PART III

DIFFERENTIAL EQUATIONS



-

Linear Partial Differential
- Equations of Order One

1’1, Introduction. R " . '

In the theory of partial differential equations, a variable z is
function of more than one independent variables. In case there
are a independent variables, we take these as X,, xs, X3...xs. How-
ever the study is generally confined to when 2 isa function of two
independent variables X and y; we write ,

Zaf(x, .P)- ) '

: g—;, the partial differential coefficient of z w.r.t. %, is denoted by p,

so that "
o2

p=z

ox
Similarly g—;-’, the pirlial differential coefficient of z with respect
to y, is denoted by ¢, so that |
az P

g=5-

-

<

. The second partial derivatives of 2 _with respect to x and Jy ate
denoted by 7, s and ¢, so that - ' .
»*z o2 e
fEax’,{Iza;a-v- and f=ay' ,
A partial differential equation is a relation between dependent

‘variable, independent variables and partial derivatives of depen-

dent variable with respect to the independent -variables.’ For
example, " g

Xp+ ytg=2* ; (1)
r+4-(a+b) s+ abt=xy ' «(2)

are partial differential equations.

The order of a partial differential equation is determined by
the highest order partial derivative in it. Thus (1) is a partial
differential equation of order one and (2) is oi order 2.
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12. Origin of purilnl differentiale quations ‘ .
The partial differential €quations may be obtained in the follo-

wing two ways &
I. Elimination of Arbitrary Constants. Let a function z of x,
be such that . . '
#x, ¥, 2, a, b)=0. , S '
Dilfereptiating it partially w.r.t. xand y and then eliminating
constants’a, b differential equation is obtained. .
?.)if' Eliminate a, b from z=(x*+a) (y*+b). (1)
olution. Differentiating w.r.t. x and y, we get

X
so that pg=4xy (x*+4a) (*+b)=4xyz. ,

Hence pg =4xyz is the partial differential equation.

Note. In case the number of arbitrary constants are more than
two, then three relations namely, the given relation and the two
relations obtained by partially differentiating with respect to x and
¥, are not sufficient to eliminate these constants. Therefore, in
this case we have to take relations involving higher derivatives and
the differential equation would not be of order one. The following
example would illustrate it.

Ex. 27 Eliminate the constants a, b, and c, from the relation

&y 22 ‘
atpta=t - (1)

Solution. Differentiating partially with regard to x and y, we

get

...2_2_—- 2 -—a—z-.:_-
=z—=2x (y2+b), =3 (x*<-a) 2y,

X z
&ta =0 (2

43)
There being three constants a, b, c these cannot be elimipated
from (1), (2) and (3). Therefore we need one more relation.
Differentiating (2) again partialiy with respect to x, we get
1 . p? z il o
atatar=90 . o(4)

Mulﬁplying it by x and subtracting (2) from it, we get '

z
and %§+ e q=0.

%; {pz—xp*—xzr}=0,

or pz=Xxp*+xzr. ‘ '
This is the partial differential equation obtained after elimina-
ting @, b and c and is of order 2. :
Note. Other partial differential equations can also be obtaired;
for example, if we differentiate (4) with respect to y, we get



. Linear Partial Differential Equations of Order One s

= +- :+— =0

Multlply:ng thls by y and then subtracting from (3), we get
gz=ygq*+-yzt. .
II. Elimination of Arbitrary anetions Let u=x {x, y, 2),
‘v=v (x, y, z) be two functions of x, y, z connected by the ralation

¢ (u,v)=0. ssold)-.
Regarding z as dependent variable and dlﬂ‘erentwtmg(l), partially
- w,r.t. Xxand y, we get P

;.: 3u+p az)+8¢(av az) -0,

e (rrea) e (rag)=e.
o 0% |

Eliminating 3’ 5o from these, we get ‘ ¥

ou g : )
N _—+ az +p az ; . L4

l 8 0
S Sveg
auau auav) (?z_l@_auﬂ)
or P\ezdy oy 2z oxdz dzox 4
(auau auav) .
dxgy dydx

Denoting the expressions urnder the above three . brackets by
"AP, A0, and --AR, this can be written as

Pp+Qq=R. : s
Ex. 1. Find the drﬁ‘erenual equations from '

$ (x4y+z, x24pt—2h)=0. ‘ :
Solution. Let u=x+y+4z, o=xtfptmpz = - ¥
Then the given equation is ¢ (i, v)=0. :
- Differentiating it w.r.t., x partisily, we get

du  ou v, dv
3:(53'“’ az)+a¢( w7 az) B

o0 2 149+ 2 2—22p) 0.

A1)
Agam differentiating w..r.t. y partially, we get .
a‘*”(l+q)+"“" (2y=229)=0, o
and a'ﬁ, we get ‘

Elsmmatmg b
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(1+p) (2y —229)—(1+9) @2x—22p)=0
ie, (y+2) p—(x+2) g=x—y. ?

Exercises
1. Eliminate the constants @ and b from the following equations :
(@ z=(x+a)(y+d). ‘Ans. - z=pq
(&) 2z=(ax+y)*+b. Avs. px+gy=¢*
(c) ax*+by*+22=1. Ans, z (px+gqn)=7*—1

(d) z=ax-+by+cxy (c alsb). ‘ ;
‘ ) . Ams. r=0, =0 or z==px+qy—xys.
2. Eliminate the arbitrary functions fand g from the following :
(@ z=e"f(x+y). Ans. p—g=mz,
©) betmytnz=f(x*+yi+2%). .
- . Ans. (I+np) y +(lg—mp) z=(m+ng) x.
1'3. Liuear Partial Differential Equations of Order One.
A differential equation involving partial derivatives p and g only
and no higher is called of order oan ;
If, in addition, the degree (or power) of p and g is unity, thea it
‘is a linear partial differential equation of order one.
Thus 3xp+9yg=z and px3+qy*=z* a% both linear partial
differeatial equations of order one.
On the other hand, equations
Ptg=z,xte1=2%
are not linear, although these are of order one.

Equation Pp1-Qq=R is the standard form of the linear partial
differential equation of order one. '

1'4, Lagrange’s Method. [Vikram 64]
The general solution of the linear partial differential equation
Pp+Qq=R )
is ¢y, v)=0,

where ¢ is an arbitrary function and u(x, y, 2)=c, and v(x, v, z)=c,
are solutions of equations
cdx_dy_dz
P O R’
where P, O, R are functions of x, y and z.
We have seen in 11 on page § that equation (1) can te obtained
by eliminating arbitrary function ¢ from ¢(u, v)=1 .
. And we have . :
apulree, M, Hu, )
oyoz ozay @y, )
AQ=§';’£_§_’.‘8_"=3‘"' v)
929x 023z ¥z, x)
JGude_oudw ou,v)
and AR= axdy yx v,

w2y

L N g e e e
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where #=a and v==b are two integrals of (1).
Dilfemulting theu integrals we get

Bll
Ox +8ydy+ dz=0

dx+ dy+a dz=0,

Solvmg theoe snmultaneously for dx, dy, dz, we mt
d« - dy  __ dz
ouov 81:31! ougy_oudv Oudv__oudv
9z azdy a7dx Toxoz oxdp ayax

dx_dy Tdz

ie,‘ ,\P_TQ‘-AR rom(:)
dx dy_dz o
P Q R «e:(3)

or
These are called Lagrange’s auxiliary equations. If solutions
of (3) arc u=a, v=>, then the solution of the given equation is
Hu, v)=0, u=g¢(v).
..Cn:._!f_thmuanon is

having three mdependent vaﬂables G then the Lagunges
auxiliary eqmnons are

P Q R § s 3)

If u=a,lv=-b w;z:) areﬂthree n;:do‘;)en'g;nt lolul:xons of ‘(‘S'Lt:en
gcncnlsouuono is ¢(u, v, w)= us can bs gener to

any number of mdependeni variables. ‘

Ex. 1. Solve xzp4yzg=xy. [Karnatak M.Se, 61; Vikram 64]
Solution, Auxili_a‘_ry equations are

Cdx_dy_ds

. Xz yz Xy

From first two, - b D
x )

Integrating log x=log y+log¢; or Xx/y=a.
Similarly from the last two, y/z=cs.
Hence the general solution is

“xlyl y[z)=0.

Ex. 2. Solwe = pixzg=y'. [Agrs 67, 54; Raj. 55]
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Solution. The equation is y’zp+x’zq==xy’
dx dy dz
Yz Xz xpt
From first two, * dx=y* dy, i.e. X*—y=c.

From ﬁrst and third, éj_iz’

-

Auxiliary equations are —

ie, xdx=zdz or P
Hence ¢{x*—)3, x*—2z2)=:0 is the complete soluuou
Solve (x*—yz) p+(y*—2x) g=(z"—xy).

[Agm 65 Karnatak 63)
Solution. Auxiliary equatlons are

dx dy dz
x‘—-yz “yi_zx z’—xy
" This gives - -
dx—dy dy—dz dz—dx
=y S y—z  Z—x
The ﬁ'rst two give
x—y
e
and from the last two, we get

x—y J’ - .
Hence qi(y s = x) 0 is the complete solution.

*Ex. 4. Solve (y+2)p+(z+x) q--x-{—y.  [Agra 61, 78}
Solution. Lagrange's auxiliary equations are )
© o dx _dy  dz _dx—dy_dy—dz dx+dy+dz

y+z z+x x+y y—x' z—y 2 (x+y+2) (1)
Now from these, the two solutions are L
y—x

—y (y=2 Gty +=ca E
Theret‘ore solution of the given equation is

¢ [" 22, 02 (ehy+2) |=0.

BL'S. . Solve (mz—ny) p+(nx—1z) g =ly—mx. (Delbi Hons. 68]
Solution. The auxiliary equmons are
dx dy Cdz. |
mz—ny” nx—lz _ [y—mx’
using maultipliers x, y, z, we get
xdx+ydy+z dz=0 giving x*4y?422=¢,,
- Apain using multipliers [, m, n, we get
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1 dx+m Jy+u dz=0 giving Ix+my-+nz=c:.

Hence ¢ (x+my+nz, x*+y*+2%)=0

is the complete solution.

. Ex. 6. (22=2yz—)") p+(xy+xz) g=Xy—Xxz. [Agra 49]
Solution. Auxiliary equations are ' ‘

' dx dz dz
FIpz=p X8 X 0—2)

Using multipliers x, y, z respectively, we get

% dx-+y dy+z dz=0.
lntegrdting, x‘+y‘+z’—-c,.
- Also dy X gives —— a
¥ x0—2) y+z=Ty—=7

ie. ydy—(z dy+y dZ)—z dz=0; integrating, J"-2yz—z‘==c,
" Hence the general integral is )
Bty + 2%, Y —2y2—7) =0,
z—x  X—y )
Ex. 7 (a). Solve-——p-.— q=_x}— [Agra 69, 66, 56]
: Sohtloa.——'l:hoaquatlon aﬁer multiplying by xyz is .
x (7—2) Py (z—x) g=(x—)) z. ‘ ,
-dy dz

dan . dx
Auxiliary equations are  —~ =9~ =% "7 )

dx¥dy+dz' dx/x-+dyly+dz/z
= — 0. == 0 L
Mow the two integrals are
x+4y+z=cy, Xyz=0a.
s px+y+z, xyz)==0 is the solution. - - ’
Ex. 7. (). Solve x (v—2).p+y (z—Xx) q=z (x—y) " [Raj. 70]

~ Just the above example.
Q(ﬁy Solve xi()*+2) p—y (+2) g=2 (x*~»").
Solution. The auxiliary equations are ‘
dx dy - dz ' .
xO+a)" -y z) "z (x*—y") ‘
Using mulnphers, x,y,—1 and 1/x, lly, 1/z, we get

. dx+y dy—mdzno anddxq—g’i =0.

lntegraung, we get
_x34+)2—2y=0; and xyz=cs.
s (xd+yi—2z,xyz)=0is the solution. _
*Ex. 9. Solve fy’+z'—x') p—2xyq+2x3=0."
[Guru Nanak 73; Meeut 68; Delhl Hou. 6%;
Agru 87; Vikram 62}
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Solution, Auxiliary equations are -

' dx dz dz '
P+2—x¥= 100" "5z

From the last two, we get

dy dz
YT |
On integration, one solution of auxiliary equations is
Yiz=cy.
Next using x, y, z as multipliers, we get
dx dy dz xdx+ydy+zdsz

e R T Tl e i
. from the last two of these
gz_gz'(x dx+y dy+z dz)
z P T
~ Integrating, we get
Xyt 2tz
Hence ¢(§, w

b4
“Ew Solve p cos (x+ y)+q sin (x+y)=z.

: (Agra 63; Raj. 63, 58, 64]
Solution. Lagrange's auxiliary equations are g

),=0 is the required solution. -

dx dy dz
cos (x+y)” sin (X4+3)" z ikl
Now to find two integrals of (1), we have ‘ B
dx+dy dx—dy

~co8 (x+y)+sin (x+y) cos (x-+y)—sin (x+)
or ['—'Sin (x+J’)‘+cos (x+y)] (dx""@)gdx__dy
€os (X+y)+sin (x+y) Yy

Now numerator on the left is defferential of the denominator :
integrating, log [cos (x+)+sin (x+)]=x—y+log a
or [ros (X+y)+sin (x+y)] er*=a, :

dx+dy 4

‘cos (x+y)+sin x+y =z

dx+dy _dz ' B
V2sin (xty+in) z

or % cosec (x + y+imd (¥+y)=d;z'

«.(2)

Apain

ie.,

lntegratipg. % log tan [} (x+ Y)+inl==log z-4log b. | .
<o tan [ (x4y)4-in] -vi=pve . we(
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Hence the solution of given equation is

#l(cos (x+y)+sin (x+y)} e, z7V* tan {} (x+y)+§=}]=0.
*Ex, 11. Solve (y’x—2x‘) p+(Q2pr—x%) g=92 (x‘ —13). :
. [Agn €0, 61 ; an 52},
Solution. Auxiliary equations are

dx dy _ dz
Pr—2a 2v—xy 9z ()
- dx/x+dv/y+dz,'3z

Heaco S +@24 %
y 3z .
integrahng. xyz!B=c,, : : wslh)
is one solution of auxiliary equations. ,
Next from the first two terms of auxiliary equatmne we have
Cyr+23y) de—(x—2x*) dy=0
or * (2y dx—x dy)—x* (y dx—2x dy)=0.
By trial the

“’=Fﬁ

Hence multiplying by - e y’ the equation becomes

(% ) (5 ) dr=0.

This is exact now,
Its integral is
4

x y'=c" :
Hence a}(xyz‘l’ Z——;—) 0 is ‘he solution.

A 12, Solve z—xp—yg=ay/ (F+y 2.
JAgra 70; Raj. 49; Nag. 61)
Solution. The equation can be written as
xp+yg=z—ay/(x*+y3+23).
The auxiliary equatious are

dx_dy dz .
Xy i—ay (iRt
‘xdx+ydy+zdz A -

SR e/ )
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- Putting x’—y'=z¢+;l in .
‘ +z dz

Z-—ay/(x4yi g x’{)*’+2’—az ’—TE*T'
W get ;:dza? t:-dc:zt or ,_f:, ét-d;z '
Thus .‘!;*‘J”J’ zizat :—‘ftaz —(l—-a:f)Ttd-:—z) *
so that’ %—‘—;‘-’: gives .y==clx 1y
~ and. i-j== a _f‘:;b(‘:’_}_ 5 gives xt- “=cy (z-+1),
ey Xt=cy [2h /(B 4y 2Y)), e . (2)

Therefore from (1) and (2), the general solution is

¢()v Il—l ) 0
X' 2++/ (x4 +2%) ,
Ex. 13. (2x’+y’+z’-—2yz-~zx—-xy) p
-+ (x’+2y‘+z’—yz—-22x-—xy) g=x24 y’+22’-—yz— 2xp.
Solution, Auxlhary equations are

2x'+y'+23—2yz—zx-_—xy x‘+2y’+2'--—y2-—2zx—xy

“-r
- x'+}° +228—yz—zx— 2xy*
. dx—dy dy—dz

ag Ehat x’~—y'-—yz+zx P—zr—zxitxy .
e ax—dy dy—dz
- G=y) (4 ¥2) —(r=z) (x4-y¥z)
o dx—dy dy—-dz :
x=y TTy=z

Integrating, log (x—y)=log (y—2)+log c, or ;_'_:_25’=¢,_

_— z2—x
S:mtlarjy. y—;=c..

-y z—Xx ; 5,
Hence ¢(;——z 3’—-’:) ,0 is the s?lutlon.
Ex. 14, Solve x%pyig=2:1 ~ [Raj. 51]
Solution, Auxiliary equations are d—'—t-=. ‘—{Z=d—z- '
; R

. 11 11
From first two, 'x-=y+cl or ;-..-y——ch
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: . i1
From Iast two, ] Ca.

111 ; -
Hence ¢ ( Ty z)=0 is the sulu’non.
Ex. 15.  Solve pz—qz=224 (x+y)*. , © [Lucknow 54]
: dx dy ©  dz '
S lution. T
30 : Auxiliary equations are == + GIF

Now df:% gives dx+dy=0 ie. x}+y=c,,
Alxo dx_ (x+y) [dx+dyl+zdz
‘(x+y) [z2—z]+z [22+(x+y)?]

dx _x+y) dxtdyl+zdz
© oz :z [ (x+yP] T
9 dx__z (x+) (dx+dy)+2z dz,

z2+(x+y)? ' . '

Integrating, 2x-+cy=log [‘x+y)2+22]. ‘ ..(2)
Hence the complete integral is :

¢ [x+7, 2x—log {(x +7)+22}]=0.
Ex16. Solve. x*(y—z) p+)* (z—x) g=2* (x—y)

lution, Auxiliary equatlons are

dx dy dz

RO P Ge—x " Fx—y)

; S
Using multipliers Py we get

dxq_g.;_ﬂgo or xyz=c;

ie.,

or

...(1)
1 1.1

Again usmg multipliers Xt i g we get
dx dy dz 1.1.1
= y’ =0, Le., §+3-'+;-—¢‘..

Hence ¢( Xxyz, —+-1—+-l-).=0 is the solution.

CEx 17, (P4307) p+(7+3x%) ¢=2 (x*+)7) z.
Solutioa. Auxiliary equations are

dx dy dz
CXBEIXE PRy T 24 2 ‘
o dx|x+dyly  dz dx  dy i
so that T+ 45 z(xa l) e o -;+ (x +y’)z)

Integralmg, log xy=log z’+log ¢ ie. ?=c.

s
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dxtdy dx—dy =1 | 1
G2~ * GG
X, 1 i .
‘Hence ¢ (zTy- (xiy_):_ (x—'y)')#-o is the solution.
x. 18. (x+42z) p+(4zx—y) y—2x*+y.
Solution. The auxiliary equations are
dx dy dz - '
xFu azx—y x4y
Using multipliers y, x and —2z, we get
y dx+x dy—1z dz=0, i.e. Xy—2t==¢,.
Again using multipliers 2x, —1, —1, we get
2x dx~dy—dz=0, i e. X*—y—z=cy. .
Hence ¢(xy— 22, x2—y—2)=0 is the soluion.
. Exercises
- Solve the following differential equations :

1. x’p+y’q==(x+y) Z .
Ans. ¢("—’,x——-_’)=o.
Z " 3

Again Ca.

2. (3x+y—2) p+(x+y—2) =2 (z2—)).
Ams. ¢ (.\—;(%i;é"z . x—3y—-z)=-;o-
3. (42 p—xyz4xz2=0 X
' Anms. $(yz, x2*+y")=0.

_ _ Ans, ¢ (22—xy)r—xi4, xy)=0.
5 x("—z)pty(—x") q=z (x"=)").
. Awns. ¢ {xyz, x"+)y"+2"=0.
6. (x+y—z)(p—q)ta (px—gy+x—y)=0. [Delhi Hons, 69]
7. z—px—qy=ay/(x2+y2+z%). . [Agra 1970]
1'5. Lagrange’s method for more than two independent variables,
 We have developed Lagrange’s method for two independent
variables. This can be extended to the case of # independent vari-

ables also in a simple way. Let z be a function of n independent
variables x;, X3, ... X». We have the notations
dz ,
'd_x-'=ph i=l| 2! cee ML . _
Lagrange’s equation can be now written as
PIP1+P2P!+ . +Pnpu'—'-‘R. ' ’ ae .(1)
where Py, Pa,...P., R are functions of z, X1, ... Xu.
To solve (1), we find » independent soiutions of auxiliary
equations, ) : ;

4. z (z22—xy) (px—qy)=x*.
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dx,wfl»-
e o
F, B,
If these s L 0ns are u=ry.
anintion of {1} is

Gy, T2, oo, 1,30

e, Bnezgy,, then

where ¢ 18 an arbitrary funct

’ Jr g a~ Xy
¥x. b Solve x4y by Tliegap L
ax 7l 7

Solutian  The auxilizey sjuatons ae

de dy_di

y i azdxrn

dx  dy R S
Now ey U - -

(1}, (23 and (3) integ
the solution of the given equation is
s

£ o

¥ I s yxiTa
oL L1
WX x® g

. . i st
Yx 2, Sehe er e oy
oy oz -

Solutior.  The auxiliary cquations ave
dx__dy d- du

X ¥ s u 2
‘From first two, we have xvie=c,.

From second and thicd, we have y/z= ¢

. 44 L!\"*r-.," XV
Again, we haye Y24V EN dyavdz  du

e 3R A RXZ dydexy dre= 3 du,
Integrating vz =36 4-ca
Hence the peneral intearal is
5 i o f of
e [ gk P 4 '
R O (R GRS IR WY § SR UERET) It

caipplete

[Agra 42

-~
Pt
~a

A
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Solution. The auxiliary equations are
dx = dy _ dz dt
t+y+z t4z4+x t4+x+y x+y+='
. dx—dy _ dy—dz _ dz—dt dx+dy+dz+dl
Sy (=7 —G=1 I CHrEF+D”
First two terms give ' '
—log (x—p)= —log (y—2z)+log ¢,
y—z '

ey = A
‘ Sm'ularly from second and thlrd terms, we get
—z°
Y

y—z - - ‘ kD
The last two terms give ’
log c3—log (t—2)=1 log (x+p+z+t) , N .
ie, (X+y+z4+)BP t—z)=cs. - ; .{3)
Therefore the general integral is
P Jek U3 (f— ]--_-.0
¢[x__y. y—z Xtytzaft (i-2)
- Exercises
Solve the following partial differential equations :
1. §;+§y- 22 {1+ y-He+ )4 3=0,
) 7 ‘Ans, ¢z+3x, z4+ 3y, z+6V{r+y+l+z} 0,
2. (x3—Xxs P I-Xzp2—X3p3=Xz (x4 X3)—x2%.
Ans.  g(xy+ X2ty 2— X1 %2, xaxs} =0..
Integral susfaces through a given curve.

Ex. Find the integral surface of the linear pamal differential
eq_mmon 5

X (142) p—y (142) g=(—p) 2, k1)
which contains the line x-+y=0, z=1. S : --‘-(2)
Solution. The auxiliary equations are
] dx dy dz )
x () —y (B+)Tz " —») ‘
The two solutions are  xyz=c; - ' (3)
and x2-4)y?—27=0cs. ‘ (H

“ From (2), z=1. . (3} and f4) gwe xXy=0,
and x%+)y?—2=c,.
We have to deiermine relaunn inc and r, SO that x+pr—0
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Now  (x+y)*=0=x24)*42xy
‘ =2+ec+42¢: or 2¢;+cy4+2=0.
Therefore the requlrzd surface is
2Xpz+xF4 Y2 —274-2 =0,

Exercises
1. Find the equat:on of the integral surface of the dtfferential
equation 2y (z—3) x+(2x—z) g=y (2x—3)
whnch passes through the circle z=0, x2+y2=2x,
Ans, x'4)2—2x=—zt—{gz
2 Find the mtegral surface of the equation
(x=») ¥2p+(y—x) x2q+ (x*+y*)z
which passes through the curve xz=a?, y=(.
Ans, z3 (x‘+y’)’=a° (a— y)’
3 Find the integral surface of the equation
(—3) p+(y—x—2) g=2
which contains the circle z=1, x2-- yE=1.
Ans. (X—y+z)P+2% (x+y+2)t—22 (x—y+2)
. =2zt (x+y+z)=0.

v s s
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Non-Linear Partial Differential
Equations of Order One

2'1. Introduction : ) .
Before coming to integration of partial differential equa-
tions of order one, we give a few definitions and general theory.
Classification of Integrals. - : {Delbi Hon's 70)

As is already understood, the integraticn of a differential equa-
tion is the derivation of all values of z in terms of independent
variables which identically satisfy the different al equation.

We now come to the various classes of integrals of a partial
differential equation. Definitions and proofs are given for an
equation involving only two independent variables. However, the
results can be casily generalized for an equation involving # inde-
pendent variables,

Complete Integral. Suppose that a relation between z, x and y
be written as
f(z’ X, ¥, 4, b)"_"o’ : '"(l)
where @ and b are arbitrary constants, it being free from differen-
tial coeficients of z.
Differentiating (1) partially w.r.t. x and y respectively, we get
o of o L of
2x +5—z‘ p=0 and 'a-—P- 5; q==0. .“(2)
There being only two arbitrary constants in above three equa-
tions, these can be eliminated and single relation
¢ (2', X, Yy Ps q)=o '--(3)
can be obtained involving z, x, y and the derivatives p and ¢ and
free from @ and b. .
It is evident that (1) satisfies identically the partial differential
cquation (3) or that (1) is an integral of (3), having greatest num-
ber of arbitrary constants which can be expected in a solution of
(3)- Here (1) is complete integral of (3). A
Complete integral of a partial differeniial equation of the form
#(z, X, y, p, 4)=0 is a relation between the variables z, x andy
which includes as many arbitrary consiants as there are independent
variabler.
A Darticular integral of a differential equation is obtained by
-iving particular values of arbitrary constants in complete integral.
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2'2. Singular Integral.
As carlier let there be a relation in variables z, x and y given by
f(zv X, j’s a, b)==0 ,,-.(l) )

Ifa and b are constants, then difterentiating partially w.r.t.
x and y,

Lo ound® gy |

ax 17 5; =0and 5+e 2 =0, e))
and the diflcren‘ial equation satisfied by (1) is .

¢z, x,y,p,.q)=0, ' «..(3)

which is free ftom @ and b. Now let us su, posethat a and b are not
constants but fynctions of x and y such that equations (2) which
have been derived from (1) still hold; then on elimination of @ and
b we snall again get (3). This is because the algebraic elimination
takes no cognisance of values of @ and b but only their form.

