
SWES-ooPARAREt C*I'RCUI*TS

Learn about the unique characteristics of series-ohemim
parallel configurations and how to solve for the
voltage, current, or power to any individual

element or combination of elements.

Become familiar with the voltage divider supply

and the conditions needed to use it effectively.

Learn how to use a potentiometer to control the

voltage across any given load.

7.1 INTRODUCTION

Chapters 5 and 6 were dedicated to the fundamentals of series and parallel circuits. In some

ways, these chapters may be the most important ones in the text because they form a founda-

tion for all the material to follow. The remaining network configurations cannot be defined by

a strict list of conditions because of the variety of configurations that exists. In broad terms,

we can look upon the remaining possibilities as either series-parallel or complex.

A series-parallel configuration is one that isformed by a combination ofseries

lei elements.

A complex cim/iguration is one in which none of the elements are 
in 

series or parallel.

In this chapter, we examine the series-parallel combinat ion using the basic laws introduced

for series and parallel circuits. There are no new laws or rules to team—simply an approach

that permits the analysis of such structures. In the next chapter, we consider complex net-

works using methods of analysis that allow us to analyze any type of network,

The possibilities for series-parallel configurationsare infinite. Therefore, you need to

examine each network as a separate entity and define the approach that provides the best

path to determining the unknown quantities. In time, you will find similarities between con-

figurations that make it easier to define the best route to a solution, but this occurs only with

exposure, practice, and patience. The best preparation for the analysis of series-parallel net-

works is a firm understanding 

of 
the concepts introduced for series and parallel networks.

All the rules and laws to be applied in this chapter have already been introduced in the pre-

vious two chapters.

7.2 SERIES-PARALLEL NETWORKS

The network in Fig. 7.1 isa series-parallel network. A t first, ^ou mu^t be very careful to de-

termine which elements are in series and which are in parallel. For instance, resistors R, and

R2 are not in series due to resistor R 3 being connected to the common point b between R, and

R2. Resistors R2 and R4 are not in parallel because they are not connected at both ends. They

are separated at one end by resistor R3. The need to be absolutely sure of your definitions from

the last two chapters now becomes obvious. In fact, it may be a good idea to refer to those

rules as we progress through.this chapter.

If we look carefully enough at Fig. 7. 1, we do find that the two resistors R3 and R4 are in

series because they share only point c, and no other element is . connected to that point.
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FIG. 7.1
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Further, the voltage sourre E and resistor R, are in series because they

share point a, with no other elements connected to the same point. In the

entire configuration, there are no two elements in parallel.

How do we analyze such configurations? The approach is one that

requires us to first identify elements that can be combined. Since there

are no parallel elements, we must turn to the possibilities with series el-

ements. The voltage source and the series resistor cannot be combined

because they are different types of elements. However, resistors R3 and

R4 can be combined to form a single resistor. The total resistance of the

two is their sum as defined by series circuits. The resulting resistance is

then in parallel with resistor R2, and they can be combined using the

laws for parallel elements. The process has begun: We are slowly reduc-

ing the network to one that will be represented by a single resistor equal

to the total resistance "seen" by the source.

The source current can now be determined using Ohm's law, and we

can work back through the network to find all the other currents and volt-

ages. The ability to define the first step in the analysis can sometimes be

difficult. However, combinations can be made only by using the rules for

series or parallel elements, so naturally the first step may simply be to de-

fine which elements are in series or parallel. You must then define how to find

such things as the total resistance and the source current and proceed with

the analysis. In general, the following steps will provide some guidance

forthe wide variety of possible combinations that you might encounter.

General Approach:

1.Take a moment to study the problem "in total" and make a brief

mental sketch of, the overall approach you plan to use. The result

may be time- and energy-saving shortcuts.

2.Examine each regw* n ofthe network independently before tying

them together in series-paraffel combinations. This usually simpli-

fies the network and possibly re peals a direct approach toward ob-

taining one or more desired unknowns. It also eliminates many of

the errors that may result due to the lack ofa systematic approach.

3.Redraw the network as often as possible with the reduced branches

and undisturbed unknown quantWes to maintain clarity andpro-
vide the reduced networks for the trip back to unknown quantities

from the source.

4. When you have a solution, check that it is reasonable by consider-

ing the magnitudes ofthe energy source and the elements 
in 

the

network. If it does not seem reasonable, either solve the circuit
using another approrch or review your calculations.
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*A74W Mg the reduce and return approaek

7.3 REDUCE AND RETURN APPROACH

The network of Fig. 7.1 is redrawn as Fig. 7.2(a). For this discussion, let us

assupe that voltage V4 is desired. As described in Section 7.2, first combine

thepries resistors R3 and R4 to form an equivalent resistor R' as shown in

Fig. 7.2(b). Resistors R2 and R' are then in parallel and can be combined to

establish an equivalent resistor R^ as shown in Fig. 7.2(c). Resistors R,

and RT are then in series and can be combined to establish the total resis-

tance of the network as sh^wn in Fig. 7.2(d). The reduction phase of the

analysis is now complete. The network cannot be put in a simpler form.
I We can now proceed with the return phase whereby we work

our way back to the desired voltage V4. Due to the resulting series
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Series-parallel networkfor Example 7. L
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configuration, the source current is also the current through R, and RT.

The voltage across R^ (and therefore across R2) can be determined

using Ohm's law as shown in Fig. 7.2(e). Finally, the desired voltage V4

can be determined by an application of the voltage divider rule as

shown in Fig. 7.2(f).The reduce and return approach has now been introduced. This
process enables you to reduce the network to its simplest 

form 
across the

source and then determine the source current. In the return phase, you

use the resulting source current to work back to the desired unknown.

For most single-source series-parallel networks, the above approach pro-

vides a viable option toward the solution. In some cases, shortcuts can be

applied that save some time and energy. Now for a few examples,.

EXAMPLE 7.1 Find current 13 for the series-parallel network in

Fig. 7.3.

Solution: Checking for series and parallel elements, we find that resis-

tors R2 and R3 are in parallel. Tbeir total resistance is

R2R3	 (12 kfl)(6 kfl) 
4 kflR' = R2 11 R3 = ^ = 12 kfl + 6 kflR2 + R3

Replacing the parallel combination with a single equivalent resistance

results in the configuration in Fig. 7.4i Resistors R, and R' ire then in se-

ties, resulting in a total resistance of

RT = R, +,R' = 2 kf) + 4 kfl = 6 kfl

The source current is then determined using Ohm's law:

E 54V
1$ = — = -^ —kf, = 9 mA

RT

In Fig. 7.4, since R, and R' are in series, they have the same current Is.

result is

1, 9 mA

Returning to Fig. 7.3, we find that 11 is the total current entering the par-

allel combination of R2 and R3. Applyingthe current divider rule results

in the desired current:

13 = ( 
R2	12 ka	

9mA = 6mA
R2 + R3	 12kn + 6kn)

Note in the solution for Example 7.1 that all of the equations used

were introduced in the last two chapters—nothing new was introduced

except how to approach the problem and use the equations properly.

EXAMPLE 7.2 For the network in Fig. 7.5:

a. Determine currents 14 and 1, and voltage V2.

b. Insert the meters to measure, current 14 and voltage V2.

Solutions:

a. Checking out the network, we find that there are no two resis-

tors in series, and the only parallel combination is resistors R2

2

1,	 R1

2,W17.

E	 54 V	 J?'	 4ka

TIG. 7.4

Substituting the parallel equivalent resistancefor

resistors R2 and R3 in Fig. 7.3.	 .

13

V



R,	 6,8 kfl

E	 12 V

R'= 1.8 kfl	 V2_T	 +

114	 +

&	 8.2ki I 12V
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R1 ^ 6.8 kfl	 III,

+	
8.2 W

V
E 

_T 
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R2 j iska , R3 ^ 2 W R'

FIG. 7.5

Series-parallel networkfor Example 7.2.

and R3 . Combining the two parallel resistors results in a total

resistance of

0

FIG. 7.6

Schematic representation of the nenvork in Fig. 7.5
after substituti;ng the equivalent resistance R'for the

parallel combination ofR2 and R3.

R' = R2 11 R3 = 
R2R3	 (18 kfl)(2 kfl)

R2 + R3 18 kfl + 2 kfl

Reciawing,the network with resistance R' inserted results in the

configuration in Fig. 7.6.

You may now be tempted to combine the series resistors R, and

R' and redraw the network. However, a careful examination of

Fig. 7.6 reveals that since the two resistive branches are in paral-

lel, the voltage is the same across e^ach branch. That is, the voltage

across the series combination ofR 

I 

and R' is 12 V and that across

resistor R4 
is 

12 V. The result is that 14 can be determined directly

using Ohm's law as follows:

14	 E 
= 

12 V	
1.46 A

R4 R4 8.2 kQ

In fact, for the same reason, 14 could have been determined directly

from Fig. 7.5. Because the total voltage across the series combina-

tion of R, and RT is 12 V, the voltage divider rule can be applied to

determine voltage V2 as follows:

V2	 R' 
)E = (	

1.8 kfl	
12 V = 2.51 V

+ R,	 1.8 M + 6.8 kfl )

The current 1. can be found in one of two ways. Find the total resis-

tance and use Ohm's law, or finZI the current through the other paral-

lel branch and apply K.'rchhoff's current law. Since we already have

the current 14, the latter approach will be applied:

E	 12 V
8 -kf,	 1.40 MA

R- 1 + R'	
+ 18 ki,

and Is 11 + 14 = 1.40 MA + 1.46 mA = 2.86 mA

b. The meters have been properly inserted in Fig. 7.7. Note that the

voltmeter is across both resistors since the voltage across parallel

elements is the same. In addition, note that the ammeter is in series

with resistor R4, forcing the current through the meter to be the

same as that through the series resistor. The power supply is dis-

playing the source current.

Clearly, Example 7.2 revealed how a careful study of a network can
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14

+ _L I R4

R2 I V, R3

FIG, 7.7

Inserting an ammeter and a voltmeter to measure 1 4 and V2, respectively.

the extra time to sit back and carefully examine a network before trying

every equation that seems appropriate.

7.4 BLOCK DIAGRAM APPROACH

In the previous example, we used the reduce and return approach to find

the desired unknowns. The direction seemed fairly obvious and the solu-

tion relatively easy to understand. However, occasionally the approach is

not as obvi6us, and you may need to look at groups of elements rather

than the individual components. Once the grouping of elements reveals

the most direct approach, you can examine the impact of the individual

components in each group. This grouping of elements is called the block

diagram approach and is used in the following examples..

In Fig. 7.8, blocks B and C are in parallel (points b and c in common),

and the voltage source E is in series with block A (point a in corrunon).

The parallel combination of B and C is also in series with A and the

voltage source E due to the common points b and c, respectively.

To ensure that the analysis to follow is as clear and uncluttered as

possible, the following notation is used for series and parallel combina-

tions of elements. For series resistors R I and R2, a comma is inserted be-

tween their subscript notations, as shown here:

R 1,2 = RI + R2

For parallel resistors R I and R2, theparallel symbol is inserted be

tween their subscrip^k notations, as follows:

RIR2
R Ij2 = RI 11 R2 = 

R, + R2

If each block in Fig. 7.8 were a single resistive element, the network

in Fig. 7.9 would result. Note that it is an exact replica of Fig. 7.3 in

Exa, ' mple 7. 1. Blocks B and C are in parallel, and their combination is in

series with block A.

However, as shown in the i1eit example, the same block configuration

can result in a totally different network.

a	 b

A------

B	 C

Lw
FIG. 7.8

introducing the block diagram approach.

A	 b

_W^r	 2 k0l

+LR r	
- ' 8 	' C54 V	 .12kfl -.-6kfl

c

FIG. 7.9
Black dfaeram format of Fig. 7.3.
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EXAMPLE 7.3 Determine all the currents and voltages of the network

in Fig. 7. 10.

'A	 R, A	 b

4n

C

,0.5(1

E^^ Iov
3F -

R, 4 il R3 4 01

.50

FIG. 7.10

Example 7.3.

Solution: Blocks A, B, and C have the same relative position, but the

internal components arc different. Note that blocks B and C are still in

parallel, and block A is in series with the parallel combination. First,

reduce each block into a single element and proceed as described for

Example 7. 1.

In this case:

A: RA = 4 fl

B: RB = R2 11 R3	 R2R3	 4 fl 2 fl
N 2

C: RC = R4 + R5 = R4,5 = 0.5 41 + 1.5 fl. 2 il

Blocks B and C are still in parallel, and

R 20
RBIIC 

N	 2

with
(NoW tM WndlMty ba^ Wsqufion

RT, RA # RBDc

4 fl + I fl 5 il

E lov
and	 2 A

'A 
+ VA We can find the currents 1A, IN, and 1C using the reduction of the net-

work in Fig. 7. 10 (recall Step 3) as found in Fig. 7.11, Note that IA. is,

and 1C are the same in Figs. 7. 10 and Fig. 7.11 and therefore also appearRA V 4 'n
+	

V,	 in Fig. 7.11. In other words, the currents 1A, 18, and Ic in Fig. 7.11 have
1OV_1 i_'	 2 a I + RC 2 n +VC the-same magnitudeas thesame currents in Fig. 7.10.Wehave

1A - 1, 2 A

LA	 A
and . -	 is . IC	 I A

FIG. 7.11	
2	 2	 2

Reduced equivalent ofF4. 7.10.	 Returning to the network In Fig. 7. 10, we have

2 0.5 A
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voltages VA, VD, and VC from either figure are

vA = JARA = (2 A)(4 n) = 8 V

V, = 1,RB = (I A)(2 fl) = 2 V

VC =	 2 V

Applying Kirchhoff's voltage law for the loop indicated in Fig. 7^ 11,

we obtain

Ic V = E — VA — VB = 0,

'E = EA + VB = 8Vl ,+ 2V

or	 10 V ^— 10 V (checks)

EXAMPLE 7.4 Another possible variation of Fig. 7.8 appears in

Fig. 7.12. Determine all the currents and voltages.

R,	 A

9. T,	
b

R2	
Ile

611	 2

R, 4n	 C

E	 16.8 V	 *3n

R4 611 R5 3 fl

Example 7.4.

solution:

J9 fl)(6,Q) 54 a

RA = Rip 91n + 6fl 
—, 5 	 3.6 f . I

(6 fl)(3, n)
RB = R3 + R4p 4fl 

+ 611 + 3fl 
=4fl+26=6n

RC - 3-0

The^ network In fig. 7,12 can then be redrawn in reduced form, as shown 	
+

'A	 RA
'F'	 ==—Wr-1&. 7.13. Note the similarities between this circuit and the circuits in

Ss. 7.9 and 7.11. We have	 I't — 3.6 n	 V.	 VC

(6 n)(3 fl)	

+ 
Rr	

, -
	 1.	 +

E --9::16-1 V Rjr--tin	 Rc -
R-r - RA + Rjqc 

3.6a + 6fl + 30	
V,	 .0311 Vc

- 3.6 fl + 2'(1 S-6 0	 -T
E '6-8 V 3 A
RT	 5.6 0	 FIG. 7.13

1A 1, - 3 A	
Reduced equivalent ofFiS. 7.,J 2.
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RUN

Applying the current divider rule yields

RCIA	 (3 fl)(3 A) 9 A
— = — = 1 A

RC + RD 3 0 + 6 0 9

By Kirchhoff's current law, ,

Ic = IA — 1B = 3 A — I A = 2 A

By Ohm's law,

VA = IARA = (3 A)(3.6 fl) = 10.8 V

VB = IBRB = VC = ICRC = (2 A) (3 0) = 6 V

Returning to the original network (Fig. 7.12) and applying the current

divider rule gives

R2IA	 (6 fl)(3 A)	 18 A
— = — = 1.2A

	

R2 + Ri 6f) + 9fl	 15

By Kirchhoff's current law,

12 = 1A — 11 3 A — 1.2 A 1.8 A

R,	 4 il	 ;14

+12 V

R2 3 a V2 R3 60

FIG. 7.14

Example 7.5.

J'4

E	 A

FIG. 7.15

Block diagram of Fig. 7.14.

FIG. 7.16

Alternative block diagramfor thefirst parallel

branch in Fig. 7 14.

Figs. 7.9, 7. 10, and 7.12 are only a few of the infinite variety of

configurations that the network can assume starting with the basic

arrangement in Fig. 7.8. They were included in our discussion to em-

phasize the importance of considering each region of the network

independently before finding the solution for the network as a whole.

. Ile blocks in Fig. 7.8 can be arranged in a variety of ways. In fact,

there is no limit on the number of series-parallel confiUm ations that can

appear within a given network. In reverse, the block diagram approach

can be used effectively to reduce the apparent complexity of a system by

identifying the major series and parallel components of the network.

This approach is demonstrated in the next few examples. ^

7.5 DESCRIPTIVE EXAMPLES

EY^WPLE 7.5 Find the current 14 and the voltage V2 for the network

in Fig. 7.14 using the block diagram approach.

Solution: Note the similarities with the network in Fig. 7& In this

case, particular unknowns are requested instead of a complete solution.

It would, therefore, be a waste of time to find all the currents and volt-

ages of the network. The method used should concentrate on obtaining

only the unknowns requested. With the block diagram approach, the net-

work has the basic structure in Fig. 7.15, clearly indicating that the three

branches are in parallel and the voltage across A and B is the supply volt-

age. The current 14 is now immediately obvious as simply the supply

voltage divided by the resultant resistance for B. If desired, block A can

be broken down further, as shown in Fig. 7.16, to iden tify C and D as se-

ries elements, with the voltage V2 capable of being determined using the

voltage divider rule once the resistance of C and D is reduced to a single

value. This is an example of how making a mental sketch of the ap-

proach before applying laws, rules, and so on can help avoid dead ends

and frustration.	 I
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Applying Ohm's law, we have

E E 12 V
14	 1.5 A

R8 R4	 811

Combining the resistors R2 and R3 in Fig. 7.14 results in

	

(3 fl)(6 fl)	 18 fl

RD = R2 11 R3 = 3 n 116 0 = 3 fl + 6 fl = 9	
2 0

and, applying the voltage divider rule i we find	
a,

R&E	 (2 fl)(12 V ) 24 V
V2 =	 = –j— = — = 4V

RD + RC	
f, + 4f,	

6

EXAMPLE 7.6 Find the indicated currents and voltages for the net-

work in Fig. 7.17.

+ V,
R,

6 fl

is	 R2 12

6 fl
R3	 ^14
YA_	 +

E =-24V	 2 0	 R4 Sn R5 12 il V,

	

FIG. 7.17	 +	
V,

	

Example 7.6.	 A

Solution: Again, only specific unknowns are requested

-

. When the net-	 +

work is redrawn, be sure to note which unknowns are preserved and 	 + F,

which have to be deiermined using the original configuration. The block	 E - 
R,	 8	 Y5

diagram of the network may appear as shown in Fig. 7.18, clearly reveal-

ing that A and B are in series. Note in this form the number of unknowns

that have been preserved. The voltage V, is the same across the three

parallel branches in Fig. 7.17, and V5 is the same across R4 and R5. The

unknown currents 12 and 14 are lost since they represent the currents 	 FIG. 7.18

through only one of the parallel branches. However, once V, and V5 are	 Block diagram for Fig. 7.17.

known, you can find the required currents using Ohm ' s law.

R lp	 3 il	 + V,

N	 2	 R1112113

	

(3 fl)(2 fl )	 6 fl	
1.2 fl	 1.2 fl

	

RA.= RIA3 = 
3 fl + 2 fl ^ 5	

+1	
+

RB = R41p	
fl)(12 fl) 96 n 

4.9 11	
E — 24V 7 R4115 4.8 0 VS

	

8 fl -^ 12 n	 20	 RT

reduced form of Fig. 7;17 then appears as shown in Fig. 7.19, and

RT R,,Rp + R4p ^ 1.2 n + 4.8 fl

E = L4—V 4 A	
FIG. 7.19

RT 6 fl	 Reducedform offig. 7.17.



F+	
'j I.

	+V, R,	 5 0	
V, 
R3 6 fl

-	 r, -

:12 V	 a,	
b

V.,

R2 3 n	 R4 2 n

E-
I

F`P7^

V I
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a

with	 V1 ^ 1,RIP3 = (4 A)(I.2 fl) = 4.8 V

V5 = 1,R4V (4 A)(4.8 n) 19.2 V

Applying Ohm's law gives

14 = L5 19'2 V = 2.4 A
k4 .8 0

V2 Vi 4.8 V
12 = 

R2 i; 
=	 = 0.8 A

The next example demonstrates that unknown voltages do not have to

be across elements but can exist between any twapoints in a network. In

addition, the importance of redrawing the networ^ in a more familiar
form is clearly revealed by the analysis to,follow.

