
CHAPTER IV.

Determir mis

§ 4 . 01. Permutations.
Def. The operation of rearranging n distinct elements of a set among

themselves is called permutation.
Let S be a set defined by

S = k02, i3 ,..., in) : im;t ik for pn;tk.

Let P be the transformation on S, such that P(ii) = al, P(i2)=a2,

P(i3)=a3 ,..., P(i,)=a , where 01,02,..., a, is some arrangement of the
elements i1, i2 ..., in of S.

Then a two line notation for the permutation is
p = (aill	 2	 i3 ... in )

02 03 ... an

(Note : The order of columns in this notation is immaterial).
If in a given permutation a larger integer precedes a smaller one then

there is an inversion. For example in 452 we see that 5 precedes 2.
If in a given permutation the number of inversions is odd, the

permutation is known as odd. For example the permutation 5312 is odd as in
this permutation we observe that 5 precedes 3, 5 precedes I, 5 precedes 2, 3
precedes I and 3 precedes 2 i.e., there are five (i.e. odd) inversion in 5312

Similarly if in a given permutation the number of inversions is even the
permutation is known as even. For example the permutation 5314 is even as in
this permutation we observe that 5 precedes 3, 5 precedes 1, 5 precedes 4 and 3
precedes 1.

Note : If there is no inversion the permutation is even, for example 345.

§ 402. Determinant of a square matrix.
Let us consider a square matrix A of order n n given by

A= an 012 0]3 ......01n

(21	 (222 (223	 ......02n

1231	 032 (233	 ......(13n

QnI 0n2 an3

The product of the elements in the principal diagonal is
au 1 022 (233 ...

This is also called the trace of the matrix.
Now obtain n! terms of the above type by operating on the

row-subscripts of the. elements of the above expression by n! permutations

	

p=	
'2

I	 1... In), 
where i1,i2.... 	 are one of then! permutations of the

'3 

integers 1,2,3.... . n.
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The sum of n signed terms thus obtained is defined as the determinants

of the matrix A and is denoted by I A I or I aq I

Therefore the determinant of thc square matrix A = 	 of order n x it is

given by	 I a 1 I = Y, ± a	 ap, a 03 ...

where +or —sign is taken when a, , y, 3,.... k is an even or odd permutation of

1, 2, 3 .....it. and the summation extends over it permutations of the row

subscripts 1,2......
Note : The determinant of a square matrix of order it is known as a

determinant of order it.

§ 4 . 03. Determinant of order two.
Let us consider asquare matrix A = [ all 0121 of order 2-x 2.

[021 022]

Then 2 ! permutation on two symbols I and 2 are

(I	 2
)' ' 

(1	 2
'1 22 I

The product of the elements of the principal diagonal are a 11 a.

Operating on the row subscripts of au I 022 by the permutation I we get

+011 a22, prefixing + sign as the permutation I is even (See § 401 Note) and

by the permutation p we get - aj ('12, prefixing - sign as the p.rmutation is

odd.
Hence I all 012 =011 022-021 ('12

021 ('22

§ 4-04. Determinant of order three.
Let us consider a sqaure matrix A = all ('12 a13 of order 3 x 3.

02! ('22 ('23

('31 032 033

Then 3 ! permutations on three symbols 1, 2 and 3 are

(

1 2 3'); p1 =(i 2 3); p2(1 2 3

	2 3)	 1 3 2)	 2 3 1

(1 2 3 '); p4=(I 2 3) and p5(l 2 -3

	

1 3)	 3 1 2)	 3 2 1

Operating on the row subscripts of all 022 ('33 by the permutation

I,p1,P2 ,..- p5 we have successively

(a) + a H 022 a3, prefixing + as permutation I is even.

(b) - 01! (232 023. prefixing - as permutation pi is odd

(c) +021 ('32013, prefixing + sign as permutaton p2 is even.

(d) — 021 012 a33, prefixing - sign as permutation P3 is odd.

(e) + OU 6112 023. prefixing + sign as permutation P4 is even.
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(f) -a1 a22 a t3, prefixing - sign as permutation ps is odd.
Hence we have
all a12 a3 =alla22a33-a11a32a23+a21a32a13.
a2l a22 a23	 -a21a12a33+a31a12a23-a3Ia22aI3
a3l a32 G33

=all (a22a33-a23a32)-a12(a21a33-a23a31)
+-a!3 (a21 a32 - a22 613 1)

=all a22	

23- 

a12 a2l a23 +a13 a	 a22
32 a331	 (43k a331	 (43k	 32

Solved Examples on § 402 to § 404.
EL 1. Evaluate -5 0

7 -2

Sol. -5	 0 (-5)(-2)-0x710-010.
7 -2	 Ans.

Ex. 2. Evaluate 1 2 3
4 5 6
789

Sol. 1 2 3 = 1 (5-9-68) -2(49--67)+3 (4.8-57),
4 5 6	 See *4'O4 Page l23
789

=1 (45-48)-2(36-42)+3(32-35)

	

=-3+12--9=0	 Ans.
Exercise

Ex. Show that2 5 =29
-•3 7

* 405. Cofactor of an element.
Defluition. If in the expansion of a determinant I au I, all the terms

containing ay as a factor are collected and their sum be denoted by au Cy, then
the factor Cj is defined as the cofactor of the element aV.

From the above definition we find that if [aij] be the n x n matrix whose
determinant is I a(/I then if from [au] the element of its ith row and fib column
are removed, the terms of Cu are then composed of elements from the
remaining (n - 1) x (n - l)sub-matrix M9 of [aijr.

Hence the determinant I aj I can be expressed as a function of the
elements of ith row, by collecting all the terms containing ail, ai2, aj3, ... , aij
and finding their sum
i.e.	 Iajl=a11C11+aaC12+ ... +ajCu1

R

=Za11 C11,
j- 1
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which iS the expansion of the. determinant I ay I by the elements of the ith row
and their cofactors.

In a similar manner we can expand the determinant I aq I by the elements
of the kth column and their cofactors and write as

aij 	 E OIACIk
k=1

Example : Expand the determinant 
2

h g
h b f
gfc

by the elements of 1st row. - -
Sol. Elements of first row are a, h, g.

Let A. H and G denote the cofactors of a, h, g.
Then A= b f ;H=— h f and G= It b

f 	 g 	 Ig f
Hence a h g = aA + hH + gG	 See. § 404 above

h b f

g f c

b fl_ h h f I +g I It b
f c	 g C	 g f

=a(bc—/)—h(ch—fg)+g(hf_bg)

=abc+2fgh—a/2 —bg2 —ch2 ,	 Ans.
* 4•e6. Properties of Determinants.
Prop I. If the elements of ith row (or ith column) of the determinant I a,,,

are multiplu d by a scalar c then the resulting determinant is c I aq I.

(Gorakhpur 93)
7

Proof: We can write Ia,I= E a,Cj	 See § 4 .05 above,
j=I

In this case, the resulting determinant (when the elements of ith row are
multiplied by c)

Pt

caC,1 =c E a(,.C,J=ca/I.

	

j=l	 j=i

Similarly we can prove that statement when elements of kth column are
multiplied by c.

Prop 11. If A = [ ajA is an a x a matrix then I A' I = I A I , where A' is the

	

transpose of the rnal,'ix A.	 (See § 208 Page 69)
Proof: If A = [aj}, then A' = [a',j], where a',1

Now the product of elements of the principal diagonal of A'
=a'ii 0220'33

—9
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Operating on the row subscripts of the elements of this product by the

permutation	 where i1,i2,ii,... are 1, 2, 3, ... in sonic

 
it

order, we have ± d1 i a'22 a',33... a'j,,, as a term of I A' I plus or minus sign to

be taken according as p is even or odd.
Now as a', = aji , so we have

d1ii a'i22 a'133... a'jn,, = alit Q2r2 a3,3... an,,,

The term alil 02i2 ... a,,j,, can be obtained from the term

ajl,j a,2j2 a 3,3... ainin by opperating on its row subscripts the permutation

	

(ill	 i2	 i3 ... in'	 - l
2 3 ... nJP

Hence p' is even or odd according as p is even or odd. Therefore the
term ± a'a ii a'122 a' 1 33... a'jp,,, of I A' I is also a term of I A I.

We can thus prove that every one of the a ! terms of I A' I is a term of
I A I. Hence the property.

Forexample,ifIAI= aj 02 03

bi b2 h3

Cl C2 C3

Q 1 b2 h3 —a bi bi +a3 b b2

	

C2 C3	 Cl C3	 CC2

=alb2c3_atb3c2_a2blc3+a2h3Cl+03h1C2-03112C1.

Then IA'I= ai bj Cl

a2 b C2
03 b3 C3

=01 b2 C2 —bi az C2 +C[ 02 b2

	

b3 C31	 0 	 C31	 03 b3

=(Z1b2C3 —a l b 3 c2 —a2h l c3 +a3b l c2+a2b3ct —a3b2e1

IA'lIAI.	 (Gorakhpu..r95)

Prop. III. If B is obtained from A by interchanging two rows (or

columns) then I B I = - I A I.
Proof : Let us suppose that sth and tth columns of the determinant A are

interchanged where s < t.

Let A= al I	 .l2	 ...	 at,,	 .-.	 (11,	 , ..	 01n
021	 022	 ...	 (12.ç	 ...	 02r	 ...
...	 ...	 ...	 ...	 ...
O il	 a,i	 ...	 aix	 ...	 air	 . . .	 a,,,

ant	 an2	 ...	 (1ns	 ...	 a,, tann

Then the 'trace of A i.e. the product of the elements of the principal
. . . a, ..
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If the sth arid tth columns are interchanged the product of the elements of

the principal diagonal of B
= ail a22	 ass	 an ... a,	 (Note)

In order to have a term of I A I, let us operate on the row subscripts of the

trace of.A by the permutation
(i	 2	 s	 ...	 t	 ...	 n

=1:1	 12	 ...	 ...

Then we have a 1 j 1 (2122	 a 55	 a

This terms can also he obtained from the trace of B by operating on its

row subscripts by the permutation
(I	 2	 ..	 s	 ...	 t	 nP,=)

i2	 ...	 ...	 is	 in

Here we observe that p'= p ( i5 i t), since (i5 i,) is a transposition. Therefore

p' is odd or even according as p is even or odd. Hence the term

± Oil I (122 a 55 a,t ainn is also a term of I B I but with its sign changed.

Thus every one of the n terms of I A I is a term of I B I but with sign changed
Hepce IBI= - IAI.
Example: Let I A I = at a2 a3

bi b2 b3

C 1 C2 C3

Let the determinant I B I be formed by interchanging second and third
columns.

Then IBI= ai at a2

bi b3 b2

Cl C3 C2

Exapanding i B I by the elements of its first row, we get
IBI = al b3 b2 — 03 b 1 b2 +a2 bi b3

	

C 	 C2	 Icj C2	 Cj C3

=ai (blc2-b2C3)-a3(hlc2-h2c1)+02(blc3-b3ct)

= - [a I  (bci - b3 c2) - a (bid - bId) + 613 (h t c2 - bci)}

=-	
h 1)3 -a2 lb b +O .b1½

	

[	 C2 (3	 Cl Cl	

c  

C2

	

(li	 02 (t =- IAI.

	

bi	 1)2 h3

C l C2 (3

Prop. IV. if two rows or two columns of a determinant I A I are identical

then I A I = C)
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Proof In Prop. 111 above we have proved that if any two rows or
columns of a determina't are interchanged then the value of the determinant
changes in sign only.

Thus if the two identical columns (or rows) of a determinant are
interchanged, then the sterminant does not change but its sign only changes.

Hence IA l=—IAIj.e. IA 1+ IA =0 i.e. IA 1= 0.
Example: Evaluate al a2 a 

hi b2 b1
C 1 C2 Cj

Expanding the determinant with respect to the first row we have the
given determinant

	

a1 h2 b1	 a2 I b, b1 +a j bi 12

	

C2 Cl	 Cj Cl	 Cl C

'=aI(b2cI-bIc2)—a2(bjcl--blcI)+l(blC2_b2c1)

= alb2cI —aIblc2—a2(0)+albjc2—aIb2c10.

407 Minor of an element
Definition : If Mj be the (n— l)x(n — 1) sub-matrix of the matrix

A = [Oij] obtained by removing the ith row and jth column, then the determinant
I My I is defined as the minor of the element aq in the determinant I a,j I of

order n.

§ 408. Theorem. The cofactor Cij of the element aq in the determinant

IaijIisgivn byCij=(_l)"ulMjI.

Proof : Let us first of all prove the case C1  = (_ 1)2 I Mit L i.e.
Cii=I Mil l.

•	 Thç tems in Cii are composed of elements taken from the
(n—l)X(n— 1) sub-matrix M11 -of A.

The general term of a I I C11 =±a 1 0122 aj33 ... aj,, where i2, 13, .in
are 2,3, ..., n in some order.

This term can also be obtained from the trace of matrix A i.e. the product
Cif the elements of the diagonal of the matrix A i.e. a t

I a22 033 .. . ann, by

operating on its row subscripts by the permutation p = (1 

	
where

are defined as above.
Thus the permutation p may be regarded as a permutation on the symbols

2 3.... . n. Hence all the terms of a 11 C1  can be obtained by running p through
the (n - I) ! permutations of the symbols 2, 3..... n keeping I fixed.

Thus the terms of Ci i can be obtained by operating on the row subscripts
of the elements of the product a22 033... a, which is the puoduct of the
elements of the diagonal of Mn i.e. the trace of Mil.
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Hence ClMiil.

Now let us prove C,1 =	 I )l4 I M,, I.
Move the ph column of the matrix A to the first column by performing

- 1) successive interchanges of adjacent columns and move the ith row of the
matrix A to the first row by performing (i - I) successive interchanges of

adjacent rows. 'I'hcn the clement a,j is in th first row and first column of the

resulting matrix B. say. The sub-matrix of B obtained by removing the first row
and first column is the sub-matrix M 1 , of the matrix A. Hence aq I Mq I is the

term of I B I containing a:j.
Also we know that if two rows or two columns of determinant I A I are

interchanged, the new determinant - I A I.

	

We have IBl=(—l)'''IAI	 (Note)

= ( I)' J (- 1)-2 1 A

=(- l)' 1 lAl. .	 (- lY 2= I

or

	

	 lAI=(—l)'IBI	 (Note)

Equating the coefficients of u, from both sides, we have

Cj1=(—l)"1lM,jl.
' 4 09. Theorem. If C,1 is the cofactor of a, in the determinant

A I = I aq I of order n, then (i) the sum of the products of the elements of the
ith row with the cofactors of the corresponding elements of the kth row is zero
provided i * k.

(ii) Also the sum of the products of the elements of the jth column with
the cofactors of the corresponding elements of the kth column is zero provided

,j # k
?1

(i)	 E avCè .= O,ifi k.
1=I

11

and	 (ii) Z a11 Ct=O,ifj k.

AProof: (i) The given determinant I A I 	 E Oki C.

Now eplace the kth row by ith row, then we have the new determinant
'1

= L avC.
j=1

But the Ath and éth rows of the new determinant are identical, hence its
value is zero.

aij
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'I

(ii) The given determinant I A I = T. aik C&.
1=1

Now replace the kth column by jth column, then we have the new
'I

determinant	 = L aikCj.

But the Ath and jth columns of the new determinant are identical, hence
its value is zero.

R

al) C1k0.
1=1

at bici prove that
aib2c2
a3b3c3

ajAá+bi+c,C2=O, bjCj+b2C2+b3C3=O and cB+c2B2-e.c3B3=O,
wbeie r2i letter dentoe the cofactors of the corresponding smafl

AI,o prove that
aAi + biBi + ciC = t A I = 22A2 + b2B2 + c2C2 23A3 + b3B3 + c3C3.
Sol. In thedet. IA I = at bi ci we have

- a2 b2 C2
a3b3c3.

At = b C2 ;A2— b1 c ;Bi— a C2 ;B2= a c
l3 C3	 b3 03	 a3 C3	 Q3 C)

B=— acj ;Ci= ab ;C2=— a bi I A3= bj ci
a2 C2	 al b3	 a3 b3	 b2 C2

C3 = al bi
a2 b2

alA2+bIB2+c,C2	 -

—a
t b1c +b1 at Cl --et Jai& bj

1b3 C) I	 I a3 C3 1
	 C3

= -al (b1c3-!7c1)+b1 (alc3-a3cl)--cI (aIb3-a3bt).
= O on simplifying.

b1C1 +b2C2+b3C3=bt a2 b2 -b2laibt +b3 at bt
a3 b31	 1a3 b3 	 a2 b2

=0, on simplifying.
In a similar way the remaining pt can also be proved.
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Also IAI	 al bt c

02 b2 Cl

03 b3 C3

= ai fri	 - bi 02 C2 + C 02 b2

	173 C31	 03 C3	 03 b

expanding with respect to first row.
Again aiAi +biBi + c1Ci

02 C2j+C1 02
b3 C3	 t23 C3J	 03 t3I

bj= at b2 c2-	 02 C2 + cl 1 02 172
b3c3	 03C3	 a3 b3

=tAIfron(i)
Similarly a2A2 +17282+ C2C2

22J_ bi ci l + b2 01 Cl +C2S_ lai bi

 I 
a3

1173c3J a3 b3

=-02 bj Cl +ba cj -Cl jai bi

b3 C3	 iO3	 03173

Also IAI	 01 hi C

02 1?,. Cl
03 173 C3

02 b1 Cl +172 01 Cl	 2 al hi *
173 C31	 03 C3	 03 173	 ...(iii)

expanding with respect to second row.
From (ii) and (iii), we get a2A2 +17282+ c2C2 = I A I.

In a similar way we can prove that a3A3 +17383+ c3C3 = I A I, by

expanding I A I with respect to third row.
4 . 10. An Important Property Of theDetermkant.

(a) if A 1 . the jilt mw of a determinant I At I ay I of order n, be replaced

by A + cAj. where c is a scalar and Ak denotes the kh row of the deermirant

	

I A I, then the value of the determinant remains unaltered.	 (Gorakhpur 94)

Proof : The determinant I A I = L ay C4.
j1

Replacing Ai by AI+cAk we got the new determinant IBI 'say.

Thcr.101	 £ (aij+ca&j)Ci
j=I

4
£ a j C4j +c £ aijC,j

J.I	 i-I
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=1 A I+c.O	 ... See § 409 Pages I2.131
i.e.	 IBI=Iki.

(b) If C. the ith column of dererrninw:t I A I = I a il I of order n be replaced
by Cr + XC'k where X is a scalar and Ck deuoes the kth column of I A I then
the value c/ the determinant remains unaltered

Proof is similar to part (a) above.
Solved Examples on the Evaluation of Determinants:
In the following examples R 1 , R2, R	 .. stand for first, second, third,

rows and C1 , C2 , C3 , ... stand for first, second, third.., columns.
Ex. I. V " ithout expanding the determinants, prove that

a b c 	 b q = x y z
xyz	 x a p	 p q r
p q r	 z C 	 a tic

Sol. a b c = - x y	 , interchanging R 1 and R2

	

X y z	 . a b c

	

1p q r	 p q r

I

x y z interchanging R2 and Rj
p q r
a b c	 Hence proved.

Again a b c = a x pinterchanging rows and colurnnc
X y Z	 b v q
p q r C z 

a p , interchanging C1 and C2
Y b q
z c 

y b q , interchanging R 1 and R2

x a p
Z C r	 Hence proved.

Ex. 2 (a). Evaluate" b + c
I b c + a

c a + b
Sol. The given determinant
= I a a + b + c replacing C3 by C1+C2

I b a+b+c

P	 o+b+c

(a ' b t- c) I 1 o I , liking out (a + b + c) common from C3
	'1	 b	 I

C	
IJ

since two columns are identical, 	 Ans.
Ex. 2. b). Evaluate 13 16 19

14 17 20
15 18 211



S. Examples on Evaluation of Determinants 	 133

Sol. The given determinant

= 13 16 3 .replacing C3 by C3 - ('2

14 17 3
15 18 3

= 13 3 3 replacing C2 by C2 - Ci
14 3 3
15 3 3

= 0, since two columns are idcnticaF. 	 Ans.

