Chapter VI

Characteristic Equation of a
Matrix

§ 7.01. Zero Divisors.

We have previously read in § 5.10 Page 76 of Chapter V that the necessary
and sufficient condition for a square matrix to possess an inverse is that it must
be non-singular. From this result, we get a very important result which does not
hold for ordinary multiplication of numbers viz. ‘If A and B are two singular
matrices, it is possible to obtain the result AB = O, where neither A =0 nor
B =0, O being the null matrix’. In such a case A and B are called proper
divisors of zero.

If however, A and B be two square matrices of order u such that

AB =0, (1)

then if A is non-singular, A # O, A~ ! exists and A™ % 0.
Pre-multiplying (i) with A~ 1 we get

A" 'AB=A"'0 or1B=0,- A"'.0=0andA 'A=1
or B=0.

Hence we conclude that
If A#0,thenAB=0=B=0

Similarly if B# 0, then AB=0=A=0

Hence non-singular matrices are not proper divisiors of zero.

Note. If AB=0and B= O then A is called a left zero divisor and if
AB =0 and A # O, then B is called a right zero divisor.

§ 7.02. Characteristic equatlon and roots of a matrix.

(Agra 94; Rohilkhand 92)
Let A = [a;] be an n X n matrix.

(i) Characteristic Matrix of A :— The matrix A - Al is called the
characteristic matrix of A, where I is the identity matrix.

(ii) Characteristic polynomial of A :— The determinant |A — Al| is called
the characteristic polynomial of A.

(iii) Characteristic equation of A :— The equation |A — AI| = 0 is known as
the characterisctic equation of A and its roots are called the characteristic roots
or latent roots or eigenvalues or characteristic values or latent values or
proper values of A, (Avadh 99)

(iv) Spectrum of A :— The set of all eigen values of the matrix A is called
the spectrum of A.

(v) Eigen value problems :— The problem of finding the eigen values of a
matrix is known as an eigen-value problem. 182/11/10
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Solved Examples on § 7.02.
*Ex. 1. Find the characteristic roots of the matrix

A=| cos® —-sinb
—sin@ -cos B

Sol. Here A= [ cos® -sinB|andI=[1 0
-sin® -—cosH 0 1

|A-All=| cos®-A -—sinB-0
-sinB-0 -cosB-A
= (cos 8- A) (~ cos 8 — ) = (sin> 6) _
=-(cos 8- A% - sinf@=22-1.
- The characteristic equaiton of the matrix A is A. - 1=0 and its roots i.e.
char.lclc-nsuu, roots are + 1. Ans.
Ex. 2. (a) Find the characteristic roots of the matrix

3 : : S (Kanpur 96)

Sol. Here A=

O ONB
~

A -2l =

=(1—).)‘2—

=01 %) 2=2"
The characteristic equalion of the matrix A is
(1-2@2- 3.) = .. See § 7.02 (iii) Page 160 Ch. VII and its roots
i.e. required characlensuc roots are 1, 2, 2. Ans.
Ex. 2 (b). Find the characteristic roots of the matrix
A=[1 -3 3
3 -5 3
l_6 -6 4
Hint : Do as Ex. 2 (a) above. _ Ans. - 2.4,-2
Ex. 3. Find the characteristic roots of the matrix
A=2 2 1
1 3 1
1 2 2

L
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Sol. Here A=[2 2 1]andI=[1 0 0]
13 1] 0150

122 00 1_]

[A-A1l= |2-2 2-01-0|=]2-2 2 |
1-03-A1-0 1 3-A 1
1-02-02-4 1 2 2-A

- =k 0 1. applying C) - 2C5 and
-1 1-A 1} 6-2C;
-34+42A -2+2A 2-A
= 0 0 1 ,applylng CI_A‘CE
A-1 1-A 1
=34 =% = D4.9% 2-A
= B~ L=Al=(- 1?1 =]
A-1)(3-4) -2(1-1) 33, 3
=~ P 2+3-B=0- P B2 '
. The characteristic equation of the matrix A is (A — 1)2 (5-A)=0
and its roots (or characteristic roots of A) are 1, 5. Ans.
Ex. 4. Obtain the characteristic roots of the matrix
A=(b ¢ a
c a b
a b ¢
Sol. Here
[A-A1l= |b-A ¢-0 a-0|=|6-A ¢ a
c-0 a-A b-0 c a-A b
a-0 b-0 c-A a b c—A
=|b-A+c+a c a |,applying C) + C;+ (3
c+a-A+b a-Ar b
a+b+c—-A b c—A
=(a+h+c-A) |l c a
1 a-A b
| b c—-A
=(a+b+c-A)|l ¢ a ,applying
0 a-A-c b-a |R;-R,R3-R,
0 b-¢c c-A—-a
=(at+b+c-A)[@a-c-A)(c-a-A)-(b-a)(b-c)]
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=(a+b+c-MN[la-c)(c—a)-A{(c-a)+(a-c))
+ A= (b-a)(b-c))
=(a+b+c—-A) (Kz +2ac—a* - c® - b+ be +ab - ac)

=(a+h+c-A) A —a*-b -t tab+ bc + ca).
The characteristic equation of Ais | A —AL|=0

2 2 ;2 2
ie. . (avbte-AN A —a b " -c"+ab+bc+ca)=0
and the characteristic roots of A are
gl
a+b+c,tN (a4 b + ¢ - ab - be - ca) Ans.

Ex. 5. Find the eigenvalues (or latent roots) of
A= 8 6 2

=6 T =d
| 2-4 3 (Avadh 99; Kumaun 91, Lucknow 90)
Sol. Here [A ~AT= [8-4 -6 2 |
5 =k -4
2 -4 3k

=@B-NHT-ANB-N-16+6[-63-A)+8})+2(24-2(7T-A)}

=(B-A)(5-10X+2H)+6(6A-10)+2(10-21A)

=—451+ 1802 -2

.. The characteristic equation of A is —45A + 18 A-a=0

which gives

A (12 -18L+45)=0o0r A(A-3)(A-15)=00r A=0,3,15

.. The required latent roots or eigenvalues of A are 0, 3 and 15. .

Ex. 6. If aj, ay, a3,....,a, are the characteristic roots of the n-square
matrix Aand L is a scalaf, then show that the characteristic roots of A — ul
are ay — [y w.y a5 — L.

Sol. Since ay, ay, ..., a, are the characteristic roots of the matrix A, so form
§ 7.02 Page 162 we have

|A-All=(A-a)(XA—ay)...(A-a,). wal(1)

Now the characteristic function of A — I -

=[(A-puh-All=[A - (u+A) ]

={(+A)-a;} ((H+A)—ay) [(W+A)—a;z) ... ((+A)-a,), from.()

=(A=(a- W} (A= (a2- W) ... (A= (@, - W},
rearranging the terms in each bracket.

The characteristic roots of A — pl are (a; — p), (a; — W), etc.



164 Matrices 999"

Exercises on § 7.02
Ex. 1. Find the characteristic roots of A =|a, @2 a3
0 b O
0 0 o

Ans. a, by, ¢y
Ex. 2. Find the eigenvalues of the matrix | 0 1 2
) 1 .0 ~1
' 2 -1 0f pps.2,-1443.
. Ex. 3. Find the eigen values of the matrix [ -2 2 -3
2 1 -6

=1 =2 0] Aps5,-3,-3,

*Ex. 4. Find the eigenvalues of the matrix |1 -1 2
: 10 1 0
P2 1 Aps1-1V2
- Ex. 5. Find the characteristic roots of the matrix
1 3 0 ‘
3-2-1
=l Bl . Ans. 1,3,-4
Ex. 6. Determine the characteristic equation and roots of the matrix
[1 -1 4]
0o 3 7

0 03] Ams.A-1(A-3)(A-5)=0;1,3,5.
Ex. 7. Find the eigenvalues of the matrix

(-3 2 2
-6 5 2
_—7 4 4_ Ans. 1, 2, 3.
Ex. 8. Find the eigenvalues of the matrix
3 1 94
0:2 6 .
0 05 (Agra 92; Lucknow 92)  Ans. 2,35
 Ex. 9. Find the latent roots of the matrix
A= 0 sin cos a sin 3
' -sina 0 cos a cos f3
—cosasinfB cosacos P 0 Ans. 0. i, - i

Ex. 10. Show that the matrices
0 ¢ bpr|0 a cp|0 b a
c 0. alla 0 b||b 0 ¢
& a Olle b Ojla ¢ 0

have the same characteristic equation. (Kumaun 90)
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§ 7.03. tCayely Hamilton Theorem (Agra 95, 93, 91;Avadh 99;
Garhwal 96; Kanpur 97, 90; Kumaun 92; Lucknow 92;

Meerut 98, 92, 91; Rohilkhand 94, 93, 92, 90)

Statement : Every square matrix satisfies its characteristic equation or if

|A=AI|=(- D" [A"+aA" ' +aA" "2+ . +a,) be the characteristic
polynomial of nxn mairix A= lal, then the matrix equation
X, +a X"~ '+ ... +a,1=0is satisfied by X = A
ie. A"+alA"—l+...+anl=0.

Proof. - the elements (A — Al are at the most of first degree in A.

. The elements of Adj (A — AI) are at the most of degree (n - 1) in A and
the coefﬁcxenls of various powers of A being polymomials in the a;;.

Adj (A - AI) can be wrilten as
B:Bﬂln—2+Bl )\.n_l +...+B
where By, By, ..., B, _ | are n X n matrices, their elements being polynomials

n— 1

in a;
UAlso from § 5.09 Page 49 Ch. V we know that if A= [a_,] be an nxn
matrix, then Ae (Adj A)=(AdjA)eA=|A|ely where I is an nXn identity
matrix.
Therefore (A — AI) @ Adj (A —AD) =|A ~Al| e
or . (A-AD)eB=|A-Al|s] * - B=Adj(A-AlD)
or (A=ALY (B X"~ 4B A7 "" L +B,_))
=(—l)"[l"+a|l"—'+azl" +...ay L
Comparing coefficients of like powers of A on poth sides, we get
-IBy=(-1)"L;
ABy-1IB;=(-1)"a  L;
AB, ~1B,=(-1)"a I;

ABn—l_(_' 1) a,,,
n=1 . A,I respectively and

Now pre-multiplying these equations by A% A
adding the results so obtained we get
A" (-1By) + A"~ ' (ABy - IB, ) +A""2(AB,-1IBy) +... +I(AB,_))

1) [A"+a A" 4 TA" "4 g, L]

+This theorem was first established by Hamilton in 1883 for a pamcular ype of
matrices and was later on stated by Cayley in 1885.
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or O=(-1)"[A"+a, A" ' +a, A" 4. 4a, 1,
where O is the null matrix.
Hence A"+a; A" '+a,A" %4 . +a,1=0 . Hence the theorem.

