PART I1

DIFFERENTIAL EQUATIONS



* Exact Differential Equations and
" Equations of Particular Forms

1'1. Introduction. : .

In this chapter differential equations -of order higher than " the
first and with variable coefficients will be considered. There
is, as a matter of fact, no general method to solve these differeutial
equations. However, we consider below some particular types of
xthese equations. " 2
1-2. Dependent variable absent,

If an equation does not contain y directly, it can be written in
the form : )
dry dly dy ) : !
f(dxn o&?..'f. cery dx, x}=0. ..-(l)
Let us put %=p,%=’%. — N

Then the equation (1) becomes _

d—p d~% : .
f(ax—.—-pl' 3;—%: Y x)=0’ ;
which is reduced by order one and may-be solved for p to give

p=F), ie. L=Fwx),

50 that yéI F(x) dx+c is the required solution..

The following few examples will illustrate the method.
Note, If the equation is of the form
dry d+ly dry '
(g G %)= o .
in which lowest derivative is of order k, then substitution made is

dky &y _dg : .
-E=q, T g etc.

This would reduce the order of the equation by k.

L}

, &y (DN, 4 . :
" Ex. 1. Solve 2 2 ('d—x) +4=0. »
Solati>a. The equation is free from y. '
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Puttmg g—==p :3’=gx~, the equation becomes
2 %—p’+4=0 or ng—jp-‘dx

separating the ‘variables
- i(p—z' ~ta) do=d.

p—2_
* ogm—x—}-logq

o B e )= (p) e,
. 4y 2l4-cie2%) 2c1e%
S R P = T (‘+1—.c,eu)

Integrating again y=2x—2 log (l—cle'*)—l—c. which is the com-
plete solution,-

Ex. 3. Sotve % ”+Q (dy) =0. . [Agra 55]
olétlon. The equation does contain y directly,

.. ' Putting %=p, Zx—’{=g—; the equation becomes

/4 e _dp._
d_‘,+P+p’-_—-0 or PO = d.xr
“' - (rdp) dr=-as.

- ' ' N 2
Integrating, log -\7(,—1-%;‘): —x+log ey or T_f_—PF-c;’e e

—_ 2o-2x —— -—-—"]'L-x____ .
or P ¢ +Pz) e or p ‘/(] _gle—u)
Integrating again, y=—sin—1 (cie™*)+c,.

: 2 ¢
Ex 3. Solve (1+x=)%’,’+1+(%) =0, [Agra 57)
Solution. The equétion does not contain ¥ directly.

Putting %-—p, i‘ Z —-» the equation becomes

(1 +x’) d—i +14-p*=0 (variables separable)

i.e.‘ %+ de;T=O;- S tan™! p4tan~? x=tan—! o
” Y ] -1 FEx
Oy tan i—px =tan c, or l—_p} =0
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. dy_ c1—x 1 4c?
.e. = —px) R Pl G i [P I, T ()
ie. (p+x)=c1(l—px) or p =’ 1+c1x 02[ Ties l]

Integrating, y—i;— iog (1+c1x)—— x+-cy which is the gene-
ral solution,

dy B
Ex. 4. Solve (I—x%) g [Agra 52]
Solution. The equatior does not contain y directiy.
d d*y_dp
Thus putting dy~p, dx"- I the equation becomes
dp x 2

— 2y B = A — — 5
Q ’”dx =l oo P

This is a linear equation in p and x.

1
—jT-T- 4 log (1—x%)
hF= = =/ (t—x?)

V(U =x=crt [ 2y 13 dx
=¢;+2 sin™t x,

_____ L I T i
P~—d .—-‘\/(l_xz.} *+ 2 sin A.—\T(-{*::x—z)'
Integrating, y=c¢1sin™* x+-isin™® x)24-ry
which is the required solution.
d*y | (dvf dy _ 0.
dx?’ dx) dx
Selution. The equation does not contain y directly., So putiing

Ex. 3. Solve x

,‘ifl'_", ' éz—y=»— the eguation become
o gt dx theeg S
6 lLdp 11
x{—j———{-xp —p=0 or Bdi xp i
1 I dp __d
Putung;- ~Rde dv this becomes

du de.x
d}-r—- u=1. Liner equation, [.F.-=¢ =3,

o~

ux:—.c,»:—J'xdx Or  ux==¢y-+§x?

or %x:cl—}-%xz or p:-._’_:—_.__.__.

Integrating, y=log (x*-+2¢)-+cz
which is the requtred solution.

3y diy [ dPp\? "
Ex. 6. Solve Z\d 3 g ((?r_z) —at,
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Sointion Thc equntlon does not contain y directly.

d% y dly__ d’y dq .
Also lowest differential is o= S Tz So put — el
Then the equation becomcs

u.:x g=g'—a® or 2 ""_.‘f—,—"—'- 9

Putting q =u, 29 %_=%, the equation becomes .

1. @ I =% 3
- “_—:\:—' Linear equatlon, I F.=e ‘ =3
c.o . u';=c"—j§: dx-—'—-'-(.‘;-l-—-
Cor u=g=cx+at, ie, q-- -(c.x+a‘)’l'
dy (c x+a’)"‘
Int s
egraung —T‘T—
Imegrating again, y—(—'-fi' eyr +cax+cs.

Wthh is required general solutlon
) Solve (""’) +x %2 9Y_,

dx® dx? dx? :
Solution. The equallon is free from y and the lowest dlﬂ‘erent:al
coefficient is L So puttmgdz =q &y A lhee uation become
ax® at Bt =ax "* %9 i
dq dg _.dq (dg P
(dx) ~HZE AT O g Ir'(d_x) L

. which is of Clairaut’s form. Hence putting c, for dg/dx,
g=xc1+c? or _{%‘-y=c,x+c,‘
lntegrntmg, d——{c,x- b-ei2x+c5. 7

- Integrating again, y==.c,.x‘+§c,2x2+rzx+cs,
. which is the required solut;on :

dy _
Ex. 8. Solve o dx'-‘_J ( dx’)

o . dy  dy d s
Solution, Putting ‘-{“-’"p, a x{ dp , the equation béconies

e p (P o de (i)
r=xa S (a_:-) er pex ptf (ax)



which is of Clairaut’s form. Hence putting c for dp/dx,
p=xe+f(c) or Q’=x‘c+f . L 1

Integrating, y-—-icx’-hf (c) x+c'.

l . '
Ex. 9. Solve g—;-—corx g:, =0, , \ ;
Sol-ﬁon. Equation is free from y and lowest d|ﬂ'erentmT
. ay d? ds ’
coefficient is =5 dx" hence puiting d—x-‘:sq,d%ug, thc eguauon

becomes g%——cot x-q=0 or !q-—q_—cqt x dx=0.

Integrating log g—log sin x=log ¢; or g=cy sin x
ie. j;, =cy sin X. Integrating, g:—‘-’;— —¢, cos x+c,

Integrating again, -d———c, sin x+c,x+ca.
and then y=c1 cos X-+}esxt+csx+co.

dy ady
Ex 10. Salve d._x"d?—l

ddy
Solution. Equation is free from ». Puttmg 6= the equa-
tion becomes ' '

Z——:".g=l or gdg=dx or q'-2x+c;

or q=§x{= ;|:(2x+.cl)”3) Z‘;’_ :I:* (2x+cl)m+c3-

:—1— (21+c1)"’+c-x+c’ ‘

—i=o3(2x+¢n'"+ic.x=+c.x+c.. R

y
i‘:x. 11. Solve ggj{l;;. 4 ,}_
Selution, Puum dy =p dy_dp the. Hon be '
gdx ’ dx‘ dax’ equa 100 becomes

\/(I-I—p’) or - —3 (l+ 5= dx

Integrating, smh‘l p=p4c; or p=:—=sinh'(x+cl)_

Integrating again, y=c,+cosh (x+ cy).

dy a? dy  xt
Ex. 12 Solve e Sy Pl S W

.
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; s dy d'y dp .
1 > =p £J .
Solution Puttmg =P o=y the equation becomes

dp a? : x2
dx a(a— x’) P a (@ —x) linear equation,

i
"I x+ ‘:; a_-i-xdx

1. F.—=e _[ X (a%—x?%) "
—=e—10g x-+} log (a—x)+} log (a+x) _ V(@ —x?)
) : L x

a®—x* ® -
. p‘/( e )=C'1+fa(a!_ )m-dx'

1
—ai—1 (a*—xn

dy clx 1
or P=ox= =V@=x)"g*

Integrating, y=—c¢, (aﬁ—xZ)llz_E]E 2ta,
which is the required solution.

Ex. 13, Solve T2—at k2 ( dx)

Solution, The equatlon does not contain y directly. Therefore
putting %-:p,‘gi:=%, the equation becomes '

dj dp
2§=a‘+kzp3 or n-ma—p*i=dx.
Integrating a_lk' tan™1 (‘%E)———x+cg
or pk=a tan {ak (x+4-c1)} or pmj—yzg tan {ak (x+¢,)},

Integrating, kI, log sec {ak (x+¢1)}+ca.

1'3. Equations in which x is absent w A
An equation which is free from x can be put'in the form
7 dy dly dy ) 0.
w‘ dx'_" ld iy
dy dly dp_dp dy dp
If we put dx=>P» then P e a'x 3;
diy - d( dp) d( dp)dy
208 Fo=z\ P ay)=a\ P ix dx

d’p (dp\*] dp\2 ’
[ dpz"l (d}’) ]p‘*Pe d_y_2+P (Ty) , etc,
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The equation thus takes thc form

dm 3 '
(52 Y=o
which is reduced by ope©rder and may possibly be integrated for
p and then for y.
The following few examples will make the procedure clear.
d'y | dy (dy)
Ex, 1,/ Solve +dx+ 3 =0, {Agra 1955]
Solution The eqnauon does not contam x dareclly ; S0 putting
dy _ d dy_d dP
the equatlon becomes
dp

dp
de+P+P’ =0 or H_P,+dy=0

Integrating, tan™ p==c;—y or pq—_-%*ian (ci—)

or cot (c;—y) dy=dx (separating the variables).
Integrating, —Ilog sin (¢;—y)+log ca=x.
or log ﬂ_(q__-—_y) —X or sin (¢;~))=cee™*

or c,—y-—sm“l {c2¢™>) or y==c1—sm"1 (cse™).

. dy ('fy_)
e S ==
Ex.2. Sobey 33 y*log y. IDelbi Hons, 1958]

Solution. The equation does not contain x directly: hence

. d dty dp d d,
puthng —2— P, dx," 35 d_::’_p df" the equation becomes

d dp
.wd—-p’—y' log y or pdy ;p’—y log ».

Puttmg Pi=v, 2p Zp Fo ; the above eqnntxon becomes

dv 2
5 ;v==2y log y.

Linear equation, I.F.=e 7 =,

1 I '
.‘., v —=c,+I 2y log y.? dy:—-c,-f—[% logy dy

or P p=ct(log ) or p=:—:=:1:y [er+(log y)ipia
dy

= J"\/[“;+(_Iogy)’]_dx [pgt log y=u, ; dy-——@ ]
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S Vrgy:-;)—dx or log [ud-V(cﬁu')] =log ca+x

or_u+ty/(gHut)=cee* or log y+\/[c:+(los .r}‘]-=°:¢‘

or ¢;+(log y)’==(cs€‘"|03 »

~or cy=ce?*—2c,e" log y

or log y==k,e'-l'-k.e"" is the solution.

s s (1) e = G

- Solution. The .equation does not contain x directly. So

dy d‘y dp d’pdy dp
putting - & =P= o= dx—dy dx =p—= e ——, the equatnonbecomes ‘

p'——p.v~——n [p'+a’p' (dp ) ]

o e afise(® T

which is of Cla:raut s form. Putung ¢ for dp/dy.
p=cy+n [l+a’c']“' or 3—~—cy+n(1+a-c')m
dy =dXx. ’

. crEnql -l-a’c"’”

Now lntegratmg log cy+u (l+a’c’)"']-=x+¢
or cy+n(l +a’c‘)’l'=cge" )
'Ex 4. Solvey (I—logy) dx‘+(‘ +-log y)( dx) =0,
[Delhi Hons. 1969 ; Bombay 61; Agn 58; Raj 63,55;
GIjnt 61] :

: Solutlon. The equatlon does not coniain x directly. So

puttmg : =p,— fx{ =p Zp » the equation be;omes

y(1— logy)pdy+(1+|°8 ») p*=0

¢_i£+ l+log y-

P yd-logy) 7
Now put log y=1 so that-l- dy=di. "

. dpy it d ‘
e +l di=0C or -l;- (l-i-;-:T)dl

lmegraung, log p= _H--Z log (¢~ 1)-1-const.

or dy=0 (variable separated)

v



Exact Differential Equations _ 1t

or p=c¢ (t—1)' or %ﬂw (log y —1)* as y=et

or =Cy dx, Integrating —m =X+ €3

dy
y(log y—1)*
or l—logy=

e e is the required solution. ‘

]
Ex. 5. (a) Sobve y%{+("’) _—
dJ’

Solution. Equation is free from x. Putting — = and
pr P2y the eqnahon becomes yp d‘y +pi= ¥t
dp, 1 ) ‘
or pa-‘;--l»; pi=y

Put p’=i:, 2p % :" ; then the equation becomes '

&2
2;+; u=2y, Linear, [.F.=)".

n wrme 42y dy, de wimcl B

4 2
or 2pty'=y'+c® or V2p= V2 D -\/(yy+c.)

Inﬁgrﬁling, V2 smh‘l =2x+1/2cz

ot yi=e¢, sinh (v/ 2x+c,) Is the solution.
Ex. 5. (b) Solve y dx,-l—(dy) A
l-lilt Just like above Ex. '

diy (dy dy
e
Solutfon. The equation is fre. from x; hence putting

h %’:P; %{=P gﬂ‘ the cqlution becomes

: dp 1
= ypdy+p' o Hty —p—-

[Karnatak 60]

d
This is a linear equation, its I.F.=e’Y =y. -

o py-—c,+] ydy—c.4—y or p= y c.jy

or -2 dy=:dx or ( ——ﬂ-) ¢Iy_=dx,
x C|+y ¢‘|'1')’
Integrating, y—¢; log (¢, }y)=x+0c
or y—x—ca=c; log (¢ 1)) is the solution,

»
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Ex.7. Solve (i—y*) == 2 Lo dy(' ¥ d“i)
Solution. Equation is f'ree from x; hence putting
dy_ dy__dp
=P, Za=Pg
the equatnon becomes

dp 2y "N
(l—y’)p =2p(1+yp) or 7y 1—‘"—; i—7

2y
which is a linear equation, L.F,=e I =2 y=(1—y’).
2
p.(l-'—y’)=c.+_,‘m(l-—y’) dy=c,+2y,

' dy_c +2 1—y2
so that p=77= '__y,y o = +;y dy=dx
or (—h’-i—ic, te _;2 ) dy=dx.

Integrating, ——ty’-!-ic.y —tc,® log fc|+2y)==x+c
=2+ 2c,y—c,® log (¢ +2y)= 8x+c;.

'y
Ex. 8. Solve dx‘+a( ) =0.

Solution. The equation does not contain x directly.

’ dy d2
~.  putting dx"p' dx{ ng, the equation becomes
dp dp
4 dy—ap3=0 or ? ady=

Integrating, log p—ay=loge; or p=cle‘"’,

d :
ie ‘Ti-:cxe"" or e % dy=c, dx.

‘e-ay
Integrating, -——;—ﬂaclx+ ¢z or e"“'wc, "x+k’

which is the requlred solution.
Ex. 9. Sol 2 dy+4 . =0
ve d ,+ i é
dy
Solution. The equation is free from x; so putting dx “P,

¢ dp
z,‘r = L v dy the equation bgcomes

b
Pﬂ+2p+4p’=0 or m’,—)'-——"-—Zdy.

Integrating, ;-/—: tan~l 4/2p=—2y+k

-
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or tan+/2p=c,—24/2y or /2 %=mn (a1—2v/2y)

or /2cot (c;—2v/2y) dy=dx.

Integrating, log sin (c;—24/2y)=—2x-+¢1' :
or sin (ci—24/2y)=et' . P =ce%, :
which is the required solution.
1'4. Exact Equation.

The differential equation .

n—1
H(EE, i)t

is called an exact differential equation if |t can be obtained by

dlﬂ‘erentmtmg once and without any further process from an
equation of the next lower order

dnt Idr-l : d ‘
f(?x:f}‘,‘ Ex_"%’ ooy j;—;. Y, x)==I Q (x) dx+c.
For exampl o i P
3yt dx,+14 didx’,’+4( ) 12 F S

is an exact equation since it may be obtained merely by differentia-
ting onLe the equation :

N 42 z

Sy’dx,+4y ( ) +6 (d ) xti-c.

* 1'5. Condition of exactness for a linear equation of order n.
[Nagpur 1962 ; Bombay 61 ; Delhi Hons. 62, 61, 60]

Let the linear dnﬂ‘erentlal equauon of order nbe =
d ) R
Pﬂ dx'+P1 dx"_l-*- +PA}"‘“Q(-")- ."(1)

where Po, P1,..., Pa, Q are all functions of x.

dry dly
Since P, - dxn 18 obtamed by differentiating once Po jT . hence
let the equation (1) be obtained by differentiating once the equation
dl‘-l y dl-!
Plldx._g +Q1 dx,._r'l" A Qny y= J Q.x) dx+c. sl 2N
D:ﬂ‘erentsatmg ) oncc w r.t. x, weé obtam
n-3

P, dx"+(P° +Q1) dx""‘ +(Q1 +Qa) dv..—;h_ l‘(Q: 1-Qs) dxn-{
.o+ (Q'n2tQny ;,} +Q'n y=0 (x)

(1) and (3) are just the same equations; hence equatiiig coeflicients
of various terms, we get

Po=Py, Py=Po'+ 0y, P1=0Qy' +Qa. Py=04'+ Qs
veePua1=Q"ng 4 Qnr and Py=0"-
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These relations give
T Q=P — P,
© @2=P3—~P',4 P, ' '

Q-—I=Ph1—P' ._.+P'_ R ...+(— l)'-l P.('-');
These give coefficients of various terms in (2). .
Also from the relation Pa=0', ,, we get .

P.“P'.pr,._z+P'".4—...+(— l).-l PO(.)

or Pn—P’;__.l-{-P'._.;—P"‘ - ...+(—l)' Po(.)ﬂ.o._ . -.-(4)
- (4) is the condition of exactness for the equation’ (1).

Thus if condition (4) is satisfied for (1), the first integral of (1)
is (2) w‘l;ich takes the form ' - _

C As=1 2 .
Po gy +(Bi—P&) Taa+(Pa—P+ Po?) ST k.

S F{Pra—P'na+P'ny+t...4(—=1)1 P} y

_ '=I O(x) dx+c. '

" Note. How to write condition (4) : ‘
(1) Write P, P._,, Psy ... the various coefficients starting
from the highest. ‘ c ;

(2) Put as many dashes as the number which is subtracted from
nin the suffix. Thus P,_s whose suffix is 2 lower than n should
be written with two dashes and P, whosesuffix is n lower than n
should be writien with n dashes. ‘ :

(3) Put 4xe and —ve before these coefficients alternately.
CEx 1 Sobve (14x4x) 4 (3:4+6x) P +6 @ 0.
. [Agra 1972. 56, 56 ; Raj. 64, 50]
Solution. The equation is of order 3. Here ' Lan
Po=14-x4-x2, Py=3+46x, Py= 6, Py==0,
Therefore the equation will be exact if
Py— Py P"—P""4=0 |
le. 0—04-0—0:=0, which is true.
'Hence the equation is exact. o
The first integral of the given equation is .

| £y g +(Pnff'c').%+(f’z‘-? |'+P._') y=c1
s A d ,
or (l+x+x')F+{3+6x_—(l+2x))a£x+ (6—6+2) y=cy  ..(1)

. Now considering (1) as an equation to be tested for exactness,
we have for (1),  Po=l+x+x%, Py=2 (1 4+2x), Pym2
rand here PPy 4Py =2-4+2=0 i
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i.e. for(1)also the condition of exactness is satisfied ; therefore
_the first integral of (1) is

d
o Dy ') y=[er dxter
or (I+X+x’)d [244x— (1+2x)]y_‘—'1x+":

or (l+x+x’) p +(l 42x) y=e1x+ca. ...(2)

Here again Py=1+x+x, Py=(1+2x)
and. P— Py’ =(14-2x)—(1+2x)=0.
Therefore (2) is also exact. Its solution is

Pll y=I(c1x -+ (‘;) dx+ca

ie. (14x+4x%) y=§c;x*+caX 10y,
which is the required solution of the given equatlon
ddy ., d?y
Ex. 2. Solve x dx’+(x +x+3,d =+ (4x +2) = +2y =0.

{Delhi Hons. 1970, 61]
Solution. The equation is of order three. Also here
Py=x, Py=x%4x+3, Py=4x+2, Pa=2.,
The condition of exactness is
Py—Py'+P"— Py '=9,
ie. 2—4+42—-0=0, which is satisfied.
Hence the equatnon is exact. The first integral is

Py £y2+(P Pa) 'HPz—Pl +£,") y=const.

or x "+(x=+ +2) D+ @x+1) y=a1. (1)

In (l),P, X, P—x’+x+2 Py=2x+41.

The condition of exactness, i.e. P;—P,+P,"=0 is satisfied
for (1). .

»>. the integral of (1) is

P,:y-i-(P.—Po)y =[¢1 dx+cz
e, x Db (t+x+1) y=axtan )

This is not exact and can be written as
R

J‘(x+l+£)dx ix (x+2)

Linear equation ., LF.=e =xe
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Hence the complete solution is
yxebaE+2)_ {r, + 2 xeb¥ e+ D4 o,

; Ly L N SO
Ex. 3. Solve x z;-s-f-(x’—:‘l) a;,-'-lx dx+2y—0. )
[Bombay 1958; Allahabad 52]
Solution. The equation is, of third order. Here P,=x,
Py=x1-3, Py=4x, Py=2, and condition of exactness, ¢
Py—Py' PP =244 90 is satisfied.
Hence the eqation is exact. The first integral is
de , d PR
Poa?}g"F(Px-Po )3£+(Ps—_l'x +Py") y=¢, _
d*x dy _ ’ _
or xd?+(x’-—4)z-‘+2xy-c,. (D

For (1) Py=x, P,=x1—4, Py=32x and PPy +P"=0 is
satisfied for (1). Hence (1) is also exact. The intergral of (1) 1s

Pogxy"‘l'(Pr"Po') }'"—‘I G J_X-}-Cg

d ‘ d )
or x;g-:+(x’—5)}’=c|x+03 or Ey.{.{ —g} y=c,+f7'-
This is a linear equation.
ff ,_3) dx ,
Iy = 2 5
LF. =g =e‘x’ 51033' =e*x X%
Hence the solution is "
bxt J’ Jxt J‘ ed x?
e e e
T S dta | Sp deta,
2
{12
[Agra 1966, 57, 55, 51; Raj. 52)

Solution. The equation is of secorid order,
« Here  Py=x%, Py=3x, P,—1.
The condition of exactness, le., Py—P/+P) =0 gives
1—342:=0 which is satisfied.
Hence the equation is exact. The first integral is
. P.,;'—-i-q-a',—p'o) Y I(f—Lx“)i dx+e¢,,
dy

i 1 dy 1 1 )
?N’#{+xy=-]-_—x—+q or Ey—"';y":xz(] _x,+gi

» 4 3 2 —ty=
Ex. . SO(VC X ! :+3x t y

* The equatiog can be solved by the method of homogeneous equations,
See Ex, 11 (a) page i0G Part I,



Exact Differential Equations 17

1
which is linear. Its I.F.=e I dx=x.
Hence y. x=!{x, ¢ -—x)+x‘} x dx+c,
= (;+n_—x+;'-) *drte
or yx=log r_%+c; log x+c,,

which is the required solution.
Ex. 5. Soive (14-x%) -‘1—,"’+3x _d_y+ =0.
X S 90 dr T g7 [Agra 69, 53]
Solution. The equation is of second order. Here
Py=1+4x2, Py=3x, Py=1. ;
The condition of exactness P, — Py’ Py’ =0,
f.e. 1—3+2=0 s satisfied.

Hence the equatmn is exact. The first integral of the gtven
equation is P, dx+(P,—Po)y+c1,

X

dy
ie, (l+x’) E-’-IVBCI or dx+l+x'y l+xl‘

Linear equation, I.F.=e I e gt log (59 = /(1 4x2).
Solnuon 18 y.4/(14x3)= c'+.[(l i x,)\/(l-l-x') dx

=cs+c, log [x+ v(1+x7)).

d 2
Ex. 6. Solve (x'—x) O e A

{Agra 46 ; Raj. 59]
Solution. Equation is of third order. Here
Py=x?~x, Py=8x2—3, P,=14x, Py=4."
The conditiou of exactness Py—Py'+ P, — P, =0,
fe. 4—144-16—6=0 is satisfied
».  The equation is exuct. The first integral is

P"ﬁl'}'a’ "'P»') +(P1—P1 +P¢")J'==Ix. dx+c,

08 (x*—x) —.+(5X’-2) +4xy-—- "'i"‘cl' (1)
_ = - = (1)

For this equation Py=x—x, Py=5x2—2, Py=4x:
The condition of exactness P,— Py’ + P, =0 is utisﬁed again.
e The integra] of (1) is

Py 3;+(P:-Po )J"‘I (—;l";-l-cn ) dx+cs
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or (x‘-x) +(2x'-l) .v-—+c:x+c.
Zx’— 1 ,
-8 dx"‘x =) (x'-|)+x-—1+ x (x'—l)
‘ i 2‘. : dx % dx
Lmoar equation, L.F.=¢ T ) R, x‘ (x' l)

‘I( r— l) =e. log ¢ (-1)
where t=x3

-==x¢(x’-- I).

Hence the solution is ‘
yRY(P—1)= [ F el ]dx+c.

Vo= V= HyE=T)

, ==gec—! x+cn/(x’— 1)+ec, log [x+4/(x*—D+¢y.

. Ex. 7 Solvc sin x 2—'—-003 x a—+2y sin x=0,
[Agrs 78, 68, 64: Delhi Hons. 57]
Solution. Equation i u of second order. - Here
Po==sin x, Py=—c08 X, Py=2 sin x.

Condition of exactness Py— P,’+ Py*=0.
le. 2sin x—sin x—sin x=0 is satisfied.

Hence the equation is exact. The first lntegl'gl is

Py dx+(P‘_P' Yy=er or sm £ ‘I—-—(z cos X) y==c,
or %—(2 COS X) y==C; COseC X, linear-(not exact).

. l-F-Fe-"z‘?“““"‘;e ~2log sin x___ l, =cosec? x.
sin® x

Hence the solution is :
¥ cosec? x=¢; I cosec x.cosec? 'rdx‘+ca :

© = —}¢; cosec x cot x+{c, log tan jx+c,
or y——]t; cos x+lc, sin® x log tan §x<4c, sin?® x.
*Ex. 8 Solvc Zri +cas x i”; 2 sin x%—y c03'x=.ii:i 2x. _
[Agn 57; Allahabad 53; Pb. 62; Delhi Hons. 59]
Solution. Py=1, P,=cos x, Py=—2 sin x, Py=—cos x.
Condition of exactness Py— Py 4+ Py’ —~ Py =0,
ie.  —co8x+2 cos x—cos x—0=0 is satisfied,

[mm-__*_;_rw:_f 571 [ cosecns x as.
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Therefore the equation is exact. The first mtegral is

.

d*
Pe a{+(P'_P") Z;+(P.-'Pz'+}’- )J’"‘I sin 2x dx+c,

or g:—;-z+oos x %—-_ain X.y==—} cos 2x+¢y,
. which is again exact. Hence its solution is
:—i+cos x.p=—} sin 2x+c1x+cq,
"which is linear, I.F =e*» x, Hence the solution is
yeis x= —3 I sin 2x.e"" * dx 4 I (ﬁx+c.) e x dx4-cy,
Nov_v Isin 2x¢"'*d’x=-"2fnin X cos x e*in x dx

- =2 I tet dt=2e¢* (t—1), where t=sin x

=2e%" = (s5ip x—1). s
Hence the solution is ’ ‘ _
yesin *= _ jestn x (gin x-—l)+J (cix+cy) esin = dx+c,.

, dty
f— ] —— =
Ex. 9. Solve (ax—bx?) a;+2¢ dx+2by X, [Raj. 1954]
Solution. Here Pg=-ax— bx®, P,=2a, Py=2k apd condition
of exactness, Pys— Py’ P,"’ =0 is satisfied.

Hence the equation is exact. First lntcgral is
Po —+(P;—P.’) ye= I xdetes

or (ax—bx?) ZJ—‘+(a+2bx) y=}x‘+c,

a+2bx x .
dx+x (a—bx) y- (d—bx) +x (a bx) hneat equation
a+2bx 1
LF.=e Ix ta—bx) dx=e I (; lT‘blf dx

=ellog x-8 log (a—bx)]

or

X
(a—bx)*
Hence the solution is
- a4 @ “‘*f(a —bp ke

g-:nn a—? sin 0 cos ¢ df &
i 4c .
= 2a* cos® 6 +35 (a=bxp7 T
putting bx=a sin*® ¢ in first integral
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__l- €1 o sin®0 =b—-x,
“abaf tantg 02t It ey o | B
1 1 lan’ﬂ—"n 2 5
— 2 _ tant . cos
= 0 M et bx/a
1 bx \ " | (T=bxja)
~ga (325) + va | _ b
ab® \ a—bx 3b (a—bx)® j o 7

or yx—-.——+ Sb+c’ (a—bx)? is the solution.

Ex. 10. , (x —x) 2 (— 1) -4y=0

Solution, Exact equauon. Proceed as usual.
y=21 (4x3—2x*—Ex— }) +x® (x—1) [ca—4cy log x—log (x—1)],
Ex. 11, Solve g——;+2 sin xad—+2y cos x=0,
Soluﬁon. Py=1, Py=2 sin x, Py =2 cos x,
P+ Py" =2 cos x—2 cos x+0=0.
Therefore the equation is exact. The first integral is
d ; dy
Py £+(P1—P W) y=0cy, ie. 3.—t+2 sin x.y=cy,
which is linear, 1.F.=ef2sinxdx—¢-2 corx,

.. ..Soluti.n is ye B cus *=I €1e72%% % dx 4 cy
or y= etcos x I cle-'l cog X dx+ c’e2 cos &

Ex. 12. Solvexd.y+(l x)dy y=e*.

Py—P,/+P,) =—1—(—1)4+0=0, therefore the equation is
exact.

First differential is Po d—x+(P.-—P..’ ) y=f ar ity

dy dy c* &
or x Tx xXy=—g*<4c3 Or a;""' =; ;—,

which is a linear equation. LF.=e} dr=g-*,

.Hence sonlution is ye"n]i-:. —% dx+J‘% e-* dx+cg
W .
or y=e* log x+cie* Jf— dx+cge".

Ex. 13. (2x*+43x) d"‘:,4-(6::4-3) Yr2 =+l e
[Vikram 62}
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Solution, Py=2x%+3x, Py=6x43, Py==2
and Py—P ' Py'=2— 6-1-4 0; - the equation js exact.

Flm- mtegrnl is (2x243x) +ny=I x+1) e* 4

2 e* cy
or dx+(3+2x)y T+2x i B4 2Ry

'Linear equation, LF.=¢ I3+2" —-el°t(t+=x)—3+2x
».  Solution is y (3 +2x)-I er dx+I dx+cs
r-—-e'+c1 log x=ca.
Ex. 14. Solve +2e‘ +2e’y=x e

Solution. Pu—l P1==2e*'. Py=2e*, Py—P/+4P"=0 is satls-
fied. Therefore the equatlon is exact.

First mtegra] is Py d—x+(P‘-P" ) y= J' x2 dx4c;

dy

cr %+2e*y=§xa+c1. Linear, I.F.=¢! 2ee dx .,
o Solution is yeze"’]‘ ixaez=’ dx"'—j C;eze’ dx+c‘.

2 -
Ex. 15. Solve (x*—x) :—;{+2 (2x+1) g—}"-’+2y=0,

Solution. Py=x2—x. Py=2 (2x+1). Py=2.
Py—Py' 4 Py" =2—4+42=0 s satisfied.
The equation is exact. First integral is

(x*—x) %+(2x+ 3) y=c;

dy 2x+43 c1
or Zc+x (x—l)y AT Lmear equation.
2x+3 - 3 ;
I.F.me d xu—D %_, (F+ x—r) =_GF=1p

x‘
- Hence the solution is )
(x-1s I 1 (x—1)8
Y Tt e B 4%

’ — 116 —1)
or y(—J‘—xsl)—==c.+c:J(x D dx

4 6 4
=Ca+C:I( I—°+x=+x'+x‘) dx

=c,+c;( x—4 log Jc—§-|-2II 31.)
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or ¥ (x—1F=cxd4¢, (x*—4x® log x—6x*+2x—}).
' dy dx_ .
Ex. 16. Soln E’-}-a"-’ ex,

Selution, ‘Pe=1, P,=1, Py=0, Py—Py'+Ps'=0 is satisfied.
Therefore the equation is exact. First integral is

%+y=e“+c,. Linear, L.F.=¢*.

'Hence the solution is ye*-'sj (e*t+a) erdxtaa

=}¢k+clcx+c||
- : y=}e*+c1+ce™™. : _
Ex. 17. Solve (x*+4x) y'"'+(9x*—12) ¥ +18xy’+6y=0. -
= -"[Delhi Hons. 56]

Solution. Third order equation. Py=x%—4x, P;=9x'—12,
Py=18x, P3==6 and the condition of exactaess Ps— Py’ +Pi"'— 0"’
==6—18+18—6==0 is satisfied. E

Hence the equation is exact. The first integral is
a | e
Py Gt (Pa ) N S
o (—tn) TLH60-H Tt bry=ce
which again satisfies the condition of exactness.
Hence next integral is ’

(x*—4x) g+(6x-— 12x) y=c1x+¢s,

dy 6 _cixte
dx x*—4 x>—4x

e [Tinear. LA :

o . (32 _ 32,
-LF.=e l""""“d”=e L"“z)(“‘"'z.)dxne ‘ I("—z "+2)dx

x4-2\*" ;
G5 |
32 ;
' H@“ 5 (;i—j) ‘. =Cs +I(-c;fi—:;)'~ (f-i;: )m dx=etc.
Ex. 18. Find the first integral of
s p
Solution. Exact. First integral is
xSyge4x8y4+ 16x3y;—48x2y, +96xy; —96y=x log x—x+c.
1-6. Integrating factor. ‘
It may be noticed that sometimes an equation b-comes exact
after it has been multiplied by a suitable factor called ‘the inte-
grating factor. ) :

x5
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‘In case coefficients Po, Py, ., Pyetc. are.of the type (dex*+ .
Ayx'+...) etc. the integrating factor is of the form x™. To deter-
mine the integrating factor in such case we multiply the equation
by x™ and anjy the condition of exactness. This condition will
be satisfied for a particular value of m and corresponding to this
value of m, x™ is an integrating factor. b ‘

Again if coefficients Py, Py, ..., P, etc. are trigonometrical
functions, integrating factor is also a trigonometrical function,
which can be determined by trial and error method. : B

The following examples will make the procedure clear.

*Ex. 1. Solve \/_x'_%:-i-?x %+3y=x. .

s [Agra'1965 ; Raj. 51; Delhi Hons. 62; Bombay 61]

" - Solution. The equation in its present form does not satisfy
condition of exactness. Let it become: exact after multiplying by

™, So multiplying by x™ it becomes _ '

ot 4 2ams &4y
for which Pe==xmHl, Pj=2xm+1 Py==3xm
- and condition of exactness is Py—P,' 4 Py’ =0,
ie. 3xm—2(m+41) X"+ (m+}) (m—}) x™3n=0
or (1—2m) [x™—} (2m+1) xm38]—0 .
which is clearly satisfied by m=4} (from factor 1—2m=0).
Hence the I F.=x'2=,/x. Therefore multiplying by 4/x, the

: .. _dYy dy
exact equathn _ls x ‘E.-}-zx'l’ a;+3x}" y=x32,
Its first integral is Po 2 4 (P~ Py) y=[ %% dxtey
or x :—f;’ﬂh”‘— 1) y=§x52+c, 4 - i

&y ( rz.__l.) =3y32y O
of Tx"‘(?"" 3| y=L

which is linear, 1.F,=¢l @x'"—1/x) d.f:}r edxdiz,
Hence the solution is o
. . -
y,i Axoi =.52.qu=¢ x -'dx+c,j’—i-r—¢:+q'

»

2,31
432
==e"x_ ' 4+ Ie.

e Y e
Ex.2. Solve x4 :-;{+x= (x—1) % +‘xy’=x’=4,

xi dx+ Cy.

Solution The equation in its present form.® not exact as it
g ¢
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does not satisfy condition of exactness; suppose it becomes exact
after it has been multiplied by x™ So multiplying by x7, it
becomes .. ) 7

ol nd
xma;’;_*_xm (x-=l) a_g.i.xuﬂ Paxm (xs__4)_

The condition of exactness, i.e P;—P,'+P,"=0 gives
™ [(m+3) X —(m+2) X™ ]+ (m+4) (m+3) xm=0
or xm+2 (m3)14x™+1 (m+43)=0
or (m+43) [(m-+3) x™2—xm-1]=0,
which is satisfied when m+43=0, or m=-3.
Hence x~% is an integrating factor.
Multiplying by x~* the equation becomes

d* Ndy 1 4
x Ey"l'( 1_.3‘.) Ey+a_ciy=l—? (now exact).
ot ; d) 4
First integral is P, 2§+(P,—Po')y= j( 1";;) dx+c
, dy 1 2,
ie. Jl.?zx—-—;yéx—i-;;+cz
dy 1

o -
T &x %
Hence the solution is

y=l+%+?. Linear, LE.=e—[ H*dx o olx,

: .\
-yt = Jr( i.t.2.5+;—‘-) eli* dx-4-cg

=j( :+§) elie dx-—?.j;z el (‘:Tz dx )+c,

G g gx—2e 1_)
=I( l+x)e' dx 2e"‘(x 1)+c,.

2
- Ex.3. Solve 2x%(x+1) 3}{+x ( x+3) g£—3y=x2.

Solution. Equation is not exact, Let x™ be its integrating
factor ; then multiplying by x™, it becomes '

- _
2x™*2 (x+ 1) %{—}-x"'*‘l (7x+3 :_;'J_y‘_ 3xmy=sx0E2,

Now Py=2x"+3 (x+1), Py=x""1 (Tx+3), Py=—3x™
Condition of exactness, i e. P;—P,’ -+ Py’ =0 gives
—3x"—[7 (m+2) x*43 (m+1) x™]
‘ +2 {(m+3) (m+2) X" 14 (m+2) (m+1) x"}=0,

ie. (m+2) m—1) (x4 x")=0.
which gives m42=0 or 2m—1=0, i.e. n==2, }.

Thus when m=—2, the integiating factor is x~* and multi-
plying by x~2 the equation (exact now) is
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L dy 3\ dy=3

The first integral is 2 (x+1) %4.( 5+g) y=x+cn. (D)

which is linear and may be integrated further.
Again when m={, the l.F;=x%® and multiplying by x12, the
original equation becomes (exact now) ‘

232 (x41) g’;{+x"l’ (7x+3) ;j-"-axmyuxm

whose first integral is
which is again linear and may be integrated further. ‘
However, the solution may also be obtained by eliminating @

between (1)' and (2). "For this, multply (1) by x5 and subtract
from (2). The solution so obtained is '
S{x+1)=§x3+ C1X —cgX 803, -

By o @ o
Ex. 4. Sa(ve 2x? d—;-{-le I Ty==3x2,
Solution. Proceeding as in the above Ex., m=—1, ¢,
! . -
Ans. y-—=g-+ ;%—i-c; vx.

Ex.5. Solve x5 :%{-g-sxa. %-’-(3—-6::) Xlp=xt 255,
(Agra 70 ; Delhi Hons. 60
Solution. Here the equation is not evact as the coefficients
of the equation do not satisfy the condition of exactness,
~~ So suppose the equation becomes exact after it has been
multiplied by x™
Multiplying by x™, the equation becomes

xms a3 Y 5 ) xmtym e 4 205,

For this Po==xmts, Pyo=3ymts, FPy=(3—6x) xm+z_

Since the equation is exact, Py~ P 4- P, =0, _
ie. (3—6x)xm+2_3 tm+3) x™+2p (1 .1.5) (m+-4) xm+3=0,
ie. (m+2)(m+7) xma_3 (m+-2) xmvr=(, 3

This is satisfied clearly + en m=—2. Therefore .~ jg an
integrating factor. , =

On multiolying by x~2, the equation becomes

x? g+3x g—;:+'(3—6x) y=x'+§--§-i,

which is an exact equauon now.
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Its first integral is
‘ dy ) :
4, Po;,i’+(P;—P.')y-](x=+3-'§- dx+a,

s dy

- le. +3x (1—x) y=£+2 log e 5 +c,, _

‘ ‘ ) - 3(1—.\.’) ;

L=—=-3

which is a linear equation 'I.F.-=eI » 5 '-c » _lo'x
) ’ | C=e & n—l

. ¥ x3

Hence the solution is
y.e = --r-=c;+J( log x+x‘+ ) &, : ._dx.

Ex. 6. Find ﬁrst mtegml of
Zx’;+4x Y -+2) Liaxy=2.
Solution. Proceed as in above ILF. =x.

First integral is x' ay —5+x? dy +x‘y—x’+c.

‘ *Ex. 7. Salve sm’ x;=2y (Agts 62, 56; Raj. 521
"Solution. The eguation can be written as

d¥y o o
& 2 cosec? x, p==0.

- K
Multlplymg by cot x, cot x g—-,-bz cot, xcosec‘ x.yéo in

which Pe=cot x, P,=0 (coeﬂ‘ of ) , Py== 2 cot X cosec? X.

. Pa—P 4 P"=—2cotx cosec' x—0+42 cosec’ x ¢ot x=0.
" Thus the eqnauon ls cxact now .
Its first integral bcmg f,, d +(P1— Py’ yy=e1 ; ®

dy cose&rx "

— ————e e P X.

dx+ cotx J=4 T
Lincar equation, I.F.=e~/o% < x—gls tax x=tgp x,

- Hence the solution is

dy
or cotx ;;+cosec’ xX.y=¢ oOr

' y tan x--=I ¢y tan? x dx+c,=] 1 (sec? x—1)dx4cs
\ =c;_‘(lan x--x)—H:,
*Ex. 8. Solve +2 tan x.,d'v +3y=tan* x sec x.

Solutlon The equauon is not exact. However, if we muiti-
ply by cos X, it becbmes
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dy .o dy —
cos xd;,+2 sin xzx~+3 cos x.y=tan? x,

()
for which Py—P,'+Po"=3 cos x—2 cos x—cos x=0,

ie. condition of exactness is satisfied. Therefore by inspection
cos x is an integrating factor.

First integral of (1) is
P4 (= Ps) y= tau® x éx e,

ie. cosx %+3 sin x.y=] (sect x—1) dx+¢1
=tan x-—x+c;
or %+3 tan x.y==sec X tan X~ X SeC X+ ¢; S€C X.
Linear, LF.—e |3 tan x dx_, 3 l0g 36¢ X —5ec? x.
Hence the solution is
y sec?x c,+j (sec x tan x— x sec x+¢, seC x) sec? x dx.
Now I sect x tan x dx==] (1+4tan® x) tan x.sec® x dx

=} tan? x4} tan* x. .
I x sec! x dx "

=I x (1+tan? x) sec® x dx
=x (tan x+ 4} tan? x)——I (tan x4} tand x) dx
=x(tan x+$% tgn‘ x)—I tan x dx
- }j (tan x scc? x—tan x) dx

=x (tan x+3 tan® x}—3 I tan x dx—% I tan x sec* x dx
=x (tan x+} tan® x)—2 Jog sec x—1-} 1an* x
and j sect x dx = I-(I-Han‘ x) sec? x dx-=tan x+} tan® x.

Hence the complete solution is
y sec? x=c, + } tan? x+} tan® x—x (tan x+4 tan? x) h
+13 log sec x+3 tan® x+¢; (tan x+§ tan® x).

d?y _dy _
Ex. 9. Solve a;i—cot x 3;-5—2) =C05 X.

Solution. Multiplying by sin x, the equation becomes
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2
_sin x ‘%—oos X %+2y sir} X==8in X COS X.
Here Po=sin x, P,=—cos x, Py—2 sin x.
Also Py—P/+P" =2 sin x-~gin x—sin x=0.
Therefore the equation is exact, First integral is

P,’%+(l’,+l’.’) y,_..:I ain X cos x dx+c,

d.e sinx %—2 co8 x.y=+¢ sin? x4c}

dy 2cosx = . . e
dx” sinx L oLyl

Linear. I.F. =gt oz atn x .l—===cosec' Xx.
sin® x

The solution is

¥ cosec? x=c,+I({ sin x+sif?§ ) cosec® x dx

=cg+ J. (% cosec x+c, cosee? x) dx

, =¢;+1{ log tan §x—c; (} cosec x cot x+4 log tan §x).
1'7.  Non-linear Equations :

Exactness. So far we have been discussing exactness of linear
equations. The equations which are not linear may also be exact,
in such & but thereis no simple test for their exactness. We
group terms way that they become perfect differential and their
integrals may be written direetly, Much depends on success of
trial for such arragements. . »

The method will be fully illustrated in the following examples.

dYy dy\d% . (dy :_
Solation. The given equation may be written as

Dy s 2942 (D) |
¥ gatb g gat? (dx 2 B
The first term may be obtained by differentiating the term
d'y , - «
2y e : . .
d dzy ddy . dyddy
But 7 (2 Tx-)“zy F a0 | l2)

$3 leaving apart from (1) the terms on the right of (2) we are

& d¥y dvdd  _ (dy,*
iefr with 2y d—;-z+4 a;d_;:.‘.z (d_i)

and the first term of it is obtained by differentiating 2y %

d dy\ . d¥ dy\*
But E(Zy )=»2y m+2 (a;) : (3)

dx
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. dydy d ; d?)’..
The remaining term 4 e dx ~ (3; . (4)

Thus combining terms on the right of (2), (3) and (4), we get
left hand side of (1).. Thus (1) can be written as
d [, diy d( dy\  d , (dyy
d—x(” 2?=)+I: AR (a) =k
2y i |
Integrating, 2y 27);+2y :—i+2 (%) =2x+c1. 5)
In (5) the first term is obtained by the differentiation of '
dy, d dy) dy ., (dy\*
o P“‘z(”a—x =2 Zat? (.Tx |

The remaining term 2y :—g;j-; 2.

