
Chapter VI

Solution of Linear Equations
§ 6.01. Matrix of coefficients of a system of equations.
Definiton. Let the system of m simultaneous equations in n unknowns

X1, X2, 	 xbe

a21x1 + a 22x2 + a2 x3 + ... + a2trxn= k,,

a 3 1 x 1 +a32x2 +a33 + ... + a.,rxn=k3,

am 1XI + am2 + am3x3 + +	 = km

or written in a compact form
'1

ax=k.wherei=1,2.
1=I

Then the matrix A = [ a 1) = a 11 a1

a2l	 a22	 02,,

0m1 am2	 mn,nJ

of order m x n is known as the matrix of coefficients of the system of equa-
tions given by (I).

The determinant of the matrix A, [if there be ,t equations in (1)] viz.

IAI= a ll	 a12

°21	 022	 ...	 111

amj 0m2	 (1mn

is called the determinant of coefficients of the system of equations given by (1).
Note. If all the k's are zeio, then the system of equations given by (i) is said

to be homogeneous and if at least one of k's is not zero, then the above system
of equations is said to be non-homogeneous.

§ 6.02. System of equations in the Matrix Form.
The system of equations given by (i) in § 6.01 above can be written in the

matrix form as

a ll	 °12	 a1

a, 1 a22	 a21	 a2,,

a, 1 	 012	 ...	 Q jj	 . . .

oJ,[ 0m2	 mj1rn

x 1 1 = [kjl	 -	 (Note)

X2	 k1	
..

Xi;	 km

11
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or in more compact form it may be written as
AX = K.

'where A = [a] i.e. the matrix of coefficients of the system ot'equations given by

(i) in § 6.01 on Page 105;
X = the transposed matrix of 1x 1 , x2. x3, ... x,j and

K = the transposed matrix of [k 1 , k2 , k3, ..., km].

Here students should note that the product AX is a matrix of order ni x 1, as
A is a matrix of order m x n and X is a matrix of order n x 1. And X is also a
matrix of order m x 1.

* 6.03. Consistent and Inconsistent Equations.
Consider the system of equations given by (i) of § 6.01 Page 105;
If the above system has a solution (i.e. a set of values of x 1 , x2 , x3 , .., x,

satisfy simultaneously these m equations), then the equations are said to be
consistent otherwise the equations are said to be Inconsistent.

A consistent system of equations has either one solution or infinitely many
solutions.

§ 6.04. Solulion of non-homogeneous Simultaneous equations.
Solution of equation given by (i) of* 6.01 Page 105 Ch. VI when rn = n and

'he matrix A is non-singular

We know from, § 6.02 Page 105 Ch. VI that the matrix form of the given
quations is	 AX.= K

Also we, know that if A is non-singular, its inverse matrix i.e., A' exists

uch that	 A'A=I.	 ...(ii)
where I is the identity matrix.

Hence by multiplying both sides of (i) by A 1 , we have

A- I AX = A-

or	 IX=A1K, from (ii)

or	 X = A- 	 which is the required solution

of the given equations and is unique.
Solved Examples on § 6.02—* 6.04.
Ex. 1. Express in matrix form the system of equations

9x-f7y+3z=6;5x+y+4z1;6x+8y+2z4. (Gorakhpur97,94)
Sot. The given equations are

9x+7y+3z6
5x+y+4z1

6x + 8y + 2z = 4
The required matrix form of these equations is

AX = K,
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'where A=9 7 3 X= x andK= 6
514	 y	 I

L6 8 2	 z	 4

Ex. 2 (a). Find the matrix X.from the equations AX =B,
wlrre	 A=1 —1	 OandB=2

	

0	 1-1	 1

	

1	 1	 1	 7

Sot. Let X =then from AX=B,wehave

Yzj
1 —10 [x=2
0	 1 —1 y	 1
1	 1	 lz	 7

=	 I - 1	 0 x = [21. by the elementary row
•	 0	 1 —1 y Jll

 
operation R3—R3+R2

1	 2	 Ozt8j

0x = 21, by the elementary row
0	 1 —1 y	 1I operations Ri—R3+2Rj
3	 0	 Oz	 12j

=.	 x—y=2,y—z=1,3x12	 (Note)
=	 y=x-2.z=y-1,x=4

y=4-2-2,z=2--1=I,x=4
=	 x=4,y=2,z=1.

X=[x]=[4]	
Ans.

Ex. 2 (b). Solve by matrix method
x-2y+3z=2,2x-3z=O,x+y+z=O.

Sot. Do as Ex, 2 (a) above. 	 Ans. x = (6/19), y - (10/19), z = (4/19)
**EX . 3 (a). Solve by matrix method:

x +y +z = 6,x —y +z = 2, lv +y —z = I
(Gorakhpur 96: Kanpur 95, Rohilkhand 95)

Sot. Given equations are

x - : +z=2
2x + y - z 1

Let A = 1	 1	 11. K = 6 and assume that there exists a matrix
I	 —I	 II	 2
2	 1	 —1]	 1
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X= x such that AX =K
y
z

Then	 1I	 I I x=6
I	 --1	 1	 y	 2
2	 I	 -I	 z	 1

=	 it	 i]	 =	 6 . by the elementary row
o - 2	 0 y	 -4 operations R2 -+ - R1
o -1 -3j z	 -11 •R3-*R3-2R,

1	 0-2lx	 -5
I	 -	 , by the elementary row

0	 3] '
	 operationsR1-R1+R3

.r-2z=-5.-2y=-4,-y-3z=-1l
•	 x-2z=-5,y=2,2+3z= 11

=	 x=2z-5,)=2,Z=3
.x=6- 5,y=2,z=3=x= 1.y=2,z 3.	 Ans.

*Ex. 3 (b). Solve by matrix method
x+2y+3z=14,3x+y+.2z=11,2x+3y+z=1].

•

	

	
(Bundelkhand 92; Purwrnchal 93; Rohiikhand 98)

Sol. The given equations are
x+2y+3z=14
3x + y + 2z = ii
2+3y+z=11

Let A = 1 2 3 and K = 14 and assume that there exists a matrix
3	 1 2	 11
2 3	 111

X= x such that AX = K.Y

z

Then	 r 1 2 3]rxl=1141
3	 1	 2 1 Y	 111

[2 3 1j[z j [U

1 2 3 x = 141, by the elementary row
4 3 5 y	 25 operation R2 -3 R 1 +
2 3	 1	 z	 11]

2 4 6 xj = 281, by the elementary row
2 0 4	 14 operation R1-2R1

2 3 1	 z	 II] R-,--*R,-R1
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0 4	 2 x = 141. by the elementary row

2 0	 4	 y	 14 operation R 1 —* R 1 - R2,

0 3 -3	 -3] R3-+R3-R2

ro

2

	

	 1	
71' by the elementary row

0	 2	 j operation P 1 -4 R1,

	

 1 -1	 z	 -_ij R2-4-R2,R1--*R3

[0 3	 0 X =6 by the elementary row
-- j operations R 1 -4 R 1 + R3

3y6,x+27,YZ= 	 (Note)

.	 y=2,z=y+I+I3.X72Z76=1
x=1,y2,z3.	

Ans.

Ex. 3 (ci. Solve the following equations by matrix method
x+2y+3z=4,2-r+3Y+8Z=7,x-Y+9Z	 (Agra 96, 93)

Sot. The given equations are

2x + 3y + 8z 7
X - I, + 9z 1

Let A =[i	 2 3 K 4 and assume that there eistS a matrix X = x

2	 38	 7	 y

	

-19	
z

such that AX = K.
Then	 1	 23 x4

2	 38y	 7
1 -1 9 r	 1

=	 i	 2 3	 [ 41. by elementary row

0 - 1 2 v I - i operations R2 -4 R2 - 2R1

0-3 6 z L-3 
and R3-RyRi

12 3 x = 41. by elementary row

o - 1 2 y	 - 1 operations R3 —* R3 - 3R2

0	 0 0 z	 0]

x+2y+3z4,-Y+2Z=i
x+7z2.--Y+2Zl

=	 x = 2 - 7z, y = 2z + I and z can take any finite value. 	 Ans.

**Ex. 4 (a). Using matrix method, solve the following equations-
2x -y +3z = 9,x +y +z = 6 and  - y +z = 2.

(Avadh 98. Agra 95; Garhwa.1 95; Gorakhpur 99: Kanpur 90;
Meenil 92P. 91; Rohilkhand 97)
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Sol. The given equations arc
2x—y+3zr9

x+y+z=6
x—y+z=2

Let A=2 —1 3 K=[691andassumetha[thereexistsamatnxX_IYZIx
1	 Ii
1-11	 2 

such that AX = K.

Then 12 -1 3 x=9
1	 1 1 y	 6	 (Kanpur 90)

—1 1 z	 2

3 0 41[Yx =[is3 by the cicmentaiy row

I61 operations R 1 -p R 1 + R2.
2 0 2z 

L 
8] R3 -4 R3 + R2

3x+4z=15,x+y+z6,+2z8
3x+4z=15,x-I.y+z=6,x+•z=4

y=6—(x+)=6--4	 :x+z=4
or	 y=2

Also 3x+4z=1s gives 3x+4(4....x)=5 	 . x+z=4
or	 3x+16-4x=15	 or	 x=1

z4—x=4-1=3
=.
EL 4 (b). Solve by matrix method only the equations:

X+y+z=6;x+2,+314,x+4y+9Z=36
-	 (Gorakhpur 98, 91; Kanpur 94, Rohilkhand 99)

Hint: Do as Ex. 4 (a) above.Ans.x=I,y=2,z3,
**EX S (a). Solve the following equations by matrix method:

x+2y+z=2,3+sy+=+4y+..3	 (Bundelkhand9J)
Sol. Let A = 1 2 J]

J

 K = 2 and asume that there exists a matrix
3 5 51	 4
2 43 	 3

X= xl,suchthatAx=K,
y
z

Then	 1 2 11 X]:= 2
5 5y

2 4 
31zJ 3
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1	 2 tlIxl = 21. by the elementary row

o -1 2 11 y 1	
-21 operationsR2-4R23R1

o	 0 ljLzj -1] and R3-*R32Ri

x+2y+Z2,-Y+2Z2.	 I

x+2y3,Y=0,Z=1

x+O3,yO,Z

x=3,y0,Z=l'	
Ans

**Ex. S (b). Solve lbt equations:

x +y +z9,2x +5y +7z=52,2x +y - Z 0.	 (Gorakhpur 92)

Sol. Let A = I 11 1 K = 9 and assume that there exists a matrix

2 5	 7 1	 52

2 1 -1]	 0

X= x such that AX=KY

z-

Then	 I I	 1	 9

2 5	 152

2	 1.-itij	 0
JL

ii	 i x =	 9]. by the elementary row

o	 3	 5 y	 34 I operations R2 -4 R2 - 2R1

o -1 -3 z	 _l8jandR3-4R32RI

=	 1	 1	 1 x =	 9]. by the elementary row

j
o	 0 - 4 y	 - 20 operations R2 -4 R2 + 3R3

o -1 -3 z	 _18

x+y+z9;4z20Y3Z8

z=5;y 18-3z=18-3(S)3

and	 x9-y-z=935 1

x=1,y3,Z=5.	
Ans.