But when a aud b are functions of x and y, we get on diffe
rentiating (1) partially w.r.t. x and y respectively,
of o ,of da, oféb
axtPart sam tapor =0
of , of of oa _of 3
and ot 5T aa oy Ty
Since a a. d b are sueh that (2) hold, these give
of oa o o
da dx &b ex L
fta of b _o | ()
oady ob dx J
of
aa
(aa 8b_ob a_g) o,
oxdy éxdy/oa
o aaab_'_abgg)_@[_o
wd (G away) o5

Solving these for 2~ and g%, we get

.. 0a db abaapl ox

2R QIR

.

of o - (5)

ab .
If these equations determine the values of a and b in any of the
possible forms (comstants or functions of x and y), the relation
1) would still be a solution of (3). Since a and b are not arbitrary
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constinﬁﬂ‘*‘hdw the new solution which has no arbitrary constants
_would in general be different from the complete integral which has
two arbitrary constants and isgcalied singular solution of differen-
tial equation (this in general cannot be obtained for any particular
value of arbitrary constants in compiete integral). )

Thus singular solution is obtained by eliminating a and b from
(1)and (5) — e

Note. Sometimes singular intagral also occurs as a particular
integral from the complete integral. ,
, fGelcral Integral. Asin singular integral, (1) would satisfy (3)
g iy l gg&.) é—a
| 9x 0y
B=l o o =0.
P _::l{::g'l x ay
But R=0 implies that there is a functional dependence in a
-4nd b and this dependence can be arbitrary. o ‘

If b=y (a) . , . (6)
is the functional dependence relation in @ and b, then multiplying
equations in (4) by dx and dy and adding, we get

S g0

‘ sl 1)
Also from (6) db=-g¥: da

LOof oféy
"aa+ab ‘da"o' ‘ o

This determines a involving the arbitrary. function ¢. Thus b
can be determined by (6). Eliminating a and b thus from these
relations and (1), we get a solution of (3), which is in general diffe-
rent from complete integral as well as singular integral. This
solution is called General Integral, and it is a relation between the -
variables involving one (one less than the number of independent
variables) independent funtion of those variables together with an
arbitrary function of this one function, ‘ -
 Nete. Usually, but not universally, the above three classes
of integrals namely, complete, singalar and gencral integrals
exhaust all posqh{e solutions of a given differential equation. In
case there exists an integral which is none of the above types, it is
called special integral. '
2:3. Theorem. Everv solution (which is not special) of the
differential equation ' -

é(z, x, y,p, q)=0 . i , wel 1)
is included in one or other of three classes of solutions which are
complete, singular and general integrals. [Dethi 70]
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Proof. Let the complete integral of (1) bd
f(z x,», a b)=0. o
Then the singular integral is given by
oa. ' 3b
and the general integra_l is given by
b-#l (d). _ 5 x
We shall show that no other integral exists. Let us suppose
that there eXxists one given by
gz x, =0 - ,
A value of z derived from (2) would be denoted by Z and that
derived by (5) would be denoted by £. e
Now suppose that it is possible to select values of a, b whether -
variable or constant, so that Z whilesatisfying the partial differen-
tial equation, is equal to £ in terms of x and y. In that case
of p and ¢ derived from Z and £ are the same and we got
of o _o o, |
é}'"‘? az"‘oa Ey+qa; 0.

ag well as «
ag ) .a_§= E -a£= s Y
5;+p 2z 9 ay+qaz B |

Equating values of p aud g from lliesg, we get
afeg of _ii_g_#o o '

ox 0z 0z ox

oo o _, S l®)
dydz o9z ay

Now there arise two cases : |

I. When equations (6) do not determine vaiues of a and b,
we cannot proceed further and Z cannot be modified to take value
equal to . The integral £ is then called special. :

II. When the two equations determine values of ¢ and b, we
modify Z as foljows. Since (5) is 2 solution of (1}, we tave

¢(E¢ X, Y, Py q)=0, ’
and since (2) is a solution,

$(Z, %, 5, P 9)=0. ' :

The last equation is also satisfied, when the quantities a and 2
instead of being arbitrary constants, are functions of the variables
satisfying (3) or (4). We may therefore Yeplace aand b by the
functions of x and y obtained as their values from the cquations
(6), provided, the necessary conditions be satified. In this case,

and

" the valaes of p and g are the same for the two forms of the equa-

tion (2): and then from a comparison  of these two forms, we

always get - i=Z, -



and ¥ 2% 88(«'1 of da afab)

- te.  dz=pdx+tqdy.
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where in the integral equation for Z, the constants a and b are

. changed into the values that have been derived from them.

The forms of p”and g for the new values of a and b, would
remain unchanged provided in addition to (6) two equations

T — e w—

% (of  afoa of .@2)
=z (5} "2adx Tob * 9x
9z gy~ az \&y 8?5;_+§b_5 ’
are also satisfied. Therefore values of @ and b are such as to
satisfy the equations : .

o oa o b_

dadx " gbex &

3__)" da of 7'8bq0 ‘
" But these are the equations (compare from (4) under singular
solutions) which help us in going from complete integral to singu-

lar or general integral. Therefore the values of a and b are the
- same which give singular or general integral according as R+40,

=v,

‘Thus we necessarily have
£=2,

. l.e., value of zderived from (5) is always included in complete,

singular or general integrals.
This proves the theorem.

2'4. Charpit’s Method. , [Pb. 60, 62; Agra 60; Raj. 62;

) Delhi Hon’s 71; Vikarm 62; Sagar 63; Karnatak 62,
- 'There is a general method of solving the partidi differential
equations of order 1, due to Charpit. This is as foliows,

Let the partial differential eguation be given by .
’f(xl Y.z, p, Q)=9' '..(])'

oz ‘oz :
also we have _dz==_5; dx-i-d—y dy, .

wf®

- Let us suppose that a relation, F (x, y, z, p, qj=0 (3)

- exists such that after solving (1) and (3) simuitaneously for p and

* ‘q and putting these values in (2), (2) becomes integrable.

* Thus z, p, g may be expressed as' functions of x and ¥.

.- Since these values identically satisfy (1) and (3) both, their

- differentiating coefficients with respect to x and y vanish.

* Differentiating (1) and (3) w.r.t. x, we get
o of .o . of &g
80"V a5 oxt g x =0 o
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ER oF - aFap aFaq ,
and o+t s tag - - (5)
‘Again dlﬁ"erennanng (1) and (3) w.r.t. y, we get
of o Bf op o oq

ey 2y toz 7+ apdy +aq > % ‘ o «{6)
dF oF  9Fop oF oq ' '
d _ ¥
an +az +ap8y ‘oa ay U (7)

Ehmmatmg dp/ex from (4) and (5), we get
of o ,ofbq @aF oF  oFdq

oxtaz P oqix ag ‘oz +a_q ox
A A
§ e . op } ap o
- (afaF aFaf)+ (gj_‘g}_-‘ oF of
*“* \oxop ox op dzép ~ 0z Jp!
°q (afaF aFaf
ax\2q.op azap) «(8)

In the same way, eliminating ¢/ oy from (6) and (7), we get
(af oF oF of ) (aFaf of dF)

dyoq 93y 9q oq oz 290z
; op (6f oF @oF 3F) ‘0
o 3% apaq Top o) B
But p_ aq_ 9%z
ay éx dxay

Hence adding (8) and (9), we get after rearranging the terms,
of §£ oF ( 8f af \oF
(ax“'az) Trinatlr e ~4%)% Bz

- “‘q'-(—%)g_f"'( Z{q)ay

This is a linear equation of order ome with ix,y, z, p, g as
independent variables and F as dependent variable.”

Therefore as in Lagrangnan Method, the auxiliary equatnons"'
are

dp de dz 'fdxr dy _dF
.__.___.L = o === ane
AP A A A —g~0 0
az oz op oq op aq :

Any integral of (10) will satisfy (9). The simplest relation
mvolving at least onc of p and g may be taken as F=0. Now -
from F=0_and f=0 the values of p and ¢ should b found in
terms of x and y and should be substituted in (%) which on
integration gives the solution.

‘ ] *Remember very carefully the equation in (lQ).' -
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Ex. 1 Find the complete integral of the equation

px+-gy=pq. [Agra 53; Luck, 54]
Solution. Here the differentijal equation f(x, y, z, p, g)=0 is
=px}l- qy—;q=0 - i '
5 g o Y ay—
T By g ap—x—q y, p-
The Chaipit’s auxiliary equatiors are
dp dg dz -dv: dp _i{'
o _ ir-of of ~ o o™ af‘ )
e v 9 PH Py ~% i
These in the present case become : .
dp dq dz dx dy dF
P TP —d)-q—p) ~Tix—g) T=0-p"

The ﬁtst two gnw?-gi

q

Integratmg. log p=log g+log a, i.c. p=agq,

where a is an arbitrary constant. |
Putting ag for p in the given cquatzon, We get

J’+

q (ax+y)=aq® or g= and thusp -ag=ytax.

Putting these values of j /) and g in dz=p dx+q dy, we get

dz=(y+ax) dx+ (v+ax) dy
or adz=(y+4ax) (dy+a dx),

Integrating, az=1}( y+axP4-b which is the complete integral
where a and b are arbitrary constants, .
72, Solve (p°+-q%) y=gqz

[Delhi Hons. 68 ; Indore 67; Agra 51).
Solution. Here the dxfferenual equation is

J=(P*+9Y) y—qz=0, (1)
§§ =2py, g—{]—-= 2qy -z, a£~0 Jf p=(P*+4°), l— —-9q..
Now the Charpit’s auxlhary equatnons become
dp dq dz __dx
-2 (PP gy —g= —p-2py-—q-(vy—zf —2py
__ & _dF
. 29%z=0
The first two given p dp+q dg =0,
Integrating, P*4-g*=at (say).

Now putting p*4¢* =42 in the given equation (1), we get
°y=qz or g=a%/z, . :
st that from p* g2 =2,
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r= (-5 )=sviE—a.
Now putting thcse values of p and ¢ in dz=p dx+q dy, we get
dz=; V(22 —a?y?) dx-!-?y dy.

zdz—atydy _ dg
V (22—a"y?)
Integrating, (Z*r—a*y?) VP =ax + b,
where b is an arbitrary constant
or z*-.a’y?:~(ax+b)? D)
which is the complete solution.

-Singular Integral Dlﬁcrennaung (2) w.r.t. aand b partially,
we get —2ay*=2x (ax+b), .(3)
and 0=2 (a+0b). . )

Eliminating @ and & between (2), (3) and 4, we get z=0
which clearly satisfies the given differential equation and therefore
is the singular integral.

General Integral. Writing ¢(a) for b, (2) becomes

or

2'—a%=(ax+$(a)]. wi(5)
Now differentiating it w r.t. a, we get ,

—2ay*=2 {ax+¢(a)} {x+¢'(a)}. ‘ «-(6)
Eliminating a between (5) and (6), we get general integral.
Ex.3. Solve  2xz—px*-ogxy+pgq=D0. [Meerut 70;

. Delki Hons. 69; Raj. 64: Agra 54; Nag. 57; Pb. 63, 64
Solation. Here equation is _ '
- f=2xz—px®—2gxy+pg=0. ' ()
The Charpit’s auxiliary equations are
‘ dp dg  dx dy dz
22=2qy 70 T X —q " 2xy—p” pxi4+2x7q—2pq ~
The second gives an integral g=a, A s:(2)
where a is an arhltrary constant.

_dF
A

Putting g=ain (1), we gelp._—zx—x(:"—_;:ﬂ
. 2x (z—ay) dx
S, dz=pdx+tqdy= N e
dz--ady 2xdx
O T4y TY g ,
Integrating, log (z—ay)=log (x*—a)+const.
or z—ay—b (x*—a) where b is a constant,
This is complete integral.
Ex. 4. Apply Charpit’s method to solve :
Z—px—qr=p+ 4% {Agra 59]
The Charpit’s auxiliary equations are

+ady
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‘

o . Ay
—P+p —q+q

Here dp=0. dq=0 give p=a, q=b,

~ where g and b are arbitrary constants. P

Putting these values' in_the given equation, we get
re=ax+4-by+ a®+b*, ‘ ‘

which is the complete integral. . . : ‘
Ex. 4 (b). z=px+4qy+pg. ' Karnatak 63
Solution. Proceed as aﬁugve. _ ‘ [_ ‘ j .
Ex.5. Solve p (Y +¢¥)=q (z—a). - - [Pp. 60; Agra 60)
Solution. Here f=p (1+g%)—q (z—a)=0. = -

<« the Charpit’s auxiliary equations are

P4 & pipia-ie g1 —rtat2pq
. Frc_)‘n_l the first two, we get 7:—’==-—‘—’.'

which on integration gives g=cp.. Putting g=cp in the given
equation, we get iy » = )

‘p=—‘/—[‘-’—(‘?—:—f‘)——1}and thus g=+/[c (z—a)-l].-
Putting'these values in dé-—-p dx+-q dy, we get
de=vie (c—a)-1) [Lay |

: cdz - ; -
or mn=f‘ix+c .dy)-_ .
Integrating, 24/[c (z —a)—1]=x+cy+d,
where ¢ and d are arbitrary constants.
Ex. 6. Find the complete integral of the equation
P*+6*—2px—2qy4 2xp=0. ' ' ~
Solution. ‘We have fsp’+q'—2pqr—24y+2xy=0. en(1)
The Charpit's auxiliary equations are oL :
_dp  ____dg  _ dx g
—2p+2y+p0 —29+2x+¢0 2x—2p 2y—2¢"
dp _  dqg _dx _dy
—P+y —gq+x x—p y—¢
so that dp+dg=dx+tdy. : .
lntegra_ning, P+q=x+y+aor (p—x)+(g—-y)=a. S )
where a is an arbitrary constant. ) ,
Again the given equation (1) can be put as
(P=xP+(q=yP=(x—pp. "l e
. In(2) and (3) let us put p—x=P, g—y=0, 50 that
P+Q=a ana Py Qf=(x—y)2,
Now (P—Q)=p24 Q*-2r0

ie.
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, ==1;’+Q'—’[(P+Q)' P*+0%]
at
ie, -~ P=Q=+/[2 (x—-y)'—a'] also P+Q=a.

P=p—x= }a+h/[2 (x-—yl’—a'l }
and Q=g—y=ta—{v[2 (x—))~a’].

Putting these values of p and ¢ in dz=p dx+g dy, we get ,
dz=(x+{a) dx+(y+1a) dy +§/[2 (x-y)’ a] (dx— a'y
Intcgratmg it, we get.

2z=x*+ax+y* +ay+ [ V(u’-—a’)

~4a* Tog {u+v(a-a) |45
e o ' where u=4/2/x-y).
This forms the complete integral. .
JEX. 7. Solve p*+q*—2px—2gy+1=0. [Agra 72, 60]
Solntion Here the equation is . ‘ '
=p*+q*—2px —2gy+1=0.
- of o of _of _
e a‘”:--Zp —2x, o =2g9— 2y, _O,ax "—2p’€y 2q.

The Chﬂl‘Qlt s auxlllary equauons.are
dp dg
—2p40" -29+0

=...etc.

Integrating, log p=Ilog ¢+log a or p=aq. '
Now putting p=sag, the given equation becomes
q* (a®+1)—2q (ax+y)+1=0
_2(ax+y)+vi4 (ax+y)—4 (a*+l)}
2 (@241 i
2 (ax+y)+£+/{4 (ax+y)*—4 (@*+ 1)}
2(a*+1) C
Putting these values of p and g in dz=p dx+g dy, we get
2 2
dz= 2 (d:c+}'):!:‘ 422“":;":}) 4(.".,,*:'1)} (a dx+dy).
Let ax+y==u. so that a dx+dy=du ; then
' u++/{ut—a*+ 1)}
dz=" {(a‘ D du
or (a’+i) dz=u dud +/{ut—a*+ 1)} du.
. () 2 =jutt/[uy/{u? - (a*+1) ‘
. —1 (a241) log {u+-+/ut—(a*+- D
~ Putting u=ax+-y in this, we "get the complete integral.
Ex. 8. Solve G=—xp+pt. [Gurt Nanak 73 ; Vikram 62]
Solution. The Charpit’s auxiliary equations are

Also p=ag=a
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, 2 dy -

p+p0 04+0 b

++ . g=a. Putting g=a in the given equation, we get

P'—px=a or p=} [xL+/(x*+4a)].
Putting these values of p and g in

dz=p dx+qdy ’

=4 [xtv/(x*+4a)] dx+t-a dy.

Integrating z=}[x2} {x\/(x*+4a) -2 log (x++/x*+4a)}j+ay+c
which is the complete integral.
Ex. 9. Solve g=px+p*. : [Agra 55]
Solution. Charpir’s auxiliary equations are
Eg-‘:’-ﬁ=%g or g=a, *hen p=} [—xd+/(x2+44a)].

o dz=p dx+4qdy=} [—x4-v/(x*+4a)] dx+a dy etc.

Ex. 10. Solve z=:pq. [Agra 57)
Solution. The Charpit’s auxiliary equations are
dp _dg

U+p Otq' -+ P74 =
Putting p=agq in the given equation, we get z=ag®

or q=‘/(§ ) and p=ag=+/(az).
S dz=pdx+qdy
. =+/(az) dx+ 4/(z/a) dy
or V(a/z) dz=a dx+dy
Integrating, 2y/(azy=ax+y+c.
Ex. 11. Solve px+qp—=z (14 pg).
Solution. The Charpit’s auxiliary equations are
P=P (pg)'i* "g—q (14 pq)'P P q '
. Integrating log p=-log g+logd or piaq.
Puiting P==agq in the given equation, we get
9 (ax+y)=z (14+agP? or ¢ [(ax+y)*—2%a]=2?

ks = £ = =___..__93_-_...
™ axryp—apm 29 P~ =

Now substituting these values in dz=p dx+tq dy,

O ar Ty gy 9 4+ &)
dz _  d: .
or _z_—[l—z']"‘

. where y/at=ax iy, vaadt=adx+dy.
This is a simple hoinogeneous equation,
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dt du
uz, dz-u+z

du [~z PI'

To solve it putd=

- we get u+z 1/(u‘—l)

. dz__ dz V(U -l)+u
7 V@E—D—u [VaE—D—u] [@=1)Fa
= —[V/(w*—1)+4] du.

.'.ntegrating, log z+{u+ dus/ (12— l)+} log [u+ \/(ﬂ’—wl)]"‘
_t_axty
which is the oomplete integral where u= z;, e

% Ex. 12, Solve p=(qy+2)* '

Solntio: Charpit’s auxiliary cqgationa‘ are

y

@D 4 @+ = @-a

First and third fractions give ‘;—p= -—d—;-
Integrating, log p+log y=log a or py=a.
Putting p=a/y in the given equation, we get

L6

S dz=pdx+t-qdy.

Senff)]e
or (dr+zdy)=ads+ [(5) - ,

Integrating, yz=ax+2+/(ay)+c is the complete integral.
Ex. 13. Solve (p+4q) (px+gy)—1=0.
Solution. The Charpit’s auxiliary equatlons are. ’
dp _ dq or dp__ dq ‘ N
P*trq pa+a p s
‘Integrating p=agq. Putting p=aq in the given equation, we get

il 1
) (04+q) (“qx‘!'q}')-‘l— s oo q=(l+a) (ax_i,.y)lll g
». dz=p dx-+q dy gives

.1
=T ay @i ppE 1@ )

’ 2
Integrating, z= J0Ta) V(ax+y)+e.

Ex. 14. Solve pxy+pg+qy—yz=0. ‘ [Raj. 63]
Solution. The Charpit’s auxiliary cquatlons are ‘
dp dg .
pv—pi px+q I

)
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The first gives dp=0 or p=a.

Yyz—axy

- Then from the given equation g=="_-"—""_. |

or

y+4a . -
+ 5 dl:p dx+q dy

Y+a
4z—adx_ y )
z—ax  yta dy‘( s y+a) g

»

* Integrating, log (z—ax)=y—a log (y+a)+logec,

—ax) (y-}a)*=ce’. - .
.,Dé 15. Apply Charpit’s method to solve the differentfal

equations. 2 (pg+py+gx)+x24y2=0. ~ [Saugar 63]
Solution The Charpit’s auxiliary equations are
. dp _  dg - dx dy
T g+x) 2 (p- (p+y) —2@g+» = (p+x)
- dz . _dF
T (g n—24(pF0) "0
—dp+dg-tdrtdy
0

last relation on integration gives

- PHg+x+y=0or (p+y)+(g+x)=0.
_ The given equauon(&ﬁmot be wntten as

(P44 (g+x¥=(p—q).

Proceeding uow as in Ex. 6, we get

2z=ax—x=+ay-—y2+} (x‘“‘J’)”\/{(x—y)’+a’}
2:_:: log [-\,:'{2 (x=y)}++/ {2 (x— J’)’-‘l-d'}]-f-b

Exercises ‘
Fmd complete integrals of - followmg equatlans hy Charpnu
* method.

1. zZ’=pgxy ¢ ;o
2. (p*+q®) x=pz. ’ Ans. z—bx“)”"
3. pPP+q*-2pg tanh 2v=:sech? 2y, . [Delhi Hons. 70]

 Ans. z-+b=-ax+}alog cosh 2y+4/(1—a?) (tanh-! ef-")
4. pxS—dgix® +6x’z—2—-

.=='.~IL=~sn.,

Ans. z=1 (y4-a)Pirtl +3 +-bedis

(x*—yz) p+(12--2x) g==z2—xy. {Vikram 9
2z | p*+qr+qre=0. [Delhi Hons. 72:
Px-| gly=z. , 4  [Dethi Hons. 71)

21 xptvg)=yt Aw, Eglp @

B
d
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9. (P*+¢") (gx—py)=1. _ :
" Ans. z4b=a®" tan-1 (y/x)=1 I (na—2—ytnysiz {' .

‘ ’ where u=-x24y2t
_ 2°5.” Particular Methods . o B T
The general method of solving partial differential equations of
- order one has been discussed (Charpit’s method). There can be
some shorter methods for special forms of differential equation.
We give below some of these -special, methods of solving t
equations. ) ‘ g o '
2:6. Type 1. Equation of the form f (p, q)=0, ,
i.e., equation involving p and g only and not x, y and z.
In this case, Charpit’s auxiliary equations become (see §24)
de _dy _ __dz ___ _dp_dg o
ooy ofleq p @iap)+q (¥fjag) 0 . O
Obv.ously from dp=0 and dg=0, we get
. rp=aand g=b,
where @ and b are arbitrarily constants. Again replacingp bya
and ¢ by b in f(p, 4)=0,.a, b satisfy the condition'
' fa, b)=0 which suppose gives b=4¢ (a).
‘Therefore putting in dz=p dx+q dy,

we get ; dz=a dx+b dy. g
~ Integrating * z=ax+by+c-—-—ax_+¢(a)'y+c '
where - fla, b)=0 - ' :

is the complete integral.J,‘hjg has two arbitrary constants a and c.
‘General Integral To obtain general integral take
c=y{a) ‘ ' .
where ¢ is an arbitrary function. 7 .
Now the general integral is obtained by eliminating a b:tween
z=ax+¢(a) J’+'»£"(“) : )

0 . ’
or Z=0=x{#(a y+i@
. nSingular Integral. Also to obtain singular solution, if it exists
we would be required to climinate @ and ¢ from the equations

=ax+dia) yt+c : '

L

ﬁﬂ
b s GEEY
;‘a=0='\ "dj (a)f'

&z ' "
—=0=1, ) ) -
ac ! ‘ , : ) .
. Apparently 1=0 is inconsistent. therefore in this case singular
integrals would just not exist. '

“Fx. 1. Sole P—gt=1..

‘and
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Solution. The equation is of g f(p, q)=0.
The solution is z--ax+by+c
where S a®=b=1li.e. b=:i:1/(0’—1)
Hence the complete solution is z=ax-+/(a>—1) y+e.
A diffePent form is obtained by puttin
' a=sec «, so that 4/(a?—~1)=tan «a,
~and the solution now becomes z=x sec a-+y tan a+c,
Ex 2. Solve ptig2=nt.
Solution. The equation is of the form f(p, g)==0.
Hence: complete solution is z=ax+by-+c '
where a‘-l-b’ n?  or b= \/(n‘—a')
" complete solutioni is z=ax++/(n*—a*) y+c.
General Integral. Let c=¢(a) ; then _
z=ax++/(n*~a?) y+.a). k1)
Differsntiating it w.r.t. k, we get

,O=x"'_\/(n'g_a, y+4'(a). i.(2)

The . eneral integral is obtamed by eliminating @ from (J) an¢
(2)

Ex. 3. Solve p*+q’=npq

Solution. The equation is of the form fir, =0

Therefore the solution is z-—ax+by+c
where u®*4-bi=nab or b*—nab+a*=0
& b="-wi \/Q_t’a’ 4a’)_____n:}:\/(2u3 —4) o

n:i: \/(n'—4)
Ex. 4. Solve g=erl,
Solution. The complete soluuon is z-—ax+by+c
where b=ealx,

-

S Z=ax-+te %= yrcisthe complete integral.

Ex. 5. Sulve Vp+Ha/g=1.

“Solution. The solution is z=ax+by+te, where v/aty/b=1"
or z=ax+(l—s/a)?ic. .

Ex. 6. Solve pa=k. [Raj 62]

Solution. . z=ax+by+c where ab=*.

-+, z=ax}(k/a) y+c is the complete solution.

Exercises -
Fmd a complete integral for cach of the following equations .
"L pt+g=pq. |

Hence z=ax+ av-f-c is the solution,

0!
-i-b.

Ans, Tr=day-i o



Nar-Linear Partial Gifferenticl Equarions uf Order One
el —A(J;Q Ang, 2?—'-11?‘;'7”:2,\'-{*5‘.

PR 4 et Ans. zeavdea el b,
fype 11, Fauastion z-px+ 4y f(p, g

(R =

will

Le. equation anaiogous te Chatraut's form i ordinary Jifferentiai
equarions. ’ ; ¥ i
Tn this case Charpit’s auxiliary equations reduace io

dn g

utving pe=eonst. =g {3ay),
prconst. =4 {say),
Peting in (1), the coryriete solusion is
T ax+-by--fla, b).
General integral,  To find general intepral int fim
S zesax byl S (e, . ’ L)
Differentiating it w.i.t, a, we go

rammatng g from (|
Sgular ‘ntesral.
e gy

5 4l
0 2yt A B s e
€ L 3 s Gy s

i a6

Fhminazinge 7 netwer s o 3
| Hlimineiing ¢ end & between 1) {47 and (5], we
STUEGLEE suIubionn,

Ex. &. Solve z-py +qr e/ (14 p7 454,

Deibi Hous's 715 Agree 73, 0%, 53, Nag. 58)
Sciulicn.  This s of the form

Tuspxcd-vgofie 0
b ygen e

: i
Hence the comniste solution is
T=Gx by oL at-E Y, sl

N

}

Nngular seution. Dilferzntiatine (1) dartialiy  #urd. i)
respectively, we ges
5¢ rhat

-
.8,

R R L

z -~ A ¥ W 5L G
S From () g= ~ FRUURE LS NUE TS §

) SR
v '\C-”“,«\'""‘r"“}
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' Fi e YR

From (3) b \/(l"l"“il -b%) Vie— tl_yﬂ)
Putting thesc values of a; b in (1), the smgular solution is
-.____:E:’_. — ‘Vz . + ¢
T VE=F-) V(E-N) ‘\/(C’—\"-“J')

2 X2 y2

Viemwi—yy =VE=x=),
80 that  z%=c?—x2—)? or xijydpzi=cl,

Ex.2. Solve z=px+qy++/(ap*+Bg*+7).

