Solution of Linear
Systems by
Matrix Methods

OVERVIEW OF MATRICES

A matrix is a rectangular array of elements arranged in vows and col-
umns. If the matrix contains m rows and n columns, the matrix is said
to be of size m x n. The elemont in the ith row and jth column of the
natrix A is denoted by a;;. For example,

[1111 a1z @3
Azlﬂm o Oag ‘

s Qa2 gy

LE41 C42 Q43

is a4 x 3 matrix.

Types of Matrices
Matrices may belong to one of the many types discussed here.
1. Square Matrix A matrix in which rows m is equal Lo columaos n.

2. Identity Matrix A square matrix in which all the diagonal element:
are one and other elements are zero. That is

a,=1 for =y
a,=0 for i%j
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Identity matrices are denoted by I. For example, a 3 x 3 identity is

written as
.
0
1]

3. Row Vecfor A matrix with one row and n columns.

QS
o o

4. Column Vector A matrix with m rows and one column.

5. Transpose Matrix The matrix A” is called the transpose of A if the
element a;, in A is equal to element a;, in AT for all i and j. For example,
if

then,

135
Pl
A_['st]

[t is clear that A is obtained by interchanging the rows and the columns
of A.

6. Zero Matrix A matrix in which every clement is zero.

7. Equal Mafrix A matrix is said to be equal to another matrix if and
only if they have the same order and the corresponding elements are

equal. That is,
matrix A = matrix B

if a;; = by for all i and j.
Matrix Algebra

We can perform only three operations, namely, addition, subtraction and
multiplication on the matrices. The division, although not defined, is
replaced by the concept of inversion discussed later,

Two matrices A and B can be added together (or subtracted from each
other) if they are of the same order. Then

sumC =4+ 8
can be obtained by adding the corresponding elements, That is,
ey = ay + by for all i and

Similarly,
difference E = A - B

can be obtained by subtracting the corresponding elements. That. is,

;= ay—by for all{ and 7
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Twa matrices A and B can be multiplied in the order AB if and only if
the number of eolumns of A is equal to the number of rows of B. That is,
if A is of order m x r, then B should be of arder r x n, where m and n are
arbitrary values. In such cases, we may obtain

P-AB
which is of order m x n. Elements of the matrix P is given by

Py = zﬂrk b;u for all ¢ and _f
k=1

The following general properties apply to matrix algebra.
1. AtB8B=B+A
2.AxBxC)=AxB)xC

3. A+B)=AT+B"

4, [A = Al where [ is identity matrix

5. (AB)C = A(BC)

6. C(A+B)=CA +(CB

7. A+ B)C=AC + BC

8. aldB) = (xdA)B = AleB), where o, is a scalar

Traces and Determinants

The trace of a matrix is the number obtained by adding its diagonal
elements (from upper left corner to the lower right corner). For example,
the trace of the matrix

”ﬂn 17 di3
A=|ag agy agy |18ap +amptagp
az a3 !133_|

The determinant of a 2 x 2 matrix, say A, is written in the form

@ a)2
gy Q33|

and the determinant is computed as

@y Oy — Qg Gy
Similarly, for a 3 x 3 matrix the determinant is given by

a;; @12 a3
|A| =las1 @ a23
Ty 33 @33
lazz aos!
:Gul l—
a3z Qa3

a1 G23
31 (i3

Gz Gz
Gz a3z
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=0y (Agytgy — Qgglgy) — @y5(ag)ag5 ~ a51825)
+ ayg(asag, — wyag,)
= 00g9lgg + Gy - ' 3138 0ag — Mq10g50y
— @2)@y90g3 = G31Gg9013
Note that there are 6 product terms added together. For larger matrices,
the determinant is much more difficult to define and compute manually.
In general, for an n x n matrix, the determinant will contain a sum of n!
signed product terms, each having n elements.

Some of the important properties of determinants that would be help-

ful in computing their values are;

1. Interchanging two rows (or two columns) of a matrix changes the
sign of the determinant but not the value.

2. If two rows (or columns) of a matrix are identical then its determi-
nant 1s zero.

3. If a matrix contains a row (or column) of all zeros, then its determi-
nant is zero.

4. Value of the determinant of a matrix does not change when a
scalar multiple of one row (or column) is added to another row (or
column).

5. If every element of a row (or column) is multiplied by a scalar u,
the value of the determinant is multiplied by c.

6. If A and B are square matrices of same size, then |AB| = |A| |B|.

7. For a triangular matrix (in which all the elements below (ar above)
the diagonal are zero), the determinant is the product of the diago-
nal elements,

Minors and Cofactors

The minor M, of the element a; of the determinant |A| is obtained by
striking out the ith row and jth column. That is,

iy Qg
dgy Oy

G2z Cyy

My =
gy gz

s Mgy =

and so on. That is, the minor of a particular clement is the determinant
that remains after the row and the column that contain the element
have been deleted.

The eofactor of an element is its minor with a sign attached. The
cofactor dy; of an element a,, is given by

dU = {_1)1 el M‘J’
The value of the determinant of a matrix can be obtained by expanding
the determinant by cofactors. This is done by choosing any column or

row and determining the sum of the product of eac: element in the
chosen row or column and its cofactor.
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Adjoint Matrix

If dy; is the cofactor of the element a,; of the square matrix A, then, by
definition, the adjornt matrix of A is given by

adj(4) = DT
where
[dlL diz .. dip
Dzid;“ d?g e ey
ldur duz . dp.
Inverse of a Matrix

If B and C are two n x n square matrices such that
BC = CB = I (Identity matrix)

then, B is called the inverse of C and C the inverse of B. The common
notation for inverses is 87 and C '. That iz,

BiB=1
clc=1

The concept of matrix inversion is useful in solving linear systems of
equations.

A2 SOLUTION OF LINEAR SYSTEMS BY
DETERMINANTS

We can solve a system of linear equations by determinants using a
method called Cramer's Rule. For the sake of simplicity, we consider a
2 x 2 system such as

ax, + bx, =¢
de; +exy=f

We can solve for the variable x, by eliminating the variable x.,.
Thus,

ce—bf
X =
b oue-bd
Similarly,
af —ed
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Alternatively, we can express x, and x, using determinants. That is,

c b a ¢

d -~

xi-zf—e and xy = —
a b a b

d e d e

This is known as Cramer’s rule.

Solve the following system of equations using Cramer’s rule:
211 + 312 = 12

— ——— o — e S . i . . . il i W W S W S S — T — Wt

3
10 1J -12-30 42 _

TR 3] 2-1 4
4 -1

’2 12
4 10| 20-48 98
‘2 3]J' 14 14

4 —

SOLUTION OF LINEAR SYSTEMS BY
MATRIX INVERSION

A linear system of n equations in n unknowns can be represented in

matrix form as
AX=B

where A, X and B are matrices and are given by
a3 a1 ... i,
A= (1:51 6:22 o @op

Qn1 Qa2 . a.rmJ
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x, bl
X= x:z B= b:g
£ b

A is called coeffictent matrix and B is known as constant vector. X is
the required solution and, therefore, it is called the solution vector. If we
multiply the matrix equation

AX=RB
By A™! on both sides, we get
ATAX=A"'B
A~! is the inverse matrix of A. We know that A' A =1 is the identity
matrix and is given by

[ 00 «: 0

O L0 = 9

I={ 0 1 0

000 . 1
Therefore,
AAX =IX=X
is the solution of the system of equations and is obtained from

X=A'B=CB

If we know the inverse of the matrix A, we can obtain the solution vector
X by post-multiplying it by B.

The inverse A~ of a square matrix A exists, if and only if, A is
nonsingular (i.e. det A = 0). A™' is the matrix obtained from A by replac-
ing each element a;, by its cofactor d, and then transposing the resulting
matrix and dividing it by the determinant of A.

4 _ adj(4)
T det A

where adj(A4) is the adjoint of matrix A and is given by the transpose of
the cofactor matrix of A.

C=A

Then

adj(A) = D"
where

dy diz o dm

d 22 e
za|®n U e S

dnl dn? dnn
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d,; is the cofactor of the element a; and is given by
d; = (-1 M,

M is called the minor of a; and is taken as the determinant of matrix A
aﬂ:«er deleting ith row and _,rth column.

-

Solve the following system using matrix inversion method
2% + 2y +x9=7

I | 7
Given, A=(1 -1 1 and B=|0
4 Z =3 4
M, —’“1 _13‘:] dyy el
M, = : __]3’=“7 dyy=T
M, =" :;j=6 =6
Mm:{; 131= 5 dy =5
M,, = i _;'r 10 dy =10
My _if 21|{=0 dy =0
M&l:_ll ;l:g dy =2

My Zﬁl 1’:- dyy=-3
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1 7 6
D= =10 0
2 -1 -3

i- & 2
AdiA =D =|7 -10 -1
6 0 -3

det A = ayydy; + a9dyp + dy9dyg = 15

1 5 2

15 156 15

7 =10 -1

=1 = = — —_
4 15 15 15k
6 -3

LTB T

We know that X = CB and therefore

ol 8 _
.:.1_15+0+15-1
49 o 4
ST 15 .
=42 o_12_
xg 15+0 15 2

The Gauss-Jordan elimination technique (discussed in Chapter 7) can be
used to invert a matrix effectively. The square matrix A which is to be
inverted is augmented by a unit matrix of the same order as follows.

@11 @1 . 2 |[E QO .. O
@91 €G3z ... @z (001 ... 0
Qn1 Qpp .. A, !D g

If we carry oul Gauss-Jordan elimination using the first row as a pivot
ot owe get
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l ayg ... Gia | GLna1 R
0 g1 . 02, | 03441 { EQ |
0 Qpp oo Ay |[Qppsd 0 o I

When we repeat the process using the second row as the pivot row, the
result is

g SPTI S T Q1n+1 Oy p+2

gy ... d2p | Q2a%1 X2 a2
A3 ni1 R3n+e2

Qponil Op,n+2 0

- O O
-0 O O

0
L
0 @iz ... a4z
0

o O Q =

Qpa - Qpp

This elimination process, if continued for all the n rows, yields the final
result as follows:

[1 0 0O

| 10 ’al,n-i! @yn+e2 o @lnsn
'0 0 1 . o|%ne1 @3nsz o B%nen
DA Do Aun+l @an+el o @pn+n

The matrix a;, fori = 1tonandj=n +1to 2n is the inverse matrix of A.

G |

T = '1: J
R (e, [j:n+ 1,...,2n

where the clement

€4 = Ginsj

fori=1 ...0 and b = I

g L I b
Augmented A =| 1 -1 010
4 3 3/0 01

Pivot row-1

M v2 v2|v2 0 0

0 -3/2 vV2|-1/2 1 0
0o 0 -5]-2 01
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]

Fivot row-2
1 0 231143 13 0
0 1 -1/3]1/3 -2/3 0
00 -5]|-2 0 1
Pivot row-3
T @) lE W8 245
0 1 0|7/ -2/3 -115
0 0 1| 2/6 0 -1/5

The last three columns represent the inverse of the matrix

2 1 4
1 -1 1
4 2 -3

Compare this with the result obtained in the previous section.

Once the inverse of A is known, the solution vector X can be obtained by
simple matrix multiplication. That is

X=AB=0CB

xy=eyby +epby + o+ eyb,

Xg = Cqyby + cgoue + ..o + 0g,b,
and =0 on.

In general,
X; = EI’.‘UBJ llﬂl,...,ﬂ
=1

Note that ¢, = a;, , , ; of augmented A in the final step.

Key Terms
Adjoint matrix Inverse matrix
Coefficient malrix Minor
Cofactor Nonsingular matrix
Column vector Row vector
Cramer's rule Square matrix
Determinant Trace of a matnx
Equal matrix Transpose matrix
Identity matrix Zera matrix




Solution of
Polynomials by
Graeffe’'s Root
Squaring Method

Graeffe’s root squaring method is a direct methad of finding roots of a
polynomial with real coefficients. This method deserves attention bath
for its historical interest and a novel idea involved.

Graeffe's method transforms a polynomial p, (x) into another polyno-
mial of the same degree but whose roats are the aquares of the roots of
the original polynomial. Because of the squaring property, the roots of
the new polynomial will be spread apart more widely than in the origi-
nal one, when the roots are greater than 1 in absolute value Repeating
this process until the roots are really far apa = we can compule the
roots directly from the coefficients.

We consider here a simple example to illu,trate the root squaring
technigue.

Let

Polx)=(x= e -Dx-3) {B.1)
Then, we consider another function P4ly) such that

Py} = —pylx} pyl—x)
- — 1)(x - 2)(x - 3=z = 1)=x = Di=x — 3»

= 1 = 2)x = 3y + 1)x + 20y + 8
=fx? - D2 - i - 9y
= 1y -4}y = 9) {B.2)

1]
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where

y=x
We know that the roots of py(x) = 0 are x, = 1, z, = 2, and x, = 3. And
frem Wa. (B.2) the roots of p;(y) =0 are y; = 1, y, = 4, and y, = 9. It shows
that roots of p,(y) = 0 are the squares of the roots of py(y) = 0. This
implies that if we compute the roots of p,(y), then we can obtain the
roots of py(x) from

Xy =41
I?FM
13=M

Now, let us repeat the procedure for finding the roots of p,(¥). Consider
a third polynomial

pul2) = =p(y) pyl=y)

=(z- 1)z - 16)z - 81) (B.3)
The roots of Eq. (B.3) are
21:1(= yl} e yl{ =I.f) e e A
z3 =18 (= y.g} - Yy =.¥§] -+ Xy

zy=81(=y2)

¥ ( = :Cg) e Xy
Tteration 2 Tieration 1

That is, after the second iteration, we can estimate the roots of original
equation py(x) from the relation

solxifexd, =394

Suppose we have done the squaring process k times and the roots of the
final equation ave r;, then

=z o (x) | (B.4)

Remember that we never have py(x) in factored form as given in
Eq. (B.1), but the result is the same.
Now, let us consider a third degree polynomial in standard form as

Polx) = age® + apx® + ax + q, (B.5)
Then,
P1(¥) = —pyl-x) plx)
= fl'.'faxﬁ + G;{xz < ax + aa} (ﬂ.sxs - ﬂ212 + ajx — &n}
= a32’ - (af - 2a,ag0? + (a? - 2aqa,)x° - g,

= by + b2y2 + by, + by (B.6)
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where
y=x
and
by =+ u;f ‘
bz = —(ﬂé 10—3] l
by =+ (a? - 2apa,) ‘ (B.7)
hu ==

We can thus ahnw that Ior a general pulyuumld] of degree n,
DaE) = a" ¥, 2" L ® tty (B.8)

after first squaring process,

[‘ b,=+a?

. 2
bn—-l_'_(anl nn - B4

b, ,=+la’ 9 —2a, ;a, 3+2a,0, 4

i
|
|

by=(-1)" a? J (B.9)

This process can be repeated replacing ‘e’ values by ‘%' values in Eq.
(B.9) each time. Let us suppose that our final equation after k iterations
(i.e. squaring k times) 1s
By'+RB,_ 7" '+ By=0 (B.10)
Assuming that the roots of Eq. (B.10) are now more widely separated,
we have
ly1[>>13212>|ys| 2>,

Then,
B,
Y- -
B, 1
"3
By
k=g
That is, i
¥ B""—-,t:l,Z, JH
Bn i+l

=(x,)2* (B.11)
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[

Thus,

R-i

(B.12)

n-i+l

x; = 2%h root of y, = 2:}

The mz*~ Jvantage of Graeffe's root squaring method over other meth-
ods is the it does mot require any initial guessing about roots. The
method is also capable of giving all the roots but the limitation is that
the polynomial should have anly real coefficients.

