
chapter	
Network Concepts

Most of this textbook will be devoted to the anal ysis of networks
which are energized with sine-wave voltages or currents. Before con-
sidering these time-varying sources, however, it will be advantageous
to review some basic network concepts: concepts which are equally
applicable to time-varying sources or non-time-varying sources.
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no. 1. Voltage and current sources.

Sources. The common non-time-varying voltage sources are bat-
teries and direct-current gperators. Since the, reader undoubtedly has
an intuitive understanding of how these sources are employed to energize
electric circuits, we start with them. In later chapters, sources which
develop time-varying voltages and currents will be employed almost
exclusively. For the present, only the sources indicated in Fig. 1 will
be used, and the battery symbol will indicate a non-time-varying voltage
source regardless of the exact nature of the voltage source. Unless
specifically noted, this voltage source is assumed to possess zero internal
resistance. Where it is desirable to simulate the internal loss of a
voltage source, a resistance will be placed in series with the ideal voltage
source as indicated in Fig. lb.

Where a voltage source, e, is specified, it will be understood that a
potential difference of e volts is maintained between (or across) the
terminals of the ideal source regardless of the current that may pass
through this ideal source. The actual terminal voltage of a voltage
source having internal resistance R. which is delivering current to a
network is

v,=e1—R.i	 (1)
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where i is the current flowing in the - to + direction. See Fig. 2a
iv here I = i.
. voltage source is idle when it is operating open-circuited; I 	 0.

Otherwise it is delivering or absorbing power to the extent of

	

P. = ei watts	 (2)
depending upon the direction of i relative to the polarity of r,. The
power delivered by a voltage source possessing internal resistance is

	

P 1 = vii = (e - Ri)i = e.i - Ri2	 (3)
Ri2 is the heat power developed internall y and a such is not available
for distribution to the rest of the network.

Where a current source, i,, is specified in circuit theory, it will be
understood that the source delivers this specified current regardless of
the resistance which is placed across the terminals of the source. It is,
of course, unrealistic to ask that a current source look into an open
circuit (or infinite resistance) since this situation results in infinite
power (1112) being delivered to the open circuit. This example, how-
ever. illustrates an important point: if a current source of 1 amperes is
specified, then b y definition this number of amperes is delivered to the
network regardlc.s of the resistance placed across the generator terminals.
(A contradiction of definitions, of course , occurs when current gener-
ators of different specified currents are connected in series.)

A current source is idle when it is short-circuited as indicated in
Fig. ic. In this case the power delivered is zero owing to the fact that
the specified current circulates through zero external resistance. When
a finite resistance, 11, appears across the terminals, the ideal current
source delivers

	

= Ri 2 watts	 (4)

A practical current source can he simulated by incorporating an internal
resistance, Th. aioss the terminals as illustrated in Fig. Id. Under
these conditions the terminal c6rreitt is

Ut
(5)

where t 1 is the terminal voltage developed when the current source is
connected to a load resistance. This generator develops a terminal
voltage of 11,1, when it = 0, that is, when the current source is oper-
ating open-circuited. If 11 1. is placed across the current source, the
terminal voltage is

= Ri, = RLI. -	 Vg	 (6)
R.
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and the power delivered to R,. 18

RLRti 2 = (Rti)i. - -
F?, 

Vgig	 (7)

The total power generated is (RLT,)i. = Vtta of which LL v,z	
Vg

= -
watts are dissipated in the internal resistance, R1.

Although sources have been designated as voltage sources and current
sources, it is evident that either one energizes the network with both

(a)

	

	 (b)

FIG. 2. Equivalent sources.

current and voltage. Indeed the two sources are entirely interchange-
able when a finite internal resistance is present. The voltage source
depicted in Fig. 2a, for example, supplies the network N with i amperes
and i' volts. The current, i, may be expressed as

C. -
=ig	 (8)

R.

which may be rearranged as

e	 V
(8a)

Thus a specified e in series with a specified resistance I?, results in
a specific current source

-
ii:

The conditions imposed by equation (So) are satisfied by the circuit con-
figuration shown in Fig. 2b where a current source i delivers i amperes
to the network at v1 volts. Substitution of i permits equation (8a)
to be vrittéri as

R.
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where vs/Ri is the current which is lost to the network as a result of the
internal resistance Re and the terminal voltage v,.

Reference to Fig. 2 and to equations (8), (8a), and (8b) shows that
a voltage source having an internal resistance of R, ohms may be re-
placed with an ideal current source of e,1R 1 amperes in parallel with a
resistive path of R1 ohms or that a current source i in parallel with
R. may be replaced with a voltage source (e. = R1i,) in series with a
resistance of R. ohms. The rest of the network, that is, the portion of
the network to the right of terminals It' in Fig. 2, cannot tell whether
it is energized with e, in series with R1 as in Fig. 2a or with i, =
in parallel with R as in Fig. 2b. Where a source having internal
resistance is specified, there exists a choice of using either e, in series
with R6 or of using i, in parallel with R5. Other more elaborate com-
binations of series-parallel resistances could conceivably be employed.

I.

C,	 y

(0)	 (1')

Fro. 3. Branch voltages in the presence of sources.

Where an ideal voltage source, e,, is specified (R, = 0), this source
constrains the potential difference between its terminals to be e, volts
regardless of the current. If e, is placed in series with a resistive
branch, the terminal voltage of the branch including the known e is
(v - e5 ) and is considered as a voltage drop as indicated in Fig. 3a. The
inclusion of c, does not increase the number of unknowns since e, is
specified. Where an ideal current source is placed across a resistive
branch as illustrated in Fig. 3b, it can either be associated with R to
form a series branch equivalent to that shown. in Fig. 3a or be left as
a fixed or specified current between the two terminals.

An ideal voltage source has zero internal series resistance. An ideal
current source possesses infinite internal series resistance. This con-
clusion may be deduced from the definition of an ideal current source,
namely, a source which delivers i regardless of the finite load resistance,
RL, which is placed across the terminals of the source. To satisfy
this definition, it is evident that the internal voltage, say e, as well as
the internal series resistance Rit must approach infinity. The sped-
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fled current may be considered to be

k1e,
(9)

k2R 1 , + RL k2

as both e and R 1 approach infinity, RL remaining finite.
Superposition. A linear circuit element is one in which the current

through the element is directly proportional to the voltage across the
terminals of the element. Linear netvorkr consist of linear elements
and fixed (or specified) voltage and current sources.

One reason for the rapid strides which have been made in the analysis
of linear networks is that the principle of superposition can be applied
to these networks. With the aid of this principle, the voltage or current
response in any part of a linear network resulting from two or more
sources may be determined by:

(1) Finding the component response developed by each individual
source.

(2) Adding (algebraically) the component responses to obtain the
actual response.

The truth of the principle of superposition is almost self-evident since
effects are proportional to causes in linear systems where the principle
applies. In any event, a general proof will be left for the reader after
the subjects of determinants and general network solutions have been
considered.

A simple application of superposition is illustrated in Fig. 4 where
the current in the resistance R = 2 ohms is found as the sum of the
current in R due to e, namely, Is,, and the current due to i,, namely,

1R2• In determining 'RI (Fig. 4b), i is de-energized either by opening
the i branch' (for purposes of analysis) or by letting i, = 0 and recog-
nizing that a current source possesses infinite internal resistance. The
value of the current in resistance R due to e, = 23 volts is

C,	 23	 23
'Ri = = 1 +2 =	

amperes

In determining 'R2, the current in R due to t (Fig. 4c), e1 , is replaced
by a short circuit since an ideal voltage source has zero internal resist-
ance. Application of Kirchhoff's voltage law to the two parallel
branches in Fig. 4c shows that

= 1(4 - lR2)

A branch is a conducting path terminated at either c.i by one of the network
junctions or nodes.
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or

* amperes

The actual current in resistance R is

IR = 'Ri + 'R2 = -+ = 9 amperes
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Fin. 4. An example of superpo..iil'inh,: ! 	 In + Ia.

The principle of superposition will be employed later in developing
certain general methods of analysis where component responses due to
the independent variables as well as those due to the sources are corn-
bitted to establish general equilibrium equations for the network.

Network Variables. In a network consisting of b branches, there are
in general 2b unknowns: b unknown branch currents, 4, and b unknown
branch voltages, Vb. A direct relationship exists, however, between each
branch current and the associated branch voltage. Where the branches
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are resistive in character for example,

Vb Rb4	 or	 t = Gbvb	 (10)

where Rb is the branch resistance and (4 is the branch conductance.
After the application of either of the volt-ampere relationships [given

in equation (10)1 to each of the branches there remain only b unknowns.
Evaluation of these unknowns requires that b independent relationships
be established. If the network has a total of ng nodes or junctions,
Kirchhoff's current law may be applied independently

(ng - 1) = a	 (11)

times. These a relationships together with (b - n) relationships estab-
lished by the application of the voltage law are sufficient in number to
effect solutions for the b unknowns.

Systematized methods of network analysis ordinarily employ either
linear combinations of branch currents or of branch voltages rather
than the branch quantities themselves because we can write the reduced
number of equations directly from the network map. Network vari-
ables which are linearly related to branch currents and branch voltages
are respectively loop currents and node-pair voltages, the subjects of the
following two articles.

Loop Currents. A loop current as the name implies traverses a
closed path. Ordinarily the closed path is so selected that the associ-
ated loop current is a measurable current of the network, that is, a cur-
rent which could be measured physically with the aid of an ammeter.
It is not, however, essential to analysis that loop currents be measurable
currents, nor is the closed path necessarily restricted to a single passage
through any branch. Simple closed paths are usually easier to handle
and are therefore to be preferred. The direction of the fictitious loop
currents is arbitrary provided that the sense is taken care of alge-
braically in the summation.

In Fig. 5 are illustrated three loop currents, 4, i2 , and i3, together
with the six branch currents 4, 42, ZbS, 4, 45, and 4. The linear
relationship can most easily be visualized from

El1009	 (12)

Any particular branch current, ib, is the algebraic sum of the loop
currents traversing this branch. Thus in Fig. 5

41 = it	 45 = i2	 48 =

42jt13	 b3'12 44l2Z3

In effect, the six branch currents have been replaced with three loop
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currents for the purpose of analysis. This reduction in the number of
variables is accomplished at the expense of the current-law relationships.
The manner in which loop currents automatically satisfy i = 0 at
the junctions is illustrated below. As applied to Fig. 5, we note that

At node ®:4 1 — 42 - 46 = 4 - (4 - 23) - i3 = 0	 (13)

At node ®: 42 - 2b3 44 = (I	 23)— (1 — 12) — (i2 — 13 ) = 0 (4)

At node 03 jL - j + i = (4 - i3) - 2 + 4 0	 (15)

S5

FIG. 5. Loop currents employed to replace branch currents.

In a four-junction network, n 1 = 4, the current law can be applied
independently only three times, and it will be observed from equa-
tions (13) through (15) that the loop currents automatically establish
three independent relationships between the branch currents.

That loop currents can always e selected as "measurable " currents
will be evident after network topology has been considered. In Fig. 5,
for example, ammeters placed at the S 1 , 85, and S6 positions would
measure respectively loop currents i, 12, and 13.

Since the current-law relationships are satisfied with loop currents,
the voltage-law relationships (v = 0) must be applied (b - n + 1)
times. Obviously these (b - n, + 1) (b - n) voltage equations
must be independent relationships. One method of establishing inde-
pendent voltage equations is to think of opening all loops except one
and then establish the voltage law for this particular loop invoking the
principle of superposition with the loop currents considered as inde-
pendent variables. In other words, the sum of the voltage drops around
any loop will be obtained employing one loop current at a time and then
all of these voltage drops will be summed to equal zero in accordance
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with Kirchhoff's voltage law. As applied to the loop traversed by il of

Fig. 5, we think of opening switches S 3 and S6 and sum the voltage

drops occasioned by i1 (and e1 if a source is specified). Thus

(1+2+3)i i — e. 0	or	 6i 1 =e,	 (16)

The resistance of loop I through which i 1 flows is 6 ohms. This resist-
ance is called the self-resistance of loop 1 to distinguish it from the
mutual resistances or the resistances of loop 1 which are common to

loops 2 and 3.
The voltage, equation given in equation (16) does not include the

voltages developed in loop 1 by loop currents i2 and i3 . To account for

the effect of i2 we think Of closing switch S 5 and observe that loop

current i2 circulates through a portion of loop 1 that is, through the
3-ohm resistance. The direction of i2 through the 3-ohm resistance is

such as to establish a voltage rise in loop 1 as seen from the tracing
direction employed for loop 1. Taking into account the voltage rise
established in loop 1 by loop current i2 , we expand equation (16) to read

6j1-3i2=e1	 (17)

Next, switch S6 is closed and the effect of loop current i3 on the voltage

equilibrium of loop 1 is observed. The ourrent i3 circulates through the
2-ohm resistor of loop 1 in such a direction as to produce a voltage rise
in the tracing direction of loop 1. The final voltage equation for loop 1

in terms of loop currents i1 , i2 , and i3 takes the form

641-3i2-2i3=e.	 (18)

An important aspect of equation (18) is that it can be brought into being
with the aid of superposition employing elementary physical concepts.
Exactly the same method may be empioyed to show that the voltage
equation for loop 2 is

—3i1+12i2-4izO	 (19)

and for loop 3
- 4i2 + 16i3 = 0	 (20)

In using superposition to establish the voltage equations, we have taken
i1 , i2 , and i3 as independent variables and considered their effects one
at a time. Although the establishment of voltage equations with loop
currents soon becomes a routine procedure, we should realize that this
procedure is in effect based upon the superposition principle.

Equations (18), (19), and (20) may be solved simultaneously for

1, j3 , and i3. Then any particular branch current can be found from
the algebraic sum of the loop currents flowing through the particular
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branch. That is

ibmnch = Eiioop

Or equations (13), (14), and (15) may be employed to find 1brncb interms of i10,, but this procedure is unnecessarily laborious.
Ordinaril y , the closed paths employed in establishing the voltage-law

equations coincide in contour and direction with the paths selected for
the loop currents. This is a matter of convenience but not of necessity
since any three independent closed paths may be employed to obtain
three independent voltage equations. Independent closed paths can
always be obtained by including successively a branch not previously
traversed. Assume, for example, that paths I and 2 of Fig. 5 follow i1and i2 respectively. A third voltage equation may be obtained by
summing the voltage drops around the path ahhefga. Thus

3i1+9i2-6i3rre	 (21)
which is the sum of equations (18) and, (19) and hence not independent
of these equations. A third independent voltage equation may he
obtained [in p!ace of equation (20)] by summing around a closed path
which includes the ed path or branch. If the abcdefga path is selected,
there is obtained

1i1 + 5i2 + 1023	 (22)
This equation [which is the sum of equations (18), (19), and (20)] may
be used in conjunctio i- with equations (18) and (19) to find the values
of i 1 , ?2, and i3.

The coeffic ients of the independent variables of equations (18), (19),
and (20) may be arranged in an orderly fashion as shown below:

[ 6 —3

—3 12 -I	 (23)

L-2 —4 16J

Except for the sources, this ordered array of numbers completely char-
acterizes the network to which it is applicable. In this type of character-
ization, the first column represents the coefficients of i; the second
column represents the coefficients of i2 , and so on. An ordered array
(or arrangement) of numbers or symbols is called a matrix. In general
a matrix consists of m rows and n columns as, for example,

[a2'

at1

A 	Ar,,,,,> =

[a.,

a 12	 a 13	 -	 a1,,

a22 a23	 a2,,

i2 a,,,3 ... a,,,,,
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A rather complete algebra involving matrices has been developed, but
here we are concerned only with the orderly arrangement of 

n X 'n
symbols or numbers which characterize a network also with the evalua-
tion of the determinant of the matrix. Brackets will be employed to
designate matrices, whereas straight bats will be used to designate the
determinant. (It is expected that the reader understands the ele-
mentary algebra of determinants including the application of Cramers
rule which is widely used in solving simultaneous equations.)

The matrix representing the coefficients of the i's in equations (18),
(19), and (20) is written as indicated above in matrix (23). The
determinant of this matrix is written as

6 —3 —2J

—3 12 —4 I = 816 ohms3	 (23a)
—2 —4 16)

In this case the matrix is called the resistance system matrix and the
determinant of this matrix has a numerical value of 816 ohms'. If
equations (18), (19), and (22) were employed, the resistance matrix
would take the form

F	 —3 — 2 'J 	 6 —3

	

—3 12 —4 and —3 12 —4	 816 oh (24)
L	 ioj 	 iol

If measurable currents are selected as the loop currents and the paths
traversed in writing the voltage equations coincide with the current
paths, the determinant of the resistance matrix of a network has the
same numerical value regardless of the paths traversed by the loop
currents. Only by selecting involved multiple loops will the network
determinant differ from its base value. (For an example of what is
meant here, see Problem 10 and Fig. 26b at. the end of the chapter)

If the numerical value of i2 per unit c in Fi g. S were required, i
could be obtained with the aid of Cramer's rule and equations (18),
(19), and (20) as

8 1 —2

— 3 0 —4

.-20 1656	 7

-2	

2	 816	 —i=io ampere
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or, if equations (18), (19), and (22) are employed, as

6 1 —2

—3 0 —4

1 1	 10	 56	 7
ampere2	 816	 816	 102

If a network has 1 independent loop currents, the resistance matrix will
have 1 columns; one column for each loop current. Since l equations
are required to obtain a unique solution, the matrix must also have 1 rows.
Thus 1 X l matrices are involved in network solutions where (as pre-
viously considered) l = b - n. The matrix may be written down from
an inspection of the network if proper physical interpretation is given
to each of the elements in the general matrix

R11 R12 R 13	 R11

R21 R22 R 23	 R2,	 (25)

R11 R12 R13	 .

The use of brackets in matrix (25) implies that only the ordered arrange-

ment of the coefficients of the general voltage equations is being portrayed.

The determinant of the matrix is indicated with straight side bars and
implies that the actual value of this array is being considered.

If reasonably simple paths are selected for the loop currents, the
elements of the matrix may be given such physical meanings that the
numerical values of these elements can be read directly, from the diagram
of the network. R 11 is the self-resistance of loop 1 through which loop
current 1 flows, and in general RJj is the self-resistance of loop j through

which loop currentj flows, and in general R ik is that part of the resist-

ance of loop 5 through which loop current Ic flows. If the cloed paths
selected for the establishment of the voltage relationships coincide with
the paths traversed by the loop currents and if 5 and Ic are integers

from 1 to 1 inclusive,

Rjk = Rk,	 (for 5 0 Ic)	 (26)

A situation where Rik = Rkj is given in equation (23a), and a situation

where Rik ?d Rfrj is given in equation (24). Ordinarily the closed paths
employed to establish the voltage equations are the same as the paths
traversed by measurable loop currents. Under these conditions the
system matrix is symmetrical about the main diagonal. The main
diagonal consistaofR ii, R22 , R, . •, Ru.
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Example. Let it be required to find the form of the resistance matrix of the net-

work given in Fig. 6i when the voltage relationships are established by following
the closed paths mapped out by the designated loop currents.

D214

2 i1n)

(a)	 (b)
FIG. 6. Example of network analysis employing loop currents.

From an inspection of the network resistance and remembering that the sign of a
resistance must be considered negative when the loop currents in the resistance are
in opposite chrections, we find directly that

6 Ohms	 R	 R21 = 2 ohms

RL4=R41=2
R44=8	 R23=R32= —2

R42 0

=	 = —3
The system determinant is

6	 2	 1	 2
2	 5 —2

1 —2	 6	 3

0
=	 506 ohms4

—

2 0 —3	 8

The system determinant expressed in matrix form is simply a shorthand way of
expressing the voltage relationships

6i 1 + 2 2 + h 3 -t- 2i	 0	 (loop 1)

	

2i +52_2j 3 +0j4 -o	 (loop 2)

	

Ii i —2j2+6j3..3j4O	 (loop 3)

	

2i + Oi - 3i + 814 — 0	 (loop 4)
The right-hand members of these equations are zero because no Voltage sources were
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specified in Fig. Ga. If two 4-volt sources are employed to energize the network sa

indicated in Fig. 66,

- 4, e1 — 4 - 4 0, e4 4, 44 0 volta

where the subscript a indicates a source voltage and the numerical subscript
refers to the number of the loop to which the driving voltage is applicable. After
we incorporate these drivhg voltages into the voltage equations given above, any
or all of the loop currents may be found. Loop current i, for example, may be

found with the aid of Cramer's rule as indicated below:

4	 2	 1	 2

o	 5 —2	 0

4 —2	 6 —3

o	 0 —3	 8	 244
0.482 ampere

	

506	 506

If the analysis requires the power delivered to the network by the 
source e, the

actual branch current, t,,, flowing through e will have to be evaluated as

1Iop	 I + i:2

16	 4	 1	 2!

12	 0 —2	 01

1	 4	 6 -31

2	 0-3	 8140
=

•	 06	
ampere

5 

241	 40 284
—	 +	 — 0.561 ampere

The power delivered to the network by the e source is

P	 ei,, = 4 X 0.561 = 2.244 watts

The voltage equations used to effect a network solution are not restricted to the
equations obtained by traversing the paths mapped out by the loop currents. If
in Fig. Ga, for example, we should choose to write voltage equations around the four

inside meshes, the voltage equations (in terms of i, i, is, and 14 of Fig. GO take the

form
lit- 11 + O1 - 34 4 = 0

26 + 5i - 21 5 + 014 - 0

lit - 2a + 6i - 34 - 0

26 + 0i - 3i + 84 - 0
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The resistance matrix under these conditions takes the unsymmetrical form

1 —1	 0 —3

2	 5 —2	 0

1 —2	 6 —3

2	 0 —3	 8

The determinant of this matrix, however, has the srne numerical value (506 ohm84)
as the system determinant previously employed.

Node-Pair Voltages. The potential difference between any two
nodes or junctions of a network is called a node-pair voltage. If prop-
erly selected, node-pair voltages may he used as the independent vari-
ables in network anal ysis in place of loop currents. This procedure
is sometimes referred to as nodal anal ysis. In certain network configu-
rations, the use of node-pair voltages has distinct advantages over the
use of loop currents. The concept of node-pair voltages as network
variables will be first illustrated in a particular case before any attempt
is made at generalizations. To this end, we propose to determine
branch voltage v in Fig. 7a, employing node-pair voltages as the inde-
pendent network variables.

In nodal analysis, it is convenient to relate branch currents and
branch voltages by way of branch conductance; that is

ib = Gbvb	 (27)

where G = 1/R b . Before proceeding with any anal ysis it is desirable
to combine the simple series and parallel combinations of resistances to
form a single branch conductance between nodes. The two 1-ohm
resistances which are in series between nodes ® and ® of Fig. 7a, for
example, are combined to form a 2-ohm resistance and converted to
a 0.5-rnho conductance in Fig. 7b. It is also desirable to transform
voltage sources associated with series resistance to equivalent eurrent
sources since the network solution is to be based upon current-law
equations. Thus e 2 = 2 volts in series with 0.3 ohm in Fig. 7a is
replaced with 4-ampere current generator in parallel with a 2-mho
conductance as indicated in Fig. 7b. (See page 3.)

The correct number of node-pair voltages to employ in nodal analysis
is equal to the total number of network nodes less one or

(n - 1) =

The justification for this statement will become evident when it is
recognized that a nodal analysis involves the establishment of current-
law equations only. It will be remembered that, in a network having
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= (n + 1) junctions or nodes, only n independent current equations
can be established. Therefore n independent node-pair voltages must
be employed in the analysis.

The network of Fig. 7 has four nodes. Hence three node-pair voltages
(C l, e2 , and e3 of Fig. 8) are selected as the independent variables upon
which to base the analysis. The node-pair voltages selected must not
of themselves form a closed path because in this case (e + e2 + e3)
would equal zero, thus exhibiting a dependency. In Fig. 8, e 1 , e2, and
e3 are so selected that they have only one node in common. This
particular selection yields independent node-pair voltages and results
in certain simplifications as will become evident presently.

It will be observed from Figs. 7 and 8 that all the branch voltages can
be expressed as linear combinations of c, e2 , and e3. The equations
will be established by setting the voltage drops, represented by the v's,
equal to the sum of the voltage rises, designated by the e's, when tracing
from a node in the direction of the voltage drop, thence through the
voltage rises back to the starting point. Thus

	

v =e1 —e2	v64

	

= el - e3	 Vb5 = e2	(28)

= e3 - e2

Following a closed path, for example, Vbl -	 - v 2 = (e 1 - e2 ) -
(e3 - e2 ) - (e1 - e3) = 0. The result of using the e's as independent
network variables is that the voltage-law relationships of the network
have in effect been used and there remains only three current-law rela-
tionships to be established. These latter relationships may be obtained
by applying Kirchhoff's current law at nodes ®, ® and ® of Fig. 7b.
We observe first, however, that the branch currents are related to the
e's as follows:

tbl = 0.5vb l = 0.5e 1 - 0.5e2

42 = 0.5vb2 = 0.5e 1 - 0.5e3

163	 143 = 1e3 - 1e2	(29)

44	 1v 4 = 1e3

ib6 = 2V = 2e2

The current-law relationships are

At node ®: 41 + 42 = 1e1 - 0.5e2 - 0.5e3 = i,1	 (30)

At node ®: —6 - 4 + 45 —0.5e + 3 .e2 - 1e3 = 42	 (31)

At node ®: — 4: + 4s + 44 —0.5e1 - 1e2 + 2.5e	 0	 (32)



18	 ALTERNATING-CURRENT CIRCUITS 	 ch. 1

Since jil and i.2 are known quantities, the numerical values of the
' s nmy be obtained straightforwardly, and, from the e's, the branch
voltages follow directly. In the present exarnpe, we set out to deter-
mine the numerical value of v = 1b2 in Fig. 7.

2 -0.5 -0.5	 1	 —o:s	 2

-4	 3.5 -1	 - -0.5	 3.5 -4

0 -1	 2.5	 -0.5 -1
1-'62 = e1 - €3 =

	 1	 -0.5 -0.5

-05	 3.5 -1

-0.5 -1	 2.5

Va	
8.5 - (-0.5)

= 1 'b2 = e1 - e3	 = 1.566 volts
0.10

The method outlined above is elegantin it simplicity, but, with more
general choices of the c 's. the physical phenomena involved may become
obscured. It IN- ill prove instructive to solve the problem outlined above
making use of the principle of superposition. This principle has already
been employed in the establishment of the voltage equations of the
loop-current method of analysis. There, all loops but the pertinent one
were open-circuited, and the component voltage drops around each loop
were evaluated using one loop current at a time. A similar method of
attack will be employed here in establishing the required number of
current equations, but in this case we shall let all of the es but the
pertinent one equal zero in finding the current directed away from

® ®nodes , , and C3. In this wa y we shall be able to interpret the
elements of the conductance matrix of a network in light of measurable
conductances.

When we apply Kizchhoffs current law at each of the three marked
nodes of Fig. 7b. it w ill he convenient to think of placing an ammeter
at the pertinent itode as indicated ill Fig. P. In Fig. 9a. the current
directed tuvriv from node ' for a 1-volt rise of c 1 (and for e 2 = (3 Di
may be determined

= 03e 1 + 0,3c = 1c

Insofar as c1 and i are concerned, the current equation at node Ci reads
Ill = 1c	 (33)

(Sway)	 (tnwrd node I)

This relationship, of course, does not ac'couiit for the effect upon the
current at node Ci caused by c, e3 , or i12 . To find the effect of e2 upon
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the current at node GJ, we short-circuit e 1 and e3 as indicated in Fig. 9b
and note that

112	 — 0.5e2	 (34)

The minus sign is required since an increase in €2 produces O 52 ampere
directed toward node ® and current away from that node has been
taken as positive. (See Fig. 9a and equation 33.) Next, the effect of
e3 upon the current at node ® is observed. In making this observation,
we short-circuit e1 and e2 as indicated in Fig. 9c and find

	

113 = —0.5e3	 (35)

The component currents of equations (33), (34), and (35) may be
combined in accordance with the principle of superposition to obtain
the current-law relationship which exists at node (iJ.

1e 1 - 0.5e2 - 0.5e3 = aj	 (36)

is the source current directed toward node ® with €	 €2 e3 =
= 0. With a more general choice of the e's, the effect of i, 2 might

make a contribution to the current at node . Since i 2 is connected
directly across the terminal points of €2 in this instance and since e2 is
replaced by a short circuit for this particular evaluation, 42 produces a
zero component current at node (i or at the 11 position. (It will, of
course, be recognized that the ammeter connected to node () is merely
an artifice for helping us keep track of the various component currents
established at this node by e, e21 c , 111, and

In establishing the current-law relationship which exists at node ®
of Fig. 7b, we make use of Figs. '9d, 9e, and 9f to obtain

— 0.5e ± 35e - 1e3 = —i. 2 	 (37)

In a similar manner, we find that the current law applied to node ®
yields

—0.5e - 1e2 + 2.5e3 0	 (38)

The coefficients of equations (36), (37), and (38) indicate that G11 =
1 mho, G22 = 35 mhos, and G33 = 2.5 mhos. Reference to Fig. 7b
will show that these conductances are precisely the conductances con-
nected to nodes ®, (33, and ® respectively. Further examination will
show that the mutual conductances like U12, G13 , U21 , U23 , etc., are the
negatives of the connecting conductances. This method of finding the
U's is widely used in cases where the e's have a common terminal as in
Figs. 7 and 8.

Equations (36), (37), and (38) have resulted from the application of
the principle of superposition and in this particular case are identical in
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Pia. 9. Component currents at nodes 0j ®, and ® produced by unit steps Of the

node pair voltages e, e, and e 3 .Numbers on reustances are mhos.

form to equaticns (30), (31), and (32). (For a more general choice of
the e's, the two sets of equations-might differ in numerical form.) One
advantage which accrues from the use of superposition is that the
elements of the conductance matrix have values which can be measured
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I

-0

(g) I 3 /e	 -0.5(1

0.5	 05

02	 03

(A) T ,fe= G5—i	 (1) I/e 1 =	 = 2.5(1

FIG. 9 (CcrLiiu'A)

with the aid of an ideal ammeter and a 1-volt source. In general, this
matrix takes the form

I G, i 012 013 • .

021 022 023	 02,1	
(39)

0,12 G 3	 .

If the scheme outlined in Fig. 9 is followed, the meanings of the 0's are
clear. For j equal to any number from 1 to n inclusive, G, is the
current flowing from node j into the network per unit voltage increase
in e. (e, is the node-pair voltage, the arrow end of which terminates
at node j.) In Fig. 9a ammeter J is employed to measure G il , inFig. 9e ammeter 12 is employed to measure 022, and so on. All node-
pair voltages except ej are set equal to zero during this measurement
since the scheme employed here makes use of the principle of super-
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position. Gia, is the current flowing into the network from node j per

unit vultage increase in e,; j ;d k. (ek is the node-pair voltage, the
arrow end of which terminates at node Ic.) In Fig. 9b, for example,

ammeter 1 1 is employed to measure 012, the current flowing into the
network per unit voltage increase in e3 with all other independent node-

pair voltages (ej and e3) set equal to zero.,
After the conductance matrix has been established and the source

currents properly accounted for, the nodal solution is complete except
for routine manipulations.

A deeper insight into the nodal method will be obtained, however, if
the independent node-pair voltages selected do not have a common node.
This subject will be pursued after the meaning of a topological tree has
been established.

Cu

(a)	 (1')

Yo. 10. (b) is a topological representation of the unknown branches or (a).

Network Topology? Certain aspects of network behavior are brought
into better perspective if the network is considered as a graph. In
constructing this graph, we replace each branch of the network by a
line, without regard to the circuit elements that go to make up this
branch. Simple parallel elements may also be combined. The graph
of the network given in Fig. lOa, for example, is illustrated in Fig. lob.
Where a branch consists solely of a current source, this branch may be
omitted from the graph because it represents neither an unknown
voltage nor an unknown current. For purposes of analysis, the b un-
known branch voltages or the b unknown branch currents are of im-

2 Topology, generally, is concerned with the form or structure of a geometrical
entity, not with the precise sihe or shape of this entity. Network tpoIogy is con-
cerned with the line graph formed by the interconnected network branches and not
with the size, shape, or operating characteristics of the network elements that go
to form the branches. In this sense, network topology is network geometry.
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mediate importance. The known sources may be incorporated into the
equilibrium equations at any appropriate stage of the analysis.

The network graph illustrated in Fig. lOb has four nodes, six branches,
and three inside loops or meshes and is mappable on a plane. The graph
may be considered as separating the entire area of the plane into four
bounded areas, the three inside meshes and the outside area or outside
mesh. In this connection, any undivided area having a boundary
composed of branch lines is called a mesh. Since the outside area has
such a boundary, it can be classed as a mesh. When the graph is
mapped on a sphere, any one of the inside meshes of a plane graph like
Fig. lOb can become the outside mesh. The process whereby this is
accomplished is called topological warping.

A network solution based on loop currents requires that the correct
number of independent voltage equations be employed. If based on
node-pair voltages, the solution requires that the correct number of
independent current equations be employed. In simple networks, inde-
pei'ident equations can be obtained readily by inspection or by methods
previously considered. Certain general aspects of this problem can be
brought to light by the use of a topological tree.

A tree is a set of branches such that each node (or terminal) has connected to it at
least one branch, the set contains no closed loops, and a single (unique) path can
be found which joins any two nodes of the graph to which the tree is applicable.

Four open-ended graphs based on the circuit configuration of Fig. 10
are presented in Fig. IL Since each of these open-ended graphs satis-
fies all the requirements of a tree, each graph is a tree corresponding to
the network of Fig. 10.

In forming a tree (corresponding to a particular network) certain
branches are of necessity opened. The branches thus opened are
called links or link branches. The links of Fig. 1 Ia, for example, are
branches ab, bc, and ca and of Fig. lib are ab, dc, and da. Obviously,
the link branches and the tree branches combine to form the graph of
the entire network.

The identification of the link currents with the loop currents leads
directly to measurable loop currents. In cases where interest centers
around particular currents, as, for example, around the input and
output currents of the network, the input and output branches may be
selected as links, the reason being that only one loop current traverses
a link branch. Only one loop current is then required to obtain the
current 1R this branch. Thus the tree may actually be selected with
ulterior motives of this kind in mind.

Once a topological tree has been formed for a particular network, the



(a) (0

24	 ALTERNATING—CURRENT CIRCUITS 	 Ch. I

determination of independeni loop currents is a straightforward pro-
cedure. Simply close one link as, for example, link ab of Fig, ha, and
employ the loop thus formed as the path for loop current number I.
In this case

'loop	 'link = labda = 11

Then open Ihts link and dose another link to obtain the path of a second
loop current and repeat this process until each link-branch current has
been identified with a loop current. Thus we obtain loops for which

(c)	 (d)

Fio. 11. Four topological trees corresponding to the network of Fig. 10.

independent voltage equations can be written. The loop currents are
independent inasmuch as each can be measured with an ammeter in
a different link branch. The correct number of independent loop cur-
rents is obtained since all the loop currents thus selected are required
to obtain a network solution, and more than this number of loop currents
will lead to voltage equations which are not independent of those
already established.

The independent node-pair voltages required to effect a nodal solu-
tion can also be found readily from a topological tree. In elementary
nodal analysis we ordinarily select one node of the network to be corn-
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mon to each of the node-pair voltages employed. In Fig. ha, for
example, we might select node d as common and use

C1 = t ad, e2 = v,,j, and €3 =

as the three independent node-pair voltages required to effect a solu-
tion. Or we might select node c as common and use

Cl = Vac, t 2 = t br, and e3 = 1'dc

as the required node-pair voltages. It should be noted that this method
of selecting node-pair voltages automatically leads to ( fl L - 1) or
n voltages, the correct number xequired to obtain a network solution.
The independence of the node-pair voltages thus selected follows from:

1. One path only exists between the common node and any other
node by way of tree branches.

2. The nodes are separated in potential one from the other by at least
the potential difference of one tree branch.

One advantage of the topological approach to circuit anal ysis is that
it opens up avenues of attack that might otherwise be overlooked. For
example, the tree-branch voltages themselves form an independent set
of node-pair voltages that can be used in a nodal analysis to effect a
network solution. There are n nodes and, except for the first tree

Fia. 12. For illustrative example.

branch (which will be considered to have two nodes incident upon it),
every other tree branch utilizes one additional node in its specification.
Thus n tree branches exist in a given tree, and hence n independent
node-pair voltages can be obtained directly from the tree-branch volt-
ages. The one requirement in selecting a set of node-pair voltages
with which to carry out a network analysis is that these node-pair
voltages correspond to the node-pair voltages of a topological tree.
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In order to further illustrate the nodal method, the network given in
Fig. 12 will be analyzed in three different ways employing node-pair
voltages. First the es of the tree shown in Fig. 13a wiil be taken as the
independent node-pair voltages. Where a common node is employed,
the self -conductances and mutual conductances may be obtained directly
from an inspection of the network. Thus in mhos

G 11 =3	 G12=-1	 G130

G21 = — 1	 G22 = 4	 G23 = — 1

G31 = 0	 G23 = - 1	 G33 = 4 mhos

(a)
	

(b)

Fa. 13. Two trees cot-responding to the network of Fig. 11

Let it be required to find the voltages of nodes 0 and ® relative to
ground.

1 —1	 0

0	 4 —1

3 —1	 4
	3 —1	 0

—1	 4 —1

	

0 —1	 4

Potential of node (1) =
18

= - volt
41

	

3	 1	 01

	

I-I	 0

	

1Potential of node ®	
0	 3	 4	 13

= e2' =	 = - volt
41	 41
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If the tree given in Fig. 13b is used in the analysis it is found that

vbl = el	 tbi = let

vb2 =e2	 4222

Vb3 = e3	43 = 1e3 	 (40)
vb4 = e + e2	 44 = 2€L + 2e2

V5 = e2 + e3	 45 = 3e2 + 3e3

At node CD : 	 ibi + i64 = 3e + 2e2 + 0e3 = 1	 (41)

At node CD: — 4i + 42 - 43 = - 1e 1 ± 2e2 - 1e3 = 0	 (42)

At node CD:	 43 + 45 0e 1 + 3e2 + 4e3 = 3	 (43)

Solving for e 1 and e2

1	 2	 0

0	 2 —1

3	 3	 4	 5
e1 =	 =- volt

3	 2	 0	 41

—1	 2-1

0	 3	 4

3	 1	 0

—1	 0 —1

o4	 13
e2—	 volt

41	 41

The potential of node ® of Fig. 12 relative to ground is

vb4=el+e2= 
18
-j- volt

If the node-pair voltages e 1 , e2, and e3 of Fig. 13b are employed in
conjuuction with the principle of superposition. the self-conductances and
mutual conductances are determined from the physical considerations
outlined in Fig. 14. If it is recognized that G 21 = G12 , G 1 G13,

G32 = G23 , and G33 = 4 mhos, the conductance matrix becomes

[G11 G12 G131 [3 2 01
G	 G22 C23 

f 
= 2 7 3	 (44)

La31 G32 G33- 	 3 41
3
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- 1 volt
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(eT2 /e 3 G 	 3U	 -	 t7) i.i=1,i4.	 3amp.

Fzu. 14. Evaluation of aelt-conductance and mutual conductance of the network of
Fi g . 12 ernplQying the node-pair voltages c 1 , e, and r 3 of Fig. 13b.

Since the law of superposition is being employed iii the establishment
of the current equations at nodes ®, ®, and ®, it is necessary to include
the currents directed toward these nodes from all the current sources
with c1 = e2 = e3 0. From Fig. 14/, we find that 1 ampere is di-

_____ e 1 -O e3 -0

I amp.	 3 amp.J	 J3 amp.

U2 e2.0

a - 1 volt

(a) 1 1 /e 1 =G 11 = 3U

a 3 = t "it

(c) 113= 0

(6) 1 1 /e 2 = C 12 - 2U

(1)	 =o ® e 1 =O ®

(d) I 2 /e= C 2,- 7 

2
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rected toward node ® from the sources, 4 amperes are directed toward
node ® from the sources, and 3 amperes toward node ®. Since the
component currents resulting from e 1 , e2, and have been taken as
positive away from the nodes, the three current equations ma y -be
written as follows:

3e1 + 2e2 + 0e3 1

2e + 7e2 + 3e3 = 4

0e 1 + 3e2 + 4e3 = 3

Solving for e 1 and e2

120

473

334	 5
3 2 0 =i

273

0 3 4j

1 01

1 2 4 3

lo 3 41	 13
e2 =	 volt

41	 41

From the three examples outlined above (and from others that can
be developed) it is evident that node-pair voltages may be used in a
variety of ways to effect network solutions. The same may be said for
the use of loop currents. Ingenious combinations of node-pair voltages
and loop currents as well as ingenious network theorems are often em-
ployed to obtain desired solutions. One of the fascinating aspects of
network analysis is the variety of attack available to the analyst.

Duality. Where circuit elements are in series as in Fig. 15d m the
natural choice for independent variable is current since it is common to
each element. For the case considered

R1i + R24 + Raib =
or

Rb = (R 1 + R2 + R3 ) -
 Vb

4

(45)

(46)

(47)

volt

(48)

(48a)

Where elements are in parallel as in Fig. lSb, the natural choice for



+ +

R2

'3

C3

30	 ALTERNATING—CURRENT CIRCUITS	 Ch. I

independent variable is the voltage which is common to (or across) each
of the elements. In Fig. 15b

-
	

Got, + G2Vb + G3u6 ib	 (49)

01

Gb = (G1 + G2 + G3 ) =	 (49a)
Vb

The similarity in form of equations (48) and (49) is evident. In
one, the voltage law is used to establish the basic relationship between
4 and vb; in the other, the current law is employed, In one, resistances
are used; in the other, conductances.

il

'i

(a)	 (b)

Fw. 15. Vb	 ni + v8 + v and io = it + i: + 13.

This dualism extends throughout the two fundamental methods of
network analysis. One method utilizes loop currents, resistances,
voltage equations, and voltage sources. The other utilizes node-pair
voltages, conductances, current equations, and current sources. Meas-
urable independent loop currents may be identified with the current
flowing in the link branches of the network whereas measurable inde-
pendent node-pair voltages may be identified with the tree-branch
voltages. The equilibrium equations in one method of analysis are
based upon

Vund & closed loop = 0

The equilibrium equations of the other are based upon

tcUrect,d Iow.rd anode = 0

Wherever all the elements of one system can be put into a one-to--one
correspondence with the elements of another system, the correspondence
is referred to as duality. Duality can therefore exist between the loop-
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current and node-pair-voltage methods of analysis, one method being
the dual of the other. From an algebraic point of view, two networks
are duals if the nodal equations of the one are of the same form as the
loop equations of the other. The equations of equilibrium for the
network of Fig. 16a which has two independent loop currents are, for
example,

R11i1 + R 12i2 =

R21 i 1 + R22 12 =
	 (50)

 

i DI R, D'DD'.
Ru RfR3
R22 =R 1 +R3
R 12

=

(a)1 I

FIG. 	 Dual networks.

The equations of equilibrium for the network of Fig. 16b which has two
independent node-pair voltages are of the form

G11 e 1 + 012e2 = isi

621eL+ G22e2 = 42	
(51)

Except for the interpretations gi'-en to the symbols in equatios (50)
and (51), these equations are identical. The fact that the forms of the
equations are identical makes them duals. Obviousl y, duality is a
mutual relationship. Equations (50) are as much the dual of equations
(51) as equations (51) are the dual of equations (50).

From a graphical point of view, two networks are duals when meshes
(around which v = 0) in one network are in a one-tone corre-
spondence with the nodes (at which i = 0) in the other network.
In this connection a mesh is regarded as a region or area bounded by
network branches or voltage drops. With this interpretation of the
term mesh, a network branch divides exactly two lnt'SheS (or regior
provided that the network graph can be mapped on a plane or
(without cross-overs). Correspondingly, a network branch
two nodes. It will be remembered that a network posse-

9G, G,

____

0
G 11 -G1+
G =G2+G

-

(b)
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nodes at which independent current relationships can be established.
The dual of this network will possess (mg - 1) = I meshes or loops
around which independent voltage relationships can be established.
(mg symbolizes the total number of meshes or regions of a particular
graph.) The graph of Fig. IGa, for example, is composed of three
meshes, two inside meshes around which i k and i., circulate and one
outside mesh (or region) bounded by the e - R 1 anclR 2 - e branches.
The outside region is, of course, as much a mesh as either of the inside
regions since it is bounded by network branches. Furthermore, if
Fig. iGa were mapped on a sphere and topologically warped (by stretch-
ing), either of the present inside meshes could be made to th' "'ut-
side" mesh.