Solution. The complete integral is

M i |
. '3
Singular integral is +JB 7y =], as in Ex 1.

Ex. 3. Solve z'=px+qy -2V(pq),
Solution. _This is of the form
z=px+qy+fip, 9). ,
..~ the complete integral is ; o -
z=ax+by--2,/(ab).” , ‘ (D)
Singular Integral. Differentiating (1) partially w.r.t. a and b,
respectively, we get
O==x—24/b ia“f’ O=y—2+/a. ib"f"

cr j(‘ﬂ*x and( j=r.

- Multiplying these to eliminate @ and b, the smgular solution is

or z=

xy=1 L .
Ex.4. Solve z=px+-qv+pg. .7 [Saugar 62]
Solution = Complete integral is ‘ :
 z=ax+by+ab. -, ’ (1)

Singular Integral. Diﬂ'erentiating (1) par(ially w.r.t aandb
respectively, we get oo
0—x+b O=y+ta,ie. a=—-y, b=—x, zw-—x)'

Excrcises
;Solve the following differential equations :
1. z=px-4-gy-+log pg. Aus. z==at+by+log ab.

2. z=px'1-f]y+(p'_-|-q’)' : Ans. z=ax+by+a+ bt
: : S$.S.isz=1 (x24-p2).
3. z=px+qy+sin (pg). Ans. z=ax+by—sin (ah)
4. z=px-qy—2+/pq. Ans.’ z=ax+qy—2¢/ab.
‘ , Singular : (x—2) (v—2z)=1.
z=px+qy+3 (pg)'P. " Anms. z=ax+tby-3 (ab)'P.
. Singular : xyz=1.
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'l‘ype I Equntion f(z, p. Q)=0. i.e. differential equation not
containing imlepmdenr variables x and y. .

In this case, Charpns equations take the form
dx__ dy dz_____ _dp _ _dg
ofiop "ofloy— v ofloptaofieg  —p afiz —qofjez
the last two of which lead to the relation

ap:q' . : » . ‘ ..l(l) ’
where a is an arbitrary constant. . :
Solving now (1) and f(z, p, q)=0, : ()

we get expressions for p and ¢ which when put in
dz=p dx+q dy,
give dz=gqd (y+ax)
=p dX where X-y+ax
T de

or dX

* The equation (2) how bz:comes

f(z.(—l—z— a ‘:—;)=0

_This now being an ordirary (not parual) dnﬂ'erentnat equanon
of first order may be easily solved. .

_ Procedure In an equatlon of the type [z, p- q)=0, put
(i) d for p.a dX f‘or q. i

(in lntcgtate the resultm g ordmary dlﬂ'erentlal equauon,

- (i) -Put x+ay for X.

This gives a complete solution,

Note. General integral and singular mtegral are both deter-
. mined in the usual way. )

Ex. 1. Solve  z=pgq. , [Agras‘? Raj 60]
Solntion This is of the form f (z, p, )=0, -

Putung -d-X’ for p, ‘17 for g, the equation becomes z=a(‘$x):

‘or d¥=\/a \-72 where X=x{-ay.
lmegfati'ng, we get X=c+42+/(az).
~ Now putting x+ay for X, the required solution is
x+ay=c+24/(a’) or (x+ay—c)=4oz.
Ex.2. Solve 9 (p*z4¢¥)=4. [Agra 67, 59]
Solution. The equation does not contam x and y and is of
the form f(z, P, q)=0. . )

*
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Putting %‘for 2, a | %, for g, the equation becomes

9 [ (:;) +ai( ) ]*4 where X_x-!-a}f

dz \2 dz . 2
or (‘-ﬁ,),v.9(z+a’)==4 ‘or ax_ 3‘/(2_1_03)

or dX=3.4/(z-}at) dz.
Integrating, Y--c=(z4a?).
The complete solution is
x+ay+c=(z+a)*~, putting X=x+ay,
or (x-tay+c)i=(z+a*). = ' . : (1)
To obtain gencral integral take
C=lﬁ(ﬂ), o
where ¢ is an arbitrary function.
Substituting in (1), we get -
(ztaP={xtay+g@) ~+(2)

Differentiating it w.r.t. a, we get
3a (z+4-a*)r={x tav+d(al} {y+¢'(a)}. -(3)

sneral soltion is obtained by eliminating a from (2) and ).
Again smgular integral- is obtained by eliminating a and ¢
from (1) and
3a (zra*)i=(x+ay+e) y,
and (x+ay+-¢)=0. ‘
- From these itis evident that the singular sclution does not
exist.
Ex. 3. Solve - pz=liqt. [Agra 65; 58]
Solution. This is of the form f(z, p, 4)=0. :

Patting p=d—z a %‘;Whgre X=x--ay, theequation becomes

ax' 7
dz dz
T ki (dx)
dz
o dX) a'X L= |
. dz z-_-[:\/(z’—-hz’)or - dz dX
T dXTT 2 2£V/(@—4a’y “2a¥
or i GZIZFV(Z=4®)] . 4aX
EEV(E—4an)] ZFV(F—aa)]  2a*
FVEAD e ot (2 v/ (22— dat)] dzm2 ax.
lntegratmg.

itV —dat) - %44 log {z |- \/(2’-4ﬂ’)}]--21(}c
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or z*F[24/(2*—4a*)—4a? log {2+ /(22 —4a®)}]=4 (x+ay)+2¢
is the complete solution (on putting X=x-ay).
Ex. 4. Sovle pt=2* (l“'P‘l)

Solutuon. Putting p—gx, q=a Z—ZX, the equation becomes

(== [1-2 (&)

dz _ z Viltazt) =
br T L & I P

VR -zvu+az=) “ Vitram
Integrating, X4 c= ‘—/- log [z a+\/(l+az')]+\/(l+az*)

Putting X=x+ay we get the complete solution.
Ex. 5. Solve p (14-¢*)=q (z—u).

Solution. Putting p= g:;, g=a g-zi,g the cquation becomes

T

or a %—Y==\/(z-—a—l) or Tz‘i-%ﬁ =dX etc.
' Exercises
Find complete sojutions of the.following eguations : »
1. pP*+¢®=3pgz. Ans, (i4-a°) log z=3a (x-tay-+c)
2. pPP4gi=27z" Ans. z? (14a")=8 (x4ap+c)®
3. 22 (p*+q*+1)=k= : - [Agra 66]
- Anps. (@ 1) (K2—2)=(x+ay+c)
4. p(14¢q)=gz. . Ams. log (ez—!)=(:tay+e)
5. p(l+gY)=q(z—a).. Ams. 4c(z—a)y={xtay+bz2+4
6. ptg=z. Aps. x+4-apte={i+4-a)logz
7. pi=gz : AMdeerur 681
8. z(pz24qd)+ ). {Delbi 723
Type 1V. Equation of the form
fi(x, p) =1u(y, q) ' (1)

i.e., separable equations.
In this case Ciairaut’s auxiliary equations are
dp - _dq dx _ d

ofifex —8f ]()v —cfilep  dfileg
giving %")jdp ,%L;' dyx=0 or dfi=0,
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or f,=constant=(c say)
Thus (l) gives
Six, P)=f!(y' g)=c;
these give p and g. The values of p and q s0 obtamed are put in
dz=pdx+qdy. .
On integrating it, the complete mtegral is obtained.
Singular and general integrals are obtained in the usval way.
Ex. 1. Solve q=px4pt - d ‘ - [Agra 55]
Solntlon Let px +pi=g=c (say) :
[of the form f,( P, x)—f:(?- $9)]
Then ~ p? +px=c gives p=} [—x+4/(x*+4c),
and -q=c gives'g=c. .
Puttmg these in dz=p dx+gq dy, we get ’
. dz=f [—x+/(x*+40) dxtedy.
lntegratmg,
2=} [—x*+xy/(x*+4c) +c log [x+ \/(x’+4c)]+¢y+¢
‘Ex. 2. Solve p‘+q‘=x+y
[Vtkram 64; Agra 59' 54; Sagar 62)
Solnﬁon The equation can be written as
 PP—x=y—gi=c (say) - o [form fi(x, P)=£», @)
Then p2—x=c gweap Vic+x) S ' '
and. - y—g'=c gives g=y/(y—c).

*s Pumng these in dz=p dx+gq dy, we get .

i dz=/(c+x)dx++/(y—c)dy.
_Integralmg. z+a=§ (c+x)"2+ 3 (y—c)* is the solution.
Ex. 3. Solve v+ Vq=2x i [Agra 56]
Solution.. Write the equation as Vp—2x= -—-\/q=c (say).
Then +/p—2x=c gives p=(c+2x)?,

and  —=\g=c gives g=c*,
: Puttmg these valucs in dz=p dx+q dy, we gct '
' dz=(c+2x® dx+c? dy.
]ntegratmg. . zma} (c+2x)'+c’y+n
Ex. 4. Solve x*pr=ygqt, s ®
Solutiun.  Let x%?=yg?=c* (say). /
Lo ,Then p=c/x and g=c[+/y.
& dz=p dx+q dy=(c/x) dx+(c/+/y) dy.
or . z=clogx+2c\/y+a - .
" Ex. 5. Integrate . :
: =ge*. - N ' ‘[Meerut 68]
Solnﬁon Thu can be written as ?, ,
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pe *=qe"Y=c, say.
Then p=ce* and y=ce’,
Putting these values in dz=p dx- g dy,
we get dz=c (e* dx+e” dy).
Integrating, the complete solution is z+a=c (e*+¢”).
Ex. 6. Solve pg=xy. [Karnatak 63; L.A.S. 60]
Solution. We have p/x=y/g=c -say)
o p=cex, gty
& dz=p dx+q dv=cx dx+4(y/c) dy.
Integrating, z=3cx*+4(y*/c)+a or 2cz=c’x’+y’+b
Exercises
Find complele integral for thc following equations :
1. g=2ypt. - Ans, z=cx+tci? +a
2. pr=y'q=x*—y% '
Ans. z=fxy/{ebe) e log (v V(o)1 ;—,+log yta.
3. g=xypt ' ' Ans.  zta=24/(cx)+icyt
2:7. Use of Transformation . A ' e
We now take some of those examples which can be reduced to
- étandard forms by using some trarsformations.
Examples which can be reduced to the form f(p, q)=0
Ey?o Solve x%p'+yrqi=2z3.
[Raj. 63, 51 ‘Karnatak M.Sc. 61]
" Solution. The equation can be put as -

xoz\", (¥ ?.i) -
GE+(5) -
Now, let us put g;z =dZ, ie. z=e€%,

fyZ=dz,, i.e. y=e¥

' Lt ;
and . —;=dX. ie. x=e¥

Then the given equation becomes

9Z\*  (2Z\?
() +G7) =
which is of the above form, :
Herce complcte solution is Z=aX+bY+a1
where  a*4-bi=
ie., Z-a7(+\/(l—a-) log Y+c; ,
or log z--a log x4 v/(1—a?) log y+cui ) . pees
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If we put a=cos %, 8¢ that +/(1—a¥=sin a, the complete
solution can be written as
log z=cos « log x+sin a log y+logc,
or . Z==(Xxtos ayml @
Ex. 2. Solve (y—x) (gy—px)=(p—q)2. (Raj. 54; Agra 65]
Solation. Let us put x4 y=X, xy=Y, so that
_ 9z 0z X 9z Y oz

1z
P=ox=0% ' ox Yo7 ox “o% o7 P

_92_02 0X 8z A oz | 2z
I=p5=5% 3y tav' oy =ax! +ox-x-

Substituting these values of p and g, the given equatjon
becomes : ;

- ) . o
(v—x) [(g_%_'_g_z_rx )y—(—af?-i-%- y) x ]== 52?) (y—x)*
3 a 2 ~
e 0 (8) =ty ()
0z _(gz;
X —\oY _
- Complete solution is z=P¥Y+bX +¢, where a=b? or b=+/a.
<. Z=aX+4va¥Y+c=a (x4y)+ Vv (axy)+ec.
*EX. 3. (x+43) (p+9)*+(x—y) (p—q)2=1. [Agra 58!
Solution. Let us put x+ y=X% x—y=Y? Then ‘

__'3_2____31 X 2z 3y ?
""'ax”‘axa“x“Lﬁ'E? ’

2
) which is of the aboye form,

i fléz 1 8z | so that
=*(Xra‘:r+y5?) 4 pienl
2202 0X pzoy Xox
ToTwxrevsy | pogol @2
i frdz 13z | Y oY
= (75-75%) |

Putting these values, the given equation becomes

2 ‘ a
(g‘;') +(§£) =1 of the standard form £ ( p, ¢)=0.
-~ complete integral is z=agX 45 Y+e,
TREC @b=1 or bey/(l—ay),
il zaa)(_'_‘/(l_a,} Y+c,

L EEa Y V(L ~03) y(x—p) e
vx. 4. Solve Pg=xmpnz,
oy =1 s '

oy . - Y&

Solation, iT!,hc equa:;or: fs B l?_.—_-i, |
. zi- . 1

o = - 0 o
i z-l‘-l g ! m+.1° Y_n-{-l '
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0Z_0Zdx . 1 9L 8Z dy_ 1

Then X =xdx =" P57+ 57=% - gy —F

: 0Z oZ
.. the equation becomes 5T 'ﬁr=1
or PQ=1 (Tyge 1)

solutnon i8 Ze2qX-bY+c¢, where ab=1

23=1 L
=1 %m+1 Yaerny e |
Ex. 5. p™ cec?™ x42zlgn cosect” y=zlnitm-n),

Solution. The equation can be written as

z=lim=-n) 52 \* . fzlKm=n) pr el
( cos® x ox ) +( sm’y B}’) o
m-—n

Put z-li(m-m) dz=dZ ie. Ze—m—— —
m—n-=-1]

cos® x dx=dX, i.e. X=j} (x+}sin2x);
sin y dy=dY ie. Y=} (y—4 sin 2y).
Then the equation becomes .

. (g%)m+ (g).n L.

Complete solution is Z=aX+bY +c,
-~ where  @"+b"=1 or b=(l—am)ln,
o Z=aX+(1—ampm Yic is the complete solution where
-X, Y, Z are as given above.
Examples which tran:form to type 11
" Solve  4xyz=:pq+2pxiy+ 2qxy*.
Solutivn. Put x=X12 y-Y 13 ; then
_éz 0z dX g 02
—5=5% 4 X" o g=2V 55
‘the equatlon becomes
z=x¥Z e Yaz +2§, ﬁ; _ (Type lI)
. complete solunon is z_.aX+bY+ab
or z=ax*+by*+ab. : (1)
Singular Solutlor Differsntiating (1) partially w. rta and b,
“we get =x*+b, 0=p*+qa.
Ehminatmg a, b the singular solution is
24 x%yi==().
Examples which transform to type 111
Ex. 7. Solve q*v*=z (z— px). [Declhi Hons. 72 69 Raj. 64]

or

z(m-—/n'-l,. {m1=n) :

1
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¥ Solation. Putnng u=log x, v=logy, the equauon becomes
2z\t . - 8z
(a") =2 2—-3;].. L B .
owpue 224z 2z dz ‘ '
Now put P &l Tl where X =uy~av.
The equation th\en becomes ai (dz) =z ‘[z—‘!i]

dx ax| .
ie. a® (%) +z %—z'—o |
= 2 2
%0 that %‘; ?*‘/‘Z‘a;*‘f‘“ 2 2 =1 V(1440
Intcgtatmg, 2a’z~—[ Id-4/(1 +4a’)] (X+log o))
.or 2“’“—1:':‘/(1""4".) I =¢x)° a8 X=u-+av etc.
Ex.B8. Solve p*xt=z (z—gyp)..
Solution. Put u=log x-v—log y and proceed as above
Ex 9. Solve pg=xmyz!, [Rej. 61; Agra 57; Luclmov_v 56]

1 P xml 7
SI_O ution. ut Tl-—l ?-l—:l-—l- =y,
-0z 0z ou_ 92
== u ' ox rx ou
¢z 9z Qo _ 0z
e T B i
Hence the cquatuon becomes
Dz 0z 7
al-d— =2 1 Op.. PQ=2 >
This is of the form f (P, Q, z)-—-O.
- hu ¢ fz dz 8z

au—dx " 5

dz \? .
ISﬂ ( dX) =2/, v
or  sazrldz=dx. :
-y u+tcr
i =T w*" Vet
z1-Q2y l *uH-l
-3 =V [m+1 n+l J-l-c S, ‘
Examples- “hlch after substitution take the form of type 1V

Vix. 100 Selve .zt (p2 gt ) =Xt -H- ' [Agra-65]
Soltion. Ifwe put =dz=dZ, ie, Z=1z2 -

. l
r.. ‘/

!.'E:.'Z..- P (say) and = i -Q (“Y)-

. 80 (hat

dz
==adX, where Xsu-r-av, then equatior:

Integrating,

or
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then the equation becemes

P2y (= x?dys or Pioi=3io %0t (say)
S Peaa et x®), Q= (p7 ).

S dl=Pode -0 Ay
== 4?4 XE) dx R -0 dy
Integrating  Z =dxv/ic* 42" 4 3% log (x4 /(e 4 1%
DG e deE lug (b /0
Replace Z by 4:2° to get the compicte sojution.
Ex. §1. Solve xEp¥plg = o8,
Selution. The equation can be wriiten as
. 2 ?7” 3
X2y (’_ a ) "_1. =1

20X by

1 - .
Put - dr=dZ, e J=siov 2, then

toz 87 T v
= Bl HE 1Y GRHOT] ansd T A S Q:
23X ox zooy oy

J. ihe eguatios hecowes x¥p® ™= 1,

3 5
ot NP o (Rul),

gy

% b R
Tiien [—~;c, ) '~‘:‘,11
¢ i
S HZ P Y e ala w2 e Wl
Y i
b
] .
integraung, J=¢log e g
alT e

Now pat Z==log z and simplify.
P A2 Solve O vt (pP e
Solution. Putting x . rcos &, v

fe, Boanant g/, re= /{340,

3 ;
- oapn ‘Q
r

[Vikram 63}

sin ¢4 FiY coes b
: * e n | ‘\ r’ r
¢
o= G
5 k:: s
P r oS "
. (o H T
A'SG g e
o i
. b il &
SHGFE HE sl s .
f r '
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4y (P g)=1 becomes |
" [(g’z)*+%’(g )] e 7 (5) =1—(5)'=c* csan

o ?;_z=;.‘ . i{m\/ (I—c?).

- oz 0z .

di=Cdr 44/ (1=c%) db, z=c log r+ /{(1—c%)} 64

or  z=jc log (x*+4y%)++/{(1—c?)} tan—? ix)+a
Ex. 13. Solve =z (p*—g%)=x—y. [Agra 61]
- Solution. The equation is - v g

[(v-2) (e ]oeor

Let us put /zdz=dZ ie Z— 323,
Thea the equation is
0Z\* [3Z\2
()~ == |
or P:—Q2—x_y or P2—x=:C?—y=c, say,
so that  P=,/(c+x), Q=+/(c+y).
Now dZ=pPdxtQ dy=+/(c+x) dx++/(c+y) dy.
Integrat ng, Z=3 (c+xptat§(c+y)pr
or PR=(c+x)24(c+yPr+b as Z=1sm

Excrcises '
Find complete integral of following examples :
1. (1-x3) ypi4-x2g=0 Aus. (2z—ay2—b)i=q (1—x2).
2. (P*4+9Y=2*(x+y). Ams. Ilog Z=(x+a)*P—(y—a)’t | b.
3. py+qx+4pg=o0. ~ Aps. 2z=ax®4by*c,
4 2 21

1,1 i o e
i z(§+§)° Ans. az’P=(1+4ax)¥*+(ap—1)324b,
. : Hint. Put 2z33-. y etc.
. Solutions satisfying given conditions, ‘

Ex. Fiad a complete integral of the partial ciifferen!ial equation
(p’+q*) x=pz,

and deduce the solution which pésse." through the curve x=0, z2=4y,

Sclution. Let fi=( P*+q%) x—pz. (1)
The Charpit’s auxiliary equations are = .
__dp dq _ dq dx dy

P+ —p —pg~ p Zpx—2)—g2px~ ~Zpxtz —2gx
The fitst two give p dp+ +gq dg=0. S
Integrating, p*4g%=g? (saz;, -

~
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Now”putting pr+g*=a® in (1), this reduces to
oy a2
a*x--pz=0 oOr p= =

b

so that ,q’=a’—~p'=-‘—;; ('~ a*x*) or q=‘z—'\/(z’-—a’x'). e
‘Now putting these in dz=p dx+gq dy, we get "
N ;
dz-—-ng dx+g\/(z“—-a’x’) dy -

z dz—ax dx .
o E—an 4 e ~
Integrating it, (2*—a®x?)*=ax1-b,
so that the complete integral is

2*=ax*+(ay4-b) R )
We bave to determine values of @ and bso that it passes
through x=0, z*=4y, we(3)

Setting x=0 and 2?=4y, (2) gives
dy=(ay+b)? or 4y=a®y*4-2aby-}b?
or a%*+(2ab—4) y+b2=0.
This will have real roots if (ab—2)2=a?? ie. if ab=1.
Therefore the appropriate one-parameter family is
z’=a’x'+( ay-'l_-%)’ ‘
or at(x*+y%)+a? (2y-2%)+1:=0,
and this has its envelope the surface
(2y—2%)*=4 (x*+y?)
which is the required solution.
Exercises
1. Find a complete integra] of the equation
Pix+qy=z ,
and hence derive the equation of an integral surface of which the
line y=1, x42=0 is a generator. ; - :
- - Aws, (x+ay—z+4b)'=4bx, xy=z (y—2),
2. Show that the equation’ ' .
xpq+yqi==1
has complete integrals
(@) (z+0)*=4 (ax+b)
()  kx(z+h)=k*y+x*
and deduce (b) from (a).



“Linear Partial Differential Equatibns

*

3:1. Linear partial Differential equation with constant coefficients
~ In this chapter we shall consider partial differential equations
in which higher partial differential coefficients of z occur with
Tespect to x and y but power of each differential that occursor z
is one. Such an equation is called finear partial - d.fferential
“equation. If the coefficients of various terms are constant qianti-
ties. then it is called the finear differential equation with constant
coefficients. Thus it is in general of ths form . -~

onz 'z ., ez <y on3 x
(Ao a—;f'-_’-dl Fx—f-:-ra)’...-{-.dgg—')”‘( 8.5;,:‘+ B, 3.;5;'—3}_
=1 » :
+"-+.B"h, ;}T:)+...+(Ku%+ Klg‘;)‘i'[-z:f(x! .)')l"’
where A,, Al...;A.. ﬂg,"B;...B.‘..f,...Kg‘ K, L are all constants.
' d
ox
and D’ and now the above equation can be written as
(4D +A, D% D' ...+ A, D) +-(By D1+ B, D
et Ba DY 4L (Ko D+ K\ DY)+ L) 2=1 (x, ¥)
or more briefly as £(D, D’) z=f(y, ), - o '
whe'e  F(D, D')=(A4oD"+... +A4uD")4-... +(KoeD+K, D)+ L.
3:2. Homogeneous linear partial differential equation with const-
ant cocflicients R T o
If F(D, D') is homogeneous in D and D' °
l.e. F(D, D')=AoD"+ A, D" D' | ... +A D',
then equation F(D, D) z=f(x, ) - ‘ )
or (loD"+Ale"“D'+.4:D"""D"+...+’.4..D"') z=f(x, y) .
is called the linear homogeneous equation. :
3-3. Solution of a partial differential equation. :
There are in general two pdrts of the complete solution, namely
complementary function (C. F.) and the particular integral (P.I.).
The most general solution of F(D, D’) z=0 is called comple.
mentary functiva and any particular solution if F\D, Py z=fix, r)
- iscélled a particular solution ; and =~ .
Complete Solution~=C F.+P.I.

For convenience the operators 'and-é% are denoted by D
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34. To find complementary nmction
Complementary function is solution of F(D, D') z=0.
Let F(D, D')= D—mD’) (D—myD")...(D—m,D"),
where 1, M2,..., m, are some constants.
Consider . (D—m,D') z=0,
g;——m, 3-:—0 or p—m,q—-o, _
which is of Lagrange’s form. For it Lagrange’s subsidiary
dx__ dy _dz
T --m,—- 0
First two relations give dy+m, dx——o
or - y+m.x=c, (on integrarion).
Last relaticn gives dz=0 or z=c,. :
Hence z=¢, (y+m,x) is solution of (D—m,D ) z=0 where ¢, is
an arbitrary function

Similarly solutions correspondu ag to all factor, of F(D, D")
can be obtained.

Hence Af my. mge, ..., m, are all distinct, the complementary

solution is givan by
=¢; (r+mx +¢. (y+mex )+ ... 4 dn (¥ +max).

Cor. Let us suppose that z=g¢(y4mx) be a solunon of

F(D, D) z=0; then -
Drz=m ¢\ )(y+mx),

and " D'rz=¢")(y+ mx),

Thus F(D, D'y z=(A¢ D"+ A,D"? D'+ -AxD'™) 2

=(Am"+ A" 4 A B)Ny + my).

The equation Aem"+Aum™ 14 ... 4,=0 -
is called the auxiliary equation m, mg, ...ng as consldered above
are the 7 roots of the auxiliary equanon It will be noted that

the auxiliary equatlon is snmply obtained by putting D——m, D’=1
in F(D, D')=0.

feq

eqnauons‘ are

Ex. 1. Solve r-—a’r ' [Agra 62. 59]
Solution. We know that r=% D2z, LY
and = ‘-’-—Z=D'2z

2

Hence the equation can be written as (D’—a’D %) z=0, *-

‘ The auxiliary equation is m*—a® =0,
giving - my=a, .= —a.’

* If an equation is Pp+Qq=R, then Lagrang's sutsidiary « juationsare =
' .. dy "...’
PTQTR



& w

@ " ) Differential E;rmllom I
Therefore the solution is 2=g1(y+mix) 4 ¢,(3nt- msx)
z=dy(y+ax) +éx(y—ax)

Ex.2. Solve (D*~1PD*+6D") 2o,
‘Solution. ' The auxiliary equation is
m*—Tm+46=0,
giving my=1, my=2, my=—3,
Therefore the solution is
=¢|(y+m,,\")+¢g(y+mzx)+¢a(y+mu:)
or z=¢;(y+x)+¢z(y+2x)+q$a(y—’3x).
Ex. 3. Solve (D*—3DD'+2.p"2D) z=0,
Solution. The auxiliary equation is
. m3—3m’+2m= 0,
giving  m, =0, my=1, pp=2,
Therefore the solution is
Z=$i(y)+ 2y %)+ dofy+-2x)

. 322 azz-- :
Ex. 4. Solve a——xz-l—a’ 50

Solution. The equation is (D2 a’D") z=0.
The auxiliary equation is m?+-a2=p -
giving mi=ai, my=—ai, :
Therefore the solution is z=¢\(y+aix)+$a(y— aix).
Ex.5, Solye Bz ga—z=0
, : axt gyt
Solution. . The equation is (D*— D'¢) z =0,
The auxiliary equation is m— | =(,

or_(m*+1) (m2—1)=0, giving m= 41, 41,

Therefore the solution is ' ‘
2=¢x(y+x)+¢z(y—x)+¢a(y+ix)+¢4(y—'ix).