S

Apply root squaring technique Lo estimate the roots of
-3 -fx+8=0

Tahle below shows the cuefficients of successive polynomials (using Eq.
(B.7)} as well as the roots estimated (using Eq. (B.12)).

k 'r_ - ____Cug;ﬁ_f_iﬂients THoots esiima_t_ggi

a 3 ay aq 1) XL Xy Xq
0 1 -3 -6 8
1 i -21 B4 -64 | 45826 2.0 0.8729
2 1 —-273 4368 -4096 | 4.0648 20 09841
3 1 -65793 16843008 -16777216 | 4.0020 2.0 0.9995

The exact values are 1, -2, and 4. Signs must be determined by substi-
tuting the estimates in the original polynomial. When we substitute an
estimated root, if the value of the polynomial is zero, then the root is
positive; otherwise negative.




Difference Operators
and Central Difference
interpolation

Formulae

L= =

INTRODUCTION

In Chapter 9 we bave already discussed briefly the application of finite
ditferences for interpolating the function values, Here we consider again
the finite differences of functions and discuss in detail various operators
used on them. We also discuss here some of the central difference formulae
used for interpolation.

I Givr GiffesNce

Suppose we have a function, f(x), whoese values are known (or tabulated)
at a sel of points x;, x;. x5, ., x,. Let us denote the function values [(x,),
fla)), ooy fle,) by fo, fiy - [ The difference between any two consecutive
function values is called the fiaite difference. The difference in function
values

f‘{Ilv!}_!“r—ijzﬁfihft ‘:C‘I}

is known us the first forward difference at x = x,. We may denote this
first difference at x = 1, as

:'La;: =, e (C.2)

where A is an operator called the forward difference operator.
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By applying the proces: repeatedly we generate the second forward
difference, third forward difference, and so on. Thus the kth forward
difference of fix) at x = z, is given by

Al’fi=ﬁ[ﬁk—]ﬂ‘]=ai-1ﬁ'1_al’-lﬁ (C.S}

A%, = AAF)
=8
=4f .1 —Af;
=fira=Fivi=Ffivi +f
=J’:v'.i“2.“‘;+l+f;
A%f, = AA%F)
=AMfeea= 2+ 1)
2 |+3_'3f:+2+3f;+1"f1

The difference in fi nction values

Fle) - flx ) =fi-f (C.A)
is known as the first backward difference at x = x,. This is denoted by
| Vh=Fi-fi-s | (C.5)

where V is an operator called the backward difference operator.
The kth backward difference of flx) at x = x, is defined by

(V¥ = v = v - v (C6)

Forward and backward differences introduce asymmetry, Sometimes we
may need formulae which are symmetrical about the points of interest.
Such formulae are hased on central differences.

The difference in function values

g vie—fiom {C:7)
is known as the first central difference of f(x) at x = x,. This is denoted by
L5ﬂ=ﬁ+uz—f}-1nl (C.8)

where ¢ is called the central difference operator.
The kth central difference at x = x, is defined as

| 8=58 ) =8\ -0 i m (C.9)
Note that if the function values are only known at 2, x,, ..., x,, then

[(x,, 1) is indeterminate and therefore f(x,) is not computable. However,
we can evaluate 6°f(x;) as follows:

52!:=5{£¢1r2—f: 1)
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:Iﬁal_ff_fr"'lﬁ- 1
=f.1=20+fi (C.10)
In general, we can compute §”f, for all pesitive integers &.

_- DIFFERENCE OPERATORS

We have seen three difference operators, namely, forward operator A,
backward operator V, and central operator . We consider here some
more operators that are often used in the manipulation of inierpolatien
formulae.

Shift Operator

We have an operator known as shift or displacement or translation
operator denoted by E. The displacement or shift operator is defined as

(Bi=ror)

B =f .4 (C.12)
If the values of x; are equally spaced such that
X, -x=h

v+ 1
then
X =g A
Eq. (C.12) may be written as
E*fix,) = flx; + kh) (C.13)

Inverse Operator

An operator opposite of £ is known as inverse operator and is defined as

Ef(x) = plx) (C.14)
Note that
Eg(x) = EE" Ufix) = flx)
Eglx)=glx + h)
Then
glx + 1) = f(x)
Therefore,
glx)=flx—h)
That is, -
[ Ef)=rfix - @ (C.15)
Similarly,

E*f(x) = flx - kR) (C.16)
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Averaging Operator
The cveraging operator [ is defined as

5ﬂ=%(ﬂ+m+ﬁq,~ﬁ (C.17)

That is,

pufx) =%]:f(x, +-}21J+f[x. —-—;«J]

RELATIONS BETWEEN THE OPERATORS

The difference operators are related to one another in a number of ways.
We consider here a few of them.

Relation between Aand E
We know that
Afx) = flx + h) - (f(x)
= Bf(x) - 1f(x)

=(E-1) f(x)
Therefore,

[&:E—I or E=A+1 (C.18)

Relation between v and £

VAx) = fx) - flx — h)
= 1.f(x) - E-Yf(x)
=(1-EY flx)

V=1-E"' | (C.19)

E=(1-v)!

Therefore

or

(since (E')' = E)

Relation between A, v and E

We have
EV = E(1-EY
=E-1
=A
Therefore

| Eﬁﬂ (C.20)
Similarly, we can show that

Ela=v
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Relation between £, sand u
We have

df(x) =i'[f.-1'+ ngjl' - % ]

= E"%f(x) — E"Y*f(x)

Therefore,
(6=E" E'%=E¥=E"Y | (c.21)
Sinilarly, we can show that
s Wt 5
F: -;z-(ﬁ:“—‘ + K% (C.22)

From Egs (C.21) and (C.22},

Ud= } (E - E™
2

We know
A+V=(E-1A-EN=E-E"
Then,
.
i 0= T;; A+ V)
| Example C.2 |

Prove that A — V = AV.

A-V=(E-1)-(1-E
=E-2+E"
AV=(E-1DQA-E")
=E-2+E"
Theretore
A=Y = AV

[ Exomple C.3 |

Show that A2 = K% - 28 + 1

A% = (E - 1) (E -1)
=K%~ 2K +1
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52=IEU2__E-U‘2]2
=E+E*-2
A-V=(E-1){1-E)
=E+E'-2
Hence,
F=a-V

From Example C.2, we know

A-V=4AV
and, therefore,
& =AvV
From Example C.3, we can prove that
AP=E'-2E + 1
=EE-2+E")

=E(A-V)=EAV

Similarly, the readers may attempt to prove the following relations.

1. ,u'-=l+§;— or G2=4(u-1)

CENTRAL DIFFERENCE INTERPOLATION
FORMULAE

We have already discussed in Chapter 9 the forward and backward
difference formulae. They are useful when the value required is at the
beginning or at the end of the table. However, if the point of interest is
located at the middle of the table, then we may use the formulae based
on central differences.

Let x, be the middle point and f; the corresponding function value.

Consider the values of x on either side x; such that

fl‘f“-“-‘u '1‘-"”, f{:_'[zfixa—}l}
f2= f{x0+2h)l f._-_g=f{xu—2h]

and 50 on.
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We can now form a difference table with the values f(x) on either side of

xg, as shown in Table (.1,

Table C.1 Central difference table
x £ First Second Third Fourth
difference difference difference difference
wE 7 am—————
Afg=6f g
xg~ A 4 Af, = 8%,
AL = 0F Ny =83y, -
% % . &%, = 5%, _ aY,=e7,
Afy =06/ A =8y
xg F k h -j-zf-;] = 62}}
Afy = dfy,
x, + 2h 5

The entries in the table are related using the relation between A and 6

operators. We know that
8= AE~M2
and therefore we can show that

52[—] = (AR E,'“J)'é. '1(-] G :12 E_]f--l = L!lzf_g

Similarly, we can prove for all the entries,

We present here the following ventral difference interpolation formulae
which use differences close to the centre of the Labie.

1. Gauss forward formula
2. Gauss backward formula
3. Stirling formula

4. Bessel formula

5. Laplace-Everett formula

Gauss Forward Interpolation Formula _
We have used the Newton-Gregory forward interpolation formula in

Chapter 9. This is given by

+p{p—1)(p—3)

pp-1 _
o1 AZfy

flx)=fo + pafy +

where

X =Xy + ph or  p=

We can show that

Ay = ABf =A% (1 + A), =

3!

X —Xg
h

42f-1 + ﬁaf.l

f:!-“fu 2 ST

(C.23)
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8%, = A’Bf, =A% (1 + A, = A%, + A,

Affy =A%, + A%,  and soon.

Substituting for A’f;, A%, ..., * @ above equivalents in Eq. (C.23) and
after simplification, we obtain

fl)=~Fc + {p]ﬁfo +(§)&2f-1 +[p;— lji\ﬂf-l +{p;— l)ﬂ"f-i +ii

(C.24)
where

(m]__ m(m-1)(m-2)...(m—-n+1)
\n) n!
Equation (C.24) is known as Gauss forward formula. Note that this

formula involves ‘odd’ differences below the centre line and ‘even’ differ-
ences on the central line.

Gauss Backward Interpolation Formula

(Gauss backward formula is obtained using the odd differences above the
centre line and even differences on the central line. This is obtained by
using the following substitutions in Eq. (C.23).

Afy=Af, + A%,
Ny = A + Af,
Ay = 8%, + Af,
Ay = 8+ A
Af = Ao+ A,
Thus, we obtain the Gauss backward interpolation formula as

T APV L PV L VOV IN L PN S
1) 2 3 4
(C.25)

Equation (C.25) is popularly known as Gauss backward formule.

Stirling Formula

Stirling formula is obtained by taking the average of the two Gauss
formulae, Therefore, adding Egs (C.24) and (C.25) and dividing by 2, we
obtain

Afy +Af-l]+£dgf]

flx)=Fo +p( o

\ 2

plp?—1)(Af_ +A3f_ 2(p2-1)
+ [ £ “)PD B = MAfy v | {028)

3l 2 4l
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Equation (C.26) is known as Stirling formula. Note that Eq. (C.26) in-
volves the means of the ‘odd’ differences just above and just below the
central line and ‘even’ differences on the line. To use this formula, p
must satisfy the condition

__2‘1_(p.:;__

B

Bessel Formula

Bessel formula is a modified form of Gauss forward formula, which is
given below,

(p+1) p(p-

po=i s ity +BEY sap

91 R A% fig 4 (C27)

We know
Mo=fi—fy and, therefore, fy=/f —4h (C.28)
A%, = A%, - A%f,, then, Al =4t - A%, (C.29)

Similarly,
Alfy = A%, - 4%, (C.30)

Now, we rewrite Eq. (C.27) as
fo 1 p(p 1pp-1 ,
f(x)-—( J+ pAfy + P J'Ef- ‘5 a1 i
+1 -1

3!
Now, substituting Eqs (C.28), (C.29), and (C.30) in (C.31), we get

f(- )__- fl MO L i Af +lP\P ﬁ2f_

1pip-1 (p+1) plp-1)
# g (B~ R R TR
_foth ( 1) plp—1 (A2fy +A%f )
=g HPog /Mt 2
(r-Bre-n
T N Y (C.32)

3!

Equation (C.32) is called Bessel formula. Note that the Bessel formula
involves odd differences below the centre line and averages of the even
differences on and below the central line.
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Observe that when p = % all odd order differences vanish and we get

AZf {4+ AZf, " 2 AVf o+ Ay
2 128 2

flx) = —(fc. +fi)—= [

5 [ﬁﬁf—a +A8f ]+

3024 2 (C.33)
Bquation (C.33) is known as formula for interpolating to haves.
Laplace-Everett Formula
Again consider the Gauss forward formula
[(x)=[a + p&o +£[—€',——'1—A /' E)—F]i;;-rw—_‘]lzwf-l +... (C.34)

if we eliminate the add differences from Eg. (C.534) the resull will give
us the Laplace-Bverett formala, We know

‘V.; = f! = 1
A, = A%y - A%
Af =AY, - A,

and so0 on.
Substituting these in Eq. (C.34) and rearranging the terms, we get

flx)=(1- p)fy *[. 1 L }-*3 fs*ﬁpd l]agfn

—('D:}'\..\ﬂf_:,_ (#+ )|\1; (C.35)

Letting

p=1-g or 1-p

I
el

and simplifying, Eq. (C.35) becomes

f(x)—[qfﬂ ( J1f1+ } [Pf1+'p31]3\2f0+---} (C.36)

Equation (C.36) is known as Laplace-Everett formula. This formula in-
volves only even differences on and below the central line. This can be
used when 0 < p < 1,
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Key Terms

Averaging operator
Backward difference
Backward difference operator
Bessel formula

Central difference

Central difference operator
Displacement operator
Forward difference

Forward difference operator
Gauss backward formula
Gauss forward formula
Inverse operator
Laplace-Everett formula
Shift operator

Stirling formula

Transiation operator




INTRODUCTION

L prugrams are basically made of functions. As we know, a function is a
unit of a program that performs a particular task. A C funetion is similar
to a subroutine in FORTRAN. A function begins running when its name
is used in the program.

All C programs need a main function which is named as main(}.
Therefore, the programs in this appendix begin with the main function.
Since the main function does not use any arguments, its name is followed
by a set of empty parentheses.

Everything inside a C function is cnelosed between two eurly brackets,
like {...}. The left curly bracket signals the beginning of the function and
the right one signals the end of the function.

Some features of C that are distinctly, different from FORTRAN are:

» Cis a free-form language and therefore we may follow any form:a:

of statements that may please us.

* A comment or remark can be inserted anywhere that a space can

appear in a C program provided it is preceded by /* and followed by

&
!

* As a convention (and not as a rule), everything in C is written
using lower-case letters. Thus, names of all variables and functions
are written in lower-case,

* All C statements must end with a semicolon,

* C does not support statement numbers. However, we can assign a
label to a statement as follows:

begin : sum - 0.¢0;

We may direct the control to this statement by using the goto
statement as

goto beging;



532 Numerical Methods

* C language does not have STOP and END statements. While the
closing bracket } represents the “END” of a function, STOP may be
replaced by invoking the exit(} function available in C.

¢ Unlike FORTRAN, all variables and functions that return values
must explicitly be declared for their types.

int 1,j,a,b; /* declaring integer variables */

Eloat =,v,all0); /*declaring real wvariables */

¢ C supports what are known as preprocessor directives #include
and #define. The #include directive is used to include in the
program library functions and other files. We may use the #define
directive to define constants and functions that are used in the
program.

» C does not support any operator for exponentiation. Instead, it uses
a function pow(x,y) to compute x*.

¢ C uses square brackets Lo represent arrays variables, like, ali].
Blil(f], ete.

¢ Unlike FORTRAN, C array elements are numbered from ZERO,
not ONE. That is, the array a|3] will be represented in the memory
as al0], a[1], and «(2].

» C uses an operator & known as address operator to read the values
from the keyboard. We may use this operator to obtain the address
of a variable in the memory. For example, & x gives the address of
the loeation of x.

¢ C defines % as the modules operator. This operator divides the first
operand by the second and gives the remainder, (not the quotient)
as the result.

¢ C defines another operator known as “star” operator * to define a
pointer. The statements

int a;
int *p; /* p is declared as pointer */
p=&a; /* address of a is assigned to p */
make p point to a! Now, the statements *p+5 and a+5 both would
give the same result. That is, *p means the value stored at the
address pointed to by p.
= C uses the following relational and logical operators:
= = iz equal to
< is less than
> is greater than
<= i8 less than or equal to
»= is greater than or equal to
= is not equal to
Il logical OR
&& logical AND
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e C has two more control statements continue and break in addition
to the conventional goto statement. These two are used inside a
loop. While the break transfers the control to the first statement
outside the loop, the continue statement skips the remaining part
of the loop.

