Chapter VI
Solution of Linear Equations

§ 6.01. Matrix of coefficients of a system of equations.
Definiton. Let the system of m simultaneous equations in n unknowns

Xy X2y oy Xpg be
ap|x +a‘|2x2+aj3,r3+ wraF A1pkn =kl-
ayixy +apxa+anxyt ... +ayx, =k,
ay Xy +azXy +azyxy+ .0+ ayx, = ks,
AiX) t@paXa + ap3xz + ... + Qnn = km
or written in a compact form
n

L ajxj=k,wherei=12,...m )
J =1 i ~--(I)
Then the matrix A = [g;] = 4u 412 ... dia
azy 4z ... axy
Ay Gy e unmJ

of order m x n is known as the matrix of coefficients of the system of equa-
tions given by (i).
The determinant of the matrix A, [if there be n equations in (i)] viz.

|Al=1%1 %12 ... 9in
G- Gp ... Gy
Q| Qg2 o amrr|

is called the determinant of coefficients of the system of equations given by (i).

Note. If all the k's are zero, then the system of equations given by (i) is said
to be homogeneous and if at least one of k's is not zero, then the above system
of equations is said to be non-homogeneous.

§ 6.02. System of equations in the Mdtrix Form.

The system of equations given by (i) in § 6.01 above can be written in the
matrix form us

r - 9 & -_r -

an i | @ . Q| x |7k + (Note)
azi az; ... ay .. Ay X ‘&2 5 ...(l)
a,  ap a; a;,

ml A2 amj a’n‘;n _IIT_ _ka
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or in more compact form it may be written as
AX =K.
'where A = [g;;] i.e. the matrix of coefficients of the system of equations given by
(i) in § 6.01 on Page 105;
X = the transposed matrix of [x, x5, x3, ... x,,] and
K = the transposed matrix of [k;, ka, k3, ..., kpl]. .
Here students should note that the product AX is a matrix of order m x 1, as"

A is a matrix of order m X n and X is a matrix of order n x 1. And X is also a
matrix of order m x 1.

§ 6.03. Consistent and Inconsistent Equations.

Consider the system of equations given by (i) of § 6.01 Page 105;

If the above system has a solution (i.e. a set of values of x}, x5, x3, ., X,¢
satisfy simultaneously these m equations), “then the equations are said to be
consistent otherwise the equations are said to be inconsistent.

A consistent system of equations has either one solution or infinitely many
solutions.

§ 6.04. Solugion of non-homogeneous bimultaneous equations.

Solution of equation given by (i) of § 6.01 Page lOS Ch. VI when m = n and
*he matrix A is non-singular.

We know from, § 6.02 Page 105 Ch. VI that the matrix form of he given
:quations is . AX =K (1)

Also we know that if A is non-singular, its inverse matrix i.e., A7 exists
such that : AT'A=L ..(ii)
where I is the identity matrix.

Hence by multiplying both sides of (i) by A, we have

_ A'AXx=AT'K
or Ix-A"K,ﬁom(ﬁ)
or ' X=A" K which is the required solution

of the given equauons and is unique.
Solved Examples on § 6.02—3§ 6.04.
Ex. 1. Express in matrix form the system of equations
9x + Ty +3z2=6;5x+y+4z=1;6x + 8y + 22 =4. (Gorakhpur 97, 94)
Sol. The given equations are

9x+Ty+3z=6
Sx+y+4z=1
6x+8y+2z=4

* The required matrix form of these equations is
' AX =K,
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-

‘where A=[9 7 3} X=[x]andK=[6
51 4 ¥y 1
L6 8 2 z 4

Ex. Z (a). Find the matrix X from the equations AX =B,

where A=|1 -1 0OlandB=|21

0 1 =1 1
1 1 1 7
- Sol. Let X =| x| then from AX =B, we have
y Y
Z
1 -1 0][x]=[2]
0 1 -1y 1
1 1 1 zJ 7_]
= 1 -1 0][x]=[2] by the elementary row
1 -1||y| |1]|operationR; — R;+R,
Ll 2 0}zl 18 .
= [1 —1  0][x|=[ 27 by the elementary row
0 1 -1 y 1 operal.idns R3—)R3 +'2Rl
3 0 0l z 12 ;

x—y=2,y-z=1,3x=12 ' (Note)

=
= y=x-2,z=y—-1,x=4
= y=4-2=-2,z=2-1=1,x=4
=% x=4,y=2,z2=1.
X=|x|=|4
y 2 : Ans.
b4 1

Ex. 2 (b). Solve by matrix method
I-2y+32=2,2x-3z=0,x+y+z=0.
Sol. Do as Ex. 2 (a) above. Ans. x =(6/19), y =-(10/19), z=(4/19)
**Ex. 3 (a). Solve by matrix method :
X+y+z=6,x-y+z=242x+y-z=1
(Gorakhpur 96; Kanpur 95; Rohilkhand 95)
Sol. Given equations are ‘
x+y+z=6 ’
xX—y+z=12
Zxty—gz=1
LetA=|1 1 1 L K=| 6 |and assume that there exists a matrix
1 =1 1 2 .
2 1 = 1
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X =|x|such that AX =K

¥

z -

Then - [1 1 1][x]=[6
1 -1 1y 2
2 1 =1{f|lz 1

= (1 1 1[x]=[ 6], by the elementary row
O = 0lly —4 | operations R, — R, - R,
0 -1 =3}z L—ll 'R3'—)R3—2R1

= rl) _g *g ‘;_ :i , by the elementary row
0 -1 -3llz| |-11 operations R; - R; +R3

= x=-2z==-5,-2y=-4,-y-3z=-11

= x=2z=-5,y=2,2+3z=11

&5 x=2z-5,y=2,2=3 A

= x=6~5,y=2,z=3=x=1,y=2,2z=3. Ans,

*Ex. 3 (b). Solve by matrix method
x+2y+3z2=14,3x+y+2z=11,2x + 3y + z = 11.
' (Bundelkhand 92; Purvanchal 93; Rohilkhand 98)
Sol. The given equations are

x+2y+3z=14 ' v
Ix+y+2z=11
2x+3y+z=11
Let A=|1 2 3|and K=|14| and assume that there exists a maltrix
31 2] 11 ’
231 11
X =| x |such that AX = K.
y ;
z
Then |’1 2 3 x]= 14
31 2| y 11
2.3 14. zj 11 -
= (1 2 3][ x|=[ 147 by the elementary row
4 3 5|y 25 | operation R, — R + R,
2.3 || z 11
L JL L
= 2 4 6]l x]=[ 287 by the elementary row
2 0 4| y 14 | operation R; — 2R,
_2 3 I;_Zd _ll Ry — Ry — Ry
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= 0 4 f]‘_ﬂ:’ 147, by the elementary row

2 0 4f] y| |14 operation R| = R} - Ry,

03 -3)lz) [-3]RoR-R

E -~ 9.1 o7 by the elementary row
= 0 2 1][ £]=[ 7}DyMecemenay

1 0 2 v 7 operanon R] =y 2 RI'

0 1.~!_Lz_ -1 Ry LRy Ry LRy

T :

= 0 g g o B gw. by the elementary row

: Y operations Ry = R + R3

0 1 =i L.'. |.-l
= y=6,x+2z=T7,y+z=-1 (Note)
=, y=2,z=_y+1=_2+1=3.x_=7—2:=7f6=1 )
= x=1y=2,z=13 Ans.
Ex. 3 (). Solve the following equations by matrix method :

x+2y+3:=4,2:+3y+8z=7,:—y+9z=l. (Agra 96, 93)

Sol. The given equations are . '

x+2y+3z=4 ; 3 ' e ¥

2x+3y+8z=7

x-y+9z=1
LctA;{l 2 3], K=|4]and assume that there exists a matrix X =| x

2 3 8 7 S ¥
\} -1"9 1 z
such that AX = K.
Then [1 2 3]|[x]=[4
2 3 8{|¥| |7
1 -1 9|z 1
- o L
= "y 2 31[x]=[ 4} by elementary row
0 -1 2||y -1 Opcrationst—>R2-2R|
0. -3 6|2 |-3] and Ry > Ry~ Ry
= "1 2 3|[x]=[ 4] by elementary row
0 -1 2 y -1 melions R3 -3 R3 - 3R2
0 0 0}z L 0
. <L
= \x+2y+32=4,-y+’2.z=-—]
=3 x+7z=2,-y+2z=~1 .
= x=2-Tzy=2z+ 1 and z can take any finite value. " Ans.

**Ex. 4 (a). Using matrix method, solve the following equations—
2:—y+3z=9,x+y+z=6andx—y+z=2.
(Avadh 98; Agra 95; Garhwal 95: Gorakhpur 99; Kanpur 90;
Meerut 92B, 91; Rohilkhand 97)
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Sol. The given equations are

2x-y+3z=9
x+y+z=6
X=y+z=2 ;
LetA=(2 -] 3lK=[9 and assume that there exists a matrix X =[x
1 k=1 6 ¥
i -1 1 2] - b4
such that AX = K.
Then [2 -1 3][x]=[9 y
1 I Iy 6 (Kanpur 90)
1 -1 1({z 2
= (3 0 4][x]=[15 by the elementary row
d1 1 1|y 6| operations R; — R, + R,,
20 2 Z 8 R3—’R3+R2
= 3x+4z=15,x+y+2=6,2x+2z=8
= 3x+4z_=‘l$,x+y+z=6.x+'z=4
= y=6—(.);+z)=6—4, U x+z=4
or ~ ‘y=2
Also 3x+4z=15 gives 3x+4 (4 -x) = 15, v x+z=4
or 3x+16-4x=15 or x=1

T 2=4-x=4-1=3
= x=1,y=2,z=3. )
*Ex. 4 (b). Solve by matrixmethodonlytbecqualions':
.t+_v+z=6;x+2_y+3¢=l4,x+4y+9z=_36.
- (Gorakhpur 98, 91; Kanpur 94; Rohilkhand 99)
Hint : Do as Ex. 4 (a) above. ’ s Ans.x=1,y=22=3.
**Ex. 5 (a). Solve the following equations by matrix method : .
X+2y+2=2,3x+5y+52=4,2x +4y + 3z = 3.  (Bundelkhand 91)
Sol. Let A=[1 2 1} K=[2] and assume that there exists a matrix

355 4
2 4,3 3
X =[x] such that AX = K.
y -
)
Then [1 2 . 1][x]=[2
3 5. 5]|ly||4
2 4 31z 3
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1 2 11[x]=[ 2}by the ¢lementary row

o -1 2|ly| |-2 operations Ry = Ry = 3R,

0 0 1 Z -1 andR3—+R3-—2R|
x+2y+z=2,-y+2=-2,z2=-1
,t+2y—l=2,—y-—2=-2‘z=..1

x+2y=31)’=0.1=-1

x+0=3,y=0,z=-1

x=3,y=0,z=-1 il

**xEx. 5 (b). Solve the equations :

x+¥+a= 9,2x +5y+Tz=52,2x+y-1= 0. (Gorakhpur 92)

Sol. Let A=|1 1 11 K =[ 9] and assume that there exists a matrix

2§ 52
2 1 =1 0

x|suchthat AX=K

y

Z P
Then

- =
=
and
=

(11 1 ;1: 9

25 52
2. 1 IJL"_‘ 0 _
(1 ] 1Tx1=[ 97 by the elementary row

0 3 Siy 34 | operations R, = Ry — 2R,
LO ~1 =3le&} |= 18 and Ry — R3 - 2R,

1 1 1][x]= 91. by the elementary row

0 0 -4|ly| |-20]operations R, —= Ry + 3R,
L0 -1 -3z g 18

x+y+z=9;-4z=—20;—y—3z=—18
z=5,y=18-3z=18-3(5)=3

x=9-y-z=9-3-5=1

x=1,y=3,2=5. Ans.