Cor. L. Multiplying the result of § 7.03 above by A™ ", where
m2n and m is a positive integer, we gel

A"+ a A" 40 A" 24 L 4a, A" "= 0

i‘e. any positive integral power A™ of A can be linea{ly expressed in terms of

3 AT TR
Cor. I1. In § 7.03 above we have proved that
A"+ai A" Vv A"l v, 1=0 4
or g, I=A A"V ai A" 24 aA 25 L+ (Note)
or —&,,A"1=A”"+a1A"'2+...+a,,,,l ..(ii)
or D"AB,_ A" '=-A"" g A"l —a ],
" AB, 1 =(-1)"a,1(§7.03 above)
or B,_;=( 1 [-A" " '-g,A"" 2~ —a,_,1=AdjA (i)
Cor. III. From result (ii) of cor. Il above we have
A":—ai_[A""+a,A"‘2+...+‘a,,_,n : (iv)
n

which show that A™ ' can be expressed lincarly in terms of A"~ ', A"~ 2 L.

8 7.04. Characteristic vectors (or Eigenvectors). (Agra 94)

Let us consider the linear transformation

K=AX w1
which transforms a column vector X by means of a square matrix A into
another column vector K.

If X be a vector which transforms to its multiple p X by the above
transformation (i), then we have p X = AX (i)
or AX - pIX=0 or (A-uDX=0. , (i)

This equation (iii) when written in full gives n homogeneous - equations in
X|, X2, ..., X, Which are n unknowns. The n equations will have a non-zero
solution only if | A — u 1| =0 i.e. the coefficients matrix is singular. (Note)

- This equation is called the characteristic equation of transformation and is
the same as the characteristic equation of the matrix A. (See § 7.02 Page 160 Ch,
VII). This equation has n roots and corresponding to each root, the equation (iii)
has a non-zero solution



Theorems on characteristic roots 167

X=| %1
X2

Xn

which 1s defined as characteristic vector or Eigenvector or latent vector or
invariant vector.

**§ 7.05. Theorems on latent roots (or characteristics roots).

Theorem L If square matrix A of order n has latent roots Ay, Ap,..., Ay then
A’ has also the same latent roots. (Kumaun 95)

Proof. lLet A = | 911 212 413 e Ay
a9| dz3 433 ..eeee-.. A2y

Ap| Qpy Au3 ceeennneee Ay

The characteristic equation of A is

IA*}\.”: 01]-}&. aj ... a]nlz(]
dp) ax -A .. ay, ...(i)
) Ay .. Ay — A
Alleey A TV o p— ay,
dig A3 A eveeesees L)
i By, @y sovoscanss iy
The characteristic equation of A” is
A" = AYj= |9n -A 3| e Y
g ap =4 - G i)
l ay, Qe - W =

Also we know that the value of a determinant remains unaltered if rows are
changed into columns and thus we find that the determinants given by (i) and (ii)
are the same, the diagonal elements being the same.

Hence from (i) and (ii) we conclude that the characteristic equations of A
and A” are the same. Consequently the latent roots of A and A’ are the same.

Theorem II. If A is an nxn triangular matrix, then the elements of the
principal diagonals are the characteristic roots of A.
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Proof. Let A= ay app a3 e aj,
0 @ G235 i G2
0 0 a33  ceeeneeee d3p
0 0 0 .. T

. (Here we have taken upper triangular matrix).
The characteristic equation of A is

JA-Al= o2 aj; a3 - ain|
0‘ [ )L azy .. Ay
0 0 azy — S ds,
0 0 0 ... Gpu=A
or (aj —A) %22~ A apy ... a3 |=0,expanding
o 0 ap-A .. ay with respect to C,
0 0 e Gpp=A
or (ay -A)(ap—-A)|@n—2r -6 .. a3y |7 0, expanding
i 27 daa=il B with respect -
44 can 4n o Cz
0. 0 vus; A=
or (@1, —A) (@3- A) (@3- A) ... (@un—2A) =0, proceeding in this way
or - A=ay,a23,a33, ... Gy
i.e. the element roots (or characteristic roots) of A are the elements of the prin-
cipal diagonal of A. { ] Hence proved.

Theorem IIL. The characteristic roots of a hermitian mairix are all real.
(Agra 95, Kanpur 95, 94)
Proof. Let A be the hermitian matrix. Then from § 7.04 (ii) Page 166 Ch.
VII] we know that AX = AX, 1)

* where A is a characteristic root of A and X the corresponding characteristic
vector.

* From (|) we get XBAX x% ax, premulnplymg both sides by i
or . ; X% AX = xxex ; id)
where X2 is the transponsed conjugate of X (See chapter II)
Also if A is a hermitian matrix, then by definitlion we have

" AP = A (See Chapter 1) . .. (iif)
Now taking transposed conjugate of both sides of (ii) we get
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x“AX =1 X® X, using (iii) also iV
", From (ii) and (iv) we get X% X" x '
or (7«.~X)XBX=O or A-A=0, -~ x%x=z0
or A=7%or A is real, Hence proved.

**Theorem V. The characteristic roots of a real symmeiric matrix are all
real. ' ‘

Proof. Do as Theorem 111 above. Here all the elements of A are real and as
such it is particular case of Theorem III above.

**Theorem V. The characteristic roots of a skew-hermitian matrix are
either purely imaginary or zero.

Proof. Let A be a skew-hermitian matrix, then (see Chapter II) we know
that /A is hermitian.

If A be a charcteristic root of A, then |A — Al =0
or i]A =A1=0or|iA - (iA) I| =0, where iA is hermitian.

r . (iA) is real, since the characteristic roots of a hermitian matrix are all real.
(See Theorem III Page 168 Ch. VII)

or A is either purely imaginary or zero.
i.e. the characteristic roots of a skew hermitian matrix A are either purely
imaginary or zero. ' Hence proved.

Theorem VI. The characteristic roots of real skew-symmetric matrix are
purely imaginary or zero. .

Proof. Do as Theorem V above. Here all the elements of A are real and as
such it is a particular case of Theorem V above.

**Theorem VII. The characteristic roots of a unitary matrix are of unit
modulus.

Proof. Let A be a unitary matrix (See Chapter I1). Let A-be a characteristic
root of A and X the corresponding characteristic vector.

Then AX=2X .. (See § 7.04 (ii) Page 166 Ch. VID)
Taking transposed conjugate of both sides of (i), we get
Ax)’=ax)%or  x%a%=xx° (i)
From (i) and (ii) we get X° A AX =T X® AX ‘ (Note)
or Xl x=xax®x
or XO HX=XA Xn X, " A is unitary (See Chapter II)
or XX f-Tky= -
or 1-AZX=0, . -x¥x =20
or AX=1  or|AP=AK=L
i.e the characteristic roots of A are of unit modulus. Hence proved.

=25
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**Theorem VIIL The characterise roots of an orthogonal marix are of unit

modulus.

Proof. Do as Theorem VII above remembering that if all the elements of the

unitary matrix A are real then A is an orthogonal matrix.

*§ 7.06. An Important Theorem.

The scalar A is a characteristic root of the matrix A if and only if the matrix

A — Al is singular.
Proof. Let A =[a;], % X =[x, x5 ..., x,].

then AX = AX
reduces to ayp, ap ... ap x| =X ¥
az; azp ... ay, X3 X7
(]'ni Q... Ay, xnd X
=Al 1 0 O IEN
0 1 0 0 Xa
0 0 0 1| x,
= ;\. 0 01l X1
0 A 01f x2
0 0 Al x,
or { f'l“ ajia ... Qjp N 3 ;‘)
ay Ay ... Ay )
0 0
a,y 47 ... am,
or ap—A ap apn |t x;
azy ap—A ... az, || x2
ay) a7 vee Gup—A|| x,
or (A-ADX=0
ie. AX=AX=(A-ADX=0,

...See § 7.04 Page 166

ol | * =0
0 X2
bl i

which is a homogeneous system of linear equations whose coefficient matrix is

A - AL

Now as we require a vector X # U, so we must have

|A-AL|=0
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i.e. the matrix A — Al must be singular.
Solved Examples on § 7.03 to § 7.06
Ex. 1. (a). Verify Cay!ey Hamilton’s Theorem for the matrix

l01
010
001 (Agra 93)
Sol. Here I=|1 0 OlandAH1 0O 1
01 0 0 1 0
0 0 1 0 0 1
|A-Al]= l—A 0 1
l-l 0
-A
=(1-A4) I—A 0 , expanding w.r. to C;
-A
“-*(1—1)'
Characteristic equation of A is (1-A)> =0
or A 312+3A—1- )
Now AZ=[1 0 1l={1 @ 2]
0 1 1 0 01 0
0 0 0 1 0 0
AMag? a=1 8 Flglt & {121 &
01 0 0 4 0 0 1
0 0 1 0 0 l_J 0 0
A~ 3A% 434 -1
=1 0 3]-3[1 0 2]+3[1 0 1]-[1 o
0O 1 0 01 0 010 0 1
9 0 1 0 0 1 0 01 0 0
=[1 0 3]-[3 0 6]+[3 0 3]-[1 0 0
010 0 3 0 0 3 0 01 0
0 0 1 0 0 3 0 0 3 0 0 1
«f1=333-1 0-080-0 3-6+3—0]=[0
0-0+0-0 1-343-1 0-0+0-0| |0
-0+0-0 0-0+40-0 1-3+3-1 0

where O is the null matrix.

Hence the given matrix A satisfies its characteristics équation given by (i).

