Chapter V

Rank and Adjoint of a Matrix

§ 5-01. Order of a minor.

Definition. If any r rows and any r columns from an m xn matrix A are
retained and remaining (m—r) rows and (n-r) columns removed, then the
determinant of the remaining rx r submatrix of A is called minor of A of
order r.

For example : In the matrix

ayg ap a3 au
az ap az;y axp
az| day dyz axp
ag) day 943 Gaa
as| a5z asy dsq
elements ay,, @2, a3}, elc. are minors of order unity |

azy 34| elc.

as3y dsq4

ay a3
ay axn

up 4z
ay axn|
are minors of order 2,
app dyy @3| (@ a3 4| etc.
ar) azy dif. (G4 A43 das

»

Ay d3p Hxny [O5) A5y W5
are minors of order 3 |
|r“11 djp 3y Qa| |Gy A2z 23 @24 | ere,
Gy Oy Gz Ggaf | G3i Ay A3 93
ag) 47 43 Qaq || da) Ga2 A43 44
as| dsy asy dsq||dsp ds2 As3 054
are minors of order 4.
Note. In the above example there cannot be any minor of order higher than 4.
**§ 5.02. Rank of a matrix. ’
Consider the matnx A = 2 3_1
34

5 7 ,
(Avadh 97;Garhwal 90; Gorakhpur 98; Lucknow 91)
This matrix A has only one three-rowed minor i.e. minor of order 3, viz.
[1 2 3| and its value con easily be calculated to be zero, by expanding with
234
3 5 7‘
respect 1o first row. 1821111
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2 Matrices

This matrix A has 9 minors of order 2 (or two-rowed minors) and one of
them is |3 4| which has the value g
15 7

(Bx7)-(5%x4)=21-20=1=0.

This fact that A is a matrix whose every minor of order 3 is zero and there
is at least one minor of order 2 which is not equal to zero is also expressed as
‘the rank of the matrix A is 2.

*$Definition of Rank of a Matrix ; .

(Avadh 92 ; Bundelkhand 96, 95, 94; Purvanchal 98, 96; Rohilkhand 92)

If in an m x n marrix A, at least one of its r X r minors is different from zero
while all the minors of order (r + 1) are zero, then r is defined as the rank of the
matrix A.

A number r is defined as the rank of an m x n matrix A provided

(i) A has at least one minor of order r which does not vanish and (ii) there
is no minor of order (r + 1) which is not equal to zero.

Note 1. The rank of a matrix A is also denoted by p (A).

*Note 2. The rank of a zero matrix by definition is 0 i.e. p(0) = 0.

Note 3. The rank of a matrix remains unaltered by the application of
elementary row or column operations i.e. all equivalent matrices have the same
rank.

**Note 4. From the definition of rank of a matrix we conclude that -—

(a) If a matrix A does not possess any minor of order (r+1) then p(A)<r.

(b) If at least one minor of order r of the matrix A is not equal to zero, then
P(A)2r.

Note 5. If every minor of order p of a matrix A is zero then every minor of
order higher than p is definitely zero.

Solved Examples on § 5-02. A ‘

*Ex. 1 (a). Find the rank of the matrix4 =1 2 3

2 5 8 ;
‘ 4 10 18| (Gorakhpur 92)
Sol. The determinant of order 3 formed by A

2.3 g1l af TP REMELs Ny

4 10 18 426 Cy-2C, C3-3C, respectively.

=’1 2’=6—4=2¢0

2 6
, p(A) 2 3. _ (1)
Also the matrix A does not possess any minor of order 4 je. 3+ 1, so
pP(A)<3 ' (1)

<. From (i) and (ii) we get p(A) = 3. Ans. -



ViZ.

Rank of Matrix 3

Ex. 1 (b). Find the rank of the matrix A =
2 3 4
l:d 10 18
Sol. Do as Ex. | (a) above. Ans. 3
Ex. 1 (¢). Find the rank of the matrix A=|1 3 2
22 3
154
Hint : Do as Ex. 1 (a) above. Ans. 3
Ex. 2 (a). Determine the rank of A={6 1
: 7 | 0 2
4 -1 -8 3

Sol. The given matrix A possesses a minor of order.3 viz.

6 1 8|=[10 0 o|,replacingR;, Ry by
2 1 0 6 0 -8 Rl +R3. R2+R3
4 -1 -8 4 -1 -8
=10 0 -8/=10(0-8)=-80=0
-1 -8
p(A)=3. i)
Also A does not possess any minor or order 4 i.e. 3 + 1, so
p(A) £3. (i)
.. From (i) and (ii), we get p (A) = 3. Ans.
Ex. 2 (b). Find the rank of the matrix
A=|1 3 5 1
2 4 8 0
3 1 7 5§
Hint : Do as Ex. 2 (a) above. Ans. 3.
*Ex. 3 (a). Find the rank of matrix A={1 -1 3 6
@ St -3 4 :
5§ 3 3 11| (Kanpur?95)

Sol. The given matrix A possesses a minor of order 3

1 3 6l=|2 o0 2|.replacingR;, R3by
1 -3 4 1 -3 4 R2+RI,R3+R2
5 3 U 6 0 7
=_3|2 2|=-3(14-12)=-6%0
6 7
P (A)23. i)
Also A does not possess any minor of order 4 i.e. 3 + 1, s0 '
p(A)<3 - 1))

.. From (i) and (ii) we get p (A) =3. : Ams.
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Ex. 3 (b). Find the rank of the matrix A =[1 6 8
|* 25 3

; 79 4

Sol. The determinant of order 3 f'_ormcd by A

1 6 8|=]1 6 8|. replacing R,, Ry by Ry - 2R,

2 53 0 -7 -13| Ry~ 7R, repectively

7 9 4 0 =33 =52

(Purvanchal 96)

It

= l -7 -13] J ~13 replacing R by R, — 4R,
-33 -52
=-6520
p(A)=3. e,
Also A does not possess any minor of order 4 i.e.3 + 1, so
pP(A)<3 ..(il)
<. From (i) and (ii), we get p (4) = 3 . Ans.
Ex. 3 (c). Find the rank of the matrix A=|2 3 8
50 6
8 9 10

(Purvanchal 94)
Sol. The determinant of crder 3 formed by the matrix A
=12 3 8|=(2 3 8|, replacing Ry by R3 - 3R,
50 6 50 6
8 9 10 2 0 -14

=-3 ,5 6|, expanding w.r. to G,
2 -14
==3(-70-12)=3x82=246%0
p(A)23 & = i
Also A does not possess any matrix of order 4 i.c. 3+1and
p(A)<3. (i)
Frorn (1) and (ii) we get p (A)=3 Ans,

Ex. 4 (a). KFind the rank of the matrix A =

W w N
[
TSR

1
2
2

3
=1}
Sol. The determinant of order 3 formed by this matrix A

= 1 2 =11 2 3| I'C'.Phl(.‘il]g R3 by R3 + Rz
2 3 | 2 3 1
-2 -3 -1 0 0 Q

Also there exists a minor of order 2 of A.
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VIZ. 1 2|=3-4=-120
0
Hence the rank of the given matrix A is 2. Ans.
Ex. 4 (b) Find the rank of matrix A = ['1 3 4} ‘
2 6 8

Sol. A minor of order 2 formed by this matrix,

1 3| =6-6=10. Similarly all minors of order 2 are zero.

2 6
Now we are le{t with minors of order | i.c. elements of A which are not

equal to zero.

Hence the rank of the given matrix A is 1. Ans.
**Ex. 5. Find the rank of the matrix.

1 2 3 1

2 46 2

1232 (Gorakhpur 96)

Sol. In this matrix, a minor of ordér 3
=|1 2 3| =0.R, and R; are identical
2 4 6 '
1 2 3

In a similar way we prove lh'ﬂ all the minors of order 3 are zero.

Now a minor of order 2 = 2] =0.
g ’.7. 4
But another minor of order 2 = |3 #0,
3 4
Hence rank of the given matrix is 2. Ans.
Ex. 6. Find the rank of the matrix A =[ 1 -3 2
3 -9 6
-2 6 -4

Sol. The dctermmant of order 3 formed by this matrix A.

=] L =3 =| 1 0 0| replacing Cy, Cy by
3 =0 6 [ 3 0 0f. C;+3C;and C3- 2G5
-2 6 -4 ! 20 0| respectively.

=),
Also there exists no minor of order 2 of A which is not equal to zero.
(Students can verify for themselves).

Finally all minors of order 1 of the matrix A are non-zero, as no element of
the matrnix A is 0.

Hence the rank of A is 1. Ans.
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‘

Ex. 7. Find the rank of the matrix
1 3 4 3
3 9 12 9
-1 -3 -4 -3
Sol. In this matrix, a minor of order 3
= 1 3 4(=3] 1 3 4
3 9 12 1 3 4
-1 -3 -4 -1 -3 -4

=0, as R, and R, are identical.
‘ In a similar way we can prove that all minors of order 3 are zero.

Now a minor of order 2
=l1 3"=3|| 3

{, taking 3 common from R,

, taking out 3 common from R;
309 1 3 :

= (0, as rows are identical.
Similarly all the minors of order 2 are zero.
Hence we are left with minors of order unity, viz. the elements of the given
inatrix, which are not equal to zero. .
Hence rank of the given matrix = 1. Ans.
Ex. 8 (a). Find the rank of the matrix
A= 6 1 3 8

16 4 12 15
53 3 4
4.2 & -1 (Kanpur 96)
Sol. The determinant of order 4 formed by A
=6 1 3 8= 0 1 o o0
116 4 12 15 -8 4 0 -17
5.3 3 4 -13 3 -6 -2/
4 2 6 -1 -8 2 0 -17

4 rcplacing Clv C3, C4 by C| = 6C2, C3 = 3C2
; and C4 - 8C; respectively
=-| -8 0 =-17|=0, as R}, R, are indentical.
=13 -6 -20 '
-8 0 -17

Also one minor of order 3 viz.

1 3 8|=p1 o o=’_6_20

0o -17

33 4| |3 -6 -20 *0.

2 6 -1 2 0 -17

Hence the rank of given matrix A is 3. Ans.
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Ex. 8 (b). Find the rank of the matrix
A=|1 2

=0 “N S N

1
2
3
4

b
~ 0w

(Garhwal 93)

Sol. The determinant of order 4 formed by A

I s

=i 2 1 2 1 2 1 2§, replacing R,, R3, R, by
1 3 2 2 0110 Ry =Ry Rav 2R
2 1» 43 1,
2 9 3 4 0 5 1 0 .
37 4 6 0 1 1 0| Ra—3R,respectively

=0, Ry, R, being identical
Also one minor of order 3 viz.
1 2 1|=|1 2 1{=0,as above.

1 3 2 01 1
37 4 0 1 1

But all minor of order 3 are not zero.

eg. (2 1 2|=| 2 1 2[{==[-1 -2
3 2 2 -1 0 =2 3 -2
9 3 4 30 2
=-[2+6]=-8#0
Hence the rank of the given matrix A is 3. ' Ans.

Ex. 9 (a). Find the rank of the matrix
A= 1 -2 0 1

2 -1 10
3 -3 11
-1 -1 -1 1
Sol. The determinant of order 4 formed by A
=| 1 -2 0 1|=] 0 0 0 1replacingCy,C;,byCy-Cq4
2 =1 1 0 2 -1 1 0] and C; + 2C,4 respectively
3 -3 1 1 2 =1 11
-1 -1 -1 1 -2 1 -1 1
== 2 -1 1|, expanding w.r. to R,
2 -1 1

-2 I -1
=0, Ry, R, being identical.
Also one minor of order 3 viz.
1 =2 1|=(1 0O 0]=0
2 -1 0 2 3 -2
3 -3 1 3 3 =2
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Similarly all minors of order 3 are zero
Now one minor of order 2 viz [0 1‘ =-120
1 0

Rank of given matrix A is 2. Ans,
**Ex. 9 (b). Find the rank of the matrix
A=|1 1 1 -1
1.2° 3 4
3 4 5 2

(Avadh 92; Bundelkhand 92;
Gorakhpur 93; Rohilkhand 98)
Hint : Do exactly as Ex. 9 (a) above. Ans. 2
Ex. 9 (c). Find the rank of the matrix

A= 1 -2 3 4

-2 4 -1 -3
_ -1 2 7 6
Hint : Do as Ex. 9 (a) above. Ans, 2

Ex. 10. Find the rank of the matrix
1 -1 -2 -4
3 1 3 -2
6 .3 0o -7
2 3 -1 -1

Sol. The determinant of order 4 formed by the given matrix

=1 -1 -2 -4
3.1 3 -2
6 3 0 -7
2 3 -1 -1
= ; 2 8 18 . replacing C,, C3, C4 by Cy + C
6 9 12 17| ©3+2C1 Ca+ 4C, respectively
2'5 3 7
=4 9 10{=14 9 10 , replacing R, by R, - R,
542 17 5 3 7
5 3 7 153 %

0, as its two rows are identical.

A minor of order 3
=|1 -1 -2|=|1 0 o0].replacing Cy, C3by
3 1 3 3 4 9] G+ C), C3+2C respectiviey
6 3.0 6 9 12 ;
=4 9/=48-81=-3320
9 12
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Hence the rank of the given matrix is 3. Ans.
**Ex. 11. Find the rank of the matrix
A= 6 1 3 8

4 2 6 -1
0w 3 9 7
16 4 12 15 (Avadh 90: Kumaun 90)
Sol. The determinant of order 4 formed by this matrix
=16 1 3 b
4 2 6 -1
10 3 9 7
16 4 12 15
= 2 é ; 8, replacing Ry and R4 by Ry - R;
6 1 3 8 and R4 — Ry respectively.
6 1 3 8

=0, as its three rows are identical
A minor of order 3

= 6 1 3I[=16 1 3, I'cplﬂciﬂg R] h) R‘; = R2
4 2 6 4 2 6
0 3 9 6 1 3

|
0, two rows being identical.
In a similar way we can prove that all the minors of order 3 are zero.

Now a minor of order 2 = |6 =12-4=8=0
4 2
Hence the rank of the given martix = 2. : Ans.
Ex. 12. Find the rank of the matrix
A=[1 3 4 5]
1 2 6 7
Ll 5 0 1 (Gorakhpur 94)
Sol. One minor of order three of A
replaunu 3, C1 by

1 6 7 1 2 y and C3 - 5C
L I 1 =4 rc:.qpunvcly.

2|, expending with respect to R

2
=d -

%

=2(-4)-2(-4=0.
In a similar way we can prove that all the minaors of order three are zero.
Now a minor of order 2is {2 6] =20 -6-5=-3020
_ {5 0l
Henee the rank of A is 2. Ans.

A
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Ex. 13. Find the rank of the matrix
={1 a b 0
0 ¢c d 1
1 a b 0
0 ¢ d 1
Sol. [A[=]1 a b 0|=0,"" Ry, Ryare identical
G ¢ d 1
I a b 0
0 ¢c d 1

A minor of order 3 of A
=ta b 0|=0,as Ry, Ry are identical
& @ |
a b 0

In a similar way we can show that all the minors of order 3 are zero in value.

A minor of order 2 of A= |a b| =ad - bc20
¢ d
Hence the rank of the matrix A is 2. Ans.
Ex. 14. Find the rank of the matrix
A= 3 4 5 6 7 '
4 5 6 7 8

s 6 7 8 9
10 11 12 13 14
15 16 17 18 19

Sol. One minor of order 3 of A
=15 i =15 7 &

6 8 9 1 1

16 18 19 11 11 11

(Kwmaun 91)

* replacing R,, Ry by
Ry — Ry and R; - R respectively.

, replacing Ry by Ry — 1R,

7 8

1 4

0 0

=0.

In a similar way we can prove that all the minors of order 3 of A are zero.

This shows that all minors of order 4 and | A |of A are automatically zero.
(See Note 5 Page 2 of this chapter)

Now one minor of order 2 of A

7 8| =(Tx9-(8xB8)=63-64=-1=20

g8 9

Hence the rank of A is 2. Ans.
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Ex. 15. Find therank of A =| ' 1 1 1
b+c c+a a+b

be ca ab (Kanpur 91)
Sol. |A]=] 1 1 ] -
b+c¢ c+a a+b
be ca ab
=~ (a - b) (b - c) (c- a), on evaluating. ()

Now following cases arise :—

Casel. a=b=c

Ifa=b=c thenpa=(1 1 1
2a 2a 2a

2 -2 .32
a a a

- Therefore all minors of order 2 and 3 of A vanish.
Also A has non-zero minor of order 1, since no element of A is zero.
Hence the rank of A in this case is 1. Ans.
Case II. Two of numbers a, b, ¢ are equal, but are different from the
third.

let a=b=#=c.

Then|A|=| 1 I 1]|=0,asC, C, are identical.
at+c c+a 2a
ac ca 0'2

1 1
a+c 2a

=2a-(a+c)=a-c#0, a#ec.

Hence the rank of A in this case is 2.

Similarly we can discuss the cases b=c#a,c=a#b. Ans.

Case IIl. a, b, c are all different.

In this case | A | # 0, as is evident from (i) above.
t.e. A has a non-zero minor of order 3 and there exists no minor of order greater
than 3.

Hence the rank of A in this case in 3. Ans.

**Ex. 16. Find the rank of the matrix

Also A has a minor of order 2 viz.

A=|1 1 1/ wherea,b,c are all real.
a b ¢ (Rohilkhand 97)
a3 I:'3 c3
Sol.
[ &=t 1 JX|=]l 0 0 |, replacing C,, C3 by
a b ¢ a b-a c-a | G-C,C-C
3,3 3 3 303 3
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=|b-a c¢-a | expanding with respect to R,
b3 3 .3 3
—-a ¢ -a
=(b-a)(c-a) 1 . 1 !
b +ab+a Arcard
taking (b - a). (¢ -- @) common from C; and C;
=(b-a)(c-a) 1 0 i
- b?' +ab+a2 & don ~ --n‘bi
replacing C; by C; - C;
=(b-a)(c-a) [(¢* + ca~b* - ab) - 0]
=(b-a)(c-a) [(c* - b*) +a(c—-b) (Note)
=(b-a)(c-a)[(c-b)(c+b+a))
or |A|l=(@-b)(b-C)(c—a)(u+b+c) (1)
Now following cases arise :
Casel. a=b=c,then A=|1 1 1
a a o
3 b O |
a a a
Therefore all minors of order 3 and 2 of A are zero.
Also as no element of A is zero, so A has non-zero minors of order 1.
Hence in this case the rank of A is I. 7 Anps.
Case II. Two of the numbers a, b, ¢ are equal but are different from the
third.

Let a=b#c.
Then |[A|=|1 - I I |=0,as C;and C, are identical.

[¢
3 3 3
a a a
Also A has a minor of order 2, viz. |1 1l=c-a+0 Ta#c
) a ¢
Hence in this case the rank of A is 2. Ans.

Similarly we can discuss the cases b=c#a,c=a # b.
Case I1l. a,b,c are all different but a + b + ¢ = 0.

