
Chapter V

Rank and Adjoint of a Matrix
§ 5-01. Order of a minor.
Definition. If any r rows and any r columns from an in x ii matrix A are

retained and remaining (m - r) rows and (n - r) columns removed, then the

determinant of the remaining r x r submatrix of A is called minor of A of

order r.
For example : In the matrix

I'll all a 11 014

02 1 022 1723 024

a31 a32 a33 a

041 042 043 044

051 052 053 054

elements a 11 , 0i2, 413j, etc. are minors of order unity

07	 a 11 013	 (233 014 etc.

(2 21 022	 02, °23 ' 	 (254

are minors of order 2
a t l 012 (1 13	 a 2 l 023 024 etc.
CJ,	 a22 (123 . a41 (143 044

-,	 0	 a53

re minors of order 3

l uh ll	 L7 (213	 14	 'l	 22 '23 024 etc,
1. 21 ( 1 22 123	 24	 3i a12 a33 1134

04	 042 043 044 04 , a42 (143 (144

a 5l 11 52 0 53 (15.1	 (151 1152 053 (154

minors of order 4.
Note. In the UtOVC example there cannot be any minor of order higher than 4.

502. Rank of a matrix.
Consider the matrix A = 1 2

234
357

(4vadh 97,Garini'aI 90; Gorakhpur 98; L,ucknow 91)

This matrix A has only one three-rowed minor i.e. minor of' order. 3, viz.

1 2 31 and its value, can easily be calculated to be hero, by expanding with
2 3 4
3 5 7,

rcSpeCt to first row, 	 182/11/1
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This matrix A has 9 minors of order 2 (Or two-rowed minors) znd one of
them is 3 4 which has the value

.57
(3x7)—(5x4)=21 —20=1 *0.

This fact that A is a matrix whose every minor of order 3 is zero and there
is at least one minor of order 2 which is not equal to zero is also expressed as
'the rank of the matrix A is 2'.

"Definition of Rank of a Matrix:
(Avadh 92 ; Bundelkhand 6, 95, 94; Purvanchal 98, 96: Rohilkhand 92)

ij in an m X n matrix A, at least one of its r x r minors is d4fferentfro,n zero
while all the minors of order (r + I) are zero, then r is defined as the rank of the
matrix A.

A number r is defined as the rank of an m x a matrix A provided
(i) A has at least one minor of order r which does not vanish and (ii) (here

is no minor of order (r + 1) which is not equal to zero.
Note 1. The rank of a matrix A is also denoted by p (A).
*Note 2. The rank of a zero matrix by definition is 0 i.e. p(0) =0.
Note 3. The rank of a matrix remains unaltered by the application of

elementary row or column operations i.e. all equivalent matrices have the same
rank.

**Note 4. From the definition of rank of a matrix we conclude that
(a) If a matrix A does not possess any minor of order (r + 1) then p(A) 5 r.
(b) If at least one minor of order r of the matrix A is not equal to zero, then

p(A) ^ r.
Note 5. If every minor of order p of a matrix A is zero then every minor of

order higher than p is definitely zero.
Solved Examples on § 5.02.
Ex. 1 (a). Find the rank of the matrix A 1 2 3

258
4 10 18 (Gorakhpur92)

Sol. The determinant of order 3 formed by A

	

= 1 2 3	 1 0 0 replacing C2 , C3 , by

	

4 10 18	 4 2 6 C2 - 2C 1 , C3 - 3C 1 respectively.

=1 2 =6-4=2;10
26

p(A) ^! 3.

Also the matrix A does not possess any minor of order 4 i.e. 3 + 1, so
p(A):53	 ...(ii)

Froln(i)and(ii)wegetp(A)3	 Ans.
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Ex. 1 (b). Find the rank of the matrix A = 1 2 3
234
4 10 18

Sot. Do as Lx. 1 (a) above.	 A. 3

Ex. 1 (c). Find the rank of the matrix A = 1 3 2
223
154

Hint: Do as Ex. 1(a) above.	 Ans.3

Ex. 2 (a). Determine the rank of A = 6 1 8 3

O	 2 1 0 2
4-1-8-3

So!. The given matrix A possesses a minor of order.3 viz.

61 8 = 10 0 0 replacing R 1 , R2 by

2 1 0	 6 0 -8 R1+R3,R2+R3

4-1-8	 4-1-8

=10 0 -8 =10(0-8)=-80*0

-1 -8

p(A)>3.

Also A does not possess any minor or order 4 i.e. 3 + 1, so

p(A)!^3.	 ...(ii)

	

From (i) and (ii), we get p (A) = 3. 	 Ans..

Ex. 2 (b). Find the rank of the matrix

A=1 3 5 1
2480
3175

Hint: Do as Ex. 2 (a) above.	 Ans.3.

*Ex 3 (a). Find the rank of matrix A = 1 -1 3 6
1 3-3-4

5 3 3 11 (Kanpur 95)

Sot. The given matrix A possesses a minor of order 3

1	 3	 6 - 2	 0	 2 replacing R 1 , R3 by

1 -3 -4	 1 -3 -4 R2 + R I , R3+R2

5	 3 11	 6	 0	 7

=-3 2 2 =-3(14- 12)=-6*0
67

p(A)^!3.

Also A does not possess any minor of order 4 i.e. 3 + 1, so

p(A)<3	 ...(ii)

	

From (i) and (ii) we get p (A) = 3.	 .	 Ans..
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Ex. 3 (b). Find the rank of the matrix A	 1 6 8

253

(Purvc,nc/ia/ 96)
SoL The determinant of order 3 formed by A

	

= 1 6 8 = 1 1	 6	 8 replacing R2, R1 by R 2 - 2R1,
2 5 3	 0	 —7 —13 R 3 - 7k 1 repectheiy
7 9 4	 0 —33 —52

—7 —13 = 1 -7 —13 replacing R2 by R, - 4R1
—33 —52	 —5	 0

=- 65

p(A)-^!3.

Also A does not possess any minor of order 4 /.e.3 + 1, so
p(A):53	 ..(ii)

From (i) and (ii), we get p (A) 3 	 A ns

*

Ex. 3(c). Find the rank of the matrix A 2 3 8
506

8 9 10 (Puri'anciza/ 94)
So!. The determinant of order 3 formed by the matrix A

= 2 3 .8 = 2 3 8 1, replacing R3 by R 3 -- 3R1
506	 50	 6
8910	 20-14

= - 3 1 56 , expanding w.r. to C2

2 —14

=-3(-70-- 12) --- 3x82=246O
p(A)>3 -

Also A does not possess any matrix of order 4 i.e. 3 + I and
-	 p(A)<3.	 ...(ii)

From (I) and (ii) we get p (A) = 3	 An;.
E. 4 (a). Fiid the z-aiik of tile matrix A =	 1	 2

2	 3	 1
—2 —3 —1

SoL The deterniinan of order 3 formed by !his Inalrix A
=	 2	 3I	 •= 1 2 3, replacing R 3 by R + R2

=J: - -
Also there exists a minor of order 2 of A. 9
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viz.	 I	 2 =3-4=--IeO
23

}lcnce the rank of the given marix A is 2.	 Ans.
Fx. 4 (h) Find the rank of matrix , = 1 3 4

L2 6 8

Sol. A minor of order 2 formed by this matrix.

= 1 3 = 6 -- 6 = 0. Similarly all minors of order 2 are zero:
26

Now we are let', with minors of order t it'. elements of A which are not
equal to zero.

Hence the rink of the given matrix A is 1. 	 Ans.
Ex. 5. Find the rank of the matrix.

r1 2 3 1
2462
1 2 3 2	 (Gorakhpur 96)

Sol. In this matrix, a minor of order 3
= 1 2 3	 0. R and R 3 are identical

246
123

In a similar way we prove that all the minors of order 3 are zero.
Now a minor of order 2 = 1 2 1 = 0.

2 4

But another minor of order 2 = 3 I 	 0,
34

Hence rank of the given matrix is 2.	 Ans.
Ex. 6. Find the rank of the matrix A =	 I -3	 2

	

3 -9	 6
-2 6-4

Sol. The determinant of order 3 formed by this matrix A.

1. - 3	 2 =	 1 0	 replacing C2. C3 by
3 -Q	 6	 I 3 0 0 ,C2+3Ctan&1C3-2C3

6 -4	 -2 0 0 1 respectively.

= (j_

Also there exists no minor of order 2 of A which is not equal to zero.
(Students can verify for (hemselves).

Finall y all minors of order I of the matrix A are non-zero, as no element of
the matrix A is 0.

Hence the rank of A is I. 	 kns.
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Ex. 7. Find the rank of the matrix
1	 3	 43
3	 9 12	 9

-1 -3 -4 -3

Sot In this matrix, a minor of order 3

	

= 1

I	 3	 4 =3	 I	 3

	

3	 9 12	 1	 3

	

-1 -3 -4	 -1 -3

=0, asR and R2 are identical.

4', taking 3 common from R2

4

-4

In a similar way we can prove that all minors of order 3 are zero.
Now a minor of order 2

=

 1
1 3 1 = 3 1 3 , taking out 3 common from R2

39	 13

=0, as rows are identical.
Similarly all the minors of order 2 are zero.
Hence we are left with minors of order unity, viz, the elements of the given

rna*rix, which are not equal to zero.

	

Hence rank of the given matrix = I. 	 Ans,
EL 8(a). Find the rank of the matrix

A= 6 1 3 8
16 4 12 15
533 4
4 .2 6 -1	 (Kanpur 96)

Sol. The determinant of order 4 formed by A
= 61 3	 8=	 01	 0	 0

16 4 12 15	 -8 4	 0 -17
53 3	 4	 -13 3 -6 -20'
4 2 6 -1	 -8 2	 0 -17

, replacing C 1 ,C3,C4 by C1-6C2,C3-3C2

and C4 - 8C3 respectiiely

= - -8	 0 - 17 = 0, as R 1 , R3 are indentical.
-13 -6 -20
-8	 0 -17

Also one minor of order 3 viz.

1

i 3	 SI=fI	 0	 0I=-6 -20 *0.
3 3	 41	 I 	 -6 -201 1i
2 6 -i	 1 2 	 0 -'l	 0 -171

Hence the rank of given matrix A is 3. Axis.
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Ex. 8 (b). Find the rank of the matrix
A=1 2 1 2

1322
2934
3746

Sol. The determinant of order 4 formed by A
_Ii	 -	 i	 -.1I,	 •	 -.1

7

(Garhwal 93)

	

L I	 _	 4 I L
Ii 3 2 2	 0 1

	 replacing R2, R3 , R4 by

2 9 3 4.!	 0 5	 ol 
R2-R1,R3-2R1

3 7 4 61	 10 1 1 ol R4-3R1respectively

= 0, R2 , I 4 being identical

Also one minor of order 3 viz.

1 2 1 1 = 1 2 1 = 0, as above.
132	 011
374	 011

But all minor of order 3 are not zero.

	

eg.2 12=	 21	 2=--i -'2
3 2 2	 -1 0 -2	 3 -2
9 3 4	 3 0 -2

=-[2+6]=--8 ;a0

Hence the rank of the given matrix A is 3.

Ex. 9 (a). Find the rank of the matrix
A= 1 -2	 0 1

2 -1	 1 0
3 -3	 1 1

Sol. The determinant of order 4 formed by A

=	 1 -2	 0 1 = 0	 0	 0 1
2 -1	 1 0	 2 -1	 1 0
3 -3	 1 1	 2 -1	 1 1

-1 -1 -1 1	 -2	 1 -1 1

= -	 2 -1	 I , expanding w.r. to R1
	2 -1	 I

-2	 1 -1

= 0, R 1 , R2 being identical.

Also one minor of order 3 viz.
1-21=100=0
2 -1 0	 2 3 -2
3 -3 1	 3 3 -2

Ans.

replacing C1 , C2, by C1 - C4

and C2 + 2C4 respectively
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Similarly all minors of order 3 are zero
Now one minor of order 2 VZ 0 1 =- I *O

t0

	

Rank of given matrix A is 2. 	 Ans.
**Ex . 9 (b). Find the rank of the matrix

A= 1 1 1 -1
123	 4
3 4 5	 2	

(Ak'adh 92; Thrnde/k/ujnd 92;
Gorakhpur 93, Rohilkhand 98)

Hint: Do exactly as Ex. 9 (a) above.	 Ans. 2
Ex. 9 (c). Find the rank of the matrix

A= 1 -2 34
-2	 4 -1 -3
-1	 2	 7	 6

	

Hint Do as Ex. 9 (a) above.	 Ans. 2
Ex. 10. Find the rank of the matrix

1 -I -2 -4
3	 1	 3 -2
6	 3	 0 -7
2	 3 -1 -1

So!. The determinant of order 4 formed by the given matrix
= 1 -1 -2 -4

3	 1	 3 -2
6	 3	 .0 -7
2	 3 -1 -1

1 0 0 0
34 9 10

Jreplacing CCCbc+c

6 9 12 17 C3+2C1,C4+4C1respectively

2 5 3

= 4 .9 10 = 4 9 10 ,replacingR,hyR2-R1

9 12 17	 5 3	 7
5	 3	 7	 5 3	 7.

=0, as its two rows are identical.
A minor of order 3
=

 I

1 - i -2 = I 00 . replacing C2. C3 by
3	 1	 3	 3 4	 9 C2 + C 1 . C3 + 2C 1 respcctivley
6	 3	 0	 6 9 12

= 4	 9 =48-81=-33^,Q
9 12
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Hence the rank of the given matrix is 3.	 Ans.

**Ex. 11. Find the rank of the matrix

A= 6 1 3 S
42 6-i
10397
16 4 12 15	 (4 rod/i 90: kwiwun 90)

Sol. The deeirninant of order 4 formed b y this matrix

6 1	 3
4 2	 6 -1

hO 3	 9	 7
16 4	 12	 15

!o 1 3	 81 replacing R3 and R4 by R3 - R2
4 2 6 -1!

and R4 - R1 respectively.
6	

1	 3	 81
6 1	 3	 81

= 0, as its three rows are identical

A minor of order 3

= 6 I 3 = 6 I 3 replacing R 1 by R 1 -
4 2 6	 4 2 6
lU 3 9,	 6	 1	 3I

= 0, two rows being identical-

In a similar way we can prove that all the minors of order 3 arc zero.

Now a minor oford'r2= 6 I =12-4-8()
42

Hence the rank of the given martix = 2. 	 Ans.

Ex. 12. Find the rank of the matrix

A= 1 3 4 5
1267

L	
5 0 1	 (Gora(hpur 94)

Sol. One minor of order three of A

={i 4 5 Hi	 ()	 0	 replacing(.-.,hv

6 7	 Il	 2	 2	 C2 - 4C 1 and C	 5c'1
I	 0	 1	 1	 -.	

--	 respectively.

-=	 2	 2 . c pendi ng with respect to
-4 -4

2 (-4)-	 (-4) 0.

In a similar wa\ we can prove that all the minors of order three are ,ero.
Now a nhinor of order 2 is 2 6 = 20 -65 - 30 0

IS	 I)
I Ia:c die rank ot A is 2.	 Ans.

--Is
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Ex. 13. Find the rank of the matrix
A I a b 0

OedI
I a b 0
Ocdl

So!.	 A	 I a b 0 =0,'.-	 R 1 , R are identical
0 c d I
labO
0 c d I

A minor of order 3 of 
= a h 0 =0.asR 1 , R3 are identical

c d 1
a h 0

In a similar way we can show that all the minors of order 3 are zero in value.
A minor of order 2 of A a b=ad - be 0

c 	i 
Hence the rank of the matrix A is 2.	 Ans.
Ex. 14. Find the rank of the matrix

A=3 4 5 6 7
45678
56789

10 11 12 13 14
15 16 17 18 19	

(Kwnaun 91)
So!. One minor of order 3 of A

5	 7	 8 = 5	 7	 8 1 , replacing R2 , R3 by

16 18 19	 11	 11	
R2 - R 1 and R1 - R 1 respectively.

= 5 7 8 ,replacing R3 by R3 - hR2
1	 11
000

=0.

In a similar way we can prove that all the minors of order 3 of A are zero.
This shows that all minors of order 4 and I A I of A are automatically zero.

(See Note 5 Page 2 of this chapter)
Now one minor of order 2 of A

= 7 8 =(7x9)-(8x8)=63-64=- I ;e0
89

Hence the rank of A is 2.	 Ans.
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Ex. 15. Find the rank of A = I	 I	 I
b+c c+a a+b

	

be	 ca	 ab	 (Kanpur 91)

Sot.	 IA=	 1	 I	 I
hi-c c+a a+b

be	 ca	 ab

= - (a - b) (b - c) (c— a), on evaluating.
Now following cases arise :-
Case I. a h = c.
Ifa=h=c,thenA= 1	 1	 1

2a2a2a

	

2	 2	 2a a a

Therefore all minors of order 2 and 3 of A vanish.
Also A has non-zero minor of order 1, since no element of A is zero.
Hence the rank of A in this case is 1.	 Ans.
Case 11, Two of numbers a,b,c are equal, but are different from the

third.
Let a = h ;t c.

Then I A J =	 1	 1	 1 = 0. as C1 , C2 are identical.

a+c c+a 2a
2ac	 ca a

	Also A has a minor of order 2 viz.	 1	 1
la+c 2a

	=2a—(a+c)=a—c#O,	 '. a*c.

Hence the rank of A in this case is 2.
Similarly we can discuss the cases b = c # a, c =a # b.	 Ans.
Case M. a, b.c are all different.
In this case I A I ;^ 0, as is evident from (i) above.

i.e. A has a non-zero minor of order 3 and there exists no minor of order greater
than 3.

Hence the rank of A in this case in 3.	 Ans.
**Ex 16. Find the rank of the matrix

A	 1 1 1 where a, b, c are all real.
a b c	 (Rohilkhand 97)
3	 3 3abc

Sot.

A	 I	 1	 1 = I	 0	 0	 replacing C2, C3 by

	

a I, c	 a	 b — a	 c—	
-b	 a

a
3	 3	 3	 3	 3	 3	 3	 3a	 c	 b--a c—a
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= b - a	 C- a , expanding with respect to R1

b —a C
3	 3	 3	 3	 -—a

(b—a)(c—a)	
2	 2	

I

Ii + ab 1- a	 c + ('a 1- a

taking (b - a). (c - a) common from C 1 arid C2

=(l,Lii)(c_a)	 1	 0

if + ab + a 
2	 2

e + (O - / 2-- ab

replacing -2 by C2 C1

= (b - a) (c - a) ((c2 + ((t- 
/2 - 

ab) -

= (b - a) (c - a) 1Cc2 - /2) + 
a (c - b)J	 (Note)

=(b—a)(c—a) ((c—b)(c+b+a)j
or IAl=(a—b)(h—c)(c—a)i+b+c)

Now following cases arise

Case L a = b = c, then A = 	 1	 1

11c',	

a	 a
33	 3	 .

 a a

Therefore all minors of order 3 and 2 of A are zero.
Also as no element of A is zero, so A has non-zero minors of order 1.
Hence in this case the rank of A is 1.	 Ans.
Case H. Two of the numbers a, b, c are equal but are different frorn the

third.
Let	 a=b;tc.

Then IA I = 1	 1	 I	 =0, as C and C2 are identical.
a	 a	 (2

3	 3	 3
a a a

Also A has a minor of order 2. viz. 1 1 = c - a 0	 a c
I(I	 C

Hence in this case the rank of A is 2.	 Ans.
Similarly we can di.sus.s the cases b = c * a, c = a ;#' b.
Case HI. a, b.c are all different but a + b + c = 0.
In this case from (i). 0 is evident that I A I = 0.	 (Note)

Also A has a minor of order 2, viz I I = h - a :t 0. . (2 ^ h
h

Hence in this case the rank of A is 2.	 Us.
Case IV. a,b.,c are all different but  + b + c . 0.
In this case from (I), it is evident that	 0.	 Note)



Rank of Matrix	 13

i.e. A has a non-zero minor of order 3.
Also A has no minor of order greater than 3.

	

Hence in this case the rank of A is 3. 	 Ans.

**Ex. 17. Prove that the points (x 1 , y), (x 2, Y2)' (x3, y. ) are collinear if

the rank of the matrix is x 1 Yi 1 is less than 3.
X2 Y2 I

X3 Y3 1
	 (Agra 91; Kanpur 95, 93)

Sol. If the rank of the given matrix is less than 3, then the minor of order 3

of this matrix must be zero.	 (See § 502 Page 1 of this chapter)

i.e.	 -	 Yi	 1 =0
X2 Y2 1

X3 Y3 I

Now the area of triangle whose vertices are (x 1 . v1). (x2 , vi), and (x3 , y)

	= lxi Yi )	 (See Authors Co.ordinale Geometry)
X2 Y2 I

X1 y-	 I

= 0, from W.
Since tire area of this triangle is zero, so its vertices (x 1 , yi)' (x2, Y2) and

(X1, yi) are collinear.	 Hence proved.