Ex. 6. Solve the following equations by matrix method—

2x~y+3=8, x+2_7+z =4,3x+y—-4z=0. (Rohilkhand 91)

Sol. The given equations are

Sol.

2x-y+3z=8
~x+2y+z=4 . 3
Ix+y-4z=0 :
fetA=| 2 -1 3] K =| 8 jand assume that there exists a matrix
N\

=1 2 1 4
3 1 -4 0
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X = [ x|such that AX = K.

»
z
Then -1 3||x|=|8
=] 2 Lily] |4
1 —-4th 0
= 0 3 S{{x|=[16] by the elementary row
= P Ly 4 | operations R} — R + 2R,
0 7 -1 o 12 R3‘—)R3+3R2 .
= 0 3 5[x]= 16 | by the elementary row
‘ =1 @2 Ly 4 [ operation Ry — R; - 2R,
0 1 -1ilz] |-20 ‘

76 |, by the elementary row
4| operation R| — R, - 3R,
z -20

I
-
—_—No
&
| . |
- ox
1}

38z=76,—x+2y+z=4,y—llz=—20"
'z=2,—x+2y=4—z=2.y=—2o+11z=-20+‘22=2
—x=2-2y=2-4=-2 y=27=2 -
x=2,y=22,2=2 Ans.
Ex. 7. Solve the equations—
xl+2r2-Fx3=4,xl~xz+):3=5,2xl+3x2—x3=1 .
Sol. Let A=|1 2 I |and K = 4 hnd assume that there exists a’

LUy

I'=1 1 ‘ ]
2 3 -1 . 1
matrix X = [ %1 ] such that AX = K
*2
X3
Then (12 a][x]<]a
. 1 = | 1 X2 5
2 =[x 1
[0 3 ol[x]= (- I | by the elementary row
= 1 -1 1| x 5| operations R} — Ry - Ry;
-0 3 _3J_13J -—9 R}‘-}R:;—-:’.Rz

3y=—Lx;—xy+x3=5,5x~ 33 == 9

=
=3 XZ="]/3,1[+(1/3)+13=5-5(_1/3)_3x3=_9
= Xy ==1/3,x +x3= 14/3, x3="22/9,
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= xp=—1/3,x; +(22/9) = 14/3, x3 = 22/9.
= x1=20/9,xp=~1/3,x3=22/9.

Ans.

- Ex. 8. Solve the following equations by matrix method :

2x+3y+2=9x+2y+3z=6,3x +y+27=8,

(Gorakhpur 9'5 )

Sol. Let A=|2 3 1:K=|9 and assume that there exists a matrix

12 3] |6
3 1 2 8
X =|x[suchthat AX =K
y
z
~ Then 2 3 1][«]=[9
: 12 3|yl |6
3 1 2lz 8 )
= (0 =1 =51[x]=[ =37 by the elementaty row
1 2 3y 6 operations‘Rl-_—le—ZRz
0 -5 -7}z -10 andR3—>R3-3R2
= [0 -1 -5][x]=[-3] by the clementaty row
12 3|y 6 | operation Ry — R3 - 5R)
0 0 18 z| | 5
= -y=5z=-3, .r+2y+3z-6.lSz 5
= —y—]2§8-= 3:+2y+-‘§=6z lss
I O ) W R
18’ 18 6’ 18
= -"*2"5')’-‘-"2‘22!=i Ans.
18’ 18’ 18 ’-’
Exercises on § 6.02—$§ 6.04 ‘
- Solve the following equations by the matrix method — |
Ex. L 3x+y-z=2,x+2y+z=3,~x+y+4z=9 (Purvanchal 98)
' ' Ans.x=2y=-1,z=3
Ex.2. x+2y~-z=1,x+y+2z=92x+y—-z=2 Ans.x=2,y=1,z=3
Ex.3. x+2y+3z=14,2x-y+5z=15,3x-2y+47=-13
10 1
Ans.;r:—l‘]-ﬁ.y ﬁ,z*l_OT,;

Ex.5 4x+3y+6z=25,x+5y+7z=13,2x+ %y +z=1

Ans..r=-

Ex.6. x+y=52x—y=1.
Ex.7. x-y+2z=3,2x+z=1,3x+2v+z=4. Ans.x
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Ex.8. x-2y+3z=11,3x+y-2=2,5x+3y+2z=3.
Ans.x=2,y=-3,z=1
Ex.9. x+y+2z=9,2x+5y+72=50,2x+y-z=2. Ans.x=1,y=4,z=4

Ex.10. x+y+z=42x—-y+2:=5x-2y-z=-3. (Agra 92)
Ans.x=1,y=1l,z=2
Ex.11. x—y+2z=4,3x+y+4z=06,x+y+z=1L (Meerut 94)

Ans. x=0,y=-2/3,z=5/3
Ex. 12. x+2y— 2=3,3x—-y+2z=1, 2x =2+ 3z=2. (Gorakhpur 93)
Ans.x=-1],y=4,z=4
Ex. 13. x+2y+3z=6.b:+4y+z=?, 3x+2y+9z=14. (Meerut 97)
Ans.x=1,y=1,¢z=1
Ex. 14, x-2y+3z=6,3x+y—-4z=-7,5x-3y+ 2z =5. (Meerut 95) -
‘ Ans.x=-8/7,y=-25/7,z=0
Ex. 15, 5x -6y +4z =15, 7x+4) ~-3z2=19;2x+ y+ 62=46. (Meerut 93)
Aps. x=3,y=4,z=6.
**§ 6.05. To compute inverse of a square matrix with the help of the
linear equations.
Let q'syslém of n linear equations in n unknowns x,, x, x3, ... , X, be

apx) +alzx2+ ...+a,,r§,,=kl
ay x| +apxy+ ... +ayx, =k
azpx) + dypxp + ...+ azx, = k3

a, X+ @paxy + o+ appx, =k

Then th\s system can be written in the matrix from as

AX =K, aall)
M = f’u a2 aln-‘;x= X |land K =| ki
T S X ky
131 ap T a,
| *n knj o
“3’)’ n2 Gun|. " ..See § 6.02 Page 105 Ch. VI
If |A|# 0, the matrix A is non-singular and the inverse of A exists,
' - ...(See Ch. V and Ch. IV)
Hence premu llplymg (i) by iy , we have )
AT'AX=A""K or (A'A)x=A"'K
Drl' ' IX=APIK. b AﬁlAzl
=1
or X=A K, which gives the value of A
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-Solved Examples on § 6.05.

Ex.l. IfA=[2 -1 3] then find A~ and hence solve the equations
l I 1

Eo==l ]

x-y+3z=9%x+y+z+b6andx-y+z=2 (Kanpur 97)
Sol. The matrix equation AX = K is here equivalent to the equations
A -y+3z=k (i)
. xty+z=ky : (i)
x=yto=Fky . iii)
Adding (i) and (ii) we get 3x+4z=k, + k, (iv)
Adding (ii) and (iii) we get 2x+ 2z =k, + k3 (V)
Multiplying (v) by 2, we get 4x + 4z = 2k, + 2k (Vi)
Subtracting (iv) from (vi), we get x= — k| + ko + 2k5 (vii).
. From (vi), (vii), we get 4z = 2k; + 2k3 — 4 (= k| + kp + 2k3)
or 4z =4k, - 2k — Gky '
ol 2=k —3ka =3 ks )
From (iii), y=x+z-k; ’
= (ki tkp+ 2) +(ky — 3 k=3 k3) S Ky
or y:0k1+—;k2—%k3 . (ix)

From (vii), (viii) and (ix) we get

x|=|-1 1 2|l ki ieX=A1TK
Y] 0 5 gk
=1 =3[k
5 ! 2 2 {3
all=1" 1 2
; I 1
0 3 T3 X)) Ans.
] =i =3 '
i 2 2 .
Also given equations can be writlen in the matrix from as AX =K, ...(xi)
where A=|2 -1 3| X=[x|landK=[9
1 L y 6
l: =il il z 2
Now from (xi), we also have X = A K.

or

1 =172 -3/2

(
x|=|-1 I 2 9
¥y 0 1/72 -1/2¢(|6
ke 2
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= x=(—=1).9+16+22=1
¥y=(0).9+(1/2).6+(—1/2).2=2
z=(1).94+(-1/2) 6 +(-3/2).2=3

=.x=1,y=2,z=3. Ans.
*Ex. 2. Find the invesre of the matrix A={1 2 3
0 50
. 2 4 3

Sol. The matrix equation AX = K is here eqaivalent to the equations

x) +2x2+3.r3=k| _ (i)

Ox; + 5x3+0x3=ky ..(ii)

2x) +4xy +3x3=k3 ...(iii)

From (ii) we get xp= { ko =0k, + L ky + 0. ky i)

Subtracting (i) from (jii), we get
. x|+ 2xy=ky— ky

or x|=k3—iq—2x2=k3—k|-2.§k2.fmm(iv) i
or Xx) =-k| —(2/5) kz"'k], ; (V)
Also from (i), 3x3 = kj — x; — 2x,
S =ky +ky +3 ky — k3 — 2 ky, from (iv) and (v)
or 4 X3=§k|+0.k2—%k2 (VI)
From (iv), (v) and (vi) we have
xl=[-1 -2 1]k e X=ATK
X3 0 i 0 kZ
2 1
3 ;3 0 73 ks
Al=[-1 -2 ]
1
0 s 0
2 1
) -0 -3 Ans.

Ex. 3. Solve the equations by -finding the inverse of the coefficient
matrix : : .
' Sx—6y+4z=15;Tx +4y—3z=19,2x +y + 62=46. (Gorakhpur 90)
Sol. Thecoefficient matrix=(5 -6  4|=A (say)
' 7 4 -3
Z ¥ &)’
The matrix equation AX = K is here equivalent to'the equations .
Sx—6y+4dz=k )
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X=

or
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Tx+4y-3z=ky ' (i)
c+y+62=k3 ..(ii)
Multiplying (iii) -by 6 and adding to (i) we get
. 17x + 40z =k + 6k3 Toiv)
Multiplying (iii) by — 4 and adding to (ii) we get
x+21z=4ky-k; (V)
Multiplying (v) by 17 and subtracting from (iv) we get
z ‘“m(kl + 17k, — 62k3) ' :..(vi)
Substituting this values of z in (v) and simplifying we get
=L (27k; +40ky + 2k3) (i)
Substituting values of x and z in (iii) we get on simplifying,
¥ =45 (- 48k +22k; + 43k;) ‘ ..(viii)

. From (vi), (vii) and (viii) we get

xlo [ 27 a0 2]k
yTas|-a8 22 43{|k

2| -] -1 -17 62|l

Xx=ATK

Al=qra19y| 27 40 2 :
_48 22 43 Ans.
-1 -17 62 '

Also the given equations can be written in the matrix formi as AX =K or

A K.-whcre
-1 1

CX=[xfAT =55 27 40 2t K=1[15

y -48 22 43 19

z -1 =17 62 46
x| [ 27 40 2|15
1yl 419|-48 22 43(]19
z -1 -17 621|46

= x=(1/419) [27 (15) + 40 (19) + 2 (46)] =
oy =(1/419) - 48(15)+22(19)+43(46)1-4-
z=(1/419) [ 1 (15) - 17 (l9)+62 (46)] =

= x=3,y=4,z=6. Ans.
Exercises on § 6.05
Find the inverses of the following matrices : _
Ex.1. |1 2 3 Ans. L[ 11 -9 1
1 3°35 3[-7 9 -2

1 5 12 2 =3 1
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hx.z.( 5 -2 4 Ans. 1 [ 1 -4 ¢
A -4 16 '3
4 10 6 &3 ~1]
8z ¥ 3 -1 =3 1B 7]
d F g e £ R R R
1 2 0§ ] -10 -5 10 5

-1 1 26 -1 1 0 1

Ex. 4. Find the inverse of the coefficient matrix of the following system of
equations—

Xty+z=1lx+2y+2z=1,x+2y+3z=0

and hence solve them. Ans.| 2 -] Ofx=ly=1z=-1
=1 2 -1
0 -1 1

Ex. 5. Solve the following equations by finding the inverse of coefficient
matrix : :
X+y+2=9 2 +5y+72=52,2x +y-z=0 Ans.x=1,y=3,7=5
Ex. 6. Find the inverse of the matrix A =[?2 5 3 |and apply the results
3 1 2
I 2 -1
to solve the equations.
'2:+5y+3z=9,3x+y+21=3:x+2y—z=6, CAns.x=],y=27=-|
§ 6.06. Augmented Matrix. '

Definition : The matrix A={ 91 412 . 4y,
@1 Gy ... Gy,
Q) Ay - Apmin

augmented by the matrix K =| %i | is called augmented matrix of A and is

ky
km
written as A” or [A, K].
A= @2 . an k
ay ay ... ay k
Q) App - Ann km

Also it is e-vident that the order of the matrix A" or [A, K] is m x (r} +1).
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**§ 6.07. Fundamental Theorem.