In this case from (i), it is evident that | A | =0. (Note)
Also A has a minorof order 2, viz |1 1| =b-a#0," azb

) a b
Hence in this case the rank of A is 2. Ans.

Case IV. a, b, c are all different buta +b +¢ 2 0.
In this case from (i), it is evident that | A | = 0. (Note)
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i.e. A has a non-zero minor of order 3.
Also A has no minor of order greater than 3.
Hence in this case the rank of A is 3. Ans.
**Ex. 17. Prove that the points (xy, ¥1), (X2, ¥2); (X3, ¥3) are collinear if

the rank of the matrix is| *1 Y1 1|is less than 3.
X2 y2 1
X3 ¥3 l_ (Agra 91; Kanpur 95, 93)
Sol. I the rank of the given matrix is less than 3, then the minor of order 3
of this matrix must be zero. (See § 5-02 Page | of this chapter)
ie. SN =0 (1)
X ¥ 1
x3 y3 1
Now the arca of triangle whose vertices are (x|, y;), (x2. y2), and (x3, y3)
=1 1*1 vl (See Authors Co-ordinate Geometry)
x oy |l
X3 W 1 '

=0, from (i).
Since the arca of this triangle is zero, so its vertices (x;.y), (¥, y2) and
(x3, ya) are collinear, Hence proved.
Ex. 18. Under what conditions the rank of the following matrix A is 37

Is it possible for the rank to be 1 ? Why ?
A=

D e fa
I

2
3
1 (Kanpur 94)

. then the minor of order 3 of A should

(%]

Sol. 1 the rank of the matrix A is
bc non-zero.

i, |2 4 3] #0. which is the required condition.
|3 1 21
i I @ .r\

Also the rank of A can not be 1 as at least one minor of order 1 of A i.e., one
clement of A 1s zero.

{f we are to find the condition under which the rank of A is 2, then the same
is | A | =0 i.e. minor of order 3 of A must be zero.

ie. i‘.f 4 2{=0ic |2 4 2|=0,replacing Ryby Ry - Ry
3 1 2 I =3 0
' I 0 ”_l 0 x
ic. [0 10 2| =0, replacing R by R; — 2R,
i =3 4
|J 0 .x
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10 21 -0+x [0 10| =0, expanding with respect o R
-3 0 1 -3
6-10x=0 ie x=6/10=3/5. Ans.]
Ex. 19. Are the matrices
A=[1 2 3]andB=|! 0 -5 6 equivalent ?
3 =2 1 2
2 5 4
379 5§ -2 -9 14
4 -2 -4 8

Sol. Since A isa3x3 matrix and B is a 4 x 4 matrix i.e. their dimensions

are different, so these can not be equivalent.

Exercises on § 5-02
Find the rank of the following matrices :

Ex.1.(a) [1 2 3 ()0 1 2 ) |4 5 6
‘ 2. 5§ B 1 2 3 386 7
4 3 1 1 7 8 9

10 18
' Ans. (2) 3; (b) 3: (c) 2.

5 13 -1 11
-2 2 4 -8 Xiig. 3
‘Ex.3.[1 2 4 3
13 9 12 9
1 3 4 A2
Ex.4.[13 16 19
14 17 20
15 18 21 Ang 3
Ex. 5. ]'1 0 -5 6
3 -2 1 2
5 =2 g 14
j+. -2 =4 & (Lucknow 90) Ans. 2
Ex.&[1 1 1] where a, b, c are all real.
b ¢ _
2 bz 2
= < . (Kanpur 90)
[Hint : See Ex: 16 Page 11 of .his chapter]
Ex 7 ) ¢ —-b a|,wherea,b, c are, all positive
"Ul<ec .0 a B numbers and aa + 5B + ¢y = 0.
3 ;\k’. —-a 0 Y !
[ -8 - o .
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. 1 1 2 3
Ex. 8. I 3 0 3

1] -2 -3 -3

ol 2 3 Ans. 3
§ 5-03. Normal Form of a Matrix. (Agra 96)

Every non-zero matrix A of order m x n can be reduced by application of
elementary row and column operations into equivalent matrix of one of the
following forms :

(i)r(; 0} (i1) [g} (i1} [T O, (iv) L),

where I_is rx r identity matrix and O is null matrix of any order.
These four forms are called Normal or canonical form of A.
Important Theorem (without Proof). (Avadh 94)
Th. 1. If m x n matrix A is reduced to the canoncial form or normal form
I, O]by the application of elementary row or column operations, then r, the
o O
order of the identity sub-matrix I, is the rank of the matrix A
Th. IL If a non-singular matrix of order nx n is reduced to the identity
matrix I, (which is its canonical or normal form), then the rank of the matrix is n.

Solved Examples on § 5-03.

Ex. 1 (a). Find rank of the matrix A=|1 2 3
2 3 4
4 5 6 (Gorakhpur 95)
Sol. A~[1 2 1} replacing C3by C3—-C;
2 31
4 5 1
~[1 1 1) replacing C; by C; - C,
2 1 1
4 1 1
~[o 1 0} replacing C3 by C3—Cpand C; by C; -G
1 10
31 0
L =
~[o 1 0] replacing Ry by Ry — R,
1 1 0
200
~[0 1 0] replacing R, by R, — R,
1 00
h2 00
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~[0 1 0]} replacing Ry by Ry - 2R,
1 0 0 *
0 0 0
~[1 0 0] interchanging R, and R,
010
00 0
- -'2 o
0O O
Hence the rank of A is 2. Ans,
Ex. 1 (b). Find the rank of the matrix A {0 2 3
0 4 ¢
0 6 9
Sol. A ~ 1], replacing C3 by Cy -
0 4 2 k
0 6 3
~fo o 1. replacing C; by C; - 2C;
0 0 2
0 0 3
=
~[o o 1} replacing Ry, Ry by Ry~ 2R, Ry - 3R,
000 .
000
~ r| 0 0} inerchanging €, and C;
0O 0 0
0O 0 0
{5 ©
o O
Hence the rank of A is |, Ans,

*Ex. 1 (c). Find the rank of the matrix A =[]
2
3

L

i
|
Hint : Do as Ex. | (b) above. Replace C.C3 by G- 0. C3-C
respectively and then from the result so obtained replace Ry, Ry by K, - 2R,
R3 = 3R, respectively. o ANEG L
Ex. 1 (d). Find the rank of the matrix.

A=-1 -2 -1

6 12 6

S 10 5
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Hint : Do éx. I (b) above.
Ex. 2. Find the rank of tthe matrix
A=1 2 3
4 5 6
z X 2

Sol. A ~|1 0 0], replacing C,, C3 by C3 - 2C,
4 -3 -6| Cy—3C, respectively
2 -3 -4

"0 0] replacing Ry, Ry by Rz‘ - 4R,

1
0 -3 -6| Ry- 2R, respectively
0 -3 -4

~1 0 0 | replacing R; by Ry - Ry
o 0 -2 -
0 -3 -4

~[1 0 0} replacing C,, C3 by -—% Cy
0 0 1
o1 2|- % C respectively

~[t1 0 0} replacing Ry by Ry — 2R,
0 01
010
= - .

-1 0 o0} interchanging C; and C3
010
0 0 1

~ [I3).

Hence the rank of A is 3.
Ex. 3 (a) Find the rank of the matrix A =

1 2 3
1 4 2
2 6 5
Sol. A-[1 0 0] replacing Cy, C3 by C; - 2C)
I 2 -1|andCy-3C, respectively
2 2 =1 '
~[1 0 0} replacing Ry by R3 — R;
1 2 -1
Ll 0 0_
-1 0 0} replacing R, R3by R, - R}
0 2 -1/ and Ry - R, respectively
0 0 0

Ans.

(Bundelkhand 94)
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=N

0
0
0
0
0
0
0
1
0

-1, o
0 0O

Matrices

0}, replacing C, by C; +'2C3
=]
0

replacing C; by — C;

0
1
0
0 | interchanging C, and Cy
0
0

)

Hence the rank of A is 2. Ans.

*Ex. 3 (b). Find the rank of the matrix A=

to the normal form.

Sol. A ~[]
2

3
-

r

O

O = -

-
0
0

!

0O -

oo

1
1
2

—_— O

OO -

O—=0 OO0 -

120
0o O

1 2 3 |after reducing it
2 3 4
) 3 57
(Avadh 97; Garhwal 90; Meerut 92)
replacing C; and C3 by C; - C) and C; - G,

[ Q.

—

] replacing R, and Ryby Ry~ Rjand Ry - R,

h replacing Ry by R3 — R,

(==

]

replacing C5 by C3 - G,

(=Nl ]

replacing C, by C| - G,

interchanging C; and C,

SO0 coo

)

Hence the rank of A is 2. Ans.
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(Agra 93) .

Ex. 3 (¢). Reduce matrix A to its normal form and then find its rank,
where A=|1 1 1 -1 '
1 23 4
345 2
Sol. A~[1 0 0 0} replacing Gy, C3, Caby Gy = Cy,
1 1 2 5[C3-Cj, C4+C, respectively
31 25 ,
~[1 0 0 0] replacing Ry by Ry~ R,
11 2 5
2000
-1 0 0 0} replacing R3 by Ry —2R;
11 1. 2 & [
0000
-f1 0 0 o] replacing C;, C3 C4by C, - Cy,
0 1 0 0| C3-2Cy C4- 5C;respectively
0000
-[1, O} which is in the normal form.
o O

Hence the rank of A is 2. .
Ex. 4. (a). Reduce the matrix A to the normal form.

where A=|1
4

0

0

" Sol. A-[1
4

0

0

~1

4

0

0

~l0

4

0

0

~[0

1

0

\_0

—_—_W D =D — WO

—_— ) O

cCoOoO— 000 — OO0

OO -

~ 3| hence find the rank of A.

[ I O ]

o1 replacing Cy, C4 by
14| C; + C), C4 + 3C) respectively,
4

2

0 |, replacing Cs, C4 by
711 1 ;
2|3 C3. 2 C4 respecuvely
1

o replacing C,, C4 by

2| C) - G5, C4— Cy respectively

T

0

. I &
01 replacing Ci1 by 3 €1
gl

-1

Ans.

(Meerut 92 P)
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0], replacing C;, C4 by
0| C3-5Cy, C4 - 2C) respectively
0

] replacing C,, Cy4 by

C; +3C4, - C4 respectively.

!
co—o'co-o
—~—o000 —woo

coo -
L O=0o

1r

L rearranging columns

]

SO =0
OC=000 OO —

(=N =RaR
-0 00

L

-~ 4.
Rank of A is 4. Ans.
Ex. 4 (b). Express the matrix
A= 3 -1 -1 3

-1 -4 -2 -7
2 -1 3 0
-1 -2 3 0
in the normal form and find its rank. (Purvanchal 93)

SoL A~| 0 -1 0 3] replacing C), C3by C, - C,,
6 -4 2 -7 C;-C;respectively

2 1 2 0f
A=t =2, 5 0
~[ 0 -1 0 37 replacing C, by C; - C3
4 -4 2 -7
0 1 2 o0
-6 -2 5 0 _
~[ 0 -1 0 3 replacing Ry, Ry by R, - R,
4 -5 0 -7| Ry+ 2Ry respectively
0 1 2 0
-6. 0 9 o0
~[ 0. 0 2 3] replacing Ry, Ryby R, + Ry
4 =5 0 -7| R4+ R,respectively
0 1 2 0
-2 -5 9 —7J
~[ 0 0 o0 3] replacing C; by C3- 2,
4 -5 10 -7
0 L 010
-2 -5 19 -7




or

A

1

r

1

|
NO A~ O NO RO

—

IT 11" 1
O OO NOoO b O

-
NO OO

o oo NO OO

—ocoo
o—oco

LR e

co—~0o

'i
SO0 -

~ [I4]

(=T = - oS- 00

o -0 0 o -0 0

(=R = ]

oO=0Q0 O=0o0O0o

S —00 oSO —QO

Rank of Matrix 21

0 3] replacing Ry, Ry by Ry +5R,
10 -7| R4+ 5R;3repectively
0 0
19 -7
0 3] replacing R4 by Ry — R,
10 -7
0 o0
9 0
0 1} replacing Ry, R4 by % R, % R4 respectively
10 -7 ' _
0 0
3 0
0 1}, replacing Ry by Ry + 2Ry
6 -7
0 0
3 0
.
0 1} replacing R, by Ry +7R)
16 0
00
30
0 17 replacing R, by (1/16) R,
1 0
00
3 OJ
0 17 replacing Ry by R4 - 3R,
1 0
00
0 0
1] replacing R4 by — (1/2) Ry
0
0
0
0], interchanging R, and Ry
0| and interchanging R, and R,
0 e @
1 ’

~. The rank of A is 4. " Ans.



Matrices

Ex. 5. Find the rank of the matrix
A=|-2 -1 -3 -1
1 2 3 -1
1 0 1 1

0 1 1 -1 (Garhwal 94)

Sol. A~[0 -1 -1 17 replacing R}, R, by
0 2 2 -2(R+2R3,Ry-Ry respectively
1 0 < i 1
0 ] ||
= (0 0 0 1|, replacing C,, C5 by
0 0 0 -2 Cz + C4. C3 + C4 I’CSPCCliVCly
I 12 1
000 -1
& (0 0 0 |'+_neplacing Rs. Ry, Ry by Ry +2R|,
0 0 0 OfR3—Ry, R.+R, respectively
1. 1 2-0
0000 |
~[0 0 0 17} replacing Cy, C; by
0 0 0 0|G,-C,G5- 2C| respectively
1 0 0 0
0000
-1 00 0 interchanging R}, R4
0000
0 06 1
0 0 00
5= (1 0 0 0} interchanging Cy, Cy
0000
0100
0000
~[1 0 0 0} interchanging Ry, Ry
0100
0000
0000
~[I, o
|0 O
Hence the rank of A is 2. Ans.

Ex. 6 (4). Reduce A=[1 -1 2 -1 |to normal form.
4 2 -1 2

2 z2 -2 0 (Garhwal 9])
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Sol. A=[1 0 0 o0}replacing Cy, C3, C4by
4 6 -9 6|Cy+Cy,C3-2C,, Cy4+ C)respectively
2 4 -6 2
~[1 O O o rep[acfng Cy. Cy by
4 0 0 6|Cy-Cy Cy-(3/2) G, respectively
2 2 3 2
~[1 0 0 o} replacing C3, C4 by
4 0 0 6|Cy-(3/2) Cy, C4— C, respectively
|_2' 2 00
~[1 0 0 o] replacing R,, R3 by
20 0 3|1, 1 .
1 10 0l2 Ry, 5 Ry respectively
~[1 0o 0 ol replacing Ry, Ry by
0 0 0 3iRy-2R|, Ry- R respectively
L0 1 0 0
~[1 0 0 o0],replacing C3 by % &
0 0 0 1}~
01 00
~[1 0 0 0} interchanging C,, C4
010 0
00 01
= =
~[1 0 0 o0} interchaning C3, Cy4
01900
00 10
~[I3 O] which is the required normal form Ans.

Ex. 6 (b). Reduce the matrix A to the normal form and hence find the
rank of the matrix A, where
A=|1 -1 1 -1
4 2 -1 2 5
2 2 -2 2.

Hint : Do as Ex. 6 (a) above. Ans.
Ex. 6 (¢). Find the rank of the matrix '
A=[1 3 4 7
2 4 5 8
312 4

Hint : Do as Ex. 6 (a) above. Ans. 3
**Ex. 7. By elementary operations, find the rank of the matrix.

LY
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or-

Sol.

Lo W VN

W r

' " - L
CO=0 CO—0O

"'coo -

1
COO0O= OO0 O —

t
r — 1T
COO =—

COoOO~

r

O W=

CO—0 OA~0 OE—~O OB—O OLVO OKOW

Matrices

(Avadh 95, 93, 91; Garhwal 95,
Gorakhpur 90; Kanpur 97; Meerur 98)

0 -7} replacing Ry by R| + Ry + R,
-2 -4

3 =2

0o -7 _

0 =7 replacing Ry by R, - R,
-2 -4

3 -2

0 0

12 ]77. replacing R, and R,

=2 -4 |by R| — 6R,, Ry - 3R, respectively.
9 10
0 o0

12 17 réplacing Cy, Cyand Cy by Gy + C).

>0 0|C3+3C, and C, +4C, respectively
9 10
0 0
0 0}, interchanging R; and R,
120 13
9 10
0 0
0 0], replacing R, by R, — 2R,
=6 =3

10
0

9
0
0 0], replacing C3 and C4 by C; + 6C;
0 0| and C4 + 3C; respectively.

3 22

0 0

o} replacing C; and C, by ;'; Cyand
0}5'5 C; respectively.

and Cy — C4 respectively.

S=00 O—0O0
cCooco o —

} replacing C; and Cy4 by C; - 4G5



~| 13
0

5
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Hence the rank of the given matrix = 3. Ans.
Ex. 8. Find the rank of the matrix
1 0o 21
o 1 -2 1
A=l1 -1 4 0
2 2 80
Hint : Do as Ex. 7. on Pages 23-24 Ans. 3

**Ex. 9 (a). Find the rank of A={0 1

-3 -1
10 1 1
3 1 0o 2
11 -2 0

(Agra 91; Bundelkliand 91; Garhwal 92; Kumaun 96; Lucknow 92;

Sol. A~[0 1 -3 -1
1 0 0
3 § ~8 =1
1 1 -3 -1
~fo0 1 -3 -1
] 0= 0 -0
30 0 O
LIOOO
~fo 1 0
| @ D
3000
1000
~'0-|00}
1 0 00
0000
0 000
~[1 0o 0 0]
0100
0000
0000

!

r
o<
o)e

—

Meerut 90: Purvanchal 98; Rohilkhand 91)
7. replacing C3, C4 by
0| C;— C) and C4 — C, respectively

| replacing R3, R4 by
R3—R;and R4 - R, respectively

ol r;.placing Cy, Cy4 by

0| C3-3C; C4q+ Cy respectively

replacing R3, R4 by
R3— 3R, and Ry — R, respectively

X imerchangi‘ng Cp, Gy

Hence the rank of A is 2.

Ex. 9 (b). Find the rank of the matrix
16—

Ans.
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A% &« Matrices
A=|1 2 3 4
2 3 4 5
3 4 5 6/ : .
4 5 6 7 (Purvanchal 95)
Sol. A-~[1 2 3 47 replacing Ry, R, R, by
|11 1 1[Ry-Ry|, Ry~ Ry, Ry— R, respectively
2 2.2 2
3 3 3 3
= =1 1 2 3,= . replacing C,, Cy, C4 by
1 0 0.0 = C, C3-C), C4 - C, respectively
2'0 0 0 ,
30 00
~[o 1 2 37.replacing R, R3, Ry by
1 0 00 =Ry, Ry = 2R;, Ry — 3R, respectively
0 0 0 0
0 00O
~[0 1 0 o0} replacing C3, C4 by
11 0 0 0|Cy3-2C,, Cq-3C, respectively
0 0 00O
0 00O
~[1 0 o o], interchanging C, and C,
170 1°0 0
0 0 0O
HO 0 0 OJ
~[T 0 :
0o O
Hence the rank of A is 2. Ans.
*Ex. 10. Find therank of matrix A={2 -1 3 4
0 3 41
23 T &8I
2 511 6

by reducing to canonical form. Also show that it is not equivalent to the
matrix B=(1 . 0 -5 6

-2 1 0

& thh W
|
(]
|
-]
Dk
£ =S

Sol. A~f2 -

3. 4|, replacing Ry and Ry by

%4 1 Ry — R, and R4 — Ry respectively
4 1 .