Ex. 6. Solve the following equations by matrix method-
2x-y+3=8,-x+2y+z43Y4	 (Rohilkhand9i)

Sot. The given equations are

2x - y + 3z = 8
-x+2y+z4
3x+y-4z=O

Sol. Let A = 2 - 1	 31 K = 8 n assume that there exists a matrix

-1	 2	 1	 4!
3	 1-4	 0
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X= [

YXi such that AX = K.

z

Then	 2 - I	 3[x= 8
-1	 2	 ly	 4

3	 I	 --4	 zj
10-j_

0 3	 5 x = so], by the elementary row
- 1 2	 I y	 4 operations R' 1 -. R 1 + 2R2
0 7 -
	 z	 12J R3-R3+3R2

[ 0 3	 .S][Z .x]=	 16]. by the elementary row
- 1 2	 1 	 J	 4 operation R3 	R3 - 2R1
0 i -lI J zj	 -20]

0 0	 38 x] f 76]. by the elementary row
- 1 2	 1 y j	 4 operation R 1 - R 1 - 3R3
0 1 -II z] L-20i

'	 38z=76,-x+2y+z4,y_lIz..20 '-
z=2.-x+2y=4_z2,y_20+ llz=-20+22=2

-x=2-2y=2_42y2z2
=	 X2,y=2,=2	

Am;.Ex. 7. Solve the equations—

X I +2X2+x34,x_xi+x35,1+32_X.i

Sol. Let	 A =[1	 2	 Iland K = [4 ].ind assume that there exists a
Il	 -1	 Il	 Is
2	 3-1 . 	1

matrix X= [X j such that AXK	 -

[x3

Then1	 2	 •	
Xj	 J4

-2	 15
2	 3 -1 x3

o	 3	 0x1 = [— i1 by the elementary row
I - 1	 i x2	 J operations R 1 -* R 1 - R2;

01 	 - [

x.1 

L- 9] R3 -4 R, - 2R2

3x2=_I,xJ_x2+x35,5x2_3x3..9

-	 x2=— I13,x 1 +(I/3)+x3r5,5(_ 1/3)-3x3=-9

X21/3,x 1 +x3 = l4/3,x3='22/9.
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=	 x2 - 1/3, x 1 + (22/9) = 14/3, x3 = 22/9.

= 20/9, x2 = - 1/3, x3 = 22/9.	 Ans.
Ex. 8. Solve the following equations by matrix method:

2x+3y+z=9;x+2y+3z=6,3x-t-y+2z=8. 	 (Gorak.hpur95)
Sol. Let A = 2 3 1 K = 9	 and assume that there exists a matrix

123	 6
•	 312	 8

X= .4 such that AX=K
Y

z
- Then	 231 x=9

123y	 6
3 1 2 z,	 8

o - 1 -5 . = - 31. by the elcmcntaty row

1	 2	 3	 6 operatonsR 1 7-+ R1 -

o -5 -7 z	 -. 10] and R3-*R3-3R2

0 - 1 - 5 .r = - 31. by the elementaty row

1	 2	 3 y	 6 operation R3 - R3 - 5R1
0	 0 18 z	 5]

-y-5z=--3,x+2y+3z=6,18z=5	
I

25	 5	 5
-y--1j=-3.x+2y+6.z-j1

29	 (29. 31	 5
Y=ii,x+2JJ=-.-,z=T8_

•	 35	 29	 5Xjy j ,Z= jj	 Ans.

Exercises on 6.02—* 6.04
Solve the following equations by the matrix method -
Ex. 1. 3x+y-z=2,x+2y+z=3,-x+y+4z=9 	 (Puh'ancha.198)

Ans. x=24y=-1,z=3

Ex. 2. x+2y-z= 1,x+y+2z=9.2x+y-z=2 Ans.xJ2,y=1,z=3

Ex.3. x+2y+3z= 14,2x-y+5z= 15,3x-2y+4z=- 13

	

 ho	 1Ans.x=- l7_§_,y=-1-,z= iO-j-

*Ex. 4. x±v+z=3,x.+2y+3=4,x+4y -9z=6. Ans. x=2.y=1,z=0
Ex. 5. 4x+3y+6z=25,x+5y+7z=13,2.x+9y+z1 	 I

Ans. x4Jy=- 1,z2
Ex. 6.x+y=5,2x-y=1.	 A/s.x=2,y=3

Ex.7. x-v+2z=3, 2x+z= 1, 3x+2 y +z=4.	 Ans. x=j-1,y=2,z=3



114	 Matrices

Ex. 8. x-2y+3z=I1,3x+y--z=2,5x+3y+2z=3.
Ans.x =2,y=-3,z=1

Ex.9. x+y+z=9,2x+5y+7z=50,2x+y-z=2.Ans.x=l,y4.z=4

Ex. 10. x+y+zr4 , 2x_y+2z=5 , x_2y_z_3.	 (Agra 92)

Ans. x = 1, y = 1, z = 2
Ex. II. x-y+2z=4,3xy+4z6,x+y+z I.	 (Meerut 94)

Ans. x = 0, y = - 2/3, z = 5/3

Ex. 12. x+2y-z=3.3x-y+2z1,2x-2y+3z=2.	 (GrakJipur93)

An.x =- 1,v=4,z=4
Ex. 13. x + 2y + 3z = 6, 2x + 4y + z = 7, 3x +2v+ 91- 14.	 (Meerut 97)

Ans. x= l, y = l,z = I
Ex. 14. x - 2y + 3z = 6. 3x + y - = -. 7, .5x - 3y + 2z = 5. 	 (Meerut 95)

Ans. .t = - 8/7, v = - 25/7, z = 0
Ex. 15. 5x-6y+4z= 15, 7x+4y-3z= 19: 2+y+6z=46. (Meerut 93)

Ans. x3,v=4.z=6.
* 6.05. To compute inverse of a square matrix with the help of the

linear equations.
Let asystem of n linear equations in n unknowns x 1 , x2, x3,	 Xn be

a11x1+a12x2--..+a1,t=k1

a21x1 +a22x2 + ,. +a2flxfl_2

a3 1x1+ a32-X2 + ... + a 3 x= k3

an I x I + a 2x2 + .. + anirxn = k.

Then ths system can be written in the matr i x from as
AX=K,

whereA= Pu a 12	 aufll.X_ X1 and K=

	

a22	 •-- a 1 	 x2	 Ic,

•

	

131 a32	 a3

	

x	 Ic.,.	 ...	 n	 fl	 -J

	

La 
I a 2	ann ...See § 6.02 Page 105 Ch. VI

If A # b, the matrix A is non-singular and the inverse of A exists,
..,(Sce Ch. V and Ch. IV)

Hence premu tiplying (i) by A 1 . we have

•	 AAX=A'K	 or (A'A)X=A'K

or	 IX=AK.	 A'A.-1

or	 X = A- 	 which gives the value of
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Solved Examples on § 6.05.

Ex.1. If A 2 - 1 31, then find A and hence solve the equations
1	 II
1	 -1	 1

2x - y + 3z = 9,x +y + z + 6 and  -y -1- z = 2.	 (Kanpur 97)

Sot. The matrix equation AX = K is here equivilent to the equations
2x-y+3z=k1

x+y+z=k2	...(ii)

x-y+z=k3	...(iii)

Adding (i) and (ii) we get 3x + 4z = k 1 + k2 	 (iv)

Adding (ii) and (iii) we get 2x + 2z = k + k3

Multiplying (v) by 2, we get 4x + 4: = 2k 2 + 2k3 	.,.(vi)

Subtracting (iv) from (vi), we get x - k 1 + k2 + 2k 3	...(vii)

From (vi), (vii), we get 4z = 2k2 ± 2k3 -4 (- *1 + k2 + 2k3)

or	 4z = 4k 1 - 2k2 - 6k3

or	 z=k1 -k2-k3	
...(viii)

From (iii),	 y=x+z-k3

= (- k + k 2 + 2*3) + (k 1 - 
I 

k2	 k 3 ) k3

or y=Ok 1 +k2 -k3	...(ix)

From (vii), (viii) and (ix) we get

X = - 1	 I	 2	 i i.e.X=A1K

,-1

z	 - 3 k3

1	 2

0	 1 - I .	 ... ( x)Ans.

I	 _i -
[	 .2	 2

Also given equations can be written in the matrix from as AX --' K,	 ...(xi)

where A= 2 -1 3,X= x andK= 9
I	 I	 I	 v	 6
I	 -1	 I	 z	 2

Now from (xi), we also have X = A 1 K
or	 x=-1	 1	 2	 9

y	 0	 1/2 -1/2 6
1 -1/2 -3/2 2



116	 Matrices	 999
x=(- 1).9+ 1.6+2.2=1
y=(0).9+(1/2). 6+(— 1/2).2=2
z =(1) . 9 + (—  1/2) .6 +(— 3/2). 2 = 3
xl,y=2,z=3.	 A ns.

Ex. 2. Find the invesre of the matrix A = 1 2 3
050
243

Sol. The matrix equation AX = K is here eqaivalent to the equations

	

X I + 2 + 3x3 = k	 (i)

	

O.Xt + 5x2 + 0.x3 = k2	 ...(ii)
2x 1 + 4x2 + 3x3 = k3

From (ii)we get X=!k2=O..k1+!k2+o.k3 	 ...(iv)
Subtracting (i) from (iii), we get

x1+2x2=k3—k,

or	 x1 =k3 —k 1 —2x2 =k3 —k 1 —2.k2. from (iv)

or

	

	 xj=—k1—(2/5)k2+k3	 .(v)
Also from (I), 3x3 = k 1 -x1 -

=k 1 +k 1 +k2 — k3 — k2, from (iv) and (v)
_2,.	 r k2
	 I,or	 X3-A.1+u.--i2	

...(vi)
From (iv), (v) and (vi) we have

X I = 	 k1	
i.e.X=A1K

x1 	0	 0

_! k3

A'=

3	 Ans.

Ex. 3. Solve the equations by finding the inverse of the coefficient
matrix:

x-6y+4z = l5;7x+4y-3z=19,2x+y+6z=4. (Gorakhpur9O)

	

Sol. The-coefficient matrix 5 - 6	 4 A (say)

	

7	 4 —3

	

2	 1	 6

The matrix equation AX = K is here equivalent tothe equations
5x-6y+4z=k1



Inverse with the help of Linear Equations	 117

	

7x + 4y - 3z k 2	...(ii)

	

2x+y+6z-k3	 ...(iii)

Multiplying (iii) y 6 and adding to (i) we get

	

17x+40zk 1 +6k3	...(iv)

Multiplying (iii) by - 4 and adding to (ii) we get

x+27z=4k3-k2

Multiplying (v) by 17 and subtracting from (iv) we get

	

z=_(kj+17k262k3)	 ...(vi)

Substituting this values of z in (v) and simplifying we get

	

x=--(27k,+40k2+2k3)	 ...(vii)

Substituting values of x and z in (iii) we get on simplifying,

	

Y =	 (- 48kg + 22k 2 + 43k3)	 ...(Viii)

From (vi), (vii) and (viii) we get

27	 40 2x_j_	
k1

y 419 -48	 22 43 k2Z

	 -1 -17 62 1(3

i.e.

A'=(l/419)	 27	 40	 2	 -
-48	 22 43	 Ans.

-1 -17 62

Also the given equations can be written in the matrix form as AX = K or

X A - 	 where

X x;A 1	27	 40 2;K	 15	Y

	 -48	 22 43	 19

	

z	 •-1 -17 62	 46

	

or = j	 27	 40 2 15
419 -48	 22 43 19

	

Z

	 -1 -17 62 46

x = (I/4l9)[27 ( 15) +40 ( l9) +2(46)I3	 -

y(1/419)[-48(15)+22(19)+43(46)14
z(l/4l9) [-1(15)- 17(19)+62(46)16

xz3,yz4,z6.	 Ans.

Exercises on § 6.05
Find the inverses of the following matrices

Ex. 1. 1 2	 3	 Ans.! 11 -9	 1

13 5	 3-7	 9-2

1 5 12	 2 -3	 1



118	 Matrices

Lx. 2.	 5 -2 4	 Ans. 1 .	 I -4	 6
-2	 1	 1	 37_4	 16	 134	 10	 6	 13-I

Lx. 3. 0 2	 1 3	 -17 -3	 15	 7
1 1 - 1 2	 Ans. I9	 1 - 5 -4
1 2	 0 1	 -10 -5	 10	 5

-11	 26	 -t	 I	 0	 1

Ex. 4. Find the inverse of the coefficient matrix of the following system of
e4ution s—

X	 + Z = I,X+ 2y+	 I	 =0
and hence solve them. 	 Ans.	 2 -1	 0;x=1,y=lz=-I

-1	 2 -1
0-1	 1

Ex. 5. Solve the following equations by finding the inverse of coefficient
matrix

+ y + z = 9, 2x + 5y + 7 = 52, 2 + Y - z 0	 Ans. x = 1, y = 3 z = 5

	

Ex. 6. Find the inverse of the matrix A 	 2 5	 3 and apply the results
31	 2
1 2 -1

to solve the equations.