EXAMPLE 7.7

a. Find the voltages V1 , V3, and V̂ b for the network in Fig. 7.20.
b. Calculate the source current 1,

6 =nb

f'	

2f'

+ V3	 1 2fl
Vb

R,	
a +

E,	

6V	

18viE
3 fal

V, -

FIG. 7.21

Network in Fig. 7.20 redrawn,

FIG. 7.20

Example 7. Z

Solutions., This is one of those situations where it may be best to re-
d raw the network before beginning the analysis. Since combining both

sources will not affect the unknowns, the network is redrawn as shown in
Fig. 7.21, establishing a parallel network with the total source voltage

across each pgallel branch. The net source voltage is the difference be-

tween the two with the polarity (if the larger.

a. Nottoe similarities with Fig. 7.16, permitting the use of the volt-
age Mvider rule to determine V, and V3:

V,	
RIE	 (5 11)(12 V) -60 V 

7.S V
Rt + R, 5 0 + 3 fl	 8

V3	
R3E	 (6 11)(12 V) 72V

R3 + R4 ^fl + 2 n -8 - 9 V

The open-circuit voltage V.b Is determined by applying Kirchhoff's
voltage law around the indicated loop in Fig, 7.21 in the clockwise
direction starting at terminal a. We have

+ VI V3 + Vab 0

and	 V3 — VI 9 V — 7.5 V - 1.5 VVb
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b. By Ohm's law,

7.5 V
it	1.5 A

RI	 5 a

13 Y3 — 9 v = 1.5 A
R3 6 fl

Applying Kirchhoff's current law gives

1,	 + 13 = 1.5 A + 1.5 A 3 A

EXAMPLE 7.8 For the network in Fig. 7.22, 
determine the voltages V,

and V2 and the current L

Solution: It would indeed be difficult to analyze the network in the

form in Fig. 7.22 with the symbolic notation for the sources and the ref-

erence or ground connection in the upper left comer of the diagram.

However, when the network is redrawn as shown in Fig. 7.23, the un-

knowns and the relationship between branches become significantly

clearer. Note the common connection of the grounds and the replacing of

the terminal notation by actual supplies.

9
a

	

R3 7 n	
I 

R,.J6 a

I	 +

R :^6 n V, Ei	 6 V	 /

	R2 5 a	 E2	 18v

	ti,	
112	 t I,

RO. 7.23

Neovork tn'ft. 7.22 redrawm

It is now obvious that

V2	 El	 6 V

The minus sign simply indicates that the chosen polarity for V2 in

Fig. 7.18 is opposite to thaLof the actual voltage. Applying Kirch-

hoff's voltage low to the loop indicated, we obtain

-El + VI - E2 - 0

and	 V, = E2 + El - I8V + 6V = 24V

Applying Kirchhoff's current law to node a yields

1 1 1 + 12 + 13
VI 

+ EI + E,
jF1 R4 R2 + R3

24 V 
+ 6 

V 
+ 6 

V

j_a Tn 12 n

4 A + I A + U A

5.5 A

E2 + 18V

YR,	 6 InI V1,

7 
E, -6V

+

R3	 +

,

R4 6 a V2

FIG. 722

Example 7.6.
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The next example is clear evidence that techniques learned in

the current chapters will have far-reaching applications and will not be

dropped for improved methods. Even though we have not studied the

transistor yet, the dc levels of a transistor network can be examined

using the basic rules and laws introduced in earlier chapters.

0

= 22V

FIG. 7.24

Example 7.9.

VCC - 22 V

11C

RC 101n 1.,C

ic

VC

.r

FIG. 7.25

Determining Vcfor the network in Fig. 7.24.

EXAMPLE 7.9 For the transistor configuration in Fig. 7.24, in which

VB and VyE have been provided:

a. Determine the voltage Vp and the current IE.

b. Calculate V1.

-C. Determine VBC using the fact that the approximation Ic = IE is often

applied to transistor networks.

d. Calculate YCE using the information obtained in parts (a) through (c).

Solutions:

a. From Fig. 7.24, we find

V2 = VB = 2V

Writing Kirchhoff's voltage law around the lower loop yields

V2 - YBE + VE = 0

or	 V, = V2 + V,, = 2 V - 0.7 V = 1.3 V

and	 1E = LE = 1'3 V = 1.3 mA
RE	 I kfl

.b. Applying Kirchhoff's voltage law to the input side (left region of

the network) results in

V2 + V, - VCC = 0

and	 VI = VCC - V2

but	 V2 = VB

and	 VI = VCC - V2 = 22 V 2 V = 20 V

c. ,_Redrawing the section of the network of inunediate interest results

in Fig. 7.25, where Kirchhoff's voltage law yields

VC.+ YR, - VCC = 0

and Vc.= VCC - VRc VCC - ICRC

but	 IC = 1E

and	 Vc = VCC - IERC 22 V - (1.3 mA)(1 0 kil)

=9V

Then	 Vic = VB - VC
=2V-9V

= -7V

d.	 VCE = VC - VE

= 9 V - 1.3 V

= 7.7 V

V

V t40 M 
RC

R,	
0 kilC	 C

BC	 C +

V	
+

VB 2 V +
VCE

+	 V,,=0.7V -JE -

V^ R2 ^ 4 kfl	

RE	 I 

E 

kfl
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EXAMPLE 7.10 calculate the indicated currents and voltage in Fig. 7-26.

R,	 R6

4 kn	 12 kn
E:	 R7 

+	 ^R,

R2 8 W	 R4 24 kil	 E =-72V	
-V7 0 kfi 3 W

R3	R5	 1, -T1	 R9

12 kil	 12 kn	 kfl

FIG. ' 26

Example 7.10.

16

R1,2,3	 24 kfl R4	 24'kfl	 R6	 12 kfl

'6

	24 k1l	 R6	 12 k1l+

E	 7 2 V

R7	 R8,9
R5

	

	 V7	 9 kfl	
9 kfl12 rkln

6

FIG. 7.27

Network in Fig. 7.26 redrawn.

Solution: Redrawing the network after combining series elements

yields Fig. 7.27, and

E	 72V	 72 V
3 mA

T(,— 3 , —+R, T2 kfl + 12-kfl 24 ki)

with

R7^(8,9)E	 (4.5 kfl)(72 V)	 324 V

	

V7 = 
R71(8.9) + R6 

= 
4.5 kfl + 12 kfl	 16.5	

19.6 V

16 = 
V7 = 10.6 V = 

4.35 rnA

R711(8.9)	 ^.5 kfl

and	 1,	 + 1, = 3 mA + 4.35 mA 7.35 mA

Since the potential difference between points a and b in Fig. 7.26 is

fixed at E volts, the circuit to the right or left is unaffected if the network

is reconstructed as shown in Fig. 7.28.

R,	 R6

	4 W	 12 W

+	 +	 9 kn	 +	 Ra

'2 8 W	 R4 24 kn	 E-^72V	 E	 72V	 R, V7	 3 kilR, 15	
R9

	12 ka	 12 kn	 6 kn

FIG. 7.28

An alternative approach to Example 7.10.
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V.	 We can find each quantity required, except I, by analyzing each cir-

cuit independently. To find 1, we must find the source current
E2 +	

loil	 for each circuit and add it as in the above solution; that is, 1, 15 + 16.

	

5 V	 R,

El 
+ 
—_ 20 V 

Vb	 R2	 v, EXAMPLE 7.11 For the network in Fig. 7.29:

12	 4 0 
E3 +	

a. Determine voltages V.. Vb, and V^

b. Find voltages V., and V&-

5 a	 8 V	
c. Find current 12.

d. Find the source current Is,,

e. Insert voltmeters to measure voltages V, and V& and current J.,

Solutions.
FIG. 7.29

&ample 7.11.	 a. The network is redrawn in Fig. 7.30 to clearly indicate the arrange-

ment between elements.

First, note that voltage V. is directly across voltage source El.

V.	
Therefore,

d

Va = El 21DV

E2	 5 V	 R,	 10il	
The same is true for voltage V., which is directly across the voltage

+	 C"), -
	

R2	
source E3. Therefore,

E, __--^_20V	 Vh —	 V,	 V,=E3=8V

fj

12 40
+	

+	

To find. voltage Vb, which is actually the voltage across R3, we

	

V3 R3 f5 fl	 E3 +=- 8 V	 must apply Kirchhoff's voltagF law around loop I as follows:

+ E, - E2 - Y3 = 0

FIG. 7.30	
and	 Y3 = El - E2 = 20 V - 5 V = 15 V

Network in Fig. 7.29 redrawn to better define a path 	 and	 Yb = V3 = 15 V ,
toward the desired unknowns.	 b. Voltage V.., which is actually the voltage across resistor R 1 , can

'then be determined as follows:

V^, = V. - V, = 20 V - 8 V = 12 V

Similarly, voltage Vt,, which is actually the voltage across resistor

R2, can then be determined as follows:

Vk = Vb - V, = 15 V - 8 V = 7V

c. Current 12 can be determined using Ohm's law:

V2 Vbc 7 V
2 = ^ = -i2-	 1.75 A

R2

d. The source current Is. can be determined using Kirchhoff's current
law at node c:

11 + 12 + Is, 0

and	 _I1 12	 V1 12
R,

with	 V1 Vac V^ Vc 20 V 8 V 12 V

so that

12 V 1.75 A	 1.2 A - 1.75 A	 2.95 A
10 fl
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L3	 Ity- Tj

FIG. 7.31

Complex networkfor Example 7.11.

revealing that current is actually being forced through source E3 in a

direction opposite to that shown in Fig. 7.29.

e. Both voltmeters have a positive reading, as shown in Fig. 7.31,

while the amme ter has a negative reading.

7.6 LADDER NETWORKS

A three-section ladder network appears itfFig. 7.32. The reason for the

terminology is quite obvious for the repetitive structure. Basically two

approaches are used to solve network^ of this type.

R3	 R5-
F 
_Wr__ ___W^r__

4 ft
+ 

R,
+fl

E — 

240 V R2 6 fl	 R4 f6 il	 2 1`1 V6

RG. 7.32

Ladder network.

Method 1

Calculate the total resistance and resulting source current, and then work

back through the ladder until the desired cun;nt or voltage is obtained.

This method is now employed to determine V6 in Fig. 7.32.

Combining parallel and series elements as shown in Fig. 7.33 results

in the reduced network in Fig. 7.34, and

RT 5 fl + 3 fl = 8 fl

E *240V=30A

h	 8 a
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R	 H	 R1	 3	 1

VVf- 	--- YA-
5 fl	 4 fl	 OM*..	 5 fl

R2 6 0	 R4 f6 fl 
^ ww 3 a	

-Ifl 611	 4 fl + 2 fl)
T- T	

10 + 2 fl)	 R2

(3 0)(6 fl)	 6 f)

30 + 6fl	
2	 3 fl

FIG. 7.33

Working back to the source to determine RT for the network in Fig. 732.

1,	 R,	 1,	
13

I, R,	 FF—"—V-

	

50	

7 ' If- 6 fl 6DE	 240 V	 R2

3 fl

FIG. 7.34	 FIG. 7.35

	

Calculating RT and 1,	 Working back toward 16.

Working our way back to Is (Fig. 7.35), we find that

r	 '2A A

and	 13	 15 A
2	 2

and, finally (Fig. 7.36),

	

(6 fl)13	 6
16 =

	

	
= — (15 A) 10 A

6f) + 30 9

and	 V6 16R6 (10 A)(2 fl) 20 V

	

R, 1 1	 R3

fF 50	 13	 4

I 
E	 240 V	

R2 6 D	 V4 R4 6 n R5,6 3 fl

V

FIG. 7.36

Calculating 4

Method 2

Assign a letter symbol to the last branch current and work back through

the network to the source, maintaining this assigned current or other cur-

rent of interest. The desired current can then be found directly. This
method can best be described through the analysis of the same network
considered in Fig. 7.32, redrawn in Fig. 7.37.
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+ V1 -	 + V3	 + Vs

	

_11	 R3	 R,

FF5n 12

	

+	 in

	

+	 +

E	 240 V V1 R2 6fl	 R4-,60 Y4 R6 2n V6

FIG. 7.37
An alternative approach for ladd(r networks.

The assigned notation f9r the current through the final branch is 16:

4L	 V4	 V4
16 

R5 + R, = T0 + 2 a TO

or	 V4 = (3 flA6

so that	 4 
L4	

0-516

	

R4	 60

and	 13 = 14 +4 0 -54 + 16 = 1-516

V3 = I3R3 ( 1 -516)(4 11) = (6 M16

Also,	 V2 V3 + V4 (6 fl)J6 + (3 fl)16 = (9 fl)I6

	

L2	 1.516
so that	 12

	

R2	 6 Q

and	 1, = 12 + 13 1.516 + 1.516 = M6

with	 V, =^ IIRI = 14R, = (5 fly,

so that	 E = V1 + V2 = (5 f1% + (9 M16
= (5 fIX316) + (9 fl)16 = (24 11%

and	 16	 E = 240 V = 10 A
24n 1 240

with	 V,6=l6R6=(I0AX2,f1)=20V

as was obtainedusing method 1.

7.7 VOLTAGE DIVIDER SUPPLY

(UNLOADED AND LOADED)

When the term loaded is used to describe voltage divider supply, it refers 	 120V

to the application of an element, network, or system to a supply that

draws current from the supply. Inother words, 	 -ion

the loading down ofa system is the process ofintroducing elements

	

	 b
^Ioov

that will draw currentfrom the system. The heavier the current,. the

greater is the loading effect.	 E	 120 V	 '-.20n

Recall from Section 5. 10 that the application of a load can affect the

terminal voltage of a supply due to the internal resistance. 60 V

No-Load Conditions 	 30 a

Through a voltag* e divider network such as that in Fig. 7.38, a number of	
--- 00V

different terminal voltages can be made available from a single supply.

Instead of havin a single supply of 120 V, we now have terminal volt-9
ages of 100 V and 60V available—a wonderful result for such a simple 	 FIG.i.38

L-Wwork. Howevc;jWe can be disadvantages. One is that the applied	 Voltage divider supplv.
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resistive loads can have values too close to those making up the voltage

divider network.

In general,

for a voltage divider supply to be effective, the applied resistive loads

should be significantly larger than the resistors appearing in the

voltage divider network.

To demonstrate the validity of the above statement, let us now exam-

ine the effect of applying resistors with values very close to those of the

voltage divider network.

Loaded Conditions

In Fig. 7.39, resistors of 20 fl have been connected to each of the termi-

nal voltages. Note that this value is equal to one of Ae resistors in the

voltage divider network and very close to the other two.

Voltage dMder supply

120 V

R,	 10 fl

Vb

_v
+

E	 120 V R2 20 fl	 RLI 20

V,
RL2 20 D

R3 30

00V

FId. 7.39

Voltage divider supply with loads equal to the average value

of the resistive elements that make up the supply.

Voltage V. is unaffected by the load RL, since the load is in parallel
with the supply voltage E. The result is V. = 120 V, which is the same
as the no-load level. To determine Vb, we must first note that R 3 and RL,
are in parallel and R3 = R3 11 RL, = 30 fl 11 20 fl = 12 fl. The parallel
combination gives

R2 = (R2 + R 3) 11 RL, = (20 n + 12 fl) 20 fl
= 32 fl 11 20 a = 12.31 fl

Applying the voltage divider rulegives

(12.31 fl)(120 V)

Yb

	

	 66.21 V
12.310 + 10 fl

versus 100 V under no-load conditions.

Voltage V, is

(12 0)(66.21 V)

V^	 24 83 V
12D + 20D

versus 60 V under ilo-load conditions.
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The effect of load resistors close in value to the resistor employed in

the voltage divider network is, therefore, to decrease significantly some

of the terminal voltages.

If the load resistors are changed to the I kQ level, the terminal volt-

ages will all be relatively close to the no-load values. The analysis is

similar to the above, with the following results:

v. 120 V	 Vb = 98.88 V , V, —_ 58.63 V.

If we compare current drains established by the applied loads, we

find for the network in Fig. 7.39 that

YL,	 66.21 V

'L2 — R — 
^0 —,, = 3.31 A

and for the I W level,

98.88

IL2 = I 
kil = 98.88 mA < 0. 1 A

As demonstrated above, the greater.the current drain, the greater is

the change in terminal voltage with the application of the load. This is

certainly verified by the fact that 1Lj is about 33.5 times larger with the

20 fl loads.

The next example is a design exercise. The voltage and current rat-

ings of each load are provided, along with the terminal ratings of the

supply. The required voltage divider resistors must be found.

EXAMPLE 7.12 Determine R 1 , RV and R3 for the voltage divider

supply in Fig. 7.40. Can 2 W resistors be used in the design?

a
20 mA

R,

	

b	
I OmA

	

1, 50 mA	 60V

+

	

E	 72 V R,f	 R,, 20V

.-12V

FIG. 7.40

Voltage divider supplyfor Example 7.12.
H

SolUtion. R3:

VR,	 R,	 12 V

R3 = 
= K_ =	

= 240n
IR,	 1,	 50 mA

PRI = (IR3 
)2 
R3 = 

(50 _A)2 240 fl = 0.6 W < 2 W
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RI: Applying Kirchhoff's current law to node a, we have

11 - IRI - IL I = 0
and 1g, = 1, - IL, = 50 mA - 20 mA = 30 mA

VL, - YL, 60 V - 20 V	 40 V
R, = ill-, = ^1	= - =	 1.33 W

IIZI	
in,	

30 mA

PRI = (I^I )'Rj , = (30 
nA)2 1.33 kfl = 1. 197 W < 2 W

R2: Applying Kirchhoff's current law at node b, we have

IR. - lRi - ILi ^ 0

and	 IR2 = IR I IL2 = 30 mA - 10 mA 20 mA

R2 = 
VR2 20 V 

= 1 kfl

	'R2 	 20 mA

PRI = (IR2 )'P'2 = (20 
MA)2 

I kfl = 0.4 W < 2W

Since PR I , Pj?,, and PR3 are less than 2 W, 2 W resistors can'be used f

the design.

7.8 POTENTIOMETER LOADING

+	 R2	 For the unloaded potentiometer in Fig. 7.4 1, the output voltage is dete

enting thE =--' JRT ^	 mined by the voltage divider rule, with Rr in the figure repres

	

R,	
+	

RfE	 total resistance of the potentiometer. Too often it is assumed that th
VL R, + R,	 voltage across a load connected to the wiper arm is determined solely b

the potentiometer and the effect of the load can be ignored. This is def;ll

_1L	
nitely not the case, as is demonstrated here.

When a load is applied as shown in Fig. 7.42, the output voltage V L i

	

FIG. 7.41	 now a function of the magnitude of the load applied since R, is not a

Unloaded potentiometer.	 shown in Fig. 7.41 but is instead the parallel combination of R, and

The output-voltage is now

R'E

	

VL jT- with R' R I RL	 (7.1
+ R2

a

RZ2
+	

R 

b	 +	 b
00111111. E	 RT	 11111110- E	 RT -

+	
R,	

RI	
RLRL VL

b, 

C	 C

a	 RI IIRL	R'	 RI 11 Rt

b

Potentiometer

FIG. 7.42

Loaded potentiometer
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If you want to have good contro l of the Output Voltage V
L through the

... I	 -u must choose a load or po-
*ntrolling dial, kilob, screw, or	 atever, Y
entiometer that satisfies the following relationship:

FRT>> R,,^	 (7.2)

in general,

when hooking upa 
load to a potentiometer, be sure that the load

resistancefar exceeds the maximum terminal resistance of the
potentiometer ifgood control ofthe output voltage isdesired.

For,example, let'sdisregard Eq. (7.2) and choose a 
I Mf1 poten-

tiometer with a 100 fl load and set the wiper arm to 
1/10 the total resis-

tance, as shown in Fig. 7.43. Then

R I = 100 kfl 11100 0 99.9 0 E

and	 VL	
99.9 0(10 V)	

0.001 V = I mv
99.9 fl + 900 kfl

which is elxtremelysrftall compared to the expected level of I V.

wi r arm to the dpoint, ,	 V
In fact, if we move tr	

FIG. 7.43
R, = 500 kil 11 loo fj = 99.98 fl	 Loaded potentiometer with RL << RT.

n^ nQ nl(lo V)
O^002 V = 2 mV

and	 VL = -99.98 fl -1- 500 kfl

which is negligible compared to the expected level of 5 V. 
Even at R,

900 kfl, VL is only 0.01 V, or 1/1000 
of the available voltage.

Using the reverse situation of RT = 100 fl 
and RL I Mil and the

wiper arm at the 1/10 position, as in Fig. 7.44, we find

R',	 fl J1 I W1 ^ 10 fl
E

10 il(10

and	 VL 10 0 + 90 
5 IV

as desired.
For the lower limit (worst-case design) of RL = RT 100 fl, as de-

"1411— osition of Fi g. 7.42,
fined by Eq. (/.,) and the	 J, L,	 FIG. 7.44

R' = 5on 11- 100 fl —_' 33-3 3 fl	 Loaded potentiometer with R1, >> RT.

33.33.fl(10-V)

and	 VL = 33.33 11 + 50 11 
4 V

It may not be the ideal level of 5 
V, but at least 40% of the voltage E

has been achieved at the halfway position rather than the 0.02% obtained

^vith RL = 100 fl and RT = I Mfl.
In general, therefore, try to establish a situation for potentiometer

control in which Eq. (7.2) 
is-satisfied to the highest degree possible.

Someone might suggest that we make RT as small as possible to

bring the percent result as close to the ideal as possible. Keep in mind,

however, that the potentiometer has a power rating, and for networks

such as Fig. 7.44, jg^ ^ E'IRT = (10 V)'/100 " = I 
W. If R, is

reduced to 
10 fl, p^ = (10 V)2/ 1 0 I'l = 10 W, which would require a

much larger unit.

i0v	
100 kn ' 	 +

100 11 V,

i
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	+ 	 EXAMPLE 7.13 Find voltages V I and V2 for the loaded potentiometer

	

30 kfl V2	 of Fig. 7.45.

Solution: Ideal (no load):
+	 4 kil(I 20 V)

	

12 kil v,	 V, =	 10 W	
= 48 V

6 kfl(120 V)
V2 = 10 kQ = 72 V

FIG. 7.45
Example Z 13.

