
Chapter VII

Characteristic Equation of a
Matrix

* 7.01. Zero Divisors.

We have previously read in § 5.10 Page 76 of Chapter V that the necessary
and sufficient condition for a square matrix to possess an inverse is that it must
be non-singular. From this result, we get a very important result which does not
hold for ordinary multiplication of numbers viz. 1f A and B are two singular
matrices, it is possible to obtain the result AR = 0, where neither A = 0 nor
B = 0, 0 being the null matrix'. In such a case A and B are called proper
divisors of zero.

If however, A and B be two square matrices of order it such that

AB=O,

then if .A is non-singular, A * 0, A exists and A	 0.

Pre-multiplying (I) with A- 	get

A 1 AB=A 1 0 orIB=0,: A.O=0andA1A=I
or	 B=0.

Hence we conclude that

If	 A*O, then AB=O=B=O
Similarly if B 7e 0. then AB = 0 = A 0
Hence non-singular matrices are not proper divisiors of zero.
Note. If AB = 0 and B# 0 then A is called a left zero divisor and if

AR = 0 and A 0, then B is called a right zero divisor.

§ 7.02. Characteristic equation and roots of a matrix.
(Agra 94; Rohilkhand 92)

Let A = [a11] be an n x n matrix.

(I) Characteristic Matrix of A 	 The matrix A - XI is called the
characteristic matrix of A, where I is the identity matrix.

(ii) Characteristic polynomial of A :- The determinant JA - X11 is called
the characteristic polynomial of A

(iii) Characteristic equation of A :- The equation JA - 0 is known as
the characterisctic equation of A and its roots are called the characteristic roots
or latent roots or cigenvalues or characteristic values or latent values or
proper values of A:	 (Avadh 99)

(iv) Spectrum of A :- The set of all eigen values of the matrix A is called
the spectrum of A.

(v) Eigen value problems :- The problem of finding the eigcn valucs of a
matrix is known as an cigen-value problem. 	 182/11/10
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Solved Examples on * 7.02.

*Ex. 1. Find the characteristic roots of the matrix

A=[ cosO - sine
[-sinO - cosO

Sol. Here A=	 cosO — sinoland i[i 0
[—sinG _ Cos 6]	 [0 1

A-A1	 cos6-A -sinG-0
I-sinO-O -cos0-A

= (cos 0 - A) (- cos e - A) - (sin2 6)

(Cos 2 0_A2 sin 2 O=X 2_ 1.

The characteristic equalton of the matrix A is A 2 - 1= 0 and its roots i.e.

charactcrisctiC roots are ± I. 	 Ans.

Ex. 2. (a) Find the characteristic roots of the matrix

123
0 2 3	 (Kanpur 96)

002

Sot. Here	 A = I 2 31 and I = 1 0 0

023	 010

0 0 20 0 1

	A-All = i - A 2-0 3-0 = i-A	 2	 3

0-0 2-A 3-0	 0	 2-A	 3

0-0 0-0 2-A	 0	 0	 2-A

= (1 - A) 2- A	 3	 ,expanding with respect to C1

0	 2-A

=(1 -A)(2-A)2.

The characteristic equation of the matrix A is

(1 - A) (2- A)2 =0	 .... See § 7.02 (iii) Page 160 Ch. VII and its roots

i.e. required characteristic roots are I, 2. 2. 	 Ans.

Ex. 2 (b). Find the characteristic roots of the matrix

A= 1 -3 3
3 -5 3
6 -6 4

Hint : Do as Ex. 2 (a) above. 	 Ans. - 2,4, 2

Ex. 3. Find the characteristic roots of the matrix
Ar2 2 1

131
122
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SoL Here A = 2 2 I and I = I 0 0
131	 010
122	 001

IA-AI!= 2-A 2-01-0 = 2-A 2
1-0 3-A 1-0	 1 3-A
1-0 2-02-A	 1	 2 2-A

=	 -	 0	 1 1, applying C 1 - 2C3 and
-1	 1-A	 1 C2-2C3

-3+24  - 2+2A 2 -XI

=	 0	 0	 1 applying C 1 - AC3

A-i	 I-A	 1

-3+4A-A2 -2+2A 2-A

=	 A-i	 i-X(A1)2 I	 -i
1) ( 3 3-A	 2

=(A_1)2(2+3_A)=(X_1)2(5_A).

The characteristic equation of the matrix A is (A - 1)2	 - A) 0
and its roots (or characteristic roots of A) are 1, 5.	 Ans.

Ex. 4. Obtain the characteristic roots of the matrix
A= b c a

cab
a b c

SoL Here
IA-AIf= b-A c-U a-U = b - A	 c	 a

c-0 a - A h-0	 c	 a-A	 b
a-0 b - U c-A	 a	 b	 c - A

= b-A+c±a	 ca ,applying C1+C2+c3

	

-c+a-X+b a-A	 b
a -s-b+c - A	 b	 c-A

=(a+h+c-X) 1	 c	 a
I a - A	 b
I	 h	 c - A

= (a + b + c - A) I	 C	 a	 ,applying
0 a-A-c	 b - a R2 - R I , R3-R1
0	 b - c	 c -- A- a
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= (a * b + c - A) [(a c) (c - a) - A ((c -a) + (a - c))

+ A2 - ( b - a) (b - c)]

= (a + /, i c - A) (A + 2a<' - a 2 -e2 - b 2 + he + rib - ac]

The c)I:Lr,cIcr1tic NILIM1011 of A is	 Alp =

i.e.	 (+1+c-A)(A-a-b2a	 -c 4 411) +bccu)0

and the characteristic roots of A are

a - I' + c. ± (a	
)

b + C, 
2
	 be ca)	 Ans.

S. Find the cigenvalues (or latent roots) of
As 8 6 2

1-6
[ 2 - 4 3	 (Avadh 99; Kumaun 91, Lacknow 90)

Sol. Here JA - A I = 8 - k 	 - 6	 2

	

-6 7-A	 --4
2	 -4 3-A

=(8 - A) ((7 -A) (3-A) - 16) 6 (- 6(3 - ),) + 8) +2 (24 -2(7 -A))

= (8-A)(5- 10x	 6(6A- 10) f2(l0-2A)

=-45X+ 18X
2 

X3

The Characteristic equation of A is - 45 A + IS A2 - A3 0

which gives

A (A 2 - 18A + 45) = 0 or A (A - 3) (A - 15)= 0 or A = 0, 3, 15.

The required latent roots or eigeiivalues of A are 0. 3 and 15.

Ex. 6. If a t, a,. a3 ...... a are the characteristic roots of the n-square

matrix A and .i. is a scalar, then show that the characteristic roots of A -
are it -	 - p.

Sol. Since a 1 , (12......a, are the characteristic roots of the matrix A, so form

§ 7.02 Page 162 we have

A-XI)=(A--a1)(A-a2) ... (A-an).

Now the characteristic function of A - It!

=( (Ii +A)-a1) ((ft+A)-a} ((t+A)-a 3 ) ... ((t+A)-a}, from )

= (A - (a -	 )) (A - ( a - t )) ... ((A -- (a,	 i) 1'

rearranging the terms in each bracket.

The characteristic roots of A - tI are (a 1 - I'), (a 2 - M). etc.
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Exercises on § 7.02

Lx. 1. Fina the characteristic roots of A = a 1	 a2 a10 b 0
O	 0	 C31	 Ans. a l , h i, 1

Lx. 2. Find the eigenvalues of the matrix 0	 I	 2
I	 O	 -1

	

2 - 1	 01 Ans. 2, - 1 ± I3.

• Lx. 3. Find the eigen values of the matrix - 2	 2 -3
2	 I	 -6

-1 -2	 0 Ans. 5,-3,-3.
Ex. 4. Find the eigenvalues of the matrix 1 - I 2

0	 10
1	 2 I	 Ans.I,-1±2

• Lx. 5. Find the characteristic roots of the matrix

130
3 -2-1
0-I	 1	 Ans. I,3,-4

Ex. 6. Determine the characteristic equation and roots of the matrix

1 -14
0	 37
0	 05 	 Ans. (X-1)(A-3)(X--5)=0;1,3,5.

Lx. 7. Find the eigenvalues of the matrix

-3 2 2
-6 5 2

Ans.l,2,3.

Lx. 8. Find the eigenvalues of the matrix

314
026
0 0 5	 (Agra 92, L.ucknow 92)	 Ans. 2,3,5

Lx. 9. Find the, latent roots of the matrix

0	 sin cc	 cos ct sin l3
-sinex	 0	 Cos aCos

-cos a sin 1i cos a cos, (3	 Ans. O,i,-i.

Lx 10. Show that the matrices

o cbl. 0 a C- 0 b a
c 0- a ! a 0 b b 0 c
b a Oj c b 0 a c 0

have the sane characteristic equation. 	 (Kumaun 90)
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§ 7.03. tCayely Hamilton Theorem	 (Agra 95, 93, 91,Avadh 99;

Gathwal 96; Kanpur 97. ; Kumaun 92; Lcknow 92;

Meerut 98, 92, 91; Rohilkhand 94, 93, 92, 90)

Statement : Every square matrix satisfies its characteristic equation or if

A - XI = ( 1)" [X" + 0 1 x'1 + a 2 X" -2 -i- ... + a1 ] be the characteristic

polynomial of n x n matrix A = [a 11 ], then the matrix equation

X,,+a1X''+...+anI=OisSat1SfleYX".4

i.e.	 A"+aLA"'+ ... +aI=O.

Proof.	 the elements (A - XI) are at the most of first degree in A.

The elements of Adj (A - XI) are at the most of degree (it - 1) in A and

the coefficients of various powers of A being polymomials in the a.

Adj (A - XI) can be written as

B = B0 Xn -2 + B 1 A" - + - + B -

where B0, B 1 .... . B - i are it x it matrices, their elements being polynomials

in a11.
Also from § 5.09 Page 49 Ch. V we know that if A = [a, 1J be an n X n

matrix, then A.(Adj A)=(Adj A). 	 where I is an n X n identity

matrix.
Therefore (A— XI) •Adj(A XI) 1AX111

or	 (A - XI) • B = A - Xfl • I,	 B = Adj (A . — XI)

or	 (A_ XI) (B O X"'+B 1 X"+ ... +B1_i)

n	 n - 1(—I) [A
n +a 1 X 	+a2X	 + ... a1]I.

Comparing coefficients of like powers of A on .both sides, we get

—1B0 =(— 1)"!;

- AB0—IB1(-1)°a1I;

Ali 1 —1B 2 =(— 1)"a21;

AB -	 (- 1)" a

Now pre-multiplying these equations by A", An	 A, I respectively and

adding the results so obtained we get

A" (- 1B0)+ A"	 (AB0 — 1B 1 ) + A" 
2 (AB 1 - 1B2) + ... + I (AB,_ )

=(_1)f( [An +at IAfh +a2 [A n 2+0n111

tThis theorem was first established by Hamilton in 1883 for a particular type of

matricei and was later on stated by Cayley in 1885.
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or	 O=(l)n (An C1An+Q2A2+.. -4u,,1].

where 0 is the null matrix.

