PART I

" DIFFERENTIAL EQUATIONS



o Introduction

1L nitions. '
fferential Fquation : Equati_ons such as

dy__+/(1—x%
O ava=m

(i) "(%)’uy!—_-nt (%)+4.w,

gy 2 -
(iii) %-;-7 f—%ﬂ %_-9_;’.:.103 x,

. 9z ,0z .
(%) =—~t—= =kz
] @ @ ’
I i &z otz :
(v) *a—x.f!-ﬁ‘*";;}——o. o ¥
which involve differential coefficients, are called the differenti.
equations. | , o
Ordinary Differential Equations. Equations like (), (#), (iii) -
which involve a single independent variable are calted ordinary
_ differential equations.

Partial Differential Equations, Equations like (/v) and () which:
involve partial differential coefficients with respect to. more than
one indepcndent variable are called partial differential equations.

Order and Dogree of Differential Equations. An equation
like (/ii) which involves a third order “differential coeflicient bax
none of higher order is said to be of third order. Equation (v)
is also of second order. - % - :

The degree of a differential equation is the power (or degres)
~of the highest diflerential coefficient when the equation has been
made rational. ~ Thus equations [4); (iii), {iv) and (v) are all of
first degrec and equation (ii) is of second degree. '
rMenl Solation. The relation containing n arbitrary‘constarts
which satisfies an ordinary differential equation of nth ordur is
called its complete primitive or general solution. :

It can be shown that by eliminating.n arbitrary constants fro.:,
an equation in x, y, we get a differential equation of mth order.
Such-a process 1s called formation of differential equations.

Particular Solution. A particular solution of differentiai vcu-
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ation is one obtained from the primitive by assigning definite
values to the arbitrary constants.

Geometrically, the primitive is the equation cf a famijly of
curves sa!:sfymg the differential equation and a particular solu-

tion is the equation of some one of this family of curves.

We now give examples on the formation of differential equatlons

- by eliminating the arbitrary constants.
, Eliminate the constants from y=ax+bx% [Nag. 61 (S)]

Solution, We have g——a+ 2bx, d'“' e 2h,
dy _dp_ dy ., i dy
Now a=gi=2bx=Zi—x o b=3 75

Putting these values of the constants in given equation, we get

9y A 1 L d%
y= x(a—-x )+2x dx*
dy

dy
or xdx 2\d+2)

which is a differential equation of second order, obtained from
y=ax-+bx* after eliminating the arbifrary constants @ and b.

Ex. 2. Eliminate the constant a from

VI—a%)+/(1-y?)=a (x—)). (1)
- Soluticn. Dlﬂ‘erennatmg the given equation, we get

VI=3E 1=y )d\ d»/ ok B}
Dividing (1) and (2) to eliminate a, we get

_ VO=) -y x—y
X=Xy T (dy/dx) (t—~dy[dx)
dy_v(1-y%)

dx \/(l —x?)

We find here that after eliminating one arbitrary constant «,
we getegdiflerential equation of first order.

3 Form the differential equation of which
Y+ep=x3, . i}
is the complete integral, :
Solution. Dzﬂ'erentlat:ng the given equation, we get

2+ Loz, @
Dividing (1) by 2, '

This can be - s:mphﬁed to gwc

__zﬁ_:f i d)’
2dyjds 3 o3 Ore)=2x

‘ 1 {2\
or c##(2x&-3_l J



Intraduction

Putting this value of ¢ in (2), we get

d d
H (2xz)€—3y) £x ydy =3x8,

ie., 8x (%) —12v (:i') =27,

" a differential equation of first order and third degree.

Ex. 4. Form the differential 'eq'uauon corresponding to the family
of curves y=c (x—c)® where ¢ is an arbitrary constant, . :
(Karnatak 1960]

Solution. Here ——- =2¢ (x—c).

Dividing the ),ch equanon by (1),
AP s —x g g
Gk O TR WS P
Putting this value of ¢ in (1), we get
2y\(2y\ .
p=2 x—‘;— 7 , ie, pP=4y (px—2y),
which is the required differential cquation.

Ex. 5. Find the differential equation of all circles passing
through the origin and having their centres on the x-axis.’

[Nag. T.D.C. 1961]

Solution. Equatwns of circles passing through the origin and
having their centres on the x-axis is -

x:Lyt42gx=0,
where g is an arbitrary constant.

Diffcrentiating, x+y :—J':+g=0, ie., g=—(x+yg—£).
Putting this value of g in the equation of circles, we ge( .
dy . dy
I o ) (09 —=xt =2
x24yt—-2x (x-ljy dx),_o. e, yr=x +2xy —

which is the required differential equation.

Ex 5. Find the differential equation oy the family of parabola.s‘
with foci at the origin and axis along the x-axis.

Solution. Let the directrix be x=—2a and latus rectum be 4a '
Then equation of the parabola is

(distance from focus=distance from directix),
x14yi=2a+x)* or y=4a(a+x). (1)

Differentiating, y (%)'zza' or a_—_.ly_ %.

Putting this value of a in (1), the differential c'qu'alion is

(e o (&) 2x (8)ormo
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Ex. 7. Form the diff:rential equation that represents all par--
abolas each of which has a latus rectum 4a and whose axes are par-
allel to x-axis, ' .

_ Solution. 'Equétion of th: family of suzh parabolas is
| _ wll)

(r—k)y=4a (x—h), -
where /t and X are arbitrary constant.
: > I dy v
Dnﬂ‘ergnmtmg, ( y,-—k)a}-uZa. ()
T h : dy , (dy\t
Differentiating again, (y—#) ¢TF'+(2E) =0, )

- Putting value of y—k from (2) in (3). we get
d% | ldv\? ¥ .
: Za‘F_.-l-(lT;) =0,
which is the required differential equation. :
~ Ex.9. Form the differcatial equation of all purahoiis whose axes
are parallel to thé axis ofy. - : :
Solution. Such parabolas are given by

(x=I=da (y-k), _
where Ak, a arc three arbitrary constants.
Differentiating, (x= /) 2a :—% .
Diﬂ'erentié!’m a;';ain 1=2a ar. ie -—i}==—l- :
R e dx: U7 dxt Da
. - . ddy c
Differentiating once again, —=m. ;

This is the require. differential equation.
Ex. 9. Form differcntial equation of all conics whose axes coin-

cide with the axes of co-ordinates. - [Delhi Hons. 1958)
Solution. Such coaics are given by o
Caxihyr=1, d (b

“where @ and / are two arbi trary constants.

. s v . P ax dzy afl xdy
D:lferenuaung. ‘7);"'“ T,“,;, H_?=== -—‘F(!-—‘—, :i-r"

i d*r vy ‘!__:\" avy o dy
_ rXDOX (I.'c(}' _1::-‘é'l.i‘) TR vy
or DL vy dy '

: S SR PENE SR I

whici s tho agnaed dilTerential equationi,
CANC e Forn i Jiporential equation in the Jollowing cases -

. ' o . dy
5 s greneter). Ans, ,3'#\‘(‘1—-.‘:");'-.

t



) p=ae**+be 3% +ce* (a, b, v parameters).
- d

By 7_ pragd | | .
_ . _,Qyz.a-{x.--c ,* (¢ parametcr). An Ha(% )’ =27y,

(\h}/ _;-:g_:-l#.g-—c’ (¢ parwmeter). #’ p 4, :
: gy g @Y ‘Z i )
. el Gl R (Ey

) e¥+2cxe’ +c*=0 (c paraineter). _ o o

' - Ans. (1—x%) 5—;) +1=0, -
Vi) y=a cos (mx+b) (u, b parameters). '
gt - | Ams, ity
Wiy Xy=aev+ {r* (4, b parameters).

L P
_—
Ans, x a2 —u=0.
(Vi) xpy= 454 Be>ol x2, [{Osmania 68}
- dy &y _ 3
Find the differcntial equation of ali circles of radius a.

Ex.
. [Delhi Hons. 66 ; Poona 63]
lint. Equation of the circle is (x—A)* +(y—k)2=a?.

Eliminate & and & to get the difr. equation in the usual way,

CEx. 11.(b)  Find the differential cquation of all circles which
have their centres on x-axis and have a given radins.

‘ [Marathwada 60]

Hint. Equation of tae circle is (x—Ah)*+)*=q* where h is

‘the pagamqter.
f Define (i) General sxlution, (i) Particular solution
a dt

Tenal cquatition and obtain the differential equation of the
Aumily of curics y==e* (A ws x+ B sin x). . {Poona 64)
Hiat. Curve is y=e* (4 cos x4 B sin 1),
g} :?\:-w" (A cos x+ 8 sin X)+ e (—d sin x4 8 cos x)
L =yrder(—d sin x4 B cos x).
diy _dv CoLL R
Fa= g (= s vl Beas x) - (F ook x4 Bsin x)
YRR & ; _ L
i oy ) I’(fl RY )
‘ o Ty ’-(il.t—" )' ,
By v
Thys d-‘-_-Z‘-‘,‘+-_) -0
is the required differential cquation.

Abo
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Equations of First Order
and First Degree

2‘1. Differential equation of the first order and first degree.
A differential equation of the type
dy
M+ N =0 ’ ,
where M and N are functions of x and y or constants, iy called
a differential equation of the first order and first de»greq/‘
>-givé below somc inethods of solving such equations.
‘¥ Solution of the differential equation when variables are
separable. ;

If an equation can be written insuch a way that dx and all the
terms containing x are on onc side and dy and all the terms con-
tainirg y on the other side, then this is an equation in which
variables are separable. Such equations can thereforc be written
as fi(x) de=f,(y) dy and can b= solved by integrating directly anJ

* adding a constant on either side.
dx I+4xt .
Solution Separating‘lhe variables the equation becomes
b4yt b4 x® :
Integrating, we get tan~' y=tan-! x+ A

Solve

.o {an~! y—tan~? x=4 i.c., tan*‘:'—:—:j’TAzlan" C(say)-‘

5 y—x=C(+xp)
which is the solution.
Ex. 2. Solve :: et i-xleY,
~+ [Gorakhpur 59 ; Andhra 60 - S2gar 54
Solution. The given equation can be written as <
e’ dy=(c'+4 %) dx. '
e’ &.‘-J ,+,.C_

sect x tan y dodsect oy tan X v b ;
Nazpue T i 8 Pwethi 81

~
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Equations of First Order and First Degree

Solution. Separating the variables, we get
2
sec? x _sec? €<*Y gy =0.
tan x tan y
Integrating, log tan x4-log tan y = A
or tan x tan y=e4=C.

Ex.d. Solve (y—px)x=y. ’ [Saugar 62]
Solution. Equation is pxt=y (x—1), i.e., g’-’ =Y (’;,—”
e Bhgim (L) as.
Yy x x X
Integrating, log y=log x+ ‘-E—Hog A or £=Ae”‘.
4 : =
dy dv .
_Ex.5. Sobe y—xgi=a (y- . d—) S 5
Solution. Thc equation can be wrmen as _
dx é( : "
x+a (l-—-a)) l—- ,- b " 1y
— — .
Integrating, x+a—-C _Ty' W@ C(.-ci
Ex. 6. Solve =
(i) (3+2 sin x+cos x) dy=:(1+2 sin y+cos y) dx.
ii) (e?+1) cos x dx+e” sin x dx=0. [Poona 64)
quations reducible to the form in which variables are

separable.
‘ Equa:ions of the form

f(a\ +cy+c)
can bc reduced to an equalmn in which vanaoles can be sept
rated What is required is that-we put
ax+by+c=v,
dv_dr . dv d» )
so that a+[’3;-"d‘ 1.8, dx b[‘—(-;—-rl‘ .
Then the equation bccomcs o, _
1 (dv :
e )"'f(') or -f'—ﬂ+’f(l). i :
m which variables are separable.
_ /’v& 1. Solve :f?:-:-:({\'-i-_r-{-i)’.
, | (Raj. 61 : Aura 54 Gujrat 65, 58]

: Iy
Sulution. Put 4\+| 4l —=r, so that 4+:::—:m:'lii



) Diferentiul kquatiuns
_The equation then reduces to

i )
%4-9 “or g-’ =v 44,

= The Vatublu are-now separable and we can wmc -%:'—dx.

lntegnung § tan—} ( 3 ) =x4C

.2—-- =x+C is the soluuon

\Salve T.\-sin (x+y)+co.r (t+;) [Agra B Sc. 67)

Solnﬂn. Put 47Ny, _..:5_;

- equation :ls_g—:—lssm v4cos r or _g£=l $sin r4cos v

dr . 'dr
i+5m r4cos c 2 cos' {r+z sm }r cos Qr

1 osec? ‘udv
2oa§sil+m4) ~ds " I4tan be =ds.
lntqrﬂu‘. log {1-+tan {u)=x%x+C, where r=x+y.
1 ] g [} +1an § (x4 y)]=x+Cis the reqtmed rnluuon.
/ Soive (s-n*z;’—d- o e
N, ' {Caicutta Hoas. 63; Bihar 61; Vikram 65}
Solltiu Put x-y -1, 30 that 1_5-.-_‘!i/ :
vodx

or dx_

or

. equation is a'[l*a']ga; - gv_ =,-;a?

o de=i” L1+, f_,.).,,.

lmcgtatmg, :z-{-("=v-+a2 !og ';"

or x+4+C; (.':—-,r)+ia lo,g —--—_:: is the solution.

+a
Solve (x+”3g~.,=¢: T

[Poona 64; Raj. 63; Delhi Hons. 60; Alld 60]

‘Solution, Put x+3 v, so lha”_'dl de
dv  dx

5 dr' a® aly et
v



Equations v! Firse Order und Cirer Degree

I

a*+vt B SR S

- o
Integrating, x4+ C=1r--g tan-: =
X4 F

@r r+C (X k) a[an—l '_,'.T‘

x4y . .
or ),‘zC Ca tanT! el the solution.

Ydedvde | ffo —~.\“'*'—).'?)‘
X d l;-| dy \/( A
IDcthi Hons. 62; Agra B.S¢. 8
Solution. Here we chanue 1o polur co-ordinates by putting
X=rCo: b, p-rsin 8, X34y = r? x dy-b v dvzr dr. -
'£=l:m & e —-.3-'-4-\' =sec’ 0 df or X v -y e de,

X*
; ; dr R
~. the equation becomes S, ,[. S e s
rodi LR }

; . Ir
Separating the variables, | - di.
p g ¢ % (“2__’2)
Integrating, sin™! (r/@)=¢4+C or r=an (#4+ (),

Le, A'(¥¥43¢ casinftan™ (') 4 .

*Fx. 5. Solve

"
—

dv
X, 6. Solve x ——— y=aa(atn Y, ; !
bx 1] 0’1( '(II.\' 3 A4 (' L ) [Bﬂ?*lhﬂ_\' 61 —Q.::r“ f‘l’i

Solution.  The cgusuion cun be put as
e Xty -y iy —
X dy—ydx=xa/(x* 434 dv or e i,
Ch an L'"b W polars as aboie, ti- equitiva becomes
XE N o e dx )
or xsect Oy =rdx Gr o oroos i sact s d
or  sec § di=dx, wvariables sepurated.
Integrating, log {sec U+ tan gi= v bin €.
Joosec B tan g=cet or  AC(3 0 fxt) sy ot
. (X u-.z\d; X4 vd e\
Solve | (
\ +y—h }dr X v }-h}
[l)clln Hons, 63, Nagpur 35
ol

‘oluuon Put x4y=:9, 50 that 1+ -'—--“
[¢

; dn 1 r }u)( r—h 2 (it —uhy
o iy reh] Ve —q] th—uyr ~ab

h— 3i
or 2 d\=(| I-, : t"':—ub)‘hv'
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Integrating, 2v+C=v4- ”—'-"-'-“ log (v~ab)
or 2r+C-\ +r4k (h-—u) Iog [(x4-9')2—ab] etc.

v’ . ‘
£3-B gl (Gauhati 62; Delhi 62; Raj. 62]
./ Put x4 p=¢ etc. : - ,
Jomagencous Diffcrential Eguations. [{Poona 61 (S)]

I " g_y. fl(x-)’) s : 3 -
n equation of the form dx Fiveyy 8 which fi(x,») and

Sy yoare homogeneous funcrions® of % and y of the same degree
cin hu reduced to an equation in which variables are separable by

§
puiting ¥ =vx, :ig‘ $x :'i

The following few examples. will illustrate the method.
Ex. I Selve (x*4y?) dxdA-2xydp=0. ,
dy_ _x*+)*

S ion. w { p
Saolution e hnve d ] (homogeneous)
o dy’ de
Putting y = ey, Fo =vdX e the equation becomes
d: \H—.t G
dv 2 xex 2v .
. W ...'ti""-....__"f'3"“ R
L e Sk 3. (variable separable).
tl.\'b_ =9
X 1432 3. e

Integrating, log x4 § log (14-3-*)=log C
(L4 3 B=C or  x (14 3=,

Solve xty dv—(V4 ) dys0. iAgra B Sc, 54)
5 ululion We hme}?- '\"};‘.T’ {homogencous. ' ‘
Putting » -—-rt,‘; r+\’ '-: . the equation becomes
LY d.: o] ”. !’. -:'L-r_ P — .t—
Sdi 1L O SRR T

de 14, [
ol x- = l’ (’l 2 ----['l 4 '--]lll".-
Tuteprating,  log = .:-; ~log v 1 C; Jogex-= . _:;+C

CATanction 2 s clbad B v of degree mof
Fra, vy o feng v Z



) P 7
Liguatiens vf Ferst Ordor and 11t Dogree . i

o or log: \=-—-+Ca5 v: —1;-
] dy _yt 3ty , ; ‘
Ef"" 3. Solve Gi= x‘+3xy‘ ~ [Lucknow Pass 60]
dy Iv .
Solution. Putting ==X, E”H'I :T\ we get

x Q-dy_;v_t”‘l-h L (1—1v%)
dx dx 1+33 1430t
) 2 d.t l+3|, i, 2
.or = li=v) dv=‘=(; I+v+l—v)d"
lme;ranng,
2 log x=log v—2 log (l—v)-—l log (1+7v)- Hu"
or x*(1—9)*(l+0)f Cr. Put v=:)y/x ctc.
Fs 4. .Sclve y*+ ’4-=xyz

[Delhi Hons. 66; Cal. Hons. 61, 56; Osmania 60; Gujrat 61}

d‘l yﬂ
Solution. The equaticn 'SIE ;———, [homogencous]

dy dv

Putting y=vx, a——r+t o e get

d ut dr _ 1 )

D+\ = or x‘-l.e_r—l—"_ .
=

et B s TR

or’ -‘ﬁ ('l—--)dv.
x ¢ :
Integrating; log x=zr—jog v4log ¢
or log xv=/+logpec or Xxr..ce
or y=cett as y=ix.
Fx. 5. Solve (x¥*4)° )dr—-n dx.  [Nagpur T.D.C. 1961}
Hint. Homogeneous. Put r=rx. © AR y=Ce ¥,
Ex. 6. Solve the following homogencous u,ummm
) y (i=2x*)dx+x (22 =a%) dy =10
tKarnatak BB Sc (Sub ) 1960]

. ldv, X+Y¥ '
e fx :It+x=+ e =0. [Lucknow Pass 1955]
dv ¥ (x+)) )
L P wil ARy, X% i (y e 2x)
{Poona 196.4: Nagz. 88; Kerala 61: v il.u- 61}
i) @ dv At dy -ty . Aps leg v Sl

dy



- Differe rial Eqrati-n,

v (xi—ymy ‘i‘f=x1-,

, iy
vi) (\+1 Palexy ST
( Pexy & {Poona 1964]
(vil) x £j—«—r—--\/ el
) T TY=VEt [Sagar 1963; Cal. Hons, 62; Raj. 56]
(Cf. Ex. 6 P. 10) Ans. aEppte(Caieyp)2,
S N S .. P A S
Ex. 7. (x cos x-b sin x) = (} sin = —x cos J—c) % =

. : (Cal. Hoos 1962]
or x ('osf (rdx+x dv)=1r sin : {x dv—y dv),

[Raj. 1959; Cal. Hons, 61, 55; Dclhi 68, 61]

Y rsinp/x+x cos ¥ix),
X (O i FiN—= X cos |/x)
LA _dy 0 2econwe

Puttinu FSEN, b —— =l -
* dx dr ¢S B—Cus ¢

Solutior. The equaticn is j\

or (tan v—-l) d;--Z— ie., log L;c——no;., C-i-2log v

or scc (1/1)=Cxy is the solution.
i-.x4 8. Solve (\ sin )dy (l sin \')
d. x

1Y

[Delbi Pass 67)

Seolution. Equation is dd_y_g'__wbe %
("v dr .
ng =N ____. ¥ "
Pum_g )‘—L\ d1+
dx

Equation reduces 10 sin » do= i
Integrating, —cos .o —log Cx '
: V . P
or  €©os '-\;——-I("g Cx is.the solution.

Ex. 9. Solve (x:i4 .’,\r-_x.'?) X4 (4 Dy =y =0,
[Gujrat B.Sc. (Prin.) 1961]

o dv X2y = R
otion, - -: - L ey
Saluoti 2T T g Ty Put ye- oy,
d = dr R S
R g .
= Ty P N o [T PR
d i EZpel G2

——— e dv

X Toeipeqt ST En e
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. b 2
‘(m v’+l)dl
Integrating, log x=log (v+l)—lon {r*+1)+log C
x
or =C (+1) or x/x=+1 c( +1\
Ex. 10. Solve 2},3 d\+(\-—3y*)xd|
[anbav B.Sc. (Sub.) 1962)

Bolution. Proceed yourself.

Equation Reducible to Homoggnéous Form,
dy _ ax+by+c e 8 b

. An equation of the typed = ek By whes -7 can
be reduced to homogeneous form as follows : :
Put x—=X+h, y=YLk; then :2: Z;’, where X, Y are new
variables and /4, k are arbitrary constants. The equation now .

becomes ,
dy aX+bY+(ah+bk+c)

dx_ a ‘X+b6'Y+(@h+b'k+c)

We choose the constants 1 and & in such a way that

ah+hk+c¢=0, ah+b'k+c'=0. -

With this substitution the differential equation reduces to
dY _aX+bY
dX a' X+bY

- be solved by putting Y=uX as carher.

which is a ‘homogeneous equation in X, Y and can

Special Case. When 3—,—=§7=£}- (say), then the differential
_equation can be written as e - g
dv _ ax+by4c
ds m (av+by)+c
Put av--by=+r, so that a+ 5 ‘_i-_v_‘_ii
dx  dx
1{dr r4C :
(1) then h:cmncsE (;j_\i—cl) :Tu:l? in \\huh variables can be
separated. ; ‘
Soe QN+ =3 -
e Jxdpre3’ [Vikram 60]

d’
W‘m Illl'-.l Put x=- V44, v=VY+4k, where /4, k are some constants;

v (-! -1)
%— w4 The given equation then becomes

2§ +111-2/—3)

5] b B fp
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Now choose h, & such that h+2k—3=0 and 2h4-k—3—0,
- Solving these we get h=1, k=1,

JY ,\"+2Y . ) ) )
A% dX 2y homogencous in X .md Y

Put Y._sX so:hatd—yav+Xd' e

dax’
. dv _X+20X _142 - 1420
R 2Xyox T2y b XET\"’2+ =
dax 24 1 r N\,
o Fice =Tt i)
Integrating, log X =2, }Iog + -1 lo;g(]—ﬁ)+lcg C
_o e C\ (l+e)
oF XSO e T (e
or X2 (1—eP=C2(141) .
. , 4 T
or ' X’(l'—-rn) =C? (l+—}—) as "==A£,
or i (X—YP=C? X+Y) but x=X+1, y=Y+1.

x—y, =C? (x+y—2) is the required solution.

—

Solve (3x—7y—3) d—--3| -7r+7

: 4 dv_3y—~Tx+7
. olution, a’?m
Put x=X4h, y=Y+k, where 4, k are somf- constants. Then
%—H- And the given eqUauon becomes -
dY 3Y--7X+(3k 7Ix+7)
ax= Wh—?k =3).
- Choose A, k such that 3h—7k 3= Oanu 11» Th+7= 0 which
give A=1, k=0.

:}; g; ;‘; [homogencous] -

Put Y=roX, g_ +x“"'-
dv 304\’--7.1’ 3b~7
s QS ¢ 7 G e A

or de 3v-7 7 (v2—1)

ay 3= i 3=Tv
7aX_ 3—7 [ 2 3 X,
. TFeop e (5:2“1"""-.;-"[)‘1"

" (Raj. M.Sc. 61]

T
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Integrating. 7 log X—=—2 log (z—l,-$ log (¢+l)+logC
or X' (e =1 (e 4+1P¥=C
or X7 l——l).(—]f-+l)5’==C as l’—;—vX

Y Y o ‘

of  (Y—Xp (Y+Xp=C
or (r—x+1)2 (y+y—1)3=C as x==X+1, y=Y+0.

Ex. 3. Solve (7t+j43)‘-’—=\+’}+3 ‘

’ [KamalakBSc (Pnnc)ﬂl]

e dy_x+2p+3
Solution. G Yy +3
Put x=X+h, y= Y+I~ where h, k are constants.
. 5 . e Cdy_dY
4d\‘ dX, dy--dY T =

o dY_X+2Y+(h+2k+3)
S AT 2X4 Y+ (Qh+k43)

Choose h, k such that h+2k+3=0, 2h+k+3 =0. ~ Solving
these, we get h=—1, k=—1 ’

‘t’l.;’, ;’;-31’, + Put Y=rX, %—v+X?-.
or d—xjﬁ—%-_i:-i—_ de= ( l-i*;v )dt |
Integrating, 2 log X 23 log (1—1)+1og (1 4+9) Flog €
- u‘:'” Rk '((l1+},'fxb) -

Cor (X=Y)= C(X—H’) where x=X~=1, y=Y—1
or (X—yp=C(x +y—2)is the sulutlon.

Solve ("x—-2v+5 d =x—p+3.

= [Sagar 63; Agra B.5c. 6l. 52}
dy_ x—y+3 :
Solution. The equation is T e R
dy=dv dy , dv
‘ dx dx ﬁ-‘“'a}'
The cquation becomes
_do_vdd o ode o ekd  ed2
ax 3e+S d\_ 2v+5 2!,+5

) w+d
or dx=—- d ( 24 +2 \ dv, scparatmg the variables.

Put x—y =, so that 1—
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infegraung, x=2r +log (n4-224C,
X=2 (X~=3)-tlog (v=142)4+C as V==x—
or 2y s=log (x—v+2)--Cis the required solution,
dv_6x—4yv+-3
Ex. 8, SOIJ E— m—-]-
[Poonz 64; Karnatak B.Sc. (Princ.) 61]

Selution. Put 3.¢~2y:=y, i.e., 3-— 25" ‘i‘i
dx dx
de 2v4+3_ 943
BT =y
.. o 2
d\-—- ';‘—‘+:—3 (:l=—-( l—-——:3)d
Integrating, x=-—-v42 log (v+3)4-C .
or X=(2y—2x)42 log 3x—=2y+3)+C
or 2x—-y—~!og (3x =2y +3)+&C is the soluuon

%# Solve - (6x— —dp41) —-—-(3\—2) +1).

' [Karnatak B.Sc. (Sub.) 61]
dv I T [

[ i —— % 5 = e 2 == e
Solution, dx "2 el Put 3x—2y =,
B g3 By p v¥l dutl
dx dx Qo417 2¢4-1
: 2v--1 .
or dxg;“‘m‘ dv or 2 dx—-( l+4 +])dv etc.

Ex. 7. Solve tin following equatians :
(i) @x+y+D dx+(dx+2y—1) dy =0. ‘
[Gujrat B.Sc. (Princ.) 61]

i f_/_l_ Ox -2y =17
dx  3x—y¥4- [Luck, Pass 56¢]
(iil) " (2x—5y+3) dx~(2x 44y —6) d) =0, [Delhi Hons. 61}
0¥} dy_y—x+1 ,
dx y—x—-5 {Poona 62; Nag. 2]
N dy_ 3v—d4p-2 .
S e [Cal. Huns 63!

i) 3y +2x i ) dy—(Ix 61 +5) dv--0. [Karnatak 63]
(Vi) (2x=3y-23) dX ~f2x+ 43— 06) dy -0, [Delhi Hons. 0]
(Vitl) (v—1-=2) dx4(x=2y—3) dy==0. [All. 66)]
{ix) 14\‘J-’y+1)dr—(’r+;+3; dx. {Delhi Pass 67]
Hint. In (i) put 2x Lv=p, in (i) put 3x —v=2» and (iii) can be

reduged o homaogenzous form as uvul In (ix) putiing v=2x+4 »,
varinhles can be separ:aied
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dy_ x4y

o % % Salie Ty x+ép [Bombay B.Sc. 61]

Solution. Put yt=y, 2y X2

gv;=ﬁ.—-—-—g; [hoinogeneous]. Now qu v=xZ efc.
26. A particular case
A differential equation of the form

dy__ax4by+ec

dx —bx+hy+k
in which coefficient of y in the t\mmerator is equal to the coeffi-
Cie?‘tlff xsin the denomipator with sign changed, can be integrated:
as follows : - ’

The equation (1) can be written as
—b (x dy+y dx)+(hy+k) dy—(ax+c) dx=0,
Integrating, we get =bxy+(3hy*+-ky)—(3ax? +ex)=A. _
: dy axdhy+g '
Ex. 1. Solve d_x+ W——O.
[Raj. B.Sc. 66; Agra B.Sc. 57; Delhi B.A. 57; Raj. M. Sc. 62)
Selution. The equation can be written as ‘
(hx+by+f) dy+(ax+hy+g) dx=0
or h(x dy+y dx)+(by+f) dy+(ax+g) dx=0.
\ - Integrating, hxy+ byt fy+jaxttgxa=A
or  ax*-2hxy+by* 4 2fp+4-2gx+c=0, writing c= — 24.
dy_2x—y+1
Ex.2. Solve dx x+2y—3  [Agra B Sc. 59; Nag. 53 (S)]
Solution. Here coefficient of y-in-numerator is equal to coeffi-
cient of x in the denominator with sign changed. Hence write it as
(X+2y—3) dy—(2x—y+1) dx=0 ’
or (x dy+y dx)+(2y—3) dy—(2x+1) dx=0.
Integrating, xy4 y*—3p—xt—_x=-C.
Ex.3. Solve (2x—y+1)dx+(2y—x— 1) dy=0.
[Bombay B Sc. (Sub.) 61; Poona 61)
Solution. The equation is of above type. Hence after regroup-
ing, we have :
2x+1) dx+(2y—1) dy—(p dx-+x dy)=0.
Integrating, (x*4x)+4(y2— »)—xy=C,
which is the solution,

dy  2x43y+1
Ex. 4. Solve d—;+m =0. [Delbi Hons. 60)
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Solution. The equation is of the above type and can be written
as ' (Ax+4y—1) dy+(2x+3y+1) dx=0,
ie, 3(xdy+y dx)+(4y—l) dy+(2x+1) dx=0.
grating, +2yt— y+x’+x==Cis the solution.
Linear D erential Equations
[Poona 63, 61; Nagpur 62, 61, Guj 61]
A dlﬁ'erentml equation of lhe t‘orm

+Py Q.

where P, O are functlons of x or constants. is called the linear
di fferemial equation of the first order.

To solve this equation, multiply both the sides by el Pdx

Then it becomes el Pdx §—+Py el? ‘-“=-Qe3 Pdx,

or E [yej‘.r dx]=Q E’P.d’. ‘
 Integrating both the sides, w.r.t. x, we get '
yesP dx= I [Qer de]dx+C

whlch is the requrred solution.

egrating factor (I.F.). It will be nohced that tor solving (1),

we multiplied it by a factor e/ ” 4% and the equation became rea-

glly (directly) integrable. Such a factor ls called the mtegratmg
actor.

Note. Sometimes a differential equation takes linear form if
we regard x as dependent variable and y as independent variable.

The eqnauon can then be put as -—-+Px 0, where P, Q are fun-

ctions of y or constants,
‘The integrating factor in this case is e/ 74» and solution is

xel? d.v=j [Qel P(I_v] dy+4-C.
, (Sée Ex. 1 to 4 pages 21 and 22).
Ex. 1. Solve (I-x’) -—xy—I

: [Dethi 68 : Nag. 61]

Solution. The equation can be written as '
dy x T i o
a:—l—x’ Y={==i

This is now expressed in the linear form

h - ' w
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x . » -—X d i 3
P=—i—., LE.=elPéx =o)i—t™ s hlog (1-2%)
. -x _ =

v = ‘\/(l —x")u

Hence the solution is

yy/(1 -xi)=L_x, VA1 —x?) dx+4C.

‘JEF @a\) Solve x a;+2y==,x' log x. '[Lucixmw 52)

: oo i iy o 2
Solation. The equation is ?E+§ y=x log x.

LF. =ef @Ix)dx _p2logx_ y2
Hence the solution is

'y.x’=C+J. x2.x log x dx=C'+j x* log x dx

xt [l x4,
=C+log x'Z'—I}E‘de
=C+}x* log x—%x¢

br“ ‘Cx"-l-ix’ (lpg x—i).{;/ :

Wb)  Sotve k%+2y=x‘./‘ | .
= (Bombay B.Se. 61]

Solution. Equation is %+% y=x3. I.F.=x? as above.

Sdlutfon is y.‘x'=C+J'x’.x’ dk=C+ xS,

Ex. 3. Solve (x3—x) %—(3.:'— D y=x%-2x34x.

[Gujrat B.Sc. (Sub.) 1961]
Solution. The equation is ’ :

d 3x2—1
d—;‘;:_—; y=(x*—1).

—fl=e=1 i
I.F.=¢ x—x =’?‘-|08 (x’—x):x'—__.-x.
. e . ' 5 _ . xz__ l
o Soiupon is y,xi-x_c_{_ Ix,_ldx

=C+ Llc dx=C+log x.
Ex 4. Sol.e xp+y=a5r’+by_:+c,p=‘.%.-

dx
_[Delbi Hoas, 1957}
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Solution. The equation can be written as
g—i+£~ y=ax+b+ 2 [linear].
v jld._x :
I.F.=¢” =ek’g xax,
y.x=C +j'(ax+b +f—r) x dx=C+ I (ax?+6x+c)dx
=C4fax*+}bx?4-cx.
1f§=:—;+2y tan x=sin x and if =0 when x=i=,
ress y in terms of x. [Poona 1964 ; Nagpur 61]
Solution. The equation is linear. '
F =e[ 2 tan x dx ='e—2 log cos x==s,ec' "
‘Hence general solution is
y.sec? .4‘=C+jr sin x sec® x dxz‘-C+I‘Sec x tan x dx S

or

or

¥y sec? x=C+sec x.
When y=0, x=4x, .. 0=C+sec §n or C+2=0, C=-2.
Hence solut:on is ysec? x=sec x-2,

y=C0s x—2 cos? x.

£x. 6. Solve x (x—1) %-—ymx‘ (x==1)2, [Lack. Pass 1958]

x

= . dy .1
‘Solution. Equation is & x (=) y=x (x=1.

1 i 1
W S I(—--—-——)dx x
LF.m= x{x—1) e \¥ x—1 i
Hencey ——.-=C+ x(x-t) dx=C+ x® dx

y —~——C+ix’

; 2
Ex.7. Solve (I+;x}ay+3y=l_%':;;;’;__
' - [Lucknow Pass 1957)
2
Solution. Equation is —+ _1dxtx

dx l+x T (d4x)t

1.F.=ejl"-"x VOB (l+x)=(l+x7'

2
y(1+x)-=c+[“(—f;,-’_‘-xi,f~’ (14x)° dx
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l1+x4x2
=C+ [ =0t [( 4 )
=C+log (l+x)+}x'. .
. dy .
Bx. 8. Sdwa od-2p=g +" [Nagpur T.D.C. 1961 (S)]
Solution. The cquatlon can be wrilten as

(x—l)%+2y==4 or %f"i?z‘i y=—
2 3
* Linear, I.F.=e =i 2108 =D _ (g,
y (x—-—l)’-[—-— (e— 1)t dx+C
yf(x—l)'=-2 {(x=1)*4C, which is the solution.
Ex. 9. Solve x %—2y=x'+sid %
[Bombay B.A. (Sub.) 1958]

. .dy 2 1 .1
Solution. The equation is =57 ;y-x-}-; sin .