FORTRAN TO C CONVERSION

The FORTRAN programs in the text have been translated almost line
by line using C equivalent= given in Table D.1

Table D.1 C equivalents

FORTRAN Statements C Equivalents
INTEGER int

REAL float, double
PARAMETERS (M = 100/ Hdefine M 100
INTRINSIC #include <math h>
READ(* #) statement scanfl) statement
WRITE (*,%) statement printfl) statement
Function subprograms Preprocessor macro definition
Slatement number . Label name
GOTO <number> goto <label>
GOTO inside a loop break or continue
STOP inside & program exit() [unction

IF (...) THEN.., | AT

IF(...) THEN ... ELSE if (..) ... else

DO ... CONTINUE for (.. L.}

END }

The preprocessor directives #define and #include are always placed
before the main() function. Any constants and variables declared befor:
the wnain function are considered to be glubal and are available to ail ths
functions defined after that point in the file.

It should be noted that the programs have been iranslated line by ling
<o as to enable the readers to understand the logic easily. It is quite
possible to simplify or improve the efficiency of C programs in this
appendix using some of the unique features of C. This requires a complete
understanding of the language.

Readers new to C language must read an introductory book on C such
as Programming in ANSI C by E Balagurusamy before attempting to
analyse and apply the C programs given in this appendix.
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Table D.2 List of programs

Program No. Name Description

1 POLY Program POLY evaluates a polynomial of degree
n at any point x using Horner's rule.

2 BISECT This program finds a root of a nonlinear equa-
tion using the bisection method.

3 FALSE 'This program finds a root of & nonlinear ecuation
by false position method.

4 NEWTON This program finds a root of a nonlinear equation
by Newton-Raphson method.

5 SECANT  This program finds a root of a nonlinear equation
by secant method,

6 FIXEDP This program finds a root of a function using the
fixedp point iteration method.

7 MULTIR  The program finds all the real roots of a polyno-
mial.

8 COMPR This program locates all the roots, both real and
complex, using the Bairstow method.

9 MULLER?  This program evaluates rout of a polynomial us-
ing Muller's method,

10 LEG1 This program solves a system of linear equations
using simple Gaussian elimination method.

11 LEG2 This program solves a system of lincar equations
using Gaussian elimination with partial pivoting.

12 DOLIT This program solves a system of linear equations
using Dolittle LU decomposition.

13 JACIT This program uses the subprogram JACOBI to
solve a system of cquations by Jacobi iteration
method.

14 GASIT This program uses the subprogram GASEID 1o

solve a system of equations by Gauss-Seidel
iteration method.

16 LAGRAN  This program computes the interpolation value
at a specified point, given a set of data points,
using the Lagrange inlerpolation representation.

16 NEWINT  This program constructs the Newton interpolation
polynomial for a given set of data points and
then computes interpolation value at a specified
value.

17 SPLINE This program computes the interpolation value
al a specified valua, given a set of table points,
using the natural cubic spline interpolation.

18 LINREG  Thig program fits a line Y = A + BX to a given
set of data points by the method of least squares.
19 POLREG  This program fits a polynomial curve to a given
set of data points by the method of least squares,
20 NUDIF*  This program computes the derivative of a tabu-

lated function at a specified value using the New-
ton interpolation approach.

(Contd.)
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Table D.2/Contd.)
Program No, * Name Description

21 TRAPE]L This program integrates a given function using
the trapezoidal rule.

23 SIMS1 This program integrates a given function using
the Simpeon’s 141 rule

28 ROMBRCG  This prog @ porforms Romberg integration hy
bisecling the intervals N times.

24 TRAPE2® This program ir ' =mates a tabulaied function us-
ing the trapezaissl ruls

25 HiMBs2* This program inte;raies a tabutated fiunction us-
ing the Simpson's 1/3 rule. If the number of seg-
ments is odd, the trapezoidal rule is used lor the
last segment.

26 EULER This program estimales the solution of the first
order differential equation y' = flx, y) at the
given point using Euler's method.

27 HEUN This program solves ihe first order differential
equation ¥ ' = /i, v+ using the Heun's method.

28 POLYGN  This program solves the differeniial equation of
type ¥' = fix, ¥) by poly;on method.

29 RUNGI4  This program computes the solution of first order
differential pquation of type p = flx, ¥} using
the 4th order Runge-Kutia method.

30 MILEIM  This program solves the first order differential
eyuation y' = [lx, y) nsing the Milne-Sumpson
method.

* Theep are now programs in C and are av!l availabie in FORTIZL T varsiziin

the texl. Headers may try to develop FORTRAN otrivalents of these proZ i

Program 1 POLY

T e
i

*

x

*

L, T i e - — == i e s

Main program
Program POLY evaluates & polynomial of degree n °

at any point ¥ using Holnger's rule

Subroutinas used

horner

Variables used

n - Degree of polynemial

a - Array of polynomial cosfficients
x - Point of evaluation

g - value of pelynomial at x

Constants used

NIL

s s e i e A e e e st 5]
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main{ |}

{
int n,i; /* Declaration of variables */
float x,p.all0];
float horner(int n, float a{], float x):

printf("Input degree of polynomial, n\n*):
scanf (*%d*, &n);
printf(“Input polynomial coefficients a(0) wo a(n) \n*);
for(i=0;i<=n;i++)

scanf (“%f", &alfi]):
printf ("Input value of x (point of evaluation) L5 o i B
scanf (%L, &x);

/* Bvaluating polynomial at x using Heorner's rule it
D = horner(n,a,x}; /* Calling the function horner *r

/*Writing the result */
printf(*\n");

printf(“f(x) = %Ff at x = %Ff \n", o, 2

printf (*“\n~-):
1
/* End of main program POLY */
/* ____________________________________________________ l/
/* Defining the function horner =*/

float horner (int m, float al], float x)

¥ horner computes the value of a polynomial of order n
at any given peint =. +/

int i; /* Local variables #*/
float p;
p = alnl;
for{i=n-1:;i>=0;i-)
{
P = p*x + ali];
]

return (p} ;

]
/* End of Function horner +/



Program 2 BISECT

/‘1- __________________________________________________ '
* Main program =
" This program finds a root of & nonlinear *
¥ egquation using the bisection method bl
e e b ——— e S e e e e L e e i L e
*  Functions invoked *
. Macro F(x) .
B o i o e e e o e o g — — e e e e e -
* Subroutines used *
* bim()
R e i e e i e e i ) e 8 ot e . -
*» Variables used *
* a - Left endpoint of interval *
* b - Right endpoint of interval *
® 8 - Status *
* root -~ Final Solution e
4 count - Number of Iterations dome *
B e e et e e e A S e e e e S e L = W
* (Constants used ¥
i EPS - Error bound
e e i o e R R oo Za s e e el

oo 7 nckudi” Expelicd>

#include <math._h>

tdefine EPS 0.000001

#define Fix) () *(x)+(x)-2

maini{ )

{

int §, count:;
float a,b,root:

printf(“\n");

printf (*SOLUTION BY BISECTION METHOD \n");
printf(*\n");

printf (“Input starting values % 3 Kl 1

scanf ("%f %f”, &a, &b);

/* Calling the subroutine bim() */
bim(&a, &b, &root, &s, &count);

if(s==0)

{
printf ("\n");
printf(*sStarting points do not bracket any root \n*):
printf (" (Check whether they bracket EVEN roots \p*li;
printf(*\n”"); '



538 Numerlcal Methods

}
else
( 3
printf{*\nRoot = %f \n*, root);:
printf("F(roct) = %f \n”*, F(root));
pEighf (*\anr) 2

printf(*Iterations = %d \n*, count);
PrigbE{*\n*)

}

7* BEnd of main program */
/* Defining the subroutine bim{) */
bim(float *a, float *h, fleat *root, int *s, int *count)
/* This subreoutine finds a root of nonlinear egquation

in the interval [a,b] using the bisection method */

flgat x1,22,.%0.£0,51,£2;:
/* Punction values at initial points */

x1 = *a;
X2 = *h;
£l = iFilaclds
E2 = i3y

/* Test. 1f initial wvalues bracket a SINGLE root */
iE(E1*f2 > Q)
{
*3 = D
return; /* Program terminated */
¥
else
"* Bigect the interval and locate the root iteratively */
(

toount = 0;
begin: /* IlLeration begins */
x0 = (x1 + x2)/2.0;
£0 = F(x0);
Lf [ £4==0)
{
s = 13
*root = x0;
return;
J

1E(E1%EQ < 0)



}

x1
;1)

= xO;
= f0:
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/* Test for accuracy and repeat the process, if necessary */
1f({fabs((x2-x1)/%2) < EPS)

}

1

else

{

}
}

* e

-~

*root = (x1+x2}/2.0;

= =

retirn;

/* Iteration

*count = *count + 1;
goto begin;

/* End ol subrouline bim{) */

jt.

Program 3 FALSE

Main program

This program finds a root of a nonlinear equation

by false position method

ends

=¥

- %4

Functions. invoked
Macro F(x)

Subroutines used

fal{

)

Variables used
Left endpoint of interwval
b - Right endpoint of interwval
Status
Final solution

a -

g -
root
coun

t

- Number of

Censtants used

EPS

Error bound

iterations completed

= % * ¥ %X * * »



540 Numerical Methods

#include <math.h>

#define EPS 0.000001
#define F(x) (x)*({x)+(x)-2
main{ )

{

int s,count;
float a,b,root;
prantf (¥ \nT);
printf ("SOLUTTION BY FALSE POSITION METHOD \n"®);
prant i Nn®y);
printf (*Input starting values \n"):
scanf (*%f %£“, &a, &b);
/* Calling the function fal() */

fal (&a, &b, &s,&root, &count ) ;

ifts==0)
{
FrinEEl™xn*)s
printf (*Staricing points do not bracket
any root \n");
printf{*\n*};

ige

I e

printf("\n") s

printf{"Root = %f \m*, Toot);

printf {*F{rcot) = %i \n*, F(root));
printf("\n NO. OF ITERATIONS = %4 \n", count);

}
/* End of main() program */

/* Defining the subroutine fal() */
fal(float *a, float *b, int *s, float *root, int *count)
/* fal finds a root of a4 nonlinear eguaticn */

{
float x1,x2,x0,£0,£f1,£2;

xl = *a;
x2 = %h:
Bt = Eixd);
2 = Fi=2);

/* Test if a and b bracket a root */
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if(£1*£2 > 0)

{
*s = O
return; /* Program terminated */
}
else
{
printf(® n x1 *x2 \n*);
)
Toount = 1;
begin: /* Iteration begins */

x0 = x1-£1l*(x2-x1)/(£2-£1);
f0 = F(x0);

if (F1*f2 < Q)

{

¥2 = =0y
£2 = f0;:
)
else
{
sl = 20:;
f1 = £0;

}

printf(~%5d %15.6f %15.6f \n”, *count, x1, x2};
/* Test whether the desired accuracy has been achieved */

1f({fabs( (x2-x1})/x2) < EPS)

{

5 = 1;
*root = (x1+x2)*0.5;
return; /* Iteration ends */
}
else
{
*count = *count + 1;
gota begin:
}
}
/* BEnd of subroutine fal({) */
/i ______________________________________________ el f
Program 4 NEWTON
/\I ____________________________________________________ -
+*

* Main program
* This program finds a root of a nonlinear equation *
* by Newton-Raphson method "
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* Functi

ons invoked

* Macros F({x), FD(x), Library function fabs()

* Subroutines used

* NIL

*Variables used

* %0 - Initial vale af %

* xn - New wvalue of x

* fx - Function value at x

*  fdx - value of function derivative at x

* gount - Number of iterations done

B e S e o e S e e A e S B B Bl R T e A R e M i e
*  Constants used

% EPS - Error bound

* MAXIT - Maximum number of iterations permitted

P Y o Sy e PRI e e e ool R T el R LA e S S N L s e e S Y e s ]
#include <math.h>

#define EPS 0.000001

#define MaAXIT 20

#define F(x) (x)*(x)+(x)-2

#define FD(x) 2*(x)+1
main{ }

{

int count;

float x0, xn, fx, fdx;

printf (*\n”) ;

printf ("Input initial wvalue of x \n");
scanf(“$f", &x0);

DEInET (Uhriv);

pEinEE s

printf (“\n");

Sount = 13

begin: /* Iteration begins

fx = F(x0);

fdx

= FD(x0);

xn = x0 fx/fdx;

if(fabs((xn-x0)/xn) < EPS) /* Iteration ends

{

printf("Reot = %f \n*, xn):

printf (“Function value = %f \n*, F(xm)}):
printf {"Number of iterations = %d \n", count);
printf{“"\n"};

SOLUTION BY NEWLON-RAPHSON METHOD \n");

*if

xi
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}
else
{
x0 = xn;
count = count + 1;
if (count < MAXIT)
{
goto begin;
}
else
({
printf(*\n SOLUTION DOES NOT CONVERGE \n”):
printf (*IN %d TTERATIONS \n*, MAXIT);
}

}
}
/* End of main() program R

/i’ ___________________________ e ————— l,(
Program 5 SECANT

/* __________________________ e i L s e *
* Main program : *
* This program finds a root of a nonlinear *
" equation by secant method *
R T e e e o i R S A - %
« Punctions invoked ¥
* Macro F(x} *
b i et e o i L i S e S S RS T *
* gubroutines used *
v sec() *
T e e e R e U e R S R S A 3
*yariables used >
* a - Left endpoint of interval *
* b - Right endpoint of interval L
* x1 - New left point "
* x? - New right point -
* rpot - Final solution *
*+ count - Number of iterations completed *
e e e e e B e P e e ST *
*+ Constants used v
W EPS - Error bound G
* MAXIT - Maximum number of iterations permitted
B e R A S = /

#include <math.h>
#define EPS 0.000001
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#define MAXIT 50
#define F(x) (x)*{x)+(x)-2
main{ )
{
float a,b,root,x1,x2:
int count, status;

printf (*\n~);

printf(* SOLUTION BY SECANT METHOD b s it -
printf(“\n");

printf(*Input two starting points \n*);

scanf ("$f $f*, &a. &b);

sec(&a, &b, &x1, &xZ, &root, kcount, &status):

if(status == 1)

{
printf("\n~);
printf(® DIVISION B8Y ZERQ \nn"};
printf(*\nLast x1 = %f \n~, xl):
printf(*\nLast x2 = %f \n*, x2);
printf{“\nNO. OF ITERATIONS = %d \n®, count);
printf(*\n”*);

)

else if(status == 2)

{
printf ("\n");
prantf ("NO CONVERGENCE IN %d ITERATIONS \n", MAXIT);
praniEE (WA

)

else

{
printf ("\n") ;
printf(*Root = %f \n-, root) ;
printf ("Function value at roor = %f \n-, Flroot));
printf(*\n");
printf(°"NO., OF ITERATIONS. = %d \n®, count);
printf ("\n~);

}
}
/* Bnd of main() program */
R T S * g

/* Defining subroutine sec() =/

sec (float *a, float *b, fleoat *x1, float *x2, float
*root, int *count, int *status)
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/* This subroutine computes a root of an equation using
the sccant methodl. */

float x3,fl1,f2,exrror;

/* Function values at initial points */

*x1 = *4;
el = =y
1l = F{*a);
2 = P{*b);
/* Compute the root iteratively */
*count = 1;
begin: /* Iteration process begins */

if(fabs(f1-£2) <~ 1.E-10)

{
*status = 1
return; /* Proagram terminated */
i
X3 = *x2 - FIF(Ix2-*x1)/(£2-£1);
error = fabs((x3-*x2)/x3);

/* TeslL for accuracy */
iflerrpr = EPS)
{

/* Test for convergence */
if{*count == MAXIT)
{
*status = 23
recurn; /* Program terminated */
}
elne