Hence proved.
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Ex. 1 (b) Show that the matrix A= 1 2 1] satisfies Cayley
-1 03
2-11
Hamilton Theorem. ' (Mcerus 92 P)
Sol. Here I=({1 0 OlandA=| 1| 2 1
' 0O 1 0 -} 0 3
0! 4F i 2 -1 1
|A-AL|=]1-A 2 1 .
-1 -A 3 (Note)
2 -1 1-A
=[1-A 2 1 |.adding 2R, 0 Ry
-1 -A 3
0 —-1-207-A
=(l-A) |[-A 3 + (2 ]
’—1—217—A ~—1—2A7—A\

=(=A)[~TA+AZ+3+6A]+ (14— 2X + | + 2A]
=(I-DAE=A+3+15==22+ D2 =4L + 18
Characteristic equation of A is
. AV -22%+an-18=0
Now Al=] 1 21

1 2 1]=[1 1 8
1 0 3|l=1 *@ 3| |5 =5 2
2 —f 1] 2 =1 1] |8 3 ©
Nowal_AZ2a=[1-18|[ 1 21]=[16 -6 12
5-52||-1 03] |14 8 -8
5 30|l 2-11 2 10 14
A 2A% LN ~ 1 )
={16 =6 12]=2[1 1 8l+a4] 1 2 1
14 8 -8 5 ~5 2 -1 0 3
2 10 14 5 3 4 2§ 3
-18{1 O O
010
0 0 1
=[16 -6 12]+[ -2 -2 -16]+[ 4 8 4]+[-18 0 0
14 8-8| |-10 10 -4| |-4 012 0-18 0

2 10 14 =10 =6: 0O 8 -4 4 0 0-18
- i

=(16-2+4—18 -6-2+8+0 12-16+44+0
14-10-4+0 8+10+0-18 -8-4+12+0
2-10+8+0 10-6-4+0 144+0+4-18
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= [0 0 0|=0 where O is the null matrnix
000

0
0
000
Hence the given matrix A satisfies its characteristic equaiton given by (i).

Ex. 2 (a). Use Cayley Hamilton Theorem to find the inverse of the

matrix A=|12 3

=
—_

13 ;3 (Rohilkhand 95)
15 12
Sol. Here I=[1 0o OlandA={1 2 3
010 1 3 5§
0 0 1 1 5 12
|A-Al}= 1-A 2
I 3-A 5
| 5 2=k
=|1=-A 2 3 |, applying Ry = R;
1 3-A 5

-

) 0 24X T-A|
=(1-A[B-MNT-2-5@2+A) —2(7-M-3@2+A)
expanding w.r. to C;
—(1=A)[2] - 10A+ A%~ 10 - 5A] - [14 = 24 - 6 — 3A]
S =AM -15A+Ah) - (8-5A) '
=3-21 A+ 16 A2=2> on simplifying.
The characteristic equation of A is
A - 16A2+21A-3=0. )
Now as A must satisfy i1\ characteristic equation (i), so we have
A% = 16A‘+"1 A-31=0

or T Al= I6A +21A
Multiplying both sides by A~ '. we gel
3A ' =AZ- 16A + 211, - AAT =1
or A =(1/3)AT- (16/3) A + 71 (i)
Now A2_=A_A=- L. 2 3] [t & 3
| 3 5 #%'F 3 3
I 3 I 5 12
= 142+3 2+6+15 3+ 10+ 36 6 23 49
1+3+5 2+9+25 ‘i+l‘+60 9 36 78]
1+5+12 2+15460 3425+ 144 18 77 172

From (i), we get
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a-t=b] 6 23 49] 16[1 2 31+7[1 0 o
T30 9 36 78 3|1 3 5 01 0
12 0 0 |

18 77 172 15
=[2-(16/3)+7 (23/6)~(32/3)+0  (49/3) (48/3) + 0
3-(16/3)+0 12-16+7 . - 26-(80/3)+0

6-(16/3)+0 (77/3)=(80/3)+0 (172/3) - (192/3)+ 7

=[113=3 13)=a/3[ 11 -9 |

-7/3 3 -2/3 -7 9 -2 Ans.
2/3-1 173 2-3 1

Ex. 2 (b). Verify Cayley Hamilton's Theorem for the matrix

A=| 0 0 1} Hence compute A

310
~E l - (Agra 94; Kanpur 96; Meerut 96)
Sol. Here  I=[1 0 0OlandA=[ 0 0 1
01 0 310
0 0 1 -2 1 4
[A-AIl=|0-1 o0 1
3 1-2 0
<2 1 d-i :
==A{(1=-MD@-)}+1{3+2(1-2))
=_1(4—51+12)+5-2l
_ =5-6)+522-33
The characteristic equation of A is )
. 3= 5P 8k ~5 =0 N0
Also we have :
A?=[ 0 0 1] 0 0 1]=[-2 4
3 1 0l .3 1.0 34 '3 ..(ii)
_ -2 1 4{[-2 1 4| [-5 5 14
and  A%-A2 A=[-2 1 4]0 0 11=[-5 5 14
' 3.4 31 3 1D -3 4 15
-5 5 14||-2 1.4| |-13 19 5]
A -5A246A 51 '
=[-5 5-14]-5[-2 1 4]+6[ 0 0 1]-5[1 0 o
-3 4 15 31 3 310 01 0
-13 19 51 -5 5 14 -2 1 4 0 0 1
=[-5 5 141-[-10 5 20]+] 0 0 6]-[5 0 o
-3 4 15 15 5 15 18 6 0 |05 0o
-13 19 5] -25 25 70 [-12 6 24| {0 0 5
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= -5+1040-5 5-5+0-0 14-20+6-0
-3-15+18-0 4-5+6-5 15-15+0-0
~13425-12-0 19-25+6-0 S1-70+24-5

|

=[o 0 0]=0, where O is the null matrix.
0 0 0
0 00

Hence the matrix A satisfies its characterstic equation given by (i). Hence
Cayley-Hamilton’s Theorem is satisfied by the matrix A.

Again AS-5A%+6A-51=0
or 51=A%-5A% +6A
Multiplying both sides by A~ ' we get

Sk~ oA%< SA 461, AAT =1
=-2 1 4]-5[ o o 1]+6[1 0 0} from (i)
% 1 3 310 019
-5 5 14 ~2 1 4 0 0 1
=T-% 1 A= 0 0 -5|+[6 0 0
3 3| |-15 -5 ol [0 6 0
-5 5 14 10 -5 -20| [0 0 6
=[ -2+0+6 1+0+0 4-5+0|=| 4 1 -1
3-15+0 1-5+6 3+0+0| |-12 2 3
~54+10+0 5-5+0 14-20+6 5. 10 0
or. -1 41 -1}
A =3|-i2 2 3
500 : Ans.

Ex. 3 (a). Verify Cayley-Hamilton Theorem for the matrix
A=[1 2 0)andhence find oA~ !,

2-1 0 1

0 0-1}° (Kanpur 97)

Sol. Here we have

(A-A1]1=[1 2 01-if1 0 O|=[1-2 2 0
g ~1 0 010 F == 0
0o 0 -1 00 1 0 0 —1-X
|[A-All=|1-A 2 0
3 =1=X 0
0 B ==k

=(=1=X)[(1 =A) (= 1 = &) - 4], expanding w.r. to C3 -
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182/11/11
=C1-M=1+22-4)=(1+2) (5 -2}
=5+5A-A2 %3
The characteristic equation of A is A> + i S5A-5=0 (1)
Also we have
Aza- a=TE B Bl 0]=[5 0 o
2 -1 0|2 -1 ofllos o
g 8 =11 in -1| |0 0 1
Ad=A%Z A=[5 0 0lx[1 2 Olsf & 48 o
0 50| |2 -1 0|10 -5 o
0 0 1]fo o0 - 0 0 -1
s APk S5
=[5.10 0l+[5 o 0]-5[1 2 0oFs{1 o0 0
10 -5 0| [0 5 0 2 -1 o] o1 o
0 0 -1{]0o 0 1 0 -0 =1 0 0 1

=[ 5+5-5-5 10+0-10-0 040-0-0

10+0-10-0 -5+5+5-5 0+0-0-0
0+0-0-0 0+0-0-0 -1+1+5-5
= 0 0 0|=0, where O is the null matrix.
0 0 o
0O 0 0

Hence the matrix A satisfies its characteristic equation given by (i). Hence
Cayley Hamilton theorem is verified by the matrix A.

Again A®+ A2~ 5A - 51 = O gives
SI=A*+A%_s5A

of SA™'=A%4 A _SI, multiplying both sides by A 'and AA™' =1
- =[500]+[1 .2 0]-5[1 0 0]=[1 2 o
0500 12 -1 of o1 ofl|2-1 o
00 1| |0 0 -] 00 1| fo o -5
= " 2 p '
& B A O
. D =5

Ans.

Ex. 3 (b). Show that the matrix A = satisfies Cayley-

1 2 1
0 1-1
3-1 1

Hamilton Theorem and hence compute A~ .
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Hint : Do as Ex. 3(a) above. Ans. (1/9)[0 3 3
3 2-1
3-7-1

Ex. 4 (a). Determine the characteristic equation of the matrix
=[1 3 7|and verify that A satisfies its characteristic equation.

4 2 3

1 2 1

(Garhwal 96)
Sol. Here we have |A-AI|=|1-A 3 7
' 2-& 3
, I 2 1-X
) 2-% 3 |-3]4 3 |+7]4 2-2
‘“";‘)‘ 2 l—l! ‘1 i-al [ 2 ]

expanding w.r. to R
=(1-M[2-AM(1-2)-6]-3[4-4A-3]+7[8-2+A) '
=(1=A)[-A+A%-4)-3[1-4A)+7[6+ 1)
=35+20 A +4A2—A>, on simplifying.

Characteristic equation of matrix A is

A2-ax%-200-35=0. ()
Also we have
A2=[1 3 7]x[1 3 7]=[20 23 23
4 2 3] |4 2 31|18 & 37
1 2 1{ |1 2 1| |10 9 14

3

Ad=A?

A=T20 28 231zl 3 ¥

15 22 ¥l 14 2 3

10 9 14| |1 2 1
=[20+92+23 60+46+46 140+69+23

15+88+37 45+44+74 105+66+37
10+36+14 30+18+28 70+27+14

=135 152 232
140 163 208
60 76 111

AS-4A2-20A-351

=135 152 232|-4(20 23 23(-20{1 3 7]|-35|1 0 O
140 163 208 15 22 37 4 2 3 010
60 76 111} 0 9 14 1 2 1 0 01
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=10 0 O0|=0, where Qis the null matrix
0 00O
0 0 o0

Hence the matrix A satisfies its characteristic equation (i). Hence proved

Ex. 4 (b). Find the characteristic equaiton of the matriy
A=] 1 1 3|and show that A satisfies this equation.

5§ 2 6
-2-1-3
Hint : Do as Ex. 4 (a) above. Ans.l3=q
.+ Ex. 4 (c). Verify that matrix A =[2 2 1] satisfics its characteristic
1 3 1 ' |
1 2 2
equation. (Rohilkhand 99)

Hint : Do as Ex. 4 (a) above.