4 1
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-[2 -1 3 4].replacing R and Ryby
0 1 0 0| R,-Rsand Ry - R, respectively
0 2 00
0 2 41
f1 -4 3 41 , replacing C; and R by
0 108 1eaniln respectively
g I 6 0lF=TTae
10 2 4 1] |
~[1 =1 3 4] replacing R3by R3 =Ry
0 41 0 O
0 000
0 2 4 1
-[1 -1 3 47 interchang R; and R,
0 1 0.0
0 2 4 1
0 000
=11 G b (ﬂ.rcplacing C,, C3 and C,4 by C,+Cy
0 1 0 0| C3-3C;and Cy~4C, respectively.
0 2 41
\_0 0 00
N (I) (l) g gw. rcblacing C, and C5 by
00 0 1 C2—2C4 and C3—4C4
00 0 O respectively.
L J
~[1 oo 0} interchaining C3 and Cy
0100
0010
LO 0 00
-[1; o
o O

The required rank of the matrix A= 3.
Also we can prove as in Ex. 5 Page 5 Chapter V that the rank of the matrix
Bie |1 0 -5 6]|is2
3 ~2 1 0
5 -3 =9 H
4 -2 -4 8

Since the ranks of the lwb matrices A aﬁd B are different so these are not
equivalent. (See Note 3 of § 5-02 Page 2 Chapter V)
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Ex. 11 (a). Find the rank of matrix A=[3 -2 0 -1
0 2 2 1
1 -2 -3 74
0 1 2 1

(Gorakhpur 97; Lucknow 92)

Sol. A~[0 4 9 -7]replacing R, R, by

0 1 0  O|R -3R3, Ry~ R, respectively
1 -2 -3 2
0 1 2 1

S [ (A 35 9 interchanging Ry, }53
0 1 0 0 ]and replacing R4 by Ry - R,
0 4 9 -7
0 0o 2 1 |

-~ [_j 0 0 0’ v replacing Cz, C3. Cs by C2 + 2C|.
0 1 o 0 C3+3C,and C, - 2, respectively
0 4 9 -7 ~
0 0 2 J 7

-1 0 0 O"’. replacing Ry by R; - 4R,
0 1 0 0
0 0 9 -7
0 0 2 1

~{1 0 "0 0] replacing Ry by Ry + 7R,
0 1 0 0
0 0 23 0
0 o 2 l_]

~[1 0 o0 o] a i
o 1 o ol replacing R; by T R3
0O a 1 o
0 0 2 1

~[1 0 0 o0 :
0 1 0o of replacing C3 by Cy - 2C,
0 0 1 o
0 0 0 1
L o

| ~ (1]
Hence the rank of A is 4 Ans.

Ex. 11 (b). Reduce the following matrix A to the form

15 9]

and henco_: determine its rank.



Sol.

>
1

oh— OO &~

1
o

coo— oco—0 OO =0

L1 T == 1
co——00h— OOh— OO&~—

—_— ) L O

—_—_0 00 = WO

-0 00

=N Y.

oO—~00 —0O00 —O000 =000 -0 00

Rank of Matrix 29

2
0
1

0
2
0
0
2
0

1
0
0

1
2
1
0
2
0
1
0
2
0
1
0
2
0
1
0
0
0
1
0
0
0
0
1

-1 2 -3
1 0 2
3 1 4

0

1 2 (Kumaun 92)

— 171 replacing C;, C4 by C2 + Cy,
2 | C4 + Cyrespectively
5
2

01 replacing C4 by Cy + C

6
5
2

0 replacing Ry, R3 by Ry = SRy
-4 |Ry - 3R, respectively
|

.

01 replacing C4 by C4 - 2C>

37 replacing C4 by C4 + C) + C2 + C3
| replacing R, by (1/4) Ry

| replacing R, C4 by Rj — Ry
and C4 — C; respectively

7, replacing Ry, C4 by R, — 2R3
(1/3) C,4 respectively

| interchanging R; and R, Ry and R4
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- ( 1 0-0 0-[, interchanging R, and Ry
0O 1 0 ©
00 0 0 1
0o 0 1.0

~[1 0 0 0} interchanging R; and R,
g1 0 0
0 01 O
o 0 0 1

~[14]

Hence the rank of A is 4.

: Ans.
*Ex. 12. Isthematrix A=| 1 1 2|equivalenttoIy?

-1 2 0
: 2 -3 1
Sol. Here we find that the minor of order 3 of A
= 1 I 2=1] 1 0 0| » replacing C,, C3 by C; - C),
=il 2 0 =4 3 2| C3-2Crespectively
2 -3+ 2 -5 -3
= [ 3 | 2|, expanding with respect to R;
=5 ~3

=3(-3)-2(-5=-9+10=1=0.
Also from € 5-03 Th. II Paper 15 Chapter V we know that this matrix A can
be recduced to I3 by elementary row or column operations.

Hence A is equivalent to I3.

Ex. 13. Determine by reducing to normal form the rank of the matrix
A= 8 1 '3 6 :
0 3 2 2
-8 -1 -3 4

Sol. A~| -1 1 3 3 replacing C, by ; C,

1 0 0 0] replacing G, C3and
03 2 1| CbyCy—-Cy,Cy-3C,
1 0 0 5| C4-3C, respectively
|, replacing Ry by Ry + R,

 replaing C; by  C;and C3 by 1 C3
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=1 00 g . replacing Cy and C, by
g :) g 5 Cy - Cyand Cy — C; respectively
-1 0 0 0} interchanging C3and C4
o1 00
LO 0 50
-f1 o 0 0} replacing C3by;Cs
0100
0 0 1L 0O
~[I3 O], (Note)
Hence the rank of A is 3. " " Ans.
Ex. 14. Find the rank of the matrix A=| 1 2 -1 3
; 2 4 -4 7
-1 -2 -11

“Sol.

(Bm:de!lkhand 95, Garhwal 96; Purvanchal 97; Rohilkhand 95

A-[ 1 0o o o}replacing Cy, G, C,4 by
0 -2 1 C 2C|.C3+Cl and

-1 0 -2 4]C4-3C respectively

[ 1 0- 0 0} replacing R3by R3—R;

2 0 -2 1

-3 0 03

-1 o 0 0].replacing Ry, R3 by
0 0 -2 1 Rz = 2R] and R3 + BRt l’eSpeCliVC]y
00 03

~[1 0 0 0} replacing C3by—*CyandR3by Ry
0 0 1 ’ y
0 00

-[1 0 0 0} replacing C4by C4—C3
0010
0 0 01

~[1 0 0 0]} interchanging C; and C3
0100
0 0 0 1

-1 o 0 0 interchanging C;and Cy4
0100
0 010

~[1; O} (Note)
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Hence the rank of A is 3. 0 Ans.
Ex. 15. Use elementary transformations to reduce the following matrix
to triangular form and hence find the rank of A.
A=|5 3 14 4

0 I 2 .1
1 -1 2 o0
Sol. A-[5 3 8 |} replacingCy, C;by
0 1 0 0/C;-265,6-C;
I -1 4 1
~[5 8 -12 -4 replacing Cy, C3, C; by
0 1 0 o C+C,C3-4C, G4~ C, respectively.
1 @ 0 o
~[5 0 o -4 replacing C,, Cy by
0 1 0 0[|C+2C,C3-3C, respectively.
L' 0. '9 g, ' ‘
~% .0 0 1 replacing ¢ by -1
01 00
I 0 0 0
0 0 0 I replacing C; by C; - 5C,4
101 0 0
1000
~-f0o 1. 0 07, mlerchangmg R Ry
0 0 01
I 0 00
~10 1 0 0} interchanging Rz. Ry
1 0 00
0 0 0 1
~[1. 0 0 0} interchanging R|, R,
0..71 20 'O
00 0 1
~/1 0 0 0} interchanging C3, C,
01 0 of i
0010
~[I3 O]
Hence the rank A is 3. g Ans.

**Ex. 16. Reduce the matrix A to the normal (or canonical) form and
hence obtain its rank,
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1 2 0-

3 41 2
2 3 2 5§

5| and C4 + C, respectively.

Sol. A~ 1 0 0 0], replacing C;and C,by C; -2C)
3 -2 1
=2 72 3

0’} replacing C, and C,4 by

-1 0 0
3 01 0 |C, + 2Cy and C4 — 5C5 respectively.
= 2 11 2 =7
-[1 0 o 0}replacing C;byC|+C;
4 010 andC4byC4+%C2
0 11 20
~[1 "0 0 0} replacing R, by R, - 4R,
0 010
0 11 20
~[1 0 0 0} replacing Ry by R3— 2R,
0O 010
0 11 00
~[1 0 0 0} interchanging C; and Cq
o1 30
0 0 11 Of _
" ~[1 0 0 0] replacing C3by - C3
01 00
LO 010
~[I3 O] (Note)
Hence the rank of A is 3. Ans.
*Ex. 17. Isrank of A = 0 Olequalto2?
010
o  (Agra%0)
Sol. Here A =15, so rank of A is 3 and not 2. Ans.
Ex.18. IfA=(-1 2 -1 4| find its rank.
2 4 3 4 ’
1 2 3 4 ‘
1 -2 6 -7 (Rohilkhand 92)

1 2 ‘=1 4} replacing Ry, R3, Rq by

0 8 1 12 |Ry+2R|,R3+ R\, R4y + R respectively.
0 4 2 8

00 5 -3
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0} replacing C;, C3, C4 by

~[-1 00 _
‘0 8 | 12[Cy+2C,, Cy~C), C4 +4C, respectively.
0 4 2 8 ; '
0.0 5 =3
£ h 0 0 0} replacing C, C, by - C, and
0 2 1 12]|(1/4) C;respectively.
01 2.8
..0 05 -3
~[1 0o o0 0} replacing C3, C4by C3 - 2C,,
0 2 -3 -4|C4-8C;respectively.
o1 o o
LO 0 5 -3
1. 0 0 0} replacing R,, R4 by
00 -3 —4/|Ry—2R;, (- 1/3) Ry respectively
0 1 0 0 ;
0 0 -5/3 1
~f1 0 0 0} replacing Ry by Ry + 4Ry
00 -29/3 0
01 00
0 0 -5/31
-[1 0 00 rcplacmg Ry by - (3/29) Ry
00 10
0 1 00
0 0 -5/3 1
~[1 o 0. 0} interchanging R; and R3 and replacing .
0 1 0 O|RybyR4+(5/3)R;y
0010
0 0 01
~ 14

Hence the rank of A is 4. Ans,
' Exercises on § 503

Find the rank of the followmg matrices by reducing these to the normal (or
canonical) form :(—

Ex.L. [0 o}:[t of[t 17:[1 1 _

0 0110 Of1 Li |1 =2 Ak 0 111
Ex.2. |2 1 3

4 w38

A =3 -1 Ang, 3
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Rank of Matrix

Ans. 3
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Bt [ 3 & -8 8 7]
4 -5 6 7 8
S &6 T .8 .9
10 11 12 13 14
:1.5 16 17 18 19__ (Agra 92) Ans.2
Ex.15. [1 3 2 0 1
9. 2 -1 6 4
4 7 =4 =% 6-35
17 1 =4 12 7 S
Ex.16. [9 7 3 6]
' 5 -1 4 1
2 . 8 &8 (Rohilkhand 96) Ans. 3
Ex.17. [1 2 -1 4 :
32 0 2
16 & 3 3
LR 4 (Lucknow 90) Ans. 4

§ 5-04. Echelon Eorm of a Matrix.
Definition. If in a matrix.
(i) all the non-zero rows, if any, precede the zero rows,

(ii) the number of zero preceeding the first non-zero element in a row is less
than the number of such zero in the succeeding row.

(iii) the first non-zero element in a row is unity, then it is in the Echelon
form.

Note. The number of non-zero rows of a matrix given in the Echelon form

is its rank. (Remember)
Example of a matrix in the Echelon Form :—
1 3 45 6] '
0 1 2 3 4
00 1 23
0 0 0O OJ

In this matrix we observe that

(i) the first three non-zero rows precede the fourth row which is a zero row.

(ii) the number of zerg in Ry, R3 and R, are 5, 2 and 1 respectively whlch are
in descending order.

(iii) the first non-zero term in each row is unity.

- Hence all the three conditions of the Echelon form are satisfied.

Also there being three non-zero rows'in this matrix, its rank is 3. This fact
can be proved by actually finding the rank of this matrix.

In this matrix, a minor of order 4
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={1 3 4 5;=0,onerow heing of zero.
012 3
0 01 2
0000

In a similar way we can show that ali minors of order 4 are zero.

Now a minorof order 3=|1 3 4
o1 2
0 0 1
=(l 2 ‘ expanding w.r. to C;
0 1 |
=120,

Hence the rank of this matrix = 3.
Ex. 1. Find the rank of the matrix.

A =[0 12 3

001 -1

[(} 0 0 0

Sol. In the given matrix we observe that
(i) the first two non-zero rows precede the third row which is a zero row,
(ii) the number of zero in R3, R, and R are 4, 2 and | respectively which are
in descending order, and
(iii) the first non-zero term in each row is unity.
Hence all the three conditions of the Echelon form are satisfied.
Also there being two non-zero rows in this matrix, its rank is 2. Ans.
Ex. 2. Reduce the following matrix to its Echelon form and find its
rank :
A= 1 3 4 5
3 9 12 9

-1 -3 -4 -3 ) (Meerut 93)

Sol. A~[1 3 4 5], replacing Ry, Ry by

0 0 0 -6| Ry-3R|,R;+ R, respectively
000 2§/

~[1 3 4 5} replacing Ry, R; by
0 0 0 O0[R;+3R;y,(1/2) Ry respectively.
0@ G i

~[1 3 4 5] interchanging Ryand Ry
0 0 0 1
0 00O

In the above matrix we observe that.
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(i) the first two non-zero rows precede the third row which is a zero row,

(ii) the number of zero in Ry and R; are 4 and 3 respectively which are in
descending order, and

(iiii) the first non-zero term in each row is unity. :

Hence all the three conditions of the Echelon form are satisfied and then the
given matrix is reduced to its Echelon forni.

‘Also there being two non-zero rows in this matrix, its rank is 2. Ans.

~##§ 5.05. Invariante of rank under elementary operations.

Theorem. All equivalent matrices have the same ranks i.e. the rank of a
matrix remains unaltered by the application of elementary row and column
operations. (Avadh 99; Bundelkhamd 93)

Proof. Let r be the rank of m x n matrix A = [a]

- Case L If ith and jth rows are interchanged ( which may be wrilte
symbolically as R;j or (R; «—R)) then it does not effect the rank.
~ Let B denote the matrix obtained from the matrix A by the elementary
operation R; «— R; and let p be the rank of B. '

~ Also if D be any (r + 1) rowed square sub-matrix of B, then |D|=%|C],
where C is a particular (r + 1) rowed sub matrix of A.

As r is the rank of the matrix A so every (r + 1) rowed minor of A vanishes
and therefore p, the rank of B, cannot exceed r, therank of Aie.p<r.

Also we can obtain A from B by the elementary operation R; < R;,
therefore in that case interchanging the roles of A and B we shall getr<sp. -

-Hence r=p. : :

Case I1. If the eléments of a row are multiplied by a non-zero number A
(which may be written symbolically, as R;— A R, A # 0) then it does not effect
the rank. :

; Let B denote the matrix obtained from the matrix A by the elementary
operation R; — A R; and let p be the rank of B.

iet D bé any (r+ 1) rowed square sub-matrix of B and let C be the
sub-matrix of A having the same position as D. Then either | D|=|C]| or | D|
=A|C|. _ ,

[Here | D | =| C | happens if the ith row of A is one of those rows which are
removed to obtain D from B and | D | =A |'C | happens when the ith row is not
remowved while obtaining C from A]. _

Also as r is the rank’of the matrix A s6 every (r+ 1)-rowed minor of A
vanishes and therefore in particular | C | = 0 and consequently in both the above
cases |D|=0. .

. p, the rank of B, cannot exceed r, the rank of A.

ie. psr.

Also we can obtain A from B by the elementary operation R; — R
therefore ir  at case interchans ; the roles of A and F shall get r<p:
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Hence r=p.

Case I If 10 the elemenis of the ith row are added the products by any
non-zero number A of the corresponding elements of jth row (which may be
written symbolically as R; = R; + A R;; A # 0) then it does not effect the rank.

Let B denote the matrix obtained from the matrix A by the elementary
operation R; — R; + AR; and let p be the rank of B.

Let D be any (r + I) rowed square submatrix of B and let C be the submatrix
of A having the same position as D.

Now three sub-cases*arise :—

(i) If A and B differ only in ' the ith row i.e. if ith row of B is one ofﬂlose
rows which have been removed while obtaining C.

In this case D = C and therefore |D|=|C|.

* The rank of A is r, so | C | = 0 and consequently |D =0

(ii) If ith row of B has not been removed but jth row has been removed
while obtaining D. -

Inthiscase | D [=|C|+4|Cy], whereColsan(r+l)rowcdmamx which
is obtained from C by replacing a; by - 1y iLe. Cp is obtained from C by
performing the elementary operation R,-j or R; —> R; and then removing those
rows and columns of the new matrix which are removed to obtain D from B.

| Colis negative of some (r +1)-rowed minor of A and as the rank of A
is r so every (r+ 1)-rowed minor of A is zero ie. |C|=0,]Cy|=0 and
consequently | D | =0, '

(iii) If neither the ith row not the jth row of B has been removed while
obtaining D.

Here | D |=| C| and so as before | D |=0.

~ Every (r+ 1)-rowed minor of B vanishes so p, the rank of B, cannot
exceed r, the rank of A i.e.p<r.

Also we can obtain A from B by the elementary operation R; — R; - ARy
therefore in that case interchanging the roles of A and B we shall get rSp

Hence r=p,

Thus we have observed that the rank of a matrix remains invariant under
elementary row operations. Similarly it can be shown that the rank of a matrix
remains invariant under elementary column operations too.

Note. By the applications of the above theorem we can easily obtain the
rank of a matrix for if we can obtain a matrix'B by elementary operations on a
matrix A and of the rank of B can be easily determined by inspection or simple
calculations as given in previous articles in this chapter, then we can determine
the rank of A.-

§ 5-06. Some Important Theorems.

- Theorem 1. The rank of a matrix is equal to the rank of the transposed
matrix.
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or p(A)=p (A"), where p (A) denotes rank of A. (Kanpur 94; Rohilkhand 92)
Proof. Let A =[a;] be any mxn matrix.
Then the transposed matrix A’ = [a;;] is an n X m matrix.