£2 = Fix3);
*count = *count +°1;
Joto begin; /* Compute next approximation */

else
*root = 3

*status = 3
return; /* Iteratiorn ends */
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}
}
/* End of subroutine sec() */
'}1 __________________________________________________ #* ;
Program 6 FIXEDP
I"* __________________________________________________ o

* Main program
+ This program finds a root of a function using *
+ the fixedp point iteration method

* Functions invoked
* Tibrary function faps() and macro Gi(x) *

+ yvariables used

* x0 - Initial guess »
*+ x - Estimated root g
* arror - Relative error ¥
B e e S R e e e e S S *

*Constants used

* ®PSs - Error bound *
*» MAXIT - Maximum iterations allowed ¥
e e e S R R SR R e * .':
4 include <math.h>
4 define EPS 0.000001
¢ define G(x) 2.0-(x)*(x)
main{ )
{

int MAXIT, 1i;

float x0, x, error;

printf(*\n SOLUTION BY FIXED-POINT METHOD \n");

princf{*\n”) ;
printf(*Input initial estimate of a root \R" ] ;
scanf("%f", &x0);
printf{“Maximum iterations allowed \n”");
scanf (*$d", &MAXIT);
printf(®*\n ITERATION VALUE OF X ERROR \n”"}:
/*Tteration process begins*/
for(i=1;i<=MAXIT;i++) |
{
x = G(x0);
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£Yror = fabs[W-KDNXI:
printf(*%10d %10.7f $10.7f \mn", i, x, error);
if (error < EPS)
goto end; /*Iteration process ends*/
else
®ll = %3
}
printf (*\nProcess does not converge to a root.\n");

princtf (“Exit from iteration locop.\n");

end
1
/* End of main() program*/
Bl e e e e e e e R e *
Program 7 MULTIR
r‘I' * I TR e oy oy e B o e T e e e Y Rl e s R *
* Main program *
* fThe program finds all the real roots of a polynomial *
- *

* Functions Linvoked i
*  NIL *
*

B e i T e e e e S e S e e S e ey e i

* Subroutines used
* newtonf()

*  dflat{) %
WG O o i v v e el o e e e W S S e s i S S W W S o A o B A x
* Yariables used #
L < Degree of polynomial %
* a - Polynomial coefficients A(N+1) &
* x0 - Initial guess *
* Xr - Root obtained by Newton method 2
* root - Root Vector 2
* status - Seclution statcus =
* e e e el ) R

* Constants used
* FEPS - Errar bound *
* MAXIT - Maximum iterations permitted *

T ———— R e

¢include <math.h>
#define EPS 0.000001
#define MAXIT 50

void main( )

{

int n, status, i, 3j;
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float afll), root([10], x0, xr:

void dflat(int n, float a[ll], float xr);
void newton(int n, float a[ll], float x0, int *status,
float *xr);

printf ("\n*);

printf(*\n EVALUATION OF MULTIPLE ROQTS ‘\n*);
printf ("\n*");

printf (*Input degree of polynomial, n. \n");
scanf(*%d", &n);

printf (*\nInput poly coefficients, a(l) to a(n+l). \n");
foxri{i = 1; 1 <= n+l; L4}
scanf ("%f*, Lali]);:
printf(*\nInput initial guese of x \n*);
scanf ("%f’, &x0) ;
printf(*\n");
/* Process of root searching begins */
for{i=n;i»>=2:i—--)
/* Find ith root by Newton Method */

newton(n,a,x0, &status, &xr);

if(status == 2)
{
fori{j=n;j>=1+1;j--)
printf(“root %4 = %f \n*,3. zootljll;:
printf ("\nNext root does not converge in \n*);
printf("%$d iterations \n", MAXIT);
prantE (" \n");
goto end; /* Processing ends */

}
rogot[i] = xz;

/* Deflate the polynomial by division (x-xr) */
dflat(n,a,xr):
x0 = xr;
/* Proceed to next root */
} /* End of for loop */

/* Compute the last root */
root[l] = -aflllsal2];

/* Write results */ :
printf{"\n ROOTS OF POLYNOMIAL ARE: \n*);
printf("\n");
for (i=l;i<=n;i++)
printf ("ROOT %d = $f \n". 1, Xeoti])i
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printf{*\n*); !
end:
printf (*END");
]
/* End of main{) program */

/* Defining the subroutine newton{} */

void newteon(int n, £leat alll), float x0, int *status,
float *xr)

/* This subroutine finds a root of the polynomial using
the Newton-Raphson method */

{
int i, count;
float £ /* Value of polynomial at x0 */
float fdx; /* Value of polynomial derivative at x0 */
count = 1;
/* Compute the value of function at x0 */
begin:
£fx = aln+1];
for(i=n;i>=1;i--)
fx = Fx % %0 # afzl;

/* Compute the value of derivative at x0 */
fdx = aln+l] * n:
for{i=n;is>=2;i--)
fidx = fdx * x0 + e[1] * (1-1);

/* Compute a root xr */

*r = x0-fx/fdx;
/* Test for accuracy */
if(fabs( (*xxr-x0)/ (*xxr)) <= EPS)
{
*status = Az
returrn;
}

/* Test for convergence */
if ([count<MAXIT)
{
Xl = Fers
count = count + 1;
goto begin;
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*status = 2;
return;
}
}
/* End of subroutine newton() */
/l‘ ________________ - R e S —— e o o *J)
/* Defining the subroutine dflat() */

volid dflati{int n, float afl11]., float xr)
/* This subroutine reduces the degree of polynomial by
one using synthetic division */
float b[11];
int i;

/* Evaluate the coefficiente cof the reduced polynomial */

bln+l | = 0;
for{i=n;i==1;i--)
Blil = ali+l] « xr * hiisl];

/* Change coefficients from b array to a array */
for{i-1;i<=-n+1;1++)
ali] = bfil;

}

/* Fnd of subroutine dflat() =/

l,o‘* _________________________________________________ *® Jl.r
Program 8 COMPR
* Main program *

This program locates all the roots, both real *
* and complex, using the Bairstow methad *

T i i o o 1 it e e e i e i e e e *
* Functions invoked *
* NIL =
® N eyt o e e s e e st el o e e *
* BSubroutines used *
* input, bstow, quad, output ¥
T o e i e A M S R e S e i S e e -
* Variables used 2
% n - Degree of polynomial *
* a - Array of coefficients of polynomial *
* ul,v0 - Initial wvalues of caefficients of the

W *

quadratic tactor
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u,v - Computedivalues of coefficients of the
muadratic factor
b - Coefficlents of the reduced polynomial
x1,x2 - Roots of the quadratic factor
type - Type of roots (real,imaginary or equal}
Constants used
EPS - Error bound

#include <math.h>
fdefine EPS 0.0000Q01
#define image 1
tdefine ecdqual 2
#define unequal 3

main{ )

{

int n, i;

*

Froae afll), bL1l], ud, x8. v. ¥, %¥1. =2, 40, 4l,

d2, root, type, status;

printf(*\n~*};
ringf{~ EVALUATION OF COMPLEX ROOTS \n");
printf ("\n");

/* Get input data */

printf ({"Input degree of polynomial, n \n"};
scanf { “%d”,&n) ;

printf ("\n Input coefficients a({n+l) to a(l) \n'l:l

for(i=n+l;i>=1;i--)

scanf(~%£*,&alil);
printf(*\n Give initial values ul and v0 \n*);
scanf (*%f %f~,&ul,&v0);

begin:
ifim > 2
{

/* Obtain a quadratic factor */

bstow(n,a[11],b[11],u0,v0, &u, &v,&status) ;

if(stakus == 1)
{
d2 = 1;
dl = =-u;
dé = -v;

else
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{
printf(*\n No Convergence in 100 iterations \n");

goto end;
}

/* #ind roots of the quadratic factor *'/
quad (d2,dl,d0, &x1,&x2,&type);
/* Print the roots */
output (n, type.x1,x2);
/* Set the coefficients of the factor polyncmial */
n = n-2;:
fori{i=l;i<=n+l;i++)
alil = bli+2];

/* Set initial values for next guadratic factor */

ull = u;
vl = v;
goto begin;
} /* endif */
i n == 2) /* polynomial 1s cquadratic */

i
gquad(al3],alZ2],all]l,&xl,&x2, &type);
output {n, type,x1,x2);

}

elase /* last root of an odd order polynomial */

{
root = -alll/al2l;
printf ("\n");
printf("Final root = %f \n", root);
printf("\n");

}

end:

printf (“End”*):

)

/* End of main() program */

/* Defining the subroutine bstow() */

bstow(int n,float a[ll]l, float b[ll}, float ul,float v0,
float *u,fleoat *v,float *status)

/* This esubroutine finds the quadratic factor using
multivariable Newton’'s method and also £inds the
reduced polynomial */ I
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{ f
float d,delu,delv,c[11];
int count,i;

count = 1;
begin:
bln+l] = a[n41];
bln] = aln] 4+ u0d*b[nil]:
for{i=n-1;i>=1;i--)
bli]l - afil + ul * b[i+l] + w0 * bl[i+2]:

cinel] = 0;
elnl = binsx];
for{i=n-1;is=1;i--}

c[i] = bli+1] + ul * e(i+l] + w0 * c[i+2];
d = el2] * ¢[2] - el * ©l3]:
delu = -(b{2] * <[2] -~ b[1l] * ¢[3])/d;
delv = —(bll1] * c[2] - b[2] * c[2])/d:
*u = ul + delu:
Y = vl 4+ delw; !

if (fabs(delu/*u) <= EPS && fabs(delv/*v) <- EPS)
{

*stabtus = 1;

return;

}

if(count < 100)
T

ud = *L’.,‘
v = wne;
count = geunt + 1i
goty begin;
}
clse
{
*status = 2; £
recurn;
}

)
/* End of subroutine bstew(] */

/* Define the subroutine quad{() */

quad{float a,float b,fleat ¢,float *x1,float *x2,fleoat
*Lype)
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J* This subroutine solves a mquadratic equation af Lyne
alx*x) + bx = < */

{
float o
7 = b*h = {*@*c;
£l < 0.0% /* roots are comple
vl = PZEE) 'z
*MZ = v {fasatal )/ 1e%a;
ipvioe = Liksgs
|
ele= if lg == 8.0} - /* roots are real and suval 7/
{
*xl = =h/{(2*a);
wEY & %l
*Lype = eoual;
elae /v rocts #re real and unequal *f
{
+uwl = (=bragrela)) /id=al):
w2 = [—pesarbig)) (2*a);
}
retarn;
)

e e F;

/* Defining cutput{) routine */
output (int n, int type, float =<, Eloat 3x2)
/% Thiz subroutine displays the reots of the quadratic
egquation */
printf{"\nn);
prifntfi*Roats of quadratic factor at n %d A%, M
printE{Yin");

princf(“Rectl = ¥E+3LF \n~, X1, B2 7
% £

printf({"loot2 =

ype == edqual)

— e
—
[
w
o
L 3
re

printf (*Rootl &£ \n*, x1):
printf("Root2
}

else /* Type == unegual */

1]
o
™
-
e

x

]

5]
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{
printf(“"Rootl ='%f \n*, x1);
printf{“*Root2 = &%f \n", x2);
]

return;

}

/* End of subroutine output() */

’-'t __________________________________________________ W /

Program 9 MULLER

}( T e o e e e | S T S U U e . S *
* Main program ¢
¥ This program evaluates root of a polynomial using =
* Muller’s method *
e e e e e R e *
* Functions invoked &
¥ NIL *
* *

* Subroutines used
2 F‘(Xi *
* Yariables used *
* ¥1,%2,%x3 - 1initial walues *
* f1,f2,f3 - function values at x1,x2,x3 *
i al,al,a2 - coefficients of guadratic polyncmial *
* hi - *®1-x%3

* di - function difference fi-£3

* (Constants used

* EPS - Error bound *

B i e - s et e e s *

#include <math.h>
#define EPS 0.000001

main{ )
{
flpat F(float x):
float x1,x2,x3,x4,f1,f2,£3,£4,hl1,h2,d1,d2,a0,al,a2,h;
printf (*\nInput three initial points \n"};
scanf (“$f %f %f*, &xl, &x?, &x3);

fl. = Fixl);
£2 = F(x2):
£3 = F(x3):
begin:

hl = %x1-%3;
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’}t

;*

‘).'1'

i
e
/
/ *

/*

B3 = ¥2=-%3;

dl £1-£3;
d2 = f2-£3;

Compute parameters aQ,al,al i
atl = £33
al = (d2*hl*hi-dl*h2*h2)/(h1*h2*(h1-h2));
a? = (dl*h2-d2*hl)/(h*h2*[hl-h2)};

n

Compute h */
if(al=0.0)

h=(-2.0*a0)/(al+sartlal*al-4*%*a2*a0));
elze
h=(-2.0*%a0)/(al-sqrt{al*al-4*a2*al));
compute x4 and f£4 */
x4 = x3+h;
£4 Fixd4);

*

Teat Por accuracy ©/
if|fd«=EPS] /* root obtained */

{
print £ {"\n\nKOOT BY MULLER'S METHODARAR®);
printf(*Root=%f\n", x4};
princf (“\n*};
}
else
{
g Al
xd = ®i;
E T2
i T3
£3 = f43
goto begin;

End of main{) pregram =/

Detining the subroutine Fix) */

float F({float x)

{

}
?'l*

float f;
f = x*x*x+2*x*x+10*x-20;
return (£} i

End of subroutine ()} */

[P ——ee P R R R 8L S

L
i
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/ B e i A O e i e g i e S S G S e S e s e S i A . S s e e S e *
* Main program ®
e This program solves a system of linear equations *
* using simple Gausgian elimination method ¥
;I T L PR s e P B e L et g T Tl e e e o e R Tl e e ®
* PFunctions inwvoked *
* NIL *
T o e i ey e e e e e R e T e S e e e *
* BSubroutines used *
* GAUSS1 A
R e e e R s S B T Ty " . ———,— %
* Variables used ' *
L j n - Number of equations in the system
i a - Matrix of coefficients
4 b - Right side vector x
' x - Splution vector o
B e e e i T e =t e e e T e e
¥ status - Solution status
T s . . LA S ARV i . B, A < e S I < e A i e e P s g S e x®

______________________________________ /
main{ )

int status,n,i,j; ,
float a(10)110]1, b[10], =x[10];

printf{“\n SOLUTION BY SIMPLE GAUSS METHOD \n”):

printf(*What is the size of the system (n)? \n*);
scanf {"%d"*, &n);

printf{"Input coefficients a(i,j), row-wise, \n"};
printf (*one row on each line. \n®);
forl{i=lii<=n;i++)

for(g=1;j<=n;j++}

scanf (“%£", &salil([jl):

printf (*\nInput vector b \n");
for(i=l;i<=n;i++}

ecanf (*&f*, &b[i]);:

/* obtain solution by simple Gauss elimination method */
/* call the subroutine gaussl() */
gaussl (n,a,b,x,&status);

if(status != 0)

{
printf(*\nSOLUTION VECTOR X \n"}:
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!
/*

.I,*
/;

gaussl (int n,

/-i

}
else
{
printf(“Singular matrix, reorder equations. \n*
}
End of main() Drogram */

for(i=1;i<=n;i++)
printf ("%10.6€", x[i]);
PEIntEi™n*) :

Defining subroutine gaussl() */

int *statug)

float a[l0)[10], float b[10], fleat x[10],

This subroutine solves a set of n linear equations

by Gauss elimination mathod */

int 4,3,k

floar pivot, factor, sum;

S m— e Elimination beging - --—cooo . o

for(k=1;k<=n-1;k++)