Therefore (5) may be written as , T ;.
d

dv\ d
G (D) + L on=2xra
Iﬁtegrating, 2y g-‘-:+y‘=x*+c;x+c.. . ©)
dy du
dc~dx’

S the equation (6) becomes :—:+u=x’+c,x+c.

Now puiting y5=u. 2y

- This is lincar equation, I.F. =¢*, _
»= The solution is uer éc,+J. (2+ex+cg e dx

or y’e‘—cj+e'(x’-Zx-i;Z)+c;e“‘(x—-l=)+c.e"
or  y'=x'+ki+kax+Kkse™ is required solution.
Note. The following scheme may be noted : —
zyy:lr+2xvff+6yayn+2 (')p=2

g =2y +'y"

p Zyy" +ay’y" 21y P

& )= 2y +20
- ' Tayy”

& = ay'y"

Therefore, the equation is -
& O+ L -2
Integrating, 2yy" +2yy'+2y"t=2x4c, © ei(A)
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For 7 2"+ 20" 42yt =m2x 40y
o :; Oy= 2" F20'
) : . . . zyyo‘
2;()") ‘ .y
X .
(A) can be written as 2; @y’ )+ (y')-=2x+c;.
Integntmg,

2yy' +yt=mxt4cix4-ca

which is just (6) and may be integrated as above
dty d;

*Ex. 2. Soive x?y dx’+( x ‘TJ’..y) —3pt=m0,

- [Agra 71, 67, 63, 58; Raj. 65 63, 58)
Soluliol The equation may be wntten as

Xy 41 (¥ =255 — 2920,
o )= Xty 2y

—d4xyy' —2y*
—dryy— 2y
x
'Thus the equation may be written as
& C)+E (—2m9 0.
Integrating, x‘yy -ny’--c,

or J’:i—-z-y’

% (—2xy%)=

lfut yi=u, 2y :x =7z} he equat:on thus becomes

- %f;usmz-c— linear, LF.=e I()"“ x‘
chée the solution il u, ;=c‘,+J‘ =, i;

or ¥ F“*“%‘%ﬁ

pr' xy’=c.x‘-a;- or xy’-‘k,x'+k,
Ex.3. Sobve 2y 981622 P o -5

e dc
‘Solution. The equation may be wntten as
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2’,"""6)’" l=—(‘llx'). ' ...(l)
d 3 L4 nr . i
Z DY) =2 2y

_——4,'__‘_..

d ‘ y'y
a; (2_]’") i 4]?"]7'

" Thus gquatidn is % (2yy‘_’)+g; (27")=£"r
Integrating, 2yy"+iy"g.%+ci . . (*2)
- d T
Now ——(2yy Jas 2y 2yt
X

% (2) may be written as E— (2yy’)..-=_l.+c,.
lnteguling, 2y’ =log x+c,x+¢,
or 2 %mhs x+cx+cq.

Integratmg it, y'=I log x dx +}e,x24 c,x-{-c,

Now Ilogxdx=[l Iogxdx=|ogx x—|x. —dx

=x log x —x.
y'ﬂx log x+ ey x 4+ (ca—1) x 44 :
or y’-—x log x+kix*+ksx+ ks is the solution.

Ex. 4. Show thatx'j—'-viq-x +(2xy-—l) ;+y==.o is exact

and first integral is x* a—’—x dy. +xy’=c. o
Solution. The given equation may be writlen as
x4 xy “+2xyy’ ~y'+y =0
' 2— (’-".V")‘ x" '"+"xy

"xy"+21yy =4

d » » e

Z (% )f e R
4 ¥ xpy' )
s (xy?)= 2xyy 4y
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Thus the given equauon is

3- (x’y"H- & (—xy’)+dx (xy*)=0,
!ntegr&tmg dlrectly (form ‘shows that equanon is exact), the

first integral is Xt —xy' +xy¥4c.

This proves the result. ,
Ex. 5. Show that the equation

(o420 Z) 242 x4 (2) 43 Lgymo

Solution  The equation may be written as
VYR Y+ 2% (VP42 (¥ +xy +y=0

‘% %)= " ' +2y (')
= 23y +2x () +xy'+y
& )= 2x%y'y" +2x (y')2
' 4 xy' +y.
A (xy)= , Xyt
X

Therefore the equation may be written as

d
% 'yzy') 4 gx. (x’y")+7d—x (xy)-O (exact form}.
Integrating, y'y’+x’y"+xy=c or dl-i-x' (dy ) +xy-c.

Ex. 6. Solve (2y+4x ) d"(l+::)=.o.

Solution. The equanon may be written as
2y xy" 2y 2y"0=0. ssllhd

= Q) =2yy" +2
’ , "+ -
&= W)= x4y

y'

X

dy_
dx

The equation becomes B (2yy’l+—~(u 14

Integrating, , 2yy +xy4y=c. . - : wus(3)

dyﬂ O;
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d ' 3 ’
2 O9=2py
v xy'+y
% (xy)= xy'4y
X
. be written as L i =
% (2) canbe writtenas - ()42 (9)=cu.

Integrating, y:+ xy==¢,x+c; is the complete solution.
Ex. 7. Solve xyz. 5 +x (dy) +y _= A
Solntion The equation may be wntten as »
¢ xyy"+xy"+yy =0, es(1)
& G )=xyy"+xy"+yy

————— e

X

~. the given equation is 3‘; (xyy')=0.

Integrating, xy %=c’ or ydy=c¢ = :
Integrating, §y*==c, log x4cy or yr=k, log x-+ks.
Ex. 8. - Show that the equation

dy dy\? dy)d by - -
is exact and find its first integral. (Delhi Hons. 63 ; Pb. 60]

Seluticn. The equation may be written as
X1y 2y%y" + 2y - 3xy’ +y=0

Z—x (x%y’) =xy" 2
g 2y I
& 0= 21"y'y'+2yy'_’ _
xy'+y
g; ()= | xy'+y
x

The equation may be umten as
d
o i )+ 5 ()".V")+ Ze (9)=0 (exact form)

integrating, x’z +3* ( dx) +xy=c, is the .irst mtegral
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Ex. 9. Solve cosy:’—x-,—smy (d ) +casy x+l

Solution. The equation may be written as
cos y.y"'—sin y.y+cos y. ¥y'=x+1,

dx(cosy Y'')=cos y.y" =siny. s

T cos y.y
d . ‘
¥ (sin y)= cos y y
' X

Hchce'lhe equalion |s (cosy y')+d (s:n y)—x+l.'

{f

i Integratmg, cos y sy +sm y= (x+ l)’+ 1

Putting sin y =y, cos y ;-—Z—". the equation becomes

du (x+1)2
B il

S ue*=I 3 (x+ 1)2 ex dx+I c,e* dx+cy

_ [!Fi‘) —(x+l)+l+¢'1]+fl

Y Lmear LF. =e~

.
or siny=‘xL2n —x+eytcgex

or 2sin y=x"+k,“+k,e-* is the complete solution.

d®y . . [dy\2

Ex. 10. Solve 2x2 cosy Ef’"h'_ sin y (ﬁ’)
e +x cos y? —sin y=log >
(Raj. 56

Solution, The equation may be written as
- 2x® cos y-y" —2x? sin y.y"*+x cos Y.y —sin y=lop x - ..‘.(l) s

ﬂ (Zx' cos y y)-2x’cosy Yy —2x2 smy v"+4\ cos y.y’

~3xcosy y— siny
—3xcosy.y'—3siny

- 2siny

% (—3x sin y)=

: Equatlon i3 not exact, -
So dividing by x*, the equation Momes

i 1 1 . :
cos y.y'"'—2 sin y.y’+; cos y.y’ - sin y==;—. log x. ...(2)
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: ;:'c (2cos y.y')=2 cos y.y""—2 sin y;y“ :

3 cos y y’—-l— sin y
: »  * x A ‘
d (sin y\_ T 1 ; ¥
d_x (-x_) ) ;_co‘ y.y -";z' sin y
, B X
Therefore (2) is exact and can bs written as

sin 1
(Zcosy yH‘dx( ")=_ logx

Integratmg, 2 cos ¥ 5 dy +un Y= ; (log I+U+¢n~

Putung sin y=u, cos y g :;. -
du, 1 “
dx+2x u—-—u—- (log x4+ 1)+4c1.

» Linear, LF._\/x. Hence the solution is
u\/x=j [———l—- (log x+1)+icv/x ].dx+c.

=[G en i tgE

== [+ )=2+ 4T 4o,

c;x 32

+c5, wher_e x=e*

or smy VXx==4/x[log x-~1]4 +es

X (6
VX’
dy  \z_ '
2 e
Ex. 11. Solve x%y dx‘+( - ) =0.
Solution. The equation may be written as _
x4 x2y 2= 2xyy’ + y2=0. sadl)
d ; o '
2_; (xly-‘v')_=xlyy"+x’y"+ zxyy' :
PR g
d - /
e ( —-2x_ﬁ)== .-—74xyy'+2y'
3t

Therefore the equation in its present form is not exact. Now
dividing by x2, it becomes . ‘

21y’ 2
N =
- + = 0.

or sin y=-~log x+l+c‘

[Raj. 53]

\

w4y

e
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d ’ u ’
o
' Y,

x2

X
df »\_ Yy g
7)o

Therefore (2) is exact. It.can be written as
d d(_» :
= ) +d—x—( ;)“"0-

] dy_y* a dy _du
Integrating, Y 3= Put yi=u, 2p &= T
2
—|-dx
du_ 2 . Ix 1
le. = u=2c,. Linear; I.F_.-_—.e L
. u. .-:—,;= I 2¢ J-l;i dx4-cq
- 1. 2
or y’.;‘-,»==-}—’+c.‘ or ji=x (cpx—2¢,).

‘ d*y dy
-Ex. 12. Solve x® E,{(Jx*f-&t) ‘-2-‘4; (2x-3)y=0
without using the condition of exactness.

Solution. The condition of exactness, i.e. Py—P, '+ P,"=0is
satisfied but we would solve the equation without using this
condition. -

The equatjon may be wnucr_x as
x'y”+4x’y'-»3xy'+2xy—3y=0

d
dx (FY)=x%" 4 3x2)

TR TRy
d ‘
& )= A%y +2xy
- R TS A
d ’
= (=3xy)= =3xy =3y
®
‘Hence the equation can be written as

d Py e il d . ,
de ¥ Y ')+ 77 (=3xy)=0.

Integrating, x? ‘—I!+x'y—3xy=q '
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dy 1 3 Ci .
(})r4 d_x+(.v-c—F) y=z. Linear, LF.=xe¥r,

= = J % -Xe¥* dx +ey=—fc1e3% -y

of  Xy=-—{c14cze~3* which is the required solutiop,
Note. It is always possible to apply the above method of trial
10 all linear equations which satisfy the condition of exactness of
" §1-8p.15. ‘ '
Ex. 13. Solve

.- dy dy dy
2sinx Zx—,+2 cos x d—x+2_ sin x a;+2y €08 X=cos X,

Solution, The equation may be put as
2 sin x.y”+2 cos x.y'+2 sin x.y' 42y cos x=cos x

%(Zsinx.y')—Z sin x.y"" 42 cos x.)’

- 28in x.y"42y cos x
; d% (2 sin x.y)= ‘ © 2sinx.y'+2ycos x

5

x
Thus the equation can be written as

d : n, d . _
- (28in x.y )+a~x~ (2 sin x.y)=cos x.
Integrating, 2 sin x ‘%-1-2 sin x.y=sin xil-cl
or gxz+ y=4%+4¢; cosec x. Linear, I F.=e~.

o ye'=c,+f (341 cosec x) e dx.

Yy d
Ex. 14. Solvex%:—-x %‘-z-—d—ﬁ_—.o, |
T
Solution. The equation is free from ¥». So putting d—i’:p.
2
:—;{=Z—E. the equation becomes
dt dp

This satisfies condition of exactness, i.e. Py—P/' 4Py =0,
Hence 1he first integral is P, %+(P;-P'n3 p=c
dp 1

dp . _ _S
or xz;+(—x—!) p=c or e (l+;)p—x-

-
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Linear equation, LF.=e ° =S

1 . fec € . »
He“cq p-; [4 x—j'z . ";"d”'{'c .
dy

£ Ol: p==zx-=c'xe*+c.x¢’ji—, e~ dx )
which on integration further gives the _solution.
Ex. 15. Find the ﬁr.n' intergal of
d
Solution The eyuation is } g (il ) —3 4 (x2y%)=0
- Zx\ax) ~Ha :

2
Integrating, (?) =c;+x’y‘. This i; first integral.

1 8. quntmu of the form :x.uaf(x)

The equation can*be integrated successively to gwc the requsred ‘
solution. _ ,

19, Equations of the form g%tg(y)

To intcgrate such equations, the equation is’ multiplied by
22 The eqnaﬁ'on thus becomes

dydy
2 e da=N )

whlch ‘'on integration gwes
d,
de') If(y d"'l'ci "

e (g;) =2 If(y) d}’+‘-‘t
" which can be mtegrated further.
Ex. 1. Solve a;—-wx".

Solltton Integrating the equauon directly,
"y - xmil k :
dxl—l "1+l+ 1 o _—
o T e - ‘ -
iting agaix, e S R F iy x+ks ‘

e sen’ ses wen ese -
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Y= TN T D) (mm T OFT X e
i 1w

=T Tea e )
wherc constants are suitably adjusted.

4
‘Ex 2. Solve iZ==x+e"’—cosx

dx*t
Solution. Integratirg the equation once,
dly x* e
d’?LT_e —sin x4 ¢;.

» . . dy_x? . , '
Inlegrstmg again, d?——+e +cos x+c,x+g..
: - : dy . x? '
Again integrating, dx—2—4—e ~*4-sin x+4-¢; 2—+c,x+c..
- Integrating once again, the solutiOn is

x‘
Yoo HETE08 x+a 6“*“-‘: '2—+€|X+C¢

Ex. 3. Solve ‘-i-- =x’ sin x.

Solution. , Integrating, R;x’ (—cos q_:)+j‘2x cos x dx+-¢;

or g.x’;= —x* cos X+2x sin x+2 cos X+c1.

lntegrating again, the solution is
y=I (—x* cos x+2x sin x+42 cos x) dx+cyx+-c4
=—Xx25in x—4x c0s X+6 sin x+4c1x+cy.

. Ex. 4. Solve d——'! =8in* x=} (I- cos 2x). '

Solution lmeguﬁng. Z—;{=}x-—} sin 2x+4-c,.

dy }x’+ cos 2x+c.x+c.

and ﬁnally y=y4§x++% sin 2x+ }c,x’+c,x+c,
Ex. 5 Solve i'- =Jog x.

Solution. Integrating successively, 55 —I log x dx+k,

or ;’);—x log x—x+k; etc.

Finally, 36y=6x° log x—11x*+c1x2+ coX +ca.
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Ex. 6. Solve g—;-{a-xe‘.

Solution. Integrating successwely, Z =X (x—-l)+c,,

Z—-';==e' (x—=2)+c1x+c
and y=e* (x~3)+ e, X2+ cpx+cs.
avy :
Ex.7. Solve z;,-=sec‘ y tan y. ( Type :af(y) )
£ [De.lhi Hons. 63)

Solution. Maultiplying by 2 g—x and mtcgmtmg,

(5) —I 2 sec? y tan y g; dx+c

=tan? y+e __sin? y+e éos’y

cos® y
6t cos y dy
Vier—(¢,—~ 1) :m‘ y}
Integrating, ———— sm-i [ J a1 )s:n y ]—_—x-i-c..

sin™! {J(k ﬁ-l ) sin y}-—v’k‘lx+k, ‘
if  a=l=ki, cs/ky= '

or sin (y/kix-+kg)= (k—--H) sin y.

d2 2
Ex.8. Solve sin® ¥ d_x)', =CO0Sy oOr :—;-'3:—00.%::2 »y cot y.

Solution. Mulhplymg by 2 d— and integrating,

dx
(-dz-)’=c1 pol? s cy sin? y—-cos’y
dx ot sin® y
i .sin p dy

Viea—(14¢cy) COS’ -

= H14c ;
Integratlng, —m) sin™! {J(—T) cos y }=x+f-'s ;
or sin (vVkix+kg)+ ( )COS y=0,
where 14¢,=k;, v/ kica=
. dl}c ’ } .

Ex. 9. =@y ' [Cal. Hons, 62)
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Solation. Multiplying by 2 % and integrating, we get
dy\* _ 4 ipy ’
(ﬁ) _\/ Y124 ete. _
dy a’

Ex. 10 Zaty= : (Karnatak B. Sc. (Sub.) 60]

Solution. Muluplying by 2 T and integrating, we get

dy 21‘ ; dy (2a’+cy)
dx) ==¢, i.€ " P ——-—-—-y etc.

Ex. 1.y 3;};=p, p being a constant.

- [Gujrat B. Sc. (Prin.) 51)
Sokitton, 32k ;
-_ oy

Mﬁliiplying by 2 :—";' énd'integrating; we gat
dy\t )
(@)=

dy 1
Z=yV @y —p) etc.

Ex.12. In the case of a stretched elastic siring, which has one
end fixed and a particle of mass m attached 1o the other end, the
equation of motion is m Zlg _-ﬂ (s--l), where I\ is the natyral

length of the string and e its elongatfon due to a weight mg, Find s

and v, deiermining the constam:, 50 tha: S==8, at the time =0 and

v=0 when t=0. - {Delhi Hon’s 51, 58]
Solution. The equation is '

7 e [form ey (y)]

; 'Multiplying by 2 5—' and integrating, we get

(Zf)i‘—- (s—Ip+e. | | "
ds

But when s=15,, =0, y=2-!=0.

‘ 0—'—5- (s—=1)24-c or c-—-% (So—1)?

( ) =L st ==y

g.'= ( Vi(sa=D2=(s=1y]
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o/ (5) """""’«/[(:.—l)?-(s—m'

Integrating, j (5) i, +e.
When s=0,5=8; .~ O0=cos!l14c or c=0.

S."""I
Hence J(E) t—_-cor“i—_-i
e S.—"

o v [0}

Ex. 13 ‘A. particle whose mass m is acted upon by a force
mp (x+g—,) towards the origin ; if it starts from rest at a distance

a, show that it will arrive at the origin in time 3 -=- .
gin in time § 20 [Raj. 61
~ Solution. The differential equation of the motion is

dx at d3x at
m ‘*Jt‘.=— ry (x+x—,), ie. 7{—‘=—p (X+;—i) )

Multiplying by 2 -d—f and integrating,

d
dx\* at
(@) =—n (=-5)+e
dx . .
When ..za., a—;:-—.(), s =0,

: dx\* p dx o

o (d—r) == (x*—a') or E:_:_l/f""/("-‘—a‘)
xdx 3 5

or mm=+\/p dt. Putting x®=2z, 2x dx=dz,

dz

~Y(zi—ab) =+2vp dr.

Integrating, cos~! %:-2‘/”:-{-::.
"When =0, z=x2=¢?:

or cosf“‘iz,=,?th.

s e=0

Iftis thle time of reaching the origin where z=190, then
i n
cos—1 0= —— . = e—
24/p IV R :
Ex 14. Determine the curve whose radius of curvature varies as
the cube of the length of the normal intercepted between the curve
“and the x-axis. {Delhi Hons. 1957)

soton 3 LLEDLE Ny | 14(2)]"

{=
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p=A (Normal)® given,
dy " /2 .
l+(—) T 18/2
i.e. [ dx =t Q ] »
v [1+{Z]
dx?

o (YT @

If l+($y ) =0, then : is imaginary.

Hence the differential equation of the curve is gwen by

d: s 1
l—Ay'a-’;’-.'=0 or Z——%e-—;’, wherep=._.x.

Multiplying by 2 f_ and integrating, we get
( )=+ site o dy V(#;ML

_ydy_
Vipta)
or +(¢+ayt)=ax+b.
So the curve is p-ay*==(ax+b)3,
1'10. Equation in which y occurs in only two derivatives of the
dly d""y
axe ™™ G
Such equations can be written as
dy d-'y

f ( 4 dxn—l ? x) =0.
d v ay d? q
dx"=* axr=
Hence the equation can be wrmen as

(2 an)

This can be solved for g giving

g= d;x..". = ().

It can then be solved in a suitable way.
Ex. 1. Solve s a’dy =0.

ie.

form

Put =g, 8o that —

dxt " dx?
dy_d'y 4
Solution. Putting a—:—q, dx):' & g, the equation becomes
::-q—a g=0 or (D*-—a') q=". ’
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A.B.is D'—a*=0. D=4ta.

Solution is g=c;e**+c e-ax
d!
or d'?,—clc"’-l—c.e‘“.

. T
Integrating twice successively, we get.
l
‘y—* e"’+— s‘"+¢a 5-+cu.

111 Equaﬂons in which order of differentiation differs by one
Such an equation can be wmten as

dry d=-1y
(2. 5%

g dvy dq
Put - d—,—ﬂ—’;t‘—-'q, so that d‘?“"d

The equation thus becomesf (a;, qs )
which can be solved for g, giving

du—l
ge=—— dx" 1=8 {x) E
which after bemg mtcgrated successively ‘n—1 times gives the
solution. :

Ex 1. Solve _diy f_y_

dx3dx? :
h ' . d¥  dd dg y e .
; Solntiog Putung,,d—x-’a‘q, = lhg equation becomes

d P
E—:q=2 or gdg=2dx.
Integrating, q’-4x+cl or q=\/(4x+c,)
Cor Pevixic.

> 3/2
Integrating, % = (4x—1— c;) +¢;.
- 5 [’
Integrating again, yn%%ﬁ{ +eaxtes

or Y= (4x+c1)*t+ex+es.
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Linear Equations of Second Degree

2'1. Linear Equation of Second Degree
An equation of «he typo

s +P Z+or=X, ‘

where P o, X are functions of x alone, is called the linear equatlon
of second degree.

If the coefficients P and Q are constants, the equstion can be
solved by the methods of chapter V Pt. I, otherwise there is no
general method for solving such equations. We give below certain
procedures which at times yield a soluuon

.22, Complete solution ol' -l-P +QY—X when onc

integral of the complementary fnnctmn is lmown
To solve completely the above equation when one integral belonging
to the complementary fum:uon is known.
[Agra 67, 62 ; Punjab 60 ; Bombay 58, 61 ; Gauhati 67, 64 ;
Poona 61 ; Karnnﬂk 61 ; Gu)nl B. Sc 65, 61;
Cal Hons. 62 ; Nag 63] ;

The equation ls:z{ +I' +Q}’—

The equation is y-H’ dy+Qy—X

Let y=y, bea known part of the complementary function, ie.
itisa soluuon of

& ' d: d
3;’, p-—+Qy=0; dx},‘+P 2 4Qyy=0.

dy  dy,, dv

Q)

Now pumngd;v—vv,}gwe get d—-—V . ;J’n =
' v dyy, dydv 2y
and e 2 T o

With this substitution the equation (1) bccomes
diy, L, dy dv dy, ,
( ey +2dx F5tF 'dx’)+P ( & TH )’f Q.m=X

d: dy, d
or v[ y'?-P TQ)':]«H’: [j :+Pdt]+2 d{ld{ X.

-
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d*n dy,

Butby (2, ZX+P3C +Qy1--0
Therefore the equatuon after dividing by y; becomes

2 dy]dy_X.
+[P '
Yadx | de v (3)

Now putting ?=p, it becomes
‘—’l—"l'[}’-{-z y, p= o

dx »n w(4)
which is a linear differential equation of order 1 in p and x.
2 dy, 2
s l.F.==e[ (”Mx * I (P e "”‘)

Hence solution of (4) is
: [dea'[[{ o] Pdx
pyl e . ) }’1 yl e dx+0’ ”_(5)

which gives p=§—; and on direct iﬂtegration gives the solution of
the equation (3).

; . dv - .
After integrating i we get value of v containing two cohstants,

Having found v, we find ¥ with the help of the relalion y=vy,

This is the complete primitive of (1) since it contams two
arbitrary constants,

Cor. If y——y,(x) and y=yy(x) are two solutions of the
equallon 3+P(x) +Qn:) y=0, where P(x) and Q(x) are conti-

_ nuous functions of x, prove that
dys_ dy; _ ;; P dx
Nnax Ve (Calcutta Hons. 62]
When X=0 in above article, we have from (5)
pritel Pdc=c or pyp=ce—IPdx
ie. ff—};y;’sr:e"I i

I -
or yﬁwzﬂlmn fPds _ as ya==vy,

. dy, —{Pdx
Jor )’lzx——J dx =ce

23. Search for a particuhr integnl of

dty
& +pll Q=0
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47

The article discussed above gives us a method of finding the
complete solution if integral belonging to the C.F. is known.
Therefore the maiu problem is that of finding an integral of the
given differential equation. If this is given, then the question can
be solved straight away. i
of the following rules may help us in determining aa integral of the
complementary function. ‘ )

Rule I. y=e™* s to be a solution if m*4Pm+Q=0.

y=e", then

dy

If however a solution is not

-ddy

——=me™, -5

dx

dez

=m3emx,

Hence if y=¢™= is a solution then .
m2e™* 4 Pme™= -+ Qem* =0

or m*+Pm+Q=0.

Deductions

(ii) y=¢"* will be a solution of

() Thus y=e* will be solution if

1-P+Q=0.

Rull 1L

dy

If y=xm then -

dx

nown, one

1+P4+Q=0 (sum of the coefficients is zero).
[Karnatak 61; Bombay 61]

=mxm-1,

y==Xx"™ to be a solution.

ﬂ=m (m—1) x™2,

2
dx?

Hence if y=x™is a solution, then

m (m—1) xm3 § Pmx™-1 4+ Qx™=0

or m(m—1\+Pmx+0x*=0,

Deductions. (/) y=x wiil be solution if P+Qx=0.
[Karnatak 61: Bowbay 6_1]-

(i) y=x* will be solution if (taking m=2),
24 2Px4+Qx?.=0;

24. Summary. Thus for
&y, o, 5,
E:+P‘7£+Qﬁ—-0

(i) y=e*is a particular integral if

(i) y=e*
(Hii) y=em=
(iv) y=x
(v) y=x?

(vi) y=x"

2

¥

"

2'5. Procedare (Imporiant).

L1

»

problems of this type :
(i) Put the equation in the standard form

. dxt

dy .
—+P3;+Qy—x

3
124

»
”

»

if

if

if
if
if

14 P+0=0.
1—-P+Q=0.

m2+mP+Q=0.

P+Qx=0,

24-2Px+Qx3=0,

m (m—1)+Pmx+ Qx*=0.

Adopt the following steps ip solving-
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. 5 : ' dy - .
in wh:ch coeﬂiclent of Ze is unity,

(u)r Test for a parucnlar solution of the C.E. and rcmember .
- that i ;
1+P+Q=0, y=e*isa solution } -

P4+ x0=0, y=x is a solution. ‘
(s¢e summary § 2 4)
(iii) Put y=vyy, and simplify ; the reduced equation will be

div 2 dyy dv X
dx‘+(P i —;. [equation (3) P. 46].
(iv) Putg—_p and solve the rcsultlng lmear equation in p

and x.

- The following examplcs will fully illustrate the mthod

d’y
Ex. l Solve et —dx+x’ y=2x—1.

- Solution. Here P= —3—‘. Q=§i; Since' P4 Qx=0, therefore
y=2xis a part of C.F. ‘ '
_ ~Putting  y=vx, d—y--xa,—c-i- and d—x,r-fx z+2 s
the equalnou becomes =
3 v, "\,3
E,+2 a}*“;(td‘;-{-v )+—. vx=2x—1,

; d. dv dv ldv
ie. x‘-b—,,-—a-;—Zx-—l or S5— =R

X
2.
Now puttmg g o=, jv:' : = the equauon becomes

. U
X . S
This is linear in p and x, -

. 1
‘ -=)d
Its 1.F. ==eI ( ) g
Therefore the solution of this cquguen is

p-—::k,-f-](z—‘-) d"'—kl +2 103 x+—
or p--:—:— =2x log x4 14k,x. .

.ntegrating, v=I (2x log x+1+kx) dx
T =X log X+ xtantta.
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The complete solution is y=v¥

or y=x%log x+x? r ;x%-aX.
d*y . dy
*Ex. 2. Solve 3—)2*3» U+Ay x.
[Karnatak 69; Sagar 52; Agra 49; Delhi Hons. 59}

Solution. Here P=—x2 Q=x, since P+x=0, therefore
y=2xis a part of C.F.
dy _dv , d?y d”v Ly v

= . 5 ; 72 Re < 5 P
Putting y=1rx, - > x(h ¥, 35 dxz' T the equation

diy {9 dv)mxz(xg£+y)+x.vx::x

/
becomes | x —5-4-2 -
dxt % dx

d it

Xyt (2""3)“, =x, Now putting j;-—cp,

or

dp 12 \
. ] — i s X =
*m+u b L 4 P Ll (D)
= —x1} dx s
This is linear, Its I.F.:—-e}‘(-" / = xte— X
Hence solution of (1) is
p..’{:{’_é"cl«‘—‘j’ xe ¥ gy g e,
:——'e—-ixx‘+';11'

the integration om the right has been done by taking §x%==t,
x dx=dt.

Th]S give.‘; ::-::-—~--+._____
‘vz-—-;% jcm*"’.x‘* dx+-ca.

{ 2 1
Hence y==vx==]-lx¢, Je"' R b S
is the complete solution.

Ex. 3. Solve x’{——-HZ (l«Lx) +2(1+"))’“'18

dx?
[Agrs 67, 66; Delhi 63: Rai 04;
Karnatak 63. 61; Bombay 58]
Solution. Dividing by x2, the equation in standard form s

dy 2 (1+x)dy 2 (1+x) .

dx? X dx x?
2049

x

Jj=x,

2(1+x)

50 that Px:— Q=g Since P+ Qx==0, therefore
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y=x is a part of C.F. Putting y-vx the equation becomes -
f d 2 (14-x) + 2(+x)
( dxz-f-z a'.x) % ( dx+ ) = VX=X

dtv dv . e
or X dx,—-Zx- g Putting o this becomes
22 dp
* e —2xp=x or dxﬁ2p=l

This is a linear equation. . Its I.F.=e™2%,
pe"”=¢-':+f e dx=c;—}e 2

or p=§:—c-——qe”—}.
Integrating again, v=% e*—}x+tcr.

Hence y==Vx=“x2'eu

—4x2+c,x is the complete solution.

dy }"==x (].L_xZ)?II. . g .

[Raj. 1961 ; Delhi Hons. 69, 57)
Solution. The equation in the standard form is

P s by .

Ex.4.(a) (I— x’)dx,+x

x ! L P .
pn—l——x”u=—l_x” P+Qx=0; . y=x ispartof C.F.
Putting y—=vx, the equation becomes

dv _d x dv 1
(Fr @)z (E)-mme—ra-me

d , (2 x \dv __ ‘
or 7;‘*(#1‘7)&““"""”

Ol"l Zi+(x I x’)p’=(|._.7xl)l-ll’ where %‘:—'—-P-

]‘(2_ +—x—-,) dx=._x1. -
Linear equation, I.F.=el\* 1—% V(I—x*)
He'ncé 2 el =¢ +I (1—x2)e - —dx
R V(=5

. ) —c1+§x‘

or p=gmc, YA g1 ).
Integrating,
v=0 IM dr+ij xV(l —x) dx+cs




Linear Equations of Second Degree - ‘ =

T

(11—t p i ‘
—%.3. 3 —35—+¢, integrating first integial by parts

. V(i -—x‘) W
o [ et A= e
1/-(—1:—-—~——c sin! x—12 (I—-x‘)’l'+c;.
Hence complete solution is y=vx,

e y=—ea/(1—xP)—cx sin™! x—§x (i_xs)m_,_qx
Ex. 4. (b) Ven_‘f_‘v that one solution of the equation

- rx o0

is y=x, and ﬁnd another solution valid in the interval —1 < x < 1.

Punjab 1967]
Proaeed as above The solutnon is valid only in -1 <x < 1.

Ex. 5. Solve x’ o —(x’+2x) +(x+2) y=x%*,

[Agra 1971, 68, 58; Gujrat 61]
Solntlon Dividing by x?, the equation in standard form is -

d? d
d_xJ; ( ) y+(x+x’) y=xe*,
Here Pz_(l'_k;)’ Q=§+F gnd f+xQ=0.
. Therefore y—nx is apart of CF. Putting y=vx

dv _dv
: Jm(—_* ’¢£v‘ dx’+2dx

the equation becomes

dv av 2\/ dv 1.2
(x—x,+2 Zt-)—(""';)( dx+ )+( +§'z) rx=xe* ‘
i:: +( ____x'-i;Zx ):—;=xe-"

or
or —— ———=e¢% Putting 1‘-’==p the equation becomes
T daTdx ¢ & Bl ‘
%—p=ef. This is a linear cquhtion, its [.LF.=e*,
Hence pe~*= I oL erE dx+€1-—-\+¢'1,
ie. p=g{=x¢*+c,¢'. ie, v=e* (x—1)+c,e*4cq

- B i
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The complete solution is y=vx

or y=e* (x¥—x)+ciXe*+cyx.
Ex. 6. Solve’ -}'Q—V%(x -1 (— _x+])

' [Punjab 61 ; Agra 51]
Snlutlon The equation, in the slandard form is

or

dy  x dy, 1

P x-larx+x |”'="“' |

P=—E 0=_L Pixg—o, . y=x is a part of C.F..
Puttmg y=vx -the equation becormes ; )

x 1

(E"" 2‘)‘“;_’?( dx,+")+ iy et

d®v x Ydv_x—1 av

dx’_+(x x-—l)a‘x %, . POl o k

= %+(;—xil)p=-’-‘?l—; This is linear.

Its I.F.—e2 lor x—x—tos ts~n=;’£'-i -

2 pxx:l e E= I xe* dx+cj=—e™* (x+|)+c,
o p=g=Tol, (" ') =141, +c, (i—-:—‘-,)e"

Integrating, 'v==—x—-+c.--+c.

The complete solution is ymvi o
or y=—x*'—] +¢:e'+¢'zx=cl¢"+c3x-—(l +x2).

Ex.7. Sobve x G —@x—1) D+ (x—1) y=0.

[Amss Alld. 58 ; Delhi Hons. 60, ss|
Solation. The equation in standard form is.

&y _(, 1\dy _l)
= (- -) +(1 y=0- ‘
Here r——2+;, Qsl-g and 14-P+0=0;

therefore y=-t" isa mluhon Putting y-ve-', )
dy

Hence the eq!lltlon beeomes
v - X dv 1

)
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 d%  ldv
or -I-[ ( )] =0 or dx: <=0,

- d 3
Putuns d =P d£+— p=0 or —P'*';==

Integratmg, log p+log x= log €1 of px=c;.
s g o '
.o P—E -

The complete solution is y=ve*

or y=e*(c; log x+¢3).

oo V=01 log x+c,.

Ex. 8, Solve d—.x;—cot x 9'——(1 —cot x) y—-ex sm X.

dx
, (Karnatak 64- Raj. 571
Solution. Here P=—cot x, 0= -—(l —cot x).
1+P+Q=0.
Therefore, y=e* is a part of C.F. Putting y=ve=,
d) dv d‘y d% dy
d-xy e‘(dx-l-) (dx3+2dx+v)
The equation becomes

[(£:+2 ) —cot x (ﬂ-}-v)-(l» cot x) ‘v]=e=r siln ¥

-

8

dy
or E&(Z—COt x) Zx=sin x. Put;,—=p
then :":+(2—~ cot x) p—sm X, a linear equation. -

Its I F.=e~cot ) a.-,.,u-m o x__
sin x
P s:_ni’: sin x—--—— dx+c,-—1}e"+c1 B

or p-——?‘"} sin X+¢; sin xe~*, -

Integrating, v=—} cos R

2, € 2x (cos x+2 sin x)"+c3.
. The complete solution is y=ve*,

~or  y=—}e* cos x—-g- €™ (cos x+2 sin x)-4cye®.

d? ]
Ex.9. = 5{—2 (x+'1')%+(x+2) y=(x-2) e*.

Solution. Equation in standard form is

. -
Ie" sift bx dx= €% (as:n bx—b cos bx)
at b :
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d*y , o Ny 2 x—2
B2 wag)i+(143) -
2
P= —2( 1+l) Q=142, 14P+0=0.
~  y=e* is a part of C.F. Putting y==ve*, the equatlon becomes

f(Ein a3 ]2

p G _2dv_x—2 2
dx* xdx x x .
g O g% T
Putting i the equation becomes % g p=I =

J‘—.m.d'x 1
Linear, I.F.=e * =;,

J'(“—"‘“) dx+-c 1——-+ ,+C1
or p=z—x—=—x+l+c1x3 '

.lu&grating,' v=—4xt4x+¢; i;+¢:,.

The complete solution is y=ve~,
fe. v=—3x*4 xe*+}cix%* + o™

dy dy
Ex, 10. Soive x d—;,-l—(l—x) oy €.

. [Agra 1950 ; Lucknow 51]
Solution, The equation in the standard form is
d’y+(l-—x)dy 1. &=

dx® x Jdx x x
p=L— Q.—.=—- 14+ P+ Q=0. Hence yse‘* is a part of
C.F.

Putting y—ve' the equation becomes

[lEvede () s

or $+l+xdv 55 Put——p, ; r

x dv x dx
§ . I(l-i 7 -')dx
: X

dp li_ ,.‘ fipa.
then e = \ne.sr.l.F‘.e

!'t pxﬂ:jl e‘dx+Cl=l' ‘ (.'l
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dv C1pe,
-l dx_§+x

lntegratmg, v==<log x+4¢; Ir‘e‘*dx+cg.
The complete solution is y=vex,
ie, y=e*log x+c.e"j x"te=* dx+ cye*.

Ex. 11, Solve (3—-x) —(9—4%) dy+(6-3x) -y=0.

[Mautllwada 1964 : Alld 53 ; Karnatak 60, 63]

Solution. The equation in standard form is .
dy_9—dxdy 63 o
A3 3—x dx ' 3—x 7T :
9—4x 6—3x '
P—g—y Q ) , 14 P+ 0=0%,
Hence y=¢€* is a part of C.F.
Putting y=ve*, the equation becomés

d*v  ,dv 9—3x {dv 6—3x
e"[(—-—+2dx+ ) s (dx+ ) 3= xV]—U
dp_3—2xdy :

o 3Tx gz0s puting lmp.
dp_3—2x dp

dx ey p=0 Ol' ';-—( 2+—) dx=0.
Integrating, log p-- 2x—3 log (x—3)=log c,,
& ‘
p—‘-=a=c. (x—3) e,
Integrating, v=A+ Be** (4x’-42x’+150x—183),
_ The complete solution is y=ve*
or y=Ae 4 Bel* (4x'—42:='+ 150x—183).

*Ex. 12. Solve x’g+xg—y=0,,giuﬂ that x-{-i isone integral.
| (Rajasthan 59)
Sollmol The equation is — dy +i—é"-’ -;lc’ =0, ‘

Pnttmg y=v (x+;), the equation becom:s

*It is not always necessary to put the eguation in -standard form to find
a part of C.F,

Sum of the coefﬁcms in given form w=3—x—(9—4x)+6~3x=0. This
also shows that y=ex is: a solution,
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. |
F'_"( ?T,dy)a"m where y;=x-+3

1..._
or ‘ dx’+ [ _I

38—1dv . dp, 35— 1 _d
+ DD dx xR PGy

dP 3x2—1 dp (1
» +x (x,_'_l)dx#o Ot +( +x’+l)‘b""0

Integrating, log p—log x+2 iog (x’+ I)=log ¢, .

dv X

The complete solution is y=v (x+ ) :

tx’+ l)

“="+¢'= (x'l' )'——+3 X,
 Aliter. The equation is homogeneous with variable cocﬂicu-.nts
So putting x=e*, D=d/dz, the equation becomes
[D (D—1)+D—1}y=0 or (D—~1) (D+1) y=0,

so that | y=c;é'+c;e“=c,x+£!. -

Ex. 13, (x+l) —2(x+3) +(x+5)y—-

‘ ) : [Nagpur 53]
Solution.  The sum of the coeﬂicients is zero. Hence y=e*isa
part of C, F. The equation in standard form is
d*y. 2 (x+3) dy_ x+5 e
dx® - x+1 dx x+1y X1
Putting y=ve*, the equatlon becomes

d%y 2 dyi\dv X ‘ '
4 —— — —— — -
g dx‘.+(P+ B dx) = 1 _ where,y,=-c*
d¥, [ 2x+3) dv_e/(x+1) o
= dqt""[ e ol
3 ﬂ_ 4. dv__ _l‘_. X dV_
or e x——-l,-l th__x-{- T next pqt = =p,
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i\ ;“'-, TTRITYE, G ‘ ¢
= ( N "’*f(xﬂ)' s WA, )
or ‘ p=ﬂ=c, R N s
In!egratlng. y=—t (x+1)' ..tx.{.q' % . "

Hence y= "‘="¢‘:¢'(f+’f)'—be' +C:e" is the complete solution.
Ex. 14. Solve i-—ﬂ +x) xy=x

%,y [Gujntﬁ: Bonhyﬂ;hnm 61]
Solutlol. Here H—P+Q==0 Hence y=e* is g port of CFyinl
~ The equation after pu!’lmg y=ye* becomes

d’v+(P+2 dy‘) R T

dxt ndx )&y s 2i acitulos whfmerxﬁf*

225 fie}
or dx=+[ — (M t)-f-r }a—s; &

m‘hﬂﬁﬁ) Q;Tape,ﬁ uﬁamm) p-»msp-!” N
Linear; LF.=e J (1 =x) dxsél"‘-‘}x' b ok

rare
> pet-lx =I xe""ix dx "cfﬁ'-’e "."'(-‘3 e

3 T“, mltﬁn'}w"“ 3 “

TSI B

ie. -—d-—-c z-|-¢:l e"-"“!‘h

dx— w 29viyg O=[{l—mS) :
lntcgraﬁns' = g™ x.‘)cl I! z-'-i_ !X+O’ 4 €< ¢ vd mol \-7‘3!?1
0l 282u! n_ Y [1¢ ﬂ:? 2 [ Traux & "*\v}!"j&éq
Heneey.—vef__‘%le,j&: : R

is the complete solutioa. S B ‘;_ : 4 %L ., ob

L aapeil_ TS EER
Ex.15. Sofve “—’f--r(l--a"m 5 ,:anx:—;,ﬁ'x. aty ;

=8

Solution, Herel’—-!~cotx Q*—"otx- < T..-;.i" ~.ov"_
1-P+Q=0. - B 31‘

Therefore y=¢~ is a par: of ~ F ﬁuﬁlmg v’a-ve'r tlle cciation
becomes &'+ P42 ):‘g}ﬁ.‘ Tt R

"4 n

d li
l(l colx)+-—~(e-x)] ;’_‘ b =

e T
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d’
or ~(1+cot x) —e" sin? x; puumgg-_p
4 1
_._ — = 2 . f(H-col x)dx __ ,~
(I—cot x) p e’;sm x, I.F.=¢ exsmx
1 v
& % == > 2 yo-x,

=€|+I sin x dxac,fcos X.

dv
e P*a““’cx?’ Sin. X—e* sin X ¢os x=c,e* sm x—}e' sin 2x
Integrating, oLk ‘

P4 0% (8in X—cos X)—} . == 2’+l (sm 2::—2 cos 2x).
The complete solution is y= ve’”
or y=ce" 4+ (sln X —cos xX)—+% (sin 2x—2 cos 2x)

Ex. 16 (x+2) $2—(x+5) £+2y=(x+l)e’

[Delhi Hons. 64: Agra 52; Raj. 59; Pb. 61; Meerut 76]
Selution. . The equatnon in standard form is '
d’y 2x+54y+ _x+1)
ax* xt2 dx x+2 x+2

2x+5 2
2 o —
Here m +mP4—0._m’ %43 m-rx+2

x+2 [mx+(2m—-l)]——0 gives m=2,

Therefore by § 23 P 48, y,=e* is a part of C.F.

Putting y=ve®, is the equation reduces to
. d’v 2 dy, &y _X ( Q) .

dp,2x+3 ~ x41 _ -
x+x+2P x+2 e, mear.lF =y

3
-, —[*+1 .
L x+2 Ix+2 x+2d‘+c".

EI [x+2 (x—li-z)’.l e

. lmesﬂllﬂc ﬁm mtegml by pam.

&

or

X e
\

x4.2+c’ X i o i
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or p=:—:=e"‘+c i (x:|~2)
p= —-e""—}c e~ (2x+35)+cs.
=% [—-e~* —}c1 6™ (2x+5)4 ¢l

Hence y=
=—e¥ Hc'a (21+5)+c:e"*
is the complete solution. A
Ex. 17. Solve . T
dy

(x sin x+cos x) Zg—x{—'x cos x Z;-i-y cos x=1} .

of which y=x is a solution,
p o ; [Agra 70; Delhi Houz. 53; Pnnjab 62
. —XcosXx cos x
Selstien. Here = X sin: Jt+t:osx'Q X $in X+cos X e
Clearly P4Qx=0, so that y=x is a soiunon, pumng y==vx the

equanon becomes
2 dyl dv -
+[P+ ‘d? T:::O Whel )‘; P
: f':r . XE88' X dv._
- =t "X sin x{-cos xT xldx 0
dp [ “xcosx |2 "
= d§+[x in x+cos x .t} ot W
dp —xcosx 2] ... '
;+ x sin x+}cos i d‘ =9
Integrating, log p—-log (x sm x—j cos x)+2 log x=i¢sg Cpo ¢
px? = _dv [smx +cos x}.
Xsinxfcosx o OF PEgTAlT

B gk J‘(sln X 4 cos x) dx+c. L

=0ey [ —= COS X— f"’_("""‘” x) dx+f i xdx]+c.
integrating first mtcgr:rl by parts.