Ex. 4 (d). Determine the characteristic equation of the matrix
A=|0 1° 2 |and verify that A satisfies its characteristic equation.’

i 0 -1
2 -1 0 (Garhwal 94)
Himt : Do as Ex. 4(a) above. Ans. A2 —6A+4=0

**Ex. 5. Find the characteristic vectors of the matrix A given in Ex. 4 (c)
above.

Sol. As in Ex. 4 (a) above we can find that the characteristic equation of A
is (A - l) (5 —A) =0 and so the characteristic roots of A are I, 1, 5.
The equation (A - AI) X = O of the matrix A is

2-2 2 1 [|}1]=[0
13- 1 [[x] |0 (i)
I 2 2-%|x3| (O] see §7.04 Page 166 Chapter VI

Putting A = 1 in the above equation, we get
1 2 tj|fi|q0
I 2 1||x| |0
1 21 x3[ |0

The corresponding characteristic vector is given by the equation
x + 11’2 +x3 = 0.
~The characteristic vector corresponding to A=1 may be taken as

iv=1,1). Ans.
Putting A = 5 in (i), we get °
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[9=8 2 21| *1{=[0
1 =X 1]|x2] |0
1 g B35 x3 0

or (-3 2 1% |=[0]
1- -2 1]||x2 0
1 2 "3 X3 0

The corresponding characteristic vector is giyen by the equations
—3)." +2.!2+.1'3=0,I| —2x2+x3=Oandx| +2X’2—3X3=0.

-

: 1
Solving these we get —=—=—,

The characteristic vector corresponding to A = 5 may be taken as (1, 1, 1).
Ex. 6 (a). Verify Cayley Hamilton’s Theorem for the matrix
A=[ 2 -1 1]|and hence find A~ !,
-1 2-1
1-1 2

(Agra 96; Garhwal 93; Kanpur 95, 93, Kumaun 95; Lucknow 91;
Meerut 98, 97; Rohilkhand 97)
or find the characteristic equation ¢f the matrix A=| 2 -1 1| and

=f 2w}
1-12
verify that it is satisfied by A. (Kanpur 91)
Sol. Here |A-AI|= [2-A -1 1
=1 3-4 =1
1 -1 2-A

= [2-A 0 1|, replacing C; by C;+ C3
-1 1-A -1 '
I 1-A 2-A
=(1-A)({2-A2 0 1
-1 1 =1
1 1 2-A

=(1-nfe-nr -1|+
1 2-A

-1 ll}
1 1
={1=4) [{2=%) @=X) +{~ 1t~ 1]
S(1-A) (4=-5A+A%)=4-5A+A%-4ar+5A%-23
=-A1+6A7-9A +4.
The characteristic equation of the matrix A is

802 594 —4=0 (i)
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[ 22 <21 91]
-21 22 =21
21 -21 22

A% - 6A%24+9A - 41

=[ 22 -21 21]-6[ 6 -5 s)+9[ 2 -1 1
-21 T 220 =21 -5 6 -5 -1 2 -1
21 21 2| |5 -5 6 1 =1 2

-4[1 0 0

010

0 0 1

= 22 =21 211+(-36 30 -30[+[18 -9 o
-21 22 -21 30 -36 30| |-9 18 -9
21 =21 22 -30 30 -36 9 -9 18

+[-4 0 o0
0-4 0
0 0-4

=|22-36+18-4 -214+30-9+0 21-30+9+0
-21+30-9+0 22-36+18-4 -21430-9+0
21-30+9+0 -21430-9+0 22-36+18-4

=10 0 0[=0, where O is the null matrix
0 0 0
0 00

Hence A satisfies its characteristic equation given by (i).
Hence Cayley Hamilton theorem is satisfied by the matrix A.
Again A% - 6A2 + 9A - 41 = O gives 4l = A%~ 642 + 07
Multiplying both sides by A™%, we get .
4A7'=A%-6A+91, -+ AA"!=]

= 6 =5 5)-6[ 2 =1 1{+9[1 0 o
-5 6 -5 -F . B ] 010
S -5 6 i -1 3 0 0 1
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=|6-12+9 -5+6+0 5-6+0|=] 3 1 =1
-5+6+0 6-12+9 -5+6+0 1 3 1
5-6+0 -5+6+0 6-12+9 -1 1 3
1 Ml 3 X =l
or B =gl 1 3 1
-1 1 3

Ans,
Ex. 6 (b). Find the characteristic equation of the matrix
A=[0 0 2] and verify that it is satisfied by A and hence obtain
2-3 0 :
1 1-1
Al (Garhwal 95)
Hint : Do as Ex. 6 (a) above.
Y, pBa oo L1323 2 6
Ans. A" +40"+A-10=0, ol2 -2 4
5 00

x. 6 (c). Verify Cayley Hamilton Theorem for the matrix

A=[01 2| Find out the inverse if possible.
23 0 .
11-2 (Rohilkhand 94)
-Hint : Do as Ex. 6 (a) above. i
' 1/-6 4-6
Ans- 21 4-2 4
-1 1-2

Ex. 7. Find the characteristic roots of the matrix A = [l 4] and verify
23|

Cayley Hamilton theorem for the matrix.

Sol. Do as Ex. 6 (a) above. Ans. 5, -1
Ex. 8. Find the characteristic root and inverse of the matrix A = [s .6]
12

Sol. Here |A-AI|=|5-4 6
1 2-A
=(5-2)(2-N-6=4=Th+A>

The characteristic equation of A is 127K $4=0 1)
Now as A must satisfy Cayley Hamilton’s Theorem, so we get

A2—7A+4I=0. where O is the null matrix
127
or I= 4A +4A.

Multiplying both sides by A~ Iwe get
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-1_ 1 7 -1 _
A = 4A+4l AA =1
=115 6l dn 0]=[-3 _24[2
411 2] %o 1 ‘l‘ f 4 i
E
=3y L LBigl=] L S2|=lA 3 -
474 "2 2 2 1 s N
Mo A B LT 8
4 2 4 4 4
Also the characteristic roots of A are the roots of (i).
ie k:%[?t\f(49—I6)]=%*J[7i\f(33)]. Aiis.
" Ex. 9. Using Cayley Hamilton’s Theorem find A~ where
A=|1 2 0
2-1 0 ; (Agra 95)
0 0-1
Sol. Here |A-AI|=[1-A 2 0
2 =1=A 0
0 0 -1-A
=(1-A|-1-X 0 =2 (2 0
0 -1-A 0-1-A

=A-NA+0)%+40+ ) =1 +A) [(1 -2 + 4]

=(1+A)(G-A)=5-22+51-23
The characteristic equation of A is

AT G ALK < 5in (i)
Now AM={1 2 olfx 2 =[5 0 0
2 -1 ofl2 =1 0 5 0
0 -1ljo0 o0 - 0 0 1

0
And  A3_-A2 A =[5
0

- By Cayley Hamilton’s Theorem from (i) we have
A’+A%-5A-51=0
or SI=A%+A%-5A. (i)
Multiplying both sides by A™ ', we get

SA ‘=A% kA - 51 5 ART V)
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=[5 0o o]+[t 2 o0]-5(1 0 @
05 ¢ |2 -t 0O 010
6 o 1l B =1 0 0 1
=[5+1-5 0+2+0 0+0+0]=[1 2 0O
0+2+0 5-1-5 Q+0+0 2 -1 @
0+0+0 0+0+0 1-1-5 0 0 -5
or 7lg_l—l 2 0
- Ts5l2 -1 0 ..(iii)
§ & =3
Again multiplying both sides of (ii) by A~ % we get
SA 2=Aa1~52"" (Note)
or sa”i=[i 2 0]+[t 0o o]-[1 2 0] from (ii)
2 i @10 I o] {2 -1 ©
0 0 -1/ |00 1|0 © -5
=f1+1-1 - 240-2 0+040)=[1 0 O
2+40-2 —-1+1+1 0+0+0 01 0
0+0+0 0+0+0 —-1+1+5 0 0 5
w _2_1'1 0 0
A “s5l0 1 0
0 0 S5 Ans.,
Ex. 10. Verify Cayley Hamilton's Theorem for the matrix A=[1 0 2
021
203

fence of otherwise compute A~ ".

Sol. Here .

! (Garhwal 92; Kumaun 94, 92;

" Lucknow 92; Meerut 96 P; Rohilkhand 98)
|[A-M|=|1-2 o 2

0 2-A 1

2. 0 3=%

=(1-X) {2- A B -A)—0} +2 {0=2 (2= 1))
=(1-M2-NB-1)-4(2-1)
=2-M{(1-)@-1)-4)1=2-1) {3-4A+A2-4)
=@ ~ A ~ah - D=-A0 4632~ 7A -2

The characteristic equation of A is

Now

32 - e =0

()
A2=[1 0 2][1 0 2]=[5s o &8

0 2 1|0 2 1 2 4 5

2 0 32 6 3] |80 13
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. and Al=A%a=ls 0 glfi- 6 2]=T21 0.3
-4  &H6 2 1 12 8 23
18 0 13(|2 0 3| |34 0 55
) A3—6§2+7A+21
=[21 0 34]-6[5 0 8]+7[1 0 2]+2[1 o 0O
12 8 23 2 4 5 0 2 1 01 0
34 0 55 g8 0 13 2 0 3 0 0 1
=21 0 347+ [-30 0 -48]+[ 7 o0 14]+[2 0 0
12 8 23 -12 -24 -30 0 14 7| |0 2 of
34 0 55 - 48 0 -78| |14 0 21| |0 0 2
=[21-30+7+2 0+0+0+0 34-48+14+40
“12-12+040 8-24+14+2 23-30+7+0
34-48+14+0 0+0+0+0 55-78+21+2

=10 0 0]|=0, where E) is the null matrix.
0 0O
0 0 0

Hence A satisfies its characteristic equation given by (i)
Hence Cayley Hamilton’s Theorem is satisfied by A i.e.