_ . Exercises -
Solve the following differential equations : :
1, 2r4-5s+2¢=5, Ans.  y=¢y(2p—x)+g¢,(y—2x)

2. (2D*D'—3DD"*4 p3) 7= \ |
, Ans. Y=¢»)+dalx+y)+ $slx+2y)
(D*—3aDD’+242D"%) 2=0, Ans, Z=¢(y+ax)-¢oy+2ax)
(D’—ED’D’_-}-.IbD"—-ﬁD") z=0Q. ) .
~ Ans, Z=h(P+X)+ 204 2X) 4 $a(y-- 3v)
3'5. When auxiliary equation has repeated roots

Let a root m of the auxiliary equation be repeated twice.
Consider ' i

(D—mD') (D—m1¥) 2=0), - ()
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Putting  (D—mD’ e T L w(2)
-equation (1) becomes : ‘ :
(D=mD") u=0
and its solution is u=¢,(y+mx),
or (D—mD’) z=¢1(y+my) putting the value of u in (2), |
This can be writtea as
p—mg=¢,(y+mx), g
which is of Lagrange’s form. Lagrange’s subsidiary equations
for this are : .

dx__dy dz

T “m $otmn .
. The first two relations give dy+m dx=0 or y+mx=c;,
. Again from the relations dx=_—_%__ ¢,(yd—|z-mx)’ '
we get  dz= qb.(c,) dx as y+mx=c, . 3
or z=x¢(cx) +ca.

Therefore the general solution of ( 1)is
Z=x¢(y+mx)+s(y+mx).
In general if a root m repeats r times,
. dle., (D—mD'y z=0,
' -then z=¢s(y+mx)+ xps (y+-mx)4-... 4 xr=1 ¢r(y+mx)-
Ex. 1. Solve 25r—40s+-161==0,

Solution. The equation can be written as
(25D*—40DD'+16D'%) z=0
The auxiliary equation is 25m’—40m+l6
or (5m—4)2=0, m=%¢,¢,
Therefore solution is 'z-—:ﬁ,(5y+4x)-rx¢;(5y+4\‘)
Ex. 2. Solve (D‘—-2D’D’+2DD"—D") z=0,
Solation. The auxiliary equation is
Mi~ 2m’+2m—1 =0,
or (m—1) (m+1)=0, m=1,1,1, —1.
Therefore the solution is
= 2= —x)+ da(y+x) - xha(v 4 x) - + \’M.\ *}-x).
Ex. 3. Solve r-—-dst4¢=0, ' [Raj. 66]
Solution, The equation can be written as
' (D*~4DD'+4D'%) z=0,
The auxiliary equation is m2—dm—4~0
giving m=2,2. ,
Therefore the solution is ié¢l( Y+2x)-+ x¢e(34-2x). . -
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i'lxerclses
Solve the following equations :
l. (D*—3D*D’+3DD'*—D'3) z=0,

Ans z=¢,(y+x)+x¢.fy+x)+x'¢-(y+x)
2. (DA D'*—2D2D") 2=0. -

Ans. z=¢,(y+x)+x¢.(y+x>+$-(y-x)+x¢-(y—x)

3. (p*—-2DD +DD") z2=0. .
Ans. z=¢.fy)+¢.bv+x)+x¢.(v+x)‘
4. (4D*+ 12DD'+9D”) z=0.
, . Aps. z=¢_l(2y-=-3x)+x¢, (2y—3x)
3 6. Partlcnltr Integral. ' '
Given the partial differential equatxon
KD, D)=f(x, ),

any solution of it free from arburary constants gives a pamcular
‘mtegral Now consider

This |denttcally satlsﬁes the given equauon. Therefore,

, partlcular integral== F(D FD, D) F (x y)

The symbohc function F(D, D') can be treated as an algebraic
function of D and D’ and can be factorized or expanded in aseend-
ing powers of D ar D'*,

Ex. 1. Solve (D’—6DD’+9D") z—12x’+ 36xy.
Solution. The auxiliary equauon is m‘—-ém +9=0 giving _
Th’:ref:r: C.F. =¢;(y+3x)+x¢;(y+3x).
Now P.I "(_'6_DEDT-F9T"T (12x*+36xy)
i "*(‘D‘:;'D"F (12x’+35-xy)'

D'
=-}D—‘ (l —?-—-) (12x*+36xy)

-~ - [(I2x’+ 36xy)] + > (36x)

Il) means mtemuon w.r.t.

x, D’ means inlegntion w.r.t. and

" soon and P.L would be dlﬂ'erent if F(D .D’) is expanded in ascen<ing powers
_ ‘of Dor IV. - i
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| R
=66 365 3= 10X+ 6x%.

~ Therefore the complete solution is

z=¢1(y+3x)+x¢a (y+ 3x)+10x4-+- 623y,

*Ex. 2. Solve r4-(a+b) s+abt=
+( TR e [Raj 1961 ; Agra 1958]

Solution, The equation can be wmten as

[D*+(a+8) DD'+abD'3) z=xp.
The auxiliary equation is m2+(a+b) m+ab==0

or (m+a) (m+8)=0, giving m=—a, —b.
Hence the C.F,=¢(y -—ax)+¢,(y—bx)
1

P.l.=

D'+(a+b) 5y DD T )
=3[ 1+ T +ab—] 02

*—";)'—, [ 1-Grn g -.](xy)
(u+b) x‘y
Hence the complete soluuon is ~
+.(y—-ax)+¢-(y bx)+}x°y-,a (a+b) x4,

Ex. 3. Solve Py ay,-.x’y'

Solution. The equatmn can be written as
(DP—D?) z=x33, .
Auxiliary equation is m'--l-=0 or mi=1,
giving m=1, w, w?, where w is a cube root of unity.
CF. =hi(1 x)+¢-(y+mx)+¢ary+w’x)

R SN (1= ) e

=5 i\
“b-‘(""ﬁ ) @)
=g g 68 ' \

X ‘6.t‘ 5 x-ys_l_x-'
456 4.5.6.7.8.9 120 10080
Therefore the complete solution is
z-ﬁ(v+x)+¢-(v+ﬂ")+w+a’x)+ 130 XX 3 "m
Ex. 4. Solve Iog s=x+y.
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Solution. The equation can be written as
s=e*tv or DD'z=extv,
For complementary function we have to consider

DD'z=0. "
This gives C.F.=¢,(x)+¢x(y). - i-,,;p
1 o
tow Pl=ppreti=ens. @
Therefore the complete integral is ‘
Z=gs(X)+da(y)+-e*+v.

2%z %z
Ex. 5. Solve 5;‘2 W——x—~y.

Solution. The auxiliary equation is
m?—1=0 giving m==1, —1
<o CF.=¢i(y+x)+ ¢y —x).
Also Pl.=— ,1 (x—y)-——l— (I—-—I-):)_l (x—»
ST DRI D? D2

=5a(1+ 5t ) p= s ey g,

Therefore the complete solution is
y=¢a(y +x)-+daly—x)+3x3—x2p.

Exercises
Solve the following equations :
1. (D*—aD"%) z=x. Ans, z=d¢(y+ax)+¢a(y—ax)+Lx3,

2. (D*—DD’'—6D") z=xy, ) |
Ans.  z=¢4(y+3x)+y(y—2x)+ Lx3pt- S o
3. (D2—2DD’+D'2) r=12xy.
. Ans.  z=¢ (¥} X)+xds()+x) +2x3p 44,
4. (D*~7DD®—6D") z=x4-xy*+y5. .
, Ans. z=d¢,(y—x)} $2(y—2x)+¢a(y+3x)

5
AR TS (142104 oty 4 3e9y

P

/-7. A Short Method .
When f(x,y) is a function of ax-1-hy,” we have a shorter
method for determining the particular integral,
Consider J(x, y)=d(ax-|-by).
Then Drd(ax+by)=a'¢™ (ax+by)

I : Ans. 2=¢1(J'H"/‘=(-‘C'l'.V)+)’¢3(x"l-.ﬂ+§L-: ».
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and  D"$(ax+by)=>b¢"Nax+by),
where g} is pth differential of ¢ witl respect to. ax+-by as a whole,
Since F(D, D') is homogeneous in D and D’ of order n,
- A(D, D’) $lax+by)=F(a, b) $"ax+by),

o b, ) 7 I = g bax k),

provided that F(a, 5)50,
Further let ax+-by=t; this gives:

e oz
I:‘(D. D', *L‘ )(r)'_i!(a, b) ¢(’)- " 7
Integrating both the sides # times with respect to #, we get
1 ' 1
75,9 *Fa I II &) dt...ds,

‘where t=ax+ by,

Working Rule. To get the particlilar integral of an equation
F(D, D') z=¢(ax+by), where F(D, D) is a homogeneous function
of D, D' of degree n, proceed as follows -3

(i) Putax--by=1t; and integrate 4(¢), n times with respect to ¢,

(ii) . Put a for D and b for D' to get F(a, b) in F(D, D).

(iii) Now P.I.=f—.(a—1—5;-xnth integral of ¢(f) with respect to ¢,
where (=ax+4by. - : " -

Ex. 1. Solve (D*+42DD’+4D'?) z=e¥+3r,

, '~ Solution. The auxiliary equation is _
o m*+4-2m+4-1=0 giving m=—1, —1, -
; Hence C.F.=¢(y—x)-+xd(y—x).
’ 1
Also P. l.‘=m—+—p.l ezt |
" Here e+ s g function of the form d(ax+by) and D*+ 20D’

+D is a homogeneous function of D, D’ of degree 2.

Integrating £+ twice with respect to (2x-}3y), we getuei+37,
Also putting 2 for D and 3 for D, _

. L 1 eixt3y
Pl e & =5

Therefore the complete solution is

2= (y—X)+na(y—x) +'Hextv ‘

. ‘ 0z , Pz o
| Ex.2. Solve, _ E+b?=ms mx cos ny.
Solution  Auxiliary equation is m*+1=0, giving m:~ i,
" CF.=d(y+ix)+a(v—ix), -
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8 .
e D3+D,. cosmxcos"y

_"'i D’+D" [cos (mx+ny)+cos (mx—ny)]

=] =cus (mx+ll+§ —cos (mx—ny)

g m2-+nt . ’"z+.n‘ N
integrating cos ¢ twice with respect to 7

where r=mx+ny

- ____€O8 mx cos ny.
-
Therefore the complete solution is

Fy - 0) by )= SO IO
Ex. 3. Solve (.D'+3DD'+2D”) =Xy, _

[Delhi Hons 72, 68 ; Agra 52]

‘Solution. The auxiliary equation is

m*+3m+42=0 giving m=--2, —1.

-~ C.F. ==¢|(J’—x)+¢a0’-2x),

D‘+3DD’+2D” Gx9).

13+3 1 l+2 l’,”td‘ di, wh?rc t::a;.!..y

_ +y)’
36

-~ Therefore the complete solution is

. " Ex.4. Solve

p : s . 3
z=d1 (P =)+ — 20+ EL.
Pz &
' 5—2,+ Z=30 (2x+ ”).
Solution Auxiliary equanon is m*+1=0, giving m= 4

. Hence C.F.=¢(y+ix)+¢s(y—ix}.
p.I #.30 (2x-+4-p)
ede D‘+.D” y

2'+1530tht dt, where (== 2x+y
=(2x+y)>. e
" Therefore the complete solution is
o z=d(y iR ey — i)+ (2t 38,
. Ex.5. Solve (D—abl'y* z=(4x)+ () + X x+by)
. Solution, The auxlhar} equation is
. (m—ap=0, giving m=a,a. -,
-~ Hence C.F.=¢y(y+ax)+x¢,{y {-ax). -
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PIl= 7 $00+HI0)+ X G B

(D—aD'
_ 1

T (D=aDy
--”¢ ) ARty I $(») dy dy+ b)*f X(t) dt dt,

where t=x-1dy.

[H(x+0.3)+¢0. x+ 1)+ X(x+by)]

Therefore the complete solution is
z=C.F.+P.L
Exercises
Solve the following equations :
1. (D3+DD'—2D'%) z=+/(2x+ ).
Aps. z=¢y(p--x)+2(3--2x) 4 B (2xFy)8is,
2. (r——?s+r)—“sm (2x43y).
Ans. 2yt x)-rxbaly-+x)-sin (2x4-3y).
3. (2D*—5DD'--2D'?) z=24 (y—X),
Ans, z=gi(y+-21iFd{2v4 X) +% (yn-x)“.
4. (D4+D") z=sin x.
Ans, z=:¢(y—X)—cos x.
5. (D*—2DD'4-D'%) z=e**?,
Ans,  z==¢(y+X) 4Py y--x) - ex ey,
3f. Exceptional case when F(a, bj=0
If #(a, b)==0, thep our method of previous ariicle fajls.
Now Fla, b)=0 if and only if
(bp-~aD'} is facior of F(D, D).
Tlerefore we may write
KD, D'y==(bD--aD’) G\D, D').

Consider now (8D —al)') z=¢{ax-+5y). The subsidiary equations
for this are

de dv_____dz
b —u  Plax+byy’
The first two r"lations give ax+hy==¢ {const,)

d .
Also wizg o ?;S—("E‘H ryl we have

dz=== ¢(c) dx, as ax»{ Br=g,

:
b
Integrating, z:L[; () or Z:..t__ é\(m:“rby}

The particular integral is now given by
1

1 ! >
v (I)_b——_(l’Dﬁ ’ (]‘(_D_fﬁ'j d(ax+-by)
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1
=~} G Dy Hex-+e)

x 1
where () is obtained after integrating ¢(2 as many
)

.times as is the degree of G(D, D’y and G(a, b)£0.
Next consider the relation o
RAD, D')=(bD—aD') G(D, D).
Differentiating it w.r.t. D, this gives .
F' (D, Dy=bG(D, DY +(bD—aD") G’ (D, D),
so that F' (a, b)=bG(a, b)+0. '
Therefore the particular integral can be written as

x p@l;’—j)- ¥(ax+by).

_ orlflng Rule. To evaluate 3 Dl, ) 'gﬁ(ax+by) when I-‘(é, b)=0,

prbce'cd as follows :

(?) differentiate -F(D, D) with respect to Di par_iially and
multiply the expression by x, so that )

F"(T)'f“‘iﬂ #lax+by)=x 17'('51'1_)"5 _¢(ax+by>-

@) IfF (a, b) is also zero, _differentiate F'(D, D') with -respect
to D partialiy ang multiply by X ugain, so thai :

Proceed with thig type of differentiation and every-time mult'iply
‘Ila)y_x :s long as the derivative of F(D, D') vanishes when D=g and

(iii) If F©® (q, b)#0, 2G) &) D’) #lax+-by) can be evaluated
asin § 3:7, ' "
*Ex. 1. Solve 4 (r—s)+t=16 log (x+-2y). (Agra 61]
Sohution. The differential €quation can be written as o
(4D’~—41)D'+D") 2==16 log (x--2y).
The auxiliary equation is
—4m--1=0, giving m=4 §.

Hence  CF.=g¢,(2 V--%)+x¢2 (2p4x),

]
P.[.=:B§W .16 '08 ’(x+2,v)_.

. The denominator vanishes when D=1 and D'=2. So differen-
tiating A(D, D) w.r.t. D and multiplying the expression by x,
1

Pl=x EI)‘:"D" 16 log (\'F?_V)
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The denominator again vaaishes when D=1, D'=2,
Hence again differentiating the denommator w.or.t. D and
multiplying by x,
P.L.=x*.2.16 log (x+2y)
N =2.7c2 log (x-+2y).
Hence the complete solution is - .
2=24,(2y+X)+ x¢4(2y +x) +2x2 log (x+2y).
Ex. 2. Solve (D’—4D‘D'+4DD") z2=4sin (2x+y).
¥ [Delhi Hons 69]
- Solution. The auxiliary equation ls :
m*—4m2+4m=0 or m(m—~—-2)’
~ This gives -~ m=0, 2, 2.
& CF.=¢1(y)+¢2(y+2x)+xds(y+ 2x).
Now Bl _D3 4D'1;'+4DD'3 .4 sin (2x+y).
- The denominator becomes zero when D=2, D'=1.
Dlﬂ'erentlatmg ;he deno. w.r-t D and multiplying by x;

v = 8DD’+4D" 4 sin (2x-+y).

The denominator again vanishes when D=2, D'=1.
Therefore again diff. the denominator w.r.t. D and multnplymg
by x, ,
1
Pl=x? 60— D—8D" ————4 sin (2x+)).

The deuammator, which is of order T doe‘s not vanish when
D=2, D'=:1. .

P. I.=.'-6—:-§-:§.—1-J’ sin ¢ dt where t=(2x+y)

=—x% cos t=—x2 cos (2x+y).‘
Therefore the complete solution is
- 2=y} + (¥ +2x)+ xds(y +2x)—x2 cos (2x+y).
Ex. 3. Solve the equation

Pu P *u :
B T e T O g 1967)
Solution, The auxiliary equation ‘
m’—4m'i 4m=4, gives m=0, 2, 2.
_C.F.=¢,(y)- ¢z()'+2v)+\¢1(\'+2ﬂ
P cos (2x-4))
P-L= s apshrra pipe

the denominator vanishes when D~=2, D'==1
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= iy tos (2x+) .
drﬂ'erent:at:ng twnce and multlplymg by x?
] 7
- sin (2x+y)

e mregratmg cos (2x-+y) once W.r.t. ZX'H’
Therefore the complete solutionis =~
z=2¢1(y)+$a(y+2x)+x¢o(y+2x) - 3x2 sin (2x+y).
Ex. 4. Solve (D'—2D'D’—DD”+2D’*) Zz==e"ty,
- Solutiom. The auxiliary equauon is

. m'—2m'—m+2-—0 '

ie. m—l) (m+1) (m—2)=0, m=1, —1, 2.

LA CF. =¢1(y+x)+¢;(y-x)+¢a(y+2x)

P.L =Bi-' 25D -b DD -
here deno. vanishes when D=1, D'=1

m—x b
X 3D _apD D"

dlﬂ'eremntmg the deno. w.r.t. D and multlplylng by X

1
3 124, 1. 17— 1'.[ e‘d?dtwher-gax+y

-ntegratmg twice as 3Dﬁ-—4DD' —D" is of order 2.
| = —dxeTty,

The complete sohmon is :
2=$,(0 +X)+a(y—x) + g5 y+2x) —fxest,

&z 0%z ‘
Ex. 5. Saloe 5;.—2«1 Sxdy R ) y’ =f (y+ax) o

Solution. The auxiliary equauon is
m*—2om—+-a*=0 giving m=a, a.
Hence the C.F. =-=$1(y+a.v)+x¢:(y+ax)

Now P l= D’_wﬂi_i_agpr; f-(J’-l*ax)
A _multiplying by x and d:ﬂ‘ the deno w.r. t D
~Egpgp S0
=x2.} f (y+ax)==1x* f (y+ax)

multiplying again by x and diff, tlre deno. w.r.t. D,
Hence the complete solution is

 2=¢(y+ax)+xda(y+ax)+1x*f (v+ax).
Ex. 6. Solve (D—D'y z=x+ -ﬁ(x-]-y)
Solution. The auxlharv equatlon is (m—— 1)2=0,
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Lo om=1; 1.
C.F.=¢.(y+x)+x¢a (y+x).
P.L=(5 g ¥ ooy $ 5
second is a case of f{ailure
=L (12 st gty 06+
Dz( D) (D =p) )
multiplying second by x and diff. its deno. w.r.t. D
(12 ) x gt )
=3x+ fxtp(x+y).
Hence the complete solution is
z=¢,(y + x)+x¢2(y+ X} + §x7+ §x2$(x+).
Exercises
Solve the following equations :
1. (20*—DD'—3D") z==5¢17,
Anps. z==y (¥ —x)+ P22y + Ix) - xe¥ v.
2. (D*— —5DD’ +4D'%) z=sin (4x+),
Ans. z=¢:(y+x)+$2y+4x)—}x cos (4x +y).
3. (D*—6DD'+9D'?) z=6x+2y.
Ans, z=¢,(p+3x)+xP2(y - 3x) +x2 (3x-+).
* 39, A general method of finding the P.I.
Consider the equation”
(D—mD’) z=f(x, y).
. This can be written as
p—mq =f{x, y
Lagrange’s subsidiary equations for this are
dx_dy . 4z
The first two relations give ,
y+mx==c (constant). » (D)
7 (‘iz 5y we get on integrition
z=_[f (x, ) dx

Taking dlx

=-‘-J‘f(x, ¢c~-mxj dx as putging y==c——mx from ().

Thus ==

D— m.D fx )= If(-\'. c—nix) dx,
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‘where the - constant c is to be replaced by y-t-mx after integration,
‘a5 the particular integral is not to contain an arbitrary constant.
Now if the equation is (D, D') z==f (x, y), '
where F(P, D’)=(D—m,D") (D—=mD’).. (D—m,D'),
1 1 1
then P'I':I')—'m,D' DD D=l j'(x, ¥ .

This can now be evaluated by the repeated application of the
above method. -

*AEx. 1. Solve r+s—6t‘=ﬁ'j; €os X
Solutlon. The equation can be written as
(D*+DD'—6D") 2=y cos 3
The auxiliary equation is m?+-m ~ =0, giving
m=2, —3, ;
_ C.F.=g¢(y+2x)+4po(y— 3x), .
For finding particular integral, we use the general method.

P.l=

[Raj. 66 ; Agra 63, 61] -

(D—-2D')1(D+3D’) & TR
EF;'%F f (c+3x) cos x dx,

because corresponding to (D+3D) 2=0, y-3xa=¢
=35 [e sin x+3x sin x+3 cos x)

‘=—l)——12_1)‘—-[(y_3x) sin X-+3x sin x+3 cos x]
# D— o gme

replacing ¢ by y—3x

1 i
= P35 [y sin x+3 cos x].
Again whcp (D—n‘2D'-)lz=0, Y+2x=¢',

oo Piles J‘[(c"—Zx) sin x+43 cos x] dx
=-—¢" c08 X—2 (—x cos x+sin x)43 sin x
==—(¥+2x) cos x42x cos x+sin x as ¢'=y+2x
=-—J cos x4-sin x. ' ’
Therefore the complete solution is
z=¢,(y+2x)+s(y—3x)—y cos x+sin x.
Ex. 2. Solve (D*+2DD’'+ D% z=2 cos y—x sin Y.
Solution. The auxiliary equatioa is m?4 2m+4-1=0,
fe, (m+1)2=0 or m=—1, -1,
S0 CFo=¢y(y=x) 4 xds(y—x).

'NOW‘P.E"g;Dz_’“ZD‘le +D;31,3 Cos ) —x 'in J')
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———] —"'-——l‘ (2 xr‘. )
% D+D D¥D, Cos y—X sin ¥)

D’I [2 cos (c+x)—x sin (c+x)] dx _
~ as for (D+D’) z=0, y—x-
== l-)TD-,-[Z sin (c+x)+x cos(c-+x)—sin (c4x)]

== m (sin y+x cos y) replacing ¢ by y—x

= I [sin (c+x)+x cos (c+x)] dx as again y—x=c¢
==—cos (c+x)+x sin (c+x)+cos (c-+x). ‘
on integratio.
=X sin (¢4 Xx)=x sin p as c=y—x. .
~ Therefore the complete solution is
z=¢(y—x)+xds(y—x)+x sin y. ‘
Ex.3. Solve r—t=tan® x tan y—tan x tar® y. [Agra 72]
Solution. The given equation can be written as
(D*—D") z=tan® x tan y—tan x ten® ».
A.E. is mt—1=0 or m—j;!
C.F.=¢;(y + )+ do(y—x)

and P.I.= tan x tan y (tan® x—tan? y)

1
D—D*
= (b-:—D ).(D‘Tm x tan y (sec® x—sec? y)

D+D' [ [tan x sec x’ tan (c—x)
—tan x tan (c—x) sec? (c—x)] dx
as correspondmg to (D—D') z=0, y+x=¢

» 1')?1'17[ } i & o (c—x)+;J' tand x sec? (c—x) dx
< +itenx tan’-(c-—{)—}j iant {c—x) sect x dx ]
=} lﬁ!D_‘[ tan? x tan (c—x)+tan x tan? (c—x)
+ flsect e—sect =) a |

=} D +l g [tan? x tan y+tan x tan® x-+tan x-+tan 1|
replacing ¢ by y-l-x
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=} I [tan x sec? (¢’ +x)J-tan (c’+x) sec? x] dx
; ' - as corresponding to (D+D’) z=0,y—x=c
=} tan x tan (¢’ +x) .«
=4 tan x tan y as c'=y—x, .
- Therefore the complete solution i
Y=$10r+x)+¢y(y~x)+1 tan x tan y. '
Ex. 4. Solve r—s—21~(2x34xy—»*) sin (xy)— cos (*y).
Solation, The equation can be Wwritten as
(D~ DD"—2D'%) z=(2x*+xy—y®) sin xy—cos xy.
AE. ism*—m-—-2-0, giving m= 42, —1.

o C-F-=¢s(y+2x)+¢.!y-x); | _
. '=(_Q?5'_;'H)T'_2£—J’) (2x~3) (x+y) sin icy—pos xy] |
=D_+,!'D_" I [(4xqrc)_(r-x’)' sin {x (c—Zx?}'-cos {ﬁc (c—2x)}] dx
. as corres onding tp.(D-—'ZD‘) z=0,y42x=c
'=‘D_.+Tl§r‘ [ (c—x) cos '{-x (e— 2x)}+J‘ cos {x (¢—2x)} dx.

_J\co's {x (c—2x)} dx ]
integrating the first integral by parts
1 s & . '
) =P¥D (c—x) cos {x (c—2x)} | .
“D-lllb" (y+x) cf)s 2y rgplacing c by y+2_x
- I (€'+2x) cos {x (c'+x)} dx |
as corresponding to (D4 D') 2=0, y—x=c'
=sin x (¢’ 4 x) sin XYy
Thus the complete solution is
- Z=¢1 (P+2x)+¢o(y—x) +sin xy
Ex.5. Solve (D* -4D') . o
v
Solution,

: » -
AE. is m*—4=0, giving m=42 °
C.P.=gy(y+2x)+do(y—2x).
Ploey o1~ [dx y
T (D2DY (DA |
: 1 4  c-2x7
=575 || iemar~ 5 s

as corcésponding to (D—2D') z=0, p4 2x=¢
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“Dqs}w'-f['c'—z:c (c:22:)' —5H3 ]"".

