- INTEGRAL CALCULUS

CHAPTER 1
DEFINTION AMD FUNDAMENTAL PROPERTIES

1.1. Two view-points of Integration.

There are two distinct view-points from which the process of
integration can be considered. We may consider integration as the
inverse of differentiation and make this as our starting point; or else,
we may start with defining integration as a certain summation and
then proceed to show that the result is identical with the reversal
of a differentiation.

The establishment of an identity of the two view-peints is
referred to as the Fundamental Theorem of Integral Calculus. We
shall consider both the points of view, starting first of all with the
former, reserving the consideration of the latter for a subsequent
chapter.

1.2. Integration, the inverse process of differentiation.

If f(x) be a given function of x and if another function F(x) be
obtained such that its differential cocfficient with respect to x is
equal to f(x), then F(x) is defined as an integral, or more properly an
indefinite integral of f(x) with respect to x.

The process of finding an integral of a function of x is called In-
fegration and the operation is indicated by writing the integral sign
[ before the given function and dx after the given function, the dif-
ferential dx indicating that x is the variable of integration. The func-
tion to be integrated, viz., f(x) is called the Integrand.

Symbolically, if % F(x) = f(x),
then If(:)dx = F(x),

* Historically this sign is clongated S, the initial letter of the word ‘sum’,

since integration was originally studied as a process of summation. (See
Chapter V'].)
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2 INTEGRAL CALCULUS

where [ f( x)dx is called an indcfinite integral of f( x) with
respect to x.

Thus, considered as symbols of operation,

j‘-;- ()and j{ ) dx are inverse to cach other.

Alternatively, using differentials, the above result may be writ-
2n as follows :

Since d(F(x)) = f(x) 5.
If(x)dx= F(x).

[ Thus, since d(sinx) = cos xdx, .. Icos: dx = sinx.]

Again, if f(x)be agiven function, F(x) anintegtal of f(x),
and x = a and x = b be two given values of x, the change in
:he value of the integral function F(x)as x chaﬂges froma to b,
ie., the quantity F(b) - F(a) is defined as the definite in-
!egul of f ( x ) between the ‘limits” @ and b, which is denoted
by the symbol

§ :
j f(x)dx.

In other words, if dd F(x)=f(x),forall values of x between
a and b,

b
then F(b)- F(a)'-j f(x)dx,
-
which is called the definite integral of f( x ) fromato b, and "b" is
called the upper limit and “a’ the lower limit of the definite intcgral.

b
Cor. If'(z)b’ = f(x]andj f'(x)dx = f(b) - f{a).

* Provided [ (x) satisfies certain general conditions which will be discussed
later. ( See Chapter VI').
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1.3. Constant of integration.

It may be noted thatif S F (x) = f (x), then we also have
L (F(x) + C) = f(x), where C is an arbitrary constant. Thus,
if [f (x)dx = F(x), a general value of the indefinite integral
ffix)dx = F(x) + C.

In other words, in finding the indefinite integral of a function
f(x), an arbitrary constant is to be added to the result to make it
general. This is the reason why the integral ie referred to as an in-
definite integral. The arbitrary constant is usualty referred to as the
constant of integration.

Itis easily seen, however, thai in evaluating a definite integral
this constant of integration cancels out and its value is thus definite.

Again, we may sce that two funclions hcuirr:g the same derivative
dijfer only by a constant. For, it % & (x) = & ¢ (x), andif

y = 6(x)- y(x), then we get £X =0 always, and thus the ratc of
change of y with respect to x is zero everywhere and hence y is
constant . Thus, it is possible to get the indefinite integral of the same
function in different forms by different processes, but ultimately ihese
forms can at most differ from each other by comstant quantities only.
Hence, an arbitrary constant added to the indefinite integral of a
given function obtained by any process makes the result perfectly
general.

In the following pages, we shall first of all deal with indcfinite
integrals. For the sake of convenience-the arbitrary constant of in
tegration has generally been omitted but it is always understood to be
present in every case, and should be supplied by the students in the
resull.

It should also be noted that in case an indefinite integra! con-
sists of a sum or difference of two or more integrals, the addition
of one arbitrary constant for each integral is equivalent to the ad-
dition of a single arbitrary constant, denoting their algebraic sum,
in the final result. For illustrations, see Illustrative Examples in
Art. 1.7,

*For analytical proof see Authors’ Differential Calculus, Art. 6.7, Lx 1.
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1.4. General laws satisfied by integrals.

(i) The Integral of the sum or difference of any finite number of func-
tions is equal lo the sum or difference of the integrals of the functions
taken separately.

This follows immediatcly from the known results of the Dif-
ferential Calculus. For we know that
:—xlf‘(x) + f(x) = falx)o..n. }
= fi(x) + fi'(x) - fr'{x) + ...
(Fr(x) + f/(x) - £ (x) + ... ] dx
= fi(x) + filx) - filx) +...
=Jf,'(x)dx + If,‘(x}dx - If.‘(xld: + ves

fsince 4= f(x) = f(x). o f 5= If e dx, et ).

(ii) The operation of integration is commutative with regard to a con-
stant, i.e., a factor of the integrand which is constant with regard to
the variable of integration can be taken outside the sign of integra-
tion.

Symbolically, IAHx)dn ik Ifl!)dx.
This follows immediately from the fact that

El"i[”“)] __. A;; {r(:)]= Af (x), say,

so that J-Af(x}dx = AF(x) = Ajf(x)dr,

since, by our supposition, E-d;}'(.t) = f(x).
(iii) Combining the above two results, we can write
I[ﬂh{x}:t Bf:(x)% Cfs(x) + ...}dx
= A If,(x)dx + !!Jf,(x}d:r + CI[,(x)dl ¥ ooen
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1.5. Fundamental Integrals.

A slight acquaintance with the Differential Calculus will at
once suggest the integrals in many clementary cases. As the first
step towards the facility in integration, the student must be thoro-
ughly familiar with tke following fundamental integrals :

FUNDAMENTAL INTEGRALS

mal
(i) Ix"dx=§;‘i(n=-1).

(ii) ~;’-‘=1ogix[.

(Gii) je’"dx . i)
m

a!
J‘a"dtz— {2a=8, a 1),
loge a

(iv) '[ s mrdyw = S92 MK
m
Cor. jsmxdt = = COs X
(v) J' cos mx dx = — LM
m

Cor. j cos xdx = sin x.

tan mx

(vi) I secimx dx =
m



INTEGRAL CALCULUS

Cor. sec?xdx = tan x.
o cot mx
(vii) I cosec*mxdx = - ——— .
m
-
Cor. cosectxdx = - cot X

sec mx
(wiii) j sec mx tan mx dx e

Cor. soc x tan x dx = SeC X.
2 casec mx
(ix) cosec mx cot mx dx = - H—t
Cor. cosec X cot x dx = — COSCCX .

(x) J' sinh mx dx = M.

m
Cor. sinh x dx = cosh x.
o
h
(xi) I cosh mxdx = sinhmx 4
m
- L
Cor. Cosh x dx = sinh x.

The results can be easily verified by differentiating the right
side in each case.

Other standard results of integration which are also very use-
ful for application will be found in the subsequent chapters.

Note 1. Since the integral (i) is frequently used, for the sake of con-
venience, we give here a concise vorbal statement of the result, piz | “Increase

the index by one and divide it by the increased index”.

|-

Note 2. Since log x is real when x>0 and;; (logx)
S0 J. 2. dr = log x is defined for x > 0.When x < 0, ie,—x >0,
T

4 _ -1 ¥ 1

A logl-x) == =3 . Thercfors when x < ﬂ,j = dx = log. (-x)
1

[ lence, both these results will be included if we write I = dx = loglx|

I the tormula and examples where integrals of this type ocuurs, ie., where
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the value of an integral involves the logarithm of a function and the fune-
tion may become negalive for some values of the variable of the function,
theabsolute valuesign| | enclosing the furiction should be given, but it has
gencrally been omitted, though it is always understood to be present and it
shauld be supplied by the students.

Note 3. Different algebraical symbols a, b, m, n, ele. occurring in i
tegrands are generally supposed te be different unless other wise stated.,

Note 4. In the above integrals (iii), (iv), (v), (x), (xi) it is tacitly assumec
that m iS a non-zero constant.

1.6. Standard methods of integration.

The different modes of integration all aim at reducing a given
integral to one of the Fundamental or known integrals. As a matter
of fact, there are two principal processes :

(i) The method of substitution, i.e., a change of the independent
variable.

(i1) Integration by parts.

In some cases, when the integrand is a rational fraction it may
be broken into partial fractions by the rules of Algebra, and then
cach part may be integrated by one of the above methods. (Sce
Chapter V)

In some cases of irrational functions, the method of Integration
by rationalization is adopted, which is a special case of (i) above.

In some cascs, integration by the method of Successive Reduc-
tior is resorted to, which really falls under case (ii).( See Chapter IX).

It may be noted that the classes of integrals which are reducible
to one or other of the fundamental forms by the above processcs
arc very limited, and that the large majority of the expressions,
under proper restrictions, can only be integrated by the aid of in-
finite series, and in some cases when the integrand involves expres-
sions under a radical sign containing powers of x bcyond the
sccond, the investigation of such integrals has necessitated the in-
troduction of higher classes of transcendental function such as cl-
liptic functions, etc.
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In fact, integration is, on the whole, a more difficult operation
than differentiation. The Differential Calculus gives gencral rules
for differentiation, but Integral Calculus gives no such correspond-
ing general rules for performing the inversc operation. Integration
is essentially a tentative process. In fact, so simple an integral in
appcarance as

j Yxcosxdx, or I su;x dx

can not be workcd(n;ut; that is, there is no elementary function whose
derivative is Vx cos x, or ( sin x)/x, though the integrals exist.
There is quite a large number of integrals of these types.

1.7. Illustrative Examples.

Ex. 1. Integrate I sin?x dx.

f'= 531 - cos2x)dx = J1dx - |} cos2xdx
=%Idr-%!coslr¢x=;’;x—-‘i§il—2£+c

. 2
-‘:-:-% sin 2x+C.

Ex. 2. Integrate Ilan‘: dx.

[ =(sec?x—1)dx=[secixdx-]dx

=tlanx - x + C.

S5(x - 3)*
Ex. 3. Inlegrale I e dx .
5x2—30x + 45 1 dx o1
I=I___Tq_i——dx=slxidr-3ﬁj'v;+4)lx T dx

3 ot 5
=52x7-302Vx + 45(-2x 1) + C

=5 "
E

3
=!;-J'?—'w\{1—903 + C.

Ex. 4. Integrate Isin 3x cos 2xdx.

sin 2x cos 2x =3|-.2si.n3xcas2x =1 (sin5x + sinx).
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I = 30] sin5cde + | sinxdx]

= 4 [-5%cos5x - cosx] + C.

Note. Henceforth the arbitrary constant of integration will be omitted
in the Nllustrative examples, as also in the answers to the set of examples.

EXAMPLES I

Integrate the following :-

1.(nj‘-‘-—;—5241. (ii)..\"x(x’-r%)dx.
2. (i) j cosxdx. (i) -' LS
o [lemsa o [ o e
3. .sccx(secxutanx)f_!x-
4. (i) ' costax dx. (i) I cot?xdx.
5. (i) .' 3’-‘—’%1:1—*—4 dx.f{‘i‘i})j £ ax.

(ii1)

10. (i)

Slogx tlog 2
Je 2 dx .

. —
gilogr — gllogy

I (,nq: + gnu;.}dx_

i = L]
YCALEE Vi) dx. ui)jl—l-_—’;—dx.

P~ ! -!-

(a’—x’}’ dx (ii) J(1+2)(1+3)=dx.
'ﬂl*a.ﬂ.l.pa]l . 81-:+41-:_
_..__...T:-"—-—-—dx, (ll]j—-——z"—""—d:r.

X .

L
. .
(] = &3} - asindx + bcos’Xx
— dx. (ii) 7 5 d
x3lx . sinfx cos?’y
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Gii) ccs'x + sindx
") cosx + sinx '

11. mJ‘ sinx + Sinx + cosecx

- °
e dx . (II}I cosx dx.

12 J‘cosccx + tan?!x + sinty

- dx .
sin x
—4x‘+5x—2 -6:+9
13. (I)J‘ T3 dx . (n)I Y dx .
sin x + cos x CcOs X - cos 2x
i mJ. V(1 + sin 2x. sm2r]d (")J‘ 1 -cosx

Giny sec 2x sec2x -1, ' (iv) dx
" I sec2x v 1° cosh x

+ sinhx °
15.(i)wa(l+sinx)dx. {ii)j\f{l-sinxdx).

[1 % sinx = (sin $x & cosLx)?]
: 3 7

16. IM(2+2SEJ\21)4L
Cos X + sin x

17. (i) I Y(1 + cos xdr). (ii) I V(1 - cos xdx).
(iii) I (3sinxcostx - sin®x)dx.

: dx . dx
5.0 I 1+ sinx ~ (i) Il + cosx
[ (i) Multiply numerator and denominator byl - sinx .|

cos 2r - €os 2x - cos 2a 2a cos 5x + cos COS 5x + cos 4x
19. D) I COS X - COS O e, (i) I

1 - 2cos 3x
[(i) Multiply numerator and demominator by sin 3x. |

” dx ; P ‘
20. (I)Im IH.S.?&, 85,}.5. 81}
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(i) sinfx + cos*x i
1l —— | £
sintxcostx

[ () Putsinx + cos ! x in the numerator . ]

¢ sinta - costx 1 cos'x - sin'x
0L il e o Y 9
@iid) - 2sinlxcos’x dx.. () I V(1 + cos4x) -
[ cOS X ~ 5
21. -—_sin‘x“ 3cosdx)dx.
22. (i) | cos’xdx. (i) I sintxdx. [ [1.5.785]
[(i} Write cos’x = § (cos3x + 3cosx).]
{ For another method see Art. 4.3.)
23. (i) J. sin mx sin nxdx. (it) I cos 2x cos 3x dx .
24. () I sin?x costxdx. (ii) I sin?x cos 2x dx .
25. J sin x sin 2x sin 3xdx.
ANSWERS
1. (i) logx+ Ox t%x't-;-t’ (i) «.3,—:"-’3 + B6xV1 |

2. () 37 + Lsin2x. (i) tanx - x. (ili) §sin2x. (iv) tanx - X.

3. tanx —secy 4 'i)-: v +sjnil_n-_x_ (ify - cotx - x.