Ex. 3. Evaluate 265 240 219
240 225 198
219 198 181	 (Kanpur 90)

Sol. Given determinant

25 21	 219 .replacing Ct, C2 by 
CI - C2,C2—Clrespectively

15 27	 198
21	 17	 181

4 21	 9 , replacing Ci, C3 by Ci - C2,
- 12 27 —72	 C3 - 10C2 respectively

4	 17	 11

= 0	 4	 - 2 . replacing RI, R2 by RI - R3, R2 + 3 R3 respectively
o 78 —39
4	 17	 II

= 4 4	 -2 . expanding with respect Co C1
178 —39

=4 0	 —2 .replacing Ci by C1+2C2.
0 —39

=4x0=0	 Ans.

Ex. 4. Evaluate a -a -a -a
b —b —b —b
c —c —c —c
d —d —d —d

Sot. Since three columns of the given determinant are identical, so the
value of the determinant is zero. 	 Ans.

Ex. 5. (a) Evaluate 1 2 3 4
2341
3412.
4123

&L-The given determinant
= 10 2 3 4 , replacing ClbyC)+C2+C3+C4

10 3 4 1
10 4 1 2
10 1 2 3
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=10 1 2 3 4 ,taking out l0 common fromCi
1341
1412
1 t23

= 10 1	 2	 3	 4 , replacing Rz. R3, R4 by R2 - Ri,
0	 1	 1 -3 R3—RIandR4—R1
0	 2 —2 —2 respectively
0 —1 —1 —1

=10	 1	 1 -3 expanding with respect to Ct
2 —2 —2

—1 —1 —1

	

=-20 1	 1 —3 ,taking out 2 common from R2 and —1 from R3

	

1	 11

	

=-20 1 •	1 —3 ,replacing R2 and R3byR2—RI and
0 - 2	 2	 R3 - Ri respectively
0 0 4

--20- 2 2 , expanding with respect to Ct
04

= - 20 [(-- 2) 4 - 0•2] = - 20 [- 8] =160.	 Aiis.
Ex. 5(b) Evaluate —4	 1	 1	 1	 1

1 —4	 1	 1	 1
1	 1 —4	 1	 1
1	 1	 1 —4	 1
1	 1	 1	 1 —4

Sol. The given determinant
= 0	 1	 1	 1	 1 ,replacing ClbyCl+C2+C3+C4+C5

	

0 —4	 1	 1	 1
0	 1-4	 l	 1.
0	 1	 1 —4	 1
0	 1	 1	 1 —4	 (Note)

=0, expanding with respect to elements of first column. 	 Axis.
*Ex. 6. Evaluate cosO — sinO 0

sin 	 cos9 0
0	 0	 1	 (Meerut 9o)

Sol. The given detrLninant
= - cos 0 0 - sin 0 , interchanging C2 and C3

	sin 	 0 cosO

	

0	 1	 0
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= 0 cos 0 - sin 0 interchanging Ci and C2

o sin 	 cosO
1	 0	 0

= cos 8 - sin 9 expanding with respect to Ci

sin 	 cosO

= cos 8. cos 9— (— sin 0) sin o = cos 2 8 + in  0 =	 Ans.

	

Ex. 7.Evakiate 1	 1	 1
1 1±x	 I

	

1	 1	 l+y

Sol. The given determinant
I I I ,replacing R2byR2_R1 and R3bYR3R1

OxO
OQy

= I X x 0 expanding with respect to the first column,
0 

= xy_
s*Ex. 8. Evaluate 1 2 22 32 42

22 32 42 2

32 42 52 62

42 2 62 72	 (Meerut 97; Punanchal 97)

W. The given determinant
= 1	 4 9 16

4 9 16 25
9 16 25 36

16 25 36 49

= 1	 0	 0	 0 , replacing C2. C3, C4 by C2 — 4Ci,

4 —7 —20 —39 C3 _9C 1 and C4_16Cirespectively.

9 —20 —56 —108
6 —39 —108 —207

= (— 1)	 7	 20 39 1, expanding with respect to first row
20 56 108
39 108 207

1

7 —1 —1 , replacing c2 and C3byC2-3dIand

20 —4 - 4 C — 2C2 repsectively.
39 —9 —9

= 0, as two columns are identical 	 Ans.

Ex. 9. Evaluate 5 7 10 14
2376
3369
5 6 11 20
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Sol. The given determinant
0 1 - 1 —6 , replacing R  and R3 by R - R4 and

	

2 3	 7	 6 R - R2 rcpscctivcly.

	

l 0 —I	 3

	

5 6	 11	 20

	= 0 1	 0 Q replicing C3 and ('4 by C2 + C3 and
2 3 - 10 24 ('4 + 6C2 respectively.

	

1 0 —1	 3

	

5 6	 17 56

Now expand with respect to 1st row and proceed as in Ex. 8 Page 135

Ex. 10. Show that	 1	 1	 1	 1 = 0	
Ans. 96

a	 13	 y	 8

13+ y y+6 6+a a+13
13

Sol. The given determinant
=	 I	 I	 I

a	 13	 y	 S

	

'y+8	 5+a
a+13+y+8 a+13+y+8 ct+13+y+6 a+13+y+6

replacing R4 by R2 + R3 + R4
=(a+J3+y+&)	 I	 I	 I	 I

a	 13	 Y	 8

13+' y+8 6+a cz+13
I	 I	 I	 I

Liking out (a + 13 + y+ 5) common from R4.
0, since two rows are identical. 	 Hence proved.

	

Ex. 11.Evaluate 1 1	 1	 1	 1
12345
1 3 6 10 15
1 4 10 20 35
1 5 15 35 69

SoL The given determinant
= 1 0	 0 0 0 , replacing C2 ,C3 ,C4 and c5byc2_c1,

1 1	 2	 3	 4	 C3 — CI.C4 — ' 1 and C5—CJ respectively.
I 2	 5	 9 14
1 3	 9 19 34
1 4 14 34 68

= 1	 2	 3	 4 , expanding wih respect to first row.
2	 5	 9 14
3 9 19 34
4 14 34 68
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= 1 0	 0	 0 , replacirtgC2,C3 and C4 hYC22Cl C3-3C

2 1	 3	 6	 and C4 - 4C1 repsectively.

3 3 10 22

4 6 22 52

1	 3	 6 expanding with respect to first row

3 10 22

6 22 52

= 1 00 replacing C2 and C3 by C2 - 3Ci

3 1	 4 and ('3 - 6C1 respectively.

6 4 16

= 1	 4 1, expandin with respect to first row.

4 16

=1.(16)-4.4=0.	 Ans.

Ex. 12. Show that a + b + 2c	 a	 b	 = 2 (a + b + c)3
C	 b+c+2a	 b

C	 a	 c+a+2b

(GarhwQl 90; Meerut 92)

Sol The given determinant

= 2i + 2b + 2c	 a	 b	 . replacing Ci by Ct + C2 * C3

2a+2b+2c b+c+2a	 b

2a+2b+2c	 a	 c+a+2b

(2a+2b+2e) I	 a	 b	 .taking out 2+2b+2c

I b+c+2a	 b	 common.

1	 a	 c+a+2b

= 2 (a + b + c) 1	 a	 b	 replacing R2 and R3

o b + c + a	 0	 byR2—RI and R3—R1

0	 0	 c+a+b respectively

	=2(a+b+. c) b+c+a	 0	 ,expanding with respect to

0	 c+a+b lstcolumn.

=2(a+b+c)[(b+c+a)(c+a+b)12(a+b+c)3

	

*Ex- 13. Prove that b±c c + a a + b 	 2 a b c

	

q + r r + p p + q	 p q r

	

Y +z z + x x + y	 x y z (Meerut 90)

Sol. [,.H.S.= b+c '+a a + b

q + r r+p p+q
y+z z+x x+y

=1

b c+a a+b + c c+a a+b

q r+p p+q	 r r+p p+q

Y z+x x+y	 z z+x x+y	 (Note)
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= b c+a a + b c+a b 4-cc a+b + C aa1-b
q r+p p	 q r'-p q	 r r p+q	 r p p+q

Y z+x x	 y z+x y	 z z x+y	 z x x+y

= b c a + b a a +1c a a + cab,

	

q r p	 q p p	 r p p	 r p q

Y z x y X  z X  z x y

second and third determinants vanish as two columns in each are identical.

= b c a + c a b , second and third determinants vanish

	

q r p	 r p q as two columns in each are identical.

	

Y z x	 z x y

= - b a c - a c b , interchanging C2 and C3 in first and
q p r	 p r q Ci and 02 in second determinant
Y x z	 xzy

= a b c + a b c , interchanging Ci and C2 in first and

	

p q r	 p q r C2 and C3 in second determinant

	

X y z	 x y z

=2 a b c =RH.S.
p q r
xyz

Ex. 14. Evaluate y + z x y
z+x z x
x+y y z

Hint: Add all the rows to first, take out (x+y+z) common from first
row and then subtract sum of second and third columns from first. Then
expand.	 Ans. (x+y+z)(x—z)2

Ex. 15. Evaluate I b + c a + b a
c+a b-+-c b
a+b c+a C

Sol The given determinant
= 2a+2b+2c 2a+2b+2c a+b+c , replacing Riby

	

c + a	 b+c	 b	 Ri+R2+R

	

a±b	 c+a

	=(a+b+c)	 2	 2	 1 ,taking out (a+bi-c)common
c+a b+ b
a+b c+a c

	=(a-i-b+c)	 0	 2	 1 ,replacing ClhyCl—C2
a — b b+c b
b — c c+a c

	= (a ± b + c)	 0	 0	 1replacing C2 by C2 - 2C3
a—b c—h b
b—b a—c c

Hence proved.
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= (a+b+c) [(a—b) (a — c) — (b --c) (c —b)]

=(a+b+c)[a2_aC_ba+bc+b2+C2_21d]

_-(a ±b+c)(a2 +b2 +c2 _abbC _ ca) =a3 +b3 +c3_ 3	 Ans.

*Ex. 16. 	 a—b—c	 2a	 Zn
Zb	 b — c — a	 2b
2c	 2c	 c — a — b

(Kanpur 96; Kurnaun 93, Meerut 95)

Sol. The given determinant
= a+b+c b+c+a a+b+c ,replacing RlbyRl+R2+R3

	2b	 b — c — a	 2.13

	

2c	 2c	 c — a --b

=(a+b+c)	 I	 I	 I	 ,taking out (a+b+c)

2b b—c—a	 2b	 common
2c	 2c	 c—a—b

=(a+b+c) 1	 0	 0	 ,replacing C2 and C3
2b —a—b—c	 0	 byC2—Cland
2c	 0	 - a - b - c C3 - Ci respectively.

=(a±b+c) — a — b — c	 0	 , expanding with respect
0	 —a—b	 to first row.

	

(— a — b — c) (—a—b—c)=(a+bC)3. 	 Ans.

E. 17. Evaluate a 1 1 1
lal I
hi
111 a

Sol. The given determinant
= a+3 1 1 1 , replacing ClbyCt+C2+C3+C4

a+3 a I I

a±3 I .a I

a+3 1 1 a

Now proceed as in Ex. 5 (a) Page 133. 	 Arts. (a - 1)3 (a + 3)

Ex. 1K Evaluate I 1 + a	 1	 1	 1
I	 1+a	 1	 1
1	 1	 1+a	 1
1	 1	 1	 1+a

Sol. The given determinant

	

= 4+a	 I	 I	 I	 ,replacing C1yC1+Cz+C3+C4

	

4+a	 1-s-a	 1	 I

4 	 I	 1+a	 I

	

4+-a	 1	 1	 1±a
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= (4 + a) I ' 1	 1	 1	 taking out (4 + a) common
I	 I + a	 1	 1	 from first column.
I	 I	 1-a	 I
I	 I	 I	 1+a

= (4 + a) I 0 0 0 replacing C2, C3 and C4 by C2—CI,
I a 0 0 C3—ClandC4—CI
1 GaO
lOOa

= (4+a) a 0 0expanding with respect to R1
GaO
OOa

= (4 ± a) a a 0expanding with respect to RI

0 

=(4+a)a(a2)=(4+a)a3,	 Ans.
Ex. 19. Prove that

I+ai	 a2	 a	 =1-fal+a2+a3+a4
at	 1+a2	 a3	 34

at	 a2	 1+a3	 34

al	 a2	 a	 1+a4

So!. The given determinant

	

= I +aj +a2+a3+a4	 02	 03	 a4	 replacing C1 by
l+aI+02+03+a4 1+02	 03	 04	 CI+C2+C3+C4
l+al+a2+a3+a4	 02	 1+03	 04

l+aI+a+a3+a4	 a2	 03	 1+04

Nuw proceed further as in Ex. 18 above.
*Ex 20. Evaluate x a a a

ax a a
a ax a
a a ax

So!. The given determinant

= x+3a a a a , replacing C1byCI+C+C3+C4
x3a x a a
x+3a a . a
x+3a a	 x

= (x + 3a) I a a a , taking out (x + 3a) common fromCi
I x a a
lax a
I a ax
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= (x + 3a) I	 a	 a	 a	 replacing R. R i and R4 by

	

o x—a	 0	 0	 R2—Rj,R3—RI and R4—k1
() 0 .V d 0 respectively.
o o	 0

= (x + 3u) x - a	 0	 0 
I Iexpanding with respect to Ci

o	 X - O	 (J
o	 o	 I - a

+ 3a) (r - a) .r - a	 0	 expanding with respect to Ct
o

( + I(,) (t - a) (x - a) (x (z) = (x - 3(j) (x - a) 3 .	 Ans.
Ex. 21. Evaluate x + a	 1	 c	 d

•	 a	 x*b	 c	 d

	

a	 h	 x+- c	 d

	

a	 b	 c	 x + d	 (Meerut 96)

Sol The given determinant

A + a + h + c + d	 b	 c	 t	 replacing Ct by
x+a+b+c-s-d x+h	 C	 d	 CI+C2+C3+C4
x+a4-b+c+d	 b	 x+c	 d

	

x+a+h+c-d	 b	 c

	

=(x+a+h+c-i-1) I	 b	 c	 d	 taking out
I x + b	 c	 d	 (x -u+b++J)

	1 	 b	 x + c	 d	 common tromC1

	

I	 b	 c	 x+d

b c d , replacing k2,R3,k4hyR2—Rt.
o x 0 0 R3 - Pt and R4 - Rt respectively.
OOxO
000x

=(+a+b-4-c+d) x 0 0 expanding with respect coCj
OxO
o 0

x(x+(i + b + c 4-d) X 0 .expanding with rcspe oC1
0

Ans.

	

EN. 22. Evaluate b c	 a	 a

	

b	 c + a	 b

	

C	 C	 a F b	 (Garhwal 90)

Sol. The given 1ctrmii1ant

= h - c	 0	 a	 . replacing C2 by C2 -
b	 c+a — b	 b	 V

C	 —a—h a+b
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=(b+c) c+a—b b +a I b c+a—b
c—a—b o+b	 c c—a—b

expanding with respect to R1

=(b+c) c+a—b b I +a I b	 c+a—b

	

—2a a	 c—b —2a

replacing R2 by R2 - i in each determinant-

= (b + c) (a(c+a_b)—b(-2a)J+a[b(-a)—(C—b)(C+a—b)

=(b +c) (ac 4a2+ab)+a(_2ab_c2_Ca+bC+bC+ab_b2)

=abc +a2b+ab2 +ac2 +a2c+ac_2a2b_ ac' _Ca2+2abC+02bb2

	

=4abc.	 Ans.
Ex. 23.Evalnate b + c a—c a—b

b—c c+a b—a
c—b c—a a+b

Sal. The given determinant	 -
	= 21'	 2a	 0 . replacing Rt and R3 by Ri + R2 and

b - c c + a b - a I R3 + R2 respectively.

	

o	 2c	 21

4	 b	 a	 0taking out 2 common from R  and R3

b—c c+a b—a

	

o	 c	 b

4 b a	 0 ,replacingR2byR2—R1

—c c b—a

o c b

=4[b c b - a + c a 0 1 1 expanding with respect Ic Ci

	

C	 b	 c 

=4 [b c b—a I +c I a OJ, replacing R2byR2—RI

	

0	 a	 c bj 1n first determinant.

=4[b(ca)+c(ab)]=4(2abC)=8abC.	 Ans

Ex. 24.Evaluate x a b c I
dxi h 1
dexkl
deg x 
dcgml

Sol. The given detenninart
x—d a—i b—f c—h 0
0 x—e f-x h—k 0

	

0	 0 x—g k—x 0
- -	 0	 0	 0	 x—nz 0

	

d	 e	 9	 nil
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replacing Ri, R2,R3 and R4 by RI-R2, R2-R3, R3-R4 and R4-R5

rcsplactively.

x-d a-x b-f 0 'exapanding with respect toR4.
o .-e f-x 0
o	 0 x-g 0
d	 e	 g	 I	 (Note)

=(x-m) x-d a- x b-f .expanding with respect toC4
o .z-e f-x
o	 0 ,-g

= ( - m) (x - d) x - e f- x , expanding with respect to Ci
0 A-

=(x-nt)(x-d)(x-e)(x-g).	 Ai
Ei,25.EvaIuak I . 	 I y

xIyI
lyix
Y I x-1

Sol. The given determinant
= x+y+2 x+y+2 x+y+2 x+y+2 ,replacingRiby

X	 1	 y	 1	 R1+R2+R3+R4
1	 y	 I	 x
Y	 I	 I

= (x + y -i- 2) 1 1 1 1 taking out (x + y + 2) common from Ri
xlyl
lylx
Y I x I

= (x + y + 2) 1	 0	 0	 0	 replacing C2, C3 and C4 by

x 1-x y-x l-x C2-C1,C3--Clafld
I y-1	 0 X -i C4-CI

I Y I - y .t y 1 y respectively.

(x+y+2) 1 -x y -x 1 -x ,expanding with respect to RI

y - 1	 0	 x - l

I '-Y X-Y 1

0	 y-x I -x •replacing CjbyC-C3
y -x	 0	 x-1
0 x - y t_y

= - (x + y + 2) (v - 'X)	 - x I - x , expasdmg with respect to C1
t_Y I4

=-(x+v+2)(y--x)(y-x)	 I 1-x
-1 I - y	 -

taking out (y - x) common from Ci
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(x +),+ 2)	 x)2 ((1 _) -(-1) (I 	 )]
= (x + y + 2) (x - ) , ) 2 (x + y - 2).
Ex. 26. Evaluate a x y a

xOOy
yOOx
a y x a

So!. Then given determinant
=	 0	 x +y	 a replacing C i and C: by Cj - C4 and

X - y	 0	 0 y " C2 + C4 respectively.
y-	 0	 0 x
0 )+X x a

r(x..y)(x+y)	 C) I	 v a ,takingoutx - vandx+y
I 0 0 y common from Ci and C2

- I 0 0 x	 respectic1y.
0	 I	 .r a

	

( 2 - y
2) 0 1	 y	 a	 , resplacing RI and R4 by R2 + Ri

1 0	 0	 y	 and R4 -	 tirspecvely.
o 0 0 x+y
o o x-y 0

(x2 _ ).2) I	 y	 a	 expanding with respect to Ci
o o
o x-y 0

=-(x2_  y2)	 C	 X+) ,  , expanding with respect to Ci
x - y 0

2	 2	 2	 22=-(x - y )[-(x+y)(x-y)]=(x -y
EL 27 (a) Evaluate 1 bc a (b + c)

1 ca b(c+a)
1 ab c(a+b)

Sol. The given determinant
bc	 a(b+c) , replacing R2 and R3byR2-Ri

o c(a-b) c(b-a) and R3-RI respectively.
o b(a-c) b(c - a)

c (a - b) c (b - a) ,expanding with respect to Ci
b(a-(-) b(c-a)

= (a - b) (a -c) c - c , taking out(a - b) and (a - c)
b -b common from Ri and R2 respectively

= - (a - b) (a - c) c c = 0, two columns being identical.
bb

182/1/9

Ans.

Ans
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Ex. 27 (b) Evaluate I/a a2 bc
I/b b2 Ca

1/c c2 ab	 (Kanpur 92)

Sol. The given determinant

_...±.. 1 a3 abc ,multiplying RI, R2 and R3bya,b

	

abc	 3
b bca and c respectively.

	

I c3 cab	 (Note)

= ---- abc 1 a3 I , taking out abc common from C3
abc

I C 	 i

= 0, since Ci and C3 are identical.	 Aits.