Ex. ]. Under what conditions the rank of the following matrix A is-3?

Is it possible for the rank to be 1? Why ?

A= 2 4 2
312
1 0 x	 (Kanpur 94)

Sol. 11 rhe r,uik of ihe rnairix A is 3, then the minor of order 3 of A should

1-t non-/ero.
i.e.	 2 4 3	 0. which is the required cc,riditjon.

3	 i	 21
1	 0	 VI

Ai ,, the rairkji A can not be I as at least onc minor of order 1 of A i.e., one

cierncni of A is ero.
if we are	 find the condition under which the rank of A is 2, then the same

is I A J 0 ix. minor of order 3 of A must he zcra

i.e	 2 4 21 =0,i.c. 2	 4 2 =0,repiacir.gR2byR2-Ri

	

3	 1	 21	 1	 -3 0
1 0 .t	 1	 0 x

ic.	 lo	 10 2	 0, replacing R 1 by R 1 - 2k2

	

Ii	 -3 0
0 x
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i.e.	 10 2 -0+x 0	 10 =0, expanding with respect to 

1- 3 0	 I -3

i.e.	 6- I0x=0 i.e. x=6/10=3/5	 Ans.J
Ex. 19. Are the matrices

A 12 3 and B = 	 - 5	 equivalent?
2	

5 -2 -9 14
4 -2 -4 8

Sol. Since A is a 3 x 3 matrix and B is a 4 x 4 matrix i.e. their dimensions
are different, so these can not be equivalent.

Exercises on § 5.02
Find the rank of the following matrices
Ex. 1. (a)	 1	 2(b) 0 1 2	 (c) 4 5 6

25	 8	 123	 567
4 10 18]	 3 1 1	 7 8 9

Ex. 2.	 3 ii	 I	 5	
Ans. (a) 3; (b) 3; (c) 2.

5 13 -1	 11
-2 2	 4	

Ans.2
,Ex. 3. 1 2	 4 3

3 9 12 9
1 3 4 1	

Ans. 2
Ex. 4. 13 16 19

14 17 20III 18 21	
Ans.2

Ex. S. 1	 0 -5 6
3-2	 12
5 -2 -9 14
4 - 2 - 4 8	

(Lucknow 90) Ans. 2
Ex. 6. 1	 1	 1 ], where a, b, c are all real.

abc
2	 2	 2a b	

(Kanpur 90)
[Hint See EL I6 Page 11 of his chapter]

Ex. 7	 0	 c -b al ,where a, b, c are, all positive
- 0	 a	 numbers and aa+b+cyrO

1- :	 - a	 0 y
[-a -	 -Y 0]	

Ans.2
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3
Ex. 8. 1
	 1	

20	 3
1 -2 -3 -3

1	 .1	 2	 3	 Ans.3

§ 503. Normal Form of a Matrix.	 (Agra 96)

Every non-/ero matrix A of order ru x n can be reduced by application of

elementary row and column operations into equivalent matrix of one of the

following Rrms

]	
(ii)	 (iii) [J r, 0],	 (iv) ['ri'

[ 

where 'r is r x r identity matrix and 0 is null matrix of any order.

These four forms are called Normal or canonical form of A.

Important Theorem (without Pr(of). 	 (Avadlz 94)

Th. 1. If in x n matrix A is reduced to the canoncial form or normal form

[ ir 0 by the application of elementary row or column operations, then r, the

[o°]

order of the identity sub-matrix I r is the rank of the matrix A

Th. II. If a non-singular matrix of order n x n is reduced to the identity

matrix In
 (which is its canorHcal or normal form), then the rank of the matrix is n.

Solved Examples on § 503.
Ex. 1(a). Find rank of the matrix A = [1 2 31

3 41
L4 5 6]	 (GOrakhpur 95)

Sol. A- I
2
4

2
4

-0

3

-0

I

-0

2

2 I replacing C3 by C3 - C2

31
51

1 I replacing C2 by C2 - C1

11
I	 I

1 0 ,replacing C3 byC3 -C2 and ClbyCI-C2

10
10

1 0 , replacing R 3 by R3 - R2

10
00

1 0 . replacing R2 by R2 - R1

00
00
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-0 1 0 replacing R1 by R1 - 2R2
00

0 o 0

o 0 interchanging R 1 and R2
0 I0
0 00

[2 0
[0 0

Hence the rank of A is 2.

Ex. J (b). Find the rank of the matrix A =10 2 3
0 4 6

[0 6 9

Sol. A	 0 2 1 repla.ing C3 by C - C2
o 4 2
0 6

- 0 0 1	 replacing C2 by C2 - 2C3
002
003

0 0 1	 replacing R2 . R3 by R2 - 2!?, R - 3R1
000
000

-[

1 0 0 incrct)aiIg1ng C 1 and C
0 0 0
0 0 0

o
[o o

Hence the rank of A is 1.	 Ans.
*Ex I (c). Find the rank of the matrix A 	 1 1 1

222

L3	 3J

Hint : Do as Ex. I (h) above. Replace C2 . C 3 by C2 - C. c -.CI
respectively and then from the result so obtained replace 1?, R3 by R2 - 2k1,
R3 - 3R 1 respectively.	 Ans. I.

Ex. I (d). Find the rank of the matrix.
A=r_1

	

6 12	 6

	

5 10	 5

Ans.
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Hint Do Ex. I (b) above. 	 Ans. 1.

Ex. 2. Find the rank of tthe matrix

A= 1 2 3
456
212

Sot A	 i	 oa replacing C2 . C3 by C2 - 2C1,

4 - 3 - 6 C3 - 3C 1 respectively

2 -3 -4

- 1	 001 replacing R 2 , R 3 by R2 - 4R1,

0 -3 -6 R3 - 2R 1 respectively

0 -3

- 10	 ol. replacing R2 by R2 - R3

0	 0 -2
o -3 -4

- 1 0 01. replacing C2, C 3 by - C2

0 0 Ii
0 I 2] --i- C3 respectively

- i 0 01. replacing R3 by R3 - 2R2

001
010

- 1 0 01 interchanging C2 and C3

010
001

[131.

Hence the rank of A is 3. 	 Ans.

Ex. 3 (a) Find the rank of the matrix A = 1 2 3
1 4 2 (Bundelkhand 94)
265

	

Sot. A - 1 ü	 01. replacing C2, C3 by C2 - 2C1

I 2 - 1 and C3 - 3C 1 respectively

2 2 _lj

	

- I 0	 0. replacing R 3 by R 3 - R2

1	 2 -1
10	 0

	

- i o	 01. replacing R2 , R 3 by R2 - R1

0 2 - 1 and R 3 - R 1 respectively
00	

Oj
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o	 o], replacing C2 by C2 +2C3
o —1
o 0

o o]. replacing C3 by - C3
01
00

o 01, interchanging C2 and C3
10
00

0
0

	

Hence the	 rank of A is 2.	 Ans.
*Ex. 3 (b). Find the rank of the matrix A = [31 2 3 after reducing it

234
357

	to the normal 	form.	 .	 (Avadh 97; Garhwa/ 90; Meerut 92)
soLArl

2 1
[3 2

	

1	 1
10
11

	

—1	 1
10
00

	

1	 1
10
00

-[00

i 0
0

—10
01
00

0[ 12
00

0
0

100,

-100I

- [12

replacing C2 and C3 by C2 — C 1 and C3 - C2

2j

i i

i]. replacing R 2 and R3 by R2 - R 1 and R3 - R2

'j, replacing R 1 by R 3 -
0
0

ol. replacing C3 by C3 - C2
0
0

01, replacing C i by C1 - C2
0
0

o1, interchanging C, and C,
0
0

Hence the rank of A is 2.
Ans.
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Ex. 3 (c). Reduce matrix A to its normal form and then find its rank,
where	 A=1 11 —1

123	 4
3 4 5	 2	 (Agra 93).

So!. A	 i 0 0 01. replacing C2 . C3 , C4 by C2 - Cl-
1 1 2 51C3_ CI, C4+Cirespectively

3 1 2 5]

- 1 0 0 0 replacingR3byR3—R2

1125
2000

- 1 0 0 0 replacing R3 by R3 - 2J?

1125

0000

1 0 0 01. replacing C 1 . C3 C4 by C 1 - C2,

o i 0 0 C3 - 2C2, C4 - 5C2 respectively

0000

[12 °1 which is in the normal form.

[oOj

Hence the rank of A is 2.
Ex, 4. (a). Reduce the matrix A to the normal form.
where A = 1 1 2 - 3 hence find the rank of A.

410	 2
030	 1
010	 2

Sot. A	 1 0 2	 0 replacing C2, C4 by

4 s 0 14 C2 + C 1 , C4 + 3C 1 respectively.
0304
0102

1 0 1 0 replacing C3, C4 by
45O7i	 i
0 3 0 2	

C3. - C respectively

010•1

--0 0 1	 0 replacing C 1 . C4 by

4 5 0	 2 C1—C3.C4—C2respectively
0 3 0 —1
010	 0

0 0 I	 0 replacing C1 by , C1

1 5 0	 2
0 3 0 —I
0100

Ans.

(Meerul 92 P)
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0 0 1	 0 replacing C2 , C4 by

	

1 0 0	 0 C2 - 5C 1 ; C4 - 2C respectively
0 3 0 -1
0100

- 0 0 I 0 replacing C2, C4 by
1 0 0 0 C2+3C4,-C4respectively.
0001
0100

1 0 0 0 rearranging columns
0- 1 - 0 0
0010
0001

-['4].
Rank of A is 4.
EL 4 (b). Express the matrix

	

A= 3 -1 -1	 3
-1 -4 -2 -7

	

2	 1	 3	 0
-1 -2 3 0

lathe normal form and find Its rank.

	

Sol. A - 0 - 1 o	 3], replacing C 1 . C3 by C 1 - C4,
6 -4 2 - 7 1 C3-C2respectively

	

2	 12	 0

	

-1 -2 5	 0
	0 -1 0	 3 1replacing C1 by C1 -. C3

4 -42 -7

	

0	 12	 0
-6 -2 5 0

	

- 0 - 1 0	 3 replacing R2, R4 by R2 - R3
4 -5 0 -7 R4 + 2R3 respectively

	

0	 12	 0
-6 0 9 0

- 0. 0 23]. replacing R1,R4byR1+R3
4 -5 0 - 7 R + R2 respectively

	

0	 12	 0
-2 -5 9 -7

	

- 0	 0 0	 3]. replacing C3 by C3 - 2C2
4 -5 10 -7

	

0	 10	 0
-2 -5 19 -7

Ans.

(Purvanc/aal 93)
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- o 0 0	 3 replacing R2 , R4 by R2 + 5R3

4 0 10 —7 R4 + 5R3 repectively

	

010	 0
—2 0 19 —7

	0 0 0	 3 replacing R4 by R4 - R2

4 0 10 —7
01	 0	 0

—6 0 9 0

-	 0 0	 0	 1 replacing R 1 , R4 by R 1 , - R respectively
4 0 10 —7

	

010	 0
—2 0 3 0

	

- 0 0 0	 1 replacing R2 by R2 + 2R4

0 0 16 —7

	

010	 0

	

—2 0 3	 0

0 0 0 1 replacing R2 by R2 + 7R1

0 0 16 0
01 00

—2 0 3 0

- 0 0 0 1 replacing R2 by (1/ 16) R2

0010
0100

—2 0 3 0

- 0 0 0 1 replacing R4 by R4 - 3R2

0010
0100

—2 0 0 0

--0 0 0 1 replacing R4 by (1/2) R4

0010
0100
1000

- i 0 0	 interchanging R 1 and R4

0 1 0 0 and interchanging R2 and R3

0010
0001

or	 A	 1141	 The rank of A is 4.	 Ans.
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Ex. 5. Find the rank of the matrix

Az —2 —1 —3 —I
1	 2	 3—I
1	 0	 1_i
0	 1	 1	 l	

(Garhvu1 94)
Sol.	 A - 0 -	 - t	 i replacing R 1 , R2 by

o	 2	 2 - 2 R 1 + 2R3 , R2 - R3 respectively
I	 0	 I	 I
o	 i	 i	 —1

- 0 0 0	 1 replacing C2, C3 by
0 0 0 - 2 C2 + C4, C3 + C4 respectively
112	 I

• 0 0 0 —1

- 0 0 0 i].. replacing R2. R3 , R4 by i2 + 2-R 1,
0 0 0 0 R3 - R 1 , R. + R respectively
1120
0000

- 0 0 0 I], replacing C2,C3by
0 0 0 0 C2 - C 1 , C3 - 2C1 respectively
1000
0000

r 	 0 0 0. interchanging R I , R3
0000
0001
0000

- 1 0 0 o]. interchanging C2, C4
0000
0100
0000

1 0 0 o], interchanging R2 , R3
0100
0 '0 0 0
0000

—[12 0
Loo

Hence the rank of A is 2.
Ex. 6 (a). Reduce A = 1 - 1	 2

	

4	 2 —1
	2 	 2 —2

(Gczrhwal 91)

A ns.
-I to normal forn.

2
0
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Sol. A = i o	 o o replacing C,. C3 , C4 by

4 6 -9 6 C, + C 1 , C3 - 2C2 , C4 + C 1 respectively

2 4 -6 2

- 1 0 0 o]. replacing C2 . C3 by

4 C) 0 6 C2 - (4. (3 -- (3/2) C2 respectively

2 2 3 2]

0 0 o]. replacing C3.C4by

4 0 0 6 C3 - (3/2) C2 . C4 - C2 respectively

2 0 0

- 1 0 0 01 replacing R 2 , R3 by
200 3I t	i
I	 1 0 oj 

R,, R 1 respectively

- I (1 0 o replacing R 2. R3 by

() () 0 3 fR3 - 2R 1 , R3 - R 1 respectively
0 1 0 0]

- 1 0 o 01 . replacing C3 by I C3

1 0 0
0001
0 

- I 0 0 0 . interchanging C2 , C4

0100
0 () 0 1

- 1 0 0 01, interchaning C3 , C4

0100
L0 0 1 0

- 11 3 01	 which is the required normal form 	 Ans.
Ex. 6 (b). Reduce the matrix A to the normal form and hence find the

rank of the matrix A, where

	A= 1 -1	 1 -ii
4	 2	 --1	 2
2	 2 -2	 2

Hint Do as Ex. 6 (a) above.	 Ans. 3
Ex. 6 (c). Find the rank of the matrix

A1 3 4 71
2458
3124

Hint : Do as Ex. 6 (a) above. 	 Ans. 3
**Ex. 7. By elementary operations, find the rank of the matrix.
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[bN.	 U	 (Avcid/z 95, 93, 91; Car/twa! 95,
(3nr-iL-Irn,jr 90d A',,,,n,r 07 &.1,,,,-,,v OR

Sol. A-6_3
1	 —1
3	 1
6	 3

or ,	6	 3
1	 —1
3	 1
o	 0

..-0	 9
1 —1
o 4
0 0

0 —7 replacing R by R 1 - R 2 + R3

—2 -4
3 —2
0 —7

C) —7, replacing R4byR4—R1

—2 —4
3 —2
0 0

12	 17 replacing R 1 and R
- 2 —4 by R 1 - 6R2 , R3 - 3R2 respectively.
9 10
0 0

—09
10
04
00

—10
09
04
00

—10
01
04
00

—10
01
0 '4
00

0
0
0 4
0 0

—1 0
0
0 0
0 0

12 Il replacing C2. C3 and C4 by C2 + C1.

0 0 C3 + 3C ! and C4 + 4C 1 respectively
9 10
00

o	 o , interchanging R 1 and R2

12 17
9 10
0	 0•

0	 0 , replacing R2 by R2 - 2R3
—6 —3

9	 10
0 0

0 0 ,replacing C3 and c4byc3+6C2

0	 0 and C4 + 3C-, respectively.
33 22
00

0 0-1 replacing C3 and C4 by 313 C3 and

0 0- C2 respectively.
112

00

0 0 . replacing C2 and C4 by C2 - 4C3

0 0 and C4 - C3 respectively.
10
00
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()^ 1 .4
o°

Hence the rank of the given matrix = 3. 	 Ans.

Ex. 8. Find the rank of the matrix
J	 0	 21
0	 1 -2 1

A-1 -1 40
2	 2 80

Hint : Do as Ex. 7. on Piges.23-24	 Ans. 3

**Ex 9 (a). Find the rank of A = 0 1 -3 -1
10	 1	 1

31	 0	 2

1 1 -2	 0

(Agra 91; Bundelkhand 91, Garhwal 92; Kurnaun 96; Lucknow 92;

Meerut 90, Purvanchai 98; Rohjlkhand 91)

Sol. A - 0 i -3 -	 replacing C3, C4 by

1 0	 0	 0 C3 - C 1 and C4 - C 1 respectively

3 1 -3 -1
1 1 -3 -1

- 0 I -3 - i replacing R 3 , R4 by

1 0	 0	 0 R3 - R 1 and R4 - R 1 respectively

30	 0 0
10	 0	 0

- o 1 0 0 replacing C3, C4 by

1 0 0 0 C3 - 3C2 C4 + C2 respectively

3000
1000

- 0 1 00 replacing R3. R4 by

1 0 0 0 R 3 - 3R2 and R4 - R2 respectively

0000
0000

- 1 ü 0 o interchanging C i , C2

0100
0000
0000

-[12 0

[00

Hence the rank of A is 2.	 Ans.

Ex. 9 (b). Find the rank of the matrix

16-
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A= 1 2 3 4
2345
3 4 5 6
4 5 6 7	 (Purvanc/zal 95)

Sol. A - 1 2 3 4 replacing R2, R3 , R4 by
1	 1 1 I R,- R I , R3 - R I , R4 -R, respectively
2222
3333

1 1 2 3 replacing C2 , C3 , C4 by
1 0 0 . 0	 - C,, C3 - C,, C4 - C, respectively
2d d 0
3000

- 0 I 2' 3 ,replacing R I , R3,R4by
1 0 0 0 R 1 - R2, R3 - 2R2 , R4 - 3R2 respectively
0000
0000

0 1 0 0 replacing C3 . C'4 by
1 0 0 0 C3 - 2c2 , C4 - 3C'2 respectively

•0000
0000

- 1 0 0 0 , interchanging C 1 and C2
0 100
0000
0000

_[12 0
[00

	Hence the rank of A is 2.	 Ans.
*Ex 10. Find the rank of matrix A = 2 - 1 3 4

0	 341
2	 3 75.
2	 5 11 6

by reducing to canonical form. Also show that it is not equivalent to the
matrix B= 1	 0 -5 61

3 -21 ol
5 -2 -9 14
4 -2 -4 8

Sol. A	 2 - 1- 3. 4 ,replacing R3 and R4 by
0	 '3 4 1 R3 - R, and R4 - R3 respectively
0	 441
0 -	 4 1
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2 - i 3 4 replacing R2 and R 3 by

o	 1 0 0 R2 - R4 and R - R4 respectively

o	 200
0	 2 4 I

- 1 3 4 replacing C1 and R3 by

0	 IOOi
o	 1 0 0	

C1 and - R3 respectively

0	 241

- 1 —1 3 4 replacing R3 by R3 - R2

0 +1 0 0
0 000
0	 241

- I - 1 3 4interchang R3 and R4

0	 1 0.0
0	 241
0 000

1 0 0 0 .replacing C2, C3 and C4bYC2+CI,

0 1 0 0 C3 - 3C 1 and C4 4C 1 respectively.

0241
0000

? g
r eplacing C2 and C3 by

0	 0 1
C2 — 2C4 and C3 — 4C4

0 0 0 0 respectively.