Hence A° + a 1 A n- + a2 A' -2 + ... + a I = 0	 Hence the theorem.

Cor. I. Multiplying the result of § 7.03 above by A"' -" , where
m n and m is a positive integer, we get

Am 
+a, Am I + a2 A m 2 + ... + Q,,Amn=O

i.e. any positive integral power A' of A can he linearly expressed in terms of
I, A_, Ar'.

Cor. H. In § 7.03 above we have proved that

A+a1A'+a2A2++aJ=()	 (i)

or	 - a I = A [A - l + a 1 A -- 2 + (12A"	 + ... + a - 1 fl	 (Note)

or	 --aAI=A'+a1A2+...+a1I	 ,..(ii)

or	 (1)AB_tA'=_A'-aiA"2+..._a1I

AB, - = (- 1)" an I ( 7.03 above)

or	 Bn_1=([_A'.aiA2_
 ... _a

ni flAdjA	 ...(iii)

Cor. III. From result (ii) of cor. H above we have
-I	 1 [ An-'	 n-2A =--[A	 +a 1 A	 +...+a1I]

which show that A- i can be expressed linearly in terms of A 	 , A" 2 I.
* 7.04. Characteristic vectors (or Eigenvcctoi's). 	 (Agra 94)
Let us consider the linear transformation

KzAX
which transforms a column vector X by means of a square matrix A into

another column vector K.
If X be a vector which transforms to its multiple p. X by the above

transformation (i), then we have p. X = AX	 ...(ii)
or	 AX - p.LX = 0 or (A -- p.1) X 0.	 (iii)

This equation (iii) when written in full gives n homogeneous-equations in
x1,x2.....x,, which are n unknowns. The .' equations will have a non-zero
solution only if I A - p. I j = 0 i.e. the coefficients matrix is singular.	 (Note)

This equation is called the characteristic equation of transformation and is
the same as the characteristic equation of the matrix A. (See § 7.02 Page 160 Ch,
VII). This equation has n roots and corresponding to each root, the equation (iii)
has a non-zero solution
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x	 xi
x-'

Xn
ij

which is defined as characteristic vector or Elgenvector or Intent vector or
invariant vector.

7.05. Theorems on latent roots (or characteristics roots).
Theorem 1. If square matrix A of order n has latent roots A 1 , A2..... A then

	A' has also the same latent roots.	 (Kw,un 95)

Proof. IAMA=-	 a, a 1 3 ..........

a21 a22 a	 ..........

tnI	 1n2 a, 3 ..........

The characteristic equation of A is

011 —X 	a12 ...	 171	 =0
"21 a22 - A . . -	 a	

. (1)

a, 2 ...

Also	 A'	 all	 '21 (43 j ..........
a 1 -, a22 a32 ..........

2n (13	 ..........

The characteristic equation of A' is

A' A1	 'I	 x	 I	 a,1 =

(1 12 a,) —A	 a2

o	 a	 ........ a,,,,—A

Also we know that the value of a determinant remains unaltered if rows are
changed i nto columns and thus we find that the determinants given by (i) and (ii)
are the same, the diagonal elements being the same.

Hence 1mm (i) and (ii) we conclude that the characteristic equations of A
and A' are the same. Consequently the latent roots of A and A' are the same.

Theorem 11. If A is an n x r triangular matrii, then the elements of the
principal dtaooah are the c/ia racterislic roots of A.
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Proof. Let A'= 
a 11 1 12 a 13	 .	 a1,

o	 a22	 a23	 ..........

o	 0	 a33	 ..........

o 0 0

(Here we have taken upper triangular matrix).
The characteristic equation of A is

	

IA — AII= a ll 	 a12	 a3 ...	 11In _

0 a2 —A	 023 ...	 02n
o	 0 a33 —X ...

o	 0

or	 (all 	 a22 —)-	 a23	 ...	 a2,	 0. expanding

	

o	 .033 - A . .	 with respect to C1

	

o	 0	 ...

or (a ll - A) (a22 - A) 033 - A . a	 ... a3,	 = 0, expanding

U	 ...	 a4n	
with respect -
to C2

0.	 0	 ... a,,,,—A

or	 (a1 - A) (a22 - A) (a 3 - A) ... (a,.,, - A) = 0, proceeding in this way

or	 X=a11,a22,a33.....

i.e. the element roots (or characteristic roots) of A are the elements of the prin-
cipal diagonal of A.	 .	 Hence proved.

Theorem Ill. The characteristic roots of a hermizian matrix are all real.

•	 (Agra 95, Kbnpur 95, 94)

Proof. Let A be the hermitian matrix. Then from § 7.04 (ii) Page 166 Ch.
VIII we know that AX = XX,
where A is a characteristic root of A and X the corresponding characteristic
vector.

From (i) we get X8AX = xe AX, premultiplying both sides by xe

or	 .	 X8 AX=AX0 X,	 ...(ii)

where Xe is the transponsed conjugate of X (See chapter 11)
Also if A is a hermitian matrix, then by definition we have

= A (See Chapter II).
Now taking transposed conjugate of both sides of (ii) we get
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= X X X. using (iii) also

From (ii) and (iv) we get AXe X = Axe x

or	 (A-J)X6X=O	 or X—X=O,	 :XeX*O
or

	

	 A = A or A is real.	 Hence proved.
**Theorem IV. The characteristic roots of a real symmetric matrix are all

real.
Proof. Do as Theorem Ill above. Here all the elements of A are real and as

such it is particular case of Theorem Ill above.
**Theorem V. The characteristic roots of a skew-herrnitian matrix are

either purely imaginary or zero.

Proof. Let A be a skew-hermitian matrix, then (see Chapter II) we know
that iA is hermitian.

If I be a charcteristic root of A, then IA - XI] = 0
or	 i JA - A I] = 0 or] iA - (iX) I] = 0, where iA is hermitian.

or

	

	 (iA) is real, since the characteristic roots of a hemiitian matrix are all real.
(See Theorem Ill Page 168 Ch. VII)

or I is either purely imaginary or zero.
i.e. the characteristic roots of a skew her-mitian matrix A are either purely
imaginary or zero.	 Hence proved.

Theorem VI. The characteristic roots of real skew-symmetric matrix are
purely imaginary or zero.

Proof. Do as Theorem V above. Here all the elements of A are real and as
such it is a particular case of Theorem V above.

VII. The characteristic roots of a unitary matrix are of unit
modulus.

Proof. Let A be a unitary matrix (Sec Chapter 11). Let I- be a characteristic
root of A and X the corresponding characteristic vector.

Then	 AX AX	 ...(i)	 (See § 7.04 (ii) Page 166 Ch. VII)
Taking transposed conjugate of both sides of (i), we get

(AX)0 = (AX) () or	 X0 A0 = A X°

From (I) and (ii)we get X 0 A° AX = A X°AX	 (Note)

or	 X°(A°A)X=XXX°X

or	 X0 (1) X = X  X° X,	 . A is unitary (See Chapter II)

or	 X°X(l—IA)=O

or	 l—XX=0.

or	 AX=l	 jA]2	or	 =XX=I.
i.e the characteritic roots of A are of unit modulus. 	 Hence proved.

—25
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"Theorem VIII. The characterise roots of an orthogonal matrix are of unit
modulus.

Proof. Do as Theorem VII above remembering that if all the elements of the
unitary matrix A are real then A is an orthogonal matrix.

** 7.06. An Important Theorem.
The scalar A is a characteristic root of the matrix A if 	 only if the nuliriA

A - XI is singular

Proof. Let A = [a,J	 , X = 1x 1 , x2 ..... .v,J.

then	 AX =	 ...See § 7.04 Page 166

reduces to	 a11	 012	 ... a 1 ,	 x1 =

02 1 a22	 2n	 X2

an	 a,12	 . .	 a,,,	 x,	 À

=A	 1	 0	 0 ...	 0 xi
0	 1	 0 ...	 0 x2

0	 0	 ...	 1

=	 A	 0 ...	 0 X i

0	 A ...	 0 x2

00...

or
	 {

all°l2	 -	 i	 }	

=0

a21 (122	 02n
00...	 A

an  a2

or	 a11—A a 12	 ...

"21	 a22-X ...	 a2, x2

a.,	 ar12 1.1 	 a

or	 (A— II) X=0

i.e.	 AX=XX(A—AI)X=0,
which is a homogeneous system of linear equations whose coefficient matrix is
A — A!.

Now as we require a vector X * 0, so we must have
IA-X11=0
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i.e. the matrix A - Xl must be singular.

Solved Examples on § 7.03 to § 7.06

Ex. I. (a). Verify Cayley Hamilton's Theorem for the matrix

A= 101
010

	

0 0 1	
(Agra 93)

Sot. Here	 1= 1 0 01 and A rfi 1)
o 1 0	 10 I 0

	

0 0 I	 [o 0 I

A -XiI= 1-X 0	 1 1
0 i - X 0
0	 0 1-A

rr(I -A) I -X	 0	 ,expandingw.r. toC1

0 1-A

Characteristic equation of A is (1 - A) 3 = 0

or	 X33X2+3A10
Now	 A2=1 0 IxI 01=102

	

0 1 0	 0 1 0	 0 • I 0

	

0 0 I	 0 0 1	 0 0 1

A 3 =A 2 .A= 1 0 2 x 1 0 1 = 1 0 3

	

0 1 0	 0 1 0	 0 1 0
0 0 I	 0 0 1	 0 0 1

A3-3A2+3A-1
= ri 03 -3 1 0 2 +3 1 0 1 - 1 0 0

010	 010	 010	 010
00]	 001	 001	 001

103-306+3 03-I 00
0 1 0	 0 3 0	 0 3 0	 0 1 0
001	 003	 003	 001

1-343-I 0-0+0-0 3-6+3-0= 0 0 0 =0,
0-0+0-() 1-3+3-1 0-0+0-0	 0 0 0
0-0+0-0 0-0+0-0 1-3+3-1	 0 0 0

where 0 is the null matrix.