5. () -2e-® +3e% - $emF. (D) fel. Gin §=*.
gatl at

6 — + — - T () 1x -1z » 22x1/2,

a+ 1 log a

i L xt LIS | | I} 1.8 Lot g 3 x? L |
(i) x+5xte3x t gt g $ ¥ + 32 ¥ g

¢ L
8. (i)alx _!’,m x¥3 4 2 g3 x 0 _1’ =

(i) &x(3x3 + 32x? + 126x + 216} .
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9. (i)

1 a-4 a-1Ix a-3
" loga g T 21 1]

. By L 3 ]
i [z }.2-3: ]
10. () ~3x-13 - 1 xsn +|1§ x-MA . (ii) asecx — bcosecx .
(iii) x + fcos2x. 11. (i) sinx - cosecx. (i) “2 sinx"
"

12, ~cotx + secx - cosx. 13. (i) 1x% - 2x. (i) 3% - %1’ + 3x
14. (i) x. (i) x + 2sinx. (iii) tanx - x. (iv) sinhx - .cos‘hx_
15. (i) 2 (sin %x — cos %x) or (2v¥1 - sinx).

(i) 2¥T +7sinx.26.  sin2x. 17. (D2 V2sin1x.
(i) ~2¥2cos 3x. (iil) -1 cos3x.

18. (i) tanx - secx. (ii) —cotx + cosecx.

19. (i) 2(sinx + xcosa).
(i) ~(sinx + }sin2x). 20, (i) tanx - cotx.

(i) tanx - cotx - 3x. (iit) - sin2x. (v) £ x.
21. -cosecx + 3cotx + 3x + 2sin2x.

22. () 4 sin3x + 3sinx. (i) % sin 4x - §sin2x + ix.

. Ssin(m - n)x sin(m + n)xr
2. @ 2(m-n) ~ 2(m + n)

(i) = sinS5x + Fsinx. 24 () 3% - & sindx.

(iiy $(sin2x - x - 1sindx).

1 1 |
25. - jeos2x - 7 cosdx + 3¢ <os bx.



CHAPTER 11
METHOD OF SUBSTITUTION

2.1. Change of variabie.
Letl =I f (x) dx, and let x = ¢ (z),.

Then, by definition, ‘-glﬁ f(ft) and -g—: =0 (z).

Now, 41 _ dldx
oW, Tz T dxdz

by definition, I = I (6 (2)) ¢'(2) dz.

= frxe(z) = floC 2N 2)

Notc 1. Thus, if in the integral [ f(x)dx weput x = o (z)weareto
replace x by & ( z ) in the expression fix) and also we ar2 to replace dx
‘by &' (z) dzand then we have to proceed with the integration with z as
the new variable. After evaluating the integral we are to replace z by the
cquivalent expression in x.

Note that though from x = ¢(z) wecan m.rr'lte.-"';l.m5 = ¢'(z) in making
our substitution in the given integral, we generally use it in the differential
form dx =0 (z)dz. It really means that when x and z are connected by
the relation x = ¢ (2), [ being the funetion of x whose differential coeffi-
cient with respectto x is f (x), itis, when expressed in terms of z, iden-
tical with the function whose differential cocfficient with respect toz
is f{&(z)) ¢ (z) which later, by a proper choice of 6 (z ), may possibly
be of a standard form, and therefore casy to find oul.

Note 2. Sometimes it is found convenient to make the substitu-
tion in the form w(x) = z where corresponding differcntial form will
be w'(x)dx = dz; by means of these two relations, f(x) dxis transformed
into the form F (z) dz.

2.2. Illustrative Examples.
Ex. ®. Integrate I (2 + bx)"dx.

Puta + bx = 2. snobdx =dz. & dx = (1/b)dz.

l l L] .l--z.:-:-..——-‘——-— *
..I=Ix'ilznslz g =y (n+1)b'(‘+h')‘ L
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Ex. 2. Integrate I!—\f(%;_—-—-m
I‘uf T ascch. < dx = asecOtan 0 de.

win

| asccBtan 6d6 1 1 1 .
' Iasecli.ltane =:J-d'8=-;-8=-;-gec‘

Cor. J;—-q(?d‘—'_” = sec '

Ex. 3. Integrate qui!:—;:—) dx .

Putsin-"x = z, :&Tix_‘)dx = dz.

I1=]zdt = T $(sin-'x)2

Ex. 4. Show that
(i) Ihnxdx = log | secx | .

(ii) Jmlxdx = log | lil:n:f .

(i) Putcos x = z ; then - sin xdr = dz.

s _ | sinx B dz
,.I-I——cmxdz-- —z—-—-lugz
= - logcos x = log colsx = logl sec x|,

(ii) Similarly, by substituting sin x = z, this result follows

Otherwise :

(i) J‘tan x dx =J Lmy—rdr = log| sec x|
sec r

5 cos x .
(ii) Jcot xdx = jm dx = log| sin x| | See Ex. § below }
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Ex. 5. Show thal
Iﬂﬂdx = logl ftx)| .

f(x)
Put flx) = = s Py dx w4y,
' =J'-‘:-’- = togl z 1= loglf|
Hence,

If the integrand be # fraction such that its numecrator is the differenial
cocfficlent of the denoniinator, then the integral is equal to log | ( deno-

minator) | .
Thus, SR ~ VX s log! (sinx + cosx)| .
sinx + rosx

2ax + b §
“+bx*£dxrlog|[u:r +bhx 4 |
The principle is also illustrated in Ex 4 above

Ex. 6. Integrate LoHnE
54 3cosx

2 - 3sinx
| can be written as - 3'[ R

Now , since the numerator of the integrand is the differential coeffi-
cient of the denominator,
w1 =-2logl (5 + 3cosx)|.

dx
Ex.7. 1"’"8"“‘[\?[; +a)+ V(x + b))

Multiplying the numarator and denominator by Yx +a-Vx &b, we

have

a=b5 a->b

}zj'mn-\‘rtbdx_ 1 [J-‘fxa-adx-‘[\’xfbdx].

Putting x + a = z, sothatdx = z.



16 INTEGRAL CALCULUS

JVx +nd’x—l\[zd'z=% %(ro-l)’“.

z
Similarly, | Yx + b dx = -}( + b)),

.l-_-l 1 _(,,Hm.l.
3a-
_ (a + bx)?
Ex. 8. fnlegm!c-l' @ s bx)’ dx
by B E: .4 Ll w X
Puta’ + b'x =z, or, x = ol &Hodx = b,dz.

Now the given integral becomes

b ARt
J{‘*‘E-“‘“’}dz_ 1 [ bz sab - ab)?,
5 Fom) o oo

z3

1 dz - dz oeoi? dz
=ps [b’IT*Zb(ab -ab)‘[?—+ (ab —“’3’_..;7]

b, W (ab’ - a’b) 1 (ab’ -a'b)? 1

B 5o B W 2t

- b? 2 . 2b(ab’ - a’'b) (ab’ —a'b)?
T2 log (a +bx)-b" (a” + b'x) 2b°7(a" + b'x )’

Note. By th R LB 1 R
ote. y e same pfOCl'.‘SS we can in gra la, ¥ b't}“ ]

where m is @ positive integer , n being a rational number . [ Cf. § 9.13 ]

dx

Ex. 9. l'n!egmu-[ m‘; "

a a
Put a + bx = zx, of, -;': bl=z"ﬁncn—?;dx:dz.
The given integral therg

W, o L
STl =ttt T3] &

A (e 2 )

z-b
a

*
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[11—35103!!'103:1 %]
[_!_(l+bx) llb!)
2
1-35‘103-.-—:!—’-? b‘(‘:h)].

Note. By the same substitution the integral J m {: :. by 0 0 h

1
al
_1
al

obtained wherc m and n are positive integers, or even when they are lnc
tions such that m + n is a positive integer greater than unity. For another
method see §9.13.

EXAMPLES II(A)
Integrate the followmg -

1. (i) I gtan-'r —— dx . (i) It""""‘ ?(—1——_-—:?' da
i) I gosfloga) (J':’ 2 4y (w)j cos '3

sin'x
W) cos 4x - cos 2x 4x - cos 2x (v dx
Sindx - sin2x ' cosec 2x —cot 2x °
2. (D) Ixﬂjx'-i-ldx. {ii)j x1Va® + x? dx.

3 .)&‘)/J.ql—coswixdx._ (ii) ‘[ 3

1 + cosx ~

v (tan x) ‘J sinx

. “jsmxcosx /kﬂ/,r cos’x
£ 1+ cosx 1+ cosx

% mJ\!( +smx)d1 m}jx+sinx

o

vﬁ’/j tan (logx) , (mj__x__
x xlog x

) cos x dx . cos x dx
J-Q{‘l+simr)' (a + bsinx)?*~

Inlegral Calculus (main) -4

P



18

3

INTEGRAL CALCULUS Ex . INA)

(i) L -1
xV(1-x2)
[Putx =sin® ]

dx

()Il\{lﬂ-x‘)'

(1 - x)¥(1- 27, 'U)I(l+x’)\'(1+x=)

T er - 1
(l)-l‘m'—idx

- dx ,
\_()L)’J'E;-ﬁ.[H.S. 85 )

I Multiply the numerator and denominator of (i) by e-*72 and that of

10. (:)I A ¥

11.

12
13.
T4.

15.

log cos x

SCC X cosec x
— Ay
log tan x

(i) by e -7 )

{"}I cot x
log sin x
sec x dx

(Wl_[log (secx + tanx)

mj‘ sin 2x dx

asin?x + bcosix ’

Vcﬁj"l‘ tan x dx

a+ btan?x

. sin 2x dx
(ih)J“1

tos?x + bisinix)?

dx .

. tan x 2
(l‘b‘) an _SCC X
(a

1 +b}tan’x)1

Vﬂx sin x?dx .

Axr -1

” dx
{”}J. sinxcosx °

xdx
0 V(3x? “ 22 +?de' um/J‘le' 7

dx

sec'x dx

(i)J“ +x7)V( tan

dx
e* +.1

dx
IQ(&‘— 1)

ETEy (inj-q-——-*m”] .

o dx
(ii) .[W ;

IH.5.'87
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e (1 +x) o -
16. I cos‘{xe"i dx . [Putxe®* s z.]
‘L?/ . dx
: TWx+1)-¥x-1)°

5 dx
“"I“JF?.H 5) + W2x - 3)

dx
(I")Jitl' —37 %+ (x - 4z - 3Xx - 4N~

Cdx _xdx
o 5w eyl

| Put ¥x = 2.1

1 y [t \/w‘(]‘ -
Wt Tr+1'"

20 (;)j{31+2}\21+1d1 (1I)J ’J(x«ra Ydx.

1+ x = &
}/Jf{]’,l——_—-; dx . {u\JI__]dr.
W f2x + 3 A x
22. W) |54 \MFT = dx

23. (i)

\}( Iqa+x . [Putx = a cos20.]
a-X

—

25.

2x% + 3xt + 4 x+5
: 2x + 1 dx:.

. v
26. (lljﬁ%x—])dx. \j)ﬂ/jq—a—‘:—) dx .

[ Putx3=a’sin?8in (i) and a? sin 8 in (ii).]

dx . x3dx
Ul B e RN & S

2x + 1 i %
V(3x+ it [“"I’-J(a T

19
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i

‘ dx
28. l”!tm. ('3‘[(1—2)\“1—12)

(z{\ﬁ-)ﬁ‘l-—f;)e T (m‘[% dx .

j‘ acosx — hsinx

= xdx. [Putx = asin?@.

30.

/ﬂ x'a +blogx)

xt + 1
32. Jl’\l'(.t’+3r+6)dx'

asinx +bcosx + ¢

secx)‘
{“)j cot x

}B(Wﬁ)sxcos(sinx)dx. (ii)I sin x cot? x dx ,

(iii) tan xtan 2x tan 3xdx .

%’ 4 J.cos(z-:ot "\“—:—.—f})dx. [Putz = cos8.)

cos x cota cotx ,
e (')J-cos(x + u)dx (I)J'ccta v ..otx

i) x?dx
X x'(a = bx)‘ " I m=-x2 -
37. h)jl +r3*“‘ .| Putx = z4 I\ﬁ(j\’(l +xl)

38. (i (ii) fxax
""Ix?(:l-n' (1-:3373(;‘-1)

[ Putx® = sec.]

\4.’{ I[f(x)dr'(:r)-c—¢(r)f‘(x)]dx.




METHOD OF SUBSTITUTION

40. Integrate % f‘( x ) with respect to x* where

f(x) =tan -'x + log V1 + x- logV1- x.

ANSWERS
. @e™ 7 ) e e®™™ 7T G sin(log x).
(iv) = %co!’x. (v) tlog cos3x. (vi) log si-
M 1x2 4102, (@D2(ad +x7)n.
3. (i) 2sinvVx. (i) tan ix.
4. (i) 2Vtanx. (i) 3 tan3/1 x.

5. (i}—: (x + sinx)¥, (ii) log(x + sinx).

6. (i) log sec (logx). (ii) log (logx). 7. () 2¥1 + sinx.

; -1 V1 - xt V1 ¢+ x2
el Ty T R
(ifi) x /¥ =x2. (iv) x/Vx? + 1.
9. ) 2log (e 4 g2t ), (iiy~log (1 + e-*).

10. (i) -log(logcosx). (ii) log(logsin ).
(iii) log(logtanx). (iv) log(log (secx + tanx)].

1. (i) -;-!_—5 log (asin?x + bcos?x).
T - 2 2
(ii) 3h q‘llog(lcos x + bsin?x).

1 1
Gil (a?- b?) [a’ms 1r + b’sin*:} ’

(iv) - 1 {._.._.__l_.__...}
262 | 2T + bl tanix J°

12. () —'?cosx’. (ii) log tanx. 13. (i) ¥3x% - 2x + 7.

21

(i) V¥ - 27,14, ()2V3 + tan -'x. (i) 2tan'/?x + Ftan ¥'x.
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15. (i) e* —logCe+ 1). (i) tan ~'(e¥).
i) x-log(e*- 1) - (¢* = 1)'. (v) 2tan =1 (V(e* - 1)}

16. tan ( xe*).

17. () § ((x+1) ¥4 (x-1)37).

(i) ;{(2x + 5)%-(2:x-3)¥ ).

(iii) sec -1(2x - 7). 18. (i) 2log(1 + Vr).
Gi) —C4x + 1)/(8(2x + 113 .  19. (i) 2Vx + 2 log(\fx - 1)
Gi) 3x%2 - x + 24¥x - 2log(Vx + 1).
20, ()2 (20« 1) + L (2x + 1),
) 3 (x +a)- L glx+a)s.
21. (i) - x-2log(1 - x).

Q) dx¢+ x5 4]xt+ x4 1x? 4 xelog(x-1).

22. (i)-:-x +%log(3x +4). (W b-*(a + bx) —alogl(a + bx)].
23, () 3 (3x +2)% - 2(3x + 2)'2.

(i) 3 b-2(a + bx)53 - Jab-2(a + bx)'/?.

24. - acos “'(x/a) —a? - xt .

1yt 42 :t{log{2x+ 1).

1 3
25 3T+ 3

26. (i) Isin-'(x/a)?. (i) ysin ' (x/a)>.

(i) =

{sec"xiAL\'r‘—l},
2 x?

(iv) VT = xt & 3 (1 - x2)¥.