Ex. 28. Evaluate1 1 1
abc
a2 b2 c2	 (Meerut 96P)

Sot. The given determinant
= 1	 0	 0	 , replacing C2 and C3 by C2 - Ct

	

a	 b - a	 c - a	 and C3 - Ci respectively.

	

2	 2	 2	 2	 2
a b-a c - a

= b - a	 c - a	 expanding with respect to RI

b2 -a2 c.2-a2

= (b - a) (c - a)	 1	 1	 . taking common factors out
b+a c+a

=(b-a) (c - a) [(c+a)-(b+a)]--(a-b) (c - a) (b-c).	 Ans.
*Ex. 29. Show that 1 a be =(b-c)(c---a)(a-b)

1 b ca
1 c ab	 (Meerut 96P; Purvanchal 96)

Sol. The given determinant

	

I	 a	 bc	 replacing R2 and R3 by R2 - R 
o b - a ca - bc and R3 - R1 respectively.
o c-a ab-bc

= b - a - c(b - a) expanding with respect to Ct
c-a -b(c-a)

=(b-a)(c-a) I - c takingcornmon factors out
1 -b

= (b - a) (c - a) (- b + c) = (a - b) (b - c) (c - a).	 Hence proved.

Ex. 30. Show that ab C =abc(a-b)(b-c)(c-a)
2 b2 c

a b c
2

3	 :3	 3
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So!. The given determinant
—abc 1	 1	 1 ,taking out a, b and ccommon from Ci, C2

a	 b c	 and C3 respectively.
2	 2	 2abc

Now proceed as in Ex. 28 Page 145.
Ex. 31. Evaluate 1	 11

a b c
a3 b3 c3

So!. The given determinant
= 1(3	 0	 replacing C2, C3 by C2 - C1

a	 b - a	 c - a	 and C3 - Ci respectively.
a3 b3 .—a3 c3—a3

= b—a	 c—a ,expanding with respect to Ri
3	 3	 3h—a c—a3

=(b—a)(c—a)	 I

b2 +ab+a2 c2+ac+a2

taking common factors out from C 1 and C2

=(b a) (c — a) [(c2+ac+a2)—(b2+ab+a2)j

=(b—a)(c—a)[(c2—b2)+a(c—b)J

=(b—a)(c—a)(c—b)[(c+b)+a]
=(a—b)(b—c)(c—a)(a+b+c), 	 .	 Ans.
*EL 32. If a, b, care all different and

a a2 1±a3 =0, prove that abc=-1.
-	 b b2 1+b3

C c2 I + c3	 (Meerut 91 S)

So!. The given determinant -

= a a2 1 + a a2 a3 breaking into two determinants.
b b2 1	 b b2 b3

C c2 i	 c c2 c3	 (Note)
= a b c + a b C	 interchanging rows and columns

a2 b2 c2	a2 b2 c2 in each determinant,
1	 1	 1	 a3 b3 c3	 (Note)

Now proceed as in Ex. 28 Page 145 and E. 30 above.
The value of given determinant = (1 + abc) [(a - b) (b - c) (c - a)]

Ex. 33 (a). Evaluate 1 1 1
a2 b2 c2

a3 b3 c3
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Sol. The given determinant

= 1	 0	 0	 replacing C2 and C3 by C2 - CI

a2 b2 - a2 (2 - a2 and C3 - Ci respectively.
3	 3	 3	 3	 3

b-a c-a

'	 2	 2	 '
= b - a c - a . expanding with respect to Ri

3	 3	 3	 3
b-a c - a

=(h-a)(c-a)	 b + a	 c+a
2	 1

b +ab+a c+ac+a

taking out common factors of Ci, C2

=(b-a)(c-a)	 b - c	 c+a

b2 +ab-c2 -ca c2+ca+a2

replacing Ci by CI - C2

=(b-a)(c-a)	 b - c	 c+a

(b2-c2)+a(b-c) c2+ca±a2

=(b-a)(c-a)(b-C)	 1	 c+a

b+c+a c2+ca+a2

=-(a - b) (b-c) (c-	 1 (c2 +ca+a2) -(c+a) (b+c+a)1

=-(a-b)(b-c)(c-	 2+ca+a2cbc2_ac__ac_a2]

- ab - bc - cal
Ans.

Ex. 33. (b)	 a a3 a4 - 1 =0, then prove that

b b3 b4-1

C c3 c4-1

abc (ab + bc + Ca) =a+ b± c.

Sol. The given equation is

a a 3 a4 - a a3 1 =0

b b3 b4	b b3 I

C c3 c4	 c c3 I

3
abc I a 

2 a 3 - I a a =0

1 b2 h3	 1 h b3
2	 3	 3

1 c	 C	 icc

abc [(a - b) (b - c) (c - a) (ab + bc + ca)]
[(a-b) (b - c) (c - a) (a+b+c)] =0

interchairig rows and columns of the determinant and evaluating
determinants as in Ex. 31 Page 146 and Ex. 33 (a) above

(a - b) (b - c) (c - a) [abc (ab+bc+ca) -(a+b+ c)] =0

or	 abc(ab+bc+ca)-(a+b+c)O. a#b#c

or	 abc (ab + bc 4- ca) = a + h + c.	 Hence preyed.
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Ex. ' 34. Prove that

1 a2 +bc a3 	 —(b—c)(c—a)(a--b)(a2+b2+c2)

I b2 +ca b3

1 c2 +ab c3

Sol. The given determinant

= I a2 a3 + I i bc a3 breaking into two determinants (Note)

	

b2 b 3	 1 ca b3

1 c2	 1 ab c3

1	 1	 1	 + i	 '	 I	 interchanging rows	 (Note)	2 b
2 c2 	 bc Ca ab and columns.

	a3 b3 c3 	a3 b3 c3	
.

The first determinant = (a - b) (b - c) (c - a) (ab + bc + ca).	 ...(ii)
[See Ex. 33 (a) Page 1461

The second determinant

= 1
	 0	 0	 replacing C2 and C3 by C2 - Ci

bc ca - bc ab - bc and C3 - C1
a3 63 —a3 c3—a3

=	 c(a — b)	 b(a — c)

(b—a)(b2 +ab+a2) (c—a) (c2+acfa2)

expanding with respect to R1

	

(a--b)(a—c)	 C	 b

—(b2 +ab+a2) _(c2+ac+a2)

taking out common factors from C1 and C2

	

=(a—b)(a--c)	 (c — b)	 b

—(b2 —c2 +ab — ac) _(C2+ac+a2)

replacing Ci by C - C2
(c—b)	 b

(c—b)(c+b+a) —(c2+ca-f-a2)

(a—b)(a—c)(C—h)	 I	 b

a+b+c _(c2+ca+a2)

taking (c - b) common from C.
= (a - 14(b— c) —a) {- (c2 + ca + a2) - b (a + b + c)]

_(a_b) (bc) (ca) (a2+b2+C2+ab+bc+a)

.Substituting values from (ii) and (iii) in (i), we find the given determinant
=(a—b)(b—c)(c_a)(ab+bc+ca)

(a_b) (b — c) (c — a) (a 2 +b2+c2+ab+bC+ca)
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=(a_b)(b_0(c_a)[(th+bC+Ca)_(a2+b2

= - (a - b) (b - c) (C - a) (a2 +b 2  + c2 ).	 Hence proved.

Ex. 35. Show that

Y	 z = 1	 1 1 =(y—z)(z—x)(X—Y)(YZ+ZX+XY).

2	 2	 2	 2	 2	 2

	

X y z	 Y Z

	

yz zx Xy	 X 3 y 3	
(

(Gorakhpur. 93; Kuniaun 96; Meerut 94)

Sot.
X y z = _L x2 y2 z2 	 multiplying Ci, C2, C3

	

X2 y2 z2	 XYZ x3 	y3	 z3	 by x, y, z respectively.

	

YZ ZK xy	 xyz rz xyz	 (Note)

= 	 xyz x2 y2 z2 taking out .zyz common from R3

	

.yz	 3 y3

	

1	 1	 I

	1	 1	 1	 interchanging R2 and R3 and then R  and R2

	

2	 2

	

3	 3	 3
X y z

For the 2nd part do as Ex. 33 (a) Pages 146-47.	 (Note)

Ex. 36.Evaluate 1	 1	 1	 1
1 1+x	 1	 1
1	 1	 l+y	 1
1	 1	 1	 1+z

Sot. The given determinant
1 1 1 1 replacing R2, R3 and R4 by R2 - Ri, R3 - Ri

o x 0 0 and R4 - R  respectively
OOyO
000z

= x 0 0 , expanding with respect to Ci
o y 0
OOz

x y 0 , expanding with respect to Ri

Oz

	

= xyz.	 Ans.

Ex. 37. Evaluate a3	3a2 	3a	 1

a2 a2 +2a 2a-+-1 I

a 2a+1	 +2 1

1	 3	 3	 1
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Sol. The given determinant

	

a3 -3a2 +3a-1	 3a2 	3a	 1 , replacing Ci by
o	 a2+24 2a+1 1 Cj—C2+C3—C4
o	 2a+1 a+2
o	 3	 3	 l	 (Note)

= (a3_ 3a2 +3a_1)a2 +2a 2a+l1Iexpandingwith
2a + 1	 a + 2 1 respect to Ci

	

3	 3	 II

= (a 1)3 (a2 + 2a) - (2a + 1) + I 2a + 1 1 replacing Ci by
(2a+I)—(a+2)+I	 a+2 I C1—C2+C3

	

3-3+1	 3	 1

= (a 1)3 a2 2a + 1 1 . on simplying
a a+2 I
1	 31

(a-1)3 a2 -1 2a-2 0 ,replacingR i andR2byRi—R3

	

a - I	 a - 1 0 and R2 - R3 respectively.
1	 3	 1

- 1) a2 — 1 2(a— 1) ,expanding with respect to C3

	

a—i	 a—i

- 1)3 (a - 1) (a - I) a + 1 2taking out common factors.

	

1	 1

Ans,

Ex.38. Evaluate 1 +a	 1	 1	 1
1	 1+b	 1	 1
1	 1	 1+c	 1
1	 1	 '1	 1+d

(Gorakhpur 90; Kanpur 97; Meerut 91; Pu)vanchal 93)
SoL The given determinant

abcd I +	 I	 J	 taking out a, b, c and d
a	 a	 a	 a	 common from RI R2, R3

	

I + i	 and R4 respectively.
b	 b	 b	 b
I	 I	

I+1	
I-	 -	 —	 -

C-	 C	 C	 C
1	 1	 1	 1
d	 d	 d
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"i	 1	 1	 i	
1	 1

	

=abcdI—+ 1 	 i 1	 1	 1
b c d	 ) - 

-+1 -

11	 1--	 —+1-
C C	 C	 C

11	 1

Teplacing. R I by R1 + R + R3 + R4 antaking	 1	 +	 COofl

from RI

(	 i
=ab	

icdI+i+ i 	
1	 1 0 0 0

b c d	
)

100

001

replacing C2. C3, and C4 by C2 - Ci. C3 - C 1 and C4 - Ci respectively.

	

(i 1+1 I	 1 0 0 , expanding with respect t0
0 1 0
001

	

=abcd(+i+i+_+	
1 0 , expanding with respect t0

	

b c d	 ) 
0 1

(i	 i
=abcd+i +'J 	 Ans

Ex. 39. Prove that a b b b =-(b - a)4
-(b- a)4

a b a a
a a b a
bbba

Sol. The given determinant

= a b—a b—a b—a , replacing C2,C3 and C4bYC2C1

a b - a	 0	 0	 C3 - Ci and C4 - Ci respectively.

a 0 b—a 0
b 0	 0 a — b

	

=—(b—a) a b—a	 0	 +(a—b) a b—a b—a

a 0 b — a	 ab—a 0

	

b 0	 0	 a 0 b—a
expanding with respect to Ci
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— (b—a)b b—a 0 +(a—b) 0 0 b — a
0 b—a	 ab—a 0

a 0 b—a

expanding first determinant with respect to R3 and in the second determinant
replacing R  by RI —R2.

--b(b—a)3+(a—b)(b—a) a b—a

la 0

expanding the second determinant with respect to R1

=b(b—a)3+a(b_a)_(b_a)3(b...a)
- (b - a)4	 Hence proved

**Ex40Showtbat (b+c)2	a2	 12	 =2abc(a+b+c)3

b2	 (c-fa)2	b2
c2	 c2	 (a+b)2

(Kurnaun 94; Meerut 93; Purvanchal 95)
SoL The given determinant
= (b + c)2 - a2	 0	 a2	 replacing Ci and C2 by

0	 (c+a)2—b2	 b2	 Ci—C3&C2—C3
?_(a+b)2 c2—(a+b)2 (a+b)2 respectively.

=

	

(b + c + a) (b + c — a)	 0	 a2
0	 (c+a+b)(c+a—b)	 b2

(c+a+b)(c—a—b) (c+a+b)(c—a—b) (a+b)2

	—=(a+b+c)2 b+c—a	 0	 a2 takingoutthe
o	 c + a - b	 b2	 common factors from

c—a—b c—a—b (a+b)2 Cl and C2,

	

—(a+b+c)2 b+c—a	 0	 a2 , replacing R3by
o	 c+a—b b2 R3—Ri—R2.

—2b	 —2a 2ab

= (a + b + c)2 b + c a2/b a2 . replacing Ci and C2 by C1 + C3
b21a c + a b2

0	 0	 2ab and C2 + - C3 respectively.
b	

(Note)

	

2ab (a + b + c)2 b + a	 , expanding with respect to R3
b2/a c+a

= 2ab (a + b + c)2 [(b + c) (c + a) - (b2/a) (a2/b)J



Evaluation of Determinants
	

153

=2ab(a+b+c)2Ebc+bo+C2+Ca—abl

= Zab (a + b + c) 2 c [b + a + cJ = 2abc (a + b + c)3 .	 Hence proved.
Ex. 41. Evaluate	 a	 b	 ax+by

b	 c	 bx+cy
ax+by bc+cy	 0	 (Kanpur 90)

Sol, The given determinant
=	 a	 b	 0	 ,replacing C3hyC3—xCl—yC2-

b	 c	 0

a.r+by bx+cy —x(ax+by)
—y(bx+cy)	 (Note)

- (a? + Thx)' + cy2) a b expanding with respect to C3

b 

= - (a? + 2bxy + ,2) (ac - b2).	 Ans.
Lx. 42. Prove that

1 0	 x	 0 x =(x-1)2(x+1)(1+2x—x2)
01	 0	 x 
x 0 x+1 0 x
Ox	 0	 10
x 	 x	 01

So I The given determinat

10	 0	 0	 0

01	 0	 x	 0

X 0 x+1—x2 0 —1

Or	 0	 1	 0

X 0	 0 l—x

replacing C3 and C5 by C3 - xCi

and C - C3 respectively.

	

=1	 0	 x
0 x+l—x2 0

	

X	 0	 1

0 .-? 0

0 expanding with respect to R1

0

1 —x

1	 0 
2	

0 ,replacing C3byC3—xCI
O x+l —x	 0	 —1

X	 0	 i-2

0	 -?	 0 1—x

= x +I -?	 0- 1 expanding wi th respect to RI

0	 1—? 0
x(l — x)	 0	 1
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(1 —x)	 o	 i	 0 . interchanging R 1 and R2 an
. + 1 -X 

2 	 0	 - 1 taking out(1 - x) common from R3
0	 1

=0 —x)(1 —x2) x+ i —x2 - Iexpanding with respect to RI

X	 I

= (1 —X) 
2  

(1 + X) [(X + 1 - x2). 	 1) .x]

= (x 1) 2 (1 +x) (Zx+ 1 —x2).	 Hence proved.
Ex. 43. Show that	 1	 1	 1

bc(b+c) ca(c+a) ab(a+b)
b2c2	c2a2	 a2b2

=abc (a—b)(b--c)(c—a) (a+b+c)
Sol. The given determinant
=	 I	 I	 I

b2c+bc2 c2a+ca2 a2b+ab2

b2c2 	c2a2	 a2b2

=	 1	 0	 0
b2c+bc2 c(a—b) (a+b+c) b (a—c) (a+b+ c)

b22	 c2(a—b)(a+b)	 b2(a—c)(a+c)

replacing C2. C3 by C2 — Ci, C3 - Ci
-= c(a—b)(a+b+c) b(a—c)(a+b+c) , expanding with

c2(a—b)(a+b)	 b2(a—c)(a+c)	 respect toRi

=c(a—b)b(a—c) a+b+c a+b+c ,takingoutcommon
c(a-t-b) b(a+c) .factoi-sfromC1,C2

=be (a—b)(a—c)(a+b+c)	 I	 I	 ,taking out a+b+c
ca+cb ba+bc common from Ri

= be (a — b) (a — c) (a + b + c) 	 1	 0	 , replacing C2 by
ca+cb ba—ca C2—CI

= be (a — b) (a — c) (a-+-b+ C) (ab — ca)

= — abc (a - b) (Li - c) (c - a) (a + Li + c).	 Hence proved.
*EL 44. Evaluate 1. bc + ad b2c2 + a2d2

1 ca+bd c2a2+b2d2
1 ab+cd a2b2+c2d2

Sol. The given determinant

= I bc+ad	 bc2+a2d'

0 ëa+bd—bc—ad c2a2+b2d_b2c2_a2d2

0 ab + cd - bc — ad a2b2 + C 
2d -b 2 C 2 — a2d2
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replacing R2 and R3 by R2 - R I and R3 - R 1 respectively

= ca—bc+bd—ad c2a2 —b2c2 + h2d2 —a2d2

ah—bc+cd—ad a2b2_b2c2+c2d2_ad2

expanding with respect to Ci

= (c - d) (a - b) (c2 - d2) (a2 - b2) factorising the elements

(b—d)(a--c) (b2—d2)(a2—c2)

=(c—d)(a—b)(b—d)(a—C) I (c+d)(a+b)
I (b+d)(a+c)

taking out the common factors

=(c—d)(a—b)(b—(aC) 1 ca+bc+d+db
0 ba+dc — ca — db

replacing R2 by R2—Ri

= (c — d) (a — b) (b — d) (a — c) (ba+dc—ca—db)

=(cd) (a — b) (b — d) (a — c) (a — d) (b—c).	 Ans.

*Ex. 45. Prove that

	

a2 +X ab	 ac	 ad =X3(a2+b2+c2+d2+X)

ba	 b2 +?.	 be	 Ix)

Ca	 cb	 c2 +.	 cd

da	 db	 de d2 +X 	 (Kanpur 90)

So). The given determinant

= aba! a +	 a	 a	 a	 , taking out a, b, c, d

common from Ci, C2, C3

b	 b +	 b	 b	 and C4 respectively.

A.
C	 C	 C±	 C

C
d	 d	 d d+

= abc a+ ---- --
a	 a	 a	 a

b	 0	 0

C	 0	 0
C

A.
d	 0 0 -

d

replacing (22, C3 and C4 by (22 - Ct,

C3 - C1 and C4 - C1 respectively.
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-	 ,replacing Ci, C2 an C3 by
C 1 +C4,C2-C4 and C-C4

0	 respectively.

0

d
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zabcd
	

a	 0	 0

d±

= a2bc

o

	 0 0 +Abcd 

:	 !

	
0

d d d
	 d+ - -

expanding with respect to RI

2	 I	 A= abcd - I - Oi+Abcd.bI 0 -
bt	 c	 I	 I	 c

A	 XI	 I x	 A

I
b	 c

X
d+	 - A

expanding each determinant with respect to R1

= A a cd	 + X b2cd (2-2)_ A2cd1- --
cd) 	cd 	 d c cd

(
.3a2 ±A3 b2 +A2cdiL+

2 
11 +X2

cd

= A3a2 + A3b2 + A3 (c2 + d2 + A) = A (a2 + b2 + c2 + d2 + )L) Hence proved.