1 ]
=D——-——+2D,[ log (c'.'sz'W +—+2 log x]
y+2x y+ 2%
+..__y_—

D-{-ZD'[ log y +2 log x]

i replacing ¢ by v+ 2x

7 c¢+4x ¢ +4x ‘
.=-j[ log (¢ +2x)+c X + +2 logx]dx
as correspondmg to (D+2D") z=0, y—-2x=c

=j'[ log (¢"4+2x) 42— +2x +5 +4+21<>gxdx]

-ﬂl log (¢'+2x)+ 6 +2x 4 +210gx ]dx

—x log (¢'+2x)— I 2x d; +6x— }c log (c +2x)4-¢" log x

& ' : +2x log x— I,Zd’x FE

¢ +2x~¢'
c'+2x
—ic los (c'+2x)

=xlog (¢’ +2x)+(c +2x) '°g"+4"-Idx+I Zrrdecl
-}c log (c"+2x)

—x log (¢'+2x)+(c'+2x) log x +4x— I dx

=x log (c'+ 2x)+(c’+2x) log x+3x
.=xlog y+ylog x+3x as ¢ =y—2x. =
Hence the complete solution is '
z=¢1(y+2x)+$e(y—2x)+x log y+y log x+ 3x.
: - Exercises
801ve the‘followmg differential equauons 5
(D34-D*D'—DB"*— D'3) z=¢” cOs 2x.
M“ z=gi(y+x)+da(y—X)}+Xga(y=%) '
. —v,';e’ cos 21—1 sty sll‘l ‘2%,
2. (D'+SDD'+5D”) z=x sin (3x—2y).
Ans. z=h{y+} (=5+V5) x}+baly+i (—5-v/5) x}
, +x sin (3x—y)+4 cos (3x-—-2'l)
3 (D*-BDD'+2D’) z=e¥* YL extY 4 cos (x+2y). -
Abs.. z-—¢g(y+2x)+¢,(y+x)+ e 7 —xe?*7 —§ cos (x+2y)
T4 (D*—1DD'*—6D") z=cos (x—y)+X24- Xy )5
Ans.’ z=4(y—x)+¢a(y+3x) +és(y —2x)— &x cos (x—y)
i +«;x*+ 0y 4 doxtyt 4 I,
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Ans 2= +20)+ 4+ 1)+ xba(y -+ 3 xerx— a4 2)8,
1
6. (D*+46DD’'+6D") z= .

( '+. +6D'%) z crm T E

ABS. 2= gy (y—2x) 4 gy(y— 3x)--x—(y—3x) log (r—2x).

7. (D*~DD'—2D%) 2= (y~1) e~.

Ans. 2o gi(yex)4-h(y+2x) +yer. "

3-10. Non-Homog‘eneous Linear Fquations 7_

A linear partial differential equation which is not homogene-

ous is called a non-homogeneous, linear equation. Consider the
differential equation F(D, D) z=f(x, y) i .
where F\D, D')is now not necessarily homogeneous. While
F(D, D) when it is homogeneous, is always resoivable into Jinear
factors, the same is not always true when F(D. D') is non-homo-
geneous.. Therefore we classify linear differential operators
F(D, D') into two main types, which we shall treat separately.
These are : : ’ :

"() F(D, D')is reducible if it can be expressed as product of
“linear factors of the form D+aD’'+b. ‘where a and b are con-
- stants. ; ' :

(i) F(D, D') is irreducible, i.e. when F(D, D) is not reduci-
ble for example D*— D',

We first take up case of reducible F(D, D) and it can be
simply verified tha: the order in which linear factors occur is
important. '

3'11. Complementary funetions corresponding to linear factors
Let «D+BD’+y be a factor of F(D, D’). To find C.F. corresp. . _
onding to this factor, consider the most simple non-homogeneous o
equation (eD+BD’+y) z=0, .
This can be written as ap- fg= —yz.
The Lagrange’s subsidiary equations for it are
de_dy_ dz
& - - —yz A o

The first to relations give g -
«dy=Bdx or Bx-ay=c.

dx __dz B
! O — = e 5 e ]
Alse = = gives log z ¢x+¢095t

5. (D*-4DD'+5DD—2pn) Z= e (yp I,

or . z=const. e(—¥/x)
Thus the complementary function is
z=g{—¥x/a) $Bx—ay)
" where ¢ is an arbitrary function. . :
Note. If the linear factor is D— mD’—y, then the correspond-

ing CF. is e”*¢(y+mx). : ,
We now come to the various cases that arise :
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L. F(D, D') has repeated linear factors. -
If (D, D')=(@iD+B1D’ +¥1).ue(aaD+BoD’ +74)

when all the factors are distinct, then the C.F. of F(D, D’) z=0 is

,=e(—~?xxlcﬂ¢l(p,x_¢,y)+ +¢(-7.x1¢-)¢_(p_x_.¢,y)
1L F(D D’) has repeated roots. —
- Let a factor D+ BD’ 4y occur twice in KD, D).

Consider («D+BD'+¥)2 z=0 (1)

Take (@D+-BD’'+v) z=Z., wa(2)-

.Equating (1) now becomes K : ;
(«D+BD'+y) Z=0.

This gives ~ Z==e(=7*/®) ¢,(8x_qy) as above.
And (2) now becomes

@D+BD' +y) zme@xlRg (Br_ay). .
This can be written as

ap +Bg=—yz4el=YxI0) 4 (gx _.ay), '
The Lagrange’s subsidiary equations for this are
dx_dy _ dz ,
« B —yztetvir g (Bx—ay) -
The first two relations give gx—ay=c.
Again first and last, give

dx= dz .
3 — vz 4 eRY(c)

dz,y 1

. —_—t-l (-V;J C
or +¢z =i =)d(c)

. dx
a linear equation of first with'integrating factor
el P dxf:g("ﬁ)
Therefore,

zei;":"l=q+ I—l- #(c) dx

. =t‘x+" xﬁ"—‘)

or =i(Bx—ay) el - xeeiagy(fx --ay)
taking ci=¢i(c)=g,(Ax —ay) etc.
Thus C.F.is e“"" [$r(Bx—ay)+xda(Bx —ay)].
In general if aD+-BD’ +y occurs.n times in F(D, D), then the -
corresponding point of CF.is . .
¢ [§y(Bx —ay}+ Xda(Bx—ay) + 3" du(Bx—~ap)],
Note If the factor D—mD - repeats PR
corresponding to it is
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er* [¢;(y+mx)+x $a(y+mx)+ .. + X"y 4 mx)].

Cor. If a factor of F(D, D) is pD’+y, and occurs only once,
then correspondmg to it,

"C.F. is e(-7Ip) ¢(Bx) : ‘
Next if BD’+y repeats n times, then its contribution in C.F. is
eI [ha(Bx) +xa(B)+ - X B ] .
Ex 1. Solve (D*—a*D'*+2abD+2a%hD’)z=0,
Solution. The equation can be written as
(D+-aD’) (D—aD’+2ab)z--0
there being linear distinct factors, the solution is
z=$.(y— ax)+e 20y (y + ax).
Ex. 2. Solve (D—2D'+45)% z=0.
Solution. The equatlon can be written as
[D—-2D'—(—3)] z=0
There are repeated liixear factors.
Hence the solution is
Z=e"%* $1(y+2x) +xe~5* ¢y(p+2x).
’ Exercises
) Solve the following differential equations :
L (D+D'—1) (D+2D'~2) 2=0. | '
Ans.  z=e"hy(y—x)+ e ha(y—2x)
2. r+254-142p+2q42=0. : . :
‘ CAns. z=e"* [$i(y =x) +xda(y —x)]
3. r—t+4p—g=0. . Avs, z=¢,; (v +x)"-€ ¥ (y—x)
312. Complete Solution. . w 3
The complete solution of
F(D, D'y=f (x, y)
is g=C. F +P I.
whcrc P.I =FD. D,)f(x, »). .
Now the particular integral of non- hom)geneous parual d:ﬁ'e-

rential equation can be found in a very simple way in some of
the cases. We discuss these below.

313. Particular Infegral - o,
- Particular integral of non-homogencous partial agifferential
equation can be Yound in a ‘way similar to those of ordinary diffe-

rential equatmns We give some cases of finding the particular
equatici: g - =

Casc L When fix _*)—e***"f .
We have " DesxHty — geaxtdy
- D'euxtbr—grenctby g,
and DI retixtby oo hrpd by,

/
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F(D, Dr) qﬂﬂ,}’#}? (a, b) eax+bs,

Operating both the sides by F_(DTJ'FS_’ we get

F (D 5 =¥, D') —— F (a, b) ew*r

1

or e*Y=F. (a, b) - F(D )

e JH?

d b
or mdmg y F(ﬂ. b); we get =— l’l( b)_ =TF (D D’)

Thus '—r 1 eox+by 1 ax+b}‘-
i F(D D') F (a, b) b ) N
provided that g, b)#0.
Case II  When f (x, y)=sin (ax+ by) o i =
We know that D sin faxLby)=a cos (ax +by),
D% sin (ax+by)=(—a®) sin (ax-+by),
DD sin (0x+by)=(—ab) sin (ax-+by)
and D’ sin (ax+-by)=(--b?) sin (ax+by).
From the results, we see thea

: :
F——D, sin (ax«i-by) F(D’ DD' D" D, D’ sin (ax-i—by)
T TETT T .
“F(=a, wab —b, D, D) Ain (ax+by),) i
pumng D'———a’ DD'=—ab. a[.d D"——b’
This can be evaluated fuﬂhen “ 1 ' "
© Case III ~‘When f(x, y)....x"' ", M__,.w -

whrch can be evaluated afmr expandmg F(D .D’)“'l in p:)wers of
D and D' : 4 A ! o

Case1V. To eValnate (e“"'"’-"V)

e F(D D'
where V Is a function of x and y.
Here also it tcan be checked up that wc have S
| - 1
POy = i)
The following solved examples will illustrate the procedu:e
Solation. The comp!ementary function is Ca
L Eh R+ () : ;

\ —— - ¥ 2%,
Pl= (D D’—l)(D-—D‘—z)e 7
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-y

{2—(—1)«-— l}{2-(*1)—2}
writting 2 for £ and =1 for D',
=fet==r. . =
Hence the complete solution is
Z=Ch (P X) ey (pf-x) 4 Jervr,
Ex. 2. Solve (D'+DD'+D'—I) Z=sin (x4 2y).
, [Rajasthan 66]
Soll!tlon The given equation is '
(D4 1D+ D' — 1) z=sin (x+2y).
<« CF.=e%4, (y)+evdy (y—x)

NOW P.I.=mb, sin (x+2y)

=W— sin (x4 2}’)

writting — 1% t‘or D* and —1.2 for DD’

1
-D sm (.\'+2y)==D,l 16 sin (x+2y)

.'-(D'+4)ﬁ-sm (x+2y)

=—3% (D' +4) sin (x+2p)

=—3% [2 cos (x+2y)+4 sin (x+2y)1.
'l‘herefore the complete solution is
E:=;'Wy)+e~¢. (y—x)—tL [2 cos (x+2y)+4 sin (x+2y)).

Pr gz ,0 2)+er, '
o dx gy oy IT0 (x+2)+ (Agra 72, 65, 66]

Selution. This equation can be written as
(DP—=1) (D—D'+1) ze=cos (x+2y)+e'
oo C.F.=exg, (y)+e"¢n (y+x)

Now P.I.=—

D=—DD'+D' cos (x+2y)

1
Ny, e

We connder these separately. So

1
DT ¥D=1 “=* ;p=p» ¢
mumplymg by x and dlﬂ'ercnnatmg the deno. w.r.t. D,
as D*—DD'+D —1=0 when coeff. D=0, D'=1
- -xe’ pntting D=0, D=
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and mp,:_l cos (a;;{-Zy)

, , S . 1 ‘
h"'l.+l.2+D'-—-l cos (-t."l"2y)-BT c.os’(x+2y)
=4{ sin (x-+2y). '
P L=} sin (x+2y)~xe»

Therefore the complete solution is

- 2=€% () +e7*$, (y-f-x)+} sin (x4 2y)—xe’,
Ex. 4. Solve (D4+D'—1) (D+2D' - 3) ze=2x4-3y.
Solution. C.F.~e*$ (y—x)+etg, (y—2x) ;

and P ] =

. 1 . :
D+ D=1y by3b7—3) P+¥)
=3 [1—(D+D)] [1—} (D+2D* 2x+3y)
=4 (I1+D+D oo [1+4 (D4-2D%) ...} (2x +-3y)
=t (A+8$D+3D'+..) 2x+3y)
, =42+ 3y +§+5)=3x4p 420, E,
Hence the complete solution is _ : y B
z=e"9 (¥ —x)+6%4; (X—2x)ob Bxfp4 43,
Ex.S. Solve (D*4-DD'++ D' 1) zmxty, .
Solutien - (D+1) (D4 1) Z=xy,
o« CF.=e"¢, (y)+exdy (y—x).

! 1 . o . . E
Sy
==(14+ D)1~ [1 — (D4 D))t x2y ‘ ‘
-_-(!-—D+D’---)[l+D+D'+(D+D')*—3-(D+D'P-,.-1:’
=]l --D_+m+...u1+p-+m+wp'+m+3mn'...1x-y
=~[1+D+DD'+ D' 440Dty
=—(xy+2p+2x 4 x248). T
“ Hence the complete solution is ,
Z=r=*$1 (y +€%s (y—x)~— (x4 2y 2 x*1-8). - :
Ex. 6. sa(.ye (Dﬂ-o"—ﬂ-;-g(-ﬂ’;') zijv-l.-i;“*'“-”Q) :
\ = (Delhi Hons. 71; Rejasthas 64; Agra 53]
 Solution. The equation caxs be writtenad .
- (D=D’) (D+D'-3) Z==xyp-|-etIr, '
- . C.E.=¢1 (x+3)+e*¢y (y—x).
Part of the_particula‘_t integral corresponding to exi?> jg

: . extar .
@=D)(p+p—3) ™ .- caseof failure
‘ -—-—- 1 N . - Loy
= =rmo=3 | putting D=1
Beﬂ'i"] l o - \

=D=%) (p'+2-2 ']
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= — ¢-w ]-g—etﬁin_(]+p)-xl :

2 (D'-|-l)
——f‘mF (1 -'—‘D' +...) 1= —pex+dy,

Also pan of the particular integral corresponding to xy is
1 o
' “ﬁ—p')(n+p'-3 5 %

=—} F_- [l-H (D+D')+{i (D+D)} + ] xy

-—-3-— 1+5) GrHieH+D

.=-—--- Cy+ix+iy+3+ix0+1%)

—-—("x’y+}x’+§xy+,, x4+ 1%x%).
Thus P. L. -=--ye”*”—(ix‘y+‘x'+%xy+a‘rx+;*.rx')
Hence complete solution is .
z=¢; (v+x)+e¥¢s (y+x)—yet?”
—~(x%y+x*+ éxyﬂ‘,xh‘:x’)
Ex. 7. Solve (D—D'-— l) (D—D' =2) z==e®74x.
[Rajasthan 53]
Solution. The C.F.=e*¢i(y+x)+€%¢s (y+X).
Part of the P.I. corresponding to €**7 is
1 et '
(D—D'—inD—D'-2)

L, 1 L~y
“e=En-ne—=1-2°¢
—fer. |

Also part of P.1, corresponding to x is

1

O=0—D P-P-n”*

=} (1 —(D=D))* [1—} (D-D')}* x

=} 1 +D—D'+.. ][I+ (D-D')+.- ] x

-} (143D—3D'+..) x

=ix+1 :

 Thus P.L=jor 4+ +4.

Thus the complete solution is g
=€ (y+x)+ c"h(y+3)+!¢”’"+ix+‘

Ex. 8, Solve By_d Bz+3az —2zmerr—yy,

xt By’ ey
(Rajasthan 60 ; Agra 57]
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Solution. The equation can be written as
 (D*—~D'*4-D43D'—2) z=€*7—x%.

ofr (D=D'42) (D+D'—1) z=ex>—x".

C.F.=e % (v+x)+e¢(y—x).
Now the part of P. I, corresp_onding to ex-7 ig
l I3
(D‘-—D" D+3D‘-—-2)

-

e P e e
and part of P.I. corresponding to — \:’y’

(—f-ﬁmm ()
=¥ [1—} 3D'+D—D"*x DY)} xfy

={ [14+} (3D'4+-D—D*4 D%+ } (3D'+D— D' Days

+3 3D+ DD D4 ] xty
=} [1+4D+4D" +{D*+}D*+ DD’ +4 DD’ 4 D' Dy

, +iDW 4. xy
=} [x'._v+xy+ix'+y+iy+3x+3+l+}]- e

oo Pl=jer [y+xp+ixt+Hiy+3x+24
The complete solution is

z—r"h Y+ X)+e*$a(y—x)— e
o g x® 3x4-2
e B Scly “ 1 [ xy+ x4 Iy 434 32)
a*: &z 9% ) '
) y,+2 WL ay =™ 4 sin (2x45) +xy.

(Deihi Hons 61 ; Vikram 52 ; Agra 66, 63, 56, 54)
Solution. The differential equation can be written as
(D4D') (D-2D°+2) z=€>**¥ L-sin (2x +y)+x)
C.F.=¢i(y—x)+ e~ 2"ds(2x+y).
Now P.L mrresponding to ety

&y
=D w y7) i

[ Jr— I P 3
FTIa=eryy o= e
Also P.I. corresponding to sin (2x-+))

l -
=P DD Db St (@x+))
‘ .
= i (=T S (xty)

1 . DD
TEipyr) WA=y sin e 4)




-
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(=D .
-} \T"m (2x+y)
o0 =2 (]
=1 cos (2x+7).
Again P.I. corresponding to sy

: 1
T O+DYD=2D o ¥ |
-3‘3( 1-2) (11— (D=2D)+} (D-2DY 4 ...] xy
g -2%( i—g-'+... )(xy-ly-_l-x—l)" ,
=} B3y —ry—Lesp 2 ),
Thus :

Bl et 1 cos (2x49)44 (jrty by —3x+3x0x)
and the complete solution is z=C.F,+PlI. :

" Ex. 10. Solve (D—3D'—2)* zen 2> tan (y4 3x).
Solution. We have I

CF=e™ et 30) £ 3y 30y,
Now P.L-TB:aT;?-_—‘F 2¢“L V'III (y+3\x)
=gl iD‘—-;_D'-)i" tan (y-]-_3;r)

putting D42 for D and taking e outsjde. _
This is now a case when operator s homogeneous in D and D’
2nd function is of the kind ¢(ax—by). Also since when D=3,
and D'=1, D—3p'— s it is case of failure. :
Thus P.J.=2.? x2(D-—-3D’) tan (y+3x) _ | o
: 'multiplying by x and diﬂ‘eremim‘ng the
‘ ' -+ denominator w.r.t, D ’
=2e% x2 1 tan (+3x) '
, again diff. the deno,
=x’€** tan (y43x), '
Therefore the Complete solution is
. B g2 [f.(y+3x)+xm+3x)]+x’e“’ tan (y43x).

Ex, 11.  Solve (D*4- DD —~6D'2) 2yt gjp (x+y).
Solutien. The equation is ‘ :

(P=2D) (D+3D') 721 sin (x-1y),
C-F-wiu(y+2x)+¢:(y-—3x}.

w.r.t. D and maltiplying by x
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Now evaluate _tﬁe P.I, we take
. sin (x+y)=imaginary part of ef (*+)

iy 1 3

and P.j.-lm. part‘aspf D FDD —6D7 Xt )

L+ +i (D+l)+5 , ,
pumng D4i i‘or D and i for D’

-_-Ini. part of gt (x+7)

1
ipsibia ™
m -~
¢ a[ : +3w L2

—lm puﬂ of e ('m
N x*
e n[l 3ip D* 9D* ]x'

4 B I M T

-=Im part of

=Im. part of

~=Im. part of

N L

=} sin (x+y) [x’ ~32)—1x cos (x+7).
Therefore the complete solution is - i

z "ﬁ(J‘+2x)+¢:U—3x)+l‘ sin (x+y)(x*— 1‘)— $xcos (3+}'7
‘ Exercises
Solve the follownig differential equations :
1. (D*—D*—5D) z=mex,
Ass. z==¢1(y——x)+¢"ﬁ(y- X) 13 ‘9’"”
2. (D4D)D+D'—2) z=sin (2x+2y). - |
Aus. z=p(y+x)+eThO-x)
. + 117 [6 cos (x+2y)—9 sin (x+2p)]
3. (3DD'-—2D"—D') z=yin (2x+3y).
Aus. z=gs(x)+ e Pgy (2x+3y)+} cos (2x-+3y)
4. (D*—DD'—-2D'42D+42D') z =e**+¥ L sin (2x+y). -
, ‘{Agra 68; Delhi Hons. 68]
Ans. z=¢,(y—x)+e gy (2x ~y) 252+’ — 1 cos (2x+2y).
5. (D-DD*—Dr4DD) 2= e

Ans. z-¢x(y)+¢-(x+y)+e'¢.(y x)+losx
r—s+p=1_. Ans, z-d;ly)+e'-'§g(v+x)-!x
(D+D' - 1) (D-+2D" —3) z=443x+6y.

Ans, z=e%,(y- -x) +e¥yy() 2x)+6+-x+2y .

N e

; 8. S+p--q=xy. o A
Aps. z=e"gy(v —x)+ehy(X)--xy—y+x+1
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9. (DD'+aD+bD'+ab) z=emsto, ‘
emxtny

- Ans. z_r“i.(y)e""’h(x)+ (m+b-)(n+a) -

10. (D*—DD’'+D'—1) z=cos (x+2y)+ e+ xp+1.
. Ans.  z=e"$:1(y)+E$y(x+y)+§ sin (x+2p)Fye’—x o+1)
1. (3D*—2D"*+L—1) z=Ae*+” cos (x+p). ~
Ans. z=z‘ c,e'&i*“’+ $ext’ sin (x4-y)
i = ‘ where 3a2—2b24 g —1=0
12. D (D—2D' (D+D') z=e* (52 4-4y%),
' Ans. . 2=$(1)+s(y+2x)+ s (y—x)
=g (9x*+36y*— 18x— 72y +-76) ext2r
3'14. Equations reducible to linear form with.constant coefficients
A differential equation having variable coefficients can some-

times be reduced to equations with constant coefficients by sujtable
‘substitutions. One such form is F(xD, y. ) =f(x, »)

Subst;tution in this case is
- x=e* gnd y=e’, .
80 that wu=Ilog x and ve=log y.
G sw ' __3 ’ a
Denoting D=a—‘-‘- ahd D Eg—v b ‘ -
it can bec\asl‘ly shown that

na

2 ;2 O _aw
x5-y=D x’ﬁ_.D(p 1),

7 ’ ‘la' '3 »
y 3—qu y Y -a}-in:D (D'—1),

and in general,
g
=D (D—1)...(D=m+1) D' (D'~1)...(D'=n+1).

These substitutions reduce the equation to an equation having
~onstant cofficients, and can be easily solved by methods discussed
in this chapter. .
Following examples illustrate the procedure.
&z &z
T o] .
B 1. - Sdleca’ sty [Agra 72; Indore 67]
Solntlon.‘9 Put x=e* and y=e¢". ;
e € 2 e ' :
Now if d—u=D and a—vz

x’2 D(D' i)and 2 ® =D"(D'—1
e = ¥ o D'=1).

With-these substitutions the equation becomes
[D(D—=1)=D"—1)] z=e*.e"
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or (D=D')(D+D'—1) z==e%*.
This is a linear equation with coostant cocfficients ; indegen-
dent variable being z and independent vanablcs being v and v,

The C.F.=¢y(u+v)+e“ds(u—1v}
=¢1(log X+ 10g })+ x¢s(log x—log y)
=fi(xy +xfl(y/ x).

= D)(D+D'——l)
L S S
=D—D" *i+1-1

i

Now P.I.=

evtr

1
—_—, "=y -l-e'“"

= D-D
diff. the deno. w.r.t. D and multiplying by u
=ue“* =(log x).xy as x=eY, y=e"
=xy log x.

Hence the complete solution is
z=fi xy)+ xfas(y/x)+xy log x.

Ex. 2. Solve x* 22 _4x _aji_.{. T2 4 6y 2. xaya
x. & axt— Y ax oy ay= yay ks
[Agra 65, 57]
Solution. Put x=e¥, y==¢*,
Now if D= = aud D —Zu‘ we have
o 3 o x B
"a—l"”@-”'* sa=D (D-1),

: D,y 3'—1)'(0’- 1.
Yoxay 00 o
With these substitutions, the given gquation becomes
[D(D=1)—4DD'+4D" (D'—=1)-+6D'] z==£3 '
or (D—2D")(D—2D"'—1) z=gduti,
This is a linear equation with constant cocfficients and depen-
dent variable z and independent variables u and v,
The C.F.=¢,(v+42u)i-e?¢s v + 2u)
=d¢i(log y+2 log x)-+x¢s (log ¥y+2 log x)
=¢(log x%)+x¢; (log yx?)

=f(¥")+ xfa(x?V)
l Bl *
and Pl =y (s 2 sy
1

P T — urlv__,hu&t e(v

G- 8) (3—8=1)
=%t aset=x and e'=},
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Therefore the complete solution is

3=ﬁ(x'y)+¥fn(x'y)+ e x4
. 3. Solve L
x!

a2z az ; .
( axa"‘z"” axay =5
Solution Put x=¢" y-w' ‘

Now if Dzz-— D‘——- then x —a-.D,

o
»aG=D (n— b, xy 5 ,J--mr .

- With these submtuuqna the given equatlon becomes
(D (P~1)+2DD"--D) Zutelde-d)
/4 (D +2D' —-2) 2-0"“"’
C. F.-f,(v)+e’tﬁ(c—2u), _
- =hAllogy)+afog y—2 log *] :

=sortaw ()

Therefore the ‘compiete solution becomes -

1 x?
C2=h0)+og (5)- 15 |
Ex. 4. Solve x'r-—y't+xp—yp==log X, [Delbi Hons. 70)
Solution. Pyt x=% and y=e',

Now if —-—D and -—==D then xp-Dz, yq:-D'

x’r=D (D=1) z, y'l-D’ =1z
Therefore the equation becomes
- W-1)-p (D'-—-l)+D--D] Zeey
or  (D*--D'%) z=u,
C.F.=¢)(u+0)+ $o(u—v)
=9(log ¥+ log y)4-$a(log x~log »
=A0)+fy)x),

' 1f, D% 7
S e I

6 -~ 6 -
Therefore the complete integral is
zﬂﬁ(ry) +h01x)+} (log x\)
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Ex. 5. Solve
9%z 9°z &2z
x* B_J§'+2xy xw +)* 'J,F(x’+y’)""-
Solution. Put x=¢* and y=e¢".
- Now if p=9 and D' 2O
ou - ow?
the — P— ;a’—-. o 4 %
n x’a =D (D-1), xy x By DD
and yt 87.-9' (D' -1). |
With these substitutions the given equation becomes e
(D+D') (D+D'—1) z=(e™+ ™)1,
The C.F. = gy(v—u)-+-e*a(v — 1) '

()
and P.IL W) (et ey

=B+D) (D+D' y € [L-ato=pn
1
@D (OFD=D [‘"'“"“””""

‘” “" l) c(a—lpﬂr_’_ ]

gl

e (14 et (x34-y%)n
nn-1) n (n—- 1y~
Therefore the complete solution is

. a (y) N ( ) gy

A—-1 °
Ex 5. Solve
P & 2z 1 6z 1932 1 oz

g ——, S .