E'I'Q-

or

—L cos
= > X+Cz
y-vx::-—c, cos x+c.,x is the sohmon

Ex. 18. (x sin x+4cos x)d———v cos .\a-f-y co: X
=g§in x (.\ sn x-4cos x)?
o : : 38 [Delhi- Hons. 70; Ilo-hy 61)
Selution. Here P+xQ=0.
Hence " 'y v i.'."r.i pait of C.F.
Putting ) ... the equ.mon becomes

& 2 dn
dX‘+[ vdx dx " Where s
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dP X cos X 2 sin x (x sin ,x-i—cos x)
i.°¢' el Xsinxtoosx x| P= x

x2

This is linear, I .F.=mx‘
. x dcd A
I p-m=f 2 s|n X dx+cy.

=(—x cos x+sln Nte.

= dv _(xsin x+cos x) [(—x cos x4sin x)+c1]
ST x2
' [ . cos? x—sin x2 sin x _cos x
=| —sin x cos x :
x . x*
e sin x
A e L@ 4] 14 = { B ud +C| [ x +T]
‘Integrating, :
v—cz-]-l[[-‘-} sin 2x ogs 2¢ +} } 'c, '_"_: x )
=q+* cos2x * sm 2x iy c_g_s_z'

y==vx c,x+}x cos 2x—§x sin 2x—¢; cos x.
Ex. 19 x == (x cos x—--2 sin x)+(x’+2)d—-x $in x i

—2y (x sin x+ cos x)—
given that y=x2 is a solution.
Solution. . S
X242 oL -2 (% sin x+c0s x) -
_ X (x cos x—2 sin xX)' % " x(xcos x—2 s x)
Puttmgz.y=vy,=ﬁ=vx" the equati‘on becomes '
de 2 &,
et b PR ]a ~0 )
dp (x*+2) sin x 2- - -
dx+x (x cos x—2sin x)+ de P=0, Wh"erp—dx

o _g E xz(x’;]—Z}zmx s S ] de=b;

Cos'x—2x sin x)
Iategmtm‘g* ‘log p—lbgi(x’ c0s’% 2x sin x)+4 log x=log ¢;

i.e,

& i‘l’g_c (x* cos x—2x sin x) il tos x " 2sinx !
T Tl 85 5ef) 30 mgrke Foo o )
' sih’f A 2 '
Integrating, v::c, +c.

Ht.nce the compiete soluuon is y=vy, etc

pe- W L) L

h;, ?‘mmﬁplmf*uu&méﬁw;', given Iluu y=cot x u}q .taiuqu.w, |
4 lAe gz, 6 Rud-

.29mo23d nousups il

: S
%= v - :
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2
Solution. We have g—Zy cosec? x=0, P=0,.

Putting y==vy=<v cot x, the equation becomes

d?% 2 dy, d!’_ ok
Kz‘l" [P+;[ d'—x] d—x—O, where yi=ctot x
dp 2 p=0, wherepﬂg

ie.
dx

dx sin X Cos x
or d_;p=4 cosec 2x dx.
Integrating, log p=Ilog tan x+log c;
or o ] tan? »
dv : ; '
or F-=a (sec2 x—1); . v=c tan x—c;x+cp.

Hence the complete solution is y=uvy; .
ie. y=cotx (¢ tan X—c,x+63) =c;—ex cot x+cs cot x.

2 .
Ex. 2l._ Solve (I--A’) :—x‘:—x 4 —a%y=0, ' given
y=ce® "% s inegral.
S&Intion ddy x dy a®

dx* 1—xtdx | x,‘y=0.

Putting y—vyl—vcea o

, the equation becomes
;‘f.{.( 2 . x )(_iv el
V(1—x%) 1—x*dx

I ; dp 2a X ) v dv
o +(V(l —x’) 1—x2 p—o, threp.-.-..a;

dp ‘2a
or +(V(l—x’) I—x’)dx =0
lntegratmg, log p+2a sin™ x+} log (1—x*)=log ¢;

or pyV(l—xt)=cge—2asin"'x . p—d o :—(Z:nau;:)x

..._EL —2a sinix .
v= 2ae : +cz.

Hence the complete solution is y=vy,, etc.
Ex.22. Sobe x dy  dy
A dx?

solution,
Proceeding as above, y=-c.x'+ x?isa solutlon. ‘
Ex, 23. Given that the equaﬁon

x(1— x) +(! —2x) 3’—iy.=0~

LY

d—;—9y=0, given that y=x* is, a

"6l

 that

-
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has a particular integral of the form x" prove that n=-4%, and
that the primitive of the equation I y—x"‘l' [A+ B sint (x112)],
where A and B are arbitrary constamts. {Poona M. A 196[]

Solution Let y:’::x' than dy ==nx"-l,£ —-n(n-l) ; oac Nl

Putting these values in the wen differential equatnon. :
X (1—x)n(n—1)x"2*+(§—2x) nx"1is }xn=0
ie. x"[—n(n—1)—2n— }]-}-x"l [n (’l-l)'-iﬂ]
y=x" will be a solution if g :
n(n—1)+2n+4}=0, ie.’ 4n’+4n+1=-0 ie; (2n+l)’-—=0

n_ Fe-

ard n (n—1)—3n==0 which is also satisfied by n=-—3}. 1
Hence y=x"=x-2 xs a solutlon of the gwen dlﬂ'erentlal

equation,

Now put y=px~}2 and proceed as abowe. to ﬁn_d the complete
primitive. A i

Ex. 24. Solve (x*+x)y"" — (x’+3x+ ny.
(x+y+-) ( l+£+§-,) y-3x3 (x-H)’

of whicl y=x'is a'particular integral. [Delhl Hoas. l%ll
. Solution,  Putting y==vx. the eQuatmon reduces to. ,
(e X) V= (T -2) v — (xF2) v =3x (x+l)’
Now putting v'=p, it becomes
(x2-+x) p* - (¥*—2) p'—(x+-2) p=3x (x+ l)‘
Sum of the coefficients is zero ; ..\ p=e* isa part of C.F.
Putting p =e*w, p'=¢* (m +w), P .—.=e" (w” +2w'+m)
the equation becomes =
(x’+x'w +(2 4+ x+2) o'- 3x¢"' (\’+1)‘ A
Putting o’ =gq, this becomes 3 :
(x*4x* q'+ (324 2x+2) q=3xe"'r (x—l-l)’

dq LY ! L e
or. +(1+ l+x)q Je *(x+1) IF_——-H“; |
foaErpmathy o Hegox il e S
or %—m-—-—x’e‘f—-ﬂ?.xe**-\— 3e**+c, -—+c1
or p=g~c=—=——x’ S3x— 3+ +c;e"
or v=—}x* 1x‘—3x+c; Iog x+c,e"+c;
The complete solution is y=vx " ‘
e yE=sfxtasix¥ U3t e x log x+c,x¢‘+c;x xS
*26. Removal of the First Derivative. (Reduction to Normal
Sform), (Guijrat, 1961 ; Agra 53.; Nagpur 62, 61 ; Poons 59, 60

. .anl 66 Delhi 64, 56; Nag. 61 l(analak 6l]
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v 'When we' fail to obtain a part of C.F.we canoot apply § 22
p.45. In such cases the equation may: be solved- after remeving
{ v zhé ﬁm denvative This is done as fo!lows ¢ ;

=5 ; \ dypsio iy 3 Bt el 3373 4
Put y=op;, which gives 2o _+ o dx |

dy_ __! dy dy d?y
“nd dxt dx’+2dx dxth dx’ :
The equanon d +de +Q(y-X ;hen §ecomcs
d? d d dj
VoAt d; ot ndx,]w[ z '+y.—]+var—~—X |
d®v 1 2 dyi]d d d )
or }.dx,+y:[ y‘]”+ [dt’," +Pi‘+Qy:] =X.
Now, et us choose ¥y such that first derivative'is removed

2 dy! 4 d)l ‘
i.e. log y,::—}j Pdx or y;:e"‘é [P _ (D)
Thus the above équation becomes L Vv s - “
d*y dJ"| dJ’| X oo
= dx. o+ 0y l . @
From ([), —— e~ 4P dxy (2 ;P)—-}Py;, o
d’ uy 75
:;f;:—= 1 y,=-iPc—;Pm 45 d,,y.ﬁ =
‘ """ch‘“b’ld Cxpe e wiel R &
ts Pgttmg these: values, in £2), it ba;:mnee

-dP
ety [*P’ FGirriels s

P IR S PR, B
d‘;’i"""[Q"‘ipz“‘*d l_xelu’dr suisria mdE oy gl
or Gr-Qu=x, = o g

where leq_u,,_‘dl’ nd x,-=:t‘¢1 \Pdy

The reduced equation (3) (which'is called of: normal form) can
be easily integrated.

*Here unlike § 2°2 p. 45 the exprsss on in the last bracket sinot 2e€0; smcc
here y, is not a par{ of C.F,
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: Nnh.» Studcms should mnember ‘the cocﬂicnmts Q X of )
‘and should apply in the examples directly.  The equanon should,

however, first be rednced to stundard form to.get values p.Q and
X etc.

64

Ex.1. Sotve 32_2: ¥ ﬂ+(ﬂ+z) yﬂenx*wx) e hits

Solution. Here P= —2x, Q-x’+2 X =ek (X'+2x)
To 1emove thefirst denﬂhﬁe we choose °
;=e—li Pdr=glxt § |

Now putting y——vy. the above cquaﬁon bﬂcomes £
d2v !
dx’ + le‘— X l: y 1

Vi2x
- whete, Q!'-'Q*'fl"—i __3 1’: ?ﬂ’_"_".__)

eix’ ; e
Hence after removing lhe first term, tbe equation reduces to
d?y

dx,+3t:-e" or (D‘+3)v

Its A.E. is D43 0, D-;i:3z C.F.=c, cos (\/3x+c:).
Ll )

~DF3 '

=gX,

= v=e, cos (\/JJL+Ca)+—
The compiete solution is y-—vh

ie. y=eix'c, cos (V/3xhc3) +de¥. ebxt
=credx? ¢; cos (\/3x+cz)+}ei (*+2x),

2

Ex 2. Solve g—' —4x _+(4xl_3)y_eﬂ

[Delhi Hons. 72; Gujrat 65; Nagpur 63 61)
Solution. Here P=:14x, Qx4xI—3 1 X=e"

- To remove the first derivative choose _

Vi=e—}[ Pdx—ef 2x dx—ex? s ’
Putting y=vy, the equation after removing the ﬁrst derivative

d*
..' ) dx‘+ le—'X|.

where  0,~Q-_1pr.} ‘%m(4x'—3j;4x=+2-41.
_‘t ¢
xl —=)~’—l~==;—.x.__ ]

ie. g—x—,—-mi or (D*=1) p=:1.

AE, is D*—1=0, D=H1, C.F.=ce*+ e
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1
P. I’--B’——T= —1. Hence v=cie*4cpe~*—1.

The complete solution is y=vp
or y=e® (cie*+cee*—1).

Ex. 3. . Solve ‘%-:-—2 tan x :—i+$y=sec x e,

Solution. To remove first derivative, we choose
y’=¢_‘ 1P dx___cf tan x dxaelog b 2 SO
Now, putting y=—1rn, the above equation becomes .

[Agra 51]

d*
2;’"' Ql”“’xn

where 0)=0-} P’-} %=5—tan' x+sec'»x=6.

Xi=X/p=sec x e*/sec x=e¢~,
Hence after removing first term, the equation becomes

:"';;""'-C'.

A.E. is D*4+6=0, D=111/6i, C.F.=¢; cos (V6x+4¢y)
P.l.=e*/(D*46)=e*/7.
Hence '=c¢, cos (1/6x+¢,) + 2ex.
The complete solution is, y=uvy
le. y=cysecx cos (1/6x+cs)+$ sec x €.,

: dy dy
Ex. 4. Solve Ea" tan x -a;-t-SyO.

[Karnatak 62; Agra 58, 76; Delhi Hons, 68, 63; Nagpur 61 (S))
Solution, - Just the above example with X=0. Here removing
the first term, we get (D4 6) y—0, :
Hence v=c; cos (4/6x+4cy)
or y=uvy;=¢; cos (/6x+c;) sec x.

d dy _
Ex. 5._ Solve a,—x-(cos' x d—x)+cos’ x.y=0. [Delhi Hons. 56]

Solution. The equation is
dy . dy .
L ) 2 -
cos xdx' -2 8in x couxa-i-i-cos. x.y=0,

d?y dy
ie. K'—'Z tan x d—x+y=0.
Choose y;ac_‘ P dx=sec X

Qi=0—-}P2-} £=l —tan® x4sec? x=2,
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Nornmal form is dx,+2v=-0 (D’+2)v 0 o

v=¢; cos (V2x¥ey). " i fo®
Therefore y =vy,=:¢; cos ( \/Zxrl-tg) seg X is the mkman

*Ex. 6. Solve dy +(4x‘—l) y==-\-3¢" din 2x.

M mq ﬂ;m:n, 72 55,°80; Luck. 56, 51]
on. Here P-—-4x (4x2— l»)v» X =""3'" sip, :
To remove thie fifst aerlaatgie,(éhnose‘ i & ik
Jpldx” fix.dx_ .,

=ex*

1

N ==¢',-i” LT
'And putﬁng y——z:jal, ihe feduced cquaﬁon becomes A

dxl+ le“"'xl’

wiaere Q1= Qlagpiy —Hm--n-i nsxz) ;(-2x)=.1 o

_ : 3 sin, 21. iomas
Therefore, |he equatlon reduces to :
-y dx’+u=-—§§m 2x or (D*4:1), u=—3 sin. 2x.

A.E.is D‘-;-«l—“o D=+i,CF =a cos (x+c,). et
P.L _—3sin2x _ —3sin -x ;u') 2x AT
Hence v=c; cos (x+¢'g)+§fﬂ 2x LA sl
Therefore the complete. solutlon is. y = o)t
or y=e" ¢1 cos (x+c.)+e"' sm 2x

Ex 7 golye +Zx x’+.§)y-—~xe It’ o
* Setatlon, Here P—Zx Q~x‘+’5 x-n_u 4

- To remove the first derivative, chgg;g ).‘,ﬂ_, LRSS
If Qs=0Q P~ idPldx=(r’+ 5);—4’—l~4 X

1 4k
v&ﬂhduﬂlfoﬁpatwn ysvy; glvcsd z:+'.:

Y17
Y. L1

AE. is D*44=0, D= iz;,cx-‘—cl&,s(‘zx“,) o
PI=W=}(I——-+ )x—}x, ST AR

ek vs,zcl cos (2:+cl +ix- KOs ,
The complete solution is y=vyy, he. "

i.e. d,+4v =X 9: (D’+4) pex.

~
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y=et" [ cos (2x+c2) +3x). ;
Ex. 8. So!ve Z’;+4x ¥ +4x7y =0 by reml'oving‘thc first deriva-
pives et [l(nnatak 61; Meemt 71, Agn 53]
Solution. Here P =dx, Q=:4x2, X=0. |
To remove the first derivative, c!;fose y1==re—“ Pds o=t -
Let 0:=0—{P2—}dP/dx= Taxt—2=-2, XI_X/y,-o
The transformation y=vy, fes the given equation to -
2, 4
‘!_"+Q,.,=,xl or 3_;_';._. =0 or (D'=2) v=0."
Soov= c;eV”+c,e‘~"*
Therefore the complete solution is y=uvy, i £3. 58y
y=e* (c;e'/"-ljc;e‘\"")
@y U g
Ex.9. Sole PP d -+-4x y . [Mnl'eﬁ‘]
Solution. - P=~—4x, Q= 4x= X=e=r' 1y y,—e-H Pode g
0,=2; Xlel.
The equanon after rernovms the ﬂrst detwatwe becomes

. % ,+2o._| or (D'+2) v—l
C.F.=c; cos (\/2f+c.)

|
P.L=py=t

S v=¢;Cos (\/2;+c.)+}
The complete solution is (61
y=vy;=€*" ¢ cos (V!x-}—c,)-!—ie"
d%
Ex. 10. Sol've_ 7 :-be d
Solution. - Here P= ~2bx, @=b%%, X=0.
To remove the first denvahve, choose
y=e—t[Pdx_[bx dx_e}bx' g
IfO,=0-}pP2— }dP/dvc_-b’x’-b’x’-{—b =bhy Xx--f‘/)'
the transformauon y= vyl reduces the gwen equanon to

29
Zxﬁ Q‘v—-Xl or ~I,+bv =001 (D‘+b)4_0

v=c, cos (\/bx+c,) as D=+y/bi. " Fr
Therefore the completé solution is y= vy, yadi Mone
1bx?

ie. y=e~  c1c0s (1/bx+c.).
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' \ d*y dy i L
Ex. 11. Solve Za 2 L —8) yoxe [Guijrat 61]

Solution, Choose y,=e—i Pdx_ ,—jx',

O1=0~}Pt~ § dP/dx=(x!—8) = 3] = -9, Xie=X/y;=x?,
Hence equation in normal form is : _

d*v :
Ta— =, e (D 9) pih,

% "“D‘% == 0 ADY P} (143D04 )
==3(+). s, Bpi
. Hence v=C1e™ F g a 3! P s {f' =

Complete solution is y=vy,; fe yme™ P 7
*Ex. 12, Solve x* :’7{—'2 (x*+x) %+(x'+2x+2) y=0.
fAgra 57; Nag. 61; Poona (Gen.) 60; Delhi Hons. 62; Meerat 73]

Solution. . Dividing by x%, the equation i standard form is

g—z( 1+%)%+( 1+;+;_,) ek

g T 3.2 :
To remove first derivative, choose :
1
Vi=e tirp a-’—-e'f( _ = =¢x+log ._x=xe'

- Putting y=vy, the transformed equntio’nvbecomen

'$+Q,vr_-0 as X'=0,

wion Gimg—ipry 1y 22 (g

. Reduced equation ia:-%:-m, ‘

Integrating, g-:=-c,, and then v=¢,x+ Cs.
The complete solution is y=vy;=xe* (c,x+c.).

d d dy .5t
Ex. 13. Sotve x 5( x d—‘;-—y )—-Zxr £+2y+a'y-0. [_lgj. 57

Solution. The equation after simplification becomes

or in staadard form, 9 2 2+(14%) =0,
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=} I 2
To remove the first derivative choose y;=e =x,

Then transformation y=uy; wduoec :he mvan equation to
2,
e ':+ Ow *Xn

where 0,~Q— iy % (1+ x,)_},._-"--n .n---o'ff
Thus the reduced equation is

d’" " i

dx,-}-vao or (D‘+l) v=0, osHy

<+  ¥=C1 €08 (X+c,) as Dait
Hence the complete solution is y=uyy,
or y=xc cos (x+cy). -
22, (11 2) 5 e
Ex. 14. Solvedx,— +(u+ y=0. [Karnatsk 1963]
Hint. Proceed as in the above example, y,=x.
.. d¥%
Reduced equation is ;;,+n-u-_-o.

Complete.solution is y=xcj cos'(nx +cy). ;

d‘y2d g
~ Solution. To remove ﬂrst derivative choose y,=¢-17Pdx .
' 2 1 Juane 2 cod 8
ie. Yi=e _‘I;dx _I;dx e lor s 1. il 5
= A .
1
Qi=Q-pry ““j"f“+x-= ~n, x,i 0., D
Hence the reduced equation: isim — ’v=0¢ P B e
$ (S04 w) ey
(D*—n*) v==0, D=4 Q o
oo U=C1e"% 4 cpenx, \ ¢ VA SR |
The complete solution'is y=vy,=n(qe"+c,e-“)/x. N,
—.5, —@‘_ ngy §—~=9 »-l~.'- l‘?:"’ﬂﬂl‘"w
Hint As in the aboVe ennple chnoae ylal]x. Lt SN
Reduccd equation :s e +n’u 0 D==;tnl L gh 02,9+ s*h
£ 77T T ixy

v=¢; COS (nx+c.) ‘
Complete solution is Y EFN1=G cog (BXAL ) oe 19 § — O ==, Q 913804
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Ex. 17. " Solvé: 3-!+~§£+y Mo, ¢ memum 1959]
Just like above example. -

: dy i dy ; ) =0.
Ex: 5% S dx"*xwd.:"‘(a CRal RS i
{mm 1’51 mm]
ko -
Solution. HereP—,,,QM, Py 2, X=0."
To remove the first denvatlve chom e A %
Pllthng y=vy, tbe given egultion becomes o ;

za-f-gwaﬂ as X—

whete 0,~0—37*—} &

1 1 ..6\.1 l Y L TR .6_...
=\axIA T gxim xi) T3 ;'iﬁ"i -t |= %
'I‘he equation becomcl ' e g, M

m is n homogcneouo eqnmon. ‘!'o solve - it put x=e*
=d|dz, then the equation becomes . -
D (D—1)v=6v=0 “or [D*—~D-6] v=0.
AE.isD*-D-6=0 or (D+2)(D-3)=0,D=~2,3.
~.  Solutionis v= c;e"”ac.e"nc,x"-t-c.x'

Hence the complete solution is Y=oy, ie.
y=(eix"*4cx¥), e~ i
Ex. 19. Solve %‘:—2 un x —y—(a' t1) y:ﬁ L
Solution. Here P——2tan x, Qa—-(a'+ DN X-,—l
'1;9 gemove lirsy derivative, we choose - ©
» SQ—}Jde me&: iogaeex

Putting y=wy,, the equation bceomu
d':+Q.'=0 .gX==0 o

—sec x..

where Q;aQ—}P’a‘ 35 “(a®+1)—=tan® x Fsec? (“‘ ‘
= —g'—(1+tan? x)4sec? x= —a’.

£
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Hence the reduced equation u%—a‘v=0

or (D*—a?)v=0 or (D= a) (D+a) v.-O
o e =€y cge” L
The complete solution is: y vy,

ie. y= (c;e“+c.r")secx 7+

Ex. 20. Solre —+..ll co: nx !——-{-(a'—-ai) y-O

Solution, P-—-:Zn cot nx, Q==a*—n?, X=0,
To remove first derivative choose

C e ’de - —
REN 4. Jncotnxd‘x Ioglihnx l/smnx -
Putung y=uy; the reduced equatlon is. -

‘+Q ",—0

where Q,a-.-Q o Lik ; ——=(a%= %)= COt? nx'+-n¥ cOsect nx

=g%—p? (H-cot' nx)+ n® cosec? nx=q*
Hence the reduced equation becomes
; :;-}-a’v 0 or (D*+a?) v=0, D=-ai.
oo U==¢€g cOS (@X+Ca)
The complete solution is y=uvy,,
i.e. y=c; cos (@ax-+cy) sin nx
' dy - ledy; »y
Ex. 21. Solve &3 ax P (T8 +x104x)=0,0 . -,
‘ [Phil' 19‘05 Mﬂw 531 ’
Solution. Choose y, such that y;=e- L T
e H X7 Mdx exn ' T ™,
1 iRucstesofaol

1 : T Piq

=---—- X;=0.

Hence ufrer removing the" ﬁ:s! d\.nvauye, the equaﬁon is
d’s 2
B v=0, or x’;—-,—zv=ﬂ ; ¥ -
Homogeneous. Put x=¢*, D=d/dz; thetf equation. beeomel N
lD (D l)—-Z] ﬂﬂlo N At axabeedy
ie. [D*—D-2]v=0, [D-Z) (D¥1yre= o as
Jo v=0e¥ bt =(axttepxl) as x=et | Ry ) 8
- Hence complete solution is y=wy;, ’
le. y=(ex*4cxt) ¢ as yy=e®i2,
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Ex.22. Solve dxt T4+4xs Dy (x04 63044 y=o,

Solution. P=i% Q=} (x*+6x*+4/x?). . 4 4

' 'Choosey;mhthnty—e —4fxtdx e—lx“ :
Qi=0—1P'—} =y (x'+6x’+4/x')-,-*x‘—§,3x' \

- =1/x% i
Hence the equation after removsng first denvatwe is

z,”.;.-oso or x'dx,-i-u.—.zo

Homogeneom, DUt X=¢’; equationis [D' (D-- l)+ 1] v=0,
AE.iss “(D*—D+1)=0, D==i;l:h/3i s _
Hence v=cie*® cos (}+/3z+0cs).
The complete solution is y=vy,,

ie. y=c1y/ x co8 (§y3 log x+0ca) xa—%‘g‘m x=¢’,

Ex. 23. Soive x* *5;;.-22: B3x— 2) +3x (31'-4) y=e,
_ b " [Poena 1959]'
Solltlol. The equation is- \

a'x’ 2\3 )d}+( _E) :‘_:

Chioowe._ yyeet ”de 0x— Zlqu) e '/x‘,
2 X Sevapxr
QI=Q—*P—" dx h—x_', X Pﬁ——‘a}
Heﬁ%e”lﬁﬁ ﬂemoving ﬁrﬂ den\v'atlve. thc cquanon bccomes
3;‘ -—v==l or x2 d—;_zg_x: i Wiy

Homogeneousf; put x=e*, D=didz. . 3y
o, [D(D—1)=2] o= A.E. w-z) (D+:y..o

CF. =c;e"+c¢e""==clx’+tsx" i
P.I. -mﬁ -ﬁ—“i"s ca;e Of ‘:"murc |

#:"*“"=ix' log x, as %= gh. .‘}
Hem*mt.iﬁ-ﬂc#"’*’ }x‘ logx S ," i‘}, £ ‘ Y \ .
-nmefoge the cor,plete salution; is ya;»yu 'a;- I8 -Q i)

-, "" o (cax'+c.x"’4}k”tdgg#} il

g Rui u? 91 MG ok
mm_4 2y a " PR x
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Ex. M Solve . g-'-y+2x =+ (x241) y=x (x243).

Solntion Choose yl=e * I dx —*x’o
Q1=Q"'U”"'idx ——=0, X1=£=x (x:+3) eix

Normal form equation is Zx—’?—-x (x'+3) e*x T

Integratmg d—=c1+ I X (x'+3) e* dx, pwt §"=t
| -=c1+I o (2+3) dimet E41)
~cotet (a1,

I
. Integrating again v=c.x+¢‘.-;-.:cei h
The complete solution is -

x2 ")
y=vy=e —ix (c;x+c.+;xeh ) _ :
. dy_ 2 (dy 2y
Bx 25 @) Sobe ~2(@)+(2+5)r=o. :
; {Calcutta Hons. 62}
" e -”PJQ H‘dx
Solution Choose y;=¢ * =¢ : :
v AT
Hence after removing first derivative, the equation is |
,+anwo or (D'+a*) v=0,

v =C; COS (ax-.—c.)
The complete solution is y=uvy,,
i.e. y=xc;cCo8 (ax+c,) 8

Ex.25. (b) Solve & +2“"+(1+ )y=gex.”

..

{Gorn Nanak 73)

-Ex. 26. Solve x? -—-+(x 4x') +(I =2x+4x%) p=0,
s -;;(x;:x')dx

Solution. Choose yy=e ~ : =x-1it_e2x,

0=0-1p—3 % =2

“Hence normal form is ‘i—’.-f- 45— =0,
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Putting x=e*, [AD(D—1)+5] v=0, where D=dldz,
A.E. is 4D*—4D45=0, D=} 41,
{z

- o=e" ¢; cos (z4cg) ete.

] s .
.Ex. 27. Solvg (:—E}:-l-y) cot x+2 (‘%-}-y tan x)=sec X
Solution Equatiion is = ‘
d’y-}—z.tanx dy+ (142 tan?
7 Frad'a an? x)=sec x tan x.

Choose y;=e_"r i der——-cos x, Q1=0, X;=X|y;=sec? x tan x.

Normal form is;;-—-scc' X tan x.

JIntegrating %=} tan® x+-c,=4§ (secz x—1)4¢,.

Integrating again,
. Uﬂ* (tan x-x)+c;_xi+c..
Complete solution is y=vy,=etc.
Ex. 28. Solve x? (l&g x)® ‘L"'-—zv log x Q
: _ ; dx* dx
+[2+log x—2 (log x)*} y=x* (log x)*
Solution. P=——2  o_2+logx—2 (log xy*

s X=log x.
- Xlogx v* (log x)* B
Cnhoose ,e'“* ! de=elog (iog x’::log o
' P 2 X
=) s $ _ —_— T ——— T ——
Ql Q *P ‘ dx x,o X] yl l'

.. After removing first derivative, the equation becomes
div_2 1 , d%v ' '
2—‘\;2 F v= or. X Et_“’ -
This is differential equation of Ex. 23 P. 72.
2:7. Method of changing the independent variabie. ) .
' [Karpatak 61; Gujrat 58; Delhi Hons. 64; Meerut 76;
. : Sagar 64; Poona 64, 62]
Sometimes by the change of independent vasiable, the equation
may become easily integrable :
Let the equation of second order be
dYy dy _
g T gt Y= | 1)
If we change independent variable from x to z with the help of
the relation z =f{x), then
 dy_dpdz By _dydaz\t  dy d%
ARl R

—2v=x%
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Putting theoé values of % and éi’; in (1), we get ‘

diy(dz\*  dy d*z dy dz

#(a) +35 L d_x-‘+P ]+Q =X

dy (dz\% , dy [d*z dfz

P (a—x) +4—2(7@+P a—x)*‘QPX
d’z+ :

d'y dx3? dxdy Qy

=
or dz,-i-P: T t0y=X;,

dz\: {jdz\s dz\2
o ({0 £) (2], 00f(E] mt 1-(2)
Here P, Qi, X, are functions of x and can be expressed as

functions of z with the help of the relation z=f(x).

How to choose z?  After obtaning eguation (2) we would like .
‘to choose z in such a way that (2) can be easily integrated.

or

or

Case I. P;=0. ' : [Bombay 61]
If we choose z such that
d*z
Pi=0, ie. TP dx =0, ( )+p 5
then d—z=e —i Pax or z’=‘[[e—[? dx] dx.
dx :

The equation (2) consequently becomes :—:’-:-{- Oy=X,.

This equation can be solved, if

(i) ©Q, isa constant (then it beinz a linear cquat:on with
constant coefficients),

or (ii) @, is of the form k/z? (then it being a linear homogeneous
equation with variable coefficients).

Case II.. Q=82 We can choose z such that Q,=ad?
dz\? T dz
ie. Q/(d_x) =-+a® or ‘:z;i;=‘\/(:i:Q)."l
or az=]‘\/(;t;Q) dx.
With this choice the equation (') becomes

dz’+P‘ ;’y'*'a! =X. -

* +ive or —ive sign is taken to form the expression nnder the rldn:al
sign +ive.
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Thié can be readily integrated if P, comes out to be a constant

in which case this equation isa linear equation wnth constant
coeflicients.

MNote }l) The student should remember the values of P:. O
and R, for immediate use. ;

Note (2). Only two choices, Py=0'or Q,=0, should be made.
Sometimes it is posslble to make both the chou:e. to get the solu-
tion of the given equation.

The following rew examples wlll fully illustrate the method.
2 (x+¢')
Ex. 1. Solve (1+4e") +3e’@'r P [Meerut 15]

Solution, Hete P==—(1+4e’ Q=3e"‘ Changing the
nndependent vanable x to z, the equation becomes

dzI+Pl + Qw=1X,,

e (651 2) (8 1. 5t 2)

Lct us choose z such that Q;—a’+3 (say); then
dz
Q=3 (E) or Tge* and z=e”,
Pumng 2=e%, P,are*—(l)+4e") e*]/(e*)=—4
+

X 2 (
and Xl l",’dx""‘f_gx____,=92¢¢=ell : , -

A=Ey
Hence the equation (when z=e%) reduoes to -
| ‘5;-,-4 :" Y 3yt
of (D*—4D+3) y=es, D—d/dz.
AE.is D*~4D43=0, ie. (D-3)(D-1)=0, 2
C.F. is y=c;e*4 cye*.
et e e"
R T 7, s e R
Hencr y=c.e‘+ Caet— e, \

Putting z=e*, p=c,e™+: .e”"-—ez" is the required. aolutlon
Note. We havz taken a*=3 for convenjence only ; any other -
positive value of a* would lead to the same- result.

Ex. 2. Solve (Ifx’)* Ly +2x (l+x’) +4y—0

[Agra 1961, 73]
Solution, The equation in  the standard form js

dy 2x dy 4

dri’ 14 xF dx+u+x")‘y =0.
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2x 4 o
Here P-l+x" (l+xlT'X =0,
Changmg the indepeudent vanable from xto z, the equation
becomes :
dt :
dz’,’+n 2oy

_mmwwﬂmw

" Letus choose 2, such that Qy=const.=1 (say).’
' (dz Q i z=2 tan™1 x.
dx (I+x')" dx (1+x%) ’

4+2xx2

; » (1+x')' THxt " 142
Then A= =0,
Hence the r duced equation is .
d3+y=.o or (D‘+l)y=.0 ‘D= :I:l
S y=c1c08z+4cysinz Let tan‘l x=0, {e. x=tan 4,
=c¢; cos (2 tan-Vx) - ‘cos (2 tan™! x)-cou 20
+ca lin 2 taznzr-' x) _1—tan?g_1-—xt

c
wic . “iFad o i4x
9 +::""""l e i

or y (14x%)=c; (1 —x%)4 2cyx is required solution.
Allter If we choose z such that Py=0, le.

JT,-FP&-O le. €e+l+ ——p=0, where pai,

dp l+x‘dx=0 or logp--log(|+xl)

. pod i TP
e P-E '+.=tﬂn‘ :

; A
Then Q,-Q/( ) (l -|-x')' a +x‘)!-4' a constant.
chee the transformed equation is

a-z—,+4y=-0 or (D’+4) y=0.

. s y=c, cos 2z+¢c, sin 2z
=, cos (2 tan™! x)+¢, sin (2 tan™* x)
which is same as obtained when we supposed Q.=eonstant
Note. Almost all the examples can be solved by taking
Q,=constant and P;=0 like the above examiples. We
shall solve one more example by both the considerations. -

Students' should adopt one method for pracme The
case Qg-conmnt is usually easier.
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*Ex. 3. Solve cos x + i 5in X—2y cos® x=2 cos® x.

[Delhi Hons. 1967 Raj 64 ; Agra 77, 72, 60 ; Gujrat 58 ;
Gnuhat: Hons. 64]

Solution. The equation in standard form is
2
ny,+ tan x :—:— —2cos?x, y=2cost x

Changmg the mdependent variables from x to z, the equation
becomes 42 +dez+QIJ’-—X1,

e ”.‘=[ wt P |(a) o 1= Cors
Let us choose z such that O, =constant=—2 (say)*
le. 2dzldx)?=—Q=-—2 cos* x, i.e. dz/dx=cos x.
Integrattng, z=sin x,
- —sijn x+tan X COS x
Now Py= cosd x
and X,;=2 cos® xfcos? x=cos? x
‘Hence the reduced equation is
!
3 r—2y=2 cos® x, (D?—2) y=2 (1—z2),
- AE.'s D*—-2=0, D=-4/2, C.F. =(y1eV¥ gV,
Z (i—2z% - _( Ds

=0

-1
pr=2-2 1——2-) (1—22)

=-—['l+%g- ...... ](l—z’)=—(l—-z’)+l=z’.

. (Using Binomial Theorem)
- Hence y=c eV, v2ry g2
=cpeViinEpceemVEisnx L gint x ag z—gin x.

Aliter. We may choose z such that P;=

d2z dv dz
e. dx=+P 0, p +ptan x_o p=d—
dp .

then -F=—tqn xdx, ie. log p=log cos x,

dz ‘.
or p=‘—&-——_c0srx, Z=§i0 X
and now proceed as in the above case to get the same solution.
dy .
Ex. 4. Solve s --cot x —'l—sm‘ X.y=cos X—cos? x,

d 1 dx
- [Rajasthan 54 ; Karpatak 62}

*A negative value of @, is taken to make (dz/dx)*+ve,
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Solution Here P=—cot x, U= —sin® x,
X=cos x—cos®x :
Changiug thc independent variable from x to z, the equation

becom:s d23+Pl dz+Q1y='X‘!

d?z z\? . Jf dz\* 5 dz\?
where Pi=( St P i )[(%)  0=0[(Z) - x=X[(Z)
Let us choose z such that Q;=;td’=——l (say) ; then

0= (dz) ie (g—;)’a-—lg=sin’x

dz .
or —-=sin x, z=—cC0s Xx.
dx

Then P,=(cos x—cot x. sin x)/sin? x=0, ‘
and X1=(cos x —cos® x)/sin* x=cos x (1 —cos? x)/sin? x
=COSX=—2.
Hence the reduced equation is

d’-y d
gry=—zor (D—1) y=—z,D= =4

AE is D?— =0, D=41, CF.=c,e* +cze™*.
-z
Pl= Sl e i
Hence y rclre'+‘c.e“'+z
=Cye 0 X 4. c,e%0F ¥ —~CO8 X as Z=-—COS X.

Ex.5. Solve L+(3 sin x —cot x) +?y sint x

=g X sin® X. Raj. 57 ; Bombay 61]
Solution. Here
- P=(3 sin x—cot x), @ =2 sin® x, X'=g~ * sin® x.
Changing independent variable from x to 2z, the equation

dy dy .
becomes 'I“:‘{‘Pl H;+Q1Y=X1 i

- choose z such that Q,=Q/(dz/dx)*=a*=2 (say)
i.e. dz/dx=sin x, 2= —cos x, _

‘ d’z  ,dz\[(dz\* cos x+(3 sin x—cot x) Sin x__
Pl_( 2-*-de)/( ) o CHEE o
Xi1=X/(dz/dx =€ * sin 2x[sin 2x=e~ " ¥=¢7,

Hence the transformed equation is

dz‘ +2y—e' ie. (D*+3D+2) y=:e

AE.is (D=+3D+2)=o ; (D+2) (D+1)=0, D==2, —1.
CF.=cie+0e™, P.l.=e/ D' 43D+ 2)=1¢".
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Hence y=cie"+cpe2ey 18,
=€ ¥of-cyetcor 5 Lo—corx
is the complete solution.
-, *Ex. 6. Solve ‘-‘-{:'?+cot x dy+4 c? x=0
; . 6. e x4y cosect x=0,

[Vikram 63 ; Agra 74, 63, 55 ; Raj. 56 ;
Delhi 72, 68, 59 ; Karnatak 63]

2
or sin® x s;}-;-l-._ﬂn X cos x %"" 4y=0. .[Rajasthan 63]

Solution. Here P=cot x, Q=4 cosect x, X0, : )
Changing the independent variable from x to z, the. equation

d? dy .
“ because - -d—;:+P, ;,}+Q,y=o, as X=Q.

Az o dz\[{dz\* o ffdy .
e = (e ) (5) w0 -0 ().
~ Let us choose z such O1=a®=1 (say) ;then
( dz\* 5. G2 .
e =Q=4 cosec X, ===2 cosec x,

z=2 log tan }x.
(=2 cosec x cot x+2 cot x. cosec x)
Then P1=‘ - (4cosectx) ==l
Hence the transf rmed equation d¥y[dz2 4-y=0
ot (D'+1) y=0, D=1, p=c, cos (z+¢,)
or y=c,cos (2 log tan §x+¢;)
is the required solution. ,

. )‘Ex. 1. Salve oy +’%

dy , a®
[Agra 56 ; Karnatak 61 ; Poona 60)

dx?

Solation. Hete P=2, 0= y—o
olution. Hete =2 Q=:T" =

Changing the indgpgndent variable from x fo z, the equation

d2 , d
: becomes E{+Pld-—':+Ql."=0.

, _(d*  _dz\|/dz\a 'Q
where P“(E'*'P;ﬂ)/(—x) 5 Qn—(m'
- Now choose z such that Q,=const.=a* (say), -

dz\2 @ . dz_1 1.
ie. B’(d—;) =Q=F: ie. a—x—-;i,z= E
~2 424
Then Pym_*° _X"X'_,

U
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= The transformed equauon is d*y/dx’+a2y=0
or (D’+a’) y=0. A.E.is (D*+a%)=0, D=+-ai.
S Y=0c; cos (az-l-c,) =:C; €08 (Cy—a/X) a8 z=—1/x.

Ex.8. Solve ('~ x) +% D ntxy=0.

[Agra 1960)

Solution. The cquatlon in the standard form is
dy 1 dv | nmx?
. dx'+x (x?— l)dx+x‘— y=0.

1 ntx2
Here P—'——(F-—_-_T) Q x’—l )
Changmg the mdepcnctent variable from x to z, the equation

dy
becomes —= 7 ,+P, dz+Q,y

where P,-(df+P)/(d’) Q1= ?/Q&‘

Choose z such that Qr=const.=n?* (say), then

(dz) =l’.’£’_ dz__  x
. dja‘/(xzjl) dx \/(xl...l) :
Alms P[4 =17 v )| (&) =°

Hence the reduced equation is d?yldz* - nty=0,
o Y=¢, cos (Pz+cy)
“or y=¢C; cO8 [n\/(x’-l)+c,]

Ex 9. Solve (a*— x’) @ dy J':2_1,'=0
d ’ xdx ' a g [Agra 57]
Solution. The equation in the standard form is
dy a® dy x2
dx: x (a*—x?) dx+a (a*— x,,y-—O
P a? Xxa '

x (@2=—x?)’ Q= a (a’—x’)
Changmg the mdependent variable. from x to z, the equation
becomes dz'+P’ +Q.y==0

d?z g
Wit P‘E(dx’ +de)/ ( ) Or~ (dzjdx)t
Let us choose 2z, such that Q,=const.= 1/a (say) : then
1 ('dz)'__ 0 x*  dz_ + x .
a\dx) “¥Ta@—xydx “V(@—x%
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: . 1 x2.
i PF[{ V@R @ wen

a X (Ic -0

X @=x) vw*-»x*)]/ (a}) o

chce lhc transformed equation is : ,
d3y o | ) _ g F
2241 y=0, (D +g)r=0. D=ty

ymcucos (4 me co,{c,i /(a'-x* )}'

"‘Fx 10. Solve x‘d l—l'hr'i + a*y=

Differential Fquaticns H

dx? : .
[Vlkram 64 ; Agra 53 3 Delhi Hons. 60, 57]
_ : " ; d  3dv,K a® l :
Solufion. Equation is7at. g x“ =

2
p=lo=f vl o
Changmg the mdcpendent variable from x to z the equation is
d*
y+Px dz+Q1y-—Xh

o X
where Py=( 2+ ra)E ) C=Gld X @sjaer
Let us ciioose z such that 0, =constant=g?* (say) ; then
dz at dz 1 1
( ) = '—x—., 1.e, Ir'—‘""-x*i, Z-‘="'"§—x-’o

P”"[("f . ,3, xa]/ (;1-:)'50. A .

1/x* xt
- Hence the transiormed equation is
d*yldz* 4 a*y = —2z or (D24a?) y= =27,

C.F.=c, cos (az+c,), P.L.= —2z/(D*+a*) = ~2z/a,
<+ ¥y=c¢, cos (az+4-¢,)—2z/a '

: o d 1 B
- =3 COS (F’—z——x’)+a—“=x2 .. ) . . )
' d®y dy 4
Ex. 11..  Solve e +(tan x=13 cos x\ = +2y cos® x +cos' x

‘ . : (Rajasthan 57]
Solution. With usua! notations putting- '

Q1;2, 2(‘—:-:):=~2 cos? x, z =sin X,

Pi= —-sm x+(tan x—3 cos x) cos x -3
= cos* x '
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o2y
unq X:——:g:-wavx (1-—2%).

Hence after changing varlable from x to -z, the equanon
dty . dy o
T -3 = == +2y= (l—z) 3
AE. is (D*—-3D+2)=0, ie. (D—2) (D-l)—o
C F. ==c1e”+c,e’

PL= 5 3D+2) (1-29)=} (1—- %D+}D*rl (1=2%)
=} (1+3D-{D* 4§D +..) (1-27)
=} (l-28)—} z—f=—}22 37§,
Soy=cie¥toef—§zt -3z —§ o, i
=cye? sinZ ey e“"—} sm’ x—} sin x—i

becomes

Ex. 12. Solve the equamm d ’+tan * —-[—v cos® x=0,

by putting z=sin x. - o [Calcutta Hons. 63]
Solutien. Putting z=sjn x, ,

0 1=(@z/dx)} cos® x =l
dz  _dz\|{dz
A "(dxl“.” ax)/ (a‘ ) =0. X"‘O

s, The transformed equation is d'y/dz‘+y=—0
The solution is y=¢, cos (z+ey)
-—c. cos (sm x+ c.)

. Ex. 13.  Solve d?—w' x d-J—r-—y sint x=0. - [Raj. “5.'.9]
Solution. Putting Q,==—l (j—)==sin' x, z=_—:oq__§ x.

p,C08 X—cot x sin x
B sin?x - : ;
Hence after .changing variables from x to z, the cquatwn
becomes (d%y/dz?)—1=0, (D*—1) y=0,
ye=ciet et
—c;e‘c’5’5+c erotx

— =0, X;=0,

Ex.14.  Solve %-—iﬂ'_i_.; ’y-—x‘

[Vikram-62 Raj. 49 ; Delln Hons 58 ; Poona 62|

d " dx TORATT ~ [Poona 64]
Solution. l’umng Q,__l (5—) =4x%, z=x%,
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. Coxt
P;=0, Xl'-?-—=ix2,==*z.

The transformed’ equation is i—- +y=-=§z

Y=c; cos (z+¢3)+}z
=¢; cos (x'+a,)+1x'
dy 2, LI '
Ex ‘15, Solve x d-;—,—-—-—4x3y =8x3%sin x2, [Raj. 55]
dty ldv e e ks
Solation. Standard form is o= T d}-—«ix r=8x2 sin x2.