—I~dx ' 1

I.F =e -‘2 log x--i—’.

i T .1

oo J‘-x—.=c+ Ix ;:,_dx-{- L—_,—un ;—idx.

= —4 si L . I
~.(’:’-{-log‘ x QJ ..sm tdt, “’h"exa ={, = dx=dt
=C+log x+§cosr ‘

=C+log x+} _r:os;-".

Ex. 10. Solve 3—'5-—2}# cos Xe= =2 sin x. ,

[Vikram 65; Gujrat B.Sc. (Sub.) 61)

— F =p=3 sin &
Solution. [.F.=e R {1 Aot

Solution is
ye"' siax (2 I sin zxe-t sin x Ay
=C—4 [ sin x cos xe~2 sinr dx ; put ~2 sin x=¢
=C—ftet dt=C—e' (1-1).
S y=Cet*m x4 (2 sin x+ 1) is the solution.

Equations which become linear when x is treated as dependest
variable,

Ex.1. Salveylogy dx+(x-log y) dy=0.
[Poona T.D .C. 6KS)]
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Solution. Write the equation as

dy ylogy™ v

. J- o—-— dy -
1.F.=¢ ylog y '--=e'08 (log ») =log y.
S x log y=C‘+J-1 log y dy
=C+ 4} (log ¥)? is the solution. '
Ex 2. Solve dx+x dy=e7 log y dy. [Poona 61]
SOIutiol The equation can be written as

dx -
E;+x=e"’ log y, 1.F.=¢",
S xe’=C+4fe"” log y.e’ dy
, - _ .
-C+I log y dy=C+log y.y-«-[y. ;dy

=C+y log y—y.
Solve (14y*)dx+(x—1an? y)dy=0, [Gujral 65;
) Delhi Hons. 65 ; Pb. 62; Cal. Hons, 62; Agra 67, 58]
Sohtlol The equation can be written as
dx l ' un"‘ ¥ '
PR R pu e

1.F.= II+Y' mn“'-j.

. ftan~ly_ an-t 2 tln“ y
- r 1+ ° R

HI te! di4+ C where t-—mn"' y
gt (e B G "(un-! y—1)+C.
Hence x=(tan™? y—l)+C¢ Y
Ex. 4. Solve (x+2y')—-=y.

[Agra B.Sc. 1956 ; Raj B.Sc. 56]
"~ Hiat. The equalion can be written as

. :'—‘;-x+2y’ {linear]. ’
2'8. Equations reducible to linear form
*I. Beraoulli Equation®. ’+Py -Qy”,

is tne solution.

Ams. x=p34Cy,

_._._ R

*Known after James B.moulll The method of solution was dnscovcrcd
by Leibnite.

& °
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_ where P and Q are functions of x or constants.
[Nag. T.D.C. 1961; Pooua T.D.C. 61 ; Gujrat B.Sc. (Prin.) 58,
: Poona B.A. (Gen.) 60}
Dividing both the sides by y* we havs

dy p
—R ____+P —-H-l=,Q. o
il el (1)

N t‘ L o _ d_yai.
ow put y"=v g0 that (1 ) e

. Then (1) becomes —l-- —-+P1,_Q

. or dx+P(l—n)v—(l—n)Q

which is a linear equnlon in v'and x.

\11. Egquation r'(y) +Pf(y)=Q,
where P and Q are functmns of X or constants.
PutfO)=v o that S'0) g Db
J. cquation becomes d_x+P’=" 0,

which is a linear equation in v and x.

Note, In each of these equations, single out O (function o1
on the right) and then make suitable substitution to reduce the
equation in linear form

Ex. ). Solve T-x'y'-—xy.

[Karsatak B.Sc. (Prin.) 1960, 62; Agra 61; Bikar 62
Gujrat B.Sc. (Sub.) 61]

Solation. '!'he eq;mtm is i-{-xya—x'y‘

Dividing by »% -I-!!-{»x. L-x‘

' Pdx
1 _2 dy dv 1 dy

i;_;'

or 9= 2x.0m 200 |
Linear, L. F. AL e,
Hence v 226 d+ C
. -jx' (=2x) e~ dx4C
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== f—1et dt+C where f=—x? '
e e O —e () C

. Hence v=1—x*4Ce** or ,;_._1__\ 4+ Ce**.

. dy X
Lx. 2. S! G, 2 = 2. .
e ATy (Karnatak 1960]

Solutjon, Dividing by y?, y—? y+x}’“==x
dv dv
Put y1= e .
ut y v, 30 that ~F g i
., dv .
equation is ———Xc=—X.

dx
I Fomed %% i,
L vebt —C— | xe-i=*
(4| et df, where —}xteat, —x dx-zdt
or r‘t-‘x' ==C+e'=c+e"'x'
or Yy 1=Cet+" 41 is the solution.
Ex 3. Soive :y-i- ym'zz
e Ly ,2 _,
Solaflon. Dividing by y?, 32 Fiaachy =y
a'y dv
dx Tdx
g 1

) == e |
v por

[Nag. 1958

Put y~3=p, 50 that —2p-* -Z

equanon becomes -—} dx
dv_4 2

dx x X3 ‘
: ~4/x)dx) —4logx |
L Fodd Ut ) 4 log o
" 1 1.2 1
S v;‘-n x‘ 5 dy+C. C+—-—

or = 3— 4-C is the solution. .

1
yi
*Ex. 4. Solve 2— (x’y’+ xy)=1.
[Sagar 1962; Raj. 63; Cal. Hons 62; ank. é3]
Solution. The equation can be written a8

dx
Bl =x?
iy xy=x38,
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,dx 1

l)iviging by x2, &~ Z‘—'—' -y=iyS,
l’l.ll __! Lo . ‘& f_’v
X dy dy

equau'dn becomes Z'-’+r,v==
Linear in : and y. L F_—J y d’me”’
vel”’ — I P dy4C, hyt=t, y dy=dt
. == jre' dt4C=2e* (1~ 1)+C
or —ler2argyronyic

r -—:—-(2-—;“)-—-(,':*"‘& the solution.

Ex. 8. Solve ﬂ'=-l—.t (p—x)-—x? (y--)5

dy de
Solution. P\It’—l=ﬂ. d-;*I’E;

.. equation is :—'-t-l =} —xv— xip?

or %+xv=—x'ﬂ or p? s;{-xv"n-;_‘.

dv _du
=2 - 8" e
Put ¢ u, b o 2;

.'-,‘hlhe equation is —;g-:-ﬁ- i -—x'
s i o &
or & 2xu = 2x

Linelr inwand x. 1| F.-t‘—h dx

mp

- jRamsink 1964])

ue™ ={ B N o e e L R
L

I Wl Cmet (1= &

or vl =e P (—x'=1)4C
- or (y—x)"*=Ce** —(14x?) is the solution.

Ex.6 Sobe 2910

x

(Nagpar 1961; Nogpor sn. Deli 1'ass 37)

Solution. The equation is 2,-!5:.: LY
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) Iy idr
Put - 1. - BV
, WD dv  Jdx
! ) 5
L1 A% e PRl LT |
‘ ~ Ay XAz d%° Ix 2x°
[ i 1 :
I"; A ogs
lincar. I.LF =¢’~ ol

— v Iy A=C=x12

i . .
or ;=='—C.\‘"‘2+ X714, is the solution. .

. l', ‘
Ex. 7. Solve x %+_v= ylog x. |

(Luck. 1956]
i |

Solution. Dmdmg by 30, 2 5 +:‘- _v“:::;'log\.t. T

.- Iy dv = .
[ oty gt BF_ 68
Pu ¥ dx dx’ !

1
‘i"—"‘--l 1. F. J=zte_
T ;‘ t=- l0g X, Ll 3 ;

Hence soiution is :-.--‘-C+I— log x dx

o? ; 3 C+logv(7—-—) Il ( a d'c

, integrating by parts
« or —-—l-=C—l lo £} *
o Xy X g x
: i 1
or —=(l+log x)—Cx is the solution.
" Ex 8. Solve (x—j%) dx+2xy dy=0. {Poona 1961
Solution. The equation is - -

dy  dv . ' Lo de ]
Pu: yi=v, 2y d’i"a;. .‘.‘ equation is -—--;‘v-—l.

dx
LF. -=J R AT

x L
ik 3

v. =C-I-‘-dx or “—- ~log x,

-x. B x “ !
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Ex. 9. (&) Solve (x*+3x+42) dx+(2x+]) y=(xy+ 2y)’
: {Bombay B.Sc. (Prin.) 1961]
Solution. The equation can be written as
42 4 1) Za @1y y=ps 2y
dy 2x+1 L x+2
b g B o N .5
B dx+(x+2),.(x+ N’ paf >
, [dividing by y* (x+2) (x+1)}.

Put - y-lat y dy ::

. dv_ 241 x+2
o equanon is == dx G¥2 (J‘+l) x+ I
This is a linear equation.

DR -5 2 B _-"._' 1
I Fome JG+2) x+l)dx_J(x+z ;j-l)d’
C log(x+D)-3log (x4 X1
—g | ? (x+2’,.
x4 - £i2 x+l
Hence v. e T Ix -5 (—x - z)‘dx

1 x+l ' J’ l
—-—-—--t" .
TyEryT CHgFr=C 5y

\/;{ —-»Zy tan x= y? tan? x, “ {Bombay 61)
Soletion. Dividing by )2, the equation becomes
y? ;'!—2y" ian x =tan? x.

X
Put —yl=p.ym2 %—:—;

s, equation is :—2+2 tan x.v=tan® x, l’.'F.-sec’ x.

s vsec?x=CH4 I tap? x.sec? x dx=C+§ tan* x

or —}’ sec? X-C+§ tan? x is the sohni\og/

Ex. 11. Solve xy-:-g-y‘c -,
: , [Bombay SO. Poona B.A. 60)
Solutien. Write the equation as

-. y—l ‘d‘i_ \y"‘-z ’.-\3
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Pul—i--v,y'zg-%. |
equation is' — "~ v = x, linear, I. F.=e*
. ve *m[xe Tdx+Cmxe -4
or -l--(x+l)+C¢’orl-(x+l)-Ce'.
It passes through (0, 1), ie. when x =0,y =1, .~ 1=1-CorC=0,
Theuforethecurveisgivenby‘%'-(x+l) or l=y(x+1)

~n/ Ex.15. Solve, sec? dy+(tauy)21t-x
Yo
‘ [Agra 63, 61; Gujrat Sl‘ Delhi Hons. 64)
Solution. Putting tan y = v .-, sec y%-%.ﬂcequhon becomes -
_ i "
dx+2m-Tx :
Lincar. L F. = of %% 2 ¢
2 § o
- ve" =C+[x'e dr,xFmt; . 2xdradt
.tdt--‘-d:-C-o-—l-fte'dt c+idu-1)

unye’ -C+’Jr (uny--l)lwhlch is wrong]
Theconeetsolutnonnunye" -e+’e‘ «Z-1)

Ex.li. Solw%-rycosx-j'smzt [(Delhi Hons. 58] :

Solution. Dlvndlngbyy we get y 'ﬂq-y ! cos x = sin 2x.
Putting y " * -v,(l n)y 'ﬂ-dt,meequuonbecmers‘

%-&v(l-n)mx-(l—n)shh
_ l.F. =1 -mcosxdr | (1-Msinx

(l-n)s'-x_c,,fe('“')’i"-zsilxeos.xdt.

Now put (l n)sinx=¢ and integrate.
Ex. 17. Solve dle]bllowmg Iumr eautions :

@ Q -u'z)ﬂ-ry-e

N -1 -
LF ad™ ‘. A-:.y-'e"‘" *yOe™ X

(i) xc&x%+y(x;hx+cosx)-l
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%ﬂugu%y-x;x. [Lincar]

P-hnx+i-.

LF. J(m:v'—)dx -I.ngeoszolo;-: logzscx
e conet s B2 s wrog slion.
(lll)stx%-y-mx. '

P=-cosec2r. LF.=(tanx)" "2  Ams.y=tanx+CV(iamx)
(lv)‘x(tz-rl)ﬂ-x(i -+ logx. h - [Agra 59)

P= x(tz-l-l) LF.= IZH myv'#’%‘zmx'%;"c

(4] Vi e 2 é‘!i-y-\‘a!-r?

ﬂ ‘,;!—Iry-l mwhwhuhmrfm

. - l - &
L F. m. I.F. JT‘_’

-e uk*v:-f‘l x+Va f; I &

Tbeconectmlun s LF. -x+Va2 i-?

) xlogx +y=2logx [(Punjab 56, 54}
ot B A
Lo r’y—-nfvx. | . ~
LF.= _‘,: N Au.y.l—_%-xi-g-x”zfc.
(vit) %wmx-ux. & . RaBSc.sq)
 LF.=e®™r_geoy ‘Ams.ysecx=tanx +C.
(ix) cOs’xQ-ry'mx;-uhx‘cqfcx cos’x. N [Punjab S6]
LF. "". © . Ams.y €™ ad®™* (tanx -1)+C.
o x(1-= xz)dy-t(thsz-nx’)dx 0. !N-c-‘z Agra 60; Cal. Hons. 61]
Bqunonu e T '
a* Ye-A) 1-2 xV(1- V(-2
(xi) (l-xz)dyzdx-adt : _ '1 [Cal. Hons. 62)
X a
fon @ —_—y= ; ILF.= ..
Bw.m"_i‘*l;xzy =3 Vi-h
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dy dx - 1 ;
CUN A e STy " [Pootia 64}
LF.=(x*+1)% Ams. y (x*+1)=C+tan-t x.
x 3= ¢_i_y__ =. 5 \ ‘
(xiii) (x+a) _ 3y=(x+a)s. [Poona 68]

Equation is o2 y=(x+a)t.

dax x+a
l . -~
LF~Gran Aws. y (x+a)=C+} (x+a)
JERY 2;+e"+;’+y 0 © [Nagpur 1963]

Eq:aation is .%‘i-iy-. -( x+':} e—x). LF"’-I'
Al!o yx=C— I (x'+é-*) dxac....ha.'.,‘-x.

dy, v _x+y/(1=x?)
) Gta—ape T A==y (Poona 1964]

We have I(‘ X dx = ]‘cos 0':9 , putting x=sin

='I sec? § dd=tan o-m :
I. Fommexiv(1-x2),
Solution is wlﬂ““!-c+l’i\ﬂ";‘_“ eXIWA-x*) dx
- dx
=C+I [TF)—-'.l] ¢"(\’(l X3 ). _Tx"f‘
P
~CH[ D) e ar, where t=
=C+tet etc

(xvi) (x+¢) Z=xy—)". S wm.bad 1965]

Ex. 18. Show tlml the followhg equnnon: can be reduced to’
linear form and solve them :

@ ﬁ"'zx" Fap=il [Poona 1963]  °
* Dividing by )4, ¥ D420y = —x. Puty—v.
() xdy=y (1ixprdx. _ [Dethi Pass 1967]

Equation is :-;'-'-'-gq-ys, ‘
Divide by v’ [. F.=1/x2,
dy+l (o

i) lx x x¥ ' - [Sagar 1963; Garakhpur 59|



12 Diflevential Equatio

Divide by ¢, a;u! then put ¢ ¥=r. Ams. 2x=¢r Q2Cx*+ 1)

(V) ¥y (2xpter) dx—e* dy 0. ; " [Raj. 1954, 51)
Divide by exp2, Ams. ¥ (xT4 C) 46 0.
() 2xyvdy—(x*4y*—1) dx=0. [(Vikram 1959)

(i) :;L+ (2x tan~? y— 53 (14 52)=0.

Divide by 14-3%, put tan? y=p ete.

« Ans. 2 tan™' y=x2— 1 42(Ce v
(vii) (vlog x—1) v dx—=xdy. = [Cal. Hons. 1961; Vikram 60}
Divide by vy cte. " Ams. 1y 14log x—Cx.

oo oy BF
(viii) ,‘+2_‘“

Divide by v and put y~2= 1 ete.

oy (ve1).
F—-1a (Gujrat 1958]

(ix) cosxy d"-j—?_v s x| 293z,

dv (Nag. 1962}
Dividing by v* cos v, we pet ‘
dy ¢ ‘ ' \
P d:"* ity o 2 sec v Now put oy o,
(x) dv - xy et g
il PSR £ [Cal. Hons. 1957; Vikram 63)

Hint.  Divide by 'y and put-4“r - roetc.
Ams. 2ype ot (1 =) 4-C (1 — 311t
Iy
Gl e g b=y sect y Y0
(i) It Um oy b (1Y) sect ) e o . [ANd. 1965
Put tan v o Ams. fan y=C43 log (I —e¥).
Problems of corves leading o the  differential cquations of the
tirst ovder and first degree.

Ux U Find the cquations of the curves for which the cartesian

subtangent is consiang. {Nagpur 1956 (S)]
0 5 - o dx
Nolation  Cartesian subtangent is given by ¢ e
o vy .
Vo e where g s a constant

Jy 1 7 - B
or A, separating the vanables,
¥ #l

5 1 - o
Integrating,  Jog VO Top 0O
! i %]

or I A
15 the cutve
Ex. 2.0 ind she cquations of thes curte for which the cartesian
, {Delhi 1950

aubnoerrl is constant,



Eguzrions of Firer Ordor and First Degree

Solution.  Cartesian subnormal is given by y *
Jy :
oooov-s =g, where g is constant
L
or ydv=ady.

v

Jx

1

lnleuuing.. tri=av+C or »i=2gx+.f is the curve, where

A=2Cisan arbitrary constant.

Ex. 3. Find the cquation of the curve for which the polar subs

tangen: is constant.
7
Solution.  Polar subtangent is given by 2 o
) o ¢t .
S 7,—=a, where g 1s a constant ¢
&

] .
or  — dre=./r.
=

p o4 ’ .
Integrating, ~ =84 C or r(8+CY4 a0 s the curve.

Ex. 4 Find the equation of the curve for which polar subnormal

is constant, . {Delhi Hons. 1963)
Solution.  Polar subnormal is given by 1—
3 l
ir
Py :'h—a ol Of h"f— 7] d{’
or r:~.~ac7+(‘ is the curve. ;
Ex. 8 tind the curve for which the tangent at cach roini mdlus

a constant angle x with the radius vector.

“Nolution.  Let o Genote the angle between the .|dms vector and

tiangeny, thep

JR .
tan p=r o But $ =& (const.)
v ) i "l‘ ' ) 1
So tan x--r t’ or fl-r vat e
dr r

Integrating, log r - ¢ cot x ¢ loe O
3 EoR t

& ‘
or log & =fceota o r et s

Ex. 6. Show that all curves for whui the square of the normal

is equal to the $qtiire af the radius vector are either

rectangular hyperd olas,
Solution. At any point P (v, ‘) of a cunve

length of the normal - | /l (J\ ‘ ]

Length of the radius vectores | (\ 1)

circles or
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As given y‘[l+ "’ ) ]ﬂx'+1"
o » (dy) =x*, sothaty :—-;f;x.

When y : =+ x, we get

x dx=y dy, i.e., }x"=}y*+C (integrating)
or x3—y?=2C whuh is rectangular hyperbola. -
Again when y: =—x, we have b
y ¢ly+x dx==0.
lntegutmg. y*4x2=C, which is a circle.
Ex. 7. Find the curve for which the sum of the reciprocals of fhe
radius m'lor and the polar subtangent is constant. [Agra 1956)

%Iutiol We know that polar subtanzent=r- ;- .
. 1 e }

oo as ysen —+ P

Letler sothat —;7=%

dr _ L '
in) becomut-da k or R -k,

" =t
which is linear in v. . ,?J -1 do=e~*.
o The sollllion i‘ a'e".=] -—Iuke-. do +C

1 Fr |
or "-c‘-"’-skc"'{-C as v

ek (const.)

| or -';-—-k-{-Ce' is the curve.
Ex. 8. " Find the equation of the curve in which the angle between
the radius vector and the rangeni is one half of the vectorial angle.

fAgra B.Sc. 1957)
Solution. If ¢ is the angle helwee:kndms vector and tangent,

tan ¢=n—$£—
As gn’en, 4-:-}0 or tan &ann go
r;—-un 6. ‘
Separating the vambles. d;’-cot 10 6.
{Integrating, log r =2 log sin 10+log C _ - :

or ;:ﬂ!.iu’ 10--3 (I —cos 6)

or  reall -ws @) wheca LC The curve 1s a Cardind.

-
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Ex. 9. Find the equafion of the curve in which the angle betw ven
the radius vector and tangent is supp.'emenrary of nalf the vectorial

angle. . [Agra B Sc. 58]
Solution. Here #-u-w or tan ¢=tan (n—}6).
' de
P tan §6
Separating the variables, we get
dr .

- Ftcot 46 dg=0.
8 lntegratmg, log r+2 log sin §0=log C or rsin?}§=C
or ir(l—cos 0)=C or -27C=l—cos 8,

'l he curve is a parabola. .
Ex 10. Shou tl:at if }. and yg be solutions of the «quanon

+ P Ja—- Q. ' »
;'here P and Q are functions of x alone, and yy=yy 2z, then
2=l 4aed @1 dx. s
where-a is an arbitrary constant. (Sagar 62)
J . . dy. TS uz
Solution. yg'-'J 2. . (’.l' dx - " dx.

Asy, is a solution of the given equation, :—;"T’+P;-,==Q.

Subsmutm;. in tlm \.;Iue of vy

.md Fa. we get
N T Gt
z ‘—-,_‘, +.§| ‘—,.‘."l'P nz=0

or = :—;&-PP)'.\-(—,:, "-'—Q

or 'Q+|. =Q as 'I“+P\. 0
' dz =_Q
e P dx.

Integrating, log (:--l)=1C+I-%dx :
x =i+ = Qira ds. This proves the result.



3
Equations of First Order
and First Degree

Exact Diffcrential Fquations and Reduction’to Fxact Equations
3'1. Exact Differential Equations. [Bombay 61 ; Karnatak 60)

Study the following two differential eqnations :

I. xdytydx--0. Solution is X0,

2. sin X cos ydyi-cos xsiny dx 0.

Solutionis sin x sin 3 -C.

We sec that these differential equations can be obtafned oy
directly diffcrentiating their solutions. Diffsrential equations of this
type are called exact equations and bear the follodinge property

An exact differential equation can always be obtained from its
primitive directly by differentiation, withour amy subscquent mulyi.

~ plication, ¢limination etc.

*3'2. Necessarry and Sufficient Condition o
To find :he necessary and ‘sufficient condition for a differential
equation of first degree bc-ing exact, ,
[Poona 63, 61 : Delhi Hons. 57, 55; Nag. 63
: : Gujrat 59; Bombay 61)

dy
ax " (1)
Let 1#==C be its_primitive. 2 ol 2Y

- I (1) is exact, it can be obtained by dircctly diffcrentiating its
primitive.

Let the equation b2 M+N

) . . ém, tuody
) P " av .3-..-...-“" ).
Differentiating (2), we hl\c‘.._‘. iy dy { o sk 3}

(‘ombzuing (1).and (3) we get M :': and N==Z'—:', so that
oM B N '

oy TNt oX ixey-
4 oM 7
Hence the condition is .

[
p ‘

2P
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That the condition is necessary has been proved. Now we

. - . # % ..1 4 3
prove thut it is sufficient also, i.e. lf%—;{‘-—*%’, then we show that

>

el ;
M+ ”fz‘i-""” of M dx+Ndy=0 is an exact equation.

Let I M dx= U', then gi—}=M. so that
GU _aM_ON oM _aN

yax o ox U oy ox

then it is exact. To integrate it,
(i) integrate M with regard to x regarding y as constant;

“(#) find out those terms in N which are free from x and
integrate them with regard to y; :

- (fii) add the two expressions so obtained and equate the sum
10 an arbitrary constant. :

This gives the general solution of the given exact equation.
Ex.1. (p44xy- 3x) dx+ (xV -4ty 1) dy=0

. [Karnatak 60}
Solution  Here M=y'+4x% +3x and N=x'44x34+p+1.
8N g, BN i s vy
3y =4y? +4x* and Pk i

Since these are equal, the squation is exact,

To find solution of the differential equation, integrating A/
fe. y*L 4% 3x wor.t. x, Keeping v as coustant, we pet
Py xy Ot <
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Io v‘ 4x)r’~)-—1. terms free from x are y-i-l whose integral
with respect to y is §yi+y.

_ Therefore the general solution is
vix - x4 v - dyt+y=C.
Ex. 2. Solm X (x2+yt—a?) dx-‘-y(t’—-;-—b‘-‘)d - ‘
[Nag. 63 ; Poona 61]

Solution. Here M-.\J-xyz-aﬂx. N=yxi—y?—b3y,

‘;—y[=2\y and -—'l-va"\y

Since these are equal the equation is exact,
lntcgranng Mw.r.t. x kcepmg y as consmnt we get

i ixtyt—fatat. o

In N, terms frée from x are -—y' By whose integral is
— 3yt —}b3y2,
Hence the general solut:on is
Ixt ity —datxt— gb’y‘-—const
or x‘-—y‘+2x3y=—2a3x2—-2b y3=C. :
Ex. 3. Solve (x2—2xy--3y3) dx+(4y’+6xy—x‘) dy=0,
[Delhi Hons, 55) .
. QM oN
Solution. Here i =—2x+ 6y, a—==6y—-2x.

Since these are equal the equation is exact.

Integrating M, ie. x*—2xp+3* w .r.t. x keeping y as cons—
tant, we get 1x3—xty+4-3)ix
- In N, term frec from x is +4)° whose integral is y*.

H::c;}bg solution is §x*—x2y+3yix+y4=C,

Solve (x—2ev) dy+(y+x sin x) dx=:0.  [Gujrat 61}

Solution. Here M=y+x sin X, N=x—2e¢".

i3 %%’s 1, 3N=l lherefore equation is cxact.

lmegratmg y+x sin x with respect 10 x kecpmg ¥ as constant,
we g.,t xy+| x sin xdx-—xy—x cos x-l-sm X

- In N, term free fromx:s —2¢¥ whose integral with rcspect to
yis —2e%,

Hence. the comphte solution is
‘ ty—x cos x-Lsin x—2e'=C.

*Ex. 5. (-) Solve x dx+y dy:.“_’_‘f%‘}%_‘!f)_'

So,lntiol The equation can be put a"s ‘
ax , -
(11 2. *_y ) l ‘t‘_( xg+y’ y=0. 5 i

[Delhi Hons. 62

T ow
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Here M»=J.t+§:l_y—5 and N=y—-x,°_;’;,-

. M_(x¥4yY)a'—alr.2y @ (xi-y2)

Yoay PR T iy

q4 N _—a@ (PHy) 423 a? (x—p)
B 2 Y

’ aM oN P
- Since 3y —ox » the equation is exact.

lnlegratmg M w.r.t. x regarding y as constant, we get
;x=+azy— tan-t yf or §x%+a? tan—t X =
In N, term frce from x is y whose integral is 4t
" Hence the solution is ix24-q2 tan";-{-} y2=const,

or x4 )'+2a tan—-;f=c.

5.(b) Sulve xdx+y dy+£—@,—_i_—y-éi'i"i =0,

¢ The equation is uac(, proceed as in the above example.
*Ex_6. Solve (I+e¥%) dx4 et (1—x[y) dy=0. : ‘

; (Karnatak 61; Bombay 50; Gujrat 59; Pooas 61}
~ Solution. Here M=1+¢" and N=e*v (1-x/y)

oM X

— g%y

oy ¢ ( J‘)

e (15)rer{ )-en( )
-——xe-‘"-. —-_— {1 = )= e¥lv| — )
and e ¥ 3 +e Y e e
: oM @eN S
Since - By “5x* the equation is exact, |
Now mteguung 1+ with respect to x keeping y as constanl,
we get x+ T/— ie., x4 yexls
In Nie,in e%? (1—x/y) there is no term free from x.
Hence the required solution is x+ye*¥=C,
l-:x 7. [cos x tan y+cos (x+y)] dx
~+[sin x sec? y-+cos (x+)) dy=0

[Bombay 61; Gujrat 61)
Solution. Here M=cos x tan y- cos (x~1),

and N=sin x sec? y+cos {x-~ y)

v

M . :
Now L Feec0s vosec? ye-sin (Y- ),



eN . '
Iy TC0s X sect r—sin (¥ - ¥},
Since these are equal. the equation is exact.
Now integrating M, i <. cOs X (an 1 --¢os (V+41) with respaetto v
keeping v as constant, we get
sin X tan y—sin (x-+1)
In N, there is no term free from .
Hence the general solution is
sin x tan y+sin(x + y)=C.
Ex. 8. (cos x tan y—sin x sec 1) dx “
+(sin N sec? y+¢os X nw’ Voeoser ¥ dy s
[Bomba\ 8. A (Sub) <S}
Solution. We have M=cos x tap » - sin ¥ sev y,
-and N:=sin x sec? y4cos X [an? y cosec y.

-

% 3.‘1! 33 & H -
S ay =C0s X sec? y—sin X sec ) tan )

eN w :
—;_-=cos X seéc* ¥-—sin X tan y sec y.

) as tan® y cosec U==lun y sec )
Since Qi‘-’za-ﬁ. the equation is exact,’
oy ox
Integrating M ie. cos x tan y—sin X sec ¥ with regard to
keeping y as constant we geél

sin x tan y-+cos x sec y,
In N there is no term free from x.
Hence the general solution is

sio x tan y-cos x sec y =C.

‘Ex. 9. Solve (s'n x cos y--¢*) dx \ | ,
- (cos X sivy+tan vy dy 0.
[Poona 59]

- . * IV . -
Soluuoa Here éé-{=—sm X sm‘)', %w———sm X sin y.

: ay
Since these are equal the ¢quation is cxact.
Integrating M i.e., sin X cos y+e€* w.r.t. X, keeping ) as cons-
- tant, we get —~0s X cos y+ {e?*.
Also in N the term free from x is. tan y whose integral w.r.t. vy
is lng sec y. . ;
Hence the solution is
© —cos X cos y+$e¥ +log sec y==C.
Ex. 10. Sclve the following equations (which are exact) : '
() (2x3+-3y) dx + (Bx+y—1) dy=0. | Paona 93
Aus. . IxP3en-Rip? - v



Exact Eq¢uutions ) 41
g

(U0} (X*—dxp—2)?) dx+(32—4xyp—2x3) dy. -
. .o Ans.  x34y—6xp (x4 1) ==,
(iit) cos x (cos x—sin a sin ) dx -
_ +cos y (cos y—sin a sin x) dv=:0.
) Ans. 2(x+)) sin 2x+sin 2v'—4 sin ¢ sin X sin Be=l,
(¥) (2xyd-yp—ran v) dx4-(x2~x tan® v sec? v) dv:==0.
’ . [Poona 1964)
: Ans.  X'p-bxr—xtan r4-tap ve=O.
() @x4dx3—12xy2 4 312 —ve? - etx) dy :
NI 42083 4= 41V 4 Jyes — p9) di=0, [Poona 64|
Ans, 4%+ x4 x1—4)3x L yedr - xer 413 C,
Integrating factors. : ; _
If an equation becomes exact after it has been mwltiplied by a
Junction of x and y, then such a function ts called an integrating
. Jactor !  [Karnatak 61}
3:5.. Number of integrating factors.
To show that there is an infinite number of integiqting faciors for
an equatian, : . o
M dx+4-N dy=0. 3 ; [Karastak 61]
To prove this let » be an integraiing factor: then
(M dx+N dv)=du.
Integrating, u=c is a solution. 7
Now multiplying both the sides by f(), a function of n,
we get wfuu) (M dx+-N dyl=f u) du.. .
Expression on the right is directly integrable and thersfore so
must be the left hand side. y "
-Hence 1f(1) is also an integrating factor. Siace Sty is an arbi-
trary function of u, the number of integrating fuctors is infinite.
3'6. Integrating factor hy inspecticn. ;
Sometimes an integrating factor can be Jound by iaspection.  For

this-the reader should study the following results s—

Group of terms ‘ I]F . Extc:;ﬂif!émlial »
SN R 1 Ndp-ovdx o feY
X dv—pdx - T .mn...d{;;}
‘ : 1 vdx-xdv f
. Xxdy—ydx — e Y
,y .) ‘ )2 -2 ,l( 'I} '
I dy dx
X d — ‘1.' el — -z ] -
Y=y éx 5 T ,J(_i@g )
. § xdy—1y dy
s ol 1 Ndr—yde &
- Xxdy—y dx NN TeE P
= o 1+(3)
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Groups of terms I.F, Exact Differcntial
" ' B S xdyt+ydx_ i
xdytydx woF - — 5y Tdlam ()]
A for n=1
X dx+y dy -3 gLy

(xz +yl)l (xl +y2)l

=4 [-z =) (lx*-i—y“)".‘l ]

o =XEER —dfies )
: _ if n=1.
Ex. 1. Solve (x+y?) dy+(y—x?) dx==0. . [Nagpur 61}
Solution. The equation can be written as '
x dy+y dx +y* dy—x* dx=0.
or d (xp)+y* dy—xdx=0.
Integrating, xy+3P—8x*=4 or y—x*43xy=c. 7
Ex.2. Solvey dx—x dy-+3x¥%e® dx=0, . [Nagpur 61]
Solution. The equation can be writlen as
4 dx'_,!—ﬂ--i-Bx"’e" dx=0,

\ )+e"‘ d(x®)=0,

Integrating, . ;-{-e&"'-'C.
Ex.3. Solve x dy—y dx—x (xt—yt)'i? dx=0," [Delhi Hons 61}
Solution. The equation can be written as
x dy—y dx :
xdy—yds
X3

T

~-—dx or x+c=sin"! t=sin™? (i)

—x dx=0

xdy y dx —de

=dx, put ={, then —— —

o V(l
Ex. 4. Sofve a (x dy+ 2y dx)=xy dy.
- Solution. The equation can be written as

(d——v) x dv4-2ay dx=0 or _a_-‘_'-_z dy-}-z?a dx=0.

Integrating.  alog v— i 2alog x==C,
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or log yx'=='£+log C or yx*=CevVie,

Ex. 5. Solve ydx—xdy+loz x dx=0.

Solution. The equation is x %—y= log x

1
o= zax
dy 1 logx .. _ Ix 1
or T ;‘y—.—;—. Lmear..l.F.—g ';'
. ;1-— L
S J‘_,lugdec—-C

=t n-c

or y+logx+Cx+1=0is the solution. _ .
Ex.6. Solve (14-xy)y dx+(I—xy) x dy=0. [Bihar 62]
Solution. Write the equation as

y dx+x dy+xy (y dx—x dy)=0
or d-xy)+xy (y dx—x dy)=0.

We readily tind that ;:;5 is the LF.  So th& equation becomes

d(xy) , ydx—xdy _ d(xy) , [dx dy\

by oo (xy)'+(?"_y_)=0'
Integrating, -—‘%-Hog x—log y==C; or x=Cpyellv,
Ex. 7. Sa!vé (x'e*—2mxy*) dx+2m,\:3__y dy=0.

i 2
Solution. Equation is 2y .‘!‘_‘.—"’xl' 1—"_':.'

dx
: : dr. 2 x&
Putting y2=2z, the equat ——=z} =
.ng) = ¢ equation becomes 7 xz+ = _0.

=0.

2
LF.=e ‘Jid‘r=$. etc.
Ex.8. 'Solve y (2xp+4eY)dx—e*dy=0.  [Vikram 61]
Solution, The equation is ¢* %=2xy’+ ye* |

— s

or —y- :—i-’r."“=-2xé"‘. Put yl=v, —y~2 Z{c -—zz

the equation is ;};—: e——2xe~*, LF.,=e*elc.

Solution is olet o x2 L C,
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3 7. Rules I‘or hndmg the integrating factor.

aM oN
Rdlc. g, g -\T'i »_/'(\) a functmn of x only, then el
is an mlegrallng factor. o [Dclhl Hons, 64]
- oM_oN |
Rule Il'; If m"{‘l\——gh) is a function of y alone, then

f"g(""' is an integrating factor.

We give bzlow some examples to illustrate these rules, -
Ex. 1.° Solve (r-«-y'-{—t) dx+-xy dy=0.