A>-6A2+7A+21=0 or 21=-A%+6A%-7A.
Multiplying both sides by A~ ! we get

A '=-A%i6a-71 cAA =LA =A"!
=-[5 o &l+6[1 0 2]-7[1 0 o

2 4 5 0 2 1 010

8§ 0 13 2 0 3 0 0 1

=[-5 o0 -8J+[6 o0 12]1+[-7 o0 o
-2 -4 -5 0 12 6 0 -7 0
L_S 0 -13 12 0 18 0 0o -7

= “546=7T 0+0+0 --8+12-0 |=[-6"0
-240+0 -4+12-7 -54+6-0 -2 1
-8+12+40 0+0+0 -13+18-7 4

or A"l=q/2)[-6 0. 4|=[-3 0o 2
-2 1 1 -1 1/2 1/2
4 0 -2 2 0 -1

- Ex. 11 (a). Find the characteristic equation of the matrix A =
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and hence find A™ . Also verify Cayley Hamilton’s Theorem for A.

(Kanpur 90)
Sol. Here |A - AI| .
= =% 8 7 |=]-2 1 6+A].applying
4 2-A 3 0-6-A—-1+4r| Ry—Ry,
1 2 1=2 1 2 1-A| Ry—4Ry
= ~G=Rk ~1 £4X 1 6+A
2 1-A -6-A -1+4A

= N= 06 # X  = D=2 (= I+ A R="1) + 6+ %))
R =B+ K ~AAAT =B D2 A% 161+35)
=- A +ar?+201+35.
The characteristic equation of the matrix A is
A3 —4x2-200-35=0 (i)
By Cayley Hamilton’s Theorem, we have
A> = 4A% — 20A - 351 = 0, where O is the null matrix.
or- 351=A> - 4A% - 20A.
Multiplying both sides by A~ ', we get
3547 ' = A2 - 4A - 201, o AAT =1 ..(ii)
Now aA2-[1 3 7)1 3 7

4 2 3|(4 2 3
1 2 12 2 1

=[1+1247 346+14 7+9+7|=|20 23 23
4+8+3 124+4+6 28+6+3 15 22 37
1+8+1 3+442 7+6+1 10 -9 14

From (ii) we get

35a~ 1= [20 23 23]-4[1 3 7]-20[1 0 0O
15 22 37| (4 2 3 010
10 9 14 ¥ 2 3 00 1
=[20-4-20 23-12-0 23-28-0]=[-4 11 -5
15-16-0° 22-8-20 37-12-0] |-1 -6 25| Ans
10-4-0 9-8-0 14-4-20 6 1 -10

Verify Cayley Hamilton's Theorem for yourself.
Ex. 11 (b). Find the characteristic equation of the matrix
A=[ 1 1 -2]andhence find 5~ !,
-2-1 2
3 4 1
Sol. Do as Ex. 11 (a) above.

-26

(Meerut 91 S)
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Ex. 11 (c). Using the characteristic equation of the matrix A =1 0 1
' 010
001
find A~ 1.
Sol, Do as Ex. 11 (a) above. Ans.[1 0 -1
01 0
00 1
Ex.12.IfA=| 8 -6 2} find the characteristic roots of A.
' -6 7-8 ' :
2-4 3
Verify Cayley Hamilton’s Theorem and hence find A~ L.
Sol. Here |A-A|=|8-2 -6 2|
-6 7-A -8
2 -4 3-A

=(8-A) [(?—})(3—&)-32}+6[—6(3~A)+16}
+2{24-2(7-2)}
=(8-A) {- 11 -10A+A%} +6 (64— 2) +2 {10+ 2A}
=-88-69A+ 1827~ A7 +36 A~ 1242044 A=~ 1>+ 184%-291-80
The characteristic equation of the matrix A is
AP - 1832 +29A+80=0. ()
Its roots are the required characteristic roots of A (students can calculate it

f they have read solution of cubic equations, so left as an exercise for the
students).

Now A2-[ 8 -6 2|[ 8 -6 2]=[ 104 -98 70
-6 7 -8||-6 7 -8| |-106 117 -92
2 -4 3| 2 -4 3 46 -52 45
And - A% A=[ 104 -98 70][ 8 -6 2
& -106 117 -92(|-6 7 -8
46 -52 45| 2 -4 3
=[ 1560 -1590  1202], on evaluating
-1734 1823 -1424
770 -820 643
AP 18A%+29A + 801
=| 1560 -1590 1202]|-18[ 104 98 70
-1734 1823 - 1424 -106 117 -92
770 -820 643 46 -52 45
+29| 8 -6 2(+80(1 0 O
-6 7 -8 010
2 -4 3 0 0 1



Solved Examples on Characteristic Equation 187

= 1560 - 1590 1202 [+ | - 1872 1764 - 1260
- 1734 1823 -1424 1908 -2160 1656
760 -820 643 - 828 936 -810

+| 232 -174 58(+/8 0 O
-174 203 -232 0 80 O
58 116 87 0.0 80

0 0= 0, where O is the null matrix.
0 0
0 00
Hence A satisfies the characteristic equation given by (i).
Hence Cayley Hamilton’s Theorem is satisfied by the given matrix A ie.

from (i) we get A — 18A° + 29A + 801 = O

or 801 =~ A® + 1847 - 29A _
80 A~ ' =— A% + 18A — 291, multiplying both sides by A~ '
=—-1 104 -98 70|+ 18| 8 -6 21-29(1 0 O
-106 117 -92 -6 7 -8 01 0
46 -52 45 2 ~4 3 00 1
~[-104+144-29  98-108+0 ~—-70+36+0
106-108+0 —-117+126-29 92-144+0)
—-46+36+0 52-72+0 —-45+54-29
or goA” = 11 -10 -34
-2 -20 -52
-10 -20 -20
or A“:(;/go) 11 -10 -34
-2 -20 -52
-10 -20 -20 Engi
Ex. 13 (a) Verify that A=[1 2 0] satisfies its own characteristic’
2-1 0 .
0 0-1
equation. (b) Is it true of every square matrix ? (c) State the theorem that
applies here. (d) find A~ . (Meerut 93, 90; Rohilkhand 91)

Sol. (a). Here as in Ex. 9 Page 182 Ch. VII we can prove that the
characteristic equation of the matrix A is:

AM+a2-sa-5=0 (i)
Now A=[1 2 o)t 2 ol|l=[5 00

2-1 o0}l2 -1 0| (0 50

0 0 -1f{0 0 -1 0 0 1



And - A% a2 a=[s 0 Ot 2. 0l=T5 10 o
0 % ofi2 =1 w0 |10 =5 .90
0 01flo o -1] [0 o -1
A3+ A% -5A 51
=5 10 ©O|+{5 0 0]-5[1 2 o0]-51 00
10 -5 0] |o 5 0 g -1 0O 010
0 0 -1/ [0 0 1 0 0 -1 |00

n

545-5-5 10+0-10+0 040+0+0
10+0-10+0 -5+5+5-5 0+0+0+0
0+0+0+0 0+0+0+0 —-1+1+5-5

000
00 0

]

000

=0, where O is the null matrix.

Hence the matrix A satisfies its characteristic equation given by (i). -
(b) Every square matrix satisfies its characteristic equation.

(c) Cayley Hamilton's Theorem. (d) Do yourself
Ex. 14. Find the characteristfc equation of the matrix

A=|1 0 2)|and hence compute its cube.
0 1 2 ;
1 2 0

Sol. Here we have
|A-AI]=[1-A 0 2
0 1-A 2
1 2 0-A
E(-A)(-A( -JL)—4}7+ 1{-2(1-A)}
==A(1-2)2-6(1-1)=-23+222+ 51 -6
The charaéteristic equation of the matrix A is ;
' A -227-50+6=0. ()
By Cayley-Hamilton theorem we have

A*~2A%-5A £ 61=0 ..(ii)

Now A2-[1 0 2]x[1. 0 2]=[3 4 2
0 1 0172 j2 58 2
120/l1 20| |1 26
From (ii) we have A®=2A% + 5A - 61 .

=2342+5102—6[100

: |2 5§ 2 0 1°2 01 0

i1 2 6 1 20 [o 0 1
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(6 8 4l+[s o0 10]+[-6 0 o0
4 10 4| |0 5 10 g -6 0
2 4 12/ [5 10 0 g 0 -6
5 8 14]
4 9 14
-

14 6 ] Ans.

Ex. 15 (a). Using Cayley Hamilton Theorem calculate

5 4 2 = .
SA% 3a% 4 A% -, }th A= [_:1‘ ﬂ (Rohilkhand 93)
Jd
Sol.Here |A-AI|= |3-A 1
-1 2-2

=3 -NR~D-EN= -S4 ¥7.
The characteristic equation of the matrix A is A2-SA+7=0. . L)

NowAZ=A . A=[ 3 1]|x[ 3 1]=] 8 5
=1 81 |=1 2] |=3 8
A2_sa+7m=] 8 s|-s5] 3 1]+7[1 o}
-5 3 -1 2 0 1
=[8-15+7 5-5+0]=[0 0]=0,
-5+5+0 3-10+7 0 0
where O is the null matrix. .
Hence A satisfies the characteristic equation of A given by (i). Thus we have
A -5A+71=0. ..(ii)
Now AT 3 -A% - 111
=24% (A?-5A + 7D + 13A% - 1443 - A2 - 111
=2A%(0) + 13A2 (A2 -5A + TD) + 51A° - 92A% - 111, . from (i)
= 13A2 (0) + 51A (A% - 5A + 7I) + 163A% - 355A — 111
=51A (0) + 163(A% - 5A + 7I) + 460A — 11521

=163 (0) + 460A — 11521 = 460A - 11521
=460[ 3 1}—1152[1 0]=[l3%—1152 460—0]

-1 2 01 —460-0 920 - 1152
- 28 a460]=4[ 57 1ns]
[umso —232} {-115 —ss] -

Ex. 15 (b). Verify ‘Cayley Hamilton’s Theorem for the following and
compute 2A% - 345+ A*+ A2 4L
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A=[1 02
0-11 (Kumaun 90)
0 10
Sol. Here | A - Al
= [1-2 0 2 | e
0 =i=k 9 ‘“‘A)] L= _i\
0 1 0-A
. =(1-A)A+A%-1)=-23+20 -1
. The characteristic equation of the matrix A is
N (i)
.Now A2=A.A
=(1 o 2|1 o 2]=[1 2 2
0-1 1llo<1 31'l8 3 =i
0 1 0flo 1 0|l 0o -1 1
Ad=4A%2 A )
=1 2 2]t o 2]=[1 o 4]
0 2 -illo -1 1} Jo -3 2
0 =1 6 1 0|49 - 2 <1
A -2A+1 )
=[1 0 4]-2[1 o 2]+[1 0 o
0 -3 2 0 -1 1|01 0
0 2 =i 0 1 0|l o o 1
=[1-2+1 0+0+0 4-4+0]=[0 0 O]
0+0+0 -3+2+1 2-2+0 0 00
0+Q+0 2-2+0 -1+0+1 0 0 0

=0, where O is the rull matrix.