A svstem of m linear equations in n unknowns given by AX = K is consistent
(i.e. has a solwion) if and only if the matrix of coefficients A and the augmented
matrix A* of the svstem have the same rank. : {Agra 94, 92)

{If the above common rank is r then r of the unknowns can be expressed as
linear combinations of the remaining n—r unknowns. When these n—r
unknowns are assigned arbitrary values, the system has an infinite number of
solutions out of which (n —r+ 1) are linearly independent whereas the rest are
linear combinatiqns of them.) ‘ -

Proof. Consider m non-homogeneous linear equations in n unknowns given
by AX = K, where

A=lan a2 . a9 | X=|%|andK=|k
ay; @y .. 4y X ky
Aml Am2 - Amn Xn ' kﬁ

Let r be the rank of the matrix A and Cy, C3, C; ..., C, be the column
vectors of the matrix A, then A =[C), Cy, ... C,) and so AX = K reduces to
[C1. Cq ... Chl| 1| =K
X3

Xn

or Cix+Cap+ ... + Cprp = K. (1)

Necessary Condition. Let the given system of equations possess a solution
(i.e. be consistent), then there must exist n scalars by, by, ..., b, which satisfy {i)

ie. Ciby+ Coby+ ... + Cb =K. )
" Since fank of A is r, so each n — r columns viz. Cr4 1, Cr42, ..., Cpis 2
linear combination of C;, Cy, ..., Gy
- From (ii) we find that K is a linear combination of Cy, Cy, .., C,, since
C,,.C,. 2. -..C,. in (ii) can be expressed in terms of Cy, Cy, ...... Cy
-. The maximum number of linearly independent columns of the augmented
matrix (A, K] or A" is also r. Hence the rank of A'isr. '

Thus A and A" arc of the same rank r.

Sufficient Condition. Let the matrices A and A" be of the same rank r.
Then the number of linearly independent columns of the matrix A’ is r. But the
column vectors Cj, Cy, ... Cp of the matrix A" already form a linearly

independent set and thus the matrix K can be expressed as a linear combination
of the columns Cy, Cy, ..., C..
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- There exist r scalars b, b,, ..., b, such that

b1C1+b2C24-...+b,C,+0C,+l+...+OC,,=K -.(1i)
_ From (i) and (ii) on comparing, we get
xy=byx3=by, ..., x,=b,x;, =0, ...,x,=0 and these are the solutions

of the system of equations given by AX = K.

*$ 6.08. Theorem.

If A be an nxn matrix, X and K be n x | matrices, then the sysiem of
equations AX = K possess a unique solution if matrix A is ndn-singular.

Proof. Let A =[a;jand |A|#0. '

Then rank of A and augmented matrix [A, K] or A" are both n. Thus from
§6.07 Page 120 Ch. VI we conclude that the system of the equations AX =K is
consistent.

From AX =K, we have

Al AX)=A"'K, premultiplying both sides by A™!
or ATAX=ATK or IX=ATK, - ATlA=T
or X =ATK is the solution of the given system of equations.

Now let X, and X, be two sets of solutions of AX = K.

then AX, =K, AX,; =K

AX, = AX,, as each js equal to K

A™! (AX)) = A" (AX,), premultiplying both sides by A™!

A7A) X, =(A"A) X,

IX|=D(2, A_IAZI

X=X,
- the solution is uniquc:

§ 6.09. Reduced Echelon Form of a Matrix.

Definition. If in an Echelon Form matrix (See § 5.04 Page 36 Ch. V) the
first'non-zero element in the ith row lies in Jth column and all other elements in

the jin column are zero, then the matrix is said to be in reduced Echelon form.
For example : In|1 0 2 -5]the first non-zero element in the second row
0 F 3 2 '
(00 0 0
iies in the second column and all other elements in the second column are zero.
Solved Examples on § 6.07—3§ 6.09.
Ex. 1. Solve the system of equations :
' x+2y-3z-4w=6
x+3y+z-2w=4

L0y oy
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X +5y-27-5w=10
Sol. The given equations in the matrix form AX = K is
1 2 -3 -4|lx|=| 6
301 <2y 4
10

1 2 -3 -4 6
1 3 1 -2 4
2 5 =2 —=5"10

GF A Fr 3 =3 =it 6 | replacing R; and R5 by
01 4 2 -2|Ry-Rjand R;-2R,
._0 I 4 3 =2 respectively
~[1 0 -11 -8 10} replacing Ry, Ry by R| - 2R;,
0 1 4 2 - 2R,y Rprespectively
00 0 1 CJ

This is a matrix in the reduced Echelon form having three non-zero row

and hence the rank of A" is 3.
Simultaneously we get the reduced Echelon from of A viz.
I 0 =11 -8/|having three non—zero rows and hence the
0 1 4 2 |rankof A isalso 3
0 0 0 1

Thus we observe that A and A* have the same rank and as such the gis
equations have solutions which can be obtained as follows :
The matrix equation is

1 0 -11 -8)[x]=[10
o1 . % 3|yl (=2
00 0 1= 0
w
or x+0y-11z-8w=10;
- y+dz+42w=-2andw=0
or y=-4z-2iw=0zx=11z+10. (Note)

Thus we find (See § 6.07 Page 119 Ch. VI) that as the rank of A and A" is
3, so three of the unknowns viz, x, y and w are expressed as a linear function of
the remaining 4 - 3 i.e. one unknown viz. z.

By assigning arbitrary values to z, an infinite number of corresponding
values of x, y and w can be obtained. Hence the sysiem of equations has infinite
number of solutions.

Now we can show that the system has only n-r+1lie 4-3+1 ie. 2
linearly independent solutions. (See § 6.07 Page 119 Ch. VI)

=22
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Assigning two arbitrary values 0, 1 to z, we have two sets of solutions of
the given equations as =

X 10 21

y -2 58 1
i z 0 1
. :
L w 0 0

Let any other solution of the given equations be
x=—ly=2,z=-1,w=0,
corresponding to the value — 1 of z.
If this third solution is a linear combination of the first two solutions then
a, b can be found as follows :

10a +21b=-1
-2a-6b=2
b+ Lb=—1[ O
Va+0b=0
or 10a+21b=-1 (1)
—-2a-6b=2 1)
and b=-1 : ...(ii1)

Solving (i) and (ii1) we geta = 2, b==1:
These values of a and b satisfy (ii) also. Hence the third solutivn is a linear
~ombination of the first two solutions.
Ex. 2 (a). Examine if the following equations are consistent ? If yes,
solve it :
x+y+4z=6,3x+2y—2.z=9,5.r+y+lz:13. (Meerut 96)
Sol. The given equations in the matrix from AX = K can be written as
11 4lix|=| 6
3 2. =2y 9
5 1 2|l z 13

The augmented matnx

v AT=l1 1 4 6
32 =2 9
3 z 13
or A¥ et 1 4 6| replacing Ry, R; by
0 -1 -14 -9|Ry-3R,,R3-R,
4 .0 =2 7| respectively

~[1 1 4 6 | replacing Ry by Ry — 4R,
0 -1 -14 -9
0 -4 -18 -17
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i 1 4 6| replacing Ry by Ry — 4R,
-1 -14 -9 -

0 0 38 19

=[] 1 4 6 | replacing Ry by (1/38) Ry

1o -1 -14 -9

10 0 1 1/2

_[1 1 0 4 replacing Ry, Ryby Ry = 4R3
0 -1 0 =2 Ry+ l4R;respectively
g 0 1 i72],
=11 0 0 2 replacing R; by R; + R,
4 —1 0 -2
0°0 1 172 |
~|1 0 0 27 replacing R by — R,
0O 1 0 2
0 0 1 1/2

This is a matrix in the reduced Echelon form having three non-zero rows

and hence the rank of A is 3.
Simultaneously we get the reduced Echelon formof A viz{1 0 0 which
01 0
0 0 1
is equal to I5 and so the rank of A'is also 3.

. ;
Thus we observe that A and A" have the same rank and as such the given

equations are consistent i.e. have solutions which can be obtained as follows :
The matrix equation is

1 0 Oflx|=| 2
0 1 0y 2
0 0 1)z 1/2
= x=2,y=2,z=1/2. Ans,

Ex. 2 (b). Examine, if the system of following equations is consistent. If
consistent find the solution :

x+y+z=6,2x+3y-2z=2,5x+y+2z=13
Sol. Do as Ex. 2 (@)‘above.
Ans. Given equations are consistent. x=1,y=2,z=13
Ex. 2 (c). Apply rank test to examine if the following system of
equations is consistent and if consistent then find the complete solution :
x-y+3z=8,-x+2y+z =4,'3.r +y-4z=0. (Garhwal 92)
Sol. The given equations in the matrix form can be written as ‘
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2 -1 Jl|x[=|8
=] 2 1yl |4
3 1 -4]|z 0
The augmented matrix A* =| 2 -1 3 8
' -1 2 1 4
3 1 -4 0
or A¥.[" 0 3 5 16], replacing R|, Ry by'R,+2R2
' ' -1 2 1 4| andR;+ 3R, respectively
07 -1 12 |
~[ 0 3 5 16 | replacing Ry by Ry — 2R,
-1 2 1 4| .
01 -11 -20
~[ 0 0 38 76 replacing %, by R, - 3R,
~1 2 1 4
0 1 -11 -20
-[ 00 1 2 ] replacing R, by (1/38)R,
-1 2 -1 4
0'1 —11 -20
~[ 0 0 1 2] reolacing Ry, Ryby R, -~ R,
-1 2 0 2 R3+11IR| respectively
010 2
~[0 0 1 2] replacing R, by - (R, - Ry)
1 -1 00
0 1.0 2
~[1 -1 0 o0} rea.rranginé rows
0 1 0 2
0 01 2
~[1 0 0 2] replacing R, by R, + R,
0 1.0 2
0.0 1 2

This is a matrix in the reduced Echelon form having three non-zero rows
and hence the rank of A* is 3.
Simultaneously we get the reduced Echelon from of A viz.
1 0 Oliely
010
0 0 1

and so the rank of A is also 3.
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Thus we find that the ranks of A and A' are the same and so the given
equations are consistent i.e. have solutions which can be obtained as follows—
The matrix equation is '
1 0 0Ollx|=|2
0 1 0}ly 74
0 0 1]z 2

or x=2.y=2,z=2 ) Ans.
*Ex. 3 (a). Apply rank test to examine if the following system of
equations is consistent and if consistent, find the complete solution :
x+2y—z=6,3x—y—22=3,4x+3y+z=9. (Meerut 98)
Sol. Given equations can be written in the matrix form as
1 2 =1)|lx|=|6
3 -1 =2|y| |3
4 3 1||z 9

The augmented matrix A* ={1 2 -1 6
1 ~] =2 3
4 3 19

or A=

i1 2 -1 6] replacing Ry, Ryby Ry~ 2R;
1 -5 0 -9| andRy+ R respectively
5 5§ 0 15
~[o 7 -1 157 replacing R, R3by Ry - Ry
1 -5 0 =-9]| (1/5) Ryrespectively
Ll 10 3

7 -1 15 replacmg R2 by Rz = R3
-6 0 -12

1 0 3

1 0 -2 |(-1/6)R,respectively
1 0 3 :

0
0
1
-fo 1 =177 15/7) replacing Ry, Ry by (1/7) R,
0
|
0 —-1/7 15/7) replacing Ry by Ry — R)

~ 1
0 1 0o 2
10 177 67 _
~-[o0 0 -1/7 1/7] replacing R| by R, - R;
61 " 0 2
1 0 /7 6/7
-1 0 1/7 6/7 | rearranging rows
0 1 0 2 i
0 0 =177 1/7
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~{1 0 0 1 ] replacing R, by R, + Ry and
0 1 0 2 |Ryby-7R,
00 1 =l
This is a matrix in the reduced Echelon form having three non-zero rows
and hence the rank of A" is 3.