Solutton” AM==x24jy*+x, N=xJ, ’

eM &N )
—z= 2, Pyl equation is not e'tact
ﬂl oxX
tAM oN
L g ax e
However, - \fl—ﬁa—-.—_--——“ A —--1, a funcuon of x alone
(14 '
‘H‘llt‘éll =} J'v' Nowight Xz y,

Mulluphmg h) I F., the equ ation becomes
(X34 xy2-1-x2) dt-i—.\--p dr==0, exact now (check up).
Integrating, &% ¢ v |X2 with regurd to x, keepmg y as constari,
we get - I S e o
and in x2;?* there is no term free from x. Therefore the salunon is
i\‘-{—&x'y?—} &\’— C' or . 3xi+4x34-6x22=C.
., 2. Solve (x*+y*+1) d\'—-ny dy=0. _
Solution. %A—f—Zy gl\!-—-s—z Vs not exact. .o
oM eN
ay  éx 2\ =2y -

2 . '
However, T e function of x alone. =

als IF=€ ‘j—dx—e“lfﬂ's' —%—J.

A_Mult_iply ing’ by ';'?'the t‘fquaﬁqn becomes
P 5 N2 do0. exact do *
(lfx*+x') dx—=di-=0, exact now. |

- 2 T
Integrating, 1 .;_%4-;1 with regard te v keeping 1 as constant.
: 2

w‘ pot "“il .
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o 2y . :
and in-- = there in no term free from x.

Hence the solution is
2 1 .
X=" . =C or x—)%:-Cx+l.
x X

Ex. 3. Solve (\2 -12) d\' 2\| dr=0.

Solution  Just as in the above example, I.F.-—=;:—z-

Hence multiplying by {_ the equation becomes |
(I +— ;) d.\'—zild.r-——-(i, exact.
" a J?z
Solution is x— e or X2 p2azeX,
Ex. 4. Solve (x24-32 0 2X) dx- 20 dv=0.
[Vikram |9<9 Ald. 59]

" IV
Solution. A-!- 2y, i' =0, not exact.
a) cX
aﬁf 't'iN f %
N .. oy X 2v ' ' :
Howc\cr, TR 2‘ : l_.‘
. LF.

Mulllplvmp by e*, the cqu.nmn becomes
e (X4 154-2x) dx - 2ve* dy={), now exact.
* This can be written as :
(x2 . 2x) e dx F( et dx ter 2y dy)= 0
or d(x*¢¥)+d(y* c‘)r” F

S Inteprating, x%¢* t %*=-C or (¥2.:)?)*= C._
Aliter.  The equatnbn-can also be written as =~
2r- dr _\""'—-—(.\'z E 9 ' . -
dx.
(h" ' AL . ?
Putting 12=:r, dx " ——(\' - Linear, LF.=¢Y etc

*Fx. &, Suhc(il l“+'\3) de 3 (xekxt)dy 0,
[Dethi lluns 1965 Agu M.Sc. 63 : Banaras 56]

¢\
Solution. (——{' I-433 == {1 %) not exact.
P ;
' W éM Ni
Howeven ay Tox (1 y)-F(150%) I

N = Ixtl+r) ¥ . _
a function of x alone.
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| [ 3
S LEi=e-
Mu!uplylng by x3, the equation becomes
3y + 33y + §x5) dx+ } (x'4-x2) dy=0, exact-now.
Integrating 3y 4! x%)1%+ }x° with respect to x keeping y as
" constant, we get iyl Aavtydg loxs,
n ! (x*+x'?) there is no term free from x.
.~ the solution is }x'y--y'sx¥p34-4lsx8=constant

_ej fog .:_..x‘s

oi‘ D3yt xt=C. : .
Ex. 6. 1Is the differential cquation (x3—2y2) dx-+2xy dy=0
exact ?  Selve the equation. : [Cal. Hons. 1963)
Solution. The equation is not exact ; however we have *
1 [3M aN] —4y—2y 3 1
—_—— e —— . o = Sdr/x—— .
N [av ox 2xy e LFosacel ~3 gxit a3

Procced as above. /

Ex. 7. (2x%244x%p42x02 4 x4 4-2)) dx
; ‘ ; 42 (13 —=x%y+4-x) dir=0.

Solution. Equation is not exact.

-:\7 {0:‘{ Zt} 2y, LF.=el 2¢ df:("‘“.
The solution is (2x2)2 * Jxp-L 1Y) e*=C,
Ex. 8. Solve ()‘+2|) dx-- (3129t 4N dy =0,

[Cal. Hons 1962, 61|

oM N
Solution. —— =4)*:2 ‘—i\- +*--4, not exact.
ay ox
- oM i‘-N
ay =¢'i_.\' 4| 'l (1 —-4) 3 . : .
However, = Iy : ;
v M R | _r“ function of v alone

3
2
. LF.: :e‘IY Y Le=3 ey A
.r:' .
Multiplying by 1/y*, the equation becomes -

2 N
(_r {-75-) dx +(.\'+ 2_1'—1—“,) dv- 0, exact now,
S L
Integrating y 4 ;,- w.r.t. ¥ keeping v as constant, we have .
LY -l-‘-%_. X.

4x ‘ . : . .
In +2,l'——?-, the term fie: from xis 2y, So inteerating 2v
W.I.t. v, we get )=,
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Therefore the solution is r\-+2— x+12=C.

47

Ex 9, Solve (3\’\“‘+2\))d\'-.—(2\ 13—x?) d_;

[Cll Hons. 54, 53]

Solution. Here Z%}‘{—=12.\"_r‘-'f-2A\', %v=6.\"_| —2x.

EM aN
- Now d\ ~x

A A

YA

Multiplying by

(3.\"3" : 2—‘-)

lntegralmg kR

v

2! -
S

V(3334 2y)
T Y

=% function of i alone.

12

l 5
i the cquauon becomes

(2\ =" :) dy --0 exact now,

.0 4
—‘- w rt x keeping v as constant, we get

At .
In 23%--",, there is no term free from v,
. ¥ ;

. ‘ X
Hence the solution is 132 -',-r =C

or

M E=Cr

Ex. 10, (2 1204 v) dyv - (Fvder—xi=3x) dv 0.

A v 4 1
Solution. We have . (( f_& ) ce e l'F'=‘|.4'.

Solution is

3'8. Rule L.

If M dy - N dv=0

M & L

o B N .
xiev L iy ':T-’( v
»r .l.

is homogeneous and My § Ny:20,

then —--!-—-- is an integrating factor
A is anintegrating or.

Rule 1V.

[Belhi Hons. 61]

If the equation can be written in the form
Wlxy)dx s \g (xv) dv=0, flxv) £ 8(xv),

then

.\T‘Ui’ﬁ-’ )—

Ex. 1. Sofve ? 4

oy ‘,\1__ . is an integrating factor,

(I.\—(:\‘ L | ") d_| —U.' .

Solution. The equation is homogeneous and
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. Mx+ Ny 0
a | 1 bw ooms
ence A—f\ +,\| m - 1s integrating factor.
Multiplying by —}; the equation becomes -
.2 ‘I
_"‘i dy + ) dv=0, exact now,

.‘.

N T ; \
Integrating — e with respect Lo x treating 1 as constant,
N
we get .—3-—_-,'
xR = 1 -
In‘—;— lerm free from v is - ;, ie., - Integrating it w.r.t
» v ¥ ’ ’
¥y we get tog -

Hence the solution is —-3—3 -log y—const.=jlog C

or log vy =log C-} :;T‘ or y=ex3yt,

Ex. 2. Solve (x* -3y dx—xy3dy:. 0
Solution. Equation is homogcneous. -
= T Mx+ Ny .\'(_\"-}‘ vh— oyt 8

Muniplying by l\ the equalion becomes
1_{“!,74' d\--n"'?- -0, exact no
TAE. e R b

, | I Y
Integrating = i :s with respect to x keeping v constant, we get
I ' ‘ ) \ '
IOg .\'—,-Z‘T" w
, S . »
Also 4 is not free from .
i . } &
Hence the complete solution is log x-—a—';-‘:—-(".
=4z log v i—C\
lr\ 3. Sulveﬂd\ Axt—xy—y*) dv=0.
Solution. The equation is homogeneous,

! 1
EFs M (T Ni }T (=)

Mulliplymg by Y the equation becones -

1
|(\1
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X2 +2 I 2 ___r 1
Nowl dx I(ﬁ-fﬁ,};)dx-—} log x"'j?z}‘:

treating v as constant.

In coeflicient of dy term free from x is —-;;—_. whose integral

w.r.t.vis —% log y. Hence the solution is ,
1 . '
4 log xfﬂz-y—,-—: log y=log C, or x=Cy%elix"".
Fx. 6. Solve y (2xy +-1) dx-x (14+2xy—x33)dy=0
1 1 .
Solution. LF. = ME=N R }
. The equauon after multiplying LF, becomes

1 2
(\"’ it ) i (f’} *x%p _.T') dy=0.
. 1 '
Solution is g P
Ex. 7 Solve '
(xy sin xy-j-cos xy) y dx+(xy sin xy—cos xy} x dv=-0.

[C-Icntta Hons. 59]

—log y—=C.

Solution. Equation is of th: form
Wixy) dx }- \'g(\'r) dv=-0.

i . EF= M\'+N} "Zxy cos xy _
Multiplying by L.F., the equation becomes s

3 ( vian xy+- ) d\'+§( X tan ry—jl-) dy- 0 {exact now).

Integrating } (; tan .\-_r—f-l\.) with respect to x, treating v as

constant, we get } [—log cos .\;f-i-l«»g Xl

. 1 ;
In cocflicients of dy the tzrmi frec from x is — i whose integral |

is —4 log .
Hence the solution is
3 [—log cos xy-i-log x—log i"—constant
or x=cycog (xyh.
Ex. 8. Solve (3'—2x%)dv4(x'=2x33) dy= 0. |Bombay 58]
Solution. The equation is homogeneous,
1 ) .
LF .= Mx's Ny TTap 4yt )
Now proceed yourself.
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NP Soive

(2 +xp+1) y dx+ (Sy2—xy+1) x dv=0. [Allllm_bad 66]

1) dv
==
Ex. 10. Solve r’+(t J) 20 [Delhi Pass 67]

Solution. Equation is y3 dt+(\"v-—l) dv=0, -
I F pa— l l '
Mx¥ Ny~ piv+ Nty
by Now integrate after multiplying by I.F.
SN 3'9. Rule V. Letthe equation be of the form " ’
Q xoy® (my dx+nx dy)+x29 (py dx+vx dy),
\D where a, b, ¢, d, m, n, &, v are all constants. Then it _has an inte-

(-J\. grating factor \“'v" where &, B are so chosen that after mult:pl; ing
by x@y? the equation becomes exact. ,

L Following few examples will illustrate the procedure
Ex. 1. Solve (y3—3yx¥)dx4-(2xy2—x3)dy=
% So!ution The above equation can be wnttcn as
¥ (y dx+42xdy)—x2 (2y dx4x dy)=
Now let x*y® be an integrating factor ot‘ the equation.
Multiplying by x*}?, the equation becomes
(13+8ra—_2y+ \3“‘)(1\ F(2xTe 4B yarayay gy
In this (exact) equation,
M=z yHEx2 2y Arydie N )y tay 248 yar3ys,
Hence = and 3 are such that
oM N
oy — oy
fe., (3-LB)y¥éxa_2 (g i [) yByta’ ,
_ =2 (14-a) X2#+E - (24 3) At
so that 3:B=2(14+x)and2(B:1)- x - 3. :
Soiving these a=1 and B-:1. Hence vy is an integrating tactor.
Now multmlum. by xv, the uqu.mun becomes
(xd—2p2x3) dy - ("\’t’—\ V) dv- 0 (c\.hl)
Imu.raum.. Xrt=21%03 with regard to & kecpnm. v oconstant we
have. Txfpt. 12yt
In codhueut of Jy there is no term free fiom x.
Hence the solution is x%14— 113 .constant,
ie, (- ‘
Ex. 2. Prove thar xhy " is an inte L'mmm factor of
(pr d\— qx dv) Ny (n d\ i sxdv) 0,
1 k41 -0 kin- |l
S ff’" 7 " ary ¥ |Delhi Hons, 59)
Just the article.
Ex. 3. Solve (2052 Su i A N v dy
.5.4(‘.+ xXpotp? +|-J, X ‘h ={), l“‘j. M.Sc. 62]

A — g ey
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Solution. ‘Let x‘y’be an integrating factor of the equation.
‘Multiplying by x=)°, we get
(20x043,8+1 | 884 542 1 4x2yit3 4 333y #H) dx
+<4 (xl+3y‘+ \I“"r""l \li"yﬂﬂ_' xl""yﬁ’@, ng— o

Thas is exact for values of @ and 3 for whlchi}{-— zp:

or 20 (84-1) t:+z,,p+3 (34-2) xa+1yser . :
EAEE ) 3 (B 4)
=4 (z+1) \""’yl’ -4 (z- 2) xatly
+4 (¢- I} \"’)'ﬂ’~+4 (a-+ 1) xappis,
S 20 (ﬁ+1)«‘-4 (z+3),8 ("+2)—-4 (x+2).
. 4(B13): d(at1),3(B+4)==4 (z+1)
. These equnllons are all satisfied for 8=0, a:=2.
" Hence the integrating fd.tor—- AT
Now multiplying by \2, the e tmllon becomes
(20x* 483y l-4vc'_)"‘+3\2 Ay sl
C L4 Yy xRl ) N =0,
This is an exact equahon *
Integrating (20\"-}-8\’)'+4\-13+3\’ o 1 \Mlh respecl 10 X trea
ting y as comlam we get
(4x°4 20y 5§32 x3) .,
In N there is no term free from x,
_ Hence the solution is
4‘\"-9—2\‘) + 43t d=cly,
Xx.d. Solve (8y dx - 8x dy)+x%? (4} dx- '5\ dy)=0.
Solulion x4 f be an mtcnr.umg factor Mulupl)mg b\ t"y"
and applying th ndtnn~£—£’y— t
pplying the conditi ke we ge
=1 ﬂ :
Looaris .m mlegralmg factor. %5
The equation on mulupl)mg by xy becomes .
(8ay* 4\’;-') dx -(- \! |-5\‘-.') dv- :
The solution is 4\‘|' L ] L
‘Ex. 5. Sulve x(4y dx+ 2\ dy)+y? (3 dx+5x dy)=0.

. | Delhi 68]
Solution. If x%yP be an L.F., then =2, 5=1,

The equation after mulupl\mg by x2r becomes
T (X323 r"} dy ("\ v Sxh) dy=0
whosc solution is g x’y‘ [
_Aliter, The equation can be wnuen as
(4xy 4 3%) d 2 (2324 5x)7) dy = E
.Now  Mx—Ny -2xv l\-—-y'] :
" Thus an integrating factor is _
1 ) 1 B
.(lx-:\,l Iny | |.\f—)‘l v 1
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Mumplymg by I.F., the equation aftet slmpllﬁcatxon becomes
(4-r§r) dx-l-( +5y3) dy-=0 N -

which is an exact equauon and its soluuon is
4x+3y3 log x-+5*=C:
Ex. 6. Solve x3y* (2y dx+x dy)—(5y dx-l— 7x dl)—D
 [Delhi Hons. 61)
Solution. Multiplying by x*y# and then applying the condition
of exactness, we get a=—3, f=—%2
o LF,=x"%y~1%8  The equation then becomes .
(lel.!yill_s‘x-ﬂﬂ -713, dx+(x"3y-”3_1x—5ﬂy—lqﬂ) dy_xo.
+ - Solution is
FxIBYIBL 3EYUS==Cy or X34 2=CxPyB,
Ex.7. Solve (y3+2x%y) dx+(2x3—xy) dy=0. )
Solution. Multiplying by x*yB and then applying the condmons
of exactness, we get a==—35, B=—1, _
' Solution is 54/ (xy )—x“""’y’"—-C ’ ) '
Ex. 8. Solve (2x*y—3y*) dx+(3x%+2xy?) dyq.:ﬂ
‘Solution. I F.=x"49/13y~28/13 '
Solution is Sx™3M}ML3I_ 121N, z
Ex. 9. Given that for some constant «, (t+y)' is an 'mregratb;g. -
faclor of : :
(4x24-2xy 4-6y) dx4-(2x2 49y -+ 3x) dy=0
find « and solve the differential equation. % [Kamlak 61}
Multiply by {x+y)* and apply the condition of exactness to
find the value of . Then solve the resultmg exact dlﬂ'erentml
equation,
Ex. 10. Solve 3y dx—2x dy+4x2=1 10y dx—6x dn=0. .
[Delhi Hons. 59]
Find the mtegratu!g factor as usual.
Ex. 11. Prove that P x,y) d‘r+Q(x y dy=0 wifl have
integrating factor of tke Jorm ¢(x +») if : '{ an
1_fop a0y
- P=P\ox ax , .
is a function of x+y. [Cal. Hons, 62)
’Ju'st the article. - g

Ex 12, Prgve that ——n s o )‘ is an mtegra!mgfac!or of

(Qxp—y—1) de+(2xy -vz— V) dy =0
and hence integrate the equation. a [Cal. Hons, 62]
Multiply by the mlegratmg factor and sho\\ that the equation

becomes exact.
¢
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Trajectories

41, Trajectories. A curve which cuts every mcmber of a
given family of curvesat a constant angle ais called an « trajectory.

If x=90°, then it is called an orthogonal trajectory of the family
or curves. ‘ g

4'2, Equation of the trajectories. If a family of curves be given
by the differential equation f(x, 1, p)=0, then its a-trajectory is
given by

. P—tanea ).*
f(x' Y 1¥ptana =)
Orthogonal trajectories. If «=90°, then
p—tana pcota—1 —1I o__
l.+ptana==c0t“+papaSCOtgo—-o- ‘
Hence corresponding to the family of curves whose differentiai

" equation is f(x, y, p)=0 the differential equation of the orthogonal
trajectories is f(x, y, —1/p)==0 whizh on integration gives family
of trajectories orthogonal to the given family of curves,

Polar Coordinates, If family of curves by given by

dr
f(neg)=o |
then their orthogonal trajectory is given by

de *
—_—pd 1= -
f ( r, Of r d’) 0 .
Ex. 1. Find orthogonal trajectories of hyperbolas xy=c?,

Solution. Family of hyperbolas is xy==c2.

Diﬂ'eren:iating y-!—-\'%ﬁo.

Replacing gl\ by nZ—'}\:, the differential equation of orthogonal

trajectories is
dx
dv
Integrating, \*—i%=c. .
Thi: gives family of orthogonal trajectories of the hyperbolas
CV-=0%,

y—x-—=0 or .\'d.\-—',r dy=0,
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Ex 2 Show that tlle system of confocal conics

yi
aT+"X =l
is.self-orthogonal. (AIM. 1965' Delhi Hons. 60, 57; Patoa Hons. 58)
Solution, Dll’fcrentlatmg the curve w.r.t. x, we get
2x .. bixrayp
a’+A+b’+AP =03 A= .
| _@=Wyx o @=tp |
- Hence the differential equation-of the given conics is
X (xtyp) Y Geyp)
(@) x " (@—-bY) yp ? '
ot (x+yp) (x—y/p)=a*—b*. ' A1)

Now replacing p by —1/p, the dlﬂ'ercntnal equation of the onho‘
gonal trajectories is Eei

(x—y/p) (x+yp)=a—b*,

t whlch is just the same as (1). Thus the system of confocal .omcs
- is self-orthogonal.

Ex. 3. Find the orthogonal trajectories of

I

x%a*+)*/(@*+)=1I1.  (Cal. Hons. 1950; Patna Hons. LN

“Proceed yourself. :
l:.x 4. Show that the system of coqfocal and coixial parabolas
=4a (x+a) is self-orthogonal. (Delhi Hons, 1959)

Solution Parabolas are glven by ' : .
y:=4ax+4at, s}

Differentiating w.r.t, we get
2yp=4a or a=-}%'-

* Putting this value of a in the equation of parabolas, the differen-
tial equation of the family of given parabolas is

y=2ypx+yp*. O 3

Now replacing p oy ~1/p, the differential equat:on of the oﬂho-
gonal trajectories is

y'=—2yx|p+y*/p*
or ypi+2xyp=)3, :
which is just the same as (2). Hence the parabolas (1) are self-
‘orthogonal.

Ex.5. (8) Find the ortlzogoual myecmries of the jtmuly of
coaxial circles x*+ y“+2gx+c==0, where g is a parameter and ¢
a constant, (Delhi Hons. 1966; Nag. 6F)

(b) Find the orthogonal trajectories of the family of circles
X R 2y +1=0 f being the parameter. (Delhi Pass 1967)
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Solution. (l) Dnﬂ'erennalmg, x+3p+g=0.
Putting g=—(x-+yp), the differential equation of the fam:ly of
of coaxial circles is ’
28 (vhap) =0
or 3 Yr—x2— "\)p+c=-0 - 3
2" Putting =1/p for p, the d:ﬂ%rentlal equatlon of orthogonal
_ -trajectories is )

y’—x’+2xy%—+c=0 :

. ' dx o, -dx dt
or . 2_\9 ——\—-~—~c—-y’ Putr—-i 2x. -3y dy

or x4 YR fy—c=0.
(b) Proceed as in part (a). ‘
"Ex. 6. Determine the 45° rrajectones of the faniily of concentric
circles x*4-y*=c2. [Delhi Hons. 1961]

Solutien. Differentiating x*+)*=1c?,
the differential équation of the family of circles is

x+yp=0. (1)
Now to find differential equanon of the 45° trajec.oraes, we shau

replace p by
p—tan 45° \ b p—1
1 ¥p tan 45° y 14+p
Hence the dlﬂ' equation of the 45% trajectories is. N
x+y.m=0 or (x-+y) dy+(x~—y) dx=0. | '
This is a homogeneous equation. Putting y=1x, we get

(x-va) [f)-}-x ii3]+.w:—m:=0

. :-—I ( ) dy=;—*y f(const)‘

. dv  vi+1
ie., d\:+v+] =0
‘ , d\ 19+
or | v’+l dv=0
d\’ 2v , 1
or = 'i—(}v,_*_1 TEET ) dv=0.

Inlcgralmg, log v+ 4% log (»*+1)+tan~ -1 e=log C,
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or log {x* (14+v¥)}=log C—2 tan* v 7_
L2, . x*pyt=Ce—2 tan— ()/x) as y=rx. , 7

Ex. 7. Find the equation of a s2t of curves each member of

which culs cvery member of the famil v xy=const. a; the angle }=, |
o 7 {Delbi Homs. 56]
Solution. Diff. equation of xy=ccast is y+xp==0,
p—ian 45° _ p--1
1+p tan 45°7 1+p’
of }m-trajectories is i '
' 7 y+x.%-—-0, | ie, (N+3) dyv—s{.\j—y) dx, |
 Homogeneous. Putting v=:cx, we get .
" dy dy _ 1—2r—p2
- e J_ S — = Yk v -
(x+y) (v_. X dx) X .\v{ o Y I+v
g’;\_’__ l+”-——dc:=- -~2--20 ‘ de.

v e L Trote i

.Rep!acing_ p by

o o (I"'"Zif—-éi) ¥

Integrating, log x+ log (1 —2v—2*)=iag C.

Ex.8. Find the orthogonal Irajectopies of  the  cardioid
r=a (I—cos 8),' where a is the paramete;. + [Deihd Pass 1969 ;

. Saugar 62: Delhi Hons. 64, 62, 58; iZlitar Hens, 62, &,

Selution. The cardioid is r~:a (1 —cos 8).
‘ dr_ 0. ie ge_d _ dr '
a-e_a sin b, l.ff, a—;s—in—é.‘Ta
Hence differential equation of the family of cardioid i
,r..-—..:—l__ (.lf (] —cas #), ie ».!\ !.!.r:-i ....'(.‘i"..’?....,
sin 0 do TR v Jegom &

Lo d ' g . . g .
Now replacing d—; by *—t’j-;, e differsntia: equation of the

orchogons! trajectories is —r :%ETEL:B%?!’
_dr_l—cos® . 2sin® 1§ .

rosin® U ISinj0cos 89

Integrating, log r=2 jog cos §5-t4zy 20,

S r=2Ccos* 30 or r=C (R -ues ).
Ex. 9. Find orthogonal trajectories aof r=a (! +ecas )i
: [Patea Houns. 1957; Bikar Hons. &5/

Proceed as in above example. ,

Ex. 10. Find orthogonal irajectories of the scries of lagarithmic
r=a® wiere a varies.. :

e, =tan §% <

. - lde . 1dr_lour
Solution. We have ;(75"'102 a: - T'd—oi =5

the differential equation

g
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‘ ~ Replacing gﬂ by —~r : , the dlfferénlml equatmn of_orthogonal

trajectory is
. 1(—-;*‘-'9)—"”” ot '°"dr=-ado

r dr [
. o
ie., logr)t= —-+C

- Ex, 1L Fmd orthogonal rrajectories of " sin nf=an, :
{Osmania 56]
Sclution. Differcntiating iogarithmically, we have

ndr ncosnf ; a9
--‘E*W=0 ie,ro = —tan nd.
d

Rtplacmg ZB by —r® =, the differential cquat on of orthogonal -

trajcctorles is

l‘_i_’__ — tan nf or i:& tan uﬂ db.

rdé
lntegratmg, lug r=-1 }og sec n0+log &,

i pri=ctsecnf or 1" cosnf=c"
Ex 12. Find orthogonal trajectories of r" cos ne
Proceed as ahove Ans. r" sin nf=c"
Ex.13. Find orthogonal trajectories of the following curves :
— [Poona 64 ; Delln 59}
(i) ay*=x3 (semi-cubical parabola).
Hint Differential equation of curves is 3y-—-2p\
Differential equation of orthogonal trajectories is
2x dx+3y dy=0; .. x*4+-3yd=c, Ans.
(if) x34yH3= (hypo-cycloids). .
Hint. . Differential equation of orthogonal trajectories is
xWidy=y-43dx or YPdys=xidx. @
; : Ans  xW__ptB=ii3,
(i) x4+ y2+c1= 14+ 2cxy. - [Patna Hons. 52]°
Hint. Differential equation of curves is g_i:// 8 '__i:;
Dlﬂ'erennal equation of orthogonal trajectories is
V(1—x%) dit/ (1—3?) dy=0.

@) s —ar=0, [Allahabad 60]
‘ ; Ams. x4+ bx=0.
() x4y =2cr, ) [Bihar Hons. 55]

Hint. Differential equation of curves is (x*—?) p==2xy,
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~ Put —1fpforp and lhen F=exis the resulting homogeneOus
_equation. : : Ans.  (x*+)*+hx)=0.
i) aty=xn ' ; [Bihar Hons. 53] .
Hint. Differential equation of curves is xp=ny. ,
Differential equation of orthogonal trajsctories is
; x dx+ny dy=0. Ans. ¥ Lp=c.
(vii) y=ax?. [Karnatak 62 Vikram 61 ; Delhi Hons. 53]
Ans. X42vi=c*asin (vi)."
Ex. 14. A fam Iv of parabolas has a commen focus and conmmon
axis. Find the nrrhogmml SJamily. ¢
{Cal. Hons. 54 ; Delhi Hons. 47 ; Patnn Hon 53]

Solution. The parabolas are given by —2-:1—- 1-+cos 6.

o s . .. do ]
Their differential equation is r =cot 3

" Differential equation of orthogonal trajectories is
1dr t 6
(- °dv) 3
2¢

, dr
—_— [} A T e ¢
or = cot } da. ns. r (=0 ®)

Ex. 15. Find the orihogonal trajéttories of the family of the
svstem of co-axial circles represented by .
x4 y2==2gx. "[Poona 62 ; Karnatak 63]

Solution Diﬂ.':rcntiating 2v4-2v :—;{s 2g,

ie.. g=X--1p.
Therefore drﬁ‘.rcmlal equation of system of coaxial cnrcIes is
Nb pE= 28 (X )p). !
Putting —-l/p for p the differential cquauon of the orthogondl
lra_)cuor:e\ is
g yt=2x (x—¥/p) ie., (3 -3 p=2ar
Now solve it as a homogeneous equation by puiting y==-zx,
¥x. 16. Find the orthogonal trajectories of
i _- A ext-4y=0. {Lucknow 51]
‘ Ans. X +4d4y=cx,
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Lmear Dlﬂ‘erentlal Equatlons w1th -
Constant Coefﬁcmnts

. B Llnm Differential Eqmtion
A daﬂ'erenual equatnon of the form
d=y
——+Pg d.\:"‘l+P§ d-_"__:_l-"o :P,.y=lx
where PP, ... Py, and X are Tunctions ot‘ ror constaats, is called
a linear dm’emm:! equarion of m*h Qrder , :
And if Py, P, ..., Ps are all constants (not functions of x) and
is some funciion of X, then the equntwn is a lmear dmﬁ-reuual .
equation with constart coeﬁclems :
5.2. The Operator D. It is usual to write
Dfotd.D’for :l,..,D' fordd:- ‘
" And in terms of the operator D the differential equanon (1) can -
be written as [D*+P D" P,D 24 4+ Py) y=X,
Note, It can be proved that D can be ueated as @n. algebralc
©guxntity in several respects.
$.3. A Theorem. [f y==y,, y=_;;, creg Y=Yy are linearly lndepen-'
fent solutions of - o
(D 4a D tay D" 4 +a") J‘-—o SN 2§
taen y=CiYy+CaVa+...+Coya is the general or complc:e solumm
o the differential equation, where Cy, Ca, ..., Cx are n arbitrary
“ﬂ# -E'ﬂﬂu’.
iet us denote the given equation (1) by f{iD) y=
where -~ f(D)=D"+a\D*1+4a,D* 24 .. +a,. .
Since y=y1, Y=, ..., y=yx are solutions of the equation, _
s SD) 11=0, fAD) y2=0, ..., f D) yu=0. w2
“Jow putting .V==C.y1+Cgv-+ +Cpynin (1), we have
™M Covyt. +C.}.)+a,D""‘ (C11+Coyat.. ACo)'n)
o A (G- Caded- L+ Caya) =0
S o (D",V1+01D"“Jx Aot Ca (DyataD* Iy |- an)
& + A+Cy (D'y-u'{'alD'""n"" +ﬂ'.)==0
s D) i+CoflD) Vat- ..+ Caf(D) yu= )
abiy Cy 0+C:.04 . +Cp.0=0 by (2).
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Since (1) is satisfied by y=C,y,+ Cavs+... :-Cy1m, it is a solution
of (1). Also since it contains n arbitrary constants, it js the
- general or complete solution of the equation,

54. Auxiliary Equation. Consider the differentjal equation
‘ (D'+ay D" +asD" 2+ ... 4ap) v =0 s
where a,, ay, ..., a. are all constants. )
~ Let y=e* be a solution of this equation. Then putting
. )’==£"', Dy=me"’". D’y=m‘-’c’"", - Dn.'.=mntnu"
the equation becomes ,

(o am V- agmt i - - a,) =0,
~ Hence ¢ will be a solution of (1) if m is a roct of the algebraic
equat.on o - :

Cmtam 4aamm - 4a,—0 . ' ..(2)

This equation in mt is called the Auxifiary equation. ¢

Note It is observed that'the auxiliary equation fim)=0 gives
the same values of m as the equation /i D)=0 gives of D, _

"Hence  f(D)=0, i, D"+a,D"*+ ...} dy=0
can in veneral be regarded as the auxiliary equation.

Therefore in practice we do not replace Dby mto form the
auxiliary equation. The equation in D may be regarded as auxi-
liary equation. o ' ) ‘ o
5'5. Solution of equation (1) of the above article. _

[Gujrat B.Sc. (Prin.) 58 ; Gujrat B.Sc. (Subsi.) 65]
Case 1. When all the roots of auxiliary equation are real and
different. ‘ » '

If my, ms, ..., ma be the n different roots of (2), then y ¢y, yoa
emx, ..., v-2em," are all independent so:utions of (1). Therefore the
general solution of (1) is

FCW CeM LG 4 G

1)

Y L . 2 : ‘
Ex. 1. Solv d—-\_a—-lsﬁ—‘lzj..o_ ‘ e

‘Selntion  Equation is (D' 13D —12) y=-0,
The awuxiliary equation is (/=130 -12=0,
Fe, D NIDE3AD=4) O, D, 3 4
flence the complete solution is -
i CI" L (':,.' e +Cat.
Ex. 2. Sohie (D a0 11D A) r=0)." [ Delhi Pass 67)
- Selation. A E s (D:l)ih: DU(D+3):=0,D=—], 2, -3.
The compleie wedation is ' : .
VEOT e L e W _
56. - Case 1. Auxiliacy cqustion having cqual roots.
» [Gujrac B. S¢ (Princ.) §9; Poona T.D.C. 61 (S)]
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. We have shown in case [ § 55, that when mny, m,y, ..., m, are all
different, the general solution is :

y=Ce"MY 4 CpeMa® L - Cpe'n™.
But if m;=m1; (two roots equal) then this becomes
\"(C1+C3) em,x_{_cs(m,t'_‘_“._*_c cmnx &
which cle 'rlv contains only n— | arbitrary constants (since Cy+Cs
is equivalent to only one arbitrary constant)
Therefore this is no longer a general solution. , :
Consider an equation (D—m,)* y=0, =kl

a differential equation of second order having buth the roots
equal.

- Put (D—n1;) y==v; then (1) becomes

(D—mn) v==0 or ‘%zm.z-,

®oo . dv
Separating the variables, —==m, dx.
v

Integrating, log »=:log C+myx or ¢ Ce™"
or {(D—m) y=Ce"™* as v=(D—np) n.
dv

or  Ste—pm ) Ce™¥
dx

which is a linear equation of the first order, its LF.~ ™™
]
= Ve~ - [Ct""“ LR T IO oA

(G & WL LEN
Then.lurc thc most general soluhnn of
D" DV @D L ) YT
when two roots of AL are cqual I8
1= AC) - Cax) MY 4 Cye™s® | o Cuc ¥, )
Cor. . In case_three rools are equal. ie., mig=mg= nn. the
general sululmn is .
R e -—C-\-{-C;,\:) MY L Cet™N g T ninvx,
. dv oy d v v,
Ex. 1. Solve 7‘—_‘“—| - (I\‘ ”l. 0.
Solution, N is D' D% 9D*—11D—4 - 0,
ie.. (DEIP (D~ 0, D=1, =1, —1, 4.
Hence the general solution is
Yool Cav B 7% 0 Cye™,
£ Ex. 2 Solve (D¥--21):— -ID-h‘) vzl {Dethi Pass 1968)
Solution. Auxiliury eyuation is
I =T . wl 8:<0" or D4 2D ~2):-0,
)__ 1] ﬁ

SV OOy e Cae 25,
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57 Case lil. “Avxiliary equation having imaginary roots.
* Let «4-if be the imaginary roots of an equation of second order
(since imaginary roots occur {n pairs).
Then its general solution is
y= C|¢ (z+18) "+C,e(¢"'” x
= [Cye!#*+ Cye~!]
=¢%* [C; (cos Bx+i siu Bx)+C, (cos Bx—i sin Bx)]
= e* [(C1+Cy) cos Bx+(C,—Cy) i sin Bx] .
==¢2* [A cos Bx+ B sin Bx]. '
Note. The above result after suitably adjusting constants may
also be written as- . :
. y=e=.Acos(Bx+B) or y=e* Asin(Bx+B).
Imagioary roots repeated. If auxiliary equation has two equal
pairs of imaginary roots, i.e., if e+ and e~iB ocour twice, then
general solution je obtained as
3= [C14 Csx) cos Bx-(Cs+ Cex] sin Sr].
Cor. If a pair of roots of the auxiliary equation occur in the
form of quadratic surd «:-4/B, where B is +ive, then the corres-
ponding term in the solution may be written as

e** [Cy cosh x¢/B+C. sinh x4/f]
or Cie* cosh (v/B+Cy) or Cie** sinh (vy/B+Ca).

Fx. L. Solve (DVY4-5D*46) y=0. - (Karpatak M. A. 61)
Solution Auxiliary equation is (D*4-5D*+6)=0,
ie.. (D:4-3) (D=0 . D= . ¢3i, /2.