XT3 ax " yiap oy [Agra 58]
Solution. Put {x*=u and §y*=v,
" sothat xdx=dv and ydy=dv.
9z ¢z dx 1oz

Hence o e "k
#?z 8 floz 1 9z\ ox
and . 2 au(xau) (xax u
1 oz. 1 &z 5

=—daty v

]
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1 2%z 1 9z 9%z

X2 X3 ox ot

y Loz 1oz g

Vol Yoy o

Hence the given equation reduces to
2z oz &z oz
a3 7 i

Therefore the solution is
z=gi(v+-u)+ds(v—u)

= ("’ r )+ (” "'”’)
=/ilx*+1) 4S5

ie.

Similarly

x H
Solve the followmg partial diﬂerentnﬁ?iu‘?itions o
2 -
I ¥ x'+2x dxay +y‘ ay’ "2 ' [Raj. 60]
Ans. z=fi(y/x)+xfa(y/x)

'z oz az
2 S +x =0, : [Agra 53]
Ans. z=fi(xy)+fa(v/x)
3 . Mz a'zL &
R 124 P ik
CAns.  z=fi(xy)+xfu(ylx)—§x"y
: 2z '
4. ,+2 Y 5 a,:“”@“,‘""”"'
TR o
Anz_l_- 2=-f1(ylx)+th-(y/x;+w,l F7] =T}
0%z
5. x o3y e é,y+2.v' ay.+5y —2z=0.

, Ans_ z=x%(yx)+ xf(x2y)
2%z oz 2z
6. 2 gat2y Tty Hone Foy B namo,
Als z=x"i(y/x) +x1(y/x)

0%z 9%z 02
LA oty ox 8y+y ] et gty a}"""o
Als z= x7u(y/X) -+ xfa(yix)
3 1S. Case whel F(D, D') cannot be resolved into linear factors,
In case F(D, D') is irreducible, i.e. it cannot be factorised into
linears facters in D and D', the methods discussed above of finding

the complementary function fail. A solution by trial is found.
Following few cxamples will iljustrate the method.
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Ex. 1. Solve (D—~D'%) z=0.
Solution. Let the solution of the above equatlon be

z=AM .-.(l)
then Dz=Ahehxt¥r, D'tz = AkIehr+rr, :
Putting these in the differential equation, we get
(h—k?) Aetx+?=0,
Thus (1) would be solutijon if h=k2.
Putting k* for A, in (1), the lolullon is given by
s=Ae '-‘+ky . . ’
Since all values of k samfy the given equatiop, a more general -
solution of the given equatlon is

L N

Ex. 2. Solve
o2z 1oz 5 , B
axt kot " [Delhi Hons. 70]
Solution. Let : :
2 o ;
it Tt .
then equation is
(kD*—D’) =0,
.,Let a solution of this be

— Aeflx‘l‘clf. ) , (1)

30 that D%*z=Ac,% X+ Cats

and  D'z=Acse™ el

Therefore (3) would be solution of the given equation if
- ke2—cy=0 .
Cs =‘k¢—'l :
Putting this value of ¢; in (l), the solutlon is
z=Ae Curtk .

Since all the -values of c, satisfy the given equt:on a more
general solution is given by

' keytt.
z=5 AT

Ex. 3. Solve  (D*—D’) z==cos (3x—y)-
Selution. For CF., (D*—D’) z=0.
So let C.F. be given by z=Aehxtkr,
S D'z=Aheb=*® and D'z=Akel*v,
so that  (D*—D') 2=4 (h*—k) et**'=0
which holds if #*—k=0 or k=A%,
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Hence in general the C.F
' 1
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B hx+hty.
=y Ae_+ ot

' ' i 1 a1l 3

4

=~ Dy 08 (3x—))

#

putting —3* fo[ Ds

) ‘
=._'T-—N cos (Bx—y)

=% [sin 3x—y)~9 cos (3x—y)].
Hence the complete solution is

z=X Aeter i roin

1. (D*—2D"_1yz—0
2. (D4D"—pY) 2,

(3x—)~9 cos (3x --)].
Exercises ’ ,
C Ans, z=JFAelsk1)yry
ADs. z== {enlx cos 6+y sin ),

Solutions under given conditions. :
Ex. 1. Find.a-surface passing through the two lines z=x=0,
Z2—1l=x—y=0, satisfying r--4s 4t =0, ! [Agra 63]
Solution. The differential equation can be put as
. (D*—4DD* 44Dy z—0 . :
or (D=2D")% z=0.
Therefore the general solution is

Z=¢1 (2x+y)+x4, (2x

+y). . ¢ ' qn(l)

‘We wish to determine the arbitrary functions ¢, and ¢, under

given conditions. For this we know that this passes through

‘Z2=x=0

L O0=h() andso gi@x+y)=0. S

(1) now reduces to
=x¢s(2x+y).
-:Again (3) passes through
z--1 ==x—-y-._—.0.

-

)

~. Putting z=1 and x=y, (3) gives

1=x¢;: (3x) ie. ;“ =gs (3%)

C - 3
or ¢ (2x~4<y)=2;1—y-

We have thus deferniined the arbitrary functions. ‘e
¢1and ¢, as obtained in (2) and (4),

Putting in (1) values of
the solution ig

Ze= N ————

2x +y

w(4)
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or 3x=z(2r4y),
which is the required surface. i
Ex. 2. Find a suirface satisfy:ng r+s=0 and touching the ellip-
tic paraboloid z=4xi | y* along its section by the plane y=2x. J.

. . 61’
Solution. The differential €quation can be put as All'l %1
- (D*4DD’)z=0 or D(D+D’) z==0, :
The general solution \is' ) , _
L z=40)+hly—x). k1)
It is given that the surface
Z=4x24yt ' (2)

and (1) touch each other along the section by the plane y=2x+41.
We shall use this condition to determine the arbitrary functions é
and ¢,. The condition requires that values of p and g from (1)
and (2) must be equal at y=2x+ 1. Bquating values of p from (1)
and (2) at: y=2x—1 ' o

p=g§ =—¢'(y—x)=8x at y=2x--1 ) L
ie. ¢y (x—1)=—8x, r

Integrating ¢,(x—l)=-—4x’. : ,
Again q=g§=¢z'(y)+¢.'(y—x)=2}' at y=2x—1,
le  $:'(y)—8x=2y as ¢y'(y—x)=—8x, from 3
or h'(y)=2y+8:;==6y+4 as 2x=y+1. '
Integrating, $1())=3y244y. t - we(d)
Thus the required surface is - :
z=3y'4+4y—4 (y—x— 1)2, L
Ex.3. Find a surface satisfying t=6x% containing the two
lines y=0=z, y= =7, ' : - [Agra 70]
Solution. The equation can be written as :
D2z x3p, , '
FOl'"this C.F.=¢1(X)+y¢|(X)

and  P.L=r 6xtyextys,

Therefore the solution is

Z = (x) + pha(x) =x%3, SR )
Therefore wken y=0, z=0 : 0= $1(x)
and when y=1, z=1. . l=g,(x)+3, -
‘ because 4.(:)-0..

Thus  gy(x)=1—x3and ¢y(x)=0. |
Putting these vajues in (1), the required surface is
2=p(1= X9+ x. . ‘
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Ex. 4. Find a surface satisfying
2x%r —Sxys+2y*t+2 (px+qy =0 ; '
and touching the hyperbolic parabolsid z=x%—y? along its section
by the plane y=1. [Agra 67, 60]
Solutiom. The .IVGII equation can be written as
iRz :
20 22 say éx_a" + 5.7-"‘2( % 49 ay) =0,
Put x=¢* and y-c' so that u=log x and v=log y.
Denote and D'—%

then x 3—:0-; _3_ ,=DiD-1), x _a’==DD'
- o ek T
¥ ;——D' and »* a—y—-.::D' ('=1).
With this substitution given equation becomes
. (2D*—5DD’+-2D'%) z=0
or (2D—D') (D--2D") z=1).
Hence the solution is
z=g, (2v+u)+ ¢s (v4+2u)
=¢1(2 log y+log x)+¢: (log y+2 log x)
=d, (log v'x1+-¢, (log yx*)

or ze=fy (yx) +fu (7). | (D)
The other given surface is _
Zemx_yt, .{2)

Since the two mrfac»s touch each other along the section by
ye=1, the value of p and ¢ for two surfaces must be equal at y=1.

Equating values of p and g from (1) and (2),
- YU ()2 (xPy)=2x (3
and  2xpfi'(y*x)+ x5/ (x2y) = —2y. (9

These give  f'(*) =~ 25— 3¢
4

and fiG)=22 4
-Pnﬁingy- ﬁ(x)--—?'—x*-;i :
and fOD=5n+H.

lotegrating fisy=— i log x L w®
and fi(x%)=13 log x?+ $x? (integrating w.r.t. x%)
=% log x-+§x%. «e(6)
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Fram (5) and (6),
LPx)==1y'x+§ log y’x
. =-—}y'x*—%log x—%logy,
Sfu(x¥)=% log xvy+ix?y ’
=% log x+§ log y+-4x%.
Putting these values in (1), the required surface is
Z= —}y'x*—2 log y+ £ x¥y+C .
of 3z=4xty—)*y*—6 log y+3C, where C is a constant.
But when y=1, 3z=4x—x343C=3x*43C
'and from (2), z=x--1. ;
These must be same, hence C=—1.
Therefore the required surface is
3z=4xty-x%*—6 log y—3.

83

1. Show that a surface of resolution satisfying the differential
equation ‘ S
B2 194y
Il

[ 4 .
. and touching the surface z=0 is z=(x*+)*)%. ‘[Agra €9]

2. Solve the ‘equation r-+7=2s, and determine the arbitrary
function by the condition that bz=:y* which x=0 and
az=x? when y=0. Ans. z==(x+y) (x/a+y/[b)

3. Find a surface satisfying
(D*--2DD’' 4+ D'%) z=6

_and touching the hyperbolic paraboloid z=xy along its
section by the plane y=x. Ans r=x—xy+)*
4. Asurface satisfies (D*+D'%) z=0 and touches x*+z'=1

‘along its section y=0, obtain is equation.

Ams, 2% (x1420—1)=y® (22419

S, Find a surface satisfying the equation D'z=6x+42and

touching z=x3+y? along its section by the plane

x+y+1=0. Ams. z=x*4 P+ (x+y+1P
6. Find the surface passing through the parabolas 2=0,
y*=4ax and z=1, y*== —4ax and satisfying the differential

" equation

%z .82 :
*ga T2 5=0. {Agra 71)



o 4
‘Second Order Partial Differential
Equations with Variable
. Coefficients

e

4'1. Introduction.

All equations of second order contains at least one of the
second order partial differential coeflicients r, s and ¢ but not of
higher order. The differentials p and g may also appear in the
equation. Thus the general form of a second order partial
differential equation is _ ‘ t ;

. r(xl y9 zl pl 9,-". " "-o ' "'(])

The most general relation between x, y, z satisfying the given
differential equation is the complete integral of the equation. An -
intermediate integrgi is 5 relation in the form of a partial differen-
tial equation of firgt ordersuch that thegiven differential equation
may be deduced from jt. It is @mot in general unique and the
complete integral can he deduced us a solution of this intermediate

It is only in special cases that a partial differential equation
(1) can be intergrated. The most important method of solution,
due to Monge. is applicable to a wide class of such equations but
by no means to alj, We shall next discuss Monge’s methods,
which depends on establishing one or two intermediate integrals
(first integrals) of the form ‘ ' :

u=f(v) ' v st )
‘Where u and v are functions of x, y, z, p, ¢ and £ is some arbitrary
function. We give the two Monge’s methods below.
42. Monge’ Method of Integrating Rr+Ss+Tt=V,
where R, S, T and V are functions of x, , z, p and q.

_ ~ [Meerut 70, 78; Poona 60; Agra 67, 65, 56, 54, 52]

We bave the equation . S

Rr+Ss4+Tt=V. _ ()

Now ap=ae P gy getoa |

st dp —s dy
g;vnng' p 0
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and dq=g€ dx+ai-; dx=s dy+1i dy,
L _dg—sdx

giving '1=T" .
Putting values of r and ¢ in (1), the equation becomes
[dp—s dy\ , (dq—.sdx o
- (“ar)"“s"‘".r &)=V
of Rdpdy+Tdg dx—Vdx dy—s (R dy*— 8 dx dy+-T dx®)=0,
o . : C en(2)
Any relation- between x, y, z, p, g that satisfies (2) must necessarily
satisfy the two simultaneous equations . ) - )
R dp dy+T dp dx—V dx dy=0 - ee(3)
and R dy:—S§ dx dy+ T dx*=0, s(d)
These are the Monge’s Subsidiary Eguations JSor equation (1),
Therefore the complete solution of (1) also satisfies (3) and
(4) and vice versa. We therefore proceed to obtain solutions of
(3) and (4). ' '
We first note the relation
dz=p dx+q dy. : “ees(5}
In general, (4) can be resolved into two equations of the type
dy—my dx=0 and dy—m;y dx=0, . .
There now arise two cases namely (i} when m; and my are dis-
tinct, and (if) when m, an My are ciqual. 1f my and m, are distinct
* then dy—m,; dx=0 and equation (3), if necessary * - use of (5),
leads to two integrals of the type uy==qa and vit=b. Thes: vive
) =1} (v1), " A E . {6)
wflge:e /1 is an arbitrary function. This is an intermediar : integral
of (1). . -
Next dy=m, dr=0 and (3) similarly ‘lead to anotier inter
mediate jntegral - B T C
Uy=f3 (v1). * | ) ()
Values of p and ¢ in general can be determined it ferme of x
and y from (6) and (7). Substituting these values i (55, we get an
€quation containing x, y, zand dx, dy, 4z which on integration
gives the complete integral of the equation (1). -
However in case my=m; i.e., (4) is _a perfect square, we get
only one intermediate solution containing p, g and x, ¥, z of the
form Pg+Q0p=R. _ )
_ The solution can mow be obtained by forming Lagrdnge’s
subsidiary equations. » .
Note. Sometimes in the first case also it js convenient to find
the complete solution with the help .of one intermediate solution
only, as in the case when (4) is a perfect square.

T
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*Ex. 1. Solve r+(a+b) s-+abt=xy. [Agra 58, 55)
Solution. We have dp=r dx+s dy and dg=s dx+1 dy;

_dp—sdy dg—s dx
These give r= S and/i= -—-—dy

Putting these values of 7 and ¢, the given equation becomes -

DD | (atb) sehab 22 ~ L sy, |
or (dp dy+ab dg dx—xy dx dy) —s {dy*—(a+b) dx dy
; + abdx®}=0,
Monge's subsidiary equations are _ - .
dp dy+ab dgdx—xy dx dy=0 ' wee(1)
and dy*—(a+b) dx dy+ab dx*=0, «(2)
Two factors of (2) are dy—a dx =0 giving y—ax=c, sus{3)
and dy—b dx==0 giving y—bx==c;. : NC))
Combining (3) with (1), we get )
adp-+ab dg><ax (c1+ax) dx =0,

~i.e., dp+bdg—x (c1+ax) dx=0.

Integrating, p+bg—(c1. §x*+4ax®)=4,
le, ptbg+ix?(y—ax)—iax*=f; (y—ax), _
.or  p4-bg+tax®—ixty=f (y—ax), we(5)
where f; is an arbitraty function;

Similarly (replacing a by b and b by a). thc other intermediate
~ integral obtained by combining (4) and (1) is

P+ag+ ibxd—xty=f; (y—bx),  e(6)
where f; is an arbitrary function. ' e
- Now (5) and (6) give ’
| P=yx*—} (a+b) x*—[1/(b—0)) [afs (y—ax) - bfy(y—bx)]
and q=1x'+[ll(b—a)] [/1(y--ax)—fa(y—bx)
~ Putting these values in the relation dz=p dx+gq dy, we get
dze=}xty dx+ ixd dy—(a+b) 3x3 dx

i [/ (v—ax) (dy—a dx)—f, (y-bx)(dy—b dx)].

Integrating ll‘. the complete solution of gwcn differential
neqnauon is .

7=lxly— (a+b)24+h (max) + £y (0B,

~ where Fy and F, are arbitrary functions.
Ex. 2. Solve t—r sec* y=2qg tan y. {Agra 68, 67j
Solation, We have dp=r dx+s dy, dg=s dx + 1 dy.

These give r=P %Y and pBa—3dx
‘ dx dy
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Pulting these values of r and ¢ in the given equation, we gét
dq;dx dp d:dy sect y==2¢ tan y
or dq dx—dp dy sect y—2q tan y dx dy—s (dx’—dy’ sect )--=0
The Monge’s subsidiary equations are

dq dx—dp dy sect y——Zq tan y dy dx=0 ()
and dx*—sect y dyf=0. - «(2)
The two factors _of ) are , .
dx—sec® y dy=0 giving x—tan y=A , R
and dx+sec? y dy=0 giving x4tan y=B. ‘ w(4)
Now (3) and (1) give.

dg—dp sec® y—2q tan y dy=0 :
or dp—dg cos® y+2a sin.y cos y dy=:0.
lntcsraung. p—q cos® y=c=f, ().
Hence " p—gq cos? y=f; (x—tan y)
is an inlermediate integral.
" )s_nmllarly tbe other inteérmediate mtesral obtained from (4) and
is -
p+q cos? y=fi(x+tan y) w(6)
Adding and subtracting (5) and (6), we get
p=1[/i (x—tan y)+/; (x+tan y)]
and g=4 sec* y [ /i (x+tan .v) -~ fi{x—tan y)].
Thus dz=p dx+q dy
={ [ /i (x—tan p)+f; (x+tan y)dx
+4 sec? y [ f, (x-+tan y)—fi (x—tan y)] dy
—} [dx+sec? y dy] fs (x+tan ) )
+4 [dx—sec* y dy] fi (x—tan ».
lntegrltlng, thc complete integral is
.z==F, (x—tan y)+ F; (x+tan y),
where F, and F; are arbitrary functions.
*Ex. 3. Solve g (1+q)r—(p+q+2pq)s+p (4 +p) 1=0.

68, 57)
Solution. We have dp=r dx+s dy, dg=3 dx+t dy

These give r—%—"-ﬂy and’ ‘_dq-};_i{:

Putting these values of rand ¢ in the given equation, we get
¢ 0+ Y (p1g42p9) +p (1+p) = f-sdx_o
or- (g4 4% dp dy+(p<p*®) dq dx
—s [(a+4") dy*+(p+q+2pq) dx dy+(p-tp*) dx*}=0.
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The Monge’s sub;idian_-y equations are

(9+4°) dp dy+(p4p") dg dx=0 s . sl
. and (g+¢%) dy* 4 (p4-g+2pq) dy dx+(p+p?) dx*=0. -(2)
The two factors of (2).are . -
P dx+qdy=0 P : : C o eee(3)
. and  (14x) dx+(14¢). dy=0 _ _ «e(4)
Also  dz=p dx+ ¢ dy. o o))
Combiring (3) and (}), we get .
2 oo} . dp. -
~UHD d+tndg=0 or (LMo
Integrating, li'—‘-’-m{ or 14p==d (1+q).

A+eq,
Now from (3) and (5), dz=0, i.e. z=B, .
‘Therefore the intermediate integral from (3) and (1) is
(+p)=(149) £; (2). :
Next combining (4) aund (1), we get -

dp_dq
. d = T . S
=—qdp+pdg=0 or =

(6 -

or p=Cy.
We can write (4) as
dx+dy+p dx+q éiv=0
or  dx4-dytdz=0 ag dz=p dx+-q dy.
.Integrating, x+4y4-z=D. .
Therefore another intermediate integral is
P=¢fs (x4y42z). - - - g (D)
Now solving (6) and (7) for p and g, we get :
-4 _(A=1)
F="%h  oed g="T—s
Putting these values in dz=sp dx+gq dy, we get
Az (i—M)=(fi=1) 1, dx+(fi=lydy . ‘
=(/i—1) i dx+(fi—1) (dx+dy+-dz)—( f;~1) (dx+dz)
or fy a'z-(f,—l)f,dx_—{—(ﬁ—-l) (dx+dy+dz) - (fi—1) dx+dz -
‘ cancelling —f; dz fiom both the sides,
ke (fim1) dz=(£;~1) (f4—1) dx+(fi—1) [dx+dy-+dz)
# .. I Y _dxtdytdz ‘ P
fi(@)-1- flxty+zy=1 ;
. - , : dividing by ( f1-=1) (fi—1)
which on integration gives the complete solution. .
Fi (D)=x+F, (x+y+2). o '
" *Ex. 4. Solve (b+-cq)* r--2 b t cq) (a+cp) s+(a+cp)? t=0.
C C : [Poona 60: Agra 62, 59, 56}
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Solution. We have dp=r dx+s dy and dg=s dx4tdy.

dp—sdy . dg—sdx
Z— and N

This gives 7= _
Putting these values of r and 7 in the given equation, we get

G+er P23 hieg) (atep) stia+epp LHI o,

" The Monge’s sﬁbsidiary equations are :
(b+cq)* dp dy+(a+cp)* dg dx=0 _ , wil1)
and * (b+cq)* dy*+2 {b+-cq) (a+cp) dx dy+(a+cp)t dx2=0 ...(2)
Here (2) is a perfect square of ¢ ‘
(b+cq) dy+(a+cp) dx=0. Y RN ) B
Therefore we shall be getting only one intermediate integral,
(3) can be written as : :
bdytadx+tc(pdx+q dy)=0
of “adx+bdy+c dz=0 as'dz=p dx+g4 dy.
Integrating ax+by+cz=A. ene(4)
Combining (3) with (1), we get _ §
. (b+<q) dp—(a+cp) dg=0
_d__ dg_ -
atep btcg
. . Izg =B. or a+cp=B (b+cq).
From (3) and (4; the intermediate integral is
‘ a+cp=(b+cq) f (ax+by+cz) _
or cp—cf(ax+by+ez) g=—a+bf (ax+by+-c2),
For this the Lagrange’s* subsidiary equations are
dx__ vy o dz
¢ —cfx(atbytez) —a—bf (ax+by+cz)
: _adx+bdytedz ’
— =

ie.

Integrating, :

One integral is ax+by+cz=C (const).
‘Again from the first two relations, we have

di__dy
¢  —¢f(C)

or dy+f(C) dx=0. . ; . ‘
Then other integral is Y+xf(C)=const.=§(C), say.
Therefore tk: complete solution is
y+xflax+by+cz)=yg(ax+by+cz).

*In solving Pp+Qq =R, the Lagrange’s subsidiary equations are
, dx _dy dz

e

P QR
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_ *Ex. S. Solve (14g)* r—2 (1 +5+9+pg) s+(1+p)* t=0.
[Agra 72, 52)

Solution.” We have dp=r dx+s dy and dp=.f dx+1t dy
dp~sdy dg—s dx
5

so that' r= and ="7 — "= ~F P

Putting these values of 7 and ¢ in the given equation, we get

(l+q)'é£7;‘dy —2 (14-p+9+Ppg) s+(1+p) dq—fm,g—ao.
The Monge's subsidiary equations are ;
(14-9)* dp dy+-(1+4p)* dq dx=0 (1)
and [(1+9) dy+(1+p) dx]*=0. : : «.(2)
(2) gives only one relation
(1+¢) dy+(14-p) dx=0. »(d)

We shall get only one intermediate mtegral To - get it we
combine (3) with (1), to get

dp _ dg
(1+9) dp—(1+p) dg=0 or [ =0.
: 1+p
lntegratmg, 57 =A4.
We may write (3 as
dx+dy+(p dx+q dy)=0

i.e. dx+dy+dz=0 asdz=p dx+q dy.
This gives x+4y+4z=(. :
Therefore the intermediate |ntegra[ is
- (A+2)=(1+g) fix+y+2) .
or p-gqf x+y+2)=[f(x+y+2)—I11
This is of the form Pp+ Qg=R, and the Lagrange’s subs:dxary
equations for this are -
dx__ dy dz dx+dy+dz
T —fx+r+2 f(x+y+z)—- 0
One integral of it is x+y+z—B
“Again first two relations give
: :le+ j.( B or y+xf.B)=const.=¢(B), say.

Thus the complete integral is

y+xfix+y+2)=¢x+y+2).
Ex. 6. Solve: 2x*r—Sxys+2y%t+2 (px'+qy)=0.
[Meerut 70]
dp—s dv _dg—s.dx ' ‘

Solution. Puttmg r== _?x_ and = ~&

the given equauon becomes

h'dpd’ dy 5xys+2y’dq s dx

T2 (px+qy)=0
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-Hence lhe Monge's -ubndiary equations are :
~2x® dp dy+2y* dq dx+2 (pg+4qy) dx dy=0 (1)

and 2x? dy*+ 5xy dx dy+2y* dp*=0. C we(2)
Two factors of (3) are x dy+2y dx-=0 =3y
and 2x dy+y dx=0. . e(4)
- (3) can be wmten as
dy | 2dx

3 T'——-‘o or xty=A,

Now combining (3) with (1), we get
2x dp—y dq+2p dx—q dy=0
which on integration gives 2px—gy=const.
Hence the intermediate integral i is
“2px—gy=1(xy) .-.(5)
which is of Lagrange’s form; hence Lagrange s subsidiary equa-
tions are ;

dx_dy _ dz
x —y Joo%)
From the first two relations, we have
+2 dy

or y‘-—-c
From last two relations, we have
dy dz . 5
=y &Ry [y . ‘ '

o tom =Ly (5) o2 (3) irm - (5) &
Intégratlon, zm Fy ( )—7:)+const.

or z=F,fx’y)+F,(xy*) as c=xy?
which is the complete solution.
Ex. 7. Solve the equation x*r-+-2xys+ y't=0 {Agra 54]
Solution. We have dpwr dx+r dy, dg=s dx+t dy,
dp—s dy dp—s dx ‘
ey o ‘
Putting these values of r and ¢ in th~ given equation, we have
et (e
cr x*dp dy+y* dg dx—s (x® dy*—2xy dx dy+y* dx?)=0.
Thus Monge’s subsidiary equations are .
xtdp dy4y® dg dx-=q (1} -

adr—

which give

- *For akternate solution of Ex. 7, sce Ex. §, p. 77 or Ex. 1,B.79.
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anc xt dyt—2xy dx dy4y? dxre0, .
{2) gives (x dy—y dx)*=0, i.e, X dy—ydx=0, we(3)
~ Combining (3) with (1), we have x dp+y dg=0
OF Xdp+pdi+ydg+q dy=p dx+qdy
- or Xdptpdx+tydgtqdy=dz.
— Integrating, px-i.-qy:-z.-.;-jj.,'
Also integrating (3), we get %’ +4.