Loaded:

R' = 4 kn 12 kn = 3 W
R' = 6 kfl 30 k1a = 5 kfl

3 kfl(I 20 V)V, = ---i —kn	 45 V
40	

5 kfl(120 VY
V2 =	 75 V

The ideal and loaded voltage levels are so close that the design can be
considered a good one for the applied loads. A slight variation in the po-
sition of the wiper arm will establish the ideal voltage levels across the
two loads.

7.9 AMMETER, VOLTMETER,
AND OHMMETER DESIGN
The designs of this section will use the iron-vane movement of Fig. 7.46
because it is the one that is most frequently used by current instrument
manufacturers. It operates using the principle that there is a repulsive f0tce
between like magnetic poles. When a cu nt is	 lied to th	 :1-Ft,	 e co wrapp-
around the two vanes, a magnetic field is established within the coil, mag-
netizing the fixed and moveable vanes. Since both vanes will be magnet-
ized in the same manner, they will have the same polarity, and a force of
repulsion will develop between the two vanes. The stronger the applied cur-
rent, the stronger are the magnetic field and the force of repulsion between

SIDE VIEW	 Spring

Pointer

TOP VIEW

Pointer

Spring

Fixed Moving
vane	 vane

-ixea vane

oving vane

Coil

,r upscale reading
(printed on casing)
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the vanes. The fixed vane will remain in position, but the moveable vane

will rotate and provide a measure of the strength of the applied current.

An iron-vane movement manufactured by the Simpson .Company ap-

pears in Fig. 7.47(a). Movements of this type are usually rated in terms 	
o_"

sensitivity (CS) is the current thatof current and resistance. The current

will result in a full-scale deflection. The resistance (R^) is the internal .3
resistance of the movement. The graphic symbol for a movement ap-

7(b) with the current sensitivity and internal resistancepears in Fig. 7.4

for the unit of Fig. 7.47(a).

Movements are usually rated by current and resistance. The specifica-
	 I mA, 43 f1

tions of a typical movement may be I mA, 50 fl. The I mA is the 
current

sensitivilY (CS) of the movement, which is the current required for a full-

scale deflection. It is denoted by the symbol ICS . The 50 fl represents the	 (b)

internal resistance (R^) of the movement. A common notation for the	
FIG. 7.47

movement and its specifications is provided in Fig. 7.48.	
Iron-vane movement; (a) photo, (b) symbol

and ratings.

The Ammeter
The maximum current that the iron-vane movement can read independ-

ently is equal to the current sensitivity of the movement. However,

higher currents can be measured if additional circuitry is introduced.

This additional circuitry, as shown in Fig. 7.48, results in the basic con-

struction of an ammeter.

I mA, 43 f1

	

	 Ammeter	 j

ba

	

c	 Rh.,

FIG. 7.48

Basic ammeter

The resistance R,htmt is chosen for the ammeter in Fig. 7.49 to allow

I mA to flow through the movement when a maximum current of 
I A

enters the ammeter. If less than I A flows through the ammeter, the

movement will have less th4n I mA flowing through it and will indicate

less than full-scale deflection.
Since the voltage across parallel elements must be the same, the po-

tential . drop across a-b in Fig. 7.49 must equal that across 
c-d; that is,

(I 
mA)(43 fl) ^ RshuntIs

I mA, 43 0

I A 43 mil

+

4.3 mil

	

Extemal terminL	
Extemal terminal

1_ 10A

too 0

Rotary switch	 I— = 100A 
0.43tril

FIG. 7.49

Multirange ammeter.
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Also, 1, must equal I A — I mA ,= 999 MA if the current is to be
limited to I mA through the movement (Kirchhoff's current law).
Therefore,

(I mA)(43 D) R.h..1(999 MA)

(I mA)(43 fl)

999 mA

I
I 
MA, 43 0

	

	
43 roll (a standard,vidue)

In general,

I MA

F7	 I	 - . 	 R.Ics
_ + 43 mV	 "shunt = ^ ÎCS	 (7.4)

R.,

One method of constructing a multirange ammeter is shown in

	

+ 

V	

Fig. 7.50, where the rotary switch determines the R,h,, t to be used for

	

V 10 V(rnax1irnum)_ ----o	 the maximum current indicated on the face of the meter. Most meters

FIG.7.50	 use the same scale for various values of maximum current. If you
Basic voltmeter. 	 read 375 on the 0-5 mA scale with the switch on the 5 setting, the cur-

rent is 3.75 mA; on the 50 setting, the current is 37.5 mA; and so on.

The Voltmeter

'A variation in the additional circuitry permits the use of the iron-vane

movement in the design of a voltmeter. The I mA, 43 fl movement can
-also be rated as a 43 mV (I n-LA X 43 0), 43 fl movement, indicating that
the maximum voltage that the movement can measure independently is

43 mV. The millivolt rating is sometimes referredto as the voltage sensi-
tivity (VS).. The basic construction of the voltmeter is shown in Fig. 7.50.

Rsei,s is adjusted to limit the current through the movement to
I mA when the maximum voltage is applied across the voltmeter. A
lower voltage simply reduces the current in the circuit and thereby the
deflection of the movement.

Applying Kirchhoff's voltage law around the closed loop of
Fig. 7.5Q, we obtain

[ 1 0 V — (I mA)(R..ri.JJ — 43 mV 0

	

A
I	 or	 Rseries 

10 V — (43 mV) 
9957 a5 10 kfl

I mA

In general,

I mA, 43 fl
R^^ri.s

I	
CS	 (7.5)

II mAmA	
One method 6f constructing a multirange voltmeter is shown in

	

10V	
10W	

Fig. 7.5 1. If the rotary switch is at 10 V, Ruries 10 kfl; at 50 V, R^H.
Rotary	 40kil + l0kf1 = 50kfl; and at 100VRswitch	 40 W	 ftnes 50 k1l + 40 kfl +

	

I . t50 JV	
10 W = 100 W.00	

0 n

100 tr 50 kfl

+	 The Ohmmeter
External tenninals]

F,,.	 In general, ohmmeters are designed to measure resistance in the low,
7.51	 middle, or high range. The most common is the series ohmmeter,

Muldrange voltmeter.
designed to read resistance levels in the midrange. It uses the series
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0

_ij7*7^^4 -Q*

I A. 43 n	
Zero-adjus

I 
t

R,
E

FIG. 7.52

Series ohmmeter

configuration in Fig. 7.52. The design is quite different from that of the

ammeter or voltmeter because it shows a full-scale deflection for zero

ohms and no deflection for infinite resistance.

To determine the series resistance Rs, the external terminals are

shorted (a direct connection of zero ohms between the two) to simulate

zero ohms, and the zero-adjust is set to half its maximum value. The re-

sistance )Z, is then adjusted to allow a current equal to the current sensi-

tivity of the movement (I mA) to flow in the circuit. The , zero-adjust is

set'to half its value so that any variation in the components of the meter

that may pr^duce a current more or less than the current sensitivity can

be compensated for. The current I. is

1. (ftill scale) ICS	
E	

(7.6)

R, + Rm + 
zero-adjust

2

zero-adjustl
and	 FR,	 R_	 (7.7)C'

If an unknown resistance is then placed between ee external terminals,

the current is reduced, causing a deflection less than full scale. If the ter-

minals are left open, simulating infinite resistance, the pointer does not

.deflect since the current through the circuit is zero.

An instrument designed to read very low values of resistance and

voltage appears in Fig. 7.53. It is capable of reading resistance levels be

tWeen 10 mfl (0.01 fl) and loo mfl (0.1 R) and voltages between 
10 mV

and 100 V. Because of its low-range capability, the network design must

be a-great deal more sophisticated than described above. It uses elec-

tronic components that eliminate the inaccuracies introduced by lead

and contact resistances. It is similar to the above system in the sense that

it- is completely portable and does require a dc battery to establish mea-

surement conditions. Special leads are used to limit any introduced resis-

tance levels.
The megohmmeter (often called a megger) is an instrument for

measuring very high resistance values. Its primary function is to test

the insulation found in power transmission systems, electrical ma-

chinery, transformers, and so on. To measure the high-resistance val-

ues, a high dc voltage is established by a hand-driven generator. If 
the

shaft is rotated above some set value. the output of the generator is

FIG. 7.53

Nanovoltmeter

(Courtesy of Keithley Instmments.)
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FIG. 7.54
Megohmmeter.

(Courtesy of AEMCS Instruments, Foxborough, MA.)

0

F s7l

fixed at one selectable voltage, typically 250 V, 500 V, or 1000 V_
good i6ason to be careful in its use. A photograph of a commercially
available tester is shown in Fig. 7.54. For this instrument, the range is
0 to 5000 M11.

7.10 APaLICATIONS
Boosting a Car Battery
Although boosting,a car battery may initially alippar to be a simpleap-
plication of parallel networks, it is really a series-parallel operation that
is worthy of some investigation. As indicated in Chapter 2, every dc sup-
ply has some internal resistance. For the typical 12 V lead-acid car bat-
tery, the resistance is quite small—in the milliohm ringe. In most cases,
the low internal resistance ensures that most of the voltage (or power) is
delivered 

to 
the load and not lost on the internal resistance. In Fig. 7.55,

battery #2 has discharged because the lights were left on for 3 hours dur-
ing a movie. Fortunately, a friend who made sure his own lights were off
has a fully charged battery #1 and a good set of 16-ft cables with #6 gage
stranded wire and well-designed clips. The investment in a good set of
cables with sufficient length and heavy wire is a wise one, particularly if
you live in a cold climate. Flexibility, as provided by stranded wire: is
also a very desirable characteristic under some conditions. Be sure to
check-the gage of the wire and not just the thickness of the insulating
jacket. You get what you pay for, and the copper is the mostexpensive
part of the cables. Too often the label says "heavy-duty," but the gage
number of the wire is too high.

1.7 V

Booster battery
(#I)
	 Down battery

(Q)

FIG. 7.55
Boosting a car battery.

The proper sequence of events in boosting a car is often a function of
to whom you speak or what information you read. For safety's sake,
some people recommend that the car with the good battery be turned off
when making the connections. This, however, can create an immediate
problem if the "dead" battery is in such a bid state that when it is hooked
up to the good battery, it immediately drains the good battery to the point
that neither car will start. With this in mind, it does make some sense to
leave the car running to ensure that the charging process continues until
the starting of the disabled car is initiated. Because accidents do happen,
it is strongl

y
 recommended that the person making the connections wear

the proper type ofprotective eye equipment. Take sufficient time to be

N
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sure that you know which are the positive and negative terminals for

both cars. If it's not immediately obvious, keep in mind that the negative

or ground side is usually connected to the chassis of the car with a rela-

tively short, heavy wire.
When you are sure which are the positive and negative terminals, first

connect one of the red wire clamps of the booster cables to the positive

terminal of the discharged battery—all the while , beinj sure that the

other red clamp is not touching the battery or car. Then connect the

other end of the red wire to the positive terminal of the fully charged bat-

tery. Next, connect one end of the black cable of the booster cables to the

^t negative terminal of the booster battery, and finally connect the other

end of the black cable to the engine block of the stalled vehicle (not the

Dnegative post of the dead battery) away from the carburet, r, fuel lines, or

moving parts of the car. Lastly, have someone maintain a constant idle

speed in the car with the good battery as you start the car with the bad

battery. After the vehicle starts, rpmove the cables in the reverse order

starting with the cable connected to the engine block. Always be careful

to ensure that clamps don't touch the battery or chassis of the car or get

near any moving parts. ,

Some people feel that the car with the good battery should charge the

bad battery for 5 to 10 minutes before starting the disabled car so the dis-

abled car will be essentially using its own battery . in the starting process.

Keep in mind that the ' instant the booster cables ate connected, the

booster car is making a concerted effort to charge both its own battery

and the drained battery. At starting, the good,battery is asked to supply a

heavy current to start the other car. It's a ptetty heavy load to put 
on 

a

single battery. For the situation in Fig. 7.55, the voltage of battery #2 is

less than that of battery #1, and the charging current will flow as shown.

The resistance in series with the boosting battery is greater because of

the long length of the booster cable to the other car. The current is lim-

ited only by the series milliolim resistors of the batteries, but the voltage

difference is so small that the starting current will be in safe range for the

cables involved. The initial charging current will be I = (12 V

11.7 V)/(20 mfl + 10 mfl) = 0.3 V/30 mfl = 10 A. At starting, the cur

rent levels will be as shown in Fig. 7.56 for the resistance levels and bat-

tery voltages assumed. At starting, an internal resistance for the starting

circuit of 0.1 ft = 100 mfl is assumed. Note that the battery of the dis-

abled car has now charged up to 11.8 V with an associated increase in its

power level. The presence of.two batteries requires that the analysis wait

for the methods to be introduced in the next chapter.

1, = 43.75 A	 12 = 67.5 A

20 =MR+

	

+	 11 + 12 = 111.25 A

11.8 V

	

12V	 –

ermo
\Yfltotomr
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FIG. 7.56

Current levels at starting.
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Note also that the current drawn from the starting circuit for the dis-
abled car is over 100 A and that the majority of the starting current is
provided by the battery being charged. In essence, therefore, the major-
ity of the starting current is coming from the disabled car, The good bat-
tery has provided an initial charge to the bad battery and has provided
the additional current necessary to start the car. In total, however, it is the
battery of the disabled car that is the primary source of the starting cur-
rent. For this very reason, the charging action should continue for5 or 10
minutes before starting the car. If the disabled car is in really bad shape
with a voltage level of only I I V, the resulting levels of current will re-
verse, with the good battery providing 68.75 A and the bad batterf only
37.5 A. Quite obviously, therefore, the worse the condition of thewdead
battery, the heavier is the drain on the good battery. A point can also be
reached where the bad battery is in such bad shape that it cannot accept
a good charge or provide its share of the starting current. The result can
be continuous cranking of the disabled car without starting and possible
damage to the battery of the running car due to the enormous current
drain. Once the car is started and the booster cables are removed, the car
with the discharged battery will continue to run because the alternator
will carry the load (charging the battery and providing the necessary dc
voltage) after ignition.'

The above discussion was all rather straightforward, but let's investi-
gate what may happen if it is a dark and rainy night, you are rushed, and
you hook up the cables incorrectly as shown in Fig. 7.51. The result is
two series-aiding batteries and a very low resistance path. The resulting
current can then theoretically be extremely high [I = (12 V + 11.7 V)/
30 mfl = 23.7 V/30 mfl = 790 A], perhaps permanently damaging the
electrical system of both cars and, worst of all, causing an explosion that
may seriously injure someone. It is therefore very important that you
treat the process of boosting a car witfi great care. Find that flashlight,
double-check the connections, and be sure that everyone is clear when
you start that car.

C

A

A
	

FIG. 7.57
Current levels ifthe bAster battery is improperly connected.

Before leaving the subject, we should point out that getting a boost
from a tow truck results in a somewhat different situation: The connec-
tions to the battery in the truck are very secure; the cable from -the-iruck
is a heavy wire with thick insulation; the clamps are also quite large and
make an excellent connection with your battery; and the battery is
heavy-duty for this type of expected load. The result is less internal re-
sistance on the supply side and a heavier current from the truck battery.
In this case, the truck is really starting the disabled car, which simply re-
acts to the provided surge of power.
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Electronic CircUitS

The operation of most electronic systems requires a distributi on of dc

voltages throughout the design. Although a full explanation of why the

dc level is required (sinceit is an ac signal to be amplified) will have to

wait for the introducto ry courses in electronic circuits, the dc analysis

will proceed in much the same manner as described in this chapter. In

other words, this chapter and the preceding chapters are 5ufficient

background to perform the dc, analysis of the majority of electronic

networks you will encounter if given the dc terminal characteristics of

the electronic elen*nts. For example, the network in Fig. 7 '58 using a

transistor will be covered in detail in any introductory electronics

course. The dc voltage between the base (B) of the transistor and the

emitter (E) is about '0,7 V under normal operating conditions, and the

se current by Ic = pIB = 50IB (13 variescollector (C) is related to the ba

from transistor to transistor). Using these facts will enable us to deter-

mine all the dc currents and voltages of the network using the laws in-

troduced in this chapter. In general, therefore, be encouraged that you
apter in numerous applications in thewill use the content of this 6b

cours^s to follow.

V

V,	 C	
RC

+
RB	 B	 +	 2 W_
 20'^^ +	 Jct^	 1 7,c+

W 
+ Vce	 7C

1, 220
E

V	

1VcC	 12V;TTVBS	 12 V

FIG. 7.58

77mkbias levels ofa transistor amplkfier.

For the network in Fig. 7.58, we begin our analysis by 
applying

Kirchhoff'.s voltage law to the base circuit (the left loop):

+VBB — VR^ — v E = 0 or VBB = VR. + VBE

0.7 V = 11.3 V
and	 VR. ^ VBB YBE = 

12 V

so that	 VR,, = IBRB = 11.3 V

VRB	 11'3 V = 51.4 ILAand	
IB RB 220 kfl

Then	 Ic plB = 501B = 50(51.4 AA) = 2.57 mA

For the output circuit (the right loop)

+VCE + VR, VCC = 0 - VCC = VRc + VCE

with VcE = Vcc — VRc = VCC — IcRc = IZV — (2.57 niA)(2 W)

= 12 V — 5.14 V = 6.86 V

For a typical dc analysis of a transistor, all the currents and voltages

of interest are now known: 1B, VBE, 1c, and VCE. All the remaining volt-

age, current, and power levels for the other elements of the network can

now be found using the basic laws applied in this chapter.
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The previous example is typicab of the type of exercise you will be
asked to perform in your first electronics course. For now you only need
to be exposed to the device and to understand the reason for the relation-
ships between the various currents and voltages of the device.

7.11 COMPUTER ANALYSIS
PSpice
Voltage Divider Supply We will now use PSpice to verify the re-
sults of Example 7.12. The calculated resistor values will be substituted
and the voltage and current levels checked to see if they match the hand-
written solution.

As shown in Fig. 7.59, the network is drawn as in earlier chapters
using only the tools described thus far—in one way, a practice exercise
for everything learned about the Capture CIS Edition. Note in this case
that rotating the first resi,5tor sets everything up for the remaining resis-
tors. Further, it is a nice advantage that you can place one resistor after
another without going to the End Mode option. Be especially careful
with the placement of the ground, and be sure that O/SOURCE is used.
Note also that resistor R, in Fig. 7.59 was entered as 1.333 kil rather
than 1.33 kfl as in Example 7.12. When running the program, we found
that the computer solutions were not a perfect match to 

the longhand so-
lution to the level of accuracy desired unless this change was made.

Since all the voltages are to ground, the voltage across RL,is 60 V;
across RL2, 20 V; and across R3, — 12 V. The currents are also an excel-
lent match with the handwritten solution, with 1E = 50 mA, IR =
30 mA, IR, = 20 mA, !R, _— 50 mA, IR,2 = 10 mA, and 

IRLI = 20m'A.
For the display in Fig. 7.59, the W option was disabled to pertnit con-
centrating on the voltage and current levels. This time, there is an exact
match with the longhand solution.

e

A

FIG. 7.59
Usitig PSPice to verify the results olExam ple 7.12.
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FIG. 7.60

Problem 1.
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PROBLEMS

SECTION 7.2-7.5 Series-Parallel Networks

1. Which elements (individual elements, not combinations of

elements) of the networks in Fig. 7.60 are in series? Which

are in parallel? As a check on your assumptions, be sure that

the elements in series have the same current and that the

elements in parallel have the same voltage. Restrict your de-

cisions to single elements, not combinations of elements.

	

R,	 R4	
R,	

R4

E=	 R3 R,	 FR^	 ER2

R	2	
(a)	 (b)	 (c)

E

2. Determine RT for the networks in Fig. 7.61.
	 r

o_YA_	 4 fl
yyy:4 fl	 4 fl	 10 fl	 0L	 10 il

n "

	 , L	

4 fl	 ion	 411RT	 10 0	 4	 -w,—	 10 n 10 fj	 fj

-4—	
T4

RT	 10 r)

0	

0__

4 fl	 ion	 0

(b)	 (d)

FIG. 7.61

Problem 2.
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I Find the total resistance for the configuration of Fig. 7.62.

2.2 kil
10kil

71—

10 W

1-1571

	

R,	 R3

13 + V,

	

12 + V2	 14	

16

E ==–"—

	

R2	R4

FIG. 7.65

Problem 6.

FIG. 7.62	
7. For the network in Fig. 7.66:

Problem 3.
a. Determine RT.

b. Find 1, 1 1 , and 12.

*4. Find the resistance RT for the network of Fig. 7.63. Hint! If	 c. Find voltage V..

it was infinite in length, how would the resistance looking

into the next vertical I fl resistor compare to the desired re-

sistance RT?

I ri	 R3	 'on

E	 R, 10fl R2 15 ]flV.
6 V

R4 2fl
R,

FIG. 7.63

Problem 4.,

*5. The total resistance RT for the network^;of Fig. 7.64 is

7.2 kfl. Find the resistance RI.

FIG. 7.66

Problem 7.

R,	 8. For the network of Fig. 7.67:

a. Find the voltages V. and Vb.
R.RT = 7.2 k11	 RI	 JR. JR,	 b. Find the currents 11 and 1,

FIG. 7.64

Problem 5.