Let the rank of A be r and let B be the rx r sub-matrix of A such that
|B|#0..
Also we know that the va}uc of a determinant remains unaltered if its rows

and columns are interchanged. (See Prop. I1 of Determinants)
ie. |B’|=|B|#0, where B is evidently a r X r sub-matrix of A".
. Therank of A" 2 r, ~ (See Note 4 (b) Page 2 Ch. V)

Aglin if C be a (r+ 1) x (r+ 1) sub-matrix of A, then by definition of rank
(See § 502 Page 1 Ch. V) we must have all | C|=0.

Also C’is a (r + 1) x (r + 1) submatrix of A’ so we have

| C’|=]|C|=0, as explained above.

. We conclude that there cannot be any (r+ 1) X (r + 1) sub-matrix of A’
with non-zero determinant.

-, ‘The rank of A’ > r and it cannot be greater then r as above. .

~. The rank of A’ is r which is also the rank of A. Hence proved.

" Tweorem II. The rank of the product matrix AB of two matrices A and B is

less than the rank of either of the matrices A and B.

Proof. Let r; and r, be the ranks of the matrices A and B.

** ry is the rank of A therefore A -—[M:l , where M is a submatrix of rank
. )

r; and contains ry rows.
Post multiplying it by B, we get
AB~|M |B.
0]

But [M B can have r; non-zero rows at the most which are obtained on
L)

multiplying r; non-zero rows of M with columns of B.

». Rank of AB = Rank of[M]B <r

0

ie. ¢ Rank of AB <Rank of A 1)

In a similar way we get B~ [N O], where N is a submatrix of rank r, and
contains rp columns. '

Pre-muluplymg it by A, we get

: AB~A|[N O]

~ But [N 0] can have r; non-zero columns at the most which are obtained on
multiplying the rows™of A with r; non-zero columns of [N O]
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Rank of AB= Rank of A[N O]<nr,

ie. Rank of AB < Rank of B. ’ < (it)

Hence the theorem from (i) and (ii).

Solved Examples on § 5-05 and § 5-06.

Ex. 1. Show that the rank of a matrix A does not alter by pre or post

multiplying it with any non-singular matrix R.

Sol. Let B =RA. .

Then rank of B =rank of RA <rank A. wwel 1)
...See § 5.06 Th II above

Also A =R! B, where R is the inverse matrix of R.

’

. rank of A = rank of (R™'B) < rank of B. ..(ii)
*. From (i) .jlnd (i1) we conclude that
rank of A =rank of B. . | Hence proved.

Ex. 2. Show that AA” has the same rank as A, where A’ is the transpose
of A.

Sol. Let B = AA’, then the rank of B < rank of A. (i)
Also A™' = A", and so we have

. rank of A = rank of A" <rank of B. x wdlIE)
. From (i) and (ii), rank of A = rank of B. ]

Ex. 3. Show that AA® has the same rank as A, where A is the
_ transpose conjugate of A.

[Hint : Do as Ex. 2 above]

Ex.4. Prove that if A is a matrix of order n xnand if B°  non-singular

matrix of order n, then the product P = AB has the same rank as A.
Sel. Here A ~(mxn), B ~ (nxn)
P=AB ~(mxn)
If m<n, rank of A<mbutrank of B=n
. rank of A <rank of B,

Now rank (P) = rank (AB) <rank A , sl Z)
But we can write A = PB”! _
rank of A = rank of (PB_I) <rank of P. , .(if)

. From (i) and (ii) we get rank of P = rank of A.

§ 5:07. Sweep out method of finding the rank of a matrix.

In the process of evaluation of the rank of a matrix by means of elementary
row and column transformations, if certain rows or columns are zero-rows or
zero-columns i.e. each-element of these rows or columns are zero, then we can
remove these rows or columns without any effect on the rank of the matrix. (See
§ 5-05 Page 38 Ch. V). This method is generally called the Sweep out method.

=17
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Solved Examples on § 5-07.
Ex. 1. Find the rank of the matrix

_ aA=[6 1 3 8]
- 4 2 6 ~1
10 3 9 7 v
16 4 12 15
Sol. A~[6 1 3 g} replacing R; and R4 by
4 2 6 -1|R3—R;andR,- 2R, respectively.
4 2 6 -1 : g
4 2 6 -1
A~ [6 1 3 8]
4 26 -1] _ ..See § 507 abové
Now a minor of order 2 is |1 8l=-1-16=-17=20.
; . s =y
Hence its rank is 2. _ Ans.
Ex. 2. Find the rank of the matrix -
0.1 -3 -1
1 0 1 1
3 1 0 2
11 -2, 0
Sol. IletA=10 1 -3 -1
1 0 1 1
3 1 0 2
11 =2 .0
Now A-~[0 1 -3 -1) replacing R, and Ry by
’ 1 1 -2 O|Ry+Rand Ry + 2R, respectively.
33 -6 0
1 1 -2 0
~fo 1 -3 -1} replacing Ryand Ryby .
1 1 -2 0|;Ryand Ry - Ry respectively.
1 1 -2 0
|_O 0o 0 0
~[o 1 =3 =17 replacing R; by Ry — Ry and then
1 0 0 0[CandC3byCy-CjandCy+2C .
¥ 0 0 0  Ofrespectively.
00 0 O s
~fo:1 -3 ~1]
1 0 0 0_ 5 ... See § 5-07 Pagc 41 Ch. V.

Now a minor of order 2 is
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—-l:O l:l= — 1 #0. Hence its rank is 2.
1 0 ‘ .

Ex. 3. Find the rank of the matrix A =[1 -3 4 7}
9 1 2 0] reerur 95, 94)

Sol. Here A ~[28 -3 10 7], replacing C}, C3 by C; - 9G,,
0 1 0 Q| C3-2C;respectively. -

Ans.

~[0 -3 3 7].replacing C, C3 by C, — 4Cs,
0 1 0 0 Cy-Cyrespectively. -

~[0 0 3 17].replacing Cy, C4by Cy+ Ca,
0 1 0 0f C4-2Csrespectively.

~[0 0 0 17 replacing C3by C3-3C,4
0100 '

Now a minar of 0rdcr12 is
1 0
Hence its rank is 2. _ - Ans.

Exercises on § 5-07
Find the rank of the following matrices :—

0 1,=—1¢0

Ex1.[ 4 3 o0 2
3 4 =1 =3
|_".;r =7 15 ' Ans. 3
Ex.z.( 3 g =3
2 3 =3 S
-2 4 2
5 -2 4 ' Ans. 3
Ex33 =2 0 =9 i
2 1 -5
Ans. 4

(Agra 94, 92; Rohilkhand 91, 90)
nition.” If C;; be the cotactor of the element aj in |a;| of the nxn
mapix A = [ajj], then ' '

adjoint of A = C“ C2| C"[
Ci2 € . Cp
C[n-,iCZn &
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This is also rewritten as Adj. A
or adjoml of A = transposed of C, where (= Cip T

Cln
C2| sz e le
N Co Ca = b

While solving problems we generally use this definition.

* Here students should note carefully that the cofactors of the elements of the
first row of | a;;| are the elements of the first column of Adj A.

Similarly the cofactors of the elements of the first column of | a;; | are the
elements of first row of Adj. A

Solved E mpleson§508
x. 1(d). If A = 2 4], find Adj. A.

5 7 8
9 10 12 :

. (Avadh 95)
Sol. For the given matrix A, we have .

Cnu=|7 8|=4Cpip=-|5 B8|=12,Ca=([5 7T|=-13
10 12{ ° 9 12 9 a0
Cy=-12 4| = 16; Cypy= 4| =-24; Cy3=-|1 21 =8
10 12_ 9 12 (9 10

CJI =-12; Cyp=-|1 4|=12; Cy3= 2l=-3
7 8 5 8 5 7
c=[ 4 12 -13 ’
16 —-24 8
-12 12 -3
Adi.A=C'=[ 4 16 -12
12 -24 12
-13 g8 -3 ki,
*Ex. 1 (b). Find the adjoint of the matrix A={1 "0 -1
3 4 5
. 0 -6 -7
Sol. Do as Ex. 1 (a) above. 5 =6 4
21 -7 -8
- 18 6 d|ang
\ /fx//l/ Find the adjoint of the matrix A =| 1 1 1
- : 1 2 -3
2 -V 3] (Kanpur 96)

- Sol. For the given matrix A, we have



Adjoint of Marix 45

Cip=| 2 ~3|=% Gu=—|1 =3 =-9, C3=|1 2l =-35;
-1 3 2 3 2 -1
C;“—— 1 11=-4, sz-': 1 d=k C13='— 1 1{=3;
-1 3 2 3 2-=1
Cy=]1 1|=-5 Cyp=-|1 1|=4 Cy3=1{1 1|=1
2 -3 1 -3 T 2
c=| 3 -9 -5
-4 1 3
-5 4 1
Adj. A=C’= -4 -5
1 4 .
) 3 1 Ans.
Ex. 3.Fid the adjoint of the matrix A, if '
: A={1 1 3
01 -1
20 4
Sol. For the matrix A, we have ‘ :
Cnh=|1 -1|{=4 Cpp=-1(0 -1 =-2; C;3=10 1 ==2;.
0 4 2 .4 2 0
Cyy=—11 3|=-4, Cp=(1 3 =-2; Ca=—|1 1|=2
- |0 4 2 4 2 0
Ca=|1 3|=-4Cyp=-|1 3|=LCyu=|1 1|=1
1 -1 0 -1 10 1
C=| 4 =2 -2 '
-4 -2 2
-4 1 1
LAdLA=C'=] 4 -4 -4
2 -2 1
Ex. 4. Find the adjointof A={5 0 0 2
110 2
0 0 21
10 0 1
Sol. For the matrix A, we have .
1 Qg -2 1 0 2 0 0 1
Ci = = =2 = =- =23
"ozllf)}‘ Ca==lg 2 1|=7{o 2 1|=%
0 01 0 0 1 1 01
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*Ex. 5. Verify that the adjoint of a diagonal matrix of order 3 is a

d_hgonnl matrix.
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Sol. Let A be a diagonal matrix of order 3 given by
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A=|la 0 0
0 b 0O
O O e
Then for the matrix A we have
Cy=|b 0|=bc: Ci2=-10 0 =0, Cj3=1|0 b| =0
0 ¢ 0 e 00
Cy=-10 0/=0; Ci=|a 0|=ac; C;3==|a 0]|=0;
0 ¢ 0 e 0 0
Cy =10 0 =0; Cy3=—|a 0 =0Q; Cy3= a 0|=ab
b 0 00 0 b
C=(bc 0 O
0 ca O
0 0 ab
Adj. A=C’=[bc 0 0|, whichis evidently a diagonal matrix
0 ca 0O
0 0 ab Hence proved.
Ex.6. IfA=[1 2 3],find A2-2A +Adj. A :
0 5 @
2 4 3J : (Agra 95)
Sol. A2=[1 2 3]x[1 2 3
0 5 0,105 0
2 4 3 2 4 3
(14046 2+10+12 3+0+9]=[7 24 12
0+0+0 0+25+0 0+0+0 0 25 0 (i)
L2+0+6 4+20+12 6+0+9 8 36 15
Also C; = |5 0 =15C;2=-10 0[=0;Cj;3=]0 5{=-10
4 3 2 3 2 4
Cyu=-12 31=6C=(1 3|=-3; Cyuy=—1|1 2|=0
4 3 2 3 % 4
Cy=|2 3|=-15Cy=-11 3|=0; Cy3=|1 | =35
50 0 0] . 2“8} o ‘ .
C=| 15 0 -10
6 -3. 0
-15 0 5
Adj.A=C'=| 15 6 =15] :
0 -3 0 : wo(if)

-10 0 5
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A%-2A + Adj. A
=(7 24~ 12]-2T1 2 34T 15 & ~15]
0 25 0 05 0 0 =3 0
=f7 22 R)-[2 4 61+['15 & -15
0 25 o [0 10 0 0 -3 0
8 36 15| |4 8 6| |[-10 0 5
=(7—2+15 24-4+6 12-6-15
0-0+0 25-10-3 0-0+0
8-4-10 36-8+0 15-6+5
=[20 26 -9
1 0°12 @ _
-6 28 14 _ Ans.
' Exercises on § 5-08 :
Find the adjoint of lh_e following matrices i
Ex.1.[-1 <9 3 9 ~1.—8
-2 21 _ Ans.|8 -14 -5
4., =& 3 2. -13 -¢]
Ex.2.[ 2 -1 3] : 7 9 -10]
-5 3 1 Ans.| 12 15 -17
=3 2 "3 . | o ]
Ex.3. [-4 . =3 =% _ o =4 -3 3]
I 6 1 : _ Ans.] 1 . 0 1
| 4 4 3 4 4 3
Ex.4.[1 5 7 3 It =3
2 X Ans.| 0 -26 13
4 3 2 -6 17 -7
Ex.5. [2 3 1] 1 ~5 7]
N 23 Ang| 7 1 =%
3 1 ‘zj -5 11
Ex.6. [3 3 4] S
2 3 4 Ans.|-2 3 -4
_ 0 1 1] 2 ~3 -5
Ex.7.72 1 7 1 i =9
0 2 0 Ans.] 0 -2 0
2 11 =2 @ 3
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Ex.8. [0 1 1 8§ -5 2
1 2 0 Ans.|-4 -3 T
3 1 4J -7 3 -1
Ex.9. (1 2 3] _ ) (5 S, T
2 3 4 Ans.] 2 -4 2
3 4 5| ~§ F =}

L L
Fx.10.[0 1 1] -1 0 1]
1 0 IJ Ans. 0 -1 1
_1 1o : 5 1 -14
Ex. IL[1 2 3] 3 3 -3
4 5 6 Ans.| 0 -9 6
6 7 9 -3 5 =3

Ex.12.[1 2 3]
5 OJ ’

AR (Agra 95; Bundelkhand 92; Gariwal 92)
Ans.[ 15 6 -15
0 =4 0
~10 0 5]
Ex.13.[-1 -2 3-! Ans.[ 7 11 -5§]
Lo 1 0 10 -5
[_‘4 -5 > 14 3 -5
*Ex. 141 0 2] Ans.[ 1| 4 =2]
21 0 =3 =8 @
32 1 L -2 1y

§ 509. Theorems on Adjoint of a Matrix.
**Theorem L If A = [a,)) be an n X n matrix, then

As(AdjA)=(AdjA)e A=|A|e ] where L, is an nxn identity matrix.

(Agra 94, 91; Avadh 94, 92, 90, Bundelkhand 94, 93; Garlvwal 90,
Gorakhpur 97, 92; Kanpur 96; Meerut 91;: Purvanchal 95: Rohilkhand 90:

Proof. We know Adj A = [C ],
where Cj; is the cofactor of a;in | A |and C " = Cyy
Therefore A » (Adj A) = [a;] [C "]
= [By], say.

L n
where By =L a,C'u =X a;Cy;, -~ C'y=Cy
= J=1
=|ALifi=4k]
=0, if i k|

sl )

weSee§405and §4-09 i Ch. I
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~ From (i), (i, )th clement of A e(AdjA)=|A| or 0 according as
i=k or i#k

i.e. All diagonal terms of A e (Adj A) are | A | and non-diagonal terms are
ZEro,

Ae(AdiA)=[|A] O 0 .. 0
: e |A) @ . 0
0O 0 JA] .. 0
0 0 0 .. |A]
=|All1 0 0 .. 0] SeeChapterl
0 I 0 e @O
o 0 1 ... 0
B 0 0 .. O
=|A]el S
Similarly we can prove that (Adj. A)e A =|A el (i)

Hence from (ii) and (iii), we get
Ae(Adj.A)=(Adl. A)eA=]|A|el

; Adj. A) _ (Ad). A)
or AOL— . |
' |A ] [A]
or "‘"’%%M- v AN =1=ATN A
i.e. The inverse of A = 5’% V)
Note : The result (iv) gives us another method of finding the inverse of a
given matrix. .

**Theorem II. If A = [a;] be an n x n matrix, then

|AdjA|=|A]"" - if | A | # 0.(Agra 96; Gorakhpur 92; Rohilkhand 99, 91)

Proof. We know that |A |e|B|=|AB| ...See Ch. on Determinants
|Aje|AdjA[=|AsAdj A|
- =||A} O 0 ... 0 |.asprovedin
0 |A| 0 .. 0 | TheoremlIabove
0 0 |A] 0
B 0 B owe A ]J
or |A|e|AdiA|=(|A]}" (Note)
Dividing both sides by | A |, since [ A | # 0. we get
|AdjA|=|A["" L Hence proved.

**Theorem L. If A and B are nwvo n X n matrices, then
Adj (AB) = (Adj B) ® (Adj A). (Agra 93; Rohilkhand 98; Gorakhpur 98)
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Proof. We know A e (AdjA)=|A|el ..See Th. 1 Page 49 Ch. V
So we have (AB) o (Adj AB) = | AB | ¢ ] 1)
Now (AB) e (Adj B) « (Adj A)

“AeBeAdjBeAdiA

=Ae(BeAdjB)e (Adj A) (Note) -

=AeB|eleAdiA, "~ BeAdjB=|B|eI]

=Ae|BleAdjA, - IOAde=AdeasIOA = A always

=|B|eAeAdiA (Note)
=|B|e|A|sl " AeAdjA=|Alel,

=|Ale|B]|el,

=|ABjelL " |A|e|B|=|AB| ' (i)

~ From (i) and (ii) we get
(AB) » (Adj AB) = (AB)  (Adj B) » (Adj A)
or Adj (AB) = (Adj B) ¢ (Adj A). Hence proved.
Solved Examples on § 5-09.
**Ex. 1 (a). For the matrix A given in Ex. 2 Page 44 Ch. V verify the
theorem A o (AdjA)=(AdjA)eA=|A|sL
Sol. In Ex. 2 Page 45 Ch. V. we have proved that if

A=[1 1 1jthenAdj.A=[ 3 -4 -5
1 2 -3 -9 1 4
2 ~1 3 -5 31
Ae(AdiA)=[1 1 1|x[ 3 -4 -5
1 2 =3/ |-9 1 4
2 -1 3| |-5 3 1
=[3-9-5 -4+143 -5+4+1
3= 08415 =4+2-9 —5+8-1
[6£8+158 =§-1+9 - [0-4+3
=[-11 o o] ° it
0 -1l 0
QO 0 =1l
Also(AdjA)eA=[ 3 -4 -5]x[1 1 1
-9 1 4|11 2 -3
=5 3 I @2 =1 .3

=[3-4-10 3-8+5 3+12-15
~9+1+8 -942-4 -9-3+1]2
-543+2 -5+6-1 -5-9+3
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=|-11 0 0 (i)
0 -11 0
0 0 =11 '

Also |Al=|t 1 1|=]|1 0 o0].replacing C; C3by
I 2 =3 |1 1 -8 GGG~ C i)
2 -1 3 2 -3 1
=| 1 -4|l=1-12=-1]
-3 1
From (i), (ii) and (iii) we get
Ae(AdjA)=(Adj.A)eA=-11[1 0 0O
010
, 001 (Note)
=(-1) L =|A|L Hence proved.
Ex. 1 (b). Find the adjoint of the matrix A=[l 2] and verily the
3 -§
theorem A o (Adj A)=(AdjA)eA=|A|L (Bundelkhand 93)
Sol. For the given matrix A, we have
Cuz-S.Cl2=—3.C11=—-2.Cn=I
C=|-5 -3
~2 1
AndsoAde:C':[_s _1]
: -3 1 \
Ae(adjA)=[1 2|x[-5 -2
3 -5] |-3 1
=[-5-6 =-2+2]=[-11 0 (i)
-~15+15 -6-5 0 -1

Il

Also  (AdjA)eA=[-5 -2] 1 2
=3 | 7|3 =5

=[-5-6 —10+w]=[-u o] i)

_—3+3 -6-5 0 -11
Also|A|= |1 2|=—5-6=-u
3 —5|
From (i) and (ii), we get
Ae(AdjA)=(AdjA)eA=|-1]" 0
0 -11

Hence proved.