Putting Qx-—-—l (dz) =4x% z=x3,

dx
2-——.2x, T 4 _
Pr= :z =0, 'Xn—gic—-:'—?i =2 sin x?=2 sin z.

The equation in z is (d%y/dz2)— y=2sin z,

(D2~ l) y=238in z, y=c,e*+ cye~*—3g'p 2
—xt “
or y—c;e +c,e —sin x2,

d
. Ex. 16, sohextgx”+2x=—”+n'y~0 [Asra 52)

2dy m
Solution. Standard form dy di + 7 r=0

- . o, dz_] 1

Putting Q= Bor =t =L, F==z
2 2 1
“xtiox

Equation in z js (d*y[dz?)+nty=0, y=c, cos (nz+c¢q)
or y=c¢; cos (cg'wg)
" Ex. 17. Solve +(l-——) ~—+4x2e—ix y--4(|+x) e~ '
Solation. Puttmg Qi=4, z=—e~* (x+1), Py
equation jn z is ‘i—- +4y= —4z,
C.F.=¢, cos (2z +c,)=c; cos [c,—2e‘f (x+ l)]
Ex. 18. Solve x ——+(4x=-1) y+4x"’y 2x3,

Solutior, bt jorm is I +(4x l)d—£+4x’y=2x’.-
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- axt dz
‘ s Putllng Ql:i(jl-——":/xd—,;)-"= l' d—x—__zx’ Z=x3’
' dx—1/x)2x 2x?
) ) Pl=2v'r—(“"4le. ')’--- =2, X,z“‘—x'—::*, .

o d dy ,
Equation in z is 2?);+2 a—f-{-y:}’ (D+1)? y=1.
y=(a1taz) e +i=(c;+cax?) e~ 4 3.
*2:'8. Method of Variation is Parameters

- Meerut 70 ; Raj. 66; Nag. 63 ; Delhi Hons. 66, 63]

‘We shall now explain a somewhat artificial but elegant method
for finding the complete primitive of a linear equation whose com-
plementary function is known. :

onis8Y p W o
The equation “ES:“*"'PE:-"QJ'—X' . "~ (1)

Let C.F. be y=ciu+ce, : . (2}
where ¢; and ¢; are constant ; then u. and v are 1wo integral

; Y oY "
solutions of - 4‘;2"'1"54"2”\‘0’ , 203
ie. luy+ pul+Q“=0 and UB+Pv1 +Qv=0‘- ef.(4)

Clearly (2) wilt not be solution of (1) as there X is not Zero.

Now let us replace the constants ¢; and ¢, by 4 ana B
(parameters) which are functions of x and let

y=Au+ By : ;- et L
be a solution of (1). :

: Diﬁ‘eren_ti_ming (5), %f Ayu+ Byw+ Auy+ Bo,.

Let 4 and B satisfy the additional equation .
AjudAv=0, ...(6)

Then Z—i.=.4u‘1+ Bvy |
d3y '
and d';;=Auz + Bua+ Ayu, 4 By,
Substituting these values in (1), we get
{Aus+ Bvg+ Asis+ Bvi )+ P [Aus+ Bog]+ Q (du+ By)=X
or A [us+Pur+Qul+B [vp+ Pvi+Qv]+(Asus+ B, =X.
The expressions within the first two brackets are zero by (4).
A +By, =X _ wlld
Equations (6) and (7) can be solved for A,, B, which od n:-

*Here suffixes denote differentiation with'respecf to x ; thus

dn dA .
n,-. "FJ;' A, - d; . etc,
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gration give A and B. Then the complete solution of (1) is written
as  y=Au+Bv. :
*Working Rule. ‘

Given the equation d-—+P y+Qy....X

find the solution ofj s+ —+QJ?=0 4 = -

i.e. complementary funcuon of given equanon

Take the CE. as y=Au+Av, : will)
treating 4 and B as functions of x. ' .

To determine 4 and B, use the following two equauons

(i) y=Au+Bv is a solution of given cquation which gives a
condition A+ By =X. .

(if) Au+4Byw=0.

From these two relations between A;, B,, find 4, and B, and
integrate to get A4 and B.

The complete solution is then y=:Au+ By, ‘

*Ex. 1 (a) Apply the method of variation of parameters to

Ive 22 4 mo
solve ax +n i [Meerut 70; Sagar 63 ;
Agra 69, 64, Raj. 65, 52, Yikram 64;
Nagpur 61; Banaras 59

2
Li y+n2y—sec nx.

Solution. The equation is M

C.F. or solution of ———+n’y Ois

y==C1 €05 NX-+Cy $in nx
where c; and ca are constants,
Let us suppose that |
y=A cos nx-+B sin nx w(2)
" be a solution of (1) where 4 and B are functions of x. '
From (2),
dy
dx
Choose A and B such that
A cos nx+ B, sin nx=0; w8}
dy .

then E-—‘ —An sin nx -+ Bn cos nx.

. d%
L 3 d :
= —n®y— 4n sin nx-+B;n cos nx.

Puttmg values ofd, i -‘j—y ete.in (1), we get ‘

= —An sin nx+4 Bn cos rnx-+ A4, cos nx+ B; sin nx.

=—n? (A cos nx+ B sin nx)—A;n sin nx+Bln cos ax
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[—n%y—An sin nx+ Bin cos nx]+n*y=sec nx
or. —Ayn sin nx+ Bn cos nx=sec nx. : (@)
Multiplying (3) by # sin nx, (4) by cos nx  and addmg. we get
Bin=1 or By=1/n.
Then A4;= -—'In tan nx ;

80 A-J A, dx—— log cos nx+e¢,

and Bl--I B] dx="+(.'.

Therefore the complete solution is
y=4A cos nx+ B sin nx

=(;1~'; logrcos nx-|—c1) ¢os nx+(1—‘+c,) sin nx

cos nx
-—cl cos nx+4-cg sin nx+4

log cos nx-}- sin nx.

Ex. 1 (b) Using the method of variation of pammerer.r solve
the differential equa;:on +9y—-.sec 3x. lNﬂGW— 61]

Put n=3 in the aboye e_xample.

Ex. 2. Apply the method of variation of parameters to solve
d’y
dx? [Sagar 64: Agra 71, 54]

Solution First let us ﬁnd out C.F. i.e. solution of

d.+4y.—(} L& (D'+4)y=0.

D=H42i, . y=c,cos2x+c,sin2x,
So let y=4 cos 2x+B sin 2x be a solution of the given equa-
tion, where 4 and B are functions of x.

Then %—-—24 sin 2x+2B cos 2x+ A4, cos 2x+B; sin 2x.
Choose A, B such that 4, cos 2x+ B, sin 2x= 0. (1)
r dyfdx— —2A sin 2x+42B cos 2x
and d*y/dx*=—4 (A cos 2x-+ B sin 2x)—2A4, sin 2x+ 2B, cos 2x
=—4y—24, sin 2x+42B, cos 2x,
Putting values of £y dv, — in given equation, it becomes
dx? dx
—4y—44, sin 2x+2B, cos 2x=4 tan 2x

+4y=4 tan 2x.

Ecaation (3) and (4) can be directly written from § 2°8 which are
All-l Bll’——-

nnd Ay + Bivy=X

where u=cos nx, v=sin nx, X==sec nx.
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le. 24, sin 2x+ 2By cos 2x=4 tan 2x

or Ay sin 2x— By cos 2x=—2 tan 2x. wsl2)
Solving (1) and (2) for 4, and By, we get .

2 sin® 2x__ 2 (1--cos® 2x)

M e cos 3x =2 cos 2x—2 sec 2x,
S A==sin Zx—-log (sec 2x+tan 2x)+¢;
and By=2sin zx; .. B=-—cos. 2x+c,

Hence the complete solution is
y=A cos 2x+B sin 2x
' =0Cy oS 2x+Cq 8in 2x—log (sec 2x+tan 2x).cos 2x.

. *E‘:}. 3 (a). Apply the method of variation of parameters to solve
2 ' 2

y :
At Y S ; [Nagpur 63; Agra 50; Vikram 62]
Solution, The C. F., i.e. solution of d‘y/dx*—- y=0 is
y=c1€*+4cge™ .
Now let y=Ae*+Be %,
where 4 and B are functions - of x, be a solution of the gwen
equation. _
* Then dy/dx=Ae*—B X4 A e* - B,
Choose 4, B, such that 4,e*+ Bie~*=0. § eee(1)
Then dyfdx=Ae*—Be—* ‘
and d2pfdx2=Ade*+ Be““+41e”—B,e‘-‘ '
. =y4Ae*—Bex.
Putting these values in given cquatson, we zet
- (y+4,e5—Be- *)—y=2[(1+e*)

or  Ae*—Bie~*=1[(1:+4€*) : | --(2)
From (1), Be-r=—4e*; - (2 gives o
2A"ex=l-3e*_ or A,= le:; |
Also B =—r::?, so that B_.—J'H_e, —log (l+e’)+¢:,
and =IA, dxg'l.-l——j—: ;;(T—-i-z) dz, where z=¢* _
=I( _-9 l—+z) dz=-;--l—--log z+4log (I'+-2)4¢,

X
_logi -i-rc,—log -ji —e"‘+c1
Hence the complete solution is
Y=-Ae*+4 Be—x .

- =e* log l+

—1+c er—e* log (1 +e)4 crex.
Ex. 3. (b) Apply the method of variation' af parame!ers 1o solve

d*y
YT y=2e [Nagpur 61 (5)]
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Divide by x* and then proceed asin the above example with
X=2e%/x2.
Ex. 4. Apply the method of varia:ion of parameters to soive
: %
x3 :.7{+x z—-t—ymx'e". . “ |
' [Meerut 70 ; Raj. 64 ; Agra 66, 60. 53]
Selution. We find the C.F. i.c., soluizon of

:.:3 +x dy_ y=0 (Homogeneous equation).

Put x=¢*, ng/dz, then it becomes
(D (D-1)4+D—1] y=0 ot (D*—1) y==0.
S y=eettce e x40 (1/x) a3 e*=x.
Let us suppose that 'ys= 4x+ b/x

be a solution of the given equation, where A, B (parameters) are
the functions of x.
. dy B

LS4 —-——+A;x+-——-0

,'
ChooseA and B, such that Aot ; '=0

dy B
Then ~d—‘-x=A——l:
28

and d?g:Al x—..

Putting lhese values of g ?-’: in given equation. we get-

(1)

I; e i PEL 0 N
L.ue equa'iun in standard form is ax- S s
[A;+2—B--£5]+ [4-2] .w- 4x +—]=e

or l;———'=e‘
xz

wi2)
Solvmg (1) and (2) for 4, and B,, we have _
$¢ and B:=-—{-x-e*' -

Thus A—I A, dxemjesfcy

and  B= J' B dxm—j I (x%e%) dr == — je= [x'-2x+2]+c..

Hence the compiete solution is y =Ax+ B/x
or y=(}e*+c;) x+[—}e* (x? —2x42)+c:l/x

e*
ax s
- a""i'"' x ok



‘.'0:

- or dp+(-—'l-'—l—+2,) p=0, wherc'par.-‘-i—"--

-~

Dfﬁ'emulat Ei qmllons i

Ex. 5. (a) Apply the method of variation of paramerers to solve

d’y +x

the equanan (I—x) —.Y=(1 —x)t,

[Delhl Hons. 66 'Agra 55; lh] 66]

Sollltlon The equation in standard form is
d*y x dy 1

FrOL e T e )

Here P+xQ=——£—x. -1_1_;.—.0

Hence y=x is a part of C.F.

Now we find C.F., i.e. solution of
d¥y , x dy i N ‘

s timea T "

Putting y  vx, the reduced equation is

d* 2dy1 dv

E+(P+ yidx )d

d 2\ dv
a_l;’+(l——x+§) E—o

=0, where y1=x

dx dx
l":eg:atmg, log p—x—log (s —1)+2 iog x=log €1

dv & ix—=1)es [ 1 1
1.8.‘,‘0 dx 1 =3 ) C;l;—‘?
s v=Cy €5[Xx+Ca, y=0X=C16+ 3%,

Let us now suppose that y=dAe*+ Bx be a solution uf (1),
where 4 and B arc functions cf x. Then proceedmg as -usual,
A; B must satisfy thc conditions

A+ Bw=0, ie., Aje*4 Byx=0
and A+ Bivy,=X, i.e, Ae*+ B 1=1-x.
‘Solving these for 41'31'14 By, we get By=1, Aj=—xe7*.
B=I Bydx=x+cy, A-——-I Ay dx=e* (x4 1)+

Hence the complete solution is y=Ae*+ Bx

or y=fer (x+1)+0s) e (x+er) X

‘—c;x+c.e‘+(l+x+x‘)

Ex. 5..b). Apply the method of variation of parameters to solve
a2

(x" ‘l d J;

Solntion. This is just the ahove example.

02y
x gety=te—if . [Agra 70)
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.Ex. 6. Apply the method of mrintion of parameters fo .volve

“the equation x%—y =(x—1) (T‘-x-t-! )
[Sagar 62 ; Raj. 63 ; Agra 72, 51 ; Delhi Hons 63)
Solution. The equation is
e )2

Now proceed as in the above example
y=C1"+cox+(x24+x+41).
- Ex. 7. Solve by the method of variation of parameters
2 _2x (140 %"‘2 (14x) y=x°.

[Delhi Hons. 65, 63 ; Agra 67, 63 ; Raj. 64, 55]
Solution The equation in standard form is
dy 2(I+x)dy+2(l+x)

d
d'

dX' x dx =X. . " ".(l)
" Here P+Qx=....2 (zx'"")_._z (lx-l—x)go. ,

Hence y=x is part of C.F.
So we find C.F., i.e. solution of
d%_2(14%) dy 2 (l +x)
e . dx+ . y=0,
Puty=vx; then this equluon becomes

. dx’+( +y dx)dx pdl wherey,-x
du dv .
or H‘ 25=0 o (D*-2D) vj-qO, D=0,2.
S v=atet. L
.. C.F.is y=vx=c1X+cex:2* ' -
Now let y=Ax + Bxe** be a solution of (l), where A and B are
functions of x. Then proceeding as usual, 4 and B satisfy the
conditions
- Ayu+ Byw=0, . Ax + Bixe™=(.
and Apn+ By =X lé A;+ Be¥ (lx'-l—n X
Solving tnese for 4; and B;, we have
By=}e¢ > and A=—}
i.e. B=}e**4c, und A=--{x-}cp :
Therefore the complete solution is y =Ax 4 Bxe®™ .
ie. y=(—}x+cs) x+x6% (-1¢“’-"+c.; :
, = —fx—§ x4 CaX + 1 X€%*,
- Ex. 8. Applp the method of variation: of paramvter: 0 solve

oy
(_‘-+o)a_._,(2x| S) + == +2y=(x41) e~ )
[diwaji 66 ; Vikram 64 ; Agra 59 : Raj. 59]
Exnmple 7 has been solved otherwise also. Sec Ex. 3P.39.
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Solution. The equation in the standard form is
d?y_2x+45 dy+ 2 x+l

o~ x2dx x+2) T 42 T
We find C.F., i.e. solution of '

dty 2x+5dy+ 2. -0

dé¢ x+2dx x+22 "0 «(2)
We note that e™* will be solution if
m* 4 P.m+Q=0, ie mi— 2"12 , f =l

ie. (m=2)[mx+(2m—1)]=0, ie. m=2X%
Hence y1=¢** is a solution (2)
Putting y==vy,=ve?* the equation (2) becomes

dp +3 . @ dv
vE; X+2p =0 (See Ex.'lﬁ P. 58) when,dx_p
dp AV
o B3 2—}—;2) dx=0

: p
or logp—2x+log (x+2)=loger or p=cy(x+2)e*
cor dvldx=c, (x+2) e,

U=J‘ ey (x +2) e o= —C3. {e""‘ (Zx+5)+c.,

’ - the solution of (2) is y=ve?*,
ie. y=—1%c; (2x+5)+ cae®.

Let ns take  p=4A (2x+ 5)+ Be**. EE))
to be solution of (1) where 4 aud B (parameters) are functions
of x.

Then A and B satisfy the conditions

A+ Bw=0, ie. A, (2x+5)+Be¥*=0,
and Al”]"l‘ijl—_-X, ie., A12+}2B|€u=i——2 e,
e x+1 _"ef 1 1

Solving these A= —-zm [ ]

. - —e
Imegraung, A= T(iTZ)+ 1

, ==(2x+5)(x+l)e“"="1'_" .
and B a4 (x+2,° 4 [2 x+2 (X+1.)']'

R P 2
) (x+2_ jse

Therefore the complete solution is y=4 (2x+‘~)+Be2' .

1
—_——— O e i 2
oc y=[—; (x+2,+c.] (2x45)+5; [(x” )+Cz]3’
=¢y (2X 4 5)+4 ce?* —ex, ;
Ex. 9. By the method 01 variation of paramelers, solve the

d2y :
equauon +(l --cot x) —y cot x=sin* x. [Rujasthan 58, 56]

- Sointlon. Here l—-P+Q—0 ;5 <. y=¢"%is a solution of AE.
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Putting y=ve™*, the equation which gives C.F., (X=:0) reduces
d* 2 dyl d!’_ - ' )
to E,+[P+;:-z;]dx—-0, wherg n=e>*
dw [ 2 Qadv dv
or | 37’+[ 1—cot = x ],‘E-O' Put ax P
s dpldx=(1+cot x)p or dp/p=(1+cotx) dx.
=~ log p—log c1+x+log sin x=13g (¢, sin xe*)
or p=dv/dx=c; sin xe*. _
Integrating v=}c;e* (sin x—cos x) +¢s.
.~ y=vy=}c1 (sin x—cos x)+cqe*
* which is the C.F. of the given equation
Now let y=A (sin x—cos x)+ Be™=

. .

b:; a solution of the given equation, where 4 and B are functions
of x. :

Then A and B satisfy the relations
A; (sin x-—cos x)+ Bie~*=
and A, (~os x+sin x)— Be~*=sin? x.
. Solving these, A;=4%sin x, i.e. A== —3cos x+c1- .
~and B,=}e* (sin x cos x—sin®x)=}e* [sin 2x—(1—cos 2x)].

. (2 cos 2x—sin 2x)—f4

B
T4(=5)
e.l

.-i-z—(——_—-a—) (-2 Si? 2x —cos 2x)+(s.

Hence the solution is

2 [t Ja 28 -
4

y=(—14 cos x+c1) (cos x—sin x)+ e [— 2 e

el’
) : - —4'-+C|] _
=¢, (cos x-sin x)—y% (sin 2x—2 cos 2x)+cqe7*.
Ex. 10. Solve d*/dx?-+y= cosec x. : :
[Indore 66 ; Nagpur 63 ; Agra 65, 49)
Solution. C.F. is y=c, cos x+c¢; sin x. ,
Let y=A cos x+B sin x be solution of the given equation,
where 4 and B are functions of x, Then proceeding as in Ex. 9
above ‘ .
A, cos x+ B, sin x=0,
and —A, sin x4 B, cos x=cosec x,
so that A,=—1, B,=cot x. 7
=—x+¢,. B=log sin x+ca.
Hence the complete-solution is
y=(—x+¢;) cos x+(log sin x+cj) sin x
=¢; ¢o8 x+¢3 8in x—x cos x-sin x log sin x.
Ex. 11.  Solve d*yjdx?*+4y=x.
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Solution. As above let the solution be yuA cos x+B sm Xy
- A and B here satisfy the conditions - _ \
Ax cos x+ B, sin x=0, ‘
—A, sin x4 By cos x=x.
These give 4, :—x sin x, B;ax coc X oo TR
A=~ [ x sin x dx= —[—x cos x+j' co§ x: dx]
=X COs X—sin x+e1, Gy
B_j‘ X cos x dx==x sin. x+cot x+cg
Hence the complcte solution is . ,_;
. ye=ix cos X —sin x+¢y) cos x+(x sin x+nos x+c.) ;m x
=x+cyCO8 XtCpsinx. . . .
Ex. 12. By the meﬂmd af vari n of pnramaer:. ..faive Ihs

equatmn ( —x’) E’—“ (L+?§)J’=;€»

P08 5 CL L e

- [s-gar 66 : Viknm 63 Raj 53} .
Soln_tion ‘l'he equation in standard form ia LR N 5
o d‘y' Ax dy (14xY) N
dx’ l-x'dx 1—xt D St s Eo Ty (1
To remove the ﬁrst derwatnte, we chense (sae § "'6 P 62):_;. :

e | deg iIr—x.dx oy -—lo!(l-x') -_ i |

yl> : 1_-‘5' -
Pumng y=tyy, the equatmn becomes S
C.‘ ‘+Q]U==X1

LA 200
Q1=Q iPS e x (I_xz)!'l‘f[l_xg"'(l_tlw]

—-l Xl—£=x .
4% : e _ ;
Thc equation reduces to d'v/dr‘+v-=v T )
: C.F.of (2) s - “umAcosx+Bsinx. i . L(3)
Conslder A and B as. functions  of x and et (3) be a solution
.of t_hen A and B utisfy the re(atnons e
. A1cos x+B, sin x=0, © T %
-—An sin x+ B cos x=x.’ .
These give ‘Aj=—x sin X, B,-—-:x cos X, . .
A==xcos x—sin r+c;, B—v sin r-l 00s x+cs
_Complete solution of (2) is \ -
=4 cos \+Bsm X
=1 COS X}y sin X4x. o
And the complete soluuon (l) is _}’-—i y;,

ie. y=[c, cos \+c. sin \-H, l_,'-

]
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Ex. 13 By l‘he me!hod of varmlion of parameters, solve the
ey O Dy — x2)32,

equation (1—x*) a ,+xdx y=x(1=x%

[Raj. 54]
Solution. The equation cau be written as : ‘
d? dy - l <
RN W
Here P-{-Qx==0 5 y=x is part of C.F
To ﬁndCF ie. solut:on ofd L L. y=0,
dx '+l—x'dx I—x x‘

put y=ox. tie equation thcn becomes '

2 dy. dv
_ dx’ [P+y|d d‘f‘o J’xﬁx
, - 2\ dv dp. x 2 Cdv
o dx=+(1 xt )dx ¥ or d_x+(_l'-x’+- )” 0% ”—dx

2 x
+( s ) wr=,
Integranng, log p+2 log x—4 log (l—x N =log o

. or p_i.".i_c______.“/(xl’“x’)-
a v=a [vi- () |
--]' § (1=t (2. ( ) ax Jes

[ =—Cy [M +sm" x+c‘ ]

Hence C.F. is y=vx=—¢, [V(l-x’)+x sin-1 x]+cax.

 Let y=A[+/(1—x%4-xsin"1x]+Bx
be a solution of the given equation, where 4 and B are functlons
of x. Then A4 and B satisfy the relations

A [w/(l—x')+xsm"1x]+3.x=0 o ()
and A, ‘T(——;;—-i-mn"x-i- ’]+Bkl=x(l—x‘)1"

or A, [sin™! x]4+By=x (1—x¥)'? L : (2)
Multiplying (2) by x and subtracting from (1), we get _
A.\/(l—x-)=—x‘ (1=x)2 or A;=—x* A=—ix"+cy,

B~ --;. [v/(1=x2)4x sin=! x]=xy/ (1—x*)+x?sin x,
B-J“ V(=5 +x sin-l'kl d.\-ir}, |
I[x\/(l—x’) dt-i-sm" X §x’ I}x' W x') dx+c,

- Fi nr an altrenative solution, scc Ex: 4 1. Sn
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- f X4/ (1—x) dx+§x* sin-1 x4 } J' ”—(‘-}a{.’.;_)” dx+¢
=§I"‘V(l-::') dx—} L'mé-x—,j dx 4 x3 sip-l X+ey
== “.::-' Q-—-{—F—li +4 (1=x3)R 4 153 gin-1 x4cy.
Hence the complete solution is
y=A[+/(1—~x%+x sin-? x]4 Bx
=(—ix*+e1) [V(T—x¥4-x sin-? x] ) .
+[—§ A —x2prypy (1—x2)2+ §x® sin-1 x 4cq) x
= [V(1=x*)+-x sin~ x]+eox + §x (1 —x%) /(1 —x2)
—8x (1—x2)in
=0 [V(1 —x") +x sin=2 x]4-cax—3x (I—x2)n,

¢
Ex. 14. Apply the method of variation of parameters to solve
the equation . . ‘

a2 dy
d'TJ;-*- ftan x—3 cos x) d_x+ 2y cos® x=cos* x. [Raj. 57]

Solution. As found in Ex. 11 P. 82, the C.F. is
y—"-‘-CJC’ sin "+c,e"" x )
Let  y=Ae? sin x| Bosin x, i)

be the solution of the equation, where 4, B (parameters) are func-
tions of x.

Then A4 and B satisfy the following conditions :
» Alea o oxy B’euu x=0. ie. A,C"" a—=._.31
and 24, *in = _cos x4 Be*n X cos x=cost 25
ie. 24,e% 58 3.4 Bretin x=cos? x, { e, Ayet slnx_cosd x,
A;=Cbs’ x.e~3 iin * By= — A 185 *= . cOsd x ,g3n ¥,

A=I cos? x.e~t sz d’x==J' (1 —sin® x) ¢~2 4 x co5 x dx

==—I (1—1® e di, where —sin x=I, —cos x dx=dt
=—e [} —}r2y 4]
s=—e”2 s x [§—} sin® x—} sio x—}]+c;

B= ""I cos® xe~stn dx——-—f (1 —sin? x) cos x.e+in * dx

=I (1—22%) e* dz, where z= —sin X Idza---cos x dx

=€ [l —2242z—2]=e¢* [2z—22— 1]
=% % [ 2 sin x—sin? X ~2}+cs.
Putting these values of 4 and B in (1), we have

v=c€* " * L4 sin? x4} sin x—1 +egetin * 22 gin x—sin? x—1
=€t F X ppetit X ] sin? x— ¥ sin x--8,
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which is the complete solution.
2'9. Method of operational factors.
Let the equation ot second order be
P32 ip, Woypy-x.

d etz -.'..(l)

~ Write 3—"='D ; then (1) is

PoD’y+P\Dy+Pyy=X or f(D)y=X.
If £(D) can be resolved- into two factors Fy(D) and Fi(D) such
that when F,SD) operates on y and -Fy(D) operates upon the
* result.[Fy(D) y], then the equation may be written as

- fID) y=Fy(D) {F\(D) y}
or f(D) y="Fy(D) Fy(D) y.
[Here we cannot write £ D) yr-F:(D) F.(D) Yl

The order in which the factors are written must be venﬁed 50
- as to form the same equation.

- The following few examples wm fully illustrate the method :
*Ex. 1. Solve x,TT"(l x) —y=e"

[Acra 50'; Luck. 51)
Solution. Writing D for d/dx, the equation is
[xD*+4(1—x) D—1} y=¢*
~or (xD+41) (D—1) y=e*. ...(l) E
[This cannot be written as(D—1) (xD-H) y-—-e' as this does
not give equation on expansion.]

Now let (D—1) y=vp; then (xD+1) p=e*
or v=cx"l4erx~l,
Then equation (1) becomea (D 1) y-—cx“+e’x"‘
or y=c,e*+ce* [ exx? dx+e*+log x.
Ex. 2. Solve [ix+3) D*—(2x+47) D+2) y=(x—3)? e'
Solution The equation may be written as
C (x+3) D=1) (D-2) y=(x4+3)2 e*
Put (D-2)y=v; . [(x43) D—1]v=(x+3)2 e

___!_' . . . e r
" (D x+.i) ”‘“(x+3) ex ; LF.=¢ I i Ef-llTi.
. 1
i . e’+k=¢'+k

or (D-2) y--v=(x+3) e*tk (x+43).
Linear, I.F,=e~2*, thus the solution js

*For an alternative solution, we have 14+-P4+0=0 e=gd j
of C.F. (See. Ex. 10 p. 54). DR - i TR
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yem[ [(x+3) e+ k (x+3)] e* dx
S mexeT—de k[~ jxe ™ —ie M 1oy
- or ya—xe* =46 —c1 (2x+T)+cpe®>. ]
Ex. 3. Solve [xD*4(1—x) D—2 (1+4x)] y-:-e-" (1 —Gx)
Solation.  The equation may be written as ;
(xD+(1+x)] [D—2) y=e* (1—6x).
Putting (D—2) y=v, v=(1-3x) e 4-ke—~x-1,
So (PD=2) y=(1—3x) e ke*x?

. or y—xe“+c;e’fj‘-—dx+c'¢u :

Ex. 4. Solve [xD’—(x+2) D+2] y—-x’
Solution. The equatlou is (xD—2) (D-1) y-x'
If (D—-1) y=v, v=x3+4+kx? '

or . (D—1) y=x*+kx* :
S T Y= -x'+cl (x’+2x+2)+c.e'

 Ex.5. Solve Sx’ +(z 6x=) —4y=0.
Soldlcﬁ The equntlon is (3x'D+2) (D-2) y=-0
Proceéding as usual, ymcle’ljl e(3/2x)-2x dx

Ex. 6. Solve axt d'y+(2+6t—6x’) -——4y-0
Solution. The equation is (D—2) (3x‘D+2) y=0.
If (3x:D42) y=v, v=k.e®.
(3x*D+2) y=ke*=,

y=c1€3[i% 4 cqetitx I._l.. elx-2{3x) dx
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Simultaneous Differential Equations

3.1 So far we have discussed differential equations involving
two variables, viz one dep.ndent (usually y) and the -other inde- -
pendent (usually x). In the present chapter, we shall discuss diff-
erential equations in which there is one independent variable and
two or more than two dependent variables. To completely solve
such equations we shall require as many simultaneous ‘equations
as is the number of dependent variables. & .5 .t

3'2. Methods of solving simultaneous linear differential
equations with constant coefficients. ‘ o

Let x and y be the two dependent variables and 7 the indepen-
dent variable. Thus, in simultaneous equations there occur
differential coefficients with regard to 1, .

- First Method. Use of operator D. Write D for d/dt and put
equations in the form
‘ SH (D) x4+, (D) y=T:, SN ¢
$1(D) x+¢4(D) y=T - -(2)
where T; and T; are functions of independent variables . Now
to eliminate y, operate -(1) by ¢oD) and (2) by fa(D); then these
equations become : ,
/D) $a(D) x~+£3(D) $2(D) y=4(D) T;
and $1(D) fa(D) x+1(D) $(D) y=[o(D) Ta
. Subtracting, o ‘ :
[/i(D) $2(D)—4y(D) £2(D] x=61(D) T—f«D) Ta
Le. , - R(D) x=T, : )
which is linear equation in x and ¢ and can be solved to give x.

Putting this value of x in (1) or (2), we get value of y. L

Note. We can also eliminate x to get a linear equation iny -
and # which when solved gives y. And x can be obtained from (1)
and (2) after putting the value of y there. . 7.
~ Second Method. Method of Differentiation. Sometimes x or »
can be conveniently eliminated if we differentiate (1) o¢ (2) or-both.
The resulting equations after-elimina{_ins one dependent variable
(x or y) are solved to give the value of another dependent variable.
And then the value of the other variable can be found.. y

3'3. (Important) Number of Arbitrary Constants L

The number of arbitrary ‘ constants in the general solutions of
(1) and (2) of § 3°2 is equal to the degree of D in . . i
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AD) KD | if s£0.
#(D)  $AD)
In case 4==0, the system is dependent; such cases will not be
conndered

Ex.1. Solve —+2x—-3y-- d¥ —3x+2y-—e"

[Karnatak B.Sc, (Snb ) 61]

‘Solution, Wrmng D’for dfdt, the equations are
- (D+2) x—3p=t. = ¥ el 1)
. —3x+(D+2) p=et. )

Multiplying (1) by (D-+2), (2) by 3 and adding, we get
(D+22—9] x=(D+2) 1+ 3e*
“or (D*+4D~—5) x=2t+1+3e*,
‘AlE.is  (D+5) (D-1)=0, D=1, —5.
’ T C.P.=C,e'+cge'“.
2141 | ZeY
D*+4D—5 TDhiFaD—s

} (1—¢D-3iDy™ (2t+ Dt——

=—%(14+£D+..) (2t+l)+ et
‘ _-1 (2041 4 3) e =3e 213,
x=cle‘+cae“‘+%e"—il—%§-

e . dx
Thxs gives a—t-=c;e' - Scle"“ 482

P.lL=

Je¥
a¥8—3

Now from (1), 3y—-—-+2x—t

—qclél Sc’e—ll+ ""'"l= .
' y—-c,e‘-—-cze'“ +‘e3‘-il—, 2,
Ex. 2 Soln -—+ Sxfy=e, :t ——x+4+3y= e"
(Delhi Hons. 68)
Solltion The equations are . ’
(D+5) x+y=¢', —x+(D+3) y=e,

Multiplying first by (D+3) and subtracting sscond from it,
we get (D+5) (D+3) Xx+x=(D+3) e'—e¥ _
or (D*+8D+15) x=4e'—e¥,

From this A.E is (D+$) (D+3)—0.

e” Ry
. -3¢ .
S Fegge e +D’+8D+IS
= e ¥, ¥ 1ot — et
Alsp y=&"—(D+S5) x etc.
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Ex 3. (n) ¥ Solve the simultaneous equations -
:f 7x+y=0; 5i'----——Zx—-.Sy_--O

dt
[Delbi Hons. 72, 70, 67 ; Kamlnk 62; Agra 71, 58;
L Bombay 65]
Solution. Writing D for d/dr, the equations are ‘
- AD—T) x+y=0 7 1)
- =2x+(D-35) y=0. ' o Cw2)

- Eliminating y from these, we get
(D—T7) (D=35) x+2x=0, i.e. (D*~12D+37) x=0
Auxiliary equation is D*—12D437==0, D=6;l;i
S x=e%(cz cos t+c, sin ¢),

so that -47—6e“ (¢t cos t+cq sin t)4e¥ (—c, sin t+c, cos §)
=6x+e% (—c, sin £+ c3 cos 7).
From (1), y=7x—-'§

=7x—[6x+}¢% {—c, sin14ca cos 1}] -
=x—e% (—¢, sin 14¢3 cos ?)
=e% [(£; cos 4-c; sin t)--(-wc, sin 7+ c¢; cos 1)]
=e¥ [{c;~cy) cos t+(ca+cx) sin 1],
Hence the solution is
x=e% [c( cos ¢ sin 1],
- y==e¥ [(e1—¢,) cos t4(c3+c,) sim 1].

Ex. 3.(b) Solve _3-;-‘+ Tx—y=0, %+’21+5y-=0. . [Raj. 61]

Hint. Proceed as above.
*Ex. 4. Solve the simuitaneous equations

d*x dty
e 3x—4y 0, d‘,+x+y—0

[Delhi Hons. 68 ; Agra 69, 62, 56]
Solution. Writing D for (d/dr), the equations are

(D*—3) x—4y=0 , A1)
and x+(D*+1) y=0, «.{2)
- Eliminating y, we get (D2 + 1) (D*—3) x+4x-0
-or (DA—2D*+1) x=0 or (D’—-l)' x=0, ‘
D=—1, -1, +1, +1,
i x-——(-‘.‘;+l'zt) E"‘+(c;+cd) ef, . (3)

Now Dx=(dx/dt)=—(c;+cat ) e o267 (e t-eat) € +-coe’
and Dx=(c;+cat) e~ —2cse 4 (catcat) ef-+-2cee,
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From (1), y=1 (D*~3) x=} (D3x~3x)

=t [(crteat) e+ (catcat) e —2c,6~+2c40t ;
—-3'(C|+¢:U et—-3 ("l-‘a-l'w) e]

=} [¢' (ca—es—cyt)—e* (c,-+cat+cq)] (4)
Hence the solution is o ,
x¥=(c;+cst) e+ (catcut) e,
=% ¢ (ca—ecy—cat)—€¢~* (c1+ et +a)).

dy dz
Ex. 5. Solve TN ==, . [Bombay 61)

Sulution. Equations are . . =
- (P+1)y+32=0, (D—4) 24 2y=0.
 Eliminating y, [(D+1) (D—4)—6] =0,
. Auxiliary equation is N
D3—3D—10=0, (D—5) (D+2)=0.
Thus zZ=cie®*4 cpe2x, d—:==5c,e“ —2cze72x,
From second equation, 2y$4z—(dz/dx),
ie, 2y=4 (ci% - cze~37)—(5c1e5%— D cpe—2x )s
or y=—4c,e5 4 3ce 2%,

. Ex. 6 Solve %:- ¥, ‘g-‘==2y+z. . [Bombay 61 (New Course)]

Solution. First equation is (D—1) y=0, giving y=c,e*.
. 2nd equation gives dz[dx—z=2c:¢*, linear, L F.=e*,

o ZET=0+-20 I exex dx=c,+2c1x. |
Hence  y=c,e*, zl==c,e=+2c,xe.*.-' ‘ ;
Ex.7. Sobe ZE-3x42, P1si13ym0  (Karmatak 61
Solution. Equations are B ' .
(D—3) x—2y=0, 5x+(D+2) y==3. £
‘ ‘Eli'niimuins‘y. LP—3) (D+3)-+10] x=0. (D241) x=0,
<o X=t1C08 I+¢; sin ¢, d—-:= —c; 8in t4cycos 2.

2y_=§:-—— 3x=(—c; sin t4+¢; cos' 1)—3 (¢; cos t+casin 1)

pr y=4% (ca—-3¢,) cos t—13 (cy+3¢y) sin ¢,

dx i | -
Ex 8. Solve.‘37=3x-y, D%=x+y [Poona 61}

Solution. Equations are
(D=3) x4 y=0, x—(D—1) y=0.
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Eliminiting », [D-3) (D'_l)'l' 1] x=0
or (D*—4D+4) x=0, (D—2)? x=0

e 'x=-'-(c,+c.t) e, §=e*' (2¢‘1+2¢;t+c;).
Now y=3x—-‘-i—==(c,+cat-—t'z) e,

 Ex.9. Solve —-+-—+2x+y=0, d—':"+5x+3y-=0
' ~ [Delhi Hons. 69 ; Gujrat 61)
Solution. Bquat:ons are
(D+2) x+(D+1) y=0, (D+3) y+5x=0.
Eliminating y, [(D+3) (D+2)—5 (D+1)] x=0..
Auxiliary equation is (D®*+1)=0, D=+4i.

. a . dx P
S X=¢, cos I+¢C2 sin I, —t-=--c1 sin f--cy cos £.

Now snbtractmg ﬁrst equatlon from second, 2y——+2x

3, y=} [(—¢, sin t+ca cos £)+2 (¢; cos 1+, sin t)]
: =} (ca+2cy) cot 1+ (2c3—ey) sim ..

T | -
Ex.10. Solve Z5—3x—y=¢', %—Zx=0 [Poona 59]

Solution. (D*—3) x—y=ef, Dy—2x=0.
Eliminating x, we get D (D’—-3) y—2y==2et,
A.E.is (D’—3D-2)=0, ie. (D+1)*(D—2)=0.
os y-(c1+c“) e l'+ me%_—z :
=(cytcst) €' +ese¥=§¢’,
and now  x=¢% SZ etc.
"‘Ex 11. (a) Solve the simultaneous tqwimu

‘T+4x+3y==t. 7 2 f2xtSy=e’.

[Agra 68, 54; Bombay 58],
Solution. Writing D for d/dt, the cquauons are
 (D44) x+3y=t : ()
and 2x+(D+5) y=¢. ' --(2)
Multiplying (1) by (D+5), (2) by 3 and then subtractmg 2
from (1), we get
(D+5) (D+4) x—6x=(D+5) '—3¢‘
~or  (D* r 9D+14) x=145t—3¢".
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Auxiliary equation is ‘ -
D*+9D+14=0, ie (D+7)(D+2)=0.
s CF.=ce"4cze 2,
Pl L5t—3ef
" D*49D+14 -
e . Jet
=i 1+ AD 14Dy (1+:r)—-————-—1?9+14.

et
=&[1-&%0...10 +5t)—52

=Sl e S g
Hence X=cge" "4 cee~ o8 AL —4¢'.
Now from (1),

r=}[—(D+4) x]=}[;—g‘f_.ax]_
=} [1+7cie 250 — S p et
' ’ 24 ('c,e""‘+c,e—“+ for— 2L ten]

or y=} [Bcye"—2eet—3¢f fer 4 87]. |
Ex. 1. (b) Solve §+4x+3y=,.. ,Z% LSk Syt

. [Karnatak 63)
‘Proceed as in the above example
‘Ex. 11, (¢) Solve the simultaneous equations
(5D+4) y—(2D+1) z=e~= } pad.
“(D+8)y—3z=5e* “dx [Meerut 77, 70]
Solution. . Multiplying first by 3 and second by (2D+1) and
subtracting, we get . _ '
3 (SD+4)‘—(D+8) 2D+1)) y=3e*—(2D+ 1) Se*,
_ D=1, —2 etc.
*Ex. 12, Soive the equations :
dx d dy o .
~ ol i  [Agra 57, 52]
Solution. Differentiating the first equation w.r.t. #, we have
d*x dv p
FE=Tw 2.7=_w“‘*’x)',
s (D4 w?) x=:0, D= i,
' X=01 cos wl+cy sin wf
Now y=—1 c_lx_)__! [—cyw si
oldl ]~ —% 1@ SIn wf -+ Cyw cos wl]
=y Sin wlf—cq cos wl, ‘
A Deduction. Show that paint {x, y) fies on a circle,
We have X=¢; cos wl+c; sin wt
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and © y=cy sin wf—c3 oS wf,
Squaring and adding, x*-+y*=c,*+¢;2, a circle,
Hexce point (%, y) lies on a circle,
Ex. 13. Solve the equatxon.i'

d*x dy )
T 2x+2t, > +4 [Raj, 56] -
Solntion The equations are i
(P*—2) x—Dy=2, ; D)
» (Dx4(aD—3) y=0- : wl2)

Multiplviog (1) by (4D—3), (2) by D and addmg. weget .
[(D*—2) (4D—3)4-D*] x=(4D—3) 2t
or  (4D*—2D*—8D+6) x=8—6¢, v
or (2p*—D*—4D+ 3) x=4—3.
Auxiliary equation is
2D3—-D*—A4D +3==0, (D—1) (ZD‘+D—3)==0
~or (D—1)(2D+3) (D—1)=3, D=1,1, —§.
o CF.oA(c1t-eat) ef —cae™ 2, )
P,L:=} (1—$D—}D*+-§D%)1 (4—31)
S 3 (‘l+§D...) (4—3t)=} 4—~3t—4)
Hence, x=(c1+cyf) e'—cze—33—¢,
S (dx[dt)y=(es+cat +ca) o'+ fese¥in_],
S (2) gives
- 4 (dy/dx) —3y=-{(c,+cat+c.) e+iar¥r—1},
Linear, LF, =e"'“

ye Hil=cy—1 I €%l {(cy+ cat+cp) e'-F e ¥I2—1} 1,
¢ Ex. !4 _ Solve :he simultaneous eguations ,

i +M’}’ 0, T Y __mx=0 {Poonr 64; Agra 53]
Solutien. Writing D for d/dt, the equations are

DPx+m*y=0, D*y—m?x=0.
Elimipating y from these, we get

(D*+m*) x=0.
Aurxiliary equation is D‘+m‘—-0 (D*4-m2, '—2m'D=.—.—.o

or (D'-\/ 2mD+-m?) (D‘+1/ 2ZmD+m¥)=0

m--im —-m:[:im
These give D=—-Fr— V2 2
Hénce

X=c MV 2’ ! cos (—1—/"'—2- t+ (:,)+c,¢ —(m/vV2) 1 oo (% t+c.)
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Now

%=c,,(n!lv2) t V"%[con (%&t‘: )—-sinz("'/@'j,”:é’ )]

X . [ m
‘ and — =c.e(mlv2) t '_”i- [cos (-—2— t+c.)—2 sin (751+c. )

ot

4 cae(mliv2) 1 T2 = [cos(——t+c.)+2 sin (‘—72-1-;-&)

72
_ ) —cos(vzt+c.)]
=m? [cae‘("'N i sin(vmz—t-i- cs ) cre (”'/Vz) J sm(-‘-/— t+c.)]
From given equation, y=— d"‘
, 1 » V=T mdn
& oy= c;e(miv2) t gip (% t+,c=) —cge (V) sin(‘—/'%t+c¢ )]
, dx 2 e
Ex. 15, Solve 747 (x—y)=1. ()
dy 1 -
aitr GTM=s [Raj. 64; Agra 63]

Solution. (1) is 1 (dx/dr)+2x—2y=t.
Differentiating it w.r.t. ¢, we get
dix dx, dx . dy
‘atatiay el

Now putting in it value 0‘3—, from (2), |

d®x . dx x+5y]
tantigr 2[‘— 1 ]-l

Now putting in it value of Z‘ from (2)
dzf+3 g -2 [t_x-{-Sy]__

!__
or 'dr3+3'dt

Putting value ol‘y from (1), we get

d’f+3r TS [: . ST ]

=204 2x+10y=1.
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or t’j-;?-‘-+8t $+12x=2!'+6t.
This is homogeneous, s0 putting t=e*, D=¢ (d/dt), we get
[D (D—1)+8D~+12] x=2e*-6¢*.
A.E. is D4+ TD+12]=0, ie. (D+3){(D+4)=0,

- - G G
. C.F.=cie™¥ e "=l—,+’_‘--

.o

p oL 2eEbber e 6e?
A DI 2T A A 12 T 1T+ 12
err et 12 (3 e
~1—5‘+Tﬁ-—15+loase‘~t.
€1y ey 1% 3
Hence x=p;+p+3to
dx_ 3¢ _4c 2t 3
so that s g t5+15+10
From (1),
dx
2y=13t—+2x--r
_ 301 _4(‘] gi’ -31_ (_.:! Cy L 3’)
=—F w5 Tipt? (r’ tatstie)

oG 2 A 1
R TR TR T
y=—tet P —cat™ Hakti— 1.