1/2

17. nsin"({— ~¥x(a-x).
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8. () m} (u)-\}:__*-;f,
1
29. e T, Ay -x/(x*-1).
30. log(asinx +bcosx + c).
31. () b'log(a +blogx). (i) J(logsecx)?.
32 ;x> + 3x 4+ 60,
33. (i) sin(sinx). (ii) —=(sinx + cosecx).
(i) §log sec3x -—~;-'Icgsec2.t - log secx. 34. -——;—13_

35. (i) xcosa - sinalogcos(x +a).
(ii} xcos 2a - sin2alogsin(x + a).

2b x (a = 251‘)
. W lepr s

] 1
.tn}-‘-‘[log(l-r'lf l—-x']
37. () F(x¥* = log(1 + x34)) (i) =V(1 +x7)3 / 3c?

38, (i) gsee 'l (i)V(x? +1)/V(x? - 1), 39. flxJo({x).

40. - log(l - x*').

2.3. Standard Integrals.

(A) e Litan 4 L il i)
X! + at a a
Proof. Putx =a tan 0 ;thendx = a scc?040.
Asec? 040 1 1 X
Sy i = i T
Ia’se"{} Idﬁ a a o a
Cor. j]—:——‘—:- tan -'x.
Note.  [utting ¥ = a cot 8, the aboveintegral takes up the form

~(1/a)cot "(x/a), which evidently differs from the previous form
by a constant. Usually

L

dx , ; 1
— =3 is wrilten in the form = cot !
al + x a
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(B) I——“—=—logl Itlu[:-lal)

xt — a?
Provk —ll I’E{x——a x1+¢]dx

{ == - | %)

,%{losl (x —.ﬂ,'l —105' (x +ﬂjl }:

since the numerator is the differential coefficient of the denomi-
nator in ecach case, [See Ex.5, Art. 2.2.],

IDIX—ﬂl
L X + a

Note. The above is an example of integration by breaking up the in-
tegrand into fractions. [ See Chapier V]

dx 1
(C) .—‘_—-; 'ﬂ‘ E lns

The proof is as before, noticing that

a+ x

txl<lal).

e ANy N AL W | )
a*- x? 2al\a+x a-x/~

(D!Im?é':-‘;r": log!ir+ Vxt + ar)l .

Proof. PutV(x?ta?)=2z - x, 01,z = x + V(x*ta?).
2x z :
dz = (1+ qgziEan) 4 =mEan &

7 i = -?‘—z—lo z
v V(xita?) z T8
= logl (x + Y(x2+a?)|.

Note. Students acquainted with hyperbolic functions may work out the
integrals (D) by substitution x = asinh z, or x = a cosh z according
as the denominator is Y(x* + a?), or ¥(x? - a?).
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Thus, putting x = a sinh z, we havedr = a cosh zdz.

dx a cosh z x
(1)) chcc,j;“l+.” =I‘“1 +smh’z) Jd‘z= z= sinh-? H

x + Y(x* +a?)
a

and this is shown in Trigonometry "= log

x +V(x? + n’)l ~loga.

=log

This form differs from the resuli given above by a constant [Cf Remarks
in Art. 1.3 ] . In the result, - log @ being a constant may be dropped, since
it may be supposed to be included in the constant of integration.

In that case the forms given in (D) and here are the same. Similar
remark applies to the results of (2) and (3) below.

Similarly, by putting x = acosh z, we have

dx x x +¥(x? - a?
(ZJJW)I cosh ‘: :llngl (-——T-'—- )

In many text-books, for the sake of brevity, inverse hyperbolic forms
are used in prefcrence to the logarithmic forms.

The first of the integrals (D) can also be cvaluated by putting x =a tan8,
so that dx = ascc?84d8. Thus,

2 g
{3)_[ dr =Inm adazjsccﬂdﬁ: sccB(scc® + tan®) o

Vix?+al) ascc® sec @ + tan @

g (sec @ + tan @} [byFx 5 Art. 2.2 |

log (¥(1 +tan?8) + tan8)

Iag('Jl—+_[ + 2} = tog

Similarly, put z = asec 9, in the other Inltgra-l.
Similarly the integrals of (B)and (C) can be obtained by hyperbalic
substitution.

(B) Thus, putting x =acoth®, dx = - acosech? 048 and
(x?-a?)=a’(coth?8-1) =a?cosech?V.

x + '\f(x’ f:’!I

* See Das & Mukherjees’ Higher Trigonomnetry, Art, 12.9.



26 INTEGRAL CALCULUS

acosech?0 Ae 1 sk
’-Jm‘ = f‘"”“ % o N
(C) Similarly, puttingx = atanh 8,

asech?8d8 1 il 1 REUE.
! J.':z—m“-"_f‘“- 8 nis fanks i

dx . X |
(Eljm,: Sln";‘-tl‘ll-(ill)
Put x = a sin®; thendx =a cos 046 .

. _ [ acosede &
. r_J s J'da 0 =

= sin-1x.
l-x

Note 1. Pulting x =a cos 8, the integral _J.;r(ﬂ_'dfiT}ca“ be put in
the form cos ! -E instead of - sin ! -;— .

Note 2. In (A) to (E), 1t is tacitly assumed thata 2 0.

dx
2.4..I‘m. (a#0)

The above integra] can be written as

d|

I( 2) =

x=+— Ve T dat
and putting x + 2 = z, this reduces to the form = 1 _dz
2a PENEETE

according as 4ac - b? is positive or negative, and this is of the form
(A) or (B) of Art. 2.3.

If a be negative, we may take - ( l/a ), which is positive, out-
side the integral sign and it then reduces to the form (C).

px+ gq
2.5. I“I+bx+cdx.[a#0,pﬁﬂl
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Here, noting that the differential of ax*+bx+c¢= (2ax + bldx,
the given integral can be written as

(2ax +b) + %g-b

2 f‘_f_*_l;;l_ P
mj & 5 2::_[ i

ax® + bx + ¢ ax?' + bx + ¢

_P (2ax + b) 2aq - pb dx
_Zn{J- dx + 7 }

ax® +bx + ¢ ax! + bx + ¢

The first integral = log (ax? + bx + ¢}, since the numerator
of the integral is equal to the differential coefficient of the deno-
minator. The second integral is evaluated as in the previous article.

Note 1. To express px + q as the sum of two terms we might also
proceed thus :-

Let px +q = | (differential coefficient of the denominator) + m, where
the constants [, m are to be determined by coraparing the coefficients.

Note 2. In Atts. 2.4 and 2.5, if ax? + bx + ¢ breaks up into two real
linear factors, then instead of proceeding as above, we may break up the in-
tegrand into the sum of partial fractions, and then integrate each separate-
ly. [ See Chapter v

2.6. j;[——-dlw.(aso;.
ax® + bx +¢

If a be positive, we can write the integral as

dx

1
""‘Ix/{(u%, | At}

and substituting z forx + % , this reduces to the form
1 dz

Ja ) Yzt k1)

according as 4ac - b? is positive or negative, and this is of the form
(D) of Art. 2.3.

If a be negative, say, = -4’ , we can write the integral as
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“ | JEE e

and putting x - ig' = z, this reduces to the form

1 dz
=] 7w

which is of the form (E) of Art. 2.3.

Note. If the quadratic under the radical in the.above case breaks up into
two real linear factors, we may, instead of proceeding as above, substitute 21
for one of the factors and then proceed. The method is illustrated in Exs, 2 and
3 of Art. 2.9,

Px + q
2.7. P g e c)dx. (a=0p=0)

Asin Art. 2.5, the above integral can be written as

(2ax + b) + g"';‘I»- b
-EJ- P dx
2a w"(u'a:bxd-c)

_P 2ax + b 2ag - pb dx
2a { Taxisbx v ) *— 5 V(ax® + bx + ¢)

The first intcgral, on putting ux? +bx + ¢ = 2, reduces to

%z;= 2Vz = 2Vax? + bx + c.

The second integral is obtained as in Art. 2.6.

ux

28. (A) Jlax + b) Viex + d) Naw 8 @ 0)

Put cx + d = z?. . cdx = 2zdz.

* We may also put ax? + bx + ¢ = 2!
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The integral then reduces to

) z dz _2
c (.zlc-—d*'b)’ Ilz!-t-(bc-ad)

which reduces to the form (A), (B) or (C) of Art. 2.3.

dx
(px + q) V(ax* + bx + ¢)

(B) (a0, px0)

iiere, put px + ¢ -—-},so that
dz 1 71
pdx = —-;z-and z-=;(}-—q).

The given integral then reduces to

HrmEEsIEa
_1_-[ dz
PIN{E - e Faa- o) vt

which when simplified takes up the form

dz
v(Az? + Bz + C)

when we proceed as in Art. 2.6.

2.9, Illustrative Examples.
Ex.1. Integrate ‘11%35 dx .
7
[3@x-2)-2
I J < gy g Ll

7 2x - 2 i 3 dx
] 7 - 2x + 35
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-1 : Y- - dx

=3 log (1, 2x + 35)-2 GoINTA
_.7 1 =1

=5 log (x? - +35)— 3 tan

dx '
Ex. 2. Integrate I m,

dx
Here, I=qmiooyz-=)"

Put 2 - x = 22, s =dy = dudz

and 1 +2x =1 + 2(2 -z?) =5 - 222,

The integral reduces to

2z dz N2
V(5 - 227)z7}) J{s z'
= Y2cos ' (Viz) [ See (E) Noté, Art. 23.)
= \J'Zcor"\l -——-—-2{25_ x)

dx

_. Ex. 3. I'nlegrare.[q[(x Y 1§ RS (p>a).

Put x - a = zt. oodx = 2zdz; andB - x =P - a- z?,

2z dz dz
J =J‘“1’(B o= 1 3!-;;3-*‘—,(1_ 5 whete k? = B -a,

= 2 sin ! .i..: 2sin"1}E:';

Note. This integral can also be evaluated by putting
xr = acos?0 + Psind.

dx
Ex. 4. Inlegmn-[ PRI S TN

The integral is of the form (B) of Art. 2.8.

Pt

Put2r +3 =2, L 2dr=-bdicdx=-3 5.
z F4 z
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- 1 e @ 1
And r_-z-(-;-.’!),:_z:*.:;.
x ¥ dz
TorT T 1 L /1 3 71
z‘—z‘d{?, ;—3)+2—(;—-3)+2}

dz - } 1
"J?h—-?ﬁ S (r;-s)

Alternalively :

] dx = dx
BRI kT IV 2x + 3)i-7]

Put 2x + 3 = z. 2dx = dz .dx =1dz.
dz

o l:m=sec"z=sc¢"(2x‘—3}.
Although apparently the forms of the two results are different, it can

be easily shown (by using the properties of inverse circular functions) that
one differs from the other by a constant.

Note. It can be easily seen that the linear expression is the sum of the
two linear factors of the quadratic expression under the radical ; also the
linear expression is the derivative of the quadratic expression.

Ex. 5. xuuguuj-\f 2 LH.5. 81

Rationalizing the numerator, we have

3 1+ x T dx » x dx

R G T2 il B e 5 YW1 —x?) -
Pat 1 -x? =27 in the 2nd integral, so that - 2xdx = 2z dz.
f-anint.egra! then == [ dz =- 7z = (1 -x?),

I'=3sin-'x -¥(1 =31),

Note. Integrals of the typeJ"J :: : :dx (a0, cz0) of which

the above is a particular case can be evaiuated exactly in the same way,

xt 4+ 4
Ex. 6. frlfegrilllj m dx .
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Here,

2nd integral

Note. In order to evaluate integrals of the typej- o 3 T

INTEGRAL CALCULUS Ex.Ii(B)

[ 2x -1
'='(‘_x + 21 + )‘:
=-¢,- 2x -1 &

xT ¢ 2x + 3

P (2x + 2213
.1'3»1-2.1:1-3Ifx

_f_2x+2 P 3 dx
_' xl+ 2x + 3 = (r+1“-|-(ﬁ)‘

=log (x? + 2x + 3)—% tan -! (x_;i_l_)

x + 1

] =x-log(x?+ 2x + 3) +%Ian“‘ (—\'2_
flx)

v

(of which the above is a particular case), where f(x)isa rational function
of x of second or of higher degree, divide the numerator by the deno-
minator till the numerator is of the first degree ; then the integral reduces
to the sum of intcgrals of the type | Amx™dx (m > or = 0) and of the type

Ef{-’
Jax’ f'b'xfudx

EXAMPLES II (B)

Intcgrate :-

3%
1. II + x* dx.

2. (D

 xdx i xdx
(II)J. =71

x* + 17

N 3
3 (i) El_h——f.x'gT' . [}i- S.’?’s; 861 ‘il) I :k :l d_xx.) *

4. (D

[Put e* = z,] (Put x* =1z.]

f x? + sinlx y \/ sin xdx
- ——— secixdx. W | — -
1 + x12 3 +sinlx

o
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xdx . ¥4
5. (i) I"(“ +X‘) {II)I W)dt‘
[(if) Pt x 4 x-V = 7

x dx
6- I\fl(l;_al]{bl_x,)}{b:)ﬂ')

[ Put x? -a? =2}

dt‘
&
f}"j ¥R o - M) (1IJJ.4:?+41+5

dx
a.('}J’*I*II' ‘!IJIBA‘+71+2
xdx
i Ix'+2x1+2'

18 cos x dx
' sintx + 4sinxy+ 3

e*dx
% J. e¥ 4 2g1 4+ 5
dx
% J.\"{l—x’)[lJf{sin-’x)*}'

xidx
13, J-"_‘"_"*_t‘-ex=+5‘

14 = dx
. 1[10*-7!03'(_1-({03;}3}'

x dx af s
£5, f!)J'x:,'_')x+ ¥ m)J-——“—-—-3 e e L
16 mJ' LT g dx (n)‘[:x?:‘?’
(4x+ ‘Hd: xdx
17.6) [ gt “"jz-ax-x:

X
18, e
j-x’--idx

Inlegral Calculus (main) -5



34

INTEGRAL CALCULUS Ex.lI(B)

x? + 2x 1= x + 1
2 (!,‘[131-2:4-2“' (m',[x'd-x+l dx.

]
20. J‘x’-l-x +2.t+1dx.

x? -2 + 1

dx
wh Iq(x'+ ¥ <2}

; dx - dx
2. (.;Ir—-—“_x_x,). (11)Jq————(3+3x+ — -
28. dx

Ji(?.:’ +3x + 4)

dx
2% (x? -7x + 12) ' EPwix - &% 874

dx
V(6 + 11x- 10x?) ’

25.

cos x dx
J(Gsintx - 12sinx + 4) °

er—u}(x—ﬁ)l

i dx
e “’I ?!{"2'5"—":—' ) W [ o

is. (i)I—;—{.—EL— dx.[].E '8] (u)f;;r,—,z!%—,dx.
" x -2
s Y 2x* - 81+5)

TR T - (2x-1)dx
3.0 § 775 8x -850 ('”,[;"43’*"““
. - dl‘ i dx "
32. (1}- 2+ )WL + 2)° hl,j{l’(-ﬁ-l)\r(‘x +3)°
. dx
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1:4) dx . (n)j‘\’(;::z}

: dx oo [ Yxdx
3s. (1}Ii—l—_m- (u)II—'I .