1 0 0 0 interchaining C3 and C4

0100
0010
0000

[13 0
[00

The required rank of the matrix A= 3.
Also we can prove as in Ex. 5 Page 5 Chapter V that the rank of the matrix

Bi.e.	 1	 0 —5	 6 is 2.
3 —2	 1	 0
5 —2 —9 14
4 —2 —4 8

Since the ranks of the two matrices A and B are different so these are not

equivalent. (See Note 3 of § 502 Page 2 Chapter V)



Sol.	 A- 0
0

0

0
0
0

0
0
0

--1
0
0
0

—1
0
0
0

0
0
0

0
0
0

4	 9

1	 0
—2 —3

1	 2

—2 —3
1	 0
4	 9

0	 2

00
1	 0
49
02

00
Jo
09
02

0 .0
1	 0
0 23
0	 2

00
10
01
02

I$
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Ex. 11(a). Find the rank of matrix A = 3 - 2	 0 -1'
o	 2	 2	 1
1 —2	 —3	 2
o	 i	 2	 1

(Gorakhpur 97; Lucknow 92)
.-7 replacing R I , R2by

0 R c - 3R3, R2 - R4 respectively
2

2] interchanging R 1 , R3

0 and replacing R4 by R4 —R2
—7

I

0 . rephcing C2, C3 , C4 by C2 + 2C1,
0 C3 + 3C 1 and C4 - 2C 1 respectively

01. replacing R 3 by R3 - 4R2
0

—7

01,replacing R3byR3+7R4

oJ
0
1]

g, replacing R3 by R3

replacing C3 by C3 - 2C4

-1141
Hence the rank of A is 4

Ex. 11(b). Reduce the following matrix A to the form

1r 0
100

and hence determine its rank.

Ans.
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A=1 —1 2 —3
4	 1 0	 2
o	 31	 4
o	 1 0	 2	 (Kumaun 92)

Sol.	 A - 1	 0	 2	 - 1 replacing C2, C4 by C2 + C1.

4	 5	 0	 2 C4 + C3 respectively
031	 5
010	 2

1	 0	 2 0- .replacing C4byC4+C

4506
0315
0102

- 1	 0 2	 0 replacing R2 , R1 by R2 -.5R4

4 0 0 —4 R3 - 3R4 respectively
o 0	 1	 —1

010	 2

1 0 2	 0 replacing C4 by C4 - 2C2

4 . 0 0 —4

0 0	 1	 —1

010	 0

1 0 2 3 replacing C4 by C4 + C1 + C2 + C3

4. 0 0 0
0010
0101

- I	 0 2	 3 replacing R2by(1/4)R2

1000
0 01 0
0101

- 0 0	 2 3 replacing R I , 	 byR1—R2

I	 0 0 0 and C4 - 2 respectively

0	 0 . 1	 0
0100

- 0 0 0	 1 replacing R 1 , C4 by R 1 - 2R3

1	 0	 0	 0 (1/3) C4 respectively

0010
0100

- I	 0	 0 0interchanging R 1 and R2 , R3 and R4

0001
0100
0010
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	I 	 0 0 0 interchanging R2 and R3

0100
0. 0	 0	 I
0	 0	 I •0

	

1	 0	 0 0 interchanging R3 and R4

0100
0	 0- 1	 0
0001

-1141
Hence the rank of A is 4.	 Ans.

*EX. 12. Is the matrix A =	 1	 1 2j equivalent to 13?

	

-1	 20
2 -3 1

Sot. Here we find that the minor of order 3 of A
=	 11 2 =	 1	 0	 0 , replacing C2,C3byC2-C1,

- 1	 2 0	 - 1	 3	 2 C3 - 2C1 respectively

	

2 -3 1	 2 -5 -3

3	 2 , expanding with respect to R1

-5 -3

=3(-3)-2(-5)=-9+10=1:^t0.
Also from 5-03 Th, II Paper 15 Chapter V we know that this matrix A can

be recduced to 13 by elementary row or column operations.

Bence A is equivalent to 13.
Ex. 13. Determine by reducing to normal form the rank of the matrix

A= 8 1 36

	

0 3	 22
-8 -1 -3 4

Sot. A	 I	 1	 3 31 	 C 1 by j C1

	

0	 3	 211
-1 -1 - 3 and C4 by 1 C4

-	 1 0 0 0 . replacing C2, C3 and
0 . 3 2 1 C4byC2-C1,C3-3C2

- 1 0 0 5 C4 - 3C respectively

- 1 0 0 0 replacing R3 by R- + R1

0321
0005

- 1 0 0 01, replaing  C2 by 13 C2 and C3 by 1 C3

0111
0 0 0 5
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1 0 0	 replacing C3 and C4 by

g
C3 - C2 and C4 - C2 respectively

1 0 0 01. interchanging C3 and C4

0 1 0 0
oO0

- I 0 0 01. replacing C3 by C5

0100
0010

11 3 01.	 (Note

Hence the rank of A is 3. 	 Ans.

Ex. 14. Find the rank of the matrix A = 1 	 2 -1 3

2 4 -4 7
-1 -2 -1 1

(Bundellkhand 95; Garhwal 96; Purvanchal 97; Rohilkhand 9

Sol.	 A -	 1 0	 o ol. 
replacing C2. C3 , C4 by

2 0 -2 11C2_2Ct.C3+Cl and

- 1 0 -2 4] C4 - 3C 1 respectively

	

i 0	 o 01, replacing R3 by R 3 - R,

2 1) -2 1
	-3 0	 0 3

	

- 1 0	 0 0 . replacing R2 . R3 by

0 0 - 2 1 R2 - 2R 1 and R3 + 3R 1 respectively

	

00	 03	 -

- 10 0 0 ,replacingC3 hyC3 and. R3bYR3

0011
0001

1 0 0 0, replacing C4 by C4 - C3

0 0 1 0
0001

- 1 0 0 0 interchanging C2 and C3

0100
0001

- i 0 0 0, interchanging C3 and C4

0100
0010

	

1 1 1 01-	 (Note)
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Hence the rank of A is 3. 	 Ans.
Ex. 15. Use elementary transformations to reduce the following matrix

to triangular form and hence find the rank of A.
	A=5	 3 144

	

0	 1	 21

	

1 -1	 2 0

Sol. A - 53 8 1 replacing C3, C4 by
o	 1 0 0 C3-2C2,C4--C2
1	 -1	 4 1

5 8 - 12 - 4]. replacing C2. C3, C4 by
o 1	 0	 0 1 C2 +Ci, C3- 4c1,c4_c 1 respectively.
1 0	 0	 0]

	

-[

5 0 0	 4]. replacing C2. C3 by
o i 0	 0 IC2 + 2c4 , ('3 - 3C4 respectively.
1 0 0	 Oj

Js 0 0 i]. replacing C1 bi - C4
10 1 0 0
1000

0 0 0 11 replacing C 1 by C1 - 5C4
0100
1000

 1. 0 '0 , interchanging R 1 , R2[00
001

1000

O 1 0 o]. interchanging R2, P3
.1000

0001

- 1. 0 0 o]. interchanging R 1 , R2
0100
0001

1 0 0 0 , interchanging C3, C4
0 1 00•
0010

-1 13 0]

	

Hence the rank A is 3.	 Ans.
**EX 16. Reduce the matrix A to the normal (or canonical) form and

hence obtain its rank.

I
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A=[ 1 2 0.—I

	

341	 2

	

[-2 3 2	 5

Sol.	 A -	 1	 o o a replacing C2 and C4 by C2 - 2C1

3 -2 1 5 and C4 + C 1 respectively.

	

—2	 723

-	 1	 0 0	 01 replacing C2 and C4 by

	

3 0 1	 0 IC2 + 2C3 and C4 - 5C3 respectively.
—2 11 2 -7j

- 1	 0 0 o replacing C1 by C 1 + C3

4 0 1 0 and C4byC4+.j7jC2

0 II 2 Oj

- 1	 0 0 01, replacing R2 by R2 - 4R1

0010
0 II 2 0

- i o 0 01, replacing R3 by R3 - 2R2

0010
0 11 0 0

- 1 0 0 01, interchanging ('2 and C3

	01	 00
0 0 11 0

- 1 0 0 01 replacing C3 by C3

0100
0010

113 0]	 (Note)
	Hence the rank of A is 3.	 Ans.

*Ex. 17. Is rank of A = 1 0 01 equal to 2?
010
0 0 1	 (Agra9O)

Sol. Here A =13, so rank of  is 3 and not 2.	 Ans.

Ex. 18. If A = -1	 2 - 1	 41, find its rank.
2	 4	 3	 4
1	 2	 3	 4

	

1 -2	 6 -7	 (Rohilkhand 92)

	

Sol. A ----I  2 -- 1	 41 replacing R2 , R3 , R4 by

	

0 8	 I	 12 R2 +2R 1 ,R3 +R 1 ,R4 +R 1 respectively.
04 2 8

	0 0	 5 —3
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0	 01 replacing C2 , C3 , C4 by
I	 12 IC2 + 2C,, C3 - C 1 , C4 + 4C 1 respectively.
2	 8
5 -3

-J 0
0 
0 
0 

-10
02
01
00

-10
02

.0l
00

-10
00
01
00

-10
00
01
00

-10
00
01
00

-10
01
00
'0'0

0

2
5

0
-3

0
5

0
• -3

0
-7/3

0
-29/3

0
-5/3

0

0
-5/3

01. replacing R2, R4 by
-	 - 2R3, (- 1/3) R4 respectively

1]
0 replacing R2 by R2 + 4R4
0
0

0replacing R2 by - (3/29) R2'

0
0

0 replacing C 1 , C2 by - C 1 and
12 (1/4) C2 respectively.
8

-3

0 replacing C3 , C4 by C3 - 2C2,

- 4 C4 - 8C2 respectively.
0

-3

0 0 interchanging R2 and R3 and replacing.
0 0 R4 by R4 + (5/3) R3
10
01

['41
Hence the rank of A is 4. 	 Ans.

Exercises on * 503

Find the rank of the following matrices by reducing these to the normal (or
canonical) form :—	 *

Ex. 1. [0 01; Ii 01; fi T ft ii
°9J L0	 jLi	 [l 2]	 Ans. 0, 1, 1, 1

Ex.2. 2	 1	 3
4	 7 13
4 .	 Ans.2
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Ex. 3.	 I	 I	 I	 I
I 3 -2	 I
2 0 -3 2

.33	 03

Ex. 4.	 1 2 1	 0
-2 4 3	 0

1 0 2 -8

*Ex. 5 1 2 3 2
235 I
1345

Ex. 6.	 1 -3	 2
3 -9	 6

-2	 6 -4

*Ex. 7	 1	 2 -1	 4
2	 4	 3	 5

-I -2	 6 -7

Ex. 8.	 1	 1	 1	 1
1 3 -2 1
2 0 -3 2
3 3 -3 3

Ex. 9.	 I 4 3 2
1234
2675

Ex. 10. 1	 2 -1	 3
4	 1	 21
3 -1	 1.2
1	 2	 01

Ex. 11. 1	 1	 2	 3
1	 3	 0	 3
1 -2 -3 -3
1	 1	 2	 3

*Ex. 12 0 1 2 -2
4 0 2	 6
213	 1

Ex. 13.	 6 1	 3	 S
5 2	 6 -I
10 3 9	 7
16 4 12	 15

Ans. 3

(Kumaun 93) Aid. 3

Ans.2

Ans. I

Ans. 2

Aiis. 3

(Garakhpur 99) Aus. 3

(Meerut 91S) Ans. 3.

Ans. 3

(Garhwal9i) Ans.2

(Avadh 98) Ans. 3
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: Ex. 14.	 3	 4	 5	 6	 7
45678
56789

10	 11	 12	 13	 14
15 16 17 18 19	 (Agra 92) Ans. 2

Ex. 15.	 1	 3	 2	 0 I
9	 2 —1 6 4
7 —4 —5 6 5

17	 1 -4 12 7	 Ans.2
Ex. 16. 9	 7 3 6

5 —1 4 1
6	 8 2 4	 (Rohilkhand 96) Ans. 3

Ex. 17. 1 2 —1 4
32	 02
01	 32

(Lucknow 90) Ans. 4

§ 504. Echelon Form of a Matrix.
Definition. If in a matrix.
(1) all the non-zero rows, if any, precede the zero rows,
(ii) the number of zero prececding the first non-zero element in a row is less

than the number of such zero in the succeeding row.
(iii) the first non-zero element in a row is unity, then it is in the Echelon

form.
NOte. The number of non-zero rows of a matrix given in the Echelon form

is its rank.	 (Remember)
Example of q matrix in the Echelon Form

13456
01234

•	
00123
00000

In this matrix we observe that
(i) the first three non-zero rows precede the fourth row which is a zero row.
(ii) the number of zero in R4 , R3 and R2 are 5, 2 and 1 respectively which are

in descending order.
(iii) the first non-zero term in each row is unity.
Hence all the three conditions of the Echelon form are satisfied.
Also there being three non-zero rows-in this matrix, its rank is 3. This fact

can be proved by actually finding the rank of this matrix.
In this matrix, a minor of order 4
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= 1 3 4 5 = 0. one row being of zero.
0123
0 0 1 2
()	 ()	 ()	 0,

In a similar .ay we can show that Al minors of order 4 are zero.
Now a minor of order 3 = 1 3 4

012
0 0 1

= I 2, expanding w.r.toC1
0

= 1 :P, 0.

Hence the rink of this matrix = 3.

Ex. 1. Find the rank of the matrix.

	A=[0 1 2	 3
o 0 1 —1

	

000	 0

Sol. In the given matrix we observe that
(i) the first two non-zero rows precede the third row which is a zero row,
(ii) the number of zero in R 3 , R2 and R 1 are 4, 2 and I respectively which are

in descending order, and

(iii) the first non-zero term in each row is unity.

Hence all the three conditions of the Echelon form are satified.

Also there being two non-zero rows in this matrix, its rank is 2. 	 Ans.
Ex. 2. Reduce the following matrix to its Echelon form and find its

rank

A= 1	 3	 4	 5
3	 9 12	 9

- 1	 -4	 3	 (Meeru: 93)

So!. A - 1 3 4	 5 , replacing R2, R3 by
0 0 0 -6 R2 - 3R 1 , R3 + R 1 respectively
000	 2

F  3 4 5 1 replacing R 2, R3 by

0 0 0 0 k2 + 3R3 , ( 1/2) R3 respectively.
[o 0 1) 1]

- I 3 4 5 . interchanging R 2 and R3
.0001

0000

In the above Matrix we observe that.
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(i) the first two non-zero rows precede the third row which is a zero row,
(ii) the number of zero in R3 and R2 are 4 and 3 respectively which are in

descending order, and
(iii) the first non-zero term in each row is unity.
Hence all the three conditions of the Echelon form are satisfied and then the

given matrix is reduced to its Echelon forrii.
Also there being, two non-zero rows in this matrix, its rank is 2.	 Ans.

5.05. Invariante of rank under elementary operations.

Theorem. All equivalent matrices have the same ranks i.e. the rank of a

matrix remains unaltered by the application of elementary row and column

operations.	 (Avadh 99: Bundeikhamd 93)

Proof. Let rbe the rank of  x  matrix A[aj]

Case I. If fib and jth rows are interchanged (which may be written

symbOlically as Rij or (R1 ---_+R) then it does not effect the rank.

Let B denote the matrix obtained from the matrix A by the elementary

operation Ri	R and let p be the rank of B.

Also if D be any (r + I) rowed square sub-matrix of B, then I D = ± IC
where C is a particular (r+ 1) rowed sub matrix of A.

As r is the rank of the matrix A so every (r + 1) rowed minor of A vanishes

and therefore p, the rank of B, cannot exceed r, the rank of A i.e. p:5 r.

Also we can obtain A from B by the elementary operation R• E-* R1

Therefore in that case interchanging the roles of A and B we shall get r <p.

-Hence r=p.
Case H. If the elements of a row are multiplied by a non-zero number A

(which may be written symbolically, as R 1 - A R1, A 0) then it does not effect

the rank.
Let B denote the matrix obtained from the matrix A by the elementary

operion R —,X R1 and let pbe the rank of B.

Let D be any (r + 1) rowed square sub-matrix of B and let C be the

sub-matrix of A having the same position as D. Then either I D = I C I or I D

= A I C.
[Here ID I = IC I happens if the ith row of A is one of those rows which are

reiaoved to obtain D from B and I D = A IT I happens when the ith row is not

r'ed while obtaining C from A].
Also as r is the rank* of the matrix A so every (r+ 1)—rowed minor of A

vaniirs and therefore in particular I C = 0 and consequently in both the above

cues I D I =0.
p, the rank of B, cannot exceed r, the rank of A.

i.e. p5r.

Also we can obtain A from B by the elementary orw ration R	 R,

therefore it at case interchan .	the roles of A and J'	 -hall get r
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Hence r=p.
Case III. If to the elements of the ith row are added the products by any

non-zero number A of the corresponding elements of jth row (which may be
written symbolically as R, —p R + A	 X;4 0) then it does not effect the rank.

Let B denote the matrix obtained from the matrix A by the elementary
operation R• —+ R, + AR and let p be the rank of B.

Let D be any (r + 1) rowed square submatrix of B and let C be the submatrix
of A having the same position as D.

Now three sub-cases'arise
(i) If A and B differ only in the ith row i.e. if ith row of B is one of those

rows which have been removed while obtaining C.
In this case D = C and therefore I D  = I C

The rank ofA isr,soCj=0 and consequently DJ0
(ii) If ith row of 13 has not been removed but jth row has been removed

while obtaining D.
In this case I I) = C I + A I CO 1, where CO is an (r + 1) rowed matrix which

is obtained from C by replacing ak by '1jk i.e.	 is obtained from C by
performing the elementary operation R 1 or R1 	 R1 and then removing those

rows and columns of the new matrix which are removed to obtain D from B.
I CO I is negative of some (r -f. l)-rowed minor of A and as the rank of A

is r so every (r+ 1)-rowed minor of A is zero i.e. ICI=O,lCokO and
consequently I D I = 0.

(iii) If neither the ith row not the jth row of B has been removed while
obtaining D.

Here IDJ=j CL and so as before IJ)
Every (r + 1)-rowed minor of B vanishes so p, the rank of B, cannot

exceed r, the rank of A i.e. p < r.
Also we can obtain A from B by the elementary operation R, — R1 - A

therefore in that case interchanging the roles of A and B we shall get r_-5p.
Hence r=p,

Thus we have observed that the rank of a matrix remains invariant tmder
elementary row operations. Similarly it can be shown that the rank of a n1rix
remains invariant under elementary column operations too.

Note. By the applications of the above theorem we can easily obtain the
rank of a matrix for if we can obtain a matrixB by elementary operations an a
matrix A and of the rank of B can be easily determined by inspection or simple
calculations as given in previous articles in this chapter, then we can determine
the rank of A.-

§ 506. Some Important Theorems.
Theorem I. The rank of a matrix is equal to the rank of the transposed

matrix.
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or p (A) = p (A'), where p (A) denotes rank of A. (Kanpur 94: Rohilkhand 92)

• ProoL Let A = [a ] be any mXnmatrix.

Then the transposed matrix A' = [ar] is an n X m matrix.

Let the rank of A be r and let B be the r x r sub-matrix of A such that

B I *0.
Also we know that the value of a determinant remains unaltered if its rows

and columns are interchanged. 	 (See Prop. II of Determinants)

i.e. I B' I = I B I -t- 0, where B is evidently a r x r sub-matrix of A'.

The rank of A' ^t r,	 (See Note 4 (h) Page 2 Ch. V)

Again if C be a (r+ I) x (r+ 1) sub-matrix of A, then by definition of rank

(See * 502 Page 1 Ch. V) we must have all I C I

Also C' is a (r+ l)x(r+ I) submatrix of A' so we have

I C'	 j C	 0, as explained above.

We conclude that there cannot be any (r+ l)x(r+ 1) sub-matrix of A'

with non-zero determinant.
The rank of A' ^t r and it cannot be greater then r as above.

The rank of A' is r which is also the rank of A. 	 Hence proved.

Theorem IL The rank of the product matrix AB of two matrices A and B is

less that the rank of either of the matrices A and B.

Pteol. Let r 1 and r2 be the ranks of the matrices A and B.

r1 is the rank of A therefore A - [M]l, where M is a submatrix of rank

r1 and contains r 1 rows.

Post multiplying it by B, we get
AB - [M]

[0]

But [Ml B can have r1 non-zero rows at the most which are obtained on

L°i
multiplying r 1 non-zero rows of M with columns of B.

Rank of AB = Rank of [M] < r1
[0]

i.e.	 Rank of AB 5 Rank of A
In a similar way we get B - [N 0], where N is a submatrix of rank r2 and

contains r2 columns.
Pre-multiplying it by A, we get

AB—A[N0]
But [N 0] can have r2 non-zero columns at the most which are obtained on

multiplying the rows-of A with r2 non-zero columns of [N 0]
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Rank of AB = Rank of A [N 01 r2

i.e.	 Rank of AB Rank of B. 	 ...(ii)
Hence the theorem from (i) and (ii),

Solved Examples on § 5 .05 and § 506.