Ex. 16. (a) Solve Elr—}f-i--d—y—2y=2 cost—7 sint,
dr - de
‘ j—f—g})—} Ax=4 cos t—3 sin ¢, [Raj. 60]
Solution. The equations can be written as
Dx+{(D—2) y=2 cos t—7 sin ¢, A1)
{(D+2) x—4y=4 cos t—-3sin ¢ (2

Muitiplying (1) by D, (2) by (D—2) and adding, we get
[D*+(D+2) (D=2)] x
=D {2 cos t-—7 sin 1]+ (D=2) {4 cos 1--3 sin t]
or 2D?—4)x=—18cost or (D?*—2)x=-9 cos .
C.F.=ev¥ e V¥,
-—~9cost _—9 cost
P.l= e i
yes @V b cae VLS cos ot
dx/dt==4/2¢,evVi—2¢cev %3 5in ¢,

==3 cos 1.
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dy g‘f+2x 4 cos t43sin¢

-(2+ V2) 1€V (2—4/2) ce V™42 cos t.
. ¢ o :
- From (1), 2yj——-:‘—'v+%-2. cos t—7sin ¢

=(242v/2) c1eV4-(2—24/2) cae~V¥—10 sin ¢
or . y—-(l-f-\/l) cle‘\’"+(l—-1/2) c,e'*’“—S sint,

Ex. 16 (b) Solve dt+2 a2+ 2y=3e.

From (2).

...(l)
- ' 3 35 +dy+2x+y=4e“ » (2)
: o [Agra 64; Poom 64]

Solutlon Mulnplylng 2) by 2 ‘and subtrecting from it (l),
we get 5 (dx/dt)+6x=8e¥ — 3¢ .

or dx[dl+ x=§ e¥—3 ¢. LF. ;..lm
i : Xt = j (Bett—12et) etuls dH‘C[
or ' ‘ \ 'xr.ie‘”+c'e—”ls~,"el : o

and then  y=cse~*—Bcie~ 54 Lfef. ) —

Ex. 16. (c) Find a general solution of the system of the equations
(2—1) x+y=0, (D 1) x~ Dy=t, } .
where  Dsdjdt. : [Rajasthan 67]
Proceed-as above. 2l ¥ ~

" Ex. 17. " Solve 4 %4—9 B xt3n r=e.

32—:+7 D xtoay=3.

Solution. 'l‘he equations are
(4D+2) x+(9D+31) y=¢!,
(3D+1) x+(7D+24) y=3.
Eliminating x, we get
(D*4-8D+17) y=6—4def, D=—44i,
y=e"% [¢i sin 1+¢; cos t]-—}.e‘-i-,f
Again elummatmg dx/dt from the given equahom we get

dy
7!:—+ Iy—2x=12—-32,

ie 2x=-d—':+3y—12+3e‘ _
x-} [~(c; +r,) sin t+(c1-cz) cos ] e"'-l- tet—22,
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Ex. 18 Solve tdx=(1—2x) dl, (1)
(2

t dy=(tx+4ty+2x—1) dt.
[Agra 72, 70 ; Bombay 61]

Solution. From (1), ‘%—-{*% x=1, I.F,

. xtt= J £2 dite=}ride
.03

or x=}%t+ct2,
Now (2) can be written as 8
t dy=t (x+y) di—(1—2x) dr,
ie. tdy=t (x+y)di—1dx from (1)
ie. (dx+dy)y=(x+y) dt
or dii‘;y=dt; o log (xhy)=t+log a.
x+y=ce'. D)
(3) and (4) from the solution of equations.

d%y dz
Ex. 19, Solve Zdz . —4y==2x,

+4 ge2arih [Raj. 55, 52)

Solution. Puttmg D for d/dx, the equation is
(2D*—4) y—Dz=2x, D
. vl 2)

2Dy+(4D—3) z=0.
Multiplying (2) by D, (1) by (4D—3) and adding, we get
[(2D*—4) (4D—3)+2D*) y=(4D -3) 2x,
(8D3—4D*—16D+12) y=8—€x
or (2D3—D2—4D+3) y=4% (4—3x).
A.E.is 2D*—D*—4D+3=0, (D—1) 2D*+D-3)=0,
F

(D—1) (2D+3) (D ~1)=0, D=1, 1

i.e.

ie.
C.F.=(c,+e2X) *+ cse—(an}r,
PL=30D : (4 3,1?+3 =} (1~§D—4D*+3D°)7 (1—3x)

=%(1+‘D+ ) (4—3x)
=3 (4—3x—4)=—x/2.
Hence y=(ci+cax) e*4-cie2—4}x,
%—-_.-ex (e eax +e2)— Fege™3 12— 1,

d2
Ta= et (et eax 20+ fes N,



1 ‘ . Differential Equations I1

Now from m. -—=2 :3—4}'—2” '

=e* [—26—2cyx+4dcs)+ fese~n

Now putting values of d{ and iz— in (2).

I3z2=2 dx+4 —_

=eX [ —601 +6ng+]8¢.]— C.G“k’a—- 1.
. Z=—2¢* (cy+Cax—3cy)—fcae /A4,
Ex. 20. Solve the simultaneous equations

2 . 2
I‘;‘—f+4x+y=te', d-z“-‘;+y—-2x=sin"t. '

e [Pb. 58]
Solution. The equation can be written as
(D*4-4) x4 y=1tet, . (1)
- —2x+ D%4 1) y=sin®?. .(2)

Multiplying (1) by (D*+1) and subtractmg (2) from it, we get
(D*+-1) (D*4-4) x+2x_.(D’+l) tet —sin® ¢
or (D'+5D%+6) x~2et (141)—sin® 1.
AE. is DA+ 5D%+6=0, (D4 3) (D*+4-2)==0,
“le. D=44/3i, 44/2i.
. C.F. =¢; €08 (4/3t4c3)+ ¢35 cos (V2t+cq).
Pr— 2¢(+1)  §(17cos 20)
D‘+5D‘+6 D‘+SD'+6

4 cos 2r

Sk LESVES (D+l)‘+6 (4Dt i Spirs
— 2t #] cos 2¢

Draprnibir1abTiz (Dt g6
- =et6 (143D +31}D2 ...)2 (t+1)—%+1 cos 2t
=%t (1~FD+...) (¢+ D —y%+} cos 21
=get (t+1——3%+}cos 2r
=3ef (1—23)—s&+} cos 2r.
"\ X=Cy CO8 (1/3t+cs)+cy cos (v/2t+cq)+ et (t-~‘)
‘-+* cos 2¢.
dx/dt=—\/3c; sin (\/3!+c.) «\/2c3 sin (1/2t+4cy)
+ et (t—32+1)—1} sin 2,
d*x[dt*=—13¢, cos (V3t—c.) 2c, cos (\/21+c;)
+ et (t—*3)—cos 2t,
From (1), y=te'—d*x/dt*~4x etc. :
Ex. 21. Solve-d*x/dt*+4x + y=te¥,
d¥yjde* 4 y—2x=cos? t. ‘
Solution. Eliminating y from these, we get
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(D*+5C2+6) x=10te% | 6e* —cos? ¢,
C.F.=(c1 €08 4/31 +c, sin 4/3t)+(cs cos 4/2t +¢, sin /2t).
P.I "IOM"-I-Ge“ 3 (1 4cos 200
T DALSDA+6T DA +5D*4-6
; =—gilee" +te” —yy~1 cos 2. '
S x=(a cos 4/3t+cs 8in \/3r)+(c. o8 /214 ¢4 sin 4/2f)
T Tl +'e!d’¢“-'lls" *co‘ 2t.

Now from the first equation,
y=te¥—4x—dix|ds®
= —3c, CO8 4/3f—cq sin 1/3!--2c, cos 4/ 2t

—2¢q sin 4/ 2 4-&stet+ 3 — e,
Ex 22. Solve 4dx+9 —-+44x+49y=t
dy 2
d_t+7 z;-+34x+38y-—e‘

Solution. The equations can be written as

(4D +44) x4 (9D +49) y=t,

(3D +34) x+(7D+38) y=et.
Eliminating y as usual, we get on simplification

(D*47D+6) x=7—53¢*438¢, D=—1, —6.
S x=ciet et AR B8 _ARet,

y=cle;‘+4c, eS¢ Alp L BE | BEpt

Ex. 23. Solve e =ny—mz ~id & e lz—mx £-z----mx Iy.

’ dr ‘dr *odt

_[Raj 62,53]

Solution. Multiplying these by x,», 2 tcspectively and addiog,
we get :

x5 ar S G- ,
Integrating, x*+)*+zi=c1. (1)
Next multlplylng by I, m, n respectively and addmg, we gel

' dz
. AGmG Tng= |
" Integrating, Ix+my+nz=c,. il )
Again multiplying by Ix, my, nz respectively, we get

dx dy dz ,

ix ——+my d'+nz 5 =0. ) N
Integrating, Ix? 4 my2 4 nz2=0, wi(3)
(1), (2) and (3) from the complete solution.

Ex. 24. Solve tfhe simultaneous equations

dx
F 7y —ax+b.v. -a ‘x+by. \ [Agra 61]

v
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- Solution. The given equations are -
(D—a) x~by=0, (D~b') y—a'x=0.
Eliminating y, we get ' ‘
(D—a) (D—#') x—a' bx=0.
AE.is  Di—(a4d) D+ (ab’ ~a’'b)=0.
If m, and m, are its two roots, then
X=cyemt4c emyt
80 that dx/dt=c,m,em,:+c,m.emr

. 1fdx .7
.o y==-5 [El-—ax ] ,
=:[(m:—a) cse™* 4-(m,—a) c;e™)/b _
’ dx dy dy - -
Ex. 25, Salve @ tar t+y=0,3-+5x43y=0.
- [Hint. Eliminate y, (D*+1) x=0, x=c, cos f4cq sin t,
y==—% (c1+2cy) sin t+1} (cg—3c,) cos t. :
}Zx 26. Solve 2 a——(-,—‘-+2x+y=llt,

dx _dy
2 ;‘—+3 a-’—+5x—3y=-2.

Hint. Eliminating Vo (8D+11) x=331+42,
XAV 30—2, ym By A1 5143,

. Ex.27. Solvet g;—+y=0, tgt-’-’+x==0.

(Nagpur 53]

{Luck. 54]
Ans. x=cyf 4yt yem—yt 4 oot -1, .
dix . dx Lo d% dy
Ex. 28. Sobe f!. EI—’—'?’-‘ F‘P+2y=0, 12 Eﬁ"" 3"'—2x=0.
: : ) [Meerut 68 ; Poona 60]
*  Aps. x=Atcos (log £ - )+ Br? cos (log 1—B) ‘s
y=At sin (log t—a)— Bt~! sin (log t—pB).

- d¥x. _dy L g dzy dx -
Ex. 29  Solve 3‘—,—“2‘—”—--:—?' """’f&??"‘z_dx y=€’ sin (. ‘

- Hint. Eliminatey. : : _ !
- x=(c;+ caf) €08 t+(ca+caf) sin £ et (4 sin t—3 cos 1),
T y=—(c1+cyt) sin t4(c.+cat) cot t—%e* (3 sin 144 cos 1),
"Ex. 30. Solve & s " :
(1) dxfdt+x—y=¢t, dyldt+y—x==0, - . [Mysere 70]
(i) dxjdt+x=y+et, dxjdt 4 y=x+ ¢ [Mysore 68]
Proceed yourself. '
: - Excrcise " s
 Solve the fallowlng' simultaneous differe utial equations
Y ” )
1. _:%+2;+3y=0. ‘;li+§:f+2y-=_2eﬂ. (Poona 63]
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ANS. x=cielcge¥—§et, p: —cielfoye 4 felt,
2, 59'1- g-z-f-tty-—zae" %+8y-3z=5¢‘=
, [Calcutta Hons, 63; Poona 62]
Hint. Eliminating £, e , .
: (D'+D-2)yu=—4e‘*' S y=2e*+ Ae* 4 B2
theh (—2D*~-2D+4) z=12¢7%, z=3¢ %+ Ase %+ Bye~2x
where 4,=34, and B;=25,. ;
dcx dy - dx

B i Wit 2d:+23'+’f"" - [Poona 6]
Ans. x=—r-—§, yu}t"+§t+c, ‘ ' .
dy . s
4 dx+y=-z+e‘,dx+z-=y+e 7 [Nagpur 6]
An®  y=e*4 A4 Betx, z=e*+ A — Be'r.
dix dy dx dy 1, gna ™
3. ar +x—=2 -d—-—=2l' 2 a——x+d‘ —2y=T, [Slgll' 63]
\ : d x . -
6. 2 G+ o —dxy=e, ar H3x+y=0. (Poona 63]
‘Ans, x=Ae'+ Be-t—}e!, yu-(D+3)x
. d? d .
7 dxj: 'y-l-b ,+cv—0 .
diz  dy o | -
. aute dx'+b x'+c 2=0. ; [Sagar 60]
8. (D+1) x4 (D~1) y=et . ,
(D*+D41) x+(D*=D+1) y=13. . [Mysorc 69] |
34. Simultaveous equations of the form
Prdx+Q dy+ Ry dz=0, A
Pp dx+Q; dy+R; dz=0, ' «(2)

where Py, Py, ... are all functions of x, y, 2. _ : L

Solving these equanons stmultaueously. we get

__dx nr
Qan- QlRI R\Py-R;P, Px@n —T
which is of the form
U S

: < T B we(3)

Thus mmultnneous equanom (1) and (2) can always be put in
the form (3).

dx Gy dz

‘38, MetllodofSoIvlu o
_ First method. Wehave 2
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dx dy dz ldx+mdy+ndz
PTQ TR~ IP+mQ+nR
If I, m, n are such that IP+mQ+nR=0,
then we get ldx+mdy+n dz=0. ‘
If it is an exact differential equation du (say), then u=q is one
part of the complete solution: “ ' :
Similarly, if we can choose I’, m’, n’ such that
‘ I' P4m' Q4n' R=0,
weget ' dx+4m' dy+n' dz=0Q. :
This gives another equation on integration.
The two equations so obtained form the complete solution.

g dx_dy dz
Second.Method. .The equations are — i

Take any two members ?-—‘—g (say) and integrate this equation -

to obtain an integral.

Next choose other two members d—;=i—z- (say).

This on integration gives an another integral. .
The two integrals so obtained form the complete solution.

_Note. _Sometimes one solution can be used to simplify the other
differential equation-in the integrable form.

3-6. © Geometrical Interpretation.

dx_dy_dz ' s

P Q R’ [Bombay 61]

~ From solid geometry, we know that direction cosines of the

tangent to a curve are propourtional to dx, dy, dz. Hence the
above differential equations represent curves, tnedirection ratios of
the tangent at (x, y, z) being proportional to P, @ and R, Ifu=a
and v=p are two simultaneous solutions of the above equation,
then the curves are obtained by intersection of the surfaces u=a,
v=>~, Since a and b both can have any values in infinite number
of ways, the curves are doubly infinite in number.

Ex. 1. Solve the simultaneous equations
eadx __ bdy _ cdz
(b—e)y: (c—a)zx (a—b) xy

[Agra 66; Raj, 51; Nag. 61]
Solution, Choosing ax, by, cz as'multiplicr, we get
adx __a’xdx+b% dy+4cizd:
b=c)yyz xyz Za (b—c)=0
s a%x dx bty dy +ctz dz =0,
Integrating, a<t+b%2 4222 =cy. ‘ (1)
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Again choosing X, ¥, z as multipliers, we get
adx ' _ _ axdx+4bydptczdz

G=0yz = ayzZ (b—0)=0 . - "
Hence ax dx+by dy+czdz=0. s
Integrating, ax:+4byt+czd=c,, < w2

() and (2) together form the complete solution of the gwen
simultaneous equations.

. Ex. 2. Solve “x ____'dy - &
mz—ny nx—Iz ly—mx

[Vikram 63; Raj. 58]
Solution. We have
dx dy dz
mz-—ny Thx-Tz Iy —mx
ldx+mdy+ndz
1(mz—ny)+m (nx—Iz)+n(ly—mx)
x dx-+y dy+z dz
: Tx (mz—ny)+y (nx—1z)+z (ly—mx)
or Z.'l (miz—ny)=0 and Zx (mz—ny)=0. .
We get [ dx+4mdy+4n dz=0 and x dx+y dy+z dz=0.
Integrating these, we get ,
Ix4+my+4nz=c, and xt4yp24zi=c,,
- These give the required solution,
Bx 8 Sobie oW ol
y—z z—x X—y
Ans. x+y+z--c1, x24yi4zt=c,.

dx dy dz
Ex. 4. Solvex(y | y(z—x) z(x—y)

Solution. We have dx+dy+4dz=0 and +

dy +dz
S x+y+z=c1, xyz=c, form solution.
ldx . _ mdy ndz

Ex;S: Soive mn (y—z) nl (z—x) I (x—y)

Solution. We have /* dx+m® dy+n* dz=0
and °x dx4m?y dy+n®z dz=0.

... le_l_m! ,+hlz=ci’ I.x‘+"'$y‘+n!zi=c‘.

Ex. 6. Integrate the equation

dx ~_ dy _ dz

F_yz pi—zx Z=xy’ _ [Raj. 56]
Solution. We have ‘
_dx—dy dy—dz - dz—dx

@ AT =D Ay @R EHrD)
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F M dx—dy dy—dz dz-dx )
X~y  y—z ' z—x
‘The first two give log (x—y)==los (y—z)+log c
E=y

l.e. ——==L1.

y—z _ .
Similarly from the last two, 'v—:—.-:-c. ,
’l‘hm form the complete solution,

dx = dy -
Ex % Soln x+y‘_—xy.' xyi—x—y z(y*—x?)
. dx -y . dz
Solution. % +y—xy' =y z =z
dx+dy zx dx+zy dy+dz

[Raj. 57}

0 zx [((x+y—xy")+yz (P*—x~y +z (F=x3)]

_zx dx+yz dy+dz . ;
Tz —yiyi=x
. Thus dx +dy=0 and zx dx + yz dy-l—dz_o
or . dx+dy=0 and x dx-}y dy+2_ dza(_).
Integrating, x4 y=¢, 2
and x*1y232 log z=c,.
These form the solution. o
| dx R 4 -2 .
- Ex. 8 x (2y8=2%) y(F-2x%) z(x'—=)")
Ans. _xyz’=c., x4yt 2i=cy. , ’
‘ dx_dy_  dz
Ex. 9. Solve x_y = D -

Solntiou From é:-).:’ we get %..—:‘g{
lnlesratms. log x=log y+logc, ie. x=cy.

Now taking :-’" zxy‘{z- TR ‘we get
' dy ‘dz T dz
¥ fp—ay e Y=rear

lntegratmg (c=2¢?) y=log z+c,

2 . )
i.e. x—2x (ﬁ):log z+c; or x—%{-—log Z—eg '

Tbcse form the complete soluuon ,

a..=d; Sz
EX.“’. Sole ;‘— y—’-—-’u_y

[Agra 59,
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dx _dy 11
tion From <=5 We get —=~—+¢
Sd' o 8 S y+l
le. 'y=x=cxy.
Again from given equations

dx|x—dy|y+¢, dzln . 4_f_dy dz
e ) yte, =0

Integrating, Iog x-ldg y+n— Z=(y,

. n nxy
or z_“:1 log ( )+c s log ( )+c,. ‘
(1) and (2) together form the solution.
dx_dy dz.

Ex. 11. Solve .-;'-ﬂ;i' xiyizt’

dy
Solution. y—==F’ give x? dx=y dy, < x¥—yt=c,,
_ x® dx+y2 dy—2 dzfz* =y

Agai *\x‘f+x‘y‘-f2x’y’=‘0' _ A *

Hence x2 dx-y? dy-—'—z—' dz=0.'

Integrating, l‘x’+b"+—=-c‘s or x'+y'+-—c,

Ex. 12 Solve the simultaneous equations
dy _dz

o T 2xz ' {Mysore 70] |

dy _dz dy dz
2xy sz ra
Integrating, y=cz.
Now 1sing x, y, z as muluphers, we get
dx =4y _dz _xdxiydy+zdz

xt—py2_ 22 2xy 2xz x (x'+y'+z') :
dz _ xdxtydytzdz
‘2xz X (x34y24-27)
)

Integrating, log c,+log z=log (x1+y:+zz)
or x*4y*4zi=cyz. |

(1) and (2) together form the complete solution.

Solution. From ——

. S0 when

dx ~dy =9z
Ex. 13. Solve I-:i'— l+x —:—-

dz _dxtdy dx;—dy
Solntion Here = 2+x+v =

L 3

1n?

(D)

(2

. wih)

w(2)

ol Rl e gy
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S log z=log (2+x+y)+log } ‘ » Ans.
and  log z=—log (x—y)+log ¢,
- dx dy dz
E 3 A — =1 . :
x. 14. Solve Px—IR =y 9z (F—p) [Raj. 55]
Solution. The equations can be written as
dx/x __ dyly _ dz|3z
Y—2x 2p—x 3 (=)
=dx/x+dy/.)'+d’/3’ .

Hence —-+ +§ ——0
Imegraung, Iog ","’ log y+ 3 log z=log c;
ie. xyz*B=c,. s (1)
Also from the first two terms, we have
(2t —x3y) dx = (*x =2x%) dy=0 ,
or ) (2y dx—x dy)—x® (y dx—2x dy)a-io.
* i ‘B =_.1_-
By ;nal the L.F. FOv R
o 1 5
Hence muluplymg by poed equation becomes

(21’_ L\ dx (_—--\ dy=0. exact now.

Integrating %—-31-’-,- with respect to x treating » as cqnslint,
. y X
we get x'£_+ 2
In coefficients of dy there is no term free from x.
N _.3__ -
Hence the solution is e ()

(1) and (2) together form the complete solution of the given
simultaneous equations.

dx _ dy _ dz .
Ex. 15. Solve ¥z I4x X1y [Gujrat 61]

Solution. We have
dx—dy dy—dz_dx+dy+dz
V=x  z=y 2yt
From first two members, we have
tng (y—x)=log (z=))+logex or (y=x)=c,(z—y). ..(1)

‘Ilnr a rule of ﬁndmg L F. in such a case sec § 39 page 52 of Part1of
hiz
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Again last two members give i
—log (y—2z)=4} log (x+y+2)—} log cs

of (y—=2) (x+y+z)=cs. ° _ -(2)
(1) and (2) together give the complete integral.
Ex.16. Solve —% __ dy ___dz

xr=5 (F=a] =2 Gty
- [Raj. 54; Karnatak 60]
Solution. We have
dx - o _  de
A0 Y @) 2P
o dx+ydy+zdz —94x/x+dyly+dz/z
IFO-=0" Z("-9=0 "
Hence x dx+y dy+2z dz=0 and g'f+ +£€
Integrating these, we get
X} 4yi4-22=0, log xyz=log cs, i.e. xyz==cs.
These constitute the complete integral.

dx dy _ dz , '
Ex. 17. Solve z___—_’—Zyz—y' S 7 [Vikram 62]
Solution. Using 1, y, z as mulnphers, we get )
dx+y dy+z dz ,

CE T ST R R
ie. dx+ydy+zdy=0.
Integrating, 2x+)*+2%=c;.

dy _ dz
Al =22
50 = g zcanbewnttenu
y dy—(zdy+y dz)—z dz=0
Integrating, y2—2yz—zl=g¢,. o ; wee(2)
(1) and (2) constitute the complete integral. '
dx __ dy _ dz

Ex. 18. Solve PR Ry Fory ey
Hint. Multipliers are x, —y, —z dnd 1, -l- 1

x'y z

Integrals are x®—)*—22=¢,, xyz=c,.
ax _ dy _ dz

Ex. 19. Solve y—2Xx Xx+4yz xi4y° (Karnatak 61)
Solutien. Using y, x, —1 as multipliers, we get

y dx+x dy—~dz=0, d (yx)—dz=0.
Integrating, xy—z=c,. (1)
Again using x, —y, z as muluplners, we get

x dx—ydy+zdz=0.




&

120 ’ Differential Equations 11

-

Integrating, x*—jt}zlee,, = - we(2)
(1) and (2) together form the complete integral,
Ex. 20. So!ve dx dy ds

G TGy Xy
e [Agra 72; Poona 60; Delhi Hom. 72

Solndon Using x, —y, —z as multipliers, we get

Xdx—ydy—zdz=(, : xt—yi_ gzt : (1)
* Again using y, x, —z as multipliers, we get
ydx+x dy-z dz=0, i.e. xy—}§z2=c,. Cwne(2)

(1) and (2) form the complets integra).

Note. We can also use the first two members of the given
equanon to give one integral.

dx &y dz
E‘. 21. SOIW ’+y3+yz xi-l-y’-yz z (x+y)

[Bombay 61] |

Solutlon We haVe
dx—dy _  dz
Ion i eE) ie. dx dy—dz-(}.
.'o.' x‘-'y—z=Cl i ' -u(l)
x dx+y dy dz
AN iy @+ 2 x4’
le x dx+y dy 4z or Xdxtydy _dz
R S =T Xz
Integrating,
log (x*+y%)=2log z+log ¢y or 'H' - =y @

(1) and (2) together form the complete mtegral

dx dy dz
Ex. 22, Solve - i e z(x-—yj'

_ - [Bombay 61)
Snmion As above x—y—z=c, is an integral. P
. xdx—y dy dz . 2
Again 7-:!);??:?' l.e. 2 y‘ nc‘ '
dx dy dz ‘
Ex. 23. Sol L. A ;
. T3 3z+tan (y—3x; " [Bombay 61]
Solution, -When -fr=-§-, de. dy~3 dx=0, we have
o y—-3x==c : y T
" dz
Iow = T ~Sz+tan (y—3x) becomes
;__dx Sdz
1

TSzitenc ' as y—3x=c.
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. Intégrating, log (5z+-tan c)=log b,+5x,

- le. S5zitan c=cyebr, i 5z-tan (y—5x)=cyet*, «:(2)
(1) and (2) form the complete integral.
Ex. 24, XV _ dz - "

I =2 3x*sin (y+2x)
Ans 2x+y—c,, x® sin (y+2x)=~z=c,.
dx dy dz

Ex. %5. Solve -—=-=? o e | [Bo mbay, 61]
Solution. iy{‘ =5i- gives x dx—y dy=0, l.e. x3—p*=c;. ...(1)
dx dz ' dx__ dz

N S = HE e

dz
or Clxdx=*;.' or Clx’=—;+63

ives T et
8 x2Z%;

, ¢ 2
2 .
or (x2—)) x? z+c?. | e
(1) and (2) form the complete integral. _ :
Ex. 26 S_d _ _ d

Y =z AEgtar
Ans. x+y=¢, log [z8+(y+ X)) —2x=cy.
: dx dy  _.dz
Ex,. 2. xz (z‘+xy) -z (z’+xy) &
Ans. xy=qcy, (24 xyP»—xiznc,.

Cdx_dy _ dz o
Ex. 28, —="L= .
il Yy —x 2x=3y ~ [Mysore 69)
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41, Total Differential Equation
An equation of the form .

P dx+Q dy+R dz=0, -
where P, @, R are functions of x, », z is called the total differen-
tial equation.
Thus equations : , '
(3x%y* ~ 52) dx+(2xy +sin z) dy+(y cos z—e) dz=0, ...(1)
- (3xz+2y) dx+-x dp+x* dz=0, . ° : ' oL
dx+dy+x dz=0, o w3

are all total differential equations. e _
" Integrable equations. It can be seen that (1)is exact-differen-
tial of ~ x®yr—e*z4y sin z=c.
Thus (1) is an exact equation.
On the other hand (2) is not exact; but on multiplying by
(integrating factor) it gives
_ (3x?z+2xy) dx+4-x® dy+x* dz=0,
which is exact whose integral is x*z4x"y=c.
" Thus (1) and (2) are integrable equations.* .
* Note. It can be seen that (3) is not integrable and its primitive
cannot be found. ot . ’
#4-2. Condition of Integrability. - S
(Agra 63, 51 ; Delbi 67 ; Gujrat 61, 59, 58 ; Bombay 58, 61;
' Meerut 70; Raj. 60, 58 ; Poona 62 ;
. ‘ ~ Sagar 63 ; Karnatak 62, 61)
The equation is P dx+Q dy+R dz=0. sakd)
Let u=a be a solution of (1) or of p (P dx+Q dy+ R dz), where
u is a function of x,y, z. In general,let
du=p (P dx+Q dy+R dz).

; ou cu eu .
,But du-—-s; dx+-a;; dj’+a—‘ dz,
~ sothat =2 why o pls Sl

~ *[t can be veritied that equations (1) and (2) botl: satisfy the condition
of integrability given in § .*2 below. '

]
%
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. (, I.G 8’}‘-
Also since ax ax oy ay 7%’
e (#Q)=-— (nP)
8P o0 ou ou
o (8y ~x ) ax T3 (2)
.. o*u *u Pu otu
Similarly, since ———=7—>- -and 3 wtazay ™ get

(6R 0P\ _plk_g 2

ax Ayl ez “ax @
20 @R ou 3_}_‘- .
e (az ) R'Ev— oz we(4)

Multlplymg (2), (3), 4) by R, Q, P respectively and addmg
(to eliminate i), we get

9Q_9R 6R_oP oP aQ)
5 ( )+Q ( . )+R(ay i {5}
This is the reqmrcd condition of integrability.

Note. We can show that if (5) is satisfied, the equation (1)
has an integral, Thus the condition (1) is necessary and sufficient
for the integrability of (1).

4'3. Exact Equation. Condition of exactness.

Incass Pdx+Qdy+Rdz ()
is exact differential of u=a, ' .

then du=P dx+Q dy+R dz.
Also du=a—u dx+a—5‘- dy+i—3E dz,

so that 1"—-a —, 0= R_

2u o%u
bx 8y dyix
. 9P _2Q
. a—y* v
Q R GR P
ay aﬂd Ezé—;'
These are the conditions of exactness.
Note. These can be obtained by putting p=1 in above artizle.
*4-4, Method of solving _ o
P dx+Q dy+R dz=0. © [Saugar 62]

oz

But

Similarly g

First check up that the condition of integrability,
. 2@ oR 8R ‘P oP c'i_Q_ N
b ¥ (az )+Q (Bx iz )+R (5’_84!) 0, «(2)

is satisfied.
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Case I. Exact Equation, If the equation is exact, i.e. if
éQ 2R 3R 3P 9P 30 -
8z @y "ox 9z "oy ox’ ] ,
i.e. coefficients of P, @, R in (2) are zero, then the equation can
be integrated after properly regrouping the terms,

Case Il. Homogeneous Equation. If P, Q. R are homogeneous
functions of x, y, z, then one variable say z can be
separated from the other by the substitution x=zu, y==zv, so that
dx=2z du+u dz and dy=z dv+v dz. ‘ -

Case 1Il. One variable constant. If any two terms say
Pdx+Qdy=0 can be readily solved, then we take the third
variable z=constant, so that dz=0, - ;

Thus let solution of P dx+ Q dy=0 be «s(3)

u=d¢(z), : : '
where ¢(2) is function of z only and is as such constant with
respect to x and y. :

Then to completely find the solution, differentiate (3) with
respect to x, y and z and compare this with the given equation (1).
We thus get the vaiue of d¢/dz which on integration gives value of
¢ and the complete solution (3). ‘ .

Case IV. Method of auxiliary equations. If none of the above
methods is found convenient, then comparing (1) and (2), we get
simultaneous equations

_ dx dy dz

290 OR Tar 8P TP aQ

iz @ @x oz gy ox
which are called auxiliary equations and can be solved like simul-
taneous equations. If u=a, v=> be the two integrals of auxiliary
equaticns, then by comparing 4 du+B dv=0 with (1), we get the
valuss of 4 and B and then the complete primitive.*

We shall illustrate these methods by some of the solved
examples. ) '

Ex. 1, Solve (x—y)dx~x dy +z dz=0. ..(1)

Solution. We have P=x~y, Q=—x, R=2z,

The condition of integrability is

30 oR ER aP oP 20\ .
v (az “6x)+Q(ax'6z )+R ("@'é}")"—o
bt (x=) [0—04+(=x) [0—0]+2 (—1+1)=0.

The -condition is satisfied Hence the equation is integrable.
Hence we see that in the above condition coefficients of P, o, R
are separately zero. Hence the equation is exact.

. e o - .8 =t o
Fourth method of auxiiiary equations will fail in case the equation is
zxact. .

Second method cannot be applied in case P, @, R are not homogeneous.
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I. Method. Exact Equation.
The equation can be written as
x dx—(y dx+x dy)+z dz =P,
Integratmg, ix’-—-xy-l—}z’—constant
or x*—2xy+z*=c is the solution.
II. Method. Homogeneous Equations. [Vikram 69
Here we find that P, O, R are homogeneous functions. Hence
putting x=uz, ye=vz, we get
dx=udz+z du, dy=v dz+z dv
and then the equation becomes
' (uz—vz) (W dz+z dw)—uz (v dz+z dv‘+z dz=0 '
or 2z (u—v) du—zu dv+[(u—v) u~uv+1] dz=0
(u—v)du—udv dz

o w—twty tz =%
Integrating, log (u®—2uv+1)+2 log z=log ¢
or z2 (2 —2uv+1)=c
- or : ‘ utz? —2uz, vz4zt=c. _
or x?=2xy42z2=¢ as uz=x, vz=y.

IXII Method. Regndlng one variable constant.
If we put z=constant, then dz=0 and then the equation
becomes (x—y) dx—x dy~0 i.e., x dx—(y dx+x dy)=0.
Integrating $x2—xy=¢(2). (2)
Differentiating it, we get (x—y) dx—x dy—¢' (2) dz=0.
Comparing this with the given equation, we get
z=~¢' (2), 80 that ¢(2)=—}z2+c. - "
Putting this value of ¢(z) in (2), tne solution is
}x’ - xy+ }z’-k
or —2xy+4zi=2k=cy is the solution
1v Method. Method of auxiliary equations.
Since the equation is exact, the auxiliary equations are
dx dy dz
=0~
which fails to give any solution. [S:e footnote on P 124)
4'5. Example which can be solved by inspeclion

Now We solve certain examples which can be solved as exact
equations or which can be solved by inspection. All these
examples can be solved by -other methods also, but it is easiest if
it is possible to solve a particular equation by inspection.

Ex. 1. Solve 2yz dx—3zx dy—4xy dz=0. - [Bombay 61]

Solution. Here P==2yz, Q=—13zx, R==—4xp,

.. - Condition of exactness, i.e.
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P (22510 (5 E)er (2-22)0

9z oy ax oz oz ox
. gives 2yz (—3x44x)—3zx (=4y+2y)—dxy (2:+;§z)=0 '
ie. ' 2xyz+18xyz-20xyz?.

Thus the condition of exactness is satisfied.
* Dividiog by xyz, the equation becomes
2dx 3dy 4d:z 0
x y z. ‘
lntegrating, 2 log x—3 log y—4 log z=log ¢..
.

| ie. ;f;;éc is the solution.

Note. All the equations, that we will be solving, satisfy the
copdition of integrability. - Therefore, we shall not show in every
example that this condition is satisfied.  Students should verify

: tll:is ((:r tpemse[_w:a and in examination they should inevitably *
show it. . - ,,
"Ex. 2. Solve (y+12)di+4dy+dz=0, . [Agra 54]

Soluation. Write the equation as ~ ~ :

, dy+-dz '

CEE
~ Integrating, x-+log (y+z)=logc

" of y+z=ce is the solution. \

Ex. 3. Show that ‘ ¥ ‘
o (3=4+2x) dx+(zx = 22) dy+(xy—2y) dz=0 .
is integrable and solve the equation. 7 a [Poona 60]

Solution. Show for yourself that the condition of integrability
is satisfied for equation. DR

To solve it, write it as S

(rz dx+zx dy+xy dz)+2x dx—2 (z dy+y dz)=0,

Integrating, xXyz+x2—2yz=c, . -

Ex. 4. Solve B

“(rz+2x) dx+(zx+2y) dy +(xy+2z) dz=0.

Solation. The equation can be written as
' (yzdx+zx dy+xy dz)+2 (x dx+y dy+z dz)=0
or d(xyz)+d (x*+y*422)=0,
" Integrating, the solution js
xyz+(x*+yt+ 28 =c. ,
Ex. 5. Solve . ;
¥z (14x) dx+zx (14y) dy+xy (142) dz=0

) ‘ , A : [Gujrat 61)
or {yz+xyz) dx+(2x+xyz) dy-+-(xy +xyz) dz=C, :
' [Agra 69, 64, 58; Raj. 55)

{Delhi Hons. 68]
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* Solution. Dividing by xyz, the equation becomes
( +1) dx+( +l) dy+(~+1) dz=0,

Integrating, log xpz+x+ y+2z=c is the solution.
Ex. 6. Solve (a—2)(y dx+x ?&3” dz=0.

61; Poona 69; Bombay 61] -

Solution. We can write the equation as
C de dy dz
1y ta=: o ‘ .
Integrating, log x+log y~log {a—z)=log c
ie. xy=c (a—2).

Ex. 7. Solveyz logz dz—zx lag z dy+xy dy-—-—O
[Meerut 68 ; Agra €8]

'Solutlon. Dmdmg by xyz log Z; the‘equation becomes
T dx 5 dy+z log 3 dz=0.- "
Integratmg, log x—log y+log (log z)=log c: c
ile.  xlogz=cy. '
Ex. 8. Solve (y+2)dx+(z+x)dx+(x+y)dz dz=

[Raj. 59; Karnat.\k 61, 62]

Solution. Write the equation as -
(v dx+x dy)+(zdx+x dz)+(z dy+y dz) =0,
ie. d(xy)+d(zx)+d (yz)=0.
Integrating, xy+yz+zXx=:Cis the solution.
Ex. 9. Sohe (y’+z'-x’) dx—2xy dy-—-2xz dz=

0. , .
[Dethi Hons. 68, Karnatak 61)

Solntlon. The equation can be written as
(2 42%) dx=2x (x dx+y dy+z dz), '
2(xdx+ydy+z dz) dx. .
Xty . x .
‘Integrating, log (x*+4)*+2%)=log x+ Iog e - :
. xt4y*4zi=cx is the solution. o
Ex. 10, Solve x dx+y dy—+/(a*~x?—y*) dz=0.

€.’

Solution. The eduhtibns can be writtenas .
xdx+ydy "
V(@ =x1-y?) el

: 3
ie., d(+yY el

V=G

Integrating, sin™! ¥y

=2z+ &,

or ' x*+1*=a sin (2z+¢) is the solution.

[Gujrat 58],

1

ki
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Ex. 11. Soive z dz+(x-—a) dxuV{hi—z'—(x -a)i} dy.

) [Agra 47]
Solution The equahon can be written as
zdz4(x-a)dx - ' . :
V= {z-+(x_r)=;]_- i S

diz+(x=a)] —
VIF-{Zfix=a ) ~
lntegratmg. \/[h'—z',-(x..a)l =—y+tc.
= h'—z’-—~(x-a)*={y—a)' is the solution.

Ex. 12. Integrate (2x+ y*+2xz) dx+ 2-<y dy4x* dz=du.
[Agra 55]

or i'

‘ holuﬂon - Write the equat:on as
2x dx+(y* dx+ 2xy dyY+(x? dz+2xz dx)=du,
le. 2x dx+d (yx)+d(x*2)=du - .
Integrating, . x*+y%x + xz=u+cis the solution.
Ex.'13. Solye -
yz* (x*—yz) dx+zx* (Y= x2) dy +xy® (z2=2xy) dz=0,
Solution. Dividing by x?y%z%, the equation becomes

(-5)r4( 3) o+ 12 e

dZ"“"‘d zdx—x dz
+J’ y+ xx:c =0,

o Gl

Integrating, £+y — E—ac is the solution.

Ex 14. Solve (xpy— y’—- yiz) dx-i-(xy’—x'-‘z—x') dy

+(x '+x’J’) dz=0.. .

. [Agra 63, 57; Raj. 54 52; Sagar 63]
Solution. Dividing by x?*, the equation becomes

{1 y =z 1z 1 -

(y—;i %) "x+(;-;i~—)" +(545 )""0‘

ydx-xdy xdy—ydx xdzuzdx ydz—zdy
J? + = .{.. o +__y_.__. =0,

Inlegrating, +x+x+i7=c

ie. x*+)y3+z (x+y)=cxy.

Note. For an alternate solution of this example as a homo-
geneous equation, see Ex 2P 134 )

ie.

Ex 15. Solvc —iwax = + y, s @—tan £ dz=0.

S_olution Write the equation as
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y dx—x dy dz
(¥*+)2) tan~1 (y/x)" z

Hence the equation becomgs—‘-":_-'_:f.-

Integrating, =-log u=log z+log ¢
or. —l--.scz or u=!— ie. tan—! (Z)n'l— or 2=tan (-l—) :
u ez x] cz x cz
4'6. Examples by taking one variable constant.

If by taking a variable constant (i.e. by omitting any one .

of the terms) the equation can be casily integrated, then this
method is preferred. ‘

It will not be difficult to decide as to which variable should
be taken constant, since equation free from it should be integra-
ble. The following examples will make the method clear.

Ex 1. Solve 3x* dx+3y* dy — (x3-4 )3+ e%) d.=0. ‘
’ ' [Agra 70 ; Karnatak 61)
Solution. Taking z=const.*, d¢=0, the equation becomes
3x*dx+3ytdy=0. -
. Integrating, x343¥=¢ (2), : (1)
"where ¢ (2) is a function of z (regarded const.).
Now differentiating (1), we get
3xtdx+3y® dy—¢' (2) dz=0. E ()
Comparing (2) with the given equation, we get :
¢ (2)=x34y3 4 o2
=¢ (2)+e* '
ie. :%-— =e, linear, [.F.=e":,
O pei=c4 [ e et dz=c 4 et
Hence ¢=certe®
s (1) be omes x34y%=ce +e¥.
which is the required rolution.

Note. This example has been solved by another method also. .
See Ex. 3 P. 134.

Ex. 2. (2xz—yz) dx+{2yz—zx) dy—(x*—x24y?) dz=0.
' : [Agta 59, 53]

Solution. Taking z=const. ¥, dz=0.
The equation becomes ‘ .
(2xz = yz) dx+(2yz—zx) dy=0

*We cannot take x=const. or y=const. because’ In that case the
remaining equations are not integrable. This suggests that only z be taken
constant, . )

tHere also if we take x or y constant, the resulting equations cannot be
integrated. Hence = is taken constant. .
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le.  (2x—y)dx+(2y—x)dy=0
or 2x dx—(y dx+x dy) + 2y dy=0. , s
Integrating, x*—xy+4y*=4¢ (2), ' awll)
where ¢ (2) is a function of z, which is regarded comtunt
Now differentiating (r), we get -
2x—y) dx+(2y—x) dy—¢' (z) dz=0. ~
Multiplying it by z, it becomes -
(2xz—yz) dx—{—(Zyz-—.x) dy—z¢' (2) dz=0. .9
Comparing it with the given equauon, ‘we get ‘ ’
z¢’ gz=x*—xy+y’;'¢ (2)-
- d¢
’e zd—=¢ or ? -a,}-.
S p=cz. :
Putting this value in (1), the solutmn is
- xP—xytyi=cz. ‘
Ex. 3. Verify that the condition of mregrabilny i.v satisfied by the
Sollowing equation and solve it.

(2x242xy+ 2xz8+ I) dx+4dy+2dz=0. S
[Delhi Hons. 67; Bombay 62; Raj. 57; Nagpur 61;
Punjah 67; Agn 71, 65; Sagar 62; Vikram 64] -

Solation. Verify for yourself that the oondmon of integrability
is satisfied. -

Taking x=constant, dx=0, the equation becomes
~ dy+2zdz=0. Integrating, y+2z2=¢ (%), ' (1)
where ¢ (x) is a function of x, which is 1akcn‘constant
. Differentiating it, we get
dy+2z dz—¢' (x) dx=
Comparing it with the gnveti equati n, we get
-¢' (x)=2x242xy+2x2241
=234 2x (y+22) 4+ 1=2x2+2x¢ (x)+1=0
dé

or —+2x¢+;2x‘+l-0 Linear, LF.=e** ., ¢
S ge =-c-—J (2x'+1) et dx-c-—j 2xtex* dx —I e dx

r——-c—I x.e8 2x dx—I e dx
_ =c—xe*’ J. es dx—j ‘et dx-c—-xc"
i ‘Ol ‘=ce—:’ X ! - .
Putting this value in (1), the general solution is
(y+z%)=ce*" —x or rx.t-y+z=) & =,

~
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Lx. 4. Solve

(evptetydyt(evz4eX) dy b {e? — v - ¥y dr — 1,
Solutien  Taking z--const., dz=1.
The equation becomes

(ery de-ef dy) 4 e¥z dy + e dx =0,
integrating, e¢*p4 ez ex==d (7). sl |
Differcntiating it with respect to all variables, we get

(v ey dit(eXzt-e*y dy-{erd-erx) dz— ¢ (2) dz = 0.
Usmparing this with the given equation, we sst

L O i o e il Sy R

or @' (2} —espoteti-betye g (2).
dé . dep

----- e Le. - eudz oor ¢d=cen
dz e (f: ‘ B
Patting this value in (1), the gerncral tivtegral is
[ A Y a8 =

Fyx.'8 ve ooy x4 ety dx B et ed dy etz 1,
CSelation.  Take v =const., dx =0

% dydopds

Pt dreslt ghves @3 Pt ¢ (X) olc.
Ans. v letrdoan x ;
Ex. 6. Solve x dr~1 dx — 2x° {1 {Haj.