Hence the given matrix A satisfies its characteristics equation given by (i)

Hence proved.
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Ex. 1 (b) Show that the matrix A = 2 2 1 satisfies ('ayley
-1 03
2-11

Hamilton Theorem.	 (Meerut 92 1')
Sol. Here	 I = 1 0 0 and A =	 I	 2 1

C) 1 0	 -1	 0 3
O C)	 1	 2 -I	 I

JA - AlI= 1-A	 2	 I
-1	 -X	 3	 (Note)

2	 -1 1-A

= I - A	 2 I	 adding 2R2 to R
-I	 -A 3
o -l-2A7-A

=(1-X) -X	 3	 + 2	 1
-1-2X7-A	 -1-2)7-X

=(1 -A)(- 7X+A2 +3+6XJ+114-2X+] +2X1

=(1 A)(A2 A+3)+ 15=-X3 +2A2 -4A+ IS
Characteristic equation of A is

A3-2X2+4A-18=0

Now	 A2=	 1	 21	 I	 21=1	 18
-1	 0 3 -1	 0 3	 5 -5 2
2 -I	 1	 2 -I	 I	 5	 3 0

Now A'118	 1	 21	 16-6 12

	

5-52 --1 03	 14	 8 -8
5	 30	 2-11	 2	 10	 14

A 3 - 2A 2 + 4A - 181

= [16 -6	 12 -2 1	 I 8 +4	 I	 2 I
14	 8 -8	 5 -5 2	 -1	 0 3
210	 14	 5	 30	 2-11

-18 I	 0 ()
0 1 0
0 0

= 

[16 -6 12 + -2 -2 -16 +	 4'8 4 + - 18	 0	 0
14 8-8	 -10 10 -4	 -4 012	 0-18	 0
2 10 14	 -10 -6	 0	 8 -4 4	 0	 0 -18

= 16-2+4-18 -6-2+8+0 12-16+4+0
14-10-4+0 8+10+0-18 -8-4+12+0
2-10+8+0	 10-6-4+0 14+0+4-18
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= 0 0 0 = 0 where 0 is the null matrix
000
0 0 0

Hence the given matrix A satisfies its characteristic equaiton given by (i).

Ex. 2 (a). Use Cayley Hamilton Theorem to find the inverse of the

matrix 	 12 3
1 3 5	 (Ro/iilkhand 95)

1 5 12

Sol. here	 1= 1 0 0 and A = I 23
010	 135
0 0 I	 1 5 12

A_XI = iA	 2	 3
1	 3—A	 5
1	 5 12—A

=i - A	 2	 3	 applying R3 -
I	 3—A	 5
0	 2+X 7—A	 -

= 0 X)f(3_A)(7_A)_5(2+X)I—[2(7—))-3(2+.
expanding w.r. to C1

=(1—X)121 —IOA+A2 — 10-5X1—[14-2A-6-3A]

=(l —A)(1l - ISX+ A2 )— (8-5 A)

= 3-21 A + ioA2 - A3 , on simplifying.

The characteristic equation of A is

A3-1oA2+21X-3=0.

Now as A muSt satisfy is characteristic equation (I), so we have
3A —]6A+21 A-31=0

or	 31=A3-16A2+21A

Multiplying both sides by A	 we get

3A '=A 2 — 16A+211,	 :AA-

or	 A '= (1/3) A 2 - (16/3) A + 71.	 (ii)

Now	 A2=A.Ar 1 23	 1 2 3
13	 5x1 3	 5
I	 5	 12	 1	 5	 12

•	 =	 1+243 2+6+ 15	 3+10+36 = 6 23	 49

1+3+5 2+9+25 3+V+60	 9 36 78
1+5+12 2+15+6() 3+25+144	 1877 172

Froii (ii), we get
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A - 1	 6 23	 49	 16 1 23 + 7 1 0 0

3	 936	 7831 3	 5	 010

	

18 77	 172	 I 5 12	 0 0 1
- (16/3) + 7 (23/6) - (32/3) + 0 	 (49/3) - (48/3) • 01

	

!3-(16/3)+O	 12-16+7	 26--(80/3)+O
L6 - 16/3 +0 (77/3)-(80/3) +0 (172/3) - (192/3)+ 7

=	 11/3-3	 1/3 =(1/3) II -9 1

	

-7/3 3 -2/3	 -7 9 -2	 Ans.
	2/3-1	 1/3	 2-3	 1

Ex. 2 (b). Verify Cayley Hamilton's Theorem for the matrix
A	 0 0 ii. Hence compute A -

3 1 0
- 2 1 4j .
	 (Agra 94; Kanpur 96: Meerut 96)

Sol. Here	 I = [01 0 0 and A = 0 0 1

	

010	 310

	

 0 1	 -2 1 4

	JA-AI= 0-A	 0	 1

	

3 1-A	 0

	

-2	 1	 4-A
=-A{(l-X)(4-X)}+1 (3+2(1-A)}

=5-6),+5A2-X3
The characteristic equation of A is

X3-5X2+6A5---0
Also we have

	

•	 A2=	 00 100I=-21	 4

	

•	 3	 I	 0	 3	 1	 0	 3	 1	 3	 ...(ii)

	

-2 1 4 -2 1 4	 -5 5 14

	

and	 A3=A2.A= -2 14	 0 0 1 = -5 5 14

	

3 1	 3	 3 1 0	 -3	 4 15
-5 5 14 -2 1 4	 -13 19 51

	

•	 A3-5A2+6A-5I

	= 1 -5	 5 14 -5 -2 1	 4 +6 0 0 1 -5 1 0 0

	

1-3	 415	 31	 3	 310	 010

	

L- 13 19 51	 -5 5 14	 -2 1 4	 0 0 1
-5 5 141- -10 5 20+0 0 6-5 0 0

	

-3	 4 15	 15	 5 15	 18 6	 0	 0 5 0
-13 19	 ij	 -25 25 70	 -12 6 24	 0 0 5
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=	 -5+10+0-5	 5-5+0-0	 14 --20+6-0

-3-l5+1-0	 4-5+6-5	 15-15+0-0
-13+25-12-0 19-25+6-0 51-70+24-5

= 0 0 0 = 0, where 0 is the null matrix.

000
000

Hence the matrix A satisfies its characterstic equation given by (I). Hence

Caylcy-Flamilton'S Theorem is satisfied by the matrix A.

Again	 A3_5A2+6A_51=0

or

	

	 51=A3-5A2+6A

Multiplying both sides by A , we get

5A=A 2 -5A+6I,	 AA' =1

-2 1	 41-5	 0 0 1 +61 0 Q, from (ii)

3 1	 3	 3 10	 01 0'

-5 5 i4j	 -2 1 4	 0 0 1

=-2 14+	 0	 0 -5+600

3 1	 3	 -15 -5	 0	 0 6 0

-5 5 14	 10 -5 -20	 0 0 6

= -2+0+6 1+0+0	 4-5+0=	 4 1 -1

3-15+0 1-5+6	 3+0+0	 -12 2	 3

-5+10+0 5-5+0 14-20+6	 5 0	 0

or	 A1_	 4 1 -1.
5 -12 2	 3

500	 Ans.

Ex. 3 (a). Verify Cayley-Hamilton Theorem for the matrix

A = 1 20 and hence find A

2-1 0
0 0-1 (Kanpur 97)

Sol. Here we have

(A-XI1 = 12 0 1 -X I 0 0 = 1-A	 2	 0

2 -1 0	 0 1 0	 2	 -i-A	 0

0	 0 -1	 0 0 1	 0	 0	 -I-A

A-X1l= I -X	 2	 0
2	 -i-A	 0
0	 0	 -1-A

(- I -A)[(1 - A)(- I -A)-4}, expanding wr. to C3
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+A 2 -41=(I +A)(sA2)
= 5 + S A - A 2 -

The characteristic equation of A is A 3 + A2 —5 A - 5 00)Also we have

A 2 =AA= 1	 2Ox 1	 2	 0 =[0, 0 0
2 —1	 0	 2 —1	 0	 0 5 0
O	 0 —I	 0	 0 —1 	 0 I

A 3 =A 2 A	 5 0 0 x 1	 2	 0 = 5 10	 0
O 5 0	 2 —1	 0	 10 —5	 0
001	 0	 0-1	 0	 0-1

A3+A2—SA-51
5 10	 0 + 5 0 01-5 1	 2	 0}-5[01 0 0

	

10 —5	 0	 0 5 01	 2 —I	 oj	 0 I 0
O	 0-1	 OOij	 0	 0-1]	 o.i

=[ 5+5-5-5 10 +0-10-0 0+0-0-0
I10+0-10-0 — 5+5+5-5	 O+O—O—O
[ 0+0-0-0	 0+0-0-0 —1+1+5-5

= [0 0 01 = 0, where 0 is the null matrix.
Jo o 0
[0 o o

Hence the matrix A satisfies its characteristic equation given by (i). Hence
Cayley Hamilton theorem is verified by the matrix A.

Again A 3 + A2 - SA —51 = 0 gives

SI A 3 + A 2 - 5A
& 5 A = A 2 + A —51, multiplying both sides by A 'and AA = i

	

= [s 0 01 4- [i	 2	 0 —5[i 0 0 =[i	 2	 0

	

10 5 oJ J2 —i	 o	 Jo 1 0	 2 —1	 0
Lo 0 ij [o	 o —i	 [0 0 1 [o	 0 -s

2	 o].
5[022 —i	 of
 o _5j	

Ans,
Ex. 3 W. Show that the matrix A= 1 2 Ij satisfies Cayley-

0	 1-1
3-1	 1

Hamilton Theorem and hence complile A
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Hint Do as Ex. 3(a) above.	 Ans. (1/9) 03 3
3 2-.1
3 -7-1

Ex. 4 (a). Determine the characteristic equation of the matrix
1 3 71 and verify that A satisfies its characteristic equation.
423
1 2 1	 (Garhwai9ó)

Sol. Here we have	 A - Al j = 1 - A	 3	 7
4	 2-A	 3
1	 2	 I-A

- 1 x 2-A
	 3 -3 4	 3 +74 2-A

2	 I-A	 1 1-A	 1	 2

expanding w.r. to R1

= (1 - A) [(2- A) (1 - A) -6] -3[4- 4A -3] + 7 [8-2 + A]

= ( l X)[ 3X+ X2 413 [1 -4A]+7 (6+X}

= 35 + 20 A + 4A2 - 
),3 , on simplifying.