Hence the complete solution is , .
¥ =€) c0s 4/3x +Cy sin 4/3x = Cy con v/ 20+ Cy sin 4/2x.

Ex. 2. Solve (D’—C* D+1) x=:0 o (Gujrat 58)

Selution. Auxiliary equation is D'—D'—D +1=0 '
or (P=1)(D—1)==0 or (D—1yF(D*{-D;1)~0

. MY
or D=1, 1,45 i
2
Hence the complete solution is

/3 ; 3
y-ACy - Cax) ¥ -be ¥i° [C: cos .7« }-Cy sin ‘/2 \] _

2
Ex. 3. Solve the differential equation
d*v  dy a '
da Yy b=, ,
a b being convtants. (Dcthi Hons. 66)

‘Solution. Proceed your-elf,
5'8. Syaopsis of the forms of soluiions
To solve an equation of the from
(Dt 4 oD dan) y=0:
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s s o

Fm:l the roots of the auxullary equation, Ve,
L D"-' @DV gD - L, =4, '
- 2, Put the General Solution as follows :

Roots of Auxi. Equalion Complele Solution
Case ] , _

All roots my, mg, my,,. =Ce"¥ 1 (oMY " i, X
m, real and- ('hﬂ‘;rent S L 2 ok G
Cm ll

i ﬂl|=m’ but other roots ‘y'-__—.(ci+.C’x')_,m,,t+Cﬁ,n_n,.\-_*_m_!_'c.‘an,t .
~ real and different, ~ o § T S

Case 1IT (Imag. Roots) , )
1. atiB, a pair of ‘Correspondmg part of the gener.ll'
|mug|nary roots. solution is
. e** (C; cos By +(,, sin Ax)
or Cie** cos (By L Cy)
‘ or ’ Ce®* sin (B\ +C3).
5 (2£i3), (=1 78) * I orrespondmg part ol general solunon f
repcated l\uce : is

’ .l'=?‘_‘7 (C,+Cx)cos Bx :
' . A (Ca+Cex) sin Bv]. ..

3

8
Ex. 1. Solve Q—a’?l'-—-éo
dy?

Solution. The .auulury equation is (D‘—a‘)—o _ ¢
or - - (D*—a%) (D*+a%)=0, D= --a, ~ai.
Soosolution'is ¥ Ce®* 1-Cee~9%4 (Cy cos ax+4Cy sin ax’,

- o ‘Il.r L 7} . :
Ex.2 Solve Tovhty -0, , [Agra B. Sc, 58)

~ Solutjon. Atmlmry equation is D‘+m‘ =0
or (D ni? 2 <20 -0 -
or (D’—\!"ml) L) (D2 L ;/"ml) L md)=0,

When 02- -\"'ml)+.-n- 0, D s 2»::_
When D""V ;’ml_) T l!.D- :.:L'_-‘-‘-_”i".
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i.e., roots of auxiliary cquatlon are 75 \yp Vz -\/2 \/2

Hence the general solution is

 y=emvD xC, cos (\/2 t.r_cz)+¢( mvD) x Cy cos (Vﬁ \'+C¢)
&9 General solution of (D'+lrn'"+---!.) y=X. (1)
: {Bombay 61: annt 52]‘

To: show that if y=Y is a complete -solution of

(D"+a, D' +...+aw) y=0 - Lif2)
and y=u is a particular solution of (1); then y= Y+uisa general
solution of (1), [Nagpur B.Sc. 55(S)]

Since y=Y is a solution of (2), we have E '

(D"+-a, DM+ ...4a) (Y)=0. . o (3)

Also since y=u is a solution of (1), we have =

(D"+a " —.. . +a,) u=X. - e(4)

Adding (3) and (4) we have .

(D"4-a, D" +...+ax) (Y+u)=X.

This shows that y=Y+u isa solution of (1). Now Y bemg a
general solution of (2) contains n arbitrary constants and as such
Y+ u also contains n arbitrary constants, Therefore y=¥4u isa

“general solution of (1). .

Note 1. In the general solution y=Y--u of the equation (l), Yis
called the Complementary Function (C.F.) and u is callcd
the Particular Integral (P. 1.) and thus
The General Solution=C.F.4-P.I.

-2, The-solution Y of (2) can be determined by the me(hods
discussed above. The problem is now to find the' parti-
cularintegral u of (1). We give below certain methods
of findirg u. o

Ex. Define tlie. Complemenmry Function and Particular Integral .7

for the linear di (rentm'l equation with constant cocfficients AD)yy=X.
[Karnatak 62]

510. Meuhg of the symbol f(D)

f( Dy X is that function of x, free fram arbitrary consrams, R
which when operated by f(D) gives X. v

. R i
Thu D).——— X=X.
* /D) 75 _
'l'herefore f(D) and —— 1'( TR e. mversc Operators (ice. rhey cancel
each other’s effect on the function on whlch they operate’)

»



66 » " gt Dl_ﬂ'eremfal Equations

Thus the symbol L stands for imegrh‘tion.

5.11. ——— X is the particular integral of f(D) y=X.

f(D)
Clearly e X il bokolution of (1) if it satisfies (1.
DY : )

So puttingf—.(lﬁj— X for y in (1), we get

f(D)j ID) X=X ie., X——X whnch is true.

It means thatle) X is a particular solution of (I).

Therefore to find the parllcular solution of f(D) y=X, we

should find the value of —— ﬂD) X

Note. We know that in solving f(D) y=0, f(D)=0 forms
the auxiliary equation, which can bc resolved into Ime'\r factors

(real or imaginary). Therefore f(D) can be resolved into partial

fractions. The partial fractions will be of the form El—~ where o

is real or imaginary.

5:-12. To show tha

D = (e-ux x)

Suppose y=b—-l-¥ X; then (D—d) y=X

dy d
.or Z-x—ay—X this is linear in ¥, as D= dx
~. Integrating factor==ef ¥ 9*=¢] @ "‘=e‘°‘"
and the solution is ye-u=f e-at X dx.
" (constant is not added as it is the particular solution)

or y=c** J. e e X dx '

-t"“ (Xc‘“”) as l~- =integration.
5:13. Workmg rule for ﬁndmg the Particular integial of

Lﬂ f(D)—(D""Gx) (D—az)...(D—ap).
~ Then resolving into partial fraction, we ge
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1 Ay | Ax An
fD) ~D-z, ' b-w" D
Now particular integral )

o i
~7D) Xs{D-—u +D—a,+ +D—a.-} X

—dy g, XA g XA

—n

say.

X
mA.E"‘xJ‘ e~ X de+A.e"x [e""h‘ Xd.‘:‘+---
& ' v

+An€"'xj ""'"de )

which can in general be evaluated and thus the pamcular .mcgral
can be found,

Particular lntegral in some special cases. _

5'14. Particular Integral when X=e%* }
[Nagpur 61 ; Poona 61 ; Karnatak 61;

Gujrat 5 ; Bombay 61]

By succeésivc differentiation, we find that

enx — gax, ’ L il D)

Devx.= geur - (2)
Zelx=a280¥’ . ...(3) d

Dn ¢4 v_'aneax . ,(Il)

If ftiD)=(D"+a D"t +a, D™ ‘+ .+d,_D+a.), then multiplying
(1), (2), (3)......(n) by an, Ga_y......, 1 respectively and adding,
we obtain

D) e**=f{a) e°*

"Now operating on both the sides by f:D)' »
1 1
D) €8x =— fla) e2*
75y 0 ¢ f(D)“ 5=

or e“—f(a)f(D)e ax or l f(D) e,
~ dividing by f(a)#0

Therefore ph—eoe _gar , provided that f(a)70.

f(D) f( a)

2y

Ex. 1. Solve ‘;—i—Zk dy+k’y

Solution, Auxiliary equation is D¥—2kD--k?=
le, (D—kP=0 or D=k,k. |

C F.=(C,+Cyx) et

[Nagpur 1957}
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e e 7?7- “‘(_F-
Hence the general solution is
y=(Ci+ Cix) eh+——k7;e= Ic.-;&l.
1 .
5 15 To show that f'ﬁ'_ sin ax=- f( — )sin ax,

 except when f(—a?)=0. : [Poona 1964 ; Delhi 55)
By successive differentiation, we get )

~ 'sin ax=sin ax, s » L=
D sin ax=a cos ax, ’
- D*sin ax=—a® sinax,
D? sin-ax=—¢? cos av,
D' sin ax=a* sin gx B =0
or (D‘)- sin ax—(-—a‘)2 sin a\, % o o (3).
Slmilarly (D)= sin ax==(—a2"' sin ax,
Thus f(D?) sin ax= =f(~a* sin ax.

Tperating by f(D_’) on both the sides, we get

(1)
w(2) -

l'ﬁ-&f(D') sin axé-"f(%z—‘ f(—a?) jsin ax
ie.. sin axaf(—a ). f(D' sin ax.
Dividing byf(—a') we get

f—‘l—:s-sin axé f(a—a)i - sin ax, if f(j_»U.‘)?‘:O.
. Similarly ‘.(—';T)eosu;= {(—:l'—,-)cos ax. -
llnporlnnt. It follows. from the result above that we put S
in place of D2, We cannot put anything in place of D.
Thus for D* put —g°. ‘
for D3=D2 D put —a2D, wF
for DA=D2, D2 put —a* (—a?), i.e., as etc.
Thus ultimately f(D) becomcs linear ~ m D say of the form
(D+a). Then we proceed as follows :
b sin ﬂXa _(D—a} —sin ax
Dia D+ayd-= %)

={D—a)

=piz g 8in av= --—f,—:—%, sin ax

-putting —a? for D? in the denominator



Linear Differensial Equations _ 6
1
— - P

e

(g; sin ax —« gin ax ) as D=
,=-_—;, -t (a cos ax—a sin ax),

And thus the parucular mlegrnl iff case of sin ax and cos ax
- can be completely evaluated.

Ex. 1. Solve E--l-—y+y--==.rin 2x.

[Calcntta Hons 1962 ; Kamatak 60 ; Saugar 59 ;.
| Raj. 59 ; Gujrat 6!]
Solution. A.E. is D'+D+[_.0 D= —§+}4/3i
5o C.F.=e-tt)x C; cos {}+/3x+C,}.

1 . i 1
P.I.-mﬂn 2x= __4+D+ISIB2X
1 D43
p—3 sin 2.\—.D, 9 sin 2v

=—15 (2 cos 2x+3 sin 2x).
Hence the complete solution is
y=e €12 C, cos (3V3x4Cy)—v% (2 cos 2x 43 sin Zx)
Ex. 2. Solve (D*4 1) y=cos 3x. {Bombay 1958}
: Solution. A.E. is (D*41)2=0, D=+4i, +i.
C.F. =(Cy+Cyx) cos x+(C;+C.-.\) sig x.
cos 3x cos 3x
TOFIRE (—9Fiy
Hencc the complete solution is -
=(C;+ Cax) cos x +(Cs+Cyx) sin x4 2 Le cos 3x.
Ex 3. Solve (D34 D4 D +1) pe=sin 2. (Poona 1963]
- Solution. A.E. is (D*+1) (D4+1)=0, D=1, +i. ;
Ck.=Ce *+C, cos (r+C.) or C,c'*+C. cos t+Cg sln x.

P.L.= sin 2v=

=1 cos 3.

sin 2x

. (D‘+I;(D+l) (-—-«|+|)(D+l)
-1 . D-1
=g Iz -
‘D [ sin 2x i _4_l's|n 2x

=4% [2 cos 2x —sin 2x];
(.omplcte xolutlon is y=C.F. +P.1.
l'x 4. Prove that Ahe solution of the differential eqm. ion
, -Hl =sinax w lien ‘a=2, under the conditions. y=0 and
2 sin ax ~a sin 2x 7
24=ay - [Nugpur 1961]
Solution. A.E. is D $4=0, P= 1.2i.

dx?
%uo when x=0is j=
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C.P.BCL sin (2I+C|).
P. 1L =——L sin ux=s--—i" a
D*+4 4—q:’
.~ The general solution is

y=Cysin (2x+ C.)+"f," =2

: 1)
a cos ax

80 that FI}=2C‘ cos @x+C)+ —5— w2

But y=0 when x=0, )
S (1) gives 0=Cy sin C,. . ()

Again “-:-i-o when x=0.

s (2) gives 0=2C; cos Cy+ 7 g a‘
From (3), C1=0 or C,=0 but if C;=0, (4) docs not hold.

(4)

Hence Cy=0 and then from (4), Ci=— m}.

Pufting these values of C; and Gy in (1), the required solution is
asin 2x _ sin ax _2 sin ax—a sin 2x
Y==3@—ay " a—a  r(d—ad)
This proves the result.

@» Exceptional case of fD) e* whea r(.)_o
{Poona 6! ; Bombay 61}

We have from 514, —=- ' D) f(a) £ if J(@)70.
But if f(a) =0, this becomes infinite and our method fails.
Now fia)=0 mecans that (D—a) is a factor of f(D).

Therefore let fiDy=(D—a) ¢ D),

such that «a);eo : ” (1)
o b e o
b f(D) w-amD)
. 1 1

= s W € as ¢{a'520
R " '
THa)D—a ‘-'”=a-‘:—)-- e J e e ddx [§5°17)

#la)’ t2)
Now differentiating both the sides of (1) w r 1. 1),

[ (D)= (D—a) ¢’ (D)+4(D).
Putting D=a, [f'(a)=0-+¢{a).
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It means $ia)=f"(a).
Hence (2) becomes
. 1 o Xeo* _l
) = Tw ° *fw)™

Again if (a')=‘0 and f"(a)720 then D—ais a factor repeated
twice ; and applying the above result once again, we get

j%l')_) eﬂQﬂj—,%)-— e and so on. .

*5:17. Exceptional case of t%l)‘-’) sin ax when f{—a%=0.
' - [Delbi Hons. 65, 64]
- . 1 g . T
From § 5:15P. 68",?('5% sin "“_j =& sin ax, f(—a?)+#0.

But if f(—a?):::0, it becomes infinjte and our method fdils,
 Now f{—a*)=0 means that D*.a? is a factor of f{D?).
Let  fiD3)=(D?+a*) ¢(D?), such that ¢(—a?):£0.

Now jiDl=) (cos a.t-j—i sin a".)=j(ll)=) etx
l x
=xl, (D") €

where dashes denote differcntiation w.r.t. 4°
1 5 ok
=X, 5 (COS axX+i sin av).
j (D_, ( ) b
F'quating real and imaginary parts, we have

: 1
f(De) O AN=X aD) €os ax

O T
and 5 sln‘,ax—§_f, ) sin ax, ) N

In case f'(—a*)=-0 and /"(—a"):£0, D3+q*isa twice sepeated
factor of f(D*).  Applying the abcve result once again, we get

. . -
](I)i) S a.t:-.\‘-j-,-(”_;} Sin @x .
and h'p.:,) Cos ax-—-g* 7 '(ll—j?) cos ax |

A=) sotie T3 Wy
dx? dx

Solution. Auxiliary equation is :
LD:=3D4+2-0 ie., (D=2)(D—1)=0.

; [l\'nrnal-n;k 6l)

i ... (‘_ F., (‘I‘.x I C,i‘h'. .
ey ]
2 - ., . .
P.1 = BaS NI (case of laslure)
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5 =X35—3 mulltlplymg by x‘md . |
, .~ differentiating the dena. w.r.t. D.
e _ o : .
o P =3 :
nce the. complele mluuon is }'=C.¢‘+C|e"—xe'

| @ Solre (D*+4D+3) y=e-3, [Gujeat 61)

—-Xet,

gation.  Auxiliary equation is
D*+4D+3——0 (D+3) (D+1)=0,
S CF=Cie 4 Cpe, -
P.l.= .-.‘L'_
T 'D=+4D+3
""I' : . . 1 "
=Xt mulliplyihg by x and differentiating the

AD+4
de’nomin@t‘or w.r.t.. D

» casc of failure

~ .

] e—3x ==-m"“ .
ol TT=%) (-3)+4
Hence the general sohmon is . = .
A y:-C.e-'-l-C.e“'—}xe"'
d'y dy _
i -Solve dx'+3 dx'+3d’x+y ’e\' (Gujrat 61]
Solution. Auxiliary equation is
D 43D+ 3D+ 1 =0, (D41)*=0, n=_| sl =K
& C F -(C,+C.x+¢;t') x

P.L= - l) i (case of flllure)

¥

=X 3_(—5—7)’ mnltuplying by x and dlﬂ'erenmung the demg-
‘ minator w.r.t. D (this is again a case of failuge)
6 7 D +l) muluplymg again by x and differentiating the
denommator w.r.t. D iagain case of failuie)
==_x' 6 muluplymg by x agmn and dnﬂ'erenllaung the deno-

' mmltor w.r.t. D.
Hence the complete soltmon 8
- ye=(Cy+ C.x+C.x') e Axdex,

Ex. 4. Solve’ 23—,—35?’”_,:“

Solution. Auxiliary equation is 2D*—3D*+1=0
-or (D—l)(D-I)(2D+I)-o D=1,1, -} ,‘
C =(C|+C:X) €’+Ca¢"”

" [Poons 61)

i .
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5

4 ex 1 .
P. 1"52)‘— DT l+2_D’—3D'+l first term c:'ase of failure
B ad erx ' —_—— i
=X ¢5i g D+0— 30T differentiating the denominator_
' of the first and multiplying it
by x (again case of failure)

"‘x'i_fg'»T +1 again diﬁ‘erentiating;.the denominato:
. . and multiplying by x.

=1xter+1. _

Hence the complete solution s

P=(C1+Cox) e¥4+Coe 4 }x?ex 4 1, _

Ex.S5. (D*-2D*—35D+6)y=e*. [Poona 63)

Solution. A. E.is (D—3) (D*+D—-2)=0.
e, (D=3)(D+2)(D~1)=0.

" COF.=Cier4 Coe 2% 4 Caed,

. 1 = I SR b
=D+ (0-1) ¢ DN BT -1

P: L

=_.._l___. [
10(D-3) .
=X.y%e™ as it is a case of failure.
he complete solution is y=C, F.+P. I.
D otve 244 PR p—— ‘
dxt ' " dx i [Karnatak 60]
olution.  A. E. is (D*+4D+4)=0, ie., (D+22=0,
) o C F.=(Ci+Cix) e-ir,

P Ll g ; : §

=GP A DT second is a case of failure
s _jxeir - ,

@+ +—2——~dlﬂ'crenl-aung denominator of the

secend twice w.r.t, D and muliiplyi’ng by x?
Hence the complete solution is y=C. F.-+ P. L
N WL AT 5

Ex.. 6. (b) Solve Jx—,+4 ‘-E+4_| =2 sinh 2x. {Dethi Hons. 62]
Hint. 2 sinh 2x=¢™—¢-?2*. Now proceed as in Ex. 6 (a).
Ex. 6. (c) Sclve the following : :
B AP

Iz‘ -l~.\ +e -'-_f L8
Solution. Auxiliary cquation is

D"—|=_==0, i, D=41 o (DE(I?JI)

" {Delhi Pass 68]‘

-
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.'. CF.=Cie-t4Cpet .
pLoftel L 8 e

) (D= s it oo exceptional cases
& et
iﬁ-ﬂ 3D
. =tef — et
S X=Cret + Coet - 41 (e'— e~!) is the general soluuon
Ex. 7. Sohe (D*+at)y=sin ax. [Poona 62; Saugar 63)

Solution. A, E. is D*44a*=0, D=4ai.

*. C.F.=C cos (ax+C,).
sin ax
D+ a*
=X "i';—g'—t i:lulliplying by x and differentiat’'ng the deno-

minator w.r.t. O

P l=

case of failure

E

3 X.
= = — (0S ax.
Za

Hence y-b. cos (ax+ Ca)-'j% c0s ax is the cqinplpte solutions.

g%
Ex. 8. Sqft-e 5;—:-}‘-y=.1in Ix sin x. (Rsj. 61}
Solution. Auxiliary equation is ¥
D'+1=0 or (D*41)(D'~D41)=0
or _(D*41) [(D*41)2-3D%]=0
or (D24 1) (D*— /3D 41)(D*+ /3D +1)=0.
When D?41=0, = D=4i

When D*— y/3D+1=0, ps.":_*i.

- When D*4y3D41-0, D_‘”*‘. |

Hence C.'F.=C; cos (.\'+ C,)+C.¢W’* cos (lx‘* Cﬂ
, + Cse~ 13+ cos (lX+C.}
Now sm*lx sin §x=} (col x—cos 2x)
o Pds) %s_i. i 5 ";’:_:l (rﬁrsl term case of faulure)
cos x cos 2x -
or b ey
cos X |

a‘i:”: D+116 cos 2x

-ix!
-{x.

. 1 I v L
xsin X+ 120 O3 2o as )y Mweans integrali n.

Bt 5y
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Hence the completc solution is y=C F.4+P.I.
‘ ) dy d dly .
,@ Solve GA—37%+4 ~——2y=¢'+c¢n %

dx’
"~ [Agra 60; ‘Punjab M.A. 57; Vlknm 62; Poona 64; Bombay 58]_ '
Solution. Auxiliary equation is D*—3D?44D—2=0,
ie., 1D—1) (D*—2D+2)=0, iLe., (D—1) {(D—1)*+1]=0
or (D=1)14i .‘. C. F.=Ce*+e* (Cy cos x+C. sin x)

1
P '“Ds 3D=+4D- 5 €+ pa_3p:iGhT z‘“"

ﬁrst term is case of failure

"m e+ BT T

3D-1\
=“’+3D+l cosx-\e*-rgm cos X

=xe*+% (3 sin x+cos x).
' Hence the complete solution is y=C F.4P. L
Ex. 10. Solve (D*-5D*4+7D-2) yze” tash;\ ’
5 = [Delhi Hons. 55)
Solution. A, E.is D3-5D*4+7D-3=0.
, D=1 (0*—4D+3)=0 or (D—1)(D-3) (D—-1)=0.
‘ C.F.m{C,+Cyx) ex+Cse*.
PI -t e cosh x il {(e"+e™™)
“D=1yi(D-3) (D~1RD=3)
elr

“(D'~>D-+7D~3,+* BTSD: +1D—-'3
bolh cates of [ailure
wips i IOD -y T8y luD+7 '

£ e"
IF-10.3¢47 ¥ TpTTe
o 1“" ’.t‘let
Hence the complecte solution js y = C.F.4-P.L
Fx. 11. Solve [D‘+(m-+n‘) D*4-m2n?] y
=c0s § (n+n) x ¢os § (m—n) x. [Delhl Hons. 53]
Solution. A.E. is (D’+m’) (D’+n‘)=“ D= +mi, +ni.
C.¥.=C, cos (m\:+C,)+ Cycos (nx+C).
P. .= % f(m+n)xcos § (n—n)x
’ DV (mé + n¥) D* 4 m*n?
COS mX +COs Ny
i D* - (m? 4 ¥ D-+m n*
oS mx fcos ny
! =i 4D34 2 (m* t n*)D

=lx

,-cases of failure
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1 €Os mx COS nx
= ZD[ —2m*+(m*+n?) +2n“+(m‘—-n-)]
X ._COS X | cos nx
Ta iy [ 0 T T DT ]

D D .
- . o X l--l— sin mrx +! sin nx ]
4 (m*—n?) n
The complzte solution is y=C.F.+P.l.

) 1 - L e -
5.8 D) x™, where m is a positive integer, (Gujrat 59)

ST
Consider ﬁ:-—ar‘*

WL BN T
a(l-—-HD,’{Ix a( -at)

Y D pe D =

: ;\ |+;+¢-2-+.,.+F+... ).\ :

=_1 Cmo XMV (m—!).}i"_* m!

-

* Thercfore to evaluate ; (lD) xm exbdnd I/ D)) in’ ascending

powers of D, retammg terms as far D™ and operate each term
on x7.
We need noti reum terms containing Dl Dt elc. as
Dmtix =0, Dwr:ixm=0 etc.
Ex. Solve (D4 2D*4 D)) eee?*+ x2fx. _ [Poona 64
Sotutiop. A.E.is D (D41)*=:0, i.e., D=0, —1, —1.
& CFE —-C|+(C3+C3.\) e"
eir

P.l= D (D41 +t)"(|+1))'= (¥*4x)

= e l 14D)-% (x2
=3 GFE 5 +D) (x -’Hc.
_ ~ e+ 1=2043D%.] (v 4x)
=f'—1:+!- [t“-Lx—4\';'2+6]
18 " DY ’ '
e’* xRy

FHy -5 . -

The comp,lete aolutmn is y=-C.F. +P.I.
N 1
19. - that (e4W) cgor cms
*519. To sh»o-w 13 iD (e ) e _‘_“V
where V is function of X.
g (Delhi Hons. 62, 55; Karnatak 61; Bombay 58]
We have on successive dllh.n.nuauon (by parts), :

P
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D (e*V)= DV +ae*=e* (D +a) ¥,
De>V)=e*D*V +ae’s V 4a%er 4 ge°xDV

—e (D*+2aD+a?) V=esx (D-ta)t V.

Similarly, D3 (¢**V)=e* (D+a)® V
and Dn (eoxV)=e% (D+-a)" V. .
Therefore f(D) (e*V)=e=f (D+a) V. (Poona 62)

Takmg the inverse operatms, we have

®

f(DJ [T g™ (D+a)

Thus we find that operator f(D) on (e*¥) is equivalent to

f(D+ D¥a) 0 Vtaklng e?r outside.
Therefore in practtce take out eo* and put (D-+a) in place of

D and then find f(D+ = V as usual.

d 5
e =B edY Sx
Ex. 1. Solve e Sr=6e"+xe [Bombay 61]
Soluhon Auxiliary equation is D2—9=0, D=13.
C.F.=Ce3 4 Cye 2,

1 1
B l'=Dﬁ—-—9" €% (64 x)=ed Vs (6+x)

e

1 ! :
— i 776D (6+x)=e* o5 (1+3D)" (6+x)

=e3“6—‘5 (1=3D—...) (6+x)

=g’ 6LD (64x — 3= 312 (35x+3x2),

Hence the complete solution is
y=Ce3 4 Cpe~3 4 Lep8x (35x+3t’).

dsv  d¥y
Ex. 2. Solve Ja~ 3d\"+3d —) = xeXex,

[Agra 61 ; Bombay 58]

Solution. A.E. is D3~3D243D—1=0,
l'.c._, (D 1)’-—0 or D=1,1,1.

LF. = (Cy+ Cox+ Cax?) e*.
P L=t ! D=Tp & D

=ef(D',+ll-l,' (HD=e 5 ()

L4121 (x40

- lame mac iy S
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L}

Hence the gencral solution is y=C F.4P.I.
Ex. 3. Solve (D*—-7D-6)y=e*.x2,

Solution. A.E. is D*—7D-6=0;"
ie, (D41)(D*~D—6)=0 or (D+1)(D—3) (D+42)=0.
s C.F.= C|¢ ‘+C.é"‘+C.e‘2‘ »

P, Lom g Tl i :
Di=TD-6 D+2y—17 (o+z,—7"
=e"—___l_;_ x’
D3 6D*4+5D—12

e 5 1 1
, ...._12( !_v'l-_ZD_i _.__lzpa) x
s 3 1 pey 25 .
5 ( 1445 D43 D43 ,,D') x?

=—;—2( 4= x+72) etc.
“Ex. 4 Solve ﬂ—Z +4_} ecosx.
. 4. i ~
g [Delhi Hons 54; Karnatak 61]
Solution.  Auxiliary equation is D3~ 2D 4-4=0,
ie., (D+42) (D*—2D+2y=0
or (D42 [(D—\P+1]=0.
=2, 14i, C.F.==Cie~2*+Cse* cos (x+C,)

{Bombay B.-‘sc. 61]

P.l= 5;‘:2-15_7_-74— e*cos v | .
< W F-l_)‘—-'il"(D+l)+4 s X
= mbl:w"d o, : (éase of failu.re)
ef.x ﬂ‘;q‘_‘s—lﬁ-_p-l cosx ;
' cosx

=X -—3+6.D+i
ety =T

-=jxes 9D,+l cos x

= —yly Xe* (—3 sin x+éos x)
=i xe* (3 sin x—cos x).



T
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Hence the compiete solution is = C.F.4+P.I
dv- _
s, =2 =
Ex. § Sohe d T 2 +41 e cos X. | - [Agra 59]

Solution. A.E. lsD' 2D+4 =0
ot [(D—1)*43]=0 or D==l:t:-v’3£
C.F.=e* [C) cos 4/3x+Cy sin 4/3x]

P,[.‘

e* cos x
. 2 SR
T (D+1)P-2(Dr)+4

=¥

. 1
T D*=2D
cosx

J COoS X=¢€% —l—-——- <o "
D*13 Sy oy hel
=}e* cos x, elc. 3

Ex 6. (a) Salve g:-;—) :‘+2|=e' sin x. iOsmlnia 62)
Solution. A. B.is D*=2D+2=0, ‘ C
i.e., (D=1p2+1=0 or D=1+l
C._ F.=er [C1 cos X+Cg sin XI.‘
P.Je= e* sin-x | o

v~“7m=”‘- OFF—2(DF D1 "%
D"+l iyt (case of failure)
—e*.x -2115 sin x=—-'; e* cos x, efc. |
Ex. 6. (b) Salve dJ+2 d“+2y—xe"
o dx*’ © dx [Paona 61]

Solution. A. E.is D*+2D+2=0, (D4{-1)*+1=0.
' D_—_-_1:|:i s C.F.=Cie* cos (x+Cs)

Byt _D‘+2D+2 xe™ I

e (D—l)*+2( L3

' 1
=Y e X== ~% l“’ ..'-)x

D41
. =\x0%, etc. '
520 “)) (xV,, wkere V is’any l‘unction of x.
' (Poona 60; Karnatak 60, 61, 62]
We have .

D(xW= \-D"V-q-an"IV by Lezbmtr s rule
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=.w~v+a"3(0-) v oas & prenpe,

" /D) (xV)=x(D) VA-f"Dy V.
Taking the inveise operator, we get

1 1 Jd 1
7B 0= iy Y+ g |7
1 f'ih ‘?

~ 1
or i.(—f)—, (XV)-—X fmj V—[—‘(-I—)TP V.
5:21. “:)—, (x™V), where V is some function of x.

Now ¥ can have the following different forms :

1. ¥V has the form xm, then xmy becomes xm+s which can be
. evaluated by the method of § 518 P. 76.

2.V has the form e, then xmV becomes xmeax which can be
evaluated by the method of § 5-19 P. 76. :

3. V has the form cos ax or sin ax, then x™V becomes x™ cos ax
er x™ sin ax, ie., itis real or imaginary part of xmeax  which
can be easily evaluated.. ' '
- . diy o

Ex. 1. Solve —2-,}-:.\' sin x,

dx?
[Mysore 68; Agra 66; Lucknow Pass 57]
Solution.  Auxiliary equation is
DA=1=0, (D*+1) (D*—1)=0, D=+, 41.
Hence C.F.=C, cos x-+C, sin x+ Cae* (e,

P L=

I .
pizy X sin x.
=Imaginary Part of D¢_l—i Xef*

=]. P, of e®* — E:

D+ip—1 ¥

i
D FED =i —aip *

o (1
=1 P.of —et zon (1~ }iD— Dt §iD3)1 x (..-‘:-=..7.i)

=[. P. of ¢*

=L P.of —e -1 (141D x
=1]. P. of —e¢i* 31715 [x+3i)

=l: P, of% (cos x4 sin x) [Ex*+3ix]

=122 cos x—1x sin x.
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Hence the complete solution s ‘
y=C, cos x+C, sin x4 Cze 4 Cie*+4 1\:’ cos x—2x sin x,

Ex. 2. Solve +4y==x sin x.

Solution. A. E. is D*+4=0, D=42i.
C.F. =C, cos 2x+C, sin 2x.

P.l.=

" [Delhi Hons, 63]

-Dz+4xs:nx

-_l. P. of Bir‘ xe'*

1
=1 .P. of el m X
=] P.Off" R ! —— X
e D4 2Di 13
=L P. of {e (14-§Di+ {D*)-1 x
=I. P. of §eix (1—3Di) x
=L P. of § (cos x+i sin x) (x—2i)
=3 (3x sin x—2 cos x).
The complete solution is y=C.F.+P.I.

,34; dolve i 24 -d—v+4y=3x’e"‘ sin 2x.
dxt " dx
{Lucknow Pass 58]
Solution. A. E. is D*—4D44==0, (D 2)*=0.
& CF. = (Cy4 Cix) e,
3x%e™ sin 2x o
P. I.=—(W=3

—3e"bl— X% sin 2x &

g
(D+2 oy x* sin 2x

=], P. of 3ex Dli x’eﬂ!
1 .

=I, P, of 3e22 2 — x3
of 3¢ e’ m-ﬂi x
=]"P. of 30” D‘ +*4—ib 4

=L P. of —3e¥e¥*.} (1 =iD—}D¥"1 x2
=L P. of —3etvgtix .} (14+iD+}D?—D?) x
=I. P. of —3e2xedix, 1 (x*+2ix—3) &
=L P. of —Je** (cos 2x+i sin 2x) (x242ix—3)
= —{e [(2x2—3) sin 2x44x cos 2x];
Thecomplete solution is y=C. F LP. L
Proceed as above y
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* Ex. 3. Solve (D*+1) y=8x%* sin 2x.  [Allahabad 66]
tEx Solve (Df+2D4-1) y=x cos x.
[Delld Hons. 64, 62; Lucknow Pass 56; Bemus B.Sc. 59;
Ujjain 61, 59; Karnatak 62; Nngpnr B Sc. 55]
Solution. The auxiliary equation is
(D' 42D+ 1)=0 ie., (D41)*=0,
D=+i, :|:l '
s C.oF.=(Ci+Cix) cos x+(C.+C.x) sin x.

. 1

?. l.-m x® cos X= r?ﬂl pa“ of (D—"’"_l). Xietx
’ ___l..__ 2,ix — pix -_l_ ‘

But (D'-H)’,x el =g (DT FIF x*

1 . 1
¢ w2y =" =apra—yby *

e Il,, (1—4iD)-2 x? |
e—ie& 1% (14+iD—3D—}iD*+ £ D4+ ...) x*
——ets % 0 2ix—1] -
e[+ Tt
- =—1 (cos x+isin x)[
o P.I.=real part of the above

3 x4 ) .
=—} [(1—2—1-1’) cos x—§x2 sin x]
The complete solutlon isy=C. F.+P. L

i T ]

Ex. 5. (a) .}“alve dx,+a’y=x cos ax.

Solution. A. E. is D*+4*=0, D= j:ai.
C.F.=C;j cos ax+C. sin ax.

(Nagpur 571

X Cos ax
Pl=pra
xeslx
=Real part of = Digar

#
) |
=R.P.of e‘-'( +ai:‘+a”f

1
=R. P. Ofcmb'-{-ZarD
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S 2aiD

=R. P. ofe“"—n[x+zf]

x2 1 N
=R.P. of —5~ (eOs ax+i sin ax)[ +’27r Ix]

""47' [ax? sin ax+4-x cos ax]

"The complete solution is y=C. F.4+P. L '
Ex. 5. (b) Solve (D*4-4) y=x cos 2x. {Karnatak 61]
Hlnt Put a=2 in the above example.. ; '
Ex. 5. (¢) Salve dx.+y==:c cos x. {Poona 61 (S)]

Hint. Put a=! in the above example.

. dy "
Ex. 6. (8) Solve dx‘-y-x cos x. [Karnatak 60, 61]

Solution. Auxihary equation is D?—1=0 i.e. D=+l.

C F. =C‘;e’+C,e'* . Lo
P.I.= D—;—— x? cos x |

=Real part of [)Tl:‘ L
 =RP. of e (ﬁ_—l xt

. .
=R.P.of ¢ prapr—3** |
=R.P. of —el.} (1—iD—§D¥) x2,
=R.P. of —}e** (1+iD+{D*~D?) x2
- =R.P. of —} (cos x+i sin x) (x2+2ix~1)
=—} [(x*—1) cos x—2x sin x].
Hence the complete solution is y=-C.F.+P.I.
Ex. 6. (b)y (D*=1) y=x sin x. (Delhi 72]
Proceed as above.