Lk
vy
Soiwiion. Taking z-+cousi., 11::~~¢.}.
o X L'i)’ = ﬂ',lf:““ 24 Lé,
Integrating, log x—log y—=¢(2). .y

Differentiating, %d‘r—n; dy~d'(2) dz,
ie. yvdv—xdy.-xp qﬁ’(’z)- dz.
Comparing it with given equation, we get

" ; . x
Ixtr=xy 4z2), fe D° = ()
y"

Egn  2peden 7. o 2z dze=e% dp
or ZP=ce—pet or e t=c--z% 0 ¢ —log (¢--29
Putting this in (1), the complete soluiion is
log x—-log y=—lJog (¢—z2) or y=x(c—z\
Ex. 7. Solve 3y dx==3x dv-+v? dr. T ¥scugitl £707
== L0nsl., dz-=0

de_dy 0

I T sanilid 2

S yde—xdv=0 or

Integrating, |1 Og(w (2} or ;“ﬂkq R

f——

et
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‘Diﬂ'erentiatihgsagain}‘ c?x—% dy=¢'(z) dz

or y dx—x dy=xy ¢'(2) dz.
The given equation is

y dx—x dy=§-' dz.
Comparing, xy ¢/(s)=2
or 295’(2)—1«&“ #(=)

or zs;‘:;e—o where ¢=¢(z)

or e*di= dzfz)
~fe. e*=log Az, where A is aconst. -
Putting this in (1), the complete solution is
(x/y)=log Az or x=y log Az. '
Ex. 8. Solve
(z+z') cos x dx-—(z-l-z’) dy+ (I—-z’) (y—sn x) dz=
Solution. Taking z=const., dz=
*. ' the ¢quation becomes 5
cos x dx—dy=0" or - sin x—y=¢(2). : {3}
Differentiating, cos x dx~dy=4¢'(z) dz
or (z+42z% cos x dx-(z+z’) dy=1{(z+z%) ¢’ (z) dz.
Comparing it with given equation, we get )
(1=2) (y—sin X)=—(z427) $(z)
ie. —(1—2%) ¢(2) =—z (1 +2) ¢'(2).
s B 1w z=s(l—-1 ) a2
, ¢ z z . ;
~ Integrating, log ¢~—log z=—z+log'c, $=cze~*.
Hence from (1), the general solution is
8in x—yp=cz¢=* or y-sin x—cze .
Ex. 9. Show that the differential equation
z (t—2%) dz4-z dy —(r +y+2¥) dz
yatisfies ihe condition of mummbfhn' and hence solve it
‘[Delhi Hons. I11 ‘72]
Ex. 10. (2\*—2)z d\+2\ vz dy-bx (z+ X} dZ=0.
[Guru Nanak 73]

4 7 Eumples on Homogencous Equations and by the Method of
Auxiliary Fquations.

We now give some examples which cau be solved as homo-
geneous equations or by forming auxiliary equations.
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- The method of forming auxiliary equation is sometimes
convenient,
*Ex. 1. Solve (y*+y2) dx=(xz+2%) dy+(y2—xy) dz=0.
[Delki Hons 70; Agra 72, 60; Vikram 62; Karnatak 60,
) Sagar 65; Bombay 58; Mysore 70; Raj 56, 53, 51]
- Solution. The equation satisfies the condition of integrability.
First Method. The equation is homogeneous; hence put
X=2Zu, y==zv, .7 (Refer § 4'4 Case 11 P. 123)
dx==z dutu dz, dy=z dv+v dz. ,
Hence the equation becomes o :
22 (+v) [z dutuwdz]+2* (u41) (z dvtv d2)+22 (vi*—uv) dz=0
or z(v*+v)dutz(u+l)dv4u (v24v)+v (u+ 1)4v2—ur] dz=0

Lt 4. u+1 dz
o wituwfvie du+uv’+uv-f vl d”+_z =0
du dv dz

or u—_l_—l-i-vT-_H,— —;=0 as utuvt v+ oi=(u+1) _(_u5+v)
du (l_ 1

o amt

\ ,  dz
;--?) dv+—z-=0..
Integrating, log (——-——u:'_:’l o.c =logc, ie. (,..__..__“j' -:-)l vz-:c,
(x/z+1) (y/z) z
z+1)
or (x+2z)y=c (y+2).
Second Method. The auxiliary equations are
an"aR . dy aP=‘anz3Q (Refer Case 1V P. 124)
0z 9y ox oz & ox
dx  dy dz dx dy dz
2(x—y+2)T I3, T3 OF x—y+z =y =
. Last two members give dy+dz=0, ie. y+z=u (say).
-Arso ) émz____‘:l!. .
x+z oy
 Integrating, log (x4-2)+log y=log e,
ie. Y (x+2z)=v (say). , o
Then A4 =B dv=0 : . al(2)
gives A (dy+dz)+B(ydx+x dy+y dz 4z dy)=0, :
ie. By dx+[4+ B (x+2)] dy+4-(A+ By) dz=0.
Comparing this with the given equation, we get
By=yttyz, ie., B=y4z=u,
A+B(x+2)=xz4z2=z (x+2); .. A=(x+2)(z—B)
O A=(x+z) (z=y—Z)==p (x+2)=—»

ie. =Cas X=2zu, y=2zv
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Hence (2) is —v du+tu dv=0, i.e. %_‘.’_".=0

lntegrltmg, log (u/v)=log ¢, i.e. ufv=c
. or ( + )éc or ¥ (x+{) +2).
which is the required soiution. .
- Note. We can do this example by takrng any one of the
‘yariables constant also. .
*Ex. 2. Solve the differential equauon
(x2y—y>—yiz) dx —xz—x3) dy+(x)* Xy) dz=0.
y—y>—y'z) dx+(xy* ) y+('ig-1-. 6);) g .
‘Solution. The equation satisfies the condition of integrability
(verify yourself) and is homogeneous.
- Put x=uz, y=vz,
Jx=u dz+z du, dy=v dz+z dv
Then the equation becomes '
(u*vz'--u'zs-u'za) (¢ dz+-2 du)+(uo=z=+ wzd —utzd) -
X (v dz+2 dv) 4 (uv*z*+utvz®) dz::ﬂ .
ie. v(ut—v*-v) dutu (P—ul—u) dvo=0
or  (u'—v?) (v du—u dv)—v* du—u® dv=0.
- Dividing by u®v?, it becomes
(;‘;-1?) v du—u )5 dum ks dv=0
v du—u a‘v-_!_u dv—v,du__l_ di 1

Ka uw w Mg GRS

i.e.

Integrating, . i‘_i_ : +1+1.__,_.

ie. ;+x+x+—=c 88 == - and g——z
Ex. 3. Solve 3 dx+3y' dy— (x3+y3+e€*) dz=0.
[Knrnatak 61]
Solution. The equatlon satisfies the condmon of mtegmbnhty
Here aunhnry equations atre
dx day dz

o e m— —

20 , R ~oR P3P 00

Gz Tey @y oz oy ox
dx dy - dz

he. 3= 357040
e d\ d}'._.df. :
e FEIETO

First two give  x* dx+y? dy=0, ie. x’{ y’#u (say).
Last gives Jz =0, ie. z=v¢ (say).
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So  AdutBdv=0 3 | i)
gives  A(3x*dx+3y*dy)+Bdz= .
or . 3Ax* dx+43A4Ay*dy+ B dz=0. B

Comparing this with given equation, we get -
3x2:=34x2, B=—(x*4y*+e?),
S A=1, B=—(utev). :
Hence (1) becomes du— (i1+e*) dunO
du

ie. ———u=e?, Lmear,lF=¢"
dv

..'_ ue-v=cl+l etr e~ d’v=c,+e' \

or ' u=c,e’+e¥
or  x¥4yd=cye*+e*is the solution.

Note. This example has been solved by uhng z=const. also.
See Ex. 1 P. 129.

Ex. 4. Show that the condition of integrability is satisfied by
the equation z (z—y) dx+(z+x) z dy+x (x+y) dz=0 and solve it.
, {Bombay 61)
Solution. We have E
30 @R 2R oP\, , (0P 23Q
P(az )+Q (ax 5;)+R (3y 31') . = ‘ '
'-.z (z—y) [22+x—x]+z (z+x) [2x+2y-22]+x (x+y) [-2z-2]

. Hence the condition of mtegrablluy is satlsﬁed
Now the auxiliary equations are :
de __dy . _ df ie dx by . &
2z 2x+2y-2z =2z’ "z xty=z —z° _
First and third give dx+dz=0 ie. x+z=u (say) (1)
Also dxiﬁy fizz. ie, log (x+y)+log z=log v.
ie. (x+))z=v. g S (D
' Now Adu+tBdv=0 " . ~(3)
gives - A (ux+dz)+B [z dx+z dy+(x+y) dz]=0
ie. (A+ Bz) dx+ Bz dy+(A+x+y) dz=0.
Comparing it with the given equation, we get .
A+ Bz=z. (z-—|), Bz=2z (z4x), A+r+)'=\ (\'-}3)
o B=l(ztx)=u, A=z (z—) ) -Bz="-2z (x+y ===,
RN )] becomes — v dut-u dv=0,
Integrating, rflu=¢c or v=cu
ie. (x-F1v) z=c (x+2) is the solution, ,
Ex. 5. Solve xztdx—zdv+2vdz=0. [Gujrat 61)
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Solution. The condition of integrability is satisfied, since
x23 (—1=2)—z (C—3x2%)+2y (0—0)=0.

The auxiliary equations are : -
de _ _dy _dz ., odx_dy _dz
_3—_3xz’—0, .€. T=H=0'

From dz=0, z=u (say).
From xz?dx=dy, X2t —2y=9,

Hence A du--B dv=0 becomes see(1)
A du-tB (2xz* dx+2x*z dz—2 dy)=0 ,
ie. 2Bxz* dx—2B dy+(A+B.%x*z) dz=0

Comparing this with the given equation, we get
2Bx2?=x2", =2f=—2, A+ 2x?zB = =2y.
oo B=dz=1u, A==2y—x22%:=—9,
Hence (1) becomes
—v du+tju dv-—-O l.e. v=cu?
or x%z2—2y=cz® is the solution.

Ex. 6. Solve (y*4-yz- +2% dx+(22+-x2-+-x*) dy
: +{x*4xy+y?) dz=0.

[Delhi Hons. 69 Karnatak 62; Agra 61, 52; Rajputana 63, 58, 54]

Solutiun.  Method of auxiliary equations. - The auxiliary equa-
tions are

dx dy _  dz
00 9RT B8R 9P P 0
oz "9y dy oz &y ox ,
ie o dx " dy dz
T QRzx)—(x12y) (2x+y) —(y+2x) (2y+2) (Z+2x)

b y—2 Z—x x—y
This gives dx+dy+dz=
Integrating,  x--y-+z=u (say). . we(1)

Also . (p+2) dx+{z+x) dy4-(x+y) dz=
le. (xdy+y dx)4-(y dz+tzdy)+(z dx+4-x dz) =:0.
Integrating, xy+yztzx=v. «(2)
Then A du-t+ B dv=0 gives ’
[A+B (y+2)] dx+[A+B (z+x)] dy +[A+B (x+)] dz=0.
Comparing this with given equation, we get
A+B(y+z)=y*+yz+2t
A+B (z+x)=22+xz+4x2,
A+B (x+yy=x*txy + )%
Subtracting first two of these,
B(y—x)=y"—x'+z(y-x);
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S B=x+yifz=u.
Then A=—(xy+yz+zx)=—0v.

Integrating, u/v=constant or x+y-+ zéc (xy-l-yz—l-zx) is the
solution,

Aliter. Homogeneous equation. This is clearly a homogeneous
equation.

So puttmg x=vz, y=vz, dx=udz" l—z du dy=v dz+z dv, the
given equatjon becomes, g
|2 (Po+1) (w dzt-z du)+22 (@B Hu+-1) (v dz+-z dv)

! +2z% vt uv 4 v?) dz=0,
ié (v*+v+4+1) dut-(u®4+u+1) d”+—-—==0 ‘
T (ute+1) (avtotu) z -
This cgn be written as ’
= @il u+v+1) (no4-u4-9)]~-2 [(u+v+uv)] {du 4 dv) dz i
(a+v+1) (uwtetu) R
d [(u4v+1) (uotuto)] 2 (dutdv) -0, ‘
(u+v+1) (uo+v+u) —  wtoil "E‘
Integrating, uﬂi:ifv z=c b g ;
xz4yz4-xy z
. z8 " x+y+z !
or xy+yz+zx=c (x+y+2)is the sofution.

Ex. 7. Solve equation in Fx.2 P. 129 by the meﬂwd’ of homo-
gerneous equation. - X

Proceed yourself.
48 Anhtegrtﬂagfutbrofhmmeqnﬁm .
lf Px+Q)’+Rz;é0, then
1
Px+ Qy+Rz
is an integrating factor of the homogcneous equat:on
Ex.1. Solve Ex. 6 P. 136.

Solution. - Here Px+Qy+Rz=(x-ry+z) (xy Frziomy.
Hence muluplymg by LE.=

the equation becomes
0t 4yz+28 dx+( ) dy+( )dz 4

or

or XZ=¢C, 88 U=X[z, p==p/z

= (x4 v f} (XJ'+}'Z+ztl .

x+y+2) (xp+yz+zx)
dL 2 (dx+dy+dz) =0
L . xivisz 2

 where L— (x+y+2) (xy+yz+2x).
Integrating, L=c (x4y+2)?

or  (vztzx+xp)=c (x+y+2).
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Ex. 2. 2% dx4(28--2yz2) dy+(2yt—yz—x2) dz=0. [Agra 40]
Solution. Here Px+Qy+Rz=0; hence there cannot be an

integrating factor of the equation. So proceed as usual by putting
X=Uz, y =9z,

Aliter. Taking z-constant, dz=0, the equation becomes
2% dx+(22—2pz) dy=0.
Integrating, 2% +(2%y—y*2)=92). - — el 1)
- Differentiating, ‘
2 dx+(2*—2yz) dy+(22x+22p—y%) dy=4' (2).
Comparmg, 2y2-yz-xz=221+22y_yn_¢

or -—¢- 3 (—»2 +yz+zx)=— ¢
. , d¢ 3dz _ #
st :;ea*;* or ¢-—CZﬁ

. Hence from (1), the solution is
Z2x - (22y—y2z)=cz?,
ie. zx+yz—y'=czt.*
4'9. Geometrical interpretation of
P dx+Q dy-+R dz=0.
Let (xi, y1, Z1) bz a general point in space for which all

P1=P (x1, V1. 21). Q=0 (X1, ¥1, 7). Ry=R (x3, y1, 71) are pot
Zero.

If P, O, R are smgle-valued then set Py, 01, R; may be consid-
~ered numbers of a unique line through the point. Hence the
given dlﬂ‘erennal equation may be considered to define at

X—=X1_V—)1 z—12;
0 N E— <=
~ each p mg(xl P, Qx "R,
Py (x—x1)4 &y (y=y1)+ Ri (z—-21)=0, which is normal to the
above line /.

If f (x,/. 2)=c is the solution of the differential equation
then it yepresents a family of surfaces such that through a gencral
point {x1, y1, z1) of space there passes asingle surface S, of the
'famﬂy, the tangent plane to this surface at (X15 Y1s, 21), being

(x—x Y +(,v -wiZ 4 7.

1 Z1), @ line

and a plane

+(z z,)
X=X1 Y=y _ -2
) and normal being o =afiar aften -

*410. Orthogonality of integral surfaces of

P dx+0Q dv+R dz=0. . mes{E)

- dx dy dz '
sl s | ()
[Karnatak 63 ; Gujrat 59]
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This follows from the fact that at any point (x1, y1, Z;) the
d'mﬁon PII Ql! Rl 18

(i) normal to the integral surface (1) through the pomt
(x1, y1s 7)) and :

(if) the direction of the mtegral curve of (2) through the
point (x1, Y1, Z,).

Hence these cut orthogonally.

Note. (2) is also cut orthogonally by

dx dy dz
80 oR~3R_oP — P a0 E))

9z oy 9x oz oy ox
since the condition of their orthogonality is ,
a0 @R oR P arP aQ
P (G5 (5a )R (5-5)-o A%
_which is the condition of integrability of (1), see § 42 P. 12 )
Geometrical interpretation of the condition of integrability of
P dx+Qdy+R dz=0 (1)
' {Meerut 68]
As outlined earlier the geéometrical interpretation of the
condition of integrability of (1) is that the two surfaces given by.

dx dy dz
PTOTR
p— dx dy  dz
20 aR\ ,6R 0Py 0P 0Q\-
( 3y) (3_.'5_8_2)\ (_ )

Ay ox
cut orthogonally. :
Ex. 1. Verify that (2) and (3) cut orthogonally, when
P=ny—mz, Q=Ilz—nx, R=mx—Iy. "~ [Gujrat 59] -
Hint : Show that (4) is satisfied. Hence the result.
4'11. Non-integrable Single Equation.
If equation - P dx+Q dy+R dz=0,

--(1)
does not satisfy the condition of integrability of § 4-2, then (l) in
general cannot be integrated,

However, if an arbitrary relation
[y, 2)=c ’ sssf2}
is given in x, y, z, then soluuon of !)can be déteymined subject
to the relation (2) as follows : -
From (2), wc get
ol y '_f .
2)-\- _\ (/. bll + (I‘—o. (3)
When form of the rclanon (2) is known, then onc v.xrmble and
its d:fferential can b: determined in terms of other variabies
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and their differentials. Therefore from (1), (2) and (3) one
variable and its differential can be eliminated. If this variable
is z, then we get a differential €quation of the form

P, dx+0, dy =0, )
where P, and Q, are functions of x and y only. The forms of
P, and @, depend upon (2) containing c.of (2).

Solution of (4) may now be determined. This solution together
wiih (2) constitutes a solution. For different values of f, different
solutions can be obtained. v

Ex 1. Solve ydx+xdy—(x+y+ 22) dz==0, when

(i) z=a, o ‘ . :

(i) x+y+2z=0, '

Solution. The equation does not satisfy the condition of
integrability; so it cannot be integrated in general. .

(1) However if z=qu, dz=0, and then the equation becomes

ydx+x dy=0, j.e., xy=c. R

Hence Xp=c, z=q constitute the solution of the differential
equation, when z=gq. ' ' '

(7)) When x+4y4.22-0, the solution is given by

Xy=Cy X+y+2z=0, ' ;
Ex. 2. Find the spstem: of curves satifying the differentia!

" x?
equation x dx+y dy+c ‘/(l——---_.-—) dz=0

a* bt (1)
which lie on the surface x2at 4 y2 bty z2ca ], -(2)
) ) x2 y’ za
Solution. From (2), l—E;—-ﬁ;—_-éi :
<+ (1) becomes * x dx+y dy+z dz=0. A
Integrating, . x4 jptpz_c2 G i

Therefore the curves are given by the intersection of (2) and (3).
EX.3.. Find the most general solution of the equation

¥ dx+(z—y) dy+x dz=0, (1)
which is consistent with the relation ;
22X —p—z=1, ; , we(2)
Selution. From (2), z=2x—y—1, ' ' ’
dz=2 dx—dy.

Putting values of z and dz in (1), we get

: Yadx+2x42p—1) dy+x (2dx—dy)=0
o (F42x) dx+(x—2y— 1) dy=0

Oc d (xp4xt—y2_ ¥)=0.
Integrating, Xp+-xt—plemy=c

is the solution of (1) consistent with (2).
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- Integration in Series

' 51. Introdnction . "

In this chapter we shall consider the solutions of the Jinear
differential equations of second order, expressed in the form of
series. o :

" A linear differential equation of second order in the standard
form is put as

d?y dy _
Tx=+P(x) E"I'Q(x)} =0

where P(x) and Q(x) are functions of x.

A point x=a may have special character with respect to the
differential equation (1). To determine the nature of a point a
with respect to (1), it is convenient to shift origin to the point a
- and suitably change the differential equation also, the form of the
~ differential equation remains essentially ur.changed by such a shift

of origin. And now the nature of originis determined with
respect to the transformed equation. Therefore without loss of
generality, we can testrict our study to nature of origin with
respect to (1). =T, i : »

" Now x=0 or origin is called an ordinary peint of the differential
equation if P(x) and Q(x) do not become infinite in a neighbcur-
hood of origin and these can be expanded in the form of power

. series given by :

®
P(x)= Z pax"

n==0
and Q(-\')=§°q~\"'-

If origin is not an ordinary point of the differential equation,
then it is calléd a singular point of the differential equation. There
are two types of singular points :

(#) regular singular points,
and (ii) irregular singular points.
These are defined as follows :
If x Pix) and x* Q(x) can be expanded as power series in x in a
neighbourhood of origin, then origin is a regular singularity.
A singularity which is not regular is called an irregular

- singularity.
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The nature of the series solution ina neighbourhood of irregular
singularity is quite complex and will not be considered here. We
shall find the series solutions when ‘

(i) origin is an ordinary point;
(ii) when origin is a regular singularity.
5:2. Solution near an ordiuary point
We begin by looking for a formal solution of

d? d .
ZatPE 4000 y=0

(1)
in the form of the series
S 5 - . ‘ ) _
P o w(2)

If P(x) and Q(x) are not polynomials of x, then certainly these
can be expressed as :

P(x)= F pux* and 0= Z g,

| swi(3)
From (2),
d da:
Eﬁ= Z neax1 and _x.};_—..-}_‘n (n—1) cax"-? .(4)

Putting values from (2), (3), (4) in (1), we get
Zn (1—1) eax™ 2+ (Zpax") (Zncax™ 1) 4 (Zqux") (Zcax") =0.

Now equating to zero ceefficients of various powers of x we get
_the values of various coefficients of (2).

This solution will in general consist of two arbitrary constants
and is therefore the general solution of (1). Following example
would make the procedure clear. :

dx

‘Solution. Here x=0is an ordinary point. Therefore assume
that the series solution be ‘

y=co=c,x+c._x’+c,x’+....+c..x"+...
so that Z—':=cl+2c.x+3c,x’+...+nc,x""1-i-...

13
and Z—x—_':’==2c.++6c;x+...+n (n =1) cax™ 2.
Putting these values in equation, we get -
(2e3—co)—(6cs—c1) X+ (12e4—c;—c3) x*+(20cs—2¢cs —c3) x>+ ...
+[(n+2) (n41) Cnia—(n—1) cpy—cp] x*+...=0.
Equating to zero the coefficients of various powers of x, -
) 2c3—cy=0 ie. cy=jc,,
-603—‘01-0 ie. c.==§:1. &
12¢4—cC1=cy=0 i.e. c.=~,1‘c.‘+-,§-c;....

. ‘
Ex. l.. Solve :t—J:—-x' Q—y=0 in powers of x.
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(142) (n+1) capa—(n—1) 0.._1-c.=0
o (A=) Can o
"= 1) (n+2) (u+l) (n+2)' 4
Hence the solution in the form of the series is
: z=Co+C1x +EecxP+ 2o+ (& co+ iicl) Kl
or y=co (14 #x*+fex*+.. )+ (x4 Ix2 44} x4,
Ex. 2.. Solve :—;—2::‘ g’-,+4xy=x'+2x+2 in powers of x.

Solution. Let the solution in series be
y=coterx+teax+osxd et +csxS oo £ eax" £ ..
%—2;:’ 2y +4xy—x’-—2x —2=0 glves
(2c,-—2)+(6c,+4c,,—2) x+(12¢c,42¢,—1) x' =20cex34- ...
. +[(n42) (n+1) caya—2 (n—1) cp_1+4¢s) r'+
Equating to zero the coefficients of various powers of x, -
. -20—2=0 ie. e3=1
6cs+4co—2=0 le. Cs=*—‘,'Cu, C.ulﬁ‘uécl, c;=0,
i 2(n—=3) -
MEGE) +2) |
Therefore the complete solution is
y=co (1—3x3—&x5...) +c, (x+ Ext— ki xT—
+x2+ §x? k4 T+ dxt .
5'3. When x=0 is a singular (reguhr) point
In this case we shzll assume a trial solution,
y=xkcotcox+eaxtt ) =xt Z coxt

n=0

i.e.

Cui. 8 = 3.

where a'l ¢’s are constants, _
Find Zy and ix{ and put their values in the given diﬂ'erenlial
equation, ' '
The index k will be determined by the quadratic equation which

will be obtained by equating to zero the coefficient. of the lowest
power of x,

This equation in k is called the Indicial equation.

The values of ¢, ¢3, 3, .. etc. are all determined in terms of ¢,
by equating to zero coefficients of other various powers of x.

Now there arise following cases depending upon ihe nature of
the roots of Indicial equation :

(i) The roots of Indicial equauon unequal and not differing by

an integer.
(i) The roots of indicial equatlon equal.

(itiy The roots of indicial equation unequel and differing by an
integer. -
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We shall discuss these caes one by one by taking examples of
each case. A general theory is developed later in § 59 p: 152,
54. Case I. Roots of the indicial equation umequal and not

' differing by an integer. ' ' o

Let @ and B be the roots of the indicial equation. If « and B
do not differ by integer, then in general two independent solutions
are obtained by putting k=g and B, in the series. Let u and v be
these two solations : then the gen. ral solition is y=cu+c'n where
c and ¢’ are arbitrary constants. = : : .

Ex. 1. Solve completely in series the equation '
RESN A
taking 2n as non.intcgral. r _ - |Vikram 1964}
Solution  Let y=x* [cot crxd-eax®4cax®4...]

so that %=xt—x feok-+¢s (k+1) x+c3 (k+2) xt4..]

and ‘;—?;::x*'i ok (k—1)4cx (k+1) kx+c, th+2) (k+1) x40

Putting these values, in the given equation, we get
oo Ik (k21) 4 k—n?) xE+c, [(k+ 1)24-n3) xk+1.
‘ Hlew {(k+2)—n2} +co] ¥4 4= 0,
Equating to zero coefficients of various powers of x, wa got
; k*—n*=0, ie. k=+4n, —n,
difference of the roots=2n=not integral as given.
Also ¢ [(k+1)7-n%=0, ie. ;=0.
L : | :
e k+2F t‘;=m 0=
J. Ci=iy =05561=...=0, ' »

0.

c;=;.'=_-(k+'4"’: “’:n’%(f'-l-i-)’ nT g 3 etc,
Hence - _ e -
cxcqxk L e 1 !
e [l+m+u=j"+ni-(k+4)=,,._(1+2,. xf+...]
Pl“tillg k=ﬂ and — n and [.kins Co=C lnd[C' thc.!wo indcpen-
dent solutions ase ‘ \

1 - N BT T R
B T el
¥ 1 s i S ny
.,nd e [ l—“ (—n41) "-’+4._8 (=#n42) (=n4 i),"" i ] .
‘ ‘ T o =c'v (say).
Hence y=cu+c¢'r is the complete <olution, - '




N

" Iniegrating in Serles : 145

_ ) ) o
Note. If €= g HETY then cu is called the Bessel’s function

of order n and is denoted by J,(x) (see chapter VIII).
- Ex. 2. Solve completely in series the equation

d ‘
(2x+x2) _g}{-.-a;}'—tixy=0.

Solation. Let y=x* (coterxteext+.,.), - .
Putting the values of y, ‘% and %’; in the equation and equatin
to zero the coefficients of various powers of X, we get :
Indicial equation k (2k-—33=0, ie. k=0, i
e {2 (k+D)—(k+1)}=0, ie ¢=0,
€242 (k+2) (k+1)—(k +2)}—co {k (k— 1)-6}=0,
Le. ¢y Qk+1)+co (k—3)=0.
Similarly ¢, (2k+ 5)+e, (k—=2)=0,
€1 (2k+-5)+cg (k—1)=0 and so on.
Clearly c¢;=cy=cg=...=0 - ;
Co= — £:‘3 Cos Cq= 'h-i 'k—.—-i Cp €tc

241" TS 4 :

; , k-3 . k=1 (k=3) :
Hence Z=C§xk[ l—Zk'“—_H ‘x’+mﬁ¢;—) xi—... ] .
PuttingX=0 and and putting co=¢ and¢’, the twoindependent

solutions are ' B
¢ [143x? 4 Exf— xS 1. ]=cv (say)

and c'.r"'*[ I+§x’—f§~1]3+6 x‘+81—l'.(‘;—:—%lx°—... ]=c'v (say),

and

ther: the compiete solution is y=cutc'v.
Ex. 3. Svlve in Series the equations . e

‘ Yy _ a0ty .
ti) 9y (I=x 1—““’—12 a—;+4_\—-0.

2 r
G 2x (1—y) %’,4(1—.\-) g£+3y=0.

_d? v '
(m) 4,r#{2%4-):=0.

d*v _ dy _
(iv) 2x ;,?_’{‘(x““l) (f—\’+ 3v=0.
q2 dy
(v) 24t E“—:—xﬁ—}-(ﬁ«{»l)y=0.

dy  _dy
(vi) 3x ‘T’r{+2.3§+x’y==o,
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55, Case II. Roots of the Indicial equation, equal.

We shall later illustrate the following principle in this regard :

If k=u be the repeated (equal) root of the indicial equation, then
obtain the solution in terms of k and call it y; the two mdependem

~solutions are obtained by putting k=a in y and in dy/ok. _

It will be seen that the second” solution always consists of the
product or a oumerical multipleof the ﬁrst solution and log x plus
a series (c.f. § 5'9 case Il p. 154).

Ex. 1. Obmin a'general solution in ser es of powers x of the

‘ d
equation X 75 + 4 +xy 0. , [Raj. 1964]

Solution. Let the solution in series be
y=x* [cotc1x+caxt+cax?+...].

| Putting values of y, 4y ?ift in the _give_ﬁ differential equation,

we get
cfk k—=1)+k] x"“—l—c:} k (k4+ 14 (k+1)] x*
Hes {(k+2) (k+1)+(k4-2)} 4o x*1
+[es {(k+3) (k+2)+(k+3)}4c;] x*H24-.0=0.
. Thek‘snc‘(;i'al equation is k (k— l)+k =0 as ¢#0,
e. =

Other coeﬂicnents are given by a (k+ l)!=0 ie. =0,
ol
. 2
cs (k+-2) -}.-c.—-O, i.e. Cy™= fk+2)=
s (k+3)2+c1=0, ie. c3=0asc, =0,

e (k+4)'+c.—0, i.e. Ca= (k+4)'l(k+2)

Cn,

Cos

...... and so on
Hence one soluuon for k=0 may be obtained by putting k=0 in

1
o [ l“(Ic«l-z)' =t (k+4;' (k+z)= ] 1)
*Differentiating it w.r.t. k without putting k=0,, we get

* Because if we put the seriesiin y in the left hand side of the given
differential equation, we get.the single term c,k*xk-1. As this involves the
square of k, its partial differential coefficient with respect to k, ie.
20k x%-24-cok2xk-1 log xk1 Jog x wdl also v.-msh at k=0,

In other words

ak[ dx‘ d Gt ]” i A o ol o
or r > d"' a’..+" ] ,k--?.c.kxﬂ-‘-[-c.k'\-l-‘ Jog x
as operators are commutative.

'l'heufure ,k tisa iecond solution of the differential equation, if k is
put equal to zero after differentiation. (Ref. Case [ p. 1)1),
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2 ¢ 2 s
: ‘ak_y log x+cox* [(k_'_z,,x

{( +32) (k+4)= (“.‘[.“im} }...'.(2)

Now pu!nhg k=0 and ¢y=¢ and ¢’ in (l) and' (2) respectively;
the two independent solutions are

. y=c[ l--l—x -L—z—-l—‘x‘ 2, 41, 6,x'+...]=cu (say),

gk=c u log x4-¢’ [—x’ g (1+43) x*
- Ctga D x'—---],
o’

=c'v say,
And then the complete solution is
y=cu+c'v.
‘Ex. 2 lntegrate in serles the equation

(x—x') - Sx) —4y=0.  [Roorkee 70]

Solution Let a solutlon in series be

y=x* cotcix+ecex?+caxd+...

Pumng values of y, ‘de and ?x}; in the cquatlon and collecting
coefficients of various powers of x, and equatmg to zero these
coeflicients, we get

co{k (k—1)4+-k}=3, ie. k*=0
e {(k—1) k+-k+1}—co {k (k—1)+5k+4}=0,

le cr(k+1)—co (k42)2=0, ie. "‘=(k_:|'-FE M

Sinilarly c,=(t+—3)' Cys c,=(£i'-9-) -

k+1 k+1
He:uce. , _ }
' k42 k+3 k+4) p
y-.CnJC*[ l+(k+|) +(k_-ﬁ) x4 T e | oeo(D)

is a solution if k=0. _
Differentiating it w.r.t. k, without putting k=0, we get
oy 42y —1
By 7 B R [ (k+1)(k+l)' _
k+3\ —2 k+4) -3 . y
i (k+1)(k+1)""+2(k+1 k¥ ¥t | @)
Pulting k=:0 and cy=c and ¢’ in (1) and (2), the two indepen-
dent solutions of the equations are ;
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y=c [1422x43%x2+42x3 - ... J=cu, say,

" Oyfok =c'u log x~2c’ [1.2x42.3x2+3. 4x‘+ J=c'v :ay
. Hence the complete prlmltlve is .
 y=cutcv.T .

Ex. 3. Solve complete!y in series X 75 &y +dy +x’y 0.

Solntlon Let ymxJt [c.+c:x+f-‘vr”+ 1.
Putting for » % dy and ) m the given equation, we get
k’*ox"*’+(k+1)’ c.x*+(k+2)= S s (R A
o+ l(k+7) cutcos) x*HP-14 ... =0
Equating to zero cogfﬁclents of various powers of x, we get
Cok?=0, ie - k?2=0,
(k-l-l)’ =0, ie. ¢;=0, (k+")' c,—-O ie. cy=0.
S B
_ La | (k+3)’ Cay C4=— (k+4)’ ci=0, (.'5——0

1
6 G B e € =000
) 1
Bt y=¢°x"[ =gt (k+3)’ wFor ™
1 i i
(k+3)' kO (gop X'+ J (1)

ak—-y log x+2c0" [ k+_5 3 .\‘ _((k+3)' (k+6)2

(k+3)2 uc+6)=) i | <
Putting k=0 and cmo and ¢’ in (1) and (2). the two solunons A
are -
1 1
Y=e[ 1— 3. +3‘ ) ,),x 3‘ LR Bf s ]—-cu (say)

oy LI s
sx—culog x+4['—'-". 3;"(‘2"‘5‘3 (1+4) x

“

+31 (3 1)t (1 +i+§) x+.. ]s-c » (say).
The complete solution is y=cu+4c'», ;
Ex. 4. Solve campletel) in series :
& dv _
M (—x ) +(l ) dx S ' [Meerut 68]
ﬁy .

o y=0. ;

(i) x +
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' dty Ly,
(iil) xd—:-:+(l+x) =0
: oo __
(iv) 4 (x‘-x‘)gf:+8x‘%.—y=0..

diy @0 3 .
) dx,+(x_—l)_ dx+y 0in powers of x—2. {Agra 72)

Proceed as in the above solved examples.

5%6. A. Case IIl. Roots of the indicial equatoin differing by an
integer. g _

This case can further be sub-divided into two sub-cases.

1. If one of the roots makes z infinite. , - .5

2. If one of the roots makes z indeterminate.
* We shall discuss these two possibilities separately.

57. Case I (a) The indicial equation has twe roots a and
B (a > p) differing by an integer and some of the coefficients of x
become ‘infinite for kg, : _

In this case put ¢ (k—p) for c,. '

This would lead to two independent solutions for k=B, namely
the modified y and 8y/ék as in case I1. ’ ' ‘

We thus find the three solutions :

(/) tbe solution by putling k=u in ¥, .

(i) the solution by putting k=8 in modified y,

(##i) putting k=B in the differentiai of modified z namely ay/ok.

But only two of these are independent ‘as solution () is a
numerical multiple of {ii). : ‘

The following exumples shall fully illustrate the method.

Ex. 1. Obtain a general solution in series of powers of x of
the equation (Bessel’s equation of order one) . ‘

H g tE gD y=0. * [Rejasthan 63]
Solution. Let y=x* [co+ e1x+cax?+...]. ‘
2 ’
Then putting values of y, g—i and :—f; in the given equaiiop and

then equating 1o zero coefficients of various powers of x, we get
co [k (k+1)+k—11=0, ie. ki—-1=0, o

le. k=1, —1, ¥ will)
a{(k+1)2—1}=0, ie. ¢,=0, ' T we(2)
s {(k+2)2— 1} +¢e=0.... C L
En {(k-+n) —1}+cp3=0,

This gives
1

‘ - 1
e [ gz (k't3)lx=+¢k+l) EFFEFD "
DTl 1) (4302 (ks () X po (D
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where k may have values 1 or —1.
But if we take k=—1 in the above series, the coefficients
become infinite because of the factor (k-4-1) in the denomma.tor

- Soweput ¢ (k+l) for co 1n (l)

- 1 } ()
(k+3)* (k+5)p (k+7) C P

1
a-—-kzy log x4 cx* [ l+(k——-i-T)’" x2

2 1 |
_{(k+ e T m} M. ] -3)
Putting k=—1 in (2) and (3), we get

cx"‘[ ‘—ix"'i‘i.?—a x‘+2| ;s x"'"]=cuA(saY)a i

and culog x4¢x? [ 1+L X% 2,14 G+ **

"‘5?_:—..'6 @+3+d I'+---l]=c’y (say).

Hence the general solulioxi is ' ,
y=cutc'v.
' 58, Cace IIE B, Roots ol’ Indicial Equation dil!'erug by an
integer making a coefficient of x indeterminate.

Let « aud B be the two roots of the indicial equation (« > g,
differing by an integer. [f one of the coefficients of y becomes
indeterminate when k=@, the complete primitive is given by
putting k=P in y which then contains two arbitrary constants.
The result on putting K=« in y simply gives a numerical multiple
of the series contained in the first solution.

The following examples will make the procedure clear.

Ex. 1. Inkegmte in series Legendre’s differential equation,
(=21 T2 Lt (n 1) y=0,

when n is a posmve integer ' ‘[Agra 70; Vikram 63]

Solution. Let v=x* (c°+c1x+c,x’+ D)
be a solution.

. Then putting the values of p, 3 and d) - in the given differen-.

tial equation, we get
(l— x%) xk-2 [k (k—1) co+(k+1) kerx+(k+2) (k41) ex2
) (k12) et
—2x x"-‘ fhco+(k4+1) eax+(k+2) cx+...)
+n{nt 1) x* (cotcix+cox4-.. ) 0.
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Equating the coeﬂicxenu Of x*=2, xR-1 xk xb1 et to zero,

we get :

" cok (k~1)=0 (Indicial equation),

which gives k=0 or 1 as ¢c;%0. } wo(1)
ik (k4-1)=0 which when k=0, gives indeterminate vajne of

¢. However, ¢;=0 when k=-1.

& (k+2) (k+1)—ca [k (k+1)—n (n—1)]=0, il
e (kja) (k+2)—c, ((k+1) (k+2)=n.(n+1)=0, wi(d)
.. 8004 SO On

. Thus the solutlon containing two arbitrary constants ¢, and
1 will be obtained by takmg k=0. “, . . )

When k=0, ¢;=—"U meAh g

n (n+1)-3r (n+2) u—l)
S el Tl

Similarly ce=—" (n—2) ('H-l) (n+3) Co.u.ClC.

Therefore the solution is

- [Yheo=cotcrx— (n+ L8 Cox?— ("_}) ('l-l) -
. 41 (=2 S‘n;!—l)(nﬁ-a) e

n (n+i) L (n=2) (n+1) (n+3) |
_— [1 : Fx X ..

+o [ 2-0=1) (n+2) o@D =Nt e, .. ]

Ex. 2. Integrete in series (1—x2) = -?;c +2y=.o

‘Hint. Put n=1 in the above serles
Ex. 3. Integrale in series the differential equation

(=59 52 +2x Ly ymo,

Sojution. Let y=x* (cy+c1x+cax2+.. o
be a solution of the differential equation.
Then proceeding in the usual way, we get
 k (k—=1)=0 as c,#0, k=0, 1
a (k+1) k=0,

If we put k=1 in (1), we get

1
. $cex [2— x2 +4'6" mx‘-l- ]—-}‘-‘W (say)
then obvidusly }w=4u if cp==c,
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which makes ¢, indeterminate when k=0,
¢ (k+2) (k+1)—Co Tk (k—1)—2k—1}=0,

cs (k+3) (k+2)—¢; (k (k4+1)—2 (k+1)—1}=0,
..and so on.

The solution contammg two arbitrary constants ¢, and ¢; by
taking k=0 is given by :

[lkmo=0q [1—=Fx>+ 2x2Hodext— .4 [x——ix'+-.‘a-x'+._..].-
Ex. 4. Integrate in series the equations

0] dy +x’y=0
(i) (2+x’) 5 ,+x +(l+x)y=0

e - 4 "-’='c°[ 2’3 s S ® ]
, | s
| +c’["‘?fs rsEs X
(i)) y=co [1-~}x2—3% x’-l--”x’ JHer [x—3dxd— Aexad )

59. General theory of the series solution near a. regular singular
point : (Forbenius Method),

We have almady defined above the regular singular point of
' differentiai equation. We now come to a general theory of soiution
in series.

Equivalently a point x=a is ca,Iled a regular smgular point of
a linear differential equation of second order, if the differential -
equation when written in the form ;

LOY=(—ar Pt =) POP+m =0, )

is such that P(x) and Q(x) have Tayior s expansiouns in a nelgh-‘ ‘
buurhood of x-a, ie., .

P(x)ﬂz' Pa (x—a)", Q (x) 27 s (x—a.

If| P(x}l M and | Q(x)I < M in a nelghbou:hmd of a
given by | x—a | < r, then

|p,,|(£—[and|q,, < —(n-..O b 2 asy -

We shall derive the series solution of (1) near’ the regular
singular point x=ga and would discuss its convergence. :
Assume that a series soluti n of (1) be
@ - ;
y(x, P)=(t—a)’n27 cn (x—a)", — c e(2)
. =g - , .

whelje c#0 is arbitrary';
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On substituting (2) in (1), we get

L(y)=_% [(o-+8) (e+1—1)+ 7o (p-+m)+g0] o

i . " .
AL GRS PN CEP e

* Putting [(p+7) (o4 n— D+2o (o445 +go)
n-1

=— 5‘ {Pas (k) + @n-i} Cs. (3)

_ L O &, p))=co {plp—1)+pop+ g4} (x—q)e. ,
The indicial equation on equating co-efficient of (x—a * to
zero is ("' co#0), ‘ . ' :
P (P—1)+pop+go=0.
~If p1, P4 be the roots of this €quation, then
Pi+pPa=1-p, o :
and L (y (x, p))=co p—p1) (p--ps) (x—a)r.
~ Case I py—p,==), where A is not ap integer (positive, negative
or zero).
Since L (y (x, p;))=0; L O (x, pa)) =0, therefore

y (x) pl)==.§ Cy (x_—'a)Pl+" . . . -"(5)

and y (x, py)= 3:'; ca (x—a)t" - (6)

are two linearly independent solutions of (1), provided the series
in (5) and (6) are convergent in some neighbourhood of the point
x=a.

Now (p+#) (p+n—1)+p, (P+n)+go
=P (P—1)+pop+qo+nt+n (pot2p—1)
=(P—01) (P—p3) +n%4n (p=py—py)
~Jn*+-na for p=p,
{n’— nA for p=p,
Thus, we have from 3)

-1
n(A+3) o=~ ﬁn{p,_. (P14+K)+Gu_s} a1

a-l
and 7 (n--2) cp=— 1TZ_'”{.»...J; (Pa+K)+ gus} k. w1}

Let when p=p,, by=|cu| for0 < n< |2 R
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n(u+A)b,.=M2:’ Iﬂ—lr;%ki—l b for i > |4\|
It can be easily scen that when pi=p,, b, > |c, I for all valuu

>

of n, This series ;f.; b, (x—a)" dominates the series

‘203 Cn (x—a). |
Remg i

~ Again for sufﬁciwtly large va_lues of n,
ninda) by—"" Hm—144) by =M I_!;_lrl_'*;’.' i

T
whence we obtain
b _m—1)(n=142)_ ||+

b n(n+A)r n@E+A)r
and hence
Lim b, _1-

H—’w) b'_l —f—‘

Therefore the series °3.'°b. (xm-a)" is convergent in Ix;a| <,
: e

and hence the- series Eoc. (x—a)" is also convergent in |[x—a|<r,
fiesl "

when p=o,. _
On the same lines, we can show that

Z ca(x—a)y

n=0
is convergent in | x—a | < r, when p=p,.
Case II. When the two roots of indicial equation are equal
Let pr=ra=o (say).
In this case

L(y(x, p))=c¢, (p—9)* (x—a)’.

The recurrence relation (3) [compare from (7)] becomes

"{‘~=f.fo {Pe-r (04 k) +gua} cx-
It can now be shown by the method similar to the one used
in Case I, that the serics, f‘: Lo (x—a)" is convergent in | x—a | <r
where py=0=p,.

Also °; L(y(x, 6))=0,

(-]
S Yx, 0)=ZF (x—a)te
n=0
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"is one solution cf the differential equation (1).
rFurther, ‘ A

2 Lotx, =262 (p=0) (x— a)r-+ca (p - o) (x—a)* log (x—a).
5 L{gnm )5 Lixx, =0 when pmo.
Hence [52 nx, P) ]’_c also satisfies the differential equation
(1) and is therefore a solution. | '
Now n y(i. p)= E cx (x—a)Pt" 4 5 ca (x—a)?** log (x—a).-
or Aty a=0 .

The coefficients ca are to be considered as functions of p.
Hence

| [8_: »x p)]p_q=log (x—a) y(x, o)+ é‘; ¢ (x—a
o =log (x—a) y(x, @)+ (x, 0k
. where ¢(x, o)= En ¢y’ (x—a)°*" can be showu to be convergent in

jx—al<r. :

Thus in this case the two linearly independent solutjons of the
differential equations are : ' -

y(x,0) 8nd y(x,0) log (x—a)+¢(x, 0.

Case III. When py and ps differ by an integer.

Let py—p1==m (a positive integer).

Let fle+n)=(n+p) n+p—1)+po (P+n)+qo,
vihence  f(p)=p (p—1)+PoP+¢o

=(p—p1) (P—pa".
Hence  f(P1)=0, fips)=fp1+m)=0.
The recurrence relation (3) gives

S prtn) cu (Pr)=— :Zz {Pn-k (P1-+K)+ Gu_r} cx (P1)

and f{’s+") Cu(ps)=— :é;{?»-t (Pet+k)+ Gu-i} Ck GP:).

where n=1,2, and ¢q(py) ~nd c, (p;) are values of ca when
p=p, and py respectively. .