Ex. 1. Show that the rank of a matrix A does not alter by pre or post
multiplying it with any non-singular matrix R.

Sol. Let B = RA.
Then rank of B = rank of RA :5 rank A.

See § 5.06 Th II above

Also A = R B, where R_ 	 the inverse matrix of R.

	rank of A = rank of (R'B) !^ rank of B.	 ...(ii)
From (i) and (ii) we conclude that

rank of A = rank of B.	 . .	 Hence proved.
Ex. 2. Show that AA' has the same rank as A, where A' is the transpose

of A.

Sot. Let B = AA', then the rank of B :5 rank of A.

Also A -  A', and so we have
rank of A = rank of A' !^ rank of B.

From (i) and (ii), rank of A rank of B.

Er. 3. Show that AA 0 has the same rank as A, where A is the
transpose conjugate of A.

[Hint: Do as Ex. 2 above]
Ex. 4, Prove that if A is a matrix of order n x n and if B	 non-singular

matrix of order n, then the product P = AR has the same rank as A.
Sol. Here A - (m x n), B - (n x n)

P=AB-(mxn)
Ifm<zn, rank ofAm but rank ofB=n

rank of A rank of B,
Now	 rank (P) = rank (AB) rank A

But we can write A = PB'

rank of A = rank of (PB'	 rank of P.	 ...(ii)
From (L) and (ii) we get rank of P = rank of A.

§ 5 . 07. Sweep out method of finding the rank of a matrix.
In the process of evaluation of the rank of a matrix by means of elementary

row and column transformations, if certain rows or columns are zero-rows or
zero-columns i.e. each element of these rows or columns are zero, then we can
remove these rows or columns Without any effect- on the rank of the matrix. (See
§ 505 Page 38 Ch. V). This method is general ly called the Sweep out method.

-17
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Solved Examples An § 5.07.
Ex. 1. Find the rank of the matrix

=61	 3	 8
426-1
1039	 7
16 4 12 15

Sol. A	 6 1 3	 8 replacing R3 and R4 by
• 4 2 6 - I R3 - R 1 and R4 - 2R 1 respectively.

4 2 6 -1
4 2 6 -1

	

.A-[6 1 3	 81

	

[4 2 6	 ij	 ...See § 507 abov
Now a minor of order 2 is 18 = - 1 - 16 = - 17 0.

•	 .	 2 -1
Hence its rank is 2.	 Ans.
Ex. 2. Find the rank of the matrix

0.1 -3 -1
10	 1	 1
31	 0	 2
1 1 -2	 0

Sol. Let A= 0 1 -3 -1
10	 1	 1.
31	 0	 2
11-2	 0

Now	 A - [0 1 -3 - i replacing R2 and R3 by
1 1 -2	 0 R2 + R 1 and R3 + 2R 1 respectively.
3 3 -6	 0

[1 1 -2	 0

- 0 1 - 3 - i replacing R3 and R4 by

•	 1 1 -2	 0 1 R3 and R4 - P2 respectively.
1	 1 - .2 	 0

00 0 0

- 0 1 -3 - i replacing R3 by R3 - R2 and then
1 0	 0	 0 C2 and C3 byC2 -C 1 and C3+2C1.

•	 0 0	 0	 0 respectively.
00 0 0

-[0. 1 -3 -11

	

[i 0	 0	 0]	 •	 ... See § 507 Page 41 Ch. V.

Now a minor of order 2 is
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-[o i]=— I *0. Hence its rank is 2.
[1 0]	 .	 -	 Ans.

Ex. 3. Find the rank of the matrix A =1 1 —3 4 71
[9	 1 2 0] (Meerut 95. 94)

Sot. Here A -128 - 3 10 7] , 	 C 1 , C3 by C 1 - 9C2,

[ 0	 1	 0 Q] C3 - 2C2 respectively.

-10 —3 3 71 replacing C 1 , C3 by C1 - 4C4,

[0	 1 0 oj C3 - C4 respectively.

—[0 0 3 i. replacing C2.C4byC2+C3,
[0 1 0 0] C4 - 2C3 respectively.

—[0 0 0 '1 replacing C3 by C3 - 3C4
[01 00]

Now aminaroforder2 is 0 1 =-1*0
10

Hence its rank is 2. 	 Ans.

Exercises on § 5-07

Find the rank of the following matrices :-
Ex. 1.	 4	 3	 0	 2

3	 4 —1 —3
—7 —7	 1	 5	

Ans.3
Ex. 2.	 3	 2 —2

2	 3-3
—2	 4	 2
5 —2	 4	

Ans.3

1 -2 - ^2

- 0 

ir,^^dj i t of a Matrix.	 (Agra 94, 92; Rohilkhand9l, 90)

ition. If C 
ii 

he the cotactor of the
maix A EaqJ. then	 -	 -

adjoini of A = C11 C21 	 C,1

C12 C22	 ... C,2

C
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This is also rewritten as Adj. A
or adjointofA= transposed ofC,where c= c11 c12 .... C In -

	

C21 C22	 .. C211

Cf1 C,12 .... C.

While solving problems we generally use this definition.

Here students should note carefully that the cofactors of the elements of the
first row of I aij I are the elements of the first column of Adj A.

Similarly the cofactors of the elements of the first column of Jaij I are the

elements of first ro of Adj. A.

S'ed E 7thp1es on § 508.

If A= 1 2 41, rind Adj. A.

9 10 12	
(Avadh 95)

Sol. For the given matrix A, we have

C 1 = 7	 8 =4; C12 =- 5	 8 =12;C 13 = 5	 7 =-l3;
10 12	 9 12	 9 10

C21 - 2	 4 =16; C22 = 1	 4 =-24; C23 -1 	 2	 8;
10 12	 9 12	 19 10

C31 = 2 4 =-12; C32 =- 1 4 =12.'C33 = 1 2 =-3

78	 58	 57

C=	 4	 12 -13

	

16 -24	 8
-12	 12 -3

Adj. A=C'=	 4	 16 -12

	

12 -24	 12

	

-'13	 8	 -3	 Ans.

	

*Ex. 1. (b). Find the adjoint of the matrix A = 1	 0 - 1

	

3	 4	 5
0 -6 -7

	

Sol. Do as Ex. I (a) above.	 2 -6	 4
21 -7 -8

	

-18	 6	 4Ans.

ç, 4x,4. Find the adjoint of the matrix A = 1	 1	 1

	

2 - 1	 3	 (Kanpur 96)

Sol. For the given matrix A. we have
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C 11 =	 2 -3 =3; C12	 1 -3	 -9 C 13	 1	 2 =-5;

-i	 3	 2	 3	 2-1

C2 = -	 =-4; C22 = 1 1	 I; C23	 I	 1 =3;

-1 3	 2 3	 2 -1

C31 	 1	 1 =-5;C32 - i	 I =4;C 3	1 1=1

2 -3	 I - . 3	 1 2

C= 3 -9 -5
-4	 1	 3
-5	 4	 1

Adj. A=jdthe3 -4 -5
9	 1	 4

3	 1	 Ans.

Ex. 34)adjoint of the matrix A, if

A=11	 3
0 1 -1
20 4

Sol. For the matrix A, we have

C 11	 1 -1 =4; C 12 - 0 -1 =-2; C 13 = 0 1 1 =-2;.

o	 4	 24	 20

C21 - 1 3 =-4; C72 = 1 3 =-2; C23 =- 1 1 1 =2;

04	 24	 20

C31 = 1	 3 =-4; C32 =- 1	 3 = 1; C 3 = 1 1 = 1

I-I	 0-1	 .01

C= 4 -2 -2
-4-2	 2
-4	 1	 1

..Adj. A=C'= 4 -4 -4

2 -2	 1
-2	 2	 1	 Ans.

Ex. 4. Find the adjoint of A = 5 0 0 2
1102
0021
1001

Sot. For the matrix A, we have

=2 1=2C12 = -	 =-. g 	 =2;

001	 001	 101
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C 3 = 	 =_ i i = 1;C 4 =- 1 1 0 =0 2=-2;

101	 1 00

C21 0 02=0; C22 5 02=25 2=6
0 2 1	 0 2 1	 1	 1
jooi	 101

C- 5 0 2 = 0; C24- 5 0 0 =0;
001	 002
101	 100.

C3	 0 0 2 = 0; C32 - 5 0 2=0;
102	 102
001	 101

C33 5 0 2 = 5 0 2 = 5 2 = 3; C34 	 5 0 0 =0;
12	 011	 11	 111

•	 101101	 100

C41	 0 0 2-2 1 0 -4;
1 02	 0,2
021

C42 5 0 2 =-2 5 2 =-,16
102	 12
021

C43	 5 0 2 =- 5 2 =-5;
112	 01
001

C= 5 0 0 =2 5 0 =10
110	 11
002

.. C= 2	 2	 1 -
0	 6 0 0
00 3 0

-4 -16 -5 10

Adj.AC'= 2 0 0 -4
2 6 0 -16
103-5

-2 0 0	 10	 Ans.

EL S. Verify that the adjoint of a diagonal matrix of order 3 Is a
diagonal matrix.
• SoL Let A be a diagonal matrix of order  given by
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A=a 00
ObO
OOc

Then for the matrix A we have

C 11 = h 0 =bc; C 12 =— 0 0 =0; C 13 = 0 b =0;

10 	 Oc	 00

C21 =— 0 0 =0; C22 — I a 0 1 =ac; C23 = 	 a 0=0;

10 	 0 	 00

C31 = 0 0 =0; C32 — a 0 =0; C33 a 0 ab

b 	 00	 0 

C=bc 0 0
0 ca 0

0 Oab

	Adj. A = C '= bc 0	 0 . which is evidently a diagonal matrix

0 ca 0
0 0 ab	 Hence proved.

Ex, 6. If A = 1 2 31, rind A2 - 2A + Adj. A
0 
2 4 3]	 (Agra 95)

SOLA 2 1 2 3x I 2 3

050 050

243	 243

= 1+0+6 2+10+12 3+0+9 7 24 12

0+0+0 0+25+0 0+0+0 0 25 0

2+0+6 4+20+12 6+0+9	 8 36 15

Also C 11 = 5 01 = 15,C, 2 =- 10  0 = 0; C13 = 0 5 = - 10

43	 23	 24

C21 — 231=6,C22=11  3 =-3; C =	1 2 =0;

43	 23

C33	 2 3 =-15,C32 = 	 1 3 =0; C33	 I	 =5

50	 00.	 25,

C= 15	 0 —10
6 —3.	 0

—15	 0	 5

Adj. A=C'=	 15	 6 — IS
0 —3	 0	 ...(ii)

—10	 0	 5
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A 2 - 2A + Adj. A

=
=[

7 24 12 -2 1 2 3 +	 15	 6
o 25 0	 0 5 0	 0 -3
8 36 15 2 4 3 -10 0

[7 24 12 - 2 4 6 + 15 6
025 0	 0 10.0	 0-3
8 36 15 4 8 6 -10 0

=7-2+15	 24-4+6 12-6-15
0-0+0 25-10-3	 0-0+0

8-4-10 36-8+0 15-6+5
= 20 26 -9

	

0 12	 0
-6 28 14

Exercises on § 508
Find theadjoint of the following matrices
Ex. 1. -1 -2 3

	

-2	 2 1
4 -5 2

Ex. 2.	 2 -1 3

	

-5	 31

	

-3	 23

Ex. 3. -4 -3 -3

	

1	 0
'

Ex. 4. [1 5 7
2 3 1

3 2

Ex. 5. 2 3 '1
123
31-2

Ex. 6. 3 3 4
234
011

Ex. 7. 2 1 3
020
211

- 15
(1
5	 from (i) and (ii)

- IS
0
S

A ns.

9 -11-8
Ans.8 -14 -5

2 -13 -6

	

7	 9 -10

	

Ans. 12	 15 - 17

-4 -3 -3
Ans.	 I - 0	 1

	

4	 4	 3

	

3	 II	 -16

	

Ans. 0 -26	 13

	

-6	 17	 -7

	

1 -5	 7
Ans.	 7	 1 -5

	

-5	 7	 1

	

-7	 1	 24

	

Ans. -2	 3 •-4
2 -3 -15

	

1	 2 -3

	

Ans. 0 -2	 0

	

-2	 2	 2
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-3
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2

-1

-1
2

-1

- I

-3
6

-3

2
-4

2

0
-I

3
-9

5
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8
Ans. -4

Ans.[2

Ans. 0

Ans. 0

182/11/4

	

Ex.8. 0	 I	 l'
120

	

3 I	 4j

Ex. 9. 1 2 3
2 3 4.
3 4 5j

Ex. 10. 0	 1	 1
1

	

I	 0	 1

	

1	 1

	

Fx.11. I	 2	 3
456
679

	

Ex. 12, 1	 2
0 5 0

	

A	 •

V ' (Agra 95; Bundeik/zand 92; Gari,wa('I')
Ans.	 15	 6 -15

0-3	 0
	-10	 0	 5

Ex. 1. [- i -2 31	 Ans. 7 - II -5
H2	 l	 0	 JO -5

-5 2J	 14	 3 -5
*Ex 14. I C) 21	 Ans.	 I	 4 - 2

2 I 0	 -2
3 2	 ij	

L	
--2

§ 5 09. Theorems on Adjoint of a Matrix.
**Theorem 1. if A . ja j j I .e an n X n matrix, then
A • (Adj A) (Adj A) • A	 A I • I,: where tn is .-zn n X n identit y mairLr.

(Agra 94. 91: Aradhi 94, 92, 90; IIundelA-ha,zd 94, 93; Garhwa! 90,
Gorakiipur 97. 92; Kanpur 96; Mecrut 91: Purvanchal 95: R/ilIA/:and W);
Proof. We know Adj A [C ].

where Ckj is the cofactor of a, in f A I and C	 C.1.
Therefore A • (Adj A) jj,) [C ',I

[B, say.	 .. Ill
14

where B, = i a.0 j k 	 0JJ-r	 J=I

= IA I. ifi=Aif See § 405 and § 409 in CL
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From (i), (1, k)th clement of A • Adj A)	 A . or 0 acordng as

ik or i*k.

i.e. All diagonal terms of A • (Adj A) aie I A and non-diagonal terms are
zero,

A.(Adj.A)= A)	 ()	 0	 ....	 0
o	 A)	 0	 ....	 0
0	 0	 Al...	 0'

o	 o	 0	 ....	 A)

	

= A ) I	 0	 0	 .	 0 , See Chapter 1

	

o	 I	 0	 ...	 0

	

o	 o	 I	 ..	 0

	

()	 .......

	

=IAI . 1	 (ii)

Similarly we can prove that (Adj. A) • A - A I • I 	 (iii)

Hence from (ii) and (iii), we get

A • (Adj. A) (Adj. A) • A =JA I • I

or

or	 A	 AAL I=A tA

i.e.

JAI

	

e. The inverse of A = -- A
	

(iv)

Note : The result (iv) gives us another method of finding the inverse of 'a

given matrix.
* *Theom 11. If A = I a J I be an /2 X fl mU! rrr, then

Adj A I = I A n - if A I r 0. (Agra 96; Gorakhpur 92; Ruliilklcand 99, 91)

Proof. We know that I A • I B I = I AR I	 ...,See ('h. on Determinants

)ANIAdjAI=IAAdJ.Al

= JAI	 0	 0	 ....	 0],as proved in

	

0	 I A j	 C)	 ....	 0	 Theorem I above

	

()	 0	 IA)	 ....	 0

	

.0	 0	 0	 ....	 Au

or

	

	 I Al.lAdjAI=)IA))	 (Note)

Dividing both sides by I A j. since I A I ;e ft we get

	

I Ad) A = A 
fl - .
	 Hence proved.

III. If A timid B we too ii x ii ,mia!rice.i. 1/1(12

Ad) (AR) = (fldj B) • (Ac/f A). (Agra 93; Ro/iiIIw,id 98; Gnokhpur 98)
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Proof. We know A. (AdjA ) = I A J .I	 ... Sec Th. I Page 49Ch. V

So we have (AB).(Adj AB) =JAB!.1

Now (AB) • (Aj B) • (Adj A)

= A • B • Adj B • Adj A

=A s ( B . AdjB).(AdjA)	 (Note)
A . ;BI.1 . ndjA, .. B.AdjB=IBJ.I

=A 1 B 1 .A (IjA ,	 I'fldjA=AdjA a s, I.A=A always

=BJ . A . AdjA	 (Note)

= I B H A I .1	 A.AdjA=IAI.t.

= I A I •I B I • 1.

=JABj.1.	 AI.IBI=IAB!	 ...(ii)
From (I) and (ii) we get

(AB) • (Adj AB) = (AB). (AdjB) . (Adj A)
or	 Adj (AB) = (Adj B) • (Adj A). 	 Hence proved.

Solved Examples on § 509.
I (a). For the matrix A given in Ex. 2 Page 44 Ch. V verify the

theorem A • (Adj A) = (Adj A) • A = A J . I.

Sol. In Ex. 2 Page 45 Ch. V. we have proved that if

A= II 	 1, then Adj. A =	 3 -4	 :5

1	 2-3	 -9	 1	 4
[2-1	

3J	
-5	 3	 1

A.(fldjA)= 11	 1 x 3 -4 -5
1	 2 -3	 -9	 I	 4
2 -1	 3	 -5	 3	 I

= 3-9-5	 -4+1+3 -5+4+1
3-18+15 -4+2-9 -5+8-3

L6915	 -8-1+9 -10-4+3

=-1]	 00
0 -11	 0
0	 0 -Ii

Also(4JjA).A=	 3 -4 -5 x I	 I	 il
-9	 I	 4	 1	 2 -3
-5	 3	 1	 2 -I	 3

=3-4-10	 3-8+5 3+12-IS
-9+1±8 -9+2-4 -9-3+12

	

-5+3+2 -5+6-I	 -5-9+3
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¼

=-Il	 C)0
o -ii	 o
o	 o -ji

Also	 IAI= II	 I	 1	 0
I	 2 -3	 I	 I
2 -I	 3	 2 -3

9,)9

..(ii)

o replacing C2, C1 by
-4 C2-C1,C--C1

	 (iii)

=- 1 -4 =1-12=-lI
3	 1

From (i), (ii) and (iii) we get
A.(AdjA)=(Adj.A) . 'A=-Il 1 0 0

010
0 0 I	 (Note)

(-lI)l 1 jA . I. Hence proved.
Ex. 1 (b). Find the adjoint of the matrix A =i	 2] and verify the

13 -Si
theorem A • (Adj A) = (Adj A) • A A II.	 (Rundelkhand 93)

SoL For the given matrix A, we have

C11=-5,C12=-3,C21=-2,C22=1

C=[-5 -3

And soAdjA=C'=[-5 -2]

	

[-3	 1]

A.(AdjA)=[l	 2]4-5 -2

L3 _5] L-3	 1

	=[-s-6	 - 2 + 21 = 1- Il	 0L- 15 + 15 -6-51 L o -ii

Also	 (AdjA).A=[-5 - 2] l 1	 2
[-3	 J I

=1- 5 - 6 -io+iol=r-ii
[-3+3 -6-5 j [ o -ii

AIsoIAl= I	 2=-5-6=-11
3

.. From (i) and (ii), we get

	

A.(AdjA)=(AdjA) . A=I- II	 0
[ 0 -11

= - - 1I 1 1 0]=IAI12=AI1
[0 1]

...(ii)

Hence proved.
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Ex. I W. Verify the theorem A • (Adj. A) = (Adj. A) • A

=IAI.IwhenA= 2 -1 3
5	 31
3 23

Sol. Do as Ex, I (a) above.
Ex. 2 (a). Find the inverse of A =.  1 2 3

245
3 5 6	 (Agra 91)

So!. For the given matrix A, we have

	

C= 4 5	 -1;C12 - 2 5 =3;C 1	 2 4 =-2;

	

59	
36	 35

C21 - 2 3 =3:C22 = I 3 =-3;C23 = - 1 2 =1;

56	 36	 135

C31 = 2 3 =-2;C32 =- 1 3 =1;C33 = 1 2 =0
	45	 25	 24

	

C= - l	 3-2
3 -3	 1

	

-2	 1	 3

Adj. A=C= -1	 3 -2
3-3	 1

-2	 1	 0

Also A = i 2 3 = i 0	 0 replacing C2, C3 , by

2 4 5	 2 0 -1 C2-2C1,C3-3C1

3 5 61	 -1

= 0 -1 =-1
-1 -3

IA

L

1 

1	 3 -2
-	 = - I

0	 2 -1	 0	 Ans.