Ex.7. Solve dx‘+2 +y=x cos® x, -

Solution. A.E. is

D42D%4-1=0, (D*+1)*=0, m= 4-i, &i

s CF.=(C14Csx) cos x4 (Cs+Cex) sin x.
Now  x? cos® x=§x? (14cos 2x)=}x2+4§x2 cos ?.x
P.1. corresponding to {x2=(1+D?)"2 §x3

[anm B.Sc. 62
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=(1—2D1..,) }x*=§x3—7
P.L oorrecpondmg to §x® cos 2x

=R.P. of (l—_':'——w. '*I elix

' | i
=R.P. et
R.P. of }e ’[l+(D+2i 7 x?

1
=RE.of je e a—ip ©*

=R.P. of y%etx (1 ~$iD—}D?)-3 x2
=R.P. of {,et* (14 8iD+ED*—18D8 _ ) 52
=R P. of § 1 s (cos 2x+4i sin 2x) [x’+“hx-“]
((3x'—28) cos 2x—16x sin 2x].
The gcneral solution is y=C.F.+4P.L
‘ Miscellaneous Examples )
Ex. 1. Solve (D*=S5D¥6yy=4ex45. . [Nagpur 61)
~ Solution. A.E.is (D-3) (D- 2)=0. o
CF.=Cie*{Cpe™. -
4e* 4 Sevx 4e*
P L —DT-—S W 5+6+e‘=2€ +o
Hence y= Cle"+C,e==+2e'+{ '
43 d2 dy
Ex. 2. Sobe 52— 6 Gt 1l —r=em.
Solution. A.E. is D*—6D*+4+11D—6=0
or (D=1)(D*—5D+6)=0 or (D—1)(D~2) (D—3)=0.
o CF.=Cyex} C,e”‘+C;e"
e
filist D’ _6D*F11D—
et . =
*ipiopIn T 53T
‘Hence  p=Cje*+Caet*+ Cae¥ —xetx,

Ex. 3. Solve d—,—-—3g+2y— -2x,

~ Solution. A.E. is (D=1) (D=+D—2) 0
or. (b—1)(D+2)D—1)=0.
C.F. =(C,+Cyx) e*+Cpe?r.
e—lr

[Delhi Hons. 62}

g case of failure

= —Xer,

[Pooua 61]

P. L,:_..D. STIDFT (case of failure)
e"”’ .
ol ot

Hence y= (C. 4 C gx) e+ Cae "-'+ Lxe-2r,
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2
Ex. 4. Solve Z.Ty_‘ Q+4y-e"+.ﬂn 2x,

Solution, The A.E. is D*—4D+4=0,
or (D=2)2=0 or D=2, 2.
&% CF. =(C,+C,x) e"'

P- L ——m D_ﬁﬁ ﬁfst (el’m, case of fallure

et sin 2x
2D-4 +-4-4D+4 ﬁrst term, again case of failure

[Luck. Pess 57)

=x3 _e_-:__* b sin 2x
=}x%2*+ 1 cos 2x.
Hence Y=(C1+Csx) et xtetr 4 1 cog 2y,
*Ex. 5. Solve (D*4 1) y=€* sin x et sin ( $v/3x).
[Lucknow Pass 60)
Solution. A.E. is D*+1=0, (D+l) (D2~ D+ 1)=0.

De—i '=*=V3’. C.F.=Cie~*+ Coe* cos (}4/3x+Cy),

" P.L correspondmg to e sm x
- e sin x .
DT = gy v s

1 e 1 2
Tﬁﬁﬁﬁﬁﬂﬁﬁsm‘=’”-o—a+nb+9’T'
| et MDY | i,
==e==-——-“D+3sm—x-_e R 3:sm-t'

=-—13%0 € (11 cos x—3 sin x).
P.I correspondmg to e*® sin (}4/3x)
= X - sin (VJ x )
’ w+w+l 2 '
— e ____l__ sin‘-ﬁx(aseoff'l
SO DTy Sy x (e alure)

. 1 . V3 Foa
—exity, m sin —‘g- * differentiating the deoominator
w.r.t. D and muijtiplying by x

3
-=e'x mllni X
LR I

=er.2, i sin 5 X

uln u.ll!
b'

=enit T LT(—‘- cos ‘-’2'—3 x4} sin 1/2—3 x) ’ ‘
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=—-:; exiz (‘/3 cos ‘-/-3-x+iin-\—;-3 x )

Thus the P.I. ——ﬂ,e" (11 cos x—3 sin x)

-% ‘xﬁ ('\/3 cos ‘;3 x+§in"-‘-g—3 x )
The complc(e solution is y=C.F.4-P.L ‘
Ex.6. Sole D'+D'I)y=etn co.r( Y3

[Luck. Pass 59; Punjab M.A. 56 Raj. M.A. 51]
 Solution. The auxiliary equation is (D8+D*+1)=0"
or [(D*+1)*=D%=0 or (D'-D+1) (D*+ D+1)=0.
When D*—D+1=0, D..i!(zi |
~&nd when N+D+ln0 D--l‘;u

& CF. -C;c'f' cos (§v/3x+Cy)+ Cy e7*1 cos (1V3x+C)

?-L mlf' Cﬁl(i \/3.!)
-C- l’

]

| o= lrﬂﬁrﬂ Cais /293
-rmDT—_zbr-ﬂus $D+ 51 (h/ 3) case of failore
SyhE, mr cos (}v/3x) :

muluplymg by x and differentiating the denominator
w.r.t. D

ST "DT:F—G- cra =Ll

i ﬂ,——j cos (b 3x)=esh x. IO con (NM

=g—riix, ‘—‘(—__-'*)—_'9 [-—2. —‘L S ﬂy .:1,-'.’ Coi (ivlﬂ ] -
r‘l'x ’ '

[—4/3 sin (h/3x) —13 cos (h/h)]

-}rrl'x [73 sin (§4/3x)+cos (h/3x) }
‘ Thq complete solution is y=C.F.$P.I.
Ex. 7. Solve (D*+2D*—3D%) y= x'+3¢*"+4 sin x.

, [Delhi Hons. 62, 66]
Solntien.  The auxiliary cquation is (D'4 2D~ 3D%) =0
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or D (D*42D—-3)=0 or D'(D+3)(D-—I)-0
-- D=0 0 ""'3 !
HGDCC C.F. -(C;-[-C,x)-l—C‘;e'-l-Cm‘"

P ) [K ﬂm—m) x'+3e"'+4 sin x)
=3 5 t=ra P "2) T—(I—!D—-}D‘)"‘ »
= dyets— ZSTD‘—Q sin "“'so- u+=n+w-+eb'+ yar

=yset* 42 (cos x+2 sin x)— (x'+i3+‘o‘)

,,eu-i-' (cos x+2 sin x)—(,l‘x‘-i-",x'-]-";x')
'l‘herefore the complete solution is y=C. F. +P I.

dy
. Ex. 8. Solve ) d—;. 7‘;+13y=8¢"' sin 2x.

Solution. ~ Auxiliary equation is D—6D+13=0.
DEVI=ID) i

[Agra 1954]

& GF =e" [C, cos 2x+C, 'sin 2x].

P l= (ﬁg—-—-mu“llnzx

i
=8e¥ wfrar—o DT+ 0 X

8 D'+4 sin 2x (cue of fllltll')

.ﬁnan

© =w—2xe% cos 2x.

Hence the complete solution is
y=e** (Cy cos 2x4 C, sin 2x)—2e3* cos 2x
Ex. 9. (8) If (D+b)* y=cos ax, show that the complete solution

B Ok Gk Cuxt Corty ey 2 Xt ),
(Bombay 1961)
(d) Solve (D‘+d2’D'—-3D’) y=x43e*+4 sinx. |Delbii972}
y

d: dy
Ex. 10. . Solve e zdx{ 194x+20y_u.-+2¢-a.-,‘.x

|Dethi Hons. 1956}
Solution. Auxlllary equanion is (D*~2D3— 19D 420 =0 .

of (D—1)(D*~D—-20)=0 or (D—1)(D—5) (D+4)=0,
s D=1,5, —4, CaF-C.e'+C,¢"+Ce"‘
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P. 1. corresponding to xe*
- 1
TD=1) (D=5, (DFay %
1

[P =TI [+ D=3 D+ )+4] ~
ORI S T, d
b (b= (045 X" DoFp=20"
11 | _
=—e" 55 (1= D% DY) x

=g

, . § ,
=—e“2—05 (1+s4D) xg—ef%%(x-hl‘)

2
o= —3he* (;—""ilfx )
P. 1. corresponding to 2~ gin x

=]maginary part of ,._ - 2e-tvets 5
; D—2D*— 19D+ 20

‘ ‘l inar It f‘ 2 U9 ;

= MABIRALY PRI O T=app2 (12 apt— 19 (1430
; ) |

=]maginary part o 13330

e~ (cos x+1 sin x)

=[maginary part of g2 (1=22i)

e
=8 (sin x =22 cos x).

Hence P.L = —y\5e* (Jx? 4+ 3% ) =512-*% (sin x—22 cos x).
- Compleie soiution is y=C.F.4P.[. '

I o e 1
Ex. 11. ?ﬁow that Foo) {e™ cos éx]—e‘ fiDTa ¢ bx.

q _ [Bombay 1961]
Just the article 519 P. 76. V=cos bx. .

Ex. 12. Solve (D—])* (D4 1)} y=sin® §x+4e*4x.
_ ~ [Indore 1963; Punjab 65: Rsj 61]
Sqlution. A.E. is (D—1)* (D?1 1) 0,D=1,1, 44, Li. :
o CFE.=(Ci4Cyx) e+ (Ca+ Cyx) cos x4 (Cs+ Cex) sin x.
Now sin® §x 4 e*4x- 4 11 ~cos X, +ef4x
C={4+X)—§ o8 x4 et
P.1. corresponding to (§+x)- 5 4x (evaluate it).
P.1. corresponding to ¢*  1x2ex.
P.1. corresponding 10 (-} cos x)=- ;,x? sin x.
<. Total P.l.=§4x+}x%*— Lxtsin .
The complete solution is y=CF. 4Pl
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Ex. 13. Solve DA =D+ 1) y=e*+-cos (J4/3x)+x.
: ) i [Lucknow 1954j

Proceed as in the above example.
Ex. 14. Solve (D*—I) y=x sin x+(1+x%) e~

[Poona 1964; Rajasthen 61; Lucknow 52]
Solutlon A.E.i$ D*~1=0, D=+1, C.F. =Cye*+ Cpe™™,

P.L ootrespondmg to x sin x= ;;,': L
2D , ;
""[b‘ l] ek =1 A b [sec § 520 P. 79]
=X _—:Tl- sin x— (—2—:—9-'1'%5-. (x sin X4cos x).
: ' (14x0) e

P.IL gamspondmg to(14x%)er= D’ 1

=er ilb“‘”p’fl (14x?)

—'5 (1= 4D +3D%.) (147)

ol 3D (l+x=-x+])=¢= (Ix~Jx24 .I.xl)

‘,,-el (9x--3x +2x3).
- Thc u:mplele solul'ou is ya-C F 4Pl

kx. 15 Solve —-+3 +2y=4.:—¢0m2: [Pocas 1959]

.Somio- AE. is D’+30+2=u (D+2)(D+n—o.
CH.=Cec* +Ce-2c . :
P.1. correspunding 10 —20 cos 2x
20 cos 2x =20 cos 2x 201:012!
D*43D+2  —4430+2" D=2
_200D+2), c..s 2x 20 ( —6 sin 2x4-2 ecs Ix)
9D - —36—4
=(cos 2x =3 sin 2x). )
P.I. corresponding to 4x
= (I+ID+§Dyy ax
=} (I-2D) 4x=Qx-3).
Hence the general solution is
y=Cie™® +Coe~®* 4(cos 2x—~3 sin 2x)+(2x 3).
Ex. 16. Solie (D% 43Dy +2y)=x? cos x. ~ [Poona B.A 60)
Solution. C.F.=Cje™* + C,e~?* as above.
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P. l.-E;—’ +;D+-2x= cos x ete.

Now proceed as in Ex. 4 P. 82.

Ex. (7. Solvre (D*—D?43D+5)y=x"+e* cos 2x.

[Raj. B.Sc. 60)

Solutien. Auxiliary equation is D*—~D*43D+5=0

or (D+41)(D*—2D+45)=0 or (D+1)[(D—1)'+4]=0.
S D=~1, 142
"o CF.=Cie*4e* (C; cos 2x+C, sin 2x).

P.1. corresponding to x*= 15 (25x*~30x+28).

P.I. comssponding to e* cos 2x == ydoxe” (sin 2x—cos 2x).
dg’-—; —+y m x4 cosh x.

[Bombay 61}

Ex. i8. Solve “"" -;,+2

Solution. A.E, is D'—2D%42D*—2D 4 1 =0,
ie, (D*41)-2D (D*+1)=0 or (D=+i)(D=—2D+l) 0
or  (D+1)(D~-1)'=0,D=4i, 1, 1.
C F.=C} cos (x4 C) +(C; + Cix) e*
P.L corresponding 1o cos x

- Cos x l s
D207+ 32D e o filvre)

. Cos X B cos X
" 4D°—6D*+4D~2 =% 3Dy 6D+4-2
_Xcos x
& .
P 1. corresponding to cosh x, i.e. cos (ix)

cos Ix cos ix
T D-2D°+2D-2D%1 1=2+2-7D=1
putting DA = — i*=1
:crs% :(lﬁl_,?;” X (case of failure)
=_l_xcos ix—1sinix
£ =2D

-% x (‘- sin ix+cos fx)

= 3x (i sin ix —cos ix)=1r (sinh x—cosh x).r
Hence ctc.

Ex. 19. Solve (D'-D‘+20’—10'+D-l)y-mx
[Rejasthan 60}

: oollllu. - Auxiliary cquation is
(D-l) (Di.'.l)l-ﬂ D-ln =+, *‘0
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E CF -C;¢’+(C|+Csx) cos x+{Cy+ Csx) sin x,
g ot & 'D'—D‘-g-zb‘_"fi)'-i-l) 1 cos x (case of failure)

=*3p —4D’+6D' ipiq *Or*
differentiating denominator w.r.t. D and multiplying
by x (again a case of fanlure)
1
=% D —12D"F12D—4 <°%¥

1 1 -
_....oD+|2+|w ry mx'ix T=p &
: i putting D*=—1
l 5

_.x3

l+D
1=D*
Hence y=C.F.+P.l. is compiete s>lution.

E!. 20. :;’:+d J’+y==ax'+b¢"" sin 2.
) [Allahabaé 1966; Delhl Hons. 60 53]
Solution. A.E.is D'4+D*41=0 i
or (D2=D+1) (D*4+D+1)=0
D,,'ﬂ:\/”’ D#—li\/u o
2 2 , .
C.F.=Cye*i* cos (‘/3 x+4C, )+Cs¢""” cos (%—3 x+C.)
Now P.I. cotrespondmg to ax?
: 1)~
FDT = (D4 DY (ax)

=(1-D3,..) ax*=(ax*—2a)
and P.1. corresponding to be~* sin 2x *
1 -
=D‘:!-—D’_}-:—| he~* sin 2x
. 1 -
=imaginary part of mp—rr— PFDFl + i e, et
J ; "
=] P of - PF DI be—r 0 20)
e~= (1~14)
=].P. ofb(I 2ip+ (1 =20 F
be-l (1-21)
—9+20!
he=x (=54} (9 420i)
20+ y*

cos x=1¢ L (cos x—sin x).

or

=LP. of —

=]P,; Of-_-
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=1.P. of b (cos :’;:’““‘ 2) (9+20i)

-

—
T (9 sin 2t+20 cos 2x)-

o P l.-ax'—Za—i;—-— (9 sin 2x+20 cos 2x)
Hence the complete solution is y=C. F. +P.I.

*Ex 21. Solve i‘.+a‘y-:¢c ax.

(Vikram 1964; Luck. 56; Osmania 62; Cllchlll Hons. 62]
‘Solution. A.E.is D*+a*=0, ie., D=tai
P e o —((','l cos ar+C. sin ax)

Now
- 1 |
P"": '(ﬁ*?-?) SeC ax= D Fai) (D- ~ai) sec ux
r e‘.’-‘ &
.!m[D—-al Is-i-a -l *cos ax :
¢-M e—nlt e—oix | e%is

[D+m‘—hi] cosax 2ai -D—ai4ai cos ax
ellr | e—ais e—uix‘ evix v
2a Dcosax 2m' D cosax
aad c.os ax-Iism av ,_ e " fcos ax+i sin ax
= e | e . dx . dx
Zai cos ax 2ai cos ax

:—)sunds for mmion o

I(l i tan m)dx—-—-l(l+iunax)dx

;.i x+- log cos ax]-—%[i-— log cos ax ] |
2:. = [x (e"" -e"“‘)]+ — log cos ax (c""+e"“)

—~ sin a.x+n,lng(cos ax)cosax «.
Hence the eompleie soluuon is
y=(Cy cos ax+C, sin dt)+ sin ax+—- log (cos ax) cos ax

Ex. 22. .Soive ‘;'f-}-Zb dr+' \=0 k >b > 0 having been
dx : ,
glvu rhat when ¢=0, x—O, gy e [Ssngtl' 63]

m Simple.
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| Ex.23. Solve (D’-—-9D+18) yme
Solation. cp = Cie* 4 Cyxetr,

f""’(D-o) (D'-"'a) e

éblﬁ (euj etV e=3x dx)

-e-_sj -3 (—§er) dx

_-le"] ee™ (—e-3%) dx

et o

* The general solution is y=C.F.+P.I.

Ex.24. What do you understand by linearly independenr
solutions ?

Show that e**, xe°* and x*e** are solutions of
d% ,d’y ‘Q_’__
T8 g t3a gy —ay=0.

Hence find the general solution of this equation.

. [Cal. Hons. 63]
Hint. See 5'6 Case 11 p. 61.
Ex. 25. Solve : )
(@) (D*—5D+%) y=e®=. xt. [Poona 62]

Ans. y=Ce?+ Cye?r—Jet* [xt ¢ 4x* 12x7424x]

(ii) (D3*—3D*—6D+8) p=x. . [Poona 64]

¥ Ass. y=: C;¢'+C,e‘*+C,¢-2*+1 (x+3

@iy (D*—1) y=e*cosx. [Vikram 63]

Ans. ya=C,e*+C,e“"+C, cos (x4 Cy) —}e* cos x.

' '(Iv) (D*—4D+ 3) y=3e* cos 2x. [Poona 63]

Ans . y=C,ex 4 Cie¥ 4 2e* (sin 2x —cos 2x).

(v) (D*=2D%+1) y=e*+sin 2x. ' [Karnatak 63)

Ans. y=(C,+Cyx) e¥+(Cs+Cox) e"*+ g sin 2x+ }x%ex.

(vi) (D*—4D—4) y=8 (x*+e€2*+sin 2x .  [Nagpur 63]

- Ams. y=(C,+ Cyx) e**—cos 2x44x%e? 42 (x2+2x+§).

(vii) (D*+42D+1) y==x cosec x. [Nagpur 62)
Solution. A.E. is (D+1)*=0. ‘

¢

i e 1 .
P""'(B’-ﬁ? [x cosec x]

_ 2 ' ‘
-(.b_;.ﬁ-.-cosec x-(m (cosec x) by 520 p. 79.



Now evaluate it as in Ex. 21 p. 92
, dz d
(viii) dTJ;— Ex“—’-{- y=x3%e3*,
(ix) (D*+44D—12) y=(x—1)6**.
(x)  (DS—=D)y=12¢*+8 sin x—2x,

(xi) (D'+D*+D*—D=2) y=xt+e*,

(xil) (D*—2D*+D?) y=x*,
(xifl) (D*—2D+41)y=x%". -

Differeutial Equasivns

{Delhi Hohs. 65)
[Alld. 65]

[Alld. 65]
[Vikram 63]

. [Agra 67)
fAgra 67, 75]
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Homogeneous Linear Equations

6'1. Homogeneous Linear Equations.
An equation of the form

4y 4977y =
P gt et PapesX, A1)

where Py, Ps, ..., Paare constants and X it a function of x, is
called the Homogeneous Linear Equation.

Important Substitution. If we put
x=¢f o1 Zz=log X,
the equation {1) is transformed intc an equation with consiant
coefficients changing the independent variable from x to z.
. dz 1
== L = —— ——
Thus if x==¢' or z==log X, =%
dy dy dz 1dy dy dy
i Jut—— S — i e e )
dx T dz dx x dz oF X3~ dz @)
Ly ds dy v )
A dty d li‘l’_) "dzt'dx” dz dz2'x dz
gaml = dx\xdz) ™ x3 =T Xt
. dy diy dy
or A S

&y d(dy\ d[1(dy dy
Also 'Esﬁ}(&:a)ﬂ"—x[x—z(dza-a;ﬂ

o (dydz_dydny dy dy
ddx “dztdx) T \dz* dz dz 1
4

...{2)

== - but —=-=-
X dx  x
&y & ,dYy dy
ar e 5)

Thus if we putxt‘f—)cr—*%:D, (3), (4), (5) etc. cap be put as

x ::—i-—-ﬂy,

dl
X Z3=D (D-1)y,
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.
X3 i.:_.{f-_ D (D-1) (D-2)y, .

and x* g-n (O—1) (D—2)...(D—n+41) y,
- [Bombay 61, Poona 60]
Making thns substitution, the equation (1) becomes
[tp (p—-1).. (D--"+l)}+Px {D fD—l) (D—n+2)}
+ P, (= D-I-P.] y-Z
cor f(D)y=2Z, '
. where Z is the function of z mto which X is chanaed
This is now a linear differential equation with constant coeﬁi-
ctents and can be solved by the methods of previous chapier.

Ex. 1. Solve xt y+}==3x’
-

Solution, Putting x=e and DET‘ the equation: becomu
D(D—l\y+y=3e’* or (D= ~D+1)=13e%,
The auxiliary equation is D*—D+1=0.
I+v/(1—4 144/3i
Bl 22 = 3

C F.=C\e*? cos (}/324+C)).
Jefr . B

e A
Therefore the solution is

. y=Ciel? cos (J4/3z | Ca)+e= : ;
- or y=Cyx" cos (}v/3 log t+C.)+ X2 as e*=x or z==log'x

d*y
Ex._z’_‘ Solve x* —= -2y=t’:~ [Sagae 62, Raj 51]
Solution, Pumng x=e, D= Jz» the equation becomes
ID (D—1)—2] y=e2+-e~:

A.E.is D*—D—2=0, (D-—2)(D+l)=0. D==2 —l

s C.F. '==C;e”+Cz¢ =014 Gy = 4 s e=x

=elt,

P.l=- w—_-_z—,m_—n—[e +e‘-] ‘ (case of failure for both)

I
ZD i [c"+e"'] multlplymg by z and d;ﬂ\:rentmung the

Sy the denominator w.r.t. D
g e é‘[e" _e‘*-']

T =T i e i e o 3
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=1 (log x) (.:*—:-‘) as x==¢ or iog x=2z
Hence the complete solution is
1
Y= .L. + DL
C,\"+C: 3 logx(t x)

Ex. ;.,, Solve x’z 4 —2x :’b —-4y= x4

[Vitnn 1964: Agra 58, 48, 76; Ailuluhd 55; Raj. 58]
Solution. “anng x=e* and DE‘sz- the equation becomes '
(D (D—1)—2D—4] y=e* or (D*—3D—4)y=et.
Auxnhary equation is D*—~3D—4=0 or (D-—4) (DH)—O

=C ¥+ Cye~"=C X" +C,y/x as e =x. .

e ets
And P 1= =5 3D—3-"% 3ip=3 dlﬂ'erentlaung denommator

w.r.t. D and multiplying by z
— ezl "
24-3 5
Therefore the required equation is
y=C x84 Ca/x+}x* log x.

Ex. 4.(a) Solve ¥ ‘:\' 3 ‘;y+4)'-—2\'- ' [Delhi 1963, 59]

Solution. Putting x=e* and Ds_/;, the equation becomes
s « r e s

[D(D—1)—3D+4)7=2¢" or (D*—4D-L4)y=2e".
A.E.is (D*—4D+4)=0 or (D—2)*--0, D=2, 2.
C.E- —(C,—{-C,z) e**=(C,+ C; log x) x* as x=¢".

A[.:un P.I.=

=1 (log x) x* as x=¢".

22 f fai
(D 2) (case o fmlu_rQ

=2 %:i)_ 201 diﬂ'crentiating denominator w r.t,
D and multiplying by z (case of failure
again)
==2* §2e* differentiating denominator agam Wt
D and multiplying by =
=2%*=(log x)* x?%.
. Hence the complete solution is
y=:(C,+Ca log x) x>+ (log x)? x*

*Ex. 4. (b) Solve (x*D*—3xD-+4)y=x".
: [Gujrat l959 Bombay 58]

Solutlon. As in the above example,
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C.P.=(C+C; log x) »*.
PL= (D'—;)' eme— (m—l 2),e"', whérc D'E%—, m#£2

= Frempa x™ as eﬁ-rx. ‘

Hence y=(Ci+Calog x) x3+ Tn“é‘z_z X",

Ex. 4. (c) Solve (x*D?—3xD+4) y=(x—1).
Solutien, - C.F.=(C1+C; log x) x2.

‘@ . N
P.I.=-('b-,_——2-)-§ (e —1)*=

f .
(DI_ 2)‘ [e"——-—Ze‘ +1! ]

ok
==z% 3 —2e"+1* (first term was a case of failure)
=}x%(log x)*—2x+3. .
Hence y=(C,+C; log x) x:4-4x2 (log x)t—2x+4.

d?y dy
Ex. 5. Solve x’zt—+2x = =20p=(x+41)3..

[Delhi Hon’s. 1959]
Solution. Putting x=e, Dz:_‘a-z. the equation becomes

(D (D—1)4-2D—20] y=(e= + 1) =% 205 411,
A.E.is D21-D—20=0, (D+S5) (D—4)=0.
C.F. ;——C,c"-}-C;e""-—*-Cp\" + Cex~ 8 as ef=x,

|
P.L= D D=3 (e”-}-_?c'+l)
e 2 |
412720 T91—20 0F0—=30
=— et — = A bx— g
Hence the complete solution is
Y=Cpt+Cox 3 —lex -ty —ok,

3 i
Ex. 6.(s) Solve x4 _y2 @V, 5. ;—’J-;—z p=x34 3x,

dx? dx? A
[Karnatak 1963 ; Raj* 55]
Solution. Putling x==¢* and Dsff;, the equation becomes

D (D 1) (D—2)—D (D—1) 42D —2] y==e*-} 3¢
or [D*—4DP+-5D—2] y=¢3: | 2=
AE is D42 | 5D -2, je. D=1 (DH-2)=0
) ' . . Pt 2
l'o C-F- "'((-"'. ! C:z) I +('3l.1"
- =(C+Celog x) x4 O as ve=e?, he. 2 -log x,

oF

*® In case of constant ), we may write it as ¢*¢. Thus
i ) Pl ™

W=y o=y F

—~
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Eae - er

Also P.I.== D—1)* (D—32) TB(D— 1)* (D-2)

3z
= 5T (3-2)+3’26;-s multiplying the second
term by z* and diff:rentiating the denominator twice w.r.t. D
=}e¥ 32 =}x3—1 (log x)® x.
Therefore the general solution is
y=(C1+4C; log x) x+Cax+ ix’—‘ (log x)* x

a3y dy .
- Ex '6. (b) x*5= _dx‘ —x? 5 ,+«. —2y—.v:= [Karnatak 63]
As above,
Ex. 7 Solve x' +2 s — Y yat,

* dx
[Agra 77, 72, 55; Bombay 61]

Solution. Dividing by x, the equation can be written as

d‘y dty dy 1

X Fat 2 pa—x g ty=s. o .

" Now putting x=e* and D=d/dz, this becomes

(D (D—1) (D—2)+2D (D—1)—D+1] y=e*.
The A.E. is D*—D*—D+1=0 or (D—1)*(D+1)=0.
i CF.=(C'1+ Ci2) €4-Cre* -
‘ =(C1+Cz log x) x+Csx™! as x=e*

and P.L =(D l)' DT (case offa:lure) .
"=—'*23D,_e;‘p T mu'uplymg by z and differentiating . (hc
" ‘ denOmmator w.rt. D
e-l s
=T (13 1) =z =1 (log t) =
Hence the complete solution is
y=(C1+C; log x) x+Csx~14 } (log x). 1/x.

Ex. 8. Solve: x3 s;—}:+6x33';+3 dy+2y.,x-+3x 4,

[Nagpur 63
Solution. Putting x=e¢* and D=d/dz the equanon Is

[D(D—1) (D—=2)4-6D (D—1) + 8D+2] r=c*+3c"—4.
. The A.E is (D*+-3D*4-4D4-2)=0

or - (OED (242D +2)=0
or D=-|.T_3-i"2/¢ﬂ,ie. Diosices |, e
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g C.F.=C\e~*+Cz¢™* cos (z-Cs).
Pl _ €"43er—4 .

D*¥3D*FaD+2 o
elr ¢ Jer : 4
=P r3Ta. 2+z"‘1=+3 |=+4:+z T0F0+0+2
et 3t

x2
RERNT) 2*’3‘0'*‘10 =
. the complete solution is ' o
Y=Cx"'+Cix1 cos (log X+ Co)+ 74 x4 Arx—2. .
" *Ex. 9, Solve x3—= y+2x’£':+2y—10 (x+ )
, [Agra 78, 69, 67, 52; Pb. 62; Delhi Hons. 60, 58]
Solution. Putting x=e*, D= =d|dz, the equation becomes
[D(D—1)(D—2)+2D (D——l)+2] y=10 (e +e), .
The A.E. is D’—D*42=0, i.e. (D=—2D+2) =0

or b=—1, VA=Y ., S

- CF.=Cje~"+Cqe* cos (z+Cs)
=Cix14Cox cos (log x4 Cs)
10e* 10e-+
ESY) (D’~—2D+2)+(D+l) (0*=2D13)
second term a case of fallure
e 2 lOe"
(1+l)(l'—2 l+2) D*-2D :
multlplymg second term by z and d:ﬂ'erem:atmg its
denommator w.rt. D

‘10e~* .
._Se"+z ‘3 (—1)1—2( HSe’+z 2e~*

—-(5x+2 log x ) as x=e¢?, z=log x.
Hence the complete solution is '
v=C.v*'+sz cos (log x—.;.Ca)+5x+2 log x. (l/x)
nEX. 10. Solve x? %’—xg——.?y-x-logx |Agn 73, 68; Raj. 61]
Solution. . Putting x=¢7, D;d/dz the eqnanoli becomes
[D (D=1)—D—3]y=ze*,
Auxiliary equation is (D’-ZD--—3)—0 (D-3) (D+l) 0
2 F.—Clt"+C3¢—’=Clx’+sz—l |

Prm 2% 1 g 2 N
DF=2D=3=¢ (FTF=2 (DF5=3 (§ 519 P. 76)
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' 1 ‘ et s
=e¥ pipap—3 -~ 3 U—iD—-iDY 2
=—Je* (1+3D+..) z=—}e® (z+})
=—§x* (log x-§) as e*=x.
Hence the complete solution is
y=Cx*+Cox~1—{x? (log x+3). -
*Ex. 11.(2) (s2D*+3xD+1) y=+1_x;.z.

[Agra 70, 66, 57; Raj. 52]
Sulutlon. Puumg X=g and D'-d/dz the equation is
D' (D'—=1)4-3D"+1] y )’= e,),
The A.E. is D'*4+2D'+ lr==0. ie. (D'+1p~=0.
-C.F. ==(C,+C;z) e“'—(C,-{-C. log x)-l--
P.I 1 1 1- 1
e (D'+l)'(l—e=)' (D +DDO'+1) (1—€)

f . l
:Let Y +U a= e’)’==u Lie. (D -H)u-—( —a

- 1
or dz+" a= e,),,hm:arequatson.I F.=e'.
. __1
e =t =

et
Dl'l ll=(——---l _e_)-

) [ N I
v B (_p' )D'+1 a—=ep +i"
l .
w'+l)(1 —e, =" (s
‘Then (D'+1) v—(l = o dzl—v (I—-c‘)
This is a linear equation. I.F,=e*

el le’=Iﬁ:?, Jor JZBI(I—E‘) d=

S dx . 1,
'"J.t_(———l—x) e ==X, dz==-a't

I( +-———) dx=log r—-log (l-\)=log H-x :

Pl=|=—[légl—] [logl ]
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The complete solution therefore is

y=(C;+C; log ;\:).1+l log -’f—;‘

Ex. 11. (b) Solve x’ +~x dx+y=0 ‘[Karnatak 61]
- C.F. of above example is the answer.
*Ex. 12 Solve x‘d'y+4x . +2y-x+sm X,

‘Solution. Putting x=e¢*, d/dz the equation becomes
(D (D—1)+4D+2] y=e*+sin €*, .

The A.E.is D34+3D+2=0, f.e. (D+2)(D+1)=0.
C.F.=Cie*+Cye 2 =Cix7 '+ Cax~2,

e* - . sinef - ¥
Bl (n+z)w+n+(o+z)w+1)

‘e’+D+2 D+1 sme’

Now let sin e*=u, i.e.(D+1) u=sin &*

D-Fl
du g S ’

or E-l-u:zsm €, Linear, | .F.=¢€".
ue'=J e? sin e* dz

==I sin x dx, as x—=e?, dx=¢* dz
= -'-cos X==--CO0S &%,

1 1 | P— -
or p¥3- D-H sin ef= m D+2( €77 cos %)=y, say.
(D+2) v==—e"?cos & or i—+2v=-=_-—e“' cos &

dz
which is a linear equation with 1.F.=e*.

v ve2’=—-I e* cos € e¥ dz=—I €* cos e* dz
—-I cos xdx as x=e°

- . 1. 15

=—sinx, . v=—cp.sin x=—158in %

g l’.l.r~=‘.=e'+v-~—-1.‘x—Ix—-2 sin x.
Therefore the complete solution is
y=Cx 14+ Cpx 24 x— ;]T’ sin X.
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dy_dy, . _ :
Ex. 13. Sc:vlvex’dxl X == +y 2 log x. [Agra 64]

Solution. Putting x==¢’, D=d/dz, th¢ equation becomes
[D (D—1)—D+1] y=2z, ie. [D*—2D+1] y=2z,

A.E.is (D—-1)*=0, D=1, 1.

C.F. =(c,+c.z) e*=(c;+cz log x) x as x=e",

— = —2
Now P.I. a= D),Zz (1-D)y™ 2z

“ =(142D+...) 22=2z+4=2 log x+4
Hence complete solnnon isy=C.F.+P.L

dty IZIogx
Ex.14. Sobe TI+> zi 7

(Gujrat B.Sc. (Prin.) 68]
d? dy ;
Solnﬂon The equation is x 7 x“;+x d—imlz log x.

Puttmg x=e’, D=dj/dz, the equation becomes
(D (D-1)+D] y=12z.
A.E. is D*=0, D=0, 0.
C.F.=C14+Cz=C;+Cs log x
P.I. -=£z— 3=2'(log x)*. .
Hence y C.+C. log x42 (log x)? is the complete solution.
‘ Ex. _l _ (a) (x*D*4-6x°D*+-9x2D* +3xD+ 1) y== (I +log x)*.
ki : - [Karnatak 60)

Solution. Puttmg x=&, D’ a:, the equation becomes )

(D’ (D'—1) (D' =2) (D' ~-3)+4D’ (D'—1) (D'—2)
© 49D (D'—1)+3D'+1] y=(1+2)?
or (D+42D341) y=(1+42)% .

A.E. is D"+2D"*+1=0, ie. (D'*+1)*=0, D'=4i, +Ii,
s C.F.=(C,+Ca2) cos 2+(Cs+Ca2) sin z
=(C,+C; log x) cos (log x)+(Cs+ C. log x) sin (log X)

P.l.=5,,—‘®—.,+1 142y
=[14+QD'*+D')]* (14-2)*
=(1-2D2~D") (14 z)}= (1+z)=-2 2
=28 42z—3=(log x)3+2 log x—3
Hence the complete solution is
y=(C+C; Iog x) cos log x-+(Cs+Cs log x) sin log x
" +(log x)*+2 log x—3,
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F d‘j’
Ex.15.(0) x*Z3 +6x43—+9x13;,+3x y+y-=~0.