Some of the major correspondences which exist between the loop-
current and node-pair-voltage solutions are listed in Table I. Others

TABLE I

Solution

Loop Current

voltage	 u	 0

b — n =1

branch voltage
voltage source
loop current
link-branch currents
resistance
in series
R = (open circuit)
R = 0 (short circuit)
mc'5h
duides exactly two

regions (or meshes)
providing the graph
will map on a plane
(or sphere)

Node-Pair Voltage

current	 = 0

(b - 1) = n
branch current
current source
node-pair voltage
tree-branch voltages
conductance
in parallel
C = x (short circuit)
C = 0 (open circuit)
node
joins exactly two

nodes

Element Involved

Equilibrium equations
Number of independent equa-

tions
Basic constituent.
Energizing element
Network variable
Independent-network variables
Circuit parameter
Parameters add
Infinite parameter
Zero parameter
Topographical entity
Any topological branch

will become evident as we proceed. It should be noted that, whereas
I n in dual networks, I is not necessarily equal to it in a particular
network.

Graphical Construction of Dual Networks. In constructing a network
which is to be the dual of a specified network, all of the voltage drops
'ucountered on the contour of a mesh of one network are transformed

uirrent paths emanating from the corresponding node of the other,
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or vice versa. A simple graphical scheme for developing the corre-
spondence between v 0 in one network with i = 0 in the other is
depicted in Fig. 17c, The original network in this case is Fig. 17a

- - - - -	 -
P3

"S

it es .Ef,. 

V*—	 V4	
)

N.

	

	 0'

YJ

0

(a)

Node 3

G1'G'

Reference node

(Li)

R3____

It old

/

Pt

CL.

(c)

Fw. 17. (a) and (Li) are duals; (c) indicates how (Li) is obtained from (a).

which consists of a single loop (or one branch) and two meshes, say,
mesh a (inside the current loop) and mesh b (outside the current loop).
Node a of the proposed dual corresponds to mesh a of the original circuit
and similarly for node b and mesh b.
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The details involved in the graphical construction of a dual are illus.-
trated in Fig. 17c. From node a in Fig. 17c, for example, a line is so
drawn that it connects node a and the reference node as it passes through
one element (or voltage drop) of the original loop. This process is
repeated for each voltage drop involved in v = 0 with due regard for
positive direction. Some orderly convention must be adopted for
correlating positive directions in the dual with those which have been
selected for analysis of the original. The simple scheme illustrated in
Fig. 17c consists of turning the arrow direction of the loop current (as
it crosses the line connectiig node a and the reference node) in the
direction we select for positive current flow in the branch of the dual
which is being generated. For the case considered, the positive direc-
tion of current flow is selected as beingJrom node a to the reference node.
Thus the loop-current direction in being turned clockwise for each of
the three voltage drops (v 1 , v2 , and v 3 of Fig. 17a) determines the posi-
tive direction of the current flow in the three corresponding paths of
the dual as being from node a to the reference node. In applying this
scheme to the voltage source e5 . we note that the loop-current direction
coincides with a voltage rise as it passes through e,. The positive
direction of the current source, i3 , in the dual which replaces e1 of the
original network is therefore obtained by turning the loop-current
direction in the counterclockwise direction. The positive direction of
is' is thus determined to be from the reference node to node a as indi-
cated in Fig. 17b or Fig. 17c. (Any other scheme for determining
positive circuit directions in the dual is as good provided that it is used
consistently.)

The numerical values of the mhos in the dual network are related to
the ohmic values in the original network by the normalizing factor
gn 2. Thus

= g. 2Ri	 (52)

where g,, is arbitrarily selected.
A current source,. is ', of the dual network is made to correspond to

a voltage source of the original network by a normalizing factor g if
the power delivered by i' is to be equal to the power delivered by e,.
Thus for P, to equal P,

= - =
P i.
,(53)

from which

is' = ^Gl

e	
(54)

1 
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If, for example, in Fig. 17, R = 2, 112 = 1, and R3 = 3 ohms and

= 12 volts, the equation for equilibrium is

2i + Ii + 3i = 12 volts	 (i = 2 amperes)

TI a normalizing factor, gn2, of 4 is arbitrarily selected,

G 1 ' = 8, G2' = 4, and G 3' = 12 mhos

Also i8 ' = (2 X 12) amperes and the equation for equilibrium of the

dual network is

8Va + 4v0 + 12va = 24 amperes	 (t'a = 1 volt)

In Fig. 17a

Pea = 12 X 2 = 24 watts

In Fig. 1 7

I x 24 = 24 watts

The graphical process illustrated in Fig. 17 is extended to a four-mesh
network in Fig. 18. It will be observed that all of the elements common
to loop 1 of Fig. iSa appear as elements which are common to node ®
of the dual network; similarly for the other loops and corresponding
nodes. The dual network contains the same number of branches as
the original network -if the three parallel paths which connect to node ®
(and which are derived from a single series branch of the original net-
work) are counted as a single branch. It is, of course, evident that for

algebraic duality 1 (the number of independent loop currents) of one
network must equal n (the number of independent nodes) of the other.

For I = n
m=l+1=fl+lfl1

where mg is the total number of meshes and n j is the total number

of nodes.
The manner in which the graphical process described above may be

reversed is illustrated in Fig. 19. Here the dual of a dual is constructed
to obtain the original network. (See Fig. 18.) Since duality is a mutual
relationship, the construction of a dual goes from meshes to nodes (if

the original network is viewed as consisting of meshes) or from nodes to

meshes (if the original network is viewed in light of nodes as the topo-
lo al entities). An example of the latter situation is given in Fig. 19a.
Each current directed away from node 0i corresponds to a voltage drop

in mesh 1 of Fig. 19b; similarly for the other corresponding nodes and

meshes.
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Fla. 18. (a) Original network. (b) Dual network, g = 1.
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A qualification has previously been made that, if a geometrical dual
of a network is to be constructed, the graph of the original network must
be mappable on a plane or sphere. The reason for this qualification is
that the construction requires the network branches to be so oriented

3'J

	

For mesh 1	 For mesh 2	 For msh 3

	

I U (J7^'2 UT2U	 3 U

(a)

I'.
If)	 .	 2.0

,	 I\
M.sh I

	

In	 3.0

^872) F3

(b)

FIG. 19. (a) Original network. (b) Dual network c.. = 1.

one to the other that all branches separate meshes exactly, that is,
without ambiguity. Branch 5 of the non-mappable graph of Fig. 20b,
for example, does not separate two areas or meshes exactly. Owing to
this ambiguity, geometrical dualism fails even though a dual set of
equilibrium equations may be established. If, for example, the numbers
on the graphs of Fig. 20 refer to ohms resistance, the three equilibrium
equations for either network are

7i 1 - 212 - 3i3 = 0

—2i + hi2 - St 3 = 0	 (55)

—3i 1 - 5i2 + 1413 = 0
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A dual set of equations may be written as

7e1-2e2-3e3=0

—2e 1 + lie2 - 5e3 = 0	 (56)
—3ej-5e2+14e3=0

(a)	 (6)
Fio. 20. (a) A mappable graph. (b) A non-mappable graph.

3tJ

2U5U

2U4Ue3167J
Reference nod.

FIG. 21. Dual of Fig. 20a. (Prob. 19.)

A network to which equations (56) are applicable is given in Fig. 21,
where the node-pair voltages c1, e2 , and e3 are the voltages of nodes 01

 and ® relative to the reference node.

PROBLEMS

1. A diree-branch network is given in Fig. 22 where the branch voltage! are
vht = ( -2 + 34 1 )	 i 2 (-4 + 2i)	 t - 2i

() Write the required number of current and voltage equations (to effect a net-
work solution) employing i i, 4, and i6 j as independent variables, and evaluate
42 therefrom.

(b) Write two voltage equations employing loop currents i 1 and i2 as independent
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ea 4 volts

	

2fl	
+li

 —--: c-ell - 2solts	
___._	 2fl	 3

J ______.5b1

Fia. 22. Prob. I.

variables starting with
3i61 + 24 2	 24 + 24	 4

Evaluate 43 as (it + 2).
2. In Fig. 20a, page 38, is given a six-branch network where the numbers alongside

the branches indicate ohms of resistance as well as the, designations of the branches.
Thus

	

2, R	 2, R5	 3, R,, = 4, R6	 5, Rs = 6 ohms

The energizing sources are not shown in Fig. 20, the assumption being that any one
or all of the branches may have voltage sources in series with the branch resistances.

Write three voltage equations employing the loop currents i 1 , i 2, and i 3 as the
independent variables. Let the source voltages in loop 1 be E 1 = e, + e1 + e;

the source voltages in loop 2 be E 5 = e, 4 + e15 - e.2; and the source voltages in

	

loop 3 be E3 = e.6 -	 - e,s.

.Vog e: With only a very little practice, voltage equations of this kind can be written
down directly from an inspection of the network by mental applications of the
principle of superposition.

St

Zn

-	 (a)	 (b)

Fia. 23. The numerical values placed alongside the branches (or parts of branches)
refer to ohms resistance.

L Refer to Fig. 23a.
(a) De(ermine by inspection the numerical values of b and n, and specify is and

I numerically.

1-
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(b) Write the voltage equilibrium equations employing numerical coefficients and

the loop currents indicated in Fig. 23a.
(c) Evaluate the current i i per volt of e1.

(d) Determine the current in the aohm resistance, namely, (i - i)ite.	 8volt.4. Refer to Fig. 23b.
(a) Write the voltage equilibrium equations employing numerical coefficients and

the loop currents indicated there.
(5) Determine the power delivered to the network by e, 8 volts.
(c) Evaluate the current in the 3-ohm resistance, namely, (i - is).
& (a) Determine by inspection the numerical values of S and nj of Fig. 24 andspecify the numerical values of n and 1.
(5) What physical restrictions are imposed by the loop currents shown in Fig. 24

which render them insufficient (in number) to effect a network solution?

in	 h	 in

F. 24. Problems S. 6, and 18.

(c) What is the correct numerical value of the resistance determinant of the
network employing measurable currents as loop currents? By resistance deter-
minant is meant the determinant of the resi8tarce matrix which characterizes the
network.

6. (a) Construct a topological tree corresponding to the network shown in Fig. 24
such that

1. Loop current ij is identified with link-branch current in,,.
2. Loop current 15 is identified with link-branch current
3. Loop current 13 is identified with link-branch current i,.
4. Loop current i4 is identified with link-branch current 4.
(5) Repeat part (a) above for

11	 it — 4/11 83	 24

7. (a) Construct rout topological trees corresponding to Fig. 23a. Draw the
tree in solid lines (oriented with respect to the nodes a, 5, c, d .) and the remainder of
the circuit, the link branches, in dotted lines.

(b) On each of the above diagrams, show the three independent loop currents that
are obtained by identifying loop currents with link-branch currents.

8. Given the network illustrated in Fig. 25.
(a) Calculate the current through the branch ab which contains the 1-volt battery

using the loop currents shown in Fig. 25a.
(b) Again calculate the current through branch ab employing the loop currents

shown In Fig. 256. All resistance values remain at 1 ohm as indicated in Fig. 25a.
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(a)	 (6)

Fm. 25, Prob. 8. (Resistance values refer to ohms)

9. (a) Write the voltage equilibrium equations for the network illustrated in Fig.
26a for the loop currents indicated.

	

( a
2	

2

	

1	
1	 1

(a)	 (6)

Fzu. 2. Problems 9 and 10. (Resistance values refer to ohms.)

(b) What is the numerical value of the resistance determinant of the network
that is, the determinant of the resistance matrix which r,haracterjzes the network'

10. (a) Write the voltage equilibrium equations for the network given in Fig. 266
for the loop currents indicated.

(b) What is the numerical value of the determinant of the resistance matrix which
characterizes the network?

11. (a) In Fig. 27, a resistance matrix it formed which corresponds to the loop
currents shown there. What is the numerical value of the determinant of this
matrix?

(b) What is the correct value of the resistance determinant of the network?



Fio. 28. Prob. 12.

10 am
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Fia. 27. Prob. 11. (All resistance values are I ohm.)

12. Refer to Fig. 28.
(a) Find the potential of node x relative to ground.
(b) Find the potential of point y relative to ground

13. (a) Determine by inspection the numerical values of b and ng of the network
illustrated in Fig. 29 and specify the numerical values of n (the number of independent
nodes) and I (the number of independent loops).

Fin. 20. Problems 13 and 14.

(b) Transform the three voltage sources and associated series resistances to
equivalent current sources with due regard for positive directions, and draw the
equivalent network incorporating the three current sources.

14. Find the voltage of node x relative to ground in the network given in Fig. 29.
15. Find the potentials of nodes (I) and CD of Fig. 30 relative to ground, employing

v 1 and v2 as independent node-pair voltages.
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FIG. 30. Problems 15 and 16.

e2 = I yon
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(a) G 11 - j 11 11 1.6 U	 (b) G 11 = 12/1 - —0.6 U

ez = I VO4

fI
e2

'

n
0-6

12

+0.50

	

10	 0.6U 

(II

	

(c) G1 = /l —0.60	 (d) G 12 = t/1 1.I0

121- 0	 ®	 12 = 5 amperes
4

10 I
e2=0

	

0	
a1 = 0

	

j,1E1= 	
060	 i ,2 0	 ill=0	 060

(e) 1 - 10 amper; I ll = 0	 (1)112 - —5 amperea: 1v - 5 amperes

'sa. 31. Prob. 17. For use in solving a problem by superposition.

-4
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16. Repeat Problem 15 employing u l and va as independent node-pair voltages.
17. Determine the potentials of nodes 0 and 0 in Fig. 30 employing the principle

of superposition as it applies to

el - VI e - 03 ill 1,2

ketches showing Cu, G, C 21 , C22 and the component currents at nodes Cl) and ®
are given in Fig. 31. This ex pretse in superposition is d.signed to show how the
effects of el, e2 , i .1, and i,2 may be considered separately in the analysis of the circuit.
When all effects are combined it will be found that

1.6ei - 0.6€2 = I ii + li = 5 amperes

—0.6e j + 1.1e2 = 122 + 121	 5 amperes

18. Construct the dual of the network given in Fig. 24, page 40, without regard to
sources with the Construction going from meshes 10 nodes. Employ a normalizing
factor (g) of 4.

19. Construct the dual of the network illustrated in Fig. 21, page 38, with the
construction going from nodes to meshes. Let q 2, the normalizing factor, equal
unity.

Fro. 32. Prob. 21

20. Construct the dual of the network shown in Fig. 32 with the construction going
from meshes to nodes. g,2 = 2.

21. Evaluate v0 in Fig. 7, page 16, employing one known loop current and two
unknown loop currents.



chapter fl Instantaneous Current,
Voltage, and Power

Large segments of circuit analysis are devoted to the steady-state
responses of circuits which are energized with alternating currents or
voltages having approximate sinusoidal time variations. Several defi-
nitions or conventions involving alternating quantities of this kind
must be learned and several concepts must be mastered before alternat-
ing currents and voltages can be handled with facility.

Early History. The first successful electrical power system in the
United States was probably Edison's direct-current installation in
New York City . This station was performing creditably in 1885.

Alternating-current power systems began commercially with the Great
Barrington (Massachusetts) installation in 1886.

During the decade 1907-1917, which followed the invention of the
three-electrode vacuum tube, sustained oscillatory currents at high
frequencies became a realit y . These high-frequency oscillatory or
alternating currents are essential to all modern radio, television, and
radar forms of communication.

The outstanding advantage of a-c systems (as contrasted with d-c
systems) is the relative eas4 with which alternating potential differences
can be generated, amplified, and otherwise transformed in magnitude.
The result is that, at the present time, approximately 95 per cent of
the electrical energy consumed in the United States is generated, trans-
mitted, and actually utilized in the form of alternating current. In
the power field the annual energy consumption amounts to about 600
billion kilovatthours. In the communication field several thousand
broadcast stations (of the AM, FM, and television variety) employ
alternating potential differences to generate their carrier waves.

Generation of Alternating Potential Differences. When magnets
are moved relative to electrical conductors as shown in Fig. 1, there is
induced in the conductors a potential difference or emf. In accordance

do
with Faraday's law, e = — N	 or is equivalent e	 N'BlL and the

di
enif varies with time. For the instant depicted iii Fig. 1, the applica-
tion of one of the rules for finding the magnitude and direction of an

45
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induced emf will show that the emf induced in the armature conductors
is zero, since at that instant no flux is being cut by these conductors.
One-eighth revolution later, however, the induced emf is of maximum
magnitude and of such a direction as to establish a voltage rise from
terminal a to terminal d. One-quarter of a revolution after the position
shown in Fig. I the induced emf will again be zero. Three-eighths of

(a)	 cl-terminal	 (b)	 a-terminal

FIG, I. (a) A four-pole, four-conductor a-c generator of the revolving field type. (5) De-
veloped diagram showing method of connecting conductors A. B, C, and D. Pole
faces are toward the reader.

a revolution from the reference position the emf will again be of maxi-
mum magnitude but so directed as to establish a voltage rise from ter-
minal d to terminal a.

Thus the terminals a and d of the generator become alternately
positive and negative relative to each other, and a time-varying poten-
tial difference of the general nature shown in Oscillogram 1 (page 51)
is developed.

In communication systems, vacuum tubes or transistors (working in
conjunction with suitable electrical circuits) produce alternating currents
of higher frequencies than those obtainable with rotating equipment.
A common triode oscilItor circuit is shown schematically in Fig. 2. The
a-c energy developed across the output terminals is actually derived
from the d-c supply voltage labeled Ebb, but it is not expected that the
reader will understand the conversion from direct current to alternating
current which takes place in Fig. 2 until after he has studied the subject
of electrical resonance. The only c:rpose in mentioning the triode
oscillator at this stage is to acquaint the reader with the fact that high-
frequency alternating currents can be produced with very simple circuit
configurations. Many simple circuit configurations other than that
shown in Fig. 2 may be used for this purpose.

Definition of Alternating Current. An alternating current, as the
name implies, goes through a series of different values both positive
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Fio. 2. Circuit arrangement of a simple triode oscillator.

nd negative in a period of time T, after which it continuously repeats
this same series of values in a cyclic manner as indicated in Fig. 3c.

H-----i----- 4-------T- ------
(c)

Fio. 3. Wave forms of three a-c variations. T is the period (Or duration) of one cycle.

In the current A.I.E.E. " Definitions of Electrical Terms," an alter-

nating current is defined in terms of a periodic current, and the latter in
terms of an oscillating current.
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An oscillating current is a current, which alternately increases and

decreases in magnitude with re.spectto time according to some definite
law.

A periodic current is an oscillating current the values of which recur
at equal intervals of time. Thus

i	 jo + 1 1 sin	 + a) + 12 sin (2t -I- a) + ...	 (1)

where i = the instantaneous value of a periodic current at time I

10, 11, 12, a 1 , a = constants (positive, negative, or zero)

= -	 (T being the period)

An alternating current is a periodic current, the average value of
which over a period is zero. The equation for an alternating current
is the same as that for a periodic current except that 1 0 = 0."

Examples. In Fig. 3a, i = 10 sin c4 amperes; in Fig. 3b, i = 10 sin wt +
4 sin (3c4 + 90 0 ) amperes; and, in Fig. 3c, i = 10 sin a + 4 sin 2wt amperes.

and Cycle. The period of an alternating current or voltage
is the smallest value of time which separates recurring values' of the
alternating quantity. The period of time which separates these recur-
ring values is shown in Fig. 3 as T, the symbol normally employed to
designate the period of one cycle of an alternating quantity.

One complete set of positive and negative values of an alternating
quantity is called a cycle. Thus Figs. 3a and 3b each depict one cycle.
A cycle is sometimes specified in terms of angular measure since, as
will be shown presently, w in equation (1) actually represents angular
velocity. One complete cycle is then said to extend over 360° or 2r
radians of angular measure.

.Pfèquency. Frequency is the number of cycles per second. Unless
otherwise stated, the term " cycles " implies " cycles per second."

In the rotating machine of Fig. 1, it is apparent that a complete
cycle is produced in the armature conductors when these conductors
are cut by the flux from a ?air of poles or, in this case, one-half revolu-
tion of the rotating field. Each conductor will be cut by two pairs
of poles in one revolution of the field structure, and two. complete cycles
of emf will be developed in the armature winding per revolution.

In general, for a p-pole niachine the number of cycles per revolution
is p/2, and, if the speed of rotation in revolutions per second is repre-

The mathematical meaning of "recurring values" is implied in this definition,
namely, that at least one complete set of values intervenes between two recurring
values.
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sented by rps, the equation for frequency is

=	 cycles per second	 (2)

Since 7' is the time (or duration) of one cycle, it is plain that

I =	 cycles per seci:rnd	 (3)

if 7' is expressed in seconds.

'4zupie. Let it be required to find the frequency and the period of the eml
generated in the armature winding of Fig. I if the speed of rotation LS 1.300 rpm.

41800
J	 X -	 60 cycles per second

2	 60

1	 1
T- — second

f 60

The common power plant frequencies in use today are 60, 50, and
25 cycles, the first mentioned being by far the most prevalent in this
country. Abroad 50 cycles is very common, and some foreign railways
use frequencies considerably less than 2 cycles A 25-cycle variation
causes a noticeable flicker in incandescent lamps; hence it is undesirable
for lighting. Formerly 25 cycles was used for power work but, with
the advent of a better understanding of the laws governing a-c power
transmission and the design of machinery, this frequency is rapidly
being superseded. In general, 60-cycle apparatus is lighter and costs
less than.25-cycle equipmerlt. The difference is similar to that between

high- and low-speed d-c machines.
Audio frequencies range from approximately 16 cycles to approxi-

mately 20,000 cycles, voice frequencies occupying the range from about
200 to 2500 cycles. Carefully engineered audio systems, like some
theater installations, are designed to accommodate frequencies from

30 to 12,000 cycles.
Radio frecpiencies range from about 50,000 cycles to 10

10 cycles,

the AM program broadcast band being from 540 to 1600 kilocycles, and
the FM and television broaLcast bands bciig from about 50 to 200
megacycles. Radar systems often operate with a carrier frequency of

3000 or 10.000 megacycles.
At the 1947 Atlantic City Conference it wa. agreed to express fre-

quencies as employed by radio engineers in kilocycles per second at and
below 30,000 kilocycles per second and in megacycles per second above
this frequency. The present FCC standard band designations follow.
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VLF (very low frequency)	 lee. than 30 kilocycles per second
LF	 (low frequency)	 30-300 kilocycles per second
MY (medium frequency)	 300-3000 kilocycles per second
HF	 (high frequency)	 3000-30,000 kilocycles per second
VHF (very high frequency)

	

	 30,000 kilocycles per second-
300 megacycles per second

TJHF (ultra high frequency)	 300-3000 megacycles per second
SHY (super high frequency) 	 3000-30,000 megacycles per second
EHF (extremely high frequency)	 30,000-

300,000 megacycles per second

Wave Form. The shape of the curve resulting from a plot of in-
stantaneous values of voltage or current as ordinate against time as
abscissa is its wave form or wave shape. It has been shown that the
passage of a pair of Poles . past a given reference point on the stator of
Fig, 1 produced a complete cycle of generated or induced emf. This
corresponded to 2w electi cal radians, or 380 electrical degrees. In
other words, one cycle occurs in or occupies 2w radians, or 360°. The
abscissa, instead of being expressed in terms of time in seconds, can be
and is quite frequently expressed in terms of radians or degrees. Thus
one cycle occurs in 2.- radians, or 360°.
VnuIar Velocity or Angular Frequency. In the preceding article a
complete cycle was seen to correspond to 2.- radians. The time for a
complete cycle was defined as the period T. Hence the angular velocity
w in radians per second is 2.-IT. Therefore

(4)

Equation (4) specifies angular velocity in terms of frequency, and this
velocity is called electrical 2 angular velocity or angular frequency.

If equations (2) and (4) are combined,

	

w - 2.-f = 2.- 2 (rps) = [2.- (rps)]	 (5)

Equation (5) shows that electrical angular velocity equals (pairs of
poles) times (mechanical angular velocity) in generators of the type
sh9wn in Fig. 1.
/Alternating Voltages and Currents Represented by Sine Waves.
Whereas the foregoing has referred to waves of any shape, the usual

Mechanical angular velocity, 2r(rpa) radians per second, is not to be confused
with electrical angular velocity. In Fig. I the two are related by the factor p12,
but in vacuum tube oscillators of the type shown in Fig. 2 the electrical angular
velocity or angular frequency is defined almost solely by the inductance and capaci-
tance employed at the X 1 and X3 positions in the circuit.
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°me

--	 ,

08cILLOo& I. Emf of a sine-wave generator,

attempt is to secure a sine wave. Osdilograrn 1 is a photographic
record of the potential difference produced by a so-called sine-wave
generator.

Many of the alternating waves met with in practice approximate a
sine wave very closely. Alternating-voltage and -current calculations
are therefore based on sine waves.
(The method whereby non-sinusoidal
waves are expressed so as to he calcu-
lated according to the laws of sine
waves is explained in Chapter VI) A

	

true sine wave is shown in Fig. 4. The	 t or
equation for it is

Im sin 3L	 (6)

	where c,,t is expressed in radians and	 -----
is called the time angle, I is the
instantaneous value of current and Fia. 4. Sine wave may be expressed

as I.. SIfl a or as 1 am ,1.
'in is the maximum value of the
sinusoidal variation. Since it represents an angle, equation (6) may
be expressed in terms of radians or degrees. Thus

1I,,4 sin a	 (7)
where a is in degrees or radians. Equation (6) expresses the current
as a sinusoidal variation with respect to time, whereas equation (7)
expresses it as a function of angular measure.

A— Qcc
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/Alternating Potential Difference. Alternating voltage or potential
difference may take the form of a generated (or induced) emf or the
form of a potential drop sometimes abbreviated p.d. In the interest

of clear thinking these Go forms of voltage should be distinguished
from one another. Instantaneous values of generated or induced emf's

will be designated by e, and instantaneous values of potential drops by

the symbol v. Similarly Em and Vm will be used to distinguish a maxi-

mum value of induced voltage from a maximum value of potential drop.
Corresponding distinctions Nvill be made between other particular values

of induced voltages and voltage drops.
Phase (as the term is defined by the A.I.E.E.) is the frac-

tional part of a period through which time or the associated time angle

t has advanced from an arbitrary reference. In the case of a simple
sinusoidal variation, the origin is usually taken as the last previous
passage through zero from the negative to the positive direction. Thus
one phase of a sine wave is - of a periOd (or 300 from the origin) where
the ordinate is one-half the maximum ordinate; another phase is
of a period (or 90° from the origin) where the ordinate has its maxi-
mum positiv value; and so on for any other fractional part of T (or of

wT = 2ir).

Fm. 5. Phase angle 9 of a sine wave.

In accordance with the above definition, the phase angle of a single
wave is the angle from the zero point on the wave to the value at the
point from which time is reckoned. Thus i = Im sin (w + 8) represents

a sine wave of current with a phase angle 0. The phase of the wave

from which time is reckoned (i.e., when I = 0) is i = 'm sin 0. The

angle 0 is the phase angle of the Zurrent with respect to the point where

i = 0 as a reference. These principles are illustrated in Fig. 5.
The phase angle when used in connection with a single alternating

quantity merely provides a simple analytical method of starting the
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variation in question at any point along the wave. As such it is of
little importance in pteady-state analysis in contrast with its great
ufulness in the analysis of transient conditions.

/Syse Difference/ The phase angle is a very important device for
properly locating different alternating quantities with respect to one
another. For exa1rnple, if the applied voltage is

V = VmSjflWL	 (8)

and it is known from the nature and magnitude of the circuit parameters
that the current comes tcppnding point on its wave before the
volewd.egree,	 nrren canbprss

ilm sin (o,t+9)	 (9)
Figure 6 illustrates the phase positions of v and i for 8 = 45°. The
current in this case jcijojad thvojtage by4.5°, or the voltage is
said to lag the current by 45°. A given alternating quantity lags

Fto, 6, Illustrating a,case where the I wave leads the r wave b' y 8 = 45

another if it comes to a certain point on its wave later than the other
one comes to the corresponding point on its wave. Another way of
saying the same thing is that the positive maximum of the leading
quantity occurs before the positive maximum of the lagging quantity.
Thus it is said that there is a phase difference of 45° between the two
waves. The angle of phase difference is the difference of the phase
angles of the two waves. Thus, if e = 100 sin (t + 43°) and i =
10 sin (w - 15 0 ), the angle of phase difference is 45° - (_ 15°) 	 601 .

Oscillogram 2 illustrates the actual phase relation between an applied
sinusoidal voltage and the resulting current that flows in a particular
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'Angie of tag oil with r.sptd to

Time

 .pplozluflILe!Y 40°

Oscu.LOQuM 
2. Photographic record of voltage and current for a circuit containing re-

sistance and inductance.

OCILLOGRAM 
3. Oscillographic tecords of the no-load current and no-load power taken

by the primary of an iron-core transformer. The applied voltage variation, e. is also
Shown.
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circuit. Inspection of the os'illogram will show that the current lags
the voltage in this particular case by approximately 600. Oscillogram
3 illustrates a case where the current and power waves are distinctly
nn-sinusoida1.

Examples. If a voltage is described as having sinusoidal wave form, a maximum
value of 200 volts, and an angular frequency of 377 radians per second (60 cycles per
second), md it is desired to reckon time from the point of zero voltage where dv/dg

+200F7__...___ V-200 Sin 377t

Tim.—'-	0t_0	

Il–200

(a)

Y200 Co. 377t

0
t0 Vt 	 Time --

f
4 	 T"Scnd

(b)

Fin. 7. Graphical representations of equations (10) and (11).

is Positive, as illustrated in Fig. 7a, the mathematical expression for the alternating
voltage as a function of time, t, is

v = 200 sin 3771 volts	 (10)

- If it is desired to reckon time from some other point along the voltage wave, it
is simply necessary to add to the angle 3771 in the above equation an angle equal
to the angular displacement between v = 0 (dv ldi positive) and the point on the
voltge wave from which it is desired to reckon time. If it is assumed that time is

	

to be ., -koned from the poin 	 'itiv maximum voltage, the angular displace-
9—
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ment referred to above is +90°, and the expression for voltage becomes

v - 200 sin (3771 +90°) - 200 coo 3771 volts	 (11)

.This type of variation is shown In Fig. 76.
Equations (10) and (11) describe exactly the same type of voltage variation except

for the	 0 reference.

The current that flows in a circuit as a result of applying a sinusoidal
Voltage is governed in magnitude and phase by the circuit parameters
(resistance R, sell-inductance L, capacitance C, and mutual inductance
M) and the angular velocity or frequency of the applied voltage, In
one sense of the word the angular frequency is an a-c circuit parameter.
If the circuit parameters are constant, the current that flows will be
of sinusoidal wave form but will, in general, differ in phase from the
sinusoidal applied voltage.

Mathematically a particular type of function is required to relate
voltage and current in an a-c circuit. The one generally employed is
called the impedance function or simply the impedance of the circuit.
The impedance function must tell two important facts: (1) the ratiQ
of Vm to Im, and (2) the nhase angle between the waves of voltage
and current. A special type of notation is required to signify the two
properties of the impedan.ce function in abbreviated form. One such
type of notation is

Z/angle

The above expression does not signify the multiplication of Z and
/angle. Z is the magnitude of the impedance and in a particular case
is represented by a certain number of ohms. It defines the ratio of
Vnt to Im. The angle associated with Z, jf it is posiiive, defines the
lead of the voltage withzespeot . t_th&.cUr Qfl In accordance with
the convention thus adopted a positive angle specifies the number of
degrees or radians by which the current lags the voltage.

The determination of the complete impedance function for various
combinations of R, L, and C is the first step in a-c circuit analysis.
The combinations considered in the present chapter are shown in
dainmatic fashion in Fig. 8.1he R Branch. The consideration of a circuit element which possesses
only ohmic resistance is, of course, a hypothetical venture because some
self-inductance is inevitably associated with any circuit configuration.
However, the case may be approached in practice to a degree comparable
to the accuracy of ordinary measurements. It is well known that

It will be shown in Chapter III that the magnitude of the impedance 2 defines

the ratio of	 to	 as well as the ratio V,,1 to Ill.
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reastJJr4ce impedes the motion of electricity and causes an irreversible
transformation of electrical energy into heat energy in accordance with
Joule's law.

	

A.C4	

FIL J I-	 -
Applied
voltage	 L

R_j 

._J	 L
Fw, S. Elementary circuit arrargernnt.q of R. L. and C.

Impedance. The impedance of a simple R branch may be expressed
as

R/9 ohms

The reason follows directly from Kirchhoff's ernf law, if a voltage,
v = V,, sin w, is applied to a
branch of 2? resistance, Fig. 9, the 	 _______________________
equation for dynamic equilib-
rium is

	

V = Ri	 V,,, sin 4 (12) Y—V,,,zjnwt	 R	 R—y

from which

	

Sfl wt	 Trn Sjflwj (13)'	 Fio. 9. The R branch.

From the above equation it is evident that Vm/frn = R and that the
current wa e is in time phase with the voitage wave. It is possible to
express these facts in the single statement

ZR RLO

In general, I? is expressed directly in ohms, in which case ZR is in ohms.
Power. The determination of the rate at which electrical energy is

generated or absorbed is, in general, an important problem. Instan-
taneous power is symbolized by the lower-case letter p.

p - ei (generated power) L

P = vi (absorbed power)

The present discussion confines itself to the determination of instan-
taneous absorbed power wherein positive values of p indicate that the
circuit under consideration is receiving energy from the supplying source.



VMTM

cos2wt2

7!!32!5	 coi 2t

58	 ALTERNATING—CURRENT CIRCUITS 	 Ch. II

Negative values of p indicate that the reactive elements of the circuit,
if such are present, are actually releasing energy at a rate which is
greater than the rate at which energy is being received.

In the present case, that of the simple I? branch, all the energy pro-
duced by the instantaneous power absorbed is converted into heat.
Presumably no reactive elements, inductance coils or condensers, are
present. The instantaneous power is given by the product of equations
(12) and (13).

P = Vi = Vmfm sin  wt	 (14)

Since sin  wt =	 - cos 2,1, it follows that

-- -
	 cos---c,t	 (15)

P 

Fir— 10. Graphical representation of equation (15).

Figure 10 illustrates the component parts of equation (15). It wil l be
observed from the above equation that the instantaneous power wave
is a double-frequency variation, with respect to the frequency of the

current or the voltage, which has an average positive value of

The cos 2wt term causes the instantaneous power to acquire periodically
zero and Vj,,, values. At no time does the power r ;ach instantaneous
negative values.

Photographic records of v, i, and p in a branch which pproximates
the purely resistive case are shown in Oscilogram 4. The oscillogram
illustrates in a graphical manner the relations which have been derived
for the R branch and substantiates the physical fact that voltage and
current are in time phase in a resistive circuit.
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OecIr.LoGIM 4. 'Voltage, current, and power variations in a resistive circuit element.
R = 25 ohms. If time is reckoned from the point of zero voltage (dv/dt Positive):V = 141.4 sin 3771 volts, i 	 5.85 sin 3771 amperes, p = 400 - 400 cos 754( watts,
average power = 400 watts.

The L Branch. If a circuit, element of pure inductance, Fig. 11, is
considered, the equation for dynamic equilibrium is

di
(16)

di= -jj--sint4dt	 (17)

Fic. 11. The L branch.

After both sides of the above equation are integrated it follows that

-- coswt+c	 (18)
.5

—v
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The constant of integration c 1 will be considered to be equal to zero
since only the steady-state current symmetrical about the zero axis is
o be considered."

Under the above conditions equation (18) reduces to

In

wL	
0

	

s=-sin (4-900)=I sin (wt —9O)	 (19)

Impedance. Inductance opposes the rate oIe of current, and
for this reason it is sometimes called electrical inertia. Since thez.
ductance, L, limits the rate at which the current can change, it follows
logically that L J1y overu inurnvalue , the Uript in
an a-c circuit whilj energized y a voltae of specifid ang'4ar velocity.

rt .ilI be observed from equation (19) that V,01I,,, = wL and that
i lags v by one-quarter of a cycle or 900. The impedance of a pure L
branch is according to the convention previously adopted

ZL=wLL

The reason for using the positive angle in connection with impedances
that cause lagging currents will become more evident when the rules
of vector algebra and the conventions pertaining to vector diagrams
are considered.

The magnitude of the above impedance, wL, is called inductive re-

actance. Inasmuch as the inductive reactance is directly proportional
to the angular velocity of the driving voltage, 2sf, it is obvious that the
magnitude of the impedance offered to the flow of alternating current
by a coil of fixed self-inductance, L, is directly proportional to frequency.
When c, is expressed in radians per second and L is expressed in henrys,
the inductive reactance, XL, is in ohms.

XL = wL 2fL	 (20)

Example. The inductive reactance of a 10-mil!ilicnry inductance coil in a 60-
cycle circuit is

XL 2X60X0.010=3.77ohms
and

Z 3.77/90°'ohms

The inductive reactance of the same coil in a 60,000-cycle circuit is

XL - 2, X 60,000 X0.010 = 3770 ohms

qdf a 60-cycle sihusoidal voltage of maximum value equal to 100 volts is applied to

In a general analysis, Cj would be evaluated in terms of the boundary conditions
under which the circuit is initially closed. Determined in this manner, Cl would
define the transient component of the current, ci is neglected here because transient
components of the current are not to be considered at this time. In a physically
realizable circuit the transient component is of short duration.



a

C
V

C)

a

VmTm

2

,t,
2

Ch. It INSTANTANEOUS CURRENT, VOLTAGE, AND POWER 	 67"

the 10-millihenry inductance coil, 	 -

100 sin 377€ volts
and

100.
i-ein(3Th-90°)amperes

Power and Energy-. The instantaneous power delivered to the pure
inductance branch as obtained by multiplying equation (16) by equation
(19)is

P = vi = [Vm Sin wh[lm Sin (w - 900 )]	 (21)
from which

p = V.nlm(Sjfl wt cos wt)	 (22)
or

VmIm
p=----- sin 2wt	 (23)

Figure 12 illustrates the v, i, and p variations in a purely inductive
branch. It will be observed that the power variation is again a double-

Flo. 12. Voltage,.cirnent, and power variatirns in a purely inductive branch.

frequency variation with respect to the frequency of the driving voltage.
The fact that equation (23) indicates negative poWer during the first
one-quarter of a cycle of the driving voltage, that is, from £ = 0 to
t = T14, is the direct result of the choice of the time reference.5

'The assumption of ainusoidal driving voltage, v -I V. sin wh, automatically
imposes the condition of 0 at the point of e - 0 (dsp/di positive). The beginner
should not confuse the I - 0 reference of a steady-state variation with the time
at which the circuit is initially energized.
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Since steady-state conditions have been assumed, the circuit has
presumably adjusted itself to the relative phase relations indicated by
equations (16), (19), and (23).

Under the conditions which have been assumed, namely, a steady-
state sinusoidal driving voltage and a purely inductive circuit, the
power variation is symmetrical about the zero power axis. The average
power absorbe' s equal to zero. The implication is that the inductive
element receives energy from the source during one-quarter of a cycle
of the applied voltage and returns exactly the same amount of energy
to the driving source during the next one-quarter of a cycle. The
exact amount of energy delivered to the circuit during a quarter of a
cycle may be obtained by integrating any positive loop of the power
wave, for example, integrating p between the limits of t = T/4 and
g = T/2.

WL 
= fT12 - - 

8in 2w1 dl

Vmfm [Cos

2()

—tI-
-	 TJr14

VmIm

Since Vm = wLI,.,
(wLIm)lm L1m2

WL=	 2.w	 2	
(24)

If L is expres.sed in abhenrys and Im in abamperes, the above energy
is in ergs. If L and I,,, are expressed in henrys and amperes respec-
tively, WL is given in joules.

Oscillogram 5 illustrates the relative phase relations in a circuit
which approaches, to a fair degree of accuracy, the purely inductive
arrangement that has been described mathematically.

The C Branch. If it assumed that a sinusoidal voltage, V. sin ca,
is applied to an ideal capacitor as indicated in Fig. 13 the expression
for steady-state equilibrium is

qv =	 V.1sinøl	 (25)

When the above equation is differentiated with respect to time, it follows

dq
=V,,,wC Cos ,t 	 (26)

dt
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OSCIUOORAM 5. Voltage, current., and power variations in a highly inductive circuit
element. L 0.056 henry, / 60 cycles, 'L 21.2 ohms, R - 1.0 ohm. V	 -
141.4 volts, J	 - 6.66 amperes, P. - 25 watts approximately. Note the lag of the
i wave with respect to the a wave; also the large negative power loops. Positive power
peaks of approximately 600 watts are present even though the average power dissipated
in the circuit element is only about 25 watts.

or

	

	 (wt +90°) I, sin (wt ± 900 )	 (27)
VM

WC

Impedance. The ratio of V,, to I. in the pure C branch is 11wC,
and the current leads the applied v4ltage by one-quarter of a cycle or
90°. In accordance with the convention
which has been adopted, the impedance of 	 1

the C branch is	 I
I	 J\

	

y —V sin wt	 C

The magnitude of the impedance, 11wC, is
called capacitive reactance, and it is evident	 L	 Y
from the nature of the expression that capac-

Fio. 13. The C branch.itive reactance is inversely proportional to
the frequency of the driving voltage and also inversely proportional to
the capacitance of the capacitor, C. A series circuit in which no capac-
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itor is present has infinite capacitance and, hence, zero capacitive
reactance.

The imp daneQLas p cifo; causes the. current to lead tje, voltage
b3900 , whereas the impedance of an inductance (uses the current t
lag the voltage 90°. The €Rects of the two types of reactive elements
a rgard the pha.e of the resulting current are exactly opposite.

If, in the expression for capacitive reactance, w is expressed in radians
per second and C is expressed in farads, the resulting capacitive re-
actance is in ohms. If the capacitance of the capacitor is expressed in
microfarads (abbreviated sf), the expression for capacitive reactance
takes the form

106X = - ohms

Example. The capacitive reactance of a 15-f capacitor in a 25-cycle circuit is

	

Xc	 425 ohms
2- X io25 X 15

and
ZC = 425/-90° ohms

The capacitive reactance of the same capacitor to a 250-cycle driving voltage 18

	

XC	
101	 =42Sohms

2w X 250 X IS

If a 25-cycle sinusoidal voltage of maximum value equal to 200 volts is applied
to the 15-pi capacitor

	

v	 200 sin (1571) volts
and

200.i = - am (1571 + 000 ) amperes

'-Power and Energy. The instantaneous power delivered to the C

branch is
P = Vi = LV Sill 1[Im Sill W + 90°)1	 (28)

from which
(-si 11
 t cos Wt)	 (29)

or

= 2 sin
	 (30)

The phase relations of v, i, and p in a purely capacitive branch are
shown in Fig. 14. The double-frequency power variation is, as in the
pure L branch, symmetrical about the zero power axis. In the present
case the capacitor receives energy from the source during the first
quarter of a cycle of the voltage variation and returns the same amount
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Fio. 14. Voltage, current, and power in a purely capacitive branch.
S

during the second quarter cycle, etc. The average power absorbed
over an integral number of half cycles is, obviously, equal to zero.

The amount of energy received by the capacitor during a quarter
cycle may be determined by integrating the power wave over any
positive loop; for example, integrating equation (30) between the limits

oft = O and t= T/4.

f

T4 V I
Wc sin2tdt

 2

Vm!m [

2 ^—,)

VmIr,

f4r\

T)

Since 1. = wCV,,,

Vm(wCVm) Vm2C
Wc	

(31)

If V,,, and C are expressed in volts and farads respectively, the aboN c
expression for energy is in joules. WC is the maximum amount of
energy stored in the electric field of the capacitor at any one time.