Simultaneoausly we get the reduced Echelon form of A viz. [1 0 O
010
0 0 1
i.e. I3 and so the rank of A is also 3.

Thus we find that the ranks of A and A" are the same and sn the given

system of equations is consistent i.e. have solutions which can be obtained as-
follows— '

The matrix equation is

1 0 0Oflx]=]| 1
0 1 0fy 2
0 0 1]z -1
= x=1,y=2,z=-1. "~ Ans.

. *Ex. 3 (b). Apply rank test to examine if the following system of
‘equations is consistent, solve them :
' Zx4+dy-2z=9,3x-y+5=528c+2y+9z=12.
Sol. The given equations in the matrix form AX = K can be w
: 2 4 -1][x]=[9
3 = SHy 3
8 -2 917 19

ritlen as

. The augmented matrix A*=[2 4 -1 9
- |3 =1 5 5§
8 2 919
or A*=[2 4 -1 9] replacing Ry by Ry - 2R,
3 =1. 5§35 :
2 4 -19
N B 4 -1 9] replacing Ry, Ryby R; - R,
I -5 "6 -4| and Ry- R, respectively
0O 0 0 0 ! -
~f2 4 -1 9 |, replacing R, by Rz'—% R,
0 -7 13/2 -17/2
0 o0 0 0 7
~[2 0 19/7 29,77 replacing Ry by - (1/7) R,
0 1 =13/14 17/14 jand then R, by R, - 4R,
00 o < 0
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29 . 1
! g =B ﬁ.rcplacmgm by 5 R
13 17
01 %
0o 0 0o 0

This is a matrix in the reduced Echelon form having two non-zero rows and

hence the rank of A’ is 2.

Simultaneously we get the redvced  © clon form of A viz
| 0 (19/14) |which also has two non-zero 5 and as such the rank of
0 1 =(13/14) A is also 2. )

0 0 0

Thus we observe thal the rank of A and A" are the same and as such th
given equations are consistent i.e. have solutions which can be obtained at
follows— ' :

The matrix equation is

10 (19714 |[x|=1@9714)
y

0 | -(13/14) (17/14)
0 0 0 2z 0
or X+(19717  (29/14)y - (13/14) 2= (17/14)

RSO N
VPSR V'R V1

19 29 13 17
TSV RRVERNTY

or

or X =

Thus we find that as the rank of A" and A is 2, so two of the unknowns viz
xandy are expressed as a linear function of the remaining 3 —2i.e. one
unknown Viz. Z.

By assining arbitrary values to z, an infinite number of corresponding values
of xand y can be obtained. Hence the given system of equations has an infinite
number of solutions. :

Now we can show that the system has only n—r+1 ie. 3-2+1ie. 2

linearly independent solution (See § 6.07 Page 120 Ch VI).

Assigning two arbitrary values 0. 1 to z. we have two sets of solutions of the
given equations as
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Let any other solution of the given equation be x = (24/7), y=Q/D),
z=- 1, corresponding to the value - | of 2. ‘

If this third solution is a linear combination of the first two solutions then
a and b can be found as follows —

(29/14) a + (10/14) b = (24/7)

(17/14) a + (30/14) b= (2/7) (Note)
Oa+1b=-1
or . 29a+ 10b=48 1)
17a +30b=4 B (1)}
b=-1. ' ...(iii)

Solving (i) and (iii) we geta=2,b=- 1, which satisfy (ii) also. Hence the
third solution is a linear combination of the first two solutions. :
- *Ex. 4. Apply rank test to examine if the following system of equations
is consistent and if consistent, find the complete solution.
X+y+z=6,x+2y+3z=0,x+2y+4z=1.
Sol. The given equations in the matrix form AX = K can be written as
I T 1Hxl=]<6

12 3yl |10
1 2 4]z 1
The augmented matrix A*=[1 1 1 6
0 1 2 3°10
1 2 4 1
‘or AN 11 & repiacing Ry by Ry - R,
1 2 3 10
001 -9
~[1 1 1 6] replacing R, by R, = R,
01 2 4
001 -9
. ~[1 0 -1 2] replacing R, by R, - &,
01 2 4 g
00 1 -9
or A’~[1 0 0 -7]replacing R|, Ry by Ry + R,
0 1 0 22 andR,-2R; respectively
0 0 i -9

This is a matrix in the reduced Echelon form having three non-zero rows

-

and hence the rank of A" is 3.
Simullancou_s]y we get the reduced Echelon form of the matrix A viz.
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I 0 O0lie. Fand hence the rank of A is 3.
010
0 0 1

Thus we find that the ranks of A and A® are the same and so the given
equations are consistent.

. The matrix equationis|{l 0 Of|x|=|-7
-10 1 0}y 22
0 0 1ffz =0

or - x=-T,y=22z7=-9. Ans.

Ex. 5. Are the following equations consistent ?
x+y+2z+w=>5
2x+3y-z-2w=2

dr+ 5y +3z=17. (Agra 91)
Sol. The given equations in the matrix form AX = K can be written as
11 2 1| x|=|5
2 3 -1 =2y 2
4 5 3 0| z 7
w (Note)
. The augmented matrix A*={1 1 2 1 5
23 -1 -2 2
4 5 3 07
or A% 1 5 ] 5 | replacing R, and Ry by

-5 -4 -8 Rz—mlandR}_4R|
I =5 -4 -13| respectively

==

0 7 5 13 replacing R, Ry by R| ~ R,
I -5 -4 =8| Ry— R,respectively
0 0O 0 -5

[ )

This is a matrix in the reduced Echelon form having three non-zero rows,
hence its rank is 3.

Simultaneously we get the reduced Echelon form of A viz.

1 0 7 5 | which has two non-zero rows hence its rank is 2.
01 -5 -4
0 0 0 0

Thus we find that the ranks of A and A" are not the same, hence the given
equations are not consistent i.e. they cannot have any solutions.

Ex. 6. Discuss the consistency and find the solution set of the following
equations :—
x+2y+22=1L2r+y+z=2,3x+2y+2=3,y+z=0.



130 Matrices
"Sol. The given equations in the matrix form AX = K can be written as

1 2 2)x|=|1
2 ¥ iyl |2
3 2 2|z 3
0 1 1 0
' . (1 2%}
The augmented matrix A" = 21 1 2
3 2 2 3
01 1 0
A*~[1 2 2 1} replacing Ry, Ryby Ry — R4 and
" 2 0 0 2| R3— R respectively
2 00 2 :
0110
-1 o o 17} replacing Ry, Ré. Ryby R — 2Ry
1 0 0 1 % R, % R5 respectively
I 0-0 1
o110
~[1 0 0 17 replacing Ry, R3by Ry =R,
0 0 0 Of Ry— R, respectively
0 0 0O
0O 1°'1 0
~[1 0 o 17} interchanging R; and Ry
0110
0 600
0 o 00

This is a matrix in the reduced Echelon form having two non-zero rdws,
hence its rank is 2. . .

Simultaneously we get the reduced Echelon form of A viz.
1 0 0o} which has two non-zero rows and hence its rank is also 2.

0 1.1

0 0 0

0:C O

Thus we find that the ranks of A and A', are the same and so the given
equations are consistent.
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or x= l.y+z=Q. , ‘ (1)

Also here we find that the rank of A andeA’ is each 2 i.e. less than the
number of unknowns viz. x,yandz. So the number of solutions of given
equations will be infinite given by (i) above, which gives x = 1 and y + z=0 can
be satisfied by.an infinite number of values e.g.0,0: 1, - 1; 2, — 2; etc.

Ex. 7. Show that the equations 5x+3y+7z=4,3x+ 26y +22=9,
7x + 2y + 10z =5 are consistent and solve them. (Bundelkhand 96)

Sol. The given equations in the matrix form AX = K can be written as

5 3 T||x|=|4
3 26 2|yl |9
7 2 10{z| |3

The augmented matrix A*=|5 3 7 4
326 29
7 2 10 5
or A'~|-4 ~-75 1 -23 replacing R, R3 by

3 26 2 9| R -3RyandRy-5R;
-8 -128 0 -40| respectively.

75 —1 23] replacing Ry, R3 by - R, and

< ~[a4
3 26 2 9| Ry—2R,respectively
0 22 -2 6
~[4 75 —1 23] replacing Ry by 3 R,
3 26 2 9
0

11 -1 3

4 64 0 20] replacing Ry, Ryby Ry~ Rs
3 48 0 15| Ry+ 2Ry respectively.
0

0 i1 -1 3
M1 16 0 s 7 replacing Ry, R and Ry by
116 0 3 | 1R jRyand (1/11) Ry

0 1 -(/11) /1] respectively.

0 (16/11) (7/11)] replacing R by Ry — Ry
0 0 0 0 and then Ry by Ry - 16R;
1 —(1/11) (3/11)

1 0 .(16/11) (7/11)} interchanging R, and Ry
0 1 -(1711) (3/11) :
0

LOO 0_

This is a matrix in the reduced Echelon form having two non-zero rows,
hence its rank is 2. '
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Simultaneously we get the reduced Echelon form of A
viz.|1 0 (16/11) | which also has two non zero rows
0 1 =(1/11)|and soits rank is also 2.
0 0 0

* Thus we find that the rank of A and A" are the same and as such the given
equations are consistent. And so the matrix equation reduces to
I 0 (16/711) || x|=|(7/11)
0 1 /10|yl [@7211)

0 0 0 b4 0
or x+(16/11yz=(7/11), y - (1/11) 2= (3/11)
or ' llx=7-16z, 1ly=2z+3.

‘Thus we find that as the ranks of A and A" is 2, so two of the unknowns viz.
x and y are expressed as a linear function of remaining 3 - 2 i.e., one known viz.
z.
By assugmng arbitrary values to z, an infinite number of corresponding
values of x and y can be obtained. Thus given system of equations has an infinite
- number of solyptions. Now we can show that the system has only (n—r + 1) i.e.
(3-2+1)ie.2linearly independent solutions (See § 6.07 Page 119 Ch. VI).

Assigning two arbitrary values 0, 1 to z, we have two sets of solutions of the
given equations as

x 2 =92
11 11

¥y 3 .
11 11

z -0 1

bct any other solution of the given equation be x=(23/11), y=(2/11),

— 1 corresponding to the value - 1 of z.

If this third solution is a linear combmauon of the first two solutions, then
a and b can be found as follows :—

(7/11) a—-(9/11) b= (23/11) (D)
(3/11)a+ (4/11) b= (2/11) (i)
0a+1b=-1. ' (i)

From (i) and (iii) we get a=2, b=— 1, which satisfy (ii) also. Hence the
third solution is a linear combination of the first two solutions.