[Karaatak (Sub.) 60}
-The C. F. of the ubove example is the answer here.

‘Ex. 16,. Solve x? ::,+4x dy_' 2y==g*®,

[Ddii Hons, 66 ; Vlkrtln 63' Agra 46 ; Karnatak 62, 60 e
. Sagar 64; Mmllmtdl 64)

_‘ \Snlulio-. Puumg x=e*, Da;. the equation becomes
L [D (D—1)+4D—2] y-=e"

A.E. is D+-3D+2=0, .. (D+2)(D+1)=0.
.'.-'. (& F. —C,F""-!-Cze ‘=C,x"+C3x"‘

PlL= w+2)w+1) (o+1 o+z)" (1)
] .
Now let D—_'_Te' fﬂf. le (D+l) u=e's

. du ; .
or -d;+u=ef . linear, LF.=e"
8 [
ok ue'-J e’.c"_dzn[e‘dx as e'=x
=g~ Or u==-'- e“ase'=ux,
Also bl D+2 c"--v, (D+2) —
" or J—x+2v=¢‘- » lmear equation, I.F.=e%,

. w’f=_I e”.e"dzéj e e’ e dz

=Ixe'dt-=c' (x—1) o,
or : v=—-— ler (x—1)}=5 @ -n=5-5
1, (e e\ e
\I)Blvcs P.1. '-u-—v=—;c*' (; x’) 2

Hence the compiete solution is
; .l‘f ('n.t‘"-i-C:x“'+;;_ , L -

dy dy
. aly 2 s —+ = v .
Fx. 17, Solve x TS de ty=x "‘"\’ {Luck. 48)
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Solution. Putting x=e’, D=+ d » the equation becomes

D (D=D)—D+42) y=e.z.
TheA E.is D*—-2D+42=0, D=1+4i.
- C.F.=e’Cy cos (z +C:)-~ XC, cos {log x+C,).
ez 1
(D*— 2D+2) (D+l)’ ~2 D+ (D+ |)+z

D‘+l z=¢" (]-I-D’)“ z

= (1—D'— .) z==zef=x Iog ¥
Hence the complzte solution is
y=xC; cos (log Xx+Ca)+x log x.

d dy
Ex. 18. Solve x* ‘m+3x’ d‘:+x 2 y-=xbg x.

P.lL=

Solution. Putting x=e¢*, D= %, the equation becomes

{D(D—- 1) (D-—2)+3D {(D—1) LD+l] y==ef.z
or (D’+I) y=e’'.z

A.E. is (D3+l) 0, ie. (D+1)(D*—D+|)=n,

D=—1, H:\/!t_

LA Y ] -C|e"'+C=e"m' ces (1v3z24Cy)
- =Cx~14+ Cyv/x cos (§4/3 log x+Cy).

4,

e Spp— . . 2
Pl =5 T BRI

=§.' (+1D+ED D% zezfer (1-8D..) 2

= (z--F)=}x (log x-}).
Thzrefore the complete solution is
yr=Cyx ‘+C,\/x cos (h/J log x+Cz)+§x (log ~=}).

: 4 _.....»-—-'n
Ex. 1_9, Solve x dx’+2x £ X, !N'ﬂl"’ 7]

Solution. Putting x=e’, D= ° 7; , we get

(D (D—1)+2D) y=2.
A.E.is D*+D=0; - D (D+1)=0, D—O‘ =k
LI o F==C.+C:¢"‘=C|+Cz\' Lo

.Q(F'—’)) ’, (l "D)-' o == [l’—D—..-lz

n_. (z_l) -2_-- =(l%-ﬂ‘ logx

P.1



106 T A Differential Equation
Therefore the éomplete solution is
y=C +Cpx? +(log .2 —log x.
Ex 20. Solve x'd.y+2x’:-3+x' :'?,-x—+1;=x+!ag X

) [Mysore 49]
, So'lutiol Putting x—e' D thcequmon becomes

(-1 (D*Z)(D-3)+2D (D—-l)(D—) ‘
. +D (D—l)—D+ 1] y=e*42

. or (D—1)* y=&+tz,

A.E is (D—1p=0,D=1,1,1, 1.
e s F—(C1+C|2+CJ’+C42‘)3‘

P.l.= (Dil)‘ (D‘—]l)*z' ' .(ﬁrittermrcase‘ot'failure)

_ 1 ned = multiplying by 24
=’ "*“f"m ¥ | and" differentiating the
=_z_‘_ % denominator of first term
e’+(l+4D+. Dz fouitines” -
g =£l etz44= S,[‘Zgi’_‘l‘ x+jog x44.

Therefore the complete solution is
y=[C.+C, log x+C. (tog x)’+& (log x)] x

+{log ' 08 . x+log x+4.
Ex. 21. Solve [x'D’—(2m—l) xD+(m3+n')] y=n'x" log x.
Solution. Pnttmg x=e*, 2‘-{ the equation becomes

(D" (D' —1)—~2m—1) D' 4-(m*4-n%)] y==niems 2.
A.E.is D'*—2mD’ +m* +-n*=2, (D'—mpP =0, D'=mtin.
C.F.=e™(; cos (nz+C;)=x"'C, cos (u log x+C3l
1
R/ 2= R
1 ' - o
C.’(D,+m_m)a+n' h’l—ﬂ’tﬂmz
2\ ~1 )
=nlem™ — Sy (!+U ) Zwe""(‘l -—--D'n-,-‘ )z
=™, z==x" log x. '
" The complete soluuon is . .
y=x"C; cos (n log x+Cs)+x" log x.
*Fx. 22. Solve g—3x z+ Y= I——~---~---~~~--——-"x x.rln;)‘og 2t
' [Agra 62; Dethi Hons 57; Karnatak 61]
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Solution. Puulng Xe=¢, ngiz’ the equation becomes

. [D (D=1)—=3D +1] y=’—’—"Lj-"-'-'-
or (D*—4D+1) y=(z sin 2) e~*+e~.
- AcE.is D*—4D+1=0, D=2+y3.
C.F.=ChelttV3)r | Cre(~v3)r = o2 (C eV . Cre~ V3,
T=x2 (CxV3+Cax—v3),
P. I. corresponding to e~ ‘ : '
b, o i 1 _ :
=D'=aDn+1 (—1P=0(=1+1 ¢
e? x1

e e—— 8

6 6
P. 1. corresponding to e~*z sin z
1 .
(m Z‘sln vy
i~ ;
= DT —a =y s
ey 1
=g m.l sin z
- ; - 1
Imaginary Pﬂl’t of e~* m ze!
=Imaginary part of e™* ¢l* : ! - 4
: (D+i2—0(D+i)+6
; i 1 2
=Imaginary part ofe"‘.e"D,_'_D(zi 6 0=6) z
o =] " D (2i—6)
= 0= — —
| lmagmary part of e L ey z— s +..iz
-1 2i—6
= -~z (1 e
Imaginary part of e 5= bf[ 56
=Imaginary part of e~* (cos z+/ sin z) },-—i:i—
. Qi—&)(5+6n)
X [’- S ] |
A& . 130 156
=g [-6-l-z.cos z-‘l»-a Z sin z+6lz cos z St sin 2
+§§ cos z+2g-sm z ]

6 n {191 cos z+4 27 sin z]
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A1 og x
e 08

R cos.(log X)+5 sin (log x)]

+% (191 cos (log x)+27 sin (log x)).
Hence the complete solution is -

. -1 -1 5
¢ r=x2(Cixvi4 C,.\"-V’)+'-%+"\—.—il.-%g-—"— (6 cos log x

= 1
-+5'sin log x)+33.7—2_-i(l_91 cos log v+ 27 sin log x).

Ex. 23, Solve (x2D*—xD -4 y-=cos (log x)+x sin (log x).
. [Vikram 62]

Solution. Putting x==¢7, D"siz, the equation becomes

[D' (D'—1)—D'+4] y=cos z-+a* sin z.
AE.is D*-2D'+4=0, D'=|++/3i,
S CF.=¢ [C) cos 4/32+Cs sin 4/ 3z]
= [C1 cos (/3 log x)+Ca sin (v/3 log x)).
cos z ¢ sin z )
pr2pFatpriapiy
e e : sin z
e AR e Vs X1 ay
=;%cos Z+8'Dﬁ'l;_'? sin z
3cosz—2sinz 1
%14 TP |
=75 [3 cos (log x)—2 sin (log X)]+1x sin (log x).
Hence the complete solution is »=CF.4+P.l.

P L=

sin z

‘ g g dRy dy B
_ Ex. 24, Solve x? Zee—3x ax T4y =x given that
_ ¥=0 when x=1 and y=e® when x=e, {Poona 64]

Solution. Putting x=¢-, 'Dz;;. the equation becomes
(D (D—1)—3D44) y=e¢".

AE.is D*—4D+4=0, ie. D=2,2,

CF =(CH- Cy2) 2.

e’ P
P.l.s-w_2’ =¢,

=, Complete solution is y=(C, +Cyz) e+ e,
But when x=:1, je. 2=0, y=_0. :

- And when y=¢, ie. z=1, y.-¢2,

o 0. C|+|, ic. Cl——' )
zad ?=(C,+C3) ¢*-¢, i.c 2 —¢—~Cae* or Cy=2—c~!

Y
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Hence the solution is
y=[—1-F(2--¢7") log x] x¥4x as e =ux.

l
Ex. 25. (a) x* : :+‘ i |=.\'3_. [Delhi 1967 ; Alld. 65] .
by (xD*—3xD+95) 1--\'z sin (log \) [Delhi 1972]

6'2. Equations reducible to homogeneous form.
anslder an equation of the l)pe '

(a-+bxy ,,+P. (bt ol Py (b0
+Pn_\ =X ('\.))
where P, P., ...y Pu are constants
If we put a4 bx=u, then
dy__dy du dy -
dx dudx Cdw
. "‘) =t Thete,
dx* dx\ du awe '€
& d.v... d"y son 25
anl dv e du* _
Thus the cquauon after dw:dmg by b”, bccomes
dl g P dl Po 1 yfu=a
du" b v dunt *o b"“ o X( b )'

which is a standard homogeneous equation,

Now putting u=a-+bx=e* and DE—;—I-, the equation becomes
D(D——l)...(D-en-l—l)_t--;-P' D(D—i) {D—n+2) y-t...

; | f:-_llD b"-‘"';?'X((’ b_a)
Thisis a linsar equation with constant coefficients and can be~
solved by appropriate method. , :
Ex. 1. Solve (x-a)? d-!——4 (x }a) y & -L 6y=x. :
g ' 'Poona 1964 ; Agra 74, 62, 56]
Solution. fPulting x+a==¢%, D;TI!E' the equation becomes

(D (D—1 —4D+6] y=(c*—a).
A.E is I)‘ 5D46=0.(D—N (D=2)=0
. C.F. C.e"’-}-C.e’- =) (\+a)’¢Cz(\+a)

PI= —a)=, 1 et

T DA~ 5D+6( 1=5+6 6
~€_a_(x+a) _a

36 1 Tk
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Thel'efoi"e the complete so]ution_i;
;| y=C, (x+a)*+ G (x+¢)a+‘_";_‘,-‘_‘.

Ex. 2 Solve (l+x)* +(l+x) +y—( cos log U+x.
. [Delhilm Agra 71,50] .
Solation. Putting 1+x-e* D__:z, the equauon becomes
o (D-—I)+D+I] y=4 cos z.

A.E is D*41=0, D=4
_ C F. =C[ cos (z+Cy)=C| cos [log (l+x)+C.]

P I.= D’+l .4 cos z (case of failure)

: =-4z.j' cos z'multlplying by zand diﬂ‘ereotnatmg the

. denominator w.r.t. D
=2z sin z=2 log (1+x) sin log (1+x).
Therefore the complete solution is

y=C, cos [log (14+x)+C2]+2 log (l+x) sin log (1 +x)
Ex.3. Solve

[(3x+-2)2 D*4-3 (3x+2) D-—36] y—3x’+4x+1
[Delhi I-lons 1972, 70, 61] .

~ Solution. Puttmg 3x+2=e' ‘D::J? the equatxon becomes

3D (D' =143, 3o'-3s] y=3 (“;2) +4 (0'—2) i1
A.E. is 9(D'?*—4)=0,D'=42. =
& CF.=Ce"+Cet=C, (3x+2)*+cz (3x--2)"'
N, W 1 (e"-—l) 1. e
Ao —9 (D'."‘4) 3 27 D34 D"—4 ]
=2|1 [ D¢ 4] since first term is case of failyre
=3 [hze* +H=rly [2e¥+1] |
=15% ((3x+2) log (3x+2)+ 1] as Ix+2=¢".
" Hence the complete solution is ,
- ey (3x+2)'+c, (3x 4 2)-1-[: .. [(3x+2)’ log (3x+2)+]]

Ex. 4. (.’f.’t-'-l—.?)z +5 (3x+2)2-—3y.—..~x’+\'+l

Solltloa. Putung 3\'+‘7=e- D= d , the equation becomes
. “\2 L
'{3_3.0(D—l)+5.3D—3].ye=_(-—§--),_+(" )+

“
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AE is3(3D*4+2D—1)=0 or (3D-—1) (D+1)=0.
C.F.=CieB+Cye=C, gsx +2)'P4-Cy (3x+2)71.

' "T3(30'+ZD -1) L

7
I 5 X Tz 13.3=0) 3.3, |=+2 1—1) TITOF0=1)
chce the compléte solution is | :

y=Ci (x4 4G ey OEE Goid) 1

Ex.5. Solve (1+?x)33—6 (1+2%) %Haysk (14228,

=

Solution. Puiting H—:xrse'. Dz;}z-, the equation becomes
" [2'D (D—1)—6.2D+16] y=8e o

or 4[D*—4D+4] y=8e* or (D—22=2e%,
C F.=(C1+Gy2) e#*=[C14-C; log (l + 2x)] (14+2x)?

P (07 Zaop (case of fanlnre)

l
= (zp —=2) multlplymg by z and dlﬂ‘erenmtmg the deno-

e . " minator wr.t. D

=% 3‘;: again m“"'P'Y'"B by z and dlﬂ'erennaung the deno-

i minator w.r.t. D
=z%*=[log (1+2x)]* (1+2x)%.
Therefore the complete solution is

y=[C1+Cz log ( 1+2x)] (1+2x)*+ [(Iog (1422 (1+2x)%.

Ex. 6. Sobe (x+1}7 ’,’+cx+nd—-(zx+3) (2x+4).
[Agra 1970; Nugpur 63)
“Solution. Putlmg X+ 1=e?, Ds:. the equation becomes
[

[D (D—1) + D] y=2¢"4-1) (2¢*+2).
"A.E. D*=0, D=0,0
C-,l' =(Ci+Cs?) *=C,+C2z | C\ Ca log (1+x).

P.l—==s (40" - 6¢"+4)

40-‘ S | 5 I . " s
g gk a5 34 means integration twice
=e* {6 4+ 22=(x-}1)* +6 (x }- 1)+ [log (x+2)*

=xt}8x4{log (x+ 1P - leaving the constant term %
-whic cn ba considered to bz inciuded in part €, of the C.F.
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Hence the complete solution is ) :
y-.=Cl+C'g log (l +X)+x’+ 8."'!'['08 (x"' [)]’- .

4 3
Ex. 7. Solve 16 (x+I)* g-‘;.y+96 (x—}-l)’ E’,:l

+104 (-\+I)’d ,+8 (x4 l)d +y=x44x+3.

Solution. Putting (x+ 1)=e*, D=d/dz, the equation becomes
(16D (D—1) (D-—2) (D—3) -96D (D—1) (D—2)+ 104D (D—1)
+RD+1] y=e*+2¢*, as x*+4x-43=(x+1) (x-}3),
i.e. 16D*—8D*+1) y==e®JJes,
AE.is 16D*—8D*41= 0, (4D*—1)*=0
D=t4}, 3§ repeated twice.
o C F |CI+C22) e""+(C3+C.z) ez
=[C1+C: log (14-x)] (x+ 12
+[C+C log (1L x)] (x+ N,

P.L= e”+7e= e : B
@R TEES, )= T@nsy
e¥ 2e= (x+1) 2 (x+1).
=35ty =235 g
Thus the complete solution is
y=CF.4+P1I ’

. . :

Ex. 8. Solve (5 +2xy g}{——-ﬁ (5+2x) %%—8}‘:6.
. |Saugar 1963; Marathwada 64)

Solution. Putting 5+2x=e*, D=d]dz, the equation becomes
 [2:D (D—1) - 6.2D4-8] =0,

ie. (DP—4D+2) y=0, D=244/2.
Therefore the sclution is y=e%C; cos (y/2z-+Cz),

ie. y=(5+2x) Ccos[v2log (5 +2X)+Cz]

Ex. 9. Solve (2x— I)"l +(2x=1) a———z_}:zo

Solution Putting (2\—1) -ef, D=d/dz, the equauon is
[2* D (D-~1) (D—2)+2D—3) y=0
i.e. \4D*—12D*4+9D—]) y=0.
A.E.is (4D*—12D2+9D--1--0, (D~1) (4D*—8D+ | )~0,
ie. D=1, 8*‘/(64—‘6' D=1, 1 5,

solution is y=C1e"4Cy¢? cos [-‘—/—— Z+C:|]

ie. y==Ci{(2v—1)+Cs (2x—1) cos[- - log (2T—1)4-C3J
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' Miscellueons Examples
Ex. 1. Putting y=22, reduce the equation ‘
d*y
2x%y dx,+4y’==x’( ) +2xydx

to homogeneous form and hence solye it.

d dz
4 =22, o @Y
& Snl;t:on V;:haveyd':’ N 22 o
S y
and o= ( dx) +2z
Pumng these values in the given equatuon, we get <

dz

2x8, z’[ (dx) +2z d—?]+4z‘mx' 43'( )+2 23,22 pr )
le. xt d—;—:--x d—x+z=0 homogeneous

Now to solve it, put x=e", D=—- ;i ; then the equlmon becomes :
7 (o (D—l)-—D+ 1] z=0
or (D*—~2D+41)z=0 or (D—1)* z=Q.
& z—(C;+C )e" (C1+C'. log x) x.

y=2z'=x*(C,+C, log x)3.
Ex. 2. Solve the followi equatiom'
() (@*D*+2xD—2) y=0, ng ; [Nagpur 61)
. .. Ans. y-—-Clx"“ +sz’
(i) (x*D*4xD—q) y =x3, [Karnatak 59}
Ans, y=Cx4Cyx~24}xt log x.

(ii) (3D 6x’D’+8‘tD—8) y=x3 , [Bombay 58]
Putting x=2, (D’3+SD"+4D’-—-S) y=e**, D'=1, —242f
etc.

(iv) (x‘D’+2x’D‘—x2D+x) y=1. [ Bombay 61]

(D'—1)2 (D' +1) y-=e* ete.
(V) (2D*4'x Dy 1) y=log x sin (log x).
Equauon |s (D'34-1) y==z sin 2. Now refer Ex. 2 P. 81.

(vi) .x2 d‘—"+x——9x=0.

dx o o - [Nagpur 63)
) ’ Als y=CO¥+Cx-3,
(i) (@D34-3x2p24xD) p—24y2, © ~ [Poona 62],

\Equatlon is  D'Sy=24e¥,
Ans. y=C,+Cyz Caz’+ whcre z=log x.
(vill) (\-D=+5\'D-F-4) y=xt [Cul Ions. 62, 61. 53]
Equation is (D’ 42)*=e%. Aps. y=(C;4+Czlog x) x~24 5%

(ix) \"D’-—-3\D+5 '-—.rsn(h X).
¢ i3 T [Osmuuﬁo Kamlatﬂl
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Equation is (D*—4D'+5) y=e* gin 2 etc.

Ex. 3. lfp= d,prove
xm (log xy

0 m= m)' 5o = Figem
) f( ) = log S [f(M) log x+1" (m)l.

2= [Bomﬁly 64]
Sclntlon As D=x y x=e",
— 1 1
I L
O ¥ D=my ey 0=y #D) "

case of failure, mulfiplying by z and differentiating
) the deno. w.r.t. D
1

=z ( D;m)f—l ¢( D)e"‘ case of failure égann
; ‘
2 =D D—m D)

case of failure again, so differentiating (r—2) times
and multiplying by z"*

_ '] emx
¥ (D) Py 7 1g(m
(log x)

Fm—n-'—)—x" as x=ef, z=log Xx.

(i) Now f ( x ‘-;1;) x"'» log x=f(D) em.z

- =[zf (D) e™~+f' (D) e™~] . [see § 5°20 P. 79]
==[zﬂm)¢"'-|-_f "(m)em) _
=e™ [zf(m)+.1"(m)]
=x" [log xfim)+f"(m)]
This proves the result.

Ex.4. Show that the equation x5 %+-Px %10 =0 can be redu-

ced by substitution m +(P I) +Qy=0 (Cal, Ho'ns. 63]

Hint. Refer§61 P 99. o '
dly b d _d

x3 d_xJ'!=D (p-—-l) Vs wherc ‘D:dz . x‘T‘:nDy ete.




- Equations of the First Order
But not of the First Degree

7-1] Definition i, T ,
- The- differential equations . of first order do not contain

differential coeffcient higher then 2. In this chapter we_shal

consider differential eqﬁatidns which i4nvo,lve pow&s of % it is

usual to denote % by p.. Thus an equation '

. . s : B
P+Pp o Plpr g 4 Pr=0, ' &

where Py, P,,......, P, are functions of x and , is the equation of

first order and nth degree.
7'2.  Types of Equations v
It may be possible to solve such equations by one or more
of the four methods given below. An_each . case the problem is
reduced to that of solving one or more equations of first order and
first degree. : o : ;
7-3.. Equations solvable for p.
+ Suppose the equatiq«q"_ A, ,
PPHPp T Pyt 4 Py=0
can be put in the form TN e o
 [P=Fi(x, 3) [P—F(x, M)...[p—Fafx, $)]=0.
Then equating to zero each factor of the above form, we getn i

equations of first order and first degree, namely
dy  dy . dy '
E‘-‘—F),(x- y)) a;—Fl(xs y)"",' dngl (xo J’)
If solutions of the above n componet gquatiom_ are given by
ﬁ(xi b C;)ﬂﬂ,‘ﬁ(x, ¥, C’) ='0’F seee j;l(xa Y, ‘:!)=»O‘
then the relation e s ie L m
Six. y, e) fi(x, y, €a)...fulx, y, €a)=0,
is the most general solution of the equation (1).
There is no loss of generality* if we take P’

*The general solutlon of 2 differeniiai equatlons of the nrst order should
contain one arbitrary constant. e P ; .
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C1=Cy3=...==Cy==C (52Y).
Therefore the general solution of the equation is put as
Ai(x, 3, €) fa(x, p, €)--fa(%, p» €)=0,
Ex. l. Solve
P'=(x+2y+1) PP+ (x+2y+2xy) p*—2xyp=0.
thtlon. On factorization the given equatnon becomes
p(p—1) (p—x) (p—2y)=0.
The component equations of first order and first degree are -
P=0,p=1, p=x, p=-2y:1
dy —0. ¥ — i
or —- o’dx =1, —-x. I 2y.
Solunons of these component equations are respectively
y—c=0, y~x—c=0, 2y —x2-c=0, y—ce®*=0,
{ and therefore the most general solution of the given equation is
© (P—e) (y—x=~c) (2y=x2~c) (y—ce™)=0,
Ex. 2, Solve p%+42xp3—y*pt—2xy’p= 0
Solution. The equation can be written as
P (P*+2xp—yp—2xy1)=0 or p (p-+2x) (p—y9)~0.
The componem equations are
dy dy
=0 P20, 2 dx
Solutions of these component equations are
y—c=3, y4x2—c=0, xy+yc+1=0.
Therefore the most general sofution is
=) (y+x2—c) (xp-tye+)=0. *
Ex. 3. Solve xy (p*+D=(x*+y%p. [Poona 61])
Solution. The equations can be written as :

S

. xvp’ —(x*+y% p+xy=0,
ie. (yp—-x) (xp—y)=0.
Thus the component equatmns are

dy dy
y d- L-t- -—% — 0, X d_x — ——0’
dy dx 4

fe. ydr—x dx=0 ——-—=0,
¥y X

whose solutions are Yi—xt=e, ple=¢
Heﬁge the general solution is
(2=x2=c) (yyecx)= 0.

Ex. 4. Solve x? (dl \ + y —6y=0. [Banaras 5§]

Solation. Writting p for d)/dx. the equation becomes
X2pigpxy~6v2=0, je. ( px+l3 ¥) (px=—2y)m=0.
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- The component equations are '
dy+3y-0 and x‘—lz—z_v =0

¥ & dx |
S dy L dx dy 2dx . AT ;
or = +3;=-=0 and -;- _x—=0' Py

Integrating these yx®=c¢ and yixt=ci,
Hence the solution is (rx2—c) (y/x2~c)=0.
ot ‘ I d
*Ex. 5. Solve x* (%) ~20p Ly 2pr_xa, |
: [Saugar 62 ; Cal. Hons. 61 ; Gorakhpur 59}

Solutien. Writing p for %, the equation becomes

XpP—2xyp 42y — x2=0).
Solving for p,
= DL VIAxY —4x2 (21— x3)]
2x3 A ,

b 4
L YRV
X _
The component equations are %r.&a/(i;:y'_)
These az0 ho‘hozem“s‘; <. put p=vx, so that
A iyl dv
v+x d—:-ﬁl’:!:\/( ) v 4y xa%=i\/(—l_-—-v')
r dv "tf—'t"nd dv __1’;‘-,‘
(e B/ e

Integrating, sin~? v=Iog ex and sin—! v==log cx,
le, sin™! (yx)=tlogcx as v=y/x, '
~Which form the 1equired solution.

: 2
Ex. 6. Solve xt (%)\-1-3“ 'f-—{-+2y’==0. - [Nagpur 61)
Solution. The equation can be Writle. a8

*p43xyp 122 =0, ie. (xp+y) (xp+2y)=0.
The component equations are '

- dy , dx L dy,2dx
or y+-x— 0 and y+—§—-=0.

dy : dy |
X 2;+y=0 and x 5+2y=0, \}

Integrating, xy=c¢ and yxt=c, .

Hence the solution is  (xy—c) (rx2~c)=0.

Ex. 7. (a) Solve PP (x=y) p—x=0,
. , [Dellllsflon. 54 ; Ald. 51)

&
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Solution. We have (P=1)( yp+x)=0. -
ie. _:x=landy dx+x==0 or y dy+x dx=0

Integrating, y=x-c and x34y*=c.
The solution is (y—x—¢) (x’+y‘—c)==0 N '
Ex. 7. (b) Solve xp*+(y—x) p—y=0. [Jabalpur 62]
Ans. (y—x-c) (xy+c)—0

Ex.8. Solve pi—p (x*+xp+y")+xy (x4+0)=0.

" Solution, After ractorizing, the equation can be written as

T (p=x)[PP+px—y (x+y)=0.

or (p—x)(p—y).{p+(x+y)]=0.
The component equatlons ate

dy_ dy

Solutlon of :—x=x is y=-+const - ie. 2y—x’=c.
Solutlon of %=y is log y==x+const Le. y-ce",
;nd solution of -—+ y=—x (linear equation) is

L ye"r-—e-!-!—xe"dx,

le. yes=c—(x—1)e*.

or y+x-1—ce-*=0 d

- Therefore the complete solution is
: (2y—x2—c) (y—ce*) (+ x—l-—ce“') =0.

. Ex. 9. (8) Solve p*(x+2y)+3pt (x+y)+(y+2:¢)p—0
~ Solution. On factorizing, the equation is
P (p+1) (px+2py+2x+ y)=0.
The component equations are

L0, 211-0, 2 x12)+214y=0.

‘Solution of a=0 is y=c.

Solunon of — dx+l =0, 1s y+x—

Solullon of' (x+20)+2x+y=0,

fé. (x dy+y dx)+2y dy+2x dx=0 is xp+-yi+ x?==c,
Therefore the complete solution of the given equation.is
(y=c) 0+ x—c) xy+p*+xt—c)=0.
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Ex. 9.(b) Solve p*+px+py+xy=0. {Cal. Hons. 63]
Hint, Equation is (p+Xx) (p+y)=0 etc.
Ex. 10. p*-(x*+xy4+»?%) p'+(x'y+x’y’+xy’) p—x’y'==0
Solution. The equation on factorization is
(p—x%) (p—*) (—x»)=0.
The component equations are
-
Solunons of these equations are respectively
Iy—xt=mc, Xp+y+ 1m0, y=cel*.’
Therefore the complete solution is
Br=x*—c) (xp+cy+1) (y—celt*’)y=0,
Ex. 11. Solve xyp*+4(x*4xy+y?) p+x’+xy=0
Solution. The equation can be written as
(xp+x+y) (pp+x)=9.
The component equations are

dy dy
dx+x+y—-0 and yd +x_0

or. xdytydx+xde=0andy dy+x dx=0.
Their solutions clearly are -

2 2
xy+;——c=() and J—;-ﬁ-%—czﬂ.

Therefore the most general solution is
3
(xy+2 —c )'\y2 +——c )=0.
Ex. 12. Solve (x*+x) P4+ (x*+x—2xy—p) p+y*—xy=0,

Solution, After factorizing, the equation becomes

(xp+x-y] [(x+1) p—y]=0
The component equations are

24 - n?
xa}+x—y—0 and (x+1) d—x-y=0

ot xdy—y dx+x dx=0 and —dfl— —nym ‘
x dy—y dx dx _dy
or X2 + dx=0 and '-':i_T ¥

Integrating these we get
y+}og x+log ¢=0, y—c (x4+1)=0
or y+x log (xc)=0 and y—c (x+l)==0
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" Therefore the most general solution is ‘ '
[+ x log (xc)] [y —c¢ (x41)]=0. =
*Ex. 13. Solve (l-.-y'-i-y )p‘ zyp+!..=uo,

[Raj. 57, 53'Agn62, Patullnl 59]
Sclutlnn The g:ven equation is "

L2l im0
or. (p’— P "’ )=p’y‘( -—i—:)

- (P""") =pgy:( _y:-) ,
of (Px—y)=ckpy (x*—y")'" or p [x:l;y\/(x'—y’)]-y=0
Thus the component equations are

[x:|:J’1/ (x2=y?)]—y=0 or d_=x_5:l\_/_(f."_y’)

y
To solve it.put x=vp, ., ﬁ_:g & +y‘%’, ;

s, component equations become vty %#vi‘/(p;— 1)

d” .
or -J;EZ!-:‘/("L,-D or ———t ‘\/(”’ 0 =d-dy.

Integrating, log [v++/ (v*— Y]e=+y+e
) l x+‘\/(X"—-y’) :l:y+ c.

'BVKS‘olve P42py cot x=y". [Banaras 59; Raj. 58]
Solution. Thbe equation can be written as
(p+y cot x)t=y2 (1+cot? x)
or p+4y cot x=1y cosec x.
The component equations are

or

dy _ ; dy -
o=y (—cot x+cosec x) and oy (—cot x—cosec x)

or ;d!-=(-eot x+cos§c x) dx,%%(—wt X—cosec x) dx.
Integrating the first of these, we get
| ; x . ¢ tan §x
log y==—Ilog sin x+log tan 2—+Iog c=log FE8 %
~ tan {x - € . _ . ¢ ’*
2sin gxcos §x 2cos®§x I+4cosx’
Solution of first component equation is

or y=c
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"y (14cos x)=c. ' :
Similarly solution of the other equation is y (1—cos xy=e.
Thus the complete solution of the given equation is

[y (1+cos x)—c] [y {1 —cos x)—c]=0. ‘
"Ex. 15. If the curve whose differential equation is p*-2py cot x

=y* passes through the point (in, I), show that the equation of
the curve is given by

(2y—sec? }x) (2y—cosect }x)=0. [Bombay 61]

Solution. Proceeding as in the above example the general
solution of the equation is ‘ .

[y (1 4-cos x)—¢] [y (1—cos x)—c]==0.
1t passes through (}=, 1); hence
[1 (1+cos §x)—c] [I (1 —cos §n)—c]=0,
fe (l=~¢)(1=c)=0, 1—¢c=0 or c=I,
.. The required curve through (§n, 1) is
[y (1+cos x)—1] [y (1 —cos x)—1]=0.
s (2y costix—1) (2 sin® fx—1)=0. ;
cos? §x sin® $x (2y—sec® $x) (2y —cosec? §x)==0
or (2y-—sec? §x) (2y—cosec? {x)=0,
Ex. 16. Solve 4y2p*42pxy Bx+D+3x2=0,
Solution, . The equation can be written as
4y"p*+ 6px®y +2pxy+3x3=0,
ie. 2yp (2yp+3x%)+x (2yp+3x2)=0
or (2yp+3x®) (2yp+x;=0,
The component equations are
2y§£+3x’=0 andn 2y g'—iﬁ-xﬂ. )
Solutions of these equations are
yit+xi=c, y”+52: =c.
Therefore the complete solution is~ *
P4x0=c) (P +§x2—c)=0,
- Ex. 17. Solve p*—2p cosh x+1=0,
Solution. The equation can be written as °
Pi—p (e*+e)+1=0 or (p—e*) (p—e=*)=0,
The component equations are
d

_}’= x _‘9_’-__ —X
T=¢ and T ™
Their solu‘ions are y=e‘+c¢, y=—e*+c.
Therefore the comg © '=tiop isg

(y—e*+c) (y+e
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Ex. 18. Solve

() p*—5p+6=0. | {Pelhi 19591
Ans (y—-2x—c) (y—3x—c)=0
(i) p*—ax?=0. Ans, " 25 (y+c)*—4axs=0
(i) p*=ax?. ‘ . Ans. 27ax7=343 (y+c)?
(vi) p2—Tp+12=0. : AnS. y=d4x-+c, y=3x+c
(v) p*—=9p+418=0. © Amps. (y—6x-¢) (yt—=3x—c)=0

(vi) xyp*+p (3x2—2y?)— 6xy=0. ,
R -~ Ams, (y—cx?) (1243x2—c)=0

(vii) xy*(p*+2)=2py*+ x> _ [Nagpur 1958]
Aps. (x?—)4c) (x* - y*+cx)=0
(viii) p*+x*y —x%p—yp=0. Avs. (y—ce?) (dy—xt+c)=0
(ix) 3pp*—2xpp+4y'~x*=0. | .
Hint., Put x*—3y%=-12 Ans. x*—3p=(c4t2x)*
. T'4. Equatiens solvable for y*. [Karnatak 1961] -

. If the equation is solvable for y, we can express y explicitly in
"terms of x and p. Thus the equatnons of this type can be put as

y=F(x, p). B
Now differentiating wnlh respect to x, we get
Y o peF (x ) ' ' '
ax F ) s

whnch is now an equatlon in two variables x and p
. Suppose the solution of (2) is .
é (%, p, ¢)=0. e S)
Then ehmmatmg p from (1) and (3), we get the required
solution.
If p cannot be ewly ehmmated then express values of x and
y in terms of the parameter p m the form ‘ .

x=¢, (p, €), y=21 (P, ©).
These two relations together gwe the complete solution of the
given equation.
7-5. Lagrange’s Equations
To solve the equation

y=x¢ M+ (@), ~ "
: [Bombay 1961, 58 S) Poonl 58]
anferentlaung with regard to x, we get -

P=3¢ (D+(x¢' D+’ cp)} A

or p—# (=[x’ /(P L
¢ fp
F B “r=9p) p—9ip) ,
~ #This will be possible only when the equation is of first degree in v.
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This is linu: equation in x and p and can -be solved in the
usual way.
Nou In cese ¢(p)=p, the above method fanla smee .
—¢(p)=0 and we do not get a lincar equation in x and p. In
tms case the equation is of Clairaut’s form and we solve it as in
§ 7-7 P. 130.