Comparison of equations (30) and (23) will show that the capacitive
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OSCILLOGRAM 8. Voltage, current, and power variations in a highly capacitive circuit
element. C = 144 of, / = 60 cycles, Xc - 18.4 ohms, R 1.0 ohm approx., V14 1.4, J,,.	 7.6 amperes, P. = 25 watts, approx. Note the lead of the i wave with
respect to the v wave.

element receives energy from the supplying source during the periods
in which the inductive element returns energy to the source, and vice

versa. When capacitive elements and in-
ductive elements are both present in a given
circuit, there is, in general, a natural tend-

R	 i	 ency for the elements to exchange energy. In
jr	 certain circuit arrangements relatively large

dl	 amounts of energy oscillate between the
I	 dL	 electromagnetic fields of the inductances aad

the electric fields of the capacitors.
Fiu. 15. The RL branch.	 Oscillogram 6 illustrates the v, i, and p

variations in a branch which approaches, to a
close degree of accuracy, a purely capacitive circuit element.

The RL Branch. If it is assumed that a sinusoidal driving voltage,
V. sin wt, is applied to a series combination of a resistive element and
an inductive element, Fig. 15, the equation for voltage balance is

v = Ri + L
di

 = V,, sin ut	 (32)
dt

This is one form of Kirchhoff's emf law applied to instantaneous
voltages. It states that the instantaneous voltage drop across the re-
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sistive element plus the instantaneous voltage drop across the inductive
element equals the instantaneous voltage drop across the RL branch.

A straightforward solution of equation (32) for i in terms of the
applied voltage and circuit parameters requires a certain knowledge of
differential equations on the part of the reader which is not essential
to the problem at hand. The problem in which we are particularly

OscKLLOOflAt 
7. Illustrating the manner in which the voltage drop in acru

ance and the voltage drop wLi across an inductance coil combine to equal the applied

voltage . R = 18.5 ohms connected in series with XL	 21.1 ohms.	 — 92.5

volts. c..'LJmx	 106 volts,	 140 volts.

interested at this point is the evaluation ofthe ratio Vm/Em together

with the time-phase difference between the the  and current in an

RL branch. Provided that R and L are constant, a current of sinusoidal
wave form will flow in the branch if a sinusoidal voltage is applied.
A critical inspection of equation (32) will help to establish the mathe-
matical reasons for this physical fact.

If it is assumed that a sinusoidal current, i sin wt, flows through

a series branch consisting of a resistive element, R, and an inductive

element, L, then

Ri + L = voltage applied, v	 (33)di
it

or
RIm sin üf ± wLI. cos w t t'	 (34)

Equations (33) and (34) state that the instantaneous component

voltage drops, Ri and L di/dI, add together to form the combined

voltage drop across the RL branch. Oscillograln 7 illustrates the
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manner in which the Ri component (RI,,, sin w) and the L di/dI com-
ponent (LI,,, cas w) combine to equal the applied voltage (v) in a
particular RL braich.

Since sine ani cosine waves are 900 Out of time phase with respect
to one another, the RI,,. and the wLI,,, components may be related as
shown in Fig. 16a, that is, as the two right-angle sides of a right triangle.

If both sides of the equation are divided by V72 + (wL) 2 , equation
(34) takes the following form:'

r.	 R	 ' wL 1 _______I,,, sm wt -	 + cos Wt -	
-+(,L (35)L	 •VR2+(L)2	 VIR2+(C,,L)?J v'R2)2

From Fig. 16a,

and
A-9	

Urn

Rim

1?cos 0 = ___________
v'R2 +(o.'L)2•

(36)

Fin. 18a. The addition of
RI,,. and wLI,... 	 sin 0

= V'!? 2 + (wL)2	
(37)

Then

Zm(Slfl wt COs 6 + COs wt sin 61 = 	 V	
(38)VR 2 + (L)2

from which
V = ImV'R 2 + (c&,L) 2 sin (wt + 0)or

= ImZ sin (wt + 0) Vm nifl (wt + 0)	 (39)
6 

The method of combination here employed requires only a knowledge of trigo-
nometry.'- Since the combination of

(4 jnx+B cos z)

occurs frequently in a-c circuit analysis, a simpler method of combination is often
used. This scheme consists of representing the sines and cosines by revolving vectors

cos X

B[

A	 sin x

Fin. 166. Vector representation of sine and cosine function&

or phasors as explained on pages 90 and 91 which most students will remember
was done in physics when sane waves were used to represent simple harmonic motion.
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It is thus shown that (1) Z =	 =	 (2).0 = tan'

L/R, and (3) v leads i in the RL branch by 00.

Impedance.

L 
= / L 2 	 wL(40)

The above expression  for ZRE. implies that the numerical ratio of V,,,

ITL1 and that the current lags the
to I. in the RL branch is V 
applied voltage by the angle whose tangent is coLIR. In general, R

is expressed in ohms, w In radians per second, and L in henrys, in which

ease v'+ (wL) is given in ohms. In determining the phase angle

it is, of course, only necessary that wL and R be expressed in similar

unite.
The expression for the impedance of a pure I? branch is at once

obtainable from ZRL by assuming that L = 0, in which case Z1L

reduces to R/. If the assumption is made that R = 0, ZRL reduces

immediately to the expression which has previously been derived for
the impedance of a pure L branch, namely, wL/9

An examination of the two factors which combine to form Z51. will

show that R is the factor which directly impedes or opposes the flow
of current, whereas wi is the factor which impedes or opposes any
change in current. For a resulting sinusoidal current these two factors
act in time quadrature with respect to one another. For example,
when the current is zero the R factor has zero effect and the L factor

has its greatest effect because it is when i 0 that [di,/dt) for a sine
wave is at its maximum value. When the current is at its maximum
valu, I,,,, the R factor has its greatest effect and the L factor has zero

effect because di/dt] for a sine wave is zero at the point of maximum
current. It is the time quadrature nature (900 time-phase displace-
ment) of the individual impedance effects that makes possible a simple
vector algebra method of analyzing a-c circuits.'

- Example. If R 20 ohms and L = 0.056 henry, the 60-cycle impedance of the

RL branch which is formed by placing R in series with L is

= 29.1 /46.5° ohms

Through employing such methods, the sin z component may be represented by a

horizontal vector of magnitude A. Since counterclockwise is the standard direction

for positive or forward rotation, the coo z component (which leads the sin x com-

ponent by 90°) will then be drawn to a magnitude of B vertically Upward. Thus

Fig. 165 is obtained and the. resultant R is readily seen to be V'A -+B2 sin (x + E.

The vector or dphasOr method of analysis is considered in Chapter IV.
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If

V	 200 sin (377t) volts

sin (377 - 46.5)

- 6.87 sin (377 - 465°) amperes

It will be observed that the instantaneous current is obtained from the instan-
taneous voltage (200 sin 377t) and the impedance function (29.1 /46.5°) by 

twodistinct operations which are performed in a single step. These are:
(a) The maximum magnitude of the voltage (200) is divided by the magnitude

of the impedance (29.1) to obtain the maximum magnitude of the current, 6.87amperes.
(b) The correct angular displacement of the current wave with respect to the

voltage wave is obtained by subtracting the impedance angle (46.5) from the time
angle of the voltage wave, namely, 377t.

Note: In evaluating the correct angular displacement between the instantaneous
current and voltage waves in terms of the impedance angle, it is better to combine
the angles in such a way as to yield the relatibn be1tween current and voltage waveswhich are known to exist from a knowledge of the ph ysical characteristics of the
circuit. This process should not be obscured by any elaborate mathematical con-
ventions.

. Power. The instantaneous power or, as it is sometimes called, the
instantaneous volt-amperes delivered to the RL branch may be ob-tained from

= vi = [1',,, sin (w + o)J[I; sin c4] (41)
After the sin (t + 0) term is expanded, the above equation can be
written in the following farms:

P	 sin d [sin wt cos 0 + cos wt sin 01
VmIm sin2 wt cos 0 + V,,,]',,, (sin wt cos w) sin 0
VIVI	 1-Icos 

8 - ---
[cos 2w1] co 0 + --- [sin 2I] sin 0	 (42)

Figure 17 is a graphical representation of the component parts of
equation (42) together with the resultant graph of instantaneous power.
It should he plain that the average value with respect to time of either
the [cos 2wt] or the [sin 2w1J term is equal to zero when considered over
a time interval equal to an integral number of cycles. The average
value with respect to time of the power when considered over an integral
number of cycles is, therefore, equal to

V I
P-cos0liv

2

The above expression for average power may also be obtained by finding
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2

/
/ I
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I '	 7c	 -'
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I	 k	 /
I '

/	 II ///
VmIm
—1--[ ln 2wt]sIn0

r
	 2t]cos

Fio. 17. Graphical repreelItatioii of equation (4) for the particular case of 0 = 30'.

the average value of the right-hand member of equation (4 1 ) a follows:

= I	
T	 in (t + 0) 1m SIfl Wi f

	

I-MIM 	 (43

1.eal Power and Reactive Power or Reactive Volt-Amperes. A
detailed anal ysis of the component parts of equation (42) will aid in
understandiig why electrical power is treated in terms of real and
reactive components and wh y these two components are sometimes
represented as the legs of a right triangle.

Power. Ins/aata pteous real power refers to	 COS e -

_	 (cos 2wt) cos 61 the first two terms on the right-hand side of

equation (42). Reference to Fig. 11 will show that these two terms
combine to form an instantaneous power variation which contains
no negative yalues; hence this portion of equation (42) is called the -
instaridan pons real power.

Unless qualified to Incait in.1antani-'ous real power, the expression
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real power refers only to VrnI,,i 
cos 0, the average value of the total in-

stantaneous power with respect to time. [See equations (42) and (43).)
Reactive Power or Reactive Volt-Amperes. The third term on the

right-hand side of equation (42), 	 (sin 2t) sin 0], is variously

called instantaneous reactive power, instantaneuas quadrature power,
instantaneous reactive vol.1-amperes, etc., for the reason that the area

under the	 (sin 2wt) sin 01 curve represents the energy which

oscillates between the driving source and the reactive (either inductive
or capacitive) elements of the receiving circuit. It will be observed
from Fig. 17 that the instantaneous reactive power is that portion of
the total instantaneous power variation which has equal positive and
negative loops, and which contains the sine pf the phase angle between
v and i as a factor.

Unless qualifIedto mean instantaneous reactive power or instantaneous
reactive volt-amperes, the expressions reactive power and reactive volt-

amperes refer simply to 
V.I. 

sin 0, the maximum instantaneous value

of the third term on the right-hand side of equation (42).
Units of reactive volt-amperes in the practical system of units are

called vars. (See pages 98 and 99.)

	

Volt-Amperes. Both the real power, 	 cos 0, and the reactive
vi	 2

volt-amperes, sin 0, are important quantities, and they are often

measured i ndependentl y , a wattmeter being used to measure --- cos 0

and a reactive volt-ampere meter, called a varmeter, being used to
,n "Imeasure -i--- sin 0.

The real power and the reactive power may be combined to yield

the volt-amperes of the circuit, namely,

Irv,,,I..	 12 	 W,1m
Sin [ V_,_	 1

2	 +	 8j - 2

The above relationship is illustrated graphically in Fig. 18 and will be
encountered in later chapters in a more universally used form.



Ch. II INSTANTANEOUS CURRENT, VOLTAGE, AND POWER	 73

Reictivs volt-amp.res

Fm. 18. Relation of power, reactive
volt-amperes, and olt-amperes. 	 c°	 6	

2

Power	 cos U

Example. Consider the RL circuit whose voltage current and power variations
are depicted in Oscillogram 8. R	 19.7 ohms, wL	 21.1 ohms, and

141.4 sin 3771 volts.

Oscittooaase 8. Voltage, current, and power variations in an RL circuit. R	 19.7

ohms connected in series with t - 0.056 henry. XL = 21.1 ohms, V	 141.4 volts,

1. - 4.90 amperes, F, 236 watts.

Let it be required to evaluate the expressins for the instantaneous current and the
inzt.antaneous power from the above data.

z. 0/19 2 -+2i.12 t_i	28.85/47° ohms

The instantaneous current is.

141.4-	 sin (3771 -. 470)	 4.9 sin (3771 - 470) amperes

The expression for the instantaneous power is, by equation (42),

p 236 - 236 cos 754 + 263 sin 7541 watts
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In this expression,

1236 - 236 colt 75411 is called the instantaneous real power
253 sin 7541 is the instantaneous reactive volt-amperes
236 watts is the real power
253 vars is the reactive power or reactive volt-amperes.

` .The RLC Branch. If a current of sinusoidal wave form, i = I, sin wit
is assumed to flow through the RLC branch shown in Fig. 19, it is plain
that

yR = Ri = RJm sin Wt	 (44)

di
V L =	 = WLJm cos Wt	 (45)

dt

and

-
q

fi  =t fins Sin cot dt - 
ins

VC - - =	 - - Cos Wt	 (46)8
C C	 C

#Im
L--------_1_

FIG. 10. The RLC branch.	 Fm. 20. Illustrating the manner in which
the three voltage drops RI,,, wLI., and

combine to form the voltage drop
v"R + (wL - u/w() I,,,.

The voltage applied to the branch is, physically, the sum of the three
component voltages. In the form of an equation

Rim Sfl wt + WiJm cos wt -	 I,,, COS cot = u	 (47)
WC

or	
Rim sill W1+ wL	 1"' Cos = V 	 (48)

The combination of the sine and cosine terms of the above equation
may be effected in the same manner as previously outlined for the sine

and cosine components. In the 11resent case R1, and wL -) In
WC

are considered as the two legs of the right triangle shown in Fig. 20.

The reason for neglecting the constant of integration is similar to that given in
the footnote on page 60.
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It will be remembered from the discussion of the purely inductive
and the purely capacitive branches that these two reactive elements
cause exactly opposite phase displacements of the current with respect
to the voltage Since w L has arhitrai been considered to be a positive
quantity, it becomes necessary to consider 1/C a negative quantity.
It should be recognized that, of and by itself, there is nothing inherently
negative about the quantity l/wC. The fact that it acts oppositely to
the quantity wL in governing current flow requires that l/cC be treated
negatively if oL is treated positively.

Impedance. If equation (48) is manipulated as indicated on page
68, the impedance of the RLC branch is found to be

/	 2Z	(L_-)

Z(RLC) = \fR + (
wL - -)	 t_ I 	

(49)

If R isin ohms, I. in henrys, C in farads, and co in radians per second,
Z is in ohms. Given II, L, C, and w, the complete impedance function
can he evaluated. The general expression for Z(T(LC) is of considerable
importance in a-c circuit theory because all the impedance functions
which have thus far been treated are directl y deducible from this
expression.

In a branch where oiL is negligibly small as compared with 1? and
l/wC, the oiL term may be considered to be equal to zero, in which
case the branch reduces to a resistance and capacitance branch.

= Fle 	 (50)

The negative angle iri:plies that the current wave lags the voltage
wave by a ncgalire angle. The correct ph ysical interpietation is that
the current wave leads the voltage wave by the angle whose tangent

is( )/R.
we

\\ ith respect to its terminals the RLC branch will, in general. simulate
the behavior of either the RL or the RC branch. If oiL > i oiC, the
RLC branch responds to an impressed voltage at its terminals exactly
as would an equivalent RL branch, the inductive reactance of which
is (oiL - 11oiC). Similarly, if 11iC > wL, the i?LC branch will respond
to an impressed voltage at its terminals exactly as would an equivalent
RC branch, the capacitive reactance of which is (11iC - oiL). In
either of the cases referred to, there will be interchanges of energy
taking place between the two reactive elements.

1'i
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The singular case, wherein w L = 1/X, is of particular interest
because the impedance here reduces to R. With respect to its
terminals the RLC branch, under the condition of ccL = l/cC, responds
s would a purely resistive branch. If 1? is assumed to be a fixed
uantity, the above condition may be obtained by the proper adjust-

ment of L, C, or w, and when wL = 11wC the impedance of the branch
will be a minimum.

Example. If R — 10 ohms, L 0.056 henry, and C 50 Mf, the impedance of
the RLC branch at 60 cycles is

102 + (377 x 
0.056 - ___i0 6)2/lO)

377 x 50

— 33.4 /tan' (-3.19)

33,4/-72.6° ohms

V 200 sin 3771 volts

200
1 - 8fl (377 + 72.6°) amperes

33.4

Power. Since j = I,,, sin wt and v = V, sin ('I+ 0), the expression
for the instantaneous power delivered to the RLC branch takes the
same form as equation (42), namely,

= V;I,	
-

	
[cos 2t] cos 9+ !m[sin 2Wt] sin g (51)

In the present case 0 may presumably take any value between +900
and -90'. The average power delivered to the RLC branch is in any

case 
V; m Cos 6. [See equation (43).1 The maximum value of the

instantaneous reactive volt-amperes,	 sin 2w1 sin 0	 is directly

proportional to sin 0. Since the sin 2t factor causes the instantaneous
reactive volt-amperes to be alternately positive and negative, the
absolute meaning of the sign of the reactive power term is not highly
significant.

According to the convention of signs which has been employed in
the present discussion, positive reactive volt-amperes- that is, a
positive coefficient of (sin 2w1] in equation (51) - indicate inductive
reactive volt-amperes, whereas negative reactive power indicates
capacitive reactive volt-amperes. These signs are merely the result
of choosing wL positive and I/wC negative. Further consideration of
signs of reactive power will be given in the next chapter.
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OBCIt.LOGRAM 9. Voltage, current, and power variations in an RLC circuit. R	 20
ohms, L = 0.042 henry, C = 78 p f, X = 15.8 ohms, X . 34 ohms,	 141.4
volts, I	 = 5.23 amperes, P. = 275 watts.

The term [ V-1,- sin2w9sin01 is equal to zero at all times when

8 = U, that is, when wL = 11wC. In this case the reactive volt-amperes
required by the inductive element are furnished by the capacitive
element, and vice versa. Relatively large amounts of energy may
oscillate between the reactive elements even though the RLC branch
simulates a purely resistive brahch at its terminals.

Oscillogram 9 illustrates the variations of v, i, and p in a particular
RLC circuit. In the case shown o.iL < 1/C and the lead of the current
with respect to the voltage is clearly indicated.

Impedance Functions. It should be understood from the foregoing
analyses that impedance functions for any combinations of R, I,, and
C are independent of the point on the wave from which time is reckoned.
In addition the functions are entirely independent of whether the
voltage or current wave is made the dependent wave. Thus in the RL
branch a current wave i = I,,, sin c4 was assumed and the voltage wave
V = V,,, sin (wi + 8) was found to lead the current by 8 = tan 1 (wL/R).
If a voltage v = V. sin wt is assumed impressed upon the circuit, the
impedance function is the same, and it states that the voltage wave
must lead the current by tan' (wL/R). Hence the current wave may
be written as i = I. sin (w - 8). Similar interpretations apply to any
combination of R, L, and C. When the impedance function is found.
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OacILLooaM 10. Photographic records of the applied voltage and the three branch cur-
rents of the circuit arrangement shown in Fig. 22.

the relation between the voltage drop and the current is thereby de-
termined. If one is assumed, the other may be determined from the
impedance function as illustrated by the examples in the preceding
articles.

Instantaneous Currents Combine Algebraically. The concept of
adding instantaneous voltage drops across series elements to obtain the
total voltage applied to a series circuit has been considered. Kirchhoff's
emf law applies to a-c circuits if instantaneous values of voltage or their
equivalents are considered. Likewise KirchhofT's current law applies to
a-c circuits provided instantaneous values of current or their equivalents9
are employed. Figure 21 illustrates the principle in a simple case.
Kirchhoff's current law states that the current flowing toward a junction,
which in the present case is i, is equal to the current flowing away from
the junction, namely, i1 + i2.

In general

itoward * junction = Daway from the Junction	 (52)

or, if current away from the junction is considered as negative current
toward the junction,

itoward a junction = 0	 (53)

'The equivalents referred to are the vector forms that are employed to replace
instantaneous values. See Chapters III and IV.
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If the currents are m.asured by devices which do not respond to
instantaneous values, th, combined measurements, in general, will not
satisfy the above currei t law, for the simple reason that the devices
employed fail to accoun for the relative phase positions of the currents
involved.

Fio. 21. Instantaneous cur- 	 Fm. 22 RL, branch in parallel with
rent toward a junction is	 R2C1 branch.
equal to the instantane-
ous current away from
the junction.

Oscillogram 10 shows how the instantaneous currents i1 and i2 of
Fig. 22 add algebraically to yield the resultant current i. The analytical
method of finding the expression for i from il and i2 will be explained
in Chapter VI.

PROBLEMS

1. (a) 'What is the frequency of a 10-pole alternator when running at 360 rpm?
(b) At what speeds should h 6-jole alternator run to yield 25, 30, 50, and 60

cycles per second?
2. Now many poles are required on an alternator which runs at 300 rpm to develop

50 cycles per second?
S. What is the mechanical angular velocity of the machine in Problem 2? What

is the electrical angular velocity or the angular frequency?
4.. Write the expression for a sine-wave current having a maximum value of

1.732 amperes and a frequency of 1591 kilocycles. The i = 0 reference is to be
selected at a point here di;dl is positive and i = + 1.5 amperes.

6. Express as a sine function of time a 50-cycle alternating current which has
a maximum value of 10 amperes. What is the angular velocity of this current wave?

6. Express an alternating current of 10 amperes maximum value which has an
angular velocity of 377 radians per second as a cosine function of time. What is
the frequency of this wave'

7. Express the equation of the current wave of Problem 5 if time is reckoned
from the positive maximum value of the nave. Also express it for each possibility
when time is reckoned from the negative 5-ampere value of the wave.

B. The time variation of a voltage wave is given by e 	 100 sin 1571 volts, where
I is expressed in seconds.
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(a) What is the maximum value of the voltage?
(b) What is the frequency of the voltage variation?
(c) If e — 100 sin (157t + 30°) what is the maximum value of the voltage?

the frequency?
9. What are the maximum and minimum rates of change of the voltage depicted

in Osciuogram I, page 51, if the niaximuni voltage is 140 volts? Express results in
volts per second.

10. At what instantaneous value of current is the 60-cycle current wave i =
10 sin (wt - 30°) amperes changing at the rate of 3265 amperes per second? (b) at
2260 amperes per second?

11. Find the maximum value of a 50-cycle current wave that is changing at 2000
amperes per second at an instantaneous value 30 from the maximum value of the
wave.

If v = 100 sin (wi - 30°) and i = 10 sin (wi - 60°), wh. is the angle of
phase difference between the current and voltage waves? Which wave leads?

Find the angle of phase difference between e = 100 cos (wt - 30°) and i =
—10 sin (w( - 60°). Which wave lags?

14. A voltage has for its equation v = 100 cos wi. Write the equation of a current
wave of 10 amperes maximum which leads the specified voltage wave by . of a cycle.
Let angular measure be expressed in radians in this particular case.

16. (a) Given a sine-wave signal, the analytical expression of which is 1k sin (21-fl)).
If this wave is sampled (or tested) at i = 0 and at equal time intervals thereafter of
At = 11fe 31'(2f), what is the nature of the sampled signal? V. represents the
sampling frequency.)

(b) Make a rough plot of 6 or 8 cycles of a sine-wave voltage. Let this signal be
sampled first at 135° after v = 0 (du/dl positive) and thereafter at equal intervals
of 315° of the signal voltage. If the sampled data is interpreted as representing
points of a sine wave, what is the sampled frequency relative to the frequency of the
actual signal?

16. (a) Find the instantaneous value of a sinusoidal alternating current having
a maximum value of 90 amperes, 60° after the current passes through its zero value
going positive; 225° after the current passes through its zero value going positive.
-f-(b) Find the difference in time between the 60° value of current and the 225°
value of current if the frequency is 50 cycles.

17. The current through a particular 'filter choke may be represented approxi-
mately by the equation

1.0 + 0.50 sin 1885t - 0,10 cos 3770t amperes
or

i = 1.0 + 0.50 sin a - 0.10 cos 2a amperes

where a = 18851 radians if I is expressed in seconds.
(a) What is the frequency of the sine term? of the cosine term?
(b) What are the maximum and minimum values of current?
(c) Graph the current i with respect to time I or with respect to angular measure a.
i3 A voltage u	 150 cos 3141 volts is applied to a purely resistive branch of

R = 30 ohms,
(a) Write the expression for i as a function of time, employing numerical coef-

ficients.
An.i.:s-5 coo 3l4iamperes.

(b) What is the frequency of the voltage and current variations?
Ans.: 50 cycles.
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(c) Write the expression for p as a function of time, employing numerical coef-
ficients.

:tns.: p	 750 ens 1 314 = 375 + 375 cos 6281 watts.
(d) Whit is the frequency of the power variaticn

Ana.: 100 cycles.
A current i = 5 sin (1101 + 30') amperes flows in a purely resistive branch

of) ohms.
(a) Write the expression for to as a function of time employing numerical coef-

ficients.
(b) What is the frequency of the voltage variation?
(c) Write the expression for p as a function of time s employing numerical coef-

ficients.
(d) What is the frequency of the power variation?
20. A voltage v = 100 cos twi + 60') volts is impressed upon a pure resistance

circuit of 10 ohms.
(a) Write the equation with respect to time of the current wave and employ

numerical coefficients.
(b) Find the equation with respect to time of the power wave.
(c) What is the maximum instantaneous power?
(d) W)iat is the minimum instantaneous power?
(e) What, is the average value of the power wave?
21. (a) What is the maximum time rate of change of a 60-cycle alternating current

of sine form, the maximum value of which is 10 amperes?
(h) If this current flows through a pure inductance of 100 milliherirys, find the

mamum value of the voltage across the terminals of the inductance.
A voltage v = —150 sin 3771 volts is applied to a particular ciruit element,

and it is found, by oscillographic anal ysis, that i = 10 cos 377e amperes. Make
a sketch of the v and i waves. Find the nature and magnitude of the circuit param-
eter.

,-tns.. L = 0.039S henry.
A voltage drop v = 100 sin (377e ± 30°) volts is across a pure inductance of

0.02654 henry.
(a) Use numerical coefficienti and express the current through the coil as a function

of time.
(b) Find the equation with respect to time of the power wave. Express the result

as a single sine function.
(c) What is the average power?
(d) What is the first value of time at which maximum energy is stored in the

inductance?
(e) What is the maxiniurn amount of energy stod in the inductance during a

cycle? State units.
24. A current of 5 sin 3001 amperes flows through a pure inductive branch of

0.2 henry.
(a) Find the impedance function and express numerically.
(b) How many joules are stored in the magnetic field about the inductance when

= 0.05 second?

6

c) Write the expression for u as a function of time employing numerical coefficients.
25 A voltagev - 200 cos (157e + 30°) volts is applied to a particular circuit

element, and it is found, by oscillographic analysis, that 	 = 5 sin (1571 - 150')
amperes. Sketch the v and I waves. Find the nature and magnitude of the circuit
parameter.
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26. A voltage v = 100 sin 3771 volts is impressed on a pure capacitance of 530.5 pf.
(a) Write the express i on for as a function of time employing numerical coef-

ficients.
(b) Find the expression for the power wave as a function of time, employing

numerical coefficients.
(C) how man y joules are stored in the condenser when the current is zero? when

the current is a maximum?
27. A voltage v = 200 sin 3771 volts is applied to an inductive branch, and the

maxinium current is found, by oscillographic analysis, to be 10 amperes.
(a) Find the value of L in niilljhenrys.

Ans.: 53.1 millihenrys.
(b) If it is known that this inductance coil actually possesses 1.0 ohm resistance,

what is the true value of L assuming that V = 200 volts and 1,,. 	 10 amperes?
Ans.: Lirue = \"20 - 1 2 . 377 = 53.04 millihenrys.

%2& 1? = 10 ohms and L = 0.05 henry are connected in series and energized by
a 25-cvcle sinusbidal voltage, the maximum value of which is 150 volts.

(a) Find the complete impedance expression for the RL branch.
(h) Write the expression for the supply voltage as a function of time, making

v = 0 dv/d1 positive) at 1	 0.
() Write the expression for current as a function of time, assuming that the

voltage in (Li) is applied to the branch. Employ numerical coefficients.
(d) Write the expression for the instantaneous power delivered to the branch

as a function of tirne. Express the result in three terms a constant term, a single
cosine term, and a single sine term. What is the average power?

(e) What are the reactive volt-amperes or vars?
(f) Sketch the v, i, and p variations in rectangular coordinates.
9 R = 10 ohms and L = 0.05 henry are connected in series and energized by

a 25-cycle sinusoidal voltage, the maximum value of which is 150 volts.
(a) Find the complete impedance expression for the RI. branch.

Ans.: 12.7/38.2° ohms.
(b) Write the expression for the suppl y voltage as a funct. i of time, making

v = 75 (di (it positive) at I = 0.
Ans.: v = 150 sin (1571 + 30°) volts.

(c) Write the expression for current as a function of time, assuming that the
voltage in (b) is applied to the branch. Employ numerical coefficients.

A as.: I = 11.8 sin (1571 - 8.2) amperes.
(d) Write the expression for the instantaneous power delivered to the branch as

a function of time. Express the result in three terms - it number, one cuirie, and
one sine term. What is the average power delivered?

Ans.: p = 695 - 20 cos 3141 + 328 sin 3141 watts.
= 695 watts.

.3i A resistive element of 30 ohms is connected in ser i es with an inductance coil,
the self-inductance of which is 50 iail li lien ivs and the ohmic resistance of which is
4.5 ohms. A voltage v 	 100 cos 3771 volts is connected to the series branch.

(a) Evaluate the expression for I.
(b) Evaluate the expression for p.
(c) Write the expression for the real power as a function of time, employing numer-

ical coefficients. What is the average value of the instantaneous real power?
(d) Write the expression for the reactive volt-amperes as a function of time,

employing numerical coefficients, What is the average value of the instantaneous
reactive power?
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(e) What is the inductive reactance of the branch in ohms?
11. A current i - 10 cos 1571 amperes flows in an RL circuit containing R	 15

ohms and L 0.0637 henry.
(a) Write the equstion of v as a function of time, emi loying numerical ceefijejents.
(b) Write the expression for the power wave as a function of time.
32. (a) What is the capacitive reactance of an 8-sf capacitor at GO cycles
(h) What is the capacitive reactance of an S0O-szsf capacitor at 6 megacycles?
sa. A resistive element of 151 ohms is connected in series with a capacitor of 4 4

capacitance. A 500.-cycle sinusoidal voltage, the maximum value of which is 15
volts, energizes the RC branch.

(a) Write the expression for the supply voltage, choosing the i = 0 reference at
the point of rna.-drnum positive voltage.

(b) Evaluate 1RC completely.
(c) Evaluate the expression for 1.
(d) Evaluate the expression for p which corresponds to the product of voltage

and current emploed here, and express all trigonometric terms with exponents no
higher than unity.

34. Assume that the current i = I,, sin we flows through a given RC branch.
Show that the voltage across the branch is

V = 1mZ5t1 (u,t +0) = V,,sill (a's +0)

where

Z	 ^R - + 1 
1)2

and

()	
q

8 =	
f &

tan— 
R	 =

A resistance of 10 chins is in series %;th a 303-4 capacitor. If the voltage
drop across the capacitor is 150 sin (20e - 60) volts, find the equation with respect
to time of the voltage drop across the entir series circuit. Find also the expression
for the current at any time t.

36. A 2000-cycle alternating voltage of sine form when impressed across the
terminals of a condenser establishes a current of 0.01 ampere (maximum value).
If the maximum value of the voltage is 20 volts find the capacitance of the condenser
inicrofarads,

Consider & series RLC branch wherein R = 10 ohms, L = 0.10 henry, and
C is 200 4. Assume that the current i = 10 sin (1571) amperes flows through the
RLC branch.

(a) Write the expression for the voltage drop across R, namely, Ri, employing
numerical coefficients.

(b) Write the expression for the voltage drop across L, namely, L di 'it, employing
numerical coefficients.

(c) Write the expression for the voltage drop across C, namely, q,C, employing
numerical coefficients.

(d) Add (a), (b), and (e) to find the voltage drop across the RLC branch. Express
the result as a single sine function of ti-ne.

(e) What is the numerical value of the impedaicu of the series RLC branch?
38. Assume that the current I - I. cos wt flows through a given RLC branch.
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Show that the volt ige across the branch is

V l,,Z cos (wt + 8) = Y. co.s 64 + 8)
where

zy

and
/
yL -

0 = tan

39. In the following exercise, it is assumed that a coil having L henrys of inductance
and R ohms of series resistance is placed in series with a condenser of C farads of
capacitance. A current of i = I,,, sin (tV'L) amperes flows in the circuit. Show
ththe ener' WL + uc = constant, and evaluate this constant.t 

A resistive element of 20 ohms, an inductance coil of L 300 millihenrys
and RL = l , ohms, and a condenser of 50 Mf capacitance are connected in series to
form an RLC branch. A voltage v = 100 sin 1571 volts is applied to the RLC branch.

(a) What is the numerical value of ZRLC?
(h) Write the expression for i, employing numerical coefficients.
(c) Write the expression for p, employing numerical coefficients, and express all

trigonometric functions with exponents no higher than unity.
(d) What is the average value of the power delivered to the branch?
(e) What is the maximum value of the reactive volt. amperes?
U) Write the expression for the voltage drop across the 20-ohm resistive clement

as a function of time, emplo y ing numerical coefflcients
(g) Write the expression for the instantaneous power delivered to the 20-ohm

resistor as a function of time, employing numerical coefficients.
A voltage v = 282.8 sin 500C volts is applied to a series circuit, and the result-

ing current is found to be i ' 5.656 sin (SOOt - 36.87) amperes. One element
of this series combination is known to be a capacitor which has a capacitance of
100 pI. Determine the magnitudes of the other series elements present.
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Effective Current and Voltage—
Average Power

Except for the maximum values of sinusoidal wave variations atten-
tion has been given only to general instantaneous values of current and
voltage. The only practicable method of measuring instantaneous
values of current, voltage, and power is by means of an oscillograph,
a very useful instrument in many respects but one which is relatively
inaccurate, cumbersome, and costly. It was shown in the previous
chapter that instantaneous values are inconvenient to 'manipulate
analytically, and in general they fail to specify concisely the magnitudes
of the quantities involved. In this chapter the values of currents and
voltages usually dealt with will be considered.

Ampere Value of Alternating Current. Alternating currents are
defined so as to make applicable to them essentially he same laws that
govern heating and transfer of power by direct current. An alter-
nating current which produces heat in a given resistance at the same
average rate as I amperes of direct current is said to have a value of I
amperes. The average rate of heating produced by an alternating

current during one cycle is ,4f Ri t!t. The average rate of producing

heat by I amperes of direct current in the same resistance is RI'. Hence
by definition

	

RI2 	 i2=fRd4

and	 I	 dt = V'average i2	 (1)

The current given in equation (1) which defines the alternating current
in terms of its average rate of producing heat in a resistance is called
the root mean square (abbreviated mis) value. It is also called the
effective or virtual value. The graphical evaluation of the rms value
of an alternating current is illustrated in Fig. 1, Whea the equation
of the wave is not known or when it is inconvenleit to determine it, the
graphical means, suggested by Fig. 1, of evaluang equation (1) be-
comes a useful method to employ.
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Problem  Ymd the effective value ofa current that starts at sm. rises jn gta-
taneously, then remains at a value of 20 amperes for 10 seconds, then decreases
instantaneously, remaining at a value of 10 amperes for 20 seconds, and then repeats
this cycle.	 -	 Ans .: 14.14 amperes.

The rms value of an alternating current may be measured with the
ordinary dynamometer type of meter. This meter consists of two
coils in series, one of them being movable. The force tending to turn

1

	

F	 I

	

I	 I

	

I	 I	 ,

1

Time of aogi,)ar measure

Pro. I. Graphical evaluation of rma velue,

the movable coil from any fixed position is proportional to the product
of the Currents in the two coils. Since the coils are in series and the
same current flows in each, the force for any given position of the coils
is proportional to i2 . Since the toil has a relatively high inertia, it
cannot follow the variation in the force produced, and therefore takes
a positioi corresponding to the average force or average i2 . If a suit-
able square root scale is placed under the pointer, the pointer will
indicate the square root of the average square, or the rms value. Other
types of a-c ammeters are also used to indicate effective values of current.
'See Chapter X.)

Alternating Volt. An alternating volt is the value of a wave of
alternating potential which maintains an alternating current of 1 FIns

ampere through a non-inductive resistance of 1 ohm. It therefore
follows that the volt value of a wave is measured by the square root of
the average square of the instantaneous values of the voltage wave.

Average Values. The average alue of any a-c wave which is sym-
metrical about the zero axis is zero. However, when average value is
applied to alternating quantities, it usually means the average of either
the positive or negative loop of the wave. This value represents the
d-e equivalent for electrolytic action of the alternating wave abcde,
Fig. 2, if the wave were commutated (or rectified) and made the sarne
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as the wave abcfe. Since the average ordinate multiplied by the base
is equal to the area under the curve, it follows directly that

2 T/3
	Average value - 

T0 
idt	 (2)

Equation (2) is applicable only when the wave passes through zero
at the time I = 0. For any other condition the time t 1 at which the
instantaneous value of the wave is zero must be determined and the
average value fouid from

2	 (ti+T12.

Average value = f	 i d	 (3)

Fm. 2. Rectified a-c wave shown dotted.

If the average values of the positive and negative loops are different,
the actual average value taken over a complete cycle represents the
value of a d-c component in the wave. For example, the average

Fm. 3. Displaced a-c wave is equivalent to a aytnmet-
neat a-c wave and a d-c component.

value tf the cross-hatched wave in Fig. 3 is Id,. Inspection will show
that the dotted wave is the sum of the alternating wave I and the
direct current 1dc
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Effective and Average Values of it Sinusoid. Through the use of
equation (1) the effective value of any wave may be found. If the
equation of the wave is not known, the integration must be performed
graphically. When the equation is known, the analytical solution is
generally to be preferred. Consider the sinusoid,

=	 Bin (QI

1 T 	 j2 f7'
l2 > = - J 2 di = -
	

j,,2 sin  c4 dl = _!! 	 008 2w1) dl
T 0 	T	 T0

2 4	 2

1(nna) == 0.7071m
	 (4)

For a sine wave, therefore, the rms value is 0.707 times the maximum.
In general, I(r) is written simply as I, and unless otherwise specified
the symbol I refers to the effective or rms value of an alternating
current.

The average value of a sinusoid over one-half cycle is
2fT12 	 2

1m = 0.6361,lily =1
	

l,1 sinwldt =	 n	 (5)
ir

Problem 2. A resultant current wave is made up of two components, a 5-ampere,
d-c component and a 60-cycle, a-c component which is of sinusoidal wave form and
which has a maximum value of 4 amperes.

(i) Draw a sketch of the resultant current wave.
(b) Write the analytical expression for the resultant current wave, choosing the
0 reference at a point where the arc component is at zero value and where di/& is

Positive.
An..: i - [5 +4 sin (3770] amperes.

(c) What is the average value with respect to time of the resultant current over a
complete cycle?

An..: Ii - 5 amperes.
(d) What is the effective value of the resultant current?

An..: I. t - 5.75 amperes.

Form Factor. Form factor is the ratio of the effective to the average
value of a wave. Hence, for a voltage wave, e, which has equal positive
and negative loops:

	
F,
11fTe2dc

Form factor	 f/zedg(6)2
T
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Equation (8) is subject to the same limitations M those explained for
equation (2). Form factor has very little physical significance. It gives
no certain indication of wave shape or wave form. Although a peaked
wave will usually have a higher form factor than a flat-topped wave, it
cannot be conclusively stated that one wave is more peaked than another
because it has a higher form factor. That form factor tells nothing of
the shape of a wave is evident from the fact that a sine wave and the
wave e = E. sin wt + (5/12)Em sin 5w1, shown in Fig. 4, have the

Pro. 4. Form factor of dotted wave is the same as that of a ame wave.

same form factor, namely, 1.11. However, form factor does give some
indication of the relative hysteresis loss that will exist when a voltage
is impçessed on a coil wound on an iron core. Also some use is made of
form factor in determining effective voltages induced in such coils when a
known non-sinusoidal flwc wave is
present in the iron core.	 150

Problem 3. Find the form factor of
the saooth wave form shown in Fig. 5.	

Time
_________

Hint: Between the limits of - 0 rod
t - T 3 seconds, the analytical expr- 

FIG. 5. Sawtooth wave form of voltagesion for the voltage is e - 504 volts. In a	 for Problems 3 and 4.
csc of this kind,

Be,	
1- -I edt
TJa

An..: 1.155.

Crest or Peak Factor. The crest, peak, or amplitude factor is the
ratio of the maximum value of a voltage wave to the effective value.
For the dotted wave shown in Fig. 4 the crest factor is 1.85. A )owl-
edge of this factor is necessary when using an ordinary voltmeter
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to measure a voltage employed in insulation testing. The dielectric
stress to which insulation is subjected depends upon the maximum value
of the voltage attained. Since waves of the same effective value may
have different maximum values, it is obvious that a knowledge of crest
factor is required when making dielectric tests. The crest factor of a
sine wave is

Em

O.707E,n

Problem 4. Find the crest factor oi the sawtooth wave form shown in Fig. 5.
Ans.: 1.732

Representation of Sine Waves by Vectors or Phasors. It has previ-
ously been stated that an attempt is made to secure sine waves of alter-
nating currents and potentials. Alternating-current computations are
often based upon the assumption of sine waves of voltage and current.
When non-sinusoidal quantities are enounered, they are expressed in
terms of a number of sine components of different magnitudes and fre-
quencies, and these components are then handled according to the
methods applicable to sine waves. In general, it would be cumbersome
continually to handle instantaneous values in the form of equations of
the waves. A more convenient means is to employ a vector method of
representing these sine waves. The directed lines or vectors that are
employed to re?resent sinusoidally time-varying quantities in a coplanar
system are called phasors. Actually for the purposes in this book there
is no difference between considering these representations as vectors or
phasors. This distinction is made to avoid confusion in some of the
more advanced work involving vector analysis as defined in mathe-
matics. Since in elementary circuit analysis a vector diagram and
phasor diagram mean the same thing, thterms will be used inter-
changeably. The phasor or vector representations of sine functions may
be manipulated instead of the sine functions themselves to secure the
desired result.

The sine wave of current I = J,, sin wt is shown in Fig. Ga. All the
ordinates of this wave at the various times I may be represented by the
projection of the revolving vector 0.4 on the vertical axis of Fig. Gb.

This projection is I. sin wt if OA has a magnitude of Irn. This is the
equation of the wave shown in Fig. Ga.

If two sine waves are related as shown in Fig. 7, each may he repre-
sented by the projections of cointercloekwise 1 revolving vectors on the

1 Couredse is assumed the positive direction of rotation of vectors. The
counteieockvise direction of rotation has been arbitrarily used by engineers in the
United Statesand-many foreign countries. Some foreign countries have used clock-



0

Ch. III	 EFFECTIVE CURRENT VOLTAGE AVERAGE POWER	 91

vertical. A little study will show that the angle of phase differenip for
the two waves must also he the angular displaernent F;etween the to.
vectors 0.1 and OB representing them. If 0.4 and 0L are added 'cv-

Fin. 6. Projection of a revolving vector represents a sine wa ve.

- Cwave

Fw. 7. Add ition of sine na ves by the u-e of vetor.

toriallv a resultant OC is obtained whoe prtjection riti the vertical will
represent the instantaneou value^ of the algebraic 'urn of the shie
waves A al)d B.

1. Add the folloting currents as waves and as vectors:
= 5 sin w

10 sin (4 + 60)

o ise as positive. To avoid errors the student must alwa vs consider count ere lock vie
as the positive direction of rotation of all vectors in this hook. One vector i ad
to be ahead or leading another when it is farther advanced counterclockwise than the
other.
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Air wavea:	 SUM	 ioi+l258fli4+1O8i11(&.+6O°)

= 5 sin w + 10 sin w€ cos 600 + 10 coo wt sin 600

10 sin wt + 8.66 cos i€

Refer to the right triangle shown in Fig. So. If the previous equation is multiplied
md divided b y 1:3.23, there results

NO 8.66
= 13.23	 sin w +	 COS t

= 13.23 [cos a sill wt + sin a cos

= 13.23 sin ( + a)

13.23 sin ( + 40.90)

As vectors: A wave of relative phase represented by sin wt will be represented by a
vector along the reference axis. Positive angles will be assumed to be measured

8.66

10
(a)	 0))

Fie. S.

counterclockwise. The two . waves are then represented by jecfOr3, as shown in

Fig. Sb. The sum will be found by adding x and y componen.