. " *Ex. 8. Apply test of rank to examine if the equations x +y +z =6,
Xx+2y+3z=14,x +4y + 72 =30 are consistent and if consistent find the
complete solution. (Kumaun 91; Meerut 96P)

Sol. In the matrix form AX =K, the given equations can be written as
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I 1{{x]|=| 6
2 3|ly| |14
1 4 7||z 30
The augmented matrix A*=|1 1 1 6
1 2 3 14
1 4 7 30
or W 1 1 1 6] replacing Ry and Ry by Ry —
0 1 2 8| and Ry - R, respectively.
0 3 6 24 ]
-[1 0 -1 =2] replacing R, and R3by R, -
0 1 2 8] andR;-3R,respectively.
0 0 0 0

This is a matrix in the reduced Echelon form having two non-zero rows,
hence its rank is 2. '
Simultaneously we get the reduced Echelon form A viz.
1 0 -1 which has two non-zero rows and hence its rank is 2.
01 2
00 0

Thus we find that the ranks of A and A are the same and as such the given
equations are consistent. ' :
Now the matrix form of the given equations reduce 1o o
1 0 -1)|x|=[—-2
0 1 2|y 8
0 0 O0fz 0

which is equivalent to
1.x+0.y-1.2=-2:0.x+1.y+2.2=8; 0x+0y+0.z=0
or x-z=-2,y+2z=8
. As the rank of A and A" is 2, so two of the unknowns viz. x and y are
expressed as a linear function of the remaining unknown z Viz.
x=-2+7z,y=8 -2z where z is arbitrary. ’
‘ By assigning arbitrary values to z, an infinite number of corresponding
values of x and y can be obtained. Hence the system of equations has infinite

number of solutions.
And x=-2+4k,y=8-2k,z=k forms the general solution of the given

equations.
In the matrix form the solution can be written as
xl=|-2|+k} 1
¥ 8 -2
z 0 i
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*Ex. 9. Find the values of A so that the equations
ax+hy+g=0,hx +by+f=0,gx+fy +c= 1A
are consistent. ,
" Sol. The given equations in the matrix form AX = K can be written as
a h [x:I= -8
h by =i
g f A-c

. The augmented matrix A*={a h -g

h b -f
g f A-c
or A"~[1 h/a  -gs/a 7 replacing R, R, and R, by
1 b/h —f/h Ry/a, Ry/h and Ry/g
|1 /78 {(A-c)/8} | respectively. (Note)
~[1 h/a -g/u replacing R, and

(=]

(b/h) - (a/a)  —(f/h)+(g/a) | RybyR,~R,and
0 (78)-(h/a) ((A-c)/g)+(2/a)| Ry-R,

- |-l h/a -g/a ‘
0 (ba—-h%)/ha (gh - af)/ah
(0 (af-gh)/ga “((Aa+g" - ac)/ag)
il " h/a -g/a
0 (ba-h*)/ha (gh - af)/ah
. (ba - k?) (Aa + g” — ac) (ba - 1)
i ha ah (af - gh) ]
. ‘ :
(ba - 1*) R,
replacing R, by & ——— 2
i PR Y i)
|1 h/a -g/a replacing Ry
0 (ba-h*/ha e -aprak byR; - R
o - 0o {A (ab— k") - (abc + 2fgh
~af* - bg® - ch))/h (af - gh))
<% kit -g/a replacing R, by
0 1 (gh-ap)/(ba-h?)| ah Ry/(ba - KY)
0 o0 n ’

L ; -.(i)
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Here = (@b 1) - (abc + 2fgh = oft ~ bg" = ch)
) h (af — gh) o
Simultaneously we get the reduced Echelon form of A viz.
| h/a ) which has two non-zero rows hence its rank is 2
0 1 , . (111)
0 0 ‘
From (i) and (iii) we conclude that if the given equations have solution then

the ranks of A and A*must be the same viz. 2 and from (i) if the rank of A® is 2,
then it must have two non-zero rows i.e. p =0.
ie. A= (abc + 2fgh - af* - bg? - ch®)/(ab - hY), from (). Ans.
**xFx. 10. For what values of A, the equations x+y+2= 1;
X+2y+dz= A, x+dy+10z= 22 have a solution and solve completely in
each case. (Garhwal 90; Kanpur 97, 93, 91; Rohilkhand 92)
Sol. The given equation in the matrix form AX =K can be written as
1 1 1lxl= 1
1 2 4|y
1 4 10{|z| | a?

(1)

] ]

- The augmented matrix A* =1 1 1 1

1 2 4 &
1 4 10 A°
;
or A5
0
0

—

1 1 | replacing R, and Ry by
3 A-1 | Ra-RyandR; - R, respectively.

—

3 9 A*-1
11 0 =2 2-x | replacing R| by R, -~ R,
0 3 9 3i-3]|andthenR;by3R,;
03 9 A-1

1 o -2, 2-i |replacingR3by R3—R,
01 3 A-1 |andRybysR
00 0 A-3r+2 0

Simultaneously we get the reduced Echelon form of A viz.

1 0 -2 which has two non-zero rows hence its rank is 2.
01 3 ) '
00 O . i)

From (i), (i) we conclude that if the given equations have solution then the

ranks of A and A* must be the same viz. 2 and from (i) if the rank A" is 2, then-
it must have two non-zero rows
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A2-3042=0 or A=l 2 Ans.

Orn'l of the gchn Cquallon‘; reduces to
@%}’\‘ 0 - 2 X|= 2 )"

0z A—2A+2

whzch is equivalent to :
1. x40.y-2.2=2-A,0.x+1lL.y+3.z=A-1
and 0.x+0.y+0.2=A%-31+2 }

If A=1, then these are x —2z=1,y +3z=0.

As the rank of A and A’ is 2, so two of the unknowns viz, x and y are
expressed as ‘a linear function of the remaining unknown 2z viz
x=2z+1,y= -3z

By assigning arbitrary values to z, an infinite number of corresponding
values of x and y can be obtained. Hence the system of equatlons has infinite

_ number of solutions. -

Assigning two arbitrary values 0, 1 to z. we have two sets of solutions of the
given equauons as

X ) q 3
y 0 -3
0 1]

Let any other solution of the given equations be x=-1,y=3,z=-1
corresponding to the value - 1 of z.

If this third sclution is a linear combination of the first two solutions then
a, b can be found as follows :

lLa+3.b=-1

0a-3b=3 _

0a+1lb=-1 -.(iv)
or © a+3b=-1,3b==3 or b=-1
i.e. b=-1,a=2. These values of a and b satisfy all the three equations given

by (iv). Hence the third solution is a linear combination of the first two solutions.
We can similarly solve for A = 2 also.
*Ex. 11. Express the following system of equations into the matrix
equations AX =K
4x-y+6z=16,x -4y - 3z =-16.
2x+ 7y +122=48,5x - S5y +3z=0
Determine if the system of equations is consistent and if 'so find its
solution. -
Sol. In the given system of equations, we observe thal the number of
unknowns are not equal to the number of equations.
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The single matrix equation of these is

4 -1 6|lx|=| 16| ie. AX=K
1 -4 =3|lyl"]-16
2 T 121z 48
5 =5 3 0

The augmented matrix A" =|4 -1 6 16
I -4 -3 -16
2 7 12 48
5 -5 3 0

A*-[0 15 18 80} replacing R, Ry and Ry by

or I -4 -3 —16| R; —4Ry, Ry~ 2R, and
O 15 18  B8O| Ry~ SR, respectively.

0 15 18 80 f
1 -4 -3 -6} interchanging R and R,
0 15 18 80 | and then replacing R3. R,
O 0 0 0)]byRy-RyRs-R,
o 0 0 0

or A

1 0 (9/5) (16/3)} replacing R, by (1/15) R,
0 1 (6/5) (16/3)| and then R, by R, + 4R
00 0 0

00 o0 0

This is a matrix in the reduced Echelon form having two non-zero rows
hence its rank is 2.
Simultaneously we get the reduced Echelon form of A viz.
10 (9/5) [ which has two non-zero rows and hence its rank is also 2.

0 1 (6/5)
00 0
00 0

Thus we find that the ranks of A and A” are the same and as such the given’
equations are consisient.
Now the matrix form of the given equations reduce to -
10 (9/5) | x|=[(16/3)
[0 ! (6/5)J ¥ [(16/3)
z

which is equivalent (o

Lx+0y +(9/5) z=(16/3); 0.x+ 1.y + (6/5):=(16/3)
or 15x + 27z =180, 15y + 18z = 80.

As the rank of Aand A is 2, so two of the unknowns viz. x and y are
expressed as a lmear function of the remaining unknown : viz.

=23
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15x=80—-27zand 15y =80 - 18z
or =—(9/5):+(16/3) and y =— (6/5) z+ (16/3),
where z is arbitrary. "

By assigning arbitrary values 10 z, an infinite number of corrf:spnndmg
values of xandy can be obtained. Hence the given equations have infinite
number of solutions.

Also x=(16/3)-(9/5)k, y=(16/3) - (6/5) k, z=k forms the general
solutions of the given equations.

" In the matrix form the solutions can be written as
x|=1(16/3) |+ k|- (9/5)
y [(16/3)] = (6/5)

1

i Ans.

*Ex. 12. Examine if the system of equations x +y + 4z =6,3x + 2y - 2z
=9, 5x+y + 2z =13 is consistent ? Find also the solution if it is consistent.
Sol. The given equations are
x+y+4z=6
3x+2y-2z=9
Sx+y+2z=13 .
In the matrix form AX = K, these can be wrilten as
1 1 4|lx|=| 6
a 3 2 =21y 9
' 5 -1 2f=] |23

The arugmented matrix A* =|1 | 4 6
3i2 =2. 9
5§ ¥ 2 13
or kil 1 4 61 replacing R,, Ry by R, — 3R,
0 -1 =14 -9 and Ry - 5R, respectively.
10" -4 -18 -17
-[1 0 -10 -3] replacing R}, Ryby R+ Ry,
0 -1 =14 -9 R3—4R;respectively.
0O 0 38 19
~[1 0 -10 -3] replacing Ry, Ry3by — Ry,
0 1 14- 9| (1/38) Ry respectively.
0 0 1. 142
~/1 0 O 2| replacing R| by R + 10R;
o 1 14 9
00 1 172

This is a matrix having three non-zero rows and in the reduced Echelon
form, hence its rank is 3.
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Simultaneously we get the reduced Echelon farm of A viz.

I 0 0} which also has three non-zero rows and hence its rank is also 3.
01 14
0 0 1

Thus we find that the ranks of A and A" are the same and as such the given
equations are consistent.
Now the matrix form of the given equations reduces to

Nl—= 0 N

which is equivalent to
Lx+0y+02=2:0x+1y+142=9;0x+0y+1z=1

or x=2;y+14z=9; z= or x=2;y=9-14z;z=%

1
2

**Ex. 13. Show the equations -2x+y+z=a,x-2y+z=b, x+y-2z
=c¢ have no solution unless a + b+ ¢ =0 in which case they have infinitely
many solutions. Find the solution whena=1,b = l,e=-2. (Lucknow 90)

Sol. The given equations are

-2x+y+z=a
x=2y+z=b
x+y=-2z=c¢

In the matrix form AX = K, these can be written as

=2 1 l{{x|[=|a
1 -2 iy |b
1 1 =2ilz]| |e
The augmented matrix A*=[-2 1 1 g4
‘ 1 -2 1 b
1 1l =2 ¢
or A*~[0 0 0 a+b+c] replacing R, by

1 =2 1 b |Ri+R+Ry

Ml =3 1 b ] interchanging R, and
0 0 0 a+b+c| Ryandthenreplacing
g k=] %(C_b)d Ryby S (Ry~R))
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S o == Tls Qe i) interchanging R, and R; and then
o1 -1 % (c-b) | replacing R, by R+ 2R,
00 0 a+b+c '
_ (1)
This is a matrix in the reduced Echelon form and has three non-zero rows,
hence its rank is 3. *
Simultaneously we get the reduced form of A viz.
|'l 0 -1/ which has two non-zero rows and hence its rank i8:2;
01 -1
p 0 0

. . .
Thus we find that the rank of A" and A are nol the same and as such the
given equations are inconsistent i.e. have no solution.