[Putx = z2.]

36. (i) - (i) dx
2 xW(x? tal)” (1 + x)¥(1 -x1)"
i) dx (v dx
" Ix\‘(9x3+4x+l)' VT AT v2x - x0)

[C.P.'86)
dx (vi) dx
(v)jx\f(x1+2x-l)' A I(l+r)\f(l+x—x')

""“’j( 1)J(x=-5x+ 8) "
o [ Va2 - x?) ; dx
37. (I)I‘—‘T—‘-ﬂ'x. (lijjm{—x—_—l-} .

dx ;
38. jm {Put 1 # x¥=2t.] [C.P.81]

%9, (i)J‘-\/LII d

40. If a < x< b, show that

dx _ 2 !b—x
J-(1~a)v'{{r-—a)(b-x}]_a-b x-a

ANSWERS
1 tan -1 (x3) 2. () stan -' (x?). G log 2=t
# : 2 E : 198 3741
. : 1., xy!
3. (i) tan-"(ex). “07""-](_)'
. i - COS X
4. (i) tanx - tan "'x. @Gl) = lc;g--——----—-2 ey
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- A fl}%lﬁs(!' +Vx? +a'y. (D) log{t1 +x? +V1 +xV)/x}.

I oy
6 sin-' [ T L7 tilgzg‘nnn"(iq;——' .G Fran ' (x v 1),

i f V54 2~ 1 2x + 1 e ot
8. ) ploggg— 77 ) leg 3 5 Sptancl(xt e 1),

1 1 + sinx ! ;
1Ii‘.i.ilr:f53-——+ g A b S $tan (3 (e + 1)).12. tan-"(sin 'x)

x¥-5 “_1

1 ) 2+ log x !
3 l—itng S Jlogg—i_—]”gl,!‘i.[l) Iog{xi-]}*r—.

+1

(i) - log(x = 3). 16. () jlog(x? +4x + 5)- tan-"(x + 2}
Gi)Flog (+x? +1) +Jtan '(2x).

17. (i)}log(Jx'o- Ir + 1)+ _-‘%lnn 1{V3(2x + 1)).

(ll}-?tll-lug%:i-:-f- -%Iog{i-&:-—r’).
13.11-]03-{%. 19. ()x - 2 tan-"(x + 1),

(i) x = log(x? +2x +§}+Tl‘m .(2x+l

20. 1;J|:"4-2.\r t%log(r‘-—x + 1) *Q%tan" LJ__l

21, 2log(V¥x + 2 +¥x - 1). 22 (D) sin --(-2-57;—') .
() log(2x + 3 + 2V3 ¥ 3r +21).

23.:;12105(:\' +~:'+ \ix!f-}x + 2 ).

24. 2log(Vx -3 +Vx - 4y, 25-@1"‘-“ 1[1::]94-4

26, —%rogifz - Ssinx « {5{2=sinx ).
27. 2log (Vx —a «Vxr -B). 28 (i) sin -'(";')
(i) log(x + a +Vx? + 2ax).
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29. (i)4x1+a3 +blog(x + Yx? + a?).
{ii)Z\’x’+;+1+2!og(r +3+ V¥xl+x ¢ 1),
0. 3BT 81531 ) g sint (ZEL ) pvErE S

6
(Ei)%\“-{x’+ 4x + 1-103(2: + 1 +Yidx® 3 47 + 2).
_ _ 1 Vix + 3 -1
32. (i) 2tan '(\‘1 11}. (h)-ilog ( s 3171
x4+ 1 -3

Bl gn 6
3. V(x -30x - 4) + log(Vxr =3 + ¥x - 4).

(D L02V(2x + 1)(3x +2) ~Vilog (V3V2x + 1 +¥243r 4+ 2)

i Vi -
35. () log =y (i) 2> + log Yoot

36, (i) _l.lq Yxl_"‘z__u_ % ']—SEC" x (ii) - _1 =2
2 2e 8 (x* v a')+a'a " 'Jlor

(iit) logx -~ log (1 + 2x +¥Ox ¢ 4 4x + 1).

L gyt 2% = ,_](x-'l)
1 2 5in """"‘"‘] T % . V) sin Tﬁrz_. .

e Sin.:(%‘}}.@) . (vii) sec-1{(x - 3).
37. (i) Va?® - x? + ﬁlogf--—"‘: _rrz

(i) loglx #¥x- 1) - -?s—t.m 1 (E—r—_\?;;])

38. ilog(VT + x* - 1) - log«.
a9, {i)dlug{\rz +9c +2) +Vx{x + a).

Gi) 2Vx-a —2\fa:an'(-\f’:" )




CHAPTER 111
INTEGRATION BY PARTS

3.1. Integration of a product ‘by parts’.

We know from Differential Calculus that, if u and v, aretwo
differentiable functions of x,

_3.( ) du Ay,
dx \ulilm g O ¥ Rg

" integrating both sides with respect to x, we have

o [ (oY ] (o £2)
or, I( du‘)dx = uw, —I(% v,)dx.

Suppose — =y, then v, = [vdr.

Hence, the above result can be written as

\)(/J(uv)dx = ujvd; -J'{%‘-:Iv dx } ax.

The above formula for the integration of a product of two func-
tions is referred to as integration by paris.

It states that

ke integral of the product of two functions
= 1st function {unchangtd) x integral of 2nd
— integral of [differential coefficient of 1st x integral of 2nd ).

3.2. Illustrative Examples.

Ex. 1. Inlegrate | xe®dx.

I= :I:'n‘r -I[—— Ie‘dx] dx,

= xe* - | le*dx, = xe* <e¢*.
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Note. In the above infegral, instead of taking x as thefirst function ana
¢ as the second, If we take ¢ as the first function and x as the second, then
applying the rule for integration by parts we get

Jle=.x)dx = e* tx? -Je* jxtdx.

The integral 1/ ¢ %x? dx on the right side is more complicated than the
ohe we startad with, for it involves x? instead of x.

Thus, while applying the rule for integration by parls to the product of two
functions, care should be taken to choose properly the first functicn, i.e., the func.
tion mot lo be integrated. _

A little practice and experience will enable the student to make theright
cholce.

Ex.2. Integrate J.lug xdx.
I =]logx.1dx,
longdx-I[:s(losx).jdr}dr.

1
log x.x -I; .xdx,

xlogx - Jdx,

xlogx- x.

Ex. 3. Integrate Ilan" xdx.

I =Itm"x.ldx,
anete [ - [ (& (onre) o} o

1
= tan-lx.x -IW .xdx,

g 1 2x
= xtan “'x - 3 J‘mix,

rtan-'x-%losl'l + xt). [ByEx.5 Art.2.2)
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Note. Very often an integral involving a single logarithmic function or a
single inverse circular function can be evaluated by the application of the rule for
integration by parts, by considering the integral as the product of the given
function and unity, and taking the given function as the first function and
unity as the second, J

This principle is illustrated in Exs. 2 and 3 above and Ex. 4 below.

Ex. 4, J’nrfgurr.[a‘og(x + VaT 3 ad)dx,
1 ==jlng(x +¥x1 4 at) ldx,
log (x + Yx’+a’jdx-j[ ﬁ{lag(z;f:* +a’)}.jd':r]-ft.

log (x +¥17 ¢ at). x 'J‘W?_‘ﬁ“ﬂ" dx,

xdx

xlog(x +Vx2 4 g7) _ T

To evatthuJ’W%, put x? + a? = 27, sothat xdx =zdz .

]

xdx zdz jdz=z=x‘+a‘. .

YT e 7 =

P =xlog(x +Vx? 4 gt) —x7 3 a2.
Ex. 5. }nltgmltjx’t'dr.
I'=x* - 3]x%e"dx, integrating by parts
zxde® - 3(xter - 2[xe*dx), integrating by parts again
=xle - 3[xe ~2(xer-ferdx)),
=x:‘1 = 3[:!,: _2[_."3__ E"”,
=x%e* — 3x%r 4 Grev _pet,

= (x? - 3x? 4 6x - §)e*.
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3.3 Standard Integrals.

e (acos bx + bsinbx)
al + b?

(A) -[e = cos bxdx =

b
= g o (bx - an ).

e (asinbx — b cosbx)
a! + b?

(B) je mgin bx dx =

: LB
= o s (bx - an 7).
(Here a # 0)
Proof. (A) Integratirg by parts,

., Smbbz . J‘ ( o 511; b.r) i,

eersinbx a AN
=N 3 Ie sin bx dx |

Ie" cos bx dx

Now, integrating by parts, the right side of this integral

- elisgnbr__f {el:l'—_cob.s..-b_xhjgell(_i;&r)dr]'
ar g ) '
% ""__s;l" bx_r {T.“_’ cos bx ~ ﬁ—;je“ cos bxdx-

L]

transposing,

e (gcos by + bsinbx)
b2

2 2 1
Now, dividing both sides by 1 + -%-;, ie., A ;zb ¢

aty P
( l r-;l-:-)JJ cus bxdx =

e (acosbx + bsinbx)
at + b2

woe get Ir.’“ (os bx dx =

Again, puttinga =rcosa, b =rsina,sothatr=~(a?+b?)
and u = tan ' (b / a)on the right side of this integral, we have
the right side '
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e*rcos(bx —a) [ b
= a? + bt ’wl(u’-l-b’)m(h_ t‘“‘?)‘

Integral (B) can be evaluated exactly in the same way.
3.4. Alternative method

Let P -Je" cos bx dx
and Q = Jleﬂ sin bx dx .
sH P |‘Q=Ie.“ (cos bx + isinbx)dx -ch-" els dy

ela+ib)x a - ib

S0 “aispime™

-Ie(lt“]! dx =

= ‘—:—c:-—-b-'(n — ib ) cosbx + isinbx).

Equating real and imaginary pa:ts we get the values of P
and Q.

Note 1, The above integrals can also be obtained thus :

Denoting the integrals (A) and (B) by I, nnd Iy and Integrating each
by parts, we shall get

bl +al; = e* sin bx
and al, - bl; = ¢**cos bx,

from which I, and I; can easily be determined.

Note 2. Exactly in the same way the integrals [+ cos (bx +c)dx and
J e*= sin (bx + ¢ ) dx can be evaluated.

3.5. Standard Intergals.
(C)I\':‘+a" dx .!-E‘i:_'_‘ﬂ—;u.l:umn

= .---—-._"“iz“iﬂ—;.m-l‘:
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(D)Iﬁ.—_;: PTTER  al 8 '2—' logl (x +Vx* —a?)l

2
xVx? - a? al L X
or # ——— — — cosh-! — .
2 . 2 a
— \‘1_ 1 ]
(ElJ-\faz-x'dx-x = _ +%lln";’£

Proof. (C) Integrating by parts,

J-ﬂ',tr + wldx =vVx! +at.x - W}%——m.xdx,

x?
=x‘!r!+a!_j(xi+a‘)dx' avedl)
. = x* 4+ gt
Also, J\'x' + a? dx I:.r——_{x, = “:)d"'

- [y dx +a2 T @
- [t [
Adding (1) and (2) and dividing by 2,
xVx? + at* - a? dx
[yevaa - 55— v 5w

R
xVxt + a?

2

at —_——
+-2—logi(x +Vxt +at)l.

(By Art.23(D)]
Proof. (D) J.\'x’—a’dx

2x
=J?r—-—a’.x-".2-—q-———(x,_‘,)-1d1.

x'l
= xvxt —al —Im)dXﬁ
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(x? —a?) +a?

xVx?-g? - Wdi,

" x'-g? dx
KXY~ W,dx-ﬂ'_fw,

xvx? —ga? _Jv’xz -~ al dx-a’JW;f‘i%TE 3

Now transposing [ V(x? - a?) dx to the left side and divid-
ingby 2,

j‘)x’-a’dr =ﬂu—§log|(1+dx‘—a’)|.

2
[By Art. 2.3 (D) ]
Note. The integral (C) can be evaluated by the method of evaluating
the integral (D), and the integral {DD) can also be evaluated by the method of
evaluating the integral (C).

(E} Alhough this integra! can be easily evaluated by either of
the methods employed in evaluating the integrals (C) and (D)
above, yet another method, the method of substitution, may be
adopted in evaluating this integral.

Putting x = a sin®, sothat dx =a cos B840, we get

J-\J'a? - xidx =a’jcus*0d9 "

a? 1]{1 + cos26)de,
at([cos2046 +[de],
at[$sin20 +0],

a?.sinBcos9 +3a%0,
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Note. Theintegrals (C) and (D) can also be evaluated by putting
x = asinhz and x = acush z respectively.
3.6.J. ax! + bx + cdx. (a 2 0)

To integrate this, express 24 + bx + ¢ as the sum or difference
of two squares, as the case may be ; that is, express ax? + bx + ¢
in either of the forms a{(x +1)t+xm2) or a’{m? - (x + [)?}
and then substitute z for x + I Now the integral reduces to one
of the forms (C), (D) or (E) discussed above. This is illustrated in
Ex. 3 of Art 3.10.

3.7.j(px + q)Jax‘+ bx + cdx. (a # 0)

To integrate this, put px +4 =;; (2ax + b) *(4 '% );

then the integral reduces to the sum of two integrals, the first of
which can be immediately integrated by putting z=ax?+bx +¢,
and the second is of the form of the previous article. This is il-
lustrated in Ex. 4 of Art. 3.10.

3.8-‘[9‘[1(:() + { x)) dx.

integrating by parts [e*f (x)dx, we have
fesf(xrde = [f(x)erdx = f(x)e= - Jf'(x)erdx.
. transposing, Ie’[f(x) + f'(x)}dx = exf(x).

Alternatively, we may integrate by parts [e*f’( x) dx, and derive
the same result.

Note. [e*¢ (x)dx, when ¢ (x ) can be broken’up as the sum of two func-
tions of x such that one is the differential coefficient of the ather, can be easily in-
tegrated as above.

3.9. Generalized rule for Integration by parts.
Let u and v be two differentiable functions of x (differenti-

able n times), and let us denote

d prcan RS
E(“) by u andJ‘udx by o,
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d L ”
7z (4°) bywu andJ-v. dx by v, , etc.

Now,juu dx = up, -I u’v, dx (by integrating by parts)

" (1)
Agaih,ju'n. dx = u'n, -I u'y, dx, s (2)
J uW'v,dx = u"v,—J- vy dx, .ae (3)

J- vy dx = u'"'p, dx - ru‘n. dx, v 0

where u* denotes u”"” .

Combining (1), (2), (3) and (4) we get

I uvdx = uv, -uw'vy + Uy - uV + (- 1) Ia‘v. dx )

And generally
UDAX = Uty - WO YU U= O+ (-1 g 1 p
+ (- D™ |uo, dx o
where u” denotes u with n dashes.
Illustratign.
Integrate § x* cos x dx.
F=x'sinx—4x>(-cosx)+12x? (~sinx)-24x(cosx) + 24 sin x
=x'sinx+dr? cosx-12x? sinx-24xcosr + 24 sin x

3.10. Illustrative Examples.

Ex. 1. Integrate J-e 2« sin 3x cos x dx.