Ex. 46. Evaluate a2 a2_ (b - c)2 be

b2 b2 -(c-a) 2 ca
c2 c2 -(a-h)2 abi

Sol. The given determinant

= a2 - (b - c)2 bc replacing C2 by C2 - Ci
b2 -(c-a)2 ca

c2 -(a-b)2 ab
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= - a2 (b2 + c2) - 2bc bc

b2 (c2 +a 2)-2ca ca

c2 (a2 ± b2) — 2ab ab	 (Note)

= — a2 (b2 + c2) bc Ireplacing C2 by C2 + 2C3

b2 (c2 + a2) ca

c2 (a2 + b2) ab

— a2 b2+ c2 + a2 bc . replacing C2 by C2 + Ci

b2 c2 +a2 +b2 ca

c2 a2 +b2 +c2 ab

= — (a2 + b + c2) a2 1 bc taking out the common factor from C2

b2lca

c2 1 at,

2	 2	 2	 2= - (a + b + c ) a	 I	 bc	 replacing R2 and R3 by
b2 —a2 0 ca—bc R2—RI and R3--Rt

c2 — a2 0 ab—bc respectively

=(a2 +b2 +c2) b2 —a2 c(a — b) ,expanding with respect toC2

c2 — a2 b(a—c)

= (a — b) (a - c) (2 + L 
2

+ C 	- (b + a) c taking out the
- (c + a) b common factors

= (a — b) (a — c) (a2+b2+c2)[—b(b+a)+c(c+a)J

=(a—b)(a—c)(a2-1-b2+c2)[—b2—ab+c2+ac]

=(a—b)(a—c)(a2+b24-c2)[(c2—b2)+a(c—b)]

=(a—b)(a—c)(a2+b2+c2)(c—b)(a-4-b+c).

=(ab) (b—c) (c—a) (a+b+c) (a 2 +b
2 

+C
2

 ).	 Ans.

**Ex 47. Prove that
0 —c	 h —I =(aI+bm+cn) (ax +by-fcy)
C 0 —a —m

—b a 0 —n
X	 y	 z	 0

Sol. The given determinant
1	 0 —ac ab —al , taking 1/a common from Ri
a	 c	 0 —a —'n

—b	 a 0—n
x	 y	 z	 0	 (Note)
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1	 0 0	 0 —a!—brn—cn replacing RI by
a	 c 0 —a	 —m Ri+bR2+cR3

•	 —ba	 0	 -Ti
X  z	 0

- (al + bm + cn)	 c 0 -a 

I

expanding with respect to R1

-	 a	 —b 	 0
X y	 z

(al +bm+cn)	 ac 0 . — a . taking l/acommon from C1-	
a2	 —ab a	 0

ax y	 z	 (Note)

- (a! + bm + cu)	 0	 0 - a replacing Cj by

-	 a2 	 a 0 C1+bC2+cC3
ax+by+cz y	 z

(al + bm + cn) (ax + by + cz) 0 —a

-	 a2	 '	 a	 0

= (a! + bm + cu) (ax + by +cz).. 	 Hence proved.

Exercises on Evaluation of Determinants

Ex. 1. Evaluate 1 2 22 32

22 32 42

32 42 52	 Ans.-8

Ex. 2. Show that 29 26 22 = 132
25 31 27
65 54 46

Ex. 3-.Evaluate I a b+c
I b c+a
I c a+b

[Hint: Replace C3 by C3 + C21.	 Ans. 0.

Ex. 4. Show that a - b b - c c - a = 0.

b—c c—a a—b
c—a a—b h—c

[Hint: Replace C1 by C1 + C2 + C3],

Ex. 5. Evaluate 1	 to to2 . where to is one of the
2	 imaginary cube

to2 1	 to roots of unity.	 Ans. 0

[Hint: Replace Ci by Ci + Cz + C3 remembering I +co + to2 =01
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Ex. 6. Prove that —4	 1	 I	 1	 1 = 0

1-4	 1	 1	 1
1	 1 —4	 1	 1
1	 1	 1 —4	 1
1	 1	 1 .	1	 —4

[Hint: Replace Ci by C1 + C2 + C3 + C4 + C51.

Ex. 7. Show that 21 17 7 10 -0
24 22 6 10
6 82 3

5 71	 2

Ex. 8. Calculate the value of the determinant 7 13 10 6
5974
8 12 11 7

4 10 6 3	 Ans.0

Ex. 9. Evaluate x +a x + 2a x + 3a
x+2a x+3a x+4a
x4-4a x+5a x+6a

[Hint: Replace C2 and C3 by C2 - Ct and C3 - C21,	 Ans. 0

Ex. 10. Prove that
a+b b+c c+a	 2 a b C =2(3abc—a3—b3—C3).
b+c c+a a+b	 b c a
c+a a+b b+c	 c a b

[Hint : See Ex. 13 Page 1371.
'Ex.11. Prove that —2a a+b c+a = 4 (a+ b) (b + c) (c + a)

b+a —2b c+b
c+a c+b —2c

Products of Determinants

§ 411. Theorem. If A is an n x n matrix and E is an elementary matrix

obtained from the identity matrx In, then

IEAI=IAEI=IEI.IAI=IAkIEI 	 (Purvancha194)

Proof: In is the n x n identity matrix.
t1nI1.

Let Ea, Eb, Ec be three elementary matrices as defined in § 303 Page 104.

Then	 lEa 1-1L11	 ...Sce §406 Prop. III Page 126.

From (i) we get	 I Ea I - I	 ...(ii)

Again	 IEbI=clLI	 ..See § 406 Prop. 11, Page 125.

From (i) we get I Eb I = c	 ...(iii)

Similarly IEl = IIl	 ... See § 410 Page 131.

From (i) we get I Ec I = I	 ..,(iv)
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Now as the matrix Ea A can be obtained by interchanging two rows of
the matrix A, so we have from (ii)

lEaAl=—IAl=IEj.lAt
Similarly the product EbA can be obtained by applying second

elementary row operation (as given in § 301 Page 103) on the matrix A, so we
have from (iii)

IEbAI=cIM=lEbJ.JAI
Again the product Ec A can be obtained by applying third elementary row

operation (as given in § 3•01 Page 103) on the matrix A, so we have from (iv)
EcAl = lAI=IEHAI	 ...(vii)

Henëe from (v), (vi) and (vii? we conclude that
EAt = I E I • I A I,

where E is any one of the elementary matrices as defined in § 301 Page 103.
In a similar way we can prove that

IAEI=IAI.IEI.	 Hence the theorem.
* 412. Canonical Form (or Normal Form)' of a matrix.
Every non-zero in x n matrix A can be reduced by means of elementary

transformations (i.e. elementary row and column operations) to the form

h1r 0],
L°°]

where Ar is the rx r identity matrix and the remaining sub-matrices are zero
matrices.

The above form is called the canonical form or orthogonal form or
normal form of the matrix A.

Solved Examples on * 411
Ex. 1. Reduce A=	 1	 2 —1	 4' to the canonical form.

• 2	 4	 35
1	 2	 3	 4

—1 —2 6 —7

Sol. A - 1 2 -1	 4 , replacing R2, R3 and R4 by R2 -
0 0	 5 -3 R3 - Ri and R4 + R1 respectively.
00 4 0
0 0 5 —3

—1

0

0

0

—1

0
0
0

J

	

0 0	 0 " , replacing C2 , C3 and C4 by C2 — 2C I , C3 + C,
0 5 -3 and C4 - 4C 1 respectively,
0 4 0
0 5 —3

	

0	 0 , replacing R3 and R4by . R3 and R4_2

	

5	 3 respectively.

	

1	 0
00
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- 1	 0 0 0 interchanging C2 and C4

o —3 5 0

	

o	 010
0 000

	

- 1	 0 0 0 replacing R2 by R2 - 5R2.
0 —3 0 0

	

0	 0 10
0 0 00

- 1 0 0 0 replacing R2 by - . R.
0100
0010
0000

-1 b 0], which is the required canonical form.
[00]

Ex. 2. Reduce A = 13 16 19 1 to the canonical form.
.14 17 20
15 18 21

SoLA- 13 16 19 1, replacing R2 and R3byR2—RI
1	 1	 1 and R3 - R2 respectively.
1	 11

- 13 3 3 ,replacing C2 and C3byC2—C
1 0 0 and C3 - C2 respectively-
1 0 0

- 13 3 0 ,replacing C3byC3—C2
100
100

- 13 3 0 ,replacing R3byR3—R2
100
000

- 3 13 0 , interchanging Ci and C2.
010
000

- 3 0 0 ,replacing C2byC2—(13/3)CI.
010
000

- 1 0 0 replacing Ri by 1 Ri.
010
000
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Iz 0, which is the required canonical form.
t.00j

Exercise on § 412

Ex. Reduce 1 2	 1 4 to the canonical form.
32	 02
01.32
33	 34

413. Definition. If A and B be two m '< n matrices, then B -A if and
only if B = SAT, where S is an m x m non-singular matrix and T is an n x n
singular matrix.

With the help of § 303 Page 104 and § 311 Page 111 it can be proved.
The following two properties of the above relation are fundamental.

• 1. Symmetry. If A - B, then B - A for if A = PBQ.

'then	 B = P 1 AQ', where P and Q are non-singular matrices.
• 2. Reflexivity. Every matrix A is equivalent to itself since we can write

A=IAI, so thatP=I=Q.
• 414. Theorem. An n x n matrix A is non-singular (or invertible) if

and only if the determinant I A I * 0.
Proof: If C be the canonical form of the matrix A, then C - A
Therefore	 C=SAT,

where S and T are non singular. (See § 413 above)

Hence	 A = S 1 C T'
or	 AEr... E2EICD1D2 ... Ds

where E1 and Di are elementary matrices. ...See § 109 Page 108
By the successive application of § 411 Page 159, we have

IAI=IErI...IE2II El. IICIID1IID2I ... 1D51
If	 lAI=0, then ICI=0,asiE,l*0andlDl*0.

If I C I = 9, then it has at least one row of zero.
The rank of matrix A is less Than n (see next chapter) i.e. the matrix A

is singular.
If the matrix A is non-singular, then

C	 where In i g the n x n identity matrix.
i.e.	 IC 1=1 In I = I

From (i) above, we have I A I * 0. 	 Hence the theorem.
* 4. 15. Theorem. IAIA2I=I All .1A21, where IAt and 1A21 are

two determinants:	 (Purvanchal 94)
Proof: Let Cj. and C2 be the canonical form of the matrices Ai and A2

i.e. Ai - Ci and A2 - C2.
If Al - Cl then from § 4 . 13 above we have
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A l - S C l T, where S and T are non-singular matrices.

or	 At = Er .. E2 Ei Cl Di D2 ...

where Ej and Di are elementary matrices. (See § 309 Page 108)

Similarly AZ = Ft ... F2 Fj C2 Kj K2 ...

where Ft and Kt are elemenlary matrices.
AjAZ=Er...EZEIClDtD3t2F1C2K1K2

Hence by4ll Page 159, we have
lAlAZllEr...E2EJllCiD1D2DtF22l

•IK 1 K2 ... Ksl	 ...(i)

Now the following cases ariese.

Case I. Let Al he a singular matrix.	 (See § 218 Page 91)

Then Cl has at least one row of zero.

I Cl Di Dz D5 Ft ... F2 Fi C21 0,

since the matrix C 1 Di 1)2... D5 Ft. ..F2 Ft C2 has a row of zero.

From (i) above we have I At A2 = 0.

Case IL If Az is a singular matrix. Then Cz has at least one column of

zero, hence as in Case I aheve
Ci Di D2 ... Ds Ft ... Fi C2 1=0

From (i) above we have I At A21 = 0.

Case IlL If either Al or A2 is singular, then IA I • I Az I 0

HencclAi A2I0=IAIIIA2I.
Case IV. 11 Al and A2 are non-singular matrices . Then Ci and C2 are

identity matrices. Hence from § 411 Page 159, we have

A l A2IHEr... E2 E 1 Ci Di Dz... DI I Ft ... F2 F1 C2 Kj... Ks 

= I Al 1 • I A21
From all the above cases it is clear that

IA! A I=lAile IA2 I.

Cor. I At A'2 I = I At1 • I A21, where A'z is the transpose of AZ.

Proof: IA'2I=IA2I,	 . A'2 is the transpose of A

IAlA'zI=IAlI IA'2L from *4t4above.

=IA,IlA2I,	 IA'2I=1A21

The corolllary leads to the row by row rule of multiplication of the

determinants as given in Examples below
Solved Examples on Multiplication of Determinants.

*Ex. 1. Evaluatel 0 c b 2
c 0 a
baO
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Sol. 0 c b 
2	

o c b x 0 c b
C  a	 c  a c  a
ba0	 baQ	 ba0

= 00+c-ci-b-b 0ci-c-O+b .a 0-b+c•a+b.O
cO + 0-c + a•b c-c + 00 + a-a cb+ 0a + a0
b0+a•c4-Q-b bc+a0+0 .a b-b+aa+O-O

= c2+b2	 ha	 ca

ab	 C2 +a2 	bc

ac	 bc	 b 2 + a 2	 Ans.'

EL 2. Evaluate	 o	 cos x - sin x 2
sin 	 0	 cosx
cos x sin 	 0

Sal. The required product
=	 0	 cos x - sin x I x 1 0	 cos x - sin x

sin x. 0	 cosx	 sin  0	 cosx
cos x sin .r	 0	 cos x sin x	 0
0-0 + cos xcos x + sin xsin x	 0-sin x+ cos x-0 - sin x-cos x
sin x-O + 0-cos x - cos xsin x	 sin x-sin x +00 + cos xcos x
cos xO + sin xcos x + 0(— sin x) cos x-sin x + sin x-0 +.O-cos x

0-cos x + cos xsin x - sin xO
sin x•cos x + 0-sin x + cos xO
cos x•cos x + sin x•sin x + 0•0

cos2 x+sin2 x	 sin XCos X	 Cos X sin X
— cosxsmx sin Z x+ COS 2 X	 sin X Cos X

SInx Cos x	 Cos x sin x	 Cos 2 x+ sin 2x

1 -	 X ,where?= sin x Cos x

Ans.
Ex. 3. Evaluate al b 1 q x xj yj z

a2 b2 C2	 X2 Y2 Z2

a3 b3 C3	 X3 Y3 Z3
Sol. The required product
= axi+biyi +cizi alx2+bly2+c1z2 01X3+bIy3+C1Z3

a2x1 + byi + czz a2x2 + b2y2 + C2Z2 a2.x3 + b2y3 + CZZ3
ax1 + b3y l + C3ZI ax2 + b3y2 + C3Z2 a3X3 + b3y3 + C3Z3

**Ex 4. Prove that

a b c 1'=1 2bc—a2 	c2	 b2
b C a	 c2	 2ac—b2	 a2
c a b	 b2	 a2	 2ab—c2
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= (a3 + b3 + C 3 - 3abc) 2 	 (Gorakhpur 91; Kanpur 95)

Sol. a b c 2'
	

a b c X a b c

	

b c a	 b c a	 b c a

	

cab	 cab	 cab

- a b c X a c b interchanging C2, C3 of the second

	

b c a	 b a c determinant.

	

cab	 c b a	 (Note)

- a b .c f X a c b multiplying C1 of first determinant by

	

—b c a	 b a c

	

—c a b	 c b a	 (Note)

= — aa+-bc+cb —ab+ba+cc —ac±bb+ca
— ba+cc+ab —bb+ca+ac —bc+cb+aa
—ca±ac+bb —cb+aa+bc —cc+ab+ba

2bc—a2	c2	 b2

=	 c2	 2ac - b2	a2	 Hence proved.

b2	 a2	 2ab - c2	 (See Ex. 9 Page 167 aiso)

Also a b c =a c a —b b a +c I b c
b c a a b c b •c a
cab

=a(cb—a2)—b(b2 — ac) +c(ab—c2)

= abc - a3 - b3 + abc + abc -

= - (a3 + b3 + c3 - 3abc)

a b c 2=(a3+b3+c3_3abc)2
b c a
c a b	 Hence proved.

tEx.5.Ifu=ax+by+cz,v=ay+bz+cx,w=az+bx+cy,

prove that a b c X x y z =u 3  + v + w3 - 3uvw

	

b c a	 y z x

	

cab	 z x y

Sol. By row-by-row multiplication, the product of the given determinants
ax+by+cz ay+bz+cx az+bx+cy
bx+cy+az by+cz+ax bz+cx+ay
cx+ay±bz cy+az+bx cz+ax+by

u v w 1, since ax + by + cz = u etc. (given)

	

w U V	 -

V W U

U V I —v I w v ^ +w W U

w U	 V•'U	 V W
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u(u2_ VW) _v(uw.v2)+w(w2_UV)

= a3 + V + w3 - 3uvw.	 Hence proved.

**Ex. 6. Express (a - x)2 (b - x)2 (c - x)2

(a-y)2 (b-y)2 (c
(a_z) 2 (b-z)2 (c_z)2

as the product of two determinants. 	 95)

SoL The given determinant.

= a2 -2ax+x2 b2 -2bx+x2 c2-2cx+x2

a2 -2ay+y2 b2 -2by+y2 c2-2cy+y2

a2 -Zaz+z2 b2 -2bz+z2 c2-2cz+z2

The element in the first row and first column is a 2 - 2ax + x2 , which can

be written as 1(a2) + (- Zx) (a) + x2 (1).	 (Note)

This suggests that the first row of the required determinants are I - 2x,

and a2,a, 1.
Hence proceeding in this way we may write the given determinant

= I -2x x2 x a2 a I

1 -2y 2	 b2 b I

I -2z z2 C c I

We can verify by multiplying with the help of row-by-row rule that

3bove two determinants are the required ones.
[Note: Such questions are acutally done by trial and error].

Ex. 7.Express (1+ax)2 (1+ay)2 (1+az)2

(1+bx)2 (1+by)2 (1+bz)2

(1+cx)2 (1+cy)2 (1+cz)2

as the product of two determinants. 	 (Gorakhpur 95; Purvanchal 96)

Sol. The given determinant

= I +2w-i-a2x2 i +2ay+a2y I + 2az+a2z2
l+2bx+b2? 1+2by+b2y2 1+2bz+b2z2

1+2cx+c22 1+2cy+c2y2 1+2cz+c2z2

The element in the first row and first column is 1 + 2ax + a2? which can

be written as	 (1) (1) +2a).(x) 4?(a2).(?)

This suggests that the first rows of the two required determinants are

1,2a,a2 and 1,x.x2
Hence the given determinant may be written as 	 -.
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1 2a a 2 
x 

I '-1 x x 2

I 2h b2	 I y y2

I 2c c2 1 	 I z z2	 Ans.

*Ex. 8. Express b 2 + c2	 Aca
Ac2+a2	 be

C2	 be	 b2+b2

as the square of a determinant.
Hence evaluate.	 (Purvanchal 94)

Sol. The element in first row and first column is b2 +c2 which can be

written as 0 . 0 + cc + bb.	 (Note)

So by trial and error method, we get the given determinant
=OcbXOcb

c  a C  a
baO	 b a 0

= 0 c b2
c0a
b a 0

Now 0 c b
c 0 a
boO

= - C  c a + b c 0 , expanding with respect to Ri.

b 	 ha

= - [cO - ab] + b [ca - b01 2abc.

The given determinat

= 0 c h 2 = (2abc)2 = 4a2b2c2.

c 0 a
b a 0	 Afts.

**Ex. 9. Express Zbc - a2	c2	 b2

c2	2ca—b2	 a2

b2 	 a2	 2ab—c2

as the product of two determiants.

Sot. The elements in the first row and first column is 2bc - a2 which can

be written as	 a (— a) + b (c) + c (b)

The element in the first row and second column is c2 which can be

written as	 a(-rb)+b(a)+c(c)	 ...(ii)

The element in the first row and third column is b2 which can be written

as	 a (— c) + b (b) + c (a)	 .	 ...(iii)
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(iii and (iii) suggest that the given determinant can be written
tentatively as

a b c 11 —a c b
b c a	 —b a c
c a b	 —c b a

But actually multiplying these two determinants we get the given
determinant. Hence these determinants are the required ones.

Ex. 1. Show that

Zbc - a2 	 c2	 . b2 	 = (a3 + 0 + c3 - 3abc)2

	

C!	 2ac—b2	 a2

	

b2 	 a2	 2ac—b2

Sol. As in Ex. 9. above, we can show that the given determinant
=

 I.

a b c x —a c b

	

b c a	 —h d c

	

c a b	 —c b a

=

 I

a b c I )( abc,

	

b Ca	 b c a

	

cab	 'cab	 (Note)

taking - sign common from Ci and interchanging C2, C3 in 2nd
determinant

= I,a
	 c 2=(a3+b3+c3_3abc)2,

b c a
cab

on expanding the determinant.	 Hence proved.
Ex. 11. Find the product of determinants of different orders

or evaluate	 ai PI yi x al bi

	

2 P2 Ti	 a2 b2

a3 03

SoL Here the two given determinants are of different orders, so we adopt
the following method:

(Xi Pi yi x at bi
cZ2 02 72 a2 b2
a3373

= at	 i TI x at b1 0
(X2272	 ?2b20
(X3 53	 0 0 1	 (Note)

makffig the two determinats of the same order
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ai a i + 13i b i+yt .0 a I a2 + 13I b2 +y, 0 alO+131•0+?I1
cz2aI + 132b1 + )2'O a2a2 + 132 b2 + )2-0 a2-0+P2'0+72-1
(X3aj + 133b1 + .0 (X3a2 + 133 b2 + 130 (13-0 + 133-0 + 131

= atct i+bi13i a2czI+b2131 yi
aIcx2+b1132 a2(X2+b2132 12

	

a I Ct3+ b 1133 a2a3+b2133 13	 Ans.