Hence A satisfies the characteristic equation of A given by (:) and so Cayley
Hamilton’s Theorem for the matrix A is verified.

A’-2a+1=0

248 “3AT + A* 4 A% a1
=2A%(A%-2A+1)+4A%-5A% 4 A%+ A2
=2A°(0) +4A° (A’ - 24 + 1) - 5A% + 9"

Thus we have

(i)
Now - )
-4

~4A% + A% -4l

. . from (ii)
=4A3(0)-5AZ (A% =24 + 1) ¥ 9A% — 1443 + 6A2 — 41
=-5A%(0)+9A (A3-2A + 1) - 14A3 + 24A% — 9A — 41

=9A (0) - 14 (AY = 2A + 1) + 24A% - 37A + 101



Solved Example on Characteristic Equation 191

=-14(0)+24|1 2 2|-37)1 0 2|+10{100
0 2 =1 0 -1 1 010
0 -1 1 0 1 0 001

I

24 -37+10 48+0+0 48-74+0
0+0+0 48+37+10 -24-37+0
04040 -24-37+0 24+0+10

=[-3 48 -26
0 85 -61 Ans.
0 -61 34
Ex. 16 Evaluate the matrix 24% —7 A% - 4A%, where A=|1 0 2
012
120
Sol. As in Ex. 10 Page 135 Ch. VII it can be calculated that the matrix /
satisfies A 2A2 5A+6I=0 ;
Now 2A% —7A-4A2= (AP -2A%-5A +61) QA -31)-27A + 1.

=-27TA+ 181, from (i), Now calculate.
Ex. 17. If A=[1 0 0], show that for every integer n24,
1 9 1
610

L e A® - A. Hence evaluate A®
Sol. Here we have
|A-All= {1-A O 0

1 0-A 1

0 1 0-A
SU-N{ENERN-1=0-HR =D
S P LT

The characteristic equation of A is ) IR T L
And so by Cayley-Hamilton's theorem we have

AP-AZ-A+I=0

or AAI-1=A%- I (i)  (Note)
Premuluplymg both sides of (|) by A", we havc
AT"Z@AZon=A""3(A2-D. (i)
Putting r=n,n—1,n-2, ..., 4 in (ii) we get
A" 2Al-n=A""3(A2-1)

A" AZ-D=A"tA-D)
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A’(A’-D=A@A’-1)
. Multiplying these n — 31dcnt1ues we have

A"l Al n=A@2-D, (Note)

or A'=A" 2284 or A"=A""24 A% A forallnsd.
Now we have A" - A" "2 A (A2- n ..(iii)
. Putting n=20, 18, 16, ... 4 in (iii) we get (Note)

A20_}“‘1‘:::;\(1‘2_13
A'S—A'6=A(A2—l)

A*-AT=AAZ-]
Addmg these nine identities, we get

AP -A%-9A A2 (Note)
_ =9A% —9A = 9(A’+A ~T)-94A, T )
or® A% =10A%-91. (iv)
Now At=[1 0 0lx[1 0o 0= 00
1 0 1)1 0 1 1 0
010/ (o1 0 0 1

From (iv) we have

20_10f1 0 o]-9[1 0 o
1 10| [0 1
01| [0 0 1
=10 0 o0]+[-9 o o
10 10 0 0 -9 0
10 0 10 0 0 -9
=1 0 o '
10 1 0 Ans.
10 0 1

Ex. 18. Compute A~ 2 in Example 17 above. _
Soll.‘In Ex. 17 above we have already proved that

Al-A2_p41=0. (i)
Also in Cor. II Page 168 Ch. VII we have proved that
' & ‘=-i_lA" 't a A" 24ty 1, (i)

ap

provided A" +a; A" "' +2,A" 4 . +a,_ A +a,1=0 ...(iii)
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Compéring (1) and (iii) we have

a,=-1;a,_,=1,a, 3=-letc.ora;=-1,a=1etc.
From (i1) we have
'_1=—(Jﬁ{A"'I+(—I)A"~2+...+(l)l}.whercn=3
{A -A+1} ‘ ¥
=1 0 0]-[1 0 0]+1 0 0O
1 10| {101]lo1o
1 0 1 01 0 [0 0 1
From Ex. 17 Pages 191-192
or P 0 0 _
' 0 2 -1 (1Y)
1 =1 2
Also from (i) pre-multiplying each term by A~ ? we have
A-1-A"'+A72=0. (Note)
or A 2= AsT4a
=-[100]+[100]+[1" 0 o0
101 010 0 2-1
010 001 1 -1 2
= 1 0 0
-1 3-=2
 Ex. 19 (a). Determine the eigen values and the corresponding eigen
vectors of the matrix A=(2 2 1
1 31
S (Garhwal 95)
Sol. Here | A — AI|
=|2-2 2 1 ‘:2-A 0 | |, applying
1 -3-42 1 1 1-A 1 Cy—-2Cs
12 z~x| | -2+2A 2-A
=(2-1) 1 lala -k
2)—-”2 Al |1 2A-2

=2 ~ X (2~ B4 A ~(2N ~ 2] # A~ 2]~ (1 =)
=adty PR =T d s il 1D =5

The characteristic equation of the matrix A is (A — 1)2 A-5)=0
Its roots ie. required eigen values of A are 1, 5. Ans.

-
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Now the equation (A —AI) X = O, for the matrix A is

|

Puting A = 1 in (i), we get

2-% 2
1 3=
1 2

2

1
1
2-2A

x3

X1

X2

X3

LO

0
0
0

(1)

...See §7.04 P. 166 Ch. VII

The corresponding eigen-vector are given by the equations
x1 + 2x + x3 =0, which does not give any non-zero solution.

The eigen vector corresponding to A = 1 cannot be evaluated.

Putting A = 5 in (i), we get
[-3
1
1

=2
]
0

= —211"'213:0,1'—_

2 1
2 ]
Z2 =3
0 2
2 I
4 -4

- rX]
X2
x3
X
X2

L*3

1=fo
0
0

0
0

o]

-

+ applying
Ri >R +Ry,

R3_"R3"R2

2x2+x3=0.4x2—413=0

= X =x3, X -2 +x3=0,x=x3

=X =x=x3,x -2 +x; =0

+

= x} =x = x3 and x; can take any value.

. Corresponding eigen vector is (x;..x;, x;), where x; can take any non-zero

value.

Ex. 19 (b). Find the eigen-values and cigen vectors of the matsix _

A=[3 1 1
151
11 3
Sol. Here [A - AI|  °
=l3-A 1. =1 |={3=A 0 1 |, applying Cy-Cy,
1 5-A 1 1 4-A 1
I L 8% 1 A=2 3=}
=(3-A)|4-1 1 +1 |1 4-A
A-23-2 L X =<2

=E-MIE-NE-1)-RA-2)1+[A-2)-(4-1)]

=(3-A)[A*-8A+14)+(2A-6)
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=3-NI-8A+14-2]=3-N (A -8L+12)
=3-NA-6A-2)=-(A-3)(A-2)(A-6)
The characteristic equation of A is (A —2) (A —3) (A - 6) =0.
Its roots i.e. required eigen values of A are 2, 3,6. . . Ams. -
Now the equation (A — AT) X = O, for the matrix ‘Ads

[3-% 1| 1 J|x|=0
i 5=% 1 ll= (i)
11 3-RIx (See § 7.04 Page 166 Ch. VII)
Putting A =2 in (i), we get -
1 1 1||%i1j=0=[0
1 3 Ll||* 0
11 dlxn| |0

The corresponding cigen-vector is given by the equations
x;+xp+x3=0,x; +3x+x3=0
. X X3 omy . Xj A A3
Thcse give 5=3='§ or T =H=T
. The chamctensue vector corresponding to-A = 2 may be taken as (1,0,1).
Ans.
Similarly calculate for A =3 and 6 also.
Ex. 20. Find the e:gen—valu& and eigen vectors of the matrix

A=[ 3 -5 -4

-5 -6 -5
- ~5 3
Sol. Here |A - Al |= 3-A -5 -4
-5-6-A -5
-4 -53-A
=(3=A) |- ~-§5|+5]=5 =5 |-4|-5-6-%
5 3-A -4 3-1 -4 -5

—(3-A)[-(6+A) (3-A)-25]+5[~15+ 51 -20]
—4[25+4(-6-1))
35+ 934 - 308=—~ (A - 4) A} +4A - 77)
—(A—=-4) (A =-T)(A+11).
.. Characteristic equation of A is (k HA-T(A+11)=0
hs roots i.e. required eigen values of A are 4,7, - 11.
Now the equation (A - AI) X = O, for the matrix A is
[3_1 -5 -4 ||n|=0
! -5 -6-A -5 ||x (i)
L -4 -5 3-Aflx3|  _see§7.04 Page 166 Ch. VII
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Putting A = 4 in (i), we gei

-1 -5 -4][x|=0
-5 =10 -5(|x
-4 -5 -1 x3
The corresponding eigen-vectors is given by the equations
' Xl+5X2+413‘=0,511+lOX2+5X3=O
and 4x) + 5x + x3 =0, which give x; =0 =Xy =x3.
These being all zero, the eigen vector corresponding to A =4 cannot be
evalutated.
Putting A =7 in (i), we get
[-4 -5 -4]{x|=0
-5 =13, =5f|x
-4 -5 -4 x3

The corresponding eigen vectors is given by the equations
411 +"5.r2 + 413 =0 and S.X.'l 3 13X2 +5I3 =0

which give xp=0andx3 =~ x,
P . |
These give Mok hareT
The characteristic vector corresponding to A = 7 may be taken as (1,0,- 1).

