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Abel's theorem, 142
Absolute convergence, 140, 147, 148

convergence and, 141. 150
of infinite products, 266, 267
of power series, 152

Absolutely convergent series,
140, 141. 147, 148, 152, 150
(see also Absolute convergence)

theorems on, 141
Absolute value, of a complex ..umber,

2,4	 •
of a real number, 2

Acceleration, along a curve, 60,82,00
centripetal, 82

Addition, associative law of, 3,8
commutative law of, 3, 8
identity with respect to, 3
inverse with respect to, 1, 3
of complex numbers, 2, 6
of real numbers, I
of vectors, 10, 11, 15

Addition formulae for elliptic
functions, 216, 295

Aerodynamic theory, 224, 234
Airfoil, 224

flow pattern about, 238
Joukowaki, 224

Airplane wing, 224 (8cc also Airfoil)
Algebra, fundamental theorem of

(Are Fundamental theorem of
algeba'a)

Algebraic functions, 36
Algebraic numbers, 23
Alternating currents, 91
Alternating series test, 142
Amplitude, 4
Analytic continuation, 146, 150, 26,

277-279
branch points and, 265
Cauchy's Integral formulae and,

278
Morera's theorem and, 278
of gamma function, 268. 269, 281
of integrals, 265, 279
of series, 146, 159, 265, 279
of zeta function, 273
singularities and, 146
uniqueness theorem for, 265

Analytic extension (ace Analytic
continuation)

Analytic functions, 63, 66
and conformal mapping (see

Conformal mapping)
and continuity, 63, 71, 12
elements of, 146, 266
harmonic functions and, 131
imaginary part of, 84
in neighbourhood of a singularity,

160
necessary and sufficient conditions

for, 63, 72-74
real part of, 84

Analytic part, of Laurent series, 144
Angle, between vectors, 21
Angles, preservation of, under map-

ping, 201. 213, 214, 229 (see 8lso
Conformal mapping)

Annular region or annulus, 143, 211
mapping of, 211

Anti-derivatives, 95
Arc, 68 (see also Curves)
Ares, bounded by a simple closed

curve, 113, 114
of ellipse, 113, 230
of parallelogram, 6, 21
of region, 113, 114
of triangle, 22

Area magnification factor, 201, 214

A rgand iliuigr.on, 3
Argument, 4, 18
Argument theorem, 119

generalization of, 137
proof of, 127, 128

A rg z ( Re.' A rgutnent)
Associated Legendre functions, 305
Associative law, of addition, 3, 8

of multiplication. 3, 8
Asymptotic expansions, 274, 275,

288-290, 294
of Ik'ssel functions, 276, 294
of error function, 275
of exponential integral, 275
of gamma function, 275, 289, 290
special, 275
Stirling's, 276

Asymptotic series, 214 (see also
Asymptotic expansions)

Attraction, of electric charges, 238
Axiomatic foundations of complex

number system, 3, 13, 14
Axis, imaginary, 4

real, 4
x and ii,

lInac of logarithms, 35
Bernoulli numbers, ill • 273
Bernoulli's theorem, 238
Bessel functions, 161, 270, 271

asymptotic expansion for, 275, 294
generating function for, 271
of first and second kinds, 271
recursion formula for, 271. 286

Bessel's differential equation, 270,
211

general solution of, 271, 272, 284
lk'ta fuuetipn, 222, 269, 282

relation of, to gamma function.
269, 282

Biharmonic equation, 263
Bilinear transformation, 35, 203, 216,

217
cross ratio of, 203, 216
transformation of circles into

circles using, 217
use of. ITI mapping circle on to half

plane, 203, 204, 2(6, 217
ltinonual coefficients, 16
Binomial formula or theorem, 16, 143

use of, in obtaining Laurent series,
157, 158

Blasius, theorems of, 238. 250-252
liolzano-Weieratraas theorem, 8, 23
Borel-Heine theorem, 8
Boundary conditions, 232
Boundary, natural, 146, 169, 265

points, 7, 22, 23
transformation of, on to real axis,

205, 221, 228
Boundary-value problems, 232, 243,

244
Diriehlct and Neumann (see

Dirichlet problem and
Neumann problem)

existence of solutions to, 232
Bounded functions, 39

sequences, 141
sets, 7, 22, 23

Bound, least upper, 62. 93
Branch cut, 37, 44
Branch lines, 37, 44, 48-50
Branch, of a function, 33
Branch points, 37, 44, 48-60, 55, 56,

67, 76, 80, 145
and analytic continuation, 265
integration involving, 185, 186,

193,194
of logarithmic functions, 46. 76, 80

Branch, principal, 33, 44, 46, 48
Cables, transmission line, 256
Capacitance, 240, 255, 256
Capacitor, 240
Carclioid, mapping of, 210, 229
Casorati-Weiei-straas theorem, 145
Cauchy-Goorsat theorem, 95, 103-106

(see also Cauchy's theorem)
converse of (ace Morera's theorem)
proof of, for closed polygon, 104,

105
proof of, for multiply-connected

regions, 106
proof of, for simple closed curve,

105, 106
proof of, for triangle, 103. 104

Cauchy principal value of integrals,
174

Cauchy-Riemann equations, 63, 72-74
gradient and, 70
harmonic functions obtained from.

73. 74
polar form of, 83, 84
proof of, 72, 73

Cauchy's convergence criterion, 141
Cauchy's inequality, 118. 124. 169

proof of, 124
Cauclay's integral formulae, 118

120-123
and related theorems, 118-138
for multiply-connected regions, 123
proof of, 120-122
use of, in analytic continuation, 278

Cauchy's integral theorem (see
Cauchy's theorem)

Cauchy's theorem, 95, 103-106 (see
also Cauchy-Goursat theorem)

consequences of, 96. 97. 106-108
converse of (see Morera's theorem)
proof of, 103

Cavitation, 259
Cell, 276, 203
Centripetal acceleration, 82
Centroid, 114
Chain rule, for differentiation, 65, 77,

84, 85
proof of, 84. 85

Change of variables, in integration,
93

Channel, mapping of, 208, 211
Charge distribution, 239
Charge, electric, 238

line (ace Line charge)
potential due to (see Potential)

Christoffel-Schwarz transformation,
204, 218-223

Circle, harmonic functions for, 119,
120

mappings of, 203, 204, 207, 216, 217
of convergence, 140, 143, 150
Poisson's integral formulae for.