Exercises on Multiplication, of Determinants

Ex. 1. Show that

i	 i i '=
	

a+b+c a2+b2+c2
a b 'c	 a+b+c a2 +b2 +c2 a3+b3+c3
a2 b2 C2	 a2+b2+c2 a3 +b3 +c3 a4+b4+c4

Ex. 2. Show that
	a 2 +).2 ab+c ca—bA. x X	 c —b

• ab—cA. b2—A.2 bc+aA.	 —c X a

	

• ac+bX bc—ak c2 +	 b —a A.

=X3 (A.2 +a2 +b2 +c2)
Ex. 3. 11(1) is one of the imaginary cube roots of unity, show that

2
I	 (0 0) 2	 3 =

	 1	 1 —2	 1 =-27
2 CO3	i 	 1	 1 —2

0)2 (03 1	 —2	 1	 1	 1
2	 1 —2	 1	 1	

(Gorakhpur9ó, 93)

*Ex. 4. Prove that the determinant
- a2 ab	 ac is a perfect square and find its value.
ab —b2 bC
ac	 bc - c2	 (Gorakhpur 92)

Ex. 5. Express the product of the following determinats as a . single
determinant

a b and u r
c 	 vs

4-16. Theorem. If C1 be the cofactor of a j in the n x n matrix

A=[a,j] then lCi1I= {IaJkl}"1
[Note. I C,3 I is known as reciprocal of the determinant I aj I],
Proof. If A = [aq], then A'= (a'kj], where A' is the transpose of A and

= a,k
Now A'. [c,3 ] = [a'ki] [Go] = [bkj], 5Y

•	 n

where	 bkf = I a'kj Cj = E aj C, a'ki = ak
i=1	 1=1
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Also by § 409 Page 129 we know that
n

bkj=	 Cij
-	 1=1

=IAI,ifj=k.
From (i) we conclude that for the product A'. [C1 ] i.e. (bkf] all the

diagonal terms (for which j = k) are I A I, whereas the nondiagonal terms (for
which j#k) are zero.

	

i.e.	 A'. [C] = I A 1	 0	 ...	 0
0	 Al	 ...	 0

0.	 0	 ...	 Al

	

Hence tA'.[C1j]I=I Al	 0	 ...	 0

	

0	 IAI	 ...	 0

	

0	 0	 ...	 Al

	

or	 lA'l.$CJl=(lAI}',.lA1.A2I=lA1l.lA21

	

or	 l Al. lC1l={lAlI n, . IA'llAl

	

r	 lC,1I={lAIj'

§ 417. Complementary Minor of a Determinant.
Definition. If B is r x r submatrix of an n x a matrix A, then the

determinant E' of A formed by removing the rows and columns of A
containing the elements of B is called the cornpletementary minor of B.

For example : In the matrix al bi ci di
02 b2 C2 d2
a3 b3 C3 d3

04 b4 C4 d4

the completemtary minor,of the det al h i I is C3 d3
02 b2	 C4 d4	 (Note)

thecompleteñientary minor of bi ci di is a4

b2c2d2
b3 C3 d3

and the complementary minor of b2 C2 is at di

	

173 C3	 04 d.4	 (Note)

§ 418. Laplace's Expansion of a determinant by the minors of first r
Collumns.

If I Bi I is r x - minor of an i x n matrix A fomied by the elements of the

first r columns of A and I B'i I is the complementary minor of I B 1 I, then
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1AI=±B1 1.IB',I,	 -

where the summation is extended over all the possible r x r minors of A whth

can be formed from the elements of the first r olumns and + or —sign taken

according as an even or odd number of interchanges of adjacent rows of A is

required to bring the suhmatrix Bi into the first r rows of A.

The following solved examples explain the above theorem.

Ex. 1. Expand a x y a Laplace's expansion by the minors of

xO 0 y

y 0 0 x
a y x a

the first two columns. Hence evaluate it.
Sol. All the possible minors of the first two columns and their

complementary minors are given by
a x :IB'tI= 0 x
X 0	 x a

1B21	 a x I;IB'21 = 0 yY  X 

B31= a x I IR'31 = 0 y
a v	 0 x

1B41= x 0 ;IB'41= y aY  X 

X 0 ;IB'51= y a

a y	 0 x

and IB6= y 0 1;]B'6 1= y aay	 0 
Therefore the given determinant

= ax. 1 Ox I - ax. 1 0 y I + I ax .0 y

X 0	 x a	 y 0	 x a	 ay	 Ox

+xo.ya—xo.ya+YO.Ya

y 	 x 	 ay	 Ox	 a)'	 0 	 ...(i)
The submatrix B2 requires one interchange of rows viz, of second and

third rows to bring it into the first two rows therefore —sign is put before the

product I Wi I I B'2 I . Again the submatrix B3 requires two interchanges of rows

to bring fourth row to the position of second row i.e. to bring B3 into first two

rows, therefore + sign is put before the product I B3 II B'3 I.

Similarly B4 requires two interchanges, B5 requires three interchanges

and B6 requires four interchanges, hence +, - and + sign are put before

I B4 I. I B'4 I, 1 B5 I. 1 B'51 and I B6 I. I B'61 respectively.
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Hence from (i) we have (expanding the determinants) the given
determinants.

= (-?) ( x) - (- xy) (- xy)+ (ay - ax) (0) + (0) (ay - ax)

- (xy) (xv) + ,2) 2)

=x4—z2y2+y4= (XI —) 2 )2	 -	 Ans.
Ex. 2. Expand a b c d by Laplace's expansion by the minors

e f g h
o 0 jk
OOlm

of the first two columns.
Sol. All the possible minors of the first two columns and their

complementary minor are given by
IBI= a b ,IB'il= j k

e 	 I 

1B21	 a 1, =0, hence lB'2l need not becalculated
•00

Similarly I B3 1 = a b = 0; B4 I = e f = 0;
00	 00

•	 I Bc I = e f = 0 and I Bs I = 0 0 1 = 0 and therefore their comple-
00	 00

mentary minors need not be calculated.
Then the given determinant by Laplace's Expansion method

ab.jk

e 	 1 	 Ans.

Ex. 3. Expand 3 2 1 4 by Laplace's expansion by the
15 29 2 14
16 19 3 17
33 39 8 38

minors of the first two columns.
Sol. All the possible. minors of the first two columns and their

complementary minors are given by:
lBiI=	 3	 2 , IB'iI= 1 3 17

15 29	 8 38

1B2l=	 3	 2 , IB'21= 2 14
16 1	 8 38

IB3l=	 3	 2, IB'31= 1 2 14

33 39	 • 3 17

lB41= 15 29 ,JB
141= 1	 4

16 19	 8 38
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IBI= 15 29 , 1B'5= 1 1	 4
33 39	 3 17

1B61= 16 19 , IB'61= .1	 4
33 39	 2 14

The given determinat
= 3 2	 317— 3 2	 214

15 29	 8 38	 16 19	 8 38

+	 3	 2 S 2 14 1 + 15 29	 1	 4 S
	33 39	 3 17	 16 19	 8 38

- 15 29	 1 14 1 + 1 16 191	 4

	

33 39 • 3 17	 33 39 • 2 14

EL 4. Expand a 1 0 0 0 by Laplace's expansion by the
balOO
ObalO
SObal
lOOk.

minors of the first two columns. Hence evaluate it.
Sol. All the possible minors of the f'rst two columns and their

complementary minors are given by:
IB 1 I= a 1 , IBjI= a 1 0

	

b 	 bal
Oba

IBzl=I a 1 , IB'21=J 1 0 0

0 b	 b a 1
Oba

1B31= b a , IB'31= 0 0 0 =0
0 	 hal

Oba

All other minors of the first two columns are equal to zero as they have
at least one row of zero.

Hence the given determinant
=al	 alO —al	 100

	

ha • b a I	 1 b • b a 1
	0 b a	 0 b a	 (Note)

Now a 1 0 = a I a— I a 1 .1-f- b a 0,

bal	 ba	 Oh	 Oh
Oba

expanding by the minors of first two columns.

:(a2_b)a_(ab)=a3_2ab.

From (I), the given determinant

-12
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= a I	 3	 0 1 - a I
ha 

(a-2ab)— Oh
	 b-a

expanding the last determinant with respect to R1.

= (a2 - b) (a 3 - 2ab) - (oh) (a2 - b) = (a - b)	 - 3ab]

=a(a2—h)(a2-3b).	 Ans.

Exercises on § 418

Ex. 1. Expand at 02 a3 04 by Laplace's method of expansion by
bi b2 b3 h4

Cl C2 C3 C4

d1 d2 d3 d4

the minors of the first two columns.
Ex. 2. Use Laplace's method of expansion of a determinant by rneais of

its second minors to expand
—I	 0	 0	 1

o —1	 0 rn
o	 0 —1
p	 q	 r—1

** 4-19. Solution of Linear Equations. 	 (Cramer's Rule)
Let the n simultaneous equations in n unknown quantities XI, x2 ,..., xt, be

a lix i ± U t2X2 + ... + U1JXj + ... + U InXn k

021X1 + a22x2.+ .. +U2jXj+ ... +U2nXnk2

ailxl + a32,r2 + ... + (23jXj + ... + a3,X,j

ail xi + a12x2 +.. +	 ± ... + Oj.X =

Untxl+an2X2+...+anj.j+ ... +anflxn=kn

These equations -can be written as
n
£ a 1 x=k1 , 1=1,2 ..... n 	 (i)

Let the determinant of the coefficients, I A I = I a,1 I ;t 0.
Multiplying (i) by the cofactor of ay in I au I vii. C,. i = 1, 2, 3.....n and

summing with respect to i, we have
n

•Z a,Cjjxj
j=l	 j=l

n
	or	 IALx3 = L k 1 C,, :IAI= I aij

	

•	 jl	 j=l
= determinant formed by replacing jth column of the deL

I Al by the constants k1, k2.....k, .	 (Note)
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=	 an	 012 ... a1.-1	 k 1 	 Olj-4-I ... 01n

	

021	 a22 •.. (J2J 1	 k2 02j+1 ... a2

	

Oil	 0i2 .. Oq-I	 ki aj+1 .. am

	

(1n1	 0n2 .. a,t,i	 k	 ... a,1,

	

all	 a12 ... aij-I	 ki	 ai1+i ... 01n

-	 1	 021	 022 ... a2j-1	 k2 02j+I ...

— I A

	

0n1	 a,,2 ... anj-i	 k2 Onj+l ..

Solved Examples on § 419
Ex. 1 (a). Solve the following equations by Cramer's Rule.

x + y + z = 1, ax + by + cz 'k,a2x + b2  + c2  = k2.

Sol. The given equations are x +)- + z =

ax + by + cz = k

2	 2	 2	 2
ax+by+cz=k

By Cramer's Rule we have

	

X 	 V	 Z

	

1 = 1	 1	 1 = 1.1	 1	 1

Fkk

ba kca h

 h2 c2	a2 k2 c2	a2 b2 k2 	 a2 b2 c2

or 
(k b) (b c) (c k) - (a —k) (k . ) (c a)- (a b))(h— k) (k a)

	

=	 1	 See Ex. 28 Page 145
(a — b) (b — c) (c —a)

(k—b)(c—k)

(a—b)(b--c)(c—a)(b—c)(c—a)

Similarly	
(a—k)(k—c) ändz=k

(o—b)(b—c)	 (b—c)(c—a)	 Ans.

Ex. 1. (b) Solve the following equations by the method of
determinants -

aix + bjy + ciz + d1 = 0

a2x + by + czz + d2 =0

a3x + by -f OZ + d3 = 0

Sol. Do cxacity as Ex. 1 (a) above

Ex. 2. Solve the equations
x+y+z=7; x-+-2y+3z=16; x+3y+4z=22

Sol. Solving the equations by Cramer's Rule we get
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 z	 -	 1
711171117F

13.
'16 2 3	 1 16 3	 1 2 16 
22 3 4	 1 224	 13 22 

Now 7 1 I =	 1	 7 1 interchanging C and C2.
16 23	 2 16 3	 -
2234	 3 22 4

= - 1 7 1 , replacing R2, R3 by R2 - 2R i and R3 - 3Ri
O 2 1	 respectively.
011

= - 2 1 expanding w.r to C
11

=—(2— 1)=— 1;
1	 7 1 = 17 t ,replacingR2,R3byR2—R1,R3—RI
1 16 3	 0	 9 2 respectively.
1 22 4	 0 15 3	 -

= 9 2 ,expanding w. r. to Cj.

15 3

=27 - 30=— 3;
1 1	 7 = 1 1	 7 , replacing R2,R3byR2—RJR3--RI
1 2 16	 0 1	 9 respectively.
1 3 22	 0 2 15

=19
2 15

="— 18=-3
and	 1 1 1 = 1 1 1 , replacing R2, R3 by R2 - R1, R3 - R2

1 2 3	 0 1 2 respectively.
1 3 4	 0 1 1

= 1 2 , expanding w.r.toCj.
11

=1-2=—i.
-	 x	 1From (1) we have -- 

=	 = zj	 - = —j
which gives	 x=1y=3,z=3.	 Ans.

*Ex. 3. Solve the equations (with the help of determinants)
x + y + z = 1; x + 2y + 3z = 2; x + 4y + 9z = 4.

Sot. The given equations are x + y + z = 1.
-	 x±2y+3z=2

x + 4y + 9z = 4
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By Cramer's Rule we have

	

x Y 	 Z	 I

F

22

	

	 111
 123122 123

	

 149	 144	 149

111
or	 ==-1-'whereD	 1 2 3

ODOD	 149

	

This gives x=0.	 0; y =D.(-) 1, z=O. [-] o.

i.e.	 x=0,y=1,z0,	 Ans.

*Ex. 4. Solve the equations by determinants 3x + Sy - 7z = 13,

4x + y - 12z = 6, 2x + 9y - 3z 20	 (Purvanchal 97)

Sol. The given equation are
•	 3x+5y-7=13

4x+y- 12z6
2x + 9y - 3z =20

By Cramer's Rule, we have

	

X ______	 z

F

-:i-;i1- = ] 13 -7 =  3 5 -7

	

-12	 4 6 -12	 4 1	 6	 4 1 -12
-3 2,20 -3 2 9 20 2 9 -'3

	

Now 13 5 -7 = -17 0	 53 , adding -5R2tOR1 and

	

6 1 -12	 6 1 -12 -9R2toR3

	20 9 -3	 -34 0 105

	

= -17	 53 ,expanding w.r.tOC2
-34 105

= 1 - 17 . 53 , adding - 2Ri to R2
0 -1

=(-17)(- 1)_(0)(53)=17;

3 13 -7 = 1 - 7 -4 , adding - 2R3 to R2

	

4 6 -12	 0 -34 -6 and-R3t0RI

	

2 20 -3	 2 20 -3

= 1 -7 -4 . adding - 2R  to R3
0 -34 -6
0	 34	 5

- 34 - 6 •expaiiflg w.r. to Ci
34	 5
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= 0 —1 , adding R2toRI
34	 5

=05—(— 1)34=34;
3 5 13 = - 17 0 - 17 , adding - 5R2 to R1

	

4 1 6	 4 1	 6 and —9R2t0R3
	2 9 20	 —34 0 —34

= - 17 - 17 , expanding w.r. to C2
—34 —34

=0

And 1 3 5 —7 = —17 0	 53 1, adding —5R2toR1
	4 1 -12	 4 1 - 12 1 and - 9R2 to R3
	2 9 —3	 —34 0 105

= -17 53 expanding w,r. to C2
—34 105

= - 17 53 , adding - 2-RI to R2
0 —1

=17
x	 1From (i), we get -j- 

= 
j_z

which gives	 x=l,y=2,z=0	 Ans.
Ex. 5. Solve the eqations+y+z=3,x+2y+3=4 x+4y+9z=6.

-	 (Pun'anchiil 94)
Sol Given equation are	 x+y+z= 3

X + 2y + 3z =4
x+4y+9z=6

.. By Cramer's Rule, we get
X	 z

F^64
TfI 3 1 - fT I 31]ijTT. 1 4 3	 H 2 4)	 1 2 3
 1	 69	 1	 4	 6	 j14	 9 1

	

Now 3 I	 I =	 0 1 0 replacing Cj, C3, by Cj - 3C2,
4 2 3	 —2 2 I Ci - C1 respectively.
6	 4	 9j	 l--6

—2 1 =--(- 10+6=4,
—6 5

1 3 1	 1	 i.replacing R2, R3 by R2 - R1,
1 4 3	 0 1 2 R3 —R 1 respectively.
16 9 1	038
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1 2 =8-6=2
3 8

1 1 3 = 1 1 3 replacing R2. R3 by R2 - Ri,

1 2 4	 0 1 1	 R3 - RI respectively.

146	 03 3j.

1 1 =0
.(iv)

3 3 

And	 I I I = 1 0 0 , replacing C2, C3 by C2 - CI,

1 2 3	 I 1 2 C3 - Ct 
respectively.

149	 138

1 2 =8-6=2
3 8

From (i), (ii), (iii), (iv) and (v) we have

xxz I4202 or x=2,yi,Z=O	 Ans.

Ex. 6 (a). Using determinants, solve the simultaneous equations:
x+2y+3z6; 2x+:-z=7,3x+2Y+974. 	

(Pur'anchaI9O)

SoL By Cramer's Rule e get
X	 z	 1

6 2 3 TT u 3 ]T26	 1 2 3

741	 271	 247	 241

14291	 3 14 9	 3214	 329

Now 6 2 3 = - 26 3 interchanging Ct and C2

741	 471
14 2 9	 2 14 9

2	 63 , replacing R2,R3hYR22RI

o -5 - 5 and R3 - RI respectively.

	

0	 8	 6

= - 2- 5 - 5 expanding with respect to CI

8	 6

=.2'_30+4O1=-20;
., 3 = I	 6	 3 , replacing R2, R3 by R2 - 2Ri,

0 --5 -5R3-3R
3 14 9i	 t) -4-	

- 5 - 5 exp:inding with rnpccttO Ci

-4	 o

=-20:

I 2	 6 = 1	 2	 6 I. replacing R2, R3 by R2 - 2Ri,

2 4 7	 0	 0 -5 R-t-Vi.

4 -43 2 14	 0 - 
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=	 0 - 5 , expanding with respect to C1
—4 —4

= —20

	

and 1

1 2 3 = 1	 00 ,replacingc2,Cbyc22c1
2 4 I	 2	 0 - 5 C3 - 3Ci respectively.
3 2 9	 3.-4	 0

=	 0 —5 , expanding with respect to Rj
—4 0

= —20
-	 x	 _y_	 z

	

— 20
From (i) we get	

=-20 —20 =
or

	

	 x=l,y=1,z=l	 Ans.
Ex. 6 (b). Solve the following equation with the help of determinants
2X+y+Z1,x-2y3z= 1,3x+2y—z5.	 (Purvanchal96)
Sol. By Carmer's Rule, we get

X_______	 zfiTiJ = 12 1 1 = 2 I iJ = TTTJ
1 —2 —3	 I I —3	 1 —2 1	 1 —2 —3
5	 2—i	 35-1	 3	 25

	

Now I	 I	 I = 1	 0	 0 , replacing C2, C 3, by C2 - C1
1 —2 —3	 1 —3 —4 and C3—C 1 respectively
5	 2 —1	 5 —3 —6

—3 —4 1. expanding w.r.toR1
—3 —6

—3)(-6)—(-3)(-4)= 18-126;
2 1	 1 = 2 1 1 , replacing R2, R3 by R2+ 3Ri

	

I I - 3	 7 4 0 and R3 + RA-respectively
	3 5 —1	 5 6 0

= 7 4 , expanding w.r. to C3
56

=(7)(6)—(5)(4)422022;
2	 1 1 = 2	 1 1 , replacing J?2,R3byR-RI,

	-2 1	 - .1 - 3 0 R3 - 5R 1 respectively.
3	 2 5	 —7 —3 0	 -

= —1 —3, expanding w.r,toc3
—7 —3

-	 =(- 1) (—)—(-7)(-3)=3-2I =- 18

	

Also 2	 1	 1 = 2 1 1 j,repJacingR2, R3 by R2 + 3Ri

	

1 —2 —3	 7 1 0 and R3+Rlrespectively

	

3	 2 —1	 5 3 0
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= 7 1 , expandirg w.r. to C3

53	 -

=73-51=21-5=16
.	 1

From (i)wchave x = y	 z22j-=-j-

6	 3	 22 11	 18	 9
which gives	 x =1 	 '' = -j- = --' z = -	 = -	

Ans.