Ex. Z).z1mndthe inverse ot the matrix A= 3 -2 -1
	-4 	 1 -1

	

2	 0	 1 (Agra 96)

Sol. Here I A J	 3 - 2 - 1 =	 0	 0 - 1
-4	 1 -1	 -7	 3 -1

2	 0	 1	 5 -2	 1

replacing C 1 , C2 by C 1 + 3C3 , C-, - 2C 1 respectively.
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= - 1-7	 3 , expanding w. r. to R1

5 -2

--[14--151=i
Also for the matrix A, we have
C 11	 1 -!	 C12	 1-4 -J = 2; C 13 = -4 1 =-2;

U	 I	 2	 1	 20

C21 - - 2	 1 =2; C22	 3 -	 =5; C 3 = 	 3 -2	 -4;
0	 1	 2	 1	 2	 0

C3 = - 2 -1 =3:C32 =- 	 3 -1	 7;C 13 = 	 3 -2 =-5
1 -1	 -4 -1	 -4

C=l 2-2
2 5 -4
3 7 -5

Adj. A=C'=	 1	 2	 3
2	 5	 7

-2 -4 -5

A_ 1 _ dj A _	 1	 2	 3
-	 jAJ	 2	 5	 7

Ex.	 IldtIlnvcrseofA	
Ans.

(Avadh 98, 91; Purvanchal 96)
Sol. Here 

I 
A 

J = I 2 3 = 1 2 3
134	 011
143	 020

replacing R2 , R3 by !?2 - R 1 , R3 - R1
or	 IAI= 1	 1=-2	

(•)20

Also for the niatrix A, we have

	

C 11 = 3 4 =-7; G12 =- 11 4 =1; C13 = 1 3	 1;
43	 13	 14

C21 =- 2 3 = 6; C22 = I	 0; C23 - I 2	 -2;
43	 13	 14

C3 = 2 3 =-1; C32 =- 1 3 = -1;C33 = 1 2 =1
34	 14	 13
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I	 6	 (1	 -2

L - -
Adj.A=C	 7	 6 - H

I	 I
2

-t	 AJ.A

Al

-7	 6	 -i	 -3

-	 2	 L0	 l	 1	 r)
-2	 1	 2

-

Ans

Ex. 3 (b). Find the inverse of the matrix A = 1 2 3

	

2 4 5	 (A'c4h 92.
356

Hint: Do as Es. 3 (a) above.	 Ans.	 1 -3	 2
-3	 3 -1

	

2 -1	 0

Ex. 3 (c). Find the adjoint of the matrix 4	 2	 31 and henec
ii	 3	 5

Li 5

evaluate A .	 ( Kwnaun 94,

Hint. Do as Ex 3 (a). above.	 Ans.	 - 3 	 1

H
Ex. 3 (d). Find the inverse of A = 1 2 3

050
203

Flint. Do as Es. 3 (a) ahose.	 -	 -6 - IS
o	 3	 o:

-tO	 4	 51

Ex. 4 (a). Find the adjoint of the matrix A and evaluate A, where
A=T2 2 2

2 5 5

L 2 5 11
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Sot. Here for the Inatri'c A. we have

C 1	 5	 5' =30;C12=- 1 2 	 5 1 = 12C13	2 5 =0;
5	 11	 12	 iii	 2	 5

C21 - 2	 2 = - 12C22= 12	 21 I8C23 =- 12 2 =-;
5	 li	 2	 11	 2 5

C31 = 2 2 =0;C 2 =- 12- 2 H -6;C33 = 1 2 2 =6
55	 2 5t .	25

C= 30 -12. 0
-12	 18 -6

0 -6	 6

	

Adj. A=C'= 30 -12	 0

	

-12	 18 -6

	

0 -6	 6

	

Also l A J = 2 2	 21 	 2 0 oI2 5	 5	 2 3 3
2 5 II	 2 3 c

=2 3 3 =2127-91=36
39

applying C2 -C 1 , C3 --C1

A ns.

A ns.

As- 
Adj. A -	 30 -12	 0

	

- IAI	 361- 12 	 18 -6

	

[ 0	 -.	 6

36 	 1
5 -2	 0=[ 5/6 -1/3	 0

	

-2	 3 -1	 -1/3	 1/2 -1/6

[	
-i	 i	 L	 0 -1/6	 1/6

Ex. 4 (b). Find the inverse of matrix A, where
	A=1 4 3	 31

i-

	

L -	 (Agra 94)

	Sol. Here J A =	 4	 3	 3 =	 1	 3	 3 replacing C 1 by
-I • 0-1	 0	 0-1 c1-c3

	--4 -'	 -3 ,	-I -4 --3

	

= - I	 3 expanding w.r. to R2

=-4+3 -
Also for the matrix A, we have
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C 11 =' 0 -I=-4:C1,=- -	 -1 =1:C='-1	 0 =4;

	

--3	 -.4 -3	 -4 -4

C21 =- 	 3	 3 =-3:C2 7 14	 3 =O;C2 -[ 4	 3 -4-
[-4 _

C3 = 3	 3	 C32 	 4	 31 =1:C33 =	 4 3 =3
-I	 -I -1	 -1 0

C=-4 14
-3 0 4
-3 1 3

Adj. A=C=-4 -3 -3
I	 0	 I	 ..(ii)

L4

A -- -
	 1 -4 -3 -3fm(i)and(ii)

Al	 I	 1	 0	 1
4	 4	 3

=1 4	 3	 3
--1	 0-I

[-4

Ex. 5 (a). Find the inverse of A = 11 - 1 1

Sot. Here I A I
1 - 1	 i = lo -. 1 replacing C 1 , C1

4	 1 0	 5	 1 1 by C 1 + C1, C 3 C2

$	 1	 1 j	 9	 1	 2

or	 Al= 5 1 =I0-9I#0
9

Also for the matrix A, we have
C 1 	 I 011:C 22 - 4 01 =-4:C 13 = 4

1	 i	 8	 1	 8	 ij

C2 =- -1 1 =2:C22 	1 1 =-7;C23 =- I -1 =-9:

	

Ii	 81	 3	 1

C31	 -1	 1	 I.C32	 1	 1 =4:C33 = 1 -1 =5

	

10	 40	 4	 1

c=[ 1 -4
2 -7 -9

-1	 . 4	 5

-18
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Adj. A=C'=	 I	 2 -I
-4 -7	 4
-4 -9	 5

2 -I ,from(i).

A t -	 - -4 -7	 4
	-4 --9	 5

A ns.
E. S (h). Find the inverse A = 1	 2	 4

578
9 10 12

Hint Do as Ex. 5 (a) above.Ans.	 - 2

[
Ex. 5 (c). Find the inverse of the matrix A = 1 3 - 3

143
134

Hint : Do as Ex, 5 (a) Page 57	 Ans.	 7 - 3 -3

	

-I	 1	 0.

	

1	 0

Ex. 6 (a). Find adj A and K when A = 1 3 3
143
134

(BundeliJiand 94; Kanpur 93)

Sol. Here I A = 1 3 3 = '1 3 3 . replacing R 2 , R3 by

1 4 3	 0 1 0 R2 - R 1 , R- - k 1 respectively.
134	 001

=10=1
0 1

Also for the matrix A, we have

C 11 = 4 3 =7;C 12 =_ 1 3 =-I;C13 = 1 4	 -l;
34	 14	 13

C21 - 3 3 1	 3;C22= I 3 =l:C23 = 1 3 =0;
34	 14	 13

C31 = 3 3 =-3:C12 =- I 3 1 =O,C= I 3 =1.
43	 13	 1 14
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=	 7 -I -1

	

-3	 1	 0

	

-3	 0	 1

AdjA=C= 7 -3 -3
-1	 1	 0	 ...(ii)

-1	 0	 I

7 -3 -3from(i)and(ii)

1A11	 J	 0	 Ans.

-1	 0	 1]

Ex. 6 (b). Find the inverse of the matrix A = 1 1 1
011
o 0 1	 (Lucknow 91)

Sol. Here I A = 1 1 1 = 1 I , expanding with respect to C1

01	 I	 0	 1
001

or	 AI=l-0=1.
Also for the matrix A, we have

C 1 = 1	 I	 I; C 12 =- 0 1	 0;C13 = 0 iI=o
0 I	 0 I	 0

C21 =- 1 1 =-1;C22 = I J 1 =I;C23 =-	 1 =0;

01	 01	 00

C11 -	 i = 0;C1 2 = - 1	 =-1;C11= I 1 =1
1	 I	 01	 01

C=1	 0 0
-1	 1 0
0 -1 1

Adj. A=C'= 1 -1	 0
0	 1 -1
0	 0	 1	 ...(ii)

A1	
- I - I	 0 . from (i) nd (ii)

- Al	 0	 1-1
0	 0	 1	 Aas.

*Ex 7 (a). If A =	 3 - 1	 11,, rind aij. A and A1.
-15	 6 -51

5 -2	 2]	 (Garhwal 95, 91; Meerut 95)

Sol. Here A I
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=	
3 - i	 I	 I0 -1 o replacing C 1 , C3 by

-15	 6 -5	 I 3	 6 1 C1+3C1,C2+C1

	5 -2	 21	 1 -1 -2 0

= 1_31=1
1 0

Also for the matrix A. we have

C =	 6 -5 •2;C12- -15 -5	 C13 	 -15	 61 0
-2	 2	 5	 2	 5-21

C21 - - i I =0;C 2 = 3 1 =I;C23 =- 3 -1 =1;

	

1-2 2	 5 2	 5 -2

C31	 -1I =-I;C32=-	 3	 1 =0;C3 =	 3 -11=3

6 -5	 -15-5	 -15	 6]

C=1250
Oil

0 3

Adj. A=C'= 2 0 --1
51	 0

•	 01	 3

A--- -
- 2 0 -l],fmm(i)

- IAI	 5 1	 0

	

0 I	 Ans.

Ex. 7 (b). Find the inverse of the matrix
	A= 1	 2 -2

	

-1	 3	 0

	

0 -2	 1	 (Gorak/ipur 97)

	

Sol. Here I A =	 1	 2 -2 = 1	 2 -2 ,replacing R2

	-1	 3	 0	 0	 5 -2 byR2+R1
0 -2	 1	 0 -2	 I

= 1_5 -2 =5-4=1.	 -
2	 1

Also for the matrix A, we have

C	 3 0 =3:C 12 =- -1o]=1;C13 = -I	 3 =2;
1-2 l	 0 1]	 0 -2

C21 -	 2 -2 =2;C 2 = I -2 = 1;C'23 = - I 12 =2:
-2	 1	 0	 1	 0 -2
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C31 = 2 -26; C32- 	 1 -2	 2:C33 =	 1 2 =5

3	 01	 -1	 0	 -13

C3 I 2
212
625

Adj. A=C'=3 2 6
1	 1	 2
22	 5	 ...(ii)

- AdjA - 3 2 61, from (i) and (ii)

Al	 I	 I	 21
2 2 5	 Aiis.

Ex. 7 (C). if A = 1 4 01, find A1•
-1 2 2

L002
Hint Do as Ex. 7 (u) Page 59.	 Ans. (1/6) 2 -4 -4

	

I	 1	 -1

	

0	 0	 3

*Ex 7(d). 1111	 0 - i1, find adj. A and A'

13	 4	 5

(fli'a(ih 94)

Hint Do as Ex. 7 (a). Page (.	 Ans. (1/20)	 2	 6 4
21 -7 8

	-18 	 6 4

Ex. 8 (a). Find the reciprocal or inverse of the matrix

A= 2 1 2
2 2 .1
1 2 2	 (Kunaun 92)

Sot. Here I A = 2 1 2 = 0 - 3 - 2 , applying
2 2 I	 0 -2 -3 R 1 -2R3,R2-2R1

122	 I	 2	 2

= 

I-3 -2 =9-4=5

-2 -3

Also we have

C1	 2 I 1 2:C2=- 2 1 =-3:C 13 = 2 2 =2;

22	 12	 12

c21=-11 2 =2;C22 = 12 2 =2:C21 =- 2 1 =-3;

	

2 2	 2	 1 2
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C31 = 1 2 =-3:C32 =- 2 2 =2;C33 = 2 1 1 =2
21	 21	 1.2 2

A ns.

I	 5
7	 7
5	 .4
7	 7
3
7	 7_

Ex. 9 (a). Find the inverse of A = 1 2 1
323
112

(Avadh 90; Bundelkhand 96, 95:
Gari1wal 96, 94; Gorakhpur 96; Purvanchal 97)

Sol. For the given matrix A, we have
C 11 = 2 3 =I:C 17 =- 3 3 = -3;C13 = 3 2 =1;

	

12	 12	 21

C21 =- 2 I =-3:C,2 = I	 I	 1:C23 =-I 21 = 1;
I	 2	 1	 2	 I	 I

C31 = 2 1 =4:C32.=-.II	 I =0;c 3 = 1	 =-4

	

2 3	 3 3	 3 2

C=	 1-3	 I

	

-3	 1	 I

	

4	 0 -4

Adj. A=C= I -34
	-3	 1	 0

	

1	 -4

V

	

.C= 2 -3	 2

	

2	 2 -3
	-.3	 2	 2

	Adj. A=C'= 2	 2 -3

	

-3	 2	 2

	

2-3	 2

Reciprocal of A = A'

	

Adj.A	 i	 2	 2 -3
- Al	 5 -3	 2	 2

2 -3	 2

Ex. 8 (b). Find the adjoint and inverse of A = 1
 

23
2 32
3 3 4)

	

Hint : Do as Ex. 8 (a) above.	 Ans.1_
'7

7
3
7
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and	 A = I 2 1 = I 2 0 , replacing C- by C 3 - C1

	

323	 320

	

112	 III

= 1 2 =-4
32

The inverse of A = Adj

	

=- 1 -3	 4=_I	 1_j

	

-3	 1	 0

	

I	 I -4	 -	 0

	

1	 I

	

'	 Ans.

Ex. 9 (b). Find the inverse or the matrix A = 	 1	 2 - 1
	-1 	 1	 2

2 - 1	 1 (Meerut 9

Sol. Here I A =	 i	 2 -	 i	 2 -	 replacing R 2 , R 3 by

-1	 I	 2	 0	 3	 1 R2+R1,R3-2R1

2 - I	 I	 0 - 5	 3 respectively.

H 3 1 1 =9+5=I4
-5

Also fur the matrix A, we have

C 11	 I 2 =3:C 12 	-1 2 =5;C 1 -1	 1 =-I;

--I	 1	 2	 1	 2	 -1

C, 1 =- 	2 -1	 1, C22 	 1 -1 =3;.C2 = - 1	 2 =5;

	

-1	 I	 2	 I	 2-I

C3 = 2 -1 =5;C 1,-	 1 -1 =-1C3	I 2 =3

I	 2	 -I	 2	 -I	 1

-1

	

I-I	 3	 5

	

[s_i	 3

	

Adj. A=C'= 3 -1	 5

	

5	 3 -J

	

-1	 5	 3...(ii)

A	 =	 -	 3 - 1	 5 , from ( I ). ()

	

Al	 14	 5	 3 -1

	

-1	 S	 I Ans.
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Ex. 9 (c). Find the inverse of the matrix A 	 I 2 3

2 3 1
3 1 2J 

(Purvw,c/,a( 95)
Hint : Do as Ex. 9 (a) above. 	

Ans.	 -5	 1	 7

	

I	 7	 -.5

	

- 7 -5	 I•

Ex. 10. If A = ri - I I , find A 2, and show that ,2 = A1.
2 -1 0
1	 00

Sol.	 2I._i	 IxI	 —11
2 -I ()	 2 -I 0
1	 0 0	 I	 0 0

1-2±1 -1+1+0 1+0+0]=[0	 0 I
2-2+0 -2+1+0 2+ 0 +01 0	 1 2
1+0+0 -1+0+0 I+0+(lj

Also A	 i - i 1	 I n	 0 . replacing C2, C3 by
2 - I 0	 2 I - 2 C, C 1 . C - C 1 respectively,
I	 0 0	 1	 1	 -I

= ji	 -2 =l +2-I.
i	 -i

Also for the matrix A, we have

	

C11r -1 0	 0;C12 =- 2 0	 0;C13 = 2

	

00	 10	 1	 0

C21=--	 l!=0:C22=tI 1-I;C,3=-[t
00 1 	 10	 10

	

C31 = -1 1	 1:C,=- I I =2:C33=
	-1 0	 2 0	 2 -1

	

C=0 0	 1
0 -1 -1
1	 2	 I

AdjA=C= 0 0 I
0	 -1	 2	 (iii)
1	 -1	 I

-	 - 0	 0 ii. from (ii) and (iii)

	

- IAI	 0 -I 2
--I
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= A2 .from (I)	 Hence proved.

Ex. 11. Find the adjoint of matrix A and hence find A'.
cosO — sin O0

A= sinG	 Cos O, 0
0	 0 1 (Meeru( 96)

Sot. Here J A
cos B - sin 0 0 = 1 cos O - sin 0 expanding w.r. to C3

sin 0	 cos 0 0	 sin 0	 cos 0
0	 01

= cos2 e - (— sin  9) 1

Also we have

C 1 1	 cosO 0 =cos0;C12 =— sinG 0 =—sin0;
0	 1 	 1 0	 1

C 13	 sine cosO rr OC2 1 =— —sinG 0 = sin 0;
0	 0	 0	 1

C22 cosO 0 =cos0;C=— cosO -'sinG =0;
0	 1	 0	 0

C31 = I —sinO 0 =0;C32 =— c 	 0 =0;
cosO 0	 sin 4) 0

C33	 cosO —sinG = I
sin 	 cosO 

^

C= cosO — sinG 0
sin 	 cosO 0

0	 0	 1

Adj. AC'	 cosO sin 	 0
—sinG cosO 0

o	 0	 1	 Ans.

And A' Adj. A	 cos 0 sin 0 01, from (i)
— A! — —sinG cos OOl

0	 0	 Ans.
*Ex. 12. How will you use the notion of determinant to compute the

inverse of a non-singular square matrix? Compute the inverse of the matrix
A= 1 2 3

45 6
7 8 10

Sot. For the first part See Theorem I. result (iv) Page 50 of this chapter

For the second part we have for the matrix A
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C11	 5 6 = 2;C 12 = - 4 6 =2;C 13 = 4 5 =-3;

	

8 10	 7 10	 7 8

C21 =- 2	 3 =4:C22 1 1	 3 =-11;C23 =- 1 2 =6;
8 10	 7 10	 7 8

C31 = 2 3 = -3;C32 = - 1 3 =6;C33 1 2 =-3

	

56	 46	 45

	C= 2	 2 -3
4 -II	 6

	

-3	 6 -3

Adj. A=C'= 2	 4 -3
	2 -11	 6

-3	 6 -3

Also A = 1 2 3 = 11	 0	 0 replacing C2, C3 by
4 5 6	 4 -3 -6 C2-2C1,C3-3C1
7 8 10	 7	 6 -11 respectively.

-1
-3 -6 =33-36=-3
-6 -II

2	 4 -3
	IAI - 3 2 -11	 6

-3	 6 -3

= 2
3	 3

	

2 U	 23	 3
	1 -2	 1

Ans
*Ex. 13 If A' denotes the transpose of a matrix A and

A= 1 -2 3lr.nd(A5'
o -1 4

-2	 2 1

Sd. A'=	 1	 0 -2 by definition of transpose of a matrix
-2-1	 2

	

3	 4	 1

= B (say).