" But in case a + & + ¢ =0, the augmented matrix A’ has twO NON-Zero rows
ie. the rank of A" is also 2 and thus A and A" have the same rank 2.

Consequently the given equations have solutions if a+ b+ c=0 and in this case
from (i) we have

. i i
At={l 0 ~1 2Q@c+b)
1 -1 ga-m

0
0o 0 b *

-. The matrix form of given equations reduce to,
1 0 —-1llx|= l (2¢ + b) which is equivalent to
0 1 -1y

00 0|z 5“ &
0
‘11+0y—11=%Qc+bk01+ly—lz=%k—b)
or ' x—z=%(2c+b),y-—z=%(c—b). (i)
As a, b, ¢ can take different values we shall get different solutions rather
infinitely many solutions (as will be evident below also) of the given equations.
Ifa=1,b=1,c=-2, then from (ii) we get
x—-z=-l,y—-z=-1
or - x=z-l.y=z-1
.. By assigning arbitrary values to z, an infinite number of corresponding

values of xandy can be obtained. Hence in this case the given system of
equations. has infinite number of solutions.

Assigning two arbitrary values 0, 1 to z, we have two sets of solutions of the
equations as .
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i -1 0
¥ = | 0
z 0 l4

Let any other solution of the given equations be x=-2, y=-2,z=-1,
corresponding to the value — 1 of z.

If this third solution is a linear combination of the first two solutions, then
two constants A, i can be found as follows —

-1.A+0pu=-2
—1A+0pu=-2

OA+1lp=-1 ...(iii)

= —A=-2,u=-1,=2A=2,u=-1
These values of A, u satisfy all the equations of (iii) and as such third
solution corresponding to z = - 1 is a linear solutiorv of the first two solutions.
*Ex. 14. Solve the equations with the help of matrices considering
specially the case when A =2 :—
Ax+2y-2z=1,4x+2Ay-z=2,6x+6y + Az=3. (Kumaun 90)

Sol. The given equations in the matrix fonn AX = K can be written as
A2 =2][x]=[1]
4 2 -1||y| |2
6 6 Allz| |3]

* The augmented matrix A*=[A 2 -2 1

4 20 -1 2
6 6 A3
or - A*~| 6& 12 =-12 6 | replacing R, Rjby

122 622 =30 6L | 6R,. 3AR,, AR respectively.

6L 6L A7 3)

or A* -[6A 12 =12 6 replacing R;, R3 by

0 6A2-24 24-3A 6A-12| Ry—2R|. Ry~ R, respectively.
| 0 6A-12 A%*+12 3A-6

This is a matnix having three non-zero rows and in the reduced Echelon

form. Hence the rank of A” is 3.
Simultaneously we get reduced Echelon form of A viz.

6A 12 =12 | which also has three non-zero rows and so its rank is
0 6A%2-24 24-3)

0 BX«12 A%

also 3.
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Thus the ranks of A" and A are the same and as such the given equations
have solutions.
The matrix form of the given equations then reduce to

6 12 -12 1=l &
0 622-24 24-3A||y| |6M-
0 6A-12 AZ+12]2) L3A-6
This gives 6Ar+ 12y —122=6; :
B (632 —24) y + (24 - 3A) 2= 6\ -
and (6A-—l2)y+()\.2+l2)z=3l—6

If A =2, then these equations reduce to
12x+ 12y - 122 =6; 18z =
which gives z=0and 2x+2y=1

. T
ie. x==yto,2 0.y (Note)

By assigning arbitrary values to y, an infinite number of corresponding
values of x and z can be obtained. Hence the given system of equations has an

infinite number of solutions. (This can be ascertained from the ranks of A" and
A-also in the case when A =2).

Assigning two arbitrary values 0, 1 to y we have two sets of solutions of the
given equations as

Ix 1 I s
2 2

y 0 1

z 0 0

Let any other solution of the given equation be x=3/2, y=-12z=0
corresponding to the value — 1 of y.
If this third solution is a linear combination of the first two solutions, then a
and b can be found as follows : -

-a—-b 3/2 O0a+1b=-1,0a+0b=0.

Solving the first two of these we get a=1,b=-1 which satisfy the third

also. ‘ .
Hence this solution is a linear combination of the first two solutions. In this

way we can get two linearly independent solutions of the given set of equations

for A=2. .

‘“‘Fx. 15. Solve the system of linear equations :

2x-3y+4z=3,x-3z=-2.
Sol. The given equations in the matrix form AX = K can be written as
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zZ —~3 4|lx|=] 3
1 0 -3yl |-2
z
The augmented matrix A* =12 -3 4 3
| 0 =3 =2

1 0 -3 -2
~[1 0 =3 _2} interchanging R; and R, and

ol AT ~ [0 -3 10 7} replacing R; by R| - 2R,

0 1 —(10/3) (-7/3) mplacingnzbygk:,

This is a matrix having two non-zero rows, hence its rank is 2.
Simultancously we get A~|1 0 -3 |, which is also in the reduced
{01 -(10/3)
Echelon form having two non-zero rows. Hence its rank is 2.

Thus we find that A and A® have the same rank 2 and then two of tk.
unknowns can be expressed as a linear function of the remaining unknown.
Now the matrix form of the given equations reduce to

1 0 -3|lx|= -2
0 1 -0yl |=773)

Z .
which is equivalent to lx+0y—-3.z=-2;0x+ L.y~ ? z=- %

ie. x—3z=-2, --3y+10z=7i.e.x=3z—2,y:%z—%, for all z

che. x=3k-2,y=(10/3)k-(7/3),z=k, forall k. Ans.
Hence the complete solution of the given system of equations is x = 3k — 2,
y=(10/3) k- (7/3), 2=k, forall k. Ans.

Exercises on § 6.07 — § 6.09
Ex. 1. Show that the following equations are consistant :
Jx—4y=2,5c-2y=12,-x+3y=1.
Ex. 2. Show that the equations
2x+6y+ 11=0,6x+20y -6z +3=0,6y-13z+1=0
are not consistent.
Show that il in the following problems the given equations are consistent,
then solve them.
Ex. 3 Sc+3y+7:=4,3x+20y+2:=9, Tx+ 2y + 10z = 5.
(Kanpur 84; Mecrur 86) Ans.x=5,y=0,z=-3
Ex. 4. xp + 20 #a3=2, 2y +4xp + 303 =3, 3y + 6y + 5xy =4,
Ex.5 3=+ x03=2,3x -+ 2x3==-06,3x +xp +x3= - 18.
Ex. 6. x; ~3xp+x3=2, 2%, +x;+ 323 =3, x) + 512 + 5x3= 2.
Ans. x;=1,xy==(1/5),x3=2/5

"
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Ex. 7. Can the following equations have solutions ?
() x—v+3z+2w=3,3x+2y+z2+w=1,4x+ v+2z+ 2w=3.
(i) x—4y+72=8,3x+8y—2z=6,7x -8y + 162=31.
Ex. 8. Prove, without actually solving that the following systein of
equations have a unique solution—
Sx+3y+14z=4,y+2z=1,x-y+2z=0.
_Ex. 9. Can the following equations have solutions ?
() x+2y+32=4,2x+3y+8z=T, x—y+9=1. Ans. Yes
(i) x+2y+3z=2,2x+3y+4z=5,3x+4y+52=9. (Agra 92) Ans. No.
Ex. 10. Show that the following equations
X+2y~-2=3,3x-y+2z2=1,2%-2y+3z2=2, x—-y+z=—-1
are consistent and solve them by the use of matrices.
(Rahilklzand 94, Garhwal 93)
Ex. 11. Show that the following cquauons are consistent and find their
solutions by matrix method.

Xp+xy+x3=2,4x, —xp+2x3=-6,3x) +xp + x3=~— 18,
Ans. x; =—10. x3=—-10/3, x5 =46/3
Ex. 12, Solve 3x—-4y= 25x+2y—l2 -x+3y=1. Ans,x=2,y=1
Solution of Homogeneous Linear Equations -
§ 6.10. Definition : A linear equation of the type
apx;+azytaytagg+ .. rax, =0
is called a hc;mogeneous linear equation.
§ 6.11. Definition : A system of homogeneous linear equations is given in
the matrix form by AX = O, where A and X are the same notations as used in

§6.02 Page 105 Chapter VI.

Note 1 : Here K is zero matrix.

Note 2 : The matrix of coefficients A and the augmented matrix A* being
the same have equal ranks and thus the system is always consistent.

Note 3 : x; =0=x;=... =x, is always a soluiion and is called the trivial
solution.

An Importan: Theorem (Without Proof)..

A homogeneous system of n linear equations in n unknowns, whose
determinants of coefficients does not vanish, has only the trivial solution.

§ 6.12. Theorem (Without Proof)

A system m of m homogeneous equations in n unknowns xi, xs,..., X,, has-a
solution other than the tnivial solution viz. x; =0=x, = ... =x, if and only if the
rank r of the matrix of coefficients A is less than n, the number of unknowns.

If r=n, then n of the equations can be solved by Cramer's Rule for the
unique solution x;=0=x;=...=x, and the given system has non-trival
solutions.
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If r is the rank of A, then r of the n unknowns xy, Xz, ..., Xy Can be, expressed
as linear combination of the remaining n — r unknowns t0 which arbitrary values
may be assigned. Hence the system will have an infinite number of solutions out
of which n — r are linearly independent and the remaining can be expressed a°
linear combination of these n—r.

The above theorem is illustrated in the following examples :—

Ex. 1. Solve x+y+z+w=0

x+3y+2z+4w=0
2x+z-w=0
Sol. The given equations in the matrix form AX = O is given by

1 11 1|lx |={0
1 32 4yl |0
2 01 -1}z 0
w
The matrix A of coefficients =|1 1 1 1
. 1 32 4
z2 O 1 =1
or A-[1 1 1 1] replacing Ry and R by
0 213 Rz-RlandR3-2R1rcspectiv¢_:ly
0-2-1-3
-1 1 11 ,replacingR:;byR;-rR;
0213
0000

~f1r 1 1 ' ﬂ.replacingkzby%Rz
01 172 (372
|00

| o 0
- A-[1 0 1 1 replacing C; by C; = C,
01 172 (372 |

0 0 0 0

_ This is a matrix in the reduced Echelon form having two non-zero rows,
hence the rank of A is 2 and is less than the number of unknowns x, y, zand wi.e. 4.
.. The matrix form of the given equations reduces (o
; =lo
0 1

0
1 (3/2) 0
00 0

]

Ml
I =

1
0
0

lx+0y+1lz+1lw=0;
or Ox+ l.y+%.z+%.w=0;

0x+0.y+ 0z+0w=0.
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From the first two equations we have
X==-zZ—-w . )
y==12-G/2)w =)

i.e. two of the unknowns viz. x and y have been expressed as linear combinations
of the remaining two unknowns viz z and w.

An infinite number of solutions of the given equations can be obtained by
assigning arbitrary values to z and w.

Also according to § 6.11 Page 144 Ch. VI we know that the system has
n~ri e 4-2ie. 2 lincarly independent solutions.

Take any two solutions of the system by assigning the following arbitrary
values to zand w

2=2,4
w=0,2 ‘
Then the solutions are given in the tabular form as 7
x -2 =6 _|(Note : The comesponding values of x and y
y = -5 are calculated from the equations
z 2 4 (i) above)
w 0 2
Let any other solution be
x==2y==-3,7:=0w=2, ...(ii)

obtained by assigning z and w the value 0 and 2 in equations (i).
If this solution is a lincar combination of the first two solutions (given in the
above table) then we can always find (wo constants A and M such that

-2 -6u=-2 o (1))

-A-Su=~3 . (iv)
2A +4p=0 (V) (Note)

0A+2u=2 (vi)

From (vi) we getu = |.
 From (v) we get A= -2,
These values of A and p satisfy (iii) and (iv) also,
Hence the third solution [given by (ii) above] is a linear combination of the
first two solutions (given in the tabular form above),
Ex. 2. Find the solution of the following equations by the matrix
method : i
) le-x2+x3=0,3x,+2x2+x3:0,x|—3x2+5x3=0.
- Sol. The given equations in the matrix form AX =0 is given by
2 -1 1][x]=[0
3 2 1||x 0
1 -3 5)|x,| Lo
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The matrix A of coefficients

=2 =11

3 21

L -3 5}

[ o 0 1}replacing C;, Czby €y —2C3and
13

-9 2

1| C; + Cy respectively

C3 - C respectively

’ _— ].mplacingC;.C;byCz—BClmd

replacing Ry by R3 - 9%z

by (1/29) C2

[} replacing Ry by Ry — 14R, and C,
0
0
0 interchanging Ry and R
1 .