+ Sy + 3z = 9, 3x + y + 2z = 3; x +	 - z = 6.	 Ans.-r = 1, y = 2, z = - 1
§ 6.06. Augmented Matrix.

Definition : The matrix A. a ll 012

	

02l a22	 a

0m1 0m2

	augmented by the matrix K	 k1 
is called augmented matrix of A and is

k2

written as A* or [A, K]

A'= a ll°12	 a1,	 k1

021	 a22	 ... a2,	 k

0m1 0m2 -.. a,,,, km

Also it is evident that the order of the matrix A or [A, K] is 
m x (a + 1).
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* 6.07. Fundamental Theorem.
A svstcnz oJm linear equations in n unknowns given by AX = K is consistent

(i.e. has a SOtl(tU)n) i (Old ozzlv tj ilie matrix of coefficients A arid the augmented

,naIrzx A* of the s ystem have the came rank. 	 (Agra 94, 92)

If the above corn/non rank is r then r of the unknowns can be expressed as

lmn('ar conibuzalion.' 'f t h e ,cnzalnlnz,' n - r unknowns. When these n - r

Unknowns are assigneil arbitrary values, the system has an infinite number of

solutions out of which (n - r -m- ] ) are linearly independent whereas the rest are

linear co,zibi/1a1iVis of iheni. I
Proof. Consider in non-homogeneous linear equations in n unknowns given

by AX = K, where

A	 a 11	 '12	 .,. 0 1n ,X= x ll and K= ki
a21	 0 22	 ..	 12n	

X) I]	 k

aflil	 a,	 •.	 a,,.4	 Xp	 .

Let r he the rank of the matrix A and C 1 , C-,, C2..., C, be the column

vectors of the matrix A, then A = (C1, C2 , ... Cr2 ] and so AX = K reduces to

[C 1 , C 2 .....C]	 = K

xn

or	 C1-Vi + C 2x1 + - -. + C,7 = K.

Necessary Condition. I..ct the given system of equations possess a solution

(i.e. be consistent), then there must exist n scalars h 1 , b2.....b,.1 which satisfy (i)

i.e.	 C1b1 + C 2b2 + ... + C,,h = K.

Since tank of A is r, so each it - r columns viz. C  + 1' C  + 2', C n is a

linear combination of C 1 , C2..... C.

From (ii) we find that K is a linear combination of C 1 . C 2, .., Cr. SH1C

Cr+ Cr+ 2'	 C,1 . in (ii) can be expressed in terms of C 1 , C 2. ........ C

The maximum number of linearly independent columns of the augmented

matrix [A, K] or A' is also r. Hence the rank of A* is r.

Thus A and A* are of the same rank r.

Sufficient Condition. Let the matrices A and A* be of the same rank r.

Theii the number of linearly independent columns of the matrix A is r. But the

column vectors C 1 . C 2, ... Cr of th matrix A already form a linearly

independent set and thus the matrix K can he expressed as a linear combination

of the columns C 1 . C2.....Cr.
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There exist r scalars b 1 , b2,.., hr such that

biCi+b2C2t --- +brCr +OC +i + ...+OC=K	 (iii)
From (i) and (ii) on comparing, we get
x 1 =b 1 ,x2 =b2, ...,Xr=brxr+ 1=0.....x=0 and these are the solutions

of the system of equations given by AX K.
* 6.08; Theorem.

If A be an n X n matrix, X and K be n x 1 matrices, then the system of
equations AX = K possess a unique solution if matrix A is nc5n-singular

Proof. Let A [a 1) and I A I ;t 0.

Then rank of A and augmented matrix [A, K] or A* are both n. Thus from
§6.07 Page 120 Ch. VI we conclude that the system of the equations AX = K is
consistent.

From AX = K, we have

A' (AX) = AK, premultiplying both sides by A'

or	 (A1 A) X = A 1 K or IX = A'K,	 A- I A = I
or X = A'K is the solution of the given system of equations.

Now let X 1 and X 2 be two sets of solutions of AX = K.
then	 AX1=K;AX2=K
= AX 1 = AX2 , as each is equal to K

A 1 (AX 1 ) = A' (AX2), premultiplying both sides by A'

=t (A' A) X 1 = (A' A) X2

IX l =1X2 ,	 A'A=I
= X1=X2

-	 the solution is unique.
* 6.09. Reduced Echelon Form of a Matrix.
Definition. If in an Echelon Form matrix (See § 5.04 Page 36 Ch. V) the

first non-zero element in the ith row ties injth column and all other elements in
the fin column are zero, then the matrix is said to be in reduced Echelon form,

For example: In1 0 2 5J the first non-zero element in the second row
.0132
0000

iies in the second column and all other elements in the second column are zero.
Solved Examples on 6.07	 6.09.
Ex. 1. Solve the system of equations:

x + 2y - 3z —4w = 6
x+3y+z-2w=4
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..x+Sy—Zz-5w10

Sot. The given equations In the matrix form AX = K is

12-3-4 x=6
1 3	 1 1 2 y	 4
2 5 -2 —5 z	 10

W

The augmented matrix A t = 1 2 -3 —4 6
1 3	 1 —2	 4
2 5 —2 —5 10

or	 At	 I 2 -3 -4	 6], replacing R2 and R3 by

o I	 4	 2 —2 R2—R1andR3-2R1
o i	 3 - 2] respectively

- 1 0 - 11 -8	 io] replacing R 1 , R 2 by R I - 2R2,

o i	 4	 2 - 2R 3 - R2 respectively
o 0	 0	 1

This is a matrix in the reduced Echelon form having three non-zero row

and hence the rank of A is 3.

Simultaneously we get the reduced Echelon from of A viz.

I 0 -11 - 8 having three non—zero rows and hence the
o 1	 4	 2 rank of A is also 3
00	 0	 1

Thus we observe that A and A have the same rank and as such the gi.
equations have solutions which can be obtained as follows

The matrix equation is

1 0 —Il —81 - x -= 10
01	 4	 2 y	 —2
00	 0	 1 Z,	 0

W

or	 x+Oy—llz-8w=l0;

y+41-+2w=-2andw=O
or	 y-4z-2:w Oz; x= llz+ 10.	 (Notes

Thus we rind (See § 6.07 Page 119 Ch. VI) that as the rank of A and A t is
3, so three of the unknowns viz, x, y and w are expressed as a linear function of
the remaining 4 - 3 i.e. one unknown viz. z.

By assigning arbitrary values to Z. an infinite number of corresponding
values of x, 3, and w can be obtained. Hence the system of equations has infinite
number of solutions.

Now we can show that the system has only n - r+ I i.e. 4 - 3 + I i.e. 2
linearly independent solutions. 	 (See § 6.07 Page 119 Ch. VI)

-22
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Assigning two arbitrary values 0. 1 to z, we have two sets of solutions of

the given equations as

x	 0	 21

y_L2	 -6ti±Ii
Let any other solution of the given equations be

x= - 1,v=2,z=-l.w=O,

corresponding to the value - 1 of z.
If this third solution is a linear combination of the first two solutions then

a, b can be found as follows
IOa+21b- 1

•	 -2a-6b2
(Note)

O.a+ l.b- I
0.a + 0,b = 0

if	 lOa + 21b -1	 (i)

-2a--6b2	 (ii)

b = - 1.

Solving (I) and (iii) we get a = 2, b

These values of a and b satisfy (ii) also. Hence the third solution is a linear

:ombination of the first two solutions.
Ex. 2 (a). Examine if the following equations are consistent ? If yes,

solve it
r+y + 4z = 6,3x + 2y - 2z = 9, Sx +y + 2z 13. 	 (Meerut 96)

Sol. The given equations in the matrix from AX = K can be written as

1 1	 4 x= 6

3 2 -2 y	 9

5	 1	 2 z	 13

The augmented matrix

	

A * = l 1	 4
3 2 -2

	51	 2

or	 A* - 1	 1	 4

	

1) -1	 -14

	

4	 0 -2

	

-Ii	 1	 4
-1 -14
-4 - 13

6
9

13

61 replacing R2. R 1 by

-9 R2 - 3R 1 , R 3 -

7] respectively

6 replacing R by R - 4R1

-9
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- I	 1	 4 61. replacing R 3 by R3 - 4K,

o —i —14 —9

o	 0	 38	 19

1	 1	 46j replacing R 3 by (1/38) !?3

o —i	 14 —9
o	 ()	 1	 1/2

- i	 i o	 4]. replacing R 1 . R2 by R 1 - 4R3

o - 1 0 - 2 R2 + 14R3 respectively

O	 0 1 1/2

- I	 0 0	 21. 
replacing R 1 by R 1 + R2

o —1 0 —2
0 ' 0 1	 1/2

I 0 0	 2 1 replacing R2 by - R2

010	 2
o 0 1 1/2

This is a matrix in the reduced Echelon form having three non-zero rows

and hence the rank of A is. 3.
Simultaneously we get the reduced Echelon form of A viz 1 0 01 which

010
001

is equal to 1 3 and so the rank of Ais also 3.

Thus we observe that A and A* have the same rank and as such the given

equations are consistent i.e. have solutions which can be obtained as follows

The matrix equation is

100 x=	 2
0 1 0 y	 2

.0 0 1 z	 1/2]

= x=2,v=2,z = 1/2.	 Arts,

Ex. 2 (b). Examine, if the system of following equations is consistent. If

consistent find the solution

x 4-y ±z = 6, Zr + 3 y - 2z = 2, 5x +y + 2z = 11

Sol. Do as Ex. 2 a) above.
Ans. Given equations are consistent. x 1, y = 2, z = 3

Ex. 2 (c). Apply rank test to examine if the following system of

equations is consistent and if consistent then find the complete solution

Zr -Y + 3z = 8, - x + 2y -i z = 4,31 +Y - 4z = 0.	 (Garhwal 92)

Sol. The given equations in the matrix form can be written as
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2—!	 3 x=8
—1	 2	 1 y	 4

3	 1 —4	 0

The augmented matrix A	 2 - I	 3 8
—I	 2	 1 4

3	 I —4 0

or	 A*- 0 3	 5 16], replacing R L, R3 by R, + 2R2

- 1 2	 1 4	 and R3 + 3R2 respectively
o 7 —1 12]

- 0 3	 5	 16 1' replacing R1 by R3 - 2R1
—12	 1	 4
o 1 —1! —20

- 0 0	 38 76 ]. replacing R, by R 1 - 3R2
—1 2	 1	 4
0 1 —11 —20

-	 0 0	 12 ], replacing R by (1/38)R1
—1 2	 1	 4
0 1 —11 —20

- 0 0 1 21, reolacing R2 , R 1 by R2 - R1

- 1 2 0 2 R3 + I 1R 1 respectively
0 1 0 2]

- 0	 0 12],, replacing R2 by - (R2 - R3)
1 —1 0 0
o	 102

-[

I - i 0 011 rearranging rows
0 102
0 012

- 10 d 21 replacing R 1 by R 1 + R2
0102
0.0 1 2

This is a matrix in the rçduced Echelon form having three non-zero rows

and hence the rank of At is 3.

Simultaneously we get the reduced Echelon from of A viz.
I 0 Oj i.e!3

010
001

and so the rank of A is also 3.



or	 A'- I

5

Iii

2 -1

	

-5	 0

	

5	 0

7
-5
	

0
0

7
-6 0

0

-1/7
0
0

- 1/7
0

1/7

- 1/7
0

1/7

	

o	 1/7

	

1	 0
0 -1/7
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Thus we find that the ranks of A and A' are the same and so the given

equations are consistent i.e. have solutions which can be obtained as follows—

The matrix equation is
1 0 0 x=2
OlOy	 2

	

.001 z	 2

or

	

	 x=2,y=2,2.	 .	 Ans.
*Ex. 3 (a). Apply rank test to examine if the following system of

equations is consistent and if consistent, find the complete solution:
x+2y-z6,3x-y-2Z3,4X+3Y+Z=9.	 (Meerut 98)

Sol. Given e uations can be written in the matrix form as
1	 2-1 x6
3 -1 -2 y	 3
4	 3	 lz	 9

	

The augmented matrix A' 1	 2 - 1 6
3 -1 -2 3
4	 3	 19

6 1, replacing , '2, R3 by R2 - 2R1

-9 and l?3 + R 1 respectively
15]

15]. replacing R 1 , R3 by R 1 -R2

-9 (1/5) R3 respectively
3]

is]. replacing R2 by R2 - R3

-12
3

15/7]. replacing R 1 , R2 by (1/7) R1

.2	 (- 1/6) R2 respectively
3]

15/71. replacing R1 by R3 - R1

2
6/7

1/71 replacing R 1 by R 1 - R2

6/7

6/71 rearranging rows
2

1/7
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- i 0 0	 i , replacing R 1 by R 1 + R3 and

o i 0 2 R1by-7R3
o o I -1

This is a matrix in the reduced Echelon form having three non-zero rows

and hence the rank of A is 3.