119. 129, 130, 233
unit, 5, 201

Circular obstacle, flow around, 237,
238, 246, 250

Circulation, 234, 249
about a vortex, 249
flow with, 236, 249, 250

cis 5. 4
Closed curves, 68 (see also Simple

closed curve)
interval, 2
regions, 7
set-s. 7, 22, 23 (see also Closure)

Closure, law or property, 1, 3
of a set, 7, 22, 23

Coefficients, binomial. 16
Commutative law, of addition, 3, 8

of multiplication. 3, 8

307
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Compact set, 7, 22, 23
Comparison test, 141

proof of. 148
Complementary modulus of elliptic

functions, 276
Complement, of a region, 94

of a set, 8, 22, 23
Complex, conjugate, 2, 9

coordinates. 7 (see also Conjugate
coordinates)

differentiation, 68-91 (see also
Differentiation)

integration (see Integration)
line integrals, 92 (see also Line

Integrals)
number system, 2 (see also Com-

plex numbers)
Complex numbers, 2

absolute value of, 2, 4
addition of, 2, 8
as ordered pairs of real numbers, 3
axiomatic foundations of, 3, 13, 14
conjugate of, 2, 9
division of, 2
equality of, 2, 3
fundamental operations with,

2,8,9
graphical representation of, 3, 4,

10-13
imaginary part of, 2
multiplication of, 2
polar form of, 4, 14,15
product of, 2-4
quotient of, 2, 4
real part of, 2
roots of, 4, 18, 19
spherical representation of, 6
subtraction of. 2
vector interpretation of, 5

Complex plane, 3
entire or extended, 6

Complex potential, due to line charge.
252

in electrostatics, 238, 239, 252-254
in fluid flow, 235, 245-260

Complex temperature, 240, 241
Complex variable, 2, 33

functions of a, 33
Complex velocity, 235
Components, of a vector, 10
Composite functions. 39, 65
Condenser, 240
Conditional convergence, of infinite

products, 266, 267
of Infinite series, 140. 141

Conductivity, thermal, 240
Conductors, perfect, 240
Conformal mapping, 200-231

(see also Mapping)
conditions for, 201
definition of, 201
Dlrlchlet and Neumann problems

and, 233, 234 (see also Dirieblet
problem and Neumann prob-
lem)

harmonic functions under, 242
proof of, for analytic functions,

213, 214
solution of boundary-value prob-

lems by, 232-264
Conformal transformation (see Con-

formal mapping)
Conjugate coordinates, 7, 22, 69

and del operator, 69, 82, 83
equation of circle in, 22
Green's theorem expressed in, 95,

102, 108
Conjugate, functions, 63, 232

of a complex number, 2, 9
pairs, 20

Connected regions, 94
sets, 7, 22, 28
simply- (see Simply-connected

regions)
Constant of integration, 95, 96

Continuation, analytic (see Analytic
continuation)

Continuity, 38, 30, 53-54
and analyticity, 63, 71, 72
and uniform convergence, 142, MI
equation of. 234
in a region, 39, 40
theorems on, 39
uniform, 39, 40, 54

Continuous, curve or arc, 68
function (see Continuity)

Contour, 69
Contour integrals, 94

solution of differential equations
by, 270, 284, 285

Convergence, absolute (5cC Absolute
convergence)

circle of, 140. 143, 150
conditions] (see Conditional con-

vergence)
criterion of Cauchy, 141
of Infinite products (see Infinite

products)
of power series, 143
of sequences, 40, 54, 55, 139, 146,

147
of series, 41, 64, 56, 139, 147
radius of, 140, 150
region of, 139, 149, 150
tests for, 141, 142, 148-150
uniform (see Uniform convergence)

Convergent sequences, 40, 54, 55
Convergent Series, 41, 54, 55, 139, 147

necessary condition for, 41, 65, 139,
141

Coordinate curves, 34
Coordinates, conjugate, 7 (See also

Conjugate coordinates)
curvilinear, 34, 42
pblar, 4
rectangular, 3, 34

Coulomb's law, 238
Countability of a set, 8, 22, 23
Counterclockwise direction or sense,

69, 94
Critical points, 201, 214
Cross cut, 101
Cross product, 6, 20, 21

and curl, 70
Cross ratio, 203, 216

invariance of, 203
Curl, 70, 82, 83, 85

and cross product, 70
identities involving, 70

Currents, alternating, 91
Curves, 68, 69

acceleration along, 69, 82, 90
continuous. 68
coordinate, 34
direction or sense of. 69, 94
families of, 68
Integrals along, 92 (see also

Line integrals)
Jordan, 94
normal vector to, 70, 83
of infinite length, 111, 112
orthogonal, 68, 81
piecewise smooth, 69
rectifiable, 92
simple closed (see Simple closed

curve)
smooth, 68, 69
stream, 235
tangents to, 69, 83
velocity along, 69, 82

Curvilinear coordinates, 34, 42
Cut, branch, 37, 44

cross, 101
Cycloid, 113

mapping of, 228
Cylindrical obstacles, force on. 251,

252

Definite integrals, 92
evaluation of, by residues, 173, 174,

170-188, 193

Definite integrals (cont.)
special theorems used in evaluat-

ing, 174, 179, 182, 183
Degree, of polynomial equation, 5

of polynomial function, 34
Del. 69, 82. 83

and complex conjugate
coordinates, 69, 82, 83

Deleted neighbourhood. 7, 22
Delta neighbourhood, 7, 23
De Moivre's theorem, 4, 15-18

in terms of Euler's formula. 5, 16
proof of, 16

Denominator, 1
Density, fluid, 238
Dependent variable, 33
Derivative operators, 65
Derivatives, 63, 71, 72

anti-, 95
geometric interpretation of, 64
higher order, 66
of elementary functions, 66. 66,