=111 0]=|A|Iz=}A]|l
0 1



Inverse of Matrix
Ex. 1 (¢). Verify the theorem A e (Adj. A) = (Adj. A)e A
=|A|eIwhenA=|{2 -1 3
5 31
3 23

Sol. Do as Ex. I (a) above.

Ex. 2 (a). Find the inverseof A={1 2 3
2 45
356
Sol. For the given matrix A, we have
Ch=14 5 :-—12(:12:_ 2 35 =3;C|3= 2 4|=-2
56 3 6 35
CZ]"_'_ 2 3 =3'.C22= 1 3 ="3;C23=_ 1 2|=1;
3 6 3 6 3 5
C3|= 2 3 ='-2;C32—— 3 =l:C33= 1 2(=0
4 5 ’ 2 5 2 4
C=|-1 3. =2
3 =3 1
-2 i J
Adj.A=C'=[-1 3 -2
3 -3 1 3
-2 1 0
Also|Al=|1 2 3|=|1 0 0 | replacing C;, C3, by
245 2 0 -1]C-2C,C3-3C
1 5 6| 3 “'l '—3
=1 0 <1}=~1
-1 -3
A-lzf\dlA

Ex. 246). Find the inverse of the matrix A=/ 3 -2 -1
" -4 1 -1
2 0 1

Sol. Here |[A|=| 3 -2 -1|=] 0 0 -1},

-4 1 =1 -7 3 -1

2 0 1 5 -2 1

53

(Agra 91)

Ans.

(Agra 96)

replacing C,, C, by C; +3C3, C; - 2C) respectively.
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or

Matrices
== (-7 3|, expanding w. r. to R,
5 -2
=-[14-15]=]
Also for the matrix A, we have
Cu=|l =1|=L Cz==-|-4 -1|=2; Cia=|-4 1]|=-2;
0 | 2 ! 2 0
Cy=-|-2 -1]|=2 Cynr=|3 -1]|=5; Cp=-13 -2|=-4;
0 2 1 2 0
Cy=1|-2 -1|=3 Cyp=-| 3 =1} =K' Ca=]"3 -2|=-5
- -4 -] -4 1
=1 2 -2
2 5 -4
3 7 -5
AdjA=C=[1 2 3
) r 5 7
-2 -4 -5
A-loAdA [ 1 20 3]
. T jAL T 2 03 7 ‘
-2--4 =3 ' v Ans.
Ex. 3 (a). Pind theinverse of A =[1 2 3 :
3 1 3 4
1 4 3
(Avadh 98, 91; Purvanchal 96)
Sol. Here |A|=[1 2 3|=|1 2 3|
3 4 01 1
4 3 0 2 0
replacing Ry, R3 by Ry - R}, R; - R,
[Al=[1 1|=-2 ,
: 2 0 w3

@

Also for the matrix A, we have

C“= 3 4 =—7; G]2=' Ll | =1; C|3= I 3 =I;
4 3 : 1 3 4
Cu==-12 3[=6 Cy=|1 3|'=0; Cy=-|1 2 =-2;
4 3 1 3 ' 1 4
Cau=(2 3|=-1; Cyp==-|1 3 ==1; Cy3=]1 2|=1
3 4 1 4 - 1 3
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Adj.A=C =[-7 6 -1]
| 0 -1
1 =2 1
1 AdLA
A - - ——
[A]
e h
- 2 1 0 -1 | 1
1 -2 1] 173 @ 3§
L 1 ]
- -
2 2 Ans
Ex. 3 (b). Find the inverse of the matrix A =1 2 3
2 4 5 (Avadh 92,
3 5 6
Hint : Do as Ex. 3 (a) above. Ansi[ 1 =3 2
-3 3 -1
2 =i 0
Ex. 3 (c). Find the adjoint of the matrix A=[1 2 3| and hence
1 3 5§
1 5 12
evaluate A, (Kwmaun 94,
Hint. Do as Ex. 3 (a). above. Ans.| 1 _3 1
. 3 3
7 2
~g B =
2 1
7 71 3
Ex. 3 (d). Find the inverseof A ={1 2 3
0 50
2 0 3
Hint. Do as Ex. 3 (a) above. X =L ¥ =20 = IS.I
s 0 -3 0
-10 4 5
Ex. 4 (a). Find the adjoint of the matrix A and evaluate A—l, where
' A=[2 2 2
25 5

Lz 5 11
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Sol. Here for the matrix A, we have

Ch=|5 5{=30:C;3=-1]2 s5l=-12Cj3=]2 5|=0;
s | 2 11 2 5
Cy=—[2 2f=-12.Cy2=|2 2|-‘-[8:C23=—|2 2| =-4;
s 11 2 1| |2 s
Ca=|2 2|=0.Cy=-|2 2lf=—6-.c33- 2 2|=6
5.5 2 5| 25
c=[ 30 -12. 0
-12 18 -6
0 -6 6
Adji.A=C=[ 30 -12 0
: =12 18 -6
0 -6 6 P
Also|A|=1]2 2 2|=|2 0 o0f. applying C;~C}, C3-C
2 5 5 12 3 3
2 5 1 2 3 QI
=23 3|=2{27-9)=36
39
A-loAdiA_ 1 30 -12 0
T OJA] 36{-12 18 -6
"5
_lygl 5 -2 o]=[ 556 -1 0
36 -2 3 -1l |-173 172 -1/6
0 ~1 1 0 -1/6 1/6 Ans.
Ex. 4 (b). Find the inverse of matrix A, where
A=[ 4 3 3
-1 0 -1
__4 -4 _3_. (Agra 94)

1 3 3| . replacing C; by
0 0 =1 C;~Cy
-1 -4 -3

Sol. Here |A|=| 4 3 3
=1 @ =]
~4 -4 -3

= 1 3]. expanding w.r. to R,
~§ —4

=-4+3:=-| (1)
Also for the matrix A, we have
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C“:l 0 -1 ="4:C[_1_=_"‘| -1 zl'.Cl‘]: -1 0| =4:
-4 -3 -4 -3 il vl
CZI__l 3 3 =—3:C:2:‘ 4 3 :0;C23:— 4 3| =4:
-4 -3 |-4 -3 -4 -4
Cy=|3 3|=-3%Cu=-|4 3|=LC;x=| 4 3|=3
0 -1 -1 -1 -1 0

C=|-4 1 4
-3 0 4
-3 1 3
Adj.A=C'=[-4 -3 -3
| 0 1 (1)
4 4 3
A—-!__A_dlL\_ 1[-4 -3 -3} from (i) and (i1)
VY O
4 4 3
= a4 3 3
\:-] 0 -1
& =% =3 Ans.
Ex. 5 (a). Find the inverseof A=|1 -1 1
4 1 0
8 11
Sol. Here | A |
=1 -1 ||= 0 -1 ol replacing Cj, C3
4 | 0 s 1 1 b}'c.]+C2. CJ‘!“C:
s 11 |9 12
or |A|=

9 2
Also for the matrix A, we have

5 1|=|0—9=|¢0

Cu=|1 0l=1:Cp==-]4 0|=-4Cp=|a 1l=-4
1 8 1 8 q
Cy==|-1 1/=2:Cy=|1 1 ==T7,Ci=—-|1 -1]=-9:
I i 8 1 s 1
C3|: -1 1 :—1'632=_ ' 1 =4:C3_‘5= 1 —I :5
1 0 4 0 4 1
C=[ 1 -4 -4
2 -7 -9
=L 4 5

-18



58

Matrices
Adji.A=C'=[ 1 2 -]
=& =F 4
-4 -9 S
-1_Adj.A_ . 1 2 -1} from (i)
A= |A | ==l 4 -7 4
-4 -9 5
Ans.
E.5(b). Find theinverse A=|1 2 4
5 7 8
9 10 12
Hint : Do as Ex. § (a) above, Ans.[_é __§ %
! |
"2 b 53
13 _1 1]
24 3 8
Ex. 5 (¢). Find the inverse of the matrix A =1 3 3
1 4 3
) 1 3 4
Hint : Do as Ex, 5 (a) Page 57 Aing: | T = =3
i | 1 0.
I 0 1
Ex. 6 (a). FindadjA and A" ' whenA=[1 3 3
1 4 3
1 3 4

(Bundelkhand 94; Kanpur 93)

Sol. Here|A |=|1 3 3|=|1 3 3|.replacing Ry, Ry by
1 4 3 0 I 0| Ry-Ry, Ry~ R respectively.
1 3 4 0 0 1
=11 0]=1 )
0 l‘ i)
Also for the matrix A, we have
Cu=|4 3|=T:Cpz=-]1 3]=-LCi3=|1 4|=-1
3 4 1 4 I 3
Cle— 3 3 ='—3]C22= | 3 =I:C23= 1 31=0
3 4 1 4 1 3
C31=13 3|=-3:Cy=—|1 3|=0,C33=|1 3|=1
4 3 1 3 1 4
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C: 7 _l _l
-3 | 0
-3 0 1
AdjA=C'=| T -3 -3
-1 ] 0 (i)
-1 0 1
AIoAdA (7 -3 -3 from (i) and (ii)
3 = |A| - =1 l 0 Ans.
-1 0 1
Ex. 6 (b). Find the inverse of the matrix A=|1 1 1
0 1 1
001 (Lucknow 91)
Sol. Here |A|=|1 1 1|=|1 1], expanding with respect to C;
o1 1| [0 1
0 0 1
[A]=1-0=1 ' ‘ o
Also for the matrix A, we have
C"]]= 1 1 :1;C12=_ 0 1 =0;C13= 0 [I:O"
0 1 0 1 0 0]
Czl_.— 1 1 =—],‘C22; I 1 :I,Czj-‘_ 1 1 :O\
Q 1 0 1 0 0
C:” = |1 1 =0:C1’)=_ 1 1 ——'I.C_UT 1 11:=1
1| 0 1 0 1
= 1 00
-1 1 0
0 -1 1
Adj.A=C' =|1 -1
0 1 -1
0 0 | i)
A—ledj.A_ 1 -1 0| from (i) and (i1)
|A] [0 1 -1
0 0 1 Ans.
YEx.7(a). A= 3 -1 1] find adj. Aand A~ !, '
-~ 15 6 -5
5 -2 2

(Garhwal 95, 91; Meerut 95)
Sal. Here | A | )
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= 3 =] 1'=1 0--1 ol replacing C,, Cy by
“15 6 -S| | 3 6 1]€,+3C,C+G
5 -2 2| =<3 =2 0
Also for the matrix A, we have
C‘”: 6 -5 ""CEE—“ —]5 —5 =5;Cl3: __15 ﬁlzo
-2 2 5 2 5 -2
Chn=—|-1 1}|=0Cxnr=|3 Y| =LCx=-{3 -1|=1;
-2 2 5 2‘ 5 -2
Cy=|-1 1|=-LCyp=-| 3 1 =02C33=‘ 3 =BG
6 -5 15 =3 - 15 6
C=| 2 5§ 0
Q0 1 1
L—l 0 3
Adj.A=C=[2 0 -1
5 1 0
0 1 3
Al i_]_A 2 0 -1} from (i)
|A | 51 ¢
01 3_ oo
Ex. 7 (b). Find the inverse of the matrix
A=| 1 2 -2
-1 3 0
0 -2 1 (Gorakhpur 97)
Sol. Here [A|=| 1 2 -2|=|1 2 -2 replacingR,
-1 3 0 0 5 -2|byRy+R,
0 -2 | 0 -2 1
=| s =B, _

Also for the matrix A, we have

Cy=| 3 ol=3%Cuy=-]-1 0l=Cx=|-1 3|=2:
~2 1 0 1 0 -2

Cy=-| 2 -2|=2Cxn=|1 -2|=LCyu=-|1 2|=2
-3 1 0 1 6 =8
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C}l— 2 -2|=6:Cy=-] 1 =2|=%Cy=| | 2|=5
0 -1 0 -1 3
"Cc=[3 1 2
2 1 2
6 2 5
Adj.A=C =3 2 6 :
{1 1 2
2 25 ..(ii)
§~1 AdjA |3 2 6| from (i) and (ii)
“AY L B2
2 25 Ans.
Ex.7(c). IfA=[ 1 4 o0}find oL
-1 2 2
0 0 2
Hint : Do as Ex. 7 (a) Page 59. Aus. (176)[2 -4 -4
1 1 -1
0o o 3
*Ex.7(d). If[1 0 -1} find adj. A and 5!
3 4 5
0 -6 -7
(Avadh 94)
Hint : Do as Ex. 7 (a). Page 60. Ans. (1/20) 2 6 4
21 -7 8
-18 6 4
Ex. 8 (a). Find the mipn_)cal or inverse of the matrix
A=[2 1 2 '
2 21
12 2, : (Kumaun 92)
Sol. Here |A|=12 | =|0 -3 -2{,applying
2 2 0 -2 =3|R -2R3,R;-2R;y
I 2

2

I

2l b 2 2
2|=9-4=5

3

=|-3

[ =]

Also we have

Cnh=12 =23C32=" 2 ="3;C|3= 2 2 :2'.‘
2 2 1 2 I 2
Coy=—11 2(=2:Cyp=1(2 2|=2:Cy3=-12 1|=-3;
z 2 I 2 i 2
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Cy=|1 2|==3:Cyp=-|2 2 =2;C53=]2 1|=2
2 1 2 1 ‘2 2
C=| 2 -3 Z
2 2 -3
-3 2 2
Adj.A=C=[ 2 2 -3
-3 2 2
‘ 8 =3 3
Reciprocal of A =A™
A& ] 2 2 =3
B [A] 51-3 2 2
) 2 -3 2 Ans.
. Ex. 8 (b). Find the adjoint and inverse of A ={1 2 3
2 3 2
3 3 4
Hint : Do as Ex. 8 (a) above. An‘s.[_ﬁ’ _b s
. 7. 3 7
2 5 -4
7 @ 7
I N |
L 3 . % 7

Ex. 9 (a). Find the inverseof A=[1 2 1
323
! 1 2

(Avadh 90; Bundelkhand 96, 95;
Gariwal 96, 94; Gorakhpur 96; Purvanchal 97)
Sol. For the given matrix A, we have

C“= 2 3 -‘=|:C12:_ 3 3:—3;C|3: 3 2 =l;
Cy=-12 1|==3iCp=|1 1|=LCu=-|1 2i=1:
12 12 ! "
Can=|2 1|=4Cyp=={1 1]=0:Cy3=|1 2|=-4
2 3 33 3 2
c=[ 1 -3 |
-3 | |
4 0 -4
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and lal=[1 2 1]=|1 2 0/, replacing C3 by C3 - €
2 8 320
] 1 2 1 11
=11 2|=-4
3 2
The inverse of A =m
Al
- 2 = 3 9
i 1 3 4 ~ ; =3
-3 1 0 3 I :
11 -4 37 -3 9
b1 1
* 1 Ans.
Ex. 9 (b). Find the inverse of the matrix A=| 1 2 -1
-1 1 2
n _ 2 -1 1 (Meerut 9¢
Sol. Hcrc]A|=) 1 2 —1l=h 2 —1/| .replacing Ry, R3 by
' -1 1 2 0 3 1 R2+R1,R3"2R1
] 2 -1 1 0.-5 3| respectively.
=| 3 1|=9+5=14 .
i_s 3‘ 7 <(1)
Also for the matrix A, we have -
Cu=| 1 2|=3%Cpa=-|-1 2|=5C3=|-1 I=-1;
-1 1 2 1 2 -1
Cy=-| 2 -1]=-1 C=|1 =1|=%hpn=-|1 21=5;
-1 | 2 | 2 -1
(:3== 2 -1 :5:C12:_ 1 -1 ==1 C'.Hz I 21=3
| 2 -1 2 -1 1
c=[ 3 & =I
-1 3 5
L 5 =1 3 .
Adj.A=C'=[ 3 -1 5
5 3 ~1
=i @ 4 i)
% o AdjA _ 11 3 -1 5|, from (i), (i1)
|Al 14| 5 3 -1
= 5

Ans.
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Ex. 9 (c). Find the inverse of the matrix A - 1 2 3
2 31
31 2, (Purvanchal 95)
Hint : Do as Ex. 9 (a) above. Ans.-LT-s | 7]
18
1 7 -5
7 -5 |
Ex.10. IfA={1 -1 1 ﬁn(lz\z,andshnwthnl,ﬁ:A“I,
2 -1 0
1 0 0
Sol. AZ=[1 -1 1x[1 -1
2 -1 0 2 -1 0
! 0 0 1 0 0
=[1-2+1 -141+0 1+0+0]=[0 o0 1
2-2+0 =24140 2+0+0 0 -1 2
1+0+0 - 14040 14040 | (i)

Also|A]=]1 -1 1]|=]1 o0 0| . replacing Cy, C3 by
2-=1 0 2 1 -2 G+C.Cy-C, respectively.
1 0 0 11 —lI Fe
=1l =2]l==1+2=1|,
'l —l] (1)
Also for the matrix A, we have
Cu=[-1 0/ =GCp=-12 #]=®KEh=sla -if=1°
00 I 0 1 0
Cy=-|-1 l,=01C23=,l l =—I§C23=—'ll -1l ==
0 0] ‘ 1 0 1 -0
Cy=1|-1 1 =1;Cyp==|1 1} =2Cun=|1 -1]=1
-1 0 2 0 2 -}
C=(0 0 1
0 -1 -1
1 2 1
AdjA=C"={0 0 |
0 -1 2 AT
I =4 1

AL_AdLA 10 0 1) from (i) and (iii)
AL Tlo -1 2
I —1=1
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= A2 from (i) _ Hence pmved

Ex. 11. Find the adjoint of matrix A and hence find A™".
cos® -sin® 0
A=|sinb cosB, 0
0 01 (Meeruy 96)
Sol. Here | A |
=|cos® -sinB O0|=
sin®@ cos® 0

cos® -sin@
sin® cos®©

. expanding w.r. to C3

0 0 1
=cos?@ - (~sin’ @) =1 (i)
Also we have
Cii=|cos® 0|=cosB;Ci2=-|sin® 0O|=-sin6;
0 1 0 1
Ci3=|sin® cos®|=0:Cy=-|[-sin® 0| =sin6;
0 0 ’ 0 1
Cy=|cos® 0|=cosB;Cy3=—|cos® =-sinB|=0;
0 1 0 0
C3=|-sin® 0|=0;C35=-|cos® 0O|=0;
cos® 0 sinf 0
C33=|cos® -sinB|=1
sin® cosB

C=|cos® -sm0 O
sin® cosB8 0
0 0 1

Adj.A=C'=| cos8 sinB O
-sin® cos® 0
0 0 1

Ans.
and &Y= Adj. A | cos® sin® O} from (i)
|A| -sin® cos® 0
0 0 1 R

“*Ex. 12. How will you use the notion of determinant to compute the
inverse of a non-singular square matrix ? Compute the inverse of the matrix

A=|1 2 3
4 5 6
7 8 10

Sol. For the firs! part See Theorem I, result (iv) Page 50 of this chapter
For the second part we have for the matrix A



C“’= 3 6 =2:C|2=" 4 6 =2;C13'—‘ 4 5/=-3
8 10 7 10 7 8
C2|=— 2 3 =4;C22= 1 3 ="‘ll:C23=— 1 2 =6;

g8 10 7 10 7 8
Cau=|2 3|=-3iCyp=-}1 3|=6C3={1 2|=-3
3 6 4 6 |45
C=| 2 2! ~3
4 -11 6
=3 6 -3
AdG.A=C=[ 2 4 -3
2 -11 6 i)
—3 6 -3
Alo|A|=|1 2 3|=|1 0 0] replacing C3, C3 by
- 4 5 6 4 -3 -6|C-2C,C3-3C,
7 8 10 7 -6 - 11 respectively.
=|-3 =-6/=33-36=-3
-6 -11
A".Mi"\=_l 2 4 -3
|A] 3l 2 -11 6
=3 6 -3
=il 8
3 k) .
2 i1
-3 3 "2
1 =2 1

Ans.
*Ex. 13, HA'dmotalhelramdumuiannd
A=[ 1 -2 3|find(a)!
4

0 -1
-2 21
Sol o'=| 1 G =32 by definition of transpose of a matrix
-2 -1 2
3 4 1
= B (say).
Now|Bj=| 1 0 -2|=| 1 o0 o
-2 -1 2 -2 -1 =2
¥ & 34 7 replacing Cy by C; +2C,




Inverse of Matrix 67

=|-1 =2/|, expanding with respect to R|
4 7
=(-DNM-(-2)@)=-T+8=1=0.

