
600 s half-yearly instalment
= o5 A= {1402 o
e (102)
:% (1—="5975)
log x==—26 log (1°02)
600 . 1005
=g = 1 = —26 (:0086)=—"2236
=12,075 =1"7764
. ¥ Rs. 12,075 x="5975

Example 41. A sinking fund is created for the redemption of
debentures of Rs. 1,00,000/- at the end of 25 years, How much money should

be provided out of profits each year for the sinking fund if the investment can
carn interest @4%, per annum ?

Solution. Let A4 be the annual instalment. Then Rs. 1,00,000 is
the amount of the annuity A to continue for 25 years. Using the formula

M=4 jaqir-
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where M =1,00,000, f=%-0='04, n=25, we have

1,00,000=_§4§(1-04 5 }

x=(1'04)%
_A x4100{2‘661—1 } > log ¥=25 log 1'04
—AX25x 1'661 M
(100,000 1000 =04250
25 1661 x=antilog (04250)
4000 x 1000 , o

Example 42. A limited company intends to create a depreciation
Jfund to replace at the end of the 25th year assets costing Rs. 1,00,000.

Calculate the amount to be retained out of profits eyery year if the interest
rate is 39,

Salution. Here

M=§{u+w~q

where M=1,00,000, i='03, n=25
1,00.000=%§ (1+-03)*—1 } x=(1"03)*
=‘%{ (103)*—1 } = log x=25 log (1'03)
=g3( 2089-1) < antilog (.3200)
—&( voss) =
or A=%ﬁg§= Rs. 2755 (approx.)

Example 43. A machine costs the company Rs. 97,000 and its effec-
tive life is estimated to be 12 years. If the scrap realises Rs. 2,000 only,

what amount should be retained out of profits at the end of each year to
accumulate at compound interest at 5%, per annum ?

Solution. Let A4 be the annual instalment. Evidently the amount
of the annuity 4 to continue for 12 years, i.e., balance amount to be
retained

=97,000—2,000=95,000
Hence from the formula
M=-A,+{ (1+i)»—1 }

where M=95,000, i=li=0'05, n=12, we have
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95'00():‘0_45i (14 0'05)“-1} Let x=(105)12
A —_ .
=-0__3( 14797 —1 ) log x=12 log 1'05
y =12»01212
=195 X 0797 =02544
a2 m= 95,000 x 0°05 x=antilog (0°2544)
0797 =1"797
=Rs. 5960 (approx).

Example 44. A man wishes to create an endowment fund to provide
an annual prize of Rs. 500, If the fund is invested at 10%, p.a. C.I, find
the amount of this fund, [{.C.W.A., December 1989)

Solution. The required amount of the endowment is the present
value ¥ of the perpetuity of Rs. 500.

We have V-_-—};-

10

Here P=Rs. 500, izﬁ)ﬁ =()1
500
P, 98
& Rs. 5,000.

EXERCISE (I11)

1. (@ Find the compound interest on Rs. 1000 for 4 years at 5%
per annum

(b) What will be the simple interest in the above case ?

2. Find the difference between simple and compound interest on
Rs. 5,000 invested for 4 years at 5% per annum, interest payable yearly.

3. Find the compound interest on Rs. 6,950 for 3 years, if interest is
payable half yearly, the rate for the first two years being 6%, and for the
third year 9% p.a.

4. What is the present value of Rs. 1000 due in 2 years at 5% p.a.
comfound interest, according as the interest is paid (a) yearly or (b) half
yearly.

5. Find the compound interest on Rs. 25,800 for 5 years if the rate
of interest be 2% in the Ist year, 24% in the second year, 3% in the 3rd
year and thereafter at 4% p.a.

6. A man left Rs. 18,000 with the direction that it should be divided
in such a way that his 3 sons aged 9, 12 and 15 years should each receive
the same amount when they reached the age of 25. If the rate of interest
is 337 p.a., what should each son receive when he is 25 years old ?

7. A owes B Rs. 1600 but it is not due for payment till the end of
3 years from this date. How much should A4 pay B if he is willing to
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accept now in order to clear off the debt : (@) taking money to be worth
5% per annum simple interest (&) taking it to be worth 5% per annum
compound interest, payable yearly ?

8. In what time will a sum of money double itself at 5% p.a.,
compound interest ?

9. In what time will a sum of money treble itself at 5% p.a. com-
pound interest payable half-yearly ?

10. A machine depreciates at the rate of 109% of its value at the
beginning of a year. The machine was purchased for Rs. 5810 and the
scrap value realised when sold was Rs. 2250. Find the pumber of years
that the machine was used.

11. A machinery in a factory is valued at Rs. 49,074 and it is deci-
ded to reduce the estimated value at the end of each year by 15 per cent of
the value at the beginning of that year. When will the value be (@) Rs.
20,000, (b) 1/10th of the original value ?

12. Find the present value of an annuity of Rs. 1000 p.a, for 14
years following compound interest at 5% p.a.

13. Calculate the amount and prese'nt value of an annuity of Rs. 3000
for 15 years if the rate of interest be 4}% p.a.

14. A man berrows Rs. 6,000 at 6% and promises to pay off the
loan in 20 annual payments beginiing at the end of the first year. What
is the annual payment necessary ?

15. Calculate the amount and the present value of an annuity of
Rs. 3000 for 15 years, if the rate of interest be 44% p.a.

16. Find the amount and present value of an annuity certain of
Rs. 150 for 12 wyears, reckoning interest at 31% p.a, given
{1'035)"*=1-511056.