Simultaneoausly we get the reduced Echelon form of A viz. 1 0 0
010
001

i.e. 13 and so the rank of A is also 3.

Thus we find that the ranks of A and A* are the same and so the given
system of equations is consistent i.e. have solutions which can be obtained as
follows—

The matrix equation is

lOOx=	 I
010)'	 2
001 z	 -1

x= 1,3 , = 2,z=- 1.	 Ans.
.*Ex. 3 (b). Apply rank test to examine if the following system of

equations Is consistent, solve them
Zr + 4y - z = 9, 3x - y + Sz = 5, 8x + 2y + 9z = 12.

Sot. The given equations in the matrix form AX = K can be written as
2.	 4-1 x= 9
3 -1	 5 v	 5
82	 9 z	 19

	

The augmented matrix A = 2 	 4 - 1 9

	

3-1	 55
	8 	 2	 9 19

or	 At =2
3
2

-2

-2
0
0

-2
0
0

4 - 1 9 . replacing R by R3 - 2R2
	-1	 55

4 -1 9

4 -1	 9, replacing R2 , R 3 by R2 - R1

	

-5
	

6 -4 and R- R 1 respectively
0 00

91, replacing  R2 by R,- R1
- 17/2

0

29 . replacing R 2 by - (1/7) R2

17/14 land then R 1 by R 1 -- 4R-,

0j

4	 -I
-7 13/2

0	 0

0	 19/7
I	 -13/14
0	 0
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- 1 0	 L9 Lfl, replacing R 1 by R1
14	

4

o 	 1	
3

14	 14

o 0	 0 0

This is a matrix in the reduced Echelon form having two non-zero rows and

hence the rank of A* is 2.
Simultaneously we get the redv d	 Ion form of' A viz

I 0	 (19/14) 1 
which also has two non-zero 	 sand as such the rank of

0	 I	 --(13/14)	 A is also 2.

00	 0

Thus we observe that the rank of A and A are the same and as such ih

given equations are consistent i.e. have solutions which can he obtained a

follows-
The matrix equation is

1 0	 (19/14) x =1(29/14)
0	 1	 —(13/14)	 1(17/14)

() ()	 o	 z	 [	
0

or	 x + (19/1	 (29/14): y - (13/14) 71  (17/14)

13li	 29	 19
or	 y=_±jjZ

19	 29	 13	 17
or 14	 14	 14	 14'

Thus we find that as the rank of A and A is 2, so two of the unknowns vu

x andy are expressed as a linear function of the remaining 3-2 i.e. one

unknown viz.
By assining arbitrary values to z, an infinite number of corresponding values

of x and  car) be obtained. Hence the given system of equations has an Infinite

number of solutions.
Now we can sho that the system has onl y n - r + 1 i.e. 3 - 2 + I i.e. 2

linearly independent solution (See § 6.07 Page 120 Ch Vi).

Assigning to arbitrary values 0, I to z, we have two sets of solution s of the

'en equations as

	

x	 29	 101]

	

14	 14

	

r	 17
14

11111
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Let any other Solution of the given equation be x = (24/7),  y=(2/7),

Z = - 1, corresponding to the value - I of z.

If this third solution is a linear combination of the first two solutions then
a and b can be found as follows

(29/14)a+(10/14)br-(24/7)
(17/14)a + (30/14)b =(2/7)	 (Note)

0.a + 1.b = -
or	 29at lOb =48

17a+30b=4	 ...(ii)

	

b=- 1.	 ..(iii)
Solving (i) and (iii) we get a = 2. b = - 1, which satisfy (ii) also. Hence the

third solution is a linear combination of the first two solutions.

Ex. 4. Apply rank test to examine if the following system of equations
is consistent and if consistent, find the complete solution.

I +y+z = 6,x+2y +3Z r! O,X+2y+4Zz 1.
Sol. The given equations in the matrix form AX = K can be written as

1	 1	 1 x= 6
1 2 3 y	 10
I 24z	 I

The augmented matrix ,A' = I I I 6
1 2 3 10
124	 1

or	 A -. [1 1 I	 6]. replacing R3 by R3 - R2
jI	 2 3	 10
0 0 I -9

1	 1	 1	 6]. replacing R2 by R2 -- R1
012	 4
o 0 1 -9

- 1 0 - I	 2], replacing R 1 by R 1 -
01	 2'	4
0 0	 1 -9

or	 A' -[l 0 0 -7 , replacing R 1 , R2 by R 1 + R3
0 1 0 22 and R2 - 2R3 respectively
0 0 A -9

This is a matrix in the reduced Echelon form having three non-zero rows
and hence the rank of A is 3.

Simultaneously we get the reduced Echelon form of the matrix A viz.
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I 0 01 i.e. l and hence the rank of A is 3.
o 1
o o

Thus we find that the ranks of A and A are the same and so the given
equations are consistent.

The matrix equation is F  0 ol x T-
1 OH	 22

[0 0 I] z

or	 v=-7,y=22,z=-9.	 Arts.

Ex. 5. Are the following equations consistent?

x +y 4-2Z + w = 5

Zr + - z - 2w = 2

	

4r+5y+3z=7.	 (Agra 91)

Sot. The given equations in the matrix form AX = K can be written as

1	 1	 2	 1	 x=5

	

2 3 —1 —2 y	 2

	

45	 3	 0 z	 7

	

W	 (Note)

	The augmented matrix A = 1 1	 2	 1 5
2 3 —1 —2 2

	

45	 3	 07

or	 A— I 1
01
01

—10
01
00

2	 I	 5 1, replacing R-, and R3 by

—5 —4 —8 .R2 -2R 1 and R3-4R1
- 5	 4 - 13] respectively

7	 5 131. replacing R I , R3 byR 1 —R2

—5 —4 - 8 R3 - R2 respectively
0	 0 - 5 ]

This is a matrix in the reduced Echelon form having three non-zero rows,
hence its rank is 3.	 -

Simultaneously we get the reduced Echelon form of A viz.
I 0	 7	 5 which has two non-zero rows hence its rank is 2. -
0 I —5 —4
00 0 0

Thus we find that the ranks of A and A are not the same, hence the given
equations are not consistent i.e. they cannot have any solutions.

Ex. 6. Discuss the consistency and find the solution set of the following
equations

x + 2y + 2z = 1, Zr +y +z =2,3x+ 2y + 2z = 3,y +z =0.
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Sol. The given equations in the fnatrix form AX = K can be written as

1 2 2 x1
21 1 2
322z	 3
011	 0J

,	 1221
The augmented matrix A* 

2 1 1 2
3223
0110

or	 A' - 1 2 2 1 replacing R2, R3 by R2 - R4 and

2 0 0 2 R3 - R 1 respectively
2002
0110

1 0 0 1 replacing P 1 . R2, R 3 by R 1 - 2R4

1 0 0 1 1 R2 , R2 	 respectively
1001
0110

- 1 0 0 11 replacing R,. R 3 by R., - R1

0 0 0 0 R 3 - R 1 respectively
0000
0 11 0

- 1 0 0 1 interchanging R2 and R4

0110
0Qi0
0. (.1 0 0

This is a matrix in the reduced Echelon form having two non-zero rws,
hence its rank is 2.

Simultaneously we get the reduced Echelon form of A viz.
1 0 o1 which has two non-zero rows and hence its rank is also 2.

011
000
00 0]

Thus we find that the ranks of A and A' are the same and so the given
equations are Consistent.

:.The matrix equation reduces to
1 0 0 1 x =
011Oy	 0
0000z	 0
0000	 0
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or	 x=1,y+zO.	 ...(i)

Also here we find that the rank of A andA' is each 2 i.e. less than the

number of unknowns viz. x, y and z. So the number of solutions of given

equations will be infinite given by (1) above, which gives x = 1 and  + z = 0 can

be satisfied by.an infinite number of values e.g. 0,0; 1, - 1; 2, —2; etc.

Ex. 7. Show that the equations Sx + 3y + 7z = 4, 3x + 26y + 2z = 9,

7x + 2y ± lOz = 5 are consistent and solve them.	 (Bursdelkhand 96)

Sol. The given equations in the matrix form AX = K can be written as

5 3 71x4
	3 26 2y	 9

7	 2 l0z	 5

The augmented matrix A* = 5 3 7 4

3 26 2 9
7 2 10 5

or	 A - —4	 75 i - 231, replacing R 1 . R3 by

3	 26 2	 9	 - 3R2 and R3 - 5R2

—8 —128 0 _40] respectively.

4 75 - i 231, replacing R I , R3 by - R 1 and

3 26	 2	 9 R3 - 2R 1 respectively
0 22 —2 6]

- 4 75 - I 231 replacing R3 by 1 R2

3 26	 2 9
•	 0	 11	 —1	 3

- 4 64	 0 20]. replacing R 1 , R2 by R 1 - R3

3 48	 0 15 R2 + 2R3 respectively.
0 11 —1	 3]

1 16	

0

5 1, replacing R I , R2 and R3bY

I	 16	 I R 1 ,-R2 and (1/l1)R3

o	 1 —(1/11) (3/11)] respectively.

JJ

I 0 (16/1I) (7/11) ]. replacing R2byR2Rl

o o	 0	 0	 and then R 1 by R 1 16R3

LO 1 —(1/11) (3/11)]

I  1) (16/1I) (7/11)1, interchanging R 2 andR3

o	 I	 --(1/11)	 (3/11)1

This k a matrix in the reduced Echelon form having two non-zero rows,
hence its rank is 2.
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Simultaneously we get the reduced Echelon form of A
viz. 1 0 (16/11) which also has two non zero rows

o 1 - (1/11)and so its rank is also 2.
00	 0

Thus we find that the rank of A and A' are the same and as such the given
equations are consistent. And so the matrix equation reduces to

1 0 (16/11) x = (7/Il)
0 1 —(1/11) y	 (3/11)
00	 0	 z	 0

or	 x+(l6/ll)z=(7/ll);y—(l/11)z=(3/ll)
or	 llx=7-16z,lly=z+3.

Thus we find that as the ranks of A and A' is 2, so two of the unknowns viz.
x and  are expressed as a linear function of remaining 3 - 2 i.e., one known viz.
Z.

By assigning arbitrary values to z, an infinite number of corresponding
values ofxand'y can be obtained. Thus given system of equations has an infinite
number of solitions. Now we can show that the system has only (n - r + I) i.e.
(3 - 2 + 1) i.e. 2 linearly independent solutions (See § 6.07 Page 119 Ch. VI).

Assigning two arbitrary values 0, 1 to z, we have two sets of solutions of the
given equations as

X	 7	 .9
11	 - 11

Y	 3	 4

________	 11	 11

Z	 0	 1

Let any other solution of the given equation be x=(23/ll),y=(2/lI),
z = - 1 corresponding to the value - 1 of z.

If this third solution is a linear combination of the first two solutions, then
a and b can be found as follows

(7/11)a—(9/11)b=(23/11)
(3/11)a+(4/11)b=(2/1I)	 ...(ii)

0.a+l.b=—l.	 ...(iii)
From (i) and (iii) we get a=2,b=— 1, which satisfy (ii) also. Hence the

third solution is a linear combination of the first two solutions.
Ex. 8. Apply test of rank to examine if the equations x + y + z = 6,

x + 2y + 3z = 14, x + 4y + 7z = 30 are consistent and if consistent find the
complete solution.	 (Kumaun 91; Meerut 96P)

Sol. In the matrix form AX K. the given equations can be written as
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1	 1	 I x= 6
1 2 3 y	 14
1 4 7 z	 30

The augmented matrix A' = 1 1 1	 6
1 2 3 14
1 4 7 30

or	

I1 1

	 6 replacing R2 and R1 by R2 - R1

0 1 2	 8 and R 3 - R t respectively.