YX = 5 + 10 cos 60 0 = to

= 10 sin hO°	 8.66

Sum =	 -i-	 y 2 	\/'i0 + S 66° = 1:.23

a = tait -- - = tan -- = tOO
10

Since the resultant is countrclockwise (pt;s : tj v. 	 l rori; the reference the equation

may be written as

	

13-23 sin (	 -40'

Problem 5. Subtract 12 from j, in exaii.plc 1 by i ii)t 1i methods shown above.
.4n.	 5,66 sin (wt - 000)

It is apparent that thcv co l d 8n a c yeei xrt' mcrelv convenient rep-

resentations of a j UC VaVPS, the idr¼]ettt variable of which is time.

As such, the y are time vvçtor,5 anddo not have any meaning so far as

space relations are concerned. When the lengths of the two vectors
represent maximum values of the waves respectively, the resultant vec-
tor will represent the rinium va)u o of the resultant of the two waves.

Effective or rms v010e5 of volt.a4 and currents are ordinarily used.
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For sine waves these have been shown to be equal to the maximum value

divided by v'2. Thus maximum values of the vectors could be handled
vectorially and the resultant divided by V'2 to obtain the effective
value. Instead, all the initial vectors could have their maximum values
multiplied by 0.707 and the resultant of these would then be the result-
ant maximum divided by /2. If the latter procedure is followed,
the vectors can be considered to represent effective values. Vectorial
representation of effective values is customary, in which case the results
are given directly in terms of effective values, the ones usually desired.

In drawing vector diagrams certain conventions must be observed.
First, a convenient reference axis should be established. The vectors
have their relations to one another fixed but they may be represented
with respect to any axis. In Fig. 7, the vectors Oil and OB were con-
sidered to revolve in order to represent the waves. The resultant OC
was obtained by adding the two vectors when OB was along the axis
of reference. Obviously, the same result would have been obtained had
OA and OB been added when stopped in any other position with respect
to the reference axis, provided that their magnitudes and the angle C
between them were not changed. Second, it must be observed that
counterclockwise is considered the Positive direction of rotation of vectors
and that a vector rotated through an angle of lead or ahead of another
vector must be rotated counterclockwise. It then follows that an angle
of lag from a given, axis must be in the
clockwise direction. A vector thus rotated 	 !.
issaid to b behind the axis in question.

To illustrate the use of these conven- 	 V	 •	 V	 I

tions, the vector diagrams of voltage and 	 ' 1
current for a pure resistance, a pure induct- Fio. 9. Res,.tance branch and
anc6, and a pure capacitance circuit will	 vector diagram.
be drawn. The waves shown on Oscillo-
gram 4, page 59, for a pure resistance circuit, indicate that the applied
voltage is in phase with the current. With current taken as, or along,
the reference axis the vector diagram is shown in Fig. 9.

It was shown in Chapter II and experimentally illustrated in Osciflo-
gram 5, page 63, that the wave of voltage drop across a circuit contain-
ing only inductance leads the current by 900. This relation is illus-
trated vectorially with the current as the reference in Fig. 10 of the
present chapter.

Reference to Oscilogram 6, page 66, will show that Fig. 11 of the pres-
ent chapter represents vectorially the relations previously explained for
the purely capacitive circuit.
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Current was taken as the reference in the three previous diagrams.
This was not necessary. The current could just as well have been
drawn at any angle with respect to the reference axis, but for any partic-

f	

+VXL

b-I	 Applied 

Fia. 10. Inductance branch	 FIG. 11. Capacitance branch and
and vector diagram.	 vector diagram.

ular case the relation between current an4 voltage must remain the
same, that is, the resistance drop must always be in phase with the
current, the drop across the inductance must always lead the current

-	 by exactly 900, and the drop across the capac-
ILw 	 must always lag the current by exactly

y 900• The reference axis that appears to be the
most convenient for the particular problem at
hand should be chosen.

I R Vector Diagrams as Determined by Resistance
Fia. 12. Addition of volt- and Reactance Drops and Impedance Functions.
age drops across L and R. If a current i = !,, sin wt is assumed to flow
in a circuit containing R and L, Kirchhoff's emf law states that
v = RI + L di/dt. Therefore v = RI,,. sin wt + I,.,Lc., cos wi. Since
RI,,, sin c4 is of the same phase as I,,, sin wt, the resistance drop is 8hOWfl
in phase with the current in the vector diagram of Fig. 12. It will also
he noted that I,,,L, cos wt is 900 ahead of I,,. sin wt. Hence it is so
drawn on the rector diagram. The vector sum of these two components
is the resultant applied voltage V. The angle between V and I is
8 = tanwL 1 R. The same relation between V and I is obtained from
the impedance function Z/i. As explained in Chapter II, a positive
angle 8 means that the applied voltage leads the current or that the
current lags the applied voltage by the phase angle 8. Thus the rela-
tion of V and I shown in the vector diagram could have been shown
directly from the impedance function where the angle tells the phase
and VIZ gives the magnitude of I. It should be noted that effective
values were used exclusively in Fig. 12. Through the same procedure
the student can show that Fig. 13 represents the vector diagram for an
I? and C circuit. The vector diagram of the R, L, and C circuit combines
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the vector diagrams in Figs. 12 and 13 the results of which appear in
Fig. 14.

'Problem 6. A 60-cycle current of 15 amperes flows in a circuit of 5 ohms resist-
ance, 10/377 henry inductance, and 1/(377 )( 15) farad capacitance. Draw the
vector diagram, and calculate the applied voltage and the phase angle between it and
the current.	 Ani.: 106 volts,- angle 45°.

IR

IR

Fin. 13. Addition of voltage	 Fin. 14. Addition of voltage
drops across C and R.	 drops across L. C, and R.

Significance of Currents Flowing in the Direction of Voltage Rises and
Drops. If the potential becomes greater in the direction of tracing a
circuit, a voltage rise is being encountered. For example, assume the
polarities of a circuit at some instant to be as indicated in Fig. 15.
When tracing from a to b through the generator,
the tracing is in the direction of increasing potential41b
(from minus to plus) or in the direction of a voltage

direction
rise. In a similar way, when tracing through the
load from c to d, the tracing is in the direction of a
fall of potential or a voltage drop. Since the gen-
erator is the " pump," the current will flow from
minus to plus through the generator, whereas in 
the external circuit it flows from plus to minus. It 	 Fin. 15	 Polarities
is evident, then, that a current flowing in 	 of an a-c generator

the general direction of a potential rise represents 	 at some

electrical power generated or delivered. Also,
when the current flows in the direction of a potential fall or drop,
as it does through a load, power is being consumed or taken. If, then,
a voltage rise is assumed positive, the generated power would be posi-
tive. A voltage drop is then negative and, since the same current flows
in the direction of the voltage drop through the load, the power deter-
mined would be negative. These are the usual conventions employed
when power generated and power consumed are simultaneousl y con-
sidered. If a voltage drop is assumed positive, then positive current
in conjunction with the positive drop would yield positive power and
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under i conditions 'power absorbed Is positive. It is immaterial
which c. -cutions are used; that which is the most expedient is the
one to ch,t..se. Physically, the same results are obtained. Although
the abo	 'iventions are the most common, it is possible to establish
other sys' .

If a voltage rise is assumed positive, the question sometimes arises:
Will generated power still be positive if the tracing direction is reversed?
The answer is yes, as may be shown by the following considerations.
Assume the tracing direction in Fig. 15 is badc. Then a voltage drop
is encountered in the tracing direction through the ge Since a
voltage rise was considered positive, this drop through the generator
will he negative. Since current flows through a generator in the general
direction of increasing potential, the current will be in a direction
opposite to that of the tracing direction. Hence it must be called a
negative current. The product of the voltage drop through the gener-
ator, which was negative, by the negative current (opposite to the
tracing direction) is positive. The sign of power generated is there-
fore unchanged. Similarly, it may be shown that the sign of the power
dissipated by -the load is unchanged. Hence the choice of the tracing
direction does not affect the signs of generated and dissipated power.
These are fixed by the signs assumed for voltage rises and drops in
conjunction with the current.

Power, Real and Reactive. In Chapter II it was shown that the
general expression for average power, when waves of voltage and current

are sinusoidal, is	 cos 0. Since the maximum value of a sine wave

divided by the square root of 2 is the effective value, the equation for
average power may be written

P = .! -- cos 8 = VI cos 0	 (7)
'v'2 Y2

\\'ht'sn V is in volts and I is in amperes, the power is expressed in watts.
As previousl y shown, the power in a single-phase circuit is not con-
stant. The instantaneous power frpm equation (42), Chapter II, is

rI , m IM	V,,,L	

]	

V'1"

= L 
2 cos 

0 - -- 
cos 0 cos 2wt + 2 sin 0 sin 2u1 (8)

The first two terms of the rigi t ide of equation (8) represent instan-
taneous real power. When 2t is an odd multiple of r, the value of the
real power is

2VmJm
c' 8 = 2VI cos O

2
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When 2ct is a multiple of 2T, real power is 0. Hence real power in a

single-phase, circuit fluctuates between 0 and 21'I cosO and has an

average value of VI cos 0 (shown in Chapter II). The third term of
the right-hand member of equation (8) represents what has been called
instantaneous reactive power, or, preferably, instantaneous reactive
volt-amperes. Its equation is

Px 
=	 sin e sin 2<t

Thus instantaneous reactive volt-amperes fluctuate bet weefl + - 	 sinO

and - -'--- sin 0. Whereas the average value of the instantaneous

reactive volt-amperes is zero, the maximum value is 	 sin8. This is

the value referred to when reactive volt-ampere-s are considered 
.2 Hence

'12 '12 sin A = VI sin 0
	

(10)

Fin. 1. Angle 0 is positive Iien vullage
teals eurrent If current is along the ref-
erence axis.

Fio. 17 Angle 0 i positive when current
leads voltage if voltage is along the ref-
erence axis.

It is plain that reactive volt-aniperes as determined from equation (10)
will be positive when A is positive. As interpreted from vector dia-
grams when current is taken as a reference, Fig. 16, A is positive when the

voltage leads the current or for inductive loads. If volt age is taken
along the reference, Fig. 17, 0 is positiv c when the current leads the
generated voltage. In the former case reactive vlt-amperes are posi-
tive for inductive loads or lagging currents, whereas in the eond case
positive reactive volt-amperes are obtained when the load is capacitive or
where the current leads the voltage. Another basis for determining the
sign of reactive power was given in Chapter II. It is apparent that
inductive reactive power or volt-amperes can be defined as positive or

It should be recognized that this discussion refers to components of the resultant
power wave, These components do not exist as separate entities but they are c0n
venjeiLt components to consider for purposes of analysis. Actually a single wave,
as shown in Chapter II, is the only power wavy ehich has a physical existence.
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negative depending upon the basis emplo yed. Which of these signs to
adopt has been a subject of di . cussion for mans' years, and each sign
has been emplo yed at various times. At the 1934 Paris meeting of the
Committee on Electrical Units. reactive power caused by a current
lagging the voltage was defined as iiegatve reactive power. However
this definition encountered several inconsistencies and after a great
deal of disc s.ioii a commit tee of the American Inst i t ute of Electi ical
Engineers as reported in the January 1948 issue of Electrical Engineering
recommended that inductive reactive volt-amperes he defined as posi-
tive reactive power. This convention is consistent with the sign
obtained if the sign of the angle in the impedance function is employed
in the formula for reactive volt-amperes. This convent ion is also
consi s tent with the sign obtained b y calculating J 2 V where the sign
of X for an inductive reactance is positive. This is the standard sign
emplo y ed for inductive reactance. It will be seen in the next chapter
that., when couiiterrl,,ckwjse is considered as 4the direction for measuring
positive angles of rotation, the use of complex numbers requires the
adoption of the poiiivc s ign for inductive reactance, As a result of
these and other consideration the present standard in the United
States is to call induct i. e rvai1 ye volt-amperes positive. This is the
sign w h ich has beei i reconrici1,j to the International Commit tee on
Electrical and \Ialct ic Vint- for adoption although no official action
b y that body has vet been tai'ii. In an y event it is desirable to label
the reactive vo]t-aniper ' a ih hict ive or capacitive. iii (()flflfljflg
the t o in analytical \V,jr I f:(- Import ant requirement is to consider
one Pi)iti\'e and the other neg:ttive regardless of the convention
employed,

H(':tet i\ C V olt-arnperis arc fx i ri ' t'd in vars, a term cowed front the
fir.-,t Lit t 'r	 of ti l e vords	 It amupi • res reactive.'	 Heat ive volt-
amnpi, 	 over a jrioL of time represent ( ii timis of
"ni'rg	 lt c (('II the °ur'-i' ail tie load. 	 Their function i to upplv
the elicrgv fir riaIi' ii' fId and i'harging c apacitors . .iiul to I ranfer
1 hi., tic7 - ha L To In' .ollIul'	 len the magnet ic field 'ollape or v. hen
the 	 'ii-barg	 .	 .\!mliocighe reactive	 oht-ztliiperc , a	 such,
r ' pii4: Ii,	 :g iergv input to the generators, the y do ncci'itite a
certa i n	 t.iiuII cf generator v ' ilti:ii,('re capacity 111(1 thereby limit the
available po er out put of The g0 nerators. Iteacive volt-arliperes
(rio Fe tran-icm'reJ .' iiFi,n' Itnurririg a copper LOSS.	 Although tlu
ir loss is c'a'ic'j k v the t raiNfer of the reactive Volt-amperes, it is not
a part of the r-act iv" vP 'illAp(r('s. l'tive Volt-amperes an tue tO
quadrat lire cornponemts of volt age and current and as such represeti
zero average po%%er. The additional loses must he supplied by an
average energy ifiJ)lIt to the alternators.
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From equation (42), Chapter 11, instantaneous real power was found
to be VmI,* cos 6 sm2 wL This ma y be considered to consist of a voltage
V,,, sin oi and a current (I,,. cos 0) sin wt, which is in phase with the
voltage. The current 1,,. cos 0 is called the in-phase component, power
component, active component, or energy component of current with
respect to voltage. In terms of root mean square values the power is
due to a voltage V and a component of current I cos 0 in phase with V,
as shown in Fig. 18. Sinr' it , product of the voltage V and energy
component of current I co' Vi cos 0. the same expression as equa-
tin (7) for power, it is ei 	 n hot power may be determined in this

IcasG

0s
i n8

Vcos

Fr,. IS. In-phase and quadrature corn- 	 Fnj. 19. In-phase and quadrature corn-
pon.:Its of 'urrent with respect to volt- 	 ponents of voltage a th respect to cur-
age.	 rent

manner. If cos 0 is grouped with V, then V cos 0 may be viewed as the
in-phase component, active component, energ y component, or power
component of voltage with respect to current, as shown in Fig. 19.
Obviously, power may also be obtained b y multipl ying the in-phase
component, of voltage with respect to current b the current. Sim-
ilarl y , I sin 0 in Fig. 18 is the " out-of-phase component," qwidrature
component, or reactive component of current with respect to voltage.
This component niultipliect b y ihe voltage gives reactive volt-amperes,
as may be seen by comparison with equation (10). Also, V sin 0 is the

j tI:ulrattirc. reactive, or vattless component of voltage with respect to
This component of voltage multiplied by current also yields

he reactive volt-aniperes or vars.	 -
Volt-A'iperes. TI pr, duct of effective voltage by effective current in

an 0-i' I ireilt is raihu I v ' It -amperes. A larger unit is kilovolt-a m peres,
ahhre i:tted k ,.-a.( )I'vtouslv, a given number of volt-amperes may rep-
resent att - Iltitol rr ol d T - ' 'nt volues of power, depending upon the
value of ens 0 in eqttatt ' it (7). Cosine U is therefor- a factor by which
volt-amperes are tuu!t pt i 1 to give power. Hence cosine 8 is called

over factor. As art eqtra I

1.-1over fart or	 COs	
power

0 = - ----	 (11)
volt-amperes

flefereirce to equation (IC) " ill show that sin 0 is th" factor by which

	

' ott-amperes -ore muir ij)lh'd 0 ycId reactive volt-amperes • 	 vars.
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Hence sin 0 is called the reactive factor:

Reactive factor sin 8 = 
reactive volt-amperes
	 (12)

volt-amperes

Since sin  8 + c052 0 = 1, reactive factor = v'l - (p.1.) 2 and power

factor 

(Icos0)V	 Power
s

Reactive
, 	

volt-amperes
 
lzi -_j

(a)	 (b)

FIG. 20. Relation of power, reactive volt -amperes, and resultant volt-amperes.

If the current and each of its two components in Fig. 18 are multi-
plied by V, a relationship between power, reactive volt-amperes, and
volt-amperes is obtained, as shown in Figs. 20a and b. Hence

Volt-amperes = Vver)2 + (reactive va)2

This relation is very useful in problems involving correction of power

factor.

'xample 2. One hundred and ten volts are applied to a series circuit consisting

dl S ohms resistance, 0.0531 henry inductance, and 189.7 uf capacitance. When

iV

^20,a 14 I IR'—V1

V-hO volts	

Ir1.xc_ve

Fiu. 21. R. L, and C in series and the corresponding vector diagram.

the frequency is 60 cycles, calculate current, potr, power factor, vIrs, ract

factor, and voLt-amperes. Also calculak' the voltage drop across each circuit ele-

ment. The circuit and vector diagrams are shown in Fig. 21.

XL = 2zfL 2i-60 X0.0531 20 nhrns

Xc 
2fC 260	 97	

= 14 ohms

X XL-'-XC20 14 6ohrns
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R8 ohms

Z.\J+X=\82+t5210ohms

no
l=	 arnperes 

R8
Pt. '=cosO	 - - ==j=O.8

I' = VI cos 0 = 110 )( 11 X0.8	 968 watts

Also	 P = I 2 R = 11 X S = 9t6 watts

	

XI	 6
Reactive va	 VI sin 0 = 110 x 11 x	 = 110 X 11 X	 726 vars

	

ZI	 to

va = VI = 110 X 1 = 1210 = 9CS 2 + 7262

= JR = 11 X S = 88 volts

VL IXL = 11 X 20 220 volts

V- = JXc = ii X 14 = 154 volts

It will be noted that the arithmetic sum of these three voltages is much greater
than the applied voltage Alternating voltages of the same frequency can be added
but they must be added veelorially with due regard for phase relation. Thus

220 - 154 = 66 volts in quadrature with I
= 88 volts in phase with I

Therefore	 -

V = \6 = 110 volts, which checks the applied voltage.

Example 3. Given the parallel circuit shown iii Fig. 22, find T, j o !, and total,
power consumed.

Sclution. The impedance functions of branches I and 2 are

= V 62 + k/tan'! = 1053.17° ohms

/52 + 52/tn_I () 7.07,'- 45' ohms

100
1 2 	 14.14 amperes

-	 7.07
100

=	
= 10 amperes

1	 12+11

The vector diagram is drawn as shown in Fig. 23.
The curlents may be added by using Ex and y components or by the cosine

law. The former will be used and a tabulation of results made. The x-axis a ill be
taken along V. This is arbitrary. Any other position may be used.

Current	 i components	 y components

12 1 1:! Cos 	 10.	 I 1 2 sin45 = 10
11 1 1 cue, (-53.17°) = 6 1 1 sin (-53.17°)	 —8
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FIG. 22. Parallel branches.	 FIG. 23. Vector diagram of Fig. 22.

Ex 16	 y2
I	 \ 16 ± 2 = 16.13 amperes

= 1"110-phase	 100 )< IX = 100 X 16	 1600 watts

An alternative is
P - 112 R, + 1 2 2R 2 = 10 1 X 6 + 14.142 X 5

600 + 1000 = 1600 watts

Vector Combination of Voltages. Thus far, onl y currents have been
added and subtracted vectorially. Since vector combinations are based
upon the assumption of sine waves, it is apparent that sinusoidal volt-
age waves can be added and subtracted vectoriallv. For example,

/1
FIG. 24. Coih in which a-c volt-	 FIG. 25. Voltages induced in coils

ag	 are jndiart,i.	 -	 of Fig. 24.

the coils shown in Fig. 24 are assumed to have induced voltages which
are phase-displaced by 450, as shown inin Fig. 25. The voltage E12.
is dered when I' and 2 of Fig. 24 are connected. In general, the dif-
ference of potential between two points of a winding or circuit is found
by adding all the potential drops (rises are negative drops) encountered
in tracing through the winding from one point in question to the other.
This statement follows from the definition of potential difference. The
voltages are denoted by subscript€, and the order in which the subscripts
are written must be the same as the order in which they are encountered
as the circuit is being traced. Thus for Fig. 24, when 1' and 2 are con-
iiected, E 12 = E 11 . + E22 . This vector addition is shown in Fig. 26
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if I' were connected to 2' in Fig. 24, the ernf E 12 would be E 12 =
Eu . + E2 . 2 . This result is obtained by adding the voltage vectors,
E11 and E2 . 2 , as shown in Fig. 27.

E
£12'

Fm. 26. E,,' for Fig. 24 when I and 2
are conrfted.

FIG. 27. E 1 for F i g. 24 when V and 2'
are connected.

Problem 7. Two coils on the armature of an alternator are displaced 6) electrical
degrees. The emf of each coil is 100 volts. What is the rsultarit emi of the two
coils when connected series adding and also when cries subtracting?

Ans.: 173.2 volts, 100 volts.

PROBLEMS ^.

8. An elevator motor takes 20 amperes for 15 seco:nds. Power is then cut off
for 45 seconds, after which the cycle is repeated. if rated full-load current of the
motor is 12 amperes, will it overheat on a continuatior of this cycle? What is the
equivalent continuous current which will yield the same average rate of heating?

9. A motor takes 50 amperes for 10 seconds after which power is off for 20 seconds.
It then takes 60 amperes for 5 seconds, after which power is cut off for 1 minute.
V hat, will the continuous rated current have to be so that the motor will not overheat'.'

10. (a) What is the average value of the pulsating current shown in Fig. 28?
(b) What is the effective value?

15 amp.
50 np.	

-	 11 10 snip.	 I	 I
I	 I	 I	 I

'- --05-- i 0.4. '.05	 .	 Seconds

- — Qnecct,- — — — — — —

Fiu. 2. See Probiemb 10. 11, 1, and 2.5.
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11. (a) If the current shown in Fig. 28 flows through a d-e ammeter in series with
an effective reading a-c ammeter, what will be the reading of each instrument, assum-
ing perfect calibration of the instruments?

(b) If the resistance of the circuit is constant (the pulsating current being produced
by a pulsating voltage), which of the above readings should be employed in finding
the power by the PR formula?

12. (a) If the current shown in Fig. 28 flows through a S--ohm resistance, what
number of joules of heat energy is produced each cycle? what number of gram
calories?

(b) What power is dssipated in the above resistance over any integral number of
cycles?

4amp.

/I	 '•
one Cycle ----Ii

FIG. 29. See Problem 13.

13. The plate current of a triode operating as an oscillator takes the general form
shown in Fig. 2S.I.

(a) What is the frequency of oscillation depicted in Fig. 29?
(b) What is the average value of the pulsating current?
(c) What is the effective value of the pulsating current?
Note: The current during the first 2 X 10 second shown in Fig. 29 may be

represented by the equation i = 2 X 10 amperes. Utilize symmetry.
14. A current in a circuit starts at zero and increases Linearly until a value of 12

amperes is auaned. It then drops to zero in negligible time and repeats the cycle.
What will an effective reading a-c ammeter in this circuit read?

15. A current starts abruptly at 10 amperes and decreases linearly to zero and
then repeats this cycle. Find the rms value without changing the orientation of
the wave from that given.

16. Find the mis value of a current in terms of radius p whose instantaneous
values make semicircles of radius p above and below the x-axis.

17. A current has a positive loop which follows a semicircle of radius I ampere
and the diameter of this semicircle lies on the x-axis. It through the addition of a
constant current of I ampere the resultant current is represented by the semicircle
with its diameter raised I ampere above the .r-axis, find the rms value of the resultant
current.

18. Calculate the form factor of the current, wave in Prohlem 14.
19. Find the mis value of e = 100 sin wi + 60 sin (5w + 30) volts oy integration.
20. Calculate the form fac t or of e	 100 sin &.4 + 60 cos 3w1.
21. Find the rms value of e = 100 sill wi - 40 sin 34 vOts.
22. Calculate the form factor of the voLtage wave in Problem 21.
23. Find a wave other than that given in the text which is not a sine wave but

which has the same form laCtol as a sine wave.
24. Calculate the peak factor of (a) -I 	 wave, (b) a rectangular wave, (c) a

symmetrical triangular wove whose positive and negative halves are symmetrical
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about their respective midordinates if the angle at the peak is 60°, and (d) a tri-
angular wave whose angle at the peak is 90°.

25. Calculate the crest factor for the wave shown in Fig. 28.
28. Calculate the crest factor and form factor of a wave whose positive and

negative loops are semicircles.
27. The respective branch currents flowing toward a junction of two parallel

branches of a circuit are i1 30 sin + 60°) amperes and 20 sin (4 - 200)
amperes. Find the resultant current leaving the junction in terms of a single sine
wave. Find also the effective value of the current.

28. One branch current of z 40 sin ((A - 40°) amperes combines with a
second branch current to yield a resultant of 50 sin (4 + 80°) amperes. Find the
equation of the second branch current. Find also the effective value.
'29. A motor requires 25 amperes and 220 volts at a lagging power factor of 0.88.
Find the power, vars, reactive factor, and the volt-amperes taken.

3O. A motor requires 10 amperes atid 220 volts at a power factor of 0.8 lag. Find
the power, reactive volt-amperes, reactive factor, and the volt-amperes required.

$l. The voltage of a circuit is u - 200 sin (t + 30°), and the current is i
50 sin (t + 60°). What are the average power, volt-amperes, and power factor?
J2. A motor takes 15 amperes and 220 volts at a lagging power-factor angle of

72° when running at no load. Find the number of watts, vars, and volt-amperes
it is taking.
%-33. How many resultant volt-amperes will be taken from the line when the two

motors in Problems 29 and 32 are operating simultaneously as stated from the same
line? What is the resultant line current and power supplied?

£34. One motor takes 250 amperes at 0.8 power factor lag while another motor
takes 50 kw at 0.5 leading power factor from a line of 220 volts. What is the re-
sultant line current for these two motors? What is the power factor of the combined
loads? Is it leading or lagging?
!,45 The voltage of a circuit is v 200 sin i4 volts, and the'current is i =

50 cos (uif - 30°) amperes. What are the average power, vars, and power factor?
L36. A varmeter in a circuit indicates 600 vars, and a wattmeter in the same circuit

shows 800 watts. Find the vol-amres, power factor, and reactive factor of the
Circuit.

7. A series circuit has 8 ohms resistance and 20 millihenrys inductance. If 110
volts at 60 cycles are impressed, ca1clate the current and power.

One branch of a parallel circuit consists of 6 ohms resistance, 48 ohms in-
ductive reactance, and 40 ohms capacitive reactance, while the other branch con-
sists of a resistance of 7 ohms and a capacitive reactance of 2 ohms. Find the
current delivered to the combination when 100 volts are impressed across the entire
circuit. Calculate the total power and that consumed by each branch.

9. (a) Find the readings of ammeters 11, !, and 1, and of wattmeter W of Fig. 30.
Compare the reading of W with 1 1 5R 1 + I12R2,

() Draw the vector diagram of V, 1, Ii, I, 1 1 R 1 , I 1XL 1 , 1 2R 2 , and I2X2.
(c) Assuming that V represents a potential drop from a to b through the circuit

branches, find the potential drop from d to c, or V,k.
(ci) Assuming that V represents & potential drop from b to a through the circuit

branches, find the potential drop from d to c, or VdC.
O. Work Problem 39 if the parameters are changed to R 1 8 ohms, L 1 0.025

henry,R, 10 ohms, and C, - 120 AAf.
Find the readings of the ammeter I and of the wattmeter W in Fig. 30 if an
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h
Fin 30. See Problems 30, 40, and 41.

additional branch R 3 L 3 is placed in parallel with the R 1 L 1 and R2C2 branches.
R 3 = 15 ohms and L 3 = 0.12 henry.

Find the reading s of the ammeter I and of the wattmeter W in Fig. 31 for the
parameters specified.

W

I fl

	

I	 5

	V 100 volts I 	

0.04 T-ri

ft
60'.

Ihenry	
6of 1120M

Fin. 31, See Problem 42.

43. A type of alternator much used in laboratories has six coils spaced about the
armature at intervals of 30 electrical degrees. The two leads of each coil are brought
out to a terminal hoard, making available six voltages. Because of the 30 electrical

123456

	

!	 FIG. 32. Six coils of
-	 •	 -  an a-c generator.

Adjacent coils are

	

? ? ?	
-	 displaced 30 electri-

cal degrees.

	

r	 2' 3' 4' 5'	 6'

degrees of space displacement of the coils on the armature, the individual coil voltages
have phase differences of 30°. Let Fig. 32 represent the six coils, and assume that
adjacent coils in the figure are electrically adjacent coils on the alternator armature.
Assume also that the coil voltages are sinusoidal and that leads 1, 2, 3, 4, 5, and 6 are
corresponding ends of the coils, and that E 1 is 30° behind E 2 - 2, E1.2 is 30° behind
B3 . 3 , and so on.

(a) Draw the vector diagram of E 11 , E 3 . 5 , B3.3, E 44, E, and Be ' , when B 11 is
laid off along the +x-axis. Each coil has an effective em( of 50 volts.

(6) Find B. when 1' is connected to 3..
(c) Find E 13 when I' is connected to 3
(d) Find the greatest voltage that can be obtained by connecting all coils in series..
(e) Draw the vector diagram that represents the three voltages, B 12 ., B34., and

B 55., assuming that 1' is connected to 2, a' to 4, and 5' to 6.
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chapter IV Phasor Algebra (as Applied
to A-C Circuit Analysis)

The Operator j. Since the complex quantities normally employed in
a-c circuit analysis to simplify calculations are added and subtracted
like coplanar vectors, the y are often referred to as vectors. However
such coplanar vectors which represent sinusoidally time-varying quan-
tities are now more properly called phasors.

It is well known that a plane vector call 	 specified ill
and direction in terms of its x-axis pioject ion and its y-axis projection.
For example, if the x-axis projection of the phasor or vector A' in Fig. 1
is known as 14 and the y-axis projecton is known as y., then the magni-
tude of the phasor A is

A = / i4 2 + 11 .4 2	 (1)

From the geometry of Fig. 1 it is plain that the angle, 0 . , between the
direction of phasor A and the direction of the positive x-axis is

0 4 = tan' Y.i(2)
X-4

In order to specify a phasor in terms of its x and y components, some
means must he emplo yed to distinguish between the x-axis projection
and the y-axis projection. Inasmuch as the +11 -axiS projection is
+90° from the -I-i-axis, a convenient operator for the purpose at hand
is one which will, when applied to a phasor, rotate it 90° counterclockwise
without changing the magnitude of the phasor.

Let j be all 	 which produces 900 counterclockwise rotation
of any phasor to which it is applied as a multipivitig factor. The
physical significance of the operator j call be appreciated by first
considering that it operates oil given phasor A, the direction of which
is along the +r-axis. Then, by definition, when the phasor A of Fig. 2
is multiplied b y j a new phasor. 1A, 90° counterclockwise from A. will
be obtained. If the operatoi- j is applied to the phasor jA it will, by
definition, rotate jA 90° in the counterclockwise direction. The result

'Bold-face type is used to,repreeent a phaor in both magnitude and phase,
whereas light-face italics represent the magnitude only.

-8
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Fro. 1. Resolution of phasor A into its
x-axis and -aziz components.

?A- —JA

Fm. 2, Effects produced by successive
applications of the operator ; upon a
phasor A, the original position of which
is along the +x-axis.

is jjA = j2  as shown in Fig. 2. Also from Fig. 2

j2A=—A
Hence:

'2 = — 1
and

= /j
	

(3)

If the operator j is applied to the phasor j 2A the result is j3A = —jA.
The phasor JA is 2700 counterclockwise from the reference axis, di-
rectly opposite the phasor jA in Fig. 2. If the phasor j 3A, in turn,
is operated on by j, the result is f'A = jj2A = A. It will be observed
that successive applications of the operator 5 to the phasor A produce
successive 90° steps of rotation of the phasor in the counterclockwise
direction without affecting the magnitude of the phasor.

From Fig. 2 it is apparent that multiplying A by -j yields —jA,
a phasor of identical magnitude rotated clockwise 90° from A. Hence
-j isan operator which produces clockwise rotation of 90°.

The Cartesian Form of Notation. A phasor in any quadrant can be
completely specified in a cartesian or rectangular form of notation, as
shown below.

A=±a±ja'	 (4)

where a is the x-axis projection and a' is the y-axis projection of the
phasor. In any case the magnitude of the phasor A is

A . Va2 + a'2	 (5)

The phAàe position of a first-quadrant vector is conveniently described
in terms of the positive acute angle measured in a ccw direction from
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the +z-axis to the position of the phaaor. In equation form

elat	
—1 (+a')

— tan	 (6)
(+a)

The phase position of a fourth-quadrant phasor is conveniently
described in terms of the negative acute angle measured in a cw direc-
tion from the +x-axis to the position of the phasor.

04th	 tan' (—a " ) 	 (7)(+a)
A fourth-quadrant phaaor can, of course, be specified in terms of the

positive angle (3600 - 040), where 04th is the magnitude of the angle
measured in a negative or clockwise direction from the +z-axis to the
position of the phasor.

Phase positions of second- and third-quadrant phasors are easily
located in terms of the a and a' components by first finding the acute
angle, the tangent of which is a'/a, without regard to sign, and then sub-
tracting this angle from or adding it to 180°, depending upon whether
the a' component is positive or negative.

2nd. Quad. phauo'	 1. Quad. phstOr

+a'i f^<";^A)us of,e.ls

'	 01w	 -a

3rd. Quad. phasor	 I	 41h Quad. phasor

FIG. 3. Phasore in any quadrant can be spec ified in terms or their real (x-axis) and
j (y-axis) components.

Figure 3 illustrates how phasors in any quadrant can be specified in
magnitude and phase position in terms of real and j components. In
determining the phase angle it is necessary to know the individual signs
of the a and a' components in order to locate the angle 0 correctly.

The Operator (cos 6 ± j sin 8). Reference to Fig. 3 will show that
the x-axis projection of a phasor in any quadrant is A cos 9. The angle
8 may be measured either positively or negatively from the +x-axis in
determining the x-axis projection, since cos9 = cos (-6).

The y-axis projection of the phasor in any quadrant is A sin 0 if 0
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is measured in the ccw direction from the +x-axis The y-axis pro-
jection is -A sin 0 if 0 is measured in the cw direction from the ±1-axis

to the position of the phasor. Therefore,

A=.4 (cos 0±j sin 0) (8)

is equivalent to the form shown in equation (4). The plus sign is
used if 0 is measured counterclockwise from the reference axis, the minus

sign if 0 is measured clockwise.
Equation (8) shows that (cos 0 + j sill operating on a real magni-

tude A, that is a phasor of .4 units magnitude along the +1-axis, rotates
this phasor through a +0-angle from its initial position. Similarly the
operator (cos 0 - j sin 0) rotates the original phasor through a -0-angle.

It may be shown that the operator (cos 8 ± j sin 0) rotates any
phasor to which it is attached as a multiplying factor through +0 or
-0 degrees, depending whether the plus or minus sign is employed.
Consider a phasor in all position guch that a = .4 cos a and

a' = A sin a.

A (initially) = a + ja ' = A (cos a + j sin a)	 (9)

Let . A' = A [operated on by (cos 0 + I sin 0)].

A' = A (cos a + j sin a) (cosO +j sill O)	 (10)

A' A (cos a cos 0 + j cos a sin 8 + j Sill or 	 0 + j2 sin a sin 0)

= A ((cos a cos 0 - sin a sin 8) + j (sin a cos 0 + cos a sin 8)]

= A [cos (a + 0) +jsill (a + 8)] (11)

Equation (11) shows that A' is a phasor equal in magnitude to the
phasor A but advanced 0 degrees from the A position since it now makes

an angle of (a + 8) with the reference axis.
In similar manner it may he shown that the operator (cos 0 - j sin 8)

rotates any phasor to which it is attached through -0 degrees

Exponential Form of the Operator (cos 0 ± j sin 0). An important

relationship is contained in the following equation:

(cos 0±j sin 0) = (12)

Equation (12), known as Euler's equation, follows directly from an
inspection of the Maclaurin series expansions2 of cos 8, sin 8, and €'.

Certain functions, among which are cos (8), in (8, and	 ', can be expanded
into series form by means of Maclaurin's theorem. The theorem states that

f'(0)O f"(0)8 2 J"())O
1(0) f(0) + —j + —j- -- +	 +	 etc.

where f(8) is the particular function of 8, that is o ,beexpanded, f(0) is the yueof
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Expanded into series form

Cos 8=1—+7 — +"	 (13)
o2 	 64	 08

3	 o	 o
(14)

(39)2	 (jO) 3 	 (jO)4	 (f9) 5 	 ()e
(15)

All quantities involving even powers of j reduce to real, numbers since
= - 1, j4 = 1 j6 = - 1, etc. All quantities involving odd powers

of j reduce to first-degreej terms because j' = -j, j = j, etc. If thej
terms are properly evaluated, equation (15) may be arranged as follows:

(

o2	 04	 63	 05	 07

l— T2 + T4 L6	 0 — T3 + - 2:7

(16)

Therefore	 fie = cos 0 + j sin 8	 (17)

and	 A'° = .4 (cos 0 + j sin 0)	 (18)

In a similar manner it may be shown that

= cos8 —j sin 0	 (19)

Polar Form of the Operator (cos 0 ± j sin 0). The exponential form
of the operator (cos 0 ± j sin 0) is very often written in a simplified
form. It has been shown that

= (cos 8 ± j sin 9)	 (20)
Therefore

= A (cosO ±j sin 0)	 (21)

By definition
= 1 /±o
	

(22)

and
.'l
	

(23)
Therefore

tie = 	 = (cos 0 + i sin 0)	 (24)

= L	 = (cos0 — jsinO)	 (25)

this particular function when 61s set equal to zero,!' (0) is the value of the first deriva
tive of the function when 8 is set equal to zero, 1" is the 'value of the second denva-
Live of the I%u)ction when 8 is set equal to eero, etc,
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and
A	 =A/—A (cos 6+j sin O)	 (26)

Ar" = A	 = A (cos 9 - j sin 0)	 (27)

Equations (26) and (27) state the
IOLZQ-3.42+19.397 equivalence of the three forms of nota
/	 tion that are commonly employed to de-
/ fine a given phasor in magnitude and

phase position. Graphical represent.a-
tions of equations (26) rnd (27) for

M! of reals particular values of A and 9 are snown

Ii	
in Fig. 4. The exponential and polar

7

	

	 forms are identical by definition and
find their greatest use in the processes

!>	 of multiplication, division, extraction of
1-3.42-	 roots, and raising phasors to given

I	 powers. Both these forms express a
Fia. 4. Phsor representation of phasor in terms of polar coordinates.

equations (26) and (27) for the A	 is simply a shorthand or symbolic
style of writing As'. Common usage

distinguishes between the two forms by calling Ar'9 the exponential
form and A the polar form.

The rectangular or cartesian form, A (cos 8 ± j sin 9), is indispensable
in the processes of addition or subtraction of phasors if the j form of
phasor algebra is employed.

Problem 1. Write the equivalent polar form of the phasor 3 + j4 where the
numbers refer to unit lengths. Illustrate the phaeor by means of a diagram.

Ans..' 5e 111 - 1

Problem 2. A phaaor is given in the form of 1O_ul20°. Write the symbolic polar
and cartesian forms of the phasor, and illustrate, by means of a phasor 1diagram, the
magnitude and phase position of the phasor.

Ana.: 10	 120* — —5 —f8.66.

Addition of Phasors. The pha.sor sum of two phasors A and B is a
third phasor which is defined in magnitude and phase position by the
diagonal of the parallelogram which has for two of its sides the phasors
A and B. The particular diagonal of the parallelogram thus formed,
which represents the phasor sum, A + B, is indicated in Fig. 5.

Each phasor may be considered as having a tail and a head. If the
arrow heads in Fig. 5 indicate the heads of the phasors, then the phasor
sum of two phasors is the line which joins the tail of the first phasor



(28)

Fo. 5. Addition of the phas-
ors A and B.
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and the head of the second phasor after the second phasor has been
placed so that its tail coincides with the head of the first phasor.

The fact that
A+B=B+A

is obvious from the definition that has been
given for the phasor sum of two phasors.

The process of adding two phasors may be
extended to include any number of phasors
simply by first adding any two of the phasors
involved and then adding to this phasor sum,
which is in itself a phasor, the third phasor, etc.
The order in which the addition is carried out is
immaterial. For example

A + B + C = B + C + A = C + A + B
(29)

Phasors are written in the rectangular (a + ja') form when addition
is to be performed, since the exponential or polar forms do not lend
themselves to the addition process. If A = a +j&', B b +jb',
and C=c+jc',

A + B + C = (a + b + c) + j (a' + b' + c')

The magnitude of the resultant phasor is

D= V'(a+b+c)2+(a'+b'+c')2

The phase position of the resultant phasor is

(a + b' +
OD =' tan	

' 
(a + b + c)

Any or all of the component parts of the phasors A, B, and C in the above
example may, be negative. The process that has been given for the
addition of three pha.sors can, of course, be extended.

Example. Let it be required to add

A=1O8+j6 and B=6/j--3+j5.2O

A +B C = (8-3) +1(6 +5.2)
C 5 +j11.2

The magnitude of the C phasor is
C-V'5 2 +11.22.. 12.27 units

The position of the phasor C with respect to the +x-axis is

Pc tan— I11.2 - tan 2,24

(30)

(31)

(32)
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Figure 6 illustrates the phasor addition of A and H for the particular values that have
been employed in this exarp1e. 	 -

FIG. 6. Phasor addition in a particular numerical case.

Problem 3. Add the phaors 14 1600 and 20/150. State he result in both rec-
tangular and polar forms, and illustrate, by means of a phasor diagram, the opera-
tion that has been performed.

Ans.: 263 + j17.3 = 31.5 •3335°

Problem 4. Given the following three phasors
A 40°°, B = 20 -40', C = 26.46 +jO

find A + B + C and illustrate the three phasors, together with their phasor sum, by
means of a phasor diagram. 	

Ant.: 21.78 +f21.78 = 30.8/45°.

Subtraction of Phasors. In ordinary algebra the operation or process
of subtraction is accomplished by changing the sign of the quantity
to be subtracted and proceeding as in addition. In phasor algebra the
phasor which is to be subtracted is rotated through 180° and then
added. To rotate a phasor through 180° the operator j2 = - 1 may be
applied or 1800 may be added or subtracted from the orignal phase
angle of the phasor. Thus a phasor A = .1/0 rotated through 1800
becomes

A' = j2A/8 = —A[ = .4 1 0 ± 1800

and a phasor B = b + jb' rotated through 1800 becomes

B' =j 2 (b+jb') = —b —jb'

Figure 7a illustrates the subtraction of phasor D from phasor C.
Symbolically, the operation may be indicated as: C - D E. After
the phasor which is to be subtracted has been rotated through 180°.
the phasor thus resulting is added to the phasor from which the sub-
traction is being made.
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Figure 7b illustrates the subtraction of phasor C from phasor D.
It will be observed that (D - C) is of equal magnitude and 1800 re-
moved from (C - D). In general

(C—D)=—(D--C)	 (33)

FIG. 7. Illustrating phasor subtraction.

The difference of two phasors might have been defined in terms of
one of the diagonals of the parallelogram formed by the two phasors.