74-78
of multiple-valued functions, 65,

66, 76, 77
of power series, 142, 143, 152, 153

Determinant, Jacobian (see Jacobian)
Determinants, multiplication rule

for, 215, 230
Diagonals of parallelogram, 12
I)iegraTn, Argand, 3
Dielectric constant, 238, 250
Differentiability, 63 (see also

Analytic functions)
continuity and, 63, 71, 72

Differential equation, 91, 269, 270,
283-285

Bessel's, 270-272, 284
Gauss', 273
general solution of (see General

solution)
hypergeornetric, 273
Legendre's, 272, 273
ordinary points of, 269
partial (see Partial differential

equations)
regular singular points of, 269,

283, 284
singular points of. 269, 283
solution of, by contour integrals,

270, 284, 285
Differential operators, complex, 69
Differentials, 64, 65, 74

principal part in, 64
rules for finding, 65

Differentiation, chain rule for, 65, 77,
84, 86

complex, 63-91
of series, 142, 143, 162, 153
rules for, 66, 74-78
under integral sign, 174, 175, 182

Dipole, 237, 240
moment, 237

Direction, of vector, 5
Direction or sense, of curve, 69

convention regarding, 94
Dirichlet problem, 232, 233, 243-246

(see also Neumann problem)
for the half plane, 233
for the unit circle, 233
solution of, by conformal mapping,

233. 234
uniquenesh of solution to, 256, 257

Discontinuities, 39 (see also
Singularities)

removable, 39, 53
Discontinuous functions, 39 (ace also

Continuity)
Disjoint sets, 8
Disk, unit, 201
Distance, between two points, 2, 4, 12

in complex plane, 4
Distributive law. 3, 9, 14

for sets, 23
Divergence, Identities involving, 10

of functions, 70, 82, 83
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Divergence (cont.)
of sequences and series, 40. 41, 139

(ace also Convergence)
Divergent SCIJUOnCOS, 40

series, 41, 139 (see also
Convergence)

Division, of complex numbers, 2
of real numbers, I

l)omain, 7, 22, 23
Dot product, 6, 21

divergence in terms of, 70, 82, 83
Double pole, 158
F),,liIet, 237, 210
I )ou bly- per iu,1 ic fo or moos, 2(6
Dummy symbol, 97
Dummy variable, 97
Duplication formula for the gamma

function, 268
Dynamics, fluid, 234 (see also Fluid

flow)

Elasticity, theory of, 263
Electric charges, 238

potential due to (see Potential)
Electric field intensity, 238, 239
Electricity, theory of alternating

currents in, 91
Electrostatic potential, 238, 239,

252-254
complex, 239, 252-264
sources and sinks in, 240

Electrostatics, applications to,
238-240

complex potential in, 239, 252254
Gauss' theorem in, 239

Elementary functions, 34 . 37, 44-48
derivatives of, 65, 66, 74-78

Element, of an analytic function,
146, 265

of a set, 7
Elements, function, 265
Ellipse, area of, 113, 230

mapping of, 209, 224
transformation of, on to real axis,

22!
Elliptic functions, 276, 277, 290-293

addition formulae for, 276. 295
Jacobian, 276
periods of, 276, 292, 293

Elliptic integral, 276, 277 )scc also
Elliptic functions)

of first kind, 276
of second and third kinds, 277

Entire functions, 145
infinite product representation of,

267
Entire or extended complex plane, 6
Equality, of complex numbers, 2, 3

of ordered pairs of real numbers, 3
Of vectors, 5

Equation, l,iharmonic, 263
differential (see Differential

equation)
indicial, 270, 284
Laplace's (see Laplace's equation)
of circle in conjugate coordinates,

22
of continuity, 234
of straight line in parametric,

standard and symmetric
form, 13

polynomial (ace Polynomial
equations)

product of roots of, 20
quadratic, 19
roots of, 5, 18, 20
solutions of. 18
sum of roots of, 20

Equations, parametric, 41, 62
transformation, 200

Equipotential lines or curves, 235,
239, 252

Error function, 275
asymptotic expansion of, 275

Essential singularities, 67, 80, 157

Essential singularities (cont.)
behavior of analytic function near,

160
defined front 	 series, 144
theorems involving, 145

Euler's constant, 268
Euler's formula, 5

and Be Moivre's theorem, 5, II,
Euler's identity, 305
Even functions, 45
Existence, of solutions to boundary-

value problems, 232
E pansions, nsymnptotic

(a,-,' A syiliptotic series)
series (Al-C Series)

Exponential functions, 35
relation of, to trigonometric func-

tions, 16, 17, 36
Exponential integral, 275

asymptotic expansion of, 275
Extended complex plane, 6
Extension, analytic (see Analytic

continuation)
Exterior, of a closed curve, 94
Exterior points, 7

Factored form, of polynomial equa-
tion, 5

Factorial function, 268 (see also
Gamma function)

Factor theorems of Weierstrass,
267, 282

Families of curves, 68
orthogonal, 68, 81

Field, 3
force, 111
intensity, 238, 239

Finite sequence, 40
Fixed or invariant points of a trans-

formation, 202, 217
Flow pattern, about an airfoil, 238
Flows (see also Fluid flow)

around circular obstacle, 237, 238,
246, 250

around obstacles, 2:17, 238, 250
due to source or sink, 237
special, 236, 237
stationary, 234
steady, 234
superposition of, 237
uniform, 236, 245
vortex, 249
with circulation, 236, 249, 250

Fluid, density, 238
dynamics, 234 (see also Fluid flow)
ideal, 234
incompressible, 234
pressure in, 238, 251
real, 234
viscous, 234

Fluid flow, applications to, 234-238,
245-260 (see also Flows)

complex potential in, 235, 245-250
sources and sinks in, 235-237, 247,

248
Flux, heat, 240

lines, 239, 241
Force field, Ill
Force, on a cylindrical obstacle, 251,

252
On an obstacle in a fluid, 238,

250-252
Fourier series, 170
Fractional linear transformation, 35,

203
t ross ratio 01, 203

Fractions. 1
Function elements, 266
Functions, 33, 41-50

algebraic, 36
analytic (see Analytic functions)
Ilessel (See Besse[ functions)
Beta (see Beta function)
bounded, 39
branches of, 33