Also we have

Cu=|-1 2|==-%Cpi=-|-2 2[=8C3=|-2 -1|=-5;
4 1 3 1 3 4
C21=" 0 -2 ="8:622= 1 -2 =7;C’23=_ 1 0|=-4;
4 1 301 3 4
Cy=| 0 -2[=-2Cyp=—| 1 =-2|=2,C53=| 1 0l=-1
-1 2 -2 2 -2 -1
C=(-9 8 -5
-8 7 -4
-2 2 -1
Adj.B=C'=|-9 -8 -2
8 7 2
-5 -4 -1
gt -Adi.B [-9 -8 -2]
|B| 8 7 2
-5 -4 -1
(A‘}" = B_l s -"9 -8 - 2-|
8 7 2
L-—S -4 —l_ Ans.
*Ex. 14. Find the inverse of the matrix A, where
A= 1 0 -4
-2 2 5
3 -1 2
Hint : Do as Ex. 12 Page 65. Ans. (1/25)] 9 4 8
19 14 3
-4 1 2
Ex. 15. Find the adjoint and inverse of the matrix
[cosa —sincx]
b S (Bundelkhand 92)
Sol. Here |A |=|cosa -sina
sin @ cos o
=cosca+sina=1#0. (i)

Cjy=cosq, Cj3=-sina, Cy; =—(-sina) =sina and C3; =cos @ (Note)
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C=|cosa -sina
sina  cosa (i)
Adj. A=C'=| cosa sina
-sina cosq
A'.=Mii= cosa sina
lA] -sina cosa
substituting values from (i) and (ii). Ans.
**Ex. 16. Find the imverseof A={0 1 2
1 2 3
311 (Meerut 915)
Sel. For the given matrix A, we have :

Cn=|2 3|=-1C;p=-|1 3|=8C3=|1 2|=-5;
121 - 3 1 31
Cy=—|1 2|=1Cy=10 2|=-6;C3=-[0.1]|=3;
1 1) 3 A 3 .1
Cy=|1 2|=-LCs=-10 2|=2C33=1]0 1|=-1
2 3 1 3 1 2
(-1 8 -5§]
C=| 1 -6 3
-1 2 -1
AdLA=C=[-1 1 -1]
8 -6 2
-5 3 -lJ
and ' |A|=(0 1 2[=(0 1 Q@ ,mplécingC3byC3—‘2C2
1 2 3 1 2 -1
31 1 31 -1
or |lA|=-|1" =1|=-2%0
3 -1
InvcrscofA=£li'—|&=—§—l 1 -1 =% 1 -1 1
) | 8 -6 2 -8 6 -2 Ans
-5 3 -1 5 -3 1
Ex. 17 (a). Find the inverse of the matrix A=[ i —1 2] over the
2 0 2
-1 0 1

field of the complex numbers.
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Sol. Hge |A|=| 'i -1 2i|=-|-1 i 2i|.interchangingC,
2 0 2 2| and Gy
-1 0 1 0o -1 1
|A|=l 2 2|,expanding with respect to C;
=1 1
=2-(-2)=420. (1)
Also for this matrix A, we have
Cn=10 2 =0,Cyp=- 2 2 ="42C|3= 2 0|=0
01 -1 1 -1 0
Cy=-|-1 2i|=1LCyp= i 2i| =35 Cy=- i =1{=1
0 1 -1 1 -1 0
Cy=|-1 2i|=-2:Cp=-]i 2i|=2.Cy=|i -1]|=2
0 2 2 2 2 0
C={ 0 -4 0
1 31
-2 2 2
Adj.A=C=| 0 1 -2
-4 3 2
0 1 2
-1_AdjA 1o 1 -2]=f o 1 -1
A = — == =
|A]  4|-4 3 2i 34_ 12_
0 1 2| |-1 rEt
B - 4
4 2 Ams.
*Ex. 17 (). IfA=[0 0 1} thenshow that ,~1_ 4
' 010
, 100 (Bundelkhand 91)
Sol. Here |A|=(0 0 1|{=|0 Ij{=-1
010 1 0
1 00 (1)
Also for the matrix A, we have
C||,= 1 0 =D§C|2=_ 0 0 =0'.C|3= 0 1|=-1;
00 1 0 1 0
C2|=" 01 -‘-O:Cn: 0 1 =—|;C23=" 0 0|=0;
00 1 0 ' 1 0
Cy =10 1|=-1iCy==10 1|{=0;C33=|0 0|=0
1 0 0 0 01
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c=[ o o -1
0 -1 0
-1 8 6
Ad.A=C=[ 0" 0 -1
0 -1 0
-1 0§ 0
A“:ﬁgi—‘i:—'l— 0 o0 -1]=[0 0 1]=A
AL D g 21 ol o1 o
-1 o0 o|ll1 oo

Hence proved.

Ex. 18. Find the inverse of the matrix

A=| a+ib c+id pifg2 p? 24+ d%=1

-c+id a-ib :

Sol. For this matrix, we have
C||=a—fb:C|2='(—C+id)=C—id;
C2|=—(c+id);C22=a+ib
C= a-ib c-id

—-c—id a+ib
AdjA=C=|la-ib -c-id

c—id a+ib

*

a+ib c+id
—c+id a-ib
=(a+ib) (a-ib) - (c + id) (- c + id)
=a? -2+ P -Pl =+ + P+ P =1=0.
IfivmeofA=i;1‘fi|\‘TA=[‘::::z ";::‘;]
**Ex. 19. If o +if =[ cﬂx B], verify that
-B a

(a+ia)"=[ a Br

Also | A | =

Ans.

_ﬁa

I (a—iﬁ)
o s ) = b D (o~ iB)’

multiplying num. and denom. by o — i -
=(a-iBy/@?+p. (i)
AgainletA=| o P
- B Q
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Then |A|=| a B|l=a(x)-B(- =a’+p2=0. a
’_ Al =nifa B=a’+p i)

Also for.the matrix A, we have

C=a:Cp=B: G =-fiCp=a

C=[ a B}andAdj A=C’=[a -ﬁ]
a

B @ p
6 el
1 _AdiA, LB @ .
A= = , from (ii
AT ~ @2+ 2 (i)
-1
a Bl =[a -Bl+@®+p?)
-5 &) 15 e
Also weare givena+iB=| a P
_ﬂ a
Replacing B by — B we get (a - iB)=[a -
B a
From (i) we have(a+;ﬁ)‘|= a -B +-(a_2+52)
B« V)
Hence from (iii) and (iv), we have .
-1
(@+ip)'=[ a B
s Hence peoved
Ex.20. fA=[-1 0 0 2]findal
-9 1 0 1
10 2 -1
-4 1 -3 1
Sol. Here|A|=|-1 0 0 2|=|-1'0 0 -0,
-9 1 0 1 -9 1 0 -17
1 0 2 -1 1 0 2 1
-4 1 -3 1 -4 1 -3 =7
replacing C4 by C4 +2C,
=- |1 0 -17|, expanding with respect to R}
0 2 1
1 -3 =7
=- |1 0 0], replacing C3 by C3 + 17C,
0 2 1
1 -3 10
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-[20+3]=-23=20.

Matrices

1

2
-3 10

|

A, we have

Also for the matrix

Cu

~3%

2

0
2

|

1 0
0 2 -
I -3

2
-1
1

0
2
-3

C=-10
Cp=



Inverse of Matrix T3

Cyy=-10 0 2{==-211 0|=-4;
0 0 2
@ 2 ~i
Cop=|-1 0 2|==2]|-1 2|=-2017)=-34;
-9 0 1 -9 1
1 2 =]
Cy3=—-1|-1 0 2l==-|-1 0 Of =1l =IT7i=10L
-9 1 -9 1 -17] o 1
I & =) 10 1
Cu=|-1"0 0|=-]1 o0]=-2
-9 10 o 2
10 2
C=[-3 -4 -5 -13
4 1 =1 2
-6 -51 -10 -3
-4 -3¢ 1 =2
AdiA=C'=[ -3 4 -6 -4
-14 11 -51 -34
-5 -1 10 1
-13 2 -3 -2
=-[3 -4 6 4
14 —11 51 34
5 110 -1
5 =2 3 3
Al_AdA_1[3 -4 6 4
[A| ~23{14 -11 51 34
5 1 10 -1
13 -2 3 2 Ans.
2
*Ex. 21. Porve that |Adj(AdjA)|=|A|"" ", if [A|#0 and is any
n X n matrix. {(Agra 90)
Sol. We know that
|Adj A |=]A"" " if|A]=0. it

(See Th. II. Page 50 Ch. V)
Replacing A by Adj A in (i), we get

| Adj (Adj A) | =| Adj A"~
={|Adj A )" (Note)
= (A"  rom (i)
= 2 3 2
= (AP~ =g Hence proved.
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*Ex. 22. Prove that Adj(AdjA)=|A[" ?e A, where A is any nxn

matrix. (Agra 92, 90; Kanpur 90)
Sol. We know that

A.(AdjA)=|A |1 (See Th. I Page 49 Ch. V)
or Adj (A e (AdjA)} =Adj {|A|e]])
or Adj (Adj A) e (AdjA)=|A|""'eI (See Th.IIl. Page 50 Ch. V)
or Adj (Adj A) e (AdjA)A =|A[" 'eTeA
or Adj(AdjA) e |A|eT=|A|"" T AL See Th.1P. 49 Ch. V
or Adj(AdjA)e|A|=|A[" 'eA : (Note)
or Adj (AdjA)=|A["" %eA. Hence proved..

Exercises on § 5-09
Find the inverse of the following matrices

Ex. 1. |1 0 -1 ‘ AI'IS-'E 9 1 2
1 2 3 -3 3 -4
0 -1 3 -1 1 2
Ex.2.[1 0 0 Ans.[ 1 0 O]
110 -1 10
(1 01 -1 0 1
B[ -3 2 1] 1[-3 7 -8]
-1 % MBS 6 =5 =
-3 3 -5 9 -8
Ex.4.[2 -4 -2] Ans-[-11 -9 1]
4 6 2 4 -2 -3
0 10 -4 10 -5 5
Ex.5.[0 1 1] Ans.2f-1 1 1
1 0 1 1 -1 1
X 0~ (Gorakhpur 91; Kanpur 94) L l Y
Ex.6.[2 3 1] Ans. L[ 1 -5 7]
i & 8 y S
&3 1 ZJ -5 7 —1f
Ex.7.[2 5 3 Ans. | 1 7
3 .} @ -1 -] 5
} & i I -3
*Ex.8.[1 1 1 Avs;if-8 5 -1]
2 32 3 Mas =g |
1 4 9 -6 3 0
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Ex.9.[1 -2 —| Ans. 5[ 119 —1]
2 3 1 -4 2 3
0 8 =2 ~J0 $ —7
Ans. |1 2 -2--
Ex.10.[ 1 4 0 s 5 =
o1 _1
i1 h s
1
_ 0 0 2]
Ex.11.[1 2 3]
3 45 Ans. Not possible as | A | = 0.
6 7 8 _
. B Ans.|0 0 1
Ex.12.(0 0 2
010 010
‘l 0 OJ Lo o0
2 2
Ex.13.[1 1 2 0] Al 2 -3 3 -1
B I | -1 -5 -3 1 1
2 12 1 g 3 <1 @
3 =8 | B -3 -1 0 1]
Ex.14.[ 0 2 1 3]
|
I 2 @ 1
R ] (Rt 90
Ex.15.[1 1 1 3 -3 1
1 2 3 (Kumaun 93) Ans.| -3 5 -2
1 3 6 1 -2 1

Ex. 16. Verify that A e (Adj. A) = (Adjj. A)eA=|A|l;, where I, is the

identity matrix of order 3, and A =[cos® -sin® 0
sin@ cos® 0
0 0 1
Ex.17.1f A=[1 2 - 17 verify that
2 3 1
0 s -2

Ao (Adj.A)=(Adj.A) s A=|A|el

(Meerur 96P)

*Ex. 18. Verify that A e (Adj. A) = (Adj. A) e A = | A |1, where

1
3

YRy
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**£ 5.10. Existence of Inverse.
An Important Theorem.
The necessary and sufficient condition that a square matrix may possess an
inverse is that it be non-singular. (Bundelkhand 96, 92; Kumaun 96;
Gorakhpur 99; Meerur 92; Purvanchal 98)
Proof. The condition is necessary.
If A is an 7 X n matrix and B is its inverse then by definition of the inverse

we have AB=1, (See Chapter 11)
Taking the determinants of both sides we get

|AB|=]1,]. (i)

But |AB|=|A|e|B| .... See Chapter IV

and | 1, |= 1, where L, is the n x n identity matrix ‘

. From (i) we get |A|e|B|=1,
which implies that | A | # 0.
. The matrix A is non-singular. .... See Chapter IV
The condition is sufficient.
IfAisannXxn non-singular matrix and there be another matrix B defined

b B = —— (Adj. A

Then  AB-= (Adj. A) =1 (A e Adj. A
|Al 5 M= A+ AG-A
| jolal, ... See § 509 Th. I Page 49 Ch. V
l -

. ! I :

Similarly BA = —— (Adj A) » A = —— [(Adj. A) ¢ A]
a1 [a]ASH
lAI-|A|I .See § 5.09 Th. I Page 49 Ch. V

AB=BA=1,

.~ B is the inverse of A and it exists.

§ 5-11. Some Important Theorems.

*Theorem L. [f A is a non-singular matrix of order n such that AX = AY,
thenX =Y.

-

Proof. If A is non-singular matrix, then A~ exists. ...See § 5:10 above
Given ) AX =AY
or A~ (AX)=A"' (AY)

A'ax=A'ay |
or IX = 1Y -~ ATTA=1

8
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or X =Y, by left cancellation law. Hence proved.
Theorem II. The inverse of transpose of a matrix is the transpose of the
inverse.

Proof. Let A be the given matrix. Then its inverse is T S
Also we have AA™' =1=A"" A, by definition.
(AA”Yy =1 = (A" AY, taking transpose.

or ATy A =1=A AT, - (ABY =B’A’and I' =L
Hence A’ is invertible i.e. A" possesses inverse
and Ay ‘=@

ie. the inverse of a transpose of a matrix is the transpose of the inverse.
Hence proved.
Theorem I11. If A, B are any two n X n matrices such that BA = O, where
O is the null matrix, then at least one of them is singular.
Proof. Since A, B are two n X n matrices
so AB =0, where O is the null matrix

ey |Ale|B|=0 (Note)
either | A | = 0, which means A is singular
= or | B|=0, which means B is singular

or both | A | and | B | are zero which means both A and B are singular.

Hence at lcast one bf A and B is singular.

Theorem IV. The inverse of the inverse of a matrix is the matrix itself i.e.
(A~ Y T= A, where A~ Uis the inverse of A.

Proof. Let A be the given matrix. Then its inverse is A” L

Also by definition AA™' =1=A""'A.

- A~ ' is invertible and we have (A~ Wl i,
i.e. the inverse of the inverse of A is A itself. Hence proved.

Theorem V. If a non singular matrix A is symmetric, then A" is also
symmelric.

Proof. If A is symmetric, then A = A’ (1)
Also by definition if A is non-singular, then
A 'A=1

=1, sincel'=1
—(AA”"YY,since I=A"' A= AAT!
= (A" 'Y A’, since (AB) = B' A’
ie A 'A=(A"'Y A, since A = A", from (i).
or A~ ' =A™y, by right cancellation law.
Hence A~ ' is symmetric by definition. Hence proved.
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Theorem VI. The inverse of the transposed conjugate of a non-singular
matrix A is the transposed conjugate of the inverse of A
ie. A% '=a" Yo
Proof. If A is a non-singular matrix, then A is invertible and we have
AAT'=1=A""A

or (AA" P =P=(a"1A)® .
or (A" Y% A%=1=4%(A"Y®, since (AB)®=B%A® 1°=1
. A% is invertible and we have ¥ g YT (A~ H®, Hence proved.

**85-12. Theorem. If r be the rank of a matrix A of order m x n: A, be the

normal form of A, R be the product of elementary matrices of order m and S be
the product of elementary matrices of order n, then A, =RAS. :

Proof. Since Rand § are non-singular (i.e. their inverses exist), therefore
R™ IA, S™'=A, where R" ' and S~ ! are the inverses of R and S
respectively.

or A=BA,C whee B=R"',C=5"!
=1 4 gl
or A=B"'AC! (Note)
Now if A is a non-singular matrix of order n, then r=n and
A=l
Hence A=BI,C,

which is of the form A =B, since B and C are the product of elementary
matrices.

Cor. If two matrices A and B are of the same order m x n and same rank,
then there exists non-singular square matrices P, Q such thar B = PAQ.