Now 18 	 1	 0 -21	 0 0
-2 -I	 2	 -2 -1 -2

3	 4	 1	 3	 4	 7 replacing C3 by C3 + 2C1
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= - I - 2 expanding with respect to R1

4	 7

=(-I)(7)-(-2)(4)=--7+8=1#i
Also we have
C 11 = - I 2 =-9;C 12 =- -2 2 =8;C13	 -2 -1 =-5:

41	 31	 3	 4

C21 =- 0 -2 =-8C22 = I -2 =7;C23 = - 1 0 =-4;
4	 1	 3	 1	 34

C31 =	 0 - 2 =-2;C32=-	 1 -2 = 2;C33 =	 I	 0	 - I
-1	 21	 -2	 2	 -2-1

C=-9 8-5
-8 7 -4
-2 2 -1

Adj. B C' -9 -8 -2
8	 7	 2

-5 -4 -1

WiAdj.BJ9 -8 -2

	

IBI 1 8	 7	 2
[-5 -4 -I

-9 -8 -2

	

8	 7	 2

	

-5	 -1	 A.
*Ex. 14. Find the inverse of the matrix A, where

A= 1 0 -4
-2 2	 5
3 -1	 2

Hint: Do as Ex. 12 Page 65.	 Ans. (1/25) 9 4 8
19 14 3

	-4 	 1 2
Ex. 15. Find the adjoint and inverse of the matrix

Icosa - sinai
Lsin a COS a]	 (Bundelkhand 92)

Sot. Here I A = cos a - sin a
sin 	

CO5 01

=Cos 2 a+ sin 2a=1*0.
C 11 = COS a,C12 =- sin a,C21 =-(- sin a)= sin a and C22 = Cos a (Note)
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C=Icosa —sin a]

	

L sina	 cosaj

Adj. A=C'=I cosa sin 

L- sina cos a

AdjArA-1 = A = cosa sin 
[-sina cos a

substituting values from (1) and (ii). 	 Ans.
EL 16. FInd the Inverse of A0 1 2

123
3 1 1	 (Meerut 91S)

5.1. For the given nai,rix A, we have
C 1	 2 3 =-1;C 12 =- 1 3 =8;C13= I 2 =-5;

11	 -	 31	 31

C21 =- 1 2 1 . =I - C22 = 1 0  2 =-6;C23 =- 0 1 =3;
1.1	 1 	 31	 3	 1

C31 = 1 2 = -1;C32 = - 0 2 =2;C33 = 0 1
23	 13	 12

	

-1	 8-5

	

C= 1-6	 3
	-1	 2 -1

	

Adj.A=C'=[-1	 1 -1

	

8 -6	 2
-1

and	 AI= 0 1 2 = 10 I	 0 ,replacingC3byC3-QC2

	

1 2 3	 1 2 -1

	

3 1	 1	 3 1 -1

or	 IAI=— 1 -1 =-2*0
3 -1

	

A	 t[-Inverse ofA= Adj. 	
2	 1 -I	

2	 -t

	

I	 8-6	 2	 -8	 6-2	 Ans.
-5	 3 -1	 5 -3

Ex. 17 (a). Find the inverse of the matrix A =	 i -1 2i over the
2	 02

-1	 0
fkU of the complex numbers.
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Sol. Hre A =	 - i 2j = - - i: 2z , interchanging C1
2	 0 2	 0	 2 2 and C2

-1	 01	 0-Il

or	 I A I =	 2 2 1, expanding with respect to C1

	

-1	 I

=2-(-2)=40.

Also for this matrix A, we have

C 11	 0 2 =0;C12 =- 2 2 =-4;C13 =	 2 0 =0
0 1	 -1	 1	 1-1 0

C2 1 =- -1 2i =1;C22 =	 i 2i =3i;C23 = -	 j

	

o	 1	 -1	 I	 -1	 0

C 31 - - 1 21 =-2;C32 =-- i 2i =2LC33	 I -I =2

	

02	 22	 2	 0

C- 0 -4 0

	

1	 3i	 1

	

-2	 2i 2

Adj. A=C'= 0 1 -2
-4 31	 2i

01	 2

0 1 -21 =-

	

2	 0	 -
- IAI	 4 -4 31	 2i	

2

0 1	 2	 -1

	

A	 I	 I

	

U	 A.
*EL 17 (b). If A = 0 0 ii, then show that A- A

0 1 01

	

1 0 0]	 91)

Sol. Here I A I = 0 0 I = 0 1 =-1
010	 10
I	 0 0	 ...(i)

Also for the matrix A, we have

C 11 = 1 0 =0;C 12 - 0 0	 0;C13 = 0 1 =-1;

	

00	 10	 10

c21 =- 0 1 1 =0;c22 = 0 i =-1;C23 = - 0 0 =0;

	

00	 10	 10

C3I = 0 1 1 =-1;C32=- 1 0 1 =0;C33 = 0 0 =0

	

10	 00	 01
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C= 0 0-1
0 -I	 0

-1	 0	 0

	

Adj. A=C'= 0	 0 -1

	

0 -1	 0

	

-1	 0	 0

A_1=AdjA=L 0 0 -I = [O 0 1 =A
AI	 1)	 0 -1	 0	 0 1 0

-1	 0	 0	 1 0 0
Hence proved.

Lx. 18. Find the inverse of the matrix

Al
a+Ib C+kIl,ifa2+b2+c2+d2=1

[-c+id a-lbJ

Sol. For this matrix, we have
C11 -a-ib; C12 =-(-c+ id) =c--id,

C21=-(c+iif);C22=a+ib

C1[ a-lb c - id
-c-id a+th

Adj. AC'=a-ib -c-id
Ic-id a+ib

Also J A l =	 a+ib c-i-id
-c+id a-lb

=(a+ib)(a-ib)-(c+ id) (-c-t-id)

a2_i2b2+c2_i2Ira2+b2+c2+d2=l^0.
AdjA Ia-ib -c-idInverseofA=	 =1!AI	 L"	 a+:b	

Ans.
**Ex. 19. If a + i3 = a 0 verify that

(a+i'=1 cX

	

[-	 aj

Sel. (a +i) =	 -	 (a - in)
	a+:	 ((X+)((X-43)

multiplying num, and denoni. by a - i

	

= (a - i)/(tz2 + 2)	 (i)

Again let A=1 a
a
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Then Az

1_0 a
a 131 =a(a)-13(-13)=a2+132#O. (ii)... 

Also for. 	 matrix A. we have
C 11 =(X, C 12 = 13. C21 =-0; C22 = a

a 13landAdi A=C'=Ia -

	

[_ 13 aj	 [13	 a

ía -
i Adj.A, [13	 a

A =	 =	 2,from(ii)

	

IAI	 cz2+13

i.e.	 a =Fa -0]-(a 2 + 132)

	

[-13 aj	 [13 a

Also we are given a+43=[ a 13
[-13 a

Replacing 13by _13we get (a_i13)=I
ft
a -13
 a

From (i) we have (a + (X -	
+ 132)

[13 a]

Hence from (iii) and (iv), we have

	

(a + i13)-1 
=	 ] '

	
Hence puu'ed

	Ex. 20. If A ='-- 1 0	 0	 2 A 1 .

	

, find
-9 1	 0	 1

	

1 0	 2 -1
-4 1 -3	 1

	Sot. Here IAI= -1 0	 0	 2 = -10	 0	 0,

	

-9 1	 0	 1	 -9 1	 0 -17

	

1 0	 2 -1	 1 0	 2

	

-4 1 -3	 1	 -4 1 -3	 -7

	

I	 I	 -

replacing C4 by C4 + 2C1

	

1	 0 - 17 , expanding with respect to R1

	

o	 2	 1
1 -3 -7

	

1	 0 0 , replacing C3 by C3 + 17C1

	

0	 21
1 -3 10
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1_

2	 I =-120+31=-23*0.
3 10

Also for the matrixA, we have
C11	 10	 1 = I	 0	 0	 2 -1 =-3;

0	 2 -1	 0	 2 -I	 -3	 0
I -3	 1	 I -3	 0

C12 =- -9	 0	 1	 - 0	 0	 1 =- -82 =- 14;
1	 2 -1	 -8	 2 -1	 5 -3

-4 -3	 1	 5 -3	 1
C13	 -91	 1	 0 1	 0	 - I -1	 -'5;

	

1 0 -1	 1 0 -I	 5	 0
-4 I	 1	 5 0	 0

C14 = - 9 1	 0 =- 0 10 = 1	 2 =-13;
1 0	 2	 I 0	 2	 5 -3

-4 1 -3	 5 1 -3

C21 - 00	 2 =- 0	 2 =4;
0	 2 -1	 2 -1
1 -3	 1

Cfl = -I	 0	 2 = -1	 0 0=- 2	 I =11;
1	 2 -1	 1	 2	 I	 -3 -7

-4 -3	 I	 -4 -3 -7
C23 	 -I 0	 2 =- -1 0	 0 = 0	 I =-1;

I 0 -1	 1 0	 I	 1 -7
-	 -4 1	 1	 -4 1 -7

C=-1 00=-0	 2=2;
1 0	 2	 1 -3

-4 1 -3

C3	 00 2 =2 1	 0 =-6;
0	 0 1	 I -3
I -3 1

C32 = - -I	 C) 2	 - -1	 0	 0 = 0 -17 =-51;
-9	 0 1	 -9	 0 -17	 -3 -7

	

-4 -3 1	 -4 -3 -7

	

C33 -1 02=-IC)	 0=-I	 171 - 10-,
-9 1 1	 -9 I -17	 1	 -7
-4 1-1	 -4 I	 -7

Cy- 71 00=1	 0=-3;
-9 I	 0	 1 -3
-41 -3.
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C41 =-0 0	 2=-2 I 0 =-4;

	

10	 I	 02
0 2 -I

	

C-12 = - I 0	 2 =-2 -1 2 =-2(17)=-34;

	

-9 0	 1	 -9 1

	

1	 2	 -1

	

C=- -I 0	 2 =- -1 0	 0 = 1 -17 =

	

-9 I	 1	 -9 1 -17	 0
I	 0 -1	 1	 0	 1

	

C= -1 0 01 	 1 0 =-2

	

-9 1 0	 0 2
I 0 2

C= -3 -14 -5 -13

	

4	 11	 -1	 2
-6 -51 -10 -3

	

-4 -34	 I	 -2

	

Adj.A=C'= -3	 4 -6 -4

	

-14	 11 -51 -34

	

-5 -1 -10	 I

	

-13	 2 -3 -2

	

=- 3 -4 6	 4

	

14 -11 51	 34

	

5	 1 10 -1

	

13	 -2	 3	 2

	

.- t, 4L AI	 3	 -4	 6	 4

	

- A	 23 14 -11 51	 34
5	 I	 10 -1
13 -2	 3	 2	 Ans.

	

*Ex. 21. Poe that Adi (Adj A) I = A	
-	 if JA 1;-, 0 and is any

	

n x n matrix.	 (Agra 90)
Sol. We know that

AdjA1=JAI.jfJAlO
(See Th. 11. Page 50 Ch. V)

Replacing A by Adj A in (I), we get

Adj AdjA) I = IAJJA In_I

	

AdjA }'	 (Note)

In- }	 , from(i)

= j A ,In- 
)2 

= IA	
I)	

Hence proved,
S
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*Ex. 22. Prove that A dj (Adj A) = A 1" - 2 • A, where A is any n x n
matrix.	 (Agra 92, 90: Kanpur 90)

Sol. We know that
A .(AdjA)=JAJ.I	 (SeeTh. I Page 49 Ch. V)

or	 Adj{A.(AdJA)}=Adj(I AI.J)

or	 Adj (Ad) A) • (Adj A) = A	 .1 (See Th. UI. Page 50 Ch. V)

or	 Adj (AdjA) (AdjA)A =jA	 1.1. A

or	 Adj(AdjA),IAI.l=JA"' Al,	 See Th. IP. 49 Ch. V

or	 Ad] (Ad] A ) , I A J = I A I"	 .A	 (Note)

or	 Ad) (Ad] A) =IA 
jn_ 2 

• A.	 Hence proved..
Exercises on § 5.09

Find the inverse of the following matrices

	

Ex. 1. 10 -1 	 Ans. -1-	 9 1	 2
1	 2	 3	 1033_4

0-1	 3	 -11	 2

	

Ex. 2.1 0 0	 Ans.	 1 0 0
1	 1 0	 -1	 1 0
1	 0	 1	 --1	 0	 1

Ex. 3.	 3 2 -1	 1 -3	 7 -8
-I 2	 3	 Ans.8 6 -6

	 8
-3 1	 3	 -5	 9 -8

	

Ex. 4. 2 -4 -2 	 Ans.-	 -1] -9	 1
4	 6	 2	 4-2-3

	

0 10 -4	 10 -5

Ex. 5.0 1

11	
Ans.	 - 1	 1	 1

1	 0	 1	 1	 -1	 1
1 1 0	

(Gorakhpur 91, Kanpur 94) 	
1	 1 - 1

	

Ex. 6. 2 3 1	 Ans..1	 1 -5	 7
123	 7	 J	 5

	

3 1 2	 -5	 7 -1

	

Ex. 7. 2 5 3	 Ans. I - 3	 1	 7
3] 2	 4 -1 -i	 5
1 2	 1	 5	 1	 -13

*Ex 8. 1 1 1	 Ans. i - 6	 5 -
2 2 3	 3 15 -8	 1
149	 -6	 3	 0
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Ans.[

—4 2	 31
11 9 —11

—10 5 _7j

	

Ans.L!	 .	 -1

	

J
3	 3	 3!

	

!	 -	 II

	

6	 6

	

[0	 0	 -I2J

Ans. Not possible as j A I = 0.

Ans. 0 0 1

010

00

Ix. 13. 1	 1 2	 0	 Ans.	 2 - 1	 1 - 1
0	 1 1 —1	 —5 —3	 1	 1
2	 12	 1	 2	 3-1	 0
3 —2 1	 6	 —3 —1	 0	 1

Ex. 14,	 0 2	 1 3
1	 1	 —1 2
12	 01

- J 1	 2 6	
(Kwnaun 90)

Ex. 15. 1	 1	 1	 3 —3	 1

	

1 2 3	 (Kumaun 93)	 Ans. - 3	 5 -2
1 3 6	 1 —2	 1

Ex. 16. Verify that A • (Adj. A) = (Adjj. A) • A = I A 1 13 , where 13 is the
identity matrix of order 3, and A = cos 0 - sin 0 0

sin 	 cosO 0
0	 0	 1

Ex. 17.lfA= 1 2 —1],verify that
23	 1
0 5 —2

A • (Adj. A) = (Adj. A) • A	 A • I	 (Meerut 96P)
*Ex. 18. Verify that A • (Adj. A) = (Adj. A) • A = J A 11 2 , where

A=[l	 2 ] andl2 = 1 1 0
[3 -5j	 [0 1

Ex. 9. 1 —2 — I
2	 3	 1
0	 5 —2

Ex. 10.	 1 4 0
—1 2 2
002

Ex. 11. I 2 3
345
678

Ex. 12. 0 0 2
010
100
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**15 . 10.  Existence or Inverse.
An Important Theorem.
The necessary and sufficient condition that a square matrix ma y possess an

inverse is that it be non-singular.	 (Bundclklwnd 96. 92; Kumww 96;
Gorakhpur 99; Meerut 92: I'uriancha1 98)

Proof. The condition is necessary.
If A is an n x n matrix and B is its inverse then by definition of the inverse

we have	 AB = In	 (See Chapter II)

Taking the determinants of both sides we get
IAB=JII.

But	 ABI=IAI.IBI	 .... See Chapter lV

and	 J l, I = 1. where I,, is the n X n iaentiry matrix

From (i) we get IA . 1 B 1 = 1,
which implies that I A 	 0.

The matrix A is non-singular. 	 See Chapter IV

The condition is sufficient.
If A is an n x n non-singular matrix and them be another matrix B defined

by	 Br1--1(Adj.4)

Then	 AB=A	 1 (AdJ.A)j(A S Adj. A)

A I 1,	 ... See § 509 Th. I Page 49 Ch. V

= In

Similarly BA= j---j (Adj A) • A = --j [(Adj. A) • A]

AII	 ... See 5.09 Th. I Page 49 Ch. V

AB=BA=I	 -

B is the inverse of A and it exists.

§ 511. Some Important Theorems.
*Theorem I. If A is a non-singular matrix of order n such that AX = AY,

then X=Y.

Proof. If A is non-singular mat rix, then A 1 exists.	 See § 510 above

Given	 AX=AY

or	 A (AX) = A (AY)

or	 (AA)X=(A'A)Y

or	 IX=LY	 A A = I
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or

	

	 X = Y, by left cancellation law.	 Hence proved.

Theorem 11. The inverse of transpose of a matrix is she transpose of the

inverse.

Proof. Let A be the given matrix. Then its inverse is A'.

Also we have AA' = I = A A. by definition.

(AA')' = 1' (A A)', taking transpose.
-I,	 ,	 '	 -1

or	 (A ) A = I A (A )	 (AB)' = B'A' and F= I.

Hence A' is invertible i.e. A' possesses inverse

and	 (A) = (A

i.e. the inverse of a transpose of a matrix is the transpose of the inverse.
Hence proved.

Theorem 111. If A, B are any two n x n matrices such that BA = 0, where

o is the null matrix, then at least one of them is .ngular.

Proof. Since A, B are two it x n matrices

so AB = 0, where 0 is the null matrix

IAHBN0	
(Note)

either A = 0, which means A is singular

or	 B	 0, which means B is singular

or both I A and I B I are zero which means both A and B are singular.

Hence at least one of A and B is singular.

Theorem IV. The inverse of the inverse of  matrix is the matrix itself i.e.

-1-I(A ) = A, where A
-t

is the inverse of A.

Proof. Let A be the given matrix. Then its inverse is A

Also by definition AA = I = A 1A.

A	 is invertible and we have (A 'Y I A.

i.e. the inverse of the inverse of A is A itself. 	 Hence proved.

Theorem V. if a non singular matrx A is .svmmetric, tlu'ti A_t is also

symmetric.
Proof. If A is symmetric, then A A'

Also by definition if A is non-singular. then

A = I
= I', since V = I

= (AA )' since 1 , = A A=AA -

= (A 5' A', since (AB') = B' A'

i.e	 A	 A = (A 5' A, since A = A', from (i).

or	 A	 = (A- 5', by right cancellation law.

Hence A	 is symmetric by definition. 	 Hence proved.
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Theorem Vi. The inverse of the transposed conjugate of a non-singular
matrix A is the transposed conjugate of the inverse of A
i.e.	 (A)- = (A 1)8

Proof. If A is a non-singular matrix, then A is invertible and we have
AA I	 A A

or	 (AA 58 = 18 (AA)8
or	 (A 5 A = I = A (A 

58, since (AS)8 = B0A0, J 
= 1.

AE) invertible and we have (A8)- = (A 1)8	
Hence proved.

***5 . 12 Theorem, if r be the rank of a matrix A of order in x n, Ar be the
normal form of A, R be the product of elementary matrices of order in S be
the product of elementary matrices of order n, then A,. = RAS.

Proof. Since R and S are non-singular (i.e. their inverses exist), therefore
R 1 A r S	 A, where R and S are the inverses of R and S

respectively.

Of	 ABA,.C, where Bk.CrS
or

	

	 Ar=;B'AC',	 (Note)
Now if A is a non-singular matrix of order n, then r = n and

Hence	 A=8IC,
which is of the form A B, since B and C are the product of elementary
matrices.

Cor. If two matrices A and B are of the same order in x n and same rank,
then there exists non-singular square matrices P, Q such that B = PAQ.

Proof:. From above theorem we find that
A = CA,,D, B C 1 Ar

where C, C1 are product of elementary matrices of order in and D, D 1 of order
n.

From A = CA,. D, we get Ar = C' AD
Substituting this in B = C 1 A,.. D 1 , we get

B = C 1 (CAJY')D(C 1 C- A (D- ' D1)
which is of the form B = PAQ.

Solved Examples on § 5•12
Ex. 1 (a). Find the non-singular matrices R and 5, such that RAS is the

normal form, where A = 2 2 - 61-i 2	 2

Sol. Here we find that A is a 2 x 3 matrix
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[A2i=1?A1]

or	 1=[ ?.0? ]
NOW we are to bring L.H.S. to the normal form by applying elementary row

and column operations.

[ 1 1 -31	 1 0 •A . I 0 0'.byRi()

i 2	 2j	 2	 0 I 0

	

01	 001

or	 F1 I	 31[! ol.A. 
1 0 0byR2+R

[0 3 —1]	 0 1 0
L2	 J	 0 0 I

or	 [i 0	 01 = [! o1	 —1 i.byC2_Ci

[0 3 —1]	 0	 1 OI and C3+3C1

L2	 J	 0	 0 1]

or	 0	 01	 . 0 • A 
•	 -	 3 replacing C2 by C2

[0 I —1] [
	

0	 0

001

Fl 0 ol = rj o1 . A.	 i 3 byC1+C2
or	 [0 1

0	 01

Since L. H. S. is in the normal form, so

I	 IS

R=[1̂ olandS	 3 3

']	

013

0	 0 1	 Ans.