The coefficients ¢.(p;) can be easily determined, but the
coefficients cm(P1)s Cwsa(P1),--.;.. all  become infinite because
f(p,+m)=0, To overccme this difficulty we replace ¢, by
K, (p—py", where Ko (#0) is a constant. Then

L(y(x, p))=¢o (P—Py) (P—ps) (x—a)*
' =Ky (P—p1) (p—p3)* (x—a)".
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Thﬂ'eby Wwe obtain
L(y(x. p)=1 and L [ap”("’ )] l

y(x Pa)= Z'c. (ps) (x—a)t’-+" -

and [ap »ex, ) L =205, ) log (xa)-+, .

whiss “Hx, p)= z e (Pr) (x—a)prtn
m two lmearly independent aolutxons of ( !)
'l‘he two series 2.' c. (p.) (x—a)"

v

nnd 2 c" (p.) (x—a)' ,
can asam be shown to be eonvergent in |x--a| <r

L]
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Nuxheric_al Solutions

- 6°1. Introduction

So far we obtained analytical expressions for the solutions of
a differential equation. Sometimes analytical solutions cannot be
evaluated and sometimes these are not required. In thé present
chapter we shall consider the problem of obtaining numerical
values for the solutions of first order differential equations.
62 Picard’s method of successive approximations. '
Given a differential equation

dy , . *
ax~x ) - o (D)
" and the initial condition y(x¢)=y,, . (®

to determine values of y for values of x other than x,.
From (1), we have .

[ L= e
OF  yeyom j: (x, y)dx. - 0

Now the integral on the right hand side can be evaluated if
we only know the expression of y in terms of x. This is not
kn~wn. Therefore we cannot proceed. What we know js the
"value of yat xo Asan approximation, we replace y by y, in the
integral on the right and call the value of y on left as first uppro-
ximation y, so that _

)’1=YQ+I;f(X. J’n) dx- l. ".(4)

Now that this better approximation of y is obtained (y: is
better approximation than y, for valueofy at any point x), we
replace y by y1 in right hand side of (3), and get the second
approximation ys, given by -

Ya=Ye= J: S(x, p) dx. | S )

Continuing this procedure, successive approximations
)’OI y" y.l y‘..- sse @
can be obtained, each giving a better approximation than the
preceding one. :

]
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Ex 1. Apply Picard’s method upto third approxzmation to solve

B4y . |
where y=0, when x=0 : ‘[Agra 1969]
°  Selution. We have f(x, y)=x+)*, =0, xg=0.
~ The first approximation y, is given by

J’s-.)'o+l: S(x, yo) dx
==d-;-[; x dx=§}x3.
Now the second approximation s is given by
w=yot [ 1y ax,
=0+ " s+ de

= }x'+-.%x‘
The third approximation ys is given by

ys=Yyo+ r J(x, »y) dx,
=0+ [ [wramtetr |as

=I [x+3x4+43%. t"‘l"c.n %1% dx

={x2+ x5+ gdext +rloa
Ex. 2. Apply Picard’s method upto third approxzmatian fo

solve

where f(:l:, y)=x+40t=x ‘

% y) =4

J(x y)y=x+yt

dy
d—;=2y—2x’—

given that - y=2, when x=0.
Solution. We have :

[Agra 1970]

Yo=2, x9=0, . fx, y)=2y— 2x‘ 3.
Now the first approxlmauon, y, is given by

y;=y.+J ﬂx y.,)dx.f(x,y,)-zz —2xt=3
=24 L' (4—2x2—3) dx=2+L (1=2x%) d
,ﬁ2+[x—§ﬂ]: =2+4x—3x3

Now for second approximation, ¥a, we have :
yemyok (1 s, ) dv, 13, yym2pi— 2003
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..2...[' 2 (2+x--xa)-zx=-3] dx

24+l 42x—20—x) dx

R e o
The third approximation ys, is given by

}’a=J’o+r]: £ix, 2 dx, f(x, ) =2y2—2x*=3 '
=24 Q4xbrop- b 203} ds

e S

. =2+x+x’—§X‘—-1 2 xS,
Ex. 3. Apply Picard’s method upto third appmximatlnu to solve
dy

where y=0, when x=0.

. Solution. We have yy=0, xo=1, J(x, Y)=3ex+2y.
The first approxlmatlon y, is given by T
n=pt| " fx, yo) dx, J(x, yo)==3e*

'=-o+" 3ex dx=3 (e*—1).

Jo
Again the seoond approxumatlon Ya i8S gwen by

J'i=)'l+ f(x- ») dx, f(x, m)=3e*+2ys

-o+ [3er+2 3 (ex—1)] dxsj: (Oex—6) dx

Now the third approximation, y, is given by

yt—'y.+l: ﬂxs J’a)- : g f(xv y:)==3¢"+2y:
--o+rr [3e*+2 Qex—6x—9)] dx

._.,I' (2er—12x-18) dx
=2le*—6x*—18x—21.
Ex. 4. Apply Picard’s method to solve

d
Z=etyt,  yO)=0.

Solution. y1=o+[: e dxm(ex—1),
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=0+ ] [ (e 1)) dxmpere et x b,

=0+ et (e et
’ ==ylget¥— fot o Jxete . fetr —2xex g 2ex
— : . P B Lk L T T L
Ex. §. Apply Picard’s method to solve : : : .

?;2_1 '
X x’ . -
yin=2. oo ST - [Agra 71}
Solution. y,~2+[" (2_-%) e flx y)=2-2

?=i=2+[v2x"-2.log x ]' =2x—2log x, -
1 p LI @ 8
y,=.==_2+f:r [ 2-—2"—'—'-}"’#‘] dx-_-2+f: % log x dx
=2+(log x)2, :
Jfa“z‘['lf:, [2— 2————"'";’3—’9'] dx

=2x-2 log x—§ (log x)2. -

Ex 6. Solve the differential equation dyldx+x— v with the initial
conditions y=1 when x=0 : and show that ‘the sequence of appro-
Ximations given by Picard’s method tend to the exact solution as a
limit, : . {Agra 72)

Ex. 7. Solve the Jollowing equations by Picard’s method :

@ %axﬂ'; »0=1

i) =314y, 0)=1.
Proceed as above., ' B £
CAms. (1) yy=14x+4§x2, s=14x4x24 3x3, o
o ya=l4+x4x04fx043kxt,
() y1=14x43x% yya=14-x+ x4 Bx4 3x4 :
S . HalexSE AT,
. Higher approximation can be similarly determined. |
Ex. 8. Find the third approximation of the solution of the
equation '%‘=z, ;,-!-:'-x' (v+2)
‘byPicard’s method, where y=1, 2=} when x =0. {Meerut 1970}
- Solution. Let f; (x, y, 2)=2,/; (x, y, 2)=x3 (y+2).
Now first.approximations are given by ,
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yimyet [ i (e, 20 demyot [ 20 dx
=19[ ddv=tipx
o 21-,2.+I: Ja(x, y0. ‘6) dx'=1'29+j: 3’6’6+¥o)d$
=4[] (D de=j b,
And the second approximatijons are ,
y-=y.+]: i (x, 3, ,,);..,-,.,.j: zy dx -
=1+[] Gy de=1ajrt e
n=nt[ fiG, =zt [ 20 0y dx
=[P e e

=t @b ax

=+t e,
Again the third approximations are

, yiﬂy.'F I: .fl (x Yas z')-l-i.ﬂ Z:. dx
=14 [0 i Aty et
=t g, ,
‘ ’*?‘"4':]: S (%, ps, t-)-}+_[: M (yatz) dx

b S S Bt et e

=i+[ @b g g

=HHR RS A b sl gt
Ex. 9. Use Picard’s method to approximate y and corres«

ponding 1o x=0°1 for that particular solution of
, %ux+z, %—x-ﬁ

satisfying y=2, 3= when x=0,
Solution. Let x+2=f; (x,y,2) and r—)*=f, (x, », 2) ; then
first approximations of y and z are given by ‘
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V X T X
J’;"—‘-J’o-I-L J1 (x, Yo, 20) dx-=2+L (x+1) dx=2 +’-2‘-+x,

S I. Ja (%, ye, ) dxﬂl+I: (x=2%) dx=1+}x2—4x,
The second approximations are now given by
n=ye+[ fi z.)=2+j: [e 4 (14 §x2—4x ] dx

=1+E (1 =3x+§x%) de=2+4x— a2 4 3x0
and z.=z;+J: 5 (x, Y zy) dx ‘
=2+ [0 x-Q+itayyde

=l+l (—4—3x—3x*~x3—}x%) dx
=] —dx —§x2—x3— fxtytox5,
Again the thlrd approxlmauons are obtained as
Ys=yo+ f: (%, ya 23) dx

=2% [x+(|—-4x—1x’—x-‘ —}xt—Nx%)] dx
'=2+x—§x’—ix’ —fxt—qtoxb— T1ox0
==z.,+ i [x—( +x—§x'+}x')'] dx

=1+ ( —4—3x45x34+1x3 — Lt 4 fxB—345x%) dx
=] 4Jc—11:'+§x'+-1 Xt — x‘+-,‘;-x°—;,-.—x"
Further approximations may sumdarly be cniculated
When x=0°1, y;=2-105, z;=0°605,
_ yp=2°08517, z,=0-58397,
Y3=2-08447, z,=0°-58672.
0-3. Taylor Series Method
Given lhe difierential equation

=--'-f(\ V)

with imnal conditions y (-;.,) =Y, :

to find solution of the above equation using Taylor s series,

. Let y=y (x) bc the solution of the diffetential e?uatlon (1), at
the point x. If x=x, is not a singular point of the function. then
by Taylor’s series i

()

s L)y () +(x—x0) ¥ (xo)+ 2.—- (x = xg)* y"" (x0)
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1
+3¢ (x—=x¢)® y""" (X0} 4-.ee

This converges over some range containing Xo.
Now we determine

¥ (xa) ¥ (x0), ¥ (X0)s ...
From the given initial condition

¥ (xo)=ys, w(3)
Again from (1), we get

Y (x)=f(x, y)-

Y'{xo)=:f (Xo, yo)- v (4)
Differentiating (1), we get

d
Y (x)= Zf +f;f,dj; %CCH( y)af

& e (.\'u)=(~a—£)o +1(x, o) (-’é)o
Again

¥ (x)= ( +f Y f)
=(—+f(x. v)—)(af+f(v y)af\

Tl Lo iy (L) 4r ()

Putting x, for x and yg for v in the righ hand side of this
:quation, we get

re={5h) + (), () ()4 3.

3
bl (3y) --(6)
Putting thcse values in (2), we get the value of y (x); the ﬁrst
few terms give an approximation for the solution y(x) at x.

As is evident, the evaluation of additional terms becomes
‘ncreasingly diificult.

Ex 1. Ifdyjdx=3x-ty* and y=1 when x= =0, find the Taylor
solution and approximate y when x=0'1.

Solution. Hence (xo, yo) is (0, 1) and y (xo)=1,
Now ) (x)=-(3x+y’) : S Y (xg)=3xaFpat=1

v (x)a (3’5~| V,—3+2)’—‘

= 3+2t(r)y () S S (v=3+2'1.1=5
PUE) =2 (x4 2p(N) () ) Mve)=242.1.5=12
¥y 0y 42y S i) =54

«(2)

ss:(5)
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Y"(x)=6 (") 8y'y""' 4 2yytr S Y (x)=354,
Thus the Taylor series expansion is o
Y @)=y (%) +(x—x0) ' (x0)+ ;—-l (x=x0)* ¥** (xo) + ...

- =1 xfat 4 200 Basp L0 4
Putting x=0-1, | e

¥ (0°1)=1 +0°14-9-025 40002 + 0-00022 4 0-00003
~s1+12725. ‘ :

Ex. 2. Use the Toylor series method to obtain a power series
:olytian of the inittal value problems ; : ,

@ Z=rpt3e, 5 ©O)=;
) Lexiy,  y =i

WD Ferrty, yO)=1;
() '%-xhw Yy (li--s

» %-m x4y, y(0)=L.

Proceed yourself,

() y=3x+ix*+ 0+ 38x4 4 32504
(i) y=l+x+2 [ﬁ+%+] \
@l) y=14-xtxtp4x0 44y

(7) y=n+} (x=1P+& (x=-10+...
() y=lt+xtieotgeopitaey



7
. Legendre’s Equation

7'1. Introduction
The Legendre ] drﬂ'erenthl equation is

(1—x% R—Zx —+u (n+1) y=0.
* Sometimes this equauon is aiso written as'
dx{ﬂ—x’) s (1) y=0. ‘
72. Integntioninsuieaofl.euldns Equﬂo-.
The Legendra s equation is
(-3 E—-Zx D 1 n(nt1) y=o,

,@o is a regulac singularity of this differential equation.
Let the series solution of (1) in deeondmg powers of x be

(D)

(1)

y=X ZG.-X" ‘ _ ' «(2)

sothat Y= F (a—r)xw-t
BE s

'al:ld‘ g.-;‘ra E a, (x—r) ig—r_.l) xe-r-2,

Substituting these in (1), we get
(1—x%) 2: a, (e—r) (a—r—1) x2-—2—2x 3 g, (a—r) xe-r1

+n (n+1) ?a,x-?-m

or '2:7: [(x—r) (@—r— i) xu—r-3 ‘

+{n (n+1)—(«—r) (a—r+1)} x*~7] a,=0
Equating to zero coefficient of lowest degree term, le. of x
from the above, we get

a {n (1+1)—a (a+1)}=0,
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Blll @70 as it is the coeﬂiclent of the very ﬁrat yterm in the
series, hence the indicial equation is
n (n+1)—a (x+1)=0,
which gives . a=n, —n—1. «.(3)
Next, equating to zero the coefficient of x*~1, we get
a [n+1)—(ax—1) a]=0
or & [(x+n) (xa—n—1)]=0,
which gives a;=0, "
since * (a+n) (a—n—1)5£0 by (3).
Again to find a recurrence relation in successive coefficients
a,, equating the coefficient of x>~"-2 to zero, we get
(—r) (@--r—1) g+ 1 (n+1)—(a—r—2) (x—r—1)| Grg=0
(a—r) (@—r—1)
= e (x—r+n—1) (@a—r—n-—2) i B - § |

Now since a;=0, as=as=ar=...=0.

There arise foflowing two cases :

1. When a=n, we get from (4)

de (=D (n=r—1)
. (Zn—r=1) =)
. . > n{n—1)

This gives a, -————--(2"_1) 5 o
_n(n—1{(n—2)(n—3)
“@n—1)(2n-3).2.4

- and since a;=0, a,=ad=as...=0.

Hence the series (2) in this case becomes

_ n(n—1) _, .
e [ F—@n-D.2 ilnl
‘ nin—D(n=2)(n=3) _ . ]
+ @n=1) (2n—3).2. e ]
which for an arbitrary ao is a solution of (1).
. When a=—(n+1), (4) gives
a _(atr+ 1) (ntr+2s
BT +2) @atr+3)
(n+1) (n+2)
so that ﬂ’——-—z—'m“a., :

(D) +2) (5+3) g.....,,a. <l ks

2.4 (2n+3).(2n+ 5)
Hence the series (2) now becomes

ap, and so on

(5
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w1y (1) (n+2)
"‘"[ X et )
(1) (142) (143) (144) ],
2.4 (2n+3) 2n+5) o ..(6)

fThis is another solution of (1) in a series of decending powers
of x.

Legendre’s Polynomials P, (x) and Q. (x). Definitions. .

x—n3

[Agra 66, 55, 53, 52]
The Legendre’s equation is
dy , dy
(1—-x%) e 2x ‘-&+n (n+1) y=0. A1)

The two solutions of the above equation in series of descen-

ding powers of x are given by (5) and (6) above, where a, is an
arbitrary constant,

Now, if n is a positive integer and
_1.3.5...(2n—1)
=51
the solution (5) is called Legendre’s polynomial P, (x), so that
; _1.3.5.(2n—1) n(m—-1)
P. (X)-——-—T——w [l’—m X ‘+...]
Instead, if we take
_ n! .
=aa. @y e
the solution is called Q. (x), so that e

' n! ey (041) (n+4 '
Q‘ (x)=l.3.s".(2.+ l)[ X I"" 2.(2.+ ) r'-"“i'... ]

The series for Q. (x) is a non-terminating series and converges
when | x| > [
Note. Obviously the series for P.(x) terminates.
When n is even it has §n1+4-1 terms, and the last term is
- n (n—1) (n—2)...1
(—1y (2n—1) (2n—3)...(n+1).2.4.6...n Ry
Again when 7 is odd it has } (n+1) terms and in this case the
last term 18 :
e n(1—1..3.2.qp
D =3 (2.2 4=
P.(x) is called the Legendre’s function of the first kind and Qu(X)
of ths second kind. [Agra 66)

Since P«(¥) and Q.(x) are two independent solutions of
Legendre's equation, therefore the most general solution of
Legendre’s equation can be written as

y=ClP.(x)+C1Q-(x).
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where Cx and C; are two arbitrary constants,
Ex 1. Show that
, i _—
Pant (0)=0 and Pyn(0)=(— lr-fz%—‘—z""’

(2m) |
=
‘Solution, Ifn ls a positive integer,
PO o) T |

[Agra 67] :

is a terminating series.
- When # is odd, the last term in the series wnthm the btakeu is
— 1) (1), B (n=-1)...3 2
IR D B - i3 T =D %
thus wben n=2m--1, no. term is free from x.
So putting x=0, Pymy; (0)=0. ‘
- Again when n is even, the last term of the series within the
bl‘acketa is - e £ .
n(n—1) (n—2)...1 -
O ey TR W R I X X
This ie the only term free from x. Putting x=0, we get

1.3.5...(2n—1) , _#(n—1) (n—2)...1
Pau(0) = nt (=1 2n—1)(n+1)n..4.2
1.3.5...2m— l)

=(—1)" 24-6..9m as n=2m.

13 AGe-eutInannctlonofLe‘eﬂrelPolynonm ’

To show that P P(x) is the coefficient of k* in the e.rpmm‘on of |
(I ;2xls+h’)"m in ascending powers-of h.  [Raj. 60; Agn 72,8
¢ have

(1~2xh+-h3) 2 =[ 1 —h(2x— ,,)]—m
=14+}.h (7-"-"!)+ h’ (Zx--ll)’-l—

+£5n-(25"”;nh"(2xﬂrh)'+ -y

. We now find ooeﬂi.ienls of b m various terms of ‘the above
expansion and note that

.coeff. ofb'm%s“—(zz—"—l)h'(hmh)'is
.1.3-5...(2"—-1) 1. 3.5--.(2"—1) .
».2.3.m " Fr= o

and coefficient of 4" in ‘2—342_(%;2-;') Wt Qe s
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| _L.3.5..n—1) n (a—1) '

nl  I@A- 1)"" s AN 00, -

Thus coefficient of 4" in the expansion (1) '

135 (Zn—l n@m—1)
)["' n@-n*"

n(n—1) (n—2) (u—3)
YA @) ]
=P.(x). )
Thus in the expansion (1), coefficients of A B, ix’, ... are
Py (x), Py(x), Ps(x)...
Therefore,

(1— m+h.)“m=l+hPl(x)+h’P.(x)+‘ +h“l’.(x)+
or (1—2xh+h2y =2 h'Py(x), ‘.
' r=0

Cor. 1. It can be shown that P, (1)=1.
We have } :

(=2sh by F epy).
Puttmg x"—l we have ‘
(1—2h +}.%)-lﬂ=2 h"P.(l)

or z:— h"P.(l)=(1 --k)""==£‘ W
Equatmg the coefficients of /* from both the sudes we get
Pl)=1.
Cor. 2. It can be proved that
Puf—x)==(—1)" P.(x) and P,(— )==(—1)n.
We have

(1= 2ehep 1y e fn"'"(”5' N R
- Putting —-xr for x, tﬁis gives
(2ehthyn= Bwp, 0. ol
Néxt putting —A for h in (1), we have .
" (1+'2xb+hirit==_-§n (—hy Pux) © ™

*
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= (—1)- WPox). (3)

Now equating coeﬁimnts of k* from (2) lnd (3), we get
Po(—x)=(—1)" Pux).
Taking x=1, Pa(—1)=(—1)" Px (1)
ie. Po(—1)=(—1)" as P(I)=I.
Note. From above Pu(—x)==1Pu(x) accordsng asn is even
or odd. This shows P.(x) is an odd functlon of x if n is odd,

T4. Rodmlgu:fom-h .
'rosbnwthtl‘.x)=2.(.u‘x_(x 1§

. [Vikram 64, 63 ; Agra 70, 63, 60 ; Raj. 67, 61]
Let  y=(x*-1)"; A1)

then %-—-n (x2—1)y*"1,2x, )
this gives (x*—1) %==2nxy.'

Now differentiating it (rH— 1) umel, we have

(x*—1) g;—#*lc @)L dx,,,, T 40,2 i{
=-ZIIl +"+'C| Zx{
dmr
or (x*— l)dx--n"'zx dxﬂi ("+l) _.=0 «..(2)

Let us now put Vag-;-{ Then (2) reduces to

d’V
Thus V=‘£{ isa soluuon of the Legendre's equation.
o Wb, -

dx® : .3
~ where C is some constant apd we would cvalute it. £ 5

To evalute C we have '
y-—(x’—l)'s(x+ 1)* (x~1)", so that . :

Ll +1)f o =1y 4~Ciun =+ 1y 41;;:("”'
+o(x—1) :’T-("+ 1)
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This gives (5’—3') =2"n !

Xml
other terms vanish as (x—1) is a factor in all the terms except the |

first, Putting x=1 in (3) we get
C.2% (n )=Ps1)=1
o : 1 .
giving - _C=m-
Thus from (3), -
. 1 ady 1 dn .
P=mana—ranae *

Ex. 1. Show rhatI P,'x) dx=U except when n=0 m which

case the value of the integral is 2.

Solution, From Rodrigue's formula

Pu(x)= n !: . (x2—1).

j" Px) dx=2, 2 ,I = e

=[ZTL"t s‘x—-—-'l(x"_l: ] 1
=i [dx"“l =1 (x+ 1)-}]

- %. (=1 e+ 1YI=0 for x=z1ifn > 1.

Wben x=0, Py(x)=1, and therefore
r P.(x) dx= dx=[ x -=2
. 75, Octhogonality of Legendre Polylo-hh
To prove that
r Pai(x) Pu(x) dx==0 i n£m.
(Indoie 6 ; Vikram 63; Agra 66; Raj. 67]
Flu! Method. The Legendre's equa‘ion can be writlen as
{ - Zhenernr=e.
Smce P, is a solution of the equation, we have
{(I— ’) éﬁ'— i (n4+1)Pa=0. L
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' Snnllarly - ' :
(o x‘)dP"' +m (m+1) Pu=s0. :
dx . .(2)

' Muljtiplying (1) by Pm, (2) by P.and then lubtractmg, we get
when n;éM, 1

P 1) 2P —P.é{(l—x') o

. + PuPrm [ (n+1)—m (m+1)]=0. &y
Now j P..d—-{(l— ')dP" |
__ =[_P.(1-x=)‘f,f;] [ e e |
_ , mtegl ating by parts
,,______r‘g;'ddl;"(l ) d _ S
20d J" —{u xﬂ)‘”’"‘ dx 1‘”’"‘”"(1—:;-) dx.

Iategrating now (3) w.r.t. x, we get
dP, d
frugp{ oo 2z} ae—[p 2 1y 2P
+(n—rm) (m+n+1) [ PaPr dx=0

3 dﬁdP,. - I dpy dP,
(- )d e

+(n—m) (nbm-1) j' PyP, dx=0,

(l-x’) dx

and this gives
f1
=m) (rtmt 1) PP, dxeo -

4

1
or I PP, dx'=0 “ _
Seeoul Method From Rodngup s formula, we have .

. '(")"'2- ® !dx" ("' l"

l
x)= > (n )!dx"' (xLlf

. Without any foss of gencrxhty. we can suppqse that m>n,
Cons!der now

In, I—I Pn(x) P-(x) dx
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2w (m) () !f:n dxm(x'-l)" dx" (x’—l}" dx
1 g
=2 () 1 () 1[4,‘..1 (x*— l)"‘ dx. Cx’-l)- ]
] dm1
T2 (m) | (n) 1) _ydemi (2— -1} dxcrl-l (x’—])"dx
' : * integrating by parts

dm-1
Now dx...lfx’—l)" in its every term contains factors (x—1)

and (x+1) both, Hence in the limits —1 to l, its every térm
vnmsbes

G 1y dx-

I =~ P G TE = dx"’" =1 o
' Inlegrnung now (n—1) tgnes. we get ) -
‘But % 21 )~=(2n) 3

_(=1roen!
(=) (2m) ! . d"‘ a1
2"‘"(m) olF e G-Iy ]
Tl'us proves the result

76, T? show !htr [PA(x);? ﬁ_i_%ﬁ
[Indore 1967; Vikram 63, 62; Agra 66, 55; Raj 67, 59]

_First Method.” We have
(—2xh 4 iy ="F k-p.(x);
=0

Squating, (1—2xh-+h*1= T h=p [PHR)P

+2 3 n Po(x) Pa(x).

‘Now integrating both the sides with respect to x bet\veen the'_
limits —1 to +1, we get - ot

‘v————_. s

z.'r 1 [P dxt2 2 f e Pot) Pulx) d dx

=J" (1 =2xh+w3) d,

¥
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, o
Sincej_‘P..(x) Pu(x) dx=0 when n£m, this gives

oo 1 ' ' :
Z o[ o axs0= [ ey

or Fwa [ (pual dv=—or tog (1- 2ahi8) ||

1, (1—2h+kt
=% '°-‘4‘(1Tm)

=_._.;l..|og (:+2)=% [Iog (l""h)'—los (l'—h)]

o “’3 +5he +2u+1+ ]
Equatmg coefficients of 4* from both the sides, we have

i P 2
I_: ..(x)] dx=g2.
Seeond Method  Proceeding as in the second method of pre-
vious article, we have when m=n,

: —1 2m ! dn—= )
I_I_P.';x)] &=2(m ()':)(! i')')! B dx';"" (x*—1)" dx
| (am! [+

=’2_.'(:';Wi I_l (I—xtydx

18
=§'2(ng;!7!)"_'2,{: cos? G.cos 0 dbf

putting x=sin 0
@n! 2. in+1) I'}) . ’
~ 2% (n ')3’ 2n+3)
2r{ ——
. 2
=omti il ~—— which proves the result.
Note. The above two results can be combined to give
r Pu{X) Pa (X) dx_2n+l Bm u

Whﬂi m, = is the Kronecker delta which takes the value 0 Tm:;eu‘
and the value 1 if m=n. [Agra 1972, 77]

" Cor. I [P dx=2’;+_l.

7:7. Laplace’s Definite Integrals for P.(x)
1. To show that

o Ro= T by cos g1 44 |
Wlu'rc n is-a positive integer.  [Agra 72; 66; Vikram 62 Raj. 651
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If a > b, we have the result

dé - S .
r atbcos¢ V(a—b?) willl)
Put a=1-—xh and b=hy/(x*—1).
This gives a*—bt=(1—xhy*—h* (x2— 1)=1-~2xh+h‘
Putting these values of a, b and a*—b?® in (1), we get

r U-xh)ﬂ:hw/(x’—l) ey gt g 2xh+h?)R,

e #___
or w(l—2xh_+"') 1 j: 1 —h[xF+/(x*—1) cos ¢}

.or = ?h” P.(x)#j‘: [1—h {xF+/(x*—1) cos ¢}]? ‘#,
C as (1—2xh+ k) B=Z k" Py(x),

or w5 p.rx)=[' £ I (xF /(1) cos #)" d,

because if| B (xF4/(x*—1) cos ¢} | < 1 and h is a small quanti y,
[1—k {xFv/(x*—1) cos )] =1+t+ 1242+ ...= 2 1"
where t=h {xTv/(x*—!) cos ¢}.
Equating coefficient of k" from both sides; we get

«P-(x)=[' (F /(1) cos 4" b

or Pua)=1 [[ (kO 1) cos 4

which is the Laplace’s first definite integral for Pa(x)
1I. Lapl¢c¢ s second definite integral is
. dé
P'm_ o {xEV/03—1) cos ¢} * -
wcere nisa po.m ive integer,
This is obtained by putting
a=xh—1 and b=h/(1*—1); in (1) so that
a’—b’==(xh— Y=ht (x2— 1)—1—2\'IJ+I¢'

s ;71_%’%) (12 }

P.(x) where n is an integer

e[

5l
n--a_i

E R |

=.E e PA). ' (2)
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- With thls subsmuuon,
1

a:}:b cos ¢ ThrEv (- l) cos ¢}—1
- where u=h {x++/(x*— l) cos ¢}

(-4 der. ]

=-‘.‘E.,w:, Z, {x-,s:vcx-—n 5P - L3

The definite mtegral (1) now gives

A gl
o i P wx)= 2 Ef = EVGA—1) cos Pt

Equating coefficients of #_froin both the sides, we get =~ |

: é
" P,.(x)=r {xEv(*—1) cos ¢}'“"

1 d¢ '
o P [l ety Pyt
-wgich is the second definite integral for Py(x).
Impertant. f"ompanng two Laplaoes imegrals for P.(x) we
t

Pa(x)=P_ea(x).

Ex. 1. Show that (—2-;"—_'-_7‘1)"—2 E (?Jl+ l) h® Pa
' _[Rajasthan 66, Agra 59]
Solutlon - Generating function formula is , ;

2h~P.—(l—2xh+h’)"” =, (1)

leferenhatmg it with respect to k, we get
x—h

Z-' =
nh™1 p, (= 2eh s P )313__

‘ 2xh= 240 '
or f -'2"‘_"-" T -0

- mnltlplymg by 2h,

Adding (1) and (2), we get

- 1—ht

¢ @t ) bepre m?fm—
Thls proves the reault
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I+ 1 ‘
Ex 2 Provethat hV(l—th+h=) x=£.{P-+Pm}"'

r : L 63]
Soluiion. We have : : ‘ ‘ Agra -

z ‘{P.‘.+r_;.+z} o

[ 4
""2 "Pu‘l"'z h'Pnl-l= z‘ thﬂ+-l" 2 prit P"fl ‘
. A=)

B k"P.+ P (~A+ z h"P.)
n=0

n=1 h
-——(1-_1.5) (1—2xhheya_1

".=(1+’l—’)3‘h'P.—-— 3 4 .'

as 2 h*Py=(1—2xh+- K" and Py=1
[ ]

‘ 4k . 1
v T1—2xh+h) h

This proves the resulit. .
-3. Show that if m < n,
r xmP.(x) dr=0
2-+I (,, 1):
and " t"P,.(x) dvmg Y.

Soluﬁon Rodrlgue s formula is

; Pl 2"(n) :d?"(’"“”"

f wPe) dimgrin [ o ety e
R — d A
FGi| s ) I
2. (m![ mxm-t ;;:—1 (x._l). dx
mtegratmg by parts

=1

m - ' a1 "
"‘°"2T(m£. oG R =yrdx
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L (m) !
= b L (n)!,[ dxn—m

(x*—1)" dx sincem < n o {})
integrating by parts m times
=(___1 (M) ! dr—m -—l)'] ==0),
¥ 2. (") ! dxu—ll—l
. Again in the second part, m==n, therefore proceeding as above
mtesratmg by parts n times, we get

. (=1 (m! f* d™
I_’ x"P.(x) dxj= F@T dx“"{x‘ 12 dx

1 n 2
=i—*‘_L. (1—xt)" dx=z—_ I: (1—x3)» dx
=§__ r’ cos?* § cos 0 dé where x=sin 0 %
2 I(n+1) I(H*

- U‘(2"+ 3))
2241 (a N.(n 1

2n+1)(2n-—1)(2n-—3) A.1.n(n—1) (n—=2)...2.1
2n-+3

expanding I ( ) and multiplying numerator

and dcnommalm‘ by n!
o el (g )2
C =@a+1)(2n—1)(2n-3)...3.1.2n (2n—2) (2"—4) 4 2
1(n N®
7%;n+l) '
Ex G Deduce from Rodrigue’s formula
T @ P de=E [ i om s g

2n!
Hint. Proceed os above integrating by parts n times.
Ex. 5. Evaluate Py(x) using the Laplace s integral formula

P.(x)-——-; I: [x4+/(x3—1) cos $]* d¢
Solution. Laplace’s integral formula gives
‘ P:(-‘)=%I:[x+d(x=.— 1) cos ) dé
=,1,r [x2+2xy/(¥2—1) cos $+(x2—1) cos? §] d

=L r -1 dmi=t G-,

s After this step we can abply the duplimtion' formula of ;;En;t;n' Tunction
viz., r(d) 1(2m)=-2%-1 1(m) V(n-1-4)
to get the resul. .
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7 8. Recurrence formulae.
V' nPe=(2n—1) xPu—(n—1) Pa_s,
: [Vikram 69 ; Raj 67 ; Agra 71, 53]
Generating function formula is

(1= 2xh F RO 12=FnnPa(x)
[}
Differentiating it w.r.t. &, we get

(1 =2k +h2)y3 (x—h)=Z k"1 P(x)
o
or (x—h) (1=2xh+ht)=13=(1 = 2xk+112) Z nk1 Pufx)
L]

or (x—h) ? B Pa{x)=(1—2xh+-h3) Z nht Po(x). (1)
(1]

Now equating coefficiznts of A"~* from both sides, we get
xP,._|— n—a=NPp—~2x (I!—l) Pg_l'F(ﬂ—2) Py s
or nPy=(2n—1) xPu1—(n—1) Pu_s . (n = 2.
This proves the above formula.
Note. If from (1), we equate coefficients of A". we get
(n4+1) P =21 +1) xP,—nP,_1. [Vikram 63; Rajasthan 62)
which is a form of above formula when 2-4-1 is taken for n.
"W, xPy (x)—P'n_1 (X)=nPu(x)
where dashes dente differentiation w r.t, x.
|Vikram 62 ; Agra 71, 54]

We have
(1—2xh+ht-12= %’ P.(), (1)
Differentiating with respect to x, we get
B (U=2xh -T2y 3= T pP'(x), .(2)
Also differentiating (1) v:.r.t. h, we get

(x=h) (1 = 2xh+h3y-32= 2 nin= P,rx), e
0

Frcem (2) and (3),
(.\‘—Il) ).'h“Pn'(.\‘) =‘-h£ﬂh‘ui Pn,x)
Now on equating coefficients of A" from both the sides, we get
XP, (V=P (X)=nP,(x)
which is the above formula.
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Ill. P’u-XP’-.|=an_‘lc 5 )
this formula can be obtained formula I and II.
Recurrence formula I is ) -
HPQ=I(2’!—I)“.¥P-I—(”-— l) PH-
On differentiating with respect to x, it gives.
BP'y=(2n—1) Pa_+(20—1) XP'sss—(n—1) P'y_s
o n[PYy—xP'a (] —(n—1) [XP oy — P'u_s]=(21—1) P, -
or n [P’y wxP'y_|]—(n—1)[(n—1) Pi]=(2n—1) Py, :
S - ~ using formula IT
ie n [P'n—-xl",.__,]=[(n-—l)' +(2ﬂ— l)]‘P,,,_1=n'P._1
or P’n_xp'ﬁ_l.é(l}’”_l.‘ o '
IV, Pap—P'a=(20+1) P, . |
: ) - [Vikram 62, 63 : Agra 66, 61 ; Raj. 64, 60] ,
Recurrence formula I on taking n+1 for # is o
(ﬂ+]) Pn+|’=l(2H+ l) xP,_-——nP,...;.
Differentiating it with respect to x, we get i 7
(n+ l) P’g{.],'-—- (2ﬂ+ 1§ Pu4(2n+ l)xP'n —nP'y_y. (1)
Again recurrence formula II gives C -
xP'y==P'y_y+nPn. o w.(2)
* Putting this in (1). 4 o o
(n+1) Pua=(2n+ 1) Pet(2n+1) [nPo+ Plaia]—nP',_,
or (n+1) Pryy—(n+1) P’..;: =(2n+1) () -+n) P, :
of Puy~Puy=(n+1)P = g
Note. Putting #—1 for n, the above formula becornes
T at=en-n ey
V. (x2—1) P'y,=n (xP,—Pn.;). ' :
' : " [Vikram 69, 64, 63 ; Raj. 60; Agra 59]

%

.
K
/

[Agra 55, 52)

Recurrence formula III is .
_ P’-"'xp'l-lf-'-“"Pu—l . ‘ ‘ - ";(l)
and recurrence formula is ey T
xp’l‘_P'l-l.'-—”Pn-, :
Multiplying (2) by x and subtracting from (1), we get
(l—x’) P_’.-—-‘=’l (P..;.-—-xP.} A
Second Method. Laplace's Ist integral is

Po=1 [(x4+v(i—Doosgrdg, )
P’.(x)=:—: j': [x+V(x’—l)qos¢]*"[l+‘-;(%f:L’:-§]d¢. D)
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| So - xPe—pug=lx j (x+v(x=—l)cos+1~d¢

-3

Ix+ V(*¥3—1) cos ]! d¢
==£:J [x+v/(x*=1) cos ¢l"“ [x’+1/(x' 1 M!‘—"“’ﬂ‘

! vt 1) cos ¢1~-*[1+j(:§"§-’5—] 4

(x —) P’.(x) from (2). Hence the formula.
VL (x'—l) Pa= (n+l) (Pos1—XPy).  (Agra 57)
Formula Iis )
. nPy=(2n-1) XPy_1—(n—1) P.._,
Putting (n+1) for n, it becomes
(r4+1) Pppa=(2n+1) xP —nP....,
This can also be written as
D) (Pan=xPr)=n (xPa—Pyy)
=(x2~1) P’, from formula V
or (x2—=1) Pla=(n+1) (Puja—xPy).
' Second method. The Laplaoe s second integral is
: d ;
- Pulx)= f GV OT=T) cos g

Hence "
4::4- 1) d¢ X cos ¢ °
Plux)= f =T \/(x'-l) cos e [' \/(x'-l)

N e
5 p,m-xP,= r [x+ \/(-x‘—-l) cos ¢]’”" :
, Y dé
| . lx-!—\/(x'-l) cos 'ﬂ"‘
dé

=1J‘ [x+ v (x*—1) cos g™ (- x{x‘l'\/(x'-!)cosq&}]

o xz..x) r dp Xcosg ]
[xFV(*=1) cos ¢1'*'l V=)
(x’+ lt)= P',(x) from (2). Hence the formula.

79. Christoffel’s expansion.
D (in=1) Pyt Qn—5) oyt (21—9) Pacst o

where last term is 3P1 or P, dccording as n is even or odd.
[Raj. 66: '62; Poona 60)
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Substituting n—1 for n in recutrence formula 1V, we bave
: P'a=(2n—1) Puy+P'us. : a1}
Replacing n by n—2, n—4,...in (1), we get
P'y_a=(2n—-3) Py s+P'ays
P"..‘-(z’l 9, Pg...|+P A8y

If n is even, the last term is
P'y=3P;+ P
=3P, as Po=1 and P‘.O.
Adding all the above results when n is even, we obtain
P'l”‘(z“_l) Pn—-;"‘(zn_s) Py s+i2n-— 9) Pu-l+ +3P|
But if n odd, the last term is =~
" P'y=5Py+ P’y = 5P+ Po as Py(x)=x, P'y=1=P,.
Henc: in case n is odd, the result is
P'y=(2n—1) Ppa+(2n—5) Payt+(2n—9) Pus+.. +sp.+r.
Ex. 1. Prove that _

(e remeen

[Agra 65; Raj. 66, 64, 56]
Solution. The Christoffel’s expansion formula is

%_(2,_1”,_,“2.;-5) Prst(n=9) Puy......

where the last term is 3Ps or P, according as n is even or odd.

o r_ .(ddi) ej' (@n—1) Pzt (0 —5) Pa_s+... dx

: §
=‘I @1y P det r _@n—S) Prradrt...
other integrals vanish being the integrals of product of different P,’s

2 ' 2
-(h—lr.m*(2ﬂ—5)'.m_—3)'ﬁ +eieaee
1

=2 [(2n—1)+(2n— 5)+ -}
I'he last term is

. K

I_:: 9?1’ dx-9.l=2x 3 0? I:‘ Po¥(x) (L'!BI._‘ dx=2

iwccording as n is even or odd ; therefore when n is even
(4P, ). - ~
I (‘JF dx=2 (@r—1}+@n=5)+...+3]



Legendre's Equations | . » 18
—22—2[2x3-—4 (2—1 ]—u (n+1)
" summing the A, P., the number of terms being 3 o '
And when n is 0odd, ‘
1 dP,\2 :
[ (%) ax=21@n=D+@r=-94-4

-2 +' 2+4 ("“ )]—n (1),

~ sSumiming the A.P. of} (n+l) terms now.
_\/z{'zn. Prove that
- P "2‘,‘,'_,’5,"[1'..-(:) —Peal)]
Solution. Recumnee formula V is )
(1=x?%) P'a(x)=n[Pya+xP] (1)
We have to retain P,_; on the right oi (1) but have to replace

xP, in terms of Py and Pyy ; such a :elanon is ;wen by recur-
rence formula l from which" % ‘

*Pu)m g [+ 1) PassbnPuy)

~ Putting th;s in (1), we get
(A=) PY={ Prs= 57y (4 D) PassbnPans) ]

"2(: _?_-11 ) # --I(x)""P n+l(\3)]
" EI 3, Prove that
2n+1) (x*—1) Py'=n (n+1) (xP..,;—P.)
Solution. Recnrrence farmula VI is E
x3—1) P’ =(n+1) (Pasa—Pay). . - R § |}

Also recurrence formula V is
(= 1) P’ =n (xPo—Paa) SR

Eliminating Ps from (1) and (‘2). we get
(=1 PJ'=n [P-n— e rH] |
or (@n+1) (=1) Ps=n (1+1) (Pess—Pas)
Ex. 4. Show that :
P'aat+P'a=Pot+3P,+..(20+1) Py, [Agra 1963]
Solution. Recurrence formula 1V is
P'..'.;—P'._ga(zl-l—l) P
Replacing # by n—1, n=2, ..., 1, we got
Pu—Plus=(2n—1) Pas,
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P "l-'x "'P 'nfl=(2ﬂ'—3) Py,
-u.' | -o: ‘o8 e -
P“—‘P"-"P.’, . '
. P'g—P'y=5P,,
P’.—P’ﬂ*3plc )

Adding these, we get " _— —_
'm+P"+£’;—P‘g=3P1+5P|+...'-Efzn-i' Py
or PlautPla=Pot3P145Ps+ ...+ 20+ ) P,
) ‘as P'¢==0 and_ P’;ﬁlqu.
This praves the result,
Ex. 5. Show that

Psagi= (@4 1) Pk 20Pany + (2= 1) 3Prra ...

, g 2xtep g o,
Solution. Recurrence formula I1] js

P'a=nPp3+xP'y:,. . . * gy -
- Replacing 7 by 2n+4-1 and 2n, we get
, P 'mu.l'=(_2"+ 1) Pyo4-xPy, ‘
and P’n=2"Pn—l+xP'u—1, ! -
so that  Plyu=(2n+1) Pypt-x (2nPgny+xP’y, )
or  Plyuy=(Qn+1) P st 2nXPyp_1+X2P's,_,, - we(2)

Next putting 2n—1 for » in (1), we get
' P'..._;-:Qn— 1) Poua+xPy 4. | ' "
Putting this value of P’,,_, in (2), we get _ :
P =t 1) Pt 20x Poyy ot 201) Xty gt 0P,
=@n+1) Py +-20xPyy_1+(2n—1) X3Pygy_y+... 5201 Py,
IR o =)
proceeding step by step.
Lastly from (1) o : —
P’.mZP;-i-xP'; 4
=2P;+x as Py—x and Phy=]. .
‘With this value, (3) becomes %4 ;
Plapia=(2n+1) Poa+2nxPyy 3+ ...+ x25-1 (2P1+x) _
=(2n+1) Pout2nxPyy i+ ... 4 22371 Py-xtn,
This is the result. B R

-

Ex. 6. Prove that E - 7
- 1+4P, (cos ﬂ)j-}P, (gos O+1P; (cos 9+...=log %ﬂ :

Solution.  The generating function formuia is
2’ A"Pu(x)=(1 ~2h;¢'+},8)--112_
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lntegrating it w.r.t. h between the limits G to 1, we get

dh
z r" Pu(x) “'“‘I VA=2xh+#)
dr
or 2 Pu(cos 6) J " dh= L V1 -.2.': cos 6--4%)
Pycos 6)__f* dh
. f? “ﬁ‘re)“ o v/ [(h—cos 6)*-+sin%]

=[ log {(h—~cos 8)}++/{(h—cos G}H—Lsin‘—'e}];

(l —cos 0)4-4/[(1 —c s 0)24-sin? ¢
I—cosd

V/(1—cos 8) (V{1 —cos ) /2]

= o s BT =8 6
\/(2-sm‘ $0)++/2 b 1+sin {8
V@ sint }9) 8 5in 46
I+sint§ _% ,.(cos 6}
o %8 —5m sin }az ZS‘ nET

=1+§Pi(z0s 0)-4 JPglcos 9+,
Ex. 7. Show that
Pﬂ(—i)‘:"PO( i) Pﬂ"(*)‘i'Px( é) Pan—;(i)w‘* Pg o - i} FG i;
{Poora 60}
Solutior. The genera ing function formula is

(1 —2xh4-hE)-tit= z,'h“P (x}
Putling x=—1} and-Hf we ge;
(+h+ ha)-m—): h"P,.(-— )

and (l—ir+h2)"f’=£' P (}).
Again putting 1* for h in (1}, . ¢ get
U+ B4Ry E P,

But(l+h=+i:4)*"*—(l+h SRATH (L~ Ry
ZPy(— )= TP, Pu(— §) X EEPu(}).
Equating coefficients of A%, we get
Pu(—=1) = Po(~1) Pon(d)+ Pi(~}) Pracr()+
F e Pan(—= 1) Pul(})
‘Ex. 8. (a) Show that

XP'n(x):nPr:(x)+(2ﬂ"“3) P, _2(.\')+(2""7J Pu-q(X)-i.."'
[Agra 1959]

Solution. Recurrence formula II is



186 ' Differential Equations 11

, xP'u(x)-—nP.(x)-{-P'._;(x) , - (1)
and formula IV is .
Pl aa(x)= (204 1) PuX)+P'ua(%). @
‘Replacing n by n—2, n—4, ..., we get LE o
Plaa(x)=(2n~=3) Py_s(x)+ P’ n_4(x) -
P‘.,...'x, =(2n— 7}; P %)+ P’y _s(x) o (4)
...and so on. ‘

Addmg (1), (3), (4) ..., we get
xP'.(x)=nP. (x)+(2n—3) P._.(x)+(2n—7) Pu_i(%)

—-“) Puo(X)+ ...
N )<§ 8. (b) Prove that
v 2n
J XPnP dx =-2 +I )

Solution. From Ex. 8 (@) above, we have

xP o(X)=nPy(x)+(2n—3) Pu_s(x)+ ...