Functions (cont.)
c.n,posite, 39, 65
e,,m,jllgate, 63, 232
continuous face Continuity)
,live,-gence of. 70, 82, 83
doubly-periodic, 276
elementary (ace Elementary

functions)
elliptic (Sc,' Elliptic functions)
entire, 14.6, 267
error, 275
even, 45
expansion of. in Laurent series,

III, 144, 155-158
ex pullout ia I, :15
factorial, 268 lace also Gamma

function)
garnn,a (ace Gamma function)
generating (al - C Generating

function)
harmonic (see Harmonic functions)
hyperbolic lace Hyperbolic

functions)
hypergeometric, 273, 288, 293
inverse, 33
lacunary, 146
Legendre (are Legendre functions)
limits of, 37, 38, 50-53
logarithmic (see Logarithmic

functions)
multiple-valued (see Multiple-

valued functions)
Neumann's, 271, 272
odd, 45
of it,',,ni ,iex variable, 33
of it function, 30
polynomial, 34
rational algebraic, 35
sequences of, 139, 146, 147
series of, 146, 147
single-valued, 33
stream, 235, 245
transcendental, 36, 37
trigon,,,netric (see Trigonometric

functions)
uniformly continuous, 39, 40
value of, 33

Fundamental theorem of algebra, 5,
119

proof of, using Liouville's theorem.
125

proof of, using Rouché's theorem,
128, 129

function, 222, 267-269,
280-282, 294

analytic continuation of, 268, 269,
281

asymptotic expansion of, 275, 289.
290

duolicatiun formula for, 268
recursion formula for, 268, 280

Gauss' differential equation, 273
mean value theorem, 119, 125
II function, 268
test, 142
theorem on electrostatics, 239

General solution, of a differential
equation, 269

of Bessel's differential equation,
271, 272, 284

(;e,tt'rimting function, for Besse]
functions, 271

for Legenda-e pol ynomials. 272
Geometric interpretations, of

derivatives, 64
of limits, 50

Geometric series, 148, 149
Geometry, applications to, 69, 81, 82
Goursat-Cauchy theorem

(see Cauchy-Goursat theorem)
Gradient, 69, 70, 82, 83, 85

as a vector normal to a curve. 70, 83
Cauchy-Rlemann equations and, 70
identities involving, 70
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Graphical representation, of complex
numbers, 3, 4, 10.13

of real numbers, 1
of roots, 18, 19

Greater, 1
Green's first and second identities,

117
Green's theorem In the plane, 95,

99-102
complex form of. 95, 102, 103
generalization of, 114
in conjugate coordinates, 95, 102.

103
proof of Cauchy's theorem using,

103
proof of, for multiply-connected

regions, 101
proof of, for simply-connected

regions, 99, 100

Half plane, Dirichlet problem for,
233

harmonic functions for, 120
mapping of, on to unit circle, 208,

204. 216, 217
Poisson's integral formulae for,

120, 130, 233
Hardy, 274
Harmonic functions, 63, 64. 70, 73,

74, 86, 232, 233, 241-243
and Poisson's integral formulae.

119, 120
for a circle, 119, 120
for a half plane, 120
obtained from Cauchy-Riemann

equations, 73, 74
relation of, to analytic functions,

131
under conformal mappings or

transformations, 242
Harmonic motion, simple, 82
Heat flow, applications to, 240, 241,

254, 256
Heat flux, 240
Heine-Borel theorem, 8
Hexagon, mapping of, 280
Higher order derivatives, 86
Holomorphic, 63 (see also Analytic)
Hydrodynamics, 234 (see also Fluid

flow)
Hyperbola, mapping of, 228
Hyperbolic functions, 35

inverse, 36, 48
properties of, 36, 46
relation of, to trigonometric

functions, 36
Hypergeometric differential

equation, 273
Hypergeometric function, 273, 288,

293
Hypèrgeometric series, 169
Hypocycloid, 113, 114

mapping of, 228

Ideal fluid, 234
Identities involving gradient,

divergence and curl, 70
Identity with respect to addition, 3

with respect to multiplication, 3
Image, 33, 34, 200
Imaginary axis, 4
Imaginary numbers, pure, 2
Imaginary part, of analytic function,

84
of complex number, 2

Imaginary unit, 2
as ordered pair of real numbers, 3

Incompressible fluids, 234
Increment, 64
Indefinite integrals, 95, 107
Independence of path, 96, 102, 106

necessary and sufficient condition
for, 102

Independent variable, 33

Indeterminate forms, 67 (see also
L'Hospital's rule)

Indicial equation, 270, 284
Induction, mathematical, 16
Infinite length, of curves, 111, 112
Infinite products, 266, 261, 279, 280,

293, 294
absolute, conditional and uniform

convergence of, 266, 267
important theorems on. 267
rearrangement of terms in, 266
special, 267, 280

Infinite sequence, 40 (ice also
Sequences)

Infinite series, 40.41 (see also Series)
Infinitesimal, 74
Infinity, 38

point at, 6, 88, 47, 80, 81
singularities at, 68, 145

Initial point, of vector, 5
Inside, of simple closed curve, 94
Integers, I
Integrable, 92
Integral, along a curve, 92 (lee also

Line integrals)
differentiation under, 174, 175, 182
elliptic, 276, 277 (see also Elliptic

functions)
exponential, 275
formulae of Cauchy (see Cauchy's

integral formulae)
formulae of Poisson (see Poisson's

integral formulae)
line, 92 (see also Line integrals)
test, 141

Integrals, analytic continuation of,
265, 279

Cauchy principal value of, 174
contour (see Contour Integrals)
definite (see Definite Integrals)
evaluation of, by residues, 173, 174

179-188, 193
of special functions, 96, 109, 110

Integration, around a singularity,
184

branch points and, 185, 186, 193.
194

by parts, 109, 110
change of variables In, 93
complex. 92-117
constant of. 95, 96
contour, 94
of series, 142, 162