Thus the intermediate integral js

- pxtgy=z4f(4). ° = ’ , " ;

Hence by Lagrange’s method, the subsidiary equations are
EEQ_——__& ) ' ‘
Xy z4+fild)

The first two relations give

y
i Ly T
and last two relations give log Cy=log [z+4£(4)] N
or z4f(A)=Cy, " S
Hence the complete solution is

7.8 ey
N sa (2),
,z_-J’fx (;)‘l‘fa (x) |
E*. 8. _SO’VG }"r+2xys'+ x"""’_’.""qy-p.
- Solution. Put.ling r;f&a{_"y and ,gdf;-z dx,,_

the Monge'i subsidiary ‘équations are

V' dp dy+x* dg dx-+(px+gy) dx dy=0 - c el
‘and Y2 dy —2xy dx dy+x? dx?=0, b we(2)

)} gives (y dx—x dx)*=0 or ydy—x dx=0, < " wal3)
Integrating (3), we get x3—jytemyg , JAE
- Combining (3) with (1), we get -
 ydr+xda+tpdytg dx=0,
Integrating, Py-+gx=const,
-Hence the intermediate integral is
PYHgx=flxi—y), - '
This is of Lagrange’s subsidiary equations are
cdx _dy  dg ' '
Y X fi=py 4
From first two relations, we get x?—y?= 4,

Aléo,froib' the relation dv_

z “
- ji‘i,-:y—'-), we get
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_dr _ds |
1/ (A "l-)”) ﬂA ) S

of

R Sk v ) |

Integrating, Z=f(A) 7 108 [y+ /{4 +y")] +const.
or e z-Fa(x'—y') log (y+x)+F.(x*—y*).
which is the complete integral.

Ex.9. Solve yr—Zystt=p+6y.-

Solution. dp=r dx+s dy and dg=s dx+1t dy
lo‘thﬁt _dp—sdx dg—s dx ~

Putting these values of r and ¢ in the glvén equauon, the
Monge’s subsidiary equations are

»* dp dy+dq dx—(p+ 6y) dx dy-=0 . . (1)
andz)y’ dy*4-2y :ii.v d;+:ix:)-0 ‘| . | ---(2)
(2) gives -+ = : -
or y dy+dx(£ e 4 » : ...@)

Combining (3) and (1), we get
-y dp—dg+(p4 6y) dy=0 or (y/lp+p dy) dq+)4f)'/
Integrating, PY—q+3y=4:
Also integrating (3). we get y34-2x=B. : r
Thus the intermediate integral is . ol
=g+ =+ 2x), /‘{
Other intermediate integfal cannot | found ;—hence we pro-

ceed to solve with the he{p of Lagr; hethg’d? ' i
~ (4) can be written as o LT
y—g=fy*+2x)=3r. .. ‘
Hence Lagrange s subnidtjfy eguatlons are
di_dy _ __do
Y = fPFIy .
From second and third relations, we have -
dz [ (2 +2x)— 3] dy=0
or Az f(B)— 3y’] df-=0

as from ‘two relations, — .= /v)-/|-2x-=B
or z+yAB)—yP=: c=¢(n)
Hence the complete ?kl{on is
2=y —yf(*+2x) £ $()*+2x)..
~ Ex. 10. Solve/f (t—r)-i-(x‘—.v‘) (:-2)==py—qx

~ Solution. __The €quation can be written as
. xy;:-—1x'-v') S—xyt42 (x' —y';—!—pv—qx 0.
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E dp—s dy dg—s dx . .
e i A P tions
-putn.ng ;— e .._.d t | -l the Monge q_?qua i

are , , ;
 xydp dy—xy dg dx—[2 (*—y)+py—qx]dx dy=0 .. (1)

and  xy dy3(x*—y*) dy dx—xy dx?=0 ‘ s «(2)
(2) gives x dx-ty dy=0 ' e 3).
angd x-dy~y dx=0. ' _ wol4)

Integrating (3), we get x*+ Y=o,
Combining (3) with (1), we get .
¢x dp+y dg—2x dy—2y dx+p dx+q dy=0.

Integrating, xp 4 yg—2xy=constant.

Hence one intermediate integral s

_ Xptyq—2xy=[fixt4 yt).

* ‘This is of the Lagrange’s form.

Lagrange’s subsidiary equations are _
S, |
x ¥y y+fixityY)

First two_relations give £ =c, i.e, p=cx.

‘ dx dz .-
Also from first and last ;——Ejﬁmﬁ;{i as y=cx

or dz=i— [icxz-‘rﬁx*--i-c'x’)] dx
'_-==2¢x dx+:—, J(r*+e*x®) x dx . §
=2¢x dx +i(x24ctx?) x dx.
- Integrating z=cx?4 F(x* c2x®) 4const,
0".' ) =xp+Fi(x2+y)+ F, (i), as c=y/x
which gives the complete integral. :
Ex. 11. Solve r+ka*t —2a5=0.

Solution. r—P—5dy aiid B dx.
dx 7 dy ,
Putting these values.of r and ¢ in the given equation, we get

P Ut dr

_ o dy
.~ Hence Monge's subsidiary equations are
dp dy +ka® dg dx=0 _ ae(1)

~and dy*+-ka? dx*+-2g dx.dy=0.
From (2), dyes ‘.?!'i.wf(;a'_—_!k_a*) i

w(2)

or dy+a {14/ L=k dx =0

-
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or dy—a (1£0) dx=0 where I=4/(1—k) ,
o1 dy+a(+Ddx=0 - =),
.or - dy+a(l—h dx=0, (@)

Combining (3) and (1), we get
(1+1)dp—ka dg=0
or (1+!) p—kaq=B.
Also integrating (3), we get yt+a (141) x=4.
Thus one in intermediate integral is : .
(1 +1) p—kaq=fily+a (1=1) x]. - " vee(6)

Similarly combining (4) with (1), the oLher intermediate
integral is .

(1—1) p—kagm=fa [y+a (1=1) x). , ..(6)
Solvmg (5) and (6), we get ‘ .

[f:{y+a A+ x}~fely+a (1 —l) x))

- and q= ——l- {(l—l‘)f,{y+a (149 x}——(1+l)f,{y+a (1=1) x}].

Putting these values in the relatlon dz=p dx+q dy and inte-
grating, we get
_ r=Fi[y+a(l+) x]+F: [y+a (1-D x],"

- which is the complete solution
Ex 2 Solve q’r—qus+p’t =0,

: [Raj. 66; Agra 71, 61; Delhl Hons 68])
Solution. Wg have dp=r dxts dy, dg=sdx-+tdy
dp—sdy. dg—s dx
T dx dy
Putting these values of r and ¢ in the given equation, we have
dp ;dy 2pqs+p’dq .;dx ) :

_or q’ dp dy+p* dg dx—s (¢* dy*+2pq dy dx+p* dx)—O
 Hence Monge’s subsidiary equations are

which give r= and t=

. q*dp dy +p® dg dx=0 ; s} -
and g* dy*+2pq dy dx+p? dx*=0. _ «#+(2)
(2) gives (g dy+p dx)*=0 o
or , q dy+p dx=0. eee(3)
Also dz=p dx+q dy,
ie. dz=0 by (3) or z=A4.

Now combining (3) with (1), we get
dp dq
= =0 a2 =0.
q dp—p dq=0 or = q



9 - | " Differéntiol Equations 111

or $=B- _
Hence the intermediate integral is
-=f(z) or - p—gf (A)==0

So Lagrange s subsidiary equations are ‘
, dx . dy dz : :
. ,-f(.d) B
'whlch gives y+xf(A)==C 3=uA.
 Hence the complete solution is
¥ +xf(2) = F(z) where C-F(A)==F(z) '
Ex. 13. Solve pt—gs=g®, . [Delhi Hons 71; Agn 70]
~ Solation. . ?uttmg tadq_ d.;dx, the equanon becomea o
P - % ;ydx ~gs “-'q .
Hence Monge's subsidiary equatlons aré 2
p dg—q* dy=0. . ()
and pdx—qdy=0. © eee{2)
Since dz=p dx+gdy, from (2), dz=0 i.e. zx=4 (const).
. Again'combining (2) with (1), we gel - e 7
- dpiqrdx= 0

“or F+€x=0"l i.g.—a+.7.c—ﬁ

~or -1+x=f(z)
or ——+x—f(2) as ‘?=g-;»

or azT —ﬂz)

- Integratmg, ynXZ—f @) dz+C

or . J'=xz—F1(=)+1' (%), .
since C is a function of x which i is regarded comtant at the time of
~integration. _

Ex. 14, Solve
- qa+2) r—p 2pg+2) s+yp*+piq=0,

Solution Futting r=d dx£y~ -and t-—dl?;— ; the Monge’s
sulmdmry equations are '

. 4 (y9+-2) dp dv+yp* dg de+piq dxdy=0 - wi(1)

4

«
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~and g (q+2) dy*+p (2pg+2) dx dy+yp* dxt=0. ---(2)'
. The two factors of (2) are ‘

q dy+p dx=0 i - : T (?)

and  (yg-+2) dy+yp dx=0. ..(4)

From (3), dz=0i.e. z=4 (const).
Now combining (3) and ( 1), we get
(r9+2) dp—yp dg—dq dy=0.

or (¥9+2) dp—pd (yq)=0
or 4 (¥9+2) dp—pd (y9)=0 as dz=0
E ap _d(yq+2) -
or | e yp+z =0 or yq+z “pB, o _
Thus 7 q+z=p_ﬁ(z) ‘ »...'(5)

is one intermediate integral, where f; is arb:trary funct:on.
Next from (4), y dz+z dy=0 or dz—-p dx+-¢q dy
or yz=copst.=C.
Now combining (4) with (L) we get
dp dq dy =0 or %—const

r 9y
‘Therefore another sntermedlate integral is

9y =pfy(yz),
Where f; is an arbitrary function.
- Solving (5 ) -ard (6) for p and g, we get
— o zfi(yz)
j;(z)--f,(yz)' Y {AOZf(2)) ) v
Substltutmg these in dz=p dx+qdy, we get

= D ["‘* Ao & |
f (z) dz -l f,(yz) Ayz).

-.(6)

or

Integratmg now, the complete solution is
Fy(z)=x+Fy(yz), "
where F; and F, are arbitrary Tunctions.
Ex. 15. Solve : ) _
(x—2y) [2xr—(x +2y) s+ yt]=(x+2y) (2p—9q)-
Solution. _Putting_r-—-—@—d;—ql and t=ﬁﬁ£ o
Monge’s subsidiary equations are E '

2x7dp dy+y dq dx—2—55 (p—q) dy dx=0 (D

and  2x dy'+(x+2y) dy dx+y dxP=0. - . Ce(?)
- (2) gives x dy+y dx=0 : : «(3)
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.nd 2 dy+dx==0 ---(4)
Integrating (3), we get xy=A.
Conzlt:;ni_ng (3) with (1), we get
p—dg T dx=2dy
. zp-— q m———I—Z-x_ y | .
Integrating, 2p—g=RB (x—2y)
Hence the intermediate integral is '
2p—g=(x—2y) f(xy). . ()
_ This.is of Lagrange's form. The Lagrange’s subsidiary equa-
tions are '
dx dy _ dz__ yf(xy) dxt+xf(xy) dy+dz
2T =17 =) f) T 0 '
~ The last relation gives yf(xy) dx+xf(xy) dy+dz=0
or dz4-f(xy) d(xy)=0. *
Integrating, z=F(xy)+C.

Also from first two relations, we have ‘—izf=é}—’-l i

ie. 2y 4 x=constants.
Hence the complete solution is
z=Fy(xy)+ Fs(2y 4 x).
Ex. 16. Solve (x—y) (xr—xs—ys—yt)=(x+y) (p—9q).

, [Agra 63, 541
Solution. Putting r=.‘-’%“')’_ and :=1":;’yi"- in the 'given

| equation, the Monge’s subsidiary equations are #
x (x—) dp dy+y (x—y) dq dx—(x+y) (p—q) dx dy==0 ...(1)

and  xdy’4(x+y)dx dy +y dx?=0, (2}
(2) gives x dy+y dx=0 - _ we(3)
and dx+4-dy=0, - ...(4)

Integrating (3), we gey xy=A.
Combining (3) with (1). we get
=Y (x—y) dp dx+y (x—y) dq dx ; :
- —(p—q) (—y dx*+y dx dv)=0,
le, (x—)) (dp+dg)—(p—q) dx—dy)=0

dp—dq_dx—dy
P—3 x—y '

Integrating, p—g=B (x—y).
Hence the ifitermediate integral is
. P=9=(x—y) f(xy), : g S s
which is of the Lagrange's form. Hence the Lagrange’s subsidiary
equations are

dx dy dz - _fixy) [y dx—x dy)+d:.
v

I =1"x=3)7(xy) -
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From the first two relations, we get
xty=C. )

And from the last relation, we get
dz+f(xy) d(xy)=0

“or z=Fi(xy)+const.

Hence the complete solutian is ..
Z2=F\(xy)+ F3(x+y). o

Ex. 17. Solve X3 —y3—2xp4-22=0.

. _dp—sdy dg—s dx - .
Solution. Putting r=-—gy —and = & the given equ-

. ation becomes
nPotdy "T""" % 2xp—2z=0!

- dx i
The Monge’s subsidiary equations are ,
xt dp dy - y* dg dx —(2xp—2z) dx dy=0 |
and ‘ x* dyt—pytdx?=0. (2)
Two factors of (2) are '
x dy—y dx=0 ' «(3)
and x dy+y dx=0. Cee(4)
From (3), d_y=d_x or Z=A, const.
P x

Combining (3) and (1), we get
x dp—q dg—2 (xp—2) d—;x'=0 :

of  dixp—2+dep dr—y dg~2 (xp—2) Ter0
or d(*’l’“'zj)+(p dx+qdy)—p dx—y dg—2 (xp—2) ‘3_:=o

oF  dip—n1-d(ye)~2 (xp—yg—2) E0

dixp—yqg—2z) 2dx .

XP-yq~z ~ x = |
Integrating it, we get (xp—yg—2z)=Bx?, where B is a constant.
Thus one intermediate integral is :

xp—yqg—2=£i(y/x) x* ,
or  xp—yg=x*fi(y/x)+z. ) (5)

We may find another intermediate integral or else find the

complete solution from (5) alone as follows. From (5) the
- ‘Lagrange’s auxiliary equations are ' ) ,

or

., This problem can also be solved by substitating z=e®, y=¢" etc.
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dx dy . dz S L
x —y MOMFfzT ' : '
The first two give, xy=¢onst , C (say). o (6)
Aleo taking 4 dz :
: tak e s et
Also taking _yt: RO we g

T2 (Y)

. 2 B8 2\ % .
: -_=—°? I (‘E—) from (6).
This is linear equation, with integrating factor y.
R . c2 y'. \ . a i
O yze= -J‘F N (E') dy+D (const.)
/2 " :
=.."%.. j' #h fi(u) dut-const. -

when Ly

=c*? Fy(u)+4const. . .
=x31 31 Fy(y/x)+ Fa(xy).
‘Ex. 18. Solve
(x—2) {xg°r ~ q (x4 2+ 2px) S+(z+px+pz+ pixj 1j k
- ' =(1+p) ¢* (x+2).

Solution. Putting r=7 ;: % and tadq;}ﬁ. the Monge’s

subsidiary equations are
Xq* (x—2) dp dy+(x—2) (z-+px+pz+4p’x dq dx
: =(14+p) ¢* (x+2) dx dy=0 ...(1)
xq* dy*+q (x4 z-+2px) dx dy+(z4+px+pz-+pix) dx*=0, -

. we(2)
The two factors of (2) are '
adyi(l4+p) dx=0 - w(3)

and  xq dy4-(z+4px) dx=0, : w4
From (3), we get , . :
x+2z=A4, const., as dz=p dx+q dy.
Also combining (3) and (1), we get - o :
Xq (2x~A4) dp—(2x— A) (A—x+px) dg—(1+p) g4 dx==0. ...(5)
To solve it Jet x==const', dx=0 ; then it becomes
- xq dp—(d—x px) dg=0. ;

Integrating, ’i"—’:]tpi==f(x), (6)
where f(x) is to be detcrmin%d so that (6) satisfies (5).

From (6), we get on differéntiation,

-

Al
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q'a!ﬂxlwq (x dp+p dx—dx)—(A~x+px) dq
or (2x—4) gdf (¥)=(2x— A) xq dp+(2x—A) ¢ (p—~1) dx :
~(2x—4) (A —x+px)dg. ...(T)
(5) and (7) on subtraction give ’
(2x—4) q' df(x)-[(l-i-t’) 44‘*!-(23—-4) q(p- —1)Ydx
dﬂx),
f AT
Integratmg now f(x)-——const. (2x—4)

Thus i_x;px ‘ (Z-x—A). const,

usmg (6)

or z+p =(x—z) const,,

' putting value of A=x+z.
'I‘hus the first intermediate lntegral is §
z+px=q (x+2) filx=z). ' - (8).
Next (4) can be written as x dz+z dx=0 ‘
giving xz=const.= B (say).
- Combining now (4) with (1), we gei
xq (x*=B) dp—x (x'-B) (1-+p) dgq
—{14+p) (x!+8) dx=0, ..(9)
To solve this we take x=coanst. i.e. dx==0
(9) then reduces to
xq'dp—x(1+p) dg=0 or ¢ dp—(l+p) dg==0.
Integntmg this, we get ‘
‘*’E.ﬂ. . '
&), | o)
where g(z) isto be detennmed as before.
Differentiating (10), we get
q* dg(z)=q dp— (1 +p) dg
or x (x'—B) g* dg (2)=xq (x*--B) dp—x (x*~ By (i < p" dg.
- Comparing it with (9), we get
* (x*—B) ¢* dg(z)=(1+4p) g (x"+ B) dx
dg(z) x24+ B { 1 ‘2x
D ~xo—m & dr={w-yq P } dx.
Integrating, i_%s:const
Substituting these values of g(z) and B, we get
1+p
q9(x-2)
So that another intermediate integral is
l+p\=q (x —2) fa(x2). o W (11D

-

or

=const.
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From (8) and (11) now ¥ :
Jilx+2)—2z fy(zx) - 1
P= s —fix+g) xfg(xz) ~fi(x+32)
Putting these values in dz=p dx+q dy, we get
o {ﬁ(x-!-Z)-zf.(zx)} dx+dy ‘
| *fa(X2)—fi(x+72) _
or fu(xz) {x dz4-z dx}—fi(x+2) {dz+dx}=d'y.]
‘Integrating, the complete solulion is
F(x2)+ Fi(x+2)=y,
where Fy and F; are arbitrary functnons
Ex. 9. Solve

(1+pg+a®) r-+s (@—p*)—(+pg+pY) 1= 0. :
d| d .
Sohﬂm. Putting r= %—! and t==iq~Tyéx-—:, the given equ-
ation becomes,
dg—s dx

(+prg+q% +s (q'-p‘) (l +pq+p=)-—7— =0.

The Monge s subsidiary equations are ‘
(1+pg+q*) dp dy—(14+pg+p*) dg dx =0 ()
_and  (1+pg+q") dy*—(g*~p®) dx dy—(1-+-pg +p? de-o w(2)
- The two fnctoru of (2) are :
- dy—dx=0 ' (3
‘and  (14-pg-+¢% dy+(1+pg+pY) dx=0. ' | wee(4)
- Now from (3), y—x=A4, const. _ L
Combining (3) with (1), we obtain
(1 4pg+g dp—(1+pg+p?) dg=0
or  (1+pq) (dp—dg)+(q* dp—p* dgy=0

or (14pq) d(p—g)+p'g? (;” :") -0

or (1+pq) d(p—g)+r'q* d(-.__a) '0'

ﬂ”:ﬂ) _d(pg) -
p—q 1+2pq
- Integiating, this gives
. (p—9) 1+2pg)P=const.
 Therefore one intermediate integral is '

(P—9) (14-2pg) " A=fy(y —x). ' sl
~ where f1 is an arbitrary function.

Next, (4) can be written as

(dy+dx)+(p+9) (¢ dy+p dx)=0

or d(y+x)+(p+g) dz=0 as dzesp dx+q dy, . (6)

dp—sdy
g

. or -
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Also combining (4) with (1), we get dp+dg=0
giving p+q=58.
v (6) gives y+x-+4Bz=consl.
‘Therefore another intermediate mtegrnl is

x+y+(p+4q) 2=f (p+9)- - ssil?)

Let us take '
p+qg=1 _ ' .. (8)
so that (7) becomes  -x+y=/fy(I)—lz. T eee(9)

Also Lagrange’s auxiliary equations from (8) are
dx dy az ‘dx+dy
T5T171 2

d \
giving X —Jy=const. and lz £ (";' x
or 1;:.—. ________d[f,(zl)—lz] from (9)
- ! f'thdl

atIyE it : ,

This is a linear ordinary differential cquauon with integrating
factor 4/(241%).
. Solution is

2 Q4= _[ 1 2+197 £(0) di+C (const.)
Therefore the complete solution of the given equation is
2 Q1P [ L @+1Y £20) dI4F (x-)
- =F0O)+Fx—y)
or z[24+(x+y)P* - Fi(x+p)+ Fa(x—y)-

~ Exercises
Solve the following differéntial equations by Monge’s method :
1. r=a%. [Agra 62, 59]

Aps. z=F(y+ax)+ Fo(y —ax).
2. r—t cos? x+p tan x=0.

Aans 2==F;(y-'—sm x)+F.(y~Sm X}

3. rg*—=2pgs+itpi=pt—gs. [Delbi Hoas. 70]

‘ : Aps. y=[i(x+2)+/i(2)
4. z(gs—pt)=pg*. Ans. y=/(2)+27/5(x).
5. xtr—2xs+14+g=0. '

Ans. z=:Fi(y+log x)-xF(y+log x).

6. (r-—s)y+(s—-t)x+¢) -p=0. ‘
Ams. z=fi(x+y)Hfalxt—pY).
7. Xr=yit=xp. Ans. z=xv log x-+xFi(y/x)+ Fa(xy).
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8 ¢ (14q) r—(1+29) (1+p) s+(14p)* 1==0.
Ans. x=F,(x+y+z)+F.(x+z)
9. (e—1) (gr—ps)=pge”. ' Ams. x=F(2)+F(y)+e",

. 10. x-’r—y"t—x"p'—.l’""q .
: Anps. z-F-(x’+y’)+ F(x*—y").
4-3. Monge's mettod of integrating
~ Rr4Ss4-Tt+U (rt—s?) =V,
wherer, s, thyetbeirnsnlmelnhgs and R, S, T, U, meﬂc

.ﬂMGfx-’:‘ Ps
dp dg—s dx

Substituting r= T Y and-te= B
the given dlﬁ'erenual equation becomes -
Rdpdy+Tdgdx+Udpdg—Vdxdy °
—~$ (R dy*—~S dx dy+de'+Udp dx+V dq dy)=0,
The Monge’s subsidiary equations are
.~ L=Rdpdy +Tdgdx+Udp pq—V dx dy=0. (D)
and M=R dy*—S dx dy+T dx*+U dp dx+V dg dy=0, «e(2)
Hese (2) cannot be factorised nto linsar factors on account
of the terms U dp dx+ ¥V dq dy in it. ; _
However we try to factorise M+-AL,
where A is some multiplier to be determined later.

Now M+4-AL=R dy*+ T dx*+(S+AV) dx d; ly 4 U dp dx
. : +Udg dy+AR dp dy+deq dx+AU dp dq
so Jet

* MANLE=(R dy+mT dx-+KU dp) (dy+— dr+ dg )=o e
Comparmg coefficients, we have
T == (S42V), Kem, B2y

From the last two relations is obtained
Mﬂ& '
U -
Putting this value of m in the first of these relat:ors. we get the -
goadratic relations in A given by |
At (UV+R’I’)+4\SU+U'—0
iet Ay, Ay be two values of A, which are in general distinct,
Tsr J\=A,. L.e. m=R\i{U, the factors from (3) are

(R dy+-—~i T dx+ R dp )(dy+ dx+§ aq )nO w-(4)

or U d}’-l-l;T dx+nU dp) (U dx+MR d)’+'\3Ud‘”-0
Simifarly for A=A, (3)- can be written as S
(U dy 4+ 0T dx+MU dp) (U dx+AR dy+-A,U dg)=0 .e(5)
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. Now one factor of (4) is combined with one factor of (5) to

‘give an intermediate integral and similarly other:pair gives ano-

.'ther intermediate integral. This cannot be obtained if we combine

first of (4) with first of (5) and second of (4) with second of (5).
However the palr, .

and U dx+R.R dx-}-l,U dp=0 ...(l)
_ gives two integrals u,=a, v,=b
.and pair U dx+MR dy+0U dg=0 }
‘and . Udy+MhT dx+-aU dp=0 (Il

gives twa integrals uy=c and vy~=d.
Thus the two intermediate integrals are
u]=fi ('vl) and 'l.—-_f’ (')|) p
Find from these two intermediate integrals, tl')e valuqs of p and
¢ and substitute these values in the relation
dz=p dx+q dy,
which after integration gives the general solution.
Note. When two values of A are equal, we proceed with one
intermediate integral only.
Ex. 1. Solve 2s-(rt—s?)=V. [Raj. 61, 59]
Solution. Comparing this with the equauon
Rr4+Ss+Tt+ 0 (rt—s*)=V.
we find that R=0, $=2, T=0, U=}, V=1.
The A-equation, '
N (UV+RT)+ASU+ [t
becomes A+42A+41=0, (A+41)2=0.
This gives Ay=—1, Ag=—1.
Since both the values of A are equal there would be only one
intermediate integral and the same is given by

Udy+MT dx+MU dp=0
and Udx+ AR dy+MU dg=0,
. orby dy—dp=0 which gives y—p=a
and dx—dg=0 which gives x—g=b,
where @ and b are arbitrary constants.
Thus the intermediate integral is
x—q=f(y—p).
Substituting p=y—a and g=x—b in lhe relation
dz=p dx| g dy,
we get dz=(y—a) dx+(x —b) dy
< =x dy+y dx—a dx—b dy.
Integrating z=ay—ax—by+c,
&
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or . Z=Xxy—ax—4¢(a) y+¢ (a), (1)
which is the general solution. ,
- General integral would be obtained by eliminating 2 from (1)
and O=—x=-g¢' (@) y+¢' (@) - : ~
where a is an arbitrary constant. , , _
_ Ex. 1. Solve r43s+14(rt—s)=1. [Agra 72; Raj. 66}
Solution. Here R=1, S=3, T=], U=1, V=1,
Hence A-equation, At (U V+RT)4ASU+Ur=0 gives
2224304 1=0, (22+1) (A+1)=0, N B e
50 that A=—1, Agm—}. - . .
 .Hence the first system of intezral is given by
- dy—dx—dp=0, i.e. y—x—p=const. 1
and dy—2 dx+4dg=0, ie. y—2x-+4g=const. } -es(1)
So another intermediate integral is : ,
Y=%—p=f/i 0=2x+9)=fi (a), - L w(2)
; . - where a=y—2x4 g.
The second system of integrals is given by
2dy—dx—dp=0, i.e. 2y—x—p==const. } ' .
]

and dy—dx—dg=0,ie. ‘y—Xx—q=const, -
"So one intermediate integral is
Wy =x~p=fi (x—y—q)=f, (B),
_where Bp=x—y—g
. From these relations, we get
X=—P—a, y=£ (8)—f (),
. P=Y—-x—fi (a), g=x—y~B.
‘Substituting these values in dz=p dx-q dy,
dz =[y—x—f, (@)] dx+(x—y—p) dy ‘
=—(x=)) [@x—dy)—£; (&) [~dB—du] '
. , - —BUB) dB—1i' (v) da].
Integrating,

7= =4 G+ £y @) de— [ B0) dB 100
= =1 (*—)'+ Fi )+ Fu(B) - By (B)+-8 (@),

which is the required sol ution.
Ex. 3. Solve co - s ‘
z2(1+4*) r—2pgzs+z (14 p) 1—22 (8*--rt)+14 p*4-g2=0,
- [Vikram 62; Agra 66, 53)
Solution. ‘Comparing the given equation with ‘
Rr+Ss+Tt4-U (rt—st)=V,
we get R=z (i+¢%), S=--2pgz, T=z () +p*),
U=2* and V= —(14pt4g2). '
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The A-equation
AL (UV+RT)+ASU 4 U2==0,
becomes  Aplgi—2Azpg+ 22=0.
This gives Ar-+Ae=zZ{(pq).
Therefore the intermediate integral is given by
Udy+MT dx+AU dp=0
and U dx+4 MR dy+AU dp=0,
dgr by pgdy+(1+p?) dx+z dp=0
and pg dx+(1+q?) dy+z dg==0
Also, we have dz=p dx--g dy,
From (1) and (3), we get
dx+z dp+p dz=0, ie. x-+zp=a,
where a is an arbiirary constant.
Also from (2) and (3), we get
dy-+z dg4-4 dz=90, i.e. y+4-zg=b,
where b is an arbitrary constant.
From (4) and (5}, p==q:;v and q=={7;;']i .
Putting these values of p and g in (3), we get
_ . dx.,{_li'fl’dy.
z z
or zdz=(a-x)dx+(b—y) dy.
Integrating, z2=—(a—x)t—(b—yY*, a=f (b)
is the general solution of the given equation.