I

3 ke .2 sin 3x cos x dx,
=‘?]¢2’(sintb: + sin 2x ) dx,
$lleXsindxdx +]e2sin 2 dx],

1 [ R s e _
=3 [W):in(u-tan ‘¢)+—Js—:ln(2x—un ‘1)],
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= =5 q—)un(k - lan "'2) + Tsin(?:—%)].

Ex. 2. .rmguu.[i“-";-,-,-’-‘ dx.
F mJe™cos?sxdx =1]e-®(cos3x+3cosx)dx,

=il{fe-™cosdrdx + 3]e ¥ cosxdx],

-a‘ -
- % [-—-—( 3cos3x + 3|ln3:r}+311-‘-}- (=3cosx + s‘nle,

-3
=5§— {13{-1:13: —col )+ % (sinx- 3.:0")}.
Ex. 3. Iutesulej*“ + Bx— Sx'dx.
=ITEfisa-x}
I =] (3+5x-x Ydx,
= JsHB.“—{_‘"_;;-.;z + x1)dx,

= VS[V(HT-(x-) " drx,
= ¥5/¥al - z?dz, (puttingz = x -3 and a =%)

vgi - z3 1
=‘,5[: IlIzi : *‘i’l“"':]» [ By Art. 3.4 (E) )

=45[(52m4)h_+sx—-5;' 13‘ (5:-4)]

Ny &

on restoring the values of @2 and z and simplifying

:Il(Sx—ti)'“ + 8x-5x + ¢ 51n"(5x—6-—‘-).
Ex. 4 }utegmqu(?u— 2)Vxt -x + 1 dx.

Since 3r - 2 =3(2x - 1) -3,
L r’%“h ~1) Vxd-x + 1 dx ‘71]""‘: -x + 1dx.
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To evaluate the st integral,

pu{x=x‘-'x+1--'- dz = (2x - 1) dx.
3
. Istintegral =[Vzdz=327 =23(x2 -y 4+ 1)7,

2nd integral =[x -%) ‘+% dx .

¥z + a?) dz, puttingz = x - fand a? =3

Z—(E_?_‘j..! 1';—2]08(2 +“{Z= + .-.l}’

H2r - 1) T x 11 +%]ag(r-;-+ T2 v 1),

]
Sl = (x? -x 4+ 1)1--:-(2):—'1)\I|.x3-r+ 1;

3 Lji (g —
l—‘—-logf (x-3+vx?-x+1)],

xP+ x4 1

Ex. 5. Iu!zgrarcj (xT +2x + 1) dx .

I = (x2 + 2x +3) -(x + 2)
0 V(x? +2x + 3)

dx,

x? + 2x + 3 x+ 2

| xt +3de T V(xTy 2x 3)“'

SO 1/2(2% + 2) + 1
=J.\‘xl + 2x + 3dx ~-’. —,J‘—*——*—-(x: ¥ +3) d—:.

o 5 1[ (2x +2)dx dx
_IJ(x+1}3+2dx—§Jﬂx= T2 s ) Nizs 777

Deno!]ﬁg the right-Side integralaby I, , I, I,

f,-!,:IJ:’ + aldz _J‘WsziT) s(where z=x+1, a? = 2)
=%z Vz? yat i%t’log{z + V21 +al)-log (z + Yz? +a1)
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=4(x + 1)¥27 +2x + 3, on restoring the value of z and a?.
Puttingx? +2x + 3 = z, sothat(2x + 2)dx =dz,

bu B e tdintdsT i vl
3z

al=3x s 11\’:‘ +2¢x + 3 =Yx? 4+ 2x + 3,
n-}(x-l) VT +2x + 3.

Ex. 6. l’rutxrnuJ' ——1-—)-.‘, dx [].E.'80)

(x + 1)e% —e* e
"I TGanr %e _[:n ”I::+1)l“'

Integrating by parts the first integral

1 & 1 1 P
Ix+1¢ dx=x+1¢‘+‘[(!+”,¢dx.

‘l

x+ 1

Is

Ex, 7. Prove that (if a #b),

) I:“sfuk br dx = =" (a sinh bx - b coshbx).

(i) J.c“cash bx dx = " (a cosh bx - b sink bx).

(1) Integrating by parts,
| = &% cosh bx_J'“nmsi; hdz,

"m—f.[«"cmhhb. ses iy

Again integrating by parts,

J:“ cosh br dxr = -‘:—’l’—nh--l}-'--%Ic"ilnhlxdx.

¢ sinhbx a
-'—T'—--‘l. s ()

inlegral Calculus (main) -6
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From (1) and (2),

1
l= ----—-—‘"“;'h b:-fi ¢* einh bx + 'T, I.
Transposing,

(: ")l £ (b cosh bx —a ~tab b

- .F( cosh bx -2 ~'nb bx).
ax

A IJ;T!:-—F;(IIII\‘\ bx- b cos bx).

(1) This Integral can be evaluated in the same way:

Alternatively, we can use the exponential values of sinh x and cosh x
to evaluaie these integrals.

Thus, | e sinh brdx =] e J(eM - ¢~ ¥ ) dx,
.*I{tlid- bl gle - b)) gy,
1 {,ill-l)s els-b)z

i 2+ b  a-b

'-h

1 1 ehs
g™ { rrys s G
”}‘" {t--bw- (s m.-s-} '

ai - b1

- ooy g e aohn) - BRCeM 4 embry),

= =y [@ sinh b - b coshbx ).

EXAMPLES III
1. Integrate the following with respectto x :-
(i) axsinx. (il) x2cos x. (i) xeer,
tv) x*logx. v) x7e*.[H.5.'83] (vi) xsec’x.
(vil) sin-'x. Uviii) cos-'x [ H.5.’80] ux) cosec-ix.
(x) sec-'x. (xi) cot-'x. (xii) cos-1(1/x).

(xiii} xsin-'x. (xivixitan-'x. (xv) xcosnx.
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txvi) (log x )2 txvii) x log x .| H. S.79, "86 ] (xviii) sin-1vx,

xix) log(1 + x)'*=.

(xxi) log (1 +2x* +x1),
(xxiii) x?cos 2x.
Integrate :-

2. (i) jxsin xdx.

8. (i)f log (x -Vx? - 1)dx.j}

(xx} M

(x +1)2
(xxii) log (x? + 5x + 6).

(xxiv) x3(log x)?.

(ii) Ixsin x cos xdx.

(ii)j log (x2- x +1)dx.

X

y 1 1 o i
% m_l.{logx_ (Iog.‘r)‘}d‘r' (")J T+ corx &

] (i)Jl sin x log (secx + tanx)dx.

[H.S5.'86 ]

(iiJI cos x log (cosec ¥ + cot x)dx.

6. (i}f cos2xlog(1 + tanx)dx.
[ii)jmseclx log sec xdx .

7. (i)Jsin"(S: - 4x?)dx. (ii)j (sin -'x )3dx .

8. (i)J‘COS“:
9. (iJIsin“l

: Jo.{i)_[ e
X

11 (:)J‘ T—-—’: 51‘“
12.{1)je= sin x dx .

(iii) [2' sinxdx.

(ii) Jtan-'1

(ii)J‘tan-lax = dw.

1 - 3x2
(ii)jlan-'

sin -
'(II}Jl W dx .

(ii) Ic’ cos xdx.

x
dx .
x

(iv) [3'1:05 3xdx.
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(V)Is'sinh xdx. (vi)jc'coshxd:.
13. (i)je-‘.ﬂintxdx. (ii)Ic’sin xsin 2xr dx .
emtan-
4 (11_!!}, [ Puttan ‘x =2

X + sinx lo {z+1)
15. {I]I s cosxdx' (u}j—_f*(x =3

16. Jtan-‘ ﬂ)d:. (C.P.88)
sinx F:
sin. dx. [Putx = atan?8] [ . E. E 79,86
18. Ie'(cosx+5inx):{x. [C.P. '81)
19. (i)j——(l+:logr)dr {ii)j(—ll93-1id‘—P.
[C.P."82, H.5.'87 ] * g

20. (i) Iz*ltanx - logcos x)dx.
(ii) J.e'secx.(l + tan x)dx.

(iii) I:‘{log(secx + tanx) + secx)dx:.

(iii)jer ﬁ o
22, m[:- ::—:";; dx . tn)Ier T ’:;‘s‘; dx .
i fer e [ R
j V35 —9xdr.

24. (i}IJS-Zx+x’dx. (ii)J‘\Ilﬂ—ﬂ + 4dxdx,
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25, (i)IJIBx oy | o= 3 9 (ii)Iw“ T3x = Jadr,
26, I\fo?i-pr-c- 4dx .

i dx
Ve _[11-:-](::'—1)'
28. J.\Jhx—x’dx. 3
9. J"\J(x-D‘-)(B-Ide.[Pulx=ucos‘0+ﬂsin'8.l
so.mJ' (x - 1)VET = 1ax.GD J'(x + bIVET ¥ atids,
31. (i}-[(x < 1ixt s x 1dx
(ii)I (x + 2)¥2x? + 2x + 1dx.
: : x1 + x +1 i x? 4+ 2x + 3
32. {I’dex' (IE)J‘WJJX.

33 X3 4+ 2x2 + x -7
= Vix? +2x + 3)

a4.u>j-\/}{—:dx.|c.f’.'35| (ii)jx-\/"‘lidx.

L5_+])\‘x4:?
V(x =-2)

dx .

ac

dx .

36, -If u = | e**cos bxdx, v =Je"sinbxd:,

prove that

= bx.

n|o

(i) tan-'% + tan-!

(i) (a? + b2)(u? + p?) = gl
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ANSWERS
1. (i) —xcosx + sinx¥. () (x*~ 2)sinx + 2xcosx.
pax N +1 1
Gil) < (ax-1). (!v)n+1[lo3x—"+1].
(V) e*(x? -2x + 2), (vi) xtanx + logcosx.

{vii) xsin-'x +v1 -x?, (viii) xcos-'x =¥1 -x2.
(ix) x cosec-'x + log (x + xI_1).

(x) xsec-'x- log (x +¥xT 1),
(xi) xcot"'x + 2log(1 + x?).

{xi) xsec-'x - log(x +Vx? - 1),

(xiil) } x¥sin-'x - Lsin -'x + +xV1 —x2.
[ ]
1

(xiv) 3x3tan-Tx -3xl4 'z]og[‘l + x¥) .

(xv) ﬁ'i-?-x + c_o's'_:t_x_ (evi) x(logx)?- 2xlogx + 2r.

(xvid) § x2(2logx = 1), (xviid) (x =P sin-1Vx +IVx (1 -7)
(xix) 3 (1 +x)2log(1+ x) -3x(x + 2).

(xx) = (1 +x) "[log(1 +x) + 1].

(xxi) 2 {xlog{1 +x2) =2x + 2tan-'x}.

Oexii) (x + 2)log(x + 2) + (x + 3)log(x + 3) -2x.
(xxiil) §x(2x? - 3)sin2x + 3(2x? - 1) cos 2x.
{(xxiv) $x*[(logx)? -tlogx +1).

2. (i) 3(2x? -2xsin2x - cos2x). (i) - 4xcos2x +3sin2x.

3. () xlog(x-Vvx? -1) + va? — 1,

() (x -})log(x?-x + 1) =2x + ¥Y3tan-! (-g-%;—]) :

4. () x(logx)-'. (i) xtanix + 2logcos}x.

5. () x-cosxlog(secx + tanx).
(ii) sinxlog(cosecx + cotx) +x.
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6. () sinxcosxlog(1l + tanx)~}x +}log(sinx + cosx).
(i) - cotxlog(secx) + x,

7. () 3(xsin-'x + V1= 31),
(i) x(sin='x)? +3VT-x7(sin-'x)?-6(xsin-'x +V1-x1)
() 2Zxtan -'x - log(1 + x?). (ii) Same as ().

9. () Sameas8(l). (i) 3xtan-'x -Jlog (1 + x?).

xY] - x! - cos'x

10. () e L }{xcos-rx —V(1 —x1)],

1 x-VT —xisin'x. (u)\,‘il'—i:’!i-'% +log (1 = x1).

12. () je*(sinx - cosx). () e*(sinx + cosx),
g 2%sin (x - cot-!(log2)]
e SRR FIL '
(iv) 32(3sin3x + (log3)cos3x)
9+ (log3)7 ’
(v) f(cosh2x + sinh2x}=%x.(vl) $(cosh2x + sinh )+ ir.
13, () ter(1-1(cos2r + 2sin2x)).

(i) te*((cosx + sinx)=-}(cos3x + 3sin3x)).
e™tan-1x [ 1 1 1 - x? 4 7
i 2 [;+m'+4[Hl+x’+l+x*}]'
15. () xtanix. (i) 2Y¥x + llog(x+1)-4Vz + 1,

-Yax,

18. e*sing: 9. (De*logx. (i) x/(1 + logx).

b - O £ eflogsc « 1) e¥secx. (li) e log (secx + tanx)

! : x )/
16. R —cx?, 1?.(x*a)tan"(?

'

s =] i s 2 . -
21, (i) £7 e S s (R sty
2. () eften~r. () —eFcatix. will) ~ecoty,

1
(iv) e*tanx 123, -2'-‘ VI %a v — sin-! ﬁs )



24.

25.

26.

27,

28.

29.

30.

L.

32.

)]

(i)

0]

INTEGRAL CALCULUS
%(z-l)vJS-Z:n» x? ¢ 2log(x-1 +V5-2x+x7),

(2 - 1)V10 —4x + 4&x?
+ flog(2x - 14470 —4x + 4x7).

F(x - 9)VIBx -65 - x7+ 8sin-13(x-9).

412 . 4xr + 3
i vi - —2x3 =
(ii) i—(&x+3] 4 - 3x -2x7 4+ sin 14—'-—- :

3lx - a)V2ax —xt +3atsin-!

-l-ﬁ- (5x+ 4)V5x7 + Bx + 4

2
+ mlog[(Sx +4) +Y5(5x7 +8z + 4)] .

%{x(z-“x’ - 1) + log(x +'h'x5—1)}.

I)‘

7 [ BNGTETTR + (Bocrrsin-14 =l

0 3

(ii}

-a

(x? =1)% _Jxx? ] +3log(x +¥x? - 1),

3
$(x? + a?)T 4 LbxVx? 4 ot

+3atblog(x+VxT & g1),

3
(M 3(x?=x + 1)-L(2x - 1)VxT - x 4 1

(id)

(@)

(i)

g loglx i+ VXT x4 1)
< .
(207 +2x + 1)+ (x4 1)VExT 422 # 1
*Em o8 (2x ¢ 1) ¢ V2207422 + 1))
;;in"x —-;-{x + 2)V1 - x2,
(2 e 5)VxTe 2+ 1 +Plog(x +1) +VxT v x ¥ 1},
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3
a3, 3(x? 4+2x + 3)7-L(x + 5)Va? + 2x + 3
-6log(x + 1 +¥x? & 2x + 3),

34 () csin-’%-\fn?-x’. (i) (3x-a) s‘-x'--}a‘sin"-:—.