. Ans.
- Similarly calculate for A =— 11 also. ;
Ex. 21. Find the eigen-vectorsof A =[-2 2 — 3

2 1-6
-1-2 0
Sol. Here we cancalculate that ;
|[A-AI|= |-2-2 2 -3
2 1-4 -6
-1 =2 -

and the eigen values are given by A =5, -3, - 3. .
) . (Students are to find these in exam.)
Now the equation (A — AI) X = O, for the matrix A is
[-224 2 -3[al=0
3 1-A -6|x; ]
; L =1 =2 =2l (See §7.04 Page 166 Ch. vID
Putting A = 5, in (i) we get
-7 2 -3][x =0
2 -4 -6|lx
-1 -2 -5 I3J ;
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The corresponding eigen-vector is given by the equations
—7.t’| +2x2—3.¥3=0.2.t: —41'2—6.1'3=0.—X1 —2.1’2—5.1’3:0
o W . B
These give =g =
. The eigen-vector corresponding to A = 5 may be taken as (1, 2, - 1).
"Ans.
Putting A = - 3, in (1) we get| 1 2 =3{|*1|=0
2 4 -6||x
-1 -2 3 X3

The corresponding eigen-vector is given by the cquations
X +2[2 3!3 0, 2xl+4x2 6-!3 2.\’2+3X3—0
These reduce to x; + 2x, = 3x3=0 only and so non-zero solution of this
cannot be found, hence no eigen-vector carf be derived for A = - 3.
Ex. 22 (a). Determine the characteristic roots and characteristic vector
of the matrix A=|5 4
{l 2 ’ (Garhwal 93, 92)
Sol. Here | A-AI | = '5-1 4 i '
1 2-A
=(5-M0)(2-1)-4=6-TA+7?
The characteristic equation of the matrix A is
A2-7A+6=0 or (A-1)(A-6)=0 or A=1,6.
The characteristic roots of the matrix A are 1, 6. Ans.
Now the equation (A — AI) X = O, for the matrix A is

e zix}mw: Hil @

Putting A = 1 in (i), we get .

4 411X Ol=x+x=0=2x=-x
1 1| x; 0

Xy X3
1 =1 ;
The eigen-vector corresponding to A = 1 may be taken as (1, - 1). Ans.

Putting A = 6 in (i), we get

e

X X7 -

-4 1
The eigen-vector corresponding to A = 6 may be taken as (- 4, 1). Ans.
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Ex. 22 (b). Find the characteristic vector of A=

(Agra 90)
Sol. Here we get [A-AI | =[1-A2 2

and the eigen-values are given by A =1, 2, 2.

(Students are to find these in the exam.)
Now the equaiton (A — AI) X = O, for the matrix A is -
1-A 2 3 |[*1|=0, see § 7.04 Page 166 Ch. VII.
0 2-A 3 ||x
0 0 -1fx
Putting A = 1 in (i) we get (1)
0 2 3/|1%1|=0
0 1 3||lx
0 0 1 X3

The cormresponding characteristic vector is given by the edualions
2x3+x3=0,x+x3=0,x3 =0 which do not give non-zero solution of these
equations and hence no characteristic vector can be derived for K=1, =

Putting A = 2 in (i) we get

-1 2 3{{*%1|=0
0 0 3f|x
0 O O XJ

The corresponding characteristic vector is given by the equations
=X +2xp-3x3=0, 3x3 = 0.

Ay B W

These gives i Tl
-« The characteristic vector corresponding to A =2 may be taken as
(2,1,0). ' : Ans.

Ex. 23. Find the eigen-vector of the matrix A =[3 1
0 2
0 0

&

. : (Agra 92)
: Sol.Hercwc_:have]A-—ll]: 3-4 1 4

0 2-A 6
0 0 5-4
and the characteristic roots (or eigen values) are given by A =2, 3, 5.

(Students are to find these in (He exam.)
Now the equation (A - AI) X = O, for the matrix A is
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3-x 1 4 ||ml=0"
0 2=A 6 ll= i)
0 0 5-A X3 .

: {See § 7.04 Page 166 Ch. VII)

Putting A = 5 in (i) we get

2 14|[%1|=0
0-36||x
0 00||x

The corresponding eigen-vector is given by the equations
= 21‘1 +.l‘2+4}3 =0, “312+ 6.1.'3:0,
X2 I3

which give 3xp=06x3 or -2'" = T ...(11)

x x '
Now —22 = *11 =k (say), then from — 2x; + 12 + 4x3 =0 we get
2 =xy+4x3=2k+4k=6k or x;=3k
x X X X

or —3l=k. Soweget—]=—2--—"—3. .

. The characteristic vector corresponding to A =35 may be taken as
(3, 251 ; :

For A=2,3 we find that |A - AL|=0 and so non-zero solutions of (i)
cannot be evaluated in these cases i.e. eigen-vectors cannot be calculated.

*Ex. 24. If a + b + ¢ = 0, find the characteristic roots of the matrix

A=la ¢ b
¢ b a (Garhwal 90)
b a ¢
Sol. Here we have
|A-M|= |[a-A ¢c-0 b-0|=|a-A ¢ b
c-0 b-A a-0 c b-A a
b-0 a-0 c-A b a c¢-A

= latb+c-A ¢ b | replacing C) by
c+b+a-A b-A a Cl+C2+C3
b+a+c-A a c-A

= |-A ¢ b |, sincea+b+c=0(given)
-Ab-A a
-A a c-A

= [=2 c b , replacing R, R; by

0 b-A-c a-b RZ—R|aﬂdR3—R|
0 u-c c-A-b
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=-A|b-c-A a-b |,expanding with respect
a-c¢ c=-b-Al 0C
=-A(b-c- l)(c-b A)=(a-b)(a-c)]
—l[bc B fiyp +cb+c)\. Ac+bA+A2 - g2 +ac+ba be]
or |ArA|=A [(@®+ b2+ c* - ab - bc - ca) - A7), (i)
Alsoa+b+c=0=>(a+b+c) =0
=aa2+b2+c2+20b+2bc+26a=0
=2 (ab+bc+ca)=—<(a2+b2+ cz) (Note)
=a-—(ab+bc+ca)=%(az+b2+c2)
From (i) we get .
]A—AII:A[{(a2+b2+c2)+%(a2+b2+c2)}—J\zj (Note)

=A((3/2) @+ b2+ D) - A7
.+ The characteristic equation of A is A [(3/2) (az +b%+ cz) - lzl =0 which
gives A=0or A2 =(3/2) (a® + b2 + ).

_The required roots are 0, + [(3/2) (a* + b% + ¢2)]'/2, Ans.
Ex. ?” (a). Find latent roots and latent vectors of the matrix
A=la h g ;

0 b 0 (Kanpur 94)

0 0 ¢
Sol. Here -|A-AI|= |a-A & g

0 -4 0

0 0 c-A

=(@-A)(b-2)(c-1)
The characlensue equation of the matrix A is
A-a)A-b(A-0)=0

and the characteristic or latent roots of A are g, b, c. Ans.

Again the equation (A — AI) X = O for the matrix A is
rere’ g ||xi|=T0] :
0 L-2 0 ||x 0. ..(i)
0 0 c-Allx 0 :
Putting A = a in the above equation we get
FO h g X |=
0 b-a 0 X3
0 ) 0 cC—a Xq

ccocc
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The corresponding characteristic vector is given by the equations
Ox; + hxy+ gx3=0,{b-a)x;=0, (c - a) %3 =0.
.. The characteristic vector corresponding A = a may be taken as (o, 0, Q).

Ans,
Similarly we can find the characteristic vector corresponding to A = b and
A=cas(—h,a—b,0)and (- h 0, a-c). ) Ans.
Ex. 25 (b). Find the latent roots and latent vector of the matrix
A=[a h g-
0 b f
_0 0 <
Sol. Do as Ex. 25 (a), above.
Ex. 25 (¢). Find the latent roots and latent vectors of the matrix
A=[2 § 1]
0 3 0 (Agra 95)
0 0 4

Hint : Do as Ex. 25(a) above.
Ex. 26. If B= [ 2 \fZ:| then find the characteristic equation of B and

V2 1
verify that the matrix B satisfies the equation. Also find the characteristic
roots and the corresponding characteristic vectors of B. (Garhwal 94)
Sol.Here. B=[ 2 V2]andI=[1 0
V2 0 1
|B-AI|= [2-2 2
V2 1=

=[2=A)(1=2)=V2+72] -
=33 - X4 4*~2

== =2, |
. The characteristic equation of the matrix Bis A (A -3)=0 Ans.
and the characteristic roots of B are 0 and 3. i Ans.
Also Bt 2 ‘J‘?Jx 2 N2
V21 {\!2 1}

=[22+¥2.V2 242+V211d 6 3v2
_xiz.z+1.dz V2.V2+1.1] |3V2 3

B2-3iB=[6 3V2]-3[2 V2
_342 =3 V2 1

6 3V2]+[ -6 -3v2
W2 3 -3V2 -3

I

-27
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=[ 6-6 3v¥2-3v2]=[0.0
W2-3V2 3-3 00
: = 0, where O is the null matrix.
Hence the matrix B satisfies its characteristic equation given by

A(L-3)=0 or A2-3A=0.
The equation (B - AI) = O for the matrix B is

2-2 V2 |{xi|=0 .
V2 1-1||x ~0)
(see § 7.04 Page 166 chapter V1)

Putting A =0 in (i), we get [ 2 42}[11]:0
V2 1 ||x

The corresponding characteristic vector is given by the equations

24 + V2xp = 0 and V2x; + X3 =0. (Note)
Taking any one of them we get — '
Xy A ol ERE.
B ¥ T

' - The characteristic vector corresponding to A =0 may be taken as
(1,-¥2). ‘
Putting A = 3 in (i), we get

Fo e

The corresponding characteristic vector is given by the equations
—x;+V2x;=0 and V2x, — 2x, =0. '

. e Xy . X2
Taking any one of them we get ) =.q§ o =7
. The characteristic vector corresponding to A =3 can be taken as (V2, 1). Ans.
#*Ex. 27. Show that the matrix A=[ 0 ¢ -b| satisfies its
-¢ 0 a
b -a 0

characteristic equation. Also find A~ '. (Agra 91; Kumaun 91; Rohilkhand 92)

Sol. Here |A-AIl=| 0-A ¢-0 -b-0
-¢c-0 0-A a-0
b—0 —-a~0 0-A

g EE N ]

=-A (?L2 + a:) — ¢ (ch —ab) = b (cu + bA)
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==kt (az +b2 4+ c'z)
The charactenstic equation of A is
AVir@d+pi+ A =0 (D)
Alsowehave 2= 0 ¢ =-b|[ 0 ¢ -b
¢ 0 all-ze¢ 0 a

b -a 0 b -a 0

‘ ={- (c2 + bz) ab ca
: ab (P +dh be
ac be — (@ +b%
A=A A $
=|- (b2 + L'Z) ab ca 0 c —-b
ab - (02 - az) be =¢ @ a
| ac be <faT ,bz)J b -—a 0
[ 0 —e@i+P+dd) bR +E+d)
¢ (cz+az+b2) _ 0 = a(b2+c2+a2)
b +a +bD)  a(F+di+bD) 0
=—(a2+b2+6‘2) 0 ¢ -b
= 0 a
b -a 0
tiking out — (&> + b2 + ¢?) common. (Note)
A=—@+b+HA ...(ii)

A%+ (@® + b + %) A = O, which shows that the matrix A satisfies its char-

acteristic equation given by (i).

which gives A

Again multiplying both sides of (ii) by A~ 2 we get
A=-(@2+b2+cHA"! (Note)
-1 _ 1
a3 %
_ @b+ )

__ l 0 ¢ -b
@+b+cH)|-¢c 0 a Ans.
b -a 0

Exercises on § 7.03-7.06
Ex. 1. Show that the characteristic equation of the matrix
A=[1 0 2]isA=-1D@A+2)(A-3)=0
' 0 1-2
1 2 0
L J
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Ex. 2. Show that the matrix ‘A=[I 21 satisfies Cayley-Hamillo.n

llJ

Theorem.