Intensity, electric field, 239, 239
Interior, of a simple closed curve, 94
Interior points, 7, 22, 23
Intersection of sets. 8, 23
Interval, closed, 2

open, 2
Invariance, of cross ratio, 203
Invariant or fixed points of a trans-

formation, 202, 217
Inverse, with respect to addition, 1,3

with respect to multiplication, 1, 3
Inverse functions, 33
Inverse hyperbolic functions, 36, 48

relation of, to logarithmic
functions, 36

Inverse transformation, 200
Inverse trigonometric functions, 36,

48
relation of, to logarithmic

functions, 36
Inversion, 202. 217
Involutory transformation, 230
Irrational numbers, 1
Irregular singular point, 269. 283,

284
Irrotational, 234
Isogonal mapping, 201
Isolated singularity, 67, 79, 80, 144

behaviour of analytic function near,
160

Isothermal lines, 241

Jacobian elliptic function, 276
(see also Elliptic functions)

Jacobian, of a transformation, 200,
214-216

of conformal transformation, 201,
214-216

Jensen's theorem, 138
Jordan curve, 94
Jordan curve theorem, 94
Joukowski airfoils or profiles, 224
Joukowskl, transformation, 224, 229
Kernel, 270
Lacunary function, 146
Lagrange's expansion, 145, 159

proof of, 169
Landen's transformation, 804
Laplace's equation, 63, 64, 232, 233

and Dirichlet or Neumann prob-
lems, 232, 233 (tee also
Dlrichlet problem and'
Neumann problem)

In polar form, 84
Laplace's method, 276 (see also

Steepest descents, method of)
Laplacian operator, 63, 70, 82, 83
Laurent's series, 143, 144 (see also

Laurent's theorem)
analytic part of, 144
classification of singularities from,

144, 145. 151, 158
expansion of functions in, 143, 144,

156-168
principal part of, 144
residues and, 172

Laurent's theorem. 143, 144, 155-157
(see also Laurent's series)

proof of. 155-157
Least upper bound, 62, 93
Legendre functions, 272, 273, 287.

288 (see also Legendre
polynomials)

associated, 305
properties of, 272

Legendre polynomials, 161, 162, 272,
293 (sec also Legendre functions)

generating function for, 272
orthogonality of, 287
recursion formula for, 272. 287,288
relation of, to hypergeometrlc

function, 293
Schlaefli's formula for. 161, 162

Legendre's differential equation, 272
general solution of, 272, 273

Leibnitz's rule, 174, 175, 182
Lemniacate, mapping of, 229
Length or magnitude of a vector, 5
Lens-shaped region, mapping of, 207
Less, I
L'Hospital's rule, 67.78,79

proof of, 78
use of, in evaluating residues, 177

Limit points, 7, 22, 23
Limits, 37, 38, 50-53

geometric interpretation of, 50
of functions, 37, 38, 50-53
of sequences. 40, 51-53, 55

(lee also Sequences)
theorems on, 38. 51-53
uniqueness of, 38, 40, 51, 140

Linearly independent solutions of
differential equations, 269. 270

Linear magnification factor, 201
Linear transformation, 34, 203

fractional, 35, 203
Line (see Straight line)
Line, branch, 37, 44, 48-50

equipotential, 235, 239, 252
isothermal. 241
stream, 235

Line charge, 239. 240
complex potential due to, 252

Line integrals. 92, 98, 99
complex. 92, 98
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Line integrals (cont)
connection between real and

complex 93
properties of, 93, 99
real, 92, 98

Line sinks, 235 (see also Line sources)
Line sources, 235

complex potential due to. 247, 252
Liouville's theorem, 119, 124, 125. 145

fundamental theorem of algebra
and, 125

proof of, 124, 125
Logaritl.niie functions, :3(1, 46

branch 1,,,jnt of. 40, 'if;, iu
principal branch of, 36, 46
relation of, to hyperbolic

functions 36
Logarithm, natural, 35, 36 (8cc also

Logarithmic functions)

Maclaurin series, 143
Magnification factor, 201, 214
Magnitude or length of a vector, 5
Many-valued function, 33 (see also

Multiple-valued functions)
Mapping, 33, 41-43, 200 (see also

Transformations)
conformal (see Conformal

mapping)
ia,g,,iin, 201
of annular region, 211
of cardioid, 210, 229
of channel, 208, 211
of rycluid, 228
of ellipse, 200, 221, 224
Of half plane on to s circle, 203,

204, 216. 217
of hexagon, 230
of hyperbola, 228
or hypocycloid, 228
of leinniscate, 229
of lens-shaped region, 207
of parabola, 208, 210, 228
of polygon, 204, 218-221, 223
of re,'taiiglr, 209, 211
of sector, 206, 207
of semi-circle, 206, 207
of strip, 205, 206, 210, 211, 219
of triangle, 209, 221. 222
of Unit circle, 203, 204, 207, 216,

217
of wedge-shaped regions, 225
one to one, 200

Mapping functions, 34, 41, 42, 57
complex, 200. 201
conformal (see Conformal

mapping)
special, 205-211, 218

Mapping theorem of Riemann, 201,
202, 233

Mathematical induction, if,
proof of Dc Moivre's theorem by, 36

Mathematical model, 234
Maximum modulus theorem, 119, 125,

126
proof of, 125, 126, 135

Mean value theorem of Gauss, 119,
125

Mechanics, applkations to. 69, 81, 82
Member, of a set, 7
Meronu,ri'i, Ic Iwuctjons, 145
Minimum  modulus theorem, 139, 126,

127
Mittag-Leffler's expansion theor

175, 191, 192
1 ,ro,,f ,,f, fill, 192

Model, mathematical, 234
Modulus. complementary, 276
Modulus, of complex numbers, 4

of elliptic functions. 276
Modulus theorems (see Maximum Mi

Minimum modulus theorems)
Mod x (see Modulus of complex

numbers)

Moment, dipole. 237
Moment, of pressure forces, 238, 251
Monotonic increasing or decreasing

sequences, 141
Morera's theorem, 95, 130, 111, 118,

160
proof of, 110, Ill, 124
use of, in analytic continuation, 278

M test of Weierstruss, 142, 150, 151,
267, 282

Multiple-valued functions, 33, 37, 43,
44, 67, 76

derivatives of, 65, 66, 76, 77
Mmii Ii plea 1i,,n, ussoc jative law of,

:1, 8
commutative law of, 3, 8
identity with respect to, 3
inverse with respect to, 1, 3
of determinants, 215, 230
of real numbers, I