Characteristic equation of matrix A is

A3 - 4A2 - 20A - 35 = 0.
Also we have

A 2 =1 3 7x1 37=202323

	

4 2 3	 4 2 3	 15 22 37

	

1 2 1	 1 2 1	 10	 9 14

A 3 =A2 .A= 20 23 231 x 1 3 7

	

15 22 37	 4 2 3
10	 9 14	 1 2 1

= 20+92+23 60+46+46 140+69+23
15+88+37 45+44+74 105+66+37
10+36+14 30+l8+28	 70+27+14

135 152 232
140 163 208
60	 76 III

A3-4A2-20A-351

= 135 152 232 -4 20 23 23 -20 1 3 7 -35 1 0 0
140 163 208	 15 22 37	 4 2 3	 C) 1 0
60	 76 111	 10	 9 14	 1 2 1	 0 0 1



178	 Matrices

o 0 0(= 0, where is the null matrix
000
000

Hence the matrix A satisfies its characteristic equation (i). Hence proved
EL 4 W. Find the characteristic equaiton of the matru

A = 1 13 and show that A satisfies this equation.
526

--2 —1 —3

Hint :Doas Ex. 4(a)above.	 Ans. X'
Ex. 4 (c). Verify that matrix A = 2 2 1 satisfies its characteristic

131
122

equalton.	 (Rohilkhand 99)
Hint: Do as Ex. 4 (a) above.
EL 4 (d). Determine the characteristic equation of the matrix

A = 0	 1	 2 and verify that A satisfies Its characteristic equation;
i	 0 —1

[2 - 1	 0	 (Garhwal 94)

HIa(:Doas Ex. 4(a) above.	 Ans. A3-6A+4=O
'Ex. S. Find the characteristic vectors of the matrix A given in Ex. 4 (c)

above.
SoL As in Ex. 4 (a) above we can find that the characteristic equation of A

is (A - 1) 2 (5—A) = 0 and so the characteristic roots of A are 1, 1, 5.
The equation (A - XI) X = 0 of the matrix A is

2—A	 2	 1	 Xi=Ø]
I	 3—A	 I	 12	 01
1	 2	 2 -	 X3	 °I..See § 7.04 Page 166 Chapter VII

Putting A = 1 in the above equation, we get

•	 121 Xf
1 2 1 x2 to
1 2 1 x3 [0

The corresponding characteristic vector is given by the equation

xI + 2x2+ = 0.
The characteristic vector corresponding to A = I may be taken as
—1,1). Ans.
Putting A = 5 in (i), we get
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2-5	 2	 2	 ,1=0

	

1	 3-5	 1 x2	0

	

1	 2 2-5 X3	

Oj

or	 -3	 2	 1 X10

1 -2	 1 X2	 0

	

1	 2-3	 0

The corresponding characteristic vector is given
-3x 1 +2x2 +x1 =O,x 1 -2x2 +x3 =O and x 1 +2x2-3x3=0.

by the equations

Solving these we get 
x 
-j-- = x

2 x3

 -j- -j-.

The characteristic vector corresponding to A = 5 may be taken as (1, 1, 1).

Ex. 6 (a). Verify Cayley Hamilton's Theorem for the matrix
A = 2 - 1 1 and hence find A -

1 2-1
1-1 2

(Agra 96: Garhwoi 93; Kanpur 95, 93, Kumaun 95; Lucknow 91;
Meerut 98, 97; Rohilkhand 97) -

or find the characteristic equation of the matrix A = 2 -1 1 and
-1 2-1
1-1 2

verify that it Is satisfied by A.	 (Kanpur 91)
Sol. Uere	 IA-XII= 2-A	 -1

-I 2-A	 -1

	

1	 -1 2-A

= 2-A	 0

1 I-A

=(l-A) 2-A

I ,replacing C2 by C2+C3

2-A

0	 1
1	 -1
1 2-A

=(1-A)f(2-X) 1	 -1 + -1
1 2-A	 I

= ( 1 -A) ((2-A) (3-A)+(- 1- 1)}

=(1 -X) (4- 5X + A2 ) = 4 _ SA ; A2 - 4A + 5A2 - A3

= - A3 +6),2
 - 9X + 4.

The characteristic equation of the matrix A is

A3 - 6A2 + 9A - 4 = 0
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Now	 A 2 =	 2 —!	 1	 2 —1	 1 = 6 —5	 5

	—1	 2 -	 —1	 2 —I	 —5	 6 —5
1 —1	 2	 1 —1	 2	 5 —5	 6

and	 A3=A2.A= 6 —5	 5	 2 —1	 1
—5	 6 —5 —I	 2 —1

	

5 —5	 6	 1 —1	 2

= 22 —21	 21

	

—21	 -22 —21
21 —21	 22

A3-6A2+9A-41
=	 22 —21	 21 —6 6 —5	 5 +9 2 —1	 I

	

—21	 22 —21	 —5	 6 —5	 —1	 2 —1
21-21	 22	 5-5	 6	 1-1	 2

—4100
010
001

=1 22 —21	 21 + —36	 30 —30 + 18 —9	 9
1-21	 22 —21	 30 —36	 30	 —9 18 —9
[ 21 —21	 22	 —30	 30 —36	 9 —9 18

+-4 0 0
0-4 0
0 0-4

= 1 22 - 36+18 - 4 —21+30-9+0 21-30+9+0
1-21+30-9+0 22-36+18-4 —21 +30-9+0

•	 [21-30+9+0 — 21+30-9+0 22-36+18-4

= 00 0 =0, where 0 is the null matrix
000
000

Hence A satisfies its characteristic equation given by (i).
Hence Cayley Hamilton theorem is satisfied by the matrix A.
Again A3 —6A 2 + 9A-41= 0 gives 41=A3-6A2+9A

Multiplying both sides by A, we get

	

4A=A2 -6A+9I	 :AA=j

=1 6 —5	 5 —6 2 —1	 1 +9 1 0 0
j-5	 6 —5	 —1	 2 —1	 0 1 0
[5-5	 6	 1-1	 2	 001
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= 6-12+9 -5+6+0	 5-6+0 =	 3 1 -1
-5+6+0 6-12+9 -5+6+0	 1 3	 1

5-6+0 -5+6+0 6-12+9	 -1 1	 3.

3 1 -1

or	 4	 13	 1

	

-1 1	 3	 A.

Ex. 6 (b). Find the characteristic equation of the matrix
A= 00 2 and verify that itis satisfied byA and hence obtain

2-3 0
1	 1-1

A-
Hint; Do as Ex. 6 (a) above.

Ans. X3+4A2+A-l0=O,

Ex. 6 (c). Verify Cayley Hamilton Theorem for the matrix
A = 0 1 21. Find out the inverse If possible.

23 O
1 1 -2]	 (Rohilk.hand94)

Hint: Do as Ex. 6 (a) above.

	

	 -

Ans.!6 4-6
2 4-2 4

-1 1-2

Ex. 7. Find the characteristic roots of the matrix A [1 4] 	verify
[2 3]

Cayley Hamilton theorem for the matrix.
Sol. Do as Ex. 6 (a) above. 	 AnL 5,- 1

Ex. 8. Find the characteristic root and inverse of the matrix A:=  15 0
[12

Sol. Here	 IA-?,1I= 5-A	 6
I	 2-A

=(5 -),)(2 - A) -6=4 - 7A + A2

The characteristic equation of A is A2 - 7A + 4 = 0
Now as A must satisfy Cayley Hamilton's Theorem, so we get

A 2 - 7A + 41 = 0, where 0 is the null matrix

I=--A2+A.

Multiplying both sides by A	 we get
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__±r5 6]+ . {I 0-) = [_	 14-[l 01

4 [i 2	 0 1]	 4	 2j	 4	 I

	

I	 I	 iJ
[4 _j [0

=[	
0	 1=(1/4)F 2 -61

14 4	 2	 I 2	 2 	 Ans.

Aiso the characteristic roots of A are the roots of (i).

A = [7 ± (49 -16)] 	 (7 ± (33)).	 Ans.

Ex. 9. Using Cayley Hamilton's Theorem find A 2 where
A= 1 2 0

	

2 - 1 0	 (Agra 95)
0 0-1

Sol. Here I A - AIJ= . I-A	 20

	

2 -1-A	 0
0	 0	 - I - A

= 0-X-1-A 0	 -2 2 0
0	 - I --A	 0-1-A

(1-A)(1 +X)2 +4(1 +A)=(l ±A)[(I X2)+4]

=(1 +A)(5A2)5A2+5XA3
The characteristic equation of A is

A3+A2-sA-5=o
Now	 A2= 1	 2	 0 1	 2	 0=500

2 -1	 0 2 -1	 0	 0 5 0
o	 0 -1 0	 0 -I	 0 0 I

And	 A3=A2.A= 5 0 0 1 2 	 0 = 5 10	 0
0 5 0 2 -I	 0	 10 -5	 0

	

.00l0	 0-1	 0	 0-1

By Cayley Hamilton's Theorem from (i) we have

A 3 + A 2 - 5A - 51 = 0
or

	

	 51=A3+A2-5A.	 ...(ii)
Multiplying both sides by A ,we get

5A=A2 +A-5I,	 AA- I= I
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= 50 0+1	 20-5100
0 5 0	 2 —I	 0	 0 I 0
0 0 1	 0	 0 --1	 0 0 I

= 5+1-5 0-+2-*() 0+0+0 = 1	 2	 0
0+2+() 5—I-5 0+0+0	 2 —1	 0
0+0-i0 0+0+0 1-1-5	 0	 0 —5

nr	
A --	

2	 0

5 1 2	 -1	 0
[0	 0

Again multiplying both sides of (ii) by A 2 we get

	

5A_2=A+I_5A_L.	 (Note)
Dr	 5A 2=	

2?

0 + 1 0 0 - 1	 2	 0 from (iii)

10
	 0	 g- 

= I fl — I	 2*0-2	 0+0+0 = 1 0 0
2+0-2 —1+1+1	 0+0-0	 0 1 0
0+0+0	 0+0+0 —1+1+5	 0 0 5

) r 2_ 	 I 0 0A	
5 0 1 0
0 0 5	 Axis.

Ex. 10. Verify Cayley Hamilton's Theorem for the matrix A = 1 0 2
021
203

fence of otherwise compute A .

	

	
(Garhwal 92; Kwnaun 94, 92;

Luc-know 92; Meerut 96 P; RohiLkhand 98)
Sol. Here	 IA-A1I= 1—A	 0	 2

0	 2—A	 i
2	 0	 3—A

=(l -A) {(2—A)(3—A)-0) +2 (0-2(2—A)}

= (1 - A) (2— A) (3— A) —4(2—A)

= (2—A) (1 - A) (3—A) —4) = (2 —A) (3 —4A + A2 4;

= (2 —?.) (A2 - 4X- 1) = - A3 + X2 - 7A —2
The characteristic equation of A is

A3-6A2^-7A+2=o.

Now	 A2=l 0 2 1 0 2 = 5 08
021021	 24	 5
2 0 3 2 0 3	 8 0 13
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and	 A3=A2.A= 5 08 1 0 2 = 21 0 34
2 4	 5 0 2 1	 I? 8 23
8 0 13 2 0 3	 34 0 55

A3-6A2+7A+21

= 

[21 0 34 -6 5 08 +7 I 0 2 +2 1 0 0
12 8 23	 2 4	 5	 0 2 1	 0 I 0
34 0 55	 8 0 13	 2 0 3	 0 0 1

=21034+ -30	 0-48+7 014+200
12 8 23	 -12 -24 -30	 0 14 7	 0 2 0
34 0 55	 -48	 0 -78	 14 0 21	 0 0 2

= 21-30+7+2	 0+0+0+0 34-48+14+0
12-12+0+0 8-24+14+2 23-30+7+0

34-48+14+0	 0+0+0+0 55-78+21+2
0

= 0 0 0 = 0, where

00	

0 is the null matrix.
000

0

Hence A satisfies its characteristic equation given by (i)
Hence Cayley Hamilton's Theorem is satisfied by A i.e.