0 3 6 24

- 1 0 - 1 - 2. replacing R 1 and R 3 by R 1 -R2

0 1	 2	 8 and R3 - 3R2 respectively.

0 0	 0	 0]

This is a matrix in the reduced Echelon form having two non-zero rows,

hence its rank is 2.
Simultaneously we get the reduced Echelon form A viz-

1 0	 1 which has two non-zero rows and hence its rank is 2.

01	 2
00 0

Thus we find that the ranks of A and A are the same and as such the given

equations are consistent.
Now the matrix form of the given equations reduce to

10-1 [rI=-2
01	 2y	 8
00	 Oz	 0

which is equivalent to
I .x+0.y_1.z_2;0.x+1.y+2.Z=8;0.X+O.Y+OZ°

or	 x—z-2,y+2z=8

As the rank of A and A' is 2. so two of the unknowns viz. x and y are

expressed as a linear function of the remaining unknown z viz.
x=-2+z,v8-2z, where ziSarbitrary.

By assigning arbitrary values to z an infinite number of corresponding
values of x and y can be obtained. Hence the system of equations has infinite

number of solutions.
And x=_2+k,yr8-2k,z=k forms the general solution of the given

equations.
In the matrix form the solution can be written as

[xI =-2+k I ]Y

	 8	 —2
z	 0	 1
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*EX. 9. Find the values of A so that the equations

ax + by + g = 0, hx + by + f= 0, gx + fy + c = A
are cólsistent.

Sot. The given equations in the matrix form AX = K can be written as

a h[xl= -g
h b[yj	 -f
g f	 A-c

The augmented matrix A =[a h - g
h b -f
g f X-C

or	 A*-[]  h/a	 - g/a 1 replacing R 1 , R2 and R3 by
I b/h	 -f/h	 R11a,R21h and R319

I f/g {(), - c)/g}j respectively.

-1
0
0

-	 1

0

0

h/a	 - gi	 l replacing R2 and
(b/h) - (a/a)	 - (f/h) + (g/a) 	 R3 by R2 .- R 1 and
(f/g) - (h/a) {(A - c)/g} + (g/a)j R3 - R1

h/a	 -g/a

(ba - h2 )/ha 	 (gh - aj)/ah

(af- gh)/ga ((Aa + g - ac)/ag)

	

- I	 h/a

o (ba - h2)/ha

	

o	
(ia-h2)

ha

- g/a

(gh-aj)/ah

Aa + 2 - ac) (ba - h2)
ah(af-gh)

-1
0
0

1
0
0

replacing R2 by - 
(ha - h2) R

(af- gh)
h/a	 - g/a	 replacing R3

(ha - h2)/ha	 (gh - af)/ah

bg2
0	 {X(ab-h2)-(abc+2fgh

_ch2))/(h(af_gh)j

h/a	 - g/a, replacing R2 by
1	 (gh-aJ)/(ba-h
0	

2j ah R21(ba -h2)
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Here h(af — gli)

Simultaneously we get the reduced Echelon form of A viz.
I h/a which has two non-zero rows hence its rank is 2

o	 I

o	 ()

From (i) and (iii) we conclude that if the given equations have solution then

the ranks of A and Amust be the same viz. 2 and from (i) if the rank of A' is 2,

then it must have two non-zero rows i.e. p. = 0.

i.e.	 X = (abe + 2fg1 - aJ2 -	 - ch2)1(ab - 112) from (I).	 Ans.

**Ex. 10. For what values of X, the equations x +y +z = 1,

x + 2y -i- 4z =	 x + 4y + JOz = A2 have a solution and solve completely in

each case.	 (Garhwal 90; Kanpur 97, 93, 91; Rohilkhand 92)

Sol. The given equation in the matrix form AX = K can be written as

I	 I	 I	 1

1 2	 4 y	 A.

1 4 iü z

The augmented matrix A	 1	 1	 1

124 A

1 4 10 A2

or	 A	 r I 1 1	 1	 replacing R2 and R 3 by

0 1 3 A -	 - R 1 and R3 - R 1 respectively.

U 3 9

1 0 -2 2 - A replacing R 1 by R 1 -

0 3	 9 3X - 3 and then R2 by 3R2

0 3	 9 x2i

1 0 —2	
2—A 1rep1acingR3byR3_R2

o 1	 3	 A—I	 and R2by--R2

0 0	 0 X23A+2

Simultaneously we get the reduced Echelon form of A viz.

1 0 -2 	 has two non-zero rows hence its rank is 2.

01	 3
00	 0	 .	 ...(ii)

From (i), (ii) we conclude that if the given equations have solution tlle n the

ranks of A and A' must be the same viz. 2 and from (i) if the rank A' is 2, then•

it must have two non-zero rows
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i.e.

	

	 X2 -3X+2=0 or X=1,2. 	 Ans.
The\ matrix form of the given equations reduces to

0 11 I ;
0	 0 z	 X2-3A+2

which is equivalent to
I .x+0.y-2 .z=2-X,0.x+ 1. y + 3 .z=A - t

and	 0.x+0.y+0.z=A2-3A-f2
IfA=I, then these arex-2z=J,y+3z=O.

As the rank of A and A is 2, so two of the unknowns viz, x and y are
expressed as a linear function of the remaining unknown z viz
x=2z+l,y= -3z.

By assigning arbitrary values to z, an infinite number of corresponding
values of .x and y can be obtained. Hence the system of equations has infinite
number of solutions.

Assigning two arbitrary values 0, 1 to z. we have two sets of solutions of the
given equations as

t 1"]
Let any other solution of the given equations be x=- 1,y=3.z=- 1

corresponding to the value - 1 of z.
If this third solution is a linear combination of the first two solutions then

a, b can be found as follows :
La + 3.b =- 1
0.a - 3.b = 3

	

0.a+l.b=-1	 ...(iv)

or	 a+3b=-1,3b=-3 or b=-1

i.e. b = - 1, a = 2. These values of a and b satisfy all the three equations given
by (iv). Hence the third solution is a linear combination of the first two solutions.

We can similarly solve for A = 2 also.
*Ex. 11. Express the following system of equations into the matrix

equations	 AX=K
4x-y+6z=16,x-4y-3z=-16.
2x+7y+ 12z=48,5x-5y+3z=0

Determine If the system of equations is consistent and if so find its
SolutiolL

SoL In the given system of equations, we observe that the number of
unknQwns are not equal to the number of equations.
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The single matrix equation of these is

4 - I	 6 x =	 16 i.e. AX = K
1 -4 -3 y	 -16
2	 7	 12 z	 48
5-5	 3	 0

	The augmented matrix A' = 4 - I	 6	 16
1 -4 -3 -16

	

2	 7	 12	 48

	

5 -5	 3	 0

A- o	 15	 18	 80 re-placing R I , R3 arid R4hy
I -4 ,- 3 - 16 R 1 - 4R2 , R3 - 2R2 and
(7	 15	 18	 80 R4 - 5R2 respectively.
o	 15	 18	 80

or	
A' -	 -4 -3 - 16 interchanging R 1 and R2

0	 15	 18	 80 and then replacing R3.R4
o	 0	 0	 0 byR-R2,R4-R2
1)	 0	 0	 0

- I 0 (9/5) (16/3) replacing R2hy(1/15)R2
0 I (6/5) (16/3) and then R 1 by R 1 +4R2
00	 0	 0
00	 0	 0

This is a matrix in the reduced Echelon form having two non-zero rows
hence its rank is 2.

Simultaneously we get the reduced Echelon form of A viz.

1 0 (9/5) which has two non-zero rows and hence its rank is also 2.
0 1 (6/5)
00 0
00 0

Thus we find that the ranks of A and A' are the same and as such the given
equations are consistent.

Now the matrix form of the given equations reduce to

	

[i 0 ( 9/5 )1	 =r(1o/3)
L0 1 (6/5)] y Loo/3

which is equivalent to

1 + 0. +(9/5) z =(16/3); Ox+ l.v+(6/5)z =(16/3)
or	 15x+27z=80, lSy+ 18z=80.

As the rank of A and A' is 2, so two of the unknowns viz. x and y are
expressed as a t rneas function of the remaining unknown z viz.

-23
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15x = 80 — 27z and 15y=80- 18z

	

or	 x—(9/5)z+(16/) and y —(6/5)z+(16/3),

where z is arbitrary.
By assigning arbitrary values to z, an infinite number of corresponding

values of x andy can be obtained. Hence the given equations have infinite

number of solutions.
Also x = (16/3) - (9/5) k, y = ( 16/3) - (6/5) k, z = k forms the general

solutions of the given equations.
In the matrix form the solutions can be written as

. 

=I
i6/3)1+k —(9/5)

Y

	 16/3]	 -(6/5)

Z	 1 I	 Ans.

*Ex 12. Examine if the system of equations x + y + 4z = 6, 3x + 2y - 2z
= 9, Sx + y + 2z = 13 is consistent? Find also the solution if it is consistent.

So!. The given equations are

3x + 2y - 2z 9
5x+y+2z=l3

In the matrix form AX = K, these can be written as

1 1	 4x= 6

	

32-2)'	 9

5 1	 2 z	 13

The arugmented matrix A = 1 I 	 4 6
3 2 —2 9
5 1	 2 13

	

or	 1	 1	 4	 61 replacing R2, R3 by R2 - 3R1

0 - I - 14-9 and R3 - 5R 1 respectively.
0-4 —18 --17]

- i	 0 - 10 - 3], replacing R 1 , R 2 by R 1 -f R2,

0 - 1 - 14 - 9	 - 4R2 respectively.

0	 0	 38 19]

- 10 - 10 - 31 replacing R2, R 3 by - R2,

0 1	 14	 9 (1/38) R3 respectively.

0 0	 I 1/2]

- 1 0	 0	 2], replacing R1byR1+lOR3
0 1 14	 9

0 0	 1 1/2

This is a matrix having three non-zero rows and in the rcduced Echelon

form, hence its rank is 3.
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Simultaneously we get the reduced Echelon form of A viz.

	1 0	 0 which also has three non-zero rows and hence its rank is also 3.

	

o 1	 14

	

00	 1

Thus we find that the ranks of A and A are the same and as such the given
equations are consistent.

Now the matrix form of the given equations reduces to

I 0 0 xl= 2

	

0 1	 14

	

00	 1 Zj

which is equivalent to

Lz+O.y+O.Zr2O.X+1y+I4Zr9.OX+Oy+lZ=I

or	 xzz2;y+14z=9;z=i	 or x=2;y=9-14zz=1

or	 X2,yr9_7-=2,=.	
Ans.

**Ex. 13. Show the equations - 2x + y + a = a, x - + z = b, x + y - 2z
= c have no solution unless a + b + c = 0 in which case they have infinitely
many solutions. Find the solution when a = 1, b = 1, c - 2.	 (Lucknow 90)

Sol. The given equations are

- 2i + y + z a

x-2y+z=b

x + y - = c

In the matrix form AX = K. these can be written as

—2	 1	 1 x=a
1 —2	 1 y	 b
1	 I —2 z	 c

	The augmented matrix A* = - 2	 1	 1 a
1-2	 lb

	

1	 I —2 c

or	 A	 0	 0	 0 a + b + ci, replacing R 1 by
1 —2	 1	 b	 1R1+R2+R3
1	 1 —2	 c	

j

1 -2	 1	 b	 ] interchanging R 1 and

0	 0	 a + b + c R2 and then replacing
0	 1 —1 1(cb)] R3by(R3—RI)
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1 0 - 1 - (2c + b) interchanging R 2 and R 1 and then

o i - i	 1 (c b)	 replacing R 1 by R 1 .+ 2R2

o 0	 0 a -+-b+c

This is 'a matrix in the reduced Echelon form and has three non-zero rows,

hence its rank is 3.
Simultaneously we get the reduced form of A viz.