Ex. 7. Solve the equations:
'x+y+z+u=l,	 ax + by + cz + du k,

a2x+b2y+c2z+d2u=k2 and a3x+b3y+c3z+d3u=k3
Sot. The given equations are

ax + by + cz + du =

2x + b2y + c2z + d2-u = k2,

and	 a3x+b3y+c3z+d3u=k3

Solving these by Cramer's Rule, we get
X 	 z

11	 11 = 1	 11	 1 = 1	 1	 11
k b c 	 a k c 	 a b k d

k2 b2 c2 d2	 a2 k2 c2 d2	a2 b2 k2 d2

k3 b3 c3 d3	 a3 k3 c3 d3	a3 b3 k3 d3

	

-	 U

	_1	 11lill	 1
a b c k	 a b c 

a2 b2 c2 k2	a2 b2 c2 d2

a3 b3 c3 k3	a3 b3 c3 d3

Now 	 1111	 0	 0	 0

	

a b c d	 a b — a c—a d—a

	

a2 b2 c2 d2	 a2 b2 —a2 c2 —a2 d2—a2

	

a3 b3 c3 d3	 a3 b3 —a3 c3 —a3 d3—a3

replacing C2, C3 and C4 by C2 - C1, C3 - C1 and C4 - C1 respectively.
= b—a	 c—a	 d—a 'expandingwith respect toRi

b —a c —
2	 2 2 .a a2 2

—a 2

b3 —a3 c3 —a 3 d3 —a3	-

	

=(b—a)(c—a)(d—a)	 1	 1	 1

	

b+a	 c+a	 d+a

b2 +ab+a2 c2 +ac+a2 d2+ad+a2
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=(b-a)(c-a)(d-a)I	 1	 0	 0
I	 b+a	 c - b	 d-b

b2 +ab+a2 c2 +ac-b2 d2+ad-b2
-ab	 -ab

replacing C2 and C3 by C2 - Ci and* C3 - C1 respectively.

=(b- a) (c- a) (d- a)	 c - b	 d-b
(c-b)(i+b+c) (d-b)(a+b+d)

expanding with respect to Ri,

=(a-b)(a-c)(d-a)(c-b)(d-b)	 1	 1
a+b-*c a+b+d

(a - b) (a -c) (a - d) (b - c) (d - b) [(a +b + d) - (a + b + c)]
- (a - b) (a - c) (a - d) (b - c) (b - d) (c - d)

Similarly we can have 1	 1	 1	 1 = (k - b) (k - :) (k - d)

k b c d	 (b-c)(b-i)(c-d)

k2 b2 c2 d2

P b3 c3 d3

Frnin (I),	 (k - b) (k - c) (k- d) (b - c) (b - d) (c - !A
(a - b) (a - c) (a - d) (b - c) (b - d) (c - d)

(k - b) (k - c) (k - d)
Ans.of	 X=(a_b)(a_c)(a.d)

Similarly from (i) we can find the values of yz and u.

Exercises on * 419
Solve the equations by Cramer's Rule
Ex. 1.x-2y+z=-1,3x+y-2z=4,y-z=1. An.x=l, yl, z=0,
Ex. 2.2.x+3y-4z=2, 3x_2y+5z=z5,x-i-2y+3z= 11.

1050	 33Ans. x=-j'	 -j-'	 19-
Rx. 3. x + 2y - z =3; 3x - y + z 8, x + y + z =0.

Ans.x=-'y=-I' z=-.
- Ex. 4.x+y+z3;2x+3y+4z=9,x+2y4z=-1.

Ans. x=1, Y= 1, z=l
EL S. 2x-y+ z=9, x+y+z='6, x-y+z=2.

Ans.x= 1, y=2, z=3.
EL 6. 3x+y+2z=3, 2x-3y-z=-3, x+2y+z=4.

Ans. x=j, y=2, z=-1
Ex. 7.xi +2.r2+3x3+5=0, 2xi + x2+x3±7 = 0. x +x2+x3=0.

Ans. xi=-7, 12 = 19, x3=-12.
Ex. &6x+y+2z=7, 3x-y+4z= 14,5x+2y-3z=-7.

(Puri'anchal 91)
Ansx= 1,y-3,z=2
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*EL9x+y+z9,2X+5Y+7Z=52.2.+YZO
Ans. x=l, yrr3. z=5.

* 420. Derivative of a determinant..
If some elements of the n x n matrix A = [ aV ] are differentiable functions

of a variable x, then the derivative of I A I with respect to x i.e.	 I A I is the
dx

sum of n determinants formed by replacing in all possible ways the elements of
one row (or column) of the del I A I by their differential coefficients with

respect to X.

The above procedure will be illustrated by the following examples -

Ex. 1. Find the derivative of the det. x3 2x +3 *
32	 x4

d x3 2.x+3 = 3x2 2 1 + x3 2x+3

d132 x	 3?x 	 I & 4x

differentiating the elements of Rj in the first dci

whereas differentiating the elements of R2 in the

second del

=[3x6-6x2]+[4x6-6x(2X+3)]

	

= U
6 _ 6x2 + 4X6 _ 12x2 — I 8x = 7x6 — 182 — 18x.	 ADL

*Ex. 2. Find the derivative of X2 	 X32

2x 3x+1
0 3x-2 j;2j

Sol. The derivative of the given determinant

= 2x 3X20	 + 2
	 2	 + x2	 X	 2

2x 3x 4- 1	 2	 3	 3x2	 Zr 3x + i

o 3x-2 x2 +l	 0 3x-2 ?-+-i	 0	 3	 Zr

=Zx	 3x2	 0+? x3	2

o 3x+J-3x2 	 x3	 2 5-3x 2x 2_

o	 3x-2	 x2 +1	 0 3x-2 x2-i-1

+ 2	 ?	 2 ,replacing R2oflstdet.byR2—RI

Zr 3x+l x3 and R2 of 2nd det.byR2—R3

0	 3	 Zr

=2x 3x+1-3? X3	 5-3.r 22 -1

	

3x-2	 x2+I	 3x-2 ?+i

	

—2	 x3	 2

3x-2 x2+l



Matrices

+	 3x + i	 -	 2 . expanding det. w.r. to C1
3	 2x	 3 2.x

= 2-X [(x2 + 1) (3x+ I - 3x2) - x3 (3x - 2)] + x2 [(5 - 3x) (x2 + 1)

—(3x-2)(2x2— 1)]-2[x3(x2+ l)-2(3x-2)]
+x2[2x(3x+1)-3x3]-2.x[i-6],

—0x5 + 25.x4 - 4x3 + 9x2 + 26x - 8, on sirnihfying. 	 Ans.

Exercise on § 420

Ex. Find the derivative of X2- I X - I

	

4	 x3 zr+s

	

X +	 x2	 x

Ans. 6x5 - 5x4 - 28x3 + 9x2 + 20x —2
MISCELLANEOUS SOLVED EXAMPLES

4Ex.1.Solve 1+x	 2	 3	 4

	

12+x 3	 4
1	 2 3+x 4
1	 2	 3 4+x

So!. The given determinant
= x +10 	 2	 3	 4	 replacing C1 by

x+10 2+x 3	 4	 CI+C2+C3+C4
x+l0 2	 3+x 4
x+l0 2	 3 4+x

=(x+10) 1	 2	 3	 4	 ,taking out (x+l0)
I 2+x 3	 4	 common from Cj
I	 2	 3+x 4
1	 2	 3	 4+x

= (x + 10) 1 2 3 i , replacing R2, R3 and R4 by R2 -RI,
0 x 0 0 R3 - Ri and R4 - Ri respectively.
OOxO
000x

= (x + 10) x 0 0 , expanding with respect to Ci
0x0
OOx

= (x + 10) x x 0 , expanding with respect to Ri
10

= (x + 10) x (xx) =x3 (x + 10).	 Ans.
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Ex. 2. Show that - (a + b + c) is a root of the equation
x+a b	 c	 =0
b x + c a
C	 a x + b

Sol. The given equation can be written as
'x+a+b+c	 b	 c	 =0replacingCIbyC1+C2+C3
b+x+c-4-a x+c	 a	 jn the det.
c+ai-x+b	 a x+b

or	 (x + a + b + c) I	 b	 c	 = 0, taking out the common
1 x+c	 a	 factor fromCi
1	 a	 x+b

or
	 (x + a + b + c) 1	 b	 c	 = 0, replacing R2, R3 by

o x+c—b	 a—c	 R2— R I , R3--Rj

o a—b x+b—c

or
	

(x + a + b + c) x + c - b	 a - c	 =0, expanding with respect
a—b x+b—c	 toCt

or
	

(x+a+b+c)[(x+C_b)(X+b—C)—(aC)(a—b)]=0

or (x+a +b+c)(x2+ab+bc+ca_a2_b2C2)=0

This gives x=_(a+b+c),±'J(a2+b2+C2abbC—ca)
Hence - (a + b + c) is a root of the given equation.
Ex. 3. Show that x I m 1 = (x - a) (x - 3) (x -

ax n 1
aI3xl

Sot. The given determinant
=	 x	 1	 m	 I , replacing R2, R3, R4 by

a - x x - I n - rn 0 R2 - Ri, R3 - Rt,R4 - Ri respectively.

cz — X —1 x—m 0
a—x —1 y—rn 0

a—x x-1 n—rn , expanding with respect to C4
a—x , — l x—m
a—x i-1 y—m

- ((x - x) 1 x - I n - rn , taking out (a - x) common
I	 —I x—rn

1	 —I y—m

=(x—a) 1 x-1 n— rn .replacingR2 and R3bYR2—Ri

0 13—x x—n and R3—RI respectively.
0 1 — x •)'—fl

=(x—(X)	 —x x—n ,expanding with respect toCi
f3—x y—n
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=(x-a)(--5r) I x-n =(x-u)(-x)[(y-n)-(x-n)]
I )'-n

=(x- cc)(13 —x)(y—x)(x - (X)(x- )(x-y)	 Hence proved.
**Ex. 4. Evaluate	 0	 *	 y z

	-x	 0	 c 
-c 0 a
-b -a 01

Sol. The given determinant
- 1	 0 ax - by + cz	 y z , replacing C2 by aC2 - bC3 + cC4.
- a - x	 0-bc + cb	 c b Here (1/a) has been taken

- y -ac+0+ca 0 a common due toaC2
	-z -ab+ba+0 -a 0	 (Note)

0 ax-by+cz y z
	a -x	 0	 c b
	- y 	0	 0 a

	

-z	 0	 -a 0

=-(ax -by+cz)(l/a) -xc b , expanding with respect
- y	0 a to C2.

-z -a 0
=(ax+by+cz)(11a) xc b ,takingoul- Icornmonfromci

Y Oa
z -a 0

(ax-by+	 ax-by+cz ac-0-ca ba-ab+0
a.a	 y	 0	 a

	

Z	 -a	 0

replacing R1 by aRj - bR2 + cR3 and taking out (I/a)
common as before

_(ax-by+cz) ax-by+cz 0 0
-	 2	 y	 Oa

	

z	 -a 0.
- (ax + by + cz)

(ax - + CZ1	
0 a , expanding with respect

-	 a2	 -a 0 to RI

- by + cz)2 
[0-0 - a- a)] (ax - by+ cz)2 [2]

(ax - by + cz) 2	 Axis.
Ex. 5. Show that I a a2' 3 + bed =0

1 bb2 b3+cda

1 c c2 c3-+-dab

1 d d2 d3 + abc (Gorakhpur 92; Kwnaun 95)
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given that abcd *0.
Sol. The given determinant

= i a a 2 a3 + 1 a 02 bcd

1 b b2 b3	 1 b b2 cda

I c c2 c3	I c c2 dab

1 dd2 d3	ldd2abc

Now I a a2 bcd'

I b b2 cda

i c c2 dab

ldd2abc

= _L a 2	 abcd multiplying Ri, R2, R3, R4 by a, b, c, d
abcd b b2 b3 beda respectively and dividing the result by

c c2 c3 cdab abcd, where abcd * 0.

	

dd2 d3 dab c	 (Note)

-	 a a2 a3 1 , taking out abcd common from C4
abcd (abcd) b b2 b3 1

2	 3
dd2d3l

= - a a 1	 interchanging C3 and C4

b b2 1 b

c C	 I
dd2 Id3

= ( 1) a I a2 03 interchanging C2 and C2
b I b2 b3

C I C2 C3

dld2d3

I a a a	 interchanging Cl and C2, also 	 I)=-I.
I b b2 b3

I cc2 c 3

ldd2d3

Substituting this value in (i), the value of the given determinant is zero.
Ex. 6. Show that - 1	 0 0	 a = 1 - ax - by - cz

0-1	 0 b
o 0 -1
x	 y	 z -1	 (Gorakhpur9l)
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Sot. The given determinant
-= —I	 0	 0 —a+O+0+a ,replacingC4hy

0 —1	 0	 0—b+0+b aCI+bC2+cC3+C4
o 0 —1	 0+0—c+c
X	 y	 z ax+bv+cz — J

=-1	 0 0	 0
0—i	 0	 0
O0-1	 0
X	 y	 z ax+by+cz—i

=(ax -s-by+cz--1) —1	 0	 0 , expanding with respect toC4

	

(I —i	 o
0	 0—i

= - (ax + by + cz - 1) - 10 , expanding with respect to Ci
0 —1

• =(1 — ax — by+cz) [(- 1)(— 1)-00J

=(l—ax—by—cz)[l]=(1—ax—by—cz). 	 Hence proved
*Ex. 7. Prove that

2	 3	 2	 2	 2	 2	 2yz—x zx—y xy—z = v- U U = x y a

	ax -? xy - a2 yz - x2	 u2 V2
	 y z x

	

y—z2 yz_x2 zx—y2	u2 U2 ,2	 z x y

	

where 'v2 = x2 + y2 + z2, u2 = yz + zx + xy.	 (Goraknpur 90)

Sot. X  z2xy z xxy z
-	 yzx	 yzx	 yzx

zx.y	 zxy	 zxy

=

	

	 Xy+yZ+ ZX xz+yx+zy
yx+zy+xz y2+z2+x2
zx+xy+yz zy+xz+y Z2 +x +y

= 2	 2 2	 2V U U 	 u=y:+z.a+xy,
2-2	 2	 2	 2	 2U V U	 v = x + y + z, (given)
2 ?

Again from § 416 Page 169 we knwo that if Cij be the cofactor of aij in
the nxn matrix A=[a1],then

•	 ICgjI={AI}'

	

Here n=3,soIC,I={IAI} 2 ,	 ... (ii)
where	 A= x y z

y z x
zxy
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c j i= zy—x2 xz—y2 zy — z

2 

where C,js the cofactor
zx—y2 xy — z2 yz—x2 ofajinIAl

.xy—z2 yz—x2 u—y2
2	 2	 2	 2From(ii), Z,V — X ZX — y AY — Z = x y z
2	 2

	

U - y .xy - z yz - f	 y z x
2

	

XY — Z )'Z — X 2 U	 2	 z x y-)'	 -

From (i) and this we have the required result.
Ex. 8. Write down as a determinant the product

abc. x y z

	

cab	 z x y

	

b Ca	 y z x

Sol. Multiplying by the row-by-row' rule we get
ax+bs'+c a+hx+cy a%'+bZ+cZ
Cr + a )' +bz cz +ax + by cv + az + bx
hA- + cv + az bz + cx + ay b y + cz +

	

=(a+h+c)(x+y+z) 1	 I
cx+av+bz cz +ax+hv c+az+bx
bx+cy +az bz+cx+ay hy+cz+ax

replacing R1 by R + R 2 + R3 and taking the common factor out.
Ex, 9. Expand 0 1 x y by Laplace's Expansion's by the

0 Oyx
Z wOO
w 	 00

minors of the Fst two columns.
Sol. All the possible minors of the frist two columns and their

complementary minors are giv'n below:

	

BiI = 0 I	 1 B'l= y x=0

	

Z w	 0 0

1B21= 0 I , IB'21= y x I =0

	

14' z	 0 0

	

1B31= z w	 JB'jI= x y

	

wZ	
Y 

The given determiriat = z iv .X 
W z	 y x

the remaing minors or complementary minors are zero.

	

2	 2	 2	 2	= (z - w ) (x - y ).	 Ans.

**Ex 10 (a). Show that at b1 c 2 = At Di C1

	

22 b2 C2	 A2 82 C2

	

a3 b3 C3	 A3 B3 C3
-13
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where the capital letters denote the cofactors of the corresponding small

letters.	 (Gorakhpur 96. 92; Kanpur 93; Purvanchal 97)

SoLLetIAI	 aibi C1 and = Ai Bi C1
a2b2C2	 A-2 B2

03 173 C3	 A3 83 (23

Then x I A I
= At Ri Ct x ai hi

	

A2B2C2	 a2b2c2

	A3 B3 C3	 03 fr3 C3

= aAi+biB1 +ctCi a2Al+b2Bl+C2CI a3Al+b3Bt+C'1

aiA2 + b,B2 +C1 C2 a2A2 + b2.B2 + c2C2 aA2 + b3B2 + c3C2

a1A3+ b lB3 +C1 C3 a2A3+b283+C2C3 a3A3+LB3+c3C3

= IAI	 00 ,sinceaiAi+blBl+C1Cl=Ietc.

	

o IAI 0	 and alA2+b1B2+c1C2

o	 0	 A I	 - (See example on Page 117)

Note. Students are to prove these
in the examination.

	

=IAI . IAI	 0 ,expanding with respect t0 first row.

0	 IAI

=IAIAI.IAI_001U AU3[I 

	

or	 A xIAltlAl)0t2

	

or	 Al BI C, = 	 hi c

	

A2 82 C2	 02 b2 C2

	

A3 83 C3	 03 b3 C3	 Hence proved.

SEx. 10 (b). Prove that

	

a h	
2	 a2 —bc b2 —ca c2—ab

	

c a b	 c2—ab n2 —jc b2—ac

	

b C a	 b2-ca  c2 - ab a 2- be  (GorakiipUr 90)

SoL We know [See E. 10 (a) above] that

	

at	 c 12 =. At Bi C,

02 17-2 .'2	 A2 82 C2

03 13 C3	 A3 83 C

where capital letters denote the cofactors of the correspmding . .jwll letters.

b c 2 IA 8 cI.

	

c a b	 ¶c A RI

	

c a	 B C A
At

where A, B, C are the cofactcrs of a, b, r specitvciy : 11 	 imi .: rn'e.

left.
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a b = a2 —bc,8=—jc b b2—ac

	

C a	 Jb a

and	 C= c a =c2—ab

	

b c	 (Note)
Hence from (I) we get

a b c 2
	

a2 —bc b2 -ca c2—ab
c a b, 	 a2 —bc b2.-ac
b C a 

I	 bi - ca c2 - ab a2- bc	 Hence proved.
Ex. 11. Solve the equatIon 31-8	 3	 3	 = 0.

3	 3x-8	 3
3	 3	 3x-8	 (Meerut 97)

Sol. Given that 3x —8	 3	 3 1 = (J

	

3	 3x-8	 3

	

3	 3	 3x-8

	

3x - 2	 3	 3	 0, replacing Ci by C1 + C'2 + c3
	3x-2 3x-8	 3

	

3x-2	 3	 3x-8

	

(3x —2) 1	 3	 3	 = 0, taking out (3x - 2)common.
I 3x-8	 3
1	 3	 3x-81

	

=(3x-2) 1	 3	 3 I O,repacingR2,R3byR2—Rl
	0 3x- Ii	 0	 - R 1 respectively.