Proof. From above theorem we find that

A=CA.D,B=C A D,

where C, C, are product of elementary matrices of order m and D, D; of order
n.

From A=CA,D, we get A,=C ' AD™!

Substituting this in B = C| A,. D,, we get

B=C (C"'AD™)D,=(c,c)Aa® 'D)

which is of the form B = PAQ.

Solved Examples on § 512

Ex. 1 (a). Find the non-singular matrices R and S, such that RAS is the
normal form, where A=[ 2 2 _¢

1-1 2 2

Sol. Here we find that A is a 2 x 3 matrix



Important Solved Examples 79
[Alax3=hAl

g 1 0
9 2 ~6&|.lL O
or {_1 , 2}—[0 l].A. 0 1

Now we are to bring L.H.S. to the normal form by applying elementary row
and column operations.

i § =3)=ld
-1 2 9} |®
0 1

or 1 1 =3]|=[t g]*Aell 0 O by R; + R}
o 3 =i{ |} 010
2 0 0 1

-0 0

or 10 0l=n gleAe[t -1 3}byCa-Ci
03 -1f {1 , 0 1 0|andC3+3C
2 0o 01

oL 1 0 0= oleAe : _i 3 replacing C, by l! Cy
1 0 % 0
0 1

by C3 % C'z

or

| e |
(=1
=
oo
[ St}
I
ba - =
-0
| E—
[ ]
>
[ ]
o
I
D = -
— e |

Since L. H. S. is in the normal form, so

R ={ Q‘JandS= :
0
1 .
0 Ans.

Ex. 1 (b). Determine two non-singular matrices P and Q such that PAQ
is in the normal form, where
A=(3 2 -1 5
5 1 4 -2 (Garhwal 93)
1 -4 11 -19
Sol. Here we find that A is a 3 X 4 matrix
[Alzxs= ;AL

ral— r2i—
— | — oo

|
[ R R

or 3 2 = sTeli o Gleast 0 9
0100

s 1 4 -20l010 S &b

1 -4 11 -19| |0 0 T B R
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or

or

or

or

or

or

or

Matrices 182/11/5
0 0 -1 0]=1 00"“(')?331
17 9 4 18[00 1 0 38 1 s
34 18 11 36| |0 0 | 0001
applying C) + 3C;, C;+2C3, Cy+ 5C
0 0 -1 o0]=[1 o OvoF{I, ? g g';milé;lg
179 a4 18| [0 1 o L
00 3 o0f 0o -2 o e
0 0 -1 o0]=[1 00.5.5?83_
179 0 18| |4 1 o S Er
L 000 1
applying R + 4R, Ry + 3R,
= = B
0 0 -1 0]=[1 oo.A._;?g_g
=19 0 o0 (4 1 0 . |
'R 2P =y 000 |
“F‘Plymg C} - ZCZ, Cy— 2(:2
0 0‘—] ol=[1 o 0-.A'[-.._;! -1? g _g
e 4 i . ~ ] =7 1 1
00 sy 0o 00 1.
applying C, +9C,
0 0 1 0]=[-1 OO'A'—zqugg_g'
L OO0 @ -4 -1 0 Bl :
0 0 0 0 3 =2 | 0 5 o lj
applying - R and - R,
P A gl b 0 ]
01 0 0 -4 -1 0 T l
0 00 0 3 -2 1 0 0 o 1

interchanging columns
** L.H.S. is in the normal form, so we have

P=|-] 0 Ofland Q = 0 1 0 0
0 =2 ~J§7 -9
-4 =1 0
3 =2 1 i = =7 7
0 0 0

Ans,
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*Ex. 2. Find two non-singular matrices P and Q such that PAQ is in the

normal form, where

-

A=[1 1 1
T ~F =1
3 1 1] (Garhwal 96: Meerut 91)
Sol. Here we find that A is a 3 x 3 metrix
[A]3x3=I3Al3
or (1 1 1]=[1 0 oleAe[1 0 0
1 -1 -1/ |0 1 O 010
3 1 1] {001 00 1
or [1 1 1]=[ 1 0 0]eAe[1 0 0],applying Ry + R\, R;-R,
2 00 110 010
2 0 0.l=1 6 1 0 0 1
or f1 1 11=[ 1 0 o0]eAe[l 0 0lapplying R3—R;
2 00 1 10 01 0
§ 0 0] =92 =1 1 0 0 1
i N ) - 1
or I 1 = i eAe|l 0 0} applying Ry(3)
1 00 s 5@ 01 0
0 1
~000-L—2—11 0 0 1]
= .
i i} 2w of _ :
or 0 1 1l= f f eAs[1 0 0} applying R, - R,
1 00 3 2 0 01 0
0 0 0 0 0 1
L J =9 =i i L
: i o1 i .
or 1 0 0]=| 2 2 "|eAe[1 0 0} interchanging R;and R,
01 1 5. = 010
00 0] |_5 _; 4 00 1
or 10 0': 172 1/2 0leAe[1 0 0} applying C3~C,
010 1/2-1/20 01 -1
0 0 O 0 0 1 (Note)
Since L. H. S. is in the normal form, so we have
Fa i
Ps 7 2 . Q=[1 0 o0
3 "‘;’ 0 1 -1
s _ 00 1

Ans.
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E:.. 3 (a). Using the matrix A

5 3 14 4/ find two non-singular
01 31
-11 2 90

matrices P and Q such that PAQ is in the normal form.

(Agra 95)

Sol. Here we find that A is a 3 x 4 matrix

- iy o ~ -
& o €% S S
v o m\h Ma om... 1 b=
+ + e ‘8o o0 — Y m
— ™ & o .n.md. O s
& © &0 x R & ©
= B - e — fe————
..Dmb .mc IN.J w ww_ - ) BIBIOWG
= >+ W g ~ s 1 ) L i)
= A o
W WG. . J_.R COO" tmo U amom~
a = - COO0~ QOO NO~OD 1 Mu__
r L 1T By - -
COO=~ 000~ 000~ nNo~mwe aomo —-—0Q0 ~=~00 2 w~w~co &
p -
CO=0 OO ~0 —
N o Olilnoo — - O hooo_hooo m.-.l.ooo-
SRERRCRR NaeS Lede wamw. . .
9 L J L J A A A
_IOOO.IOOO_FIOOO. L] L] . Py .
® L L] < < -laO.l.I- -104- .04.
& (] Loge
< < < " - oS . o N
L] L] ° WO - N Vi gl v
r 1 T 1 r o I g | |
(== Lal =N ] O e 0 - -
©O=~© o=~0o o-o _ | Sma e s
{ S J L TN [ J __ M — — —
Il 1] I | i I
— —
r v r 1 r 1 -« — L 4 | J L J
<t -0 b A ] T -0 _.I. e 4 il " I
MmN TeN Mo O~= ‘oo~ CEE
b
(=T W =] (=l = R OO =
) =t ot 00 w=t = 00 - O (= - [~ N
(= = =0 (= =]
O v OO =~ (== ] [~ - -0
. L " ey by Ll il S8R, o8e, el L
H t ) l
5 5 8 -]
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L.H.S. is in the normal form, so we have
P=[ 00 -i]mdQ=|y | °} 3
.. 00 0 1
-1/4 2 -5/4 0 0 1 0
} s Ans.
Ex. 3. (b). Find non-singular matrices R and S such that RAS is in
normal form, where A ={1 2 3
3 2 1
1 3 2
12 1 3]

Sol. Here we find that A is a 4 X 3 matrix

~ [Alax3=lieAely

i (1 2 3]=[1 0 O
3 2 1|01 0
1 3 2/]0 01
2 1 3000

oF (1 2 3]=[ 1 0
0 -4 -8||-31
e 1 -t| -1 0
0 -3 -3[|-20
L .

or M 2 31s[ 1 o
0o 1 2 5 &
0 1 -1 i
0 0 -6{ (-1 o0

-5 0
(1 2 3)1=[ 1 o

o 0 0 3 1
0 1 -1 +
0 0o -1 _i 0

| 5. 9

or 1 9 0:% 0
0 0 1 1
0 1 0 [T

ol
0 0 1 oo

s

4

0OlsAe[l 0 O
0 010
0 0-0 1
1
0 0leAe[1 0 O
00 010
1 0 0 01
00
applyingR1~3R|.R3-R|,R4—ZR|
0o ol*Ae[1 0 0
010
0 00 1
. A
3 1J :
applying Ry (- 7) and Ry + 3R3
0 O|*Ae[1 0 0
010
L 4 00 1
1 0
W T .
2 6 . 1
applying Ry - R3, Ry (=)
3 lieAe[] 0 0O
d u 010
3 0 01
1 _1
2 6
P |
7 s ppplying Ry ~ 3Ry, Ry (3), Ry + Ry
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or 1 0 ol=[-2 0 L 3leAe[1 0 0
(o L of [z ox 1.9 010
g 0 1 2 IH 3 ' 01 0
] 1 Cl
0 o of [-2 o I -l
B E o1
Bk _6J applying Ry - 2R3, Ry~ R, .
or 10 o]=[-1 o 1 2eAe1 0 0
& 1 o7 5 1 g 00 1
a o 1 12 12 2 01 0
1 (]
3 Lo ol
1 %« 4 interchanging C; and C,

~* L.H.S. is in the pormal form, so we have

R=[-1 o 1 sls=[1 0 0
7 d WP 0 01
2z TE s ' 010
sk 4 el
6 0 s =g
ol Lol o4
a2 T &

Ans,
Exercise on § 512
*Ex. 1. Reduce A=[1 1 27 to normal form N and compute the
1 2 3
_ 0 -1 -1
matrices P and Q, such that PAQ = N. .
Ex. 2. Determine two non-singular matrics P and Q such that PAQ is in
the normal form, where
A=[1 1 2 ]
1 .2 3

O, =1 ‘IJ " (Garhwal 94)

MISCELLANEOUS SOLVED EXAMPLES

*Ex. 1. Find the reciprocal (or inverse) of the matrix
S={0 1 1 |and show that the transform of the matrix
1 0 1
1 170

A =-‘;— b+c ¢c-a b-a|bySie.SAS 'isa diagonal matrix.
c-b c+a a-b
‘I{b—¢c a-c a+b

Sol. In the usual way we can show that
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S"l:.-in\.rc:rseof5=l2 -1 1 1 (To be proved in the examination)
’ -1 ;
1 . =i
sa=[0 1 1]x3[b+c c-a b-a
1 0 1 c-b c+a a-b
1R |

0 b-¢ a-c a+b

=17 0 2a 2a | multiplying the matrices in
2b 0 2b | the usual way.
2c 2¢ O
or SA=[0 a a]
b 0 b
c ¢ O
sas'=[0 a alx3[-1 1 1
b 0 b -1 1
c ¢ 0 1 1 -1
=12a 0 07 multiplying the two matrices in
0 2b 0 |[the usual way.
0 0 2
=[a 0 0 | whichis a diagonal matrix,
0 b5 O . [See Chapter I1]
0 0 ¢ ‘

Ex. 2. If A is invertible show that A is invertible.
Sol. If A is inverible, then we know that

AA'=1=A7'A _
or (AA ) =1=(A"A) (Note)
or XA NH=I=A N7, " AB=AeB
Hence A is invertible and we have &= (F) Hence proved.
Ex.3.(a). fA={a; 0 0 where none of a’s is zero, then show that
0 2 0
0 0 3

A is invertible. Also evaluate A™'
SoL |A|=|a; O 0|=ajaxa;, on evaluating
‘ 0 a '
0 0 a3
ie. | A]#0.Hence A is invertible. w.Sec Ch. IN
Also



or

Matrices
Cu=la; 0f=ayayCpp=-]0 0|=0:Cp3=]0 a2| =0;
0 a3 0 a3 0 o
CZl-—— 0 0 =O:C22= a 0 =a,a3;C23=- a, 0l=0
0 a; 0 a3 0 0
Ci=|0 0[=0:C3p=-|a; 0]|=0:Cs3= a 0O|=aja
a 0 0 0 0 @
C=[aa; 0 0]
0 aza 0
0 0 GIGZJ
AdjA=C'=|aaz 0 0
0 aa 0
0 0 aa
A_1=AdJA= 1 aa; 0 0
Al “ajaas3| 0 aza; 0
0 0 aa
Al=|17a; o0 0
0 l/a2 0
0 0 1/aq A
‘Ex.'3 (b). Sbow that the matrix A=[0 1 0]is its own inverse.
) 1 0 0
0 0 1
Sol. [A|=10 1 of[=-1 0], expanding w.r. to C,
1 0 0 0 1
0 0 1]
-120 i)
AISOC“-— 0= 0;C|2=“ 1 0 =_];C|3= 1 0 =0;
1 0 1 00
Ca=-1 0l=-LCxn=|0 0 =0:Ca=-10 1|=0;
0 1 0 1 9 0
. Gy =11 0C32-" 0 0 =0;Cy3=10 1]=-1
0 0 1 1 0
C=[ 0 -1 0landadjaA=C'=[ 0 -1 o
; -1 0 0 -1 0 0
0 0 -1 0 0 -1
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ACTAT"EDl-1 0 o
0 0 -1
=-| 0 -1 0[=|10 1 0|=A
-1 0 0 1 00
0 0 -1 O -1 Hence proved.
Ex. 3 (¢). Compute the inverse of the matrix A, if
A=|3 -2 0 -1
0o 2 2 1
1 -2 -3 -2
o 1 2 1
Sol.|A|=]3 -2 0 -1
o 2 2 1
1 -2 -3 -2
0 1 2 1
=0 4 9 5 .
o 2 2 1I replacing R| by R, — 3R,
I -2 -3 -2
0 1 2 1 .
=14 9 5/|,expanding w.r.to C;
2. 2 1
1 2 1
=|0 1 1|,applying R{—4R3and R; - R;
1 00
I 2 1
=0 0 1],applying C;-C3
1 00
1 L 1
=|1 0], expanding w.r. to R}
11
=120 ' (D)
AlsoCpy=| 2 2 I =il & 0 0|=1]-3 -2
-2 -3 =2 -2 -3 -2 2 1
1 2 1 1 2 i
=-3+4=1
Ci2=- 10 2 1/=0,Ci;3= 1|0 2 1{==-1;
1 -3 =2 1 -2 -2
0o 2 1 0 1 1
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3 -2 0of [0 4 9 ,
Cu=[0 2 2[=[0 2 2=‘2 2‘_—10
y =3 =3 |1 =2 =3|

-2 0 3 -6
-4 -1 6 -10
AdjA=C=| 1 1 -2 -4 ...(1i)
0 1 0 -1
-1 -1 3 6
2 1 -6 -10
A_] Adj. s A 1 ], =9 4 from {l) and (ii).
|A| 0o 1 0 1
o -1 =1 3 -6
-2 1 -6 -1 e
**Ex. 4. Find A~! if A=|1 1 1| where o is the cube root of
1 o o
2
1 o ®
unity. (Agra 93,
SoL [A]= |1 1 1
1 o o
1 m2 w
1 o-1 o?*-1] G-C.C-C
1 -1 w@-1| respectively.
=lo-1 o’-1 ; expanding w.r. to R
0’-1 o-1
=(w-1)?| 1  @4+1},taking out common factors
o+1 1
=@-12[1-(@+1)7
=- (-1} (@ +20)=-(0- 1)} ©-1) _
mz+m+l=0 or @ +2w=m-1
=-(w-1)#0. (i)
A!SOC“= w mZ =m2—"m4=m2—m.'.' (1)3:1 )
0l o ;

=20
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Cip=-|1 o =—(m—m2)=m2—m:
1
C|3= 1 0 =@ .-m;C21=_ 1 1 :mz_w‘
1 (l)2 ) w
C2'2= 1 1 =m_l'.C23="' 1 1 =—({D2—l);
1 o _ 1 w?
Cu=|1 1]=0?*-w:Ch=-|1 !|=-(@*-1)
w (.02 | Y
Cy=|1 1ll=w-1
1 w
C=l 2-5 @i &
o’-0 -1 —(mz—l)
P =ip ~@r~1 -1
Adj.A=C'= ml_w (1]2—&) (Dz_m
(ﬂz—-u) (1)2—] _(ml_l)
0l-o -@-1) o-I
=(w- o ® ®
w 1 —(w+1)
(@ -(w+1) 1
=(w-1)jo © © Cl+o+0i=0
w 1 wz
Lw mz 1
g .9
or AdiA=(@-Nowll 1 1 whem—:“’_=‘”T
1 /o o w
/

—w@-n[1 !

1
Lo @ . (i)
Ll © o
1
(1)2
w

g AdA_©©-1) B 1 | from (i) and (ii)
Al — (-1’1 L
1 -l mz-
_ w i - j ]
-2 o @ ...(iii)

lem



Now — () — l)2 =

]

From (i11), we get
v L
1 w2
1w

A=| 12
2

w~
~

3
4
Sol. Given A =

4
9

T 1
O - O

CO O -

OO —

OO O -

Miscellaneous Solved Examples

—(m2+1—2w)

= [(- w) - (2w)],
K10

2 3

th & W N
N
&

1 16
4 25
9 16 25 36
6 25 36 49

0 0
-7 =20
-20

2

91

W +w+]=00rm2+]=—m

Ans.

(Agra 96, Bundelkhand 96)

0} replacing C5, C3, C4by

-39 |C, -4C,, C3-9C and

-56 - 108 |C, - 16C, respectively
16 -39 -108 -207

0} replacing R;, R3, Ry

-20 -39 [by Ry~ 4R, R3-2K;

-6 -16 -—30 |and R, — 4R, respectively

0 0
-7

-11 -28 -5l
0 0

-7 -20

-6 16 -30

-4 -8 -12

00 0

1 4 9|-(R;-

2 8 18

4 8 12

0 o0

1 4

0 0 0

0 -8

—24J

0 } replacing Ry, Rq by
-39 |R3— R and R, — R, respectively

replacing R, Ry, Ry by — (R; — Ry),

R;) and — R4 respectively

0 } replacing Ry, Ry by R3 - 2R,,
9 |Ry — 4R, respectively
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0 n:placmg C}, C4 by C3 = 4C2,
0 | C4—9C, respectively
0

-24

COO -
[= =l =]
oo oo

1 rcplacing R4 by - % Ry

Ll =M=l =]
w o oo

J 1 —

SO0~

) interchanging R3 and R,

(=Ne el

J
1 replacing C4 by C4 - 3G

oo -0 So =0 [= = N -]
(=l =N =l =] ODWOoOOo

S -0 0 Q-0 O
e

[= e Rl R

Sy B
| O 0}

The rank of martix A is 3. Ans.
Ex. 5 (b). Find the rank of the matrix

A=|1 2 3 0
2 2
3 3
6 5

- -
-

(Agra 94; Bundelkhand 93)
2 3 0} replacing R;, R3, R4
2 0 2(byRy;=R|,R3-Ry,Ry— Ry
2 =2 1|respectively

Sol. Given A ~

L e
|

=)

~

'} replacing C,, C3 by
Gy - 2C,, C3 - 3C respectively

G o b
|
-y
|
(¥

J

h rcphcing Rz. R3. R4 by
Ry — Ry, Ry — Ry, Ry — 3R respectively

o
o
R—-=o No—= O

COO =
]
=N
I
n

r
| -
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0 0 0} replacing R3, Ry by

0 -3 2 R_'; . Rz. R4 = Rz n:Spectivcly
-4 -2 -1

o o0 0
o} replacing C,,, C3 by - (1/4) Cy
2 |and — Cj respectively

1
0O -—

r

oo —

-}
0
0 } replacing C3, C4 by
2 |C3-2C; and Cy4 + C| respectiely

(= —~ B = ]

replacing C3 by C3 - Cy4

CONO o
(el it

L=l

J

| replacing C4 by Cq ~ 2C3

OO -

[

7, interchanging R; and R

COo—-0 ©0—-00 O—O0 o=0Q0 ©=0O0

cococo ococoo

00O —
‘o=~oco0O CO=0 OO0 —=0 poweo oONWES

By 0

The rank of the given martix A is 3.