[1 0 -1 i. which has two non-zero rows and hence its rank is 2.

lo	 1	 —1
[0 o	 o

Thus we find that the tank of A and A are not the same and as such the

given equations are inconsistent i.e. have no solution.

But in case a -f h + c = 0, the augmented matrix A has two non-zero rows

i.e. the rank of A is also 2 and thus A and A* have the same rank 2.
Consequently the given equations have solutions if a + b + c = 0 and in this case

from (i) we have

A= 1 0 —1	 (2c+b)

o i —i

00	 0	 0'

The matrix form of given equations reduce to,

1 0 - I x = ! (2c + F,) which is equivalent to
0 1 —1 y
o o	 o	

-
 

(c — h)

0

1.x+O.y— 1.z = (2c +b);0+ l.y — l.z=(c—b)

	or 	 x_z(2c+b),y—z(cb).

As a, b, c can take different values we shall get different solutions rather

infinitely many solutions (as will be evident below also) of the given equations.

If a = 1, b = 1, c = - 2, then from (ii) we get

x — z — 1,yz=— I

	

or	 x=z-1.yZ—1
By assigning arbitrary values to z, an infinite number of corresponding

values of xand y can be obtained. Hence in this case the given system of

equations has infinite number of solutions.
Assigning two arhitrary values 0, 1 to z, we have two sets of solutions of the

equations as
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Let any other solution of the given equations be x = - 2, y = - 2, z = - 1,

corresponding to the value - 1 of z.
If this third solution is a linear combination of the first two solutions, then

two constants A, p. can be found as follows -
- I .A+O.t=-2
- 1,A+0.p.=-2

O.X+1.jt=—I

These values of A, M satisfy all the equations of (iii) and as such third
solution corresponding to z = - 1 is a linear solution' of the first two solutions.

*Ex. 14. Solve the equations with the help of matrices considering
specially the case when A = 2 :-

Ax+2y-2z=1,4x+2Xy—z=2.,6x+6y+Xz=3.	 (Kumaun9O)

So!. The given equations in the matrix form AX = K can be written as
A 2-2 x= 1
4 2A —1 y	 2
6	 6	 A z	 3.

The augmented matrix A A 2 -2 1
4 2A —1 2
6 6 A3

or	 A .. oA 12	 -12 6 

-

replacing R 1 . R3 by

12A 6A2 - 3X 6?, 6R 1 , 3XR2, AR3 respectively.

6?. 6A	 A2 3Xj

or	 A— 6A 12	 —12	 6	 replacing R 2 , R3 by

o 6X2 —24 24-3?. 6X-12 R2 - 2R 1 . R3 - R 1 respectively.

o 6X-12 A2+12 3X-6

This is a matrix having th ree non-zero rows and in the reduced Echelon

form. Hence the rank of A is I
Simultaneously we get reduced Echelon form of A viz.

6A	 12	 - 12 which also has three non-zero rows and so its rank is

o 6A2.24 24-3?.

o 6X-12 A2-i-12

also 3.
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Thus the ranks of A and A are the same and as such the given equations
have solutions.

The matrix form of the given equations then reduce to

6X	 12	 l21=	 6

o 6A2 - 24 24 - 3X y

	

6X - 12

o 6X-12 X2 +12 zl[ 3X-6

This gives	 6A- + 12y - 12z = 6

(6A 2 - 24 ) y + (24— 3X) z = 6X - 12

and	 (6X— 12)y+(),2 + 12)z=3X-6

If A = 2, then these equatons reduce to
12x+ 12y— 12z = ó; ISz=O

which gives	 z = 0 and 2x + 2y = 1

i.e.	 x=—v+fz0.y	 (Note)

By assigning arbitrary values to y, an infinite number of corresponding
values of x and z can be obtained. Hence the given system of equations has an

infinite number of solutions. (This can be ascertained from the ranks of A and
Aa1so in the case when A = 2).

Assigning two arbitrary values 0. 1 to y we have two sets of solutions of the
given equations as

2	 2

Y	 0	 1

z	 0	 0

Let any other solution of the given equation be x = 3/2, y = - I, z = 0

corresponding to the value - 1 of y.
If this third solution is a linear combination of the first two solutions. then a

and b can be found as follows

a—.h=3/2;O.a+ l.b— 1;0.a+0.b0.

Solving the first two of these we get a = 1, b = - I which satisfy the third

also.
Hence this solution is a linear combination of the first two solutions. In this

way we can get two linearly independent solutions of the given set of equations
for A = 2.

**EX. 15. Solve the system of linear equations:
•	 2x-3y+4z=3,X-3Z=2.

Sol. The given equations in the matrix form AX = K can be written as
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[2 -3	 41 x =[ 3
[i

	

	 0 _3]y L-2
z

The augmented matrix A = 12 - 3	 4	 3

01	 A	

[I	 0 -3 -2

-3 10 7, replacing R j by  -2R2
[1	 0 -3 -2]

- [i 0	 -3	 - 21. interchanging R 1 and R2 and

[o I -(10/3) (- 7/3)] replacing R2 by i R3

This is a matrix having two non-zero rows, hence its rank is 2.
Simultaneously we get A -1' 0	 - 3 1 which is also in the reduced

L0 1 -(10/3)]

Echelon form having two non-zero rows. Hence its rank is 2.

Thus we find that A and A* have the same rank 2 and then two of t1.
unknowns can be expressed as a linear function of the remaining unknown.

Now the matrix form of the given equations reduce to
[I 0--31 x =[	 -2

L°	 -(10/3)] y

10	 7which is equivalent to l+ O.y_3.z = -2; 0.x+ l.y -

i.e. x-3z = -2, --3y+ 10z=7i.e.x=3z-2,y=z, for all 

i.e. x = 3k -2, v = (1013)k - (7/3), z k, for all k.	 Ans.
Hence the complete solution of tLe given system of equations is x = 3k - 2,

	

y = (10/3) k - (7/3), z = k, for all k.	 Ans.

Exercises on § 6.07 - § 6.09

Ex. 1. Show that the following equations are consistatit
3x-4v=2,5v-2y12,-x+3y=1.

• 2. Show that the equations
2i 6' + ii 0, 6x+ 20v - 61- + 3 = 0, 6'- 13: + 1 = 0

a' uot consistent.
Show that ii in the following problems the given equations are consistent,

then solve them.
Ex. 3, 5k4 3v + 7.: =4, 3x+ 20v+2z=), 7x+ 2v+ lOz= 5.

(Kanpur 84; 1Jeerui 86) Ans. x = 5, v = 0,: = - 3
2.=2,21+4i*3=3.3xt±6.v2+5x3=4.

Ex.5. 1 1-x,+x=2,3.v1-x,+2.=-6,3xj+x2+x3-l8.

I'X. j . x -. 3x2 +	 2, 2r 1 +x2 + 3x1 =3,x 1 -t-5x, + 5x 3 = 2.

Ans. x = I, x2 = - ( 1/5), .	 2/5
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Ex. 7. Can the following equations have solutions ?
(1) x-y+3z+2w=3,3x+2y+z+w= 1,4s+v+2z-i- 2w=3.
(il)x-4y+7z=8.3x+8y- 2z=6,7x-8y+ 16z=31.
Ex. 8. Prove, without actually solving that the following system of

equations have a unique solution-
5x + 3y + 14 = 4, y +2z = 1,x-y+2z0.

.Ex. 9. 'Can the following equations have solutions?
(I)x+2y+3z=4,2x+3y+8z=7,x-y+9z=1.	 Ans. Yes
(il)x+2y+3z=2,2x+3y+4z5,3x+4y+5z=9. (Agra 92) Ans. No.
Ex. 10. Show that the following equations

xi-2y--z=3.3x-y+2z=1.2x-2y+3z=2,x-y+z=-- I
are consistent and solve them by the use of matrices.

(Rohilkhand 94; Garhwal 93)
Ex. 11. Show that the following equations are consistent and find their

solutions by matrix method.
x1+x2+x3=2,4x1-x2+2x3=-6,3x1+x1+x3=-18.

Ans.x1	 10- X2 	 10/3,x3=46/3

Ex. 12. Solve 3x-4y=2,5x+2y=12,-x+3y=l.	 Ans. x=2,y=1

Solution of Homogeneous Linear Equations

§ 6.10. Definition : A linear equation of the type
a1x1+a.x2+a3x3+ax4+...+a,x=O

is called a homogeneous linear equation.
§ 6.11. Definition : A system of homogeneous linear equations is given in

the matrx form by AX = 0, where A and X are the same notations as used in
§6.02 Page 105 Chapter VI.

Note I : Here K is zero matrix.

Note 2 The matrix of coefficients A and the augmented matrix A being
the same have equal ranks and thus the system is always consistent.

Note 3 : x 1 = 0 = x2 = ... = x, is always a solution and is called the trivial

solution.
An Important Theorem (Without Proof).
A homogeneous system of 'n linear equations in n unknowns, whose

determinants of coefficients does not vanish, has only the trivial solution.

§ 6.12. Theorem (Without Proof)
A system m of in homogeneous equations in n unknowns x 1 , x 2 ..... x hasa

solution other than the trivial solution viz. x 1 = 0 = X2 = ... x, if and only ifihe

rank r of the matrix of coefficients A is less than n, the number of unknowns.
If r = n, then n of the equations can be solved by Cramer's Rule for the

unique solution x 1 = 0 = x2 = ... = x and the given system has non-trival

solutions,
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Tfristhe rank of A. then rof the  unknowns Xl,X2.... . xM can be , expressed

as linear combination of the remaining n - r unknowns to which arbitrary values

M
ay be assigned. Hence the system will have an infinite number of solutions out

of which n - r are lineatly independent and the remaining can be expressed a

linear combination of these n - r.
The above theorem is illustrated in the following examples

Ex. 1.Solve

	

	 x+y+Z+WO

+ 3y + 2z +4w 0

2x + 2- w =0

Sol. The given equations in the matrix form AX =0 is given by

	

I' i
	 liz =fO

	1 3 2	 4 1 y	 10
2 01 —ljz	 [0

w

The matrix A of coefficients [ l 1 1	 1
11324
2 0 I —1

	

or	 A	 1 1 1 I' replacing R2 arid R3 by

	

o 2 1	 I R2_Ri and R3_2RlreSPti'eLy

0-2—I -3j

-11 1 1 1, replacing R3bYR34R2

10 2 1 3
0000

	

1	 1	 replacing R2bY2

jO 1 1/2 (3/2)

	

1.00	 • 0	 0

	

or	 A 1 0	 1	 i]. replacing C2 by C2 - C1

0 1 1/2 (3/2)

	

00	 0	 0

This is a matrix in the reduced Echelon form having two non-zero rows,

hence the rank of A is 2 and is less than the number of unknowns x, y, z and w i.e. 4-

The matrix form of the given equations reduces to
1=0

1	 0	 1	 1

	

Y	 0

	

0 1	 -	 (3/2) z	 0

	

000	 0

1.x+O.y+ 1.z+ l.w=O:

	or	 O+ l.+ 1 .Z+ .w=0;

0..r+0.y+ 0,z+0.wO,
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From the first two equations we have

y-z-(3/2) 4
i.e. two of the unknowns viz. x and  have been expressed as linear combinations
Of the remaining two unknowns viz. z and w.

An infinite number of solutions of the given equations can be obtained by
assigning arbitrary values to z and W.

Also according to * 6.11 Page 144 Ch. VI we know that the system has
a.- ri. e. 4-2 i.e. 2 linearly independent solutions.

Take any two solutions of the system by assigning the following arbitrary
values to z and w

z=2,4
w = 0,2

Then the solutions are given in the tabular farm as

	

L_x -2	 -6 J(Nole : The corresponding values of  and 

	

- 1	 -5 J	 are calculated from the equations
Z	 .2	 4__j	 G) above)

L	 o	 2J
Let any other sokion be

	

X=-2y=-3,z=(j,w2	 ...(ii)
ob(aincd by assigning z and w the value 0 and 2 in equations (I).

11 this solution is a linear combination of the first two solutions (givqn in the
above table) then we can always rind Iwo constants A and z such IJ'a*

	-2A-6g-2	 ...(iii)

	

-X-5u=--3	 ...(iv)

	

2A+4t=0	 No(e

	

0.A+2t=2	 (vi)

	

From (vi) we get	 1.
From (v) We get A -2.