Ex. 3. Let A=| 2 2 0} Find the characteristic equation of A and
21 1 ‘
-7 2 -3

verify that matrix A satisfies this equation. Also find the characteristic roots and
the corresponding vectors of A. '
Ex. 4. Using Cayley-Hamilton Theorem or otherwise determine the inverse
of the matrix As|l-2-21
' -2 12
1-22
_ Ex. 5. Verify Cayley-Hamilton Theorem in ‘the case of the matrix
A=[0 1 2] Hence find o~ !

2 =3 0
1 11
*Ex. 6. If matrix A=] 2 -1 1} find the characteristic roots of A.
=] 2 =l
1 =1 ¢ 2
Verify Cayley-Hamilton’s Theorem and hence compute A~ g

Ans.l,l,d,,‘l1 3 1
1 3 1
-1 1 3
Ex. 7. Verify the Cayley-Hamilton Theorem and find the characteristic
roots, where A=|1 2 .2
2 1.2
2.1 -4
; (Garhwal 91)

Ex. 8. Show that the matrix A={3 0 - 1| satisfies Cayley Hamilton
2.0 - 1
00 4
Theorem. ; )
Ex. 9. Using Cayley-Hamilton Theorem find the inverse of
A=|2 4 3
0 =1 1
2. 2 ~] (Rohilkhand 96, 90)

Ex. 10. Verify Cayley-Hamilton Theorem and verify it for the matrix A and
hence find A~ ', where
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A=[1 V2 0
V2 -1 0
0 0 0 ¢ (Lucknow 92, 90)

**Ex. 11. Using Cayley-Hamilton’s Theorem, compute the inverse of the

matrix A={1 2 1 Ans.1| 3 -2 1
0 3 2 4 2 0-2
1 0 1 -3 2 3
Ex. 12. Show that A=[1 2 2| satisfies the matrix equation
2 1 2
2 2 1
AZ—4A - 51=0, where I is the unit matirx, Deduce A~ .
Ans.1|-3 2 2
5| 2~-3 2
2 2-3
Ex. 13. Obtain the characteristic equation of the matrix A={1 0 2|and
01 2 '
1 20
hence evaluate A~ .. T (Kumaun 93)
Ans. )3 _2)2_sr+6=0;A""'=| 4 -4 2
=2 2 2
1.2 -1
Ex. 14 If A=[1 2] calculate A™" with the help of Cayley-Hamilton's
4 3 : \
' Ans. 1|-3 2
Theorem. E[ 4 - 1:[
Ex. 15. If A=[ 0 0 0] calculste A™' with the help of
310 :
-2 1 4
Cayley-Hamilton’s Theorem. ) Ans. 1| 5 00
41-3 40
2-11
Ex. 16. Find the eigen-values and eigen-vectors of the matrix
211
-11 4 5 ,
-1 1 0] Ans. -1, -;— [7 + V(- 39)], no eigen vectors.

Ex. 17. Find the eigen-vectors of thé following matrices :—
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@[-3 2 2km[1’ 3 ol@[3 1 4
-6 5 2 3 -2 -1 0 2 6
Ex. 18. Find the characteristic vectors of the matrix
A=} 8 =8 2]
-6 7 -4 {Kumaun 91)

2 -4 3

. "

Ex. 19. Find the eigen values and eigen-vectors for the matrix
A= 3 -5 -4

-5 -6 -5
N -4 -5 3
Ex. 20. Find the characteristic roots of
) -2 -8-12
1 4 4
| 0 0 ! (Kumaun 96)
Ex. 21. Find the invariant vector of the matrix
' A=[2 2 1
I 3 1

I 1 1

Ex. 22. Find the characteristic roots and vectors of the matrix

A=[=2 - 1] -
L 3 4 Ans. = 1,3 (1,=-1), (1 -5)
Ex. 23. Determine the characteristic roots and associated invariant vectors.
‘given A=l2 31
' I 3 1
1.3 2 (Lucknow 91)

MISCELLANEOUS SOLVED EXAMPLES

*Ex. 1 Prove that matrices A and B~ ' AB have the same latent roots.

Sol. We know that two matrices have the same latent roots (or characieristic
roots) if their characteristic equations are the same. (See definition of latent roots
in § 7.02 Page 162).

Let B ' AB=C.then C-AI=B" ' AB- AL (i)
Also B'AIB=B 'AB=AB 'B=Al
- From (i) we get C - AT=B" ' AB-B~ ' AIB
=B 'A-M)B
or . JC=-Al=|B "||A-AI||B|

=|A-Al||B"]|B]
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=|A-AI||B'B|
=|A-Al||I|=]|A-AL|
|C-~Al|=0=>|A-Al|=0

Hence the characteristic equation of C and A are the same iLe. Cand A or

B~ ' AB and A have the same latent roots. Hence proved.
Ex. 2. Prove that the eigen values of a diagonal matrix are given by its
diagonal elements.

Sol. Let A=fazg D .« 0,
0 ary .. 0
0o 0 ... a,

be a diagonal matrix with ayy, @z, ..., Gpp 28 diagonal elements.

Then the characteristic equation is

|A-21]=0 0r|“ll_}“ Y 0 |=0
4] a7 — A. a 0
0 0 g By S
or (a”—-K)(an—k]...(a,m—l)=0
or . A =ay, a3, ., apy are the eigen values of the matrix A and are given
by the diagonal elements of the diagonal matrix A. Hence proved

Ex. 3. Find the spectrum of the matrix
A=|-2 2 =3
2 1 -6
-1 -2 0
Sol. We can find that the eigen values of the matrix A are 5. — 3,=3.
Also we know spectrum of A is the set of eigen values of A.
[See § 7.02 (iv) Page 160]
. Reguired spectrum of A = {5,-3,-3] = {5, - 3] Ans.
Ex. 4. The equation AK=AX has non-trivial solution X iff A is a
“characteristic value of A,
Sol. Let A, be a characteristic value of A and X, be the corresponding
charuacteristic vector of A, then
AX =M X, =4, X = (3D X,
or AX, - (D) X, = 0, where O is the null matrix

or (A-A,DX, =0 or A-AD=0, " X,20
or tA-A|=0

i
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Hence every characteristic value A of A is a root of its characteristic
equation,

Conversely if 4; be any root of the characteristic equation |A - A| =0,
then the equation (A - A1) X = O must possess a non-zero vector X,
- such that AXI:RIIX[=?LI X,.

Hence every root A of the characteristic equation of A is a characteristic
value of A. '

EXERCISES ON CHAPTER VII
Ex. 1. Evaluate the matrix A® - 27A% + 6542 where

A= 0 0 1 Ans.| 40 2 48
310 ' 128 -3 0
1=2 1 4 86 —43 - 132~

Ex. 2. Evaluate A% in Ex. 17 Page 193 Ch. VII.
Ex. 3. If the matrix A =[ 2 -] 1}, find the characteristic roots of A.
-1 2 -1 ,
I =1 2

Verify Cayley-Hamilton Theorem and hence compute A™ 7.
**Ex. 4. When do you say that two matrices A and B are smilac ? Prove that
the similar matrices have the same characteristic roots,
Ex. 5. Find the characteristic polynomials of the matrix A and hence
compute 2A°% - 345+ A% + A2 - 41, where A is the matrix " 10 2
O =i 1}
i 0 11

Also determine one of the characteristic roots corresponding  the
characteristic vectors.

Ex. 6. Verify the Cayley Hamilton’s Theorem and find the latent roots where

A=(1 2 2
2 1 2
) 2 2 1
Ex. 7. Determine the characteristic roots of the matrix
t 1 0 0 -1
-1 0o 0 o

0 -1 0 o
0 0 1 0

"~ Ex. 8. Let A and B be two square matrices over the field of rcal numbers,
and let B be non singular, obtain the characteristic roots of A.if
B ap=s3 0 ‘
= 010
Q. a7
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Ex.9.Use Cayley-Hamilton Theorem to find Alif

A=|2 ) 2
0 2 3
0 0 5
Ex. 10. Find the characteristic roots and characteristic vectors of the
following matrix :— A= 1 0 -2
0 0 2.
-2 0 4

Ex. 11. Find eigen-vectors of the matrix
- A= 8 -6 .2
-6 71 -8
2 -4 1
*#*Ex, 12. If A}, Ay, ..., A, are the characteristic roots of a square matrix A of
order n. then show that 1/A, 174y, ..., 1/A, are the characteristic roots of the

malrix A~ . (Agra 92; Kumaun .94)
Ex. 13. Does the matrix A =[1 2 3 jsatisfy Cayley Hamilton Theorem ?
023
0 0 3
Find eigen-values and eigen vectors of A. (Agra 90)

Ex. 14. Prove that one characteristic root of A is 2, and find the
corresponding characteristic vectors where A=|2 0 1

0 2 0
1 0 2
Ex. 15. Find the characteristic roots and characteristic vectors of the matrix
2 -2 3
| 1 1
| 3 -1 J

Ex. 16. Show that if A, A3, A3, ..., A, are the latent roots of a matrix A, then
A’; has the latent roots
X200 v R (Agra 96)
Ex. 17. Find the characteristic roots and characteristic vectors of the matrix
A=[1 -1 -1 2
1 -1 0 (Agra 96)
1 O =l :
Ex. 18. Show that the characteristic roots of an idempotent matix are either

zero or uriity. (Bundelkhand 91)
®