6. For the network in Fig. 7.65:

a. Does 1, = Is = 16? Explain.

b. If 1, = 10 A and 11 = 4 A, find 12,

c^_ Does 11 + 12 = 13 + 14? Explain.

d. If V2 = 8VandE— 14V, find V3.

e. If RI 40,R2 = 2fl,R3 = 4fl, and R4 6fl, what

is k7-9

f. If all the resistors of the configuration are 20 fl, what is

the source current if the applied voltage is 20 V?

g., Usingthe values of part (f), find the powqr delivered by

the battery and the power absorbed by the total resis-

tance Rp

32 V

ISO

OA--

72n	 12 fl

b

24101	 811

FIG. 7.67

Problem 8.
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9. For the networkof fig. 7.68:	
1 kf1	 b	

10 kfl

voltages V, Vb, and V,	

71

a. Find the

b. Find the currents 1 1 and 12.	
+	

+

10. For the ci
I 
rcuit board in Fig. 7.69:	

36 V	 8 kfl	 60 V

the applied

a. Find the total resistance RT of the configuration.

b, Find the current drawn from the supply if

voltage is 48 V.

c. Find the reading of the applied voltmeter.	 FIG. 7.68

Problem 9.

6. '8 kii
V,

— 12k t

kil

+ -7
2 MI

kn	 4-i- 2 4 k^l f
48 V

AJ

FIG. 7.69

Problem 10.

11. In the network of Fig. 7,70 all the resistors are equal. What	
8A

are their values?

+

2 v
	

12R,0 -Z

*12. For the network in Fig. 7.71:

a. Find currents 1,, 12, and 16.

b. Find voltages V, and V5.

c. Find the power delivered to the 3 kf1 resistor.

E 28V

Inlrodulctory, C.- 19A

FIG, 7.70

Problem I L

R4

FIG. 7.71

Problem 12.

16

10.4 kn
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13. a. Find the magnitude and direction of the currents 1, 11 ,12 ,	 16. For the network in Fig. 7.75:

	and 13 for the network in Fig. 7.72,	 a. Determine the current 11,

	

b. Indicate their direction on Fig. 7.72.	 b. Calculate the curTents 12 and 13.

c. Determine the voltage levels V. and'Vb.

+24 V

E 20 V

R2	 2 1'

R	 +8V	
R, 3nR	 3 1'

V.

R3	 10 fl

R2	 311

Vb R4 3 0

	

FIG. 7.72	 R-5 6 jfIR3 6

Problem 13,

1
1
4. Determine the currents 11 and 12 for the network in Fig. 7.73,,	 FIG. 7.75

	constructed of standard values.	 Problem 16.

160 n

+20-,j 47fl	
14V

_=ZV	 *17. Determine the dc levels for the transistor network in

Fig. 7.76 using the fact that VBF 0.7 V, VE 2 V, and Ic

IE. That is:

	

270 fl	
a. Determine IE and [C.

	

FIG. 7.73	 b. Calculate IB.

	

Pqtem 14.	 c. Determine. V8 and Vc.

d. Find VCE and VHr.

*15. For the network in Fig. 7.74:

a. Determine the currents Is, 1 1 , 11 , and 14.

b. Calculate V, and Vbc.

Vcc 8V

I 

R	 6 f)	 Ra	 220 kfI	 RC	 2.2 W
4RI^ 

14 D	

611	

C

220 k1I	 R 

c CV "C

	

c	 20 fI	

Va 

7+	 +

b	 VB

1 

13	 1B	

VBE

R2	 VBE

	

+	 E VE 2 V

	

R 11	 20 V R3	 5 D

RR	 IE I kO

	

FIG. 7.74	 FIG. 7.76

	

Problem 15.	 Problem 17.	 Introductory, C, 198



120 V	 2 A

R2 0 n%,

-
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.14
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18. For the network in Fig.'7.77:	 *21. For the netwcrk of Fig. 7.80-

a. Determine the current L	 a.. Determine the voltage Vlb

b. Find V1.	 b. Calculate the current L

c. Find the voltages V. and Vb.

E^ ^22 V
—0

+	 R,	 4. n

V, Ri	 8 il	 6V	 50

	

R,	 18 D
b

211 Z2 0

	

E, –22 V	 3 il	 20 V

+

FIG. 7.77

Problem 18.

	

*19. For the network in Fig. 7.78:	 FIG. 7.80

a. Determine RT by combining resistive elements.	 Problem 21.

b. Find V, and V4.

c. Calculate 13 (with direction).

d. Determine 1, by finding the^ current through each ele^

ment and then applying Kirchhoff's current law. Then 	 *22. For the network in Fig. 7.81:

calculate RT from RT = F114 , and compare the answer a. Determine the current L

with the solution of part (a).	 b. Calculate the open-circuit voltage V

+ V, –

R,

16 n	
+ V4	

+ 20V

R D8

fl

R2	 3	 R4	 8 fl

+
	4 fl	 32D	

!IV+

	

R5	

V	 1.8 V

	

AAA	 3 Ll	 6n

16 Q

	

E	 FIG. 7.81

Problem 22.

32V

FIG. 7.78

Problem 19.

20. Determine the voltage V^b and the current I for the network

of Fig. 7.79. Recall the discussion of short and open circuits

in Section 6.8.

18 V

*23. For the network in Fig. 7.82, find the resistance R3 if the

current through it is 2 A.

C

FIG. 7.79
	

FIG. 7.82

Problem 20.
	 Problem 23.
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*24. If all the-resistors of the cube in Fig. 7,83 are 10 fl, whit is, 	
27. For the ladder network in Fig. 7.86:

the total resistance? (Hint: Make some basic assumptions 	 & Determine RT.

about current division through the cube.) 	 b. Calculate L

c. Find the power delivered to R7.

	

R3 	 R6
I AA
YYY

RT 411	 40	 4 fl	 P

40 V	 R2	 2 fl	 R4	 2 fl	 2 fl

RT	

R5

-T 	 R5	 R8

if)

FIG. 7.86

Problem 27.

FIG. 7.83

Problem 24.	 *28. Determine the power delivered to 	 6 fl load in, Fig. 7.87.

'25. Given the voltmeter reading V = 27 V in Fig. 7.84:	 7 fl	 2 fl

a. Is the network operating properly? 	 YA-;	 YA--
b. If not, what could be the quse of the incorrect reading?

+	
P

E =-24V	 4 11	 24 fl

6 fl

6 kfl	 12 fl

+ 
L 

27 V	
6kQ

E — 45V V	 36 kR,
FIG. 7.87

Problem 28.

29. 
For 

the multiple ladder configuration in Fig. 7.88:

a. Determine L
FIG. 7.84	

b. Calculate 1#.
Problem 25.	

c. Yind 16.

d. Find 110.

SECTION 7.6 Ladder Networks

26. For 

I 

die ladder network in Fig. T85:	
Rio 110

a. Find the current L	
R,	 R7	

R,, 2 fl

b. Find the current 17,
2nc. Determine the voltages V3, V5 , and V7.	

12 fl	 3n	
3 fld. Calculate the power delivered to R 7, and compare it to	

ft	 + R,

the power delivered by the 240 V supply.	 R9 E12	 E —	 I 
I 

I

I V
R,	 I

	

R,	 R4	 R6	 6D

141	 Rs	 6 fl

	

3 fl	 2 fl

	

+	 +	 +	

R4 10 0
240 V :-L̂ —	 V3 R314 fl V5 R5 f6 Q V7 R7 2 fl	 116

17	 AR6	 40

W
5 fl

FIG. 1.85	 FIG. 7.88

Pmblem 26	 Problem 29.
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R4 R,, 31VI
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R5

0
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SECTION 7.7 Vosge bivider Supply	
*32; A studio lamp requires 40 V at 50 mA to burn brightly. De-

(Unloaded and Loaded)	
sign a voltage divider arrangement that will workproperly off

a 120 V source,supplying a current of 20 mA. Use resistors as

30. Given the voltage divider supply in Fig. 7,89:	 close,as possible to standard values, and specify the mini-

a. Determine the supply voltage E.	 mum wattage rating of each.

b. Find the load resistors RL, and RL,

c. Determine the voltage divider re^istors R1, R2, and R3-	 SECTION 7.8 Potentiometer Loading

*31. For the system in Fig. 7.9 1:

1, :,.72 mA	 a. At first exposure, does the design appear to be a good

E	 40 mA	 one?

b. In the absence of the 10 kfl load, what are the values of

R, and R2 to establish 3 V across RP
Ri

c. Determine the values of R, and R2 to establish'

48V

	

	 V& = 3 V when the load is applied, and compare them
12 MA

to the results of part (b).

R,	 R	 1.6 kfl

24 V
18 MA ^"i I kfl Pot.

R3	 R,,	 +	 R

E	 12 V

10 kfl 3 V

FIG. 7.89

Problem 3a	

RL

FIG: 7.91
*31. Determine the voltage divider supply resistors for the con-

figuration in Fig. 7.90. Also determine the required wattage 	
Problem 33.

rating for each resistor, and compare their levels.

+120V	 *34. For the potentiometer in Fij^ 7.92:

a. What are the voltages Vb and Vb, with no load applied

R, (R4, = RL, = 00 W?

10-niA	 b. What are the voltages Vb and Vb, with the indicated

loads applied?

c. What is the power dissipated by the potentiometer un-

R,	
der the loaded conditions in Fig. 7.92?

+	 d. What is the power dissipated by the potentiometer

with no loads applied? ComI 
pare it to the results of

40 mAl	
RL, too V	 part (c).

180 V

a

100 n Pot.	 +

I kfl V.b
E 40EV b

20 11	P^ ", +

10 kn V,

-.60 V

FIG. 7.90
	

FIG, 7.92

Problem 31.
	 Problem 34.
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SECTION 7.9 - Ammeter, Voltmeter,	 SECTION 7.11 Computer Analysis

and Ohmmeter Design

35 An iron-vane movement is rated I mA, 100 fl.	
43. Using I'Spice or Multisim, verify the resul ts of Example 7.2.

a. What is the current sensitivity? 	
44. Using PSpice oi^ Multisim, confirm the solutions of Exam-

b. Design a 20 A ammeter using the above movement.	
ple 7.5.

Show Cie circuit and component values.	 45. Using I'Spice: or Multisim, verify the results ofExample 7.10,

	

36. Using a 50 /AA, '1000 f1 movement, design a multirange 	 46. Using PSpice or Multisim, find voltage V6 
of 

Fig. 7.31

	milliammeter having scales of 25 mA, 50 mA, and 100 mA.	 47. Using I'Spice or Muffisim, find voltages Vb and V, of
Show the circuit and component values.	 Fig. 7.40.

37. An iron-vane movement is rated 50 gA, 1000 fl,

a. Design a 15 V dc voltmeter. Show the circuit and com-

ponent values,	
GLOSSARY

b. What is the ohrtVvolt riting of the voltmeter? 	 Complex configuration A network in which none of the ele-

	

38. Using a I mA, 1000 f2 movement, design a multirange volt- 	 merits are in series or parallel.

	

meter ha-ing scales of 5 V, 50 V, and 500 V. Show the 6;_	 Iron-vane A movement operating on the principle that there is

cuitand component values. 	 repulsion between like magnetic poles. The two poles are

	

39. A digital meter has an internal resistance of 10 Mfl on its	
vanes inside of a fixed coil. One vane is fixed and the other

	

0.5 V range. If you had to build a voltmeter with an iron- 	
movable with an attached pointer. The higher the applied cur-

	

vane movement, wbat current sensitivity would you need if 	
rent, the griater is the deflection of the movable vane and the

	

the meter were to have the same internal resistance on the	
greater is the deflection of the pointer.

same voltage scale?

	

	 Ladder network A network that consists of a cascaded set of

series-parallel comUinations and has the appearance of a

	

*40. a. Design a series ohmmeter using 'a 100 gA, 1000 0	 ladder.

	

movement, a zero-adjuit with a maximunT value of	 Megohmmeter An instrument for measuring very high resis-

	

2 M, a battery ol^ 3 V, and a series resistor whose value 	 tance levels, such as in the megohm range.
is to be determined.	 Series ohmmeter A resistance- measuring instrument in which

	

b. Find the resistance required for full-scale, 3/4-scale, 	 the movement is placed in series with the unknown resistance.
1/2-scale, and 1/4-scale Oeflection. 	 Series-parallel network A network consisting of a combination

	

c. Using the results of part (b), draw the scale to be used 	 of both series and parallel branches.
with the ohmmeter.	 Transistor A three-terminal semiconductor electronic device

	

41: Describe the basic construction and operation of the	 that can be usee. for amplification and switching purposes.

megolimirieter.	 Voltage divider supply A series network that can provide a

	

*42. Determine the reading o , f the ohmmeter for each configura-	
range of voltage levels for an application.

tion of Fig. 7.93.

18 0	 18 fl18R

8
1.2 M

R,	 R2	 R3
6.2 kfl	 6.2 kO	 3.3 kfl	 3.3 k^l

1.2 kfl

(a)	 (b)

FIG. 7.93

Problem 42.



M E-Thods of ANAtYS1 AN
SELECTiEd Topics d

- Become familiar with the terminal characteristics
ofa current sourci and how to solve for the
voltages and currents of a network using current
sources andlor current sources and voltage
sources.

101

Be able to.apply branch-current analysis and mesh
analysis to find the currents of ni?twprk with one
or more independent paths.

Be able to apply nodal analysis to find &11 the
terminal voltages of any series-parallel network
with one or more independent sources.

Become familiar with bridge network_
configurations and how to perform A YorY—A
conversions.,

8.1 INTRODUCTION

The circuits described in previous chapters had only one source or two or more sources in

series or parallel. The step-by-sLepprocedures outlined in those chapters can be applied only

if the sources are in series or parallel. There will be an interaction . pf sources that will not

permit the reduction techniques used to find quantities sudh as the total resistance and the

source current.

For sucly situations, nieLhods of analysis have been developed .that allow us to approach,

in a Xstematic manner, networks with any number of sources in any arrangement. To ourP	

e source orb _ne It , the methods to be introduced can also be applied to networks with only on

to networks in which sources are in series or parallel.
The methods to be introduced in this chapter include branch-current analysis, mesh analy-

sis, and nodal analysis. Each can be applied to the same network, although usually one is

more appropriate than the other. The "best" method cannot be defined by a strict set of rule , s but

can be determined only after developing arilinderstanding of the relative advantages of each.

Before considering the first of the methods, we will examine current sources 

in 
detail

because they appear throughout the analyses to follow. The chapter concludes )Vit h an inves-

tigation of a complex network called the bridge configuration, followed by the use of A-Y
and Y-A conversions to analyze such configurations.

8.2 CURRENT SOURCES
In previous chapters, the voltage source was the only source appearing in the circuit analysis.

This was primari

' 

ly because voltage sources such as . the battery and supply are the most com-

mon in our daily lives and in the laboratory environment.

We now turn our attention to a second type of source, called the current source, which ap-

pears throughout the analyses in thifi chapter, Although current sources are available as labo-

ratory supplies (introduced in Chapter 2), they appear extensively in the modeling of

electronic devices such as the transistor. Their characteristics and theirAmpact on the currents

^y



I= IOMA	 V, R, 20 kn V+,

FIG. 8.
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+

V, 1	 7 A E +J2- 2 V R 491+

FIG, 8.

Networkf,or
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R

V,	
R

(a)

I	 V,	 V-..* - V,+

V

(b)

'FIG. 8.1

Introducing the current source symbol.

and voltages of a network must therefore be clearly understood if elec-

tronic systems are toke properly investigated.

The current source is often described as the dual of the voltage source.
Just as a battery provides a fixed voltage to a network, a current source

establishes a fixed current in the branch where it is located. Further, the

current through a battery is a function of the network to which it is applied,

just as the voltage across a current'source is a function of the connected
network. The term dual is applied to any two elements in which the traits
of one variable can be interchanged with the traits of another. This is cer-
tainly true for the current and voltage of the two types of sources.

The symbol for a current source appears in Fig. 8. I(a). The arrow in-
dicates the direction in which it is s u- pplying current to the branch where

Jt is located. The result is a current equal to the source current through

the series resistor. In Fig. 8. 1 (b), we find that the voltage across a carrent
source is determined by the polarity of the voltage drop caused by the
current source. For single-source networks, it always has the polarity of

Fig. 8. 1 (b), but for multisource networks it can have either polarity,
In general, therefore,

a current source determines the direction and magnitude of the
current in the branch where it is located.

Furthermore,

the magnitude and the polarity ofthe voltage across a current source

are each afunction ofthe network to which the voltage is applied.

A few examples will demonstrate the similarities between solving for

the source current of a voltage source and the terminal voltage of acur-
rent source. All the rules and laws developed in the previ o- us chapter still
apply, so we just have to remember what we are looking for and properly

understand the characteristics of each source.

The simplest possibl 
I 
nfiguration with a current source appears in

Example 8. 1.

Find thEXAMP	 e	 the7voltage V1, a 
I 

nd current 11
for th^ J6uit in Fig. 8.2.

Solution: Since the current source establishes the current in the branch
in which it is located, the current 11 must equal I, and

I = 10 mA

The voltage*.across R, is then determined by Ohm's law:

V1 = 11R, (10 mA)(20 fl) = 200 V

Since resistor R, and the current source are in parallel, the voltage across
each must be the game, and

V^ V, 200 V

h.With;the polarity.show

ow

	

M	 Fi	

-7.

	

a)^ EX4M	
2 

Find the voltage V^ and currents 11 and 12 for the,net-'
wor ** Fig... 8.3.

Solution: This is an interesting problem because it has both a current
source and hr voliage source. For each source, the dependent (a function

.0



0

I

,+IV, —

R1

+ 20V

+	 L;__Wlr^
V, I	 6A

.3.81

I

(b)

IL
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of something else) variable wjU , be determined. ibat is, for the current

source, V, must be determined, and for the voltage source, I, must be de-

termthed.
Since the cuiTent source and voltage source are in parallel,

Vs=E=12V

Further, since the vdhage source and resistor R are in parallel,

V, = E = 12 V

and	 12	 12 V = 3 A
R	 4 fl

The current 1 1 of the voltage source can then be determined 
by apply-

ing Kirchhoff's current law at the top of the network as follows:

vi - -2:4

1 = 11 +12

and	 12 = 7 A - ^3 A 4 A

^EX^A

L	 eterinfine ^thecur-ren. I ^Ij and thê voltage V, for the net-

work int0g.. 8,4^.

Solution: First note that the current in the 'branch with the current

source must be 6 A, no matter what the inagniiude of the voltage source

to the right. in othe ' r words, the currents of the network are defined 
by 1,

R I , and R2. However, the voltage across the current source is directly af-

fected by the magnitude and polarity of the applied source.

Using the current divider rule gives

1,	
R21	

(I fl)(6 A)	
(6 A) 2 A

J^, —+RI I n + 2 0 3

The voltage VI is giverf by

V, IIRI = (2 A)(2 fl) 4 V

Applying Kirchhoff"s voltage rule to dete I 
rmine Y. gives

+VS - VI - 20V = 0

and	 V, = VI + 20V = 4V + 20V 24V

In panicular, , note the polarity of the voltage V, as r 
determined by the

network.

8.3 SOURCE CONVERSIONS

The current 
I 
source appearing in the previous section is called an ideal

source due to the absence of any internal resistance.^ In reality, all
	

R,
sources---whether they are voltage sources or current sources—have some	 R,	 I

internal resistance in the relative positions shown in Fig. 8.5. For the volt-

se
age source, ifR$ "_ 00, orifitis so small compared to;tny riesresistors 

E-=-

that it canbe ignored, then we have an "ideal" voltage source for all prac-

tical purposes. For the current source, since the resistor Rp is in parallel, if

Rp = co fl, or if it is large enough compared to any parallel resistive ele-
	

(a)
- :,	 - i ored then we have an "ideal" current source.ments aL Can	 5-	 1

Unfortunately, howevqr, ideal sources cahnot be converted from	
FIG, 8.5

one type to another. That is, a voltage source cannot be converted to a 	
Practical sources: (a) ,voltage; (b) current.
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current source, and vice versa—the internal resistance must be pres-
ent. If the voltage source in Fig. 8.5(a) is to be equivalent to the source

in Fig. 8.5(b), any load connected to the sources such as RL'should re-

ceive the same current, voltage, and power from each configuration. In

other words, if the source were enclosed in a container,-the load RE
would not know which source it was connected to.

This type of equivalence is established using the equations appearing

in Fig. 8.6. First note that the resistance is the same in each configura-

tion—a nice advantage. For the voltage source equivalent, the voltage is

determined by a simple application of Ohm's law to the current source:

E = IRp. For the current source equivalent, the current is again deter-
mined by applying Ohm's law to the voltage source: I = EIR, At first
glance, it all seems too simple, but Example 8.4 verifies the results.

a

E
R^ = .R,,	 R,

IIIIIIIIIII10-
+ 

ffRp
+	

_410IIIIIIIIIIII
E - IR

P

V	 b

FIG. 8.6

Source conversion.

It is important to realize, however, that

the equivalence between a current source and a voltage source exists

2 fjD	

only at their external. terminals.

RL 

1 

4 n	
The internal characteristics of each are quite different.

6 V

EX	 .4 or the circuit in Fig. 8.7:

_mtcirr

Lb	
e ^urr

^4/]D e t e	 e the current IL.

b. Convert the voltage soprep-to a current source.
Practical voltage 'so	 loadfor Example 8.4.	 c. Using the fesulting current source of part (b) cal^ulate the current

through the load resistor, and compare your at.Twer ^to' i Fes.
part (a).