0

LO
Th.cranknl'AisSandisequaltolhenunMofnnknomviz.x,.xz.A_
Hence x; =0=x3 = x3. (See § 6.12 Page 144 Chapter V
Ex.J.Sbowbycondderlngnnkofmmrhtth.M&

following system of equations, possesses o solution other than the trivial

solutions x =0=y =2 '— '
3.r—y+z=0,~15x+6y-5z=0,5.r-2y+2:=0
Sol. The give equations in the matrix form AX = O is given by
3-1 1|{x{=10
-15 6 =5{|y| |0
5 -2 2|z {O
The matrix A of coefficients

= 3"!. 1
-15 6 -5
5-2 2
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~[ 00 1] replacing C,. ¢, by Ci*~3C3, C3+ Gy
01 -5 respeclively
-10 2
~[0 0 17 replacing Ry, Ry by Ry + SR, - Ry
0| respectively
-2

-0

L

1
0
0

-0

J replacing Ry by R; + 2R,

imerchanging R| and R3,

OO0 o~ O=

(=N =

0
0
1
. mly :
<. The rank of A is 3 and is equal to the number of unknowns viz. x, y, z.
Hence x=0=y=7 and the given system has no non-trivial solutions. (See

§ 6.12 Page 144 Chapter VI).

Ex. 4. Sobve : - 2x-2y+5z+3w=0
x-y+z+w=0
Ix-2y+3z+4w=10

- X=3y+7z+6w=0 (Kumaun 94)
Sol. The given equations in the matrix form AX = O is given by
2 -2 5 31[x] [o
4 -1 1 1fy|_|o
3 -2 3 4f|lz|7 o
1 -3 7 6w 0
" The matrix A of coefficients
=[2" -2 5 3
14 -1 1 1
3 -2 3 4
1 -3 7 6 _
~|0 4 -9  _9}replacing R, R, and R, by
0 11 -27 -23| R -2Ry R, - 4R, and
0, 7 -18 -14 R3 - 3R, respectively
1 -3 7 6
. 7 6| interchanging R, and R,
0 11 ~-27 -23
0 7 -18 -14
0 4 -9 _9
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#Pk =8 7 6), replacing Ry by Ry~ R3
0 4 -9 -9
0 7 -18 -14
o 4 -9 -9

~[1 -3 7 61, replacing Ry by Rs— Rz
0 4 -9 -9
0 7 -18 -14
0 0 0 =0

-1 o 7 61, replacing C; by C2 +3C,
0 4 -9 -9
0o 7 -18 -14
0 0 0o -0
L

a5k 0 T 6|, replacing Ry by R3 —.'} R
0 4 -9 -9
0o 0 -9/4 /4
LO 0 0 0

Tt o 7 6 replacing R; by %Rz and
0 1 -9/4 -9/4| Ryby-35R; '
0 0 1 -7/9
0 0 0 0

This is a matrix in the reduced Echelon form having three non-zero rows,
hence the rank of A is 3 and is less than the number of unknowns viz. 4.
- The matrix form of the given equations reduces 10

1 0 7 6([x|_|0
0 1 -9/4 -9/4||y “10
0 0 1 -7/9}| z 0
0 0 0 0|lw| |0 -
or x+T7z+6w=0; ) 1)
9 _ 9 _ G
y=3%- Iw-Q (i)
and : z- %w =0 .(iii)

From (iii) we get 2= (7/9) w
- From (i) x= - 7z - 6w=[-(49/9) - 6] w == (103/9)w
and y=(9/4) 2+ (9/4 w)_={(7/4)+(9/4)]w=4w.
Thus we find that the three of the unknowns viz. x,y and z are expressed in
terms of the 4th unknewn viz. w.
An infinite number of solutions of the given equations can be obtained by
assigning arbitrary values to w. '
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Also we know that the system has n —ri.e.4 -3 i ¢. | linearly independent
solution,
Assigning w one arbitrary value 9, we have a sel of solution as
x=-103,y=36,z=7, w=9, '
Let another solution (by assigning 18 1o w) be
x=-206,y=72,z=14andw= 18,
It is evident that this second set of values are nothing but double of the first
sct of values. Hence the theorem of § 6.12 Pagé 144 Chapter V1 is fully verificd,
h&%wummdqum:
' xX-2y+z-w=0
X+y-2z2+3w=0
dx+y-5z+8w=0
. S5x-Ty+2z2-w=0 (Kumaun 93)
Sd.'!‘hegivmmﬁoninlhematﬁxlormAx=0isgivenby
I -2 r -1
1 1 =2 3
4 1 -5 8
s -7 2 -1
The matrix A of coefficients
=1 =2 1 -1
| I =2 3
4 I -5 8
s -7 2 -1

ENw N
ocooe

-2 I -1} replacing R,, Ry and R, by
3 -3 4 RZ-R,,R3—4R|andR4-—5R,
9 -9 12 respectivel
3 -3 4 )

0 -1 5/3] replacing Ryand Ry by Ry -3 R,

(1) - {1) 4/3 | and R4 = R; respectively, then
0 0 0 |RebyyRyandfinallyR, by R, +2R,.

‘o000 -

CO0C =

-

This is a matrix in the reduced Echelon form having two non-zerorows
hence the rank of A is 2 and is less than the number of unknowns viz. 4.
. The matrix form of the given equations reduces to

"

I 0 -1 (5/9][x]=[0
0 1 -1 @3)ly| lo
0 0 0 0 z 0
0 0 0 L7 w| |0

which is equivalent to
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x-z+(5/Nw=0,y-z+@/3)w=0
ie. y=z-(4/3) w,x=z-(5/3)w.
A X=|xl=lz-(5/3)w
y| |z-(@/3)w
Z Z
w w

By multiplication we find that

Ax=[1 0 -1 (/||z-(5/3)w
o 1 -1 (4/1) T (4/3)w
0 0 0
0 0 0
= z—(5/3)w—z+(5/3)w =10]=0,
O+z-@/Dw-2+(4/)w 0
0+0+0+0 0
0+0+0+0 0

whatever the values of z and w may be.
 Wehavex=A+(5/3) .y =A—-(4/3) b, z=A, w =, where A and 1 can
take any values, as the complete solution of the given system of equations.
**Ex. 6. Find the general solution of the matrix :
2 3 -1-1|ix|=0
1 -1 -2-4|y
31 3-2v
6 2 9-7}|t¢

Sol. The given equation in the matrix form AX =0 is given by

2 3 -1-1]|x| |0
1 -1 -2-4]|y|_|0
3 1 3-2|v||O
6 2 9-7|«r| (O
The matrix A of coefTicients
=2 3 -1-1]
1 -1 -2-4
* 31 3-2
Lﬁ 2 9-7
"? SIJ; :.rcplacingkl.kzandk4by
o 4 9_10 R,-2Ry,R3-3Ryand Ry -6 R,
0 8 21 17| respectively.
fo 1 -6 -3}replacingR|, Ryby R; — R,
1 -1 —2 —4)| and Ry - 2 Ry respectively.
0 4 910 -
() 0 3-3
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~[0 1 -6 -3} replacing Ry by Ry — 4R, and R,
10 -8-7|byR,+R,.
00 33 22
00 3-3
~[0 1 -9 —q} replacing R and Ry by R, ~Ry
1 0 -8 -7]|andR;- 11R,respectively.
10 0 0 55
0 o0 3 -3
~[o1 0 -9 replacing Rl, R3, Ryand Ry by
(') g g = ‘f Ry +3 Ry, Ry +(8/3) Ry, (V55) R,
0 0 1| —1|and(1/3)R,respectively.
= ‘l’ (‘) g ngplacing Ry, Ry, and R4 by
0 0 0 1 Ry +9R3, Ry+ 15Ryand Ry + Ry
0 0 1 OJ rcspectively.
<1 - O ol feananging the rows
0.1 0 o0
0O 0 1 0
00 0 1

~ [Lg).
.~ The rank of the matrix A is 4 and is cquahl to the number or unknowns viz.
XY, L. ' ;
Hence x=0,y=0,v=0,r=0 [See § 6.12 Page 144 Ch. VI].
' Exercises on § 6.10 - § 6.12
Ex. 1. Solve the following equations :—
X=X +x3=0,x + 20— x3=0, 2x; + x5 + 3x3 =0. (Lucknow 92)
Ex. 2. Find the rank of the coefficient matrix for the following system of
homogeneous ‘equations over the field of real numbers and compute all the
solutions :— : ¢
X +21‘2 —31'3 +4X4 =0,X| +312“X3=0. 6.1'] +x3+ 2.1’3"—'0.
Ex. 3. Solve completely the following equations using matrices :—
x+3y-27=0,2x-y+4z=0,x~ 11y + 14z =0. (Lucknow 90)
Ex. 4. Solve completely the following equations with the help of matrices :
Dx-y-2+1=0,x-y+22-1=0,3x+y+1=0.
(i) 2w+3x-y-z=0,4w-6x-2y+22=0, - 6w + 12x+3y-4z=0.
MISCELLANEOUS SOLVED EXAMPLES
*Ex. 1. Show that the only real value of A for which the following
equations have non-zero solution is 6 :
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X+2y+3z=Ax,Ix+y+ 22=Ay,2x + 2y +Z = AzZ. (Kanpur 95)
Sol. The given equations can be rewritten as
(1-A)x+2y+3z2=0
Ix+ (1 -A)y+2:=0;
and 2x+3y+(1-A)z=0.
The equations in the matrix form AX = K can be rewritten as
1-A 2 3 ||x|=|0
3 1-2 2 ||yl |O
z 3 1-Aflz| (O
If the given system of equations has a non-zero solution then the matrix A
must have a rank < the number of unknown quantities x,y, 2 ie.3and |A|=0

ie. |[1-A 2 3 1=0
3 1-A 2
2 3 1-A
or 6-h 6-A 6-A =0, replacing Ry by R| + R, + R3
3 1-A 2
2 3 1-A
or 6G-A) |1 1 1 | =0, mkingoul(é—}i)comr.non from R,
31-A 2
% 3 =R
or 6-A)[1 0 0 | =0, applying C; - C, and C3 - C;
3-2-A -1 :
2 1 -1-A
or (6-A) |-2-A -11=0
1 -1-A
or 6-2)[2+A)(1+A)+1]=0
or (6-A) (A2 +3A+3]=00r A=6,5[-3tV(9-12)]

or A =6 (the other roots being imaginary) is the only real value of A for which
the given system of equations has a non-zero solution.
Ex. 2. Prove that if the system of equations
) x=ay+z,y=z+ax,z=x+Yy
is consistent (having non-zero solutions) thena+1=0.
Sol. The given equations can be rewnitten as
x—ay-2=0
ax-y+z=0
x+y-z=0
These equations in the matrix form AX = K can be rewritten as

=24
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-a =1|llx[=]0
-1 1]y 0
I =-1}]lz 0