FIG. S. The diagonal which defines the difference between two phasors. (The sense or
direction of the diagonal it dependant, upon the particular phasor difference in question.)

Figure 8 illustrates the particular diagonal hich represents the differ-
ence between phasors B and A. The diagoial concept is useful in
certain types of phasor diagrams, but for general calculations the
method which has previously been described is to be preferred.

Examples. Given the phasors

A - 3O
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and
B — 2! (cot 160° - j sin 160°)

let it be required to subtract phasor B from phasor A. The first step is to write the
phasors in cartesian form.

A - 30L60° — 30 (cos 60' +jsin 60°) — 15 +f26

	

B - 21 (cos 160° - j sin 160°)	 —19.75 - j7.I8
A - B - (15 + 126) - (-19.75 - /7.18)

— 34.75 -Fj33.18 -

For the particular case considered, the difference (A - B) is somewhat greater in
magnitude than either of the original phasors. This condition is in general true if
the o riginal phasor are separated by more than 90°.

Let it be required to subtract phasor A from p!asor B.
(B - A)	 (-19.75 —/7.18) - U S . f-f26 )	 —34.75 —j33.18 — 48/223.6°

Problem 5. Draw a ohasor diagram showing the phasors A nd B of the above
illustrative example, together with the ptasors (A - B) and (B - A).

Problem 6. Given the following three phasors:
A — 42,200

B = 20/-40°
C — 24.25 +j14

find (A + C) - B analytically and draw the phasor diagram.
Ans.: 32.95/157.7°.

Multiplication of Phasors and Complex Quantities. In a-c circuit
analysis it is often desirable to operate on a phasor current with an
impedance function so that the resulting voltage nifty be obtained.
Similarly, it is sometimes desirable to operate on a phasor voltage with
an admittance function, i.e., the reciprocal of the impedance function,
to obtain the resulting current. The process of operating on a current
(or voltage) phasor with a complex impedance (or admittance) func-
tion is called compiex or pha.sor multiplication.

The complex product.of two phasors, A and B, in so far as a-c circuit
analysis is concerned, is a third phasor which has a magnitude equal to
.48 and a phase position with respect to the reference axis which is
equal to the sum of the individual phase angles of A and B, namely,
(ci.t + c B) , It wil l be shown presently why this particular definition
of a complex product is especiall y suited to the phasor manipulations
that are universally employed in a-c circuit theory. A graphical
interpretation of the definition -is given in Fig. 9 for the particular case
of A = 2L and B = 3/130°.

Analytically, the product of two phasors can be formed most con-
veniently when the phasors are expressed in exponential or polar form.



AB = 2 X 3/400 + 1000 = 6/1400

Fia. 9. Illustrating phasor multiptiration.

C
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For example, the product of the A and B phasors shown in Fig. 9 is
simply

AB = 240 , 3 ,j ' 00' = 6e j(40'+100*)

or

From the 'iefnition which has been given for the complex product it is
evident that the 3rder in which the multiplication is carried out is
immaterial. That is

AB=BA (33)

Furthermore, the definition which has been given is capable of exten-
sion to any number of phasors or complex quantities. For example,

ABC = ABC/a .4 + a + ac	 (33)
and

ABC = BC.A = CAB, etc.	 (36)

The pioduct of two phasors exrressed in rectangular style can be
formed b y taking the cross-products of the component parts as in
ordinary algebra. The proper interpretation must, of course, be given
to the terms which involve j . If th phasors are given as A = a + ja'
and D = b + jb', the prodict is formed exactly in accordance with
the rules of ordinary algebra.

F	 AB = ta +ja') (b +jb') = rab - o.'b') +j (a'b ± a ) (37)

'fhc magnitude of the resulting phasor is

F= '—aIbI, ' + (ah+ab'
n	 .I	 '2=	 —haau ±a b'+a''b2+2a'bab'+ab

a12) (b + b 2) = v'iB 2 = tB	 (38)

The magnitude of } is thus shown tc be equel to th product t the mag-
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nitudes of the phasors whose product is being formed. It remains to
he shown that the phase angle of F as defined by the real and' compo-
nents of equation (37) agrees with the definition that has been given
for the product of two phasors. From equation (37) the phase angle
of F takes the following form:	 /

a b + a 

(a'b + ab') =	 AB
= tan'	 ', ,	 tan

	

(ab—ab)	 ab — ab

AB

It is evident from the definitions that have been given to a, a', b, and
V that

	

/	 F

	-j 	 sin a4 7	 --=COScrA,	 Sifla, and

Therefore
_ sin cr.4 COS (lB + COS (l Sin an

cx F tan	 -
C OS cs .4 COS	 - Slfl a.4 Sin cs,.

aF = tan'
sin (aA + B) = tan' tan (aA +aa)
cos (a + aB)

aF = £i4 + aB (39)

Equations (38) and (39) show that the product of two phasors may
be formed by ordinary algebraic multiplication when the factors are
expressed in cartesian form.

Example. Given the pha.or:

A = 2 (cos 40° +.isin 400 )	 1.532 +1.286

E = 3 (cos 1000 +jbin 100°)	 —0.521 +j'2.954

let it be required to find the product of A and B by the ..lgebraie multipkcation of the
cartesio forms.

F = AB — (1.532 +jl.286) (-0..5.1 -f-j2.954)
—0.799 +j4.525 —j).670 ±j?:3.7%

= (-0.799 - 3.798) ±j(--0.670 ± 4.525)
= —4.597

3.855
F = '.	 4•5972 + 3.852/tan_1	

5,7
= 6 .0/180 0 — 40° 6/

The gaphica! represcntt.tior.-, of the phaors A, B, and F are given in Fig. 9.

?rcblem 7. Fn the complex produc t ot

A5—j4 a'id B=2+j3



Ch. iv	 PHASOR ALGEBRA	 779
by algebraic multiplication of the carteaian forma and draw the pheaor diagram.
Change A and B to polar form and perform the multiplication process, BA.

Asia.: 22 +.f7 — 23.09 /17.65*

Problem 8. Given the following three phasor9:
A-20+j20,B .,.3O/_12O0,C_6+j)

perform the following indicated operations:

	

(a) A + B + C,	 (b) (A + B)C,	 (e) ABC.

Draw a phasor diagram of A, B, and C, together with the phasors which represent
the results of the above indicated operations.

Ana.: (a) 11 .67/3l 0 , (&) 39.05/-50.2°, (c) 42421-75°.

Division of Complex Quantities (or Phasors). For the purposes of a-c
circuit theory the division of one complex quantity by another is carried
out algebraically, as shown below, when the quantities are expressed in
exponential form.

	

A A . 
A ClaB 

= A	
40)

B -	 ,_	 B

That is, the process of dividing one phasor, A, by a second pha.sor, B,
results in a third phasor, the magnitude of which is the quotient of
the magnitudes of the phasors A and B, namely A/B. The phase
position of the resulting phasor with respect to the reference axis is the
algebraic difference between the individual phase angles of the pha.sors
A and B with respect to the reference axis, namely, a - £SB. It should
be noted that the angle of the phasor in the denominator is always sub-
tracted from the angle of the phasor in the numerator. Due regard
is taken for the inherent signs of the individual phase angles, ckA and
a, during the process of forming the algebraic difference. In symbolic
nolar form division is carried out as shown below:

AA j A
13	 B/	

=	 -	 (4())

Examples. The processes of division in two particular cases are shown below:

A 2OLQ

C	 10'190

D 4i°°

The graphiral interpretations of the above operations are contained in Fig. IOa
and Fig. lOb.

The process of division can be carried out very conveniently when the phaaors
are expressed in exponential or polar form. However, it is entirely possible and in
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some cases desirable to perform the operation with the phasors expressed in rectangu-
lar form. If A a +ja' and B - b +jb', then

A a +ja'	 (a +ja ' ) (b -jb')

B	 b +jb'	 (b +jb') (b -jb')	 (41)

Both numerator and denominator of the above expression are multiplied by (b -
the conjugate of (b ±j'). The conjugate of a given phasor is a second phasor, the
real component of which is identical with the real component of the given phasor and
the j part of which is equal in magnitude but reversed in sign from the , j component
of the given phar.

Fie. 10. Phaor division in twc particular nunie-ical cases.

The purpose of multiplying both numerator and denominator of equation (41)
by the conjugate of the denominator is to clear the denominator of itz j component.
This rationalization process reduces the quotient A/B to a more intelligible form.
If the operations indicated in equation (41) are performed, the equation reduces to

A	 (ab + a'b') +j(a'b - ab')
B	 (b'+b'e)	

)

By a process which is somewhat similar to that employed on pages 117-118 it may
be shown that

A A /	 [^n (a4 - aa)1 A
 (43)B B 1	 aos (a - aa)J B

Example. If A - 10 + j17.3 and B - 4,33 + j2.5, let it be required to find A/B
by the method given in equations (41) and (42).

A = 10 +j17.3	 (10 +,i17.3) (4.33 -j2.5)
B 4.33 +f2.5 (4.33 +f2.5) (4.33 -j2.5)

A_ (43.3+43.3+J75--25)
B	 4,332 + 2.52
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Reduced to polar form

1 cs + 2 . 0 2/n_1	 4.0 /30°

Problem 9. Given A = 40	 and B = 5 + JS.66 J find AB, and draw a
phasor diagram illustrating A, B, and A B.

Ans.: 47°.
Problem 10 Given the following three ph:tor:

A 20 +j20, B 30/-120°, C = 5 +jO

perform the following indicated operations:

A + B

A

Draw a phasor diagram of A, B, and C, together with the phaors which represent the
results of the above indicated operations.

Ans.: (a) 1.56L.2°. (b) 5.3/-1650.

Raising a Phasor to a Given Power. A phasor or preferably a com-
plex quantity may be raised to a given power n where n is an integer,
by multiplying the phasor by itself n times. For example, if A =

An A"/ n 4	 (44)

The nth power of A is a phasor whose magnitude is A't and whose phase
position with respect to the reference is The concept of successive
applications of a given operator follows directly from the successive
multplication of the operator by itself. Obviously the process involved
is accomplished most easily with the phasor or operator in exponential
or polar form.

From the rules which have been given for multiplication it is evident
that

AB	 A'°B'°/na4_+n	 (45)

Example. An operator which 6 commonly used succcssivil y is the one which
rotates a given phasor through +120 0 . 'rhis operator is

a 1 (cos 120° +j sin 1200)	 —0.50 +fl).S68
In polar form

a=1

-

-

a4 -	 -

The above operators are widely used in three-phase circuit problems because, under
balanced conditions, the individual phase voltages (and currents) are displaced from
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one another by 120*. Figure 11 illustrates a, a, and a diagrammatically, Inci-

dentally, the three values indicated in Fig. ii
(-	 (_2	 21

and (1 + jO), are the three root.s of 'Y_l because each of these roots cubed equals
unity.

Fzo. 11. lflustrattrtg the operator *	 (-0.50 +50 .866). together with at and &

Problem 11. Raise the phasor (8.t + j5.0) to the second power; to the fifth
power.	 A,.: 100/; 100,0007.

Extracting the Roots of a Phasor. The inverse of the process of
raising a phasor to a given power is employed in the extraction of the
roots of a particular phasor. If A = A laA it follows that one of the

• roots of -A is because the latter value multiplied by itself

• times will equal A. Tht remaining (n - 1) roots are found by adding
2-q radians or 360q degrees to aA before the division by n is performed.

q is any integer and is used as 1, 2, 3, . , and (ri - 1) to obtain the
remaining roots. It should be noted that the addition of any multiple

of 360° to the angle of the phasor does not change the phasor although it
does provide a systematic method of evaluating the (n - 1) remaining
roots. In this method only positive magnitudes are employed, a

= (q = 0, 1, 2, .. . (, - 1)]	 (46)YA	
/aA+2w qn

The cartesian form of the abo''e equation is

= YA [ 
(cr4 + 2Tq.  'a +	 (47)cos	 )+isint

Example. Let it be required to find the square roots of A where A — 3.08 + j8.455.
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For convenience the phsor is first t ansformed into polar form.

A — V3.08' + 8.455 1 /tan_ I 	— 9.0

The first root is 	 -

The second root is Vj7 /70° +360 —

Figure 12 illustrates the phasor A together with
its two roots. It will be noted that either root
multiplied by itself yields the phasor A.

Problem 12. Find the cube roots of the phasor
(8 + ft)), and draw a complete phasor diagram of
the phasor and its three roots.

Ana.: 2/0°, 2/120°, 2/240°.

A—

,/i"A 3 L.° ( 1 Roots

V
-vr-3L21. ' (2 0d Ro

Ftc. 12. Phasor 9j Q and its
two roots.

The Logarithm of a Phasor. Certain definitions in long-line and
recurrent network theory utilize logarithms of phasor quantities. The
general concept of the logarithm of a phasor is similar to that of the
logarithm of an ordinary number. The logarithm of a phasor A is
the inverse of the exponential of A. In other words, the logarithm
of the pha.sor A = Ac' to the base e is defined as the power to which e
must be raised to equal Ae je. By definition
. log, A' 8 = log,A +log' 0 log,A +jUlog, log,A +jO (48)

It will be noted that the logarithm of the phasor A = A LO is itself a
pha.sor. In rectangular form, when the logarithm is taken to the base t,
the real component is log. A; that is, the logarithm to the base s of the
magnitude of the pha.sor A and the j component is 9 (radians) in mag-
nitude. In this connection, 9, the phase angle of the phasor A, must be
considered in radians.

Example. If A = 527, lot it be required to find log, A.

70°log. 52L7O log, 52 +j- = 3.95 +jI.fl

Problem 13. Perform the following indicated operations:
1sL

+ log, (8 +5)(3 - j4)

Draw a phasor diagram including each of the three original phasors together with the
log, (8 + j5) and the phasor which represents the result of the indicated operations.

Ana.: 0.60 +j3.07.

Impedance Expressed in Polar Form. It was shown in Chapter III
that the currents and voltages in an a-c circuit can be conveniently

9
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represented by phasors- With the aid of phasor algebra it is a simple
matter to represent these currents and voltages analytically. However,
he great benefit to be derived from the use of phasor or complex algebra

the simple algebraic relations that call established between the
voltages and currents by using the impedance function as a complex
quantity. ARhough the impedance function may take the form of a
phasor or vector, it is not a phasor in the same sense that alternating
voltages or currents are pliasors. From an algebraic point of View the
impedance function is merely a complex quantity which properly relates
phasor voltages and phasor currents one to the other. kssuc•h it is a
most important operator in circuit analysis.

The physical considerations concerning the impedance function have
been explained in Chapters II and 111. If the polar form of the im-
pedance function which was used throughout Chapter II is manipulated
in accordance with the rules of phasor algebra, the results obtained will
agree with physical facts. For example, it has been shown that the
impedance function of a series RLC branch is

=FR 2  (.L -
wL  

wC/1)2/ tan'
	 - (49)

R

The abbreviated form is

z=ZLO (50)

where +0 represents a lead of the voltage with respect to the current
or a lag of the current with respect to the voltage. If a phasor voltage
V = 17 1a is applied to the above branch the resulting current is

V Va 

[ ,Z"]/(-
(51)

The phasor quotient V I Z results in a phasor current which is V/Z in
magnitude and 0 degrees behind V regardless of the position that V has
with respect to the reference axis. Thus I is correctly defined in mag-
nitude and phase position.

In a similar manner it may be shown that IZ = V. If it be assumed

that a current I = I	 flows through an RLC branch, the impedance

of which is Z = Z/,

IZ (J/) (Z/8) = rJz/( + 0) = V	 (52)

The product of the phasors IZ yields a phasor voltage V, which is (IZ)
in magnitude and 6 degrees in advance of the current I It will be
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remembered that 0 has been defined as

(wL-tan	
R

If wL < i/wC, 0 is a negative angle, in which case V actually lags I.

Example. A given RL branch has R 3.5 ohms and L 0.092 henry. Find
the complex expression for the current which flows through the branch if a 60-cycle
voltage, V = 11013W volts is applied to the RL branch. (The phase angle which
is associated with V is wholly arbitrary in a simple series circuit. For simplicity it
might have been taken as zero degrees.)

VTL)2/n_1

/\/352 + (377 x 0.092)2/ tan' 377x0092)

Z 34.8/84.25° ohms

V	 ll0/
I	 T72° 3.16/-54.25° amperes

Figure 13 is a phasor diagram of V and I for the particular RL branch that has been
considered.

Problem 14. An RLC series branch consists of R 12.9 ohms, L 0.056 henry,
and C = 78 Mf• (a) What is the complex impedance of the RLC branch at 60
cycles' (b) If a 60-cycle current, 1 	 10/30° amperes, flows through the branch,
find the voltage phasor V across the terminals of the series branch. Draw a phasor
diagram illustrating the phasor positions of I and V and the magnitude of the phase
angle of V with respect to I.

Am.: (a) 12.9 +j(21.l - 34)	 12.9 —j12.9	 18.24/-45° ohms.
(b) 182.4/ . 151 volts.

Impedance Expressed in Cartesian Form. The cartesian form of the
impedance function of a given branch or circuit is, in general,

Z = R+j(XL —xc) (53)
where R is the equivalent resistance of the branch or circuit with re-
spect to the terminals considered and (XL - Xc) is the equivalent
reactance of the branch or circuit with respect to the terminals con-
sidered.

In accordance with previous definitions, XL -' 2TJL and Xc = 2TfC
A simple method of showing the validity of equation (53) is to employ
a phasor diagram in which are represented the RI, XtI, and XJ voltage
drops which combine veetorially to equal the applied voltage V.
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Y-RI+i(X1-)(01

I
I	 I

v—noL voft	 "	 //II - -
(X L- XC)l

8 Tan 1	--aR

i — V/Z.— 3.16 j—M.25 A006	
I

FIG. 13. ?ha.sor diagram of V and I, in a FIG. 14, Phaor addition of drops equals
particular RL. series circuit.	 applied voltage.

In order to agree with physical facts: (1) the RI drop must be in

phase with I; (2) the XLI drop must be 90° in advance of 1; (3) the

Xci drop must be 900 behind I.
Reference to Fig. 14 will shw that the voltage

V = RI + (XL - X)I as phasors	 (54)

or
V = RI +j(X L - Xc)I	 (55)

from which the complex impedance function is

Z==R+j(XL-Xc)	 (56)

Obviously the relations stated in equations (54), (55), and (56) are

independent of the phasor diagram position of I.
The cartesian or rectangular form of the complex expression for Z

can be transformed to the polar form of Z by the method of complex
algebra, and the transformation is, of course, reversible.

R + j(XL -Xe)	 R2 + (X t - Xc)2 /i 
(X Z' xc) (57)tan-

The rectangular form of the impedance function is, in general, essential
in combining impedances because impedances cannot be added or sub-
tracted in polar form.

Example. The terminals of an a-c generator which has an internal resistance of
2 ohms and an equivalent internal inductive reactance of 6 ohms are connected to a
particular RLC series branch, the R of which is 10 ohms, the wL of which is 20 ohms,
and the 11C of which is 40 ohms. If the magnitude of the internally generated
emf is 500 volts, find the current that flows in the series circuit and the terminal
voltage of the generator.
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The internal impedance of the generator is
2 +j6 6.32/7° ohrna

The total impedance of the series circuit is
Z	 Z5 + ZRLC

(2 +j6) + (10 +j(2O - 40)1
- 12 - j14	 18.44/-49.4 ohms

The generated emf, E 5, is arbitrarily chosen to coincide with the reference axis.
Therefore

E0500+j0500L0°Volta

The current that flows in the series circuit is

E_________
1844 L° = 27.1

I=71L.mpt;e*

I

R	
[

E;JJ
X) V0rx,

• E 5— 500 volts
1R9

71X 

V 5 606 volts

no. 15. Voltage relationsfor a generator supplying a leading power-factor load.

The terminal voltage of the generator considered as a voltage drop across the exter-
nal circuit is

(1) V9 -	 - 1Z9 or (2) V9 = IZRLC

V9	 (500p) - (27.1 /49.4°) (6.32/71.6°)

- 500	 - 171.3/

- (500 +fl)) - ( - 88.3 +j147)
— . 588.3 - p147 - 606 / —14° volts

V9 w (27.1/49.4°) (2236/-63.4°) - 606/-14° volts

A phasor diagram Illustrating B,, I, I.R,, IX,, and V9 is given in Fig. 15. It will
be observed that the terminal voltage of the generator (V9 ) is greater in magnitude
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than the internally generated em! (E9 ) owing to the manner in which the voltage
phasor 1X9 subtracts from (EQ - 1R9 ) to form phasor V9.

Problem 15. (a) Draw a phasor diagram illustrating E,, I, IR, IX,., IX, and V9
of the above numerical example und show how IR, DC 1., and IXC combine vectorially
tc form Vg

(b) Calculate the total power generated and the total power absorbed by the
1

external RLC branch. Compare	
9

re V9 1 cos 0J 1 plus R. with E91 cos 0]
Ans.: Total power = 8810 watts; branch power 7345 watts.

Addition and Subtraction of Voltages and Currents. Correctly
written, the complex expressions for voltages and currents specify both
the magnitudesand relative phase positions of these quantities. There-
fore, in complex form:

1. Voltage drops in series may be added to obtain the combined
voltage drop of the series elements considered, If the combined voltage
drop and one component are known, the remaining voltage drop may
be determined by subtracting the component in question from the
combined voltage drop.

2. Generated emf's connected in additive or subtractive series may
be added or subtracted, depending upon the relative polarities of the
terminals which are joined together to form the series connection.
Series connections of generated emf's will be considered in more detail
when polyphase systems are studied.

3. Two or more currents flowing away from a junction may be added
to find the current flowing toward the junction, or vice versa.

Circuit Directions of Voltages and Currents. It has been shown that
the average power absorbed by a branch or circuit is

	

P = Vi Cos O]	 (58)

where V is the magnitude of the voltage drop across the branch or circuit,
I is the magnitude of the current flowing through the branch or

circuit in the same circuit direction as that which has been
taken for the + V direction.

81 is the angle of lag (or lead) of I with respect to V. In a normal

disipativc t ype of branch or circuit, 0 will not be as great
as ±90°.

Similarly, the average power generated by a generating device is

P=Ef cos el
is

	

 
I	

(59)
J
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where E is the magnitude of the generated voltage,
I is the magnitude of the current flowing in the same circuit

direction as that which has been taken for the +E direction.

6]
E

1 

is the angle of lag (or lead) of I with respect to E. In case

the generating device is actually delivering power, 6] will be

less than 900 in magnitude. This, in general, is the condition
that exists when only one generator is present. Average neg-
ative generated power indicates that the generating device in
question is actually absorbing power from some other
generator.

A single generator connected to a
dissipative branch is shown in Fig. 16.	 a	 +r

If the +E circuit direction is assumed
to be from b to a through the genera-	 +E ti Generator	 3^+ V

tor, the positive circuit direction of 
the current is from b to a through the	 b
generator, and from a to b through the Fro. 16. Illustrating an arbitrarily
dissipative branch. The positive cir- 	 assigned positive circuit direction

cult direction of a voltage drop

	

	 of the generatod voltage, E. to-
gether with the resulting positive

through a dissipative branch defines the	 circuit directions of I and V.

positive circuit direction of the current
through the branch, or vice versa. In Fig. 16, therefore, the + V direc-

tion is from a to b through the external branch. With the aid of these
elementary concepts, the correct phase relations of all quantities involved
may be conveniently determined. If E is taken as reference,

EQ/

= n + Z0 
=	 (60)

V	 L'/0° - IZgp n =	 (61)

Average generated power = E9 1 cos a	 (62)

Average power absorbed by the external branch = VI cos ($ - a) (63)

Thus it will be seen that the current in a series loop may he associated
with the generated voltage to obtain the generated power and with it
particular voltage drop across a given part of the circuit to obtain the
power absorbed by this particular part of the circuit. Unless otherwise
specified, the current in a series loop having only one generator is
assumed to flow in the positive direction of voltage rise through the
generator and in the positive direction of voltage drop through the load
portion of the circuit.
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Example of Two Generator,. Figure 17 illustrates two a-e generators which
are connected in parallel with respect to the load terminals but are connected in sub-
tractive series with respect to the series loop joining the two generators. If no load

td I

E,-E 1- E 2 j
Gen. 1 Loid Gen. 2 ('I) fEa

FIG. 17. Two generated ernf's connected in parallel with respect to the load ter-
minals. E 1 and E, are in subtractive series with respect to the series loop which joins
the two generators.

is placed across the load terminals, the series loop is the only path in which current
flows. If it is assumed that the generators are driven by separate prime move!s
and controlled by sep..rate voltage regulators, it is entirely possible for tholtagcs
to differ in magnitude and phase position.

Let E1 1350/-02volts and E3 1300/_-l0° with respect to the load terminals,
The impedance of each generator is (1 + j3) ohms and each of the series loop con-
necting lines has (2 + jl) ohms impedance. Find the magnitude and phase position
of the current which circulates in the series loop under the above conditions.

The resultant generated emi which acts to send current through the series loop in
the +E i direction is

- E2	 (1350 +jO) - (1280 -'-j226) 70 +j226 volts

The positive circuit direction of Er is the same as that which has been arbitrarily
assigned to E 1, since the phasor difference E 1 - E 2 has been employed in defining Er.
The current that flows in the direction of Er is

-	 - 70 ± j226
Z,,,,	 6+j8

(70 +i226) (6 -j8)
(6 +j8) (6 -j8)

= (2228 +27.96) 23,65/19.650 amperes

The power generated by the E 1 generator is

Pi	 1350 X 23.65 cos 19.650	 30,110 watts

The power generated by the E 2 is

P92	 1.300 X 23,65 cos 1180° - (10° + 19.650))
-26,750 watts

In calculating the power generated by the E 2 machine, either the voltage or the cur-
rent is reversed in phase position so that the E 2 and I circuit directions coincide The
physical interpretation of the negative generated power found for machine 2 is that
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machine 2 is actually receiving power from machine 1. A phasor diagram of E 1, K2,
E,, and I is shown in Fig. 18.

In general, a circulating current between the two generators may exist as a result
of difference in the magnitude of the two generated voltages, or a difference in phase,

or both.
A further insight into the power relations of the circuit arrangement shown in

Fig. 17 may be obtained by adding to the power absorbed by machine 2 the total
PR loss of the series loop and comparing the result with the total power generated
by machine 1.

(23.652 x 6) + 26,750	 30,110 watts

The physical interpretation of the above equation is that machine I generates
30,110 watts, of which 3360 are dissipated in the form of heat in the resistance of
the series loop and 26,750 watts are absorbed by machine 2 in the form of electro-
magnetic motor power.

Fin. 18. Phasor diagram of two-generator problem.	 Fin. 19.

Power Calculations Employing Complex Forms. if voltage and
current are expressed in rectangular complex form, the average absorbed
or generated power may be calculated in terms of the components of the
voltage and current which are involved. Reference to Fig. 19 will show
that

P = VI cos

or
P = VI Cos (Or - o) = 1 7 1 Cos (O - O)

= VI [cos O cos 0. + sin 0,. sin O)

	= (V cos fir) (1 cos O) + (V Sin 0 . ) (I sin O)	 (65)

In rectangular form

V = V cos O + jV sin 6 = v + jv'	 (66)

I = I Cos 8 +jl sin 0 = i+ji'	 (67)

If the above components of V and I in equation (65) are employed, it
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follows that

	

P vi + v'i' (absorbed power) 	 (68)

If the voltage in questiont is a generated voltage,

	

P = ei + e'i' (generated power)	 (69)

Due regard must be taken for the sign of each component in equations
(68) and (69) when these power equations are employed.

Example. If, at a certain stage in the solution of a problem, it is found that
E	 (200 +j40) volts and t hat the current flowing in the positive circuit direc-
tion of E is I	 (30 - jIG) amperes, the power generated is

P	 ei + e'i' - (200) (30) + (40) (-10)
- 6000 - 400 5600 watts

The same result could, of course, be obtained by first evaluating the magnitudes of

E, 1, and.81 and then making use of the more familiar relation

P El cos

Reactive Volt-Ampere Calculations Employing Complex Forms. Re-
active volt-amperes or reactive power, Px, may also be calculated in
terms of the rectangular components of the voltage and current. in-
volved. If the voltage phasor and the current phasor shown in Fig. 19
are considered,

-	 V — v+jv'

I = i + ii'

As defined in Chapters II and III,

Px = VI sin 
61,
	 (70)

In accordance with a convention which is in common use, 0 is the
angle of lead of the voltage with respect to the current. If this conven-
tion of signs is employed, reactive power is a positive quantity for
lagging currents and a negative quantity for leading currents. (See
Chapter III, page 98.) If the angle 0 in equation (70) is considered as
the angle of lead of the voltage with respect to the current, then

Px = VI sin (0 - 0)
= VI (sin 0 cos 9, - cos 0,, sin 0,)

= (V SiP. 0e) ()'cos 0)	 (V cos 0,,) (1 sin 9)	 (71)

From the definitions which have been attached tc v. v', i, and i', equation
(71) reduces directly o

v'i -	 (72)
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Ezimple. If V 00 (173.2 +5100) volts and I - 10L (5 + 53.66)
amperes, f nd the real power, the reactive volt-amperes, and the total volt-amperes
involved.

P ri + v'z' 866 + 866	 1732 watts

PX = v'i - t' ' 500 - I',0O	 —1000 vars

The minus sign in connection with P1 merely indicates that the reactive power in
question is the result of a leading current.

The volt-amperes associated with V and I can be thtained directly from the product
of V and I, or as follows:

Va 4.,/p2 + Px2 = V'17322 + (_10002
- 2000 volt-amperes

The Conjugate Method of Calculating Real and Reactive Power.
The question naturally arises as to the significance of the product of
phasor voltage and phasor current. The answer is to be found in the
definition that has been given to the product of two complex numbers.
The magnitude of the product of voltage and current, even in complex
form, represents the volt-amperes which are associated with V and I.
The component parts of the cartesian expression for VI are. however,
meaningless. For this reason, phasor voltage times phasor current can-
not be used directly to calculate real power or reactive volt-amperes.

A method of conjugates is sometimes employed in the determination
of real power and reactive volt-amperes. It affords a convenient
means of calculating these quantities when both the voltage and current
are expressed in cartesian form.

If the conjugate of the current, that is, the cartesian expression of
the current with the sign of the j component reversed, is multiplied by
the voltage in cartesian form, the result is a complex quantity the real
part of which is the real power and the j part of which is the reactive
volt-amperes,

Let	 V = v + iv' and I = i + ii'

The conjugate of I is (i - ji') and
.	 .	 ..	 ,.,	 -	 ,.	 _,	 -

(v+jv 1)(r—jz) =	
-	

vi )+j(rz — ez)	 (i3)
or

	

'F	 . (4)

If the conjugate of V is multiplied by I in complex form, the result is
1.	 F.	 .(v - jv ) (; + ji ) = (vi + vi ) - ,j(v r - tiF )	 ( io)

or

	

(v —ju') (1: +ii') = P — ipx	 (76)

The real power, as obtained by the method of conjugates, is the same
regardless of whethe, V or I is conjugated. The sign of the renPtivA
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volt-amperes, however, is dependent upon the choice of the V or I
conjugate as shown by equations (74) and (76). To be consistent
wth convention of signs employed in equation (70), the conjugate of
the current must be employed. Also to be in accord with the discussion
in the previous chapter (page 98) and the recommendation to the
International Committee on Electrical and Magnetic Units the con-
jugate Of current must he employed. In any event P1 = vi - vi' or
vi' - v'i with the sign being a matter of definition. The present situa-
tion indicates that the current should be conjugated or that Px =
v'i - vi' should be used and that inductive vars should be called positive.

Example. Given V = 173.2 + jlOO volts and I - 5.0 + j8.66 amperes, find the
real power and the reactive volt-amperes by the method of conjugates. Employing
the conjugate of the current,

P. - (173.2 +jlOO) (5.0 —j8.66)
866 —15O0 +5500 +866

= 1732 —51000

This above result may be interpreted, in light of equations (73) and (74), to mean
that P 1732 watts and that P1 - — 1000 vars. The negative sign indicates
capacitive vars when the conjugate of the current is used.

Transmission Expressed as a Complex Number. The term "trans-
mission " will be used here as a general designation of the effect (say
the current or power) ill receiver station produced by a generator at
the sending station. (See Fig. 20.) In low-power communication
networks, particular attention centers oil change in magnitude (and
the phase shift) of the receiver current rela!ire to the receiver current
which could be obtained under optimum conditions of operation.
These relative changes are due to two causes, namely:

(1) R 2 in Fig. 20 not being equal to the generator resistance R 1 , the
latter being fixed by the generator characteristics.

(2) The network intervening between the sending-station generator
E1 and the receiver-station resistance R2.

The intervening network will usuall y take the form of a transmission
line, transformer, selective filter, attenuator, or amplifier. Various
combinations of these basic four-terminal networks may be employed
between the generator terminals (11' in Fig. 20) and the receiver
terminals 22', but until the detailed operation of these devices has
been studied we shall represent them simply as a box having four
terminals as shown in the figure.

2 If any series or shunt reactance is associated with either the generator or load,
it may be placed within the four-it'rminal network for the purposes of analysis, thus
making Fig. 20 a more general can than is apparent from the diagram.
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It will be accepted here, subject to later proof, that the most efficient
possible transmission between E 1 and R2 will occur when the impedance
looking to right of terminals 11' is equal to R 1 , that is, when V 1 /! 1 = R1.
(Amplifiers are excluded from the foregoing statement because these

1	 2	 12
p4

	

(Generator	 Network

	

impedance)	 Intervening between
V 1	generator	 V2	 R2 (load)

and load

I'

	

Sending	 2	 Receiving

	

station	 station

Fro. 20. Four-terminal network intervening between a generator and a resistive load.

devices draw power from sources other than the E 1 generator.) Under
this condition of operation the generator resistance is said to match
the impedance looking to the right of terminals 11' and

1(matcbed) =

The ratio of the powers entering and leaving the network under the
condition that V 2 I = R 1 is

	

Power entering terminals 11' 	 V 1 ! 1	 (E 1 /2) (E 1 /2R 1 )	 (77)

	

Power leaving terminals 22#	 1_2J`2	 (R212) (12)

If now we define the transfer impedance from E1 to R2 under any condi-
tion of operation as

(78)

we note that the value of ZT which will make the power ratio of equa-
tion (77) unity is

	

Zr(02t) = 2'R 1 R 2	(79)

In other words, for fixed values of R 1 and R 2 , all the power entering
terminals 11' in Fig. 20 will leave terminals 22' if the intervening net-

work is such that E 1 /1 2 = 2V7.
In describing the transnion characteristics of an arbitrary four-

terminal network of the kind shown in Fig. 20, it is desirable that
the receiver current, 12, be measured relative to its optimum vLue,

E 1 /2 /R 1 R2 . Both the magnitude and phase of 1 2 relative to this
base can be measured in terms of the real and j components of the



136	 ALTERNATING—CURRENT CIRCUITS 	 ch. W

transmission constant, y, if the latter is defined as

Zr	 E1/2v'W2 = log, '2(opt)a +	 log,	 = log,	 (80)y	
2v'	 12(general)	 '2(gneraI)

where Z = E1 /12 for any arbitrary intervening network.

a is the attenuation (to be described in more detail later).
$ is the phase shift (also to be described in-detail later).

The transmission constant is thus defined as a logaithmie measure of
Z relative to Z .( Ø t) . Since E1 /2v'R 1 R2 in Fig. 20 is considered to be a
constant, it is plain that a is a logarithmic measure of 12(op1)/I2(gpnerI)
and that $ is the phase angle difference between 12(gpne,1) and 12(opt).
The phase angle of 12opt) would normally be zero, since the reference
would normally be E 1 = E 1 /9 and 12(opt) is in phase with E 1 , being
equal to E1/2V1.

Attenuation, a. It will be noted from equation (80) that the attenu-
ation can be written as

a	 log, '"I2(opt)	 I	 122(OPt)R2

V'12(general) 2 12R 
nepers (81)

Attenuation in this case is an inverse logarithmic measure of the power
received by R2 under general conditions of operation to that which is
received by R2 under optimum conditions of operation. The fact that
logarithmic measure is employed in the definition of y makes a 0 if
12 2(general) R2 is equal to 12 2 (OP t) R2, and as the former decreases in value
owing to losses in the intervening network a grows larger logarithmically.
If log, is employed as in equation (81), the units of a are called nepers.

Another common definition of attenuation as it applies to general
transmission characteristics is

t) 2
decibels	 (82)db = 10 log.10 

122(op
122(general)R2

Plainly

(No. of)adb	 10 log10 K	 20 log 10 K 
= 8.686aneperi	log. K	 2.303 log 10 K

where K is any power ratio. The above relationship indicates that
the number of decibels per peper is 8.688. It is a matter of indifference
which unit of attenuation is used, since engineers generally understand
that the decibel is by definition a unit of attenuation which is 8.686
times srn1ler in magnitude than the neper, there being 8.686 decibels
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of attenuation for each neper of attenuation in any particular specifica-
tion of attenuation.

Phase Shift, 5. In taking the logarithm indicated in equation (80)
it will be noted that

2(opt)2(opt)
y = a + j$ = log e 	 = log, •	 + itO opt	 9(general)) (83)

	

1 2(generaL)	 '2(general)

Thus, if E 1 is selected as a reference, O(pt)	 0 and 5 =	 8(genera).

Regardless of the reference selected, 5 specifies the phase difference
between 1 2 under optimum conditions and 12 under general operating
conditions.

If the evaluation of a + j5 is to be carried no further than that shown
in equation (83), it is a matter of choice whether 5 is stated in radians
or degrees. If y is to be expressed in polar form, however, 5 must be
expressed in radians-.

Examples. In Fig. 20, let R 1 = 100 ohms, R2 25 ohms, and assume that
terminal 1 is connected directly to terminal 2 and terminal 1' directly to 2'. Let
it be required to find the attenuation and phase shift relative to the optimum oper-
ating conditions.

If equation (80) is to be employed, we note that

E
12(opt)

2/100X25 100

E1-
125

E 1 /100

	

C1 +j	 loge	 0.223 +
E l /125

Thus a 0.223 neper or 1.938 decibels. This attenuation results from R2 not being
equal to R1.

$ — 0 since no phase difference exists between the two conditions of operation.
As a check on the arithmetic we might employ equation (82) as

I2opt>

adb	
-

20 logic	 20 logIc E1/100
It(..ctuafl	 E1/125

	

adb — 20 logic	 20 X0.0969	 1.938 decibels

As a second example of the use of equation (80) let it be assumed that R1 25
ohms, R2 = 100 ohms, and that, for E 1 = 10 /01 volts, V2 3.537-45° volts.

It is required that the transmission constant, .Y, be found from the above data.

B1	
-Q12(opt)	

V'T 	 2\/'	
0.1 /0* ampere

V5 3.53/4°

	

— —	 -
R,	 100	

0.03W/-450—4,5° ampere
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zT 
B1	 10/00
it 0.0353/-4° — 

2s3/j ohms

L
— a + j	

Zrlog,	 -__ = log. 283
	

1.04 + j45
2VR1R2	 100

or
0.___

	

Y a +j,6 It(Opt)
= log,	 log, 00353/45° = 1.04 +jO.785 radians

2('..ctu..1) 
Thus

1.304/0.647 (radians) 	 1.304/3705°

If is specified in polar form as above, we obtain a and $ as the real and j ternis
directly by changing the polar form of Y to rectangular form.

A significant point which should not be overlooked in the foregoing
discussion of attenuation and phase shift is that, as applied to the four-
terminal network shown in Fig. 20, these quantities were obtained from

'7	 i	 r 
(opt)

2	 D
'T(general)	 1	 2	 112

+j = loge	 = fliog, 
r _-Z, +.)[0Zr(gefl)J

'-T(opt)	 J2ral)IL2

where Z7, (0 p ) was an arbitrarily selected base which yielded maximum
power delivered to the load resistance, R2. ( It was assumed that R1
was fixed by the characteristics of the E 1 generator and that R2 was
fixed by the characteristics of the receiving device.) The base selected
here is that which is normally employed when we wish to take account
of the possible mismatch between R 1 and R2 as well as the loss and
phase shift introduced by the intervening four-terminal network. It
also permits the possible mismatch between R 1 and R2 to be rectified
by the intervening network if the latter is designed for this purpose.

In general circuit analysis, attenuation and phase shift are used in
a wide variety of different ways to describe loss (or gain) and phase
difference relative to other arbitrarily selected bases. Attenuation and
phase shift are meaningful quantities only when the base is clearly
understood, since attenuation and phase shift are measures of power
loss (or gain) and phase relative to the base which is selected as being
most appropriate for the problem at hand.

PROBLEMS

18. Perform the following indicated operations: (a) (5 +j8) + (-2 - j4);
(b) (-12 + jfi) - (30 - 1120); (c) (16 - 11— 4- is): (d) (-5 +18.66 ) +
(5 —jS.66); (e) (2 —j3) + (- 1
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17. Two Impedances, Z5 —2 +j3 ohms and Z 1 - 3 —j7 ohms, are connected
in a circuit so that they are additive. Find the equivalent impedance of the two
in polar form.

18. Write the cartesian and polar expressions for a phasor, the magnitude of which
is 100 units and the phase position of which is:

(a) 30° behind the reference axis. 	 (d) 1800 behind the reference axis.
(b) 450 behind the reference axis. 	 (e) 600 ahead of the reference axis.
(c) 1200 behind the reference axis.	 (1) 120° ahead of the reference axis.

(g) 210' ahead of the reference axis.

19. Find the magnitude and angular position -with respect to the reference axis
of the phasors which are represented by:

(a) 8.0 + 56.0.	 (d) —57.36 + 581.92.
(b) —10 +510.0.	 (e) —76.6 - 564.3.
(c) 38.3 —531.14.	 U) —50.0 —586.6.
20. (a) Rotate the phasor (8.66 + j5.0) through +40° by multiplying it by the

correct operator.
(b) Rotate the phasor (-5.0 - j8.66) through —30°.
(c) Express the results of (a) and (b) in both cartesian and polar forms.
21. Perform the following indicated operations:
(a) (8 + j6)(10/-120°)(cos 36,87° - j sin 36.S70)(0,1(6O°).

(b)
34.2 + ;943) 1 0C '300 1( 30 (COS 600 + i sin 60°)]

[20L1150 (cos 30"+ 5 sin 30°)]

22. Express each of the following as a single complex number in cartesian and
polar forms:

(a) (\/4.5 - j7.79 + log. 10/1.

(b) /(940 +5342)

(-8.66 + j5.0)(50L-100°)(2')
(c) j5

(d) 50c 1' at I =	 second if w = 377 radians per second.

30+jlO ,- --
(e) - - ' 4.5 - 57.794.

6-53
23. Find all possible roots of

3f1o5e6°°(_-4.047- 52.94)
1 —51.7:32

24. The series impedance of a transmission line is Z. = 10L	 ohms, and the

shunt impedance of the line is Z6 = 25,000L::90° ohms.
(a) Find the characteristic impedance of the line which is defined as Z 6 =

(b) Find the propagation constant of the line which is defined as i = V Z. Zb.

25. A voltage of 125 volts is impressed across a series combination of 2.0 ohms
resistance and 8.0 ohms inductive reactance. Find the magnitude and phase position
of the current with respect to the reference axis employed in stating the voltage
phasor.

-to
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26. Two impedances, Z 1 0 - .j3) ohms and Z 2 = (3 + j6) ohms, are con-

nected in parallel. The magnitude of the current through Z 1 is known to be 10
amperes.

(a) Find te complex polar expression for the current through Z 5 with respect to
= 10 110, as a reference.
(b) Find Ia = I + 12 in cartesian form.
(c) Draw a phasor diagram of V, 1, 1 2, and I, emplo y ing 1 1 as reference.

27. The characteristic impedance of a T-section filter is ZOT =	 Z 1 Z 2 +
where Z 1 is the full series arm impedance and Z 2 is the shunt impedance of the filter
section. If Z 1 = 30/0° ohms and Z 2	 1 0-0 11 —W' ohms, find Zor from the
above definition of Zor.

/125/-90°
28. Express log, 	 in rectangular form.