Ex. 1 (b). Determine two non-singular matrices P and Q such that PAQ

is in the normal form, where

	

A=3	 2-1	 5

	

5	 1	 4 - 2	 (Garhwa! 93

	

1 —4	 11 —19

Sol. Here we find that A is a 3 x 4 matrix

[A]34=I3AI4

or	 3	 2 —1	 5 = 1 0 0 •A.1 0 0 0

5	 I	 4-2	 010

1 —4	 11 —19	 0 0 1
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182111/5

or	 [ 0 0 -0 0l.A 1 II 0 0 01
117	 9	 4	 18] lo I ol	 Jo I 0 01
[34 18	 11 36	 [0 0 iJ	 13 2 1

[0 0 0 iJ
applying C 1 + 3C3 . C2 + 2C3, C4 - 5C-

r o 0 -1	 o11j	 0.A.1	 0 0 01. applying

	

17 9	 4 i8	 Jo	 i	 1° i o oJ R3-2R2
	0 	 3	 Oj [0 -2 1]	 2 I

10 0 0 Ii
or	 [0 0 -101 =[i	 0 01.A.r1 0 0

	

117 9	 0 1s	 4	 ol	 I	 1
0	 0]	 3 -2 I]	 132 i sJ

[o 0 0 1]

applying R2 + 4R 1 , R3 + 3R1
or	 i 0 0 -101=r1	 0 01.A	 1 0 0	 1

	

I_ I 9	 0 ol 14	 I oJ	 H2 1 0

	

L 0 0	 0 oJ [3 -2 ij
	

1 1 2 1
[ 0 0 0	 1]

applying C1 - 2C2, ('4 - 2C2
or	 [0 0 -1ir1	 0 O1.4.[	 0 0	 01

	

Li 0	 0 0 J4	 I ol	 H2 -17 0

	

[ 
0 0	 0 O	 [3 -2 iJ	 I ' 	 - 7 1	 ii

[0	 00	 iJ.
applying C2 + 9C1

	

or0 1 01=[_ 1	 0 01.A.[ 1	 0 0	 o]
0 0 0j
	

-4 -i oj	 -2 -17 0	 21'
l1101,

 0 0 0] [ 3 -2 1]	 L 1	 -7 1	 i
°	 0 0	 1]

applying - R 1 and - R,

1

	

or0 0	 0	 1

100,

	 o1=[i	 0 0.A.0 -2 -17
i o oJ j-4 -1 00

 0 0 0] [ 3 -2 1]

	f	 1]0	 0
-I	 -7

i nterchaijn p C(IIlr1nc
L.H.S. is in the normal form, so we have

P =[- 1	 0 OJandQ=fg

-21	
0	 0	 0	 1	

Ans.
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Ex. 2. Find two non-singular matrices P and Q such that PAQ is In the
normal Iórm, where

	

A=1	 1	 1
1 -1 -1

	

3	 1	 1	 (Garhwal 96; Meerul 91)

SoL Here we find that A isa3x3metrix

(A]33=I3A13

or	 1	 1	 1=1 00A.l 00
1 -1 -1	 0 1 0	 0 1 0
3	 1	 1	 001	 001

or	 1 1 1 =	 1 0 01- A -  1 0 0 , applying R2+R1,R3-R1

200	 110	 010
2 0 0	 -1 0 1	 0 0 1

or	 I I I =	 10 01-A-  1 0 0applying R3 - R2

2 0 0	 1	 1 0	 0 1 0
0 0 0	 -2 -1 1	 0 0 1

or	 111=
100
000

1	 0 01
l.A. [ 1 0

2

	

ol	 10	 1

	

I	 I
	I 	 0 0

-2

01. applying R2 (-i)

or

or

or

o 1 1 = 2 - 2	 • A • 1 0 0 	 R 1 - R2

100	 -1
	

-0	 010

000	
2	 2	

001
-2 -1 1

0
j Q 0 = 	 2	 2	 •A. 1 0 0. interchanging R 1 and R2

0 1 1 	 1 0	 0 1 0
0 0 0	 -2 -1 1	 0 0 1

•	 L

1 0 0 = 1/2	 1/2 01- A e 1 0	 0, applying C3-C2
0 1 0	 1/2 -1/2 0	 0 1 -1
0 0 0	 -2	 - 1 1	 0 0	 Ij	 (Note)

Since L. H. S. is in the normal form, so we have

}=	 2	 2 
0	

=	 0 0

-	 -	 0	 0 I -1

-,	 -1	 I	 0 0	 I
Ans.
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Ex. 3 (a). Using the matrix A = r s 3 14 41., find two non-singular

0 1	 3 i

L' 1	 2 0]

	

matrices P and Q such that PAQ is in the normal form. 	 (Agra 95)
SoL Here we find that A is a 3x4 matrix

[AJ34 = 13 • A • 14

SI	 Ior	 [ 5 3 14 41=r1 0 OlsA Ii 0 0 01
01	 3 if fo i	 01 OO.

o 0 1	
i

l—11	 2OJ[OO 1]	
000

or	 [ 0 8 24 41=[01 0 51.A.'' 0 0
0 1	 3 ii O1 of	 lo 1 0 0applyingR1+5R3

	

 0 i 01	 200 1J	
o

 L0001]

C

O 8 24 41=r l 0 51.A.10 
1 0 0 C2+C1.C3+2c1I 1	 o0	 '	 1	 f	

11•	 - 1 0 0 0	 o 0 i 0] O	

Ii 1 2 01 applying

	

0 0 Ij	 [o  0 0 1]	 (Now)

{

o 0 0 - 41=1 1 — 8
511A'1	 1 applying R1-8R2

o I 3	 i i jO	 1 01	 lo 0 1 01- 1 0 0 	Oj [0 0 lj	
[0 0 0 ij

10 0 1
o I 3	 '1 

[00	
0 1 0 OjR1andR3-I_

I 0 0	 0] = 1 1 2 01. inteihanging

0 0 0 —4] I	 5j	 o 0 o ij

	

_Ii 0 0 01 1	 — 

°

	

0 0	 ii	 1 1 2 0' applying

0 0 ij=
0 1 0 01_ R I and1 0 1	 ii I 

114 2	 S/ l 	 10 0 1 Oi—(1/4)R3

	

L	 —4j	
[o  o 0 ij

1	 1 — 1_li	 01=1	 0 0	 —1•.
1 0 1 0 0	 0 i	

0]
	 0 1 —3 A 10
	 1

	L° 0 00 0 1] [-1/4 2	 5/4 	
[0 0	 0 ij

applying C3 - 3C2 , C4 - C2

1 1 —1 —11

	

-Ii o 0 01=[	 0 0	 —11.A. 0 1 —1
Jo 1 0 O 	I	 0 1	 of	

1	 0	 ii[0 0 1 0] [- 1/4 2 -5/4 	
[o  0	 1	 0]

interchanging C3 and C4
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L.H.S. is in the normal form, so we have

P =	 0 0	 -' 1wdQ=
	01	 0

-1/4 2 -5/4 00	 1 1 0	 Ans.
Ex. 3. (b). Find non-singular matrices R and S such that RAS Is in

normal form, where A = 1 2 3
321
132
213

Sol. Here we find that A is a 4 x 3 matrix

[A143=14.A.I3

or	 1	 2	 3 - = - 1 000.A'1 00
321	 0100	 010
132	 0010	 001
2	 1	 3	 0001

or	 I	 2	 3	 100 0.A.1 00
0 -4 -8	 -3 1 0 0	 0 I 0
o	 t	 -1	 -1010	 001
0 -3 -3 -2 0 0 0

applying R2-3R1.R3-R1,R4-2R1

or	 1 2	 3= 1	 00 0 . A . i 00
01	 2 -

0 

I1 0 0	
0

o	 i	 - i	 •001
o 0 -6	 -1	 0 1 0

	

-5	 0 3 1
applying R2 (- ) and R4 + 3R3

1 2	 3= 1	 0	 0	 0At 00or	 00	 3	 0 1 0001-1	 4	 4	 001
0 0 -1	 -1	 0	 1	 0

0	 ! _!

	

6	 2	 6 applying R2 -R3, R4(  )

or	 i 2 0 =	 0:fl.A. 1 0 0
0 0 1

"
	0 1 0

0	 1 0	 i -	 3	 o 0 i
001	 _!	 o	 ii

6	 2	 6

0 - 2 -	 plying R 1 - 3R4 , R2 (-i), R3 + R4
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[i	 0	 O= [_ 1	 0	 1	 5'. A . r1 0 01.

	

JOl	 °iI jo	 1	 01
10	 0	

1	
12	 -	 O	

[0 1 0]
L0 0 0j o 	!

	

2	 61

'J	 applying R - 2R3 , R4 - R2

or
	 [

1	 0	 0	 151 . A .

100

J 0 01.0	 2	 6

	

i-1	 o 
	

Oo	 iJ 
I

12	 12	 2 
_! 

	

0	
1 0]

L	
,	 0] I_ i	0	

6

	

6	 2
I 3	 1	 -1

	

[ 2	 12	
interchanpinc' ('P. nA ('

L.H.S. is in the normal form, so we have

	

R=_?	 0 1	 5 S=I 00

	

62	 6

	

7	 I	 o

	

12	 12	 2	 0	 1	 0

	

1	 o

	

6	 2	 6

	

1	 I	 I	 I

	

4	 12	 6	 6	
Ans.

Exercise on § 512

	

Ex. 1. Reduce A= 1 	 1	 2 to normal form N and compute the

	

1	 23
0

matrices P and Q, such that PAQ N.
Ex. 2. Determine two non-singular matrics P and Q such that PAQ is in

the normal form., where

	

A=1	 1	 2]

	

1	 2	 3

	

1 j	 -	 (Garhwal 94)

MISCELLANEOUS SOLVED EXAMPLES
Ex. 1. Find the reciprocal (or inverse) of the matrix

S =	 1 1 and show that the transform of the matrix
Ii	 o -i
1 1 0

A= 4 b + c c - a b - a by S i.e. SAS 1 is a diagonal matrix.
c—b c+a a—b
b—c a—c a+b

Sol. In the usual way we can show that
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	inverse of S = I - I	 I	 I (To be proved in the examination)

	

1	 -1	 1

	

I	 1	 -1

SA= 0 1 ' 1 I x b + c c-a b-a

1 0 1	 c-b c+a a-b

1 1 0	 h - c a-c a+b

=	 0 2a 2a, multiplying the matrices in
2b	 0 2b the usual way.
2c 2c 0]

Or SA 0 a a
bOb
cc0

	

SAS' = 0 a a	 - i	 • 1	 i

	

b 0 b	 1 -1	 1

	

ccO	 I	 1-1

= -2a	 0	 0 . multiplying the two matrices in

	

o 2b	 0 the usual way.
o 0 2c]

a 0 0 j. which is a diagonal matrix,

	

o b 0	 [See Chapter II)
o o cj

Ex. 2.. If A Is Invertible show that A is invertible.
Sol. If A is invenbie, then we know that

AA'=I=AA

or	 ()=I=(A1A)	 (No(e)

or	 A5IK5.	 .
Hence A is invertible and we have	 = (A)	 Hence proved.

Ex. 3.(a). If A= a 1 0 OwherenoneOfa'SiSlerO,tbenthoWth
o 22	 0

o o 83

A Is invertible. Also evaluate
Sot. jA = a 1 	 0	 0 =a 102a3,  on evaluating

oa2 0

0 0 a3

i.e.	 I A	 0. Hence A is invertible.	 ...'sec Cb. 1'\

Also
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C 1 = a2 0 =a2a3;C12=- 0 01 0;C 13 = 0 a2 =0;

	

0a3	 0a3	 00
C21 = - o 0 = 0;C22 = l a j	0	 a 1 a3;C- ja i 0 =0

	

o a3	 0 a3	 0 0

	

C31 = 0 0	 0;C32 =- j a l 0=0;C 3 = a1	 0 =a f a2	a2 0	 0 0	 0 a2

	

C=a2a3 0	 0

	

0	 a-as	 0

	

o	 o	 a1a2

AdjA=C'= a2a3 0	 0
0	 a3a 1	 0
o	 0 a1a2

	

A_IA4jAJ [a2a3 0	 0

	

JAJ	 a1a2a3 0	 a3a 1 	0
0	 0	 a1a2

or	 A1= 1/a 1	 0()3

 0

	

•	 0	 0	 1/a3	
Ans.

Ex.3 (b). Show that the matrix A 0 1 01 Is its own inverse.
100
001

Sol A J = 0 1 0 = - I () expanding wr. to

	

100	 01
001

=-l*0
AlsoC11= 0 0 0;C 12 =- I 01 -I;C13 = 1 00;

	01	 01]	 00
C21 =- 1 0 = -1;C22 = 0 0 0;C23 =- 0 1 =0;

	

01	 01	 00
C31 = 1 0 z O;c32 = 0 0 0;C33 = 0 J =-i

00	 10	 10

C=f 0 -1 0 and adjAC', 0 -I 0
J-i	 0	 01	 -1	 0	 0
[00-I]	 00-1
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0 -1 0

- jAj	 (-1) -I	 0	 0
0 0 -1

0-1	 0=01 0=A
-1 0	 0	 1 0 0
0 0 -1	 0 0 1

Ex. 3 (c). Compute the inverse of the matrix A, if

A= 3 -2 0 -1
o 2	 2	 1
1 -2 -3 -2
o	 i	 2	 1

S0flAI = 3 -2 0 -1
0	 2	 2	 1
1 -2 -3 -2
0	 1	 2	 1

, replacing R 1 byR1-3R2

4 9 5 , expanding wr. to C1
221
121

= 0 1 1 , applying R 1 - 4R3 and R2 -

100
121

= 0 0 1 , applying C2 - C3

100
111

1 0 . expanding w.r. to R1

11

Hence proved.

=1 0

AlsoC 11 	2	 2	 1 =	 1	 0	 0	 -3 -2

-2 -3 -2	 -2 -3 -2	 2	 1

1	 2	 1	 1	 2	 1

=-3+4=1

C 12 - 0	 21 =0;C13	 0	 2	 1 =-1;
1 -3 -2	 1 -2 -2
0	 2	 1	 0	 1	 1
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C14 =- 02	 2	 2 2 =2.
1 -2 -3	 I 2
0	 1	 2

	

C21 =- -2	 0 -1 =- 0 4 1 =1;
-2 -3 -2	 0 1 0

	

1	 2	 1	 12!

C22 - 30 -I = 0	 0 -1 =- -5 -3 =1;
1 -3 -2	 -5 -3 -2	 3	 2
o	 2	 1	 3	 2	 1

C23 = - 3 -2 -1 =- 0	 0 -'= -5	 2 -I;
1 -2 -2	 -5	 2 -2	 3 -1
o	 1	 1	 3 -1	 1

	

C24 3 -2	 0=0	 4	 9-49=1;
1 -2 -3	 1 -2 -3	 1 2
0	 1	 20	 1	 2

	

C31 . -20 -1 = 0 0 -1	 -2;

	

22	 1	 02	 1

	

1 2	 1	 -1 2	 1

C32 =- 3 0 -1 =0

	

.02	 I
02	 1

C33 = 3 -2 -1 =3 2 1 =3;
0	 2	 1	 11
0	 1	 1

C34 	 3 -2 0 =-3 2 2 -6;
0	 22	 12
0	 12.

C4 - -2	 0 -J =- 0	 2	 0 =2 2 	 0 -4;
2	 2	 1	 2	 2	 1	 -1 -1

-2 -3 -2	 0 -1 -1

C42 = 30 -1 = 0	 9	 5 = 9 5 =-1;
0	 2	 1	 0	 2	 1	 21

	

1 -3 -2	 1 -3 -2

C43 =- 3 -2 -1 =- 10 4	 5 =- 4 5 6;
0	 2	 1	 0	 2	 1	 21
1 -? -2 -,	 1 -2 -2
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3 —2	 00 4	 9
C= 0	 2	 2 = 0	 2	 2 

= 2 2
1 —2 —3	 I —2 —3	

14 

1^

C= I	 0—I	 2
1	 1—I

—2	 0	 3 —6
—4 —1	 6 —10

•	 AdjA=C'= 1	 1 —2 —4
0	 1	 0 —1

—1 —1	 3	 6
2	 1 —6 —10

• A-
	 Adj. • A -	 1	 1 -2	 4-1 from (i) and (ii).

Al	 0	 1	 0	 1
•	 —1 —1	 3	 —6

—2	 1 —6 —10	 Ans.

	

**Ex 4. Find A', If A= 1	 1	 ii,, where w is the cube root of

1

unity.	 (Agra 9,3)

S0LIAI Zz 1	 1	 1

= 1	 0	 0	 replacing C2, C3 by

	1 (0-1 ()2_j	 c2-c1,c3-c1
1 (02 -
	 -	 respectively.

=	 - 1 W - 1 ; expanding w.r. to R1

(021	 i

=	
- 1) 2 	 1	 U) + 1 , taking out common factors

(0+1	 1

=(w— 1)211 —(w+ 
)2]

I),

0 or co2+2wol

1)^0.

Also C 1 I	 (0 (02 = 2 - 4 = 2 -
	

•.	
=

-20
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C 12 =- Ii 0)21 =-(CO -(02)=0)2-W

I i	 o:

	

c 1 3 = Ii	 (	 0) 2 0).C_I I

	

t	 w

	

c22 = Ii	 ii	 0)-1;C23 = - i	 ii	 2 1);

I'
C31 = 	 c32 -

 
Ii	 1 	 (0)2

I	 2j

	

C33 r11	 1=w—I

	

I	 °l
	c=[ w2_ w 0)20)	 0)20) 1
	w-1	 (0)2_I)j

	

0)2 0)	 (0)2 	 (j)—I j

Adj. A=C 1 0)2._ W	 2_	 2	 1
	w—i	 _(0)2_1)

L(0 2_ W 	(0)2_i)	 (fl-I

	

=(w-1)Ico	 (1)	 1

	

Ico	 1

	

[U) — (0 + 1 )	 I	
j

w c1

	

(o	 W 2I'
[0) W 2	 j

	

or Adj. A=(U)-1)WrI	 1	 1	 where 1=-

	

I i/w	 0)
0)3

	

1	 1/0)1	

0) 

	

=w(w— l)[1	 1	 1 1
k0)2

2j

	

At, t Adj. AcO(W — [ i 	 I	 I l from (j) and (jj)

	

Al	 —(w— 1)3 	 0)2 Wr

	

[1	 ()

	

1i	 1	 i

- (co - j)2 1 0)2 (0	 •.(iii)

(I) 0)2]
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Now - (w- 1) 2 	 ((02 + 1-2w)

r-[(-w)-(2(U)],	 :w2+w+J=Oorw2+1_w

=3w

From (iii), we gct

A=--1	 1	 1 1= 1 i	 1
3w' 	 W2 W 3 1 w2

1	 w2	 I

Ex. 5 (a). Find the rank of the matrix

A= 1 2 22 32 42

22 32 42 52

32 42 52 62

42 52 62 .2

Sol. Given A =	 1	 4	 9 16
4 9 16 25
9 16 25 36
16 25 36 49

Aiis.

(Agra 96; Bundclkhand 96)

-1
4
9

16

0

0

-1
0
0
0

-I
0
0

Lo
- I

0
0
0

o	 0	 0-, replacing C2 , C3 , C4, by

- 7 -20 - 39 C2 - 4C, C3 - 9C 1 and

- 20 -56 - 108 C4 - 16G 1 respectively
-39 -108 -207

0	 0	 0 replacing R 2 , R3 , R4

-7 -20 -39 byR2-4R1,R3-2R2

-6 -16	 30 and R4 - ' 2 respectively
-11 -28 -51

0	 0	 0 replacing R 3 , R4 by

-7 -20 -39 R3 -R 1 and R4-R2respectively

-6 -16 -30
-4 -8 -12

0 0 0 replacing R2 , R3 , R4 by - (R2 -

1 4	 9 - (R3 - R4) and - R4 respectively
2 8 18
4 8 12

0	 0	 0 } replacing R 3 . R4 by R3 - 2R2,

1	 4	 9 R - 4R2 respectively
0 0	 0
0 -8
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o	 o I replacing C3 , C4 by C1 - 4C2,

	o 	 0 C4 - 9C2 respectively

	

o	 -0
-8 -24

A o 0 replacing R4 by -
00
00
13

0 0 interchanging R3 and R4

00
13
00

0 0 replacing C4byC4-3C3

00
10
00

0
0

	

The rank of martixA is 3.	 A ns.