IT the given system of equations has a non-zero solution then the matrix A
have a rank < the number of unknown quantities x, y, z i.c. 3 and | A|=0. Here

we have
A=l -a -1
a -1 !
I
r A-o ~a—1 -1 }replacing € Coby C) + (G,
atl 0 I Gy + Cyrespectively
0 0 -
~[0 -(@+1) 0} replacing R, Ryby R ~ Ry,
a+ 1 0 O] Ry + Ry respectively (1)
0 0 -1
L.
~[o 1 0} replacing C), C,.C3 by
L0 0] C/Aa+1),-Co/la+ 1), - Cy
[0 0 1] respectively
~-[1 0o o} interchanging R and R,
0o 1 0
0 0 1
= ]]

i.e. the rank of A is 3 ie. equal to the number of unknowns viz. x, ¥,z

But if ¢ + 1 =0, then from (i) we get

A~|0 O 0 | which has one non— zero row and so the rank of A is 1
g O 0
o 0 -
i.e. <3, the number of unknowns viz. x, y, z.
Also  |Al=|1 -a -1
a -1 |
1 1 =1 :
wla ~a-1 "= 1|.adding Cy10 C, and C,
a+l 0 | : :
0 0 -1
=10 0 -1},ifa+1=0
0 0 |
0 6 -1

0, two rows being identical
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Hence the given equations are consistent if ¢ + 1 = 0.
*Ex. 3. Investigate for what values of A, p the simultaneous cquatiom
x+2y+2z=8,2x+y+32=13,3Ix+4dy-Az=
have (i) no solution (ii) a unigue solution and (iii) infinitely many solutions.
Sol. The given equations in the matrix form AX = K can be writien as
1 2 Iijx|=| &
2 1 3y 13
3 4 -z M

- The augmented matrix A* =1 2 I8
2 1 3 13
3 4 -A pu
or A1 & | 8 | replacing Ry, Ry, by
0 -3 I -3| Rp- 2R, Ry-3R,
0 -2 -A-3 pu-24|respectively;
«ff 8 0 117} replacing Ry, Ry, Ry
0 -6 X —6| by Ry - Ry 2 Ryand
0 -6 -3A-9 3u-72| 3.R,respectively;
I 5 0 11| replacing R4 and R,
0 -1 H by Ry= Ry, and =+ R
|_() 0 -3A-11 3u-66| respectively (i)

Case I IT3A+ 1120, 3u-6620ie A#—(11/3), u# 22, then from (i)
malrix A: has three non-zero rows and is in the reduced Echelon form. Thus the
matrix A is of rank 3. Also then the matrix A =[] 5§ 0 is also in

0 |1 -1/3

0 0 -3A-1I
reduced Echelon form having three non-zero rows and thus its rank is also 3.
Also there are three unknown quantities x,y,z so, in the case
A #—(11/3), u # 22, the given equations have a unique solution.

Case IL If 3+ 11 =0,3u-66#20 ie. A=-(11/3), u# 22, then the rank
of the matrix A” is 3 but that of A is 2, since in this case both A*and A are in the
reduced Echelon form but A® has three non-zero rows, wincares A has two
non-zero rows. Thus the ranks of A® and A are not the same and so there is no
solution of the given equations.

Case HLIT3A + 11 =0,3u - 66 =0i.e. A= - (11/3), u = 22, then the runks
of A as well as A” are the same and each is 2 ie. less than the number of

unknowns viz. x, y and z. Hence in this case two unknowns will be expressed in
terms of the third and thus we shall have an infinite number of solutions.
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*Ex. 4. Investigate for what values of A and 1, the simultaneous
equations : x+y+z=6,x+2y+32=10 and x+2y +Az=p have (i) no
solution, (ii) unique solution (iii) infinite solutions.

(Agra 96, 93, 91; Garhwal 91, 90; Kanpur 96, 94;
Meerut 91 S, 90; Rohilkhand 96, 90)
Sol. The given equations in the malrix form AX = K can be written as

I 1)|x
l 2 3|y
1 2 Allz
The augmented matrix A*= |1 1 1 6
1 2 3 10
1 2 A p
or A= 1 0. =1 2, replacing Ry, R3by Ry — Ry, Ry — Ry
01 2 4 | respectively and then R; by R| - R;

Now following cases arise :(—
~ Case LIfA-3=0,u-10#0ie A=3,p# 10, then from (i), A" is in the
reduced Echelon form having three non-zero rows and A is in the reduced
Echelon form having two non-zero rows. v

». The ranks of A* and A are 3 and 2 respectively which being different, the
given equations have no solution. :
Case IL IfA -3 #0,u— 10# 0ie. A#3,u# 10, then from (i) we find that

both A" and'A are in the reduced Echelon form having three non-zero rows and

hence the ranks of A* and A are eath 3 and these being the same the given
equations are consistent. Also there are three unknowns viz. x, y, z so the solution
is unigue in this case.

Case IILIfA-3=0,u—-10=0ie A=3,u=10, then from (i) we fird that
the malrices A’ and A are in the reduced Echelon form having two non-zero

rows each. Hence the ranks of A* and A are the same each being 2, which is less
than the number of unknowns x, y, z. Therefore in this case two unknowns will
be expressed in terms "of the third and thus we shall have an infinite number of
solutions. *

Ex. S§. Show that the foﬂowing equations are consistent

xX+y+z=-3,x+y-2z=-2,2x+4y+Tz=17. (Kumaun 96)
Sol. Given equations can be wrilten in the matrix form as

1 | i 1x]=]-3
I [ '?2 y —2
2 4 71|z 7



Miscellaneous Solved Examples 157

The augmented matrix A* =[1 | I =3
TR 2 =2
2 4 7
ar A"~ (l) (l) _.; replacmg Ry, R3by Ry — Ry,
L3 6 1 0 — R\ respectively
~[1 1 1 -3} replacing R3 by Ry + 2R,
00 -3 1 ’
I 3 0 12

=111 =31 enlacing Ry, Ry by (1/3) Ry,
b 0 -~ 13 R+ — R, respectivel

B 3 g 5] %ar mEECey

f1 1 o0 -8s3}replacing Ry, R3byRj+R;
0 0 -1 1/3| Ry R, respectively

0

2 0 443
~ (1 1 0 -8/3}replacing Ry, R3by - Ry,
0 0 1 -1/3]|(1/2) Ryrespectively" '
0 1 0 22/3
-f1 0 0 -10}replacingR, by R, -
0 0 1 1/3
0 1 0 2273
-[1 0 0 - 10}interchanging R; and Ry
01 0 22/3
0 0 1 -1/3

This is a matrix in the reduced Echelon form having three non-zero rows, so
its rank is 3.
L

- 0
Simultaneously we get the reduced form of A viz. 1 0ie. I5and sothe
0

oo -
- o O

rank of A is also 3.

Thus we find that the ranks of A® and A are the same and so the given
equations are consistent i.e. have solutions given by |1 0 O0]f{x -10
0 1 :0fy 22/3
0 6 Ijjz] |=173
which gives

-10,y=22/3,z=-1/3. Ans.
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EXERCISES ON CHAPTER VI

Ex. 1. Examinc whether the following lincar equations are consistent, and if
consistent solve them :—
Xptxp+xy+xg=0,20) ~xp + Iy +dag =4
and Ixp +4xy+ 5x4 =
Ex. 2. Solve the equations by matrix method - —
X+2y+2=14x+y+2=6,x+3y+62=25.
Ex. 3. Solve by matrix method :—
x=2y+3z=2,2x-32=3x+y+z=0.
Ex. 4. Solve by matrix method :—
X+2y-2=3,3x-y+22=1, 2% -2y +2=2.Ans. x=- l,y=4,2=4
Ex. 5. Solve x+2y+3z=14,2x+v+2z=11.2x+3y+z= Il with the
help of matrices. Arg. x = 18/11,y=17/11,z=34/11
Ex. 6. Investigatc k such that the following system of linear equations is
consistent and oblain its solution :—
Ud+y—z=12x~y=-22==3; Iy +3z2=k.
Ex. 7. Investigate for which values of A and p lhc following system of
equations will have
(i) No solution and (ii) 2 unigue solution :—
x+2p+32=5-y+22= 12, Ix-viAz=p
Ex. & Investigatc for what values of A and p, the simultancous equations
x+y+z=16,x+2y+5z2=p, x+2y+Az= 10 have unique solution. (Agra 90)
Ex. 9. Does the following system of lincar cquations pojsess a unique
solution ? If 50, then solve them. If not, why ?
x+2p+32=6,2x+4y+2=T7 3x+2y +9z= 4.
Ex. 10. Find the inverse of the matrix [1 2 3] and use it to solve the
2 3 2
313 4J

equations X+2y+32=3,2x+3y+22=0,3x+ Iy +4z=5.

Ex. 11. Show that the following system of equations have unique solution :

x+2z=0,y+2z=1.5x+3y+ 14z =4.

Ex. 12. Solve : 2.(| ] 3X2 L ‘fx_q + x4 =0;I| +xp- x4 =0,

3x; - 3+ Sx3=00dx) - Ixg + 6xy — x4 = 0.

(Hint. See Ex. 1 Page 145 Chapter VI).

Ex. 13. Statc the conditions under which a system of non-homogeneous
equations will have (i) no solution, (ii) a unique solution, (iii) infinity of
solutions,

Ex. 14. For what values of a. b do the system of equations
x+2y+3z2=6,x+3y+52=92x+Sy+az="5 have (i) no solution: (ii) a
uniquc solution; (iii) more than one solutions ?
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*Ex. 15. Solve x+2y—z=3:3v—y+2z= 1 2x =2y + Jz=2ix—y+z=~- L.
Ex. 16. Find the inverse of the cocfficient matrix and hence solve the
following equations \—
x+2y-3z=13x+y+z=8,x-2y=0.
Ex. 17. Apply rank-test to examine il the following system of equations is
consistent and il consistent, then only find the complete solution :—
.x+y+1:6,4):+3y+z.=9,2r+.—" B=§.
Ex. 18. Apply rank test to find whether
x+2y 432 44w=0,8r+Sy+z+4w=0,5c+6y+82+w=0,
Be+ 3y +Tz+2w=I(
have any solution other than x =y =z=w=10.
Ex. 19. Solve the following cquations by the use of matrices
(a) x—y—2z—4t=0.1:+3y—zw!=(l.6x+3y~7r=0.
Ix+y+3z-2=0.
(b) x+y+2z=0,2x-y-3z=03x-Sy+4z=0,x+ 1Ty +4z=0
(€) x+2y+32=03x+4y +4z:=0,Tx+ 10y + 12=0.
Ex. 20. Solve the equalions by malrix inversion :
xty+z=4"ic-y+3z=13x+2y-2=1
Ex. 21. Show by m1 - . mcthod that the following sysicm of cquations is
consistent and solve it
dxp+ 3+ I+ xg =% + 2+ Xy +xg =2
:‘"I +4Iz + ZX:‘-XA = 8'. 2!‘ + 3.(2+4X3+ SX‘=5;
Xy —xytx3—-x4=4.
Ex. 22. Show that the equations x-3y-8z+10=0,3x+y-4z=0
2x + Sy + 6z — 13 = 0 are consistent and solve them. (Mecrin 92)
Ex. 23. Solve by matrix method :—
x+y+z=4,x-y+71=52+3y-z=1
Ex. 24. Show thal the system of equations is consistent
2x+6y=—1,6x+20y—6z=-3,6y-18z=-1.
Ex. 25. Show by matrix method, the following equations arc consistent and
have infinite number of solutions
X +x; +.[1=0.2X| +512 +f).l'3= 0.
Ex. 26. Solve by matrix method ;
x+y+z+w=12x-y+z-2w=23x+2y-z-w=3
Ex. 27. Slove the following equations :—
2x) 20+ 303 = 3,0 + 2y = x3 = Sxg =4, xp + 2og - 2y + Txg =3
{Rohilkhand 93)
Ex. 28. If x, y, z arc not all zero and il ax + by + cz=0,
bx +cy+az=0,cx+ay + bz =0, prove that,
ol 1) of l:u):(nZ url:mzAm :
where o is a complex cube root of unity. { Purvanchal 98)