Solutions:
3 A

a. 'Applying Ohm's law gives

I=L=3A	 20 R^ 4n	
ER,	
— = 6 

Y = 6 V

R^ ;+- RL 2 fl + 4 D ^ 
—f, I.A

b. Using Ohm's law again gives

E
FIG. 8.8	

— = 6 V 
3 A

R, 2 QEquivalent current source and loadfor the voltage

source in Fig. 8.7.	 and the equivalent source appears in Fig. 8.8 with the load reapplied.
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c. Using the current divider rule gives

RI	 (2 n)(3 A)	 I
(3 A) I A

IL RP + RL 2n + 4(1 3

We find that the current li is the same for the vol
' tage source as it

was for the equivalent current source—the sources are therefore

equivalent.

	

As demonstrated in Fig. 8.5 and in Example 8.4, note that
	

5V
a

+ E'asource and its equivalent will establish current in the same direction
	

E2

through the applied load-	
4 EAR, 30 R2 2 0

In Example 8.4, note that both sources pressure or establish current UP 	 1,
through the circuit to establish the same direction for the load current

band the same polarity for the voltage VL.

FIG, 8.9

Tivo-source network for Example 8.5.

EXAMPLE 8.5 Determine current 12
 for the network in Fig. 8.9.

5 V

S616tion: Although it may appear that the network cannot be solved

Using methods introduced thus far, one source conversion, as shown in 	

+Fig. 8. 10, results in a simple series circuit. It does not make sense to con- 	 R1. C3(21 V
vert the voltage source to a current source because you would lose the	 R2

current 12
 in the redrawn network. Note the polarity for the equivalent 	

El	

V

e as deter-mined by the , current source.voltage sourc	 +

For the source conversion
b

E l	 IlRl = (4 A)(3 fl) = 12 V	

FIG. 8.10
Ei + E2	 12 V + 5 V	 17 V	 3.4 A	 Wetwork in Fig. 8.9following the conversion ofthe

fl + 2	 current source to a voltage source.and	
+ R,

8.4 CURRENT SOURCES IN PARALLEL

We found that voltage sources of different terminal voltages cannot be

placed in parallel because of a violatiori of Kirchhoff's voltage law,^

Similarly,

Current sources ofilifferent values cannot be placed in series due to a-

violation afKirchhoff's current law.

However, current sources can be placed in parallel just as voltage

sources can be placed in series. In gperal,'

two or more current sources i. n parallel can be replaced 
by a single

current source having a magnitude determined by the difference of

the slim of the currents in one direction and the sum in the opposite

direction. The new parallel internal resistance is the total resistance

of the resulting parallel resistive elements.

Consider the following examples.



7 A 4A

P

4A R, 2 0

FIG. 8.12

Reduced equivalentfor the configuration

of Fig. 8. 1 1,

R 

'fla,
32 V

a

6A h2 24 R, 14 D

Fl 8.

8.8.
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E^XAMP	 educe the parallel current sources in Fig. 8.11 to ainâI^P

single	 urce.

j6A R1 3 fl
	

10A R2 6 1fl

FIG. 8. 11

Rarallel current sourcesfor Example 9.6

Solution: The net source current is

10 A — 6 A = 4 A

with the direction being that of the larg& source.

The net internal resistance is the parallel combination of resistances,
R, and R2:

R, 3 fl 1111 2 fl

The reduced equivalenL.a ears in Fig. 8.12.c

uu '7. 

-q 4EXAMP	 8. Reduce the, parallel current sources in Fig. 8.13 
to 

a,.0

single cu intsource.

Solution: The net current is

I = 7 A + 4 A — 3 A = 8 A

with the direction shown in Fig. 8. 14. Tile net internal resistance remains
the same.

E 	

ip

XAMP	 8.	 educe the network in Fig. 8.15 to a single currentuu
source,	 ulate the current thro gh RL.

Solution: In this example, the voltage source will first be converted to

a current source as'shoivn in Fig. 8. 16. Combining current sources gives

11, + 12 = 4 A + 6 A = 10 A

and	 R^ R, JJR2 = 8 fl 1124 fl = 6 il

8A R, 4 fl

S

FIG. 8.14

Reduced equivalentfor Fig. 8.13

It

A R, ' 8fl 12 t 6A R, 24 il R, 14 0

31V
11--EJ-U-Vm4A

FIG. 8.16
(Vetworkin Fig. 8.15following the conversion ofthe voltage

source to a current source.

2
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FIG. 8.18

invalid situation.

FIG. A.19

Demonstrating the needfor an approach Such as

branch-current analysis.
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Applying the current divider rule to the resulting network in Fig. 8.17

gives

RJ,	 (6 )(10 A) 60 A 
=3A

6 fl + 14 fl	 20R,, + R,

8.5 CURRENT SOURCES IN SERIES

The current through any branch of a network can be only single-valued.

For the situation indicated at point a in Fig. 8.18, we find by application

of Kirchhoff

,
 s current law that die current leaving that point is greater

than that entering—an impossible situation. Therefore,

current sources ofelifferent current ratings are not connected in

series,

just as voltage sources of different voltage ratings are not connected in

parallel.

8.6 BRANCH-CURRENT ANALYSIS

Before examining the details of the first important q)ethod of analysis,

let us examine the network inFig. 8.19 to be sure ffiat you understand

the need for these special methods.

Initially, it may appear that we can use the reduce and , return ap-
prqach to work cut way back to the source El and calculate the

source current I, 1
. Unfortunately, however, the series elements R3,and

E2 
cannot be combined because they are different types of elements.

A further examination of the network reveals that there are no two

like elements that Are in series or parallel. No combination of ele-

ments can be performed, and it is clear that another approach must be

defined.

it must be noted , that the network of Fig. 8.49 can be solved if we
convert each voltage source to a current source and then combine par-

allel current sources. However, if a specific quantity of the original

network is required, it wouid require working back using the -informa-

tion . determined from the source conversion. Further, there will be

complex networks for which source convc^rsions will not permit a solu-

tion, so it is important to understand the methods to,
 be described in

this chapter.

The first approach to be introduced is called the branch-current

methoA because we will define ' and solve for the currents of each

branch of the network. The best way to introduce this method and un-

derstand its application is to follow a series of steps, as listed below.

Each step is carefully defined in the examples to follow.

1,	 10A R,	 6 il	 RL	 14 il

r

FIG. 8.17

Network in Fig. 8.16 reduced to its simplestform.

No!

a	 7A

M

N

Branch-Current AnalYsis.ProcedureI
J. 

As4ign a distind current ofarbittary direction to each branch of

the network.

2. indicate the polarities for each resistor as determined by the as-

sumed current direction.

3. Apply Kirchhoffs voWage law around each closed, independent

loop of the network.
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The best way to determine how many times Kirchhoff's voltage law

has to be applied is to determine the numb ler. of "window;" in the net-

work. The network in Example 8.9 has a clefinite similarity to the two-

window configuration in Fig. 8.20(a). The result is a need to apply

Kirchhoff's voltage law twice. For nefm^orks with three windows, as

shown in Fig. 8.20(b), three applications of Kirchhoff's voltage law are

required, and so on.

(a) (b)

FIG. 8.20

Determining the numbei qfindependent closed loops.

4. Apply Kirchhoff's current law at the ininimunt number ofnodes

that will include all the branch currents ofthe network.

The 111inimurn number is one less than the number of independent

nodes of the network. For the purposes of this analysis, a node is a

junction of two or more branches, where a bran h is any 
I 

combination of
series elements. Fig. 8.21 defines the number of applications of Kirch-

hoff's current law for each configuration in Fig.-8.20,

	

(4 nodes)	 (4 nodes)

3
(2 nodes)	 (2 nodes)

2

2	 4

2-1	 1 eq.	 2-, 1	 eq. 4- 1	 3 eq.	 4-1	 3eq.

FIG. 8 21

Determining the number ofapplications ofKirchhoffs current law required

S. Solve the re5ulting Simultaneous linear equationsfor assumed
branch currents.

It is assumed that-the use of the determinants method to solve for

the currents 11, 12, and 13 is understood and is a part of the student's

mathematical background. If not, a detailed explanation of the proce-

dure is provided in Appendix C. Calculators and computer software

packages such as MATLAB and Mathcad can find the soluti8ns quickkly
and accurately.
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a

h ne wor
EXAMP	 ,l, be ̂bmav^h-,.111_-1 ^..ftd . ̂ thenelw.^,km.9	 branch current met 0

Fig. 8.22.

R,	 2 ffl	 R2

Solution 1:

Step 1: Since there are three distinct branches (cda, 
cba, ca), three cur- 3	

R3 4 n	 b

rents of arbitrary directionsili, 12, 13) are chosen, as^ indicated in Fig.
	 d

8.22. 'Me current directions for 11 and 12 were chosen to match the "pres-
	 +	

_ +

3

th 1 1 and 12	 El
	 2V	 '2:	 6

sure" applied by sources El and E2, respectively, Since bo

enter node 0 , 13 is leaving.	
- - - - -	 - - - - - -

Step 2: Polarities for each resistor are drawn to agree with assumed

current directions, as indicated in Fig. 8.23,	
FIG. 8.22

Example 8.9.

Defincd by 13

Defined	 - - - - - -	 Defined
12 	 by 12

by 11

R,	 R2
+

R3 
4 2

Fi,ced	
Fixed

+	 polarity

pol" E2

- - - - -	
- - - - - -

FIG,,8.23

Inserting the polarities across the resistive elements as defined

by the chosen branch ciirrents,

Step 3: 
Kirchhoff's voltage law is applied around each closed loop (I

and 2) in the clockwise direction:

Rise in potential

loop 1: 10 V +El — 
VR I VR3 = 0

DI.p it; potential

^ise in potential

VR2 — E2 = 0loop 2: 
YC V +VR3 +

and	
t'Daip in potential

loop 1: 5:, V +2 V — (2 ffil, — (4 n)13 = 0

Battery 
V
oltage dmp Voltage drop

potential ac.— 2 C1 acmss 4 lil

minter	 -dstm —

loop 2: 1, V (4 fr"13 
+ 0 fbl 

2 — 
6 V = 0

Step 4: Applying Kirchhoff's current law at node a (in a two-node nit-

work, the law is applied at only one node) gives

Ji + 12 13
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Step 5: There are three equations and three unknowns (units removed for
clarity):

2-21, — 413 =0	 Rewritten: 21, + 0 + 413 = 2

413+ i12-6=0	 0+12+413=6

11 + 12 = 13	 11 + 12 13 0

Using third-order determinants (Appendix Q,we have

2	 0	 4
6	 1	 4

0	 1,	 — 11	 A negative sign in from Of a
— - - = 11 A branch cumentindicates orly

V	
12	 0	 4	 that the actual current is

in the direction opposite to
D = 0	 1	 4	 that assumed.

12	 =2A

02	 0	 21	 1.	

61

1	 0

13	 D	
1 A

Solution 2: Instead of using third-order determinants as in Solution
1, we can reduce the three equations to two by substituting the third
equation in the first and second equations:

13

2 — 21t — 4(1, + ^2 ) = 0	 2— 21, — 41,-41, 0

13

4(1, + 12)+	 6 0	 41, + 41, + 12 — 6 0

or	 —61, 412 = —2

+41, + 512 = +6

Multiplying through by — I in the top equation yields

61, f 41, = +

41, + 512 = +6
f

	

	
a

and using determinants gives

1 

2 41

6 5	 10 — 24	 14

F

io— — — 1 A
6 4	

16	
14

45

?7-89 Solution. The procedure for determining the determinant in
Example 8.9 requires some scrolling to obtain the desired math func-

tions, but in time that procedure can be performed quite rapidly. As with

any computer or calculator system, it is paramount that you enter all pa-

rameters correctly. One erroi in the sequence negates the entire process.
For the TI,89. the entries are shown in Fig. 8.24(a),
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Home	 MATH Matrix "-E det("

"ND	 [1 4]FA; Ul El U3	 det 
6 5

	MATH [1] Matrix	 det("	
_1.00E0

	

I	
det	

6 4

[4 5]

(a)

	

	 (b)

FIG. 8.24

TI-89 solutiQnfor the current I, ofFig. 8.22.

After you select the last ENTER key, the screen shown in Fig. 8,24(b)

appears.

1

6 2
4 61	 36 - 8 28

12	
14	 14	 14 

2A

13  1] + 12 = -I + 2 = I A

It is now important that the impact of the results obtained be under-

stood. The currents 1 1 , 12, and 13 are the actual currents in the branches in

which they were defined. A negative sign in the solution means that the 	 A

actual current has the opposite direction than initially defined—the mag-, 	 2 n	 R21	 I fl
nitude is correct. Once the actual current directions and their magnitudes 	 - I	 +

	

1,	 1 A^	 +are inserted in the original network, the variousvoltages and power lev- 	
R,, 40

els can be determined. For this example, the actual current directions and

their magnitudes have been entered on the original network in Fig. 8.25. 	
Ej_ 2V	 E2	

+

Note that the current through the series elements R, and E, is I A; the 	 --_-I	 'T 6 V

current through R3, is I A; and the current through the serle-S elements R2

and E2 is 2 A. Due to the minus sign in the solution, the direction of I, is

opposite to that shown in Fig. 8.22. The voltage across any resistor can,

now be found using Ohm's law, and the power delivered by either source	 FIG. 8.25
or to any one of the three resistors.can be found using the appropriate 	 Reviewing the results of the analysis of the network

power equation.	 in Fig. 8.22.

Applying Kirchhoff's voltage law around the loop indicated in

Fig. 8.25 gives

710 V = +(4 fl)13 + (I fl)12 - 
6 V 0

or	 (4 fl)13 + ( 1 0).12 = 6 V

and

	

	 (4 fl)(. 1 A) + (I fl)(2 A) = ,6 V

4V+2V=6V

	

6V = 6V	 (checks)	
+

	

R,	 4(1	 R3 10 0	 R2	 5 n
+	 f3,

EXAMPL 8.16 pply branch-current analysis to the network in

Fig. 8.26.	 X,
+	 : \	

, :
	

_

Solulion: Again, the current directions were choseR to match the	 E,	 3 .	 21 —
"pressure" of each battery. The polarities are then added, and Kirch- 	

'15V E _==j 20 V E —40V

hoff's voltage law is applied around each closed loop in the clockwise

direction. The result is as follows:

	

loop 1: + 15 V - (4 fl)ii + ( 10 M13 - 20 V = 0	 FIG. 8.26

	loop 2: +20 V - (10 fl)I-.j - (5 fl)12 + 40 V = 0	 Example&10.

Introductory, C, 20A



C

R,	 R2

R3

+	 +

10;— :	 12	
[—=E 

2

_T	 T-

(b)

FIG. 8.217
Defining thi mesh (loop) current: (a) "two-window

nenvork,- (b) wire meshfence analogy.

4
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Applying Kirchhoff's current law at node a gives

11 + 13 = 12

Substituting the third equation into the other two yields (with units re-

moved for clarity)

	

15-41, + 1013 — 20 = 0	 Stibuinnins f" 12 (since it occurs

20 — 1013 	 5 1 1 + 13) + 40 = 0 
only once in the two equations)

or	 —41, + 1013 = 5

— 51, — 1513 = —'60

Multiplying the lower equation by ^ 1, %ine have

—41, + 1013 as 5

51, + 1513 = 60

75 — 600 
= 
—525 

4.
1 
77 A

1-4 101	 —60 50	 —110

-5 

1 

5

4 5 11_5 60	 —240 — 25 —265
13 = 

— 110	 —110	 —110 
2.41 A

12 = 11 + 13 = 4.77 A + 2,41 A 7.18 A

revealing that the assumed directions were the actual directions, with 12

equal to the surn of I, and 13.

,8.7 MESH ANALYSIS (GENERAL APPROACH)

The next method to be described—mesh analysis--is actually an exten-

sion of the branch-current analysis approach just introduced. By defin-
ing a unique array of currents to the network, the information provided

by the application of Kirchhoff's current law is already included when

we apply Kirchhoff's voltage law. In other words, there is no need to

apply step 4 of the branch-current method. 	 '

The currents to be defined are called mesh or loop cnrrents. The two

terms are- used interchangeably. In Fig. 8.27(a), a network with two

"windows" has had two mesh currents defined. Note that each forms a

closed "loop" around the inside of each window:these loops are similar

to the loops defined in'the ;^vire mesh fence in Fig. 8.27(b)—hence the

use of the term mesh for the loop currents. We will find that

the number of mesh currents required to analyze a network will equal

the number of "windows" ofthe configuration-

The defined mesh currents can initially be a little confusing because it

appears that two currents have been defined for.resistor R3. There is no

problem with El and R I, which have only current I,, or with E2 and R2,

which have only current 12. However, defining the current through R3 May

seem a little troublesome. Actually, it is quite straightforward. The current

through R3 is simply the difference between I, and 12, with the direction

being that of the larger. This is demonstrated in the examples to follow.

I Because mesh currents can result in more than one current through an

element, branch-current an^lysis was introduced first. Branch-current

r . ?OB
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analysis is the straightforwaid application of the basic ' laws of electric

circuits. Mesh analysis employs a maneuver C'trick:' if you prefer) that

removes the need to apply Kirchhoff's current law.

Mesh Analysis Procedure

1. Assign a distinct current in the clockwise direction to each inde-

penden4 closed loop ofthe network. It is not absolutely necessary to

choose the clockwise direction for each loop current. In fact, any

direction can be chosen for each loop current with no loss in accu-

racy, as long as the remaining steps arefollowed properly. Howev&,

by choosing the clockwise direction 
as 

a standard, we can develop a'

shorthand method (Section 8.8) for writing the required equations

that will save thne andpossibly prevent some common errors.

This first step is accomplished most effectively By placing a loop,

current within each "window" of the network, as demonstrated in the'

previous section, to ensure thatthey are all independent. A variety of

other loop currents can be assigned. In each case, however, be sure that

the information carried by any one loop equation is not included in a

combination of the other network equations. This is the crux of the ter- 	 - - - - - - - - - - - - - - - - - 7,
minology independent^ No matter bow -you choose your loop currents,

the number of loop currents required is always equal to the number of
+

windows of a planar (no-crossovers) network. On occasion, a network
; R^	 2 il

may appear to bd nonplanar. However, a redrawing of the network may 	 1+	 1+	 1
reveal that it is, in fact, planar. This may bo true for one or two problems

1 R, 4n 2
at the end of the chapter.

Before continuing to the next step, let us ensure that the concept of a 	 +	 +
loop current is clear. For the network in Fig. 8.28, the loop current 11 is 	 E :F_1 V	 6V	 E2

t	 I	
-	 bttery. The current through the 4 fl resistor is not I,. however, lince there

the branch current of the branch containing the 2 fl resistor and 2 V bat

is also a loop current 12 through it. Since they have opposite direction-,

14n equals the difference between the two, Yj — I^ or 12 — I,,	
- - - - - - --- - - - - - - - - - - - -

on which you choose to be the defining direction. 1p other words, a loop	 FJO, 8.28

current is a branch current onIX when it is the only loop current assigned 	 Defining the mesh currentsfor a

to that branch.	 "two-window' network.

2. Indicpte thepolarities within each loop for each resistor as deter-

mined by the'?issumed direction of loop currentfor that loop. Note

the requirement that the polarities be placed within -each loop. This

requires, as shown in Fig. 8.28, that the 4 D resistor have two sets

ofpolarities across it.

3. Apply Kirchhoffs voltage law around each closed 15op in the

clockwise direction. Again, the clockwise direction was chosen

to establish uniformity and prepare usfor the method to be intro-

duced in the next section.

a. Ifa resistor has two or more assumed currents through i4 the

total current through the resistor is the assumed current ofthe

loop in which Kirchhoffs voltage law is being applied, plus the

assumed currents of the other loops passing through in the

same direction, minus the assumed currents through in the

opposite direction.

b. The polarity ofa voltage source is unaffected by the direction

of the assigned loop currents.

4. Solve the resulting simultaneous linear equationsfor the assumed

loop currents.
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EXAMPLE 8.11 Consider the same basic network as in Example 8.9,

now ap^ming as Fig. 8.28.

Solution:

Step 1: Two loop currents (11 arid 12) are assigned in the clockwise direc-

tion in the windows of the network. A third loop (13 ) could have been in-

eluded around the entire, network, but the information carried by this

loop is already included in the other two.

Step 2: Polarities are drawn within each window to agree with assumed

current directions. Note that for this case, the polarities across the 4 fl

sresistor are the opposite for each loop current.

Step 3: , Kirchhoff's voltage law is applied around each loop in the clock-

wisedirection. Keep in mind as this step is performed that the law is con-

cemed only with the magnitude and polarity of the voltages around the

closed loop and not with whether a voltage rise or drop is due to a battery

or a resistive element. The voltage across each resistor is determined by

V = IR. For a resistor with more than one current through it, the current is

the loop current of the loop being e ' xamined plus or minus the other loop

currents as determined by their directions. If clockwise applications of

Kirchhoff's voltage law are always choseq, the other loop currents are at-

ways subtracted 
from 

the lo4 current of the loop being analyzed.

loop 1: +Ej	 V, — V3 = 0 (clockwise starting at point a)

Voltage drop across
4 0 

resistor

+ 2 V (2 0) 1, (4 fl)(I 1	 0
S.1boat,ted sittee 1, is

Total current	 opposite to di—two 
to It.

thr.agh
4 11 mt.,

loop 2: — 113 — V2 — E2 0 (clockwise starting at point b)

(4 fl)(I2 — 1 1 ) — (I fl)12 — 6 V = 0

Step 4: The equations a,,e then rewritten as follows (without units' for clarity):

loop 1: +2 21 1 — 41, + 412 0

loop 2: —412 + -'J, — 112 — 6 0

and	 loop 1: + 2 — 61, + 412 — 0

—512	 6 =loop 2:	 +41,	 0

or	 loop 1: — 61, + 412	—2

loop 2: +41, — 512 +6

Applying determinants results in

— 1 A	 and	 12 — 2 A

The minussigns indicate that the currents have a direction opposite to
that indicated by the assumed loop current.