A 3 -6A2 -i-7A+21=O or 21=-A3+6A2--7A,

Multiplying both sides by A 	 we get

2A=-A2 +6A-7I,	 AA'=I, IA - =A

508+6102-7100
245	 021	 010
8 0 13	 2 0 3	 0 0 1

= -5	 0 -8 + 6 0 12 + -7	 0	 0
-2 -4 -5	 0 12 6	 0 -7	 0
-8	 0 -13	 12 0 18	 0	 0 -7

= -5+6-7	 0+0+0 . -8+12-0 = -6 0_
 -4+12-7	 -5+6-0	 -2 1	 1

-8+12+0	 0+0+0 -13+18-7	 4 0 -2

or A'=(1/2) -6 0.4 = -3	 0	 2
-2 1	 1	 -1 1/2 1/2
4 0 -2	 2	 0 -1	 Am

Ex. 11(a). Find the characteristic equation of the matrix A 1 3 7
423
1 2 ij
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and hence find A 
1 . Also verify Cayley Hamilton's Theorem for A.

(Kanpur 90)

Sol. Here A - Al!

= I - X 3	 7= - A	 1	 6 + A applying

4 2-A 3	 O-6-X-1+4A R,-R3,
1	 2 I - A	 1	 2	 1-). R-4R3

	=-X -A +	 1	 6+).
2	 I-A	 -6-X-1+4A

=-A[-(6+A)(l -A)-2(4X- l)]+ [(4).- 1)+(6+A)j

=-A(-f+6X--X+A2-8A+2)+2+ 16X+35)

A3+42+20X+35.
The characteristic equation of the matrix A is

A34X2_20A_35=0

By Cayley Hamilton's Theorem, we have

A 3 - 4A2 - 20A - 351 = 0, where 0 is the null matrix.

or ,	351 A3 - 4A2 - 20A.

Multiplying both sides by A ', we get

	

35A '= A2 - 4A - 201,	 AA 	 I	 (ii)

Now A2 = 1 3 7f1 37
4 2 3 j4 2 3
1 2 1	 [i 2 1

= 1+12+7 3+6+14 7+9+7 = 20 23 23
4+8+3 12+4+6 28+6+3	 15 22 37
1+8+1	 3+4+2 7+6+1	 10 9 14

From (ii) we get

35A-I= 20 23 23 -4 1 3 7 -20 1 0 0
15 22 37	 4 2 3	 0 1 0
10	 9 14	 1 2 1	 0 0 1

= 20-4-20 23-12-0 23-28-0 = -4 11 -si

	15-16-0 22-8-20 37-12-0	 -1 -6	 251 Ans.
10-4-0	 9-8-0 14-4-20	 6	 1 -101

Verify Cayley Hamilton's Theorem for yourself.

Ex. 11 (b). Find the characteristic equation of the matrix

A= 1 1 -2 and hence flnd A1
-2-1 2
341 (Meerut 91 S)

Sol. Do as Ex. 11(a) above.

-26
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Ex. 11(c). Using the characteristic equation of the matrix A = 1 0 1
010
001

find A
Sot. Do as Ex. 11(a) above.	 Ans. f 1 0 —1

01 0
00 1

Ex. 12. If A	 8 -6 2 find the characteristic roots of A.
—6 7-8
2-4 3

Verify Cayley Hamilton's Theorem and hence find A'.
Sol. Here	 IA-XII= 8—A	 —6	 21

—6 7—A —8
2 —4 3—A

=(8—A) {(7—A)(3—X)-32 J+6(-6(3—X)+16)

+2{24-2(7—A)}
=(8—A)(— 11— IOX+X 2 } +6 (6)L— 2J +2 {10+2XJ

=_88_69A+18A2_A3+36A_12+20+4A=_Al+18A2_29A_80
The characteristic equation of the matrix A is

A3 — 18A2+29X+80=0.
Its roots are the required characteristic roots of A (students can calculate it

I they have read solution of cubic equations, so left as an exercise for the
,tudents).

	

Now A2= 8 —6	 2	 8 —6	 2 = 104 —98 70
—6	 7 —8 —6	 7 —8	 —106 117 —92

	

2 —4	 3	 2 —4	 3	 46 —52	 45

And	 A3 =A2 .A=	 104 —9870	 8 —6	 2
—106 117 —92 —6	 7 —8

46 —52	 45	 2 —4	 3

=	 1560 - 159012021, on evaluating

	

- 1734	 1823 - 1424

	

770 -820	 643

A3-18A2±29A+801
=	 1560 - 1590	 1202 - 18	 104	 98	 70

	

—1734	 1823 —1424	 —106 117 —92

	

770 —820	 643	 46 —52	 45

+29 8-6	 2+80100
—6	 7 -8	 0 1 0

2 —4	 3	 0 0 1
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=	 1560 - 1590	 1202 + - 1872	 1764 -1260
-1734	 1823	 14241	 1908 -2160	 1656

760 -820	 643	 -828	 936 -810

	

+	 232 -174	 58+80 0 0

	

-174	 203 -232	 0 80 0
58	 116	 87	 0.080

= 0 0 0 = 0, where 0 is the null matrix.
000
000

Hence A satisfies the characteristic equation given by (I).

Hence Cayley Hamilton's Theorem is satisfied by the given matrix A i.e.

from (i) we get A3 - 18A 2 + 29A + 801 = 0

or	 801 = - A 3 + 18A 2 - 29A

or	 80 A = - A 2 + 18A - 291, multiplying both sides by A-
104 -9870	 2^18[ 8 -6	 -29 1 0 0

-106 117 -92	 1-6	 7 -8	 0 1 0
46 -52	 45	 , 2 --4	 3	 0 0 1

= -104+144-29	 98-108+0 -70+36+0
106-108+0 -117+126-29	 92-144+0

-46+36+0	 52-72+0 -45+54-29

or	 80A'=	 11 -10 -34
-2 -20 -52

-10 -20 -20

or	 A- 
1 = (1/80)	 11 -10 -34

-2 -20 -52
-10 -20 -20	 Ans.

Ex. 13 (a) Verify that A = 12 0 satisfies its own characteristic
2-1 0
0 0-1

equation. (b) Is it true of every square matrix ? (c) State the theorem that

applies here. (d) find A 1 .	 (Meerux 93, 90r Rohilkhand 9])
Sol. (a). Here as in Ex. 9 Page 182 Ch. VII we can prove that the

characteristic equation of the matrix A is

X3+A2-5X-5=o
Now	 A2= 1 2	 0 1	 2	 0 = 5 0 0

2-1	 0 2 -1	 0	 0 5 0

	

0 0 -1 0	 0 -1	 0 0 1
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And	 A 3=A2 .A= 5 0 0 1	 2 0 = 5 10 0
0502-1	 0	 10 —5	 0

	

0010	 0-1	 0	 0—I

A3+A2-5A--51
= 5 100+50 0-51	 2	 0-5100

10-5	 0	 050	 2-1	 0	 010
0	 0-1	 001	 0	 0-1	 001

= 5+5-5-5 10+0-10+0	 0+0+0+0
10+0-10+0 —5+5+5-5	 0+0+0+0

	

0. +0+0+0	 0+0+0-s-0 —1+1+5-5

=000
000
000

0, where 0 is the null matrix.
Hence the matrix A satisfies its characteristic equation given by (i).
(b) Every square matrix satisfies its characteristic equation.
(c) Cayley Hamilton's Theorem. (d) Do yourself
Ex. U. Find the characteristc equation of the matrix

A = 1 0 2 and hence compute its cube.
012
120

Sot. Here we have

	

JA — X1l = 1—A	 0	 2
0	 1—A	 2
1	 2	 0—A

(1—A){—A(1—A)-4)+1 (-2(1—A))

2-6(1—A)=—A3+2A2+5X-6
The characteristic equation of the matrix A is

X3-2A2-5A+6=0.
By Cayle'-Hamilton theorem we have

•	 A 3 -2A2 -5A-i-61=O	 .	 ...(ii)
Now A2= 1 021 x 1 0 2 = 3 4 2

01 2'.	012	 252

	

1 2 0] 1 2 0	 1 2 6

.. From(ii)we have A3=2A2+5A-61
2 3 4 2 +5 1 0 2 _6[1 0 0

252	 0 12	 010.
1 2 6	 1 2 0	 10 0 1
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=[6 8 4 + 5 0 10 + -6	 0	 0

	

14104	 0510	 0-6	 0

	

1 2 412	 5100	 0	 0-6

=5814
4	 9 14

	

7 14 6	 Ans.

Ex. 15 (a). Using Cdy!ey Hamilton Theorem calculate

2A 5 + 3A4 + A2 - iii where A = 1 3 ii.	 (Rohilkhand 93)
H 1 2]

Sol. Here	 IA-All = 3-A	 ii
-1 2-Al

=(3-X)(2-A)-(--1)(1)=A2-5X+7.

The characteristic equation of the matrix A is X - 5X +7=0.

Now A 2=A.A=[ 3 1]x 3 1 1=1 8 5
[-1 2] [-	 2] [-5 3

•	 A2-5A+71= [ 8 51- 5 1 3 1 1 +7 1 1 0

	

[-5 3]	 [-1 2]	 Lo 1

=t
8-15+7 5 - 5+01 = [0 01=0,
5+5+0 3-10+7] L° 0]

where 0 is the null matrix.
Hence A satisfies the characteristic equation of A given by (I). Thus we have

	

A 2 -5A+71=O.	 ..,(ii)

Now

	

	 2A5+3A4-A2-III

=2A3(A2-5A+71)+13A4-14A3-A2-l1I

= 2A 3 (0) + 13A 2 (A2 - 5A +71)-t-51A 3 -92A 2 - 11!,	 from (i)

= 13A2 (0)+ 51A (A 2 - 5A +7!) + 163A2 - 355A -111

= 5 I (0) + 163(A 2 -5A + 71)+460A - 11521
163 (0)+460A -11521 =460A - 11521

=4601 3 1 1- 1152 1 1 01 = 1 1380 - 1152	 460-0
[-1 2]	 [o 1] [ -460-0 920- 1152

= 1 2284601=41 57	 1151.

	

[-460 -232]	 [-115 -58]

Ex. 15 (b). Verify Cayley Hamilton's Theorem for the following and

compute 2A 8 - 3A5 + A4 + A2 - 41.
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A= 102
0 -1 1
0 10

IA-All
= 1-A	 0	 2

o	 - i - x	 I
o	 1	 0-A

=(I-A)-1-A	 1
I	 -x

So!. Here

(Kumaun 90)

=(I-A)(A+A2-l)=-A3+2A-1
The characteristic equation of the matrix A is

A3 - 2X+  1 =0.	 (i)
Now A2=A.A

 021 02=1	 2	 2
01 1 0-1 1	 0	 2 -1

[01

10010	 0-1	 1

A3 = A2 'A
=1	 2	 21	 02=1	 0	 4

0	 2 -1 0 -1 I	 0 -3	 2
0 -1	 1 0	 1 0	 0	 2 -1

A3-2A+I
=1	 0	 4-21	 02+100

0 -3	 2	 0 -.1 1	 0 1 0
0	 2-1	 0	 10	 001

=[

I -2+ 1  0+0+0 4-4+0 = 0 0 0
0+0+0 -3+2+1 2-2+0 0 0 0
0+0+0	 2-2+0 -1+0+1	 0 0 0

= 0, where 0 is the ilull matrix.
Hence A satisfies the characteristic equation of A given by (i) and so Cayley

Hamilton's Theorem for the matrix A is verified.