{
pivat = al[k][k);
if (pivet < 0.000001)
‘
*status = §;
return;
b
*status = 1;
Fortd =L+l da=n; ie4)
factor = ali][k] /pivol;
for{i=k+1l;j<=n:j++)
{
alillj]l = alil[§] - factor + alkl(jl;
}
bli] = bl[i] - facter + blk];
) .
}
—————— Back substitution beging ---—eno___wy
x[n] = bln] / a[n] (n);

for(k=n-1;k>=1;k--)



sum = 0.0;
for(j=k+1;j<=n;j++)
sum = sum + alk][j] * x[3);
x[k] = (blk] - sum) / aflk][k]
]
return;
}
/* End of subroutine gaussl () */
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’! L —— NP P e * /
Program 11 LEG2
’f I i e e e i e e e e e s S, . . . . *
* Main program %
* This program solves a system of linear equations *
* using Gaussian elimination with partial pivoting *
W i e e e i s e o i .l £ *
* Functions invoked *
* NIL L]
W T e Al gl i A i s W i *
Subroutines used %
Gauss2 -
T o e e o o e i o *
* vVariables used ®
* n - Number of eqguations *
* a Coefficients matrix %
ol b - Right sgide vector ¥
W %x - Solution vector i
B e e s i S A L i e 5 T 8 e e i e e *
* Constants used ¥
» NIL *
= ueeasc s e escesesase e e s s s * ]
main{ }

ine i.3.n0:
flear a(i10][(10], b[10), =x[10];

printfi*\n GAUSS METHOD WITH PARTIAL PIVOTING \n");

printf ("\nWhat is the size n of the system? \n"}/

scanf (*%d”, &n);
printf (*\nInput coefficients a(i,j),
printf{“one row on each line \n");
for(i=1;i<=n;i++}
for(j=1;j<=n;j++)
scanf("%$E", &a[il1(j]1);

row-wise \n");
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printf(”\nEnter vector h \n");
for(i=1;i<=n;i++)
scanf("%£7, &b(i]);
gauss2(n,a,b,x);
printf (“\n SOLUTION VECTOR X \n");
printf (*\n");
for{i=1;i<=n;i++)
printf(*\t %f*, x[i]);
prinkEE{"\n%):

/* End of main() program */

/* Defining subroutine gauss2(} */
gauss2({int n, fleat all0]l[10],tloat b(10], fleat x[10])

#* This subroutine solves a systen of linear eguaticns using

Gauss elimination method with partial pivoting */

/* Forward elimination */
elim{n,a.b};

/* Solution by back substitution */
baub{n,da.h;x];

recurn;
} /* Endat routine gauss2{) */

/* This subroutipe pecforms forward elimination

incorporating partial pivoting technigue */

——

inc i,
£loat
for{k=1;k<=n-1;k++)
{
pivot(n,a,b, k) ;
for(isk+l;i<=n;i++)
{
factor = alillk] / alk][¥l:
for(j=k+l;j<=n;j++)
{
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afill3) = alilljl-factoer * alkl([j};

}
bli]l = bli]l-factor*blk];
}
}
return:

} /* End of elimi{}) routine */

/* Defining subroutine piveot{) */

# include <math.hs
pivot({int n, fleat all10](10), fleat b[10], int k)

/* This subroutine performs the task of partial pivoting
(reordering of emqations) */
{
int B,1,3%
fleat large, temp;
/* Find pivot p */
P oe K;
large = fabs(a(k][k]}:
for{izk+l;i<=n;i+s+)

{
if{(fabs{afi]l[k])>large)
{
large - fabs{ali] (k)):
B o= 1§
¥
i
/* Exchange rows p and k */
if(p!=k)
{
tor(j=k;j<=n:i++)
{
temp = alp)[i);
alpl[i] = alkl[il:
alk] [i] = temp;
}
temp = blp];
bip] = blk];
blk] = temp:
1
return;

)
/* End of subroutine pivot|{) */
‘,’* __________________________________________________ *‘;
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/* Defining subroutine bsub{) */
bsub(int n, flcat a[10](10], float b[10], float x[10])

/* This subroutine obtains the solution vector X by back
substitution */

{
int 1:3.06
float sum;
#inl = binl 7 al#n) bl
fori{k=n-1;k>=1;k--)
{

sum = 0.0;
for(jsk+l;j<=n;j++)
sum = sum + alk][3] * x[]jl:

x[k] = (blk]-sum) / alk]ikl:
)

return;

}

/* End of subroutine bsub() */

W e T —— ., s o e e e L e e A *
/ /
Program 12 DOLIT
/ o i e e e S o e et o e T . e e *

* Main program *

* This program solves a system of linear eguations *

& using Uolittle LU decomposition "

B o s e R e S o g o o b ST —— — - *

* Functions invoked
= NIL »

* Subroutines used
* LUD, SOLVE *

* Variables used
* n - System size

¥ a - Coefficient matrix of the system

* b - Right side vector *
3 1 - Lower triangular matrix *
* u - Upper triangular matrix *
* fact - Factorization status *
B e e e e e . o e = *
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# define YES 1
¥ define NO O

main( )
{
int n, fact, 1i,3:
float al[l10](10], ul107) (107, 1110110}, bl10]1, x([10];

printf (*\n SOLUTTON BY DOLITTLE METHOD \n\n”);:

/* Read input data */
printf (*\nwhat is size of AT \m*i:
scanf ("$d4”, &n):;
printf (“Type ccefficients ali,j)., row by row \n*):
for(i=lpi<=n;i++}
for(j=1;j<=n;j++)
scanf (*$f", &alil[3)):
princf (*\nType vesctor b on one line \n");
for(i=l;i<=n;i++)
scanf (“*%f*, &b[il):
/* LU EFactorization */

lud{n,a,u,l,&fact);

if(fact == YES) /* Print LU matrices */
{

/* Print U matrix */
printf{"\m{ATRI}{ U a®):
for(i=1;i<=n;i++)

{
for{j=l;j<=n;j++)
%

printf (*%15.6f", uli){il);

} K

printf(*\n");

}

/* Print L matrix */
print £ (*\nMATRIX L ‘n”}:
for(i=l;i<=n;i++)}

{
for(j=1;j<=n;j++)
{
printf(=%15.6£", 1[i)(31); .
} :
printf(*\n");
}
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/* Bolve for x */
solve(n,u,l,b,x);
printf (*\nSOLUTION VECTOR X \n\n”");
for(i=1;i<=n;i++)
prinef(*¥15. 6 0%, HELIY:
printf(™*\n~*);
i
else
{
prigef (*\n FACTORIZATION NOT POSSIBLE \n"):;
}
}
/* End of main() program */

/* Defining the subroutine lud() */

lud{int n, float all01010], float wu[10]1[10i., float
1f10] [10}, int =*fact)

/* This subroutine decompases the matrix A into L and U
matrices using DOLITTLE algorithm */

Ik da Jadk;
float sum;
/* Initialize U and L matrices */
for(i=l;i<=n;i++)
for{j=1; j<=n; j++)
{
ulilfil 0.0;
L3 03] 0.0

H

38

/* Compute the elements of U and L */
for{i=1;j<=n;j++)
ull](j} = all]lljl:
for(i=1;i<=n;i++}
L{a] [f] = 2.0
for{i=1;i<=n;i++)
LIi) 1) = &ii)[i) o+ willfil;

for(j=2;j<=n;j++)
3
for{i=2;i<=j;i++)
{
sum = alilljl:
for(k=1;k<=i-1;k++}
sum = sum - 1li]J[k] * ul[kl[3];
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ufil (31 = sun;

}
if{u[j}[j]c—l.E-B)
{

*fact = NO;

return;
}
for{i=j1lyi<c=ngies)
{

sum = alilldl:

For(k=1;ke=j-1;Kk++)
gum = sum - 1li)(k] * ulk1(3l:
1[4113] = sum / ulil(3l:

H
1
*fact = YES;
return;
y /* Enu of subroutine lud{] */
III‘*_ _____________ B e e T if

/* pefining the subroutine qolve(} *

golvelint n, float wllo]Licl, float 1{10) (101, £loaL
b[10), float x[10))

/* This subroutine obtains the solution vector X using the
caefficients of L and U matrices */

int i,d;:
float sum, z[10];
/* Forward substitution */
z[11 = blll;
for(i=2;i<-nsiss)
{
gum = 0.0;
for tj:l:jt:i _‘L:]In--a—ﬂ
sum = sum « L[L]{3) * 2ldl:

z{1] = bii] - suny
¥
/* Back substitubion */
x(n] = =zlnl/uln]inl;

for{i=n=l;ims=1;i--}
{
sum = 0.0;
for‘(j=i+l;j-:=n;jr ¥}
sum = sum « AT * k[3)s
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x[i] = (z[i)-sum)/u(i][i];
}
return;
}
/* End of subroutine solve() */

/i ________________________ e e e e b i i e e L /

Program 13 JACIT

/ P e e e e e ——— -
¥ Main program -
= This program uses the subprogram JACOBT to solve *
* a system of equations by Jacobi iteration method *
. S *
* Functions invaked 4
i NI1L ]
B e e o e e 2 L i e L S S e o e *
* Subroutines used *
*  JACOBI *
e e e i e e S S *
* Variables used *
* a - Coefficient matirx LW
* b - Right side vector *
% n - System size 3 %
* X - Solutien vector ¥
* count - Number of iterations completed *
* status - Convergence sgtatus "
A e e e e e oo e e i e e g W
* Constants used ¥
i EPS - Error bound :
l MAXIT - Maximum iterations permitted *
e R * ’I

¥include <math.h>
#define EPS 0.000001
#define MAXTT 100

main( )
{
int i,j.n,COunt,status;
float a(10](10], b[10], x[10];

printf (“\n SOLUTION BY JACOBI ITERATION b4 o gl U
printf("\nWhat is the size n of the system? \n"):
scanf ("%d”, &n):
print £ ("\nTnput coefficients a(i,q), row by row \n*);
for(i-1 il<=n;i++)

for(j=1:j<=n;j++)
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scanf (*%E£7, galil(d4)):
p:intf{“\n!nput vector bA\n°l}i
for[izl;iczn;i++]
gcanf ("Bf", shiill

}acobifn,a,b,x. cocount, &status]:

if(status==2)

{
printf(‘\nNc convergence in %d iterations”, MAXIT) ;
printfl“\n\n'):

1

alse

{
printf{“\n SOLUTION YECTOR X nin*};
for(i:l;i<=n;i++}

printf{*%ls.ﬁf”, w1t

printf(“\ﬂ\n]terations - %47, count):

}

/* End of main() program *f

/* pefining the routine jacobi () wy

jacobi (int T, float al10][10], float bl10}, float x[10], int
+pount, int *sratus)

/* This subroutine solves & system of n linear equations using
the Jacobi jteration methed */

int i,3.key:
float sum, x0[101;

/* Initial values of x */
Eor{i=1;i<=n;i++)

x0[i} = biil / afil (1)

/* Jacobi jteration begins */
*count = 1:
begin:
key = 0;

/* Computing values of x(i) */
for[i=1;i<=n;i++}

gum = b[i):
for(j=1;j<=nij+*)
{
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if(i==9)
continue;
Sum = sum - afi][§] = x0[31;

x[i] = gum /¢ ali](i]1;

if(key == @)
{

/* Testing for docuracy */
if([abs{(x[i]~x0[i]l£x[i]) = EPS)
key = 1;

}

/* Testing for Convergence »*/
if{key -= 1)
{
if('count::MAXIT}

*slatus - 2;
return;

*stakus = 1;
ff:ll‘(i-l,'i-: =Ti i+¢;l
#0[1] = Xiit;
}

*count = *counti]:
goLte begin;

}
return:
}
/* End of Subroutine jacobi () =7
,*____,._ - ¥ a— = L S p— e < —— -
Program 14 GASIT
‘f* _________________ = P - e S e e e -

* Main Program

* This program uses the Subprogram GASEID to solve g
% System of equartions by Gauss-Seidel iteralion method
I‘__'___ ey e R -

Functions 1nvoked
* NIL
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+ gqubroutines used *
% GASETID *
B i e e et i S e e e kit *
+ variables used x
el a - coefficient matrix *
¥ b - Right side vecter *
= n - System size *
* % - Solution vector *
¥ count - Number of iterations completed *
£ status - Convergence gtatus *
i S i s R o S e S AN T e *

» constants used

* Eps - Error bound *
¥ MAXIT - Maximum iterations permitted +
T o i = e R e e A R *'f

# define MAXIT 50
# define EPS 0.0006001

main( }
f

float all0](101, b[101, ®[107:
int i,3j.n,count,status;

printf(™\n SOLUTION BY GAUSS-SEIDEL ITERAMIION \n");:

printf (*\nwhat is the size n of the system? \n®};
scanf ("%d~, &n);
printf ("\nInput coefficients af{i,j), row by row \n"li
printf(“one row on each line \n®);
for(isl;i<=n;i++)

for(j=1;3<=n;j++)

scanf (*%£", galil[31);

printf (*\nInput vector b\n");
for(i=1;i<=n;i++)

scanf ("8f*, &b[il);

gaseid(n,a, b, %, Loount, kstatus):

if (status==2)
{
print £ (*\nNo convergence in %d iterations \n*, MAXIT) ;
princf (*\nin");
}
else
{
printf(*\n SOLUTION VECTOR X \pAn”);
forli=1;i<=n;i++)
printf (*$15.6£7, - U )
printf(‘\n\nIterations = %d4”, count);
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}
}
* End of main() program */
/i ___________________________________________________ * /

/* Defining the routine gaselid() */

gaseid(int n, fleat Aa{101[10], tleat b[10], float x[10], int
*count, int *status)

/* This subroutine solves a system of linear equations using
the CGauss-Seidel iteration algorichm */

int 1,3, key;
float sum, x0[10];
/* Initial values of x .
for{izl:i<=n;i++J
x0[i] = Bri) / alil[i];:

/* Gaseid iteration begins */
*count = 1;
begin:
key = 0;

/* Computing values of »x{(i) =/
forii;l:i<=n;i+e}
{
sum =~ bfi];
fo;(jrl;fcfn;j++J
{
if(i==7)
continue;
S o= sun - &l T3] * w003
}
x[1] = sum / a(i)[i];
if(key::ﬂ}
{

/* Testing for accuracy */
1f (fabs({x[i] x0(i])/xnl[i 1) >EPg3}

key = 1;
}
}
’* Testing for convergence */
if{key-=1)
{

if(*count:zMAXlTj
!