The actual cultent through the 2 V source and 211 resistor is therefore

I A in the other direction, and the current through the 6 V source and I Q

resistor is, 2 A in the opposite direction indicated on the circuit. The cur-

rent through the 4 Q resistor is determined by the fojlowing equation

from the original network:

I-Pl : 14fi =J1 — 12	 1 A — ( —ZA) = 'I A +2A

I A	 (in the direction of I,)
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The 011t(ir 100P'(13) and one inner loop (either 1 1 or 11) would also have

produced the correct results. This approach, however, often leads to

errors since the loop equations may be more difficult to write. The best

method of picking these loop currents is the window approach.

EXAMPLE 8.12 Find the current through each branch of the network

in Fig. 8.29.

Solution:

Steps I and 2: These are as indicated in the circuit. Note that the polari-

ties of the 6 fl resistor are different for each loop current.

Step 3: Kirchhoff's voltage law is appli^d around each closed loop in the

clockwise direction:

loop 1: +Ej — V,	 V2 — E2 ='O (clockwise starting at point j)

+,5 V — (I fl)l, — (6 fl)(I j ^ — II) — 10 V = 0

4: - j

2 610

+	

+

+

1+

E,	 ^5 V	 E2'-=-^10 V

I
FIG. 8.29

2 0

Example 8. 12.
1, fl—s tho igh the 6 n resistor
in the direction opposite to 11,

loop 2: E2 — V2 — V3 0 (clockwise starting at point b)

+ 10 V — (6 fl)(12 — 11) (2 fl)I2 0

The equations are rewritten as

5 7 It — 61, + 612 10 = O^ — 71, + 612 5

	

10 — 612 + 61, 212 =	 + 61, — 81,	 —10

Step 4:	 5	 6

	

1-10	 81	 —40+ 60 20
-- = — = 1A

—

 7

	 61	 56 — 36	 20

6

70 — 30 40L 
2 A

	20	 20

Since 1 1 and 12 are positive and flow in opposite directions through

the 6 fl resistor and 10 V source, the total current in this branch is

equal to the difference of the two currents in the directi 
I 
on of the larger:

12 > i
t (2 A ^> I A)

Therefore,

IR, = 12 — I, = 2 A — I A = 1 A in the direction of 12

it is sometimes impractical to draw all the branches of a circuit at

right angles to one another. The next example demonstrates how a por-

tion of a network may appear due to various constraints. The method of

analysis is no different with this change in configuration.

EXAMP^ U813 Find the branch current, of the networks in Fig. 8.30..

Solution:

Steps I and 2: These are as indicated in the circuit.'

R, 2 n	 Ej- 4 V	 R3 6 0

E, =6V	 E =3V3

12

b	

-----

FIG. 8.30

Example 8.13.
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Step 3: Kirchhoff's voltage law is applied around each closed loop:

loop 1: —E, — 11R, — E2 — V2 = 0 (clockwise from point a)

— 6 V — (2 11)11 — 4 V — (4 fl)(11 — 12) = 0

I-p2: 
. — V2+k2 — V3 — E3 = 0 (clockwise from point b)— 

(4 fl)(12 — - 1 1 ) + 4 V — (6 0)(12) — 3 V = 0

which are rewritten as

— 10 — 411 — 211 + 412 = 0	 61, + 412 + 10

+j + 411 + , 412 — 6!2 = 0 j + 411 — 1012 —1

or, by multiplying the top equation by — 1, we'obtain

61, — 412 = —10

411_ — ,1012 = —1

1

-10	 —41

	

— 1 — 10	 100-4.	 96
S W	

6 —41	 —60+ 16 
=44	 2.18 A

4 —10

12 	 1
6 , —101

4 —1	 —6 +40	 34	
0.77 A

^44	 —44

The current in the 4 fl resistor and 4 V source for loop I is

11 — 12 = — 2.18 A — (-0.77 A)

= — 2.18-A + 0.77 A

—1.41 A

revealing that it is 1.41 A in a direction opp^site (due to the minus sign)
to 11 in loop 1.

Supermesh Currents

Occasionally, you will find cu'rrent sources in a network without a paral4

lel resistance, This removes the possibility of con^erting the source to a

voltage source as required by the given ' procedure. In such cases, you

have a choice of two approaches.

The simplest and most direct approach is to place a resistor in parallel

with the current s6brce that has a much higher value than the other resis-

tors of the network. For instance, if most of the resistors of the network

are in the 1 , to 10 fl range, choosing a resistor of 100 flor higher would

provide one level of accuracy forthe answer. ' However, choosing a resis-

tor of 1000 11 or higher would increase the accuracy of the answer. You

win never get the exact answer ^ec^use the network has been modified

by this introduced element. However for ,most applications, the answer
will be sufficiently accurate.

The other choice is to use th6 supermesh approach described in the

following steps. Although this approach 'will providethe exace solution,

it does require some practice to become proficient inits use. The proce-

dure is as follows.

Start as before, and assign a mesh current to each independent loop,

including the current sources, as J? they were resistors or voltage

sources. Then mentally (redraw the network if necessary) remove the

current sources (replace with open-circuit equivalents), and apply



12 V

El

FIG. 8.31
Example & 14.

----------- R3 ---------

2n

n
12 E2 - = i]2V

4.7-1.

R,

4 n'
R,	 6 fl,f 

n " ,

in, I

E, -=- 20 V
27

n
E2 

1; 12 V
1-	 7

MESH ANALYsis (GENERAL APPROACH) 11 299

Kirchhoff i s voltage law to all the 'remaining independent paths of the,
network using the' mesh currents just defined. Any resulting path, in-
cluding two or more mesh currents, is said to be the path of a
supermesh current. Then relate the chosen mesh currents of the net-
work to the independent current sources of the network, and solve for
the mesh currents. The next example clarifies the definition of super-
mesh current and the procedure.

EXAMPLE 8.14 Usiug mtsh analysis, determine the currents of the
network in Fig. 8.3 1,

Scllut;on: First, the mesh currents for the network are defined, as
shown in Fig. 8.32. Then the currentsource is mentally removed, as
shown in Fig. 8.33, and Kirchhoff's voltage law is applied to the result-
ing network. The single path now including the effects of two mesh cur-
rents is referred to as the path of a supermesh current,

----------- K2___

4fl

+
+

Eli r.- 20 V17-
------------------ T ------------------

FIG. 8.32	 FIG. 8.33
Defining the mesh currentsfor the network	 Defining the supermesh current.

in Fig. & 3 1.

Applying Kirchhoff's law gives

2Q V — 1, (6 fl) — 1 1(4 fl) 12(2 11 + 12 V 0

or	 101, + 212 32

Node a is then used to relate the'mesh currents and the current source
using Kirchhoff's current law:

11 = I + 12

The result is two equations and two unknowns..'

101, + 212 = 32

I, — 12 = 4

Applying determinants gives

32 _21	
—1) — (2)(4)	 40

1,	 4	 1	 (32)(	 : 
3.33 A

10 _21	 (W)(-1) — (2)(1)	 12

and	 12 11 1 = 3.33 A — 4 A — 0.67 A

In the above analysis, it may appear that when the current source was
removed, 1 1 = 12. However, the supermesh approach requires that we
stick with the original definition of each mesh current and not alter those
definitions when current sources are removed.

cuffent
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EXA^P.LfKlj Usitig mesh analysis, determine the currents for the
network idWye,$.34.-

W

6 n

	

1	 8 A6A6	 2 n	 8 In

FIG. 8.34
Example 8.15,

6A	
'1^ 

2 
0 ( ^1) 8 171 ( '1	

8 A

FIG. 8.35
Defining the mesh currentsfor the network in Fig. &34.

------- ----------
+

	

6 n	 6

+1^,	 2fl( 1,^8fl	 (71^
+

9

------------------
curralt

FIG. 8.36

Defining the supermesh currentfor the network in

Fig. 8.34.	
.	 .

0

a

;+

6 0

	

2	 Ri

+

R, 

i

I

' Q

	

+

R2 60
+	 +;	 +

	

1	 2	 2n
+	 :+ 

_

	

El i LIV E2; -=—'I 10 V	 j
7

FIG. 8.37
Network in Fig. 8.29 redrawn with assigned

loop currents,

Solution: The mesh currents are defined in Fig. 8.35. The current sources

are removed, and the single superniesh path is defined in Fig. 8.36.

Applying Kirchhoff's voltage law around the supermesh path gives

— V2n — V6n — Vin = 0

— (12 — 1 1 )2 f2 — 12(6 fl) — (12 — 13)8 fl = 0

— 212 + 21 1 — 612 — 812 + 813 = 0

21, — 1612 + 813 = 0

Introducing the relaiionship between the mesh currents and the cur-

rent sources

It = 6 A

13 = ,8 A

results in the follbwing solutions:

211 W2 + 813 = 0

2(6 A) — 1612 +.8(8 A) = 0

and	 12 = 
76 A = 

4.75 A
16

Then	 12n	 It — 12 = 6 A — 4.75 A 1.25 A

and	 18n	 13 — 12 = 8 A — 4.75 A 3.25 A

Again, note that you must stick with your original definitions of the

various mesh currents when applying Kirchhoff's voltage law around

the resulting supermesh paths,

8.8 MESH ANALYSIS (FORMAT APPROACH)

Now that the basis for the mesh-analysis approach has been established,

we now examine a technique for writing the mesh equations more rap-

idly and usually with fewer errors. As an aid in introducing the proce-

dure, the network in Example 8.12 (Fig. 8.29) has been redrawn in
Fig. 8.37 with the assigned loop currents. (Note that each loop current

has a clockwise direction.)

The equations obtained are

— 71, + 612 5

81261,
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which can also be written as

71 1 612 = —5

= 10
812 9

and expanded as

Col. 1	 Col. 2	 Col. 3

	

(1 -+ 6)11 — 612	 (5 — 10)

	

(2+6)11 — 612	 10

Note in the above equations that column 
I is composed of a loop cur-

rent times the sum of the resistors through which that loop current
istors common to another loop

passes. Column 2 is the product of the res
quation, this col-

current times that other loop current. Note that in each e
Column , 3 is the algebraic sum of theumn is subtracted from column I

terest passes. A
voltage sources through which the loop current of in

ses from the neg-
source is assigned a positive pign if the loop current pas

ssigned if the po-
ative to the positive terminal, and a negative value is a nly for a standard
larities are reversed. The comments above are correct o

direction of loop current in each window, the one chosen being the

clockwise direction,
extended to develop the following

The above statements can be

format approach to mesh analysis.

Mesh Analysis Procedure

1.
Assign a loop current to each independent, closed loop (as in the

section) in a clockwise direction.previous

2.
The number of required equations is equal to the number ofcho

quation is
sen independent, closed loops. Column I of each e

formed by summing the resistance values ofthose resistors

through which the loop current of interest passes and multiplying

the result by that loop current.
utual terms, which, as noted in the ex-

3. We must now consider the m
amples above, are always subtractedfirom thefirst column. A

sistive element having an additionalmutual term is simply any re

loop current passing through it . it is possible to have more than

one mutual term ifthe loop current ofinterest has an.element in

with more than one other loop current. This will becommon
domonstrated in an example to follow. Each term is the product of

same element.

4. The column to the right of the equality sign is the algebraic sum Of

the voltage sources through which the 
loop current of interest

passes^. positive signs are assigned to those sources of voltage hav-

ing a polarity such that the loop current passes from the negative

to the positive terminal. A negative sign is assigned to4hose poten-

tialsfor which the reverse is true
' .

5.
Solve the resulting simultaneous equations for the desired loop

currents.

Before considering a few examples, be aware that since the column to

the right of the equals sign is the algebraic sum of the voltage sources in

that loop, 
the format approach can be applied only to networks in which

all current sourcefthave been converted to their equivalent voltage source.
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t	 EXAMPLE B. 16 Write the mesh equations for the

7"+	

7,	
it	 network in Fig. 839,f	 .	 . . . . .

2	 and rind the current through, the 7 fl reststor.

Solution:
+	2n 2	 18 1D7fl

Step 
L, A^ indicated in Fig. 8.38, each assigned loop current has a clock-

+ Ir	

wise direction.

+ [I -

4v	 9v	 Steps 2 to 4:

FIG. 8.38	 1,: (8 0 + 6 fl + 2 fly, - (2 fl)I2 4 V
Example 8.16	

12:	 (7 fl + 2 fl)12 - (2 f1)1I	9 V

and	 1611 - 212 = 4

_9I2 - 21, = -

which, for determinants, are

161, - 212 4 -

Li + 9j,

16 _41

and	 12 17n	
1-2	 9	 -144 + 8 -136

_^4_ 716 -2^	 4-4	 140
1-2	 9

-0.97 A

EXAMPL	
.17 

Write the mesh equations for the network in
Fig. 8.39.

+ 2 fl -

+

+1

+	
'4 V	

+	 2 V

2	 3n 33
+	 1+ +

2V	

fl+

4n
1	 23

FIG. 8.39

Example & 17.

solution: Each window is assigned a loop current in the clockwise
direction:

1, dms nut Pass (hNugh an element
mutual svi th '3' ---]

If1)1l -(If1)1,+0=2V-4V
12 : (lQ+2f1+3fbI2_	 (3fl)l,=4V

(3 il + 4 n)j, - Q W11 + 0 = 2 V

13 does eut Pus duoush 
an 

element,
anunuilMth'11
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Summing terms yield$

211 — 12 +,Q = —2

612 —	 313 = 4

which are rewritten for determinants as

bL

'b.
Al.	 4'

a.
"3	 +11

Note that the . coefficients of the a a 
I 

nd b diagonals are equal. This

symmetry-about 
the c-axis will always 

be true for equations written

using the format approach. It is a check on whether
 the equations were

obtained correctly.

We now consider a network with only one source of voltage to point

out that mesh analysis can be used to advantage ' in other than multi-

so 
I 
urce networks.

IEXAMP^ V8.1 ind the current through. the 10 fl resistor of the net-

work

ion	 li00 13

+ ^ - - - --- - - -

+8 n- .^ - - - - - - - --

t

+	 +
2fl

15V	 3,1+
+;

+

FIG. 8.40

Example 8.18,

Solution:

I 

1

1 :	 (8 fl + 3 0% — (8 fl)I3 — (3 M2 = 15 V

12: (3 n + 5 fl + 2 R)I2 — (3 M11 — (5 fW3 = 0

13: (g f, + 10 n + 5 fl)J3 — (8 fl)ll — (5 M12 = 0

Ili, —813 -312 = 15V

1012 31, — 513 = 0

2313	 1, — 512 = 0

or	 1 1 11,	 312 — 813 = 15 V

— 31, + 1012 — 513 = 0

512 + 2313 = 0
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" _' '6'det	 3 10
T8 -5 0

1.22EOdc'
 [[

3 10 -5
-8 -5 23

FIG, 8.42
The, resulting display after proper), entering the data

for the current i,

I
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I 11	 -3	 151
1-3 AQ , ol

and	 13 hon	
1-8 -5	 01

	

3 -81	

.22 A

1 

0 

-511 5723

3
1-8

V-89 Calculator Solution: When the TI-89 calculator is used, the
sequence in Fig. 8.41(a) results, which in shorthand form appears as in
Fig. 8.41(b), The intermediary iND and scrolling steps were not in-
eluded. This sequence certainly requires some care in entering the data

in the required format, but it is still a rather neat, 
compact format.

I

Home El MATH 91 Matrix FiFl̂ det(FREA I
CQF9; "IDUJUIU3"u]
a] Fa I M ^ Home ^ MATH [;1 Matrix	 det(FA "N?

U3 CA MI ED U1 BEE) Co ; ED U'l U3 ED U1

Cffl U] U] CU ED VJ ED Uj	 1.22

(a)

-det(Il i,-3,15;-3,10,0;-8,-5,0j)'/det([1 1,-3,78,-3,10,-5;^B,-5,231)^^R

FIG. 8.41
Using the TI-89 calculator to solvefor the current 13. (a) Key entries; (b) shorthandjortu.

The resulting display in Fig. 8.42 confirms our solution.

8.9 NODAL ANALYSIS (GENERAL APPROACH)

The methods introduced thus far have all been to find the currents of the

network. We now turn our attention to nodal analysis—a method that

p^ovidcs the nodal voltages of a network, that is, the voltage from the
various nodes Ounction Poi nt,10 of the network to ground. The method is'

developed through the use of Kirchhoff's current law in much the same

manner as Kirchhoff's voltage law was used to develop the mesh analy-
sis approach.

Although it is not a requirement, we make it a policy to make ground

our reference node and assign it a potential level of zero volts. All' the
other voltage levels are then found with respect to this reference level. For
a network of N nodes, by assigning one as our reference node, we have
(N - 1) 

nodes for which the voltage must be determined. In other words,

the number ofizodes for which the voltage must be determined using
nodal analysis is I less than the total number of nodes.

The result of the above is (N - 1) nodal voltages that need to be de-
termined, requiring tIAt ( IV - 1) independent equations be written to

-find the nodal voltages. In other words,

the number ofequations requiredio solvefor all the nodal voltages . of
a network is I less than the totalnumber ofindependent nodes,
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Since each equation is the result of an application of Kirchhoff's dur
1) times for

rent law, Kirchhoff's current law must be applied (N

each network.
Nodal analysis like mesh iknal^sis, can be applied by a series of care-

Ilow, explain each step in detail.fully defined steps. The examples to fo

Nodal AnalySiS Procedure

1. Determine the number ofnodes within the network.
el each remaining node with a sub-

-2. Pick a reference node, and lab

scripted value of voltage: V1, V2, and so on. 6

	 'he reference.
3. Apply Kirchhoff's current law at each node, xcept,

Assume that all unknown currents leave the node' for each applica-

other words, for each node,
tion of Kirchhoff's current law. In

don It be influenced by 
the direction that an unknown currentfor

another node may have had. Each node is to be treated as a sepa-

rate entity independent ofthe application ofKirchhoff's current

law to the 'other v^deS.

, 4. Solve tile resulting equationsfor the nodal voltages.

A few examples ' clarify the procedure defined 
by step 3. It initially

takes some pr	
Circhhoff's current law cor- 	 R, 6 fl	

I A
actice writing the equations for Y

rectly, but in time the advantage of assuming that all the currents leave a
	

RZ^ 12'n^

node rather than identifying a specific direction for each branch becomes
	 +	 - 

V

obvious. (The same type of advantage is associated with assuming that all
	 E	 24 V

the mesh currents are clockwise when applying mesh analysis.)

As with mesh and branch-current analysis, a number of networks to

be encountered in this section can be solved using a simple source con-

version. In Example 8.19, 
for instance, the network of Fig. 8.43 can be 	

FIG. 8.43

easily solved. by 
converting -the voltage source to a current source and 	

F.Vample 19.

combining the parallel current sources. However, as noted for mesh and

branch-current analysis, this method can also be applied to mor com

plex networks where a source . conversion is not possible.

R, 6 Cfl

	R 2 12fl I	 IA

EXAMPLE 8.19 Apply 
nodal analysis to the network in Fig. 8.43. 	 +	

V

E -=- 24 V

Solution:

d 
2: The network has two nodes, as shown in Fig. -8.44. The 	 —

Steps I an	
(OV)

lower node is defined as the reference node at ground potential (zero
e I to ground.	 FIG. 8.44

volts), and the other . node as V 1 , the voltage from nod	
Network in Fig. 8.43 with assigned nodes.

ig. 8.45, and Kirch-
Step 3: 1 1 and 12 are defined as l,

eaving the node in F

hoff's current law is applied as follows: 	 V,

12, + 12
V2

'The current 1^ is related to the nodal voltage V, 
by Ohm's law:	 R, 6 CfI	

+
VR, 

= 
VI	

- R2 — F12n	 1A,
R2'	 E -=-24 V

The current I, is also determined by Ohm's law as follows:
(OV)

VR^	

FIG. 8.45
R,

with	
V81 — . V, — E I	

Applying Kirchhoff's current law 

to 
the nodi V,
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Substituting into the Kirchhoff ,$
 current law equation

V1 - E + V.

	

R1	 R2
and rearranging, we have

	

V,( I +	 E

R, R1 R2	R, R2	
Rj

or	 q	 E

RI R2	 RI

	

R2	
Substituting numerical values ; we obtain

V, (-L + I ) 24 V

	

4 

1 

0	
6a 12a = '^—fl + IA=4A+IA

R., 8 n	
—	

V,	 5'A

	2 A	
4 0

+	 R, ion	 V, ;0 V.
E	 64 v	 The currents 11 and 12 c

equations:	
an then be determined by using the preceding

Vi - E 20V ^ 24V -4V

	

FIG. 8.4	
R,	 6 fl	 611

	

Example 8.20.	
0.67 A

The minus sign indicates that the current I, 
has a direction opposite to.