Ex. 4. Solve gr+4(p+x)s+ytdy (ri—s%)+q=0.

Selution. Comparing it with
Rr+Ss+Tt4+ U (ri+s¥) =¥,
we get R==q, S=p+x, T=y, U=y, V=—q,
Hence A-equation, A2 (UV 4+ RT)-+ASU 4 U2 =0
becomes A* (--yq+yg)+A (p+x) y+yi=0
this gives Ai=—p/(p+x) and Ag=cg.
For intermediate integral we have the pair
Udy +MT dx-+2, Udp=0
and Udx2 AR dy+h Udg=0
2 2
or ydx—;i—_; dx +1-7-;‘—; dp =0
and U+¢ dy+y dg=0.
These give (p+x)/y=a aad qy=b,
where g and & are arbitiary constants,
Intcrmediatc integral is

107

(1)
e (2)
o (3)

v (8)

el5)

(Raj. 62]
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ay=h Eh)

-The other intermediate integral is give by the pair, -
Udy+MT dx=MU dp=0 T

and Udx4-ARdy+MUdg=0

of ydx+ydp=0 .
. D ydg -

‘and y dx Fa dy ja s 0 giving p+x c, | «e(2)

where ¢ is an arbitrary constant, .

~ Now from (2), p=c=x
and from (1) qaiﬁ (p—;’-‘)=f (i—)

. ==g—c££ as (p+x)/y=a.
Putting these values in the relation dz=p dx+¢ dy, we get
 dze=(c—x) dx+-(afc) f (a) dy. , e B
Integrating, zs=cx— }x?+(afc) f (@) y+const. ;o
=cx—{x*+f (¢/y)+ F (), " (3)
which is the required general solution. ‘
General integral is obtained by eliminating ¢ between (3) and
O=x+(Q/y) f' (¢/9)+F’ (c). A
Ex. 6. Solve ar-+bstct+e (rt—s*)=h, v ..
-~ a,b ¢, e, kbeing constants. . ~ [Raj. 64; Agra 52]
Solation. Here R=a, S=b, T=c, U=e, V=h, :
Hence the A-equation is K ’
A% (ac+eh)-+-Aeb+ et =0 ,
or if we write Am+e=0, the equation which gives m is
m2—bm 4 ac+eh=0. : ;
. Let my, my be its two ‘roots; then first system of integral is
given by _ , ' h
cdx+edp—m, dy=0
a dy+edg—mydx=0 }'
which gives cx+ep—myy =const.
and ay+eq— myx = const,
Hence one intermediate integral is _ '
_{ext+ep—my=gtay+eq —m,x). (1)
The second system of integrals is given by
e dy+e dg—ni dx=0, giving ay + eq—myx==corst.
and cdx-je dp—myg dy=0, giving ex==ep—msgy==const.
Therefore the oiher intermediate integral is
Cx+ep-m,y=¢,(ay+eq—m,x). : - w{2)
Here p and g cannot be directly found out; so we combine

any particularintegral of the second with the general of the first
system. Thus, we take :

(1)
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X+ ep—mpy=a. «.(3)
from (1), cﬁ.(ay+eq—sz)==(M=——m1) y+a.
If § be the inverse function of ¢,, we have
ay+eq=max+Y{(my—m) y+a}. (4)
“Thus (3) and (4) give p and q. .
Substituting these values in the relation
dz=p dx+q dy,
e dz=cx dx—ay dy+(m;y+«) dx+[m.x+¢{(ma—mo y-ru}] dy.
Integrating it, we: get
€2+}cx’+iay’=mﬁy+«x+F{(Ma—ml) J’+¢]+B,
where F is aa arbitrary function given by ‘

(ma—my) F(z)=__[ Wz) dz

and B is an arbitrary constant, ' '
Ex. 6. Solve st—rt=a?. [Delhi Hons, 69]
Solution. Comparing the given equation with
Rr+Ss+-Tt+4U (rt—s%)=V,
we get R=0, S=0, T=0, U=1, V=—a
Hence A-equation is
2 (—a)+A10)+1=0 or al*--1=0,

which gives ,\,=,'.. Ag= ._‘l_z

Therefore the two intermediate integrals are _given by

-—4y—-%,dp=0. giving p+ay=a’, 1

1 _ ' 1)
——dx+z dg=0, giving g—ax=a,

and —a’y+:; dp=0, giving p—ay==B’;_1
' (2
-dx—% dg=0 giving ¢4ax=p. ( )

Thus the two intermediate integrals a_re ' T

 pray=filg—ax) or piay=file) - -3
and p—ay=fg+ax) or p—ay=1xB). - (4)

Butit is not possible to find the values of p anu ¢ from (3)
and (4). Hence we proceed as follows :

‘Solving (1) and (2), we get
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Also p=} (a+p)=1 ( fil)+(BY,
=L @ -,
Let us regard « and B as parameters, .
Putting these values in the relation dz=p dx+q_ dy, we get

=@+ (25 44 [ f Crtersien]

= 1/ 4B~/ do—( 1) da-+Bf,'(B) dBY]

X [L/i(e) de+af'(a) da}~(B) dB-+afy(B) dB
- +2£(8) dB—2f,(x) da).

&

Integrating, we get . '
z=%[ /() ~afo(B) +Bf3(B) + af; ()

+2 [ 408 42 [ e da |
=i (B @)~ e B 2 By dufe)
=te+p [ SO L g0 1 o)
=0tz hiB—Lk gl -

OF =grms B ) = Filghax)+ Fug—ax)

“ from (1) and (2),
Hence the complete solution is L

Z=qy=F\‘g+ax)+Fg—ax),

where —r=F'(g+ax)+ Fy'(g—ax).

Ex. 7. Solve 2r+k"-—(rt—s’)=2e’. . .
Solution, 1In this equation, we proceed dite}:tly by putting

::=d‘p ;: ay and '?=————dq;;dj_c .
Then the Monge's equations are ,
2 dp dy+e* dq dx—dp dg—2e dx dy=0, ' w1}
-and 2dy*f-ex dxidp dx—dg dy=-0. ‘ e(2)
(1) gives (2 dy—dyg) (dp—e* dx)=0, ' -
ie. 2dy—dg=0 givin 2y—g=a -
and dp{-!‘ :Ifx=0g g‘ivilglg ;,—Z‘ =b, «(4)

where 2 and b are arbitrary constants,
(3) and (4) give b=2y—a, p==bhte*.

-
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Subsutuhng these values in the relation
dz=p dx+q dy; -
we get  dz=(b+e*) dx +(2y—a) dy
Integrating, we get !
z=e+bx+y*—ay+C. <
Ex.8. Solve’ rt—s*—s (sin x4 sin y) ==sin x simy. .
~ Solution. Comparmg it with Rr+Ss+741 U (rt—s%)=V, we
_ find that R=0, T=0, S=—(sin x+s|n y), U=1, V=sin x sin y.
The A-equation is.
A? (sin x sin y)—A (sin x+sin y)+1=0
This gives A;=sin x, Ae=sin y.
One of the intermediate integrals is given by
sin x dy+dp=0, sin y dx+dg=0.
This is not integrable. o
The other intermediate integral is given by
sin y dy+dp=0, sin x dx+dg=0.
This gives on integration,
p—cos y=a, g—cos x=b
~ where a and b are arbitrary constants.
Thicrefore the intermediate integral is

- p—cos y=f(g—cos x). ‘ : - ()
From (I) Charpit’s auxiliary equations are o
dp _dq _dx _ dy °

—sin x/ (g—cos X) Tsiny —1 = (g—cos x) '
These cannot be integrated. Let us ‘therefore suppose that thc
_ arbitrary function f is linear, i.e.

p—cos y=p (g—cos x)+v . )
where g and » are constants.
- Lagrange’s auxiliary equations from (2) are

dx _ dy _ dz

1T = cos y—p cos X+v h
These gives y+pux=C (eonst ).
Also - dx dz’ gives

1 cos y—p cos x+v ‘
dz=[cos (c—px)—p cos x+v] dx, y
Integratmg,

z= —-’1‘ sin (¢ —px)— i+ sin x=vx+d’' (const )

or pz+sin y+p? sin x—prx=pd’.

-
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Thus in this case the most general integral is
pz+sin y4 p2 sin X—prN=p}b (y4 px)

. - Exercises ,
Solve the following examples by_ Mo_nge’s method :
b 5rd-6543t4-2 (rr—s?)+3=0,
Ans, 4z=‘=6xy-—-3x'—2ax—5y’-—26y+t
2 3r+s+t'+(rr—.!’) 4+9=0. .
: Ans. Z=cy—2xy—=xi—2yii g (e—5x)4y(c),
' O0=y4-¢'"(c—5x)+ ¢'(c)
3. xqr+ypt+xy (s2—rt)=pqg _ ,
Ans.  Z+c=x2(c)+phy(c), I=x2¢'(c)+ y2¢'(c)
-4 yr—ps+4r+y (re—s®)4 1 =0, ’ ' ‘
: - Ans. 6et7=2)%—3c%0 { 6oyt g dy+ 4 (ex+ 1y?).
5. rH(px+gy) st xe—xy (rt—5M=2—pq. '
Hint. A =p/p, A=x/gq
6. (144 r—2pgs+(14-p% 14(1 TP +g) R (re—s2)
, L ‘ F(1+p2+g2=0
, Hint. )\ =X=1/gpv/(14p2+ 42
4'4. Canouicsi Forms (Method of Transformarion.r)
We shall now consider equations of the type .
Rr+Ss+Tt+f(x, ¥ 2, p, q)=0 (1)

in which R,'S, T are continuous functions of x and y possessing
continuous partjal derivatives of as high order as necessary.

~ We shall show that by suitable change of independent variab'es,
the equation (1) can be transformed into one of three canonical
forms, which can be easily imegrated. -
- Letus change independent variables X and v to u and r through
the transformation equations
Mu (X, ), - ...(2)
v=v(x, y). .
‘We shall start with these _general transformations and [ater by
suitable conditions determige their form.
Now from (2) and 135,
p P2 020u 0z o0 02 bz ow o g
Py cusy  gvoxt 174y ey oo
pIP oz (uN ) i Gude 33 fan):
oxX ot \ox) o or ox Ay " get\px )
s 0zt 0z v
onaxt ' troxe
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_9g_%z (ou 2z duu a'z( )
Ty 3'4’( )+2au000y8y+av" 7y

9z 0% oz 8%
K
op_ a‘zauau_'_ 0%z (8#30 auau)

S=3y awoxay budw\axdy  ayax

+aﬂz andv+az o éz on
» 30*0xdy oudyox owoy oxt
Putting these values in (l). the equanon reduces to

42 aAey L e To+F (u, 0,2, a’) o0 @
whére F(u v, 2, :-f g—:) ‘ o
is the transformed form of f (x, y, z, 2, ) aud
A=R (2::) T+ :;Z;H‘( ) - (5)
B=RELLS (Z:Z_”y"‘g; g;)"' g; :uy' )
cer(@)esmorG) -

The problem is now to determine u and v so that eqmtlon )
takes the simplest possible form. The procedure is simple W
the discrimiriant S*—4RT of the quadratic equation

Ra?4- S¢+ T=0 - . (8)
is either positive, negative or zero everywhere We discuss these
cases separately.

Casel. When S*—4RT >0. The two roots oz and as of (8)
would be real and cistinct in thts case.

du au , '
- Let us take Frama - . .’ ©)
~ 5 iy - ' -
and ax =g ay .(10)

_ Under thes® conditions and the fact that @, and a; are ‘roots of
"(8), it is found that

© A=(Ra*+Sx;+T) (9u 9y)*=0,

~ Similarly because of (10), C=0.

For differential equations (9) and (10), we determine the form
of u and v as functions of x and y.

For this, from (9), the auxiliary equations are
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From the last relation, we get u=const.
Also from the first two,

dy
ax =0, Can
" Let fy(x, Y)=const, be solution* of (11), then the solution of
 O)is u=f(x, y). - : «(12)
- Similarly, if f(x, y) is a solution of . .
ly
ax Ta=0, .(13)
then solution of (10) is i
- v=A(x, y). ok -.(14)

- Relations (12) and (14) are the desircd transformation relations
to change the independent variables. Caow :
Now it can be easily shown that
’ * ; oudv_ duow\r
AC—B*=] (4RT—83) (LY _oudv
= _ ol )(axay ayax)
4Bt—( au 8¢ _du al)'
Le. 4B'=(-aRT+sy (X et
. as A=C=0
ie. B*> 0as S*—4RT > 0. : ,
And therefore we may divide both sides of the equation by it,

The equation is finally reduced to the form
2 i . 9z 92
m“*( “?", 2, 57."@‘») .(16)
which is the canonical form in this case. '
Case Il. When S2—4RT=0. [p this case two roots of (8)
are equal; _ : !
We define the function v as in case I and take v to be any
function of x and ¥, which is independent of u.
As before A=0. :
Since 5*—4RT=0, from (I 5)

;.'.(-I 5)

Putting A and B equal to zero, and dividing by C (#0), the
_ €quation takes the canonical form '
a!z."’—¢ u v ?_z _a.f . . .
C S e A <k
Case ITl. When R?—4ST < 0.. This is practically the same
ase as case I except that now the roots of (8) are complex.
The equation (1) would 1zduce to equation (16) if we proceed
%5 in case I, but the variables i and v are pot real but con_iugate’
omplex.

"la, is 3 constant, then the solution of (11) is y | ax-—-const,

*
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To get a real canonical form we further make the transforma-
tion

a=} (tv), B=}i (v—1),

so that

&%z 3%z 0%z 2z . 9%
m~.,=* (5a‘=+’ i)t et )

oz 9%
= (am“+aﬁ’)
An:{ tl~e equation reduces to the canonical form
6 z az 82\
o = ( o’ a;i)

45, Classiﬂcation of second order Partial Diff. Equations

Depending on their canonicat forms, the partial differential
equation

Re+Ss+Tetf(x, 3, 2, p, 9)=0
is called.
(i) Hyperbelic if S*—~4KT > 0,
(i) Parabolic if S"—4RT = 0,
acd (ii) Elliptic if $*—4RT < G.
Ex. L. Reduce the equation
xyr—(x3-- y2) §—xyi+4py-—gx=_4 2 {3 —y
ints canonical form and hence solve it
Solution, Comparing it with
Rr4Ss+Tt=f(x, ¥, 2, . 9h,

we find that
Re=xp, S=—(x2+%), T=—%y.
The quadratic = equation
Ro?~ Sa—T=:0

therefore becomes
xyat—(x* 4%+ T=0.

A X W
This gives cx;-——*; and «;= ~ a5 tWo roots.

The equations 9,'24—\11:::0 and %—{'xz:() are

dy dy_y
Yo0a s
dx 'y dd).' x g
v/hich on integration give
y2-px*=const. and yjx==const.
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Thus the Iransformatlon of independent variables from x, y to
¥, v ijs made by '

u=x*+y )
and v=y/x.
az ou_ 3z 8v=( xa_z y 8z
Bl e TR s L x'b“u)..
oz Ju 9zdv_(, 0z, 13z
=5 vy (2’ au+§5'u)'
- ?z _y\é#z yY\oz
r=4x% -—+4x( x’)a—us;"‘( "-xz) 5”-5
2oz, oz
32 v

1 oz . oz

:==4xy—+{2y ——)+2x }83’320

r ( _y ) 1Noz_1 2z
x*J\x/ ov? x’au
Substituting these in the given equation, that reduces to

3z -]
(x'+y')'——-(y'-x')x‘ 5 5:76» (:'-i-l)'

t==-—+2

This is canonical form.
lntegrmng w.r .t. v, we get

e P +1)= do-+u ()

~[F *FI -zJ' @iyt 4@, ()
where ¢, is an arbitrary f.action of u,

Now consider J— I —('_yi‘_f"'._].).-.

Integrating it by parts treating 1 as first function and v—;j—_-l-
as the second : »
J‘ 2u2
=G T

Y 4[24 __J’ dv

B kol Py
or __1_____-__..0' o

P+ ) e
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2 v
i .[(v'+1) I vifl vt
Thus (1) becomes
dz '
W EET + a7 Th® ’
Now mtegratlng it w.r.t. u, we gct

Z= V’+l +q’1(u)+'ﬁl(")s

where #; is an ardltrary function of v and ¢, is integral of ¢,.
Thus z=—xy +¢.(x'+y')+¢'z(ylx)
is the complete solution. . .

Ex. 2. Reduce into canonical form the equation
=D r—0(=1)s+y 00— l) l+p—q—2ye’“ (1—y?
and hence solve it.

Solution. Comparing it w:th
Rr+Ss+ T‘+ﬂx' Yz, P, q)_o
we have R=y—1, S-—=—(y’— D, T=y (y—1).
The guadratic equation
Ro?4-Sa+T=0
is (y—1)a2—(*—1) a4y (y—1)=0 -
cor (y—1)[ef—(y—1) a+y]=0.
This gng:s ay=1, az=y.

The equatmm;:;y +a;=0 and = dx+°"'=0 become -

dy . _ dy,
EE-H——Q and d—x+y 0.
These on integration give
x4 P =const. and ye*=const.

! So to change the independent variables from x,ytou, v, we
tuke

u=x+y, u-—-—ye’,
B oz oz ‘ .
giving p—a;‘+y¢-”‘ W
q=a—’+e* z,

+ 2, e: d’z dz

T2 e Dy

au‘
d’

2z
u,+2e* ou av’“u av"

3=- +e" O+D 5 a”+;e’—'w,+e‘

»
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Substntutmg these in the given equahom the equanon reduces to
(1=} e* *-@-'-.=2ye=~ (x--y)’ |

— b
 Guow =2v.
This is canonical form. ‘ +

Integrating w.r.t. w, we get

=, o
where ¢ () is an arbitrary funchon of u,
Integrating again w.r.t. u, we get
z=v"u 4 fy(n)+ga(v), |
where v is integral of ¢, and ¢ is an arbitrary functxon. This can
be written as
2=y (X+ )+ (X + ) + Pa(ye”).
"Ex. 3. Reduce into canonical Sform the equation .
X°r— 2xys+y¥—xp-+3yq=8y|x _
and hence solve ir, ' \
Solution. Comparing the given equatlon with-
Rr+Ss+Tt+f(x, y, z, p, )=0. .
we find that R=3x* S=—2xy, T=)
The quadratc x-equations - ‘
* Ro*+Sa+T=0 becomes ‘ K
x’a=—2xy¢+y==o (xe—y)?=0,
This gives only one value of a=y/x.

The equation d—+¢=0 becomes

d”+"=o 5 ‘-’¥+‘-‘-"-=o

Thxs on mtegratnon gives xywconst.

Therefore we take .

u=xy . |

and choose v to be any funcuon of x, y which is indepenaent of .
Hence there can be many chowes

Let z=ylx
—_— IR AL
Then p= » o -I-( x,)a'

qex Pyl
q du xov

i ®Z {_y\ o2 y\o%z, 2y oz
’ ”'aui""”( x’)au'du+( F)auz"'xt o
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?%z 1 9%z 1\28%z
=2t l+2xxauav+(; vt

A cHEE

0z 1
| +§¢+(-"§i)

S

Putting these in the given equation, we get
?15+'2 a—" 2
or Q§+_2_ Z.—2 where _Z:=8-—z-
v ov
Thls is a linear equation wuth :niegrattng factor
CI(’I'”'=U’ )
v'—=v'+ $:(u)
where ¢, is an arbitrary function.
" This gives
Z 1t i)
Integratmg this again w.r.t. v, we get

2=0-—-"§ ‘ﬁl(“)'l’ﬁ(“)
or z=;—;¢,(xy)+¢=(xy)
=22 4 ) +a(xr)
=x"xy ¥ 3
o z=1'+x’:/i.(xy)+¢=(xy)

where :ﬁl(xy)'— — 151(-70’)

- is the complete solutlon
Ex. 4. Reduce the equation
diz 92
APt el
to canonical form and hence solve it,
Solution. Comparing it with
Rr+s‘r+rt+j('tl y' z’ y' pl q)=00
we find that R=1, §=2, T=1. .
5 a-equation Ra?+4Sa+T=0 becomes
o224+ 1=0 piving a=—1, —1.
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‘The equation %+¢=0 becomes
dy ‘ '

ax—1=0
which on integration gives
To change independent variables. we take
U=x—y, :
We have to take ¥ as some function of x and y independent of
ulet . v=x+ty, .

We now determine values of p, g, r, s and f and putting these
in the given equation, the given equation reduces to
0’z ‘
Ay

ov? .
This is canonical form.
iqtegratilig it,a—z=¢1(u).
Integrating again z=v4¢,(u)+da(u),
where ¢, and ¢, are arbitrary functions of u.

Thus the solution is
z=(x42) $:Lx— )+ dalx—53.
Ex. 5. Reduce the equation

otz s 0°%_
o TY 55=0

~ Solution. Comparing it with
Rr+Ss+Ti+fix, y, z, p, =0
we find that R=1, §=0, T==x3,
Thus quadratic a-eguation
Ro?4-Sa+4T=0 ,
becomes o+ x2=0 giving a,=ix, ay=—ix,
The equations - :

dy d
_T::+ai-—‘-0 and‘TJ;+a.==
dy . dy .
becomes 7 Tix=0 and ‘—E—_rx—o.
Integrating these, we get
y-+4ix*=const. and y = }ix=const.

We take u=iy-+§x?
and o v=—jp it

t
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Next we use the transformation
a=} (u+v) and B=}i (v—u).
S a=}x2  and f=y.
We now find P, q, , 5, ¢ and substitute in the given equation
which reduces it to
iz 10
P T T P
which is the canonical form.

#

, Exercis>s ‘
Reduce the following to canonical forms and hgnce solve them ;
¥ (x+y) (r—$)—xp—yq—z=0.
19z 1 12z
e - 8v+1: 2utusd 4av R

z=- 9"1( x+y)+ T y)'ﬁz(y)

2 'x(y—x)r—(y’—x’)s ty (.v—x)t+(y+x)(p—q) 2x+2y+2.
‘ Ty &Pz . 2(v+1)

S Fuav V{2 —aup}

z=¢; (> 1Y)+ ¢ (xp)+x-+y-+log (2¥)

3. x (xy—1) r—=(%*—1) s+y (0 -1) t4(x=1)p+(y—1) g=0.

Ans, — av—o z=¢; (ye*)+ alxe)
4. ¥ (y—Dr—x(*—1) s+y(1—t) t+xvp~q--0

Ans. - au 8‘0 =0, z=¢,; (x¥)+ ¢z (x¢¥)

g t
5, }zr—Th s+ x’t~—p+ q Ans, Choose v-—x’—y ; 2-5;—,0
z=(x—pY) 6 (P )+ (x'+y°)

46, Special types of Partial Diffcrential Equations ‘of second
order.

We have already discussed the different methods that can be

applicable in a large number of s:tuauons However some simple
methods can also work if the equation is of a given type.

47. Type L.

An equation c.mmlmg of only one : f the dematmv r,sortand
aot poand q.

Thus these equations are of the foum

r=f1(x,») or s=fs(X,¥) or 1=fy (x, ¥}
Following examples illustrate the i:-thods.
Ex. 1. Solve r1=:x* cos (x}).
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‘Solution. The equations can be written as
2

8%z
a?==x' cos (xy).

" Integrating w.r.t. Y, we get

=R e o o o,
where ¢, is an arhitraryf?uncﬁon of x, '

Again integrating w.r.t. ¥, we get
_ £2=—008 (X)) +¥¢:(X)+ dy(x),
which is the complete solytion. "

Note. - This method of intcgrating directly usually works under

'_suchfsituations_. ' | .

~ Exercises ‘
L. r=sinxy Ans, 7 —_;i—sin CN+x81 ) +¢s (3)
2, r=xter, Ans. z= 2 xtev. X6 (0)+45 (3)
3. s=xt_ya _ Ans, z=} y—xy%+ g, ) +¢2 ().
48. Type II, '

Eguati

7S containing one second order partial derivative and one of
order one, ' ; ‘
Such equations can pe written as
9, ’ .
R EtPo=fi(x, ),

S S5+ Br=1i 3, )
F gj,q-+éq=ﬁ x.y

o I g_;_,_ Qq= 2 (x, »n. '
These can be solved

as ordinary linear differentia) equations
for p and ¢ and thereafter directly. ,
- Ex, 1.

Solye y.r+p=-—-co:_(x+y)——y sin (x+ y),
Solution. - The' equation can be written ag
7 g?f+§=.% 08 (X} p)—sin (x+y).
- Its integrating factor=ef yy ar_,,,
<. Py=ycos +3)+ 1 (),
This can further be Written as

YIE=Y COS (<) b4y ().
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124 . “Wecential Equations 11
Thee can be made linear in p or ¢ and integrated.

- Ex.’1. Solve sy—2xr—2p=6xy.

Solution, The equation can be written as

- ygy_—Zx g%=—-i6xy+2p. -

Auxiliary equations of this are L ‘
Ax _dy_ dp _ —2¥ dx+(2vp+2xy%) dy—y2dp
—2x y  6xy42p 0= .

The first two give xy?=const.

and the last gives %’j _d(p+2xy) —0

ie. p‘+2'xy= 2 (const,)
- 9z, ..
ax T2=0% (xp).

Integrating'no'w w.r.t, x, we get
2= () +ea ()—xty. . &

_ Exerc.ses
Solve the following differential equations : '
1. xr+ys4+p=10x)3, - Ans. z&xhyl 4, )+ (x/y)

2. Xyrd-xte—yppo xapy, Ans.  z=}xteV+ gy(y)+ dy(x2ey2),

—————