	

O	 0	 3x— 11

	

(3x - 2) 3x- 11	 0	 0, expanding with respect to C

	

0	 3x-1l

(3x-2)(3r-- 11)2=0
=> x=2/3 or 11/3.	 Anzc.
Ex. 12. Prove that the value of ctcznnat

x+ I x-4- 2 x -i J is!epcndntofx,
+2 X-r3	 +h

	

1x+3	 +4
Sn!. The given detem1,rFafl

	

x+2  1	 2 respct.vc1y
jxi-3	 I

-	 a— I	 t,rer)acin9P2,RhyA2 R1,
O b—a—I Th--R1 rpccthe

2	 0



192	 Matrices	 182/1/12

- I x + I a - I	 interchanging Cl and C2

o	 i	 b — a —i

	

o 2	 c — a — 2

I b—a—i I =—[(c—a-2)-2(b—a— I)]

2 c—a--2

[c_a_2-2b+2a + 2 ] =—a±2bC. which is independent ofx.
Hence proved

*Ex. 13. Give correct answer to the following:
The value of the determinant - 3 	 1	 1	 1

1-3	 1	 1
1	 1 —3	 1
1	 1	 1 —3

is (A) - 1, (B) 1, (C) 0, (D) 4.
Sol. The correct answer is (C) i.e. 0, since replacing Ci by

CI ± C2 + C3 + G4 we find that all the ekments of Ct are zero. Hence the value

of the given determinant is zero.

Ex. 14. Show that (a + b + c) and (a2 +b2 + c 2 ) are factors of

determinant a2 (b + c)2 be and find the remaining factors.

b2 (c+a)2 ca

c2 (a+b)2 ab

Sot. The given determinant

= 02 (b2+c2+2hc)+a2 bc ,replacing C2 by C2+Ct

h2 ( c2 +a2 +2ca+b2 Ca

C2 (a2 + 1,2 + 2ab) + c 2 ab

= 2 b2 + c2 + a 2 bc replacing C2 by C2 - 2C3
,2 c2 +a2 +b2 ca

c2 a2 +b2 +c2 ab

= (02+ b2 + c2) a2 I bc taking out (02 + b2 + c2) common
1,2	 ca from C2

c2 i a1

- a2 + h2 +c2 a3 a abc taking I/a I/b, 1/c common from

-	 abc	 b3 b bca RI, R2 and RI respectively.

c cab	 (Note)

a 2 + b 2 + C2	 I	 I
I	 a 1 taking out abc common from C3.

abc
-	 xabc a 3 

b ii- 

c

Now proceed as in Ex. 31 Page 146.
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Ex. 15. Prove that	 a2	 be	 ac + c2 = 4a2b2c2.
a2+ab	 b 2	ac

	

ab	 b2 +bc	 c2

Sol. The given determinant
= abc	 a	 c	 a + c taking out a, b, c common from

	

a + b	 b	 a	 Ci, C2, C3 respectively
b	 b+c	 c

	

= abc a + c	 c	 a + c . replacing Ci by C1 + C2

	

a-s-2b	 b	 a
2b+c b+c	 c

= abc 0	 c	 a + c , replacing C1 by Ci - C3

	

2b b	 a

	

2b h+c	 c

= abc 0 c a + c , replacing R3 by R3 — R2
2b b a
0 c c—a

= — 2ab2c c a + c , expanding with respect to Cj
c c—a

	

= — 2ab2c 0	 2a , replacing R1 by R 1 — R2
C c—a

= — 2ab2c (— 2ac), expanding the determinant.

4a2b2c2=.	 Hence proved.
*Ex. l& Solve x+2 2x+3 3x+4 =0

2x±3 3x+4 4x+5

1 . 3x+5 5x+8 10x+17

Sol. The given equation is

	

x+2 —1	 —2	 =0, replacing C2, C3 by C2-2C1,
	2x+ 3 — x - 2  - 2x —4	 C3 — 3C1 respectively.

	

3x+5 —x-2	 x+2

or	 x+2  — 1	 — 20,0, replacing R3 by R3 - R2
--2x+3 —x-2 —2x4

x+2	 0	 3x+6

or

	

	 x+2  — 1	 0	 = 0, replacing C3 by C3 — 2C2
2.r+3 —x-2 0
.r+2	 0	 3x+6

or	 (3x + 6) x+2  — 1	 = 0, expanding with respect to C3
2x--3 —x--2	 .

or	 (3x+6)[—(x+2)2+(2x+3)]0
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or	 (3x+6)(x2 +2x+1)0 or (3x+6)(x+I)2=0

or x=-1,-2	 Ans.

*Ex. 17. Prove that CL I X x = f (x) - x r (x),
I 0 X 

X 	 Y I
xxx 8

where f (x) = (x - Ct) (x - ) (x - (x - 8) and f' (x) is the first derivative of
f (x) with respect to x.

SoL The given determinant
•	 cx x	 0	 0 , replacing C3 and C4 by C3 - C2

x -	 x -	 and Ct - C2 respectively.
X x y—x 0
X x 0 6—i

X-0 x—f —x x x-3 x— ,expandingw.r.toRi
X •f—x 0	 x y—x 0

	

X 0 8—x	 x 0 8—x

=a P x -	 0 1 - x' 1 x -	 0 , replacing C3 by

	

X y—x x—y	 1 y—x x—y C3—C2ineach
X	 0	 6 '— x	 1	 0	 6— x determinant

=cz3 I y—x x—y I —cz(x—) x x—y—x2 y—x x—y
o &—x	 x 8—i	 0 8—x

+x2 (x—) 1 x—', expanding each det. w.r. to Ri
I 6—i

=(4—x2) (y—x)(6—x)—(x—)x(U—x) ((8—x)—(x—))]

= (cx —x2) (x - ) (x —8) - x (x —a) (x - 3) (x —6)
—x(x—a)(x—)(x—y)

=(_a—x+4—x2+x—x2+C1x)(x—y)(x-8)
_x(x—a)(x—)(x-8)—x(X—(x)(X—)(X 	 (Note)

= [(x—u) (x—)—x(x—O) —x(x—CO](x— (x-8)
—x(x—CL)(x— )(x-8)—x(x—(Z) (x—)(x— 	 (Note)

=(x—çz) (x-)(x— (x-8)—x[(x—)(x— (x-6)
+(x .a)(x—(x-6)+(x--a)(x—)(x-8)

+(x—cz) (x— 3) (x—y)]
=f (X) - if' (x), where f(x) = (x - a) (x - ) (x - (x - 8) Hence proved.

	

Ex. 1& Prove that 1	 o3, where 0) is one of the imaginary

•	 , o	 i	 to

to	 1

cube roots of unIty.
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Sol. If w be one of the imaginary cube roots of unity, then

w3 =l and l+o+w2=O

Now the given determinant
=	 I	 from (i) using (03 

1 =

1	 1(0
(02. co i

= 0	 W2 , replacing Ct by Ci - C2
0	 1(1)
W2 CO (I)	 I	 -

(2 - ()) 1	 2 , expanding with respect to C
lc

= (co2 _ (0) (0) _ co2) (034 _ 0)2 + J)3 o)2 +l, . coi

=2_((0+2)=2_(_l), ...
=2+1=3.	 Hence proved
**Ex 19. Prove that the determinant

•	 1	 cos (13 - a) cos (y - a)
cos (Ct - 13)	 1	 cos (y— 13)
cos(cz — y) Cos	 Y)	 1

	is a perfect square (of a determinant) and find its value.	 (Gorakhpur 94)

So!. The given determinant
= cos a cos a+ sin Ct sin a cosa cos 13+ sin a sin 13

cos 13 cos a+ sin 13 sin a cos 13cos 13+ sin 13 sin 13
cos y cos a + sin ysin a cos ycos 13 + sin y sin 13

cos a cos y+ sin a sin y
cos 13 cos y+ sin 13 sin y
cos ycos y+ sin ysin y

(Note)
The element in the first row and first column is cos a cos a + sin a sin a,

which can be written as

	

(cos a) (cos (X) + (sin a) (sin a) + 0 . 0	 (Note)
Similarly the element in the first row and second column is

cos a cos 13 + sin a sin 13, which can be writter as

	

(cos (x) (cos 13) + ( sin a) (sin 13) + 00,	 (Note)
Proceeding in this way we can write the given determinant
= cos a sin cx 0 X cos a sin a 0

cos 13 sin 13 0	 cos 13 sin 5 0
cos y sin 7 0	 cosy sin 7 0

= cos a sin Ct 
02 

hence a perfect square of a determinant
cos 13 sin 13 0
cosy sin 	 0
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0, since the value of this determinant is zero as all the elements of one
of its columns are zero.

*Ex. 20. (a) Show that	 a + lb c + Id I )< I a + i3 y + i

	

-c+id a-lb	 -y+i a-W
can be expressed as A+IB C+ID

-C+ID A-lB

Hence prove the Euler's Theorem, 'the product of two sums of four
squares each is equal to the sum of the four squares'.

Soil .+ib c+id x a+i	 y+i
-c+id a-lb	 -y+iö a-if3

= (a+ib)(ci+i3)	 (-c+ id) (a+i)
+ (c + id) (y+ i8)	 +(a-ib)(y+i)

(a + ib) (- y -r i6) 	 (- c + id) (- y+ i)
±(c+ id) (a-1f3)	 +(a-ib)(a-i)

= (aa-b+cy-d)	 (-ca-d+ cry +M)
±i(aj3+ba+c+dy)	 -I--i(-c13+da+a-by)

(-ay-bö+ca-i-d3)	 (aa-b+-d8)
+i(a- by- c+da)	 +i(-a13-ba--c6-dy)

A+iB C+iD
-C+iD A-lB

where A =aa-bj3+c'y-dö, B-a3 +ba+c+dy,
C -Y+b-ca-dt3,D=aö-fr(-c+da	 ...(ii)
Now a+ib c+id

-c+id a-lb

=(a-+-ib)(a-ib)-(c+ id) (-c+id)
(a2 - i2b2) - ( i2d2 - c2) = a2 + b2 + c2 +

Similaryly I a+i3 y+iö =cz2+j32+y2+52
-y+i (X-i5

and

 I

A+iB c+iD
-C-4-iD A-lB

.. From (I) we have

(a2 + b2 + c2 +d2)(cz2 + 2 +y+ 2)=(A 2 +B2 +C2 +D2)	 (iii)
i.e. product of two sums of four squares each is equal to the sum of four
squares.	 Hence proved.

Ex. 20 (b). With the help of determinants express the following as a
sum of four squares

(12+2 2  +32 42)(52+62+7 2  8)
Sol. As in Ex. 20 (a) above we can show that,

(a2+b2+c2 + d2)(a2 + 2 +y+ 2)(A 2 +B2 +C.2 +D2)	 (i)
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where A, B, C. D are given by Ex. 20 (a) result (ii).

Now Ieta2, b2, c3, d=4, a=5, 3=6, i=, 5=8

ThenAarx-b+C1-d6 1(5)-2(6)+3(7)-4(g)

=5-12+21-32=-18.
B=a3+htX+c+dY 1 (6)+2(5)+3(8)+4(7)

=6+10+24+28=68,
Cay+b-cU-d3 1 (7)+2(8)-3(5)-4(6)

=7+6-15-24=-- 16
D=aS-1Yy-c13+dU 1 (8)-2(7)-3(6)+4(5)

=8-l4-18+20=-4

From (I) above we have (1 2 +2 2  +32 +4 2 ) (52 +6 2  + 72 +8 2

= ( 18) +(68) 2  +( 16)2 +(-4) 2

(18)2 +(68) 2 +(16)2+ (4)2.	 Ans.

Ex. 21. Evaluate a -a - a -a
b b -b -b
C	 C	 C -c
d d d d

Sol. The given determinant
a 0 0 0 , replacing C2,C3andC4bYC2+C1.C3+C1

b 2b 0 0 and C4 + Ci respe tively
c 2c 2c 0
d2d242d

= a 2b 0 0 expanding with respect to RI

2c 2c 0
2d U 2d

= 2ab 2c 0expanding with respect to RI

2d24

	

=2ab[2cX2d-(2MX0]=8(thcd. 	 Ans.

*Ex. 22. Prove that 4 5 6 x = - Zy + z)2
567y
678z

	

x y z 0	 (Gorakhpur 94; Kanpur 94)

Sot. The given determinant

	

= 10	 5 6 x , replacing ClbyCl+C3

	

12	 6 7 y
	14	 78z

x+z y z 0

	

= 0	 5 6 x , replacing Ci by C1 - 2C2

	0	 67y

	

0	 78z
x-2y+z y z 0
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=—(x-2y±z 
I 
5 6 x I.exP *nding with respect to Cj

8

=— (x - 2y+ z)112 14 x+zI. replacing R1byR1+R2
•	 167	 y

	

8	 z
= -(x-2y+z) 0 0 x+z-2y !,replacingR j byRi-2R2

•	 6 7	 y
	7 8	 z

— (x-2y+z) 2 J6 7 l,expanding with respect to R1

I	 8!

= - (x - 2y + z)2 [48 - 49}, expanding the det.

	

= (x - 2y +	
Hence proved,

	

Ex. 23, Evaluate 0	 a	 J3

	

jl	 0	 c —bj
-C 0 a

	

n	 b -a	 0 
I	

(Gorakhpur 95; Ka'pur 90)
Sol. The given determinant
.1 0	 a	 13	

y I 
taking (1/a) common from R2

a1al

	

	 0 ac —ab1
—c 0 a
b —a 0	 (Note)

- I	 0	 a P Y

I' 
replacing R by R2 ± bR3 + cRjaa1+bm+cm 0 0 0

	

M	 —c	 0 a1
n	 b —a 0!

=— -(al +bm+cn)	 a	 13 yI expanding with respect fo2
•a	 I—c	 0 aJ

b —a 0

(a! +bm+cn)	 aa	 $3 T I, taking out 1/a common fromC1

	

1 —ac	 0 aj
ab —a 01

(a1 + brn+cn) faa+b$3+cv	 $3- y1,
0	 0 aJa.	 I
o	 —a

replacing C 1 by Cj + bC2 + cC3

	

----4 (al +bm +cn)(aa+b$3+cy)	 0 a Iexpandingwithrespect
a	 1—a 0! toCj
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= _ (l /a2) (al +bm+cn)(+
=_ (al +bm+Cfl)(aa	

Ans.

Ex. 24. Prove that 1 1 1 1

a3 I3

=	 - y) (y- a) (a - ) (a -6) (1 -6) (y - &)

Hence evaluate $0 SI S2 $3 'where Sr = aT + pr + +
si s2 S3 $4
S2 S3 S4 55
S3 S4 $5 S6

sa 1	 11
a	 5
a22282

p3	 83

	

= 1	 0	 0	 0	 ' replacing C2, C3, C4 by C2 - Ci,

	a	 -a y-a 5-a C3_CI and C4-Cl
cxl 2_a2 

•,22 82_a2

a3 0
3 a3

y3 -a3 53-a3

	

1	 1
5+a

32 +a2 +al3 y+a2 +cr1' 52+a2+cth

expanding w.r. to Ri and taking

out common factors.

	

0	 0

	

1	 -	 S

2+	
+_2 62+_2

a2 +aj3	 (3	 -a(3

replacing C2, C3 by C2 - Ci, C3 - Ct

	1 	 0	 0

2	 2	 (r-(3)	 (ö-1)
p +a +ap (a+(3+y) (a+(3+&)

1
ct+13+y a+ 0 +5

^1

expanding w.r.t. to'Ri

=(a-13) (a-5) ('y-a) ((3 -((3-6) [(a+(3+S) -(a+(3+y)]
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=-(a-f3)(a-S)(y_(x) (3-7)(i3-6)(y-6).

Squaring both sides of (I), we get

((x	 )2 (a - 6)2 (y	 )2 ( - )2 (3 - 6) 2 (y_ 6)2
=	 1	 1	 I	 1•	 j	 1	 1

a	 a
a2 2 72 62	 a2 2 72 82
a3 33 y 53	 a3 p3 Y3 53

1+1+1+1
- a+±y+& a2+p2+y2+62

a2+2+y2+52 a3+3+y+6

a3++y+3 a4+t34+y+8

Hence proved.

(Note)

a2+2++2 a3+3++6
a3+3+y+6 a4+i34+7+8
a4+p4+y+6 (X5++'y+6

a5+5+y+6 a6+6++66
So	 si S2 S3 ,

where s,=ar + r +YT+6r
SI 52 S3 54
S2 53 S4 S5 and so a° + 30 + +
53 54 55 S6	 - 1 + 1 + I + 1,etc.	

Hence proved.
*Ex- 25. 11(0 is the cube root of unity, then one root of the equation

x+1	 Ci)	 (02	 OisO.
x+(02 	 1

0)2 	
1	 x-f-o)	 (MNR9O)

Sol. Adding all the rows of the given determinant to first, the given
equation reduces to

x+1±(j+(02 x+U)+(02+1 
(02 +1+X+(0 0

	(02	
1	 x+o

or	 x	 xx	 0,	 1+(0+0)2=0
(I) 

X+002	 I
Co 

2	 1	 X+0)

or x i	 1	 1	 =O=x=O
0) X-I-0)2	 i

0)2	 x +	
Hence proved.

*Ex. 26. The value of 9 which lies between 0 = 0 and 9= it/2 andsatisfy the equation
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1 + sin2 B	 Cos 2 0	 4 sin 40	 =0 is

sin 2 e	 1 + cos2 B	 4 sin 40

sin 2 0	 cos2 0	 1 + 4 sin 40

	(a) 7it/24, (b) 5it/24, (c) I1ic/24, (d) it/24. 	 (LL?)

Sol. Given equation is

i + sin2 e + cos2 e	 cos2 0	 4 sin 40	 = 0,

sin 2 O+l+ C0s2 0 1+ Cos 20	 4 sin 4O

sin  o + Cos e	 Cos 2 0	 I + 4 sin 40

adding 2nd col. to 13t.

or	 2	 cos2 0	 4 sin 40	 = 0,	 Cos e + sin2 0 = i

2 14-cos2 O	 4 sin 40

I	 Cos 2 0	 1+4 sin 4B

or	 2 cos 2 O	 4 sin 4O	 =0, replacing R2bYR2"Rl

0	 1	 0
I Cos 20 1+4sin419

or	 2	 4 sin 40 = 0, expanding w r. to R2
I	 1+4 sin 4O 

^ 

or	 2(1+4 sin 4O)-4 sin 40=0 or 4 sin 4O+2O

or	 sin 40 = - 1/2 = sin 2100 or sin 330°

= sin (7x/6) or sin (1 1,t/6)

or	 40=7t/6 or llir/6 or 0=7it/24 or llx/24

Hence the required values of 0 are given by (a), (c). 	 Ans.

Ex. 27. If A t = x b b and L2 = x b ahe given

	

ax b	 ax
a ax

determinants then show that

	

	 it = 32	 (M.N.R.)
dx

Sol. -4-1	 100+ x b b I + I x b b

dx	 a x b	 010	 a x b

a ax	 a ax	 001

=xb+xb+xb,

ax	 ax	 ax

expanding 1st, 2nd and 3rd determinants
w.r. to 1st, 2nd and 3rd row respectively.

=3 x b =3E2
la x	 Hence proved.
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**Ex 28. The value of determinant	 a	 b	 aa + b

	

b	 c	 bcc+c

	

laa+b bcx+c	 0
is zero if

(a)a,b,c are an H.P.
(b) a, b, c, are an G.P.

(c)czLsa lxotof the equation ax2++Ø

(d)(x - a) is a factor of ax2 +2bx +c	 (/.LT)
SoLIf	 a	 b	 aa+b0,

b	 c	 ba+c

	

aa+b ha-c	 0

then	 a	 b	 0=0,
b	 c	 0

aa+b ba+c —a(acz+b)—(ba+C)

replacing C3 by C3 - aC; - C2

	

or —(acx2 +2ba+c) a b	 01b 
or (act+2bd+c)(ac_b2)0

i.e. either b2=aoraa2+j,+=Ø

If b2 = ac, then a, b, c are in GP
Hence result (b) is true.

If aa 2 + 2bcz + c .= 0, then Ct is a root of the equation ax2 + 2bx + c =0 or
(x — cz) is a factor ofax2+2bx+c	 Hence result (d) is true.