	

R,	 that appearing in Fig. 8.45. In addition,

	

4 n	 V2	 Yi 20 V

- +V'

	

4	
12	 72— = 1.67A

R2

R, 8n

n

+	
2A	

RL+ Ion	 IEXAMPIL"..2^1Apply nodal analysis to the network in Fig, 8.46.

E —^- 64 V	 Solution.

Steps I and 2; 
The network has three nodes, as defined in Fig. 8.47, with

	

V	 the bottom node again defined as the reference node (at ground poten-

	

FIG. 8.47	
tial, or zero volts), and the other nodes 

as V, and V2.

Defining the nodesfor the network in Fig. g.46.	-Step 2.- For 1104-0-Yi, thectirrents are ell
r;s-cu, nt law is applied;

_k uned as shown in Fig. 8.48, andKircliof	 ire

	

+ R2	 0	 + 12 +

V1 - EV,	 T' 41)	
V2	

with

R,
14 +	

and	 LR. V— V2R-1 8fl	 12

	

2A	 R2	 R-2
+	 R4 

ionV	

so that	 V, - E V1 V2E	 64 V	
R1	 R2 

+	 0

or	 Vi	 E	 V, v2

Ri	RI,	
+	 0+ W2 i2

FIG. 8.48'
Applying Kirchhoff Is current law to node V1. 	

and	
V, GL	 V2	 +

	

R, R2	
R2	 R,
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Substitutin

	

	
R2 +

values, gives

V,	 V2

V,	 V2	 -^A + 64V 6A

0 4a)	 4 n	 8 n

g. 8.49, and	 R, 80	

+ ^13

For node'V2, the currents are defined as shown in Fi 	
2	 10 fl

Kirchhoff's current law is applied:	
A	

R3

12 + 13	
E	 64 V

with	
V2 - VI + VZ

R2,	 R3

V2 V^ + V2	
FIG. 8,49

or	 R2 R2	 R3	
Applying Kirchhoffs c

I 
urrent law to node V2.

and	 V2 
1 
+	 V1

	(R2 ,R3	 (R)

Substituting values gives

V'(-L	 V,(-L) 2 A
	4 fl + 10a	 4fl

Step 4: The result is two equations and ,two unknowns:

V,	 + I
	 V'(-L) 6 A

40

+ 1	 2

-Vi @ + 

V,( 

4 

a on	 A

which become

0.375V, 0.25V2 6

	

. - 0.25VI	 0.35V2 2

Using determinants, we obtain

V, = 37.92 V

V2 = 32.73 V

Sin^e E is greater than. Vi, the current 11. 
flows from ground to V, and is

equal to

E VI 64 V - 37.82 V 
= 3.27 A

IRI = — = —RI	 8 il

The positive value for V^ results in a current IIR3 from node V2 to ground

equal to

'R3 = 
VR3 Y2-	 3.27 A

R3	 R3	 lofI I

from V, to V2 and isSince V, is greater than V2, the current IR2 flows

equal to	 I	
.	 I	 .

V, - V2 37.82 V - 32.73 V 
1.27 A

4 -flR,

The results of V, 37.82 V and V2 32.73 V confirm the theoretical

solution.-
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X	 PILE 8.21 betermine the nodal voltages for the network in
Fi 8.50.

R3

12 n

4 A	 R,	 21l	 R2 6fl	 2A

FIG. 8.50

Example 8.21.

Solution:

Steps I and 2: As indicated in Fig. 8.5 1.-

V,	 13	
V,

R3	 12 f1

4A	
iR^ J,.	

R^ 6fl	 2A

Reference

FIG. 8.51

Defining the nodes and applying Kirchhoffs current law to the node V1.

Step 3,- Included in Fig. 8.51 for the node Vj . Applying Mrchhoff's cur-
rent law gives

4 A T, + I,

V2and	 4 A L-1 
VI	 V,	 V1 V2

12 fl

	

R,	 R3

EVanding and rearranging gives

V,	 +	 V2(-) = 4 A
T2 11	 12 n

For node V2, the currents are defined as in Fig. 8.52.

13V,	 V,

R3	 12 fl

4A	 R,	 2 fl	
R2
,a J12	 2A

Refwnce
4

FIG. 8.52

Applying Kirchhoffs current law to the node v2.

4^
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Applying KirchhOff'S current law gives

0 13 + 12 + 2 A

V2- V- + -K2- + 2 A 0
and 

V2- Vl +Y'-+2A=O— 120
	 2 fI

R3	 R2

Expanding and rearranging gives

V2 -	
+	 7 V1( I	

—2A

1-2 —fI	 12 fl

resulting in the foilowing two equations, and two unknOwM

V, -I- +	 V2(--L- = 
+4 A

(2fl	 12 a	 1211)	 (8,A)

	

+	 YI(	
= —2A

12 fj 6 0	 12 fI

producing

7V, — V2 = 48V,
V2 +4

12	 12

1	 3	
—2	 I V, + 31̂ 2. = 24

+ -V2

	

—T2V' 12	 —

48

	

—24	 3	 120
V,	 +6V

and	 7

	

— 1	 3

—120 
—6V

V2	 2020

than V2, the current through R3 passes from Vi to
* V2.

Since V, is greater

Its value is

V, %L V, 6V — (-6V) 12V
I A

'R3	 R3	 12 fl	 12,Q

The fact that V, is positive re sults in a current IR, from V, to ground

^equal to

	

IR, 
LR	 ^—V 3 A

	

R,	 R,	 2 fI

Finally, since V2 is negative, the current IR2 flows from ground to V2 and

is equal to

LR^ = _V2 =, 6 V = 1 A
k R2 Ri 6 fl

I

Supernode
Occastonally, you may encounter voltage sources in a network that do

not have a series internal resistanc e that would . permit a conversio
n to a

current source. In such cases, you have two options. 
a resistor in series

The simplest and most direct approach is to place

with the source of a very small value compared to the other resistive.



6A
	

Ri ^4 171 R2^2 
f) ^j ) 4A

R3

13 	 Ion

V,

13 

;1 
Supemode

R3

Ion
E

12 V

R. 4 ^R2':

FIG. 8.53

Example & 22.

D ( I )4A
6A
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FIG. 8.54	 '
Defining the supernodefor. the network in Fig^ 8.53.

I

elemetits ofthe network For instance, if most of the resistors are 10 fl or
larger, placing a I fl resistor in series with a voltage source provides onelevel 

Of accuracy for your answer. However, choosing a resistor of 0. 1 fl or
less increases the accuracy of your answer. You will never get an exact an-
swer because the network has been modified by the introduced element.
However, for,most applications, the accuracy AQ1 be sufficiently high.

The other approach is to use the supernode approach described
below. This appro;lch provides an exact solution but requires some prac-
tice to become proficient.

Start as usual and assign a nodal voltage to each independent node of

the . network, including each independent voltage source as if it were a

resistor or current source. Then mentally replace the independent volt-

age sources with short-circuit equivalents, and apply Kirchhoff's current

law to the cl^e ined nodes of the network. Any node including the effect of
elements tied only to other nodes is referred to as a supernode (since it
has an additional number of terms). Finally, relate the defined nodes to
the independent voltage sources of the network, and solve for the nodal,
voltages. The next example clarifies the definition ofsupernode.

ILE 8.22 Determine the nodal voltages VI, and V2 in Fig. 8.53
m e

pe 

od

g h	

e7

us	 the concept of a supernode.

S.I.t, 'Pl	 m

olution: Replacing the independR a . th d n ent voltage source of 12 V with a
short^circuit equivalent results in the network ^in Fig. 8.54. Even 1hough
the mental application of a short-circuit equivalent is discussed above, it

would be wise in the early stage of developmed to redraw the network

as shown in Fig. 8.54. The result is a single supernode for which Kirch-

hoff's current law must be applied. Be sure to leave the other defined

nodes in place, and use them to define the currents from that region of

the network. In particular, note that-the current I3 , leaves the supemode at
V, and then enters the same supernode at 

V2. It Must therefore appear
twice when applying Kirchhoff's current law, as Shown below:

1 7- ij = I 1^

6 A + 1 3 = I, + 12 + 4 A + 13
or	 It 

+ 12 = 6 A — 4 A = 2 A

Then	 + L, 
= 

2 A
R, R2

and	 V, +	
2 A

4-D 2 a

Relating the defined nodal voltages 'to the independent voltage source,
we have

Vi V2 = E = 12 V^

which results in two equations and two unknowns:

0.25VI + 0,5V2 = 2

V,	 IV2 = I

Substituting gives

Vi = V2 + 12

	

' O.25(V2 + 12) + 0-5112	 2
and	

0.75V2 2 — 3

.140
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so that	 V2	 1.33 V
0.75

	

+ 12 V	 1.33 V + 12 V — 10.67 Vand	 V1 V2

current of the network can then he determined as follows:

V	 10.67 V
— = --^ —f, = 2.67 A
R1

12T L2 = 
1.33 V 

= 0.67 A
R2	2 il

	

13 

V, — v, = 10.67 V — (— 1.33 V)	 12 fl 
1.2 A

10 fl	 ion	 1011

A careful examination of the network at the beginning of the analysis

would have revealed that the voltage across the resistor R3 must be, 12 V

and 13 must be equal to 1.2 A.

8.10 NODAL ANALYSIS (FORMAT APPROACH)

A close examination of Eq. (8. 1) appearing in Example 8.2 r reveals'that,

the subscripted voltage at the node in which Kirchhoff's current law is

applied is multiplied by the sum of the conductances attached to that

node. Note also that the other nodal voltages within the same equation

are multiplied by the negative of the conductance between the two

nodes. The current sources are represented to the right of the equals sign

with a positive sign if they supply current to the node and with a negative

sign if they draw current from the node.

These conclusions can be expanded to include networks with any

number of nodes. This allows us to write nodal equations rapidly and in

a form that is convenient for the use of determinants. A major require-

ment, however, is that all voltage sources mustfirst be converted to cur

rent sources. before the procedure is applied Note the parallelism

between the following four steps of application and those required for

mesh analysis in Section 8.8.

Nod al Analysis Procedure

1. Choose a reference node, and assign a subscripted voltage label to

lite (N — 1) remaining nodes oithe network.

2. The number of equations requiredfor a complete solution is equal

to lite number ofsubscripled voltages (N — 1). Column I ofeac4

iquation isformed by summing the conductances tied to the node

of interest and multiplying the result by that subscripted nodal

voltage.

3. We must now confider tire mutual terms, which, as noted in the

preceding example, are always subtractedfirom thefirst column. It

is possible to have more than one mutual term if the nodal voltage

of current interest has an element in common with more than one

other nodal voltage. This is demons^ated in an example to follow.

Each mutual term i' s the product of the mutual conductance and

the other nodal voltage, tied to that conductance.

4. The column to the right of the equality sign is theolgebraic sum of

the current sources tied to the node ofinterest. A current source is
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assigned a positive sign ifilsupplies currenttoa nodeanda

negative sign ifit draws currentfrom the node.

5. Solve the resulting simultaneous equations for the desired voltages.

Let us now consider a few examples.

EIXAMPLE 8.23 Write the nodal equations for the network in Fig. 8.55.

R3
A

3

1 1 	 2 A	 R, 6 n	 1,	 3 A	 R2 40

FIG. 8.55

Example 8.23.

Solution:

Step 1: Redraw the figure with assigned subscripted voltages in Fig. 8.56.

V,	 R3	 V2

11	 6 f) 
12	 3Aj4flR^

Reference

FIG. 8.56

Defining the nodesfor the network in Fig. 8.55.

Steps 2 to 4:

D—ing --m
from node I

V,:	 —2A
6n	 3 fl	 30) V,	 L) V^

	

Sum of ,	 Mutual

	

conductance;	 conductance
connected
to node I

Supplying current
1. 

node 
2

(4n +

	

	
V^	 )V, +3A

	

3 0	 3 fl

Sum of	 Mutual

	

conductances
	

conductance
connected
to 

node 
2
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and	
_V, —V2 —2
2	 3

I V, + V2 3
3	 12

EXAMPLE 8.24 FiAd the voltage across the 3 0 resistor in Fig. 8.57

by nodal analysis.

2 a	 6 fl	 10 fl
+	 +

8 V	 4 0'	 V3a 3 R	 I V

TIG. 8.57
Example 8.24.

Solution: Converting sources and choosing nodes (Fig. 8.58), we have'.

V,	 V2

6 fl

+	 10 fl
0.1 A4A	 2 a	 4fl	 V3n 3 fl

Reference

FIG. 8.58
Defining the nodesfor the network in Fig. 8.57.

7

+	 +	 V,	 +4A
2 0 4 fl 6 fl	 V,6 0

+	 +	
—0. 1 A

	

(ion 3 a 6 n) V2 	 61n V'

11_V, —V2 4
12	 6

V 1 + 
3 

V2 —0-16

resulting in

11V, — 2V2 +4,8
—5VI + 18VL= — 3



314 1 ,11 METHODS 0 F ANALYS IS AND SELECTED TOPICS (dc)

and

1

 11	 411

— 
5 —3	 —33 + 240 207

V2 V3n	 —F9 —8
11 —21	

10	 1.10 V
188

1-5	 18

As demonstrated for mesh analysis, nodal analysis can also be a' very
useful technique for solving networks with ordy one source.

N

5 n	 EXAMPLE 8.25 Using nodal analysis, determine the potential across
the 4 fl resistor in Fig. 8.59.

2 fl	 2 n	
Solution: The reference and four subscripted voltage levels were cho-
sen as shown in Fig. 8.60. Remember that for any difference in potential

211 3^1 4(1 between V, and V3, the current through and the potential drop across
each 5 fl resistor are the same. Therefore, V4 is simply a mid-voltage
level between V, and'V3 and is known if V, and V3 are available. We will
therefore not include it in a nodal voltage and will redraw the network as
shown in Fig. 8.6 1. Understand: however, that V4 can be included if de-

	

FIG. 8.59	 sired, although four nodal voltages will result rather than three as in the
E^ample 8.25.	 solution of this problem. We have

VI:
(2a .2 fl 10 fl V. —	 V,	 V, = 0

5 11	 V2:	
1 

+	 VI —	 V,	 V^ = 3 A
V,	

V3	 1	 1V3:	
+	

V,2 fl	 2 fl	 (10fl —20 —4f I V, — ( 2— L0 V^ —

which are rewritten as
2 f)	 3 A	 4 n

LIVI	 0.51/2 — O.IV, = o,

V, 0.5VI — 0.5V3 =

0. 85 V, — O^5 V, a. 1 v, = 0

t(o V) 	 For determinants, we have

FIG. 8.60

	

Defining the nodesfor fhe network in Fig. 8.59.	
0

'b,

10fl	 O.sYt + I Vl ,—	 3

6:5V,_"+ dt^o

2 n	 V,
Befori continuing, note the symmetry about the major diagonal in the

equation above. Recall a similar result for mesh analysis. Examples,8.23

and 8,24 adso exhibit this property' in the resulting equations, Keep this
2 n	 3 A	 in, mind as a check on future applications of nodal analysis. We have

	

1.1	 — 0.5	 '0

(0 V)	
0.5 +1	 3

' V3 V4n	
—0.5 0_=

465VFIG. 8.61	
—05 —0.1

	

Reducing the number ofnodesfor the network in 	
—0.5 + 1	 —0.5'Fig. 8.59 ky combining the iwo, 5 11 resijtors.
—0.1 —0.5 +0.851
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The next example has only one source a^plied to a ladder network.

EXAMPLE 8.26 Write the nodal equations and find the voltage across

the 2 fl resistor for the network in Fig. 8.62.

3 0
I +

	

4 n

f-=-240 V	 6 n	 6 n	 2 fI

9 a

FIG. 8.62'

Example 8.26.

Sol6tion, The nodal voltages are chosen as shown in Fig. 8.63. We have,,

V1	 V2 + 0 20 AVI: --L 11	1	
)12 n 6 a 4 fl	 4 f)

V2: (' I

	

	+ 1)V2	
V,	 V3 0

+

+	 V3 -	 + 0 0
V3: I 

it 2 fl	 ( -I,- ) V^

and	 0.5V1 — 0.25V2 + 0	 20

7 V20.25V, 4- L — IV3 = 0
12

0 - I Y2 + I -5V3 = 0

V,	 V2	 V^

4 il

20A	 1241	 6fl	 2fl

(0 V)

FIG. 8.63	 N

urrent source and defining the nodes
. Converting the voltage source to a c

for the network in Fig. 8.62.

Note the symmetry present about the, major axis. Application of de-

terminants reveals that

v3 V2n 10.67 V

8.11 BRIDGE NETWORKS

This section introduces the bridge networ4, a configuration that has a

in
I 
ultitude of applicationi. In the following chapters, thi 's type of network is

used In both dc and ac meters, Electronics courses introduce these irr the

	

discussion of rectifying circuits used in converting a varying signal to one 	
A
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R2

	

R,	

R5	

R2	
R,	

R, R2
	 R4

R,
R,

R3	 R4

	

R3	 R4

__Z

R3(a)	 (b)	
W

FIG. 8.64

R,	 2fl	
Variousformaisfor a bridge network

R,	 ofa steady nature (such as dc). A number ofother areas of application also

5'	

require some knowledge of ac networks; these areas are discussed later.
+	 5 ri 

R,

E	 20V	
20	 R4	 The bridge network may appear in one of the three forms as indicated

	

I	

in Fig. 8.64. The network in Fig. 8.64(c) is also called a syntinetrical lar-^Rj	 I

tice network if R2 = R3 and R, = R4. Fig. 8.64(c) is an excellent exam-

ple of how a planar network can be made to appear nonplanar. For the

purposes of investigation, let us examine the network in Fig. 8.65 using
FIG^ 8.65	 mesh and nodal analysis.

	

Standard bridge configuration. 	 Mesh analysis (Fig. 8.66) yields

(3 fl + 4 1`1 + 2 1`1)11 — (4 fl%  (2 fl)13 = 20 V

	

t ----------	 (4 fl + 5 fl + 2 fl)12 — (4 a)1, — (5 fl)13 = 0

R	 33 fl	 R], 40 ,,R2 2 It	 (2 fl + 5 I 'l + I n)13 — (2 fl)II — -(5 n)12 = 0
^kL-R

	

5 — 12	 and	 91, — 412 — 213 = 20

+

+	 —5n— 13	 —41, + 1, 112 — 513 = 0
\RE	 20V 3 2 fj 'R,'

	

-----------
	

_211 — 512 + 813 0

with the result that

11 = 4A
FIG. 8.66

Assigning the mesh currents to the network in	
12 = 2.67 A

	

Fig. 8.65.	 13 = 2.67 A

The net current through the ', 5 fl resistor is

I5n = 12 — 13 = 2.67 A — 2.67 A 0 A

1 R, 
4n	

2fl	 Nodal analysis (Fig. 8.67) yields1 ,	 211

V	 R , R2	 V3	 V3	 20

	

+ — +	 V2 —R, 3 n	
5 fl 

R4	
Ga 4 a in) 

Vt	
3 
A

^A 2 A
R,	 +	 +	 0

) V, —	 )Vt — GL) V,4 fl	 5 fl

	

(0 V)	
+	 V3	

)V. —	 04f	
FIG. 8.67	

in)	 511

	

Defining the nodal voltagesfor the nenvork	
and

in Fig. &65.
—	

)V.	 V,,— (—L) V, 6.67 A(3 fl	 4 fl	 2 il	 4 fl	 2 1"1

V, + _L +
(—L)V3_(40	 (4n: 2a 5 fl) V2 5 a

	

5 n	 5 n 2n	 )V3
V,	 V, + (—L +	

in

Note the Fymmet^y Of!hc Eoljt;on
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TI-89 Calculator Solution

With the T1 -89 calculator, the top part of the determinant is determined by

the sequence in Fig. 8.68 (take note of the calculations within parentheses):

FIG. 8.68

TI-89 solutionjor the numerator ofthe solutioafor Vi.

with the bottom of the determinant determined by the sequence in Fig. 8.69.

FIG. 8.69
TI-89 solutionforthe denominator ofthe equationfor V1.

Finally, the simple division in Fig. 8.70 provides the desired result,

=10. 5 1 L^i . 3!1 ( =^EFR

FIG. 8.70

TI-89 solutionfor V1.

and	 V, 8.02 V	 3 Ln	
R, 

4n R2 2n

V= 0-

Similarly,	 V2 2.67 V	 and	 V3 2.67 V

+	 2 n R4
and the voltage across the 5 fl resistor is	 E	 20V	 R	 +g3,V 'n

V5n V2 — V3 =^2.67 A — 2.67 A = 0 V

Sirice V5f, = 0 V, we can insert a short in place of the bridge arm

without affecting the network behavior. (Certainly V = IR = I - (0) =	 FIG. 8.11

0 V.) In Fig. 8.71, a short circuit has replaced the resistor R5, and 	 Substituting the short-circuit equivalentfor-

rk is redrawn in	 the balance arm ofa balanced bridge.
the voltage across R4 is to be determined. The netwo

Fig. 8.72, and

-(2 fl 1 fl)20 V

Virl = -	
(voltage divider rule)

(2 n 111 fl) + (4 n j112n) + 3a	

Ri 4a R,.".2a

R

2 
(20 V)	 (20 V)	 R, 3 C1

3	 3

2 
+ 

8 
+ 3 

2 
+ 

4 
+ 9
	 +	 +

20 V3 6	 3 3 3	 E	 E22 11 R,R3	 r, Vio
'2(20 V )	 40 V 

2.67 V
2+ 4 + 9	 15

as obtained earlier.	
FIG. 8.72We found through mesh analysis that 150 0 A, which has as its equiv-

alent an open. circuit as shown in Fig. 8.73(a). (Certainly I = VIR =	 Redrawing the network in Fig. 8.71.