Thus we have	 A3 - 2A + I = 0

Now

	

	 2A8_3AS+A4+A2_41

=2A5(A3_2A+I)+4A6_5A5+A4+A2_41

=2A$(0)+4A3(A3_2A+1)_5A5+9A4_4A3+A2_41,

from (ii)

=4A 3 (0)-5A 2 (A 3 -2A+I)49A- 14A3+6A2-41

=-5A2(0)-+-9A(A3---2A-i-1)- 14A34-24A2-9A-41

= 9A(0)-14(A 3 -2A+J)+24A 2 -37A+ 101
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=-14(0)+24 1	 2	 2-37 1	 0 2 +10 100

0	 2-1	 0-1 1	 010

0-1	 1	 0	 1 0	 001

= 24-37+ 10	 48+0+0	 48-74+0

0+0+0 48+37+10 -24-37+0

	

0+0+0 -24-37+0	 24+0+10

=-3	 48 -26
o	 85 -61	 Ans.

0 -61	 34

Ex. 16 Evaluate the matrix 2A4 - 7  A3 - 4A2, where A = 1 1 0 2
01 2
120

Sol. As in Ex. 10 Page 185 Ch. VII it can be calculated that the matrix I

satisfies	 A3 - 2A 2 - 5A + 61 = 0

Now	 2A4 - 7A 3 _4A 2  (A 3 - 2A2 - 5A -i- 61) (2A - 31) - 27A + 1

= -27 A + 181, from (I). Now calculate.

Ex. 17. If A	 1 0 0 , show that for every integer n 2: 4,

I	 ) 1
010

n	 n-2	 3	 20
A = A	 + A - A. Hence evaluate A

Sol. Here we have

	

A-XI = i-A 0	 0
I 0-A	 I
0	 1 0-A

=0 A) Y- X) (- X) -1) 0 X)(A2 1)

= - + X 2  + A - 1

The characteristic equation of A is A 3 - A2 - A + I =0.

And so by Cayley-Hamilton's theorem we have

A 3 - A 2 - A + I =0

or	 A(A2-1)=A2-I

Premultiplying both sides of 	 by A 3, we have
A 

2 (A 2 - 1)=A r- 3 (A 2 - I).

Putting r=n,n-l.n-2.... 4 in (ii) we get

- 2 (A - I) A"	 (A 2 - I)

A 3 ( A2 - I)= A 4 (A2 - I)

...(i)	 (Note)

...(ii)
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A2(A2_I),=A(A2_I)
Multiplying these n - 3 identities we have

	

A 2 (A 2 -I) = A (A2 - I).	 (Note)
or	 AA'2A3_A or A'=A2+A3_Aforn>4

Now we have An-A'72 = A(A2 - I)	 (iii)• Putting a 20, 18, 16,..... 4 in (iii) we get	 (Note)
•	 A20_A18=A(A2_J)

A 18 - A 16 = A (A 2 - 1)

A-AA(A2_J)
Adding these nine identities, we get

A20 - A2 = 9A (A2 - 1)
=9A3_ 9A = 9(A2 +A_I)_9A from (j)

or	 A20= 10A2-91.
Now	 A2$1 0 Ol x II 0 01=1 1 0 0

Ii	 0	 l I'! i 	 0	 Ij	 1	 1	 0
[o 1 0] [o 1 

0J 1' 0 1
From (iv) we have

A20.= 10 1 0 01- 9 1 0 01II	 1 Oj	 0 1	 0J
[1 0 1]	 0 0 1]

	

=[

.110 0 01+ -9	 0	 0
o 10 00-9 0
10 0 10] 0 0 -9

=Ii 0 0
10 1 0

[10 0 1 ]

(Note)

...(iv)

Ans.

Ex. 18. Compute A2. In Example 17 above.
SoLin Ex. 17 above we have already proved that

A3-A2-A+10
• Also in Cor. III Page 168 Ch. VII we have proved that

...(ii)

provided A'T +a 1 A'7 f a2 A'72 +... +a_ j A+a,1=O	 ...(iii)
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Comparing (1) and (iii) we have

	

1, a,, 2	 etc. ora1-1,a2=letC.

From (ii) we have

=—-{A' '+(- 1)A+	 +(l)I}, where n3

=A2—A+1}

= 1 0 0 - 1 0 01 + r 1 0 0
1	 1 0	 1 0 1	 0 1 0

	

1 0 1	 0 I 0	 0 1

From Ex. 17 Pages 191-192

or	 A= 10	 0
0	 2	 -1	 ...(iv)

1 —1	 2

Also from (i) pre-multiplying each term by A 
2 we have

A—I—A+A 2 =O. 	 (Note)

or	 A2=—A+1+A1

=-100+l00+10 0

	

101	 010	 0 2-1

	

010	 001	 1-1	 2

100
—1	 3-2

	

1-2	 3	 •A.

Ex. 19 (a). Determine the eigen values and the corresponding elgen
vectors of the matrix A = 2 2 1

131

	

1 2 2	 (Garhwal 95)

Sol. Here I A - Xfl

= 2 -A 2	 I= 2 - A	 0	 I	 applying-

I	 3—A	 1	 1	 1—A	 1	 C2-2C3

1	 2 2-. X	 I	 —2-2A2—A

=(2—A)	 I—A	 1	 + 1 i —A

	

2X-2 2-A	 1 2A-2

(2 - A) ((2 - 3A + A 2) - (2A - 2)1 + [(2A —2) - (1 - A)]

=A3 +7A2 l]A+5=—(A—l)2(A-5)

The characteristic equation of the matrix A is (A - 1)2 (A - 5) = 0

Its roots i.e. required eigen values of A are 1. 5. 	 Ans.
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Now the equation (A -Al) X = 0, for the matrix A is

[2-A. 2	 1	 X1=0

1 
1	 3-A 1	 x2	 0	 G)

[ 
1	 2 2-A x3	0

...See §7.04 P. 166 Ch. VII
Puting A 1 in (i), we get

1 2 1 X1 =[o

	1 2 1	 2	 0
1 2 l X3	 [0

The corresponding eigen-vector are given by the equations
X I + 2x2 + x3 = 0, which docs not give any non-zero solution.

The eigen vector corresponding to A = I cannot be evaluated.
Putting A 5 in (i), we get

	

-3	 2	 I	 i=0

	

1-2	 1x2	0

	

I	 2 -3 3 	 0

	

f-2	 0	 2 X1 = [o applying

	

1	 2	 I X2	 R1 -	 + 82,

	

[ 
0	 4 -4 x3 [0 R3 -4 R - R2

= -2x1+2x3.=0,x1-2x2+x3=0,4x2-4x3=0
= X1 = x3 , x 1 - 2x2 + X3 = 0. x2•
=x1=x2=x3,x1-2x1+x1=O

X	 = x3 and A I can take any value.

Corresponding eigen vector is (x 1 . x 1 , xt), where x can take any non-zero
value.

Ex. 19 (b). Find the eigen-values and eigen vectors of the matrix
A=311

151

	

1	 I 3

SoLHerejA - )JI
	3-A 1	 '1- 3-A 0	 ,applying C2 C3

1	 5--A	 1	 I	 4-A	 I
I	 I 3-A	 1 A-2 3-A

	

=(3-A) 4-A 1	 +1 14-A
A-2 3-A	 1 X-2

=(3 -A) ((4 -A) (3- A)- (A -2)1 + [(X-2)- (4-A)]

(3-A)[A2-8),+ 141+(2X-6)
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=(3-X)[A2-8A+ 14-21=(3-A)(A2-8A+12)

The characteristic equation of A is (A - 2) (), - 3) (A - 6) = 0.

Its roots i.e. required eigen values of A are 2, 3, 6. - 	 Ans.

Now the equation (A - Xl) X= 0, for the matrix A is

3-A	 1
I	 5-A 1 x2

1	 I	 3 A X3	 (See § 7.04 Page 166 Ch. VII)

Putting A = 2 in (i), we get

.	 Xj =0=: 0
1 3 1 12	 0
1	 1	 1	 0

The corresponding cigen-vector is given by the equations
x1+x2+x3=0,x1+3x2+x10

11 12 X3	 X1 X2 13

These give	 --=	 or

The characteristic vector corresponding toA = 2 may be taken as (1, 0, 11.
Ans.

Similarly calculate for A = 3 and 6 also.
Ex. 20. Find the eigen-values and elgen vectors of the matrix

A= 3 -5 -4
-5 -6 -5
-4 -5	 3

SoI.HerelA - XIt= 3-A	 -5 -4
-5-6-A -5
-4 •	 -5 3-A

=(3-),)-6-A -5 1+5 1-5 -5 1-4 -5-6-A

1-5 3-A	 -43-A	 -4	 -5

= (3- A) [- (6+A) (3-A) -251+51- 15 + 5X-201

_30:=_(A_4)(A2+4A_77)	
-4[25+4(-6-X)

=-(A--4)(A-7)(A+ 11).
- Characteristic equation of A is (A -4) (A - 7) (A + II) = 0
Its roots i.e. required eigen values of A are 4, 7, - ii.
Now the equation (A - XI) X = 0, for the matrix A is

r3_A -	 41[xi=O
--5 -6-A -5 Iix2j	 ...(ii)

-4	 -5 3 Aj[3j	 ...See § 7.04 Page 166 Ch. VII
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Putting A 4 in (i), we get

-1	 5 4 Xj =0
-5 -10 -5 x2

-4 -5 -1 x3

The corresponding cigen-vectors is given by the equations
x j +5x2 +4x 3 =05x 1 + lOx2+5x3=O

and	 4x1+5x2+x3 =0, which giveex 1 =O=x2 =x3.
These being all zero, the eigen vector corresponding to X = 4  cannot bee'alutated.

Putting X=7in(i), we get

[4	 5	 4 X =0
-5 -13 -5 x2

-5 -4

The Corresponding eigen vectors is given by the equations
4x 1 -P5x2 + 4x3 = 0 and 5x 1 + 13x2 + 5x3 = 0

which give	 x2 = O and x3 = -x1

These give 
X1
-j-= X2--= 

X3
---.

The characteristic vector corresponding to A = 7 may be taken as (1,0,- 1).

Similarly calculate for A - 11 also.	
Ans

Ex. 21. Find the eigen-vectors of A = - 2 2 -3
2 1-6

Sol. Here we can'calculate that
JA -AIJ= -2-A 2 -3

2	 1-X-6
-1	 -2 -A

and the eigen values are given by A = 5, - 3, - 3.