Ans. (b) and (d).
EXERCISES ON CHAPTER IV

*EL 1. If 2s = a + b + c, prove that
a'	 (s—a)2  (s —a)2s3(s—a)(s—b)(s....c)

(s—b)2	b2	(s—b)2

(S—C)2 (s—c)2	 2

Ex. 2. If a + b + c =0, solve the equation
a—x c	 b =0
C b—x a

	

b	 a c—x

[Hint ,,Add all the rows or columns]

	

Ex. 3. Show that a a2 a3 + bc	 (a - b) (b - c) (c - a)

	

b b2 b3 +ca	 (ab + bc + ca + abc)

?
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S EX. 4. Show that there are three values of t for which the system of

equations

(a - t) x + by + c17 = 0, bx + (c - 1) + az = 0, cx +av + (b - t) z = 0

have a common non-zero solution. If the three values of tare fl, t2,13

show that ti (2 t = a h c
bca
cab

Ex. 5. Prove that	 0	 x	 y	 z = ( + by + cz)2

-x 0	 c -h

-y -c	 0 a

-z	 b -a	 Di

EX. 6. Show that 1 + 2 - b2	 2ab	 - 2b	 = (1 +a 2  + b2)3

2ab	 l - a+b

2b	 -2a	 1+a2-b2

Ex. 7. Solve	 x -6	 - = 0

2 -3x x-3
-3	 3x x+2 	 (Meerut 92)

Ans. x-3,2, I

Ex. 8. Show that the roots of the following equations are all real

a+x	 h	 g	 =0,

h b+x f
	g 	 f c+X

where a, b, c,f. g, h are all real numbers.

	

Ex. 9. Solve I x -6	 - I = 0
2 -3x x-3

-3 Zr x+3

*Ex. 10. By the product of determinants estabilish Eulier's theorem that

the product of any two sums each of four squares is expressible as the sum of

four squares. Does the theorem hold for (32+4 
2 )(1 2 +22 + 32)?

Hence express (92 + 2 + 32 ± 42) (52+6 2 +72 +82) as sum of four

squares.

(Hint. See Ex. 20 (a) and (b) Pages 196-97.

Also (32+42) (12+2'+3 2) (32+42+02+0 2) (1 2 +2 2 +3 2+02

Now proceed as in Ex. 20 (b) Page 197.

Ans. 
(32+42)(12+22+32)_52+(l0)2+92+(12)

and	
(92+22+32+42)(52+62+72+8)

= (22)2 + ( 116)2 + (40)2 + (f3)2
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Four possible answers for the following questions are given. Choose the
correct answer

Ex. 11. The value of the determinant 1	 2	 3 1 is
357
8 15 20

(a) 20,	 (b) 10, (c) 2,	 (d) 5.	 (M.N.R. 9/)

Ex. 12. The value of the determinant I a b + c is	
Ans. (c)

I b c+a
I	 c a'+-b

(a) a + b + c,	 (b) I,	 (c) 0,	 (d) abc	 Ans. (c)
Ex. 13. If = ai bi ci 'then A is equal to

a2 b2 C2

03 b3 C3

(a) - bjB1 - b2B2 - b3B3;	 (b) - biBi + b2B2 - b383;
(c) bB1 - b2B2 + b38 3 ;	 (d) b 1 B 1 + bzB2 + b3B3	 Ans. (d)Ex. 14. The value of the determinant 3 	 6 12 1 is

5a 5b 5c
a b c

(a) 15,	 (b) 2.	 (c) 0,	 (d) 4.	 Ans. (c)Ex. 15. The cofactor of a in the determinant 3 4 5 is
789
a b c,

(a) 4 5 .	 (b) 1 3 4 ,	 (c) 1 3 5 1	 (d) None of These
89	 78	 79

Ans.(a)

.



OBJECTIVE TYPE QUESTIONS

CH. TOIV

(A) SHORT & VERY SHORT ANSWER TYPE QUESTIONS

I. I)cfine matrix.	 ( A.ao,iuir 2001)	 Se § 1-02 Pate 21

2. Dchne a rectangular and a sivarc fiat rex.	 jSec § I AB

3. What are horizontal, and vertical mat rices 7 	 See § 1-0.1 P. 41

4. What are row a nil coluiu ii vctors	 ISee	 1 . 03 P. 41

5. What k 1 4 7	 ]See § I 03 P.

(. Dctine an unit matrix.	 See § 1-03 P. 4

7. Define a diagonal matrix.	 ISce § I (13 P. 51

S. What do you understand b y a th-mai rex 7	 jScc § I -03 P 51

. Write down the properties of 11`1a0 11X additum.	 See § 1 07 P. ]

UI. If A, H, C he three matrices ut the same order and arc such that
A + B A ± C, I lien show thai B C.	 15cc Prop. VI Page 5]

11. \Vlien are the two matrices conformable to multiplication 7
See § 1-08 Page 11]

12. Give an example to show that the product of two nun-zero matrices

	

can he a zero mat lix.	 See § I - OS Note 2 Page 131

	

3	 12	 1	 4
3. If A = t)	 1	 1 and B = 2	 2	 then does BA exist 7

	

I	 2	 (1	 1	 0
Ans. No.

	

1	 1	 3

14. If A =	 2	 2	 6 , then show that A 2 = 0.

—3

a	 I,	 [x

IS. Ilk = I.v , y , : 1 B	 It	 /	 f - C =	 , then show that

2	

g J c	 H- BC I =ax +b+cf+2ievi+2z.v+2Jvz.

10. it A = I 2	 3	 4	 1
2	 3	 4 1

1 calculate integral ro\verS of A.

	

L	 (['arvanchal 97)

17. When are two matrices said to be equal ? 	 ( Pwvanchal 2001)

15. Define null matrix. 	 (P -...... . hal 2001) ]See 6 1-03 Page 4

19. Define transposed matrix.	 208 Page (>)]

21l. Define Nilpotcnt matrix. 	 Isce 5 2 07	 651

1G2/tAZO

-14



2	 Matrices

21. State reversal rule for the inverse of product of two matrices,
(Pun'an ch a! 9) jSec § 2 () Th . It Page 92

22. Show that AR B\ where

- Cosf)	 Sif91	 - cuse,	 —sin6-
sin

A	
01	 CON 	 -	 Sin	 ()2

(/1ecni( 2001)
23. State reversal rule for the transpose of a product.

15cc § 209 Th. IV Page
24. Describe elementary row operations on a matrix.

(Purranchal 99) ISce § 301 Page 1031
25.-Define cofactor of an element of a determinant.

jSec § 40	 1241
26. Define minor of an element of a determinant.

Isce § 407 P. 1251
•	 I	 a	 h-f-c
27. Show that	 I	 b	 c + a = (1	 15cc Ex. 2(u) P. 1321

I	 c	 -f-h

—2	 1	 1
• 28. Evaluate	 1	 —2	 1	 Ans. ft

1	 1	 —2

1	 1	 1
29. Show that 1	 1 +.x	 1	 =xy.	 ISCC Ex. 7. Patc

1	 1	 1+)'

X a a
30. Evaluate a x	 a .	 Ans. (x + 2a) tx -

ci	 a	 x	 [Sec Ex. 20. P. 1401
1	 1	 1

31. Show that U	 b	 C = (a - h) (h - c) (c - a).
a 2 	 h2 	 c 2	 15cc Ex. 28. P. 1451

1	 1	 1	 1
I	 1	 1	 1.32. Evaluate	 +a
1	 1	 1 + h	 1	 •	 Ans. abc.

-	 1	 1	 1	 1 + c	 [Sec Ex. 36 P. 149

0 c	 h 
2	

2 + h2	 ha	 Cci

33. Show that c 0 a	 ab	 C2 + a2	 bc
h a 0	 ac	 hc	 hh+2

ISee Ex, 1, P. 163J
Dc b

34. Express c	 0	 a as a determinant.	 (Puivanclwl 97)
ha 0
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(B) OBJECTIVE TYPE QUESTIONS

(I) MULTIPLE CHOICE TYPE
Select the correct answer of the follQwing

I. The order of the matrix	 .	 7
2	 3	 41 i s

15
	 -

(i) 3 x 2	 (ii) 2 x 3 ;	 (iii) 3 ;	 (iv) none of these.

2. A matrix A = I aj , X;) is called a square matrix, if

(1) in	 ii ;	 ( ii) 'U	 it ;	 (iii) in = it ;	 ( iv) none of these.

3. A matrix A =	 ,, is calicd it vertical matrix, if

(I) in > it ;	 (ii) iU = it ;	 ( iii) in < it ;	 ( iv) none of these.

4. A niatrixmatrix A = aj i,,, X ,j is called it horizontal matrix, if

(1)/n > it ;	 (ii) in = it ;	 ( iii) III 	 it ;	 ( iv) none of these.

5. If a is the number nI elements in it row and h is the number of
lements in it 	 of it 	 A. then the order of A is

(I) a xl; - (ii) h X a;	 (iii) axa;	 (iv) hx b-

6. A matrix A = a j Im x, is called a row matrix, if

(j)m<n;	 (ii)nt=n;	 (iii)m=1;	 (iv) 11

. 
[i	 ] is called a

(i) column matrix; 	 -	 (ii) row matrix;
(iii) null matrix;	 (iv) unit matrix.
. The matrix I a ij	 x, will he an unit matrix, if

(I) all its mit elements are unity;

(ii) in = it and all elements are unity;
(iii) in = ii, diagonal elements are unity and other elements are zero;

(iv) none Of ilicsc.

9. The negative of it matrix A is
(i) zero .;	 (ii) —A ;	 (iii) +A ;	 (iv) non-cXisttnt.

'(Kanpur 2001)

10. It A is of order 2 x 2 and B is of order 2 X 3, then BA is of
order

(i) 2 x 3 ;	 (ii) 3 x 2 ;	 (iii) 2 x 2 ;	 (iv) none of these.
11. A is any in x it matrix such that AB and BA are both defined,

then the order of B is
(i) in x in ;	 ( ii) U X it ;	 (iii) it X nt ;	 (iv) none of these.

12. If A = 

[

a	
h I and B = [b	 ], then AB is

(i) null matrix ;	 (ii) unit matrix
(iii) vcrilcal matrix ; 	 (ii') none of .these.
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13. If A = [
	

ani B = 0	 7	 then

(i) AB = BA ;	 (ii) AB dcs not exist but BA cxists
(iii) AB exists but BA does not exist
(iv) AK	 BA.

	

H 01	 2.14.11 •
 A = I	 I. then A is it

	

[0	
Oj

(i) diagonal matrix	 -	 (ii) unit mat rix
(iii) null mi( rix	 (iv) none of these.

•	 1	 2.2
15.IfA= 2	 1	 2 ,the value ofA2-4Ais

22	 1

(I) I ,	 (ii) 2 I,	 (iii) 4 1,	 (iv) 5 I.
16.* Transpose of it column 'matrix is
(1) square matrix ;	 (ii) column matrix
(iii) row matrix ;	 OvI none of these.

	

It	 I
17. If A =	 - I	 0	 5 , then A' =

	

2	 —5	 tt

(I) A	 (ii) - A ;	 (iii) 2 A ;	 ( is') none of these.
(kaiipur 20011'

18. If 'A is a square matrix, then A + A' will he
(i) diagonal	 (ii) symmetric
(iii) skew-symmetric ; 	 (iv) identity matrix. (Kwmjmr 2001)

19. The matrix	 0	 1	 0 ix

	

I)	 0	 1

(I) unitary ;	 (ii) idempotcnt
(iii) nilpotcnt ;	 (iv) identity.
20. 1n an upper triangular matrix, the elements aij = 0 for
(I) 1 >;	 (ii) I = j ;	 (iii) 1<];	 (iv) /	 j.
21. A matrix A is called involulory if

(i) A I = -A	 (ii) A 2
=0 
	

2
;	 (iii) A = I 	(iv) none of these.

22. Which of the following is a scalar matrix !

	

fa 0.0	 a 0 0	 0 a 0
(1)	 0	 b	 (I	 ; (ii)	 0	 a	 0 ; (iii)	 a	 (1	 1)

[0	 1)	 b	 0	 I)	 a	 0	 0	 a

(iv) flOflC of t licsc.
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23. 11w be the cube root of unity, then the value of the determinant

	

w	
8

	

2	 is

(ii) ()	 (iii) —1;	 (iv) none of these.

24. Ii	 = 1, then the value O f the dete'rminant

3	 2

	

I	 cii	 (I)

	

1	 is:

	

W	 W	 I

(i) (I;	 (ii) 1	 (iii) 2;	 (iv) 3.

	

I	 I	 1

25. The determinant	 U	 I) . C	 is divisible by
2	 2	 2

	

(I	 C

(I) a — b;	 (ii) ü +h	 (iii)ab ;	 (iv) a/b.

26. It.2
	 x= 2, the value of x is

(i) 1;	 (ii) 2 ;	 (iii) 3 ;	 (iv) 4.

27. II two rows of i determinant ae proportional, the value of the

del erniinanl is
(i) infinite ;	 (ii) not zero ;	 (iii) negative ; (iv) zero.

2—x	 3	 3

	28, One of the i-oots of	 3	 4 - x	 S	 0 is

3	 5	 4—x

(ii) U ;	 (iii) 1;	 (iv) none of these.

29. II each element in the matrix

	

	
h	

is doubled, the value of
LC ilj

the determinant of the imitrix is

(I) doubled ;	 (ii) unchangc

(iii) multiplied by 4 ;	 (iv) none of I hc.e.

30. A = I aii I is a determinant of order three ind A' denotes the

cotactors of uj in A, then which of the following is not c i) ' reeL ?

(I) a1A 1 = A;	 (ii) u1 4(2 = 0;
(ii)	 A - = 0 ;	 (iv) ajA	 0.	 (Kanpur 2001)

31. If two rows of a determinant are interchanged, the value of the

determinant
(i) remains unchanged

(ii) Is negative of the vlue of original determinant



6	 Matrices

(iii) doubles ;	 (iv) none of these.
32. The system of linear equations can he solved easily b y the rule

of

(i) Newton ; (ii) Bessel ; 	 (iii) Cramer	 iv) none of these.

(II) TRUE AND FALSE TYPE

Write "T" or "F" according as the statement is true or false
1. The elements of matrix may he scalar or Vector q Ll;iIlt U ies
2. Matrix denotes a number.
3. -The order of the matrix 121 is 2 x I.

4. If in it matrix, the ii unihr of columns is more than I he number
of rows, then it Lc called a horizontal matrix.

S. In a row matrix there is only one column.

6.L	 j is an unit matrix.

•	 V ()	 0
7. 1)	 2	 (1	 is called a diagonal matrix.

I)	 ()	 —5

8. It. is not necessary For the two matrices A and B to be l the same
order so as to be conformable for addition and subtraction.

9. Commutative law holds but associative law does not for addition
of matrices.

10. Addition for matrices obeys the distributive law.
11. The product of two non-zero matrices can he a zero matrix.

12. Matrices of different orders can be subtracted,

13. Matrix iiiultiplicatioll in general is commutative.
14. Commutative law does not hold for addition of nlatrice,\.
15. The transpose of the transpose of it matrix is the matrix itself.
16. A square matrix A = aij J is symmetric it a,j = ajj for all values

of i and j.

17. If A =	 - J , then show that AA' is a symmetric matrix.

	

L	 .J	
ISi.e Ex. 2 Page 2l

18. The inverse of a matrix is not unique. ISee § 2 Pt Th. I P. 921
19. If A is an orthogonal matrix, then A' is idso orthogonal.

20. If A is an unitary matrix, then A	 is not an unitary matrix.
21. A matrix I ai,, I js called a triangular matrix if a,1 = () for i >

22. Non-square matrix hit ,, no inverse.
23. If two rows of a determinant I A I are identical, then I A =
24. A square matrix A is singular if and only if 1 A	 0.
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2 2 	 '

	

(h - x	 (c - .t)	 I - 2r x	 u	 a	(a - .v) 	 I

25. - )2 ' b - v)2 (e - v) 2 =	 —2v	 b	 1,	 I

	

(a :)	 (b - z	 (c -	 1 —2: z	 c	 c I

26. A deternunatit can be expanded using an y row or column of the

dcter,niii,tflt

27. The value iii a determinant changes it' the elements (if' a row .arc
tskled to or suht r.iied Ironi the corresponding elements ol another row,

2M. II each element of a column ol a determinant be multiplied by
s'iiiie cotistailt, rhen the determinant is mull iplied b y hint constant.

29. The value ( ') a determinant chiiigcs ii its rows and columns are

nit e rch ii ge (1.
30. The value oh a determinant changes in sign if two consecutive

rows (or colu iii is) arc i ntcrchanged.

ililt FILL IN TIlE BLANKS TYPE
liii in I lie blanks in the following

Each of. the inn 11 utithers constituting an 'ii X n matrix is known

as an ...............ol the matrix.

2. The plural of the word matrix ' is ................

3. The order of the matrix 131 i

4. A matrix which is not a square matrix is known as a.............matrix.

5. 11'171  = I in the matrix A = a 1 1,,,Ihen it is called a

iii it r ix.
6. If in > it in the matrix A =aijlui	 , , then it is called a ...............

matrix.

7.
[1	 ol .	-

	

I	
IS called ............... matrix.

] 

is called a ...............matrix.

9. Two matrices are conformable for addition and .subtracl ion if they

	

are of the ...............order. 	 -

10. Matrices of different orders ...............be added.

II. Additive identity ...............for addition of matrices.

12. 11 B be the additive inverse of the matrix A	 ajj	 it then

(i, j'gh element of B is ................

13. If A is an in X n matrix and B is an it x k matrix, then AB is an

....... . matrix.

14. If AB = - BA, the matrices A and B arc said to ................

iS. Multiplication of matrices is ...............with respect to matrix

addition
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16. Negative matrix is obtained by niultiplying it by
17. A matrix wl\cn added to its ncgal ivc gives he 	 .	 nial rix.
18. A matrix when niultif)lied by 	 . uives the null matrix.
19. 11 A is	 skew-H ermil ian ilial rix, the ii iA is
21). II a square matrix A is idenipotent I hen ................
21. The square matrix A = J aj1 J is skew-synimet nc, if (I,

for all VaILICS Of / and j.
22. II A is a Hermitian matrix, then íA is ............... . A/een(( 2(101)

23 11 A is an orthogonal matrix, Olen A 	 i ................
a	 b	 u2 4

	 u 
2	 ,2	

_	 = ............... (a - h) (b - c) (c
3	 3	 '3

(1	 1)	 C

I	 I	 I

25. C	
=(a - I) (b 	 c) (c - a).

.3	 1	 3
ci	 b	 c

26. II any two columns of a determinant are ............... , then a Inc
of the determinant is zero.

27. The s ystcni of linear equations can easily he solved b y the rule
of..................

28. A determinant can be expanded using ...............row of it.

Answers to Objective Questions

(I) Multiple Choice 1'pe

	

1. (ii) ; 2. (iii)	 3. (i)	 4. (ii i	; 5. (ii) ; 6. (iii) ; 7. (iv)
9. (ii)	 10. (iv); 11. (iii); 12. (i)	 13. (iv); 14. (iii); 15. (iv); 16. (iii);
17. (ii)	 IS. (ii) ; 19. (iv) ; 29. (i) ; 21. (iii) ; 22. (ii) ; 23. (ii) ; 24. (iv)
25. (i) ; 26. (iv) ; 27. (iv) ; 28. (i)	 29. (iii) ; 30. (iv) ; 31. (ii) ; 32. (iii).
01) . T-ue and False Type

12.F;I3.F;14.F;I5T.I6T;17T;18F;19T;29F21T
22. T ; 23. T ; 24. F; 25. 1 ; 26. T ; 27. F ; 28. T ; 29. F; 30. T.
(III) Fill in the blanks type

1. element ; 2. matrices ; 3. 1 x 1; 4. rectangular ; 5. row; 6. vertical
7. an unit ; 8. diagonal ; 9. same ; 10. cannot ; 11. exists 	 12. -aj,
13, in x k ; 14. aiiticornruutc ; 15. distributive ; 16. --1 ; 17. null ; IS. zero
19. Hermitian ; 20. A2 = A ; 21. -a11 . 22. skew- Hermitian	 23. also
orthogonal ; 24. abc ; 25. (cz + h + c) ; 26. identical ; 27. Cramer ; 28. any.