Ans.: 1.61	 3T/2.
/29. An equation which is useful in filter circuit analysis is

7fTf7a +j$ 2 log,	 +	 +

If Z 1 = 25,14/-90° ohms and 4Z 2 795/j, evaluate a and fi.
30. Find a and in Problem 29 if

Z i = 4 X 101 /-W ohms
4Z 2 1000/9W ohms

31. Given the equation
V,1 = V - Zr

where V = 100/0, volts, Z 15ZE ohms, I = 10 L 	 amperes. Exress V.
in polar form.

32. (a) Solve the following equation for a and for b:

(12 + a) + fb = 20 + J10
(b) Solve the following equation for a and for 13;

(a + 10) ±j50	 100(cos13 4 jsin13)

(c) Given: (100 +)) + 5R/-45° 200/; find Rand 9.
33. (a) Plot A+ih1 and Ar' in polar coordinates for w = 157 radians per secondat £ = 0.005, t	 0.010, 1	 0.015, 1 — 0.020, and £ = 0.04 second.

AS" + Af1"(b) Plot	
2	 in polar coordinates and also in rectangular coordinates

versus wt for one complete cycle.
(c) Show that a simple harmonic oscillating variation, such as A cos w, can be

represented by two oppositely rotating phasors, each of which has the same angular
velocity as the oscillating phasor and each of which has a magnitude equal to one-
half the magnitude of the oscillating phasor.

34. (a) A voltage V — 100 - j50 volts across a circuit causes a current I -
—2 —J8 amperes to flow. Calculate the power absorbed by Use circuit, employing
equation (68).
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(b) Calculate power if V = —50 + jlOO volts and I = —6 - j2 amperes.
(c) Calculate power if V = —50 + jWO volts and I	 —8 + f3 amperes.
35. Calculate the vars for each of the parts of Problem 34, employing equation (72).
36. Calculate the power and vars by the method of conjugates for each part of

Problem 31.
37. The voltage applied to two parallel branches i8 1O/	 volt-s. The current

through branch us	 amperes, and the current through branch 2 is (-6 +jS)
amperes. Find the real power, P and the reactive volt-amperes, P, supplied to
the parallel combination by the method of conjugates. Note: Check resulus against

Vt = 40 >( 10.62 = \'P2 + P1.
38. In Fig. 20, page 135, k 1 =200 ohms, R2 =20,000 ohms, and 17 2 = (0.1 /114.6°)E1.

Find the attenuation and phase shift which are produced by the combination of the
miniatch of R 1 and R 2 and the intervening network.

39. In Fig. 20 R 1 200 ohms, R2 = 20,000 ohms, and 12 = E 1 /4000 amperes.
Find the attenuation and phase shift which are produced by the combination of the
miematch of R 1 and R 2 and the intervening network.

R
z--	 —j21

ix

Fic. 21. Sec Problem 40.

40. For the circuit shown in Fig. 21,

(R +jX)(—j2X)
R + 3X - j2X

Plot Z ard 8 of Z	 Z/O versus R, employing R 0, 1? X12, R = X, R 2X,
H = 5X, H lOX, and R



chapter 
V Sinusoidal Single-Phase

Circuit Analysis

Impedances in Series. A series circuit of three impedances is shown

in Fig. 1. In a circuit of this kind it is evident that only a single current

R1	 X1	 Rt	 X2	 R

F

-'-	 -.--^-

Fm. 1. Impedances in Beret.

can exist at any instant and that the current throughout all impedances

is the same. 1 Kirchhoff's emf law states that

V=V1 +V2 +V3	 (1)

or	 V1Z1+1Z2+1Z3	 (2)

and	 V=I(Z1+Z2+Z3)1Z	 (3)

Equation (3) shows that series impedances are added in complex form

to obtain the equivalent impedance. Thus

z=z,+z2+Z3 (RI +i1l)+(R2+i12)+(R8+2O)

or Z (R, + R2 + R3 ) + j(X1 + X2) = 1? + jX	 (4)

Equation (4) shows that the resultant resistance R of a simple series

circuit is obtained by arithmetically adding the separate resistances.
When it is remembered that inductive reactances are considered posi-

tive and capacitive reactances are negative, equation (4) also shows that

the resultant reactance X of a series circuit is the algebraic sum of the

separate reactances.
If current is taken as the reference, the vector diagram of the circuit

of Fig. 1 appears as shown in Fig. 2. Such a vector diagram is called

a funicular or string diagram. Another type of vector diagram which

'The aumption I. made that the current is confined to the series circuit. Mix-

wellian apace displacement currents are neglected.
142
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represents the same circuit is shown in Fig. 3. This is called a polar
diagram. The distinguishing characteristic of a string vector diagram
is that certain component vectors are combined head-to-tail to form a
resultant vector as, for example, the component voltages 1R 1 , 1X 1 , 1R2,

IX,(rR,+IX,) IR+IX,+IR2)

I	 --- 1R 3 	IR
a

I	 *IX
	

Y=Iz

JR,
no. 2. Funicular or string vector

diagram of circuit in Fig. 1.

1x2
no. 3. Polar vector diagram of circuit

in Fig. 1.

1X2 , and 1R5 are combined head-to-tail to form the resultant voltage
vector V. In a polar vector diagram, all vectors are started from a
common origin as shown in Fig. 3.

Either type of diagram may be used since they represent the same
thing. The one which appears to be thç simpler in any particular case
should be used. In certain cases the funicular diagram shows the
quantities to better advantage, whereas for others the polar diagram is
more suggestive of the relationships and more convenient to use.

In general, for a series circuit of n impedances

.V=I(Z1+Za+Z3+"+Z)	 (5)

and Z=(Ri+R2+R2++R)+j(Xi+X2+

X3+ • -+ X) (6)

Z = V(R 1 +R2 +R3 + +R)2+ (X1+X2+X8+"- +X)2

xi + x2 + x8 + .+•	 (7)/tan—'
 Rj+R2+R3±+Ra

In Chapter II the impedance angle was shown to be the phase angle
between the current and the voltage. In Chapter III power factor
was shown to be the cosine of this angle. Hence, for a series circuit,
Fig. 2 shows

Power factor	
IR R

cos 0 - -

—

	

	 R1+ R, + R3 + •:- + .R	
(8)

'/+R2+R1+.-.+R+(X1+X2+X3+." +X,.)2
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Example 1. Calculate the current, voltage drops V1, V2, and V3, power con-
sumed by each impedance, and the total power taken by the circuit with the con-
atants ehowd'in Fig. 4. The impressed voltage will be taken along the reference
ax.

4(1	 3(1	 6(1 8(1 2(1

100 volts	 V1

Fzo. 4. Circuit for example 1.

V	 100+10	 100(12+15)
= Z = 4 +j3 +8 — is ± 2 = (12 —j5) (12 +15) 7.1 '2.96 amperes

V 1	IZ = (7.1 +12.96) (4 +j3)	 19.53 +133.14 volts
V 2	127 = (7.1 +12.96) (6 - j8) = 66.27 - j39.06 volts
V3	123 = (7.1 +j2.96) (2 +jO) = 14.2 + j5.92 volts
Check:	 V lOC) + jo volts

Note that the drops are added veciorially to check the impressed voltage.
R1	 4(V4712 + 2.962)2 4 X 7. 691 237 watts

P2 -6X7.692	—3S5watts
P3 '2X7.892

	

	 —ll8watts
Total Dower =.7lOwatts

The total power is also (vi + v'i')	 100 X 7.1 - 710 watts.

Problem 1. (a) Find the current through the circuit in Fig. 5 and the voltage
drops V, Vb,., and V3.

Ans.: I	 10 /00 amperes, V — 20 —j40 44.7/ .-83.45° volts.
= 30 +1110	 114 /74.75 vott.

Ve20±i020/volts,
(b) Draw a string vector diagram of V, Vb, and V1, including both V and

I on the diagram.
(c) Draw a polar vector diagram of V, V V, V, and I.

2!). fl	 11(1 c 2(1 d

V ." 98.98	 voIt

Fta 5. See Problems 1 and 2.

Problem 2. Calculate the total power dissipated in Fig. 5 from (PR), from
(VI cos 8), and from (vi + v'i').	 Ans.: P - 700 watts,

Series Resonance. A series circuit containing R, L, and C is in
resonance when the resultant reactance is zero. Since the drop acro
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the inductance leads the current by 000 whereas that across the con-
denser lags the current by 900, the two drops are opposite. If they

are made equal as in Fig. 6, the reactive voltage
IX.	 drops neutralize and the impressed voltage is

equal only to the resistance drop. This condi-

	

__	 tion is called series resonance. Inspection of the
IR

	

	 vector diagram of Fig. 6 shows that the applied
voltage is in phase with the current. The power

IXc	 factor is unity, and the circuit is in resonance.

	

Fio. G. Vector dia-	 Thus for series resonance
gram of senes cir-
cuit in resonance. L = IX -or -= (9)

Since 27rfL = 1; 2rfC at the point of series resonance, the series resonant
frequency is

fm 
=

	

	 1/	
(10)

2ir\' LC

where m is in cycles per scond when L is expressed in henrys and C in
farads. It is apparent that series resonance can be produced in a series
circuit by varying either L, C, or f. 'I'lie current is always given by

V

-	 ______	
(11)

R2+(2fL 2fC)

I V
	

V

R 2 + (X. .- Xc)

For any value of current the drop across the resistance is

VR	
VR

= = _____ _________

V	 2-.,fC
+ (2fL -

Similarly, the drops across the inductance and capacitance are respec-
tively

VL IXL = ______________

	

J	 VXL

R2 + (2L - 
12

f_c_)
and

VX
VC = IX, = 

VR 2 + (2,fL - 
1)2

(12)

(13)

(14)

The general characteristics of a circuit in resonance are the same regard-
less of. which parameter is varied to produce resonance. For instance
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in all cases the power factor at resonance is 1. The power is simply the
impressed voltage times the current. The current is V/R, the maxi-
mum possible value for the resistance which is in the circuit. The
general shape of the current curve before, at, and after resonance is
shown in Fig. 7. Resonance occurs at the point C. Limited as it is
only by the resistance of the circuit, the current at the resonant point C
will be large if the resistance is small. When the resultant reactance is
large as it is at point A there will be only a small current flowing. Hence

Fro. 7. Variation of current with fre- Rio. S. Effect or resistance on current
quency in the range series resonance,	 variation in the range of series resonance.

there is a rapid rise in current from point A to point C. Conversely,
when the resistance is large, the amount of the change in current from
point A to C will be small. In the former case the current peak will be
sharper than in the latter, as illustrated in Fig. 8. Hence the small
resistance is said to give sharp tuning and the large resistance broad
tuning. More accurately, the ratio of L to R governs the sharpness
of tuning. This is shown later. The preceding statements are true
for all methods of securing resonance. The various ways of securing
resonance will now be considered in somewhat more detail.

Varying Inductance. When L is varied to produce resonance,
a series of curves shown in Fig. 9 is obtained. Equations (11),
(12), (13), and (14) are the equations of the current and poten-
tial drop curves shown. It will be noted that VC becomes a
maximum at resonance whereas the maximum value of VL occurs after
resonance. This result s expected. Since Vc = IXc and Xc is con-
stant, the maximum drop across the condenser will occur when the
current is a maximum. In the case of VL = IX L, both I and XL
are increasing before resonance and the product must be increasing.
At resonance, i is not changing but XL is increasing, and hence the
drop is increasing. The drop continues to increase until the reduction
in the current offsets the increase in XL. This point can be deter-
mined from dVL/dX L 0. Differentiating equation (13) and setting
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the result equal to zero yield

dV L [R2 +(XL — Xc)2]'V— VX L -!R2+(X L Xc)2]2(XLXc) - 0
dXz.	 R2 + (XL - X)2

R24-Xc2
and	 XL

Xc

1 _____
or	 L = -A 	C(R2 + Xc2) (15)

X — L 	 no. 10. Impedance diagram showing
the power factor angle 8 as L is varied

no. 9Seriee reasonance by varying L.	 In an RLC series circuit.

-7 Example 2. As L is varied to produce resonance in a series circuit containing
R — 100 ohms, Xc — 200 ohms, and / 60 cycles, find the voltage drop across
I, at resonance and also when the drop across L is a maximum if 1000 volts are
impressed.

For resonance X L = X = 200. Z — 100 + j200 - f200 - 100 + JO ohms.
1000
10010 amperes.

VL (at resonance) = IXt 10 x 200 — 2000 volts.

R2 +X 2 1002+200t
For maximum VL 2wfL	 —	 — 250 ohms.

X C	 200

I (for maximum VL)	
1000	

— 8.94 amperes.
Vi+ (250 - 200)

Maximum V i. — 8.94 X 250 = 2235 volts.
The variation in phase angle between V and I an L Is varied is easily obtained

from the Impedanoe diagram in Fig. 10. The angle can be seen to vary from tan-1
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(a negative angle) when L is zero to +90° when L becomes 00. Hice the power

factor varies from

	

	 —(when L is 0) to 0 (when L becomes infinite).
.\R2 + Xc2

Problem 3. (a) Find the value of inductive reactance and the value of inductance
which will make the power factor of the above series circuit equal to 0.866, current
leading.

HInL. Problems of this type are most easily solved when It is recognized that
Ex 

± tan 0.	 Ans.: XL = 142.3 ohms, L = 0.377 hen.

(b) Find the value of inductive reactance which will make the pf. equal t 0.866,
current Jagging.

An.: XL = 257.7 ohms.

Varying Capacitance. When C is varied to produce resonance,
curves as shown in Fig. 11 are obtained. As before, the equations
of these curves are equations
(11), (12), (13), and (14).	 I

Here the drop across the in-
ductance is a maximum when
the current is a maximum,
since XL is constant. The
maximum drop across the con-
denser occurs before resonance.
At resonance, Xc is decreasing
whereas the current is not
changing (slope being zero).
The drop IXc must, therefore,
be decreasing. Consequently,
the drop must have been a o	

XLC

maximum before resonance. At •---- C	 -,-----
resonance the drops across the
inductance and the capacitance
are equal and opposite. The
conditions for maximum Vc
may be determined analytically
by setting the first derivative
of equation (14) with respect no. 11. Seried resonance by varying capaci-
to C or Xc equal to zero,	 tance.

similarly to the procedure illustrated when L was varied. This deri-
vation is left to the student.

The impressed voltage equals the ZR drop, the power factor is unity,
and the current is a maximum at resonance. For zero capacitance the
capacity reactance is infinite and the current is therefore zero. For
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infinite capacitance the capacity reactance is zero and the current is

The phase angle between the current and the applied

voltage varies between the limits indicated in Fig. 12. The power fac-

tor varies from	 , when C is infinite, to zero when C is zero.
V+XL2

Resonance is usually obtained by varying capacitance since it is
only necessary to make alternate plates of a condenser movable to
secure variable capacitance. This is easily and simply accomplished,
and the variation of capacitance can be made extremely smooth and
gradual.	 -

Problem 4. When varying C to produce resonance in a circuit containing 100
ohms resistance and 200 ohms inductive reactance at 60 cycles, find the maximum
drop across the capacitance if the impressed voltage on the circuit is 100 volts.

Ans.: 223.5 volts.

— aiill -^L	 I
for 	

R
orX2X

-S
-S

'S
S.

-5-

C2nt(ab)

To co as
becomai

-
-

S..

Fin. 12. Impedance diagram indicating range
of power factor angle 8 as C is varied in an
RLC series circuit.

FiG. 13. Series resonance by varying
frequency.

Varying Frequency. When frequency is varied to produce resonance,
the curves shown in Fig. 13 are obtained. Here neither the inductance
nor the capacitance has the maximum drop across it at resonance.
Inspection of Figs. 9, 11, and 13 will show that this method of securing
resonance partakes of both the methods previously discussed. The
student can explain these curves by considering the principles previously
presented. The current is zero for both zero frequency and infinite fre-
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quency. The phase angle between current and voltage varies between
_9Ø0 to +90°, as may be seen by studying the impedance triangles por-
trayed in Fig. 14. It will be observed that, for all methods of producing
resonance, the current is a maximum and dependent only upon the

A impressed voltage and the resi&.
To XLCO	 tance of the circuit, that the
I power factor is 1, and that the

power is a maximum and equal
to the volt-amperes at the point
of resonance.

1 Y1	 L-O.l henry

TH T VEE1flOvIt

From

Fin. 14. Impedance triangle indicat-	 Fin. 15. Circuit for example 3.
ing variation of phase angle from

90 0 to +90° as frequency is varied
In an RLC series circuit.

Example 3. For the circuit arrangement and constants shown in Fig. 15 calculate
be frequency, power, power factor, and voltage drop across each part of the circuit

*t resonance.

	

Jr.-	 -	 0.000 100
50.4 cycles

IXL - 2 50.4 X 0.1 - 31.8 ohms

- 31.6 ohmsChk:	
2r 504 X 0.0001

100

vi	 (31.6 - 31.6)2	
100 amperes

P 100 x 100 10,000 watts

Pi.	
watts	 10,000	 1

va	 100 X 100
- 100 X I	 100 volts

VL - 100 X 31.6 3160 volts

	

V	 100 X 31.6 3160 volts

Problem 6. (a) What is the resonant frequency of a aeriei' circuit consisting of
2 ohms resistance, 150 microhenrys, and 200 ,qf capacitance? (b) What is the
resonant frequency if R - 3 ohms, L - 300 microhenrys, and C - 100 f?
(c) What is the impedance of each of the combinations at 1000 kilocycles?

Asia.: (a) 920 kilocyclea, (1,) 920 kilocycles, (c) 147 ohms and 294 ohms.
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The Series RLC Circuit as a Selector. Even though the RLC circuit
passes all waves of finite frequency to some extent, it has been shown to
have the lowest impedance for the resonant frequency. As Fig. 7 shows,
the RLC circuit passes frequencies near the resonant frequency more
readily than other frequencies. The circuit thus has selective proper-
ties. The band of frequencies which is passed quite readily is called

Angular vs4ocf

FIG. 18. The RLC series branch, as a band selector, graphed for R = 10 ohms, L	 0.01
henry, and C - 4.0 aid,

the pass band. The pass band is sometimes arbitrarily considered to be
the range of frequency over which the current is equal to or greater than
V/\7 R, as indicated in Fig. 16. Within this range, the power (PR)
is equal to or greater than V2 /2R. This range will now be deter-
mined. From equation (11)

V

V'R2 —+ (.L  /7)2	 (16)

The maximum current (V/R) and the maximum power V2/R occur
at the resonant frequency or when

(17)
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where w. is 2- times the resonant frequency fm. Let w be the angular
velocities at which

Since at these points the power is exactly one-half the maximum
power which occurs at resonance, they are called the half-power points.
Substituting the above current in equation (16) gives

V	 V_____	 -.	 (lx)
Y2R /R + (wL -

From which R = ± (wL - 1 'C).
Note that at these points the resistance of the circuit equals the

resultant reactance, the phase angle between the applied voltage and
current is 450, and the power factor 0.707.

When solved for w the above equation yields

rR 2	 1
2L V iL LC

(19)

In a selective RLC branch, ( R : 214 2 is usually much smaller than l/J.('.
Hence, neglecting this term, equation (19) becomes

±R112L ± v1 17Ec	 (20)

But v'iTlC is the angular velocity w. corresponding to the resonant
frequency. Therefore

(21)

and, if only positive values of w, are considered,

R (22)

Let
R (23)

and
R (24)

The width of the pass band as shown on Fig. 16 is

= radians per second	 (25)
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The frequency range for the pass band, as here defined, is 
if =

f2 - 1? 2-L. The per unit baid width is deIned as Aff. If
we arbitrar i ly select a band width other than that shown in Fig 16, as
we shall have Otras j cjfl to do later, we make appropriate changes in our
tlt'hnitioii of .. 1.

Example 4. Let it be required to find the decibel (db current response at the
Cr point of Fig. 16 (relative to the ri'spt,e at t,,, if by definition Nve take

db 20 log

where I is the current response at an y point on the graph shown in the figure.
Since I = V , '. 2/? at the points in question,

V

db = 20 log	 —20 log 1.414 =

I?

The above arithmetic shows wh y the half-power points are sometimes referred to
in the literature as the —3 db points.

The Q of a Series Circuit. The degree of selectivity of a circuit.
that is, the narrowness of the band width shown in Fig. 16, is usually
expressed in terms of the s ymbol Q. Although several different forms
of the definition of Q appear in the literature, the y are all intended to
convey the same meaning. We shall emplo y the following definition
since it ties in closel y with experimental procedures:

Q = -- = =
02 - W1	 LXo	 If

See Fig. 16 for the meanings of w, 02, and 0,,,.
In the case of the series RLC circuit

(26)

CO -	 WM
- 

.1k'

L

1	 iTL
_(R\	

(27)

' LC

where R 1 is the total equivalent series resistance of the circuit- Since
the equivaient series circuit resistance of the capacitor is usually negligi-
bly small in comparison with the series circuit resistance of the coil,
it is customary to speak of the Q of the roil alone, the assumption
being that the coil will be resonated at some specified frequency with
a capacitor of suitable size.
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	From equation (27) Q, =	 . If the numerator and denominator

of the right member of this equation-are each multiplied by the current
at resonance I rea

	w,,Lf	 voltage drop across L	
(28$ -

Rilres	 applied voltage

Thus Q3 is a multiple of the applied circuit voltage that will exist across
each of the reactive elements at resonance.

Example 5. The per unit band width between the half-power (or —3 db) points
in Fig. 16 is to be 0.02. Find the Q of the coil required.

.1(	 1
Per unit band width

	

w,,,	 Q

Q =- =50
0.02

If the coil to be employed has an inductance of 10 millihearys and the resonant
frequency is 20 ke, find the values of R and C.

2.X20,000X0O1

	

I?, = - =
	

= Sr — 25.1 ohms

	

Q.

C = ---- =
	 I	 = 0.00633 X 10- 6 farad
4w(°0000) X 0.01

The use of Q (or the reciprocal of Q) in circuit analysis will take on
more importance and significance in radio-frequency circuits where Qt is

essentially constant than in low-frequency circuits where R 1 is essentially

constant. [It should be noted that R, has been tacitl y assumed constant
in equation (27) as well as in Fig. 16.) In analyzing tuned radio-

frequency circuits near resonant frequency, wm = l/'/LC, we obtain

greater accuracy by writing

Z = R + j (w -
wr)

as
ER.	 •(u	 w='\l
LwL	 \u.3,,t

or	

=	 + F) =	 + JF)	 (28)

since Q is considerably more constant over a reasonable frequency range
centered on w. than is R 1. It is plain that F = (w/w. -
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If L, C, and Q in equation (28) are essentially constant, then P =
(w/,,, - w/w) is the only variable involved, and it should be plain
that the current response versus w will take the same shape as that
shown in Fig. 16 since in one case the response is based upon

V

= /2 + (wL - 
l2

WC)

and the other upon
V

IL

CQ	 WC

which is obtained by substitution for RI its value obtained from equation
(27). In the low-frequency case we assume that R is constant, which
is essentially true, and in the high-frequency case we assume that L/CQ2
is essentially constant. Cases arise where neither assumption is justi-
fied, but cases of this kind are reserved for more advanced courses.

V

0	 a

I

Fic. 17. Series circuit 	 Fio. 18. Circle dit run of Fig. 17 for
with variable R.	 constant V and X but with variable R.

Circle Diagram of Series Circuit. Circle diagrams are often employed
as an aid in analyzing the operating characteristics of circuits which
under some conditions are used in representing transmission lines and
some types of a-c machinery. The basis of representing a series circuit
by means of a circle diagram will be derived with reference to Fig. 17.

The resistance R of the circuit in Fig. 17 will be considered a variable,
whereas the applied voltage and reactance will be assumed constant.
The power-factor angle is designated by 9. If R is zero, I is obviously
equal to V/K, and this value of I will lag V by 90° if X is inductive.
(See Fig. 18.) As R is increased from its zero value, the magnitude of
I becomes less than V/X and 8 becomes less than 90° and finall y , when
R equals cc, I equals zero and 8 equals zero The fact that the locus
of the vector 1 traces out a semicircle, as indicated in Fig. !S, may be
seen from the following derivation.



156	 ALTERNATING–CURRENT CIRCUITS 	 Ch. V

In general,
V

(29)

and	 sin 0 =	 (30)

K
or	 Z=—	 (31)sin 0
Substituting (31) in (29),

I= sin 0	 (32)

For constant V and K, equation (32) is the polar equation of a circle
of diameter T'/X. Figure 18 shows a plot of equation (32) with respect
to V as a reference and for positive angles 0, representing inductive
loads, measured clockwise. These conventions are employed because
they are the ones most commonly used for such circle diagrams in a-c
machinery. Since la in Fig. 18 is 01 cos 0, it is apparent that ía is
proportional to the power consumed by the circuit. If the diagram is
drawn to a certain current scale as, for example, I amperes per inch, the
watt scale will be VI watts per inch.

A simple transmission line circuit in which the capacitance and
leakance are assumed negligible may be represented by Fig. 19, where

a	 C	 a
Fro. 19. Series circuit, R and X	 Fic. 20. Circle diagram of Fig. 19 for constant

assumed constant, R,, variable.	 V. 2?, and X and variable R.

R and X are, respectively, the series resistance and reactance of the
line and RL is the load resistance. If R is constant and R. is varied,
the current follows the equation I = (VIX) sin 0 as in the previous case.
The distance ía in Fig. 18 again represents the total power consumed
by the circuit, but the total power dissipated is consumed inboth R and
RL. The power dissipated by each resistance can easily be represented
on the diagram.
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If the resistance R L is assumed to be zero, all power must be dissipated
in the resistance R. For this conditio.n the power is represented by be
in Fig. 20 and Ob represents the corresponding current. For some
finite value of R. other than zero, the current is 01 and the total
power consumed is proportional to 110. Of this total, do is the amount
consumed in R and 1 1 d is dissipated by RL. To prove that do represents
the power dissipated in R. it is only required to show that da and be
are proportional to the respective squares of the currents OI and Ob
for the two conditions.

From similar triangles 	
da
- = Oa
bc Oc

Since	 Oa OI l cos aO1

	

O!	 (QJ)2
=oIi—=

	

Oe	 Oe

and	 Oc = Ob cos cOb Ob— (0b)2
Oe	 Oe

(O1)2

do	 Oe	 (01)2

bc	 2 - (0b)2
Oe

Therefore, for any current such as 01, 11 d represents the power
consumed in RL, da shows the watts lost in R, and the total power
input to the circuit is given by Ia. If PR,. is considered as the out-
put of the circuit (the power transmitted by the line), the efficiency
must be

	

Efficiency = output 
11d

.	 -
input	 Ija

The power factor at the input end is cos 0. It is also Ia/OI.
The maximum power that can be transmitted by a circuit like Fig. 19

under conditions of constant R and X occurs when the extremity of
O! in Fig. 20 coincides with the point of tangency to the circle of a
line drawn parallel to Ob. It is a matter of simple geometry to show
that V times 1,d under these conditions yields the result for maximum
power as given b y equation (59) if X, 0 [which requires that k in
equation (59) be zero]. Since 1 1 d may be employed as a quantitative
measure of the power delivered to the load resistance RL, it is plain
from Fig 20 that this load nowr v ;ies from zero (when Ri. = 0) to
a maximum and back to zero again (wue.. Ri. =
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The details of circle diagram constructions which apply to circuits
of the kind shown in Fig. 19 may be readily comprehended from a
numerical problem like the following.

Problem 8. Refer to Fig. 19. R and X are constant at the values R = 2 ohms
and K	 3.164 ohms. V is constant at 316.4 volts.

(a) Lay off OV	 V graphically in a vertical position to any convenient voltage
scale as, for example, 100 volts per inch,

(b) Lay off üe (of Fig. 20) equal to V/X in a horizontal position to a scale of
not more than 20 amperes per inch. (A scale of 10 amperes per inch will give more
accurate results.)

(c) Lay off Ob (of Fig. 20) equal to I when Rj. = 0.
Ans.: I = 346.4,.'4 = 86.6 amperes, 60 behind V.

(d) Draw a tangent to the semicircle which is parallel to Ob and construct OI
from 0 to this point of tangency. What is the magnitude of the current and what
is the p.!. at this point of operation? 	 Ans.: 1 = 50 amperes, p.!. = 0.86.

(e) What is the ma-ximu-m power that can be delivered to Rt?
Am.: Pm = V X I idrn.x = 10,000 watts.

I

Fro. 21. 1mpiances in parallel.

Parailel Branches. When impedances are connected in parallel, as
in Fig. 21, the same voltage V is impressed across each impedance.
The current in each impedance is therefore

V	 V	 V
Ii =
	

I = -, and 13 - 
z3

From Kirchhoff's current law,

I = I i + 12+13

V	 V	 V	 /1	 1	 1
Z I	 Z2 Z3	 Z	 Z2	 Z3

= V(Y 1 + Y2 + Y3 ) = VY0	(33)

where the symbol Y represents the reciprocal of impedance and is called
admittance. Equation (33) shows that the resultant current flowing
through several impedances in parallel is the product of the voltage
and the sum of the reciprocals of the several branch impedances. In
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other words, the voltage is multiplied by the sum of the admittances
of the several branches. Equation (33) shows that admittances are
added for parallel branches. For branches in series it will be remembered
that impedances are added. Since both admittance and impedance are
complex quantities, all additions involving either of them must be made
in complex form. Arithmetic addition should not be attempted. In
only one case is Vithmetic addition correct, and in this case the addition
in complex form will give the same result. If equation (33) is solved
for impedance Z0 by obtaining the ratio of V to I, we obtain

V	 1	 1

Y3 YO
(34)

Equation (34) shows that the resultant impedance of several parallel
branches is the reciprocal of the resultant admittance. Since the unit
of impedance is the ohm and admittance is the reciprocal of impedance,
the unit of admittance is the reciprocal ohm or mho (ohm spelled
backwards).

1Y Vg

(a)	 (b)

I

EJx-
	

EquIviIent

Cftcuiti

Y-y

_ 

rz —R+jX1

I

I	 .	 1	 .1

no. 22. The parallel equivalent of a series impedaice, R. + JX..

The Parallel Equivalent of a Series impedance. Cases arise where ii
becomes desirable to change a series branch impedance as shown ir.
Fig. 22a to its parallel equivalent (shown in Fig. 22b). For equiva-
lence, Y of Fig. 22a must equal Y of Fig. 22b. Therefore

R. 1 
—= ix. = +
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or, upon rationalizing,

R. 	 -
pjy2Jp2y2 j J 	 (3o)32 

T-J	 3 V-9	 p	 X,

R 3 " (/? 2 + X, 2 ) is called the conductance of the series impedance Z, and
is denoted by the s ymbol g. X,!(R 9 2 + X 1 2 ) is called the susceptance
of the series impedance Z. and is denoted by the symbol b. Employing
the symbols g and b, we have

(36)

	

R P	XP

The ph ysical significance of g and b may be interpo d a. fr'1.lows.
If equation (36) is multiplied by V to obtain the current I, we have:

I = V9 - jVb = -

It will be seen that Vg shown on the vector diagram, Fig. 22b, is the
component of current in phase with the voltage and is the current
V/R, in the resistive branch of the parallel equivalent of Z,. Also
Vb shown on the vector diagram is the component of current in quad-
rature with the voltage and is the component V/X in the inductive
branch of the parallel equivalent of Z 3. Hence the conductance l/R
of the resistive branch of the equivalent parallel circuit is the con-
ductance g of the admittance Y g - jb = l/Z, and the susceptance
l'X of the inductive branch is the suscetance b of the admittance
Y = I Z 3 . It is important to observe that conductance g in the circuits
of Fig. 22 is the reciprocal of R but not of R,. Similarly susceptance
is the reciprocal of X but not O f X..

Since g and b are components of admittance and either g, b, or Y
multiplied by voltage Yields a current, the y are all expressed in the
same units, namel y . mhos.

If the admittanees in equation (33) are expressed in terms of their
un(IU(tUflCCs and susi.eptances, we have

I = V 1 - jb ± y 2 - jb 2 + g.1 - jb3)

= Vq + Y2 4. ) - j(b 1 + b 2 + b 3 )) = V(90 - jb0 )	 (37)

I; luation (3) shows that conduutatues ma y be added arithmetically
to obtain the resultant conductance while susceptance must be added
algebraically to obtain the wsultant susceptance. That algebraic
addition of suseeptarwes is required is evident from the expression
X/(R 2 + V 2 ) for suseeptarice when it is remembered that X may be
positive or negative depe.nding upon whether it is inductive or capacitive,
respectively.
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I,

Fto. 23. (a) Circuit for example 6. (b) Pha.sor diagram of W.

Example S. For the circuit of Fig. 23a with the parameters shown, the following
are desired: (a) conductance and susceptance of each branch; (5) the resultant
conductance and suscept.ance; (c) the vector or phar diagram.

100 + jD = 6 - j8 10/ —53.2° amperes
6 + j8

100 +ft) 16 +j12 = 20 ./36.9° amperes
4— J•3

I - I + 12 = 22 + j4 22.35 /10.3° amperes

1	 1	
(6—j8) 0.06—j0.08mho

(6 +jS) (6 —j8)
from which

0.06 mho, b 1 = 0.08 mho

or, as an alternative method,

R 1	6X1	 8

	

Qi = -j = 	bjj

1	 1	 4+j3

	

= - =	 .	 = 0.16 + jO.12 mho
Z 2	 (4 —j3) (4 +j3

from which

	

= 0.16 mho, b 2	 —0.12 mho

or, as an alternative method,

	

R 2	4	 X2 —3

Z2	 25

The vector or phasor diagram is shown in Fig. 23b.
Another way to obtain the resultant current is shown below:

- g 4- gj - 0.06 + 0.16 0.22 mho
b - b + b 5 - 0.08 - 0.12 - —0.04 mho
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g —jb - 0.22 —j(-0.04) 0.22 -l-).Q4mho
I - VY - 100 (0.22 + ft104) — 22 +54 - 22.35 /2 amperes

Or admittances may be added as follows:

Y - Y 1 + Y2 - 0.06 —jO.08 +0.16 +.12 0.22 +jO.04
and

I = VY 22 + j4 amperes

The calculation of admittances from the reciprocals of impedances
and their addition in complex form is generally the most direct pro-
cedure. Experience has shown that students make fewer errors in
signs when following this procedure.

Instead of representing admittance in general as g - jb and then
using g = R/Z2 and b = X1Z2, many prefer to call it g + jb and then
to use g = R/Z2 and b as -X/Z'. Both give the same result for ad-
ruittance. In either case, X is substituted as a positive value for
inductance and negative for capacitance. In a dissipative circuit con-
ductance is always positive. To avoid confusion in signs it is best to
obtain admittance from 1/(I? + jX) rather than from calculations of
conductance and susceptance. Knowing how to calculate and use
conductances and susceptances expedites the solution of some types of
problems, although they may be solved by other means. The special
case of two parallel impedances Z 1 and Z2 occurs often in electrical
engineering. For this case, Y 1	 1IZ 1 and Y2	 1/Z2 . Hence

	

Y=-1-+-1- and Z= - =	
12

Z i	 Z 2 Y Z1+Z2

This expression, which is analogous to the much used expression for
the resultant of two parallel resistances in direct currents, is very useful
in alternating currents. When all reactances are zero, the expressiqn
reduces to the d-c case of R 1 R2 "(R 1 + !?2).

Problem 7. Three impedances Z 1, Z2, and 2 3 are connected in parallel across
a 60-cycle voltage the magnitude of which is 40 volts.

Z 1 =10+jO, Z320+j20,Z3=3O—j4Oohms

(a) Find g i , b 1 , g, b 2 , 93 , and h3.

(b) Find the resultant g and the resultant b of the three parallel branches.
Ans.: g = 0.137, b = 0.009 mho.

(c) What is the in-phase cornporwnt of the resultant current; the quadrature
component of the resultant current?

And.: Vg = 5.48 amperes, Vb = 0.36 amperes.

Resonance in Parallel Branches. Parallel bianches containing
inductance and capacitance are in resonance when the reactive current
in the inductive branch is equal to the reactive current in the capacitive
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branch. The resultant reactive current for the circuit as a whole is
'therefore zero. For resonance

Vb L = Vb

be	 (38)

Hence the resultant current flowing is in phase with the applied voltage,
and the power factor of the whole circuit is 1. This is sometimes called
unity-power-factor resonance. Figure 24 shows a circuit and the corre-
sponding vector diagram for this condition. From an inspection of the
vector diagram it will be noted that the reactive components of current

IC

1.

Fw, 24. Circuit and corresponding vector disgrain for parallel resonance.

contribute nothing to the total current. Only the components of current
in phase with the voltage exist in the resultant current. It might be
inferred from this that the resultant current is a minimum at resonance.
This is true if the conductances are consar1. It is approximately true
if the conductances are negligibly small, as they usuall y are in selective
circuits as used in radio. An example Mll be considered later wherein
minimum current does not occur at resonance.

The pararnters possible of variation to make equation (38) true
may he seen when the susceptance3 are replaced by their equivalent
values, as shown in equation (39).

1

	

2irfL - 	 ___

	

RL 2 + (27fL)2 - 	 (2 1 \2	
(3)

Rc2 + 
TJCJ

The quantities that may be varied are L, C, 1, Ri., or R.
Resonance by . arying L. In the following discission L will be

varied by a means which will riol change the resistance of the inductive
circuit. Let OV, Fig. 25, be the voltage impressed on a circuit like
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the one shown in Fig. 24. A current, Ic, will then flow in the condenser
branch whose parameters are held constant. \Vheii L is zero, the
current through the inductive brunch is V/RL and it is in phase with
the applied voltage. The applied voltage is equal to ILRr under these
conditions. \Vhe L is increased from zero, the current through the

Y

L-tan-'XIL
RL

	

-

Fro. 25. Locus of I as I., is vare,1 in the circuit shown in Fig. 24.

inductivbrhnch lags V by the tan' (XL/RL), as illustrated in Fig. 2.5
by Of,. For any value.of 1L the I L RJ. drop and the ILXL drop must
add at right angles 'to give the applied voltage. These component
drops are OA and AV, respectively. Since they are always at right
angles and their sum must be OV, the locus of the ILRL drop must be
a semicircle 0.4 V. Since IL is proportional to .the ILRL drop and in
phase with it, the locus of IL must also be a semicircle.

When the ILRj.. drop coincides with the diameter of its circle, the
current IL must also coincide with the diameter of its own circle. The
diameter of the latter must, therefore, be V/RL. Hence the dotted
circle drawn with V/R L as a diameter must b. the locus of IL. Since
the resultant current is I + 'L, this addition is performed by drawing
the semicircle OILB with the left extremity of its diameter starting at
Ic as shown in Fig. 23. For example, a particular sum of 1c and 1. is
rprcsented by CC. As L is varied, the locus of the resultant current
is, therefore, the circle i cCb. Hen ce, as L is increased from 0 to ,
the resultant current varies from Gb to Oe, which is one point of reso-
nance, thence to Od, which is a second resonant point; and then to 01c
Ncitber of the resonant points gives cither a maximum or minimum
current, but they do yield unity power factor. The minimum current
is 01,, the value where the resultant current is normal to the circle



Ch. '/	 SINUSOIDAL SINGLE—PHASE CIRCUIT ANALYSIS	 163

IcCb. For any particular problem the values of J, 8c, and Ib,
which is equal to V/RL, can be calculated directly from the parameters.
Any other values of current can then be calculated trigonometrically
from the geometry of the figure. A few facts should be observed.
First, if T 2RL (the radius of the circle ICb) is less than Ic sin 8c,
parallel resonance cannot be obtained regardless of jhe value of L.
This is in contrast to the series circuit, where some value of L will yield
resonance for any value of R or C. Second, if 1 -12R. = 1c sin O,

V
R1

IL

Fro. 26. Locus of OC, the resultant current to the circuit of Fig. 24 as L is varied.

there will be only one resonant point. Third, if V 112R L > Ic Sin Bc,
there will be two resonant points. Fourth, if the resistance of the
inductance were zero, minimum current would occur at resonance.
Note that for this condition the conductances would be constant for
the two branches.

Resonance by Varying C. Through a similar procedure to that
outlined above, the student can develop the graphical representation
for the case where resonance is produced by varying C while RL, L, R.
and f are held constant. The graphical representation is shown in
Fig. 27. The locus of the resultant current is the circle adce. Again
it will be noted that resonance which occurs at d and e is not the con-
dition for minimum current. MinimUm current occurs at 'Tm, where
the resultant current is normal to the circle adce. If R C is zero, the
radius of the circle adce becomes infinite, or, what is the same thing, the
current Ic is in quadrature with the voltage V. Under this condition
there is but one point of resonance and it corresponds to minimum
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current. The conductance of the capacitor circuit is zero, whereas that
of the inductive branch is constant. This constant conductance makes
the current at resonance a minimum, and hence the impedance a maxi-
mum. Since most selective circuits employ constant inductance and
variable capacitance and the resistances of the capacitive branches are
very small, maximum impedance or minimum current at resonance is
practically realized in these circuits. Since at resonance the current is

— 7//

nc

Fic. 27. LOU.M of resultant current to the circuit of Fig. 24 is the circle ad"
as C Ls varied.

simply the conductance times the voltage impressed, it is evident that
the power factor is 1. An inspection of Fig 27 will reveal the manner in
which the phase angle 8 between the resultant current and the applied
voltage varies as the resultant current follows the circle adce. Between
points d and e, leading power factor obtains.

Resonance by Varying Frequency. From equation (39) the frequency
for parallel resonance is found to be

1 rR 2c—L1L	 '40)
"i 2r'/LC LRc 2C - Li

When RL2C> L and RC 2C < L, the quantity [RRL 
2C - L
2C - LI is imagi-

nary and therefore no real frequency will yield resonance. The same
situation results if both inequality signs are reversed. If RL and R
are equal, equation (40) for resonance becomes

= 2V'L?
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which is the same as that for series resonance. This equation is also
correct when RL Rc = 0 and may therefore be used as a close ap-

proximation when R. and Rc are very small. It should be apparent
that there are values of RL, C, R C , and L in a parallel circuit for which
parallel resonance is impossible, regardless of frequency. This is in
contrast to the series circuit containing R, L, and C where there is

Re

R1511
I - -- henry

R1fl
C-.ferad

- T -

Fm. 28. Parallel resonance by varyingfrequency.

always some real resonant frequency for any values of the three. pa-
rameters. The trends of various quantities as frequency is varied from
a value too small to produce resonance to a value higher than that re-
quired for resonance are shown in Fig. 28 for a condition where resonance
is obtainable.

Resonance by Varying RL or RC- When equation (40) is solved for

RL, the following equations result:

RL
JLCW (Rc 2C - L) + L=	 (41)

C

RL = ^LCW2Rc 2 - L2w2 ±	 (42)

R L =.,JRC2_ X L2 +	 (43)

When the parameters are such as to make the expressions under the
above radical positive, Rt takes on definite positive values. It is thus
shown that within limits there are denni te values of Rt which will bring

the circuit to resonance at some particular values of frequency, L, C,
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and Rc. Also, for resonance,

JRL2	 1
Rc,2+

Equation (44) shows that, for those values of parameters which make
the quantity under the radical positive, resonance may be produced by
choosing the proper value of R.

In contrast to the series circuit, where resistances hive no part in
determining the frequency of resonance, the resistances of a parallel
circuit are of signal importance in determining the frequency of reso-
nance, even to the extent of making resonance either possible or im-
possible to attain. Physically this can be understood when it is re-
membered that., with a certain quadrature component of current in
the capacitive branch, some sufficiently large value of R L will prevent
a resultant current in the inductive branch from flowing, which is as
much as the quadrature current in the capacitive circuit even when the
inductance is zero. Under such conditions it is apparent that inserting
inductance will do nothing but make the current in the inductive branch
still smaller and hence contribute nothing toward making resonance
possible. Such a case .,was discussed with reference to Fig. 26 when
I c sin 8c was greater than V/2RL. Figure 26, which is simply a phasor
diagram, shows that IL sin 8L can never be made as large as Tc sin 9c
if V/2R L is less than Ic sin oc- A similar situation obtains for the
capacitive branch.