(Students are to find these in exam.)
Now the equation (A -;U) X = 0, for the matrix A is

-2-A 2 _3 x1 =0
2	 1-A-6 x2

-1	 -2 - A X3	 (See § 7.04 Page 166 Ch. VII)
Putting A = 5, in (i) we get

-7	 2 _3 X1 =0
2 -4 -6 x2

-1 -2 -5



Solved Examples on Characteristic Equation	 197

The corresponding eigen-vector is given by the equations

-7.rl+2x2-3x3=O.-4x2-6x3=O,-Xl-2X2SX3=O

Xj	 -2	 X3
These give = = —j

The cigen-vector corresponding to A = 5 may be taken as (1, 2, - 1).
Ans.

Putting	 - 3, in (i) we get	 1	 2 -3 = 0
2	 4 -6 -2

-1 -2	 3 x3

The corresponding eigen-vector is given by the equations

X1 +2x23x3=O,2x1+4x26x30x1-Zr2+3X3=O.

These reduce to x 1 + 2-r2 - 3x3 = 0 only and so non-zero solution of this

cannot be found, hence no eigen-vector car( be derived for A = - 3.

Ex. 22 (a). Determine the characteristic roots and characteristic vector
of the matrix A =	 ' 1

	

[1 2 j	 (Garhwal 93. 92)

Sol. Here I A - XI = 5 - A 4
1 2-A

=(5-X)(2-X)-4=6-7X+X2

The characteristic equation of the matrix A is

A2 -7X+6=O or (A-1)(A-6)=0 or A=1,6.
The characteristic mots of the matrix A are 1, 6. 	 Ans.

Now the equation (A - XI) X = 0, for the matrix A is

[5-x 4 1[xtl=o=[ol

[ I	 2-A][x2]	 [o]	
.

Putting A I in (i), we get.

[441[x1=[o1xl+x2=0=2

[I 1j[x2j [0]

X1	 -2
I	 -'-1

The eigen-vector corresponding to A = 1 may be taken as (I, - 1). 	 Ans.

Putting A = 6 in (I), we get

r-i	 41[xI1[014x20
[1 -4j[x2j [0]

X  x2

The eigen-vector corresponding to A = 6 may be taken as (-4. 1). 	 Ans.
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Ex. 22 (b). Find the characteristic vector of A = 1 2 3
023
0 0 2	 (Aç'r 901

Sol. Here we get ( A - Al I = 1 - A	 2	 3

	

o	 2—A	 3

	

o	 0 2—A

and the cigen-values are given by A = 1, 2, 2.

(Students are to find these in the exam.)
Now the equaiton (A - Al) X =0, for the matrix A is

I - X 2	 3 X1' 0, see 7.04 Page 166 Ch, VII.
0 2—A 3 x2
0	 0 —1 [X3

Putting X= 1 in (i) we get

0 2 3 X1

0 1 3 x2
o 0 1

The corresponding characteristic vector is given by the equations
22 + x3 = 0, x2 + x3 0, x3 = 0 which do not give non-zero solution of these
equations and hence no characteristic vector can be derived for A

Putting X=2in(i)weget

—1 2 3 1 [xx3i = 0
0 0 3 x2
0 0 0

The corresponding characteristic vector is given by the equations
- x 1 + 2x2 - 3x3 = 0, 3x3 =

The gives =0.

.. The characteristic vector corresponding to A = 2 may be taken as
(21,0).	 Ans.

EL 23. Find the elgen-vector of the matrix A = [03  1 4
026
 0 5	

(Agra 92)

	

SoL Here we have JAiJ= 3—A	 1	 4
0 2—A 6
0	 0 5—A

and the characteristic roots (or eigen values) are given by A = 2, 3, 5.

(Students are to find these in the exam.)
Now the equation (A -XI) X = 0, for the matrix A is
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3—A	 I	 4
0 2—A 6	 x2

0	 05—A
(See § 7.04 Page 166 Ch. Vil)

Putting A 5 in (i) we get

—2 14 X1=Ø
0 -36 x2

0 00 x3

The corresponding eigen-vector is given h the equations
-	 + x 2 + 4x 3 0,	 -2 6x3 0,

which give	 3x2 = 6x3 or 
X2
-- 

= 

X3

 j.

'
X 2 x3

Now -- =	 k (say), then from - 2x 1 +x + 4x 3 = 0 we get

2	 -2 + 4x3 = 2k + 4k 6k or x = 3k

X 	 xl x2 x1
or	 -=k. Sowc get --=-=.

The characteristic vector corresponding to A = 5 may be taken as

(3, 2, 1).

For A 2, 3 we find that I A - Al I = 0 and so non-zero solutions of (I)

cannot be evaluated in these cases i.e. cigen-vectors Cannot be calculated.

*Ex. 24. If a ± li * c = 0, find the characteristic roots of the matrix

A a c b

	

c b a	 (Garhwal 96)
b a c

SoL Here we have

	

IA - AlI= a—A c-0 b-0	 a—A	 c	 b
c-0 b--A a-0	 c	 b — A	 a
h-0 a-0 c—A	 h	 a	 c—A

= a + h + - A c	 b	 replacing C 1 by

c+h+a — X b—A a	 C1+C2+C3

b+a+c — X a c--A'

= —A c	 b ,since a+h+c=0(given)

—A a c—A

= - A	 c	 b	 . replacing R , R1 by

0 b-A--c a—h	 R2 —R 1 and R3—R1
0	 a — c c— A — b
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- A b - c - A a - b ,expanding with respect
a-c c - b - A toC1

=_A[bc_b2_bA_c2+cb+cx_Ac+bA+j2_Q2+ac+_bc]

or	 AyAIJ,=rA[(a2+b2+c2_ab_bc_ Ca) _2J

Also a+b+c=0(a+b+c)2=O

=a2+b2+c2+2ah+2hc+2ca=O

=2 (ab + bc + Ca) = -(a 2 + b2 + c 2)	 (Note)

_(ab+bc+ ca) =(a2+b2+c2)

... From (i)weget

JA-AlJ=A[ [(a2+h2+c2)+(a2+b2+c2))_A2] 	 (Note)

= A [(3/2) (a 2 + b2 + c 2) - A21

The characteristic equation of A is A [(3/2) (2 -1- b2 + c2 ) - A2 1 = 0 which
gives A = 0 or A2 = (3/2) (a 2 + b2 + c2).

The required roots are 0. ± [ (3/2) (a2 + b2 + c2 )} 2 .	 Ans.
Ex. ' (a). Find latent roots and latent vectors of the matrix

A= a h g
o b 0	 (Kanpur 94)
OOc

SoI.Here 1A-XII = a — A	 h	 g

o b-A 0

0	 0 c - A

=(a-A)(b-A)(c-A)

The characteristic equation of the matrix A is
(A - a) (),- b) (),-c)=0

and the characteristic or latent roots of A are a, h, c.	 Ans.
Again the equation (A - Al) X = 0 for the matrix A is

r

-A h	 g X10

0	 -A	 0 x2 	0
0	 0	 c-A x3 	0

Putting A = a in the above equation we get

0	 h	 g	 XIr0
0 b - a	 0	 x2	0
0	 0	 c - a x3	 0
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The corresponding characteristic vector is given by the equations

Ox 1 + 12x 2 + 9x 3 = 0, (b - a) x-) = 0. (c - a) x3 0.

The characteristic vector corresponding A a may he taken as ((X, 0, 0).
Ans.

Similarly we can find the characteristic vector corresponding to A = b and
A ( as (- h, a - b, 0) and (- h, 0, a - c).	 Ans.

Ex. 25 (h). Find the latent roots and latent vector of the matrix
A 	 h g

Oh f
OOc

So!. Do as Ex. 25 (a), above.

Ex. 25 (c). Find the latent roots and latent vectors of the matrix

A= 2 5 1
O 3 0	 (Agra 95)
004

Hint : Do as Ex. 25(a) above.
Ex. 26. If B = r 2 '121 then find the characteristic equation of B and

['12 1]

verify that the matrix B satisfies the equation. Also find the characteristic
roots and the corresponding characteristic vectors of B. 	 (Garhwal 94)

Sol. Here	 B = [^2  '121 and I= [10
2	 ij	 [o i

L	

'12
'12	 1—A

=j(2—A)(1 —A)—'12'121

= 2 - 24 - A + - 2

= - 3X = A (A - 3).

	

The characteristic equation of the matrix B is A (A - 3) = 0	 Ans.
and the characteristic roots of B are 0 and 3.	 Ans.

Also	 B'= [ 2 V2 1 x [ 2 12
['12	 ij ['12	 1

r2.2+'12.'12 2.'12+12.l1={ 6	 3'12

[

2.2
 12.2+ l.'12 42. '12+ 1.1j [3'12	 3

B 2 -3B= [ 6 3'121 — 3[2 12
[3'12	 3j	 ['12 I

= [ 6 3'121 +[_— 6
3'12 3 j3'12 --3

- 27
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=[ 6-6	 342-3I21=[00

L3 2 - 3\2	 3-3  ] L° o

= 0, where 0 is the null matrix.

Hence the matrix B satisfies its characteristic equation given by

or X23A0

The equation (B - XI) = 0 for the matrix B is

12XI2 i[xil=o

L 2 I _X][x2j

(see § 7.04 Page 166 chapter VII)

Putting X=0 in (I), we get

I
 2 '211XI1=0

	

2	 1][x2]

The corresponding characteristic vector is given by the equations

III+42X2=0  and 'I2i + x2 0.	 (Note)

Taking any one of them we get 	 -

X1	 .r2 	 X1	 X2
01

.'. The characteristic vector corresponding to A 0 may be taken as

Putting A 3 in (i), we get

[-i 421['il=0
•i 42 -2j[x2j

The corresponding characteristic vector is given by the equations

_x 1 +2x2 =0 and I2-2x2=0.

	

X I 	 x2	 x1	 X-

Taking any one of them we get -oror - =

The characteristic vector corresponding to A = 3 can be taken as (12, 1). Ans.

**Ex 27. Show that the matrix A= 0	 c - b satisfies its

-c 0	 a
b -a 0

characteristic equation. Also find A . (Agra 91. Kwnaun 91 Rohi/khand 92)

Sol. Here (A - AIH 0-A	 c-0 -h-0
-c-0 0-A a-O
h-0 -a0 0—A

=4
	11- C a1_bIc -A

-a -Ab -A] [b -a

= - A (A2
 
+ a

 I 
)  - C (c), - ab) - h (ca + bX)
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 2	 2
_X3 - X
 (e,2 + 1, + c )

The characteiistic equation of A is

i+A(a2+b2+c2)-O.
	Also we have A 2 [ 0	 c - h	 0	 c - b

	

C	 0	 a -c	 0	 a

	

b -a	 0	 b -a	 0

2	 2= --(c +b)	 ab	 ca

ab	 -(c 
2 +a 2)	 he

ac	 he	 -(a 
2 

+b 2)

43 
= A2

= [- (h
2 4 c2 )	 ab	 Ca	 0	 c -b

	

ab	 - (c 2 + a 2)	
bc	 - C	 0	 a

	

I22	 b-a	 0
[	 ac	 be	 -(a +b )

'	 2	 2	 '	 2

=	 2 
02	

2	
- c(b+c +a ) b(b+c+a )

C. 	+ a +b)	 0	 -a (b +c +a)

	

'	 '	 2	 -	 2	 2	 2

	

-h(c+a+h) a(c +a +b)	 0

	

0	 C -b

	

-c	 0	 a
b -a	 0

	taking out - (a 2 + b 2 + c2) common.	 (Note)

or A3 = - (2 + b2 + c2 ) A .(ii)

or A 3 + (a 2 + b 2 + c2) A = 0, which shows that the matrix A satisfies its char-
acteristic equation given by (i).