L
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tgtatus = 2;

return; /* Program terminated */
1
else
.{

*status = 1

for (i=1l;ic=n;i++)

x0[i] = =[i];

}

*count = *count+l;
goto begin;

ki
return;

3

+ gnd of routine gaseid() */

‘.H: _________ e T S R SR S e e BT * /

Program 15 LAGRAN

rft _____________________ e e ——————— e o g e
* -Main program »
i This program computes the interpclation value at a *
i specified point, given a set of dala points, using *
¥ the Lagrandc interpolation representation *
T e e e i e L rmen s e e i e e SRS *
* Punctions invoked i
*  NIL .
T L e e S e S R e S AR e T e e o e e =
* Subroutines used *
+  NIL *
e B e R T P I SR *
+ variables used ¥
¥ n - Number of data sets ¥
* x(i) - Data points *
% £(i) - Function wvalues at data points *
* ®D - point at which interpolation is required *
* fp . Interpolated value at XP *
% 1t Lagrangian factor x
* o ——— e e A S e e — *
* Constants used *
A MAX - Maximum number of data points permitted =
B o ke S e e T e S e o e A e e *

gdefine MAX 10

main{ )

{
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int m.i,3;
float x[MAX], f[MAX], fp, 1f,sum, xp;

printf (“"\nInput number of data points, n \n*):
scanf(*%d", &n);

printf(*"\nTrput data points x(i) and values £(i) \n*):

printf(*(one set in each line)\n")
for{i=1;i<=n;i++)
scanf (“$f $f-, &x[i], &f[i]);

printf(*\nInput x at which interpolation
i1s required. \n”");
scanf ("$f", sop);

sum = 0.0;
for{i=1;i<c=n;i++)
{

1£ = 2.0:

for(j=1;j<=n;31+)

{

if{il=7)
1f = 1f*(xp-x[31)/(x[i]-x[5]));

sSum = gum + 1f * £[i]:
:1 -
fp = sum;

printf(“\n LAGRANGIAN INTERPOLATION A\n\n~) ;

printf(“Interpolaled funciion wvalue \a*);
printi(“al x=%f is &f \n~*, xp, fp):

}

/* End of main() program */

/* ________________________ . e e S B T
Program 16 NEWINT
i L
* Main program
. This program constructs the Newton interpolation
* polynamial for a given set of data points and then
- computes interpolation value ar a specified value
e e e
* Functions invoked
» NIL

Subroutines used
¥ NIL

-

-

*
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* vyariables used -

* o - Number of data points *
* x - Array of independent data points *
* £ - Array of function values *
% xp - Desired point Efor interpolation &
* fp Interpolation value at XP *
X £ - Difference table *
. a - Array of coefficients of interpoclation

* polynomial o
s e S R A e A A S P R T T *
+ (Constants used ®
*  NIL ¥
e e * /

main{ )

{

int i,3.p;

float xp, fp, sum, pi, x(10], £riol, afiol, dl10l[10);
printf (*\nInput nunber of data points N
gcanf (*%d”, &n);

printf (*\nlnput values of x and f(x), % o Lt I
printf("One set on @ach line \n");

fOI(iﬂl;i(:m;i++} |
scanf (“%f %L”, ex[i), &Eli1): (/

/* Construct difference table */

for(i=l;i<=n;i++}
diilny = £lil; -~
for(j=2;j<=n;it+)

fDr(i=l;i<=n—j+1;i++] '
dril (il = (d(i+1](3-11-ali13 13) /7 (x[i+3-11-x[i]);

/* et the coefficients of interpolation polynomial */

for{j=1:j<=n;i++)
alj1 = dl1ilil;

/* Compute interpolation value £

printf (*\nInput xp where interpolation is required \n");
scanf ("%f*, &xp):
gum = alll;
for(i=2;i<=n;i++)
{

pi = 1.0;

forij=1;j<=1-1;j++)

pi = pi * (xp-x[3]);
sum = sum + ali] * pii
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}
fp = sum;

/* Write results =*/
printf(*\n*);
printf(» NEWTON INTERPOLATION \n”);
printf(*\n");
printf{*Interpolated value \n*);
printf(*at x = $%f is %f \n*, xp, fp);
}
/* End of main() program */

e e e e e S

* Main program

x This program computes the interpolation value at
% & specified value, given a set of table points,
* using the natural cubic spline interpolation

* NIL

* GAUSS

Variables used

ol n - Number of data points.
* ¥ = N by 1 array ot data points.
% f - N by 1 array of funetiona values

¥ xp - Point at which interpolation is required
fp - Interpolation value at ¥p

a - Array of second derivatives (N-2 by 1)
d - Array representing (N-2 by 1)

€ - Matrix (N-2 by N-2) representing the
coefficients of second derivatives
Array of distances between data points

¥ { B} = x{i) = =ld=1) )

* df - Array of differences of functions

* * * ¥

»*

*
b=
1

* Constants used
# MAX - Maximum number of table points permitted

e L R

f#define 5 19

main( )
{

»
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int ifjfn:mf
float x(S],f[s].als]),da(s],c[s][S], his], dLls],uls],
xp,fp,ql,g2,493;

/* Reading input data */

printf(*\nInput znumber of data points, n \n”);
scanf (“%d”, &n};

printf(*\nInput data points x(i) and function \n"):
printf{*values f(i), one set on each line \n");
for(i=1;i<=n;it+t]

scanf (“%f %f~*, &x[il.&E£[i]);

printf (*\nInput peoint of interpolation \n”};
scanf (“%f”, &xp);
/* Compute distances between data pointe and function
differences */

for(i=2;i<=n;i++)
{
nfil = x(i] - =li=1];
dE[il = f£141 - £1i-1):
} .
/* Initialize C matrix */
for(i=2;i<=n-1;i++)
for(j=2;j<=n-1;j++)
eli] 3] = 0.0;

/* Compute diagonal elements of c */
for(i=2;1i<=n-1;i++)
efi] i) = 2.0 * (h[i] - h{i+l]):

/* Compute off-diagonal elements of c */
for{i=3;i<=n-1;i++)
{
cli-111([1]
clfil [i-1]
}
/* Compute elements of 4 array */
for(i=2;i<=n-~1;3++)
dfi} = (af{i+l)/n{i+1) - af(i)/h[i]) * 6.0;

hiil);
hiil:

n

/* Compute elements of a using Gaussian elimination.
Change array subscripts from 2 to n-1 to 1 to mn-2
bafore ecalling gauss|) subroutine., */

m = n-2;
for(i=1l;i<=m;i++)

{
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dfi] = dli+l];
for(j=1;j<=m;j++)
clil(j1 = cli+1l)[j+1];
}

gauss(m,c,d,a) ;

/* Compute the coefficients of natural cubic spline */
for(i=n-1;i>=2;i--)
ali] = ali-1);
a[l] = 0.0;
afn] = 0.0;
/* Locate the domain of xp */
for(i=2;i<=n;i++)
{
if(xp <= x[i])
break;
}

/* Compute interpolation wvalue at xp */

ufi-1] = xp - x[i-1];

uli]l = xp - xl(i)];

gl = hii]J*h{i] * uli] - wl[il*u(i]*wli];

g2 = uli-1l*uli-1j*uli-1] - hlil*h[i] * ufi-1]:

gd = ELAYeEE=-3] = ER=1}"{il;
fp = (a(i-1]1*gl + alil*qgq2)/7(6.0 * hlil) + g3/h(i);
/* Write results */
printf{*\n SPLINE INTERPOLATION \n \n”");
printf("Interpolation wvalue = %f \n*, fp);
I
/* End of main{() program */

/i ___________________________________________________ *‘,’
/* Defining gauss() subroutine */
gaues (int n, float a([10]110], fleat b[10], float x[10])

/* This subroutine solves a set of n linear equations using
Gauss elimination method */

InE a0k,
float piveot, factor, sum;
/* ——--------- Elimination beging -=-----=-—-—- LiFS
for (k=1;k<=n-1;k++)
{

pivot = alk][k];
for({i=k+1;i<=n:i++}
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factor = alillkx] / piveot;
for(j=k+l;j<=n;j++)

aliltil = alilljl - factor * alkl{jl:
b(i] = Bli] - ‘factor * bilk):

}

/* Back substitution begins */
%x[n] = bin]/aln]([n];
for(k=n-1;k==1;k-)
{
sum = 0.0;
for{j=k+1l; j<=n; j++)
sum = sum + af[k](j] * x[4]1;
x[k] = (blk]l-sum}/alk])(k]l:

t

Telurn;
b
/* End of subroutine gauss() */
ik messme s ma s e e s S e sy x/
Program 18 LINREG
_;*__________________________.__..____,_.___,_ ____________ *

* Main program

* This program fits a line Y = A + BX to a given *
i set of data points by the method least sguares *
e = e &z : g e e B A e B S o e *
Funct.ions invoked x
* Library function fabs()
| L e e e e e e e o e e g *
* Subroutines used d
ki NIL i
R i o e e e S S S e e e s s e et S s asay
* Variables used *
* x,¥y - Data arrays *
¥ n - Number of data sets *
* sumx - Sum of x wvalues i
* sumy - Sum of vy values %
» sumxx - Sum of squares of x wvalues i
* sumiy - Sum of products of x and y ¥
= xmean - Mean of x values *
» ymean - Mean of vy values *
* a - y intcrecept of Lhe line ¥
& *

b - Slope cf the line
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* Constants used
3 MAX - Limit for number of data points
" EPS - Error limit

. e e i i A e ) S e el ol e e

#include <math.h>
¥define MAX 10
gdefine EPS 0.000001

main{ )
{
int i,n;
float x=[10), yi(10];
flpat sSumx, Sumy, SUMXX, Sumxy, Xmean, yYmean,
denom, a, b;

printf{"\n LINEAR REGRESSION \n \n”);

/* Reading data wvalues */
printf (*\nInput number of data points, n \T") 2
scanf ("%d”", &n):
printf{"\nInput x and y values \n"};
printf (*One set on each line ‘n"};
for{i=1;i<=n;i++)
scanf (*$f %f-, &x[i], &ylil);

/* Computing constants a and b of the linear equation */

sumx = 0.0:
gsumy = 0.0;
sumxx = 0.0;
sumxy = 0.0;
for(i=1;i<=n;i++)
{
sumx = sumx + x[i]:
sumy = sumy + yl[i];
sumxx = sumxx + x[i] * x[i];
sumxy = sumxy + x[i] * v([i]);
}
AKmean = sumx/n;
ymean = sumy/nj;
denom = n*sumxx - Sumx * sumx;
if (fabs (denom) > EPS)
{
b = (n*sumxy - sumx * sumy)/denom;

a = ymean - bh * xmean;
printf(*\n LINEAR REGRESSION LINE y = a+bx \n"});

printf("\nThe coefficients are: \n");
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printf(*a = $f \n*, a);
printf(*b = %f \n", b);
}
else
{
printf{*\n NO SOLUTION L% o i B
1
1
/* End of main{) program */
e T e L L S S i'/
Program 19 POLREG
e e e o e e e e i S e e e -

*

* Main program

* This program fits a polynomial curve to a given *
% set of data points by the method of *
* least squares "
e S *
* Functions invoked ¥
* NTL »*
Rl T O *
* Subroutines used *
* normal, gauss i
¥ e e e s e *
* Variables used =
% X,¥ - Arrays of data values ¥
* L - Number of data points "
® mp - Order of the polynomial under construction *
¥ m - Number of polynomial coefficients X
¢ - Coefficient matrix of normal equations #
b - Right side vector of normal equations *
* a - Array of coefficients of the polynomial o
L *
* Constants used ¥
¥ MAX Maximum number of data points *
e e e e ot e e i ot e e s e e ST o * /

#include <math.h>
#define MAX 10
main( )
{
int n,mp,m,i;
float x [MAX] ,y (MAX], ¢ [MAX] [MAX] ,a[MAX] ,b[MAX] ;

printf (*\n POLYNOMIAL REGRESSION \n\n*);



580 Numerical Methods

/* Reading values */
printf (“Input number of data points n \n");
scanf (“%d” ,&n)};
printf{"Input order of polynomial, mp reguired \n“);
scanf (“%d”.&mp) ;
printf ("Input data values, X and y \n");
printf(*one set on each line \n”*);
for(i=1;i<=n;i++)

scanf (*2f %f~, &x[i], &ylil):

/* Testing the order */
if{n <= mp)
(
printf(*\n REGRESSION IS NOT POSSIBLE \n");

goto stap;
1

/* Number of polynomial coefficients */
m = mp' + 1§

/* Computation of elements of ¢ and b */
normal {x,y.c.b,n,m);

/* Computation of coefficients a(l) to alm} */
gauss{m,c,b,a);

/% printing of coefficients afi) */
printf(*\n POLYNOMIAL COEFFICIENTS \n\n");
for{i=1;i<=m;i++)
printf(*%15.6€f", alil):
printf (*\n");
stop:
printf ("END");
}

/* BEnd of main() program */
/* ______________________________________________ ______ij
/* Defining the subroutine normal() */

normal (float x[MAX], float v[MAX], float c[MAX] [MAX],
float bI[MAX], int n, int m)

/* This subroutine computes the coefficients of normal
equations */

ot 1,9 R11512

For(j=1:j<=m;j++)
{

for(k=1;k<=m;k++]}
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{ [
cljlik] = 0.0;
11 = k+3-2;
for(i-1;i<=n;is«+)
clillkl = eli)lk]l + pow(x[il,11);

r
}
for(j=1:jec=m;j++)
{

bLj] = 0.0;

12 = 3-=1;

for (i=1;i<=n;i++)
b{3] = bl[3l+yli]l * pow(x[i],12):

}
return;
}
/* End of subroutine normal () */
/t ___________________________________________________ */

/* DBefining gauss() subroutine */
gauss(int n, float a|MAX]|[MAX], float b[MAX], float x|MAX])

/* This subroutine solves a set of n linear equations by Gauss
Elimination method */

InkE 1,3k

float pivet, factor, sum;
/* Elimination begins */

for(k=1;k<=n-1;k++)

{
pivet = alk]([k];
for{i-k+l;i<=n;i++)
{
factor = ali][k]/pivok;
for{i=k41;j<=n;j+.}
alil[j]l = ali]l[j] - factor * alk][il;:
Bli] = b[i] - factor * b(k];
|
t

/* Back substitutien begins */
x{n] = bn]/ain][n];
for(k=n-1;k>=1l;k--)

{
sum = 0.0;
for(j=k+1;j<=n;j++)
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sum = sum + al[klfi] * ®0{3}i
x(k) = (blk]-sum) /alk] [k];
}

return;

}

/* End of subroutine gauss () */

/* ________________________________________________ i ij

Program 20 NUDIF

’l s e L A R e T e T e |
* Main program *
% This program CAanRites the derivative of a tabulated *
d function at a gspecified value using the Newton*
% interpclation approach ™
. o e o e i e o e e A e e S o S e T -
* Fupnctions invoked ,
. NIL *
T e i .
* gubroutines used 3
*  NIL >
B o e i e e e A e e i S e e e e, i e S R *
* vyariables used *
A i1 - Number of function values given "
* % - Array of wvalues #
& f - Array of function wvalues ¥*
* a - Array of coefficients of Newton polynecmial %
* d - Dpifference cable ¥
" xp - Desired point of differentiation i
i dif - Derivative of the function at XP *
D~ e e -
* Constants used x
*  NIL *
) e e e s L o R *

main( )

{

int i.J.k.n0;
float x[10],£([1C] ,a(10],d4110] [10] ,xp,dif,sum, p;

J* Reading input data */
printf (*\nInput number of data points N )
scanf ("%d", &nl;
printf (™"\nInput values of x and £(x), 2, vt 1
printf(“*one setL on each lin? ' oo i
for(i=1;i<=n;i++)
gcanf (“$f 3£, &x[il, &L[il):
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/* Constructing difference table d */
for({i=1;i<=n;i+p)
arij i) = £14i1;
for(j=2;j<=n;j++)
for[i=1;i<zn~j+1;i|+}
dli] (3] = (d[i+l][j-1] - dli] [3-1])/(x[i+5-1] -
x[i]);

/* Sst the coefficients of Newton interpolating polynomial */
for{j=l;j<=n;j++)
alil = dl11(31;
/* Cempute derivative at a given x = xp */
printf ("\nInput xp where derivative is required \n");
scanf ("%f”, &xp):
aif = af2j};
for(k=3;k<=n;k++)
(
sum = 0.0;
for(i=1;i<=k-1;i++)
{
1 = A0
for{j=1;j<=k-1;7++)
{
ARl ==
continue;
B =p* (xp - x[51);

sum = sum + p;

dif = dif + alk] * sum:
}
/* Write results */
printf ("\nNUMERTICAL, DTFFERENTTATION USING s
printf ("NENTON POLYNOMTIAL \n\n*);
printf ("DERIVATIVE at x = %f is &F \n", xp,dif);

/* End of main() program */

T S S e e */
Program 21 TRAPE!
}t ___________________________________________________ *
* Main program ¥
This program integrates a given function *
* using the trapezoidal rule &

T e e i e ey o el i bl
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+ Tunctions invoked
ad NIL

+ subroutines used

-

L g

* Fi{x) *
* o ___..______..___..____._____..______________,--_- L
» yariables used A
* a - Lower limit of integration *
* b - Upper limit of integration #
¥ h - Segment width *
2 n - Number of segments »
* ict - value of integral *
L - s e e e AR S SR e SRR T 3
+» Cgnstants used E
#* NI ®
B g e S e e SRS SRR ST * ’.!