Multiply-connected regions. 93, 94
Cauchy-Gouraat theorem for, 106
Green's theorem for, 101

Mutually exclusive sets, 8

Natural base of logarithms, 35
Natural boundary, 146, 159, 265
Natural logarithm. 35, 36 (see also

Logarithmic functions)
Natural numbers, I
Negative integers, 1
Neighbourhood, deleted, 7, 22

delta, 7, 23
Nested triangles, 304
Neumann problem, 232, 233, 243-245

(see also Dirichlet problem)
solution of, by conformal mapping,

233, 234
solution of, in terms of Dirichlet

problem, 262
uniqueness of solution to, 202

Neumann's function, 271, 272
Non-analytic functions, 71
Non-isolated singularity, 67, 80
Normal vector to curves, 70. 83
North i,ole, 6
nth roots of unity, 5, 21
nth root test, 143
Null set. 8, 23
Numbers, I

,mlgelmraie, 2:1
Bernoulli, 171, 273
complex (see Complex numbers)
irrational, 1
natural, I
prime, 274
real. 1
theory of. 273
transcendental, 23

Numerator, I

Obstacles, flow around. 237. 238, 250
force on cylindrical, 251, 252

Odd functions, 45
One to one mapping or transforma-

tion. 200
Open interval, 2
Open regions, 7, 22, 23
Open sets, 7, 22, 23
Operators, 37, 82

derivative, 65
Laplacian, 63, 70, 82, 83

Order, of a pole, 67, 144
of a zero, 67

Ordered pairs, of real numbers, 3
graphical representation of, 3, 4

Ordinary point, 67, 269
of a differential equation, 269

Origin, 1
Orthogonal families. 68. 81

act, 287
trajectories, 81

Orthugonality, of associated
Logendre functions, 805

of Legendre polynomials, 287

Outside, of a simple closed curve, 94

I'arabola, mappings of, 208. 210, 228
Parallelogram, area of, G. 21

diagonals of, 12
law, 6, 10, 11
period. 276, 293

Parallel vectors, 6
l'aranietru- emjumitr,,Ims, of a curve,

43, 68
of a line, 13
use of, in mapping, 205, 221, 228

Partial differential equations, 85, 86,
2:32

Dirichilot and Neumann problem of
(see Dirichlet. problem and
Neumann problem)

Partial sums, of infinite series, 40,
130

Path, independence of, 90, 102, 106
Perfect conductors, 240
Period, of exponential function, 45

of simple harmonic motion. 82
Period parallelograms of elliptic

functions, 276, 203
Periods, of elliptic functions, 276,

292, 293
Perpendicularity of vectors, 6
Picaril's theorem, 145
Piecewise smn,,m,t.h curve. 09
l'Iane, conm,ht'n , 3, 6

z, 4
Planets, motion of, 82
Point at infinity, 6, 38, 47, 80, 81
l'oiimts, lmoommdary, 7, 22, 23

branch (arc Branch points)
critical, 201, 214
distance between, 2, 4, 12
exterior, 7
in ,-onhimlex t,1itm1, 3
initial, 5
interior, 7, 22, 23
limit, 7, 22, 23
on real axis, 1
ordinary. 07, 209
smIdhi', 274
singular (see Singular points)
stagnation, 235
terminal, 6

Point sets, 7. 8. 22, 23
Poisson's integral fc,rn;ulae, for a

circle, 119, 129, 130, 233
for a half plane, 120. 130, 233

Polar coordinates, 4 (see also Polar
form)

Polar form, of Cauchy-ltiemaflfl
equations. 83, 84

of complex numbers, 4, 14, 15
of Laplace's equation. 84

Pole, north and south. 6
Poles, 67, 79, 157, 158

defined from Laurent series, 144
double, 158
number of, 119
order of, 67, 144
series expansion in terms of. 175,

191, 392
simple, 67, 80

Polygon, mapping of, on to half
plane. 204, 218, 219, 223

mapping of, oil 	 unit circle, 220,
221

Polynomial equations, 5, 19,20,23,36
degree of, 6
factored form of, 5
fundamental theorem of algebra

for, 5, lID, 125. 128, 129
l'olyiiomnial functions. 34

degree of. 34
Polynomials, Legendre (see Legendre

polynomials)
zeros of, 5, 20

Position vector, 5, 09
Positive integers, 1
Positive sense or direction, 94
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Potential, 238, 252. 263
complex. 235, 245-250
due to charge and plane, 253
due to charge between two parallel

planes, 253, 254
due to two c ylinders, 256
electrostatic, 238, 239, 252-264
velocity, 234, 235

Power series, 140
absolute convergence of. 152
analytic continuation of

(see Analytic continuation)
circle of convergence of, 140, 143
continuity of, 142
differentiation of, 142, 143, 152, 153
integration of, 142, 162
radius of convergence of, 140, 150
singularities and, 143, 146
theorems on, 142, 152, 163
uniform convergence of, 142. 152,

153
Pressure, in a fluid, 238, 251
Prime numbers, 274
Principal branch, 33, 44, 46

of inverse hyperbolic functions, 48
of logarithmic functions, 36
of trigonometric functions, 48

Principal part, in differentials, 64
of Laurent series, 144

Principal range, 4, 44
Principal value, 4, 33

of integrals, 174
of logarithms, 36, 46

Product, cross (see Cross product)
dot (see Dot product)
infinite (see Infinite product)
of complex numbers, 24
of natural numbers, 1
of ordered pairs of real numbers, 3
of roots of an equation, 20
scalar, 6 (see also Dot product)

Profiles, Joukowskj, 224
Projection, of vectors, 6

stereographic, 6, 229
Proper subset, 8
p-series, 148, 149
Pure imaginary numbers, 2

Quadratic equation, 19
Quotient, 1

of complex numbers, 2,4

Raabe's test, 141
Radius of convergence, 140, 150
Range, principal, 4, 44
Ratio, cross, 203, 216

test, 141, 149
Rational algebrai' functions, 36
Rational numbers, 1
Rational roots of an equation, 20
Rational transformation, 36
Ratio test, 141

proof of, 149
Real axis, 1, 4

points on, 1
Real fluid, 234
Real line integrals, 92 (see also Line

integrals)
Real numbers, 1

absolute value of, 2
addition of, 1
division of, I
graphical representation of, I
operations with, 1
ordered pairs of, 3