Multiplying this by P,. and mtegratmg petween —1 to +1,

- we get

1
I ‘xP,.(x) P'y(x) dx=n j ) dx
other integrals vanish as
r P Pe dicwail, mm
~1 .

=n .._2..— == .2’..- .
‘2n41 2n+1 ‘
Ex. 9. Show that, if m and n are integers, the value of
J1 xP, d;" dx is either 0, 2 ar 21 '
- | . X -
Solution. Froni Ex. 8 (a), we have
dPy

. x —— mP,..(x)+ (2m-3) P,.._.fx) +(2m=17) P.._.(x)+

a0

1’

—mP...(x)+2.‘ (2m 4r+1) Py _s:(x)- ’
Now let ns£#m, m—2, m-—4. v OF 1 > M1, then

L AP
I-l xP ‘ a'd—x dx

= I ’_l Pa(x) Pu(x) dx+(2m~3) r_l Pox) Prv_a(x) dit ..

=0 by § 7*5 page 171.
And if n=m. .

1 dP- - 1 i '
pr. = 4x_I xP Py dx.

-1

)



Legendre's Equations ) 187

2n
s L m Ex. 8 (b).
Agam lfri-m—2r, r=1, 2,
r dPa dx dx=(2m—4r+l)I P2 m—2r dx,

- as other integrals vanish
2

=(2m—4r+l)m =2.
i }x 10. Prove that
3 . 1
I x*Pyt (x) dx=g (2,, 1) 4(2n+1) 3 2n+3)°

Solution. We have the recurrenc; formula I,

(2n+1) xPu(x)=(n+1) Ppa(x)+nP,_s(x).
Squanng it and then integrating between the limits —1to 41,

‘we get _
@1y J" XIP(x) dx-r [(n+1) p,+,(x)+np.._,(x)1= dx
=(n+1y J" P.+.'(x) dre r Pai?(x) dx

other integral vamshes

=(a+1)*- 2'" +3+(2n l),(us.ngg'i-&) |
r, 1 2. [(r+1)2, n*
- j_l XPA(X) dx—(2n+l),[2u+3 +2n—l] .
| -

‘ T8 (2n—1)
+Ex. 11. Prove that
L 2n (n+1)
[, 2ot dim i T oy
Solution.  We have the recurrence formula I,
(2n+1) xPy=(n41) Ppa+-nPa. '
Putting (n +1) and (n—1)tor n, we have
(2n+43) xPp,y=(n+2) Pyot(n-+1) Py
and (2n—1) xP,_y=nP,+(n—1) P,_a.
Multiplying these and then integrating within the hmlts —-1 to
+1, we get

(@n+3)@2n—1) I XPpy Py dxn (n+1) J' P,

other integrals vanish

40n+1) [ 8 (nt+3)°
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' _2n (n+1)
= 1 =5\ B
kel (2n+1) 2n+1) (using § 7+6)
This gives the result. - »

Ex. 12. Solve that
i Y (2p—2m !
Po =L =1 F T o= T (=21 ™
Solution. Rodngues formula gives

1
Fx %)= "FT dxr(" Ly

Now g5 (= ~wr-Fer TG—aT
><(2p--2n) (2p—2n—1).. (p—2n+l) xo-

= ZJ(-I)"(Zp--Zn)(Zp—Zn—l) {p=2n+1)

(p—2n) ! p!
o= A Tp—m 1 "

. Cp—2m) 1 (p) | .
o @G- DR
- (2p—=2n) ! (p)! —
P T TS v @ p=n) T(p-2mT "
— n &p—‘") 4 "
- LA 2"(")!Ep-—n)!(p-2n)!xp_"
This proves the result. '
+ Ex. 13 Solve that
vy [dPs _2a(n+1)
- (l o ( ) HE= 2n+1 [Agra 67]

'\

Solutlon We have
[La—mpra=] a-x P, r,
- iP'plmld 4 |
: l(l_x) P, ]—I—J_la[(l—x’) Pyl }f._dx
: ) - integrating by parts
—_— L Py [(1—x%) P'] dx
1 ° .
.=-L Pul~n (n+1)P.] dx

as 4 [(l—x*) P+ (1) Py=0

k un(n+1)'r y dx=n (n+1). 2n+l

1
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. Ex 4. Show toat J'l (I—%%) P'\P'odx=0 if mn,

[Agra 67, 59]
Solution. Integrating by parts, we have '

j (1-=%%) P'uP'n de=n (n-+1) _r PoPn dx

=n (u+l) %0, as m#n
=0,
_Ex.15. Show that

[, 6= Puy Py dx= - 22 04D

(2nF)(2a+3) (Rej. 65]

Solution. We have the recurrence formulae I and 1V,
(2n+1) xPy=(n+-1) Ppy1+nP,, o ()
and (x*—1) P'y=(n+1) [Pusr—xP,). ‘ we(2)

Multlplymg (2) by P, and integrating between —1 to+l we
get
1
| Il(x’—l)PmP,dx,
e |
=40 [ Pasy [P —xPr] de
B _;
=o+D) [ Pards -
---(:--H)‘[l By [U‘”P"“""P'-‘] dx

2n4-1
. from (1)
.2 (1R 2
“""") ¥l 2nT 123
- 2n( 2n(n+l)
@Qn+1)(2n+3)"
Ex 16. To .rhow that

P, (cos 9)— ~3—: ((:':) [co.r nb+l (2" cas (n—-2)0.

1.3n (n+1)
+i I Zi=1) n=3) cos (n—4) 0+...].

Solution. We know that
E. WP, (x) =(1 = 2xh4-h2)=172,
When x=cos 4, this gives

% kP, (cos @)=(1—2 cos 04-h)-1
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=t —h (e +e ") +ht]0n,
=[(1—he') (1 —he='o)]' /2.

N 1.3.5..2n—1)
Now (1—#1t= 1+ brbgy e +—3 M anp

- Using this we can write expansions of
(I=he®)™ 2 and (1 —he=#)7IR,
- In the product of their expansions, cosff. of A
.3.5...(2n— 2n
= ol KT
1:3 20 (2n-2)'
+37 (2n'-|)'('2n‘“_)

1.3...(2n—1) [ 2 cos "0+ cos (n-2)0

="2.a.2n
.2 cos (n-—4) 04 ... ]

"4 nn—1) l 3
(2n In—1) (2n—=3) °

But coeff. of k" is P, (cos 8) ; ‘thercfore equating coefficients of

. b* from both the sides, we get the result.

Ex. 17. Show that
r P, (cos 6) cos nf 40—
0 P

(ef (l—’)'.‘, e‘-‘(ﬂ-’) .)

(efn—4) ¢ fg=iln-0) ‘)+.]

1.3.5...(2n—1)

2.4.6...2n [Raj. 65]
Solation. We know that :
Py (cos 9= 1.3.;..;‘(2!!2" l2cos né4-2. ‘T (Zln D cos (n—-2)0
, 1.3.4(n—1) ;
+2l zii-"—;—im cos (n—4) 6+ ... ] 1)

Multiplying by cos n@ and integrating between the hmus 0to
n, We get

I P, (cos 8) cos nl d0=! '3'5"'(2n—])r 2 cos® nb do
" o W2

2 .4 . 6...2n 0
all other terms vanish as

r cos m@ cos ng dg=0 if m#n.
o .

- 1.3.5..(2n—1 ,
= 2.4 -6.c2n ﬂ (1+cos 2nd) do

1.3.5...(2n—1)
=772.4.6...0n '
Fx. 18. If n is a positive mteger show rha!

uL Py (cos 6) cos nf do=28 (n+§ b
' So!ntm As in Ex. 16, we have
3.5..(in=1)
P, (cous 8)==-— 2 cos nf+

2.1

—(,—,--—l) cos (n—2) 4... ] i

2.4...2n
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Muluplying both the sldes by cos . ua and mtegratmg between
0to 1:, we get

J P, cos o) cos nt d

1.3.5...(2n—1)
=" (.20 r 2 cos* né d9 other integral vamshes
2n—=1 2n—-3 3 , (= _
S e .‘j |
= O I (,l\+cos 2n8) d¢
2n—1 2n—1 3 1
~% - 8 33"
= T (n+1)
n—1 =3 3 1 , 2n+1
—5 -T...i.i.F}.r} _I‘( )I‘l)
= I CE)) = I“(n+l)

Fa+D Iy o,
i T O =B (n+}. }),

since B (m n)== %’?—

7 9 Christoffel’s Summation I‘ommla
To find the sum of | first (n-]—l ) terms of the series

Eoman PutiPay).  [Agra s8]
Recurrence formula I gives

(2m+1) XPalx)=(M+1) Pusa(x)+ MmPur(x) (1)

‘and (2m+1) yPu(y) =(m+1) Pua(y) +mPm_1()). -(2)

Multiplying. these by P..(y) and P.(x) respectively and sub»-
tracting, we get '
(2m +1) (x—y) Pu(x)Pu(y)=(m+1) {Pmsa(x) Pu(p) '
= Pa(X) Pusr(M)}—m {Pu(X) Pmr(y) = Pm-r(X) Pr(y)}:
Putting m=1, 2, 3, ... n in succession, we get
3 (x—y) Pi(x) Pn(y) 2 {Ps(x) P.(y) Py(x) Py(»)}
=1 {Py(x) Po(y) = P.(x)h(y)}

5 (x—) Pa(») Pa(y) =3 {Ps(x) P;m Py(x) Ps(y)}
. == {Pg(x) P]_“’) P](x) Pl()’)} E

(’n+l) = y) P-(X) P.(Y) ('l+1) {Pm(x) Pu(»)
—Puf(x) Pay(p)}—n {P.(t) Py r(y) = Paoa(¥) Pa(1)}
Addmg these, we get .
(x—») [3P:1(x) Pi(y)+5Py(x) P.(y)+ (2041 Py(x) PaO0)]
=(n+1) [Pusalx) Pa(y)—Pu(x) Pppa{ )}
—[Pl(x)'P,(y)—-P.,(x)fP‘(y)]
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7’

But  Py(x) Po(y)— Po(x) Py(p)=x—y
=(¥=y) Po(x) Py(y).
: - a8 Py(x)=x and Py(x)=1
=) [Po(x) P. 3Py(x) Py(y)+5Px(x) Py(y) ,

(=) [Po(x) o(¥)+3Py(x) 1(}’)'3; .4(-1’()2::38) 1."8) P
, =+ 1) [Pap(x) Pu(y) = Pu(X) Paa(y)]
or Zo' (2m+1) Po(x) Pu(y)
=(n+1) ﬁ'ﬂ(x) P, n(yl:yu(x) P, lu-:()’)

‘e
v

Ex. 1. Prove that .

Po+3P P+ 5P+ ...(20 1) Prem(nt] Y{PaP'ayy~P,.P")
Solution. The Christoffel’s summation formula is 7
T Qme1) Pat) Pur) (a1 1) Bl Py ,),_I;"“m -
o= -

Now let y=x+2, where § isa small quantity,
2 (@24 1) Puix) Pufx-+8)
Mg i

=(n+1) P"'," (x) Pulx :- i)(-;i,.;;(x +8) P,(x)

or —§2% o @n+1) Pul) [Pax) 48P m(x) + ...]

=+ 1) [Pocilx) (Pulx)4 8P'u(x) 4 §5°P"(x)...)

= Pu'X) {Pruya(%) + 8P’y (x) F § 822 " mia(X)+ ...}
Using Taylor’s series expansions, dividing by—38 and proceed-
ing to limits as 50, we get ,

Z o CM1) P =14 1) [Pl Paa(3) = Prrir) P

or P02+3P1'+5Pg’+ ...v(2n-|_- l) P2

- . =(1+1) [Pa(X) P'uys(x) = Pay(x) P'n(x)].
This is the required result. _

Ex. 2. Prove that

P3P SPR4 .4 (204 1) Prymi(n g 18 [Pa2--(x2=1) (P'2)].

(Agra 58]
Solution, As in the above example, we get ' -
P3P+ SP2y 4 (2n41) P . ¢
=(n+1) [ Putx) P’y (X)=Ppa(x) P'x)).. .
=(n+1) [Pa(x) Plapa(X)—XP'u(X)]4(n+1) P'a(x)
, X [%Pa(X) = Ppy1(x)]
adding and subtracting (n-+ 1) xPol(x) P'u(x) ,
=(n+1) Py(x) [(n+1) Pal+P'(x) [(1—x2) P]

fom recurrence formula §if and VI p. 180
=(+1)? Pt (¥ 1) (P, 2.

This is the required resul.
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- 81, Solution of Bessel’s Equation.
[Raj. 66 ; Delhi M.A. (Pre ) 58]
The Bessel's equallon of order nis
2 &%
dx'+xa;+(x’-n2)y 0
Evidently x=.0 is a regular smgulnmy of this equation.

Let y==xt Z.'na,x' be a solution of this equntion in series, con-
o

vergent in a neighbourbood of x=0.

Then %‘"‘_' E’ a, (g +r) xx+r-1

and g—’— Z a, (a47r) (@47 —1) xat-2,

Subsmutmg these values in the equation, we have

“oe¥ E'Oa, (atr) (&4r—1) xetr-apx E'ad.» (ox+4r) x""'"'
e S 4 re=

+ (x'a-n’)Z' oy x84 =0
re=0

~

Le. :"‘Daar {(a+r)=~nf) ¥ 4 E g, xxtrii=0),
Fe= r=0

Equating t> zero the coefficient of x*, we have
‘ay (a®—n?)=0.
Since a,#0, the indicial equation is .
a?—n®=0 giving a =4-n. o dmil)
Also equating to zero coefficient of next highest term, le.
coefficient of x*+1, we get '
ay {(1 +a)* —n2} =0,
This gives a;=0 as (14a)?=n370.
Equating to zsro the (.oefﬁcnent of x>+ the recurrence rela-
tion in coefficients a, is given by
args {(&+7+2)2 ~n}4-a,=0,
1

ie. a"'“=.—(;¢_-;f+.!)“:;li a,. i sl 3)
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Therefore ay=ag=...=0, since 4,=0.
When a=n, 3 gives . _
‘ 1 1
A= 2 —m (r+2) (2n+r+2)
‘Settmg r=v, 2, ..., we have
- 1 5
en ,‘—zgz (n+_l) '
1 l
With thcse values of @'s, the solution in the form of the series is

’,"“?" [ = X

-

~33 (n+l») PR WL RS N PFE T

a4

x!' "
R A N T }
where a.. is an. arbitrary constant.

Putting—n for n in the cbove, so! uuon co:respondmg to
a=—nis . ,

= —-n 1 x? n i " .__x_:_..__.a_._ Gy i

Frmiet [ TIA(=n) 2426 (01 =n) (3=m) " ]

8:2.. Deﬁnit.on of Bessel's function, J, (x). ;
[Agra 55, 54, 52, Final 67]

The Bessel's differential equation of order n is -

, dt
dxj,’+x "y+ (x*—n?) y=0.

fA solution of lhlS in the form of a series of ascending powers
of x is

- P ‘x‘-
PRACES VR xw oy Y
x¥r ‘ «
+H- 1 FOIEOF) F D) ]
where ag is an arburary constan®.

y=a.x" l. 1—

hlf ag = 2" [‘( ‘H) the above solution is dgnoted by Ja(x), so
‘that )

FOREE WS SPRAN . SR
on r(n+1) o (N T2 (n+1)(n+2)...0n4r)
(__1)' x):n-ir
(r) ! I‘(n+r+l)(

. TAx)is usually called the Bersel‘r funclion of the first kind and
- ol order n.

or Ju(x) = m

Ex. 1 Prove rl_uu a—;[l‘,(x,}=—.ll(x).
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Solution. We have by definition

=5 -1 (3)"

Differentiating it w.r.t. x, we get

;;JQ(I) .
® . 1 X 2r—1
=48 - gy (3)
@ 1 x\2itl
== R 7 - ORI P
2 DGy gn (2)

where j==r—1
< 1 x\ 2+
== Z g (3 =
8:3. When n is positive integer,

Jon(X)=(-1)" Ju(x).

Proof. We have
@ 1 x —§12r

10 B e 3)

In this seiies F of a negative numbar occurs in denominatof,

for terms when r=0, 1, 2, ..., (r+1) and I of a negative number
being infinite, all these terms are zero.

Thus terms are obtained from r=n onwards
J ) 5 ] , ] 5 —-np2r
of Julx=Z =V G Fe—aTh (5)
Now tak: r=n-}j, so that when r==n, j=0 and

E’ ju 1 1 ke
J—n(x)=j_0(-_l) 4+t En+j—n+1) (5)
g o JW - Jf n+2)
=5 g (3)
& 1 x n+z/f
—_(— 1 ~1)Y [ =
=(=0" 2 =Y T (2)

as (a+)) 1=F(n4j+1) and T(j+D=())
== (= 1)" Jaix).

Note. Because of this relation in J,(x) and J ,(x), the two
functions are not independent when n is an integer. Therefore in
this case a second solutior of Ressel's equation is to be found.

Ex. State the Bessel's differeetial eqguation and prove that its

most general sclution is y==AJ(X)-+BJ_, (x) where A and B are
arbitrary constants. [Agra 1973}
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8-4. Recurrence formulae
l- XJ.'EBRJ.—XJ;.,.]-
By definition,

Tux)= (=17 (r_)'l‘—m_‘_i-r-l-l) )
Dxﬂ‘crentmting it with respect to x, we get
Jip= w ("l)' (n+2r) (x)uﬂr-l }“

r-O (T Fm .

. (—1y x\wHer
5 "fo(r)ll‘(n-'-r-t-l) ()

(_l)r 2r x\nt2r-1
+"foz(r)tr(n+r+1)( )

== (— l)r (x)iﬁ-!l—l
""'““‘,f'. r=D1 fntr+ 1D
in the second summation r takes values from 1 to «

> ( )J +1 ( n+2j+1
=mtx 2 oo oy (3)

taking je=r—1
(— l)f ( x)n+1+21
=l 2 T T
Thus  xJ'p=nJ,—xJp;. :
CIL x¥ n=—0Jy+XJp_1. : {Vikram 63 ; Agra 54)
As above, we have : ‘ -
oo (_”r (”_'_2,) Ix n¥e
3 il 2 rmo (VI T 47 ¥ 1) \z)
= 3 (=~1)Y {(2n+2rY=n} (x (__)
rmo (! L(n+r+1) \2

: as n+2r=(2n4-2r)— -n
’ (_.nr x mi2r
",..zo ! I’(n+r+l)( )
oo (_,,nr x nt2r-1
2 ot raenls)
_ 3 N (_ l)g (_}_-)n-)+2r
=nltx S BT FrE I 2
or xJ'y=—nJ,$xJ51."
ll'. 2Y n"’J“_n—Jﬂ-l
{Vikram 63 ; Agra 63 ; 58, 56 52, Final 661
This is obtained directly by adding the recurrence relatlons I
and II. We give an alternative proof as follows :
Jom B I (")““'
" .-o r 1 T'(n+r+ D \2
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‘Differentiating w.r.t, x, we get
- o0 (_l)r (n+2r) (_E)H-!r—!.
B () Tha+rr+)\2
= gt =LF {(n+ri+r} (J_C\""'"

=0 () 1 I'(n-f*f"l'l) 2.’"
_ taking n4-2r=(n4-r)+r
. z‘ (=1y x)n—lﬂr C '
= 2 o 3
- = (=1r x|t
. rf"a (r—1)! Ia+r41) (5)
= (—qpm z)"‘““”
=J.—l+,'f;’ N Fa+14+1) (2
taking J=r—1

=Ja—1—Jns1, This proves the result.

IV, 20d,e=x (Ju1+Jpya)-
[Agra 72, 56 ; Final 66 ; Raj. 59]

This result is also directly obtained by subtracting formula I
and II. A direct proof is given below.

We can write ;
Ld (.-.-l)r . ol X m2r
nlg= 2 O TTwdrET) - (i)

(—=1y x\rtar
= O TFatreD &t ‘2”(‘2')
. ; taking 2n=2n-42r—2r

i em [_l)' x nter—-1
== £ orizoen (3)
CF o (Cly pxyees
pfo(f—l) VP(n+r+41) % (5)
(—=1)+ _E)nﬂlﬂ
(5

s R X L D TR

taking je=pr~1
=xXJn 14+ X n1- '
Thus 2nd,=x J._1+J,H.1].

V. % (X )= —XT 1.

Recuirence formula I as obtained above is
XJo' =0Ty = xJpi1, O8 XJ g NJy=—XJ 1.
Multiplying it by x=1, we get
XM =nx— " = —x""J o1,
This can be written as
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% (r"];) = _.x_",ﬂ-h

which is the reqaired result,
Alterpatively, we have -

d ooy B[ g =Dy [z
N Al [ : fo(r;ll’(n+r+t)() }
(—1) —af%
a _‘“_(r,n nn+r+l)2 (5) ]
" (—~1Iy -n fu-l
é rd (r)!I’UH-H'Uz r(7') .

. P - x\mHar=1
b ,Eoir—-l)lﬂn-i-r-ﬁ) (i) :

_ ;w  (—1yn x)x+1+l.l

=x J-o(.f)”’(ﬂ+l+j+l)( -

. -taking j=r—1
= e |

e f.(n!r{(n+n)+f+1} ) '

= —X ”J»]

Vi (x J)=x"T 1.
‘ (Vikram 62 ; Agra 72, 66, 57 ; Raj. 59]
. Rectirrence formula I is xJ'y=—nJi+4xJ,_;

or xJ,'¥nt,=xJ,_1. . .
Multiplying it by x*-1, we get

Xy axt = x0T 1.
This can be written as

dix Ty =xJ,_;

which is the réquired result. ;
Allernativel 'y, we have T

dx(" Ju)= [x "z (,;,§~?,flfr+n>(x)w] |

205 o
2 Eo rl()n T M

@  (—=1y (_,f)nﬂy-_x

a %‘(r) ' Fn+\2

‘——x"J"__]_.
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84, A generating function ‘A
To show that vwhen n is a positive integer J.(x) is the coefficient -

of 17 in the expansion of e¥*¢=V1) in ascending powers of t.
[Vikram 62 ; Raj. 61 ; Agra 72, 70, 66; 63, 62}

We have e’;" £ ? (F;l—! (%!)’
and | e—*l“f %‘ ('.'rh)ii (-3‘5 )' | |
Therefore Ae*‘(f —hi )=,.%) r:f—! (;—')’ .i-:'a (-;;—i ( —:i:)'
. R EgmenG) e o

- We want to collect coefficient of 7" from the right, for that
suppose that n=r—s, i.e., r=n-+s. Now give values to s from 0
to infinity, while r takes values such that r=n--s.

Thus the coefficient of * on the right of (1) is
co ——" (__'): ‘ (E)H-u'
s=0 (A+5) ! (5) I\
L3 1R x)-**' |
A TENICETE ) (2

=Jux). N ; Py .
Again to collect the coefficient of ¢-* from the right of (1),
give values to r from O to infinity while s take values such that -
s=n-+tr. - gr
In this way coefficient of 1=* on the right of (1)
. _ E (—1)’"" '_E)nﬁlr
N TR u:+r)-!,(2 o
=(—1)* Ja(x) ,
=J_u(x) a8 J_a(x)=(—1)" Ju(x). _

2 =1/ 5 ] x).

as (n -!-s)*l=j‘(n+s+ 1)

8'5. Trigonometric expansions
To show that - ' _
cos (x sin g=Wo(x)<2 [cos 24 Jy(x)+cos 4¢ Je(x)+...],
sin (x sin $)=2 [sin ¢ Ji(x)+sin 3 Jy(x)+...], ,
cos (x cos ) =Jo X)—2 [cos 2¢ Jy(x)—cos 4¢ Ju(x)+...],
sin (x cos ¢)=2 [cos ¢ Ji(x)—cos 3¢ Ja(x}+...].
Proof. We have’ . )

eix(.'—‘ll’)_—. .z‘ !"J.u(x)'
—®

Putting 1 = ¢/, so that }(r—1/1)=isin ¢, we get
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el sin ‘0.__= 3! ednd J{n(x)
=Jo(x) +J1(x) e+ T 2(x).e7 ¢+ Jy(x) e¥® 4 J_y(x) e~2i9
o HJax) et U y(x) et 4 Ju(x) enie
+J_alx) et ...
=Jo(x)+J5(x) [ —e~1¥)4-Jy(x) [e2¢ 4 e~2i¢]

e e3P+ J(x) [eM? 4 e~ 49) ...
kil g: . +as"§7_2,([x)=4(_ l)n'].l.(x)!!
i.e. elxsing— J1(x).2i sin $+Jo(x).2 cos 24
Ja(x)+—|—l.(h()x).2i kg 34>+(J.(x).2 c08 44 (L)
Equating real and imaginary parts, we get
cos (x sin )=Jo(x)+2 cos 2¢,J5(x)+2 c08 4¢ Ja(x)+ ... ..u(2)
and sin (x sin ¢)=2 sin ¢ Ji(x)+2 sin 3¢ Ja(x)+ ... ..(3)
Next putting §n— ¢ for ¢ in (1), (2) and (3), we get
et et b= Jo(x)+ 27 ¢0s ¢ J,(x)—2 cos 2¢.J3(x)—2i cos 3¢.Js(x)
+2 co8 4¢ Jo(x)+ 21 c0s 5¢.05(x)+ ... ee(4)
€08 {x Cor y=Jo(x)—2 cos 24 Jo(x)+2 cos 4¢Jy(x). walD)
and. sin (X cos ¢)=2 cos ¢ J;(x)—2 cos 3¢ Ji'x)
7 +2 cos 5¢ Js(x)... (6)
Ex. 1. Show that
008 X=Jo' )~ 2Jo()+ 2J4(x) .. B )
and sirz x=22,{ - 2J{xj+20{x}~ ... ) iAgra 36j
Sclution. As io above article, , '
08 (x sin ¢)=Jolx)+2 cos 24 Ja(x) +2 cos 4¢ Jx)+.e (1)
and  sin (X sin ¢)=2 sin ¢ Jy(x)+2 sin 3¢ Js(x)
: T +2sin 54 J()+... (2)
Putting ¢=1}=, these give :
, €08 X =Jo(x )~ 2Jo(x) + 2J4(x) — ...
and  sin X=27y(x) — 25(x)+ 2J5(x) ~ ...
Ex. 2. Prove that
[Fo(x)]2+2 [J1(x),24 2 [Jo(0)2+... =1. [Agra 57]
Solution. We have as in above article _
Jo(%)+2J5(x) cos 24427 x) cos 44+ ...=cos (xsing) ..(1)
and 2Jy(x) sin $-+2J(x) sin 3¢+ ...=sin (x sin @). {2)
It would be noted that

[: cos? n¢d¢;J: sint = j: (1 £cos 2nd) dg=f
and I: cos‘ n$ cos mé dqinﬂ $in n sin mg dp==0, ms£n.

Now squaring (1) and integrating w.r.t. ¢ between the limfts
0 to =, we get by the use of above integrals

X e _ g (* sin ¢)-+-7 sin (x sin ¢),

i
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Voo lte+ 2 01 742 [ o [7 siut ¢ sin ) .

Again squaring (2) and integrating w.r.t. ¢ between the llmm
0 to =, we similarly get

AR 142 ) PRt = f' sint (x sin ¢) .

Addmg these,
w [{(Jo(x)3+2 {Ji(x)}* 42 (L(x)P+...]

r [cos? (x sin ¢)+sin® (x sin ¢ d

= r dfuw,

or (e +2 (i(¥P+2 () oo =]
Ex. 3. From Ex. 2 deduce that

[Jolx) | < L [Jlx) | < 278 (n > 1). - [Agra 57)
Solution. As in the previous examiple, we have - S
Jo'(x)+2 (1) 42 [J(0)]F +... =1, (1)

fe. Jy? (x)=1-2 {J;2 (x)4 Ji¥(x)+...}.
< 1 as J? (x), J.Xx)...are all «posmve
or |[H(®|<L.
Also from (1), when n > 1,
C 2 0P +2 [y ()02 [ )21 4,%(x)
or [J-(x‘]‘“'i - [}t (xH-Jx (x)}+J5*x)e0]

This gives | J. (x) |< p—n-Z'"'

Ex g Frove thit 2 () =x (Pym )

- and deduce that x =2JoJy+6J1Jy+.. +2@2n+1) J..J.*,-l-.
Sollﬂon We directly have

Fi (XJ"JH-I) =JJA‘+1 +x (JIJ'M +J’-J-+|)

=J||J..|.‘+(XJ' J..H'i'-’n \.XJ .+1) u-(i)
Also recurrence formulae I and Il are
XSyt —XJngy - )
and xJ'y=—nJ,+ xJ,_,. ’ =
Putting n+1 for . xJ' = — (a4 1) Jpy1+xJn. L {3)

Elmnnatmg xJ)'n and xJ'syy from(2), (3) and (1), we get

dx (x.l..r,.,,,) =J,,.’",| +(ﬂ-l. —XJn-ﬂ) J.+.+J.{—(n+ l) J.q.l +x-’n}
=X (Sia—J"1),
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Deduction.  In the above result _Fut n=0, 1, 2.. relpecuvely
and theu multiply by 1, 3, 5...etc. This gives

2; Ix (Jods+30Js+ 50215+ ...)) _ o
=x(Jo*—~Ji*)+3x (J,* —J.’)+5x a2 ~Js)+ ... e
=x (et + 202+ 20, +...]
=x. 1 from example 2.

Now integrating both the sidss, we get
x (JoJ1 — 0Ny Ja+ 5Jats + ---) = §x%;

constant vanishes as both sides become zero when x=0
Thus x=2eJi+6AJa+100pJp+... = =
Ex. 5. Show that

d n _
& P Pa=2 (370 T ) [Agra 47]
Solution. Recurrence formulal is

n-l—l

X g=nty—xJna . . eee(1)

and formula Il is xJ'y=—nJ,+xJ,_,. «(2)
Putting n+41 for nin (2), we get

xJ' -—l=' —(+1) Joat X ne(3)

Nov pr (J,.’+J‘.+;)-=?J.J -+2J!+IJ w1

‘("-’a-x-’-n)""z’ul = [""(""l‘ 1) J,....;+x.l.] N
from (l) and (3)

=2 ['_' It .
86. Bofluxel': integrals.
' To show llnu
J.(x)--— “cos (x sin f) d¢
[Vitnn 69 ; Raj. 62 Agra 55; Flul 67 ; Delhi 57]

Jx=1 , ©os (a—x sin §) dg.

[Vikram 69, 63; Raj. GG,GLAguGO 58, 56, 52; Dellnl57]
We have” |
cos (x sin $)=Jo+2J; cos 24 +2J, cos 44+ ... () -
sin (x sin $)=2J, sin $+2J; sin 3+... o2y w
‘(I’o obtain the first result, we integrate (1) between 0 and 7,
and get R

f cos (x sin ) #—J.r d$+0+0+ ..

n+l .,
x U™
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| Nl .
ie. Jo=;J cos (x sin ¢) dp.
1]

This proves the first result.
Next multiply (1) by cos n¢ and integrate between 0 and m.

This gives

"
J cos (x sin ¢) cos ng dp =0, if 1 is odd D)
0
and jm cos (x sio ¢) cos ng dp=nJ, (x) if nis even. . (d0)
0

Again multiply (2) by sin n$ and integrate between 0 and =
This gives

r sin (x sin ¢) np=mJy (x) if 1 is odd (@)
[i]

T
and f sin (x sin ¢) sin np dé=0 if 2 is even, . AB)
Jo
Now whether nis even or odd, adding ({) and (a) or (if) and
(b), we get

r {cos (x sin nd) cos ng4sin (v sin @) sin nd) dp=nJ,(x)

or J.(x)=£J cos (np—x sin ¢} d-
" o
Ex. 1. Prove that

2%
@ s )= /\'x",‘ sin X [Agra 1971; Raj 66
(i) Joys ()= | !‘,- 2\ cos x.

Soiution. We have

7, £, T g |
*)= INUESY) 2(;1»-';7242(11—{-1)”'1“}7) !
(i) Putlin, n= i we Mt

xE t‘
PP LN SR

xr 1 "y xd _L__x"‘*”r 1
PEIH XTI T
2 .
m\’/(;}-) sinx as (é)-"'—'— % st
{(ii}  Again putting n = —§, we gt
T AU ;—-m fa o . L 1
' ARCTATS I A |

! 2 ‘2 x4 ' ? 5
= : 12 eos v
‘\/(n\)[l (2)1# 4).+ ] .Vlc-nx) COs X

= Sin neyT .
cos ng Jde | - s O when #is an patcagr,
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. ’/lfx. 2. Show that |
; .
(0 ‘\/(i“x) Jlll (x)'“:_ﬂ“ €os X. . {Agl’. 7]; Raj. ‘5]

@) (i"'-’x) J_s13 (X)=—sin x-—“’; ¥
Solnﬂon WQ know that

TR)= [1— T ] |
TP FwILL T2+ TIaE D) (n+2)
({) Putting n=2%, we get ;
Tl x312 x4 X0 +
w() =g g | 1 5+2 2 157 246570
x-12 xS . x6.
T 2y2E1/n [" 1 s"’z 357746579 T ]

/) [oyr- (;‘)',+(;‘)‘, ot |
e
‘J(nx)[ {" 31 (;)!"'}"{' (2)‘!+(T)",!+‘"}]‘

Henoe © 4/ (fmx) Jmfx)———x——coa %
(ii) We can write ‘ )
x" (n41) x¥ x* 1
i T R N VP o e T
mul'iplying numerator and denominator by (n+41).
Putting n--—}, .
el e ) X xd
Toaa(x)=", i r(;) [Hz‘“u L = ]

"‘J(nx) i ~zate |

= /(%) [ -3 v+ a-p-x (=79-) ]
'~/ (nx [ “( (;; !+(:)" i)‘("*iﬁ%f"')]
j(z \[-—-' cos x--5in x]

Ex. 3. Show that _
4!,“"=J’_. ‘2J.+J.+’ ' - [Vikl'llll 63]
Seimtion. Formula Iil is 27", =J,_;—Jpp. (1)
DiJerentiating it, we get
2 .,_1—-J....,..
ie. 4J".==2J a-1—2J
*'"(" l"Jn) (Ja_ n!)
applying (1) for 2J'»_1 and 2J',,4
EJ._,-zJer""Ja.'.‘.
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This proves the result.
*Ex. 4. Showthat ‘
20 JO ()T —rTagia+ =1

@!

Solution. Recurrence formula HI is 2J g =Jp_1—Jns1.
Differentiating it and multiplying by 2, we get
2y =2 w1 — W ey
== (Jp_g = Jp) = (Jn—=Tys1) fl'om I
-Jn_.‘-2-’.+-’m
Differentiating again and mulnplymg by 2, we get
2.]:1! =|=2J .“'_4‘, n+2"’
=Ju3=3Ju_; 43y 1=y, from I
=Jp_8—3C,Ju-142CoJns1—*CaJass. : (1)
Differentiating it p times in this manner, we get
2'-’-‘”=[Ju—p—’cl-’n—m+'csjn-p+i"' +("")"Jn~0-p] (2)
y L-t II;: prove that the above result is irue for next dlﬂ'erentm-
ion a

- Differentiating (2) again and multiplying by 2, we get
2P =2, ,=22C1J ppiat+2 "C'J nepid— o
-.-+2 (_1)'.""'

Jn...r“"‘ .-.+(—' l)’ J”.'.".- »
{Agra 63]

'B(Ju—p-x"-’-a-n-\)" G (J-—pn-"’n—rﬂ) .
+2Cy (Ju_pra—Ju-psr)+ o= 1)? (Jasp-1=Jnsps1)
=In_(p-n—(1 +’CI) Ja-pr1t (PC1+2Cy) J-—m“ .
= pre Jm»u
"'JN-(HI)'"'Clll—ﬁl""’ﬂclln—m'l'- -“H 1)"'l Jurtpsn)
which is of the form (2). Hzance the result is true for (p+1)

differentiations also if it is true for p differentiations but in (1) the
result is true for 3. Hence it is true for all numerical values of p.

Thus
r (r 1)

2, ") (x) — J._,—rJ._,+,+ @

Jn-r-|4+ ("'l)' JH-I

Th'is proves the result.
- Ex. 5. Prove that
xSy =(n+1) J.,.l—(n+3) -’n+:|'|‘("+5) Jnss= oo -
[Rajasthan 64; Agra 56]
Solution. We know from recurrence formula IV that
ZnJp=x (Ju-1+Jas1)
ie. 2 (n+1) Joy=x (Ja+/ms) putting n+1 for n

xl X‘ .I. X‘
co:x--—la‘!- +(—¢;_l . and sin At S TN e = ST
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<be.  {xlu=(n+1) J .~ ix.l..... wssl 1)
Now {xVuia=(n+3) Juys~$xJnss puttlng n+2 for n in (l)
< (1) becomes
ixJy=(n+1) Jop1—(n +3) Suss+ §5Tniitens «(2)
Now putti, g n-+4 for n in (1), we get ‘ ‘
txJesa=n+5) Jors=§xTuss.
Putting this value in (2), we get
ixlo=(n+1) Lyu—(n+3) J-u+('l+5) -’-u—lﬂm
Proceeding so on, we get
: $xJa= (4 1) Jopr = (n+3) Jpsat-(145) Jugs— ...
which proves the required result.
Ex. 6 Prove that
J-=-xu.f.-u2J n4-4) Jppg—ee
n-1=2/x [i (+)m+(+)ﬁ"lll'a!62:‘\m66ﬂ]
Solution . Proceed as above or put n—1forn in the result of
- the above examptle. .
Ex. 7. Prove thar v
=2 (I (042) Joa b (44) So— . if)
- [Agra 55]
. Solutien. The recurrence formulu is ;
XJy' = —nTt Xy 2 . Fe :
so that " O = —(nfx} Jot-Jpo1. ' ) : ...(l)’
- But as found in the last example,
Ja1=2/x [nJ,—(n+2) J.,.+(-+4) Jupa=ea] -
Pumng tltis value of Ju_z in (1), we get

J. -“" J.+ [!IJ.—(R-{—Z) J.ﬂ+(n+4) Jﬂ] ;-.u.-)

‘ =21x [iu-I- = +35) Jpat(n +4) Jopa—...]
Ex. 8. Show that

I XM (x) de=xJ™ py n > —1. [Raj. 64]
Solullun Wc know from recurrence formula IV, _that

7 -Pumng u+l !o: n, we. get
:—x {x"+ Jopa(x)} =xm+1J (x).
" Integrating both the sides w.r.t. x bétween 0 to x, we get
X% () = I XL,
which proves the resuit.

a
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Ex 9 Show that
r x=" J'i-l(x) ﬁ-m 3"-’- .

" n being greater than 1.

Soht!o- We know from recurrenee formula V, llut
T [r'J.(x)ja-r *Josa(X)-

lnlegnting both the sides w. rl x between 0 to x, we get
[x--J.(x)]' r — Xy (X) dx

or r x", jlﬂ(x, dx=—x""J/x)+limes 0[-!(——]

x*
==X} +2W¥‘ s
| x*
since Jn(x) 'fur(,.n)[l T T
and hms—n "if) 2-F'(ln+l)

Ex ID “Show tlm‘ :

IO TR 1 =13t owd (et} .
Solation.

I= (l —1t)n-i gtxt dy ‘ ‘ﬂ >—%
"r ‘l"')"'['+(lx) l+('x) r'+(i'P f4... ]d: :
= ”,, ‘?: r (1=t dt for odd integers s.the inte-

gnls nnish
=1y e H _
,fo @' I(l ")"‘U"dnukmga Zrmdn r‘
-3 G Ta+) L+d
o @NTT Tt

s (=1 2
=r'@® F("'fn 2 o7 r(u+r+l)_!§.

=2 (r) ! F(r+})
“ i (2r) uplicau'zn foSmula

~ra ra+ (3) (,,—,}%,}%ﬁ;(z)ﬂ*. .
. =H) I H)(;) Ju(x). ‘
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et P
?‘ﬁi)‘m‘rn[f_.“ "J"'e“‘dt+] (l—t')""ie‘"dtj .

=B FRFpl), 0= e o [ a-pmien a |
: _putting —¢ for # in the first mtegta]

2--1 I‘(‘fr‘"‘,_“ r (l—f'}l-l -‘l’%‘_"_‘ dt

ST r("'l'i).r (1—1%)-i cos (xz) dr,

which proves the result, In particular when n=0.

M= V= (f’:)’) .
‘Ex ll) Show that

o S n
.»,..(x) 7oy I‘(n iz (x) f: cos (x sin ¢) cost $dg.
[Agra 65)
Solation. We know lllat ‘

CUS o =] —

\p a"
BT H@ T+ @t
Putting a=x sin ¢, we get

cos (x sm’¢)—-2‘.‘ (—l)’ (-2—’——), sin® g,

Now (--l)'(,2 )'f' sin® ¢ cos®™ ¢ Js
=2 (—1y

oyt [ o 4 cosm

r(?_!_'il) r(2u+l)
2(—
N ( ¥ @yt (2')' 2r (n4r¥1)

%T(Ti-{)“(z” cos (v sin ¢) cos'-.; dé
\/ ul‘( 2;-:’:'1—)—‘(;) .[: E"n( Iy (‘j',)_! sin¥ ¢ cos?" ¢ dg
Z | |

Hence

= fo v'xl‘(z"-H) ( ) L=l ﬁ(n+r+!)2

*This resuit can be obtained by pulting r=sin ¢ in Ex. 10,

- ) . I &i_l)r(g.".i‘_')
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{=1) x|t '
’}'7 (n+r+ I (2_’)
=Jl(x)
This proves the result.
Ex. 12. Prove that

In(x)= VTW(E) _ cos (x cos ¢) (ﬂ'n $)in d¢.
- [Raj. 61]-
eed as in the above example or put t=cos ¢ in Ex. 10,
\)’g 13. ‘Prove that

Ju=(—2)x" [ d_(x_..)] o). |
' [Raj. 64, 62 ; Agra 58]
Solution. Recurrence formula V is ' .

j—x (" T ==X, : -
When n=0, ’
- T b=
dx( )= —dJ3 )
or ——'(}o)==—x ‘Jl

- D.ﬂ‘erenuaung again w.r t. x, weig’et
d F
AR e [ e |

8 . =(~1) x~%,.

50 that (J’-‘d—) o) =(—1)* x~2J,.
‘Proceeding similarly » times, we get

| ("') Uo)=(=1yx"7,

x-dx ’
ey d=(-lrw (;‘ %) o B
=1 (2755) @»

=(—2y x» (;(-‘f;-.))' o)

This proves the result.
Ex. 14. Prove that

@ ( ) {x-J.fx)}=x~-J._.

where' m < n mdm is an inuger.' =



ac | Differential Equations i1

i (3%) (I = (=
,allﬂn. (7)) From recurrence formula VI, we have
3; {x.-’- x)}-x" J._,(x),

le., —a; {x'J,(x)}ax""J._l(x)

~ Also ( " g )}-(' 5 {x-v...cx)

=x- 'J....
Thus nf misd poaitwe mleger less than n, we have

G :—;) {x"J..(x)} =x"",_m(X)-

(i)) It can be obtained as {i) fmm recurrence formula V.
87, To prove that : 7 {
2 sin mr 3 :
s -t S SN ‘ [Agra 59]
'_d_'_(.l_,.) - 2sin 0w A
o &\7T, )T =k [Agra 72)
We know that J, and J_, are both solutions of Bessel’s equa-

non.d . -
} i J’
datxdx ll—x') y~—0

or )y +-,l; y +(1-|-;;) y=0.
A T L.
T T +(1+——) )

’nd J—j”+ J—l' +(l+ ) "‘=0 E -..(2) :

Multlpnymg (1) by J_x and (2) by J, and subzractlng, we get
(J—l]l”—JaJ...")‘l'(‘lx) (J--J. "JJ_.’).IO ‘ ‘ 0 ...(3)
Now let v=J_ oy —Jul ',
» . U ﬂI...] +J_. J. "'].' - —JJ..'-"-
Hence (3) becomes c
vy .
. ? +; 0-—-0 or """ﬂ—;

Integrating, log v,—logi te. v==

X 1 4
‘where ¢ is an arbitrary constant, _ ‘ :
i' ’ ].' —.—J.'_- nc/x, . . i » 000(4) P

Now compariog coefficient of lowest degree term from both
the sides of(l). we get



'bmcr:squ;mo' . s 2
1 1
Frm+D) = P (-nl=¢
T 3 - \
Fa+D)TA=n)"T(m (1—n) :
2 2sin nm*
n/sinpn = 0« ' b
* Thus (4) gives '
Jg’.’_.—j.f.:..'=

or ¢

or

2 sin nx

X

2sin n
n

or J.J_.;-—J.'J.‘..'-s
@Tiﬁa proves the required result. - . ‘

Note. Because of the relation J_,(x)=(—1)" J(x) when ni
an integer,. the functions J.(x) and J_ .(x) afé fiot independent

Therefore in this case a second solution of Bessel’s equation ca
be found.' _ =3 _ i

-

Lo () (1 =) = ey leeTAuthor's Integral Caclulus for post-gri.
students, § 21 p. 67. \ '