#include <math.h>

Main{ )

{
FRE A A
float a,b,h,sum,ict;
float F(float x):

printf (*\nGive initial
scanf ("$£",&a};

value of x \n");

printf (*\nGive final value of x \n");

ascanf ("%f", &bD);

princf (“\nWhat is the segment width? \n”);

scanf (*$£~, &h);
n = (b-a)/h;

gum = (F(a) + F(b))/2.
for (i=l;i<=n-1;i++)
{

sum = sum + F(a+i*h)

iet = sum * h;

s et o0 23 Bl ¢ g

0;

]

printf{‘Integration between %f and %f \n”®, a.b);

printf(®*when h = %f is
printf{*\n”");

}

/* End of main() program ®d

%t \n”, h; iet);
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float F(float x) [

{
float £;
f = 1.0-exp(-%/2.0);
return (f);
}
/* End of subroutine F(x) #*/
/* e T e e e e e i iy B e e o */
Program 22 SIMS1
/'* _____,_________,_________-_ ____________________________ &

* Main program

3 This program integqrates a given function

: using the Simpson’s 1/3 rule

B e e o A B e S e e e A g e B e [y
* Functions inveoked *
% Macro F(x) =
R e e e e S e b e L *
* Subroutines used .
* NIL ¥
e R e e e e e e e e e e *
* Variables used %
w a - Lower limit of integration *
* b - Upper limit of integration

* h - Segment widrh

* n - Number of segments *
* ics - Value of the integral *
B P e ®
* Constants used Gl
¥ NIL s
e e e e e e e " ‘/

#include <math.h>
#define ®(x) 1 - exp(-(x)/2.0)

main( )
{
int n,m, i;
float a,b,h,sum, b o 8 i 5 U 7 SO

printf(*\nInitial value of x \n*);

scanf ("%£*, &a);

printf("\nFinal value of x \n*);

scanf (*$f”*, &b):

printf ("\nNumber of gegments (EVEN number) \n");
scanf(~%d”, &n);
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h = {b-a)/ni
m

= o
g WA

x = @;j

£1 = F{x):
Eur{i:l;iﬁzm;1++}
{

m
%
i

F{x+h);
f3 = F{x+2*h);

gum = Sum + £1 + 4*E2 + £3;

f1 = £3;
% = x4+ 2%
H
jcs = sum * h/3.0;

printf(‘\nintegral from %f to %L An%, a,;b) i
printf (*When h = %f is %E Ao h, ics);

Te——

o o i o e e

]
/* End of main{) program L
il i SRR e T e
Program 23 ROMBRG
/ W i e s A R o o R T
* Main program
% This program performs Romberd integration
% by pisecting the intervals N cimes
] i T R e o e ———
*  pPunctions invoked
* Macro Fix). Library function fabs ()
e S —— e R
» gubroutines used
* N1L
N s
+ vyariaples used
* a - Starting point of the interval
d b - End peoint of the interval
¥ n - Width of the interval
L n - Number of times bisection is done
o m - Number of trapezoids
* r - Matrix of Ramberg integral values
N i i e AR S S .
* (Constants used
* EPS - Error bound |
e iy e et e e S ST A - b e

L

*

*

¥ % % * *

*
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#include <math.h> 1
#define EPS 0.000001
#define FP(x) 1.0/(x)

main{ )
{
int i.j.k,m,n;
float a,b,h,sum,x,r[10] [i0};

printf(*\nInput end points of the interval N
scanf (“$f %£~, &a,&b);

printf ("\nInput maximum number of times*):
printf("\nthe subintervals are bisected b s B
scanf (“%d”, &n);

/* Compute area using entire interval as one trapezoidal */
h=b - a;
cEL1 L] = h = (Flal+F (b)) /2.0;
printf (*\n$15.6€ \n”, r[l1)[1]):

/* Process of Romberg integration begins */
for(i:Z;i<=n+l;i++}
{
m = pow(2,{i-2}); /* trapezoidal for ith refinement */
h = Nfds /* bisect step-size */

/* Use recursive trapezoidal rule for m gtripas */
sum = 0.0;
for (k=1;k<=m;k++}
{
X = a + (2*%k-1)+*h;
sum = sum + F(x);
}
rlil{1] = r[i-11(11/2.0 + h*sum;

/* Compute Richardson’s improvements */
for{(j=2;j<=i;j++)
P

e[i] (31=r(d] (G-1)+(r(1] [5-1) r[i-1) [3-1] 1/ (pow(4,3-1)-1);
1

/* Write results of improvements for ith retinement */
for(j=1;j<=i;j++)
printf(“%15,6f", rlil[il);
printf (“\n");

/* Test for accuracy */
if(fabs(r(i-1][i-1) - r[i][i]) < EPS)
#* Stop further refinement */

.

L
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i

}

|.l -

printf (*\n”");

prinLf ( *ROMBERG INTEGRATION = % \n®, bl 0 G B I

prinvf{*van“);
gote SLOpR;

continue;

1

Write final result */

printf (*\nROMBERG INTEGRATION = %f \n", r(n+l] ln+l] )

printf (" (Normal exit from loop) \m");

sStop:
printf {"End”);

End of main() program */

i - e i e e PR R P e RIS T
Program 24 TRAPE2
JH e mmm e e A e gl ekl g e
* Main program
* This program integrates a tabulated function
" using the trapezoidal rule
g e By e s e BT = e e AT ik e e e
+ fFunctions 1inwvoked
* Library function fabs()
B e s e e e T e e S S SRR
* gubroutines used
*  NIL
o ——— e i e e A e S g e S e E R
* vyariables used
* n - Number of table points
- x - Array of independent dala polnts
-

y - Array of function values

a - Lower 1limit of integration

b - Upper limit of integration
h - Distance between points
nl - Position of A in the table
n? - Position of B in the table
ict - Value of integral

*/
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#include <math.h> !
#define MAX 15

main( )
{
int: n;nl,a2id;
float a.b.,h,sum,ict,x[MAX],y[MAX];

/* Reading table wvalues */
printf (*Number of data peints \n");
scanf ("%d", &n);
printf("\nInput table values, set by set \n"};
for(i=1;i<=n;i++) '
scanf ("%f %f*, &x([il,&yl[il);

/* Reading the limits of integration */
printf(*Initial wvalue of x \n");
gcanf ("§£¥,&a) ;
printf ("Final walue of x \n“);
scanf ("$f”, &b);
printf(*\nWhat is segment width? \n”");
scanf (“%f", &h);

/* Computing the position of initial and final values */
nl = (int) (fabs(a-x[1])/h+1.5);
n2 = (int)(fabs{b-x[1])/h+1.5):

/* EBEvaluating the integral */
sum = 0.0;
for{i=nl;i<=n2-1;1i++)
sum = sum + y[i] + y[i+1];
iet = sum * h/2.0;
printf(*\nIntegral from %£ to %f is %f\n", a,b,ict);

/* BEnd of main() program */

T e L

Program 25 SIMS2

/ ) EPECR AL Ea S e R s W e e e LS R T S s e e e e Lol iy
* Main program k
* This program integrates a tabulated function *
* using the Simpson’s 1/3 rule.If the number of *
* segments is odd, the trapezoidal rule is used *
) for the last segment. *
- *

* FPunctions invoked
e Library function fabs()
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*+ Subroutines used

NIL

« yariables used

*

&

n - Number of table points

% - Array of independent values
y - Array of function wvalues
a- Lower limit of integration
b - Upper limit of integration

h - Distance between independent wvalues

nl - Position of A in the table
n2 - Position of B in the table

i1 - Area computed using Simpson‘s rule
12 - Arca aof the last segment (by trapezoidal rule)

igs - value of integral

N1L

#include <math.h>

madin(
{

)

int i,n,nl,n2,m,1;

float x[15]),y[15].a,.b,h,sum, ics,11,12;

/* Reading table wvalues */

printf (*Input nurber of data points
scanf (*\%d”, &n);

printf (*\nInput table values, set Dy set bE S 2 I

for(i=1;i<=n;i++]}
scanf("%f £", &x(i],&y([i]);

/* Reading the limits of integration *f

printf(*Input initial value of = \a*

scanf (“%f", &a);
printf(~Input final value of x \n");
scanf ("%£", &b);
printf("What is segment width? \n”"};
scanf (“%f", &h);

k)

Jex

»

*

* o ¥ *= * * =

/* Computing the position of initial and final wvalues */

nl = (int) (fabs(a-x[1]})/h+1.5);
n2 = (int) (fabs(b-x[1])/h+1.5);

/* Testing for even intervals */

m = n2 - nl;
if (m32 == 0) /* m is even */
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({
12 = 0.0; '
L= nd = 23 ;
}
glse /* m is odd */
{

/* Use trapezoidal rule for the last strip r
i2 = {y[n2-1]1+y[n2]))*h/2.0;
1 = 32 = 3§

}

/* Use Simpson's rule for 1 strips */
sum = 0.0;
for(i=nl;i<=1l;i=i+2)
sum = sum + y(i] + 4*y[i+1] + y(i+2];
il = sum*h/3.0;

/* Integral is sum of il and i2 */
igs = 11 + 1i2;

/* Writing the results */
printf{*\nIntegral from %f to %f is %f \n”, a,b, ics);

}

/= EBnd of main() program */

.,!‘ _____________________________________________________ * l’l’

Program 26 EULER

.rJ B o S e g e e ) . e e e *
* Main program *
* This program estimates the solution of the first *
* order differential equation y’ = fix,y) at a given ~
* point using Buler's method *
B o e e e e e e i = *

*

* Functiong invoked
* NIL

* Cubroutines used

* fune () ::
B e o o e e e i £
* Variables used »
* % - Tnitial value of independent variable *
* v - Initial wvalue of dependent variable »
L xp - Point of solution #
= h - Incremental step-size %
* n - Number of computational steps required

* dy - Incremental Y in each step



592 Numerical Methods

* Constants used

w NIL
B e e e R i S, S 3 B e e * /
main( )
{
S5 il O 51

float x,y,xp,h,dy;
fleoat func(float, fleoat);

printf (*\n SOLUTION BY EULER'S METHOD \n \n");

/* Reading initial data Hif
printf (*Input initial values of x and y \n");
scanf (“%E %f*, &x, &y);
printf (*Input x at which y is required \n");
scanf (“$f”, &xp);
printf (*Input step-size. h \n");
scanf(~%f*, &h);

/* Compute number of steps reguired */
n = (int) ((xp-x)}/hb+0.5);

/* Compute y recursively at each step */
forti=1;i<=n;i+4+)

dy = h * funetx,v);

= (R Y

Al e

print£{"%54 %10.6f %10.6f \n", 1,%.¥);
}

/* Write the final result */
printf({*\nValue of v at x = %f is %f \n", x.¥);

}
/* End of main() program */

/* Defining subroutine func() */

float funci(float x, float y)

{
float f;
£ = 2.0 % st
return(f);

}

/* End of subroutine func() */ i
/¥ mmmmm e me e et o i e S e = ¥
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* Maln program

C Programs 593

* ° This program solves the first order differential =
% eguation y* = fix,y¥) using the Heun’'s method =
S | R L R R e g N SR .~ A ——
* Functions invoked -
* NIL »
T i AT e e e i g o S S e e g e i i i i . S . S *
* Subroutines used *
¥ func () -
* e i N Rl S S i *
* Variables used *
¥ x - Initial value of independent variable X
¥ y - Initial wvalue of dependenL variable ¥
* xp - Point of solution B
. h - Step-size *
* n Number of steps *
L T —— S - T AP s C e e —— -
* Constants used ¥
% NIL *
e e e s e el s e e s e s i‘f
main( }
{
ImE 1,03
Eleat x,v,xp,h.ml,m2;

float func(float, fleoat);

BEEREEA™ N SCOLUTICON BY

/* PReading initial data */

printf (“Input initial

scanf ("%E %E*, &x,&y);
printf(*Input x at which v is reguired \n*);
scanf (*%f*, &xp);
printf (*Input step-size,
scanf{"%f-, &h);

HEUN’S METHOD ‘n \n");

values of x and v \n");

h \n");

/* Compute number of steps rgquired *f
(int) ((xp-x)} /h+0.5);

n

/* Compute y recursively at each step */
for(i=1;i<=n;i++)

{

m2

x
¥

il

fune(x,y):

funec (x+h, y+ml*h) ;
x % hi
¥y + 0.5*h*{ml+m2);
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printf ("%5d %10.6f $10.6f \n*,

3

/* Write the final result */

}

printf(\nValue of ¥y

/* End of main() program */

J;' " S ——— e e i M e el
/* Defining subroutine func{) */

at x = %f is

float func(flecat x, fleat y)

o'

1,%,¥)i

% Ant; ¥l

mhis program solves the differential equation

{
float €
o= @l * gl
return(f);
)
/* End of subroutine funci)
/* e e e T
Program 28 POLYGN
‘f T o T W i e
* Main prodgram
£l
*

of type y' = flx.¥) by pelygon method

+ Functlons Lnvoked

NIL

+ gubroutines used

funci()

e e it

* variables used
¥ - Initial value of the independent variable
v - Initial wvalue of the dependent variable

xp - Point of solution

h - TIneremental 8STED-

gize

n - Number of computatﬂonal steps required

* (onstants used

NIL

inkt i,n;
fleat x,v,xp,h,ml,m2;
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float func(float, float);

printf {*\n SOLUTION BY POLYGON METHOD \n \n”);
/* Reading initial data */

printf{“Input initial walues of x and y \n"):

scanf ("%f %f*, &Ex,&y)!

printf ("Input x at which y is required \n"):

scanf (“&f", &xp);

printf (*Input step-size, h ‘n"};

scanf (“%2f”, &h);

/* Compute number of steps reguired */
n = (int) ({(xp-x}/h+0.5);

/% (Compute y recursively at each step */
for(i=1;i<=n;i++)
{
ml = Ffunec(x,vl;
12 = funpe(x+8.5*h, v+0 Srhxml);
¥ = % + h:
y = ¥ + m2*h
printf (*%54 %10.6f %10.6f \n", 1,x.¥};

}

/* Write the firnal result */
printf("\nvalue of vy at x = %f is %f \n", x.v):

1
J

/* End of main{) program */

/* Defining subroutine func(} */
float funcifloat x, float ¥}
{

float £;

£ = Z:B % Pl

return(f);

)
/* End of subroutine func() */

[¥ roemrmm e —— e e e e e e e e T e e * f
Program 29 RUNGE4
f N —————————— R P *

* Main program *

¥ This program camputes the solution of first order
» differential eguation of type y' = f£(x,y} wusing *
% the 4th order Runge-Kutta methed ¥
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-

*

o E S S ——————————

*

*

-

*

ll,r't

i 5 T S o

Nurmercal Methoas

Functions invoked

Nil
subroutines used
func()

Variables used

% - Initial value of independent wvariable
y - Initial wvalue of dependent variable
xp - Point of solution

h - Step-size

n - Number of steps

NIL

int i,n;
float x.¥,.xp,h,ml, m2,m3 md;
float func(fleat., fleatl:

printf(*\n . SOLUTION BY 4th ORDER RK METHODA\n\n") ;

Input inicial data */

printf(“input initial values of x and y \n"};
scant (Y% %7, &x,&y):

printf(*Input x at which y is remquired \n");
scanf{*%f", &xD);

printf (“Input step-size, h \n"};

gsecanf ("$£", &h);

/* Compute number of steps required */

n = {int){{xp-x)/h+0.5);

/* Compute y at each step */

printf (“\a*);