Real number system, 1
Real part, of analytic function, 84

of complex number, 2
Real variable, 2
Rearrangement of terms, in infinite

series, 141
of infinite product, 266

Rectangle, mapping of, on to annulus,
211

mapping of, on to half planet 209

Rectangular coordinates, 3. 34
Rectifiable curve, 92
Recursion formulae, For Bessel

functions, 271, 286
for gamma function. 268, 280
for Legendre polynomials, 272,

287, 288
Reflection principle, Schwarz's, 266,

279
Region, 7, 22,23

annular, 143, 211
area of, 113, 114
closed, 7
complement of, 94
connected, 94
continuity in. $9, 40
multiply-connected, 93, 94
of convergence, 139, 149, 150
open, 7, 22, 23
simply-connected (see Simply.

connected regions)
Regular, 63 (see also Analytic)
Regular singular point, 269, 283, 284
Removable discontinuity, 39, 53
Removable singularity, 67, 80, 144,

157
defined from Laurent series, 144

Repulsion, of electric charges, 238
Residues, 172, 173, 176-179

(see also Residue theorem)
calculation of, 172, 173, 176-179
evaluation of integrals by, 133, 173,

174, 179-188, 193
relation of, to Laurent series, 172
summation of series using, 175,

188-191, 194, 195
use of L'liospital's rule in

evaluating, 177
use of series in finding, 178

Residue theorem, 173, 176-179
(see also Residues)

proof of, 176
Resultant, of vectors, 10
Riemann-Cauchy equations (see

Cauchy-Riemann equations)
Riernann's conjecture, 274
Ricmann sphere, 6
Riemann's mapping theorem, 201,

202, 233
Riemann surfaces, 37, 48-60

and analytic continuation, 265
sheets of, 37

Rlemann's zeta function, 273, 274, 288
Rodrigue's formula, 161
Roots, graphical representation of,

18, 19
number of, 129
of complex numbers, 4, 18, 19
of equations, 5, 18, 20
of unity, 5, 21
product of. 20
rational, 20
sum of, 20

Root test, 141
Rotation, of vector, 14, 15, 17

transformation, 202, 212-214, 217
Rouché's theorem, 119, 128

fundamental theorem of algebra
proved by, 128, 129

proof of, 128

Saddle point method, 274
Saddle points, 274
Scalar, 69
Scalar product, 6, 21, 70, 82, 83

(see also Dot product)
Schlaefii'a formula for Legendre

polynomials, 1 61. 162
Schwarz-Christofl'eI transformation,

204, 218-223
proof of, 218, 219, 223

Schwarz's Inequality, 32
Schwrz's reflection principle, 206,

279

Schwarz's theorem, 132
Sectionally smooth curve, 69
Sector, mapping of, 206, 207
Sense or direction of curve, 69

convention regarding, 94
Sequences, 40, 54, 65, 57, 139, 148, 147

bounded, 141
convergence of, 40, 64, 55
divergent, 40
finite, 40
important theorems on, 140-144
limits of, 40, 61-53,65
monotonic, 141
of functions, 139, 146, 147
terms of, 40
uniform convergence of, 140, 147,

148
Series, 40, 41, 54, 55, 57, 139-171

absolute convergence of (see Abso-
lutely convergent series)

alternating, 142
analytic continuation of, 146, 159,

265, 279 (see also Analytic
continuation)

asymptotic, 274 (See also
Asymptotic expansions)

conditional convergence of, 140,
141

convergence of, 41, 54, 55, 139, 147
differentiation of, 142, 143, 152, 153
divergent, 41, 139

(see also Convergence)
Fourier, 170
geometric, 148, 149
hypergeometric, 169
important, theorems on, 140-144
integration of, 142, 152
Laurent's (see Laurent's series)
Maclaurin, 143
M ittag-Leffler, 175, 191, 192
of functions, 146, 147
1'-, 148, 149
partial sums of, 40, 139
power (see Power series)
rearrangement of terms in, 141
residues obtained by, 178
speciai, 143, 175
sum of, 41, 139
summation of, 175, 188-191, 194,

195
Taylor's, 143, 163-165
uniform convergence of, 140, 147,

148
Sets, 1

boundary points of, 7, 22, 23
bounded, 7, 22, 23
closed, 7, 22, 23
closure of, 7, 22, 23
compact, 7, 22, 23
complement of, 8, 22, 23
connected, 7, 22, 23
countability of, 8, 22, 23
disjoint or mutually exclusive, 8
distributive law for. 23
elements or members of, 7
exterior points of, 7
interior points of, 7, 22, 23
intersection of, 8, 23
null, 8, 23
of points in the complex plane, 3,6
open, 7, 22, 23
orthogonal, 287
point, 7, 8, 22, 23
subset of, 1, 2, 8
unbounded, 7
union of, 8, 23

Sheets, of Rietnann surface, 37
Simple closed curve, 68, 93

area bounded by, 113, 114
exterior of, 94
interior of, 94

Simple harmonic motion, 82
Simple pole, 67, 80
Simple zero, 67
Simply-connected regions, 93,94
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Simply-connected regions (cont)
Cauchy-Goursat theorem for, 105,

1061
Cauchy's theo l-ent for, 103
Green's theorem for, 96, 99, 100

Single-valued function, 33
Singularities, 37, 68 (see 15180

Singular points)
and analytic continuation, 146
and convergence of power series

143,146
behaviour of analytic functions

near, 160
classification of, by Laurent series,

144,146, 157, 158
essential (flee Essential

singularities)
integration around, 184
iolnted, 67, 79, 80, 144, 150
removal,1,,, 67, 80, 144, 157

Singular I,oints, 67, 68, 79-81
(8cc also Singularities)

of a differential equation, 269, 283
regular and irregular, 269, 283, 284

Sinks, 235, 236, 240 (see also Sources)
in electrostatics, 240
in fluid flow, 235, 236
line, 235