These values of A and z satisfy (iii) and (iv) also.

Hence the third solution [given by (ii) abovel is a linear combination of the
First two solutions (given in the tabular fprm above).

Ex. 2. Find the solution of the following equations by the matrix
method:

2X1_X2+X30,3xi+2x2+x3.0x1_3x2+Sx_O
SoL The given equations in the matrix form AX =0 is given by

12 -1 i] x1

1 3	 2 ijx2	 o
Li -3 sJ	 [o
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The matrix A of coefficients
= 2-1 1

321
1 -3 5

4 0 0 1 replacing Ci,C2bYC2C3

I I 3 I C2 + C3 peY

L9 
25]

10 0 Iep1acingC2,C3byC23C1

11.0 ojc3-C1itY

L9 
29 14]

	

r

0 0 (rcp1acingR3byR39R2
100
o 29 14

r

0 	 replacing R3 
by 

R3 141R I and C2

by ( l/29) C20 Ol
 1 0.1

.-1 i 0
Ia 0 I
010

- I 0 o]imterdiangingR2aMR3
010
001

=
The rank of A 1s3 and is equal to the number of unknowns viz. x 1 . x, A

Howe XIOX23	 (See 6.I2 pap 144Cb

Es. 3. Show by consèdering rank of an appropriate mdz,

following stem of equations, possseS no ,udon other "a 
the irMal

otuttonsx=O = YZ :-
3x -y ±zO, - 15x 4-6y - 5z=0,5x -2y +2z=O

Sol. The give equations in the matrix form AX = 0 is given by
3-1il[x =10

-15 6 -5)y Ia
5 -2 2 jLz L°

The matrix A of coefficients

	

=	 3-I 1
-15 6	 5

5-2 2
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-.	 0 0	 1 replacing C,, C2 by C,t. 3C3, C2 -f C3

0 1 - 5 J respectively
—10 2j

- 0 0	 i]
'

replacing R2 , R3 by R2 + 5R,, - R3
0 1	 0 respectively
1 0 —2j

0 0( replacing R3byR3+2R,
010
100

-Ii 0 0]. interchanging Rt and R3
10	 •1.o
001

.. The rank of  is 3 and is equal to the number of unknowns viz. x, y, Z.
Hence x = 0 = y = z and the given system has no non-trivial solutions. (See

* 6.12 Page 144 Chapter VI).
Ex. 4.Sce:

4x - y +z + w=0
3X-2y+3z+4w0
x - 3y + 7z + 6w 0	 (Kumaupz 94)

The given equations in the matrix form AX = 0 is given by
2 —2 5 3 x	 0
4—I 1 1 y_O
3 —2 3 4 z
1 — 3 7 6 w 0

The matrix A of coefficients
= 2' —2

	

• 4	 -i
3 —2
1 —3

	

-.0	 4

	

o	 ii

	

0 , 	7
1 —3

- 1 —3

	

0	 11

	

0	 7

	

0	 4

53
11
34
76

9	 _9]. replacing R I , R2 and R4by
—27 —23 R, — 2 R4 , R2 — 4R4 and
-18 -14 R3 - 3R4 respectively

7	 6

7	 6]. interchanging R 1 and R4
—27 —23
—18 —14
—9 —9
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- I -3	 7	 6replacing R2 by R2 - R3

o	 4	 -9	 -9

o	 7 -18 -14

o	 4	 -9	 -9

	

-3	 7	 6 replacing R4 by R4 - R2

o	 4	 -9	 -9

o	 7 -18 -14

o	 0	 0 -o

	

- 1 0	 7	 6replacingC2byC2+3C1

o 4 -9 -9 l
o 7 -18 -14

	

o 0	 0 -0

	

- 1 0	 7	 6replacing R 3 by R3 - 2 R2

	o 4	 -9 -9
o 0 -9/4 7/4

	

00	 0	 0

V 	

- 1 0	 7	
6 replacing R2 by R2 and

0 1 -9/4 -9/4 R3by-R3	
V

	0 0	 1 -7/9

	

00	 0	 0

This is a matrix in the reduced Echelon form having three 
non-Zero rows,

hence the rank of A is 3 and is less than the number of unknowns viz. 4.

The matrix form of the given equations reduces to

	

1 0	 7	 6 x_O
o 1 -9/4 -9/4 y - 0

	

o 0	 1 -7/9 z	 0

V 	

00	 0	 Ow 0

-	 V -	
f'•

or

	

Y ?z_w_0	
...(ii)

and	
z-W=O

From (iii) we get z (7/9) w

From (I) x = - 7z - 6w = [- (49/9) - 61 w = - (103/9)w

and	 y = (9/4) z + (9/4 w)[(7/4) + (9/4) w = 4w.

Thus we find that the three of the unknowns viz x,y and z are expressed in

terms of the 4th unknown viz. w.

An infinite number of solutions of the given equations can 
be obtained by

assigning arbitrary values to w.



ISO
	

Matrices

Also we know that the system has n - Ti. C. 4-31. e. I linearly independent
solution.

- Assigning w one arbitrary value 9, we have a set of solution as
- - lU, ) = .iO. Z I, w = 9.

lothersolution (by assigning IX to w) be
x	 206. y 72, z 14 and w= 18.

It Is evident that this second set of values are nothing but double of the firstset Of values, Hence the theorem of 6.12 Page 144 Chapter VI is fully verified.
EL 5 SoJve cosepletety the system of equatho;

* - 2y + z - w =0
S + y - 2* +3w =

4x + y - 5* + Sw = I

	

S*-7y+2*—wO	 (Kumuun93)
SoL The given equation in the matrix form AX =0 is given by

I — 2 1 —1 X 
1	 1-2	 3y	 0
4	 1 —5	 8 z	 0
5 —7	 2 —J w 0

The matrix A of coefficients

=1 —2	 1 —1
1	 1 —2	 3
4	 I —5	 8
5 —7	 2 —1

—2	 i - 1]. replacing R2. R3 and R4 by

	

3 —3	 41R2—R!,R3_4RIanI,JR4_5R,

	

9 . 9	 12 respectively
	3 '-3	

4J

o —I 5/3].replacingR3 and R4byR1_32
I - 1 4/3 and R4 - R2 respectively, then

gj
R2bYR2 and fiillYRIbyRI+2R2

This is a matrix in the reduced Echelon form having two non_ zerorows,hence the rank of A is 2 and is less than the number of unknowns viz. 4.
The matrix form of the given equations reduces to

1 0 —1 (5/3) x =10
0 I —1 (4/3) y 10
00	 0	 0	 z 0

	

00 0	 '	 w 0
which is equivalent to

—1
0
0
0

0
0
0
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i.e.	 yZ-(4/3)W,XZ(S/3)W.

X	 X = z-(5/3)w

Y	 z-(4/3)w

1	 Z

W	 w

By multiplication we rind that
AX= I 0 - I (5/3 )1 z - (5/3)

o i - i (4/3)1 z-(4/3)w

o 0	 0	 0

LO o
	 0	 0]

= z-(5/3)w-z+(5/3)w	 = 0 =o•
0+z-(4/3)w-l+(4/3)W	 0
0+0+0+()	 0
0+0+0+()	 Q

whatever the values of z and w may be.

take any values, as the complete solution of the given system of equations.

**Ex. 6. Find the general solution of she matrix:

2 3-1-I 1=0
I-I -2-4 y
3 I 3-2 v
6 2 9-7 t

Sol. The given equation in the matrix form AX = 0 is given by

	

3 - I - I x	 0
1-I -2-4 y _0
3	 I	 3-2 v 

	

6 2 9-7 t	 0

The matrix A of coefficients
=2 3-1-1

- I -2 -4
3 I	 3-2
6 2 9-7

o 53 7
I - I -2-4
o 4 9 10
0 8 21 17

()	 1-6-3
I - I -2 -4
0 4 9 10
0 0 3-3

replacing R 1 . R2 and R4 by

R 1 -2R2 .R3 -3R2 and R4-6R2

respectively.

replacing R 1 . R4 by R 1 - R2

and R4 - 2 R2 respectively.
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-01
'C
of
oc

-o
0

0 0
0 0

-.0

0
0

-0
1 0
0 0
0 0

0
0
0 0
0 0

[14).

Matrices

-6 -3 replacing R1 by R - 4R 1 and R2

-8-7 byR2+R1.
33 22
3 -3

-9 -_0].replacingR 1 andR3 byR 1 -R4

-8 -7 and R3-l1R4repectively.
0 55
3 -3

0	 -9  replacing R 1 , R2 , R3 and R4 by

g —'j R,+3R4.R2+(8/3)R4,(V55)R3

-	 and (1/3) R4 respectively.

o 0 replacing Rt, R2 , and R4 by

1IRI+9R3,R2+l5R3 and R4+R3
I oj respectively.

0 01, rearranging the rows
00
10
01

:.The rank of the matrix A is 4 and is equal to the number or unknowns viz.
X. Y. V, t.

Hence x = 0, y = 0, v = 0,1 = 0 [See 6.12 Page 144 Ch. VII,

Exerdaeon*6jO-6.12
Ex. 1. Solve the following equations :-

	

x 1 -x2 +x3 =0,x 1 +2.x2 - x3 =0,2x1 +x2+3x3=0.	 (Lucknow 92)
Ex. 2. Find the rank of the coefficient matrix for the following system of

hcnnogeneous equations over the field of real numbers and compute all the
solutions :-

x1+2x23x3+4x4=0,XI+3x2_x3O.&I4X2+3=O

Ex. 3. Solve completely the following equations using matrices :-

	

x+3y-2z0,2x-y+4z0,x_ lly+ 14z=0. 	 (Lucknow 90)
Ex. 4. Solve completely the following equations with the help of matrices:
(i)x-y-z+t=0,x_y+_,o,+y+,o.

(ü)2w+x-y-z=0,4w_6x_2y+2zo,_6w+12X+3_4zo
MISCELLANEOUS SOLVED EXAMPLES

Ex. 1. Show that the only real value of A for which the following
eqIs have non-zero solution is 6:
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x + 2y + 3z = Ax, 3x + y + 2z Xy, 2 + 2y + i = Az.	 (Kanpur 95)

Sot. The given equations can be rewritten as

(I -X)x+2y+3z=O;
3x+(l -A)y+2zO;

	

and	 2x+3y+(l-A)z=O.

The equations in the matrix form AX = K can be rewritten as

i -A 2	 3	 x10
3	 I - A	 2	 yI 0

2	 3	 1-A zj 0

If the given system of equations has a non-zero solution then the matrix A
must have a rank < the number of unknown quantities x, y, z i.e. 3 and I A = 0

i.e. i - A	 2	 3 1 =0

3 i-A 2
2	 3	 1-A

	

or	 6-A 6-A 6-A =Ø , replacing R 1 by R, +R2+R3

3 1-A	 2

2	 3	 1-A

	

or	 (6 - A) 1	 i	 1	 = 0, taking out (6- A) common from R1

31-A	 2
2 3	 I-A

	or	 (6 - A) 1	 0	 0	 = 0, applying C2 - C 1 and C3 - C1

3-2-A -1
2	 1	 -1-A

	

or	 (6-A) -2-A	 -J =0
I	 -I-A

	

or	 (6_A)[(2+X)(1+A)+110

	or	 (6-A)[A2+3A+3100r A6,[-3±(9 12)]

or A = 6 (the other roots being imaginary) is the only real value of A for which

the given system of equations has a non-zero solution.

Ex. 2. Prove that if the system of equations

ay + a, y = z + ax, z =x+y

is consistent (having non-zero solutions) then a + I = 0.