" Ex.1. Solve y=2px+ps. - - BRI
..olutlon Differentiating with respect to x,

p=2p+42x a—£+2p‘x+4 s :—x-.

or '(p+2x :—{) (142p*x)=0.
We discard the factor 142px=0,
The factor p+2x'fi’;o gives “”4-‘1"
" Integrating, p’x=c ' o ; 7 . .,‘(2)

From (2), p*==c/x. Putting this value in (l).
y=2px+c* or y—ci=2px. ,

Squaring, (y—c’)'-;tlp’_x’md. .:? x*
or - (p—c?)*=4cx is the complete solution.
‘Note. - From (2), x=¢/pl
et 2¢
o (1) gives y—2p +p‘ =—-+c’

Thus x-—-;, y=?+c' also together constitute, the complete

solution of (1).
Ex.2. Solve y=2px—p'. ~ [Bombay 1961]
Solnﬂol The cquatlon is solved for y. Differcatiating with
respect to x, :

dp
p=2p+2x —2p o 0 pd +2x-—2y—0

2 3
- . - — dp .
or (o =2,l ar, ILF.= IP =p3,
r $+px incar, LF.=e p

- xp’=c+j 2p* dp=c+1p

or x=cp~t+ip ’ : (1)
Also putting thls value of x ln given equation,
y=2p (cp~*+3p)—p" :
=2cp~' +4p* , ee(2)
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(1) and (2) together constitute general solution of the given
equation. B _
*Ex. 3. Solve y=—px4xip®, [Calcatta 59, 54 ;
Gujrat 61 ; Poona 65, 60 ; Delhi Hons. 59 ; Raj. 56)
Solution, Differentiating with respect to x,
b=—p—x gﬁ +4x%pt+2x4p ‘%.

dp g dp

fe. 2p+x zx—-—-pr (2p+x J;)no
: dp n_

or (2p+x ZE) (1 —=2px®)=0.

~ Rejecting the factor | ~2px3, we get

dp _ dp , 2dx
X a—;+2p-—-—0 or -;+—x~=0.

Integrating, p=—x—"; N

Putting this value of pin (1), we get
- y==(c[x?) x4x* (c®x%) or y=—c/x+c?,
which-is the required solution of the equation.

p prdx %ax’

Ex. 4. Solve x—yp=qpe, [Kax.atak 63)
Solution. Solving for Y, y=x[p—ap.
’ Differentiating, p=i--£2 —

. dx 1 ap

This can be put as o = =% 14" Sy

which is a linear equation in x and T
[ n
Integrating factor=e » 1—PY
dp

Now e L

P (1-p%)

fp (1=p) (1+p) _I{p+2 (1-p) 2 (1+p)} %

=log p—}log (1 -pj—} log (14p)=log. W%W :

Integrating factor—e -V~ =V (1—P%)
- . % . P
_. Solution of (1) is , ,
x\/(l'._ps) B f"p L v(=py
-,_c"' i—p? ——-;——dp

p
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or X= V(T—P._‘)—- (C+d sin™1 P) _
Putting this value of x in the given equatlon we get
l x
= T 75 (c+asin™ p)—ap. —(3)

~(2) and (3) together constitute soluticn of:the given equatlon
Ex. 5. Solve p*—py+x=0.
Solation. Solving for y, y=p+x/p.

: e _dp 1 _xdp
Dl_ﬁ’erentlatmg, =3z +; B )
! N\dx . x dx i S

SO (p_i)ip?%?—l Y () R

which is a linear equation in x and p.
Now proceed as in the above example or put a=—1 'in the
above example.
Ex. 6. Solve y= 3x+logp , - [Nagpur 61}
Solution. The equation is solved for y. Differentiating w.r.t.

, 1d, d
X', we get p=3+-———‘% or p(p---:";)=.--.’;E

or dxm 2 3)’*[(1:—3) ikl

Integratmg, x=3% log +log C,

p—3 o2 3
=ce¥) .
Putting this value of p in the given equation, the soluuon is

or or p=

y=3x+log = 3ce =)

Ex.7.(a) Solve y—2px=f(xp%. ~ [Allababad 59]
Solution. Solving for y, y=2px+f (xp?).
Differentiating w.r.t, “x’, we get

- dp . 2 dp
p—2p+2xz;c+f (xp?) [p +x.2p dx] .

or (p+2x ) i+r (xorn=0,

so that p+2x§‘?=0 ie. 2dp+dx

Integrating, 2 log p+log x—log ¢, ze p"x (o
Putling p=+/c[+/x in the given equation, '
y=24/(cx)+S (c),-

_which is the required <olution.
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 Ex 7.(b) Sobve y=2px—xpt. . [Rajasthan 60]
Solution. This is a particular case ‘of the above cxamplc.

Ex. 8. Solve (d") +m (@) =a (y+mx).  [Karbatak 61]

. dx dx
~Solution, Sol\nng for y, the equatlon is '
ay=—amx+mp*+p*. . _ (1)

Duﬂ'erentlatmg w.r. t ‘x’ we got
ap= -am+2mp +3p’

G dp_a(p+m)
Y dx Imp3pr .
: 2mp+-3p?
or adx= 7 de (Bp—m-!-m) dp.
Intcgratmg. ax=c+3p*—mp+m? log (p4m), s:(2)
so that from (1), ' 2t
ay=—m [c+3p*+mp+m? log (p+m)l+mp*+p%.  ...(3)

(2) and (3) together constitute solution of the equation.
Ex. 9. Solve y=x+atan p. ;
- Solution. The equation is solved fory. -

- o ‘g Pe(p—1) 1455

__adp af 1 p+17,
" =D (p'+ ) =ds, e, 2[p-l p'+1] i
Integrating, 3 [Iog (p—1)—4 log (p*+1)—tan™? p];-—-x+c.

This relation togethcr wnth the glven equatlon const:tutes the
solution of the equation. .

Ex. 10. Solve  xp —2}fP+ax=0.

Dlﬂ‘crentmtmg, p=14—

Solution. Solving for y, »y=-} ‘;—x+}xp.

Diﬂ'erentiating, p=} (E—:’_xz)q-l (p.|.. :5

; d _ ,
e 2 Z(13)=(r5) o G220 ]-0
le. x %*P or %’-s% ’
Integrating, p=cux.
Putting this value of p in the given equation, we have
', cixd—2ycx+ax=0 ie., 2y=cx*+afc,
which is the required solution. '
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Ex 11. Solve:

(1)- 1y =x’+p3. W 7 ;Qns. log (p-—x)=;-x7l—x +c.
(i) y=Q+p) x+p- Ans. x=2 (1—p)+ce?.
(i) 4pr+3px=y. Ans. x=l3ipiif poen,
(il’) ya\/(l+P’) +b¢ Ans. (x+c)’+(y—b)’=l,

' )-6. Equations solvable for x . :

/ If x can be expressed explicitly in terms of y and p, then the
. €quation is said to be solvable for x. Such an equation can be
»ut in the form -

x=f(, p). ’ ' (1)
Differentiate it with respect to y to obtain '
de_1_ dp i -
kI
which can be solved as an equation in y and p.
- Suppose the solution is $(y, p, ¢)=0. «(2)

Then eliminating p from (1) and (2), we get the primitive of the
equation. a

If elimination is not possible then values of x and y expressed
in terms of parameter p together constitute the solution of the
equation. -, : T

Ex. 1. . Solve y=3px+56p3,

Solution. Solving for x, 3x='—‘p—’-’-6py’.

Differentiating w.r.t. y, 20 . ) d£—6y‘ dp_ 12py

p p pidy dy
dp
ie. (146p%) (2p+y & =0,
Neglecting the first factor, we get 2p+y Zz =0.

Integrating it, PJ"‘——?c; ie. p=c/yt.
Putting this value of p in the given equation,

= E. H E: i 2
y 3x y,+6_v ‘R ie. y*=3cx+6¢
which is the required solution,

*Ex. 2. Solve y=2px+y'p:. (Rijasthan 1960, 65; Saugar 63,
Delhi 63, 61; Patna Hons. 60, 51; Bihar Houns. 56; Gujrat 61}

Solution. Solving for x, 2x—}l;_’--y’p‘. _

-
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e L 2.1 _ydp
Dlﬂ‘erennatmgwrt-yp—i; FF 2)’1' —2P'

or 522 (Liapm) o
or (—+2py)(l+J-’d—p)=0.

Neglectlng the first factor, we get 1+‘Z @—
ie. ip+%=0 ie. py=r, on mtegrat:on

Now putting p= =c[y in the given equation.
c3
=2 -.'x+ 5.—« or yi=2cx.4c3
y 3 y 3 ¥ +

which is the required solution.

Ex. 3. Solve p=tan x'—l_ipz)-

Solution. When solved for x, the equation becomes

=
g ptils o]

; - 1_. 1 dp (1+p%)—2p2dp
Differentiating w.r.t. y,p (l_-i—TZ)dy Wdy»
_ 2pdp

o D=0
1
Integrating, y=c—(l+P,) (2
Equations (1) and.{2) together constitute the solution. -
.4. Solve X=y4ps,
Solutlon The equation is solved for x; differentiating w.r.t. y,
dp_l1+4p :

i e Bl

or -2—-dp =dy or -2 (p+l+L)dp=dy. :

Iategrating, ¢—2 [ >=+p4log (P*")]‘J’ i

or y=c—[p*+2p+2log (p—1)]. ()
Putting this value of y in given equation, -
Y=c—{2p+2 log (p—1)]. _ -+(2)
(1) 2nd (2) together constitute the solution, , '
Ex. 5. Solve y2log P=Xpy-+p, [Allahabad 1959]

Solution.  When solved for x, we get
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xtlony_p

p i ;
Differentiating w.r.t. y . we gct
Z;——-(Hl og 7) -——;a- log y-—}%ﬁi
or (1433 10 7)(imyig)o
Negfecting the first factor, T—— or %=%’.’7_

Integrating, log p=1log y+log c : e. p=cy,
Putt:ng this value of p in given equatlon,
- y?log y=xy.cy+c®® or ‘log y=cx+c2.

Ex. 6. Solve pd-—4xyp+8y?—0, ' [Agra 1955; Raj. 57]
Solution. When solved for x, we get ,
2y, p?
X=—
2 ¥ y

Differentiating w.r.t. y,
dx_1_2 2ydp+p dap__p*
v p p prdy 2pdy 4y

2ydp 1) ’
o (X% (1-45)=0 -
PPdy p Py

Integrating, p’hcy
Putting this vajue of p® in glven equation,
(cy—4xy) p=-~8y2 or 6dyt=(c—4x)2 cy
or 64y=c (¢—4x)? which is. the required soluuon.
Ex. 7. Solve y=2px+py.
Solutnon Solving for x, we get 2x= -—py+J—)-

. Differentiating w.r.t. y, we get

2__ . 1_ydp .
PP ydy P Pidy

R ' R
ile. - = — | S S x
¢ p+p y( +p“) ‘
dp 1
M v
or y?ﬂ—_—o- or +

Integrating, log p+log y=log ¢ or py=e, p=cfy.
Putting this value of p in the given equation, the solution is -
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' 2c
=—x
- y +

or- y'-=-2cv+c'
Ex. 8. Solve yp’—-pr+y=0.
. Solation. Solving for x, 2x=yx+y/p
Dlﬂ'erentnattng w.L.t. ¥,
2_ d’p 1 rd
P+ p p’ r

2 D 1.|.
or P 4 y dy p'

. dp 1 dp
or (J’ ‘—1;4-? )(1-’;,)—-0 or y dy +P 0
ie. _+dy =0 or py=e, p——c/y. 7
Pumng thls value of p in the given equat:on, the solution is.
y ;—Zx.p-+y=o ie, y*=2cx-—ct
Ex. 9. Solve (i) x=y+alogp.
(i) y=yp*+2px. _ [Delhi 62 ; Lucknow 63]
' . Ans. y’chx+ ct.
@iil) ayp*+(2x—b) p—y=0. [Calcutta Hons. 58; Andhra 50] s
Differentiating w.r.t. y. we get py=c.
Ans. ac*4(2x—b) c--y'—n
. (iv) **4pix=yp. Ams. x=[}p*+evpl

L *"’ Ll Y (c\/p ip')

*7-7. Clairant’s Eqnation y=px+f(p). (D

[Calcatta Hons. 61 ; Gujarat (Prin )61; Bonbay (Sub. ) 61}

The dlﬂ‘erennal equation of the form (1) is known as Clanraut s
equation.

. To solve y=px+f(p).
Differentiating it w r.t. x, we get

p=p IS DN L, b xS PN E=0.

Neglectiag x;}f'(p) 0, we get ég=o._

Integrating it, we get p=c
Putting p=c in (1), the required sohmon is
y=cx-+f(c).

Thus to find the soluuons aj Clairaut’s equadou put ¢ for pin
the equaﬁon.
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Note. If we eliminate p between x+f(p)=0 and the
: equntlon, we get an equation involving no constaat ; this is c: led
the singular solution of the equation and will be dlscussed in the
next chapter. '

- 7'8. Equations Reducijble to Clairaut’s Form

It is sometimes posslble to reducc a given equation in Clairaut’s
. form with the help of suitable substitutions. The following two
Subsmutnons may be noted in this connection : :

1. Equal‘ion Vi=pxy+f (p :-c)" '

' " ydy dY o
Puttmgv‘ Y, and x*=X, e x e the equauon

' - LA T
becomes  yr= x_.x_'+f(p J‘) or Y- Y+f (JZ)
which is of Clairaut’s form,

2. Equation e™ (c —mp)=[(pem’-¢x). »

This can be reduced to Clairaut’s form by the substltutnons
e”=Y and e*=X.

: m?® ' '
W Solve px—y+p’==’-’,—. [Bombay 61]
3 3
Solution. The equation is :y-—p.vr+p’-‘;-1
This is of Clairaut’s form. Hence putting ¢ for p, the solutlon
3 :
is cx—l-c'——% .
. Solve y—px+p-—p’ , [Bombay 61 ; Cllcuttn 63]
Solation. The equation is of Clairaut’s form. ‘.
Hence putting ¢ for p, the general solution is- ’
y=cx:{-c—'-c' =
Exc3. " Solve (y—px) (p—1)=p. [Poona. 64 ; Nng T.D.C 61]
olution. The equation can be writ'en as
p P

y-px= p_——_l or y=p1'+p—_ 1

which is of Clairaut's form. Hence putting c for p, the solution is
y=cx s o .
l .
Ex.A’/ Solve sin px cos y==cos px sin y+p. _ [Agra 1950, 77]
Solution. The equation can be written as :
. _sin(px—y)=p or y=px—sin~lp,
This is of Clairaut's forrh. )
Heace putting ¢ for p, the solution is y=px —sin™! c.

L - Solve p=tan (px—y) - [Poona 1961)
i
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Solution. Tie equation can be written as
tan-lp x—y Of y=px—tan~p

'whlch is of Clairaut’s form. ‘He..ce putting ¢ for p, the solution is

y=cx—tan"tc.
Ex. 6. Solve (y—px)*=1+p.
- Solution. Here we have y =px44/(1 +p2). .
Both the factors are of the Clairaut’s form their solunons are
y=cx4+/(1+c?).
- Therefore the primitive is
[y—ex—+/d+eM) [y—cx+ V(1+¢%))=0
or (y—cx)=1+4c2
- Ex. 7. Solve p*x (x—2)+p (Zy-— 2xXy—x+2)-+ yi4y=0.
Solution, The equation may be wrirten as
' (y—px+2p) (y—px+1)=0.
Each factor is of Clairaut’s form. Hence putting ¢ for p in
each factor, the solution is

(y—ex+2¢c) (y—cx+1)=0.

b 2
Ex.8. Solve (%) (x’-az)—z(%) xp+pi—b2=0.
[Gauhati 1962]

Solution. We have p*xz—pry+ y‘—a Ip24-b?
or (y—px)t=:ap*- b
le. y=px+t+/(a®p®+b?). .

Both these are in Ciaraut’s form. Hence the solution is

y=cxt4/(@%*+b%).

x. 9. Solve '
y=px+p- [Delhi 195£]
: ' ‘ Ans. y=cx+4c?
@ xpt—yp+2=0. 7 : ' [Rajasthan 1952]
Equation is 7 y=px+§ Aqg. Y= cx+-
Aitiy p=log (px—y). . [Karnatak 1964]
Equation is y=px—e?. . Ans. y=cx—e“.
L4
/(1') y2+x’(dx) y 4( ) ‘. ‘ [Gauhati 1964]
Equation is (y— x)==4— or y= x:i:g Ans v(y—cx)'=i
q ; p pz p p' o c2
/(rv) (x—a) p’+(x--v) p—y=0. (Bihar 1954 ; Patna 53]
Bquation is y-—-px—;;_—p—l _ " Ans. y=cx— é%‘-

(vi) y=px+ V(a’p’-i-b’) [Delhi Hons. 1967)
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Examples Reducible to Clairaut’s Form. Sometimes by suitably
changing the variables the differential .€quation can be reduced to
Clairaut’s form and then its solution can be easily found.

Ex. 10. Solve x3(y —~px)=yp°. .
[Saugar 1966 ; Delh1 50 ; Nagpur 57 ; Patna Hon's, 53]

Solution. Put x®=u, 2x dx=du ydy dv
and Vi=v, 2y dy=dv | xdx da
Y g 2
F XP=zm Ot P ydu
Thus the given equation becomes
2 x* dl’)_ -x—-' (iv-)'
( Ty )=V \du
dv dr)? _dv {dy\2
ot (y’—x'a;)=(ﬁ) of v=u 7 (.:Tu)
which is an equation in Clairaut’s form. The solution is
v=cu+tc® or yt=cx?4ce,

Ex, 11. Reduce the equation y? (y—xp)=x‘p' where pEgi’, to

Clairaut’s form by the substitution x = 1/X, y=1]Y and hence soive

the equatian. - [Patna Hons. 1945)
Solution When x=1fX, y=1/Y, we have :
1 1 dy XdY
dx=—7, dX, dy —Y;d}’so t.hatp—t?x—='f'3d~x""

Putting this value of p in given cquation, we get
lllf_'dY I X4 dyye
(71 A5 a2 |
dY\ (dY\? dY (dYy\:
or (Y—Xﬁ)f(a—,) or Y=XH+(Z—)
which is of Clairaut’s form. The solution is
Y=Xc+¢* or lfy=c/x+c* as x=1/X and y=1/Y. .
*Ex. 12. Solve (y4xp)r.=x2p (put xy=v). {Poona 61}
Solution, Putting xy=y,
x % +y=‘%, i.e. xp+y=P where %-——P.
Equation becomes p?=x (P—y)=xP—y,
or , v=xP - pt
which is of Clairaut’s form. Hence solution is
v=xc—c® or xy=cx-—c?
Ex. 13. Solve e (P—1)+p3etr=0,. '
[Alld. 60; Bombay 61 ; Gujrat 61; Raj. 59]
Solution Put e*=y, €¢’==p, so that
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dv e’dy tdy
“du e’dx udx'

- d = ———d—-v
B p:a % p where P"du

and then the given ‘equation becomes
w (, P-1 )+-— Pat=0,

d.e. uP—v+4P*=0
or v=uP+4P3, Clairaut’s l'orm
Hence solution is
v=uc+c® or e = ce* 3. .
- Ex. 13. ~ Solve (px-y) (py4+x)= h’p, where x=dy|dx using
“the transformation x*=u, z*=v. : .
[Goukhpm- 59 ; Bihar Hons. 55 ; Delhi Hons. 59;
Allahabad 59 ; Saugar 59]
Solution. When x’=u, Y=y,
d
“Then the given eqnanon becomes
(’-‘ Px—y )(- Pyix ) 2P or (Pxi—3%) (P+l)-h’P

or (Pu-—ﬁ\ fP-'- l}=lb'P or 0==Pu—£
P41
which is of Clairaut’s form. The solution is
...h'_c or } cx’ h'
c+1 LT :
Ex. 18. Reduce the differential equation (px— y) (x— yp)==2p
- to Clairaut’s form by the substitution x*=u, y'=v and find its
complete primitive. [Bihar 61; Calcutta 54, Agra 71, 54; Raj 49]
Solation.- When I’Fﬂ y’av R
“then the equnnon becomes

(—P-—y)(x—xP)-2 P or (x'P—y’)(l PJ=2P

or (uP—v) (1—P)=2P or v=Pu— lf_"‘,

‘whlch is of Clairaut’s form. The solution is

O=ClU—

2¢ . 2B °
u=cu--l g O yr=cx e,

or cxt—c (x*-~)*=2)+y*=0. : -
Ex. 16. Solve x*p*+yp (2x+y)+y*=0; use the substitution
o i L {Bombay 58 (S)]
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' Solution. We bhave y=u, ﬁryau.

du_dy dv___dy
Now el and d_E xa+y-=px+y,
; dv_dvjdy xp+y
.s Pam i Idx
80 that p= 35— P %
Putting this value of p in the gwen equation, we have
o

(P—x)' (P-x) (2x+y)+y’=‘o
ie. Xxi4(P—x) (2x+y)+(P— x)'—D
ie. Py—xy+Pi=0 -
ie. . xy=Py+P* or n==Pu+P’
which is of Clairaut’s form. Hence the sol ution is
Cv=cu+c*  or xy=cp+ct.

Ex.17. Solve y ( d)-{-x‘:‘: —xly=0. By putiing X=u,

yi=v. [Poona 59 (S)]
do_ 2y dy, ydy_y
ti

Solution. We have P= L i 5 ot
so that P=; P. |

Puttmx this value of p, the given equation bccomes

e ¥ P+x’ S P— Xty

ie. P‘+x’P—-y'=0 le. PiyuP—vm0
o or o—uP+P’ Clairaut’s form.
Solution is.o=cu4¢c® or yrm=cx?4ct

Ex. 18. Reduce the equation.

axyp®+(x2—ay*—b) p—xy=0
to Clairaut’s form and hence solve the equation.
[Allahabad 1960 ; Raj. 52, Patna Hons. 46]

Solation. Let us put x’-—=u, qy’+b-v

dv dv/dx _2ayp ‘
KRR 3 Ok Ty
. dv
A a}-Pwhere P—Efi '

Putting this value of p in the given equation.‘ it becomes
2
axy. :'_y' Pty (x2—ayt—b) J£-P--)ry= 0,

; uP?4 (—v) P—(v—b)=0 '
Aor Pu (P+1)—v (P-H)—-b or Pu—u—-bl(l’+l)
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or  v=yP4b/(P+1), ’ Clairaut’s form.
_os Solution is w=uc+bf(c+1). :
or ayt4-b=cx2+bf(c+1).

Ex. 19. Solve y=2px+yp’ ‘ [Patna Hons. 1950]

Solution. Put y*=y, so that 2yp-—d = P (say).

The equation becomes y2=2pxy+y2p?
or y=Px4-}P2, Clairaut’s form.
,Therefore the soluuon is v-~cx+§¢:z or y*=cx+4jcr.

Ex. 20. Reduce the following equations to Clairaut’s Sform by
suitable substitutions :

O (xp—y) (xp—~2y)4-230=  [Patna Hons. 1958]
y dv P~ y
P ut ;—v ) P= dx x’
The equat:on becomes v= Px+ etc

ii) x’p’+yp (2x+4p)+yt=0. Put y=u, xy=v. :
[Bombay 1961 Bihar 62, 59, Patna Hons. 57, Luck. 62]
Ans. xy=cy+-c2.
(fti) 3y*p?—2xyp+4y*—x2=0. Put x2-—3yt=92,
Ans. x?— yi—d4cex+4-3c2=0.
(lv) ayp*+-(2x ~b) p~~y==0. Put y2 =y, 2x~b=u.

cv=uP+4aPs. Ans. yi=c(2x-—b)+act. »
(") (xp—=p)t= (x* =% [sin? (yjx)}. . [Delhi Hons. 1956]
o) (>*+y?) (1 +p)=(y—px)* (14x2). [Raj. 1955] .

: Ans. [cf (x24-y)— (2 —1)E=4c? '(x=+y’).
~Ex. 21. Solve
(345" (14 =2 (x+5) (14p) (x+3p)+ (x + pp)?=0.
{Raj. 1954 ; Delhi Hons. 63]
Solution. Let us put x+y=u, x2+4y% =y, so that
_dv_2x+2yp_ 2 (x+yp)
du I+p - i14p - ,
Now dividing the given equation by (I +p), ‘we get

(231 =2 (x ). TEL L CHIPV_g

; T+p (I+P)‘
ie. v—uP43}P2=0
or v=uP-—}pP?, Clairaut's form,
Hence primitive is v=cu—]¢?
or x*+yt=c (x4 y)—}c? .
or x*+y?4+2a(x+yj+at=0, where 2g=—r.

-

»
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Miscellaneous Examples*

Ex. 1. Solve (x— a) PrH(x—y) y—p=0.

[Bihar Hons. 1954, Patna Hons. 53, 50)
Solution. The equation can be written as

U
T Clairaut’s form,
act :
- ‘0 B3 e —
.~ General solution is y==cx o

or (Xx—a; ct-(x—p) c—y=0.
Ex. 2. Solve y4-x*=(p+xjt.
Solution  The cquation is y==2px 4-p? etc,
Ex 3. Solve xt—p*—2xyp4-yresx® (x2-}y7),
Solution. The equation is
(p—2)=x* (x*4+3%) or xpey=. #»\/(x’+y‘}

dy dv :
Puiting j«-nu,\.a;-v+x o the cquuation is

x (v+x g;)-yx;::tx\/(x2+z»=‘x‘~) or x 'igmj;x\f(i -{‘v’)

dx
or j;dx==——-—@-»- of  c4x-=sinh~t v
V(1494 )
or v=sivh (c4x) or y=a sinh (cfx}.

*Ex. 4. Solve 1py+ntﬁ-——(v'+ux‘) (1+p2).
{Delhi Hons. 55, Gujrat 59]
Sclution. On simplificatior: ihe cquetion becomes
nxXpt—2paxy + V34 nxt— 52,0,
dy v
Now put p=1ux, so that o —(:.- 1 * o
'~ Equation becomes
nxipt—2pnxty 4 vix2 4 pxto plyi-Q,
Cancelhng x4, npt— 2prw+o‘+n~—n~ =)
or (p-—v)z—’m-—l\-!- w;—: 1]

dey? _n-—-1 oy
or (.x EE) =—- (v +n) as Ev=x o

dv n=1\dx
Vvt ¥n) =+ \/(T)Tr

Integrating,

log [v+4/(v2 +n)]= 4 \/('—1:—;—]) log x+log ¢

*For many more examples that can be red

uced to Clairaut's.form, see
rext chapter on ‘Singular Solut(ons'. YoE
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or o4 \/("+n)=cxi'J ”

~ ne
of  y4+/(y*+nx?)=cx ® 7 as ymvx.
Ex.5. Solve y=px++/(1+p*) $(*+*)
Solation. Let us put x=r cos 8, y=r sin 6.
Then dx==cos § dr—r sin ¢ db, dy==sin 8 dr+4r cos ¢ dé, so that
_dy__ sin 0 (dr/d8)+rcos ¢
P=x™Cos 0 (dr/d0) —r sin 0 °

» el (G [ eo (§)-rune ]

Again PPy ( Fido)—rsino °° simplification.
Therefore the equation becomes

—rt ,
Vi -

; g:- a_ ré - d_r=1/[r'—{§(r’)}'-]

o '(do) ‘G " " @ o

Integrating, 9?“’ +I;T;£_%§Fj-d’ .

Ex. 6. Solve (xp—yy=a (14p%) (x* 4yt
Solution. Proceeding as above, the equation becomes

oy, .
or é=c+ V‘{'F(T‘?z.—)_?]ﬁc-*-ml ({5) '

dx X

as IV—T"-'——( “_x‘)EVGn z
© or tan™ (y/x)=c+vers~! [2a4/(x*+ %))

o as A=tan-! yjx, x= /(x> 4.

*A differential equation which does not belong io any or the forms dise '

" cussed 5o far may sometimes be solved by suitable transformation. Ex. 6. is

solved here by chatiging to polars.
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Singular Solutions

8:1. Singular Solutions
[Delhi Hons, 1963; Poona 64; Pb. 59; Bombay 58]

Sometimes a particular solution satisfies a differential equation
but this solution cannot be obtained for any particular value of
the arbitrary constant in the general solution. This is cailed
singular solution, i.e. to say, a solution which is not contained
inlth_e general solution of the equation, is called a singular
solution. :

i :

Illustration. Consider a differential equation

4y-=px+‘-' ' g
P ¥ we{1)
This is of Clairaut’s form. Hence its solution is
ymmxt—,
m
where m is any arbitcary constant.

Giving different values of m we obtain different solutions, all
of which satisfy (1) and they all touch a ‘ y:mrod
parabola - ‘

yi=4ax. 4 P .y

Now .consider a point P (x, y) on the
parabola, the tangent at which is

(2)

yamx+'_:_.

At point P the tangent and the parabola
have the same direction. Thereforeat P, (2) and

(3) both have same g and x, y.

And since P is any point on the para,bo_h.- the equation of the
parabola, ie. y*=4ax must be a solution of the differential
gqu;uon (1). Itis evident that this solutivn is not contained
in (2). . . . -

Thberefore y?==4ax, the envelope, is a singular solution of
equation (1).
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82. Discriminant
Of a quadratic equation
axt+4-bx+4c=0
 the discriminant is b*—4ac. '

If b*—4ac=C, then the equation has equal roots. But if equation
is of higher degree than two, then the condition of two equal roots
is obrained by eliminating x between f(x)=0 and f"(x)=0. .

83. p-discriminant and c-discriminant. [Delbi Hons. 1963)

Let . fix, y, p)=0 -
be the differential equation whose solution is

$(x, b ) c)=0’ ' . ‘ .
Then p-discriminant is obtained by eliminating p between
fx, », p)ffﬂ anld‘ ap'*O' _ B
Also c-discriminant is obtained by eliminating ¢ between
o¢ ' :
#x, y.'c)-=0 ggd ¥==0. ;
84. Important
If E(x, y)=0 is a singular solution of the differential equation
I x, 5, p)=0 whose primitive is ¢(x, y, ¢)=0 then E(x,y) is a
factor of both the discriminants. ‘ '
However, each discriminant may have other factors which
correspond to other loci associated with the primitive. Generally
equations of these loci do not satisfy the differential equation;
therefore they are sometimes called extraneous loci. y - d

Ex. 4. Explain what is meant by Clairaut’s form of a differential
ayuation of the first order, and show that its compléte solution is a

Jfamily of curves and their envelope. - [Poona 1960)
§5. Types of Extraneous Loci ' *  [Pb. 1956)
Tac-locms. - [Pb. 1961; Delhi Hons. 62]

The vanishing of p-discriminant simply gives locus of the points
for which two values of p become equal. In case two particular
curves touch each other, the two values of p at the point of
zontact _become equal. The point of contact is by no means a
poiut on the envelope. If T(x, y)=0 isa locus of such points
ayus. of contact), then T(x, y) is'a factor of pdiscriminant. In

- It will be noted that a singular solution does not contain arbitrary
rvestanl.  Fof work ng rule read § 876 and then read solved « xamples.

-
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general, T(x, y)is nota factor of c-discriminant and it does not
- satisfy the differential equatjon. ‘

Nodal locas. [Delhi Hons. 63}
"Let one of the curves of the family —
have a node at P. So at P thereis a’ : .
double point with distinct tangents. /
" Thus at P two values of p satisfy and ; NGDA.
there can be no more than n—1 (if n A I\ cocus

- values of p) distinct curves through P. Therefore c-diseriminant
vanishes at P. If there is a locus of such points it is called nodal
locus N(x, »)=0. Clearly N(x, y) is & factor of c-discriminant.
In general, N(x, y) is not a factor of the p-discriminznt and it does
not satisfy the differential equation. . b

Cusp locus. [Punjab 61; Delhi 62)

Let one of the curves of the family have a cusp at P. So at P
there is a double point with coincident angents. So at P two
values of p ase equal and the p discriminant at P vanishes. Also
- as in the case of a node there can be no more than n—1 curves
through P and therefore the c¢-discriminant also vanishes at P.
‘The locus, if there -is any, of all sach pointsis called a cusp

WL

locus C(x, )=0. Clealy C(x,y) isa factor of both pand e
discriminants and it in general does not satisfy the differential
equation. . ’

Note. If the curves of the family $(x, y, ¢)=0 are straight

lines, then there may not be a Tac locus, a Nodal locus or a Cusp

locus.
8:6. General Procedure. . [Bombay 58; Karnatak 62
To find singular solutions of a differential equation -
? .j}xiy! p)=0. i
1. Find its primitive ¢(x. y, ¢)=0.
2. Find p-discriminant. .
3. Find c-discriminant. .
Now p-discriminant equated to zero may include as a factor :
‘1. Envelope, i.e. singular solution once (E). '
2. Cusp locus onée (C). ‘
3. Tac locus, twice (T2), ,
i.e. p-discriminant=ET*C (Remember)
and c-discriminant equated to zero may include as a factor : -
1. Envelope or Singular solution once (E),
2. Cusp locus thrice (C3)
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3. Nodal locus twice (N?),, -
i.e. c-discriminant==EN?C?® (Remember). .
Ex. 1. Solve and find complete primitive and singular solution of

] ) ng
the equation 3y=2px—7 < - [Gujrat 61]
Solution. Differentiating the given equation w.r.t, x, we get ~

dp  p*_4pdp '
3p=2p+2x >y '

ie. (2x:—g-p) (1—32‘!;)=o,

ie 2x,g—p—p-—.0 or' 28w
‘ de U p X
Integrating, p*=cx. -
Putting the value of p* in given equation, we ge
3y=2px—2c or (3y+2c)=4pix?
of (3y+2c)t=4cx?, : ‘ ' (D)
which is the complete primitive. ' ‘
Now the given differential equation can be written as
2p*—2x*p+ 3xy=0 ' (2)
and (1) is 4c®4-dc (3y—x)+92=0. ' «(3)
From (3) c-discriminant (EN*C?)is . _ :
16 (x*—3y)—144y2=0, je. x%—6x8=0
or . X3 (x3—6y)=0. , w(4)
Also from (2) p-discriminant (ETC) is
x (x3—6y)=0. '
. We find that factor x*—6y occurs only once in both p and
c-discriminants. Hence x*—6y=0 is the singular solution.
~_Also x which occurs once in p-discriminant and thrice inxc-
discriminant is the cusp locus. ' "
Ex. 2. Reduce the equation x* 2x t=0, where
p=dyldx to Clairaut’s forgnuzy pmm{; tlzy (and-';rﬁ.;; and find its
complete primitive and also its singular solution. )
4 [Karnatak 1964; Agra 62, 78; Raj. 64, 58; Bombay 61]
- Solution. We have u=y and v=xy,
so that %:5—2 and g—x"=x %+y -
Cdy ) g
Now dv_avidx_* &Y xpiy -
du™ dufdx™" dyjdx = p

so that p g%=xp+y. ie. p (%:—x)--‘ay_
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==l i
or P=p=" where P e |
- Putting this value of p in x*p*+py (2x+) +y*=0, we get
2 y
ﬁ%‘)‘.-}m ¥ 2x+y)+y*=0
or y’[x'+(2x+y) (P-x)+(P—x)‘l =0
or yP—xy+P:=0
or xy=yP+P? ie v=uP+P*
which is of Clairaut’s form.
Hence replacing P by ¢, the general soluhon is
v=uc+e? or xy=yc+ct.
Now c-discriminant (EN*C?) is y24-4xy=0,
ie. y(y+4x)=0. | . sl
And from the equation x*p*+py (2x+y)+y' =0.
* p-discriminant (ET’C) is y? (2x+y)t—4x2y2=0
or y.(y+4x)=0 ,
or yt.y(y+4x)=0 (ET*C). -(2)
Now y (y+4x) occurs both in c-and p-dlscr:mmnnts and both
y=0 and y+4x=0 satisfy the given differential equation. There-
fore y-=0 and y+4x=0 are both singular solutions.
Ex. 3. Obtain the primitive and singular solution (if it exists)
of the equation xp*--2yp+44x=0. [Raj. 1961 ; Gujrat 61]
Solution. Equation is xp*—2yp+44x==0.
‘To find its primitive, write the equation as

y=4xp— %5 (solved for y)

. Differentiating w.r.t. x. we get

& (@ 2 2xdp

or (%?‘-P)(“;f)*- -

Factor %”-p-o gives %=Q

’
i.e. p=ex.
Putting this value of p in (1), we get
c2x2—2ycx 4 4x=0
or c’x‘-zyC+4=0. : au(z)
This is complete primitive of (1).
From (1) p-discriminant (EN*C?) is
yi—-4xi=0
and from (2) c-discriminant (ET2C) is
yr—4xt=0.
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Since p*—d4x*=0 is non-repeated ‘common factor in p and
c-discriminants and it satisfies the differential equatjon, the singu-
lar solution is <t .

y*—dx3=0,ie y=42x. . ) )

Ex. 4. Obtain the complete primitive and singular solution of
the equation 4xp*=(3x—a)*, explaining the geometrical signifi-
cance of the irrelevant factors that present themselves. _

: {Agra 1976, 54, 52 ; Vikram 62)

Solution. The equation is 4xp?=(2x—a)t, (D)
; dy 3Ix—a_ i@ ) ;
From this Pfﬂ—'i} B ._:i:(h/x *\_/x

or . dy:i(h{x-—} -—‘7‘3‘;) d;.
Integrating, y=c4(x¥—a4/x)
- or (y—cl=x(x—a)t .
which is the complete primitive of the equation ).

