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Preface

The theory of sets lies at the foundations of mathematics. Concepts in set theory,
such as functions and relations, appear explicitly or implicitly in every branch of
mathematics. These concepts also appear in many related fields such as computer
science, the physical sciences, and engineering. This text is an informal, nonaxio-
matic treatment of the theory of sets.

The material is divided into three Parts, since the logical development is thereby
not disturbed while the usefulness as a text and reference book on any of several
levels is increased. Part I contains an introduction to the elementary operations of
sets and a detailed discussion of the concepts of relation and function. Part II
develops the theory of cardinal and ordinal numbers in the classical approach of
Cantor. It also considers partially ordered sets, and the Axiom of Choice and its
equivalents including Zorn's lemma. Part ill treats those topics which are usually
associated with the elementary theory of sets, that is, logic and Boolean algebra.

This second edition of Set Theo,i' covers more material than the first edition. In
particular, it includes a deeper discussion of the real numbers R and a more complete
discussion of the integers Z. Furthermore, it includes a discussion of algorithms and
their complexity in the chapter on functions, and it includes new material, including
Karnaugh maps, in the chapter on Boolean algebra.

Each chapter begins with clear statements of pertinent definitions, principles,
and theorems together with illustrative and other descriptive material. This is fol-
lowed by graded sets of solved and supplementary problems. The solved problems
serve to illustrate and amplify the theory, bring into sharp focus those fine points
without which the student continually k'els himself on unsafe ground. and provide
the repetition of basic principles so vital to effecti ve learning. Numerous proofs of
theorems and derivations of basic results are included among the solved problems.
The supplementary problems serve as a complete review of each chapter.

Finally, the author wishes to thank the staff of the McGraw-Hill Schaum's
Outline Series, especially Barbara Gilson, Mary Loebig Giles, and Maureen Walker,
for their excellent cooperation.

SEYMOUR LIPSCHUTZ

Temple University



Contents

PART I	 Elementary Theory of Sets

Chapter 1 SETS AND BASIC OPERATIONS ON SETS ..........
1.1 Introduction. 1.2 Sets and Elements. 1.3 Universal Set, Empty
Set. 1.4 Subsets. 1.5 Venn Diagrams. 1.6 Set Operations. 1.7 Alge-
bra of Sets, Duality. 1.8 Finite Sets, Counting Principles. 19 Classes of
Sets, Power Sets. 1.10 Arguments and Venn Diagrams. 1.11 Mathema-
tical Induction. 1.12 Axiomatic Development of Set Theory.

Chapter 2	 SETS AND ELEMENTARY PROPERTIES OF THE REAL
NUMBERS ........................ 34
2.1 Introduction. 22 Real Number System R. 2.3 Order and Inequal-
ities. 2.4 Absolute Value, Distance. 2.5 Intervals. 2.6 Bounded Sets,
Completion Property. 2.7 integers Z (Optional Material). 2.8 Greatest
Common Divisor, Euclidean Algorithm. 2.9 Fundamental Theorem of
Arithmetic.

Chapter 3	 RELATIONS ....................... 64
3.1 Introduction. 3.2 Product Sets. 33 Relations. 3.4 Pictorial Repre-
sentations of Relations. 3.5 Composition of Relations. 3.6 Types of
Relations. 3.7 Closure Properties. 3.8 Partitions. 3.9 Equivalence
Relations. 3.10 Partial Ordering Relations. 3.11 n-Ary Relations.

Chapter 4	 FUNCTIONS ....................... 94
4.1 Introduction. 4.2 Functions. 4.3 Composition of Functions. 4,4
One-to-One, Onto, and Invertible Functions. 4.5 Mathematical Func-
tions, Exponential and Logarithmic Functions. 4.6 Recursively Defined
Functions.

Chapter 5	 FURTHER THEORY OF SETS AND FUNCTIONS ....... . *17
5.1 Introduction. 5.2 Operations on Collections of Sets. 5.3 Indexed
Collections of Sets. 5.4 Sequences, Summation Symbol. 5.5 Fundamen-
tal Products. 5.6 Functions and Diagrams. 5.7 Special Kinds of Func-
tions, Fundamental Factorization. 5.8 Associated Set Functions. 5.9
Choice Functions. 5.10 Algorithms and Functions. 5.11 Compkity
of Algorithms.

PART II	 Cardinals, Ordinals, Transfinite Induction

Chapter 6	 CARDINAL NUMBERS ................... 14*
6.1 Introduction. 6.2 One-to-One Correspondence, Equipoten t Sets.
6.3 Denumerable and Countable Sets. 6.4 Real Numbers R and the
Power of the Continuum. 6.5 Cardinal Numbers. 6.6 Ordering of
Cardinal Numbers. 6.7 Cardinal Arithmetic.



V1
	

CONTENTS

Chapter 7	 ORDERED SETS AND LATIICES	 . 166
7. I Introduction. 7.2 Ordered Sets. 7.3 Set Constructions and
Order. 7.4 Partially Ordered Sets and Hasse Diagrams. 7.5 Minimal
and Maximal Elements. First and Last Elements. 7.6 Consistent Enu-
meration. 7.7 Supremimi and Infinium. 7.8 Isomorphic (Similar)
Ordered Sets. 7.9 Order Types of Linearly Ordered Sets. 7.10 Lat-
tices. 7.11 Bounded, Distributive, Complemented Lattices.

Chapter 8	 ORDINAL NUMBERS . . . . . . . . . . . . . . . . . . . . 204
8.1 Introduction. 8.2 Well-Ordered Sets. 8.3 fransfinite  Induc-
tion. 8.4 Limit Elements. 8.5 Initial Segments. 8.6 Similarity Between
a Well-Ordered Set and Its Subsets. 8.7 Comparison ol Well-Ordered
Sets. 8.8 Ordinal Numbers. 8.9 Inequalities and Ordinal Num-
bers. 8.10 Ordinal Addition. 8.11 Ordinal Multiplication. 8.12 Struc-
ture of Ordinal Numbers. 8.13 Auxiliary Construction of Ordinal
Numbers.

Chapter 9	 AXIOM OF CHOICE, ZORN'S LEMMA, WELL-ORDERING
THEOREM ........................ 219
9.1 Introduction. 9.2 Cartesian Products and Choice Functions. 9.3
Axiom of Choice. 9.4 Well-Ordering Theorem, Zorn's Lemma. 9.5
Cardinal and Ordinal Numbers. 9.6 A!ephs 9.7 Paradoxes in Set
Theory.

PARI' III	 Related Topic's

Chapter 10	 LOGIC AND PROPOSITIONAl. CALCULUS ..........229
10.1 Introduction.	 10.2 Propositions and Compound Propositions.
10.3 Basic Logical Operations.	 10.4 Propositions and Truth Tables.
10.5 Tautologies and Contradictions. 10.6 Logical Equivalence.
10.7 Algebra of Propositions. 10.8 Conditional and Bieonditional
Statements. 10.9 Arguments. 10.10 Logical Implication. 10. II Prop-
ositional Functions. Quantifiers. It).! 2 Negation of Quantified State-
ments.

Chapter 11	 BOOLEAN ALGEBRA . . . . . . . . . . . . . . . . . . . . 252
11.1 Introduction. 11.2 Basic Definitions. 11.3 Duality. 11.4 Basic
Theorems. 11.5 Boolean Algebras as Lattices. 11.6 Representation
Theorem. 11.7 Sum-of-Products Form For Sets. 11.8 Sum-of-Products
Form for Boolean Algebras. 11.9 Minimal Boolean Expressions, Prime
Implicants. 11.10 Karnaugh Maps.

INDEX ................................. 28!