Sot. The given equations can be rewritten as

x - ay - zO
ax - y+ZO

X + y - z = 0

These equations in the matrix form AX = K can be rewritten as

-24

I
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X1 = (
1

	

(I	 l	 I	 y	 0

	

1	 I	 - I	 z	 0

If the given system of equations has a no -zero solution then the matrix A
:iave a rank < the number o unknown quantities A, y, z i.e. 3 and I A = 0. Here
we have

	

I	 -a	 -I

	

a	 -I	 I

r	 A - 0	 - -	 - ]. replacing C 1 , C by ( + C3,
	a + I	 (1	 + C1 respectively

	

0	 0	 -1]

	

()	 - (a + 1)	 0].j replacing R 1 , I?2 by k 1 - R3,
	a + 1	 0	 01 R2 + R 3 respectively	 (i)

	

()	 0	 _l

- 0 I o]. replacing C l . C2.C3 by

	

I	 0 () C1 /(a + l). - ('2 /(a+ I),

	

C)	 0I] respectively

I 0 o]. interchanging R 1 and R2

0 I 0
001

= 13

i.e. the rank of A is 3 i.e. equal to the number of unknowns viz. x, y, z.
But ire, + 1=0. then from (i) we get

A- 0 00], which has one non- zero row and so the rank of A is I
00 0
0 0 -I

i.e. <3, the number of unknowns vi,., x, y, z.
Also	 A I = I

a -1	 I
1	 I	 -i

	

= a	 - a - I 	 .adding C3 to C 1 and C2
a+I	 0
0	 0	 -1

= 0 0 -1 ,ifa+t0

	

00	 I
0 (1 -1

= 0, two rows being identical

I
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Hence the given equa tions are consistent if a + I = 0.

*Ex. 3. investigate for what values of A, ji the simultaneous equations:
x+2y+z=8,2s+y+3=13,3x+4y-Xz=p.t

have (i) no solution (0) a unique solution and (10) infinitely many solutions.
Sol. The given equations in the matrix form AX = K can be written as

I	 2	 1 x= 8
2	 1	 3 y	 13
3 4 -A z	 t

The augmented matrix A'	 I 2	 I	 8
2	 I	 3	 13
3 4 -A	 i

or	 '	 i	 2	 18]. replacing R2 . R1 . by

0 -3	 1	 -3 R2-2R,,R-3R1
() -2	 A - 3 ii - 24j respectively,

-

I 1

	 o	 ii]. replacing R 1 , R2, R1

o -6	 2'	 _6IbyRu_R2,2R2and
o -6 - 3A -9 3 1i - 72j 3-R3 respectively;

- I	 5	 0	 II replacing R and R2

() I	 -	 I by R3 - R2, and -

o 0 -3X-  II 3t 66 respectively

Case I If 3A+ II 0.3M-66() i.e. A;P-(lI/3),p.#22, then from (i)
matrix A' has three non-zero rows and is in the reduced Echelon form. Thus the
matrix A' is of rank 3. Also then the matrix 4 = I	 5	 0	 is also in

o i	 - ii
o 0 -3k- II

reduced Echelon form having three non-zero rows and thus its rank is also 3.
Also there are three unknown quantities x, y, z so, in the case
A ^ - (11/3),;1 * 22, the given equations have a unique solution.

Case H. If 3A + II 0, 3j.t - 66 ;t 0 i.e. A = - (11/3), i * 22, then the rank

of the matrix A' is 3 but that of A is 2, since in this case both A'and A are in the

reduced Echelon form but A' has three rsrn-cro rows, wiicarcs A has two
non-zero rows. Thus the ranks of A' and A are not the same and so there is no
solution of the given equations.

Case HI. If 3A + II = 0, 3p. - 66 0i.e.A= - (11/3). t= 22, then the ranks
of A as well as A' arc the same and each is 2 i.e. less than the number of
unknowns viz. x. y and z. Hence in this case two unknowns will be expressed in
terms of the third and thus we shall have an Infinite number of solutions.
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Ex. 4. Investigate for what values of A and j.t, the simultaneous
equations : x+y+z6,x+2y+3z=10 and x+2y+Xz=j have (i) no
solution, (Ii) unique solution (iii) infinite solutions.

(Agra 96. 93, 91; Garhwal 91, 90; Kanpur 96, 94;
Meerut 91 S 90; Rohilkhand 96, 90)

SoL The given equations in the matrix form AX K can be written as
I	 I	 I xl=6
12	 3yjlO
1	 2 A zj	 L

	The augmented matrix A' = I 1 1	 6
1 2 3 10

	

12A	 ja

or	 A' = 1 0 - 12 replacing R2, R3 by R2 - R, R 3 -

0 1	 2	 4 respectively and then R 1 by R 1 - R2
o 0'A-3 ja-10

Now following cases arise :-

Case I. If A —3 = 0, t — 10 # 0 i.e. A= 3, 10, then from (i), A ' is in the
reduced Echelon form having three non-zero rows and A is in the reduced
Echelon form having two non-zero rows.

The ranks of A' and A are 3 and 2 respectively which being different, the
given equations have no solution.

Case fl.IfA-3#0,ja-100i.e. A#3,ja#10, then from (i)we find that

both A' añdA are in the reduced Echelon form having three non-zero rows and

hence the ranks of A' and A are each 3 and these being the same the given
equations are consistent. Also there are three unknowns viz. x, v, z so the solution
is unique in this case.

Case Ill. IfA —.3 = 0, j.t - 10 = 0 i.e. A 3, j = 10, then from (i) we find that

the matrices A' and A are in the reduced Echelon form having two non-zero

rows each. Hence the ranks of A' and A are the same each being 2, which is less
than the number of unknowns x, y, z. Therefore in this case two unknowns will
be expressed in terms of the third and thus we shall have an infinite number of
solutions.

EL 5. Show that the following equations are consistent
x+y+z=-3,x+y-2z=-2,2x+4y+7z=7.	 (Kumaun 96)

Sol. Given equations can be written in the matrix form as

I	 II x=-3
1'	 1	 —2 y	 —2
24	 7 z	 7
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The augmented matrix A s = I	 I	 I -3

1 1 —2 —2

	

24	 7	 7

-	 - . 
replacing R2 , R3 by R2 -

I 3	 6	 ioj R
3 - R 1 respectively

- 11	 I - 31 replacing R3 by R3 + 2R2

00-31
1 3	 0 12

- i
	 3, replacing R2.R3bY(I/3)R2.

o 2 - I	 is] 
R3 - R 1 respectively

- 1	 i	 o _g/3]. replacing R I , R3bYRI+R2

0 0 -	 1/3 R3 - R2 respectively

o 2	 0 44/3]

- 1	 1 0	 —8/3]. replacing R2, R3 by - R2.

0 0 1	 - 1/3 j (1/2) R3 respectively

o i 0 22/3]

1 0 0 _1o]. replacing RIbyRLR3

0 0 1	 1/3

o i 0 22/3

- 1 0 0	 - io]. interchanging R2 and R3

0 1 0 22/3
0 0 1 —1/3

This is a matrix in the reduced Echelon form having three non-zero rows, so

its rank is 3.
ioo]

Simultaneously we get the reduced form of A viz. 0 I 0 ti.e. 13 and so the

0 0 I]

rank of A is also 3.

Thus we find that the ranks of A and A am the same and so the given
equations are consistent i.e. have solutions given by 1 	 0 0	 ]	 - 10

o I 0 y	 22/3

0 0 11 zj —1/3

which gives
x=—l0.y22/3.zl/3.	 Ans.
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EXERCISKS ON CHAPTER VI

Ex. I. Fxaminc whether the following linear equations are consistent, and if
C(InSiStCflt solve them :-

x 1 +x2 +x-4 +x4 =ftZr 1 --x2+3x+44=4

and	 3x1+4x1+5x4=l.

Ex. 2. Solve the equations by matrix method
x+2y+3zl4:x+j+z=6.x+3y+(z=25.

Ex. 3. Solve by matrix method :-
x-2y+3z=2,2x--3z=3;x+y+z=O.

Ex. 4. Solve by matrix method :-

Ex. S. Solve X+2y+3z=14.2x+v+2zzI1,2x+3y+z=11 with the
help of matrices.	 Ass. x 18/1I,y = Il/Il. z = 34/I1

EL 6. Investigate k such that the following system of linear equations is
consistent and ,btain its solution :-

2x+y—z= 12.x-y-2z=-3;3y+3z=k.
Ex. 7. Investigate for which values of A and p the following sysicmn of

equations will have

(I) No solutiqu and (ii) a unique soluliitn

x+2v+3'-S.3-'v+2z=l2.3x"v+Az=p.
EL 11. Investigate br what values tiC A and p. the simultaneous equa*ions

x + y + z = 16. x + 2y + Sz = p. x + 2y + Az = 10 have unique solution. (Agra 90)
EL 9. Does the fi4kwing system of linear equations pus=s a unique

solution 7 if so, then solve them. if not, why?
x+2yi-3z=6,2x+4y+ z =7,3x,-2y+9z= 14.

EL 10. Find the inverse of the matrix I 2 31 and use it to soh'e the
2 3 2
3 3 4j

equations	 X+2y+3Z3.2x+3y+2ZrO.3x+3y+4z=5.

Ex. 11. Show that the following ystem of equations have unique solution:

x+2z=O,y+2z=l.Sx+3y+I4=4.

Ex. 12: Solve : Zr1	 '2 +	 + = 0: 1 +x2 - x4=0.
- 3r2 +	 = 0: 4x, - 	 +6X3 -r4 =0-

(Hint. See Ex. I Page 145 Chapter VI).
F;x. 13. Stmtc the conditions under which a system of non-homogeneous

equations will have (i) no solution, (ii) a unique solution, (iii) infinity of
solutions.

Ex. 14. For what values of a, 1 do the system of equations
x+2 y + 3z=6.x+3y+5z=9;2x+5y+az=b have (i) no solution: (ii) a
unique solution: (iii) more than one solutions I
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Ex. 15. Solve x  2v-:--3;31-y+2z.= I; 2x- 2 y + 3z= 2; x - y + z = - 1.

Ex. 16. Find the inverse of the coefficient matrix and hence solve the

lollowing equations :-

	

4- 2y - 3z = I, 3 + y + z = 8, x - 2	 0.

Ex. 17. Apply rank-test to examine lithe lollowing system of equations is

Consistent and 1 . consistent, then only find the complete SOIuIR)fl

Ex. 18. Apply rank test to find whether

x + 2 y r 3: 4 4w = 0, 8x + 5y + z + 4w = 0. 5- + ôy + Xz + 14' = 0,

8 + 3y + 7z + 2w =

have any solution other than x = y z = w = 0.
Ex. 19. Solve the following equations by the use of matrices

(a) x-y-2z-41=O.2x 4 3y-z--t=0.6x+3y-710.

3x+y + 3z -21 = 0.

(b) x+y+z0.2x-y-3z0,3.r-5Y+4Z0.X+17Y+4Z=O

(c) x+2y+3zrO.3x+4y+4'().7x+lOy+l2Z=O.
Ex. 20. Solve the equlions by matrix inversion

x+y+z=.'-y+3zI.3x+2y-z=l.
Ex. 21. Show by rn	 method that the following systcm of equations is

Consistent and solve it

4 3x 2 + 3x 1 + X4 =(). x 1 + 2 + x + x4 = 2;

3i1+4x2+2x3-x48;2x1+3x2+4X3+5X4=5

X I - -2	 -	 =

Ex. 22. Show that the equations x - 3y - g + 10 = 0. 3x + y - 4z =

2x + Sy + 6, - 13 = 0 arc consistent and solve them. 	 (Men,I 92)

Ex. 23. Solve by matrix method :-
x+y+z=4,x-y+5.2X+3y-ZI.

Ex. 24. Show that the system of equations is consistent

2x+6'=- lI,6x+20y-6z-3,6y- 18z=-l.

Ex. 25. Show by matrix method, the following equations are consistent and
have infinite number of solutions

4- + x = 0, 2x + Sx, + 6x 1 = 0.

Ex. 26. Solve by matrix method
x + v + z + w = I, 2 - ' + z - 2w 2, 3x + 2y - z - w 3.

Ex. 27. Slove the following equations :-
2x 1 -- 2x	 3x - 3, x 1 + 2 2 -	 - 5 4 = 4,	 2x, 2x1 + 7x4 = 5

(Rohilkhand 93)

Ex. 28. II x, v, are not all zero and i O	 = 0,
hi + y + az = 0, cx 4- ay -4 b - 0, prove that,

= I : I : I	 or	 I : () : ( 12 or I : ()2

where IL) i ,,aconipics cubc riot of Li ty.	 (I'urvanchal 98)