Write it as  ¢2—2cy+yt—x {(x—a)*==0. , w(2)
Now from (1}, p-discriminant (ET2C) is o
4x (3x—a)*==0, j.e. x (3x—a)*=0 : - w3 :
and from (2) c-discriminant (EN2C3) is . :
Vi=[y'=x (x—a)?]=0, i e. x (x—a)*=0. ' wi(4)

Non-repeated factors common in (3) and (4) give singular
“solution. Thus x==C is singular solution. !

The factor 3x—a=0 which occurs twice in p-discriminant and

" is not in ¢-discriminant is Tac-locus. NP .
Similarly x~a=0 which occurs squared only in c-discriminant
gives nodal locus. :
Ex. 5. Solve and examine for singular solution the equation
xpt—(x—a)—0, - [Vikram 1963 ; Delhi Hons. 58]
Solution. Proceed as above. Complete primitive is
(y—c)r=4$x (x—3a)*. ' . s ‘
p-discriminant is x. (x~a)*=0 (ET2C).. %
c-discriminant is §x (x —3a)'=0 (EN?CD). _
Thus x=0 is envelope or the singular solution,
. x—a=10 js Tac:locus ‘
and x—3a=0 is Nodal locus. _ ,
Ex. 6. Find the general and singular solutions of
Yi=2pxy+p? (x*— 1) =m?. :
Solution. Equation is
P* (2= 1)=2pxy + y2—m?=(. . i)
This can be written as (px—y)t=pt4.ms '
or px—y=+44/(p4m?)

[Raj. 62 ; Pb. 56 ; Luck. Pass 59)
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or y=pxi+/(p*+m?), ' (Clairaut’s form)
Hence general solution is |
y=cxt+/(c*+m?) or (y —ex)=c'+m? .
or ¢? (x2—1)—2xyc+yi=—-m?=0. ws{2)
From (1) and (2) both p-and c-dlscnmmams* are : ;
xtyp—(x2—1) (—m)=0, ie y+mix?=
which is therefore the singular solution. '

Ex.7. Find the general and singular solution of the differen-
tial equation (xp—y)*=p*— l where p has the usual meaning.
, [Raj. 60]
Solution. The equation is 4
P* (2= 1)=2xyp+(*+1)=0 (1)
or xp—y—4+/(p*—1)
Yy=xpt+/(p*—1), Clairaut’s form .
The general solution is :
y=cx4+/(c*~1) or (y— cx)’=c’—1
or c*(x*—1)—2xpc+y*+1=0. ~ w2y
Obviously from (1) and-(2), we have the same p-and c-discrimi-
nants, namely
x%pt—(x8—1) (*+1)=0
of yl—x?41=0 or x*—y?=1 (rect. hyperbola) _
which are therefore singular solutions of the dnﬂ‘crcnuai equation.
Ex. 8. Find the camplete primitive and the singular soiution of
" the differential equation
- - sin ( x d—y) cos y=cos ( X éj-’) sin y+-‘—1—-
. B dx ' dx dx
: _ [Agra 69 ; Raj. 53]
Solutien. The equation can be written as :
55 5 dy
sin (xp) cos y —cos (xp) sin y=p, p=— ,
or sin (xp—y)=p or xp—y=sin'p’
or y=xp—sin~!p Clairaut’s foim. _
Solution is y=cx~sin! c. ‘ . s 1)
Here p-and c-discriminants shall be just the same, so we find
any one of them (say c-discriminant) which will be obtained hy

ehlnmumg ¢ between (l) and its differential w.r.t. c.
1

Diffetentiating (1) w. l',t £, W gt O=x VD)
1 f.oxE—1 . _Vixt-1)
; Pl =" ='-"'_—'
or =i orel="—5-orc T

N

'ln lhe case of Clairant’s equahon p-and c-dlscl‘lmmlrts are always
identical, :
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Putting this value of ¢ in (1), the c-discriminant is
.- . V(x*—=1)
= 4/(x2—1)=sin L
which is the singular solution.
Ex.9. Solve the differential equation

Pr*+y%) (px+y)=(p+ 1y '
by reducing it 1o Clairaut’s form and find its singular solution if it

exists, [Raj. 65, 59, 55}
Solution. Let us put x+y=u and xy=v, ' (1)
- dy du dy  dv ’
so that l+dx=3'and & ke,
. ="£v dvjdx xp+y
% # du= dujdx=1¥p , i @)

“The given equation can be written as

[(px+2) (x+P) =2y (p+1)] (px+P)=(p+1)*
Dividing by (p+1)®, we get

Pty ey PR

Pl XHN—xy PEa Rl |
ot [Pu—y] P=} from (1) and (2)
or v=Pu—;7 Clairaut’s form.

., ol = i
S 1ts primitive is v=cu—- or cEyy—cv— =0

o e (x+y)—exy—1=0 o R )
‘The c-discriminant (EN2C3) is ’
xqyt+4 (x+4y)=0. «:(4)

Again equation is p? (x3— 1)+ p (xp*+x2y—2)+y*— 1=0.
<« p-discriminant (ET2C) is
22ty —2)tmd (x2—1) ()2 =1)=0
0 4 (x—pP [x2y*+4 (x4y);=0. e(5)
. Therefore from (4) and (5), x¥*+4 (x+y)=0, which occurs
once both in p-and c-discriminants is singular solution.

Also x—y=0, which occurs in p-discriminant only, is the
tac-locus. '

Ex. 10. Find the complete primitive and singular solution of
2 y
(a*—x%) (:—i) +2xy :—ft+(b"-—y’)=0- '
= [Gujrat 1958; Delhi Hons. 56}
Solation. We have p*x? —2pxy+y2=a?p? 4 b* (1)
or y=pxzt+/(a*p*+b%). Clairaut’s form
Hence the complete primitive is . " ;
y=cx++/(a%+b%).
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The p- (or ¢-) discriminant is
dx?y?—4 (a*—x2) (b*—y*) =0
‘or xyt—(a%h—bix2—ayl 4 x2y0) =0
or b'x'+a'y'—n’b’
}" .
or a'+ b—" L ; ) y
which is the singular solution : ‘
Ex. 11. Obtain the general and singular solution of
y=px+ v/(b*+a%p*) and !nlerpret the result geometrically.
. _ [Nag. 1962; Gujeat 58]
Solution. Equation is in Clmtaut’a form.
General solution is in Clairaut’s form
As in the above example umgnlar solution is
x' y: :
- N~ )
The general solution ( 1) represents system of.lines which all
envelope the ellipse (2).
Ex. 12. Find the singular solution of o
y=px++/(I—p*)—p cos™ p: [Gujrat 1958]
Proceed as in the above example.. )
*Ex. 13. Reduce the equation xyp —lx’+y’—l) p+xy==0 to
Clairaut’s form by substituting x*=u and y*=v. Hence show that

the equation rrpresents a family of conics touching the four sides of
a square. [Punjab 1966; Agra 58; Delhi Hens. 57;

Bombay 61; Bihar Hons. 56 Patna Elons. 54]
Solution. The equation is

xyp=~(x2+y:—1) p+xy=0. . (1)
Since x*=u and y*=v. :
' du d dv dv
_dv dn/dx 2vp 0/ S _xP
Tdu dquidx 2x X P=3

Pumng tlns value of p in (l), the equation becomes
xy—— ) -*-+x.v—0

ie. XPP—(x*4y'~1) P+J'*=°
or uP*—(u+v—1) P4v=
or u(P*—P)—v (P=1)+P=0
. P '
or v=uP+ =i’ : Clairaut's form.

L, c c
. L ’ ———
% So'lukon‘ is m-m:+‘!--—l ot yl=cx +‘c i
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S or %t (xtpyi—1) cyt=0, , w2y
From (1) p-discriminant (ET*C) is
(342 —1)2—dx2pt =0 . v o
or [(x—yy—I] [(x+y)*—1]=0

or (x=y—1) (x=y+1) (x+y—1) (x+y+1)=0. w3
Again from (2), e-discriminant (EN®C%) is ‘
(x24-32—1)2—4xtyt =0, : we(d)

Since (3) and (4) are the same, the singular solutions, 7.e. enve-

lop= of the family of conics given by (2)is '
X—py—1=0, x—y+1=0, x4 y—1=0, x4y + 1=0.

These four lines clearly form a square. Hence d fferential
equation (1) represents conics (2) touching the four sides of a
square. : : . e e

Ex. 14. Reduce the equation xp2—2py4-x-+42y=0 to Clairaut’s

form, by putting x¥==u and y —x =v. Hence obtain and interpret
the primitive and singular solution of the equation. [Agra 1959]
Solution. We have x*=u, y—x=y,
_du  dy dv
2x=='d—x and T =E-
is P-__duadv/dx=p‘—l i
T T du dujdx ix
or p=142xP,
Putting this value of p in given equation, we ‘get
X(14+2xP)* 2y (14-2xP)+x+2y=0
i.e. 4xP 4 4x*P42x—4xyP=0 : :
Or 4x*P44P (x—y)+2=0 or 4uPi—d4vP+2=0

y 1
T i ) '
o 1::-:l.rl’+2‘P s Clairaut’s form.

Hencé_ replacing P by c, the solution is
o 1 . JEAr A
a—uc+-2—c- .o_r Yy—x=x*c +§-E 5

or- 2c2x1—2¢ (y—x)+1=0. ; sl

Now p-discriminant (ETC) from equation (1) is
‘ Yi—x (x+2y)=0, ie. y'—x2—2xy=0
or  (y—x)*—2x2=0, : -(2).

and c-discriminant from ( 1) (EN2C?) is ‘ -
(y—x2—2x2=0). «+(3)
Since (y—x)2—2x2=0, i.e. y—Xx=:4+/2x occur only cnce
both in p-and c-discriminants, these represent the singular solution,
! Therefore the general solution (1) which represents a system
. of parabolas touches a pair of lines '

y=x=+44/2x.
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Ex. 15. Reduce rhe differential equqtlon (px—») (x-py)-zp'
to Clairaut’s form by the substitution x*=u and y*=v and find its
complete primitive and its singular solution, if any.

[Delhi Hons. 65, Sagar 63, Agra 66, 54; Raj 49]
‘ Solution When x*=u, y*=v, p=-~==—-—=-= P (say), the
" equation becomes T

(;- P—y )(x—-xP)u-P or (x'P—y*) (1—P)=2P

or (uP—'v) (1—P)=2P or v=Pu-£— . Clairaut’s form.

=P ‘ -
.. General solution is v=¢'u-—-’l_2::'
2 | | |
. Tt 2,2 2.4yt 2=0. - - ’
or yr=cx i—e ©OF ¢™'—c (x4 y ZH'J" 0 - B ( §)

The given equation is p*xy—p (x2+y*=D+xp=0. ..(2)
Now p-discriminant (ET*C) is ) '
(x'-i—y’—-Z)’— xr=0
or [x*4y?—2-2xy] [x‘+y’—2+ 2xy)=0
[(x—p)*—=2] [(x+y)*—2]=0
or (x—y+4/2) (x—y—+/2) (x+y++/2) (x+y— v2)=0. ...4)
The c-discriminant (EN2C3?) from (l) is
(xt4yr—2)2 —4x2yr=0. - «(5)
~ which is same as p-discriminant. ; '
Hence the common factors of p-and c-aiscriminant oocuﬂns
once in them, i.e,
(x—r+v2) (x—y— ~v2) (x+y+/2) (x+y= V2)=0
give singular soluticns.
Ex. 16. Solve and test for singular solution.
p*—4pxy+8y*=0. : [Agra 55 ; Raj. 67)
Solution. Let us put y=z’,g———22 :;, D

i.e. p=2zP, where P=£

Then equation becomes (2zP)—4 (2zP) xy+ 8y’=0
or 8z°P*-8xz%P482z4=0 as y=1z°.
or z=xP—P?, Clairaut’s form.
Hence solution is z=c1x—¢;® or y=c;x—c,?
or y=ci¥(x=e&')® or y=c(x—c)? c¥=c. asll)
Now the equation is p3—4xpy+8y2=0. = e {2)
This is cubic in p, hence p-discriminant will be obtained by
ehmlhatmg p from (2) and dlﬂ'erenual of (2) war. b p..
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ie. 3p —4xy=0 u(3)
Eliminating p between (2) and (3), the p-dlscnmmant (ET’C)

is = yQ27y—4x%)=0. o )
Agam differentiating (1) w.rt. ¢, we gct .
(x—¢€)*—2¢ (x—¢)=0 or (x—c) (x—3c)=0;
‘x=c¢ or x=13c.
Putting c=x in (1), we get y=0.
Putting c=§x in (1), we get 27y—4ax3=0,
Therefore c-discriminant (EN'C') is !
¥y 27y—4x%=0. -(3)
Once occuring factors both in p—and c-discriminant give sin-
gular solutions. Hence |
y=0 and 27y—4x3= 0 are singular solutions.
Hence when ¢=0, y=0 from (i) also, hence y=0 is particular
integral of the equation.

Ex. 17. Find the singular solution of

dy dy . ‘
(y — dx) =F (dx ‘ (1)
: . [Poona 60
Solution. Let us put x?=u, yt=y,
du  dy _dv
i 2x”d—x’ 2 dx dx
_dav_2yp y _x
or P_du et MR p—.-y-P.

Putting this value of p in the given equation, it becomes
2 2 :
X2 (y—;- P)--=y. I—}; P* or (y*—x*P)=P2
i.e. v—uP=pP* or v=uP+4P?,
which is of Clairaut’s form. Hence complete primitive is
v=uc+ct. el 2D
From (1) and (2), p- and c-discriminants are
x‘+4x’y’-—0 or xt (x‘+4y’)=0 12 -+4p=0 or A4 +4j= =
<. x*4+4y*=0 which is the singular solution. #
Ex. 18. Find the singular solution of

dv\ . Q)’ .
y‘(y—x dx)-x (dx ’ [Agra 1970]
Solution. Puw;l and o=,
= : x’dy
D__ =
This gives ‘_du Vax ol

Now dividing the given equation by »!, we get
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1_1 x* dy_(x*dy\*
3= o 2z
or v=uP+P? ) . from (1),
which is of Clairaut’s form; therefore its solution is
v=uct+c® or (lfy)=(l/x) c24c*
or c*xy+4cy—x=0, ' '
. c-discnminant (EN2C?) is
Y (2 44x?)=0.
Also given equation is
pxi+pxyr—yi=0. ,
- p-discriminant (ET2C) is
x2p® (y+4x2)=0.
Clearly y+4x2=0 is the singular solution.

“Ex. 19. Obrtain the singular solution of the equation
DY cos® w— 2pxy sin® a4yt —x2 sin® a=0), : .
directly from the equation and also from its complete primitivc
explaining the geometrical significance of the irrelevent factors thai

present themselves. [Agra 1967, 63; Raj. 54; Delhi Hons, 62
Solution. The equation is
Py cos? a—2pxy sin®x+)® —x* sin® =0, sl

which is quadratic in p; therefore p-discriminant gives
4x%y* sint «—4y2 cos? a (y2—x* sin? a)=0
or y* [x?sin® & (sin® & +4-cos? x)—)* cos? a)=0
or ) cost  (x? tan? a—y?)=0 (ET*C). w4
Again solving (1) for p, we get ;
py=x tan® atsec ascc ay/(x? tan® a—y%)
e 2
o y—jf x,f‘:;n“_;; =gec x dx
or (x*tan® a—)y) =gy sec a
or x*tan? a—y3=c3—2cx sec -} x? sec? &
or ¢¥~2cx see a-bx34p2=0,
which clearly represents a family of circles for all values of ¢.
Now c-discriminant is .
x® sec® w—(x%+ %) =0 . _
or x* tan® a—y*=0 (EN>C?). ' ) (3
Ciearly onee occuring factors in (2) and (3) are the singular
solutions. Therefore,
y=4xtan «, 7 )
which occur once in (2) and (3) both, give singular solutions.

The Iincar factor occuring twice in p-discriminant zives tac-
locus. Hence y=0, which occars twice in o-discriminant, is
tac-locus.
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Thus the equation (1) represents a family of circles (2), whose
envelope is given by ' f s
Y=-4x tan a.

Ex.. 20. Find the differential equation of the Jamily of curves
x34y2—2cx+c? cos® a=0 where ¢ is an arbitrary parameter and o,
is a given arc between 0 and }=. ’ ;

Determine the singular solution of this differential equation.

- - ) ' [Punjab 1959)

Solution. Egquation is -

X34 y%—2¢cx —c? cos? a=0, ' w5

Differentiating, 2x + 2yp—2¢=0 or c={x+yp). _

_Putting this value of ¢ in (1), the differential equation of family
of curv's is s -
X24y2—2 (x4 yp) X+ (x+yp)® cOs® a=0.
Le. p%?cos? a—2xyp (1—cos? a)+y2—xt (I —cos? «)=0,
ie. p*y*cos® a—2xyp sin® a+y?—x? sin? a=0 - 3
which is same as equation in above Ex. 19 P. 151. .

Ex. 21. (a) Find the differential equation of the family of circles
xX*+4-y*4-2cx+2c3—~1=0 (c arbitrary constant).  Determine the
- singular solution of this differentiql equation. : )

Solution. Eliminating ¢ as above, the differential equation of
the family of circle is '

2yp*+ 2xyp a4 yt—1=C.
c-discriminant is x2—2 (2242 —1)=0 -
Le. ' ‘ x242y2—2=0 (EN2C?),

p discriminant is x2y2-—2p? (x4 y2— 1)=0
ie. Y (x24-2y2—2)=0 (ET?C).

Thus x*42y2—2=0 (ellipse) is envelope of all such circles and .
y==0 which occurs squared only ‘in p-discriminant is ts 1ac-locus.

Ex. 21 (b) Find singular solution of the differential equation
which rcpresents the circles, x243*+ .cxy+c¢2—1=0. - -

: L om [Poona 19627

Proceed as above. Differential equation is

P? (1=x%)~ (1 —y?) =0. L

S.5. is x==1 y=4I. - )

Ex. 22. Obtain the primitive and the singular solutions of the
equation PP (l—x%)=]—y2 ' '

Specify the nuture of the geometrical loci which are no singular
solutions but which may be obtained along with singular solutions.

Solution. ~We have p* (1—x2)—(1=y2)==0. ()

p-discriminant (ET2C) js =

D44 (1--xt) (1—y%= 0 (ETC) :
le. (1—=x)(14x)(1=y) (14y)=0. » s
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Again to solve (1), we have
dy . V(1—y) dy dx
PEBTEIS O i i =0
- Integrating, sin™ p4-sin~t x=¢, .
or $in”! [y/(1=2Y) L x1/(1 =)2)] ey
or yy/(1—=x+x4/(1 —y})=sin ¢;=¢
or yW(1—x)=cFxy/(1-p7. .
Squaring, y? (=X =c3F2ex 4/ (1—y3) 4 x2 (1—y?)
or c’?:2cx1/(tr-y')+x'—y’=0.
c-discriminant (EN*C?) js s
2% (I =y —=(x*~y")=0
or Y (d—=xH=0 _
- or Y (1=x) (1+x)=0. ‘ ' w3
. The common factors occuring once in (2) and (3) represent
- singular solutions, H_ex_:ce “y
1—x==0 and | +X=O; i.e. Xx==4-1 are the ;ingular solutions.
Again y=0 which occurs twice in c-discriminant only and does
not satisfy the differential €quation represents nodaj locus.
*Ex. 23. Obtain the primitive and singular solutions of the
 Jollowing equation : _ .
9p°x (x~a) (x—b)={3x2—2x (@+b)+ab)r.
Specify the nature of the loci which are not solutions but whick

© are obtained with the singular solutions. [Agra 1960, 51)
Solution. The equation is ' )
4p*x (x—a) (x—b)={3x2=2x (a+b)+ab)2, SR ¢ 5
The p-discriminant is (ET2C) , ,
- [3x*--2x (a+b)+ab)? ¥ (x—a) (x—b)=0. «(2)

Again to solve (1), we have
_Q_i[3x_’—2x (@+b)+ab)
P=ax= 2y{xx—a)(x—b)}
dy _ 3x2-2x (a+b)+ab

=4 = bumerator being

dx o 2y/{xd—x* (a+b)+a_bx} differential of the

Integrating, : expressien under
V=2 +/{x*—x* (a+b)+-abx}+c radical sign.

or (y—c)=x*—x*(a+b)+abx,
which is the complete primitive of the equation, This can be
written as )
c?—2cy+ y—x (x—a) (x—b)=0,
<. c¢-discriminant is (ENC?)
W4 ' —x (x~a) (x—b)}=0
or X [x—a) (x—b)=0, (3)
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The non-repeatcd factors common in (2) and (3) give singular
solutions,, Hence x (x—a) (x—b)=0, which occurs once in (2) and
(3) both, gives singular solutions.

~ Again 3x2~2x (a+b)+ab==0 which occurs twice only in p-
discriminant represents tac-locus.

Ex. 24. [Investigate fully for singular solution, explaining the
- geomelirical s:gniﬁcance of irrelevant factors tlmt present :hem.relves
indx x—1I) (x~2) ( dx) =(3x2—6x+2)%
[Agra 1956; Raj. 51; Delhi Hons. 53]
Solmlon This is exactly Ex. 23 when-a=1, b==2
Hence procecdmg as in that example,

' x {(x=1) (x—2)=0 is singular soluhon

and 3x2—6x+2=0 is tac-locus,
Ex. 25. Transform the equalwn

(2x’+l)( )+(r’+2xy+y‘+2)——+2y’+l—0 E -

to Clairaut’s forms by the substitution x+y=u, xy-—l—-v and
interpret it. Find its singular solution. al.w . [Karnatak 61]
‘Solution. x+y=u, xy~l1=v, ¢
j"=l+p. e =xp+y-
s P= dv. y+xp
= p1- .
Now write the given equations as
PX*+(P*%*+2pxy + ¥*)+ (x*+y%) p +*--(p*+ 2p+1)=0,
ie. px*(p+1)+y* (p+D)+H(px+y)P24(p+1)=0
‘ot (p+1) (Px+y) (x+2) =0y —1) (p+1+(px+y)*=0.
Now dwudmg by (p+ 1)%,.it becomes
..P +.V Px+y
1= wan+ (B
or v=uP+_P= Clau'aut s form.
Hence its solution is v==uc+c2.
- From p-and c-discriminants the singular solution is
(x+y) +4 (xy—1)=0.
Ex. 26. Interpret geamemcally the fac!ar.r in the p-and the
‘c-discriminanis of the equation

8p*x=y (12p*—9), where p=dy|(x. ’ [ijali 56]
‘Solution. Put 3y®=v%, so that 6yp=3s* :—;;
T P
e p—};— P, where Pfa;.



Sblt-l.rSolubu - ' A%3",
~ Putting thls va}ue of p, the equation’ becomu
!: Pi=y \3 - P’—-9 ) or xviP3=yt (3viP?—9y?)

» »
or xv‘P'as(v’P’—u') or xP’=vP'

x

or v=xP+3; P' Clalraut s form.
Solution is v=xa+-l-— where aisa oonstant

or a's( a.vg+;.) or 3y’=af ‘(x+;) ’
® ‘ 1
or 3cy*=(x+c)’, where =05 i)
This is the complete solution. . _
Now the equation is 8p3x— lZp’y+9y-—0 ' s " dald)
To find p discriminant, we differentiate (2) w.r.t. p whwh gives
24p'x—24py=0 ie., p (px—y)=0.
When p=0, (2) gives y=0,
When px —y=0, p=y/x, (2) gives 9xy—4y*=0.
Therefore, p-discriminant, (ET*C) is A
y (9x}y—4y*)=0 or p*(9x2—4y?)=0. : seaZ)
Again to find c-disctiminant, differentiasing (1) w.r. t. ¢, we get
3y2=3 (x+c)?, i.e. (x+c)=+y.
When (x+c)=—y, (1) gives 3 (—y—x) y*= —y'
ie. y*(2y+43x)=0,
~and when (x+¢)=v, (1) gives. 3(y- x) J"==y.
ie y*(3x—2p)=0,
. Therefcre, c-discrimirant (EN2C?) is - ’ '
¥y (2y+‘3x) (B3x—=2¥)=0, i.e. y* (9x2—4y?)=0. L{8)
Now write _
p-discriminant as y.y (9x2—4yt)=0,
~c-discriminant as »3.y (9x*—ay*)=0.
y (9x*—4y?)=0, which .occurs both in p-and c-discriminants, is

as:ngula: solution. So geometrieally interpreting y=0, 3x=112y
represent envelopes of the family of curves in (1).

‘Again y occurs cubed in c-and once in p-discriminant. Hence:
y=0is cusp locus also.

Ex. 27.  Solve the d:ﬂ'erential equation x' (y—px)=yp* and find

‘its singulor solutions [Pelhi Hons. 60]
Solutien. Rel, [x. 10, P lﬂ The complete primitive is

yr=x%c+c2, : » b <o bb}

Equation is yp*+x¥p—xty=0 . ) sxeld}

From (2), p-discriminant (ET3C) is
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X0 44x2y2=0, f.e. x* (x'4-4y%)=0. (3
Also from (1) c-discriminant (EN*C?) is '

x4 44y'=0. .- e (d)

Hence x44-4y*=0, which occurs only once both in p-and
c-d:acnmmant, is the singular solution. Also x=0, which occurs
twice in p-discriminant only, gives a tac-locus ‘

Ex.28 Verify that y=cx+c® and x*+4y=0 are bolh solu-"
tions of the diff.rential equation

d. :
( y’ +x (g']-)) -y=0. o [Poona 1961}
Solutlo_n. ‘The differential equation can be written as .
y=px+p*. -(1)

This is Clai-cut’s form. Hence puiting ¢ fof p, the general
solution of thc equation is

y-—cx+c= ; 2 Co «e(2)
To investigate the singuiar solution, ‘which is not mcluded in
the geneial solution, from (1) p-discriminant (ET*C) gives

x24-dy - Q. -
Also from (2) c-discriminant (EN’C“) gives
x244y=:0.

- Now since x*+4y occurs only once both in p-and c-discrimi-
nants, x*4-4y=0 gives the singular selution of the equation.
Ex: 29. Solve and examine for singular solution of the equation

{1 BT gy, (122 Delhi Hons. 1959]
k +a)=—“§5 (x+)’)-( —a) - [ 1S,
Solution. Let us put x4y=u, x—y=2.

dv 1—p dy
- =P=—= ¥ where p= =
The given dnﬂ‘crennal equation can be put as
3
= i
Q=g ) U= or =g k) ({5
whieh becomes l=%z uP?® or =‘di—;=4§a‘l='u"lfﬂ.
Integrating v+c—all’u=f’ '
. 5o that (v+4c)?=au® or (x -y+c)'=.~.-a{x+y)' (1)

This is the general solution.
Differentiating (1) w.r.t. ¢, we get x
3 (x=y4c)2=0, i.e. x—y+c=0, .-(2)
Eliminating ¢ from (l) and (2), the c-discriminant is
x+4y=0.
Similarly the p-discriminant is x+y=0.
Therefore x+p=0 is the singular solution.



Singular Solutions ‘ 157

Ex 30. Solve p,(2—3y)’—4 (1=y).
[Delbi Hons. 1964 ; Punjab 61)
Solntlon Tnc equation can be written as

dx _— =3 3-3y—1

H=ETyasy izvutﬂ

o dr=[; V=2~ 3 vasy |

Integrating, x —.ci[-(l—y)an+(1_y)xllj
or x—c=H(l—yps [1—(1—»)]

-or (x—cf'=(1—y)y* or *—2cx4xt~yt(1—y)=0. - (1)
- From the given equation p-discriminant (ET*C) is '
(2—3y) (1—y)=0 w2
and from (1) ¢c-discriminant (EN2C) is
xt—[x2—p* (1-»)]=0 or y* (1—y)=0. . wee(3)

The common non-repeated factor in (2) and (3), ie. 1—y=0
is singular solution. - '

2—3y=0 which occurs twice in p-discriminant only represents
tac-locus. :

And y=0 which occurs twice in c-discriminant only represents
nodal locus

Ex.31. Find singular solution p*+ y==- 1" and fnlerpret the result -
geometncally [Gujrat 1959]

Solutiun. The equation is =7 d._= V(1—p2)

; d : i
ie. va y,)ndx ie sin"!y=x-+4e or y sm(x+c) (1)

This is complete primitive.
Differentiating (1) w.r.t. ¢, we get

0=cos (x+c). = - - | w(2)
Squaring and adding (1) and (2) to eliminaté ¢ from them,
the c-discriminant is y?=]. «.(3)

Also from the given differential equation, the p-drscnmumnt is
y’—l=0
Therefore y*—1=0, ie. y=+41. gives envelope - (Singular
solution) of the sine curves given by (1).
Ex. 33. Find the complete primitive and singular solution of

3p’e’-p»’+ 1=0. [Poona 1959 (S)]
~ Solution. - Solving for x, x=3pe”’41/p.
Differentiating w.r.t. y,‘l,§3pe’+ c_le_}_dp

. Sy
o (gf?—" )(3”"%)‘0- ;_’;'.—P='0.p=ce’. '
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Putting this vajue of p in the equat:on, the oomplete primitive is
3cteV—celx+ 1= (1)
Now from 1he gwen d:ﬂ‘erentul equanon p-gucnmmant is’
(ET2C), i.e. —12e”=0. -
From (1), Crdiacnmmnnt is e (x2—[2¢”)=0 (EN*C?).

& X2—12e7=0, which occnrs only once in p-and c-discrimnants,
is singular solution.

- 'Ex.33. Obtain the _complete primtivg (C. P) and .nngalar
solutions (S.S.) of the _ﬁallowlug equatlons -
[Kmutak 63 ; Calcntta Hons. 62]

_..(i) (—) =4y( d’—2y )
S.S. u x4 = 16y=0, y=0

Hint. Put y==- Y2 to change into Clairaut’s form. = .
() yr—3xp+y=0. . CP, y‘—2cx+c'=0 S.S. y-=x-
: (m) 3xp’—6xp+x—2y—0 ;" o
' -~ C.P. xt+c (x—3y)+¢'a=0 S.S. (3y+x) (y--x)=0

(iv) p’+2px'--4x‘y =0, ;

CP. y_oxs—caao, SS x'+4y=l) “Tac-locus x=0. '

() y=px+pt ‘C.P. y=cx+c*, S.S. x‘+4y=o ‘

(i) y=px+p*. - cp y——-cx-l—c' S.S. 21y’-j—4x‘=0

(vii) y=px+cos p.

CE y=cx+co.v. c. S.S. (y—x sin—: x)‘— I—x2.

(vii) p=log (px—y).  C.P. y=cx—e*, S.5. y=x (log x—1).

(ix) p+42xp==2x2, . No, S.S., x=0 is ?‘ac-locus

x) »(@- xp)--x‘ CP. y=cy+xyc’ S.S. )x+4x’==0
Hint, Put x—- " (See Ex. 18 nbove) _

_(xi) y’(l+4p' —2pxy-—l==0 : ' t Agra 72)

y’+4c'=-l+2cx, 8.8. x'—~4y’+4-0 Tac-locun y=9.

;. el y’p’+y'=r' »
- Cp. (x+c)’+y’=r' 8.8. ya-;|_-_r. Tac-locusyuo )

(i 4+ XYp+ad=0.
i) x’yp-'-[l)clhl Hons. 63'; Poona 64 ; Pamﬂons 60]

I-lint. Put u=; v=y, Clairaut’s form v+ Px=a’P®. '
C.P. l==c.1_¢y-a’c’x. S.S. x (xy*—4a%)=0. Tac-locus x=0.

G ool ot 54
A o i ons.

(xv) :fp'_yp y SRR S.S. yt44xy=0. -

(av) x*—3xyp+2024x'=0. 5.8, x* (p—4x%)=0.

. (xvil) dyy/x=dxy/y.  C.P. (x+y—c)tmdxy, 5.5, xy=0.
(nviil) 4p’=9x C.P. (y+c)‘-x’. No §S x=0is cusp locus.
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(xix) 8y=px (12—9p?). | [Delhi Hons. 55)
(xx) cos? yp*4sin x cos X cos yp—sin y cos® x=0. ‘

. [Delhi Hons. 61]

Ex. 34 Solve (‘%)'4—0—4) (r—b)=0, a < b.

- Find the singular solution if any. [Cal. Hons. 62]
Ex. 35. From the differential equation corresponding to the
Jamily of curves y =c (x—c)*, where c is an arbitrary constant.
Show that the resulting differential equation reduces to Clairaut’s
type by the substitution y=vt. Hence solve the equation and find

the siygular solution. « ' [Karnatak 60}
Solution As found in Ex. 4 page 3 the differential equation
of curves is - p*=4y (px—2y). ) e 4 )

dv ,
Te=20P (say).

‘Hence the equation reduces to
- 8v*P3=4v® (2vPx—2v%) or P*=Px—v
or ' v=Px—P3, Clairaut’s form.
Hence solution is v=kx—k3 or +/y=kx—k*
‘or y=k*(x—k?*? or y=c(x—c)h, where c=k*. x=(2)
Now differentiating it w.r.t. ¢, (x—€)*—2¢ (x—c)=0,
ie. (x—c) (x—c—2c)=0, i.e. x=c, x=3¢.

Now put y=v% Qu‘du

When x=c, we have from (2), y=0. =~ °
When c=}x, we have y={}x (x—}x)*, p=y%x" . »
" Hence c-discriminant is y (y—x%)=0" - U . |

~ Again differentiating (1) w.r.t. p, 3pt=4xy.
Putting this value in (1). $xyp=xyp—8y*
‘or yr=}yxp, ie yi={xtr.gxy ’
or P (y—#x¥)=0 or »y (y—3%x?=0. ...(4)
" This is p-discriminant (ET2C). :
From p-and ‘c-discriminants, y (y—%x?)=0 is the singular
solution y=0, which occurs squared only in p-discriminant gives
Tac-locus also. LT _ .
Ex. 36. .olve the differential equation (8p*—27) x—12p*y und
investigate whether a singular solution exists.
, [Agra 65 ; Punjab 62 ; Delhi Hons. 57 ; Karnarak 60, 62]
Solution. Equation is (8p® —27) x=2Tp% ? sk}
= or y=§px—§§-,. }
Differentiating w.r.t. X, we get
dy " dp 9 9xdp ‘
=r=r=¥ - ptina ,

o (296
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"~ Now x i——’;—%=0 gives 2 .‘12,3‘1'_"
Integrating, p*=kx.
Putting this value in (1), we get
(Bkxp—2T)=x=12kxy,
le. (8kx)* kx=(12ky+27)* and x==0 ,
or 6%kdx3=144k ( - )’ or x—2 ( .v+-9—)’-0
‘ 12k 4k " 4k
or. x%—¢ (r+¢)2=0, where c=4-97c‘
Hence the complete primitive is
X [x3—e (y+¢)*]=0,
Now proceeding as usual, 4y*+427x3=0 is the singular solution,

x¥=0 is a part of general solution. It is cusp-locus for one

part of the general solution and the envelope-locus for the other
part. '