*Ex. 6. IfA=[3 -3 4] showthat A3_ 571
2 -3 4

0o -1 1

-3 4

=

=1 1

~[1; 0]

Sol. |A|=

DOt W

or |A]=|1 0 O], replacing R by R - R;
2 -3 4
0 -=1 1

= ‘—3 4‘=-3+4=|¢0.
~iF 1 :

93
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Also for the matrix A, we have

Cy=1|-3 4/=1LCp=-(2 4|=-2;C;3=|2 =-3|=-1;
-1 1 o 1| - 0 -1
Cy=—|-3 4|=-1Cp=|3 4|=3:Cp3=-|3 -3|=3
=1 1 01 0 -1
C3=|-3 4|=0iCp=-[3 4|=-4Cu={3 -3|=-3
-3 4 2 4 2 =8
c=[ 1 -2 -2
-1 3 3
0 -4 -3
Adj.A=C=[ 1 -1 0
- -9 3 =k .(ii)
-2 3 -3 ,
A-1_AdiA _[1 -1 0] from () Gi)
-2 3 -3

=[9-6+0 -9+9-4 12-12+4]|_[ 3
6-6+0 -6+9-4 8-12+4| | 0 -1 O
0-2+0 O0+3-1 0-4+1| |-2

A;:AZOA;' 3 -4 4(x|3 -3 4

‘ 0 -1 0| (2 -3 4

-2 2 -3]10 -1 1
=[ 9-8+0 -9+12-4 12-16+4
0-2+0 0+3+0 0-4+0
-6+4+0 6-6+3 -8+8-3

Also A2_[3 -3 4]x[3 -3 4
2 -3 4|2 -3 4
o -1 1| [0 -1 1

=1 -1 o0
=2 -3 -4
-2 3 -3
" die Ad= A_l. from (iii). Hence proved.

*sEx. 7. If two non-singular symmetric matrices A and B be such that
AB=BA (ie. commute under mmitiplication), then prove that
A'BandA™' B! are symmetric. '

" Sol. Here we are given that AB = BA.
<. We have A™ AB = A™" BA, premultiplying by A™*
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or IB=A"BA, - ATTA=1
or B=A"'BA, .- IB=B
or Bal=a"1par™,: post multiplying by A
~A'BI=AT"sB, : i)
since AA'=Iand BI=B.
Again (A By =B’ (7Y, .+ (AB)Y =B’A’
=B (A')_.l (A-l)a = (A')—‘
...See Th. II Page 77 Chapter V
=BA™!, - A’=A,B =B as A and B are symmetric
ie. (A7'BY = A" B, from (i)

Hence A™'B is symmetric.
Similarly (A'B7'Y =(B7"y (A7), as (CD)’ =D’ C’

Lor @By =m)"@n" See Th. II Page 77 Ch. V
=BA]'! - A’=AB'=B
-AB)", - @B '=B"A™
=(BA)"', - AB=BA (given)

or @'ply=alB"

Hence A~ B! is symmetric.

Ex. 3. Find the rank of A =[1 2
2 4
1 2

Sol. A~

W W
(S ]

) 2 3 o} replacing Ry, Ry by
00 0 1 R, - 2R, and R; — R| respectively
-1 2 3 0] replacing R, by R, - R;
0 000
0 0 0 1
-1 o 0 0} replaéing C,, C3 by
0 0 0 0|Cy-2C,andC;-3C respectively
LO 0 0 1
~-[1 0 0 0} interchanging C; and C4
0 0 0O
l.Ci 1 00




96 Matrices 182/11/6
’ interchanging R, and Ry

~1L O

o O
. The rank of matrix A is 2. Ans.
**Ex. 9. Find the rank of an m x 5 matrix, every element of which is

unity.

Sol. Letan mxnmatrixbe A=[ 1 ) we 1
" 1

O N e |

Then we find that every square submatrix of A higher than 1 x 1 will be a
matrix each element of which is unity and therefore the value of the determinant
will be always zero, since its rows and columns are identical. But the square
sub-matrices of order 1x1 are [1] and the determinants of these are
|A|l=1#0. , '

Hence the rank of A is 1. Ans,

Ex. 10. Show that the matrix A=[1 a o« ac]is of rank 3 provided
1 5 p B
1 ¢ v oy
no two of a, b, ¢ are equal and no t'vo of a, f5, Y are equal.

Sol. A~ a a ac, | replacing Ry, Ry by R, - R,
Ry - R respectively

1
0
0

0 ].replacing C3, C3, C4 by

aa.| C; —aCy, C3 - aC, and
a | C4 - aa.Cy respectively

} replacing Cy by C4 - aC,
0
0

oo~

replacing Cy4 by C4 - bCs
i :
-0 cyY-ca-by+ba

~|1 0 0 0 =B (say);
0 b-a B-a 0
0 c~a y-a (c-b)(y-w

. Now a minor of order 3 of B
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= 4 ] 0 0 b-a 0
0 b-a 0 ce~a (c-by- 0!)
0 c—a (c-bly-o

) .expanding with respect to R,
=(b-a)(c=b)(y-0) =0, as no two of a, b, ¢ and no two of
a, B, y are equal (given)

p(B)23 «..(i)
Also the matrix B does not possess any minor of order 4 i.e. of order 3 +1, .
s0 p(B)<3. . .(i1)
. From (i) and (ii) we get p (B) =3
and therefore p (A)=3,as A~B. Hence proved.
Ex.11(a). Find A~ 1jfA=[1 -1 2 ‘
1 0 -1
2 -1 1

Sol. Here|A|=]1 -1 2|=|1 -1 2|, replacing R3by Ry~
l 0 -1 1 0 -1
2 -1 1] |1 0 =1

= (), since two rows are identical.

Hence the matrix A is not non-singular (i.e. is singular) and so A" ! does not

exist. (See § 5-10 Page 76 Ch. V)
Ex. 11 (b). Find adjoint and inverse of the matrix
3 -1 1
-15 6 -5
5 -2 2
Sol. Do yourself. -
Ans. Adj.A=C'=[2 0 -1}A=[2 0 -1
510 5 1
01 3 01
*Ex. 12. IfA=11 1 -1|andB=
2 -3 4 6
3 -2 5
then show that p (AB) # p (BA), where p denotes its rank.
(Rohilkhand 93)
Sol. AB=[1 1 —11x -1 -2 -1
|2 -3 4 | 6 12 6
[3 -2 3J [ 5 10 5

={-1+6-5 -2+12-10 -146-5|=(0 0 O
~2-18+20 -4-36+40 -2-18+20| |0 0 O
-3-12+15 -6-24+30 -3-12+15 0 00
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- By definition p (AB) i.e. rafk of AB is 0.

Again BA=| -1

‘Now C-~[-8
8
40

mlill 7
00
00 0

L

[-1-4-3
=|6+24+18
5420+ 15

=[-8
48
40

..(i)

... Sec § 5.02 Note 2 Page 2.

-2 -1Ix]1 1
6 12 6 2
5 10 5 3

-]
-3 4
=2 3

-1+6+2 1-8-3
6-36-12, -6+48+ 18
5-30-10 -5+40+15

7 -10]=C, say

-42 6
-35 50

7 - 10} replacing Ry by Ry — Ry’

-7 10
=35 50

- 10} replacing R,, Ry byR, + R,
0 |and Ry + 5R respectively

1'} replacing C,, C,, C3 by (- 1/8) C;
01(1/7) Cy, (= 1/10) C; respectively
0 .

0} replacing G,, C3 by C; - C

wi:{i1)

0 |and C3 - C| respectively
0

{1y ©
0o 0

P(C)=1 or p(BA)=1, from (ii)

!
r
—
coo oo -

. From (i) and (iii), p (AB) # p (BA)

Ex.13. IfA=[1 1 1]andB=[2
1.2 3 3
1.4 9 1

2
1

N =

. (ABy =g 2!

Sol HereA=[1 1 1]|=|1 0
12 3 |11

1 49 |13

Also for the matrix A, we have

2’:2

.-(1i1)
Hence proved.

3 |, then show that
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F||= 2 3|=6Cia=—1{1 3 ==-6:Cj3=|1 2{=2
4 9 1 9 1 4
Cu=-|1 1]|=-5Cnp=|1 1 =8,Cy=-|1 1|=-3
4 9 1 9 1 4
Cy =11 1 =1;Cp=—1|1 1 =-2,C33=11 1|=1
2 3 3 1L 2

C=| 6 -6 2
-5 8 -3
1 -2 1
Adj.A=C=| 6 -5 1
-6 g8 -2
2 -3 1
A—1=Ad_).A=1 6 -5 1
|A] 2 -6 . 8 -2 (1)
2 -3 1 :
Again |B|=(2 5 31=10 1 | 1 1|=4
A 3 1 2 0 -5 -1 -5 -1
1 2 1 1 2
Also for the matrix B, we have
Cnp=1{1 2 =-3Cpp=-13 2 ==1:C;3=13 1|=5
2 1 1 1 1 2
Cnu=-15 3 =1,Cp=12 3 =-1;Cy;3=—-12 5|=1
2 1, 1 1. 2
Cy =15 3 =T,Cp=-1{2 3 =5;C33= (2 5|=-13.
1 2 3 2 13 1
c=[-3 -1 5
1 -1 |
7 5 -13
Adj.B=C'=|-3 1 7
-1 -1 5
5 1 -13

_Adj.B_1[-3
[B] 4/-1 -1 5 (i)’
5
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Again AB=|]1 1 1]x[2 5 3
I 2 3L i3 1 2
1 4 9 1 2 1)
=|24+3+1 5+1+2 3+2+41 8 6|=D (say)
2+6+3 5+42+6 3+4+3 13 10
2412+9 5+4+18 3+8+9 23 27 20
Now|D|=|6 8 6 8 = 8 6
(11 13 10 ll 13 10 I 13 10
|23 27 20 .l 1 0 1 1 0
=10 8 6= =80-72=8=0.
0 12 10 12
1 I 0

_ For this matrix D, we have
) Cu=—,13 10]=-10;C12=ﬁl11 IOI=IU:C|3= 11 13| ==2

27 20 23 20 23 27
Cu=-|8 6|=2Cp=|6 == 18 Cy3=- =22;
27 20 23 20 23 27
Cyu=|8 6|/=2:Cpp=-|6 6 6C33= 8/=-10
13 10 11 10 11 13

C=[-10 - 18 <3
2 -18 22
2 6 -10
Adi.D=C=[-10. 2 2
10 -18 6
-2 22 -10
yvlep1_-AdiD _1[-10 2 2 ...(iii)
(AB)" =D ID| "8 10 -18 6
-2 22 -10
From (i) and (ii) we get
-1,-1_1[-3 1 7.1} 6 -5 1
B S G 8 -2
5 1 =13 2 -3 1
=1{-18-6+14 15+8-21 ~3-2+7 ~1/-10 2 2
8 -6+6+10 5-8-15 -1+2+5| 8| 10 -18_ ¢
30-6-26 -35+8+39 5-2-13 -2 22 -10
= (AB)™!, from (iii). Hence proved.

*Ex. 14. Prove that (Adj. A) =(Adj. A~ ), where A is any n x n matrix.

(Agra 95; Avadh 99; Bundelkhand 92: Purvanchal 96)

Sol. We know from Ex 22 Page 74 Ch. V (To be proved in the examination)
that
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Adj. (Adj. A)=|A|""
Also from Theorems 1 and 11 Pagcs 49-—50 Ch. V we know that

|Adj. A|=|A["" i)

aiid P )
Al
Sswadi A~ = Ad. {f‘ﬁﬁ . from (iii)
[ e
=AGATA( AY- (Ad-A) - See Th. 111 Page S0 Ch. V
=L —|A["" 24 A, from (i) and (ii
A" '
A .
or Adj. A === «(1V)
ATY
Also (Ad]. A) Adf. (Adi, , from (m) (Note)
|Adj. A |
or (Adj. A)"" =j—-|nn—_1—A-. from (i) and (ii)
[A
-1 A |
or (Adj. A) ' = . V)
e Il 7Y

Hence from (iv) and (v), we get (Adj. A) ! = (Ad). &, Hence proved.
Ex. 15. If A is of order m x n, R is a non-singular matrix of order m,
" show that Rank of RA = Rank of A,

Sol. let A=EA,Fand R=E, See § 5.12 Page 78
Then RA=E;(EA,F)=E;EA_F

i.e. RA has been expressed as the result of elementary operations on A,
Thus Rank of (RA) = Rank A, =Rank A.

**Ex. 16. Prove that the rank of a matrix remains unaltered by the
application of elementary row and column operations. '

or Prove that two equivalent matrices have the same rank.” (Avadh 99)

Sol. Let an m x n matrix A be given by

A=%1 @2 - @i
az 4ax ... G
Al Qy2 - dpp

Let M be any minor of order r belonging in the first r rows of | A |.

Now firstly if we inerchange any two rows or columns of A, then the minor
M cither remains unaltered or changes sign. :

Secondly if we multiply one row or column of A by a number A, then either
the minor M remains unalteréd or changes into AM.
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- Thirdly if we replace any row R; (for column C;) by R; + AR; (or C; + AC)),
. then'either the minor M remains unaltered or changes into a sum or difference of
two of the original minors.
Let B be the matrix obtained from A by the appllcauon of any one of the
abové three elementary row or column opcrauons
Thus if all the minor of order r in | B | are zero, then all the minors of order
rm]B]arealso Zero.
rank of B < rank of A. ; (1)
Similarly if all the minors of order r in | B | are zero, then all the minors of
order r in | A | are also zero.

rank of A <rank of B - .(ii)
From (|) and (ii) we get
rank of A = rank of B. : Hence proved.

. Exercises on Chapter V

Ex. 1. Are the following pairs of matricés equivalent ?
4 -1 2|and|{2 1 4 7

3 40 36 2.1

1

00 (0015 r—

Ex. 2. Show that the rank of a matrix is not altered if a column of it is
multiplied by a non-zero scalar.

Ex. 3. Show that the mnverse of
[1 2 3 1]is[ 1 -2 17 0

1-3 3 2 I =2 2 -3
2 4 3 3 0 1 -1 -1
A 1 1 1 Y] |=2:3 -2~ 3
Ex. 4. Compute the adjoint and inverse of ’
. r 1 1
[ =g O] Ans.| 1 11 and 3 3 %
8 1 -1 - B
Y 2 2 2
I 0 - : : el ol 1
- - 7 3 3
Ex. 5. Show that the adjoint and inverse of the- matrix
1 2 3]are[ | 3 -2]and-3[ | 3 _2
345 |3 -9 4 3 =9 .4
6 7 9 -3 S =2 -3 .5 =2
Ex. 6. IfA=/aq 0 0 .. 0 where g;# 0 forall 1 Si<n, then
0 @ 0 ... O gowthat A isinvertible. Also
0 0 4 evaluate A~

0 0 0 ... a,
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AnS.A—!= l/ﬂl 0 0 — 0
o 1a 0 ... 0
0 0o Va 0
o 0o 0 .. Va
Ex. 7. Show that the reciprocal (or inverse) of
-2 5 4
1 1 1]is 3 2
g |
2 2 3 5°-% -3
4
1 4 -2 1 0
Ex. 8. Show that the inverse of
2 -1 3]is|"! t 2|
| o8 1) | 5 o0 8
= 1 3
I =2 72

Ex. 9. IfA=|¢ by ¢ prove that AA“' =1,
ay by o -
ay by

Ex. 10. Prove that Adj. (A") = (Adj. A)".
Ex. 11. Let A be a non-singular matrix. Will the adjoint of A also be
non-singular ? :
Ex.12. Show thatA=|3 7 1 | is non-singular.
' 5 9 -1
7 13 =5

(Hint : Prove that | A | # 0].
Ex. 13. Show that if A is a square matrix of order n then
Adj. A (Ad). (Adj. A)) = (det. AY" 'L
Ex. 14. What is the rank of a non-singular matrix of order n ?
Ex. 15 (a). Show that the inverse of

2 -1 3|s[ -7 -9 10
-5 31 -12 -15 17
-3 2 3 1 1 "l_j
Ex. 15 (b). Find the inverse of the matrix
A= 0 0 Z Ans.% 24 10 - -
-1 1 =1 -5 -3

- -16 -6
-2 1 6| (Agra95) -11 -5

W N O -
— N = N
W= N
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Ex. 16. Compute rank of the matrix [ | 2
4 5
7 &

O Oy W

Ans. 2
Ex. 17. Prove that each non-singular matrix has a unique inverse matrix.
*Ex. 18. Define Rank of a matrix. Determine rank of the matrix

A=|1 a b 0

0 ¢ d 1
1 a & 0
0 ¢ d 1

- [Hint : See § 5.02 Pages 1-2 Ex. 13. Page 10 Ch V]
*Ex. 19. Find the rank of the matrix A, given by
A=(3 2 71
4 1 3 2

1 -1 -4 1 Ans.2A

Ex. 20. Find an invertible matrix P such that PAP! is a diagonal matrix,
where A=[1 -3 3 ’
3 -5 3
6 -6 4
Ex. 21. Prove that every matrix of rank r can be reduced by means of
elementary transformation to.the form| I, O/
o O

Ex. 22. Show that for'any matrix A, rank (A’A) = rank (A).

Hence or otherwise showsthat if n be the rank of an m X n matrix A, then
A’A is a non-singular matrix.

Ex. 23. Find inverse of

@ {1 -1 0} @injr 0 1
0 1 1 3 4 4
1 1 0 -4 -7

Ex. 24. If adj. B=A and |P|=1=|Q|, then prove that adj. (Q_'BP™)
=PAQ. ' (Kanpur 95, 93)
Ex. 25. Prove that the inverse of a matrix is unique.
Ex. 26. Prove that for every matrix A there exist two non-singular matrices
P and Q such that PAQ is in normal form. (Rohilkhand 90)
Ex. 27. Show that every -elementary matrix is non-singular ie. it is
invertible and its inverse is also an elementary matrix of the same type.
) ) : {Purvanchal 93)
Ex. 28. Find the rank of the matrix A, where
A=|1 3 4 3
39 12 3

} 34 1 (Rohilkhand 99) Ans. 1