Problem 8. Draw the phasor diagram and show the locus Of IL as XL is varied,
when RC I ohm, Xc 10 ohms, RL 6 ohms, and the impressed voltage 100
volts for a circuit aiz shown in Fig. 24. Repeat the problem when Rj is changed
to 4 ohms. What is the largest possible quadrature component of current in the
inductive branch as XL is varied in each case? In which case can resonance be
produced? Why?

Ans.: 8.33 amperes, 12.5 amperes, resonance for 4-ohm case only.

Duality. The principle of duality (pages 29-38) may be extended to
series and parallel resonance as shown below:

Ch. V

(44)

Series Resonance
a. Reactive components of voltage

combine to equal zero.
b. Voltage source constant in maxi-

mum magnitude.
c. Current maximum for constant re-

sistance.
d. Impedance at minimum value.
e. Inductive and capacitive reactances

equal in magnitude.

Parallel Resonance
a. Reactive components of current

combine to equal zero.
b. Current source constant in maxi-

mum magnitude.
c. Voltage maximum for constant

conductance.
d. Admittance at minimum value.
e. Inductive and capacitive suscept-

ances equal in magnitude.
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From the above tabulation it will be noted that the dual elements are

Series
a. Reactive voltage
b. Voltage
c. Current
d. Impedance
e. Resistance
f. Reactance

Parallel
a. Reactive current
b. Current
c. Voltage
d. Admittance
e. Conductance
1. Susceptance

Recognition of duality will often yield a deeper understanding of circuit
behavior than would otherwise be the case. It may also help to reduce
the time required for an understanding of the
physical operation of circuits. If, for exampje,
series resonance is thoroughly understood, it is a
simple matter to extend this knowledge to parallel 	 a
resonance by way of the duality principle.

A Simple Form of Wave Trap. Resonance C -4
phenomena as presented in the foregoing articles 	 i.
form the basis upon which many circuits used in
both wire and wireless communication operate.	 b
They are especially adapted to selective circuits
such as those for filters and oscillators. A parallel
combination of capacitance and inductance, along
with its incidental resistance, can be made into an
effective band eliminator, suppressor, or wave

FIG. 29. Simple form
trap. The impedance of such a circuit S (from a	 of wave trap.
to b in Fig. 29), where the resistance of the capac-
itance is negligibly small and RL is very small compared to w L, is most
easily found by taking the reciprocal of the resultant admittance. Since
the branches are tuned for parallel resonance, the resultant admit-
tance is conductance only. Thus

Y.- ZL2

Z.	
i	 '7I	 Lf2

Since Rt2 <<2L2,

J2L2
Z. =

RL

In a previous article it was shown that when RL =	 = 0 the resonant
frequency is practically

and

(45)

(46)

(47)

fm2v/7orww.=2Tf,,	
1	

(48)
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Substituting (48) in (47) gives the impedance at resonance

L
Zm	 (49)

CR L

When used as a wave trap, the parallel combination of inductance and
capacitance is placed in series with the antenna lead as shown in Fig. 29
At the resonant frequency the dynamic resistance of the wave trap is
very nearly equal to L/CR [equation (49)]. Experience has shown
that within the standard broadcast band the dynamic resistance at the
frequency fm can be made-about 10 times the impedance at frequencies
±20 kc from fm. Thus the wave trap acts as a band suppressor or

eliminator.

Problem 9. A typical coil used in the broadcast band for a wave trap like that
in Fig. 29 has L = 250 x 10 henry and a ratio of reactance to resistance at 10
cycles of 170. Assuming the resistance of the condenser to be zero, calculate the
following:

(a) C to produce resonance at 1000 kc from equation (39).
(h) C to produce resonance at 1000 kc from equation (48).
(c) Impedance of the wave trap from a to b when adjusted for parallel resonance

at 1000 kc.
(d) Impedance of the wave trap to 990 kc when in resonance for 1000 kc.
(e) The ratio of the impedances for (c) to (d).

Ans.: 101.3 jupf, 101.3 f, 267,000 ohms, 75,100 ohms, 3.56.

A Singular Case of Parallel Resonance. For some values of the
parameters RL. Rc, L, and C connected as in Fig. 24, the circuit is in
resonance for all frequencies. This may be shown as follows. From
equation (39) the condition for parallel resonance is

WfJ 

R 1. 2 + 2 L 2	 2c +R 

WC

WC Be
=	 2,2('2	 = j—::: 221?2

or

	

I	 -	 1 (50)

	

RL2	2	 - +02CRc2
L	 C

To be independent of frequency, an inspection of equation (50) will
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show that the following two conditions must be imposed simultaneously

RL2	 1	 IE.
Condition 1	 or	 =

Condition 2	 CRc2 = L or Rc 
= vc^cl

Hence for resonance at all frequencies

RL=Rc=.j	 (51)

Since the circuit is in resonance (resultant suseept.ance = 0), its ad-
mittance must be the resultant conductance. Therefore

FL

RL Rc	 \'C 
; +J••

)^c 	 cr
+L	 +-

and

	

Z,,, 
=	

(52?

Equation (52) shows that the impedance of the circuit is also inde-
pendent of frequency. The preceding demonstration has shown that,

when RL = = V'L/C, a circuit arrangement like that in Fig. 24 is

in resonance for all frequencies and offers the same impedance 1L7
to all frequencies.

It has been shown that under certain conditions the network of Fig. 21

is equivalent to a single series resistance of value N/L—/C at all fre-
quencies. For general information it may be stated that it is possible
to find networks that are equivalent to a given network at all fre-
quencies although in contrast with the one discussed the impedances of
the different networks, while being the same for any given frequency,
will not remain constant at the various frequencies. A detailed study
of such circuits is left for courses covering tha theory of networks.

The Q of Parallel Circuits. In vacuum tube circuit analysis one
frequently encounters the circuit arrangement which reduces essentially4
to that shown in Fig. 30a, namely, a coil and capacitor connected in
parallel and energized with a current source. In the practical cases
which will be encountered, the resistance of the coil, R,, is very small
compared to wL; therefore

R12<<w2L2
-12	 -
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Under these conditions the transformation of the series R. and L to
a parallel combination of g and bL as suggested in Fig. 22 transforms
Fig. 30a to that shown in Fig. 30b, where

1	 R.

wL 
and bwC

It should be noted that bLand bc are magnitudes of the inductive
and capacitive susceptances, respectively. Where purely reactive

*L.Tc	 R, cuh1L

(a)	 (b)

Fio. 30. Circuit shown in (b) is the equivalent of that shown in (a).

branches are placed in parallel, as in Fig. 30b, it is convenient to write
Y g + j(b - bL) and thereby obtain an expression which is directly
analogous to Z = R + J(XL - Xe). In Fig. 30b we find

I	 I

2
^g2 + ((_C - -L)wL

Comparing the above equation with equation (16), we observe a
correspondence which allows us to interpret Fig. 16 as the voltage
response versus ai. This response has a maximum value of Jig, and
the analysis following equation (16) can with a few obvious changes in
notation be employed to determine the band width of the selective
circuit shown in Fig. 30.

Since g in equation (53) corresponds to R in equation (16), and
C to L, and L to C, we may write for the parallel circuit

(54)

either by analogy with equation (25) or by direct computation.
Employing the same definition of Q as given on page 153 (namely,

Q = w,,/&i) and remembering that w,,	 i/v'12 when the resistances



Ch. V	 SINUSOIDAL SINGLE—PHASE CIRCUIT ANALYSIS 	 173

of the parallel branches are small relative to the reactances, we find that
for the parallel circuit

	

W,,1 o),,C	 1	 1
Q=------------ =—• i —	 (55)

	

w	 g	 gwmL g v L

In elementary analytical calculations, it is quite customary to treat
both R1 of equation (27) and g of equation (55) as constants, that is,
independent of frequency. Neither of these approximations, however,
agrees with the physical facts as accurately as treating Q as constant
over a reasonable frequency range certered on the resonant frequency,
f1, since R increases with increases in w. Over certain ranges of the
radio-frequency band, R varies almost linearly with respect to w, axEd
under these conditions we may set R1 = A%o with the following results:

o,L wL

	= 	
= constant

	

1	 w2L2

	

QV =- =	 = constant
gwL

Example 7. In Fig. 30a it will be assumed that the coil has a series resistance,
R1 , of 25.1 ohms and a self-inductance of 10 milhihenrys. This coil is to be resonated
at 20 kc with the capacitor C.

Let it be required to find the equivalent parallel circuit resistance, 1/9, the tuning
capacitance, the Q of the parallel circuit, and maximum voltage response per milli-
ampere of current 1.

R.	 25.1
- (2i- )( 20,000) 2 x (0.01)1 - 1.59 x i(r--s mho

I?,	 - 62,900 ohms
.9

C'	
1	 1
-	 0.00633 X 10— ' farad

- 0.01(2w X 20,000)

Q - 
tnC -

	

	- w.L

w.. 2Lg	 R,,	 R1

	

Maximum voltage response - 	 62.0 volts per milliampere
9

A certain class of vacuum tube, namely, the pentode, can under
certain operating conditions be made to function as current source
supplying up to several milliamperes of alternating current simply by
energizing one of its electrodes (the control grid) with a small ac voltage.
Since this small a-c voltage is often considerably less than 1 volt in
magnitude, it is plain that large voltage , amplifications may be obtained
frQp1 the circuit configuration shown in Fig. 30b if the current source
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takes the form of a pentode. Moreover this circuit has a reasonable
degree of selectivity since the band width between the 0.707Vm.x points
on the response curve is

1.59 X icr5
AW 

= = 0.00633 >	
= 2510 radians per second

On this basis of reckoning, the per unit band width is
AW	 2510

=0.02
c, 2irX20,000

Series-Parallel Circuits. The series-parallel circuit illustrated in
Fig. 31 is a combination of the series and parallel circuits which have

been discussed previously. The principles
previously considered apply to the analysis of
series-parallel circuits. These are (I) imped-
ances in series are added in complex form and
(2) admittances of those branches which are in
parallel must be added in corpplex form. To
illustrate, consider Fig. 31. The admittances
of impedances Z4 and Z5 are added in complex
form, and the reciprocal of the resultant ad-
mittance is then the equivalent impedance of
section B. An alternative method of flid-
ing the impedance of section B, as was pre-
viously shown, is to'use Z5 = Z4 Z5/(Z4 + Z5).
Through a similar procedure the impedance
of section 4 is determined. The impedances

FIG. 31. Impedances
of section A, section B, and Z1 are in series

n
series-parallel,	 and are, therefore, added in complex form.

This procedure yields the equivalent or result-
ant impedance Ze of the series-parallel circuit. The current I may then
be found from V, Ze.

Determination of Branch Currents and Voltages. After the resultant
current is determined, the process is reversed to determine branch
voltages and currents. The general procedure is to subtract the voltage
drop calculated for the known current and the impedance through
which it flows from the app1id voltage to obtain the voltage drop
across the remainder of the circuit, or to calculate the drops across
various sections from the resultant current and the equivalent impedance
of the branch through which the current flows. For example, in Fig. 31,
the drop across section A is the product of equivalent impedance ZA of
that section and the current I. The current through each of the parallel
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impedances is then determined by dividing this drop by the impedance
of the particular branch or, if the admittances have been determined,
by multiplying the voltage drop across the branch by the particular
branch admittance. A similar procedure can be followed for section B,
and so on.

a

ia A

7.211
a

Fia. 32. Circuit for example 8.

Example 8. Calculate current, power, and power factor for each impedance
shown in Fig. 32, and the total current and power and the power factor of the whole
combination.

	

1	
0.06 + j108 mho

6 -

1
- 0.16 —p.12 mho

4 +j3

Y,o + Y - 0.22 - jO.04 mho

	

1	 1	 (0.22 +jO.04) 4.4 + jO.8 ohms

	

Y	 (0.22 —fl).04) (0.22 +i0.04)

An alternative method i

ZZ.1 	 (6 - j8) (4 + )3)

	

= Za + Zed = 6 - J8 + 4 + j3 =
	 + .8 ohms

- Z 1 + Zig - 1.6 +j7.2 + 4.4 +jO.8 - 6 +jS ohms

j -

	

	
—6 —J8 — l0/-53.2°amperes

6 +J8

P - vs+Vi' — 8 X 100+0 X8 800 watt.,

600	 R 6
P1. -
	

10 - 0.6 or	 -	
0.0 lag
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V 1 - I•, Z41	 (6 -58) (1.8 +7.2) - 67.2 +530.4
- 73,8voLts

V10 - V -	 - 100 - 67.2 - 530.4 - 32.8 - 530.4
44.7/-42.8° volts

Or, more directly,

V10	 IZ,9	 (6 - iS) (4.4 + 50.8)	 32.8 - 530.4
44.7/-42.8° volts

VhYZ	 (32.8 -530.4) (0.06 +50.08)
- 4.4 +50.8 4.48/101° amperes

led = VfQYd = (32.8 - j30.4) (0.16 - 50.12)
= 1.6 - 58.8 = 8.95/-79.7° amperes

or	 led I - I = 6-58-4.4-50.8 1.6 18.8
8,95/-79.7° amperes

The powers in the various branches may now be determined in terms of principles
previously considered.

P bQ. 	 vi + v'i' = (32.8) (4.4) + (-30.4) (0.8)
144.32 - 24.32	 120 watts

P = (32.8) (1.6) + (--30.4) (-8.8)
52.48 + 267.52 = 320 watts

P41	 (67.2) (6) + (30.4) (-8) = 403.2 - 243,2 - 180 watts

or	 P41	 1r	 (62 + 8 2 ) (1,6)	 160 watts

P	 100 X 6 - 600 watts

Check:	 P P,,b + Pd + P.1 = 120 +320 + 160 600 watts

6
P/4ô = - = .	 - 0.Olead

Z,,	 V'62+82

4
P/cd -
	 V.& 

+32 0.8 lag

Problem 10. Study throb the details of the above example and draw a vector
diagram of V, I, V41 Ib, I, and V15 . Employ a volt.age scale of 25 volts per inch
and a current scale of 2 amperes per inch.

Series-Parallel Tuning. It has been shown that for certain conditions
parallel resonance yields maximum impedance and that series resonance
gives minimum impedance. These facts suggest that a combination of
these two phenomena may be used to exaggerate the effect of some
certain frequency and minimize the effect of another. An arrangement
that does this is shown in Fig. 33. This procedure is known as series-
parallel tuning. To illustrate, assume that two waves, one of 10,000
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cycles and the other of 20,000 cycles, , are impressed at ab and that it
is desired to detect the 10,000-cycle wave at D. Obviously as much

10,000-cycle current through D as can be obtained is desired1 and as
little as possible of the 20,000-cycle wave is to be tolerated. Hence the
parallel branches of capacitance and inductance are adjusted for parallel
resonance at 20,000 cycles. Then the 20,000-cycle wave encounters a
high impedance, and little current due to it will flow through D. For

the 10,000-cycle wave a little thought
will show that the parallel circuit acts
as an inductance. If a capacitance	 a	 1C1
is placed in series with the parallel _/1k

	

1 d	 e

circuit de and its reactance for the	 L.,'pp
10,000-cycle frequency is made equal b	 Li
to the equivalent inductive reactance
of the parallel circuit de for this same Fzo. 33. Series-parallel tuning circuit.
frequency, the circuit from a to b will
be in series resonance for the 10,000-cycle wave. The current

through D for the 10,000-cycle wave, therefore, will be large, whereas
parallel resonance from d to e for the 20,000-cycle frequency will allow
only a small 20,000-cycle current to flow through D.

Example 9. Assume Lj to have 0.005 henry inductance and 50 ohms resistance.
Neglect resistance of the condensers. Parallel resonance for 20,000 cycles obtains
when

b

W0.005
2 (0.005)2

where	 w = 2ir 20,000	 12.57 X 104 radians per second

0.005
C 1 =	 = 1.257 X 10 farad502 + 0.00522

50	 50
- = 2 +0.005 2 .,2 397,300 mho

397,300
=	

= 7946 ohms

For 10,000 cycles,

Yci j2r 10,0 X 1.257 10	 79 X icr mho

YLI =

	

	 49.3 X 10 - ;310 )< 10 mho
50 + jO.005 X 2w 10,000

= Yt + YLI - 49.3 X icr' - 1231 X 10- 1 mho

Za. 492	
•231 - 88.1 +j413 ohms



-If-
Co
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Since 413 ohms is the equivalent reactance of the divided circuit, a capacitive

reactance of 413 ohms is required to produce series resonance. Then Z,ô - 88.1
ohms for 10,000 cycles.

For 20,000 cycles,

Zod - 
j413 = 

—1206.5 ohms

- 7946 - j206.5 or 7946 ohms approximately

90.2
Zo0,000 . 88.1

Hence for equal impressed voltages across ab, the value of the 20,000-cycle current
will be about	 of the value of the 10,000-cycle current.

The student should devise the explanation to show that if the 10,000-
cycle wave is to be suppressed and the 20,000-cycle wave detected,
an inductance would have to be substituted for the capacitance between
a and d.

Fm. 34. See Problem 11.

Problem 11. Tie circuit O.b of Fig. 34 is to pass a .45,000-cycle current with
minimum impedance and is to block a 15,000-cycle current as effectively as possible.
R 0 = 20 ohms, R 1 = 40 ohms, and C2 0.05 juf are fixed. R 2, the resistance of
the C2 bra,tch, is assumed to be negligibly small. L 1 is capable of being varied
over the required range, it being assumed that the resistance of branch 1 is 40 ohms
when L 1 is set at the desired value. Either a fixed C O or a fixed L, (of negligibly
small resistance presumably) is to be placed in series with R 0 to accomplish the
above-stated tuning effect.

(a) Solve for L 1 , which will put the parallel circuit bc into parallel resonance at
15,000 cycles.

(b) Calculate the equivalent impedance from b to c at 45,000 cycles with L, set
at its 15,000-cycle resonant value. Is bc predominantly capacitive or predominantly
inductive at 45,000 cycles?

(c) What type of reactance (inductive or capacitive) must be placed in series
with R0 to put the branch ab into series resonance? Calculate the value of L0 or
Co which is required to put the branch aS into series resonance at 45,000 cycles.

(d) Assuming that the branch cob has been put into series resonance at 45,000
cycles, what is the actual impedance from a to b at 45,000 cycles? at 15,000 cycles?
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Outline the above procedure for the reverse tuning effect, that is, for circuit ab to
pass 15,000 cycles and block 45,000 cycles-

Ant.: (o) L l	 2.17 or 0,0835 millihenry. Use 2.17 for lower conductance.
(b) Z - 0.69 - 179.9 ohms, predominantly capacitive.
(c) L - 0.283 millihenry.
(d) Z, 45 , 00 o 	 20.69 ohms.	 = 1103 ohms.

Complex Frequency. As applied to sinusoidal wave forms of current
or voltage, I = I,, sin ( + 0) or v = V. sin (wt + 8), we might define
complex angular frequency as

di/dt - th/dt - w cos (w + 8)	
(56)

V - sin (cot +O)

all of which has the requisite dimension, namely'  a number per second.
In this connection, we recognize j as an operator which advances the
real quantity [sin (wt + 0)] through 900 to yield cos (we + 0). That is

w[jsin (wt + 0)]	 w cos (wt + 0)

An extension of the above definition to complex exponential currents
and voltages provides us with the general concept of complex frequency.
A complex exponential may be represented in any one of several different
ways; for example:

= 18+f9) = I?t = It" (cos wt + j Sin wt) (57)

where I = Ie' ' and s = a + jw. Depending upon the manner in which
it is used, I may be expressed either as the maximum or rms value of
the sinusoidal component of the complex exponential.

It will be observed that the complex exponential is capable of repre-
senting ally of the four wave forms shown in Fig. 35 with either the
real part, 9Z, or imaginary part, 4, of i. In this connection

(i) If" cos (wt- 8)	 (58)

and
.q(i) = I€ sin (ut + 8) (59)

In later courses, analyses will often be carried through in terms of
complex exponentials. Then either the real or imaginary portion of the
final result will be used. The interesting aspect of this approach is that
the analysis, in terms of complex exponentials, is usually simpler to
write than is the analysis of either the real or imaginary component
alone. Consider, for example, the LRC series branch shown in Fig. 19,
page 74. If the steady-state branch current, I, is to be represented as
a complex exponential it will be expressed as: i = Ie . Since in linear
circuits, current is directly proportional to voltage the voltage drop
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Of 0 r\\\J7T\J/
(a)aOw*O	 __e

or 
V

7c)a<O

or 0

(d)a*O w-O

(b)a>0 ()*0

FIG. 35. Wave forms which can be represented by complex exponentials.

across the branch will be Ve as is evident from a detailed study of the
voltage equation

di	 fid
L + RI +	 = Yeas	(60)

di	 C

Substitution of i = Ie into the left-hand side of this equation will
show that

(Ls+R--'r=v	 (61)
Cs,

The impedance of the LRO series circuit (V/I) in terms df the complex
frequency s is usually written as Z(&), meaning Z expressed as a function
of s. Thus

Z(s) = = (Ls + R +	 (62)

Where the circuit parameters L, R, and C are constants, it is evident
that complex exponentials satisfy Kirchhoff's laws in rather elegant
fashion. The associated complex frequency is

di/dt dv/dt
S = ---- =	 a +3w	 (63)

1	 V

which may be verified as follows. From i = le", di/31	 sle' 5 = SI.

Therefore s =
	

A similar procedure using v = Vest will also

yield s. The real part of s, namely a, accounts for an exponential
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increase or decrease of the current or voltage whereas the imaginary
part, o, defines or specifies the angular frequency of the current or
voltage.

V U.,	 41'

Do. 36. Illustrating the pole and zeros of Z(s) = L (s -hNs
(s -

Since s is a complex number, it is natural to employ an s plane in
circuit analysis with a measured along the axis of reals and w measured
along the axis of imaginaries. In terms of this convention, real angular
frequency w is plotted along the  axis of the complex s plane as indicated
in Fig. 36.

Poles and Zeros. Network behavior is sometimes characterized by
the poles and zeros of the impedance function Z(s) of the network.2

2 More generally, the transfer characteristics of the netork, V 0 jV, V0 ,.,, 'in,
and I0 /V, are characterized by the poles and zeros of these transfer

functions, all of which are ratios of polynomials in S.
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A pole of Z (s) is defined as the value of complex frequency at which
Z(s) becomes infinite and a zero of Z(s) is defined as the value of s at
which Z(s) equals zero. For example, the impedance of the LRC sere
circuit derived in the previous article may be expressed as:

Z(s)=Ls+R+= 
L(s2+s±

L 	 LC
CS	 S

or
L(s - 1)(s

Z(s) =

	

	 (64)
(s -

0 is the single pole of Z(s)

R /TR2
1,2 = - 2L ±
	

LC	
are the two zeros of Z(s).

If the pole and zeros of Z (s) are plotted on the s plane as in Fig. 36,
it is evident just how the magnitude and phase angle of Z(s) could be
evaluated for any value of s with the aid of a scale and a protractor.
Ordinrily, interest lies only in values of s which, are on the real fre-
quency axis, that is, the jw axis of the s plane. At any value of s =
for example,

Z(s) = Z(jw2) L 
UW. 91)(jwx - 2)

or

Z(jw) = L	 + O -	 (65)
C

where a = - b Ii' - 2 , and c = o, all of which may
be measured with the aid of a suitable scale. O, Or,, and 8 are the
angles of the three phasors (jw1 - ), (j(O - 2), and Jwx respectively
measured from the +a-axis direction.

In order to illustrate the pole-zero method of analysis (as well as
to point out some of its shortcomings), we shall evaluate Z(s) at

1
s = jwo = j from the location of the zeros and pole in Fig. 36.

At s = jwo = j

a J( R̂_y+[ 1	 1	
/11 212
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=	
2^p̂C2 

R2
a

R2LCbJ+2	 2—j
1	

8—T/2radians

1 -	 1 
+'Jj- 

R2

v'L	 \' LC 4L2	
'LC	

LC -
0. = tan 1	 = tan 1

R/2L	 R/2L

Vj;4: /1

L°L 2c2 4_L3C )

= R100 ohms
	 (66)

In arriving at O 0, we make use of the well-known and easily

derived relationship: tan x + tan' y = tan' 
X ± 11

1—xy 
Obviously,

no advantage accrues from the use of poles and zeros in this simple case.
In complicated filter circuits, the phase characteristics (O versus c)

are often evaluated by the graphical method (or with the aid of an
electronic computer) since the analytical expressions for the phase
characteristics can become extremely €umbersome.

Example. Let it be required to find the frequency response of the so-called
stagger-tuned amplifier circuit shown in Fig. 37. By frequency response in this case
we mearr the manner in which E0 ,1/E,, E3/E 1 varies with angular frequency, w.

If we let
Eous E3 

A 9

	

E,,,	 E1

we might plot A versus w to show how the magnitude of E 3 /E 1 varies with w and
plot 0 versus ej to show how the phase of E 3 (relative to E1) varies with w. The
latter plot is sometimes referred to as .e phase characteristic.

In the circuit of Fig. 37 g,.E j and are the current-generator representations
of the two tubes. The details of how these current generators represent the amplify-
ing properties of the tubes are incidental to the present problem.

If the impedance of L is represented by La and the impedance of C is represented
by 11Cs as derived on page 180, the application of Kirchhoff's voltage law to the
I l loop shows that

(L is + R +
CtS



—r -

(c)
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(d)

Fia.' 37. fllu8trat4ng the pole-zero method of circuit analysis.

L(s)	 (s -	 -	 -	 - ii')

From which

- 
(Lis + Ri)g.1iE1

B2 - (Li, + R1)11

-  cii(L1s +Ri + --
Cl.)
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and

/ + R1
-	 -

E 2 —q..i ______________________ — 9M1	 (s - e1)

- 	 -L

	
+	

+ --) 

C1 X - &) (S -

L,	 LIC1

where	 l I = – R 11L 1 is a zero on the negative a axis of the a plane.

cR12 
a second-quadrant pole.

CZ11—C,
R12 

the conjugate of &j.aI*=	 2Lj24L'
In a similar manner

(S-2)
E2 	 C2	 Cs - 2) (a - 82')

where	 l	 – R2/L2 is a zero on the negative a axis of the a plane.

CE.C. 
R2

it =
-iz- +I 	 -	 a second-quadrant pole.

j i	 R22= -	 -	 the conjugate of A2.2L2	 iC2

It follows directly that

(a - i j ) (a - i)
,

Let w be any value of w. Then s —	 - iw, and the following quantities may be
measured from the pole and zero plot:

Ij—id – a	 —zaI –b

_	 jwz-1j'	 d

IjW,_121	 1j'QzS2l	 1

- angle associated with (5w3 - Ii) — &

— angle associated with (5w, -2)	 b

8 — angle associated with (fwz - i)	 C

— angle associated with (5w, -	 — d

— angle associated with (5w, - l)	 e

angle associated with (jw, - ?) t
Then

9..W.a	 ab
4(w)



C
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(
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+

X
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where a, 6, c, d, e, and f depend upon s for their values:

8(u) — /Oa + 0b - - -

If the coils are of the high-Q variety

woj>> — and w0e>> -
L 1	L2

Under these conditions a d and b f are each approximately equal to 1/2, and ab/df

of the A (w) expression reduces to 1'4. Then
1

A(w)	 X
4C 1C2 	 cc

It is also evident from Fig. 37o that (0 + 0 - Oa - Oi )	 0 so that

0(w)	 - (0 + 0)

The results are indicated schematically in Fig. 37.
The great advantage of the pole-zero method of circiit analysis is that the general

behavior of the circuit is displayed without detailed and laborious calculations The
method is generally more suitable for advanced courses than it is for a first course in
circuit analysis. On pages 572-373, the use of complex freqiency, poles, and zeros
in finding both the steady-state and transient responses of a circuit is given.

+o-f Fc	 +
XX	

at w - -

( 

Tx 0

/

C Zoo etW

u/C

W' — '/

(C)	 (d)

FZG. 38. Reactance of four elementary circuits plotted
against w as the independent variable.

Pure Reactance Circuits. Four characteristics of pure reactance
circuits are illustrated in Fig. 8:
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(1) Either a pole or zero exists at w = 0.
(2) Either a pole or zero exists at w
(3) Poles and zeros alternate along the real frequency axis.
(I) The slope of the reactance curves is always positive, that is,

dX/d > 0 for al l finite c.,.

It will prove instructive to investigate these properties of reactance
circuits employing the s-plane method of'attack.

The poles and zeros of a reactance network are confined to the jw-axiS
of the s plane since there are no dissipative elements like R and C
present to give the critical frequencies a real component. In Fig. 38c,
series resonance occurs at wL = I/wC or at a zero of Z(s) = Ls + 1/Cs.
Parallel resonance occurs in Fig. 38d at a pole of

Z(s) =	 =	 L	 s/C

Y(s)	 1/Ls + Cs s 2 + 11LC	
(67)

The latter expression has a zero at s = 0 (or at jw = 0) and poles at

= ±j	 The poles and zeros of functions which are plotted

against real w are often indicated by crosses and circles respectively as
in Fig, 38.

An illustration of multiple resonance is given in Fig. 39 where

Z(i)-+Z2=1	
1

.1 Ci - -	 I )
wLj

or	

jwL2 [4 - (+	 +	 w + 
LL2CiCj(o)	 - (Z 

	
68

w 2(_2-
LiCL

It will be observed that Z() is a pure reactance that has a pole at

(equal to —j	 and a pole at w =ac (equal to jwL 211 as well

as internal poles at	 = ±	 Poles and zeros at w = 0 and at

= cc are referred to as external poles and zeros, whereas those between
these limits are called internal poles and zeros. The bracket term in
the numerator of equation (68) contains four zeros: two between

= 0 and w =	 (designated in Fig. 39) and their negatives (not
shown) which, of course, lie between w = 0 and w = - . It will be
—13
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)hscrved that the poles and zeros alternate along the co-axis which is
quivalent to their alternating along the jt-axis of the s plane. It will
rove instructive to investigate this property in more general terms.

C2

U-_c

X has a pole X at w X 00

Frequencyco-,

(a)

A	 E))(	 p

	

•	 Also a pale x it oa - 00

(b)

Pta. 39. Poles and zeros of the reactance (unction for the circuit shown. Multiple
resonance is illustrated when bc resonates at a lower frequency than ab.

A theorem due to R. M. Foster  states that the impedance seen looking
into any network of pure reactances is given by

2	 2
(w2 	 2)(2 - 2)	 (0) - ' H )

	

Z(0)) = K	 (69)' 2	 2(.2 -	 2 )( 2	 2)	 -

where K is equal to jwH or to	 H is a real number which depends
jW

ipon the values of certain L's and C's in the network. In effect, this
,heorem states that the shape of-the curve for a given impedance function
is entirely determined by the poles and zeros. In other words, through

" A Reactance Theorem" by R. M. Follter, B.S.T.J., April 1924, pp. 259-267.
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the same poles and zeros only curves of the same shape can be drawn.
These curves differ only by the scale factor H.

i, '2	 ,, are the internal zeros or the values of w at which
Z (w) = 0, not counting the possibility of a zero at w = 0 or at w =

,

	

	 •.,	 , are the internal poles or the values of w at which
=cc , not counting the possibility of a pole at w = 0 or w

It will be observed that m and n represent the numbers of internal poles
and zeros respectively.

In manipulating equation (69), four cases each of which is defined
and illustrated by the sketches shown in Fig. 40 must be allowed for,
namely:

LL circuits which have an external zero at w = 0 and an external pole
at w =

CC circuits which have an external pole at cu = 0 and an external zero
at w =

LC circuits which have external zeros at w = 0 and at w =
CL circuits which have external poles at w 0 and at w =co.

Case I: K = jwH and n = m. The Lb circuit where
(w2 - 2) ... (w -	 2)

Z(,)	 (70)(w22)

The reactance versus u graph is given in Fig. 40a.

Case II: K = - and n = m. The CC circuit where
3w

H (w2 	 (p2	 2)
(71)Z(w) =	 ( 2 - 212) 	 (w2	 2)

See Fig. 40b.

Case III: K = jwJf and m = n + 1. The LC circuit where
(w2 - z 2 ••	 -	 2)

Z 	 jwH	 2).. (w2 —	 2)	 (72)

See Fig, 40c.

Case IV: K H— 
and m =n —1. The CLcjreuitwhere30

Z(o)	 H (2 - D 2 ) .. (w2 — 2)

Jo (,2	 (2 -	 i2)
See Fig. 40d.

In order to show that, in general, the poles and zeros alternate along
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C,
+

14
co rraTI-1

+

.1

+

jo
"yIl--	

W2
L1C,

Cl

C.

AZli it

—1^ ^C.

1.

JI
(b)

.1
(c)•.—o

Poll
/L Z	 W

it

I Tq^^ 

Z2

ff

FIG. 40. Reactance graphs of LL. CC, L(, and CL networks. (Of the many possible
circuit configurations which might be employed to obtain the reactance graphs, one
simple configuration is indicated for each of the four cases.)
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the jw-axis of the s plane, we should first investigate the behavior of the
reactance in the immediate vicinity of a zero and in the immediate
vicinity of a pole. Reference to Fig 41a will how that just below the
zero 9 1 where _	 the reactance is governed essentially by (s -
regardless of the other zeros and poles. For s = ji_ (jut short of the
zero ) the reactance of the network is negative.

k(s -	 = j(w_ - 1 )k = —3X

+ i'
$PIIr'e1	

1
i , t

	 I governed by 
(s -

+x 1
j

	

	 governfd by ( -

—Xj

a

()	 (b)

Fio. 41. For use in proving that the poles and zero, alternate along the jc ' axis.

where k is a positive real number for zeros on the positive jw-axis
(	 > 0).

Just above 9 1 where	 > a l the reactance of the network is positive
since the governing factor is (s -	 ). That k

k(s —	 =	 — r,, I )1: = +jX

The effects of the other poles and zeros do not affect these results be-
cause the zero tery near s = j, dominates completely the behavior of
Zjc4 in this neighborhood.

Reference to Fig. 41a will also show that just below a pole, say §,

Z(jw) _	
A	 =	 k	

= +jX	 (74)
(s - s 1 )	 j(w -

Atj = f6 1 . Z(j)
Just above i a Fig. 41a

A	 k	 - -=	 = —JX	 (ia)
(s — ) i(+ -
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In passing through a pole in the direction of increasing (j), Z changes
from an infinitely large positive reactance to an infinitely large negative
reactance. Suppose now that two poles, A, and , appeared consecu-
tively along the jc-axis as illustrated in Fig. 41b. Since s = ju is allowed
to vary from 9 1 to 92, the reaeta,.ce would have to change continuously
from - X to + x • As applied to a physical circuit arrangement, this
change in reactance (from - 	 to + ) requires that the reactance, X,
he zero sinicwhore between 9 1. and or that the poles be separated
from one another by zeros. A natural consequence of the alternation
of the poles and zeros along the jc-axis is that dX,/dw is always positive
except at the poles where dX/dc., is not defined.

Impedance Matching and Maximum Power Transfe r A common
problem in impedance matching is to determine the load impedance
which will allow the maximum power to he transferred to the load from

some generating device having a constant

R X,	
generated voltage, E9. Let Fig. 42 represent

R such an arrangement and consider R to repre-
sent the sum of the internal resistance of the
generating device and the resistance of the con-
necting lines. Also assume X 1 to he the
combined reactance of the line and internal

F(;. 42. Generator con- reactance of the generating device. The solu-
nected to a load through
line impedance.	 tion is obtained by expressing the power at

the receiver algebraically and then finding the
maximum value of the expression. Let the receiver impedance be
represented by II,. and Xr. If the receiver is a two-terminal net-
work, R. and Xr are its equivalent series parameters. Thus

Eq
(R 1 + Rr) + (X 1 + X7)

=	
(HI + Rr) 2 +(Xi + Xr)2	

(76)

In order to make the dirivation cai!v applicable to all conditions, the
r:tlo of Xr'l?r will he repriscrited by k. Then

Xr = kkr

and F 2 R=	 (77)

(R 1 + R,) 2 + (X 1 + kRr)2

Setting dPi /dR. = 0 and solving for J?r give

zI (78)
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where Z 1	 V'R 1 2 + X 1 2. Substituting equation (78) in equation

(77), expanding the terms in the denominator, and simplifying give

F2
Pmax

	 (79)
2Z 'T± k 2 + 2(R 1 + kX1)

Equation (79) gives the maximum power for any value of k, the ratio
of X,/R,. To find the value of k that yields the greatest maximum
power, it is necessary simply to set dPmix/dk = 0 and solve for k.

Then
X,

(80)
R1

Substituting equation (SO) in equation (79) yields

F2
Pmax max 2	

(81",

4R 1 +	 (X 1 2 ± X2)
Ri

It is obvious from equation (81) that the greatest maximum power will
occur when the minus sign is used or when k = —X 1 /R 1 . For this case

E'72

Pmax Max -
-

	

	 (82)
 4R1

Since Rr cannot be negative in a dissipative network, Xr must be minus
to make k negative. Hence X is capacitive if X 1 is inductive, and
vice versa. Also for this condition, from equation (78),

Rr •/R1 —+X 1 2  R1'/12 +2 = 
R1

'/i + X21R2	 + X12

Also for the greatest maximum power X, =	 - (X 1 /R 1 ) R,
- (X 1 /R 1 ) R 1 = — X 1 . Hence the receiver impedance must equal the
generator plus line impedance, and the reactances must be of opposite
signs. In short, the receiver impedance must he the conjugate of the
combined generator and line impedance. As w ould he expected, the
circuit is tuned for series resonance. Since R 1 and R. are equal and
the current is the same in both, one-half the power input is dissipated
in the generator and line, and one-half is given to the recei ve;-. The
efficiency of transmission for the greatest maximum power is, therefore,
50 per cent.

Constant potential power systems are not designed to operate on the
basis of maximum power transfer, but most low-current circuits are so
dsigne'. Impedance matching is, therefore, of considerable importance
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in all communication networks, and much attention has been given to
this phase of circuit analysis by communication engineers.

Problem 12. A generating device has an impedance of 0.5 + jl ohms and is
connected to a load by a line of 1.5 + j4 ohms. At what load will maximum power
transfer be realized' If the generated voltage is 20 volts, what is the power received
by the load when adjusted for maximum power transfer Find the line loss and
loss in the generating device.

An.t.. Z1	— 2 - j5 ohms. Pma, ,,	 50 watts at receiver,

	

= 37.5 watts. Pgers loss	 12.5 watts.

Problem 13. If a load impedance having a ratio of X/R = 5 is used at the end
of the line in Problem 12, find the load impedance for maximum power transfer.
What is the niaxirnurn power the load can rt-c&-ive?

Ans.: For positive k, P = 3.675 watts. Z i. = 1 05 + j5.28 ohms.
For negative k, P	 45.2 watts. Zj. = 1.056 - j5.28 ohms.

Networks. Resistors, inductors, capacitors, vacuum tubes, and
sources of ernf may be linked together in all conceivable forms. Most
of the combinations, and almost all of those which contain emf's in
more than one branch, cannot he solved by simple series-parallel circuit
theory alone as previously outlined in this chapter Such combinations
may be classed as networks. Networks that contain sources of ernf or
power are sometimes called active, whereas those that do not contain
any internal emf's or sources of power are called passive networks.
Networks are said to be linear when the current in all branches is
directly proportional to the driving voltage or emf impressed. Thus
a network containing iron-core inductance coils and resistances that
vary with current strength are non-linear. Networks may be com-
posed of bilateral or unilateral elements. Bilateral elements are those
circuit elements like inductance, resistance, and capacitance which
transmit current equally well in either direction. Unilateral elements
are those circuit elements like rectifiers and vacuuni tubes which transmit
effectively in only one direction.

Through the application of a few simple network theorems, certain
combinations of circuit elements which are not solvable by ordinary
series-parallel circuit theory directly may be solved quite readily.

The Superposition Theorem. The current whirh flows at any point
or the voltage between any two points in a linear network, as a result
of the simultaneous action of a number of en-J's distributed throughout
the network, is the sum of the currents or voltages at these points
which would exist if each source of emf were considered separately,
each of the other sources being replaced at that time by their internal
impedances. that each emf in a network may be
treated as acting independently and the current in any branch of a
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network due to the simultaneous action of all emf's is the vector sum
of the currents in the particular branch produced by each emf acting
separately. It is important to keep all circuit elements closed or con-
nected as they are in the network All the emf's except the one for
which currents are being calculated are assumed to he zero. Any
impedances asociated with the source of emf must be left connected
in the network whether the ernf is assumed to be zero or whether it is
the one considered as an independent, driving voltage.

b	 in 311	 211 811(	 C	 AMH
It

E;EQr1OOL.P1Ic\	 4r^	
E-EQr50L°

Z01+j3ohms	
2fL

a	 t
Fw. 43. See example 10.

Example 10. Calculate the current in branch bc for the network of Fig. 43
Assume

0

- ZZ	 (3 - j3) (2 + j4)
3.69 +jO.462 ohmsz,I - Z

r., ± Z	 (3j3 +2 +j4)

Z,f = Z. + Z,f = 1 ±j3 - f-i - j3 + 3.69 +jO.462
569 + j0.462 ohms

100 + jO
=

17.43 - jI.417 amperes

Now assume

E51 = 0

=	 =	 TI±J +j3) (2±j4) 
15 +j0.5 ohmsZ.±Z	 2+2+j

2=Z±Z,,	 I+j5±2—j-t-1.5+0..5=4.5—f2.5ohms

50 /30'
=	 = 5 + J8.34 amperes

LZ	 (5 + j3.34) (15 + jO5)--	 ___ = 1.66 + j7.50 amperes2

Ibc = Li + 1b2	 161 - 12 = 17.43 - j1.417 - 1.66	 j7.50
15.77 - j8.917 amperes
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..Jroblem 14. Calculate the current in branch ac of Fig. 44.
.4ns	 I,	 1.76 —f3.l4amperes.

a'	 if)	 ill	 a
r12fl

Zn
2n 2a

E'.'—ioo
1)

16.6 .f

ECbl 100 L'
Fie. 44. See Problem 14.

Reciprocity Theorem. If any source of emf, E, located at one point
in a network composed of linear bilateral circuit elements, produces
a current I at a second point in the network, the same source of emf,
E, acting at the second point will produce the same current I at the
first point.

Example 11. The application of the above theorem may be illustrated as follows.
Given the network shown in Fig. 45. The reciprocity theorem states that, if 100
vo1s are inserted in bc and branch ef is left closed, the current flowing in ef will

e 212 212 a M21) b

E=100 LO	 10AFT 2 n

Fn. 43.	 ce example 11.

then be exactly the same as the current that fl-e1 in he xOwn this same voltage
was applied at ef. To verif y this theorem the current in tmc o ill be calculated for
the 100 volts at ef.

Z,Z,4	(3 -I- j4 (—jl0
Z,. = —	 = ---	 - = 6.67 -ff3.33 ohms

Z,,. ± Z	 3 + j4 - jlO

Z = Z + Z.. = 2 j2 - ( 157 +13 :13 = 8.67 +jl.33 ohms

V1	 100 +jO- =	 = 11.27 - jl.732 amperes
Z	 8.67 + jl.33

V, =	 = (11.27 - jI.732) (6.7 + j3.3.3) = 81 + j26 volts

V	 81 +j20
- == 13.88 - j0.84 amperes
Zo.&e	 3-i-J4
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Now assume that 100 volts are inserted in branch eb and that ef remains closed.
The current in ef will be calculated by a procedure similar to that shown above.

(2 .—j2) (—jlO)
l0) = 1.352 —31.892ohins

= 3 + j4 + 1.352 - jl.892 4.352 + j2.108 ohms

100 +jO
= 4.352 +8 = 18.6 - 

j9.02 amperes

Vai = (18.6 - j9.02) (1.352 - jl .892) = 8.07 - j47 4 volts

8.07 —j47.4

2 - j2	
13.88 - j9.84 amperes

which is the same as the current 16, above.

From the reciprocity theorem it follows that the ratio of the emf in
branch I of a linear bilateral network to the current it causes in branch
2 is the same as the ratio of a voltage placed in branch 2 to the current
it would cause in branch 1. This r:itio of voltage in one branch to
the current in another branch is called the transfer impedance.