Smooth curve or arc, 68,69
Solar system, motion of planets in, 82
Solutions, linearly independent, 269,

270
of an equation, 18
of differential equations, 269, 270

(ace also Differential
equation)

Sources, in electrostatics, 240
in fluid flow, 235-237, 247, 248
line, 235, 247, 252
strength ,f, 235 247

South pole, 6
Speed, 82 (8cc also Velocity)
Sphere, Riemann, C

unit, 6
Sperical representation of complex

numbers, 6
Square roots, determination of, 19
Stagnation points, 236
Standard form of equation of line, 13
Stationary flow, 234
Stationary phase, method of, 275

(see 0180 Steepest descents,
method of)

Steady flow, 234
Steady-state temperature, 240, 254,

255, 257, 268
Steepest descents, method of, 274,

275, 288-290
Stereographic projection, 6, 229
Stirling's asymptotic formula, 275
Straight line, equation of, 13

mapping of curve into, 205, 221,
228

Stream function, 235, 245
Streamlines or stream curves, 235
Strength, of a source, 236. 247

of a vortex, 237
Stretching, 202, 212, 217
Strip, mapping of, 205, 206, 210, 211,

219
Subset, 1, 2,8
Subtraction, of complex numbers, 2

of real numbers, 1
Successive transformations, 203
Sum, of infinite series, 41, 139

of natural numbers, 1
of ordered pairs of real numbers, 3
of roots of an equation, 20

Sum function, discontinuity of, 148
of series, 139, 148

Summation of series, 176, 188-191,
194, 195

Superposition of flows, 237
Surfaces, Rie,nann, 37, 48 .60, 265

Symmetric form of equation of line,
13

Tangent, to a curve, 09. 83
Taylor's series, 143, 153-155
Taylor's theorem, 143, 153-155

proof of, 153, 154
Temperature, complex, 240, 241

stedy--stnte, 240, 254, 255, 257, 258
'I'erniinnl point, of vector, 5
Terms, of a sequence, 40

rearrangement of, in a series, 141
removal or addition of, to a series,

141
'Feats for convergence, 141, 142,

148-150
alternating series, 142
comparison, 141, 148
Gauss', 142
integral, 141
nth root, 141
Raabe's, 141
ratio, 141, 149

Thermal conductivity, 240
Trsic'ories, orthogonal, 81
Transcendental functions, 36, 37
Transcendental numbers, 23
Transformation equations, 200
Transformation, Joukowski, 224, 229
Transformations, 33, 34, 41-43, 200,

211-213 (Sec also Mapping)
bilinear (see Bilinear

transformation)
conformal (see Conformal

mapping)
fixed or invariant points of, 202,

217
fractional linear, 35, 203 (see also

Bilinear transformation)
general, 202
inversion, 202. 217
involutory, 230
Jacobian of, 200, 201, 214-216
Jankowski, 224, 229
Landen's, 304
linear, 34, 203
of boundaries in parametric form,

205, 221, 228
rational, 35
rotation, 202. 212-214, 217
Schwar-ChristolTel, 204, 218-223
special, 206-211
stretching, 202, 212, 217
successive, 203

Translation, 202, 212, 217
Transmission line cables, 256
Triangle, mapping of, 209, 221,222
Triangles, areas of, 22

nested, 104
Trigonometric functions, 35

in terms cf exponential functions,
16, 17, 35

principal branch of, 48
properties of, 36,45
relation of, to hyperbolic functions,

36
zeros of, 46

Unbounded sets, 7
Uniform continuity, 39, 40, 54
Uniform convergence, 140, 142, 147,

148, 160-163, 160
and continuity, 142, 151
of infinite products, 266, 267
of power series. 142, 1132, 153
of sequences, 140, 147, 11$
of series, 140, 147, 148
theorems on, 142, 160-152

Uniform flow, 236, 245
Uniform continuity, 39, 40, 54
Uniformly continuous functions, 39,

40, 64
Uniformly convergent series

(See Uniform convergence)

Union of sets, 8, 23
Uniquene, of limits, 38, 40, 51, 140

of solution to Dirichlet problem,
256, 257

of solution to Neumann problem, 202
theorem for analytic continuation,

265
Unit cell, 276. 293
Unit circle, 5, 201

1) iri,lili,t problem for, 233
mal>Pifl gS on to, 203, 204, 207, 216.

217
Poisson's integral formula for,

119, 129. 130, 233
Unit ,link, 201
Unit sphere, C
Unity, nth roots of, 5, 21
Upper bound, 62, 93

Value, nl,solutt' (arc Absolute value)
of it function, 33
principal (see Principal value)

Variables, 2, 33
change of, in integration, 93
complex, 2, 33
dependent, 33
dummy, 97
independent, 33
real, 2

Vectors, 5, 10-13
additi,in ,,f, 1, II, lb
angle l,etween. 21
components of, 10
equality of, 5
initial point of, 5
im.lc'rpretatiort of complex numbers

as, 5
length or magnitude of, 5
normal, to a curve, 70,83
parallel, 6
1ierpi'n.Iiculmtrity (If, 0
projection of, C,
resultant of, 10
rotation of, 14, 15, 17
terminalal point of, 5

Velocity, along curve, 09, 82
Velocity, complex, 235
Velocity potential, 234, 245
Viscous fluid, 234
Vortex, 237, 249

circulation about, 241)
strength of, 237

Vortex flow, 249

Wedge-shaped region, mapping of,
225 (sec also Sector)

Weierstrass-Bnlzano theorem, 8. 23
Weierstrass-Casoratl theorem, 145
Weleratrass factor theorems, 267, 282
Weierstrasa M test. 142. 150, 151

analogue of, for infinite products, 261
proof of, 150

Weierstrass' theorem for infinite
products, 267, 282

Wing, of airplane. 224
(see ,mlao Airfoil)

Work, 111

x axis, 3

p axis, 3

Zero, 1
Ze rI,s, iii, nil, or,' 1. I 19

of polyli,'uml I,ils, 5, 20
of trigonometric functions, 45
order of, 67
simple, 67

Zeta function, of ltieinann, 273, 274,
288

analytic continuation of. 273
z plaie. 4

ent4i'e, 6

0