PEVBEE [ st e e s s i \n")
printf(* STEP X s Yt}
Printf (¥ —emmommrm e e e e s e e \nt);

forli=1:i<=n;1i++])

{
ml = funcix,v);
m2 = func{x+0.5*h, y+0.5*ml*h);
m3 = funci{x+0.5*h, y+0.5*m2*h);
md = func({x+h, y+m3*h);
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x = x+h;
y= vy + (ml+2.0*m2 + 2.0*m3 + m4) * h/6.0;
printf{"%5& %15.6f %15.6Ff \n*, i,%x,¥);
}
Printf (™ ————-omm e s a e \n*);

/* Write the final value of y */
printf(*\nValue of ¥ at x = %f is %L \n", x,y):

:
/* End of main() program */

Jr e - e ———— e L

/* Defining subroutine func() */

float func(float x, float y)
{
float £;
£ = 2.0 * wix
return(f);

/* End of subroutine func() */

B e e e -
Program 30 MILSIM
/ B o o e e e o e i e e e i e o *
* Main program %
i This program solves the first order differential *
ol equation ¥y’ = £(x,y) using Milne-Simpson method *
B e L e e e e *
* Functions invoked *
* NIL L.j
W e e e e g K L . . e e e e . o o e e e R i *
Subroutines used 4
2 func() 2
W e e ST e e e L e o e i e i *
* Variables used #
* x{1) - Initial value of independent variable 4
* v(1l) - Initial wvalue of dependent variable 4
] Xp - Point of solution *
% n - Number of steps i
¥ h - Step-size ¥
¥ x - Array of independent variable *
‘ y - Array of dependent wvariable *
T e e e e e e e e ol iy o e e e *
* (Constants used *
» NIL *
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main{ }

{
int 1i,n;
float h,%x[15],v[15]),.xp,ml,m2,m3,m4, £2,£3, £4, £5;
float func{float, flocat});

/* Reading initial wvalues */
printf (*Input initial values of x and y \n");
scanf (*%f %£", &x[1l],&y[1]);
printf (*Input value of x at which y is reguired \n*);
scanf(*%£%, &xp):
printf (*Input step-size, h \n”*);
scanf (“%E£*, &h);

/* Compute number of computation required */
n = (int) ({xp-x(1])/h+0.5);

/* We reguire four starting points for Milne-Simpson
method.
Initial

values form the first point. Remaining three points are
obtained

using 4th order RK method */

printf (“\nINITIAL VALUES ARE $10.6f %10.6£", x[1],y[1]);

/* Computing three more ﬁaints by RK methed */
printf(*\n\nTHREE VALUES BY RK METHOD \n");
for{i=1;i<=3;i++}

{

mi = fune(x[i],y[i]);

m2 = funci{xf{i]+0.5*h, y[il+0.5*ml*h);

m3 = funec(x[i]+0.5*h, y[i]+0.5*m2*h};

md = funec{x[i]l+h, y[i]+m3*h);

x[i+1] = x[i} + h;

y{i+l]l = y(i] + (ml+2.0*m2 + 2.0*m3 + m4)*h/6.0;

printf(*\n%¥54 %10.6f %10.6F~, i, x[i+1],y(2+1]);
}

/* Computing values by Milne-Simpson method */
printf ("\n\rVALUES OBTAINED BY MIINE-SIMPSCN METHOD \n”);
for(i=d;i<=n;i++)
I

L

£f2 = func(xl[i-2], ¥yli-21);
£3 = funci{xfi-1],.wv{i-11};
E4 = func{x(i], ¥[i]);:

/* Predicted wvalue of vy (by Milne’'s formula)?*/
y(i+l] = y[i-3]) + 4.0*h/3.0 * (Z.0%f2-£3+2,0*f4);

x[i+t1] = x[i] + h;

£5 = func(x[i+l], y[i+l]));
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/7 Corrected value of y (by Simpson’'s formula)} */
yli+1l]l = yli-11+h/3.0 * (£3+4.0%f4+£5);
printf(*\n%¥5d %10.6f %10.6f", i, x[i+l], yii¥l));
3
printf{(*\n\nValue of y at x = %f is 3f", xn+#l], vin+ll);
}
/* End of main() program */

/* Defining subroutine Func()=*/

float func(float x, float vy)
{
“ Float-~f;
f = 2.0 % y»fa
« recurn(ft);

}
/* End of subroutine funci) */
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Complex number

Complex root 173, 176, 183, 199
Complex type 97

Composile approach 374
Composite Simpson’s 1/3 rule 382
Composite trapezoidal rule 374
Computer memory 40
Computer program 20, 24, 27
Computer-aided design 13

Index 603

Computer-nided learning 13
Computer-aided manufacture 13
Compuler-managed learning 13
Condition number 81, 246, 247
Conditional execution 103
Conditioning 80
Constants 97
Continuous data 2
Control statement 96
Control unit 22
Control variable 106
Convergence 86
Bisection method 134
False position method 140
Fixed-point method 163
Gauss-Seidel 267
Jacobl method 267
Newton-Raphson 147
Secant method 153
Conversion error 64
Corrector 427
Counter 96
(Cramer's rule 504
Crank-Nicholson formula 496
Crose average 489
Crout algorithm 240
Crout LU decomposition 231
Cubic spline 302
Curve fitting 275, 323

Data 20, 40

Data error 64

DATA statement 101
Debugging 26, 113
Decimal numbers 41
Decimal system 41
Decomposition 231
Deflation 175

Degree of equations 410
Dependent equations 209
Dependent variable 323, 410
Descartes rule 174
Determinant 507
Diagonal average 489
Diagonally dominant system 268
Difference equation 484
Difference tables 360
Differential equations 408
Digital computer 3, 17
Dimension 100

Direct method 207
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Direct substitntion method 161
Dirichlet boundary condition 488
Discrete data 2

Discretisation error 67
Display screen 20
Distributive law 57

Dhvided difference table 290
Divided differences 288

DO loop 106

DO, WHILE structure 106
Documentation 114

Dolittle algorithm 231

Dolittle LU decomposition 231
Double precision 99

Drag coefficient 69

Driver program 109

Dummy variables 109, 110

Efficiency 9

Eigenvalue problem 465
Figenvalues 472, 475
Bigenvector 472, 476
Elimination npproach 207
Elliptic equation 484, 486
Empirical error 64
ENIAC 15

Equal matrix 506

Error propagation 73
Euler's method 419
Euler-Maclaurin formula 388
Executable statement 96
Experimental error analysis 88
Expert systems 16
Explicit method 495
Exponent 51

Exponential form 98
Expressions 102
IExtrapolation method 124
Extrapolation 362, 388

Faclorisation 230
Fadeev-Leverrier method 474
False position algorithm 139
False position formula 138
False position method 138
Fifth generation 16
Finite dilference method 464, 469,
484
Finite-element method 484
First generation 16
Five-point formula 350

Fixed loop 34

Fixed point arithmetic 52

Fixed point equation 161

Fixed point method 160, 168
Floating point arithmetic 53
Floating point form 50, 95
Floating point number 51
Floppy disk 23

Flowchart 32, 103, 107
FORMAT statement 101
Formal-directed L) statement 100
FORTRAN 9

FORTRAN expression 102
Forward difference 295
Forward difference derivative 360
Forward difference quotient 348
Forward difference tahle 296
Forward difference 295
Forward elimination 211, 212
Farward error analysis 87
Forward jump 34, 103

Fourth generation 16

Functions 108

Gauss elimination 212, 219, 228
Gaussian integration 394
Gaussian quadrature 395
Gauss-Jordan method 228
Gauss-Legendre formula 396
Gauss-Legendre rules 3871
Gauss-Seidel iteration 259, 489
(General purpose computer 3, 18
General solution 411

Global truncation error 421
Gracffe's method 516

Graphical method 123

Half-interval method 131
Hard disk 24

Hardeopy 20

Hardware 21

Heat equation 493

Heun's method 4256
Hexadecimal numbers 40, 42
Hexadecimal system 42
High-level language 28
Homogeneous equations 209
Horner's; rule 129

Human error 69

Hybrid computer 17
Hyperbolic equation 484, 497



IC chips 16

Identity matrix 246, 472, 505
IF ELSE structure 103
Nl-conditioned problem 8, 81
Ml-conditioned system 209, 244
Ill-conditioning 342

Implicit method 496
Inconsistent equations 208
Incremental search 167
Independent variable 323, 410
Induced errors B0

Induced instability 85
Infinite solutions 208
Information 20

Inherent error 64

Inhcrently unstable &1
Initialisation 96

Initinl-value problem 412, 464
Inner loop 108

Input devices 21

Input error 64

Input statement 100

lnteger arithmetic 52
Integer constants 98

Integer form 50

Integer type 97

Integration nodes 370
Interactive computing 30
Interpolation 276
Interpolation funclion 281
Interpolation method 124
Interpolation polynomial 276
Interpreter 26

Interval arithmetic 52
Intrinsic functions 112
Inverse matrix 508

[terative method 123, 124
[terative process 8

Tterative refinement 242

Jacobi iteration 253

KirchhofFs law 409
Knots 300, 312
Knowledge-based systems 16

Lagrange basis polynomial 282

Lagrange interpolation 281

Lagrange interpolation polynomial
282, 371

Tanguage processors 26

Index 605

Laplace's equation 486

Laplacian operator 486

Large-scale integration(LSI) 16

Law of cooling 408

Law of motion 408

Leat-squares polynomials 276

Leat-squares regression 276, 324,
325

Liebmann's method 489

Linear equation 206, 411

Linear fitting 324

Linear function 121

Linear interpolation 138, 279

Linear interpolation formula 280,
282

Linear system 168

Linearly convergent 134, 140, 164

List-directed /0O statement 100

Local truncation error 421

Logarithm 14

Logic errora 114

Logical constants 98

Logical expression 105

Logical operators 105

Logical type 98

Looping structure 34, 106

Low level language 27

Lower triangular matrix 231

LU decomposition 231, 240

Machine code 27

Machine epsilon 71
Machine language 26, 27
Main program 109
Mainframe computer 18
Mantissa 51

Mark 114

Malhematical model 3
Matrix inversion 245
Matrix norm 247
Mean-value theorem 79
Memory unit 22

Method of square roots 241
Microcomputer 18
Microprocessor 18
Midpoint method 433
Milne's formula 4456
Milne-Simpon method 445, 451
Minicomputer 18

Minor 508

Mixed-mode expression 102
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Modelling 13

Modelling e¢rror 69
Modifiers 452

Modular programming 31, 109
Modular structure 222
Modules 109

Monolone convergence 163
Monotone divergence 163
Muller's method 195
Multidimensional array 99
Multiple roots 174, 178, 199
Multisegment approach 374
Multistep methods 412, 444

Named constant 96

Nataral cubic spline 306

Nesting 107

Newlon form 278, 287

Newlon interpolation polynomial
288, 371

Newton's interpolation 286

Newton's three-eightha rule 385

Newton-Cotes formula 371

Newton-Coles rules 371, 388

Newton-Gregory formula 296, 298

Newton-Gregory interpolation 296,
298

Newton-Raphson algorithm 146

Newlon-Raphson formula 145

Newton-Raphson method 145, 170.
178

Nodes 300
Non-linear cquation 206, 411
Non-linear fitling 329 .

Noen-linear funetion 121
Non-linear system 168
Non-singular matrix 3511
Normal equations 326
Normalisation 52, 214.
Normalised numbers 52
Numerical computing 1
Numerical differentiation 347
Numerical error 65
Numerical instability 80
Numerical integration 370
Numerical method 3
Numerical yuadrature 370
Numerical stability 8
Numerically unstable 80

Object program 26, 28

Octal numbers 40, 44
Octal system 44
One-dimensional array 99
One-step methods 412
Open end method 124
Open form 371

Operation system 24
Operators 102, 104, 104
Ovder of convergence MG
Order of equations 410
Ordinary differential equations 410
Outer Juop 108

Output devices 22
Qutput statement 100
Over determined 209
Overflow 55

Paraholic cquation 454, 492

Parallel ecomputer 9, 20

Parameler statement Y9

Partial derivatives 483

Partial differential equation 410,
483

Partial pivoting 220

Particular solution 412

PCAT 19
PCXT 19
Pentium 19

Personal computer 19
Perturbations 30
Picard’s method 417
Piecewise polynomial 300
Pivot element 219

Pivol equation 214
Pivoting 218

Poisson's equation 490
Polvgon method 432
Polynomial equation 122
Palynomial fitting 333
Polynomial method 473
Positional form 98
Power form 277

Power method 477
Precedence rule 102
Precision 63

Predictor 426
Predictor-corrector method 426
i'rinter 20

Procedural error 65
Processing block 96
Program statement 95



Program unit header 95
Purification 177

Quadratic convergence 148
Quadratic equation 123, 195
Quadruplets 43

Radicactive decay 409
Radix point 42

Rate of convergence 8. B6
Real constants 98

Real numbers 51

Real root 173

Real type 97

Recursive trapezoidal rule 391
Regression analysis 323
Regression line 326
Regression planc 342
Regula falsi 138 °
Relational expression 104
Relational operators 104
Relative error 70
Relaxation parameter 266
Representation errar 64
Residual vector 243

Richardson extrapolation 362, J89
Romberg integration formoula 390

Romberg integration 371, 388
Root squaring method 516
Roots 121

Rounding 65

Roundoff error 8. 62, 65

Row vector 506

Row-sum norm 247

Runge Kutta method 436
Run-time errors 114

Sampling peints 370
Saturation growth rate 331
Sealing factor 47H
Scatter diagram 323
Scientific form 98
Search bracket 126
Secant algorithm 153
Secant formula 152
Secant method 151
Second generation 16
Semi-numeric method
Sensitivity analysis 80
Sequence structure 33
Shifted power form 277

Index 607

Shooting method 464, 465
Sign bit 50

Significant digits 62
Simple difference 294
Simple harmonic motion. 409
Simpsen’s 1/3 rule 379
Simpson’s 38 rule 385
Simpson's formula 446
Simulation 13
Simultaneous equations 207
Singular systems 209

Size 99

Slide rule 14

Softeopy 20

Software 24

Source program 28

Special purpose computer 18
Spiral convergence 163
Spiral divergence 163
Spline function 300

Spline interpolation 299

Spline interpolation polynomial 301

Splines 300, 302

Square matrix 505
Stability 80

Starting values 444, 499
Statement functions 112
Statement label 96
Statement number Y6
Stopping criterion 127 '
ight-line logic 33
ctured programming 33

utine 10
Subscripted v e 99
Subscrip

Subtractiv

Successive rogimations 161
Suecessive r pelaxation 266
Successive ~#tion method 266

Supercomputfr 19
Superlinear convergence 1587
Symbolic computation 9
Symbolic constant 96
Symmetric rounding 65, 66
Synthetic division 175

Tabulated function 347
Taylor expansion 278
Taylor series method 413
Testing 113
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Third generation 16

- Three-point formula 349
Top-down design 31

Irace of a matrix 474, 507
Transcendental equation 122
Transistor 16, 40
Translators: '26, 28
Tramspose matrix 506
Traperoidal rule 372
Triangle inequality 73
Triangularisation 213
Tridiagonal system 307
Triplets 45, 49

Truncating 65

Truncation error 8, 67
Two-dimmensional array 100
Two-point formula 348
Type declaration 95

Under determined 209

Underflow 55

Unigue selution 208
UUNIVAC 15

Upper triangular malrix 231
User manual 114

Utility programs 25

Vacuum tube 18
Validation 3

Variable declaration 99
Variable loop 84
Variable-order approach 388
Variables 98

Vector computers 9

Wave equation 497
Weighting coefficience 370
Winchester disk 24
Workstation 19

[ Zero matrix '_50(1' ;