~
35, Hx + 6)¥xT — 4+ dlog(x +Vx? - 4).



CHAPTER IV
SPECIAL TRIGONOMETRIC FUNCTIQNS

4.1. Standard Integrals.

x
(A)Jcosecxdx = log! lan—2-| :
L2

d'x
Praof.-[ cosec xdx =
sinx ) 2sind TXCos < x
1 % 2k
sec x
N IL._zd,
tan ix
( on multiplying the numerator and denominator by sec? 3 x)
= logl tan-;-x| %
since the numerator is the differential coefficient of the denomi-

nator.

(B) j sec ~ dx

1

log | tan(g- + -;)I ;

log| (secx + tan x)|.

dx dx
Proof.J secx dx =J- = =J S (In v %)

_r dx
2sin(im +1x)cos(im

1
+1xl

—: + 3x)dx

J
r MR- -r-‘-IJ

i

..;..

= logl tan (4 +1x)] asin (A).

Note. Alternative Methods :
{ .osecx (cosecx-cotx
Icosecxd:-=J £4 }dx=log| ( cosec x - cotx)|
cosacx - cotx

dx sin x
cosecxdr = | — = | —— dx
sin x sintx
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-I ldic:::,)x = -Il fzz! ,where z = cosx

llol—z_llorl-cosx]
2 %7 +2z° 2% Trcosx' °

secxr(secxr +tanx
St r.;’::.-!' (_ )dxrlug](suc:+tanxll.
J seca rtanx

since the numerator is the derivative of the denominator.
i cos X di e d(sinx)
ez “ ] coslx “ ] 1 - sinlx

= d —llui.zwherez=sinx
= At~ g

—-l-lo 1 + sinx
28] T <din<
dx dx
secxdy = = T — g
cos 1 cos? 3 x-sin? 3x
sec? T xdx dz ) ;
J.l-tan’ = = 2 I_z,.therez—tan?x
_11+z_m 1+ tang x
=log_—z =2 l-hm-l-'x

It should be noted that the different forms in which 'he integrals
cosec ¥ and of sec x are obtained by different methods can be easily showr

to be identical by elementary trigonometry.

Thus,
1 1 —cosx, 1 2sin? 3x | _1 a1
2lt:ng| TS oax cosx’ --2103| T eoait 2 |—il€Jg| tan? 1x|

= Ll s
= log/| tan z-"l ; etc.

j dx
42 [a + bcosx

The given integral

dx
- J'n{cus‘l,_x + sin?23x) + b(cos?ix - sin?3x)



60 INTEGRAL CALCULUS

_ soc? 3xdx .
=) (a+b)+(a-b)tan?ix

( on multiplying the numerator and denominator by sec? 1x).

Case I.a > b,

Put va-btandx =z. .~ 3Va-bsectixdx =dz.
The given integral now becomes

2 dz
Yia- b)) (a +b) + z?

=T 2—-b’) tan ]J(ez+b) [ Sce (A), Art. 2.3 ]

2 ) ’a—? x
Iw'a*—b‘)ta“ 1( a+btani)'

S 1 saie b +a cosx)
(a® —b¥) a + beosx/’

Case II. a < b.

Put Yb-atangxr = z; .-.lgxl'b -a sec?yxdx = dz.

As before, the required integral becomes

2 dz
Vb-a)) (a+b) - 2?
.
= £ ;.I .loz]{—\,lfv—*-e—;ih
b bt -3 fow B R o

[ See (C), Art. 2.3. ]

B 1 l]| { Vb + a +Vb - @ tan 3x ]|
_vib’—a’)‘g Vb +a) - V(b - a)tan 3x
Note 1. Here it is assumed that a > 0, b > 0, if a < D,b>C

ora>0,bh<0,o0ra<0,b <0,thenthe integral can be evaluateo
exactly in the same way,
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Note 2. (i) If b = a, the integrand reduces to{ 1/2a )sec? ;1 x, the in-
tegral of whichis (1/a) tan Jx.

(ii) If b = - a, the integrand reduces to ( 1/2a) cosee? —:—, the
integral of whichis - (1/2) cot 151 s

: : dx
Note 3. By an exactly similar process, the integral I T
dx
a + beos x + csinx
sin rand cos x in terms of %r and then multiplying the numerator and the
dcnominator of the integrand by sec?  x and substituting z for tan - . This

is 1llustrated in Examples 3 and 4 ot Art. 4.8 below.

or more gtncrailyj can be evuluated by breaking

In fact, any rational function of sin x, cos x can be easily integrated by
expressing sin x and cos x in terms of tan 1x,ie, by writing

sinx = -———;2 tan%x_ and cos x = —————-,—1 - tan?y x
' 1+ tan?ix T 1 +tan?ix

and then putting tan 3z = z.

Similar integrals involving hyperbolic functions can be evaluated
by an exactly similar process.
4.3. Positive integral powers of sine and cosine.

(A) Odd positive index.

Any odd positive power of sines and cosines can be integrated
immediately by substituting cos x =z and sin x =z respectively
as shown below.

Ex. (i) . J-sin’x dx =Isin‘xsinrdr =-I(1 - cos?x)d(cosai)
== [(1 - z2)dz [ putting z forcos x|

s - (z-4%z3) == (cosx - jcosix).

Ex. (ii}.J.ws’xdx nIcos‘xccsxdx =I (1 - sin?x)?d (sinx)

[H.5'81]
= [(1 - z?)%dx [ putting z for sinx|] *

J(1 =222 4 z%)dz = z —%:-‘ + -‘s-z’

sinx -$sin’x + §sin’x.

e
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(B) Even positive index.

In order to integrate any even positive power of sine and
cosine, we should first express it in terms of multiple angles by
means of trigonometry and then integrate it.

Ex. (iii). Integrate I costx dx.

cosix = {%(‘l +c0s2x)}? = {1 + 2cos2x + cos?2x)
=-}[I + 2cos2x +3(1 + cosdx)]
=¢ +icos2x + }cosdx.
n Jeostxde =[(3 + Leos2x + +cos 4x ) dx
= 3% +1sin2x + Lsindx.
Note 1. It should be noted that when the index is large, it would be

more convenient to express the powers of sines or cosines of angles in terms
of multiple angles by the use of De Moivre’s thearem, as shown below.

Ex. tiv). Integrate J.sin'x dr .
cosnx + isinmx = y"

;} ]

cosnx - (sinnx = —

"

Let cosx + isinx

n

then cosx - 1sinx

¥ ¥
1 1
+ = = Jcosx "4 ~— = 2co5nx
Y y y y"
y~—‘s2:‘sinx y"-—{.:Zisinnx.
¥ y
2% *sin%x

(+5)
(v » 5)-s (e L)+ m (ve-7)-3¢ (y2-})o0

= 2cosBx- B2cosbxr + 28.2cos4x - 56.2cos2x + 70.

» sin*x = 27 (cosBxr- Bcosbx + 2Bcos dx - 56¢cos2x +35). '
o | sindxdx = 27 [{ cos 8x - 8 cos 6x + 28 cos 4x — 56 cos 2x +35) 4y

i
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M _2_1_i m:;&x _831:6:: +28 shld-x 56 sinzzx A 35:]
1

=53 [ §sin8x —3sin6x + 7sin 4x-28sin 2x + 35x].

Mote 2. When the index is a large odd positive integer, then slso we
can first express the function in terms of multiple angles as above and then
integrate #* | but in this case, it is better to adopt the method shown above

in (A), when the index is small.
Tnus | sindxdx = | %(35]111 - sin3x)dr =- %cos + % cos 3x.
4.4, Products of positive integral powers of sine and cosine.

Any product of the form sin” x cos? x admits of immediate in-
tegration as in Sec. A, Art. 4.3, whenever either p or g is a positive
odd integer, whatever the other may be. But when both p and ¢ are
positive even indices, we may first express the function as the sum of
a series of sines or cosines of multiples of x as in Sec. B, Art. 4.3,
and then integrate it.

Ex. (i). Integraie j sinix cosdx dx .

I = [sin?x cos*x cos x dx

= Jsinlx(1- sin?x)?d(cinx)

= [22(1 -z?)%dz, [ putting z = sinx]
= J(z? =224 4 2¢) 4

=t o dat e L

1 Ig_1 ] 1 H
=3sin’x-gsin®x + 3sin’x.

Ex. (li). Integrate I sinx costrdx,

Let cosx + jsinx = y L ocosnx +isinmx = yn
then cosx—r'sln:-—;- ] cosnx-isinnx:-;l-_‘
'.y+-l-=2cosx y"-r—l = 2cosnx,
¥ y"
y--‘=2isln: y"--—l-;'z:!rsinnr
¥ y
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s 2%i'sintrcos?x
= (3) (o 3)= (- 3)' (- 3
“(r-208) (s-2+ 1)
< (50 2 2(r0 B) = 0 5h)es

= 2cosbx- 2.2co54x ~ 2cos2x + 4.
sin‘xcos?x = 2-5[cosb6x - 2cos4x - cos 2xr + 2].

[ sintxcosixdy = 2-5](cos bx~ 2 cos 4x — cos2x + 2)dx

1 sin6x 2sind4x sin 2x
= 33 e N i + 2x 1.

Note. The expression sin®x cos9x also admits of immediate integration in
terms of tan x or cot x if p + q be a negative even integer, whatever p
and 4 may be. In this case, the best substitution is tan x or cot x = z.
For other case of sin Pxcos * x, a reduction formnula is generally required.
(Sce §8.14 — 8.17.)

: sin?x
Ex. (iii). InngmreJ‘ gl L
Here, p + g =2-6 =-4. . puttanx = z thenseclxdr = dz.

Now, I = | tan?x.sec'x dx

Jz2(1 + z2)dz =3z? +4z2°¢

L 3 1 L
3 tanx +,tan -

ax
Ex. (iv). Int : .
tiv). I ;granjl RNl TG

"Here,p +q = -3-%=-4. . puttanx = z, then sec?x dr =dz.
sec! x dx 1 +2?
Now, I = tani/ix =I Z /3 dz

=l(z-' 423 )dz =222 150

= 2tan'2x + Jtan’? 1.
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4.5. Integral powers of tangent and cotangent.
Any integral power of tangent and cotangent can be readily in-
tegrated. Thus,
() | tandxdx =/tanx tan?xdx =/tan x (sec?x -1)dx
=ftanxd{tanx)-Jtanxdx = %tan’x - log secx .
(ii) [cot*x dx =[cotlx (cosec?x - 1)dx
=[enttxcosectzdx —[cotixdx

~Jcot?xd (cot x) - [(cosec?x~ 1}dx

i

- -;—cot’x +cotx + x.
4.6. Positive integral powers of secant and cosecant.
(A) Even positive index.

Even positive powers of secant or cosecant admit o immediate
integration in terms of tan x or cot x. Thus,

(i) | sec'xdx = J(1 +tan?x) seclx dx
= [ sectx dx +lllan:'xd(!anx)
= tanx + Jtan’x.

(ii) | cosec® x dx =] cosecix. cosecty dx

[{1 +cotlx)?cosec?x dx

-] (1 ¢+ 2cot?x + cot *x)d(cotx)

1}

= - cotx-2cotdx-tcotsx.

(B) Odd positiye index.

Odd positive powers of secant and cosecant are to be integraléd
by the applicaticn of the rule of integration by parts.

(iii) | sec?xdx =Jsecx sec?rdr =secxtanx —Jsecxtan?xx
=secxtanx - [secx(sec’x -1)dx
=secrxtanx + [secxdr - [sec? rdx.

. transposing | sec? x dx to the .eft side, writing the value of [ sec x dx,

and dividing by 2, we get

Inlegral Calculus (main)
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Eed

1 1 n
3 e = log I g
[sec? x dx —zmxtanxf 2!05!:!1(‘ )

(iv) [sec®xdx =[sec?xsec?xdx

ra

= secixtanx - [Isec?xtan?xdx

sec?rtanr~ 3 ] «w?x(sec?x —1)dx

= secdxtanx +3 | sec?xdx - 3[sccdxdx.

Now, transposing 3 I sec®x dx and writing Lhe value of | sec? x dx we
vet ultimately

3§
foecss de « MRS 3 wnrseer 31 o0, (5, 5)
(v) Jcosec®z dx =] cosecxcosec?x dx

= - cosecxcotx - | cosee x cot?x dx

— cosecx cot x — [ cosec x ( cosec? x - 1) dx

= - cosecxcotz + [cosecxdr -|cosecxdy.

. transposing | cosec®x dx and writing the value of | cosce x dx,
Jeosecixde = - Jeosecxcotx + flogtandx.

4.7. Hyperbolic Functions.
(i) J.sinhxdx =I-}(t’ —e~*)dx =4(e* +e-*) = coshx.
(ii) Icoshxdx =I—;{e' +e-*)dx =1(e* -¢-*) = sinh x,

sinh x
(iii) J‘tanhxdx =J m—xdx = log | (cosh x) | .

a cosh x A
(1v)Jcolhxd:¢ —jmdx = log | (sinh x) | .
'

(v)Jcotechxdx o[ dx = zj dx

Y sinhx £x —g-*
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< i lr'~‘ll
= R cl¢l

= log, tanh {a

Coa dividing the numerator and denominator by e */2) |

. - dy ex
tvi) sech x dx _Iahx-211+¢!'dx

d (e*)
= ZJ'?:_E_": Ztan '(ex)

2tan '{cosh x + sinhx).
Otherunse -

it

J sech x dx

dx dx
coshx ™) cosh?ix + sinh?lx
f_ssechijx
1 + tanh?lx

dx

d .
-i*;z—z—z L on putting z =tanh ~'?:: ]
=2tan-'z=2lan-'{tanh§x]. -

{vii) Jsech’ xdx = tanh x.
(wv1ii) J'ccnsech’ xdx = - coth x.
(ix) jsech x tanh x dx =- sech x,

(x) Icauch x coth x dx =~ cosech x.
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4.8. Illustrative Examples.

dx
Ex. 1. Integrate _L.‘m + cos X

! =J' dx
T ot % R
2sinjxcoszx + cos? gx - sint gx
sec‘ x dx
2tan-x + 1 - tan? 3x
( on multiplying the numeraior and denominator by sec’? 1x)

2dz .
=J-Tz_;_r-_z‘ (puttingtan 3x = z)

] 2az s dz
172 -2z + 1) (V)7 - (z - 1)?

2.[—-5-&—7 wherea =V2,y =2 - 1
at -y :

1 a Z v’z + (tan'{x-l)
2?4103¢ Ti‘ ttan zx = 1)

Ex. 2. Jutegrarej —ﬁ—-— :
asinx +bcosx

Put @ =rcos@,b = rsin®, thenasinx + bcosx =rsin(x +8}.