Again multiplying both sides of (ii) by A 2 we get

A - ( 2 
+ h2 + c2) A	 (Note)

which gives	 A = - _	 12	 A
(a+b +c')

-	 1	 0	 c-b

	

- (a2
 + b 2  

+ c2) - c	 0	 a	 Ans.
b -a	 0

Exercises on § 7.03-7.06
EL I. Show that the characteristic equation of the matrix

A= 1 1 0 2 is(? - 1)(X+2)(X-3)=0
012

1 2 0
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Ex. 2. Show that the matrix A= 1  2 1 satisfies Cayley-HaniiRon

	

L'	 Ii
Theorem,

Ex. 3. Let A =	 2 20 Find the characteristic equation of A and

	

21	 1
-i 2 —3

verify that matrix A satisfies this equation. Also find the characteristic roots and
the corresponding vectors of A.

Ex. 4. Using Cayley-Hamilton Theorem or otherwise determine the inverse
of the matrix	 4= 2 2 1

	

-	 12
1-22

Ex. 5. Verify Cayley-Hamilton Theorem in the case of the matrix
A = 01 2 . Hence find A

2-3 0
1	 11

*Ex. 6. If matrix A=	 2 - I	 i1 find the characteristic roots of A.
—1	 2 —1

1 —1 • 2

Verify Cayley-Hamilton's Theorem and hence compute A

	

-	 Ans. 1, 1,4, !f 3	 1	 -
1	 3	 1

	

L- 1 1	 3

Ex. 7. Verif the Cayley-Hamilton Theorem and find the characteristic
roots. where A= 1 2 2

212
211

(Garhwal 91)

Ex. 8. Show that the matrix A = 3 0 - 1 satisfies Caylcy Hamilton

	

20	 1
00 4

Theorem.
Ex. 9. Using Cayley-Hamilton Theorem find the inverse of

A=2 4 3
0-1	 1
2	 2 - I	 (Rohilkhand 96. 90)

Ex. 10. Verify Cayley-Hamilton Theorem and verify it for the matrix A and

hence find A 1, where
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A= 1 'ho
'J2 -1 0

0	 0 0	 (Lucknow 92, 90)

**Ex. 11. Using Cayley-Hamilton's Theorem, compute the inverse of the
matrix A	 1 2 1 1	 Ans. 1	 3 -2	 1

032	 420-2

I 0 1	 -3	 2 3

Ex. 12. Show that A = 1 2 2	 satisfies the matrix equation
•	 212

22!

A - 4A - 51 = 0, where I is the unit matirx, Deduce A
Ans.i -3 2 2

5 2-3 2
2 2-3

Ex. 13. Obtain the characteristic equation of the matrix A = 1 0 2 and
012

120

hence evaluate A	 (Kumaun 93)

	

Ans. X3_2X2_5X+6=O;A1= 4 -4	 2

-2	 2	 2

1.2-1

Ex. 14 If A =[i 21 calculate A	 with the help of Cayley-Hamilton's
[4 3j

Ans. ir-3 2
Theorem.4 - J

Ex. 15. If A	 0 0 0 , calculate A- I with the help of
310

-2 1 4

Cayley-Hamilton's Theorem. 	 S	 Ans. i	 5 0 0
4-3 40

2-I I

Ex. 16. Find the cigen-values and eigen-vectors of the matrix
211

-11 4 5
- 1 1 0 Ans. - 1 1 1 [7 ± 'i(- 39)J, no eigen vectors.

Ex. 17. Find the eigen-vectors of the following matrices :-
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(a) -- 3 2 2 (h) I	 30 (c) 3 1 4

	

—6 5 2	 3 —2 —I	 0 2 6

	

—7 4 4	 0 —1	 1	 0 0 5	 (Agra 92)

Ex. 18. Find the characteristic vectors of the matrix

A= 8 —6 2
- 6	 7 -4	 (Kurnaun 91)

	2-4	 3

Ex. 19. Find the eigen values and eigen-vectors for the matrix

A= 3 —5 —4
—5 —6 —5

	—4-5	 3

Ex. 20. Find the characteristic roots of

—2-8-12

	

14	 4

	

0 0	 1	 (Kumaun 96)

Ex, 21. Find the invariant vector of the matrix

A=[2 2 1
131
I	 I	 I

Ex. 22. Find the characteristic roots and vectors of the matrix

A=[-2 -11
[5	 ]	 Ans. —J,3;(1,—l)jl-5)

Ex. 23. Determine the characteristic roots and associated invariant vectors.
given	 .A= 2 3 1

131

	

I 3 2	 (Lucnow 91)

MISCELLANEOUS SOLVED EXAMPLES

*Ex I Prove that matrices A and 13 AB have the same latent rouIs.
Sol. We know that two matrices have the same latent roo c (or characteristic

roots) if their characteristic equations are the same. (See definition of latent roots
in § 7.02 Page 162).

Let B 1 AB C. then C - XI =	 AB - XI.	 (i)

Also	 B,JBB'AB=XB 'B=XI

From (i)we get C-A1=B AB — BXIB

=1 (A — XI)B

or	 . jC — XII=BI!A - AIJItfl

=jA - AIIIBIIBI
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= I A - A1 HB'BI
A_AlII1j=IA-ALl

tC_-X1I = 0 = I A -Al 1=0

Hence the characteristic equation of C and A are the same i.e. C and A or

AB and A have the same latent roots. 	 Hence proved.

Ex. 2. Prove that the cigen values of a diagonal matrix are given by its

diagonal elements.
Sot. Let	 A= all	 0 ...	 0.

0	 a22	 ...	 C)

0	 0	 .

be a diagonal matrix with a11 a2 2 ,....	 as diagonal elements.

Then the characteristic equation is

IA)1l 0 or I all-	 0	 ...	 0	 =0
0	 '22 - A ..	 0

0	 0	 ...

or	 (a - A) (a2 2 - A)... (a,,,, - A) 0

or	 A = a, a22......1trn are the eigen values of the matrix A and are given

by the diagonal elements of the diagonal matrix A.	 Hence proved

Ex. 3. Find the spectrum of the matrix
A= --2	 2

2	 1 —6
--1 —2	 0

Sol. We can iind that the eigen values of the matrix A are 5. - 3. - 3.

Also we know spectrum of A is the set of elgen values of A.
[Sec § 7.02 (iv) Page 1601

	

Reuuired spectrum of A = (5. -- 3. - 3) 	 15. - 3	 Ans.

Ir:. 4. 1 he equation AK = A X has non-trivial solution X 1ff A is a

characteristic value of A.

Sol. Let A 1 be a haracteristic value of A and X 1 hc the corresponding

characteiistic vector of A. then

AXX 1 X 1 =A 1 1X1.=(X11)X1

or	 AX - 'A 1 l't X 1 = 0. where 0 is the null matrix

or	 (A - A 1 1) X 1 = 0	 or (A - X 1 1) =0.	 X 1 ;4 0

or	 --	 = 0
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Hence every characteristic value A of A is a root of its characteristic

equation.
Conversely if 1 1 be any root of the characteristic equation j A - A 1 = 0,

then the equation (A - X 1 1) X =r o must possess a non-zero vector X1,
such that	 AX1 =A 1 1X 1 =X 1 X1.
Hence every root A of the characteristic equation of A is a characteristic

value of A.

EXERCISES ON CHAPTER VII

EL 1. Evaluate the matrix A 5 - 27A 3 + 65A 2, where

	

A= 001	 Ans. 40	 2	 48

	

3 1 0	 128 —3	 0

	

—2 1 4	 86 —43 —132'

Ex. 2. Evaluate A 50 in Ex. 17 Page 193 Ch. VII.

	

Ex. 3. If the matrix A =	 2 - I	 ii. find the characteristic roots of A.
—I	 2-1

	

1 —1	 2

Verify Cayley-Hamilton Theorem and hence compute A
**Ex. 4. When do you say that two matrices A and B are smilar ? Prove that

the similar matrices have the same characteristic roots,
Ex. 5. Find the characteristic polynomials of the matrix A and hence

compute 2A 6 - 3A 5 .+ A 4 +A 2
 - 41, where A is the matrixI 	 0 2

1o
1	 1

Also determine one of the characteristic roots corresponding the
characteristic vectors.

Ex. 6. Verify the Cayley Hamilton's Tlieorern and find the latent roots where
A= 1 2 2

212
221

Ex. 7. Determine the characteristic roots of the matrix

	

1	 0	 0:—I

	

—1	 0	 0	 0

	

0 —1	 .0	 0

	

o	 0	 1	 0
Ex. 8. Let A and B be two square matrices over thc field of real numbers,

and let B be non singular, obtain the characteristic roots of A. if

BAB=— 3 0 0-	 -	
010

-	 007
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Ex. 9. Use Cayley-Hamilton Theorem to find A*f
A=2!2

023
005

Ex. 10. Find the characteristic roots and characteristic vectors of the

following matrix	 A	 1	 0 - 2
0 0	 2

—2 0	 4

Ex. 11. Find cigen-vectOrs of the matrix
A= 8 —6 2

—6	 7 —8
2 —4	 1

**Ex. 12. If A 1 . 2. •-.. X, are the characteristic roots of a square matrix A of

order n, then show that 1/As, 1/A2,..., l/A are the characteristic roots of the

matrix A .
	 (Agra 92; Kwnaun 94)

Ex. 13. Does the matrix A = I 2 3}atisfy Cayley Hamilton Theorem?

023
003

Find eigen-values and eigen vectors of A. 	
(Agra 90)

Ex. 14. Prove that one characteristic root of A is 2, and find the

corresponding characteristic vectors where A = 2 0
0
1

02
102

Ex. 15. Find the characteristic roots and characteristic vectors of the matrix

2-2	 3
I	 1	 1

I	 3_i]

Ex. 16. Show that if X 1 . A2 , A3,... A are the latent tools of a matrix A, then

A'1 has the latent roots

X, X, 4 ... A.	 (Agra 96)

Ex. 17. Find the characteristic roots and characteristic vectors of the matrix

A= 1 —1 -ii

	

1 —1	 oj
	

(Agra 96)

0 —1]

- Ex. 18. Show that the characteristic roots of an idempotent matix are either

zero or utity.	
(Bundelkhafld 91)

0