Problem 16. Make use of the first set of calculations for Fig. 45 when the emf
is inserted in ft and with the aid of the reciprocity theorem find the current in ft if
100 volts are inserted in branch ad. Verify your result by actually calculating the
current in ft when IN volts are inserted in branch ad.

Ans.: —2.6 +jS.1 amperes.

Thévenin's Theorem. If an impedance	 e	 1100	 jlOQ

Z is connected between any two points of 	 3

an energized network, the resulting cur-
rent Fthrough this impedance is the po- E=0

ET

 200

tentia! difference V between these points,
prior to connection, divided by the sum	 f	 d
of the connected impedance Z and the

Fza. 36. See example U.
impedance Z 0 , where Z0 is the impedance
of the rest of the network looking back into the network from the points
across which impedance Z is connected. In evaluating Z0 all sources
of emf must be assumed to be zero and replaced by their internal im-
pedances.

Ezamp1e 12. For the network shown in Fig. 46 the voltage drop at ab is found
as follows:

If = 1o/-90	
10arnperes

V - V - (10)(20L-9o°) 200	 volts
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Now suppose that the current through a load impedance Zt - 3OZ02 ohms con-
nected across ab is desired.  According to Thévenin's theorem, the current is V,,,
divided by the sum of the load impedance and the impedance looking into the net-
work at ab. Thus the impedance looking into the network at ab (designated by Z0)

when the eraf in the branch ef is assumed zero is:

(j1O)(—j20)
Zoj10+	 =j:3oohms

j10 —j20
According to Thévenin's theorem

V,,b	 200/
I1oad	 =

Z 0 + Z,	 +3o/	 4.72/-45'amperes

This result may be checked by the usual series-parallel eireuit theory as follows:

Zcb	
(30	 jlO)-	 +	

(—j0) 12 —j16 ohms
30 + jlO - j20

j10 + 12 - jIG = 12 - j6 ohms

jO
Ice = 100 + = 6.667 + j3333 amperes12 —j6

V	 (6.667 + f3.333)(12 - jiG) - 133.3 - j66.67 volts

133.3 - j66.67
+110	

3.333 - j3.333 4.727-45° amperes30

which is the same as that obtained by Thévenin's theorem.

jStt	 J5fl

£ —100 L'	
0 0 0 Ita Ol

h L	
20(1	 1-.b	 'fI20 1).

d

1i. 47. See Problem 16.

Problem 16. In the circuit (if Fig. 47, the impedance of the generator is assumed
A iow enough so that it may b considered to be zero. Find the impedance Z 0 looking

into the terminals ab as emplo yed in applying Thvenin's theorem. As may be
easily shown, the drop across ab is 150 /0' volts. Calculate the current in a load
impedance Z L = 10 - j7.5 ohms connected across

Ans.: Z 0 J7.5 ohms, 'L = 15	 amperes.

The Nodal Method. The .iriethod ordinarily employed in analyzing
circuits consists in establishing the necessary number of voltage equi-
librium equations and solving for the currents. In many cases, par-
ticularly in vacuum tube circuits, it is desirable to employ current
equilibrium equations and solve for the voltages. The latter method,
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known as the nodal method, consists essentially in writing Kirchhoff's
current law at the nodes or junctions of the network the required
number of times to effect a solution for various voltages in which we
might be interested. See Chap-
ter I.	 _114..

In its simplest sense, a node of
a network is any accessible ter-
minal which is at a significant
potential difference with respect E11
to the other terminals. In this
sense, the network shown in	 ________________I
Fig. 48 might be considered a	 d

four-node network having nodes FIG. 48. Voltage sources may be transformed

a, b	 and d. Only the june-	 to equivalent current sources shown in Figs.
c 49 and 50.

tion points (c and d) of the net-
work, however, need be considered nodes, since the number of independ-
ent nodes is the number of junctions minus one. This will become
more evident as we proceed.

Before the nodal method of analysis can be applied to voltage sources
having internal impedance, these voltage sources must be transformed
to equivalent current sources in accordance with the following principles.
(If a specified voltage source is assumed to have zero impedance, it
follows that the potential difference between the terminals of the
generator is specified and hence does not enter the analysis as an un-
known potential difference.)

In order to illustrate the transformation of a voltage source having
internal impedance to an equivalent current source, let us suppose
that Z of Fig. 48 is actually the internal impedance of the EG voltage
generator, thus eliminating point a as a node. Let V he the potential
of node c relative to node d. Applying Kirchhoff's voltage law we have

11Z1 + V = E	 (83)

or
E V

	

11=-—--	 (84)
Z i	Zi

It will be observed in equation (83) that the inclusion of the potential
of node d (Vd ) is unnecessary and in general any node may be selected
as a reference node from which to reckon all other nodal potentials.

If E and Z 1 are specified quantities, equation (84) states that the
current flowing into node c (ft) is equal to a specified current (E./Z1)

minus a current (V/Z 1 ). The specified current (Ea/Z t ) may be C0fl

side'ed as a current source across nodes c and d, provided that a Z path
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is placed in parallel with this source to account for the (V/Z 1 ) current
in equation (84). Thus the voltage source E. in series with Z 1 showr
in Fig. 48 may be replaced with the circuit configuration shown in
Fig. 49. In a similar manner the Et, source and the impedance Z2
may be replaced with the configuration shown in Fig. 50.

ZLW-	 -
-. V0

ad

FIG. 49. Equivalent current source
of E. voltage source of Fig. 48.

12
vc

V, ( 
L1!ljZ	

$1EbI Z

Fin. 50. Equivalent current source
of Eb voltage source of Fig. 48.

If now these equivalent current sources are used in Fig. 48 instead
of the voltage sources, Fig. 48 takes the form shown in Fig. 51. Em-
ploying Fig. 51, the current equation for the node c can be written in
terms of voltage drops and admittances as follows:

Y1 Vc + Y3Vc + Y2Vc	 Y1Eg + Y2Eb	 (85)
(current leaving node c) 	 (current entering node c)

Fin. 51. Transformation of the circuit shown in Fig. 48.

V, can be obtained from equation (85) directly in terms of known
quantities and all currents thereby calculated.

Example 13. Assume the data for Fig. 48 to be as follows: E. = 100 	 volts,
- 50L volts, Z 1 — 5/0* 	 Z2 10/36.9 ohms, and Z3 = 20153.V ohms.

Find the voltage V and cunenth I, Is, and I.
From equation (85),

V1 (Y1 + Y, + Y 3 ) — Y 1E4 + Y5E-

V.
 (

+	 i	 i \ ioo	 5oL
- 10136.9 +
	

—	
+ 

10136.9'
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V(0.2 + 0.08 - jO.06 + 0.03 - fl.04) 20 + 5/53.10

V	 71.6/27.76° volts

1 3 	VY = (71.6/27.76°) (0.05 1 -531°) = 358.' —25.34° amperes

As seen from Fig. 49,

= EY - V,Y 1 = (0.2/01 ) (100 /0' - 71.1i '27.76') = 7.35 - j6.66 amperes

and, from Fig. 50,

12 = EbY 2 - V,Y2	 (0.1/-36.6') (50'90' - 71 6 27 76°)

= —4.05 +j5.134 amperes

The nodal method of analysis is usually iixi'ior to the mesh-current
method if the number of nodes (after tatlisfululatioll to current sources)
does not exceed the number of meshes or loops. If N represents the
number of nodes ill network, only .\ — 1 independent node equations
are required, and these are obtained by appl y ing 1irchhoffs current
law to .\ - 1 I1O(I('S.

To arrive at the method of formulating a gencral system of nodal
equations, assume that Fig. 52a is the network to he solved. First,
replace the voltage sources by constant-current sources as shown in
Fig. 52b. Assume one node as the rcferece node, node 4 in this case.
The output of the constant-current generator a is Ea,/ZQ = I. Simi-
larly the output of constant-current generator b is Eb/ Zb = I. To
obtain the current in any impedance, the voltage drop across the im-
pedance is multiplied by the admittance. The voltage drop can always
he obtained in terms of the nodal voltages. Remembering that the
voltage drop from node 1 to node 2 is the sum of the drops encountered
in going from node 1 to 2 by any path, we may write V 12 = V 14 +
V42 = V 1 - V 2 . Hence 112 = (V 1 - V2 )Y 12 . Application of Kirch-
hoff's current law to node I yields

	

Yovi + Y iVi + Y 12 (V 1 — V2 ) + Y 13 (V1 — V3 ) = I	 (86)

or

(Y + Y 1 + Y12 + Y13 )V 1 - Y 12V2 - Y 13V3 = I	 (87)

The sum of all the admittances from node 1 to all other nodes is called
the self-admittance and is designated by Y 11 . The admittance of the
impedance connecting node 1 to any other node, say n, is called the
mutual admittance, Y,,. Thus Y 12 , Y 13 , etc., are mutual adrnittances.
When these notations are used, equation (87) becomes

y11V1 - Y12v2 — Y 13v3 = I	 (88)
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Similarl y , for node 3,

	

Y33V3 - Y32V2 - Y31 V 1 = I	 (89)

where Y 3 = Y 13 + Y3 + Y23 + Yb. And, for node 2.

	

- YV 1 - YV3 = 0	 (90)

3

4

FLG. 52o. A network having two voltage s ources.

I) =
B	 -

4

Ftc. 52b. Transformation of circuit shown in Fig. 5c.

An extension of equations (88), (89), and (90) will yield the genera
system of nodal equations for an n-node system as fbllows.

Y11 V1 - Y 12V2 -	 -	 - Y 14 V,, = I) General system
of nodal

	

- Y 21 V 1 + Y22V2 - Y23V3 -	 - Y2 V = 12 equations where a
common node

	

- YV 1 - Y 2V2 - Y 3V3 -	 + YV1 In  is employed



(a)
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As previously defined, Ij, I,	 , and I are the output currents of the
constant-current generators direcd toward the various nodes. The
nodal voltages in the general system of equations above may be solved
for by determinants. After some practice with these systematic forms
of solution, the determinant forms can be established from an inspection
of the network after all specified voltage generators have been trans-
formed to equivalent current generators The writing of the current
equations as shown above can therefore be dispensed with and the

analysis reduced to a simple routine procedure.
In order to appreciate fully the usefulness of the nodal method, one

should apply it to vacuum tube circuits where the plate-to-cathode path
of the tube functions as a current sink (or negative current source).
This application, however, presupposes an elementary knowledge of
the functioning of a vacuum tube, and for this reason the following
example may be omitted without loss of continuity by those readers
who have no knowledge of the performance of a vacuum tube.

C

e^A
PcDVI

	

C	

v,i\gmg
rp

	

R0	 j rø Lb
g -	 \

RQ	 TG5	 1G0

(b)

FIG . 53. The a-c equivalent of (a) is shown in (b)

Example 14. The Equivalent Plate Circuit of a Vacuum Tube, For the present,
we may accept the fact that the plate current, ib, of a vacuum tube as shown in
Fig. 53a is a function of both the plate voltage, eb, and the control grid voltage, e.

Both of these potentials are relative to the cathode labL.d /c, as indicated in Fig. 53a.

If only small changes from the d-c operating values of current and voltage are

involved, we may write
(91)

aeb	ae

and, if the change in plate current Aib is called i,, if the change in plate voltage

eb is called e9, and it the change in grid voltage Ae,is called e, we have

(92)

rp

where r3, = ae/aib is called the variational or plate resistance of the vacuum tube,
and g, = &ib/äe is called the mutual conductance or transconductance. For
a particular condition of d-c operation both r5 and g,, are usually known. TIè

plate current of the vacuum tube so biased that the control grid current' is zero is

-14
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oriven by equation (92), and it is this equation which permits the use of the equivalent
1it shown in Fig. 535 for the pl4te-to-cathode portion of the vacuum tube shown
g. 53o.

n Fig. -53 we may replace the instantaneous values of the c's and the i's with
.ective values if a sinusoidal time variation of ee is assumed and if ej. is at no time

o large as to permit the contro grid to draw current. It will be observed that
the vacuum tube functions as a current sink (ge) in parallel with a resistance
path, namely, the r9 path in Fig. 53.	 -

In order to illustrate further the application of the nodal method in a numerical
case let it be required to find E.ut in Fig. 53 if:

Cm 0.707 sin 3770 volt or Ej. = E5 = 0.5/ volt

g,. = 2000 micromhos	 g,. 200 )< iO rnlio

— 20,000 ohms	 9P = 5 X 10 mho

Ra-50,000ohms	 Gb =2X10-mho

Ro - 200,000 ohms	 G0 = 0.5 X 10 who

C0.00285,d	 Y12 Y21 "jwC".jl0-'mho

Applying Kirchhoff's current law to node 1 in Fig. 535, we obtain

99V 1 + G6V +jwC(V I - V2) — — g-E, = Ii
or

- Y 12V2 —g-E9 —100 X 10— ampere

where, in this particular case,

Y11 (the self-admittance of node 1) — g , + 0b +j'C
= (7+jl)l0-5mho

Y2 (the mutual admittance between nodes 1 and 2)

PO- 1 mho
Applying the current law to node 2,

G0V2 +jcC(V2 - V 1 ) 0
or

_y21v1 + y22 11 2 =
where

Y22 (th' self-admittance of node 2) 	 G 0 + jC
(0.5 +jl) X lOmho

The detailed applications of the current law can be dispensed with as soon as the
systematized procedure implied by the subscripts attached to the Y'8 is understood.
The determinant form of the solution for V 2 is

	

Y 11	 il	 j(7 +jl)	 —ioo

Vs	

l
I x 10-10

	

I :y21	 ol	 I-u	 01—	 —

	

Y 11	 ''12	 +11)	 —J' J
I x 10-10

	

I — 21	 YSS I	 I —i'	 (0.5 + jI ) I
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_j100	 100/_900
volts- 12.081-15

	

3.5 +j7.5 — 8.271.	 5° 

The amplification of the circuit arrangement shown in Fig. 53 is

E	 12.08/-155°

—0.5j	
24.16/-15,5°

Ein

which indicates that the magnitude of the output voltage is 24.16 times that of the
input voltage and that the output voltage lags the input voltage by 155° or 155/360
part of a cycle.

Norton's Theorem; This theorem states that with respect to any
pair of terminals of any active network, the active network may be
replaced with a single current source in parallel with an impedance.
equal to the impedance which is seen looking back into the network

Fio. 54. Equivalent circuit
of Fig. 40 as used in the
application, of Thévenin*s
theorem.

EiE 1.J

Fio. 55. Equivalent circuit of
Fig. 54 employing s constant
current generator.

from the specified pair of terminals. As such Norton's theorem is
merely a mild variation of Thévenin's theorem since the Thévenin
equivalent of an active network (Fig. 54) is readily transformed to the
configuration shown in Fig. 55. In this latter figure

I = 'source =

where Va b is the open-circuit voltage which appears across the selected
terminals and Z 0 is equal to the series impedance of the Thévenin
equivalent circuit, Fig. 54. The transformation from Fig. 54 to Fig. 55
is ,ontained essentially in equation (84), page 199.

z4mple 15. Norton's theorem will be applied to example 12. From example 12
voltage V,, — 200 and the impedance looking back at aS was Zo — j'30 ohms.

This yields a circuit shown by Fig. 54 which was employed in Thévenin's theorem.
Converted to a constant-current generator in accordance with the principles shown
in the previous article, the circuit of Fig. 55 is oblained. If an impedance load
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Zj. - 30	 is connected across terminals ab th following solution results:

Va6 200L
I -	 -

Z0	
—j6.68 amperes (current source)

20
ZLZO

ZL + ZO 
(—j6.66)

=	 (—j6.66)

--	 4.72/45a amperes300(J666)	
200

30 + j30

which is the same result as obtained in example 12. Thus in accordance with
Norton's theorem the circuit of Fig. 55 may be used between terminals aS to replace
Fig. 46.	 -

Either Thévenins or Norton's theorem is often applied where complicated net-
works relative to a pair of terminals are being analyzed.

A

A
Equivalence of Special Circuits (Wyes and Deltas). Figures 56 and

57 show two types of circuits which are very commonly encountered in
the reduction of electrical networks. The first is called a delta system;
Fig. 57 is called a wye. It is possible to substitute a wye-cônnected
system of impedances for a delta system, and vice versa, if proper
values are given to the substituted impedances. Suppose that it is
desired to substitute a wye for a given delta. The two systems will be
exactly equivalent if the impedance between an y pair of lines A, B,

and C, Fig. 58, for the delta is the same as that between the corre-
sponding pair for the wye when the third line is broken. If this con-
dition is imposed, the following equations are obtained:

zc + za	
Z3 (Z 1 + Z2)

z i + z2 + z3

Li + Z	
Z1(Z2 + Z3)

zt + z2 + z3

ZA + ZB	
Z2 (Z 1 + Z3)

z1+z2+z3

Line A open:

Line B open:

Line C open:

(93)

(94)

(95)
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Solution of these three equations simultaneously for Z .4 . ZB, and Zc in
terms of the impedances Z 1 , Z2 , and Z3 gives the following:

zI z2

z2z3
(97)

z'z3
zc=zI+z2+z3	 (98)

Fjo. 58. Circuit for establishment of equivalence between vye and delta systems of
impedances.

From equations (96), (97), and (98), the values of the wye imped-
ances 2.4 , ZB , and Zc that will replace a system of delta impedances
2 1 , Z, and 23 may be found. These results are easily remembered
when it is observed that the denominators are all the same and equal
to the sum of the three delta impedances. The numerator for Z, 4 is
the product of the two -delta impedances which connect to Z . . Simi-
larly the numerator for Z B is the product of 22 and Z3.

It should be noticed that the special case of balanced delta impedances
yields wye impedances, which are also balanced and equal to

2.	 Z
Zy

	3Z.1	 3

and

/	
= 3Z

..ftxample 16. Find I for the circuit and constants shown in Fig. 59. First a
wye is substituted for the delta abc. The wye and its corresponding impedances are
shown dotted.

(I + 512) (4 - 56)
r	 = (4-56) + (3 +) + (1 +512) = 8.6— 51.2 ohms

7



8.6-11.2

FIG. 61. Reduction
from Fig. 60.
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6

i n s-

lOOvolts	 C 

I0.6 116. 12 fl

B.7n1\

Fio. 59. See example 16.

(4—j6) (3)
Z8 =	 = —0.12 - 52.16 ohms

8 +56

(1 + 512) 3) = 2.4 +12.7 ohms
8 +j6

Alter the above impedances are substituted, the circuit appears as shown in Fig.
60. It is apparent that a series-parallel circuit results, the method of solution of

Fia. 60. Reduction from Fig. 59.

which has been given in a previous article. Combining the parallel branches results
in the circuit shown in Fig. 61. Thus

Z=3—j4ohrn

Zbd

	(8 +58) (3-54) -	 50(9 —34) -

(3 —54) + (6 +58 ) - (9 +54 ) (9 —54)

_______	 -	 ohms
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	13.245 -13.265 7,14 +'
76 - 7.355/	 amperes

To find the currents in the various branches, the steps are retraced as follows:

(7.14 + jl.76) (4.645 - j2.O&5)

= 36.73 - j6.57 volts

(36.73 -j6.57) (3 +j4)
Id =	 (3 - J4) (3 + j4)	

5.45 + j5.09 amperes

(36.73 -j6.57) (6 -j8)
1"M=
	 (6 + i8)	 - j8)	

1.69 - j3.33 amperes

=	 = (7.14 +jl.76) (8.6 -jl.2) = 63.51 +j6.57 volts

Vc = LcdZ,c	 (5.45 +j5.09) (2.4 +j2.7)

= -0.64 +/26.9 volts

= (1.69 -j3.33) (-0.12 -/2.16)
= -7.403 - j3.25 volts

V -	 V	 63.51 +j6.57 -0.64 +f26.9

62.87 +j33 .47 volts

V	 V + V, = 63.51 +i6.57 - 7.403 - j3.25
56.11 +j3.32 volt

(62.87 + j33,47) (1 - j12)

(1 + j12) (1 - j12)	
3.19 - j4.96 amperes

(56.11 +jS.32) (4 +j6)
= 393 +6.73 amperes

(4 j6) (4 +j6) 

Check: 3.19 -j4.96 + 3.93 +j6.73 = 7.12 +jl.77,. which is within slide-rule
accuracy of 7.14 + jl.76 amperes.

V + V,.b - 0.64 - j26.9 - 7.403 - j3.25

= -6.763 - j30.15 volts

-6.763 j30.15	
-2.254 - j10.05 amperes

led =	 - 1,b = 3.19 - j4.96 + 2.254 + j10.05

5.444 +i5.09 amperes

which checks Te.ed•

hid = 1c6 + Ia = -2.254 - j10.05 + 3.93 -l-j6.73
= 1.68 - j3.32 amperes

There are a few occasions when it is convenient and desirable to
substitute an equivalent delta for a wye. This is simply the problem
of finding the values of Z 1 , and Z2 , and Z3 that will replace the values

Of ZA, and Z8, and Zc in Fig. 58. The solution is obtained when equa-
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tions (93), (94), and (95) are solved algebraically for the impedances
Z 1 , Z2 , and Z3 in terms of the impedances 2 .4 , ZR , and Zr. . It will
usually be found simpler to solve for these quantities from equations
(96), (97), and (98), which were derived from equations (93), (94),
and (95). The solution gives

Z1=
	Z A ZB + ZnZc + ZCZA	

(99)Z R

	

z2= 
ZA ZB + ZB Z C + ZCZA	 (100)

ze

	

Z A ZB + Z8Z + ZC'ZA	
(101)

ZA

Equations (99), (100), and (101) are easy to write when it is observed
that the numerator of each is the same and equal to the sum of all

A
A

Ion

:;4 in 6 fl

14 n '''
	

1611

8 	 8fl/ \28fl

C 
14.8(1 6.4(1

FIG. 62. See example 17.	 FIG. 63. Equivalent delta of Fig. 02.

possible products of the three impedances when taken two at a time.
The denominator of Z 1 is the vye impedance that has no connection
to either extremity of Z 1 . Similar relations obtain for Z 2 and Z3.

Example 17. Find the delta that will replace the wye system shown in Fig. 62.
(10) (6 —j8) + (6 —j8) (4 +j3) ± u0 (4 +j3)

ZAB	
4 -l--j3

148 - j64 
_ 16 - j23 ohms

4 + j3

148 —j64
ZBC =	 14.S - j6.4 ohms

10

Zç4	
143 - j64

6 j8 = 14 +j8 ohms
— 

From these three impedances the equivalent delta is found as shows in Fig. 63.

Two commonly used types of networks are the T and 7 configurations
shown, respectively, in Fig. 64a and Fig. 64b. Viewed as three-terminal
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networks, these configurations will be recognized as the vye and delta,
respectively. The same formulas derived for changing a wye to an
equivalent delta are therefore applicable for changing a T to an equiva-
lent ir. Likewise formulas for changing a delta to an equivalent wye
may be used to change a ir to an equivalent T.

C

r$

 C	 C

(a)	 (b)

FIG. 64. (a) T network, (b) r network.

T- and ,r-sections are used extensively in transmission line and
filter-section calculations. In cases of this kind, the T- and 7-sections
shown in Fig. 64 are usually considered as four-terminal networks be-
cause these sections are inserted into a two-wire circuit and are con-
sidered to have a pair of "input" terminals and a pair of "output"
terminals. The manipulation of T- and s-sections as four-terminal
networks will be considered in detail in Chapters X and XI.

PROBLEMS

17. Calculate the current through the impedances of Fig. 65. Find voltage
drops across ab, bc, and cd. Draw the vector diagram showing the current and the
voltage drop across each resistance or reactance. Calculate the power factor of
the complete circuit. 	 -

100 olt5

4.
Ftc. 65. See Problems 17, 18, and 24.

18. Find all possible values of pbre reactance which, when placed in series with
the circuit of Fig. 65, will make the overall power. factor 0.6. Find the power dis-
sipated in the circuit for this condition.

19. A particular 110-volt, 60-cycle, 1-hp, single-phase induction motor has an
efficiency of 60 per cent and a power factor of 0.6 lagging at full load. This motor
is to be used temporarily on a 220-volt, 60-cycle line. A resistor (non-inductive)
of suitable current capacity and of proper resistance is to be placed in series with
the motor.
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(a) What value of resistance is required if the motor is to have 110 volts across
its terminals at rated full load?

(b) Draw the complete phasor diagram Nmotort Mexternal, I, and V) with Vmotor
as reference.	 -

20. A single-phase lagging-power-factor load takes 300 watts and 5 amperes at
120 volts. Find the reactance of a pure capacitor that may be placed in series with
this load so that it will operate normally from a 240-volt source.

21. Two single-phase motors are connected in parallel across a 1 10-volt, 60-cycle
source of suppl y . Motor 1 is a split-phase induction type which takes a lagging
current, and motor 2 is a capacitor type which takes a leading current. Find the
total power, the combinJ line current, and the resultant power factor of the two
motors operating in parallel from the following data:

Horsepower	 Per Unit	 Per Unit
Motor	 Output	 Efficiency	 Power Factor -

1	 0.60	 0.70 (lagging)
2	 0.75	 0.95 (leading)

22. A series circuit on which 100 volts is impressed consists of a 10-ohm resistance,
a 5W-ohm condenser, a resistance 1? in which is lost 50 watts, and a reactance X taking
100 inductive vars. Calculate all values of R and X to satisfy the conditions stated
and the corresponding currents for each of the combinations.

23. A toaster operates at 115 volts ) 60 cycles, and 10 amperes and absorbs 1150
watts at its terminals. A choke coil is to be wound with a ratio of XL to R of 5, co
that, if placed in series with the toaster on a 230-volt, 60-cycle line, the toaster will
have 115 volts across its terminals.

(a) What is the impedance of the choke coil required? State Z in polar and in
rectangular complex form.

(b) Draw the complete vector diagram with Vt.tr as reference.
(c) What is the power factor of the combined toaster and choke coil in series?
24. Find the inductance or capacitance which may be inserted in the circuit of

Fig. 65 to put the 6tire circuit in resonance. Frequency 60 cycles.
25. (a) If the impressed voltage on a series circuit containing 5 ohms resistance,

100 ohms inductive reactance at 60 cycles, and a variable capacitance is 100 volts,
find the maximum drop across the capacitance and the value of the capacitance
for this condition.	 -

(b) Repeat the calculation if, instead of the 5--ohm resistance, a 100-ohm resistance
is used. Compare the results in 'the two cases.' 	 -

26. A' series circuit dissipates 800 watts and also requires 1000 volt-amperes
when the impressed voltage is 100 volts. Find the equivalent series resistaice and
possible reactances of this circuit.

27. The frequency range of the pass band as previously defined in this chapter
for an RLC circuit is 100 cycles when a coil having a Q of 50 is used. All resistance
of the circuit is assumed in the coil.

(a) Find the upper and lower frequency limits of the pass band.
(5) If a coil with a Q of 200 i8 used at the same resonant frequency as in (a), what

will be the frequency range of the pass band?
28. Given the RLC series circuit shown in Fig. 66.
(a) Find the resonant frequency of the series circuit.
(b) Find the Q of the series circuit at the resonant frequency.
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(c) At what angular velocities do the half-power points occur?
(d) Assuming that L is varied to obtain resonance, at what value of L would VL

be maximum? Assume the frequency in this case to be constant at 159 ke.

I Wv—J K
100012100 mh	 10p'f

V—tOO volts

Fin. 66. See Problem 28.

29. Given the circuit shown in Fig. 67.
(a) What are the values of XL that will produce resonance?
(b) Find the magnitude of the maximum impedance obtainable with this circuit.

Assume that the frequency is held fixed.

31.251l	 3OJL

V-100 volts	 1	 1

Fin. 67. See Problem 29.

(c) If Rj. is changed to 30 ohms (R C remaining the same) and L and C are made
9 millihenrys and 10 #'f, respectively, what is the impedance looking into the Circuit
at 100 cycles per second and 10,000 cycles per second?

(d) At what frequency will the circuit as designated in part (c) be in resonance?
30. In the following exercises, it is assumed that a coil having L henrys of in-

ductance and R. ohms of series resistance is placed in resonance with a series ca-
pacitor C, so that W,,v

(a) Show that Q, w,,.L/R, is

reactive factor (of the coil)
power factor (of the coil)

(b) Show that

Power factor (of the coil) =
	 1

+ 1
W Show that

w=W

R.1t

where to is the reactive energy stored in L and C at any time and R.!t is the average
dissipated power of the circuit. Note: w	 (LO/2) + (Cv 2j'2)	 constant.

31. An impedance Z1 — 8 - j5 is in parallel with an impedance Z2 3 + /7 ohms.
Find the resultant impedance of the combination. What is the overall power factor?

32. If 100 volts are impressed on the parallel impedances of Problem 31, find Ii,
I, and the resultant current. Draw the vector diagram of the circuit, showing
each current, and the voltage drop across each parameter.
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33. An irnjedance load consisting of 12 ohms resistance and . 16 ohms inductive
reactance is connected across a 60-cycle, 100-volt source. Find the capacitance of
a capacitor which may be paralleled with this load to bring the power factor to 1.
Assume negligible resistance for the capacitor.

34. Work Problem 33 if a final power factor of 0.8 instead of 1 is desired. Obtain
solutions for leading and lagging power factors.

36. Find the value of pure resistance which would be required in parallel with
the impedance load of Problem 33 to bring the resultant power factor to 0.8.

36. A capacitor branch having a ratio of X to R of 5 is paralleled with an impedance
con;isting of 4 ohms resistance and 3 ohms inductive reactance. The power factor
of the resulting circuit is 0.8 lead. Find the size of the capacitor in microfarads if
the frequency is 60 cycles.

37. A single-phase load on 200 volts takes 5 kw at 0.6 lagging power factor. Find
the kva size of capacitor which may be connected in parallel with this motor to
bring the resultant power factor to 1.

38. Work Problem 37 if it is desired to bring the power factor to 0.9 lag instead
of to 1.

39. The load of Problem 37 if operated in parallel with a synchronous motor
that takes 8 kw at 0.5 leading power factor. What are the resultant current supplied
by the lined the power factor of the combination?

40. Over1he period of a year, an industrial establishment takes an average load
of 2000 kw continuously at a (current) lagging power (actor of 0.80.

(a) What is the annual fixed charge on the kva capacity required to serve this
establishment if 1 kva of installed capacity (boiler, generator, transmission line, and
transformers) costs $200? The fixed charge (consisting of interest, taxes, and
depreciation) may be taken as 8 per cent of the investment.

(b) Repeat part (a) assuming that the power factor of the establishment is unity.
41. What value of resistance should be placed in parallel with a SO-pf capacitor

to give a combined power factor of 0.6 on a 60-cycle system? (Neglect the resistance
of the capacitor.)

42. Find the series-circuit resonant frequency of a 100-niicrohenry inductance
and a 400-rf capacitance.

I
RL10.fl Rc..5fl

200 volts
60 cycles

X1-20.A	 C—?

FIG. 6. See Problems 43, 44. and 45'

43. Find C to produce resonance in Fig. 68. How much power is dissipated in
Rc at resonance?

44. Find the value of C in Fig. 68 which will yield maximum impedance for the
whole circuit.

45. What minimum value of Rc in Fig. 68 would prevent the possibility of at-
taining resonance by varying C?

46. A fixed condenser is placed in parallel with a fixed resistance and variable
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inductance of negligible resistance a.. shown In Fig. 69. Show that the general
expression for XL which will produce unity-power-factor resonance is.

X
XL - -- ±	 - R2

!IirU: For unity p.1., b	 b.
47. Refer to Fig. 69.
(a) Draw a to-scale vector diagram of V, Ic and IRL for XL - 0.
(b) On the above diagram draw the loci of IRL and I for XL variable from 0 to ao.
(c) Determine the values of XL which will produce unity-power-factor resonance

either graphically or analytically.
(d) Determine the minimum value of I either graphically or analytically, and find

the value of XL which produces this minimum value of I.

1 c	 X — z0 ohms

R- 8 ohms - XL (variable)

V-120 volts

Fin. 69. See Problems 46 and 47.

I	 L	 4:
Fin. 70. See Problem 49.

48. A 2-zf capacitance is connected in parallel with a 20-ohm resistance. Plot
the magnitudes of the admittance and impedance of the parallel combination against
frequency for frequencies of 0, 10,000, 100,000, and 1,000,000 cycles.

49. (a) If L 0.050 henry, C - 200 14f, and RL -	 1.0 ohm, find the reso-
nant frequency of the parallel branches shown in Fig, 70.

(b) If RL = 20 ohms, L 0.050 henry, C ' 100	 find the value of RC which
will yield parallel resonance of the two branches at a frequency of 45 cycles.

(c) If C = 100 juf, Rj. 20 ohms, and R	 20 ohms, find the value of L that
will place the branches in parallel resonance irrespective of frequency.

Z .—*	 'j':;L h R-100

1'

Flo. 71. See Problems 50, 53, 54, and 56.

60. (a) Transform the circuit shown in Fig. 71 to that shown in Fig. 72, employing
numerical value, of g, b L, andbc and assuming that the operating angular frequency
is 5 X 107 radians per second. (Rerults which are accurate to within I per cent will
be considered satisfactory.)

(b) If terminals 11' of Fig. 71 are energized with a current of 2 milliamperes
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1'
Fin. 72. See Problem 50.

(at e - 5 X IOT radians per second), what voltage will be developed across these
terminals?

(c) What is the Q, of the circuit?
(d) Assuming that R is constant, find the resistance component of Z in Fig. 71

in terms of L, R, C, and co.
R

And.: R	
(LCd - 1)2 + RWC2

51. Given: R - 2 ohms, L - I henry, and C - 0.1 farad.
(a) If R, L, and C are connected in series, find the pole and zeros of the series

impedance, Z(s), numerically. Evaluate Z(w) at co - 2 radians per second (or at
s - j2 radians per second) graphically from a plot of ii i , it, and i l and compare the
result thus obtained with Z(2) - 2 +j(2 - 5) - 3.61/-56.3° ohms.

(b) If R, L, and C are connected in parallel as in Fig. 72, find the pole and zeros
bf Y(s) numerically. Evaluate Y(w) at w - 1 radian per second (or at i -
radian per second) graphically from a plot of 9 1, 6 2, and 1 1 and compare the result
with

Y(1) = 0.5 +j(0.1 - 1) 1.03/-60.9° mhos.

(c) Repeat part (b) for mu - 4 radians per second, and compare with

Y(4) - 0.5 +j(0.4 - 025) - 0.522 /16 .7' mho.

52. (a) Find the angular frequency at which RS of Problem 50 has its maximum
value, employing literal values of L, C, and R. -

(b) What is the numerical value of the angular frequency for (a)?
Ana.: 4.987 X 10 1 radians per second.

(c) Compare the above result with the approximate value of 1/V'W.
53. What is the maximum numerical value of the resistance component of Z in

.Fig. 71 as w is varied from zero to infinity? (A result which is accurate to within
1 per cent will be considered satisfactory.)

64. The series resistance of the 20-microhenry coil shown in Fig. 71 is R - 100

ohms. What is the Q of the coil at mu - 0.1/\/LC and ate 1/V'LC?
55. A coil having L henrys of inductance and R1 ohms of series resistance is placed

in resonance witi a parallel capacitor, C, having no appreciable series resistance
at an angular fre ency of mu which is essentially equal to iiv'Th. Ri,' wp20.

Show that Q, - mui,C/g is eentia11y equal to

V1g
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where V is the effective voltage across the parallel branches, to i.e the reactive energy
stored in L and C at any time, and V'g is the average dissipated power of the circuit.
Note: In terms of instantaneous values and letting v, = v, the instantaneous applied
voltage,

LIL2 Cv2
+ -2

56. It will be assumed here that the capacitor shown in Fig. 71 has a series resist-
ance of 10 ohms.	 -

(a) What is the equivalent parallel resistance of the capacitor at 	 l/v'LC?
(b) What is the equivalent parallel resistance of the t'wo branches at ,,, = 11V'L?
57. Given the circuit arrangement shown in Fig. 73a, where the voltage generator

has an internal resistance of 20000 ohms as indicated:
(a) Transform the circuit to that shown in, Fig. 735.
(b) What is the Q5 of the parallel branches facing the current generator in Fig.

735 at w 5 X 107 radians per second?
(c) Compare the result obtained in (b) with the Q of the coil itself at = 5 X 10

radians per second. The coil has a resistance of 50 ohms as indicated.

t7it6-i
5Ofli 	 I 2OjsjstR5 bL

 i 	 if
(a)

	

	 (5)
Fia. 73. See Problems 57 and 58.

58. (a) If the generator voltage in Fig. 73a is 200 volts at w 5 X 10 7 radians per
second, what is the magnitude of the current of the equivalent current generator
employed in Fig. 735'

(b) What voltage is developed across the parallel branches by the current generator
at '.' - 5 X iO radians per second?

El
1

1O12	 lOS	 Ii

no. 74. See Problem 59.

59. Find the admittance F (looking to the right of terminals 11") in Fig. 74, and
express the result in terms of a resistance R. in parallel with a condenser C, where
R9 and C are expressed numerically in ohms and xnicrofarads, respectively..
Ii - 0.1E1.

The 1, and 1i current generators have the polarities indicated, and the operating
angular frequency is 10 6 radians per second. Noe: Current generators are always
considered to have infinite internal impedance or zero internal admittance.
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The parameters in Fig. 75 are:

Z 1 R1 +JXLS 10 +130 ohms

R + jXL2 5 + 510 ohms'

Z 3 R - IXC2 = 4 - j16 ohms

Ii;. 7.	 SLL I'rll . iii- nil.	 ,il 70.

(a) Find I, I, 6 \T h :tnd Vj ' -. in romplwx	 Iar frrll1 with respect to applied
voltage (1000° volts) its a nkri,r.

(6) Draw a complete p1ta.cr di;tgr;in 1 th 	 mv v4Il;It I 	 nd currents.
(c Find the watts arid vars iiipu	 o ln 4111 ii circuit.

- Find the power dissipated ill inch braid	 1 Fiic. 7.5 fr ill ptrrri'tirs given

I "/ in Problem 60.
62. Find the pure reactance or rzictaiics .V ill lh. 711 o liklt will make the overall

power factor 0707.

311 411

t®101

30flZeq*

	Dhenry

1011

b	 0.05 henrY

Fia. 78. See Problem 62.	 Iii. 77.	 -t. 1, 1 ldIi I t(4.

63. A circuit similar to that shown in Fig. 34, page 178, ixcipt that 1.1 is constant

while C2 is variable, is to pass a 45,000-cycle current with tlliIIiIllUtll impedance and

to block a 15000-cycle current as effectively as posihi-. I( = 20 oIits, R = 40

ohms, and L 1 0.002 henry are fixed. The resistance, R 2, of the (•.. branch is
assumed to be negligibly small. Eit'her a fixed Co or a fixed L0 (or iugligihly small
resistance) is to be placed in series with R 0 to accomplish the desired luttiug c9ect

(a) Solve for C 2 which will put the parallel circuit bc into parallel resonance at

15,000 cycles.
(b) Calculate the equivalent impedance from b to c at 45,000 c-•vcic-- itli C set

at its 15,000-cycle resonant value. Is bc predominantly capacitive or inductive
at 45,000 cycles?
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(c) Must an inductance L0 or a capacitance C O be used to put the branch ab into
series resonance for 45,000 cycles? Calculate its value.

(d) Assuming that branch ab has been put into series resonance at 45,000 cycles,
what is the actual impedance from a to b at 45,000 cycles? at 15,000 cycles?

64. Given the circuit shown in Fig. 77, determine the impedance looking into
terminals oh at 1592 cycles per second.

65. A generating device has an impedance of 0.5 + ji ohms and is connected
to a load by a line of 0.25 + j2 ohms. At what load will maximum power transfer
be realized? If the generated voltage is 20 volts, what is the power received by
the load when adjusted for maximum power transfer? Find the line loss and the
loss in the generating device.

66. (a) If the resistance of the load in Problem 65 is fixed at 0.75 ohm and only
inductive reactance is permitted in the load, for what value of load reactance will
maximum load power to the load be realized?

(b) What is the maximum load power under these conditions?
67. Work Problem 6.5 if the receiver impedance is restricted to pure resistance:
68. If a load impedance having a ratio of X/R = 5 is used at the end oft'

line in Problem 6.5, find the load impedance for maximum power transfer. \Vh.,
is tl2e maximum power the load can receive?
49. Calculate 12 in Fig. 78 by the superposition theorem if E 1 = 100/W and

= 50
60 . volts.

Pure X—Ion	
7.5 fl	

a

E f ' T 5fl + 5 2 Efl5fl5jt

Fia. 75. See Problem 69.	 Fm. 79. See Problem 71.

70. The voltage V = 100/W volts is removed from branch 1 in Fig. 75 and inserted
in branch 3. If the upper terminal of Z 1 is connected to the lower common terminal
of Z 2 and Z 3 , calculate the current I. How does this compare with 1 3 as calculated
in Problem 60? By what theorem could this conclusion be reached?

71. Calculate V R in Fig. 79 if E1	 200/0, volts. Then use Thévenin's theorem
to calculate the current in an impedance Z,,. = 1.46 + j6.78 ohms if it is connected
to the terminals ab.
ja. Given the circuit shown in Fig. 80.
.(a) Using the superposition theorem, determine the current through the resistor

,-marked A.
(b) Using 'l'hévenin's theorem, determine the current through an impedance

Z,.b(= 3 +j3 ohms) that is presumed to be placed across terminals oh.

A'1T1L.voits
b	 I Egs100 Lvoltz

(t

	

3fl 

T5	 1Z92 2 + j1ohmiZ or l 4.jl ohms

-15
Fia. 80. See Problem 72.
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g	 Cep

+	 >gm E t

El	 1corp 9p

k
(b)

Fio. 81. See Problem., 73 and 74.

	

I	 fl

5rL

1OvoIt*

1	
2(1	

4111

CPk

V2

Fie. 82. Se. Problem 75 and 77.
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73. In Fig. 81b: R 1 — 10 1 ohms, R. — 5 X 10 ohms, r(of the tube) - 10 1 ohms;
Cp	 40 ppf, C, — 5 ppf; ju (of the tube) = 20; g(of the tube) =

2 X 10' mho.
Find the voltage, V2 , relative to ground if E 1 = 1,10* volt. The operating angular

frequency is 106 radians per second.

	

Note: In Fig. 81b: g = 11R 1 , g5	 1 , 'r, 92 = 1 R:	 =	 = 34 X iO

mho, and jue, p = jO.5 x 10 mho, which is a hint that the problem should prob-
ably be solved on the nodal basis, employing E 1 as a known voltage.

74..Find the admittance Y (looking to the right of the E 1 generator terminals in
Fig. 81b), and express the result in terms of a resistance R. in parallel with a Ca-
pacitor C where R. and C are expressed numerically in ohms and microfarads, •re-
apectively.

The parameters and the operating angular frequency are given in Problem 73,
and.if this problem has been worked V 2 will be a known voltage of 15.6/159 32° volts.

>J6. Reduce the impedances shown in Fig. 82 to a single equivalent series impedance,
Find the current in branch ab.

7,0. Derive the expressions shown in equations (99), (100), and (101), page 210.
js7. Find the equivalent delta system of impedances which will replace the wye

an, bn, en, in Fig. 82.

I	 a

10 L `k` LQohm

Vi	 1OL!° 10°ohm

200 &°voft'

10

C	
j	 d	 b

Fio. 83. See Problem 78.

Find the voltages Vde, V, and '1/d in Fig. 83. What is the phase displace-
) nent between these voltages?

79. What relationship between the Z's of Fig. 84 will make 1 3 - 0 regardless of
the magnitude of E,? Hint: A simple method of solution is to transform the

z	 z	 Z' 

0' Z 'LrJL
Li T

Rio. 84. 8.. Problem 79
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Z :-Z3-Z 4 and Z 5- Z 7-Z8 deltas to equivalent wyes and make the Z24 and Z legs of
the latter the negatives of each other to produce a short circuit across the load.

Fio. 85. See Problem 80.

80. What relationship between the V's of Fig. 85 will make the voltage V 3 (relative
to ground) equal to zero regardless of the magnitude of I,?