Here, r = Ya? +b? and b = tan“:b.'

dx Vil
_j Wﬂ_ ';J‘COS".'.(I +8)dx

1
- coseczdz, where z =x + 8

1 z |
= logt tan 2

—

_ 1 b
= Aot 2Ty log lan(— r—-tan “)l_
Note. Since, as above, sinx + cos x =\;_251n (1 + -)
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" dx = 1 ( “)dx
“ | sinx + cosx N2 | 'T
ot | In(-x— 1)l
-W og a 7 1'8 .
dx

alsin?x + blcosix ’

\e

Ex. 3. Integrate -[

Multiply the numerator and denominator by scclx and puttanx =2

dz 1 e b
I =J e v o S :-:J 5 3 k,,whcre k=-

a
1 I z 1 a
= = —tan-'— = — o s
=53 k P “btan (blanx).
dx
E@nltgrnltj -g—-_—ﬁ'sm—x :
ay
= e ———
5(sin?3x + cos‘-x: - 122 sin X cos 3X

Multiplying the numerator and denominator by sec? 3%, this

sec? ixdx
5(tan? x+|l—26lan x

_ 2dz . ; P
= Je= _za*s,lputtmgtanix-z]

dz
(Z—'T; )’—(.‘i’-)’

_ 2 du 1
=& | v whereu—:——anda=i-
_E_llo "'"__l_] z_-—-s

5% Bu+a 12 Bz-1

E Stanix - 25

e log 5 tan 1x - 1

on restoring the value of z.

f dx
‘E/((?nlegmuj 13 + 3cosx + dsinx
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dx
I’I]Msini%x + cosillr )+ 3(cos? tx-sin? Zx)+4.2sin Txcos ;¥

Multiplying the numerator and denominator by sec? 1 x, this

i sec?y x dx
10tan?2x + Btan;x + 16

2dz :
JW& [putting z = tan 3 x|

N | NN A L.
5 {z+%)'f(%l‘" 5 u! +al’

2 _ &
whereu = z ¢+, 2 =3
]
T B i 32+ 1 , 5tany x+2
oy i =) = - = = I et i
sd!an = r,m“ 5 3 451

2sinx + eosx

- dx
Isinx + dcosx

Ex. 6. !megrafe-[

lLet 2sinx + Jcosx

= | { denominator) + m { differential coefficient of denominator }
=1{3sinx + 4cosx) +m(3cosx - 4sinx)
= (3 -4m)sinx +» (4l + 3m)cosx.

Now compamig the coefficients of sin x and cos x of both sides, we

1et 31 - 4m = 2 and 4l + Im = 3, whence [ = 1‘;, m o=k

!

© 2sinx 4 Jcosx -;;— (3sinx + 4eosx) + - (3cosx ~ dsinx),

o 1= E dy + ._!_. j_ﬂq_‘._ 4 ?-,_il.l' _'1' 4
wa = 75 2T Tsinzs dcosx °F
=:%x r{,—logiﬁ!sm.’c*4\'usx‘l|.

asinx+ beooyn .
Note. Generally | == =————e— dx can be treated in the same way.
coin i+ dcosx

Ex. 7. lnr:gmu-[ - ] dx .

sin(z —a)sin(x-b)
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1 1 sinf(x - b)) - (x=4a))
sin{a - b) sin(x -a)sin(x - b)

sin(x — a)sin(x ~B)

- 1 [cm{x-a) " cos(x-b)
= Sin(a - b) Lsin(x —a) sin(x - b)1 "’

- s 1 [ cosix-a) . _ m’(,-b)dx]
5 7 sin(a -b) sin(x -a) sin(x -b)

L [logsin (x - a) - logsin(x - b))

= sin(a -b
. 1 1 sin(x-a)
= Sin(a -5) 8| sin(x - b)

fan x

Ex. 8. Integrate m dx, b >a.

§ = sin x dx B sin x dx
= Jacosix +bsinlx J(b - (b - a)coslx
- 1 I sin r dx - 1 dz
- = TR i T _ 71}’
V(b -a) ’(a ’ '_m,x) V(b -a)) (kP -z%)

b
=  JEP, S
[puttingz—cosxandk '(5_.)]

ke 1 —'I_z_, = 1 - =1 [ _b.__im
ST R W= b ! i
[ See Art. 2.3 (E) Note. |

dx
Ex. 9. fnlegrntej T T

dx
J "J‘S{coah"i x—sinh’ll x) + 4(cosh’l=x+sinh'.',._x_}

- £ B 5L & S
=~} 7 cosh? %x T sinh? Lx ] 7 4 tanh? 2 x a
2

1
hl-x)

( on multiplying the numerator and denominatar by sec ;

Puttanh%r =z; !hcn%sech’%xdx = dz
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s dz 2 i & 2 1
e 2 m:ﬁlan‘—‘ﬁ=-;7tan"(-q:7|anh%x)‘

EXAMPLES IV

Integrate with respect to x the foliowing functions :

1. (i) cosec 2x. (i) cos x. (iii) sin 4x .
(iv) sin’x . (v) sin?xcos?x.
{vi) sin?x cos?. (vii) sin*xcos*x.
(viii) sin?x cos®x . (ix) cos?xsin?x .
(x) sin 2x cos?x. (xi) sin 3x cos3x .
(xii) se‘gix cosec?y .  (xiii) sin’x sec*x.
2. (i) cot3x. (ii) tantx. (iii) sectx.
(iv) cosec*x. (v) cosec®x . (vi) tan?xsectx
Evaluate the following integrals :
3. (i) co_s?.xdx ()Icosh
sin x cos x
2 sin x' - COS x
(ill)Jl i 1 dx . (w)J md
tanx Y ¢ Xcosx x
(V)j cos x ) % . (w}j sm’:

!
4. (i)j'\i sin x cos’x dx . (ii)j ?(Hn’xcos’:ﬂ'

X dx "
5. (i) (sinx + cosx)? (i) J.l + sin2x
dx '
3sinx - 4cosx
dx

(3sinx + 4cosx)? ’

- i [ s
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. dx
% (l)j cos'x — sinlx (li)J' - sin‘x ’
cotlx + 1
. [ oy
dx
1. J- 4cos’x- 3cosx '
sin x
L (l)j msmxdx' ¢ )_[ cus‘x
5. dx L dx
180 _[ sinxcosix (II)J- sin x cos3x
Gid) sin 2x dx (iv) dx
sin 5x sin 3x cos 3x — cosx
[ Put sin?x + cos?x in the numerator of (i) and (id). ]
. dx sl dx
A, mj sin*xcos?x m’] sintxcos*x

[Puttan x = z in (i) and (). ]

15. (njsm I"":O:I . [].E.E.'81]
e =

16. mj %—- ’ (ii‘)J-1—+dEa-;-,—; .

17.(1)‘[%‘@‘11‘ . [H.5.786)

i dx
b I sin‘x + cos'x

[ (i) Writesin®x + cos*x = cos *2x + 1sin?2x.]

; sin x __ sin2xdx
" (‘)J. N1+ r-iﬂ:t:)dJr ("}J (sinx + cosx)? ~
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.3
sin'x
2 J T v cosn ,
; dx i dx
e (I)J 1+ tanx ~ (mjl + COS 0L COS X

21. (:)j L SNl

sin x + cos x

i cos xdx 3
(“)IZSinx+3cosx 7 [C.P.787]

[ Numerator = 1 {(sinx + cosx) + (cosx - sinx)).]

(iii) .\l( cosec x — cot x sec x 3
cosecx + cotx / V(1 + 2secx)
sec x
2 [ idn e

B | e

a + b tanx

24. I—--L—d:
a + b sinx

. f dx '
28. u)js + 4smx . {"’_[ 4 + 5sinx
(i) x (iv)
“'I4+3sinhx ' 1 4+3C°5h‘
. ] : . x
e, (I)JS = 4cos: .[C.P."86,'88) (h!jﬂm
dx cos xdx
. . 1 £ o e
27. (‘)Jcmosa+cosx .{].E.E 89} (“)_[5--3c05x :
: dx
28. j"" blcos?x *
- sin x dx

V(alcos?x + bisinix)’
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sin 2x dx
30, (a + becosx)t
31 11 cosx - 16sinx

2cosx + 5sinx

. dx i £
32. (u‘[1 T cosx 4 sinx (“)J‘S+25inx +cosx

6 + Isinx + 14cosx

A 3+ 4dsinx + 5cosx
J#l + secxdx. [PutV2singx = z.]
35, (:;J - dx . [C.P.°85]
SeCc Yy + cosec x
tmj W - (C.P.'89]
sin x 1‘. tan x

16. (Manxr\’co!x)dx.

[Putsinx -cosx = zandnote 2 sinxcosx =1 -(sinx-cosx)?.]
t_
\/{gm u}}dx.
sin(x + a)

xtdy

38, - : - =
(xsinx + cosx)?
ANSWERS
L@ jlogtanx (i) sinx - Lsin?x . (ifi) §x - §sin 2x + 5 sindx
Iy 2 | T 1 1 :
(ivl §cos Y —cosx — gl_L'ssx. (v) 3 — 5 sin 4x
e . . 1 i
(vi) §sin*x-jsin*x. (vii) ;& 1 3x - sin4x + gsin Bx |
(viil) sin'x - lsin®x (1.\‘)%(‘055!—‘;—&;3'1. (x) —{cos’s
(x1) :ram"r - :mn‘x [ §sm‘ r (xii) tampa - cotr.

(aiti) secxr - Ssecdx t—:ﬁﬁ'l"r
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2. (i) -jecot?x -logsinx. (i)jtan’x- tanx + x.
(iii) tanx (1+ftan?x + {tanx).(iv) - cotx -Lcot®x.
(v) - ;cotxcosec’x - Jcotxcosecx + 3logtan x.
(vi) tan®x (3 + ;tan?x).3. (i) logtan}x + 2cosx.
(ii) 2sinx - Iogfsec-x + tanx). (iii) ;log (secx + tanx),
1 +V¥2sinx

(iv) T log T (v) L lansx + —lan x.

(vi) logtan ; x - xcosecx. 4 ()3 Vsinx(7sinx - 3sin’x).

3
) 1
. Loan =1 i) - —————
() 2cot3x(ztanéx + 2mntr -3). 5. WkG) -7 .
1
_3{3tanr +4) °
1 + Y2 cosx Y3 +tanx

8. (i) 'ﬁ I.Og—‘]m (ii) ‘T log m
9. (Dilogtan(4m + x). (ii) ftanx + mtm"(\&tanx).

6. lloglm('x--tnn"} 7.

10. jlogtan(ix + x). 1. jlogtan ({x +3x).
12. (i)-»g—cns""x+%cos 5%, (ii) secx + 2cosx - jcos’x.
13. (i) secx + logtan I x. (i) ;tan? x + logtanx,

(i) log sin 3x - -;- log sin 5x .

(iv)—:-lcosccxh log (secx + tanx)].

14. (i) tanx -2 cotx -%cot’x.

(ii) 3(tan®x - cotr) + 3(tanx-cotx).

15. (i) l\l'tanx.(ﬂ) log(cosx + sinx + Vsin2x).

2 + tanx R tan x
16. (i) = lﬂgz—h—; . (i) T tan ‘(

17. (i) tan-"(tan?x). (ii) -715- tan-? (_\’]f ian?x).
18. (i) 2V1 - sinx - V2 log tan ($x +im).
1

LR oy

i%. 2tanjx - x.



20.

25.

26.

v

28,

29.

30.
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(i) 3ix+log(snx +cosx)).

(ii). 2 cosec a tan~' { tan %’a tan $x).

(i) 1 (x +log (sinx +cosx)).
{u)-—x+—log{2mnx + 3cosx).
(iti) sin - ‘{;sec’ix).

1

x 1 T
.leugtan(-z- + Ttan "bill

b
e R Y 1 log(acosx + bsinx).

atanjx + b},ifn)b;

'J(—_ET““I{ fal =7

1 gtan 3 x + b—\‘(b‘—n’)]
\f(b’-a')los[u:an%x + b +Y(5 - a?) i & 8
.y 2 : ’ 2tanix + !
(i) § tan ‘1jt5tan-':—: + 4). (i) = logm
x
1 + 2 tanh = 1
(i) § log ————— . Gv) ;3-7105%77;_‘::‘—:-11! ‘
4 -Ztanhi 1
() tan-1 (L tan §x). (u}—log( et :)
@ — log S2ELE = @)y _1r 4 Sean-'(2ten ix)
sina cos‘?(xc-r')' 3 ¢ s

1 a
m}!an" (W tanx), ifa > b;

atanx -Yb? - a?

1
2av(bt - a*}lbg ‘atanx +V(b? - a*)"“ % ¥

-qr—:!-l—-——- log (Va® - blcosx +Vatcos®x + bisinix),

T _
ifa>b; q—b,—-—sm‘(b £ osx)ifc-:b
- 2b-tlog(a +bhcosx) —2ab-2(a + boosx)"',
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31. 3log(Zcosx +5sinx) — 2x 32, (1) - log (1 +cotx)
(iiptan-'(1 + tan3x) 33 2+ log(3 4+ dsinx + 5cosa )
34. 2sin-' (V2sinix).

3s. ﬁ)}[siux - cosx - -q]-i log lln(«}x +%u}|.

(i) flog tan x -tan?}x. 36.¥2sin ' (sinx - cosx)

37. cosacos ' (cosxsera) —sinlog (s x+ Vsinix — inlo).

sinx — cosx

e,
x8inx 4+ cosx



CHAPTER V
RATIONAL FRACTIONS

[ Method of breaking up into partial fractions |

5.1. Integration of Rational Fractions.

When we have to integrate a rational fraction, say, f (x)/ o(x)",
if f ( x ) be not of a lower degree than ¢ ( x ) , we shall first express
f(x) /¢ (x) by ordinary division in the form

. ! ylx)
Crpx? + Cyu.jx?-1 % '”+C°+W’
where Cox7? + ....... + C, is the quotient, and y ( x ) is the
remainder and hence of a lower degree than ¢ ( x ).
Then -U—E-—dx =C, e > S + -‘—v(—x)dx
g+l ¢ (x)

So we shall now consider how to integrate that rational fraction
w(x)/¢(x) in which the numerator is of a lower degree than the
deneminator. The best way of effecting the integration is first to
decompose the fraction into a number of partial fractions and then
to intcgrate each term separately.

We shall not enter here into a detailed discussion of the theory
of partial fractions for which the student is referred to treaties on
Higher Algebra, but we shall briefly indicate the different methods
adopted in breaking up a fraction into partial fractions according
to the nature of the factors of the denominator of the fraction.

We know from the Theory of Equations that ¢ ( x ) can always
be broken up into real factors which may be linear or quadratic and
some of which may be repeated.