Ex. S (b). Find the rank of the matrix

A= 1 2 3 0
2432
3213

L	 J	 (Agra 94; Bundelkhand 93)

- I
0
0
0

-	 1
0
0
0

0
0
0

-1
0
0
0

-10[0

,

T

I

	

Sol. GivenA -. 1
	

2
2

-2

	

3
	

6

0
0

-4

	

3
	

0

0

	

0
	

0
0 -4
0 0

3 0 replacing R2, R 3 . R4

o 2 byR2 - R I , R3-R2,R4-R3
- 2 1 respectively
62

0 o]. replacing C2 , C3 by

-3 2 C2 - 2C 1 , C3 - 3C 1 respectively
-5 1
-3

0 o' replacing R2, R3, R4 by

- 3 2 It?2 - R 1 , R3 - R 1 , R4 - 3R 1 respectively
-5 1
-3 2
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- I	 o	 o	 o replacing R 1 , R4 by

	

o	 0 -3	 2 R 3 - R 2 , R4 - R2 respectively
o -4 -2 -1
o 0 0 0

- 1 0 0	 oreplacing C, C3 by - (1/4) C2

o a 3	 2 and - C3 respectively
o 1 2 -I
000 0

- 1 0 0 o replacing C3 , C4 by
0 0 3 2 C3 - 2C2 and C4 + C 1 respectiely
0100
0000

- 1 0 C) 0 replacing C3 by C3 - C4

0012
0100
0000

1 0 0 0 replacing C4byC4-2C3
0010
0100
0000

- I 0 0 ' 0 interchanging R2 and R3

0100
.0 0 1 0
0 0 0 0

130
00

The rank of the given martix A is 3.	 Ans.

*Ex 6. If A = 3 - 3 41., show that A 3 = A1.
2 -3 4
0 -1 1

So!. I A I = 3 -3 4
2 -3 4
0 -1	 1

or	 A = 1	 0 0 , replacing R 1 by R - R2

2 -3 4

	

0 -1	 1

= -3 4 =-3+4=1 0.
-1	 1
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Also for the matrix A. we have
C1 1 = -3 4 =1;C 12 =- 2 4 =-2;C13 = 2 -3 =-2;

-11	 01	 0-1

'2I =- -3 4 =-1;C22 = 3 4 = 3;C23 = - 3 -3 =3;
-11	 01	 0-I

C31	 -3 4 =0;C32 =- 3 4 =-4;C33 = 3 -3 =-3;
-3 4	 2 4	 2 -3

C= 1 -2 -2
-1	 3	 3
0 -4 -3

Adj.A=C'= 1 -1	 0

	

-2	 3 -4	 ...(ii)

	

-2	 3 -3

A_1 _ Adj A _1 1 —1Oljrocn(i),Oi)
Al	 [-2	 3 -4	 ...(iii)

3 -3j

Also A2 = 	 -3 4 x 3 -3 4

	

2 -3 4	 2 -3 4
[03

	

 -1 1	 0 -1 1

=[0

9 -6+0 -9+9-4 12-12+4 - 3 -4 4
6-6+0 -6+9-4 8-12+4 - 0 -1	 0
-2+0 0+3-1	 0-4+1	 -2 2 -3

A3 =A2 .A= 3 -4 4 x 3 -3 4
	0 -1	 0	 2 -3 4

-2	 2 -i	 0 -I I

= 9-8+0 -9+12-4 12-16+4

	

0-2+0	 0+3+0 0-4+0

	

-6+4+0	 6-6+3 -8+8-3

=	 1 -1	 0
-2	 3 -4.
-2 3 -3

i.e.	 A3 = A 1 . from (iii).	 Hence proved.
EL 7. If two non-singular symmetric matrices A and B be such that

AB = BA (i.e. commute under mlt1p1lcatloo), then prove that

A 1 B and A 1 B 1 are symmetric.
' SoL Hem we are given that AB=BA.

We have A 1 AD = A 1 BA, premultiplying by A1
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or	 IBA'BA.	 A- I A = I

or	 B=A1BA,	 . IB=B
-I=A- 1	 -I	 .	 .	 -1

or	 BA  	 BAA ,	 post multiplying by A

=A'BI=A#B,

since	 AA- I and B! = B.

	

Again (A
-1 B)' = B' (A)',	 •.. (AR)' = WA'

	

= B' (A') 1	(A-')'= (A')
...See Th. II Page 77 Chapter V

=BA',	 . A=A,B'=B as A and Bare symmetric

i.e.	 (A- 
I B)' = A 4 B, from (i)

Hence A'B is symmetric.

Similarly (A- I B- 1 )' = (B 4)' (A t)', as (CD)' = D' C'

or

	

	 (A1 B 1 )' = (B'' (A'Y'.	 See Th. H Page 77 Ch. V

= B

	

-1A - I 	 A'= A, B' = B

	= (AR)'.	 (AB)-' = B 1 A1

=(BA)'	 AB=BA(given)

or	 (A1 B)' = A 1 B1.

Hence A 1	is symmetric.
Ex.1LFtnd the rankOIA= [i 2 3 1

12 4 6 2

Li 2 3 2

Sol.	 A, replacing R2, R3 by

o	
R2 - 2R 1 and R3 - R1 respectively

1 2 3 ol. replacing R 1 by R 1 - R3

0000
0001

- 1 0 0 01. replacing C2, C3 by

0 0 0 0 C2 - 2C 1 and C3 - 3C1 respectively

0 0 0 1]

1 0 0 o0000l. interchanging C2 and C4

0100
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- 1 0 0 01. interchanging R2 and R3
0100
0000

412 0
L0o

... The rank of matrix Ais2. 	 Ans.
**Ex. 9. J1nd the rank of an m xi, matrix, every element of which is

unity.
Sol. Let an ,n x n matrix be A	 I	 I	 I ,...

1	 1	 1...	 1

.1	 1	 1	 1

Then we find that every square submatrix of A higher than I x I will be a
matrix each element of which is unity and therefore the value of the determinant
will be always zero, since its rows and columns are identical. But the square
sub-matrices of order 1 x I are [1] and the determinants of these are
IA I = 1 # 0.

Hence the rank of A it 1. 	 Ans.
Ex. 10. bow that the matrix A = I a a aa Is of rank 3 provided

•	 •	 I Ii 0 bfi
-	

.	 Icycy
no two of a, b, c are equal and no tvo of a, 13, y are equal.

Sol. A - I	 a	 a	 aa ]. replacing R2. R3 by R2 - R1,
0 b—a 13—a b13—aaR3_Rjrespectively
0 c—a y—a cY_aczj

- 1	 0	 0	 0	 replacing C2 , C3, C4 by
0 b—a 13-a 143—act C2—aC1,C3—cxC1ajtd
0 c - a	 - a cy - na C4 - aaC1 respectively

-. I	 0	 0	 o ],replacing c4byC4_ac2
0 b—a 13 —a b13—ba
0 c—a y-a cf - ca

- 1	 0	 0	 0	 replacing C4byc4_bc3
o b — a 13 —a	 0
0 c — a y — a cy — ca— by+ba

-[

1	 0	 0	 0	 =B(say);
d b—a 13 —a	 0
0 c—a y—a (c—b)(y—ct)

Now a minor of order 3 of B
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=1 10

	 0	 0	 =b - a	 0

o b-a	 0	 c-a (c-b)(y-a)
 c-a (c-b)('j-CL)

expanding with respect to R1

= (b - a) (c h) (y - a) #- 0,	 as no two of a, b, c and no two of
a, P, 'y are equal (given)

p(B)>3
Also the matrix B does not possess any minor of order 4 i.e. of order 3 + 1,.

so	 p (B) < 3.
From (i) and (ii) we get p (B) = 3

and therefore p (A) = 3, as A B.	 Hence proved.

Ex. 11(a). Find A 1 if A = I - 1	 2

	

1	 0.-i
2 -1	 1

Sot. Here A I = 1 - 1	 2 = 1 - 1	 2 , replacing R3 by R3 - R1

1	 0 -1	 1	 0 -1
2 -1	 1	 1	 0 -1

= 0, since two rows are identical.

Hence the matrix A is not non-singular (i.e. is singular) and so A does not
exist.	 (See § 5 . 10 Page 76 Ch. V)

Ex. 11(h). Find adjoint and inverse of the matrix
3 -1	 1

-15	 6 -5
5-2	 2

Sot. Do yourself.

Ans. Adj. A=C'= 2 0 -11; A -' 2 0 -1
51	 0	 51	 0
01	 3	 01	 3

-Ex. 12. IfA= [ 1	 1 -1 and B= -1 -2 -1
2-3	 4	 .612	 6
3 -2	 3	 5 10	 5

then show that p (AB) * p (BA), where p denotes its rank.
(Rohilkhajzd 93)

Sol. AB=[1	 1 _ix[_i -2 -1

1][
=-1 * 6-5	 -2+12-10	 -1+6-5	 0 0 0

	

-2- l8+2( -4-36+40 -2-18+20	 0 0 . 0
	-3-12+ 15 -6-24+30 -3-12+ 15	 0 0 0



(iii)

Hence proved.

31 then show that
2
1

1 2 =2
38

ri

1
2

0=
2
8

98
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=0
By definition p (AB) i.e. rak of AB is 0.

Again BA= -1 -2
6 12
5	 10

-1-4-3
= 6+24+18

5+20+15

Sec § 5.02 Note 2 Page 2.
-lxi1-1

6	 2 -3	 4
5	 3 -2	 3

-1+6+2	 1-8-3
6-36- 12, -6+48+18
5-30-10 -5+40+ 15

	

=[

- 8 	 7 -10 =C.say
4 -42	 ()
40 -35	 50

	

Now C- -8	 7 - 10j. replacing R2byR2-R3'
	8 	 -7	 10

40 -35	 50

-[

- 8 7 - io] replacing R2 , R3 byR2 + R1

0 0	 Ol and R3+SR1 respectively
0 0	 0]

- 1 i 1k replacing C 1 , C2 , C3 by (- 1/8) C1
0 0 O(1/7)C,(...1/I0)C3reSpcctjvcly

.000]

1 o o1 replacing C2, C3 by C'2 - C1

0 0 0 Jand C3 - C 1 respectively
0 0 0]

0
[o 0.

p(C)=1 or p(BA)=1, from (ij)

From (i) and (iii), p (AB) * p (BA)

Ex. 13. If A = I I 11 and B =
123	 2
1.4 9

(AB) = B' A1
Sol. HereA= 1 1 1 = 1 0

123	 11
149	 13

Also for the matrix A. we have
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C 11 = 2 3 =6;C 12 - 1 3 =-6;C13	I 2 =2;

49	 19	 14

C21 - 1 1 =-5;C22	I I =8;C23 - 1 1 =-3;

	

49	 19	 14

C31 = 1 1 =1;C32 - 1 1 =-2;C33	 I I = I;

23	 13	 12

C = 6-6 2
-5	 8 -3

1 -2	 1

Adj. AC'	 6 -5	 1

-6	 8 -2
2 -3	 1

A_ Adj. A_. 6 -5	 1

IAI	 2 -6	 8 -2
2 -3	 1

Again I BI= 2 5 3 = 0	 1	 1 -	 1	 1 =4

312	 O_5_151

121	 1	 2	 1

Also for the matrix B, we have

C 11 = 1 2 =-3;C12 - 1321 =-1;C 3	 3 1 =5;

	21	 11	 12

C21 - 5 3 =1;C22	 2 3 =-1;C23 - 2 5=1,

21	 11	 12

C31 = 5 3 =7;C32 - 2 3 =5;C33 2 5 =-13.

	

12	 32	 31

C=-3 -1	 5

	1 	 -1	 1

	

7	 5 -13

Adj. BC' -3	 1	 7

-1 -1	 5

5	 I -13

• B-
	 1	 7

-1 -1	 5
5	 1 -13



..100	 •	 Matrices	 999
Again AB 	 1 1 x 2 5 3

1 23. 3	 12
I 4 9	 I	 2 1'

=[

2+3+1 	 5+1+2 3+2+1 = 6 8 6 =D(say)
2+6+3	 5+2+6 3+4+3	 11 13 10

	

2+12+9 5+4+18 3+8+9	 23 27 20
.NOWDJ	 6 8 6 = 6 8 6 = 0 8 6

II	 13	 10	 11	 13	 10	 1	 13	 10
23 27 20	 1	 1	 0	 I	 1	 0
0 8 6 = 8 6 =80-72=8^o.
0 12 10	 12 10

• 1	 10
For this matrix D, we have
C11 =— 13 10	 -10;C12=- 111 10	 10;C3= 111 13 =-2;

	

27	 23 20	 23 27
C21 =- 8 6 =2;C22 = 6 6 -18;C=- 6 8 22;

	.27 20	 123 20	 .	 123 27
C31 = 8 6 =2;C32 =- 6 6 =6;C33 = 6 8 =-10

• 113	 10	 11	 10	 111	 13
10 -2

12-18	 22

[ 2	 6 -10

Adj. D=C'=f'-io	 2	 2
I 10 -18	 6

-2	 22 -10

•	 (AB)' -	 1J.
-

D1	 D 
• 1-io	 2	 21	 ... (iii)- 

	 JD'j	 81 10 -18	 6
[-2

From (1) and (ii) we get	
22 -10

B'A'-! -3	 1	 7 6 -5	 1
4 -1-1	 5 2-6	 8-2

5	 1 -13	 2 -3	 1

	

i 7 18-6+14	 15+8-21 -3-2+7 _i -10	 2	 28 -6+6+10	 5-8-15 -1±2+5 8 10 -18	 6
• 30-6-26 -5+8+39 5-2-13	 -2	 22 -10]

= (AB)', from (iii).	 Hence proved.
*Ex. 14. Prove that (Adj. A) 1 (Adj. A 1), where A Is any n x n matrix.

(Agra 95; Avadh 99; Bundelkhand 92; Pun'ancha( %)
Sol. We know from Ex. 22 Page 74 Ch. V (To be proved in the examination)

that
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Adj.(Adj. A)=IA2sA
Also from Theorems I and II Pages 49-50, Ch. V we know that

I Adj. AI=IA 
In- '

and	
Al = Adj. A

Al

Now Adj. A'=Ad).	 from (iii){'l
I A I

11A1
1=Adj.—.Adj.(Adj.A)

J
	

... 
See Th. III Page iO Ch. V

1

' 
• l AI2.A, from (i) and (ii)

or

' 
= Adj. (Adj. fromAlso (Adj. A)  

I Adj. A

or	 (Adj. A1 IA	
A- —, from 0) and (ii)

A In 

or	 (Adj. A)-'=

Hence from (iv) and (v), we get (Ad). A) = (Ad). A).	 Hence proved.

Ex. 15. If A Is of order m x n, ' R is a non-singular matrix of order m,

show that	 Rank of RA = Rank of A.

Sot. Let A=EA r FandR=E j 	 See 5.12 Page 78

Then RA = E i (E A r F) = E l EArF

i.e. RA has been expressed as the result of elementary operations on A,.

Thus Rank of (RA) = Rank A,. = Rank A.
**Ex. 16. Prove that the rank of a matrix remains unaltered by the

application of elementary row and column operations.
or Prove that two equivalent matrices have the same rank. (Avadh 99)
Sot. Let an ni X n matrix A be given by

	

A= a 11	 0 12	 ...
	cj 21 	 a22

0m1 am2 ...

Let M be any minor of order r belonging in the first r rows of I A
Now firstly if we inerchange any two rows or columns of A, then the minor

M either remains unaltered or changes sign.
Secondly if we multiply one row or column of A by a number A, then either

the minor M remains unaltered or changes into AM.

,..(iv)

(Note)
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• Thirdly if we replace any row R, (for column C) by R + AR, (or C, + ),C),
then either the minor M remains unaltered or changes into a sum or difference of
two of the original minors.

Let B be the matrix obtained from A by the application of any one of the
above three elementary row or column operations.

Thus if all the minor of order r in I B  are zero, then all the minors of order
r in I H I are also zero.

rank of B 15 rank of A.
Similarly if all the minors of order r in B J are zero, then all the minors of

order r in I A I are also zero.
rank ofA:5 rank ofB	 ...(ii)

From (i) and (ii) we get
rank of A = rank of B.	 Hence proved.

Exercises on Chapter V
EL 1. Are the following pairs of matrices equivalent?

4 —1 2 and 2 1 4 7
3	 40	 3621
1	 0 0	 0 0 1 5	 Ans.No.

EL 2. Show that the rank of a matrix is not altered if a column of it is
multiplied by a non-zero scalar.

EL 3. Show that the inverse of
1 2 3 1 is	 1 —2	 1	 0
1 3 32	 1 —2	 2 —3
2 4 3 3	 0	 1 —1 —1
1 1 1 1	 —2	 3 —2	 3

EL 4. Compute the adjoint and inverse of

1--I	 0	
Ans.	 1	 1 1and	 !	 !j

	

—1	 I I	 _!0	 1' —1	
—1 -'	 1	 2	 2 2

1	 0	 1	 I	 II
2	 2

Ex. 5. Show that the adjoint and inverse of the matrix

1 2 3 are j	 3 —2 and—! 1	 3 —2
345 :	 3_9	 4	 3-9	 4
679	 —3	 5-2	 —3.5-2

EL 6. If A	 a l 	0	 0 ...	 0 where a * 0 for all 1 :5 i :5 n , then
Q a2	 0 ...	 0 show that A is invertible. Also
o o a3	

0 evaluate

::.
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0
0
0

I /a,

Exercises on Chapter V

	

Ans.A1	 1/a t 	0	 0

o	 1/a2 	0
o	 0	 /03

.'.	 ..	 ..

Ex. 7. Show that the reciprocal (or inverse) of

	

-2	 —

	

Fi	 i	 s	 3

2 3	 5—	 -

	

Ii	 4 9

	

L	 —2	 I	 0

Ex. 8. Show that the inverse of

	

2	 -1	 3	
1	 2is	 1

	

I	 1	 1	 0	 -

	

I	 —1	 I	 1	 —.!.	 _2

	

2	 2

Ex. 9. If A= a 1 h 1 Cl prove that AA' 13

'2 h2 c2

a3 h3 c3

Ex. 10. Prove that Adj. (A') = (At/i. A)'.
Ex. ii. Let A be a non-singular matrix. Will the adjoint of A also be

non-singular ?

	

Ex. 12. Show that A = 3	 7	 1 is non-singular.

	

5	 9 —1
7 13 —5

[J-flnt Prove that I A I 01.
Ex. 13. Show that if A is a square matrix of order n then

Adj. A (Adj. (Adj. A)) =(det. A)' 'I.

Ex. 14. What is the rank of a non-singular matrix of order n 7

Ex. 15 (a). Show that the inverse of

2 —1 31 is	 7	 —9	 10
—5	 3 1	 —12 —IS	 17
—3	 2 3	 1	 1

Ex. 15 (b). Find the inverse of the matrix

A=l	 00	 2	 Ans.	 24 10

	

0 —1 1 —1	 —5 —3
2	 1 2	 1	 —16 —6

	

3 — 2 1	 6 (Agra 95)	 11 —

—2 —6

2 4
1
	

3
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Ex. 16. Compute rank of the matrix 1 '2 3
456
789	 Ans. 2

Ex. 17. Prove that each non-singular matrix has a unique inverse matrix.
*Ex. 18. Define Rank of a matrix. Determine rank of the matrix

A= 1 a b 0
Ocdl
labO
Ocdl

[Hint: See § 5.02 Pages 1-2 Ex. 13. Page 10 Ch VI
Ex. 19. Find the rank of the matrix A, given by

A=3	 2	 71
4	 1	 32

	

1 -1 -4 1	
Ans.2

EL 20. Find an invertible matrix P such that PAP_ 1 is a diagonal matrix,
where A= 1 -3 3

3 -5 3
6 -6 4

Ex. 21. Prove that every matrix of rank r can be reduced by means of
elementary transformation to the form Ir 0

1o 0

Ex. 22. Show that for any matrix A. rank (AA) rank (A).
Hence or otherwise show.that if n be the rank of an m X  matrix A, then

A'A is a non-singular matrix.
Ex. 23. Find inverse of

	

(1)	 1	 - 1	 0	 (ii) 1	 0	 1
0	 11	 3	 44
1	 11	 0-4-7

EL 24. If adj. B=A and I P 1 =1 =IQI. then prove that adj. (Q- I BP_I

	

PAQ.	 (Kanpur 95, 93)
Ex.25. Prove that the inverse of a matrix is unique.
Ex. 26. Prove that for every matrix A there exist two non-singular matrices

	

P and Q such that PAQ is in normal form.	 (Rohilkhand 90)

EL 27. Show that every elementary matrix is non-singular i.e. it is
invertible and its inverse is also an elementary matrix of the same type.

•	 (Purva,ichal 93)
EL 28. Find the rank of the matrix A, where

A= 1 3 4 3
3 9 12 3
1 3	 4 1	

(Rohilkharzd 99) Ans. 1