17. A man borrows Rs. 1500 promising to repay the sum borrowed
and the proper interest by 10 equal yearly instaliments, the first two falling
due in 1 year’s time. Reckoning C.I. at 5% p.a, find the value of the
annual instalment, given (1°05)'0=1"629,

18. A company buys a machine for Rs. 1,00,000. Its estimated life
is 12 years and scrap value is Rs. 5,000. What amount is to be retained
every year from the profit and allowed to accumulate at 5% CI1. for buy-
ing a new machine at the same price after 12 years ?

19. A man borrows Rs. 1000 on the understanding that it is to be
paid back in four equal instalments at intervals of six months, the first
payment to be made six months after the money was borrowed. Calculate
the amount of each instalment, reckoning compound interest at 23% per
half-year. ,

20. A loan of Rs. 40,000 isto be repaid in equal annual instalment
consisting of principal and interest due in course of 30 years. Find the
amount of each instalment reckoning interest at 4% p.a.
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21. The annual subscription for the membership of a club is Rs. 25
and a person may become a life member by paying Rs. 1000 in a lump
sum. Find the rate of interest charged.

27, What sum should be paid for an annuity of Rs. 2,400 for 20 years
at 4}% compound interest p.a. 7

(given log 1'045=:00191 and log 4'150-=0'6180).

23. A man wishes to create an endowment fund to provide an annual
prize of Rs. 500 out of “its income. If the fund is invested in 2% p.a.,
find the amount of this fund.

24. A machine costs the company Rs. 97,000 and its eftective life is
estimated to be 12 years. If the scrap realiscs Rs. 2,000 only, what amount
should be retained out of profits at the end of ecach year to accumulate at
compound interest at 5% per annum ?

25. A loan of Rs. 1000 is to be paid in 5 equal annual payments
interest being at 6 per cent per annum compound interest and first
payment being made after a year. Analyse the payment into those on
account of interest and on account of amortisation of the principal.

26. On his 48th birthday a man decides to make a gift of Rs. 5,000
to a hospital. MHe decides to save this amount by making equal annual
payments up to and including his 60th birthday to a fund which gives 34
per cent compound interest, the first payment being made at once.
Calculate the amount of each annual payment. (Answer to the nearest
paisa).

27. A machine costsa company Rs. 52,000 and its eff ective life is
estimated to be 25 years. A sinking fund is created for replacing the
machine by a new model at the end of its life time, when its scrap realizes
a sum of Rs. 2,500 only. The price of the new model is estimated to be 25
per cent higher than the price of the present one. Find what amount
should be set aside every year, out of the profits for the sinking fund, if 1t
accumulates at 33 per cent per annum compound.

28. A man buys a car for Rs. 16,000. He estimates that its value
will depreciate each year by 20 per cent of its value at the beginning of
the year. Find the depreciated value (Rs. X, correct to the nearest rupee)
of the car at the end of five years. If the man sets aside at the end of
each of the five years a certain fixed sum (Rs. ») to accumulate at 4 per
cent compound interest in order to be able to buy at the end of five years
another car costing Rs. 22,000 (after allowing the above depreciated value
Rs. x for the old car in part exchange), find to the nearest paisa, the value
Rs. y of each payment.

29. A man aged 40 wishes his dependents to have Rs. 40,000 at his
death. A banker agrees to pay this amount to his dependents on condition
that the man makes equal annual payments of Rs. x to the bank commen-
cing now and going on until his death. What should be the value of x,
assuming that the bank pays interest at 3% p.a. compound ? From the table
on the expectation of life it is found that the expectation of life of a man of
40 is 30 years.
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30. A man borrows Rs. 750 from a money-lender and the bill li
renewed after every half year at an increase of 219%. What time wils
elapse before it reaches Rs. 7,500 ? [You may use log,, 121=2"0828].

[I.C.W.A., June, 1990]
I— Hint. 7,500=750 l' I+-—-) where n is the time elapsed ]

31. The cost of a machine is Rs. 1,00,000 and its effective life is 12
years. If the scrap realises only Rs. 5,000, what amount should be retained
out of profits at the end of each year to accumulate at C.I. at 5% p.a. 1
(You can use log,, 1'05=00212, log,, 1'797=0°2544),

~ [I.C.W.A., December, 1990]
[Hint. If P is the amount provided every year, then

_10_5) 1 ] ]
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ANSWERS

1.(a) Rs. 21551, (b) Rs.200, 2. 78, 3. Rs. 1589, 4. (a) Rs.
90690, (b) Rs. 90610, 5. Rs. 4250, 6. Rs. 9341, 7. (a) Rs. 139130, (b)
Rs. 1382, 8. 14°2 years, 9. 18'6 years, 10. 9 years, 11. 4'52 years, 11'6
years, 12. Rs. 9899, 13. Rs. 62183'33, 33070, 14. Rs. 523°19, 15. (i)
Rs. 62166'67, (ii) Rs. 36644'44, 16. (i) 2190°24, (if) Rs. 144950, 18. Rs.
1071°6, 19. Rs. 266'5, 20. Rs. 231548, 21.Rs. 12075, 22. Rs. 31, 203°32,
23. Rs. 20,000, 24. Rs. 5960, 25. Rs. 237°40, 26. 343'14, 27. Rs. 1605,
28. Rs. 3091'56, 29. Rs. 844'48, 30. 6 years, 31. Rs. 5959'85.