* Whenf(x)and#é (x)arealgebraic expressions, containing terms involving
positive integral powers of x onl‘y of the form
Ry + GpX + a@p2x ot @y X
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Thus, the general form of ¢( x) is

A(x -a)Xx - B)Xx-y)r(x + 5)1 .
Ux-Dr+m).. ((x=-V) + m2)r,

Case 1. When the denominator contains factors real linear, but none
repeated.

To each non-repeated linear factor of the denominator, such as
X~ a,there corresponds a partial fraction of the from A / (x-g),
where A is a constant. The given fraction can be expressed as a
sum of fractions of this type and the unknown constant A’s can be
determined easily as shown by the following examples.

x? 4+ x -1
Ex.1. flltgmlljmdx. [‘P. P.1981]
)+ x? - 6x =x(x?+x-6)= x(x+3INx-2).
T+ x -1 A B C
™. SR Ty YT oo

Multiplying both sides by x (x + 3)(x - 2), we get
x4+ x-1=A(x+3)0x-2)+ Bx(x-2) +Cx(x + 3).
Putting x = 0,-3,2 successively on both sides, we get
A=1,B=3C=1
< the given inteeral is

Ab s, tF e P i
6 x »J x+3 2] x-2
=glogx + flog(x +3) + jlog(x - 2).

xl
(r —a)lx-b)}x - c}‘x'

Ex. 2. Integrate

Here the numerator is of the same degree as the denominator and if the
numerator be divided by the denominator the fraction would be of the form

1 +g.whereQ=|‘.x—nJ(x— b)ax-c)and P is of a lower degree than Q.
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Hence, wa can write
x? A iy i s
E=-a)a-Da=-c) r*IatE=htroe
xd = (x-a)x-b)x-c)+A(x-b)x=-c)
+B(x-c)x-a)+C(x-aXMx=-b).... (D
.Pulting x = a, b, c successively on both sides of the above identity
(2), we get

(1

‘I B o bl [: _ t"
“(a-b)Xa-c)' " T (b-cKb-a) '~ T Tc-aNe-b) "

~ from (1), it follows that the given Integral
g a? «_dx_ b? dx
+(Ill—lii(lil—-c)x—.n (b-clib-a)] x=-F

c? dx
e ealE=N}] X~e

A

log (x - a) log(x=b)

b)
Y B-eNb-a)

e?
* ey o8 (x-e)

Case I1. When the denominalor contains factors, real, linear, but
some repeated.

¢3
Rt G e

To each p-fold linear factor, such as (x - a )", there will cor-
respond the sum of p partial fractions of the form

A,- A

gt
(x-s-)'+(x-:}"'+ ......... +(1_‘},
where the constants Ay , Ay, ... .., A, can be evaluate
casily.
II
Ex. 3. ‘Jll!gl'ﬂfl (_X_ﬁ_)'(x_;_j—]-dx-'
ik x? A 1 5

(e Nz G+IN*'GeD"G e
Multiplying both sidesby (x + 1)2(x + 2), we gel
' = A(x +2)+ B(x +1)x+ 2) +C(x +1)2,

Inlegral Calculus (main) -8
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Putting x =- 1, - 2successively, wegat A =1, C = 4.
Again, equating the coefficients of x? on both sides,

B+ C=1; & B ==3,8ince C = 4,
KA l!u;lminngnl -Iﬁ" 3[??1*‘]%
1

=3log(x + 1) + 4 log(x +2),

-, e

x+1]

Note. The partial fractions in the above case can also be obtained in the
following way. Denote the first power of the repeated factor, i.c., x + 1'by z,

then the fraction = —1; %}l‘j—- Now, divide the Numerator by the Deno-

minator of the second frection, after writing them In ascending powers
of z, tll the highest power of the repeated factor, viz,, z?, appears in the

rmalndtr'lhuslhclncuon--T(l %.n‘”) -—3 - 1”_

Now replace z by x + 1, and the required partial fractions are cbtained.

Case 111. When the denominator contains factors, real, quadratic,
but none repeated.

To each non-repeated quadratic factor, suchas x* + px + ¢,
{or,x! + q,q # 0) there corresponds a partial fraction of the form
(Ar + B)/(x' + px + g),the method of integration of which is
explained in Art. 2.5.

x
Ex. 4. Iniegrote (—,—_—-m dx .

S " A +8x+C
(z~-1)x1+4) =z2-1 x + 4

Let

x= A(x? + 4)+(Bx + CYx - 1),
Putting = =1 on both sides, we get A =
Equating the coefficients of z* and x on both sides, we get
A+BwlOandC-B=1; hence:B=-§,Csi'
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. the given integral becomes
1f e Af xed , Afds 21f 2ds & &
S5) x-1 5) x7+4 5 Jx-1710) ¥T+47 5 JxTeq
1 §X
=glog(x—n--—lus(x +4}+--tan' 5

3 -
dx
¥ 4 al)(x? + BY) -

Ex. 5. J’nlegmuj 7

1 1 [ 1 1 ]
(:'+a1}{r‘+b3j=¢3—b1 ¥3 4 b1zl s all]-

. the given integral = i 51 [J. Y 1 J. ST ¢ o8

——-! [— tan- '—: - :'- iln":x-] A

dx
Ex. 6. Inlegralrj o o

Since x* + 1 =(x+ 1}xi=-x41),
1 A Bx + C

el xa+l rxloxel
A1 =A(x?—x + 1)+ (Br+ CXx + 1),

let us assume

Putting x =- 1, weaget A _x%_-

Equating the coefliclents of x? and the constant terms, we have

A+B=0andA+C=1. . Ba-§,C=}
. the given inlegrnl becomes
! x -2
3 rrt __[x‘-x-fiﬁ
N dx (2r - 1) - 3
—3Ir+] 3 Tox+l &

1 dx 1 2x - 1
“ijn"? x?—:+1“*-J‘:'-r+l

-I-log(x +1)-—llog{z’-r+l)+l L 1
3 6 2 1 3
[I—?)"" ‘E
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-—log{x +l)—-—log(r'—r+ I}+-Tlan“ (2 )

P :-1- log (x +1)- % log(xt-x + 1) + —‘;ilan" (2"
Case IV. When the denominalor contains factors, real, quadratic,
but some repeated.

In this case we shall require the use of Reduction Formula to
perform the integration, for the general discussion of which sece

Chapter IX,
Ex.7. In lqmrj (T-:—x-;m :

Although this case comes under Case (IV), it can be treated more simp-
ly as follows : Put x =tan®.

e[ fomea

- J‘%{l + c0829)d0 = %(0 +-;-slr|?a)

zuna 1 ) x
2{a 2T + tante -‘i‘{“nlr+l+xi}'
5.2. Two Special Cases.

(A) In many cases, if the aumerator and the denominator of a
given fraction contain even powers of x only, we can first write the
fraction in a simpler form by putting z for x2, and then break it up
nto partial fractions involving z, i.e., x?, and then integrate it.

xt+x2-12

Putting x? =z, we have

2
Ex. 8. IuleguleJl o

x? - z _ z A " B
xV4x2=2 zl4z-2 (z2+2Nz-1) z+2 z-1'

=A(z-1)+B(z+ 2).
Puting z =~ 2and 1, we get respectively A =1, B =3

3 -

say .



RATIONAL FRACTIONS 85

#_ 3 i .3 1
x'+x? -2 3 xTy 23T

- 3_ dx ’ _]_ dx
3.} ¥ 2 31 22 -1
t:-z- 1 tan ' — +I—I—lo £
"3 V2 . AR T R S 4
(B) If, in a fraction, the numerator contains only odd powers of x
and the denominator only even powers, then it is found more con-
venient to change the variable first by putting x? = 2 and then
break it up into partial fractions as usual.
x3dx
x4+ 3xT 4+ 2 7

Ex. 9. Imegra!:j

Put x? =2, » 2xdx = dz, x’dx:izd:.
f-]- z dz
T2zt a3z 42

Mow z z A B

x? +3z + 2 {:+1)(:*2i L_:: +1+z+2‘sny'

We determine asusual, A = -1, B = 2.

-1 [ _[:+2 J:n -3 [Zlog{zfil—log(x+1)]

= log(x?+ 2) - Jlog(x? +1).

—

5.3. Initegral of the form

dx
(x - a)=(x-Db)*"’

where mand n are positive integers and aand b are nmqun!,}miﬁw
or negative, can be evaluated by putting x - @ = z(x - b).

dx
Ex. 10. hllegm:tj- (x=-1)i(x =2)7
Put x -1 =a(x-2).
1-2 2
X

Tk :.dx=—--——--,-“_:}.
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Hence, the integral iransforms into

J'('l—:)‘a J'l-.?ozth -z"‘z

=—%—-3Iong 3z - 331

- (22 ) -me (222) -5 (520) - €2

EXAMPLES V
Integrate the following :
1 (x — 1)dx
? (x -2)¥x-3) "~
xdx
% (x —a)x-b) ~
3 (x - 1)dx
: (x + 2)x=3)
xdx 3xdx
& ("Jx! 12x + 35 - ‘“’I gy &
5 xtdx
: (x = 1)x-2)x-23)"
; (2x + 3)dx o [ (x?7 + 1)dx
& BlFvE-E - WSS
x3dx (x -1 Xx-5)
7. u)jx,”x“z . st
1 - 3x? : xdx
8. 0 35 ax. (li),l'(3—x){3+2.r)
x'dx
" mj(x~¢)(x—b){x—c) “"I{ L TE
[C.P."81)

dx dx
bll?I(x - 2)1(x -1)3° (IV)JI(:: + 1) (x + 2)3




10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

RATIONAL FRACTIONS

lli}! {3ox) dx .

M xtdx
: _[(x+ I x +2)°
dx

J x-xt=-x+1 ’
o P dx
(t}‘ Gi-1)t
dx

W [

@ [

[ dx
1 =1x?"

(i

@

x
xt -1
L

dx.

r x:

O]

o

dx .

xdx

ﬂ)_[ (xt + at)(x? + b1).

{ xidy
”J'(:’ + at)(x? + b?)

I(;‘ + a’)(x +b)

i) xdx
" (1 + M1 +x2)
J‘—-——(x!'-” dx .

x4+ x4+ 1
x*dx
mjx‘ x:- 12 °

j(:'+ 4x + 5)1°

l‘ xldx
T(xt+1)2x2 +1)°

(x-1)(x+1)"°

. () L =

.G j’w

xt

o)z

87

+ x?

a:-l-t)"

(x + 1)dx

unj el

1)3i(x + 2 )2

(3x + 2)dx
(Ii)j x(x+1)°

a j 242

+I T

unj————-—,“,_”

; dx
(ii) J. 7

x1dx

+ a_:'}(x' + b))’

x4dx

+ a'Xx? + b))’

uuj' o

rdx
x1 -2 "°
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dx
= I:(1+x+x’+x’}'
. dx
{x‘+x'+1=(x'+:+l)(r’-x+1)]
» x? + 1
27. (;I 2 (il}J--—‘-—dx
1‘1-]=(:’+x\‘2+1)(1‘hx1f24-111
; * dx . dx
28. (I)J- cosx(5 + 3cosx) ’ (“)I sin2x - sinx
dx exdx
U s~ R e
[C.P.°85]
dx
0. Ialnx(3+2cosx)'[htmx=t']
dx
31. Show thatj Q_('I_)
oy o [log.t + £{- I)’(—n)lo {x + r)]
n! - r & )
n
where ¢(x) =11 (x + r).
r=0
xn-l
32. Show that I T(;-} dx
L
(ap)=-1
=’f‘ f'(ﬂ) IOB (I—ﬂ;]

where f(x) = Il (x-&y), la;=apifi=k],

rm1



(ii)

10,
11.

12.

13.
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ANSWERS
2log(x = 3)=log(x - 2).

1
— {alog(x —a)- blog(x -b)).

$(3log(x +2) + 2 log(x~-3)).

M 1(7log(x = 7) =5 log (x - 5)) . (iD) log ((x ~2)3(x + 1))
llog(x - 1) - dlog(x - 2) +3log(x - 3).

(t)’log(x—l}-i‘-logx -1log(x+2).(ii) log (x?-1)-logx.

(3% ~75-27log (x+3) + 64 log (x+4). i) x-3 log Z=3

() ilog (x(x? =3)4). (i) -3log(3 - x) -4log(3 + 2x).

a? b2 | »
D ety =0 t gy etz -9
e?
+ (—-—_—_c—.l}{c— I’)11.'13(:1: -c).
==t . 1 lo x-b
(F-aNz-a) (B-a)! B¥-
-1 x-2 x-2 1 x-2
v e e e (x—'l
X+ x+1 x+1 x+1
(iv) T x4 BIngfz x+2 2(x+2
4 ; 3
(i) :—+2+Ing(:+I).(1i)—;—4logx+4log(x +1).
1 1 x+1 : 1 x
R YT e e AU Gy R s
1 .3 1 >
L T e i o e
1 1 2 1 x -1
i L] r+2_x—‘l_§l°3:r+2)

Wi {E2o0 g 2L } (i) 2log —~ +—-——--2::':‘:'),.
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1w gt Bt - 5o Ty
(i) - log (1 - x:f% tan -1 2—"6—1— .
15. () ;llog(x?= 1)=log(x? + 1)}, (i) {log (x*~ 1) - logx.
16. () (log(1 + x) - log (1~ x)] ~jtan-"x.

1 y ety N |
-1
4}08 “ tan-1x.

(i) e

¥t el 1 x x
H,log = e .(h)a,_b,[ntan": —blarr'-;}.

17. @ 3o

18. () -2-“,1_—?) {atlog (x? + a?) ~b? log (x? + b?)).
; al x b? x
(ii) :omtan"?tmtm“*s :

19, gty {Io B2 +31a }
" al 4 b? 8I(x7 +a7) e n ’

20, (i) —7log(1 + x) +glog(1 + x?) +jtan-Tx.
(i) —‘—lo £ =1 +|tan"1x+l
3 81](1’ +x + 1) Vi V3 ’

21, jllog(x?-x + 1) - log(x? + x + 1)),

L | x-2
22. () 7 log =8

+$ !an“%l .(ii)%llog(:‘~ 2)-log(x?+1)).

23, ;—{tﬁﬂ']<1+2) "‘:ETE%TS} 24, lan"x—-;;li tan-'(xv2).

25. logx -jlog(1 + x) —{log(1 + x?) -}tan-'x.

1 1 ¢+ x + xt V3
. qlog T e g e (£

1 + xV2 +x?

. 1 i N2
27. (i) T IOgT-—;—i N tan-? (1—5

e 1 i x V2
(i) —“ri tan l_*-;‘i .
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28. (iyilogtan(gm +ix) ~tan-!(jtan jx).
(i) Llog (1 + cosx) + }log(1 - cosx) -5log(1 ~ 2cosx).
29. (Mx+log(l+en-2log(l +2c?). (i) flog{(e*~1)(e*+3)%}.

30. -llog(1 + cosx) + - log (1 ~cosx) +3‘Iog(3 + 2cosx).