R13 fl	 ^ffjI :i^ 0+	 2 1 R

E	 20 V	

R3 IIIIIIIIII11011.

4	
+In V,1	 I

3 fl

R

4

FIG. 8.74 -

Establishing the .balance criteriafor a bridge
network.
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(b)

FIG. 8.73

Substituting the open-circuit equivalentfor the balance arm ofa bal^nced bridge.

4
01(w fl) = 0 A.) The voltage across the resistor R4 is again determined
and compared with the result above.

The network is redrawn after combining series elements as shown in -
Fig. 03(b), and

V3n 

(6 f211 3 0)(20 V) 

= 

2 f)(20 V)	
8 V

6 ft 3,Q + 3 fl 2fl + 3 fl

1 fl(8 V)	 g v
and	

V10 111 + 2 fl = -
3 = 2.67 V

as above.

The condition V5j, 0 V or 15f, = 0 A exists only for a particular re-
lationship between the resistors of the network. Let us now derive this

relationship using the network in Fig. 8.74, in which it is indicated that
I = 0 A and V = 0 V. Note that resistor R, of the network in Fig. 8.73
does not appear in the following analysis.

The bridge network is said to be balanced when the condition of
I = 0 A or V = 0 V exists.

If V = 0 V (short circuit between a and b), then

V, = V2
and	 11 R, = J2R2

or	 = 
12R2

R,

In additiori, when V dv,

V3 = V4

and	 13R3 = 14R4

' If we set I —_ 0 A, then 13 = 11 and 14 	 12, with the result that the
above equation becomes

IjR3 = 1284

Substituting for 11 from above yields

(
2R2 ) IR3 12R4
R,

or, rearranging, we have
%

RI R2

I R3	 R41



FIG. 8.75

A visual approach to remembert, ng

the balance condition.
I

,R,

R,

R,	 R2

R3

Rc
R,	 - 1?2^,

R3

a
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This conclusion states that ifthe ratio of R, to R3 is equal to that of R2

^o R4, the bridge is balanced, and I = 0 A or V = 0 V. A method of mem-

orizing this form is indicated in Fig. 8.75.

	` IFor the example above, R, = 4 11, R2 = 2 fl, ^3 = 2 fl, R4 I fl,

and

R1	 R2	 fl	 2fl 
2

R3 R4	 Td

The emphasis in this section has been on the biiIanced situation. , Un-

derstand that if the ratio is not satisfied, there Will be a potential drop,

across the balance arm and a current through it. The methods just de-

scribed (mesh and nodal analysis) will yield any and all potentials or

cu
I 
ffents desir^viust as they did for , the balanced'situation.

^_Y (17 

-TV)	 VERS11ONS,

^rcu Yr.Anfigtii^atlion are often encountered in which the'resistors,do

not appear to be in series or parallel. Under these conditions, it may be

necessary to convert the circuit from one form to another to sq^^p for any

unknown quantities if mesh or nodal analysis is not applieoTwo circuit

configurations that often account for these difficulties are the ^Vye (YJ

and delta (A) configurations depicted in Fig. 8.76(a). They are also re-

ferred to 
as 

the tee (T) and pi (1r), respectively, as indicated in Fig.

836(b), Note that the pi is actually an inverted delta.

The purpose of this section is to develop the equations for converting

from a to Y, or vice versa. This type of conversion normaHy leads 0 a

network that can be solved using techniques such as those described in

Chapter 7. In other words, in Fig, 8.77, with terminals a, b, and c held

fast, if the Wye (Y) configuration were desired instead of the inverted

delta (A) configuration, all that would be necessary is a direct applica-

tiorf of the equations to be derived. The phrase Instead of is emphasized

to e:nsure,that it is understood &at only one, of these configurations is to

appear at one time between the indicated terminals.

It is our purpose (referring to Fig. 8.77) to find some expression for

R 1 , R2, and R3 in terms of RA. B,9,,,and RC, and vice versa. that will ensure

that the resistance between any two terminals of the Y configuration will

T7

Rc
a	 b

R l '	 R2

JR, VORA

R3	
"7

FIG. 8.77,

Introducing tho 'concOpt OfA-YOr Y-A conversions.

Rc

FIG. 8.76

The Y (T) and A (1r) configurations.
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be the same with the A configuration inserted in place of the Y configu-
ration (and vice versa). If the two circuits are to be equivalent, the total
resistance between any two terminals must be the sAie. Consider ternii-
nals a-c in the A-Y configurations in Fig. 8.78.

a	 b	 a	 b

Rc	 a

R,	 R2	 Rc

bR	
RB	 -	 RA

R3	

:c7 
RB

RA
External to path
of measumtnent

C C

FIG. 8.78
for the Y and A configurations.Finding the resistance Ra.c

Let us-first assume that we want to convert the A (RA , RB, RC) to the
y (RI, R2, R3). This requires that we have a relationship for R 1 , R2, and
R3 in terms of RA, RB, and Rc. If the resistance is to be the same be-
tween terminals a-c for both the A and the Y, the following mus! be
true:

R,(Y) R.-c(A)

RR(RA + RC)
aP	

so that	 R, R, + R3 = R, + (RA + RC)	
(8.3a)

Using the same approach for a-.b and b-c, we obtain the following
relationships:

+ R
Ra.b R1 + R2	

RC(RA	 B)	
(8.3b)

RC + (RA + RB)

R	 R	 R3	
RA(RB + RC)	

(8.3c)and	 b-,	 2 +	 RA + (RB + RC)

Subtracting Eq. (8.3a) from Eq: (83b), we have

RCRB + RCRA	 RBRA + R&RA
(RI + R2) (RI + R3)	 RA + Ry + RC	R + RB + RC)A

so that	 R2 R	
RARC — RBRA	

(8A)
RA + RB + RC

Subtracting Eq. (8.4) from Eq. (8.3c) yields

RBRA
(R2 — R3)	

RARB + RARC	 PARC
(R2 + R3)

(RA + RB + RC) (RA + RB + RC)
4

2RSRA
so that	 2R3 RA + RB + RC
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resulting in the following expiression for R3 in terms of RA, RB, and RC,

R R
(8.5a)

R3 :RA 

+ 
R + RC

Following the same procedure for R, and R2, we have

R,	
RBRC	

(8.5b)
RA + RB + RC

and	 R2	
RARC	

(8.5c)
RA + RB + RC

Note thateach resistorofthe Yiss equalto theproduct ofthe resistors

in the two closest branches of the A divided by the sum ofthe resistors

in the A.

To obtain the relationships necessary to convert from a Y to a A, first

divide Eq. (8.5a) by Eq. (8.5b):

R3 (^ARB)I(RA + RB + RC) RA

??i (RBRc)I(RA + RB + RC) RC

RCR3
or

R,

Then divide Eq. (8.5a) by Eq. (8.5c):

R3 (RARB)I(RA + RB + RC) RB

R2 (RARC)I(RA + RB + RC) RC

R3RC
or	 RB

R2

Substituting for RA and RB in Eq. (8.5c) yields

(RCR31RI)RC
R2 =

	

	
—(R3RCIR2). + (RCR31R I) + RC

(Rj1Rj)RC

(R3lR2) + (R31R I) + I

Placing these over a common denominator, we obtain

R2	

(R3RCIRI)

(R IR2 + RIR3 + R2R3)ARlR2)	 t

RARC

R jR2 + R IR3 + R2113

R I R2 + RjR3 + R2
and	 Rc	 (8.6a)

R3

We follow the same procedure for RB and

R I R2 + R I R3 + R2R3	
(8.6b)

R,
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RIR2 + RIR3̂3 :+R2R3

	

R^	 (9.6c)and
R2

Note that the value ofeach resistor ofthe A is equal to the sum ofthe

possible product combinations ofthe resistances ofthe Y divided by

the resistance of the Yfarthestfrom 'the resistor to be determined.

Let us consider what would occur if all the values of a A or Y were the
same. If RA RB = RC, Eq. (8.5a) would become (using RA only) the
following:

3	
R3	

RARB	 RARA"	 RA' RA

RA +RB+Rc RA +RA +RA 3RA 3
R,	 R,

and, following the same procedure,
R3

2	 4	 R, = 
RA 

R2 
RA

3	 3,
^n general, therefore,

y

(a)	
Ry	

Rj	
(8.7)

3
3

C

Rc	 or	 FR	 3Ry	 (8.8)

.^H	 RA
which indicates thatfor a Y ofthree equal resistors, the value ofeach re-

2	 4	 sistor ofthe A is equal to three times the value ofany resistoraftheY. If0—	 0
only two elements of ' a Y or a A are the same, the corresponding A or Y

of each will also have two equal elements. The converting of equations is

left as an exercise for you.
(b)	

The Y and the A often appear as shown in Fig. 8.79. They are then re-,.

FIG. 8.79	 ferred to as a tee (T) and a pi (7r) network, respectively. The equations

The relationship between the Y and T configurations used to convert from one form to the other are exactly the same as those

and the A and 7r configurations.	 devel9ped for the Y .and A transformation.

EXAMPLE 8.21 Convert the A in Fig. 8.80 to a Y.

b
i^c

b

20 fl RA

RH	 30 fl

c

FIG. 8.80

' Example 8,27.

Solution..

RjRc	 (20 0)( 10 a )	 200 fl

RI R^ + RB + RC 30fl + 20fl + 100	 60	

3
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RARc	 (30 fl )( 10 fl ) 300 n
'R2	 511

RA + .RB + Rc	 60 a	 60

RARB	 (2012)(300) 600 ft
^3 

^RA + RB + RC	 60 fl	
- ^0— 10 11

-The equivalent network is shown in Fig. 8.8 1.

b

. 

a
a	 b	 a b

	

3'/3 A R2	 Y60QR2Rl	

fl	

5 n )0.1
R,	 5 n

	

oil	 oil

R,	 11011	 R3	 60 f1i

c	

C	 C

FIG. 8.81	 FIG.8.82
The Y equivalewfor the A in Fig. 8.80.	 Example 8.28.

onvert the Y in Fig. 8.82 to a A.

RA 
R

. 

IR2 + RIR3 + R2R3

	

Ri	
b-

(60 a)(6011) + (60 fl)(60 fl) + (60 n)(60 fl)	
R

60 '0

	

	 b

R

3600 fl 4 3600,0 + 3600 f); 10,800 fl 	
180 f)

60	 60
18011 &

R, 180n	 RN	 180 n

iiowever, the three resistori for the Y are equal, permitting the use of

Eq. (8.8) and yielding

RA My = 3(60 fl) = 180 fl	 C
and ,	 RB = RC = 18011

The equWalent network is shown in Fig, 8.83.	
FIG. 9.83

The A equivalentfor the Y in Fig. 8.82.

EXAMPLU2 . ind ' the total resistance of the network in Fig. 8.84,
where RA 30,andR^---6

Two—iston fdwa.eree a];	 4 f1
Solution:	 thucf.re, t" Ore^sistqrs ofthev will

be equal. —	 RC

RBRC	 (3 fl)(6 fl)	 18 n	 a	 b

R,	
+ RC 3 fl, + 3 0 + 6 fl,	 12	

T	

6CIR	 '7RA + RB	 3 D
R.	 30

R2	
RARC	 (3 fl)(6 fl) 	18,Q

RA + RB + RC	 12 it	 12	 C

R3	
RARB	 (3 fl)(3 fl) 9 n 0.75 

n	 FIG. 8.84
Example 

8.29.jiA + RB,+ RC	 2 fl	 12



FIG. 8.86

Example &.30.

2 0'

FIG. 8.88

Substituting the Y configuration for the converted

. - A into the network in Fig. 8.86

a

2 fl

d'

2112 C1

b

FIG. 8.87

Converting the A configuration offig. 8.86 to a

Y configuraiion.
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Replacing the A by the Y, as shown in Fig. 8.85, yields

4n	 2 n.	 RT = 0.7511 'A 
(4 a -^ 1.5 n)(2 fl + 1.5 D)

(4 n + 1.5 0) + (2 0 + 1.5 fl)

a	 (5.5 fl)(3.5 fl)

R,	 R, 

.5 fl 1.5 n 

R^	

= 0.75 fi A 
5.5 il + 3.5 W

= 0.75 0 + 2,139 0

	

^'3 0.75 f)	

RT = 2-99 fl

FIG. 8.85

Substituting the Y equivalentfor the bottom

A in Fig. 8.84.

EXAMPLE -8.30 Find the total resistance of the network in Fig. 8.86.

Solutions: Since all the resistors of the A or Y are the same, Eqs. (8.7)

and (8.8) can be used to convert either form to the other.

a. Converting the A to a K Note: When this is done, the resulting d' of

the new Y will be the same as the point d shown in the original

figure, only because both systems are "balanced." That is, the resis-

tance in each branch of each system has the same value:

R, 60
	Ry =	 = — 

_ 
2 fl	 (Fig. 8.87)

3	 3

The network then appears as shown in Fig. 8.88. We have

	

R T = 
2[ (2	

3.27 f I

b. Converting the Y to a A;

RA = 3Ry - (3)(9,Q) 27 fl

A^6 a	
(6 fl)(27 fl) 162 fl60	

R^ =	 4.91 fl
27 0 6 fl + 27 fl	 33

27 n
27 D	 RHR^ + R^)	 Rj2l?^ 2R^

RT
Rj + (R^ + R^)	 3Rj	 3

c	 60	 b	
2(4.91 fl)	

3.27 11
FIG. 8.89	 3

Substituting the converted Y configuration into the	
which checks with the previous solution.

network in Fig. 8.86.

(Fig. 8.89)
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8.13 APPLICATIONS
.'This section discusses the constant-current characteristic in the design of

security systems, the bridge circuit in a common residential smoke de-
tector, and the nodal voltages of a digital logic probe.

Constant-Current Alarm Systems
-currentThe basic components of an alarm system using a constant

supply are provided in Fig. 8.90. This design is improved over that pro-.
at it is less sensitive to changes invided in Chapter 5 in the sense th

resistance in the circuit due to heating, humidity, changes in the length
of the line to the sensors, and so on. The 1.5 kfl rheostat (total resis-
tance between points a and b) is adjusted to ensure a current of 5 mA
through the single-series security circuit. The adjustable rheostat is nec-
essary to compensate for variations in the total resistance of the circuit
introduced by the resistance of the wire, sensors, sensing relay, and mil-
liammeter. The milliammeter is included to set the rheostat and ensure a
current of 5 mA.

Sensing relay

I
To bell circuit

,NIC
I kfl

Door	 z:N10 5 V @ 5 mA
switch	 I kn

10 A
m

Window	
movement

foil	 5 mA	
a

Rheostat
0-1.5 kfl

b +
Magne ic
switch t	 E	 10v

FIG. 8.90
Constant-current alarm system.

If any of the sensors opens the current through the entire circuit drops
to zero, the coil of the relay releases the plunger, and contact is made
with the N/C position of the relay. This action completes the circuit for
the bell circuit, and the alarm sounds. For the future, keep in mind that
switch positions for a relay are always shown with no power to the net-

'Work, resulting in the N/C position in Fig. 8.90. When power is applied,
the switch will have the position indicated by the dashed line. That is,
various factors, such as a change in resistance of any of the elements due
to heating, humidity, and so on, cause the applied voltage to redistribute
itself and create a sensitive situation. With an adjusted 5 MA, the loading
can change, but the current will always be 5 mA and the chance of trip-
ping reduced. Note that the relay is rated as 5 V at 5 mA, indicating that
in the on state the voltage across the relay is 5 V and the current through
the relay is 5 mA. Its internal resistance is therefore 5 V/5 mA = 4 kfl in

this state.

Introductory, C, 22A



Dual-in-line package

On packagi
to identify
pin number

(a)

V*
14

2

1 

00 4gA

Output

(b)

+	 V^ -

+ ^V	 + L
R1_

VI..
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0

+15V

Door

switch
	

+15V	 4mA
A

? +15 V,

2 MALL_^-	

ia^

<4	 sou e
Mut

	

4	 To alarm
4— , 2	 bell circuitMagnetic

_A.

switch I ^	

rn,^7

F. p
UM2900

Window
foil

FIG. 8.92

LM2900 operational ampliffer. , (a) dual-in-line
package (DIP): (b) components: (c) impdct of

low-input impedance.

FIG. 8.91

Constant-current alarm system with electronic components.

A more advanced alarm system using 9 constant current is illustrated

in Fig. 8.91. In this case, an electronic system using a single transistor,,

biasing resistors, and a dc battery are establishing 
a 
current of 4 mA

through the series sensor circuit connected to the positive side of an op-

erational amplifier (op-amp). Transistors and op-amp devices may be

new to you (these are discussed in detail in electronics courses), but for

now ^ou just need to know that the transistor 
in 

this application is being

used notes an amplifier but as part of a design ' to establish a constant

current through the circuit. The op-amp is a very useful component of

numerous electronic systems, and it has important terminal characteris-

tics established by- a variety of components , internal to its design. The
LM2900 operational amplifier in Fig. 8.91 is one of four found in the

dual-in-line integrated circuit package appearing in Fig. 8.92(a). Pins 2,

3, 4, 7, and 14 were used for the design in Fig. 8.91. Note in Fig.
8.92(b)jhe number of.clements required to establish the desired termi-

nal characteristics—the details of which will be investigated in your

electronics courses.

In Fig. 8.91, the designed 15 V dc supply, biasing resistors, and tran,

sistor in the upper right comer of the schematic establish a constant 4 mA

current through the circuit. It is referred to as a ^onstant-current source

.because the current remains fairly constant at 4 mA even though there

may be moderate variations in the total resistance of the series sensor

circuit connected to the transistor. Following the 4 mA through the cir-

cuit, we find that it enters terminal 2 (positive side of the input) of the
op-amp. A second current of 2 mA, called the riference current, is es-
tablished ' by the 15 V source and resistance R and enters terminal 3 (neg-

ative side of the input) of the cip-amP. The reference current of 2 mA is

necessary to establish a current for the 4 mA current of the network to be

compared against. As long as the 4 mA current exists, the operational

amplifier provides a "high" output voltage that exceeds 13.5 V, with a

typical level of 14.2 V (according to the specification sheet for the op-
amp). However, if the sensor current drops from 4 mA 

to 
a level below

the reference level of 2 mA, the op-amp responds with a "low" output
voltagle that is typically about 0. 1 V. The output of the operational ampli-

fier then signals the alarm circuit about the disturbance. Note from the

above that it is not necessary for the sensor current to drop to 0 mA tor
signal the alarm circuit77just a variation around the reference level thit
appears unusual.'

One very important chLcteristic of this particular op-amp is that

the input impedance to the op amp is relatively low. This feature is
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important because youdon't want alarm circuits reacting to every volt-,

age spike or turbulence that comes'down the line because of external

switching action or outside forces such as lightning. In Fig. 8.92(c), for

instance, if a high voltage should appear at the input to the series con-

figuration, most of the voltage would be absorbed by the series resis-

tance of the sensor circuit rather than travel across the input terminals

of the operational amplifier—thus preventing a false output and an acti-

vation of the alarm.

Wheatstone Bridge Smoke Detector

The Wheatstone bridge is a popular network configuration whenever de-

tection of small changes in a quantity is required. In Fig. 8.93(a), the dc

	

Balaric	 .'Pr. Smoke
	 +

	adjus	
detector

Lamp	 DC

	

Rb	 power

0alance

	

Ina	

LED
(light-emitting

a	 + V"— :-	 b	 Test module socket	 diode)

	

Reference	
NIC

To alarm	 Screen
Sensiti've	 V	 circuit
relay	 I I ----	 I - "I "I ^ .

	
Recessed

N10	 test switch

(a)	 (b)

Ceiling	 Reflector

'Et

Reference cell

Photoconductive	 Scaled clhlmber^

cells	 Light

(Resistance a function	 Solid barrier	
source

of applied light)

—Clear
plastic

Smoke
detector	

Reflector

Room	
Vents for the
passage of air or smoke

(C)

FIG. 8.93

Wheatstone bridge smoke detector: (a) dc bridge configuration; M outside appeaKance; (c) internal constructibn.
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bridL, e configuration uses a photoelc-ctric device to detect the presence of

smoke and to sound the alarm. A photograph of a photoelectric smoke

detector appears in Fig. 8.93(b), and the internal construction of the unit

is shown in Fig. 8.93(c). First, note that air vents are provided to permit

the snioke to enter the chamber below tile clear plastic. The clear plastic

prevepts the smoke from entering the upper chamber but permits the

light from the bulb in the upper chamber to bounce off the lower reflec-

tot to the semicondLictor light sensor (a cadmium photocell) at the left

side of the chamber. The clear plastic separation ensures that the fight

hitting the light sensor in the upper chamber is not affected by the

entering smoke, It establishes a reference level to compare against the

chamber with the ptering smoke. If no smoke is present, the difference

in response between the scrisor cells will be registered as the normal

situation. Of course, if both cells were exactly identical, and if the clear

plastic did not cut down on the light, ooth sensors would establish the

same reference level, and their difference would be z6 -o. However, this

is seldom the case, so a reference difference is recognized as the sign

that smoke is not present. However, once smoke is present, theie Will be

a sharp difference in the sensor reaction from the norm, and the alarm

should sound.

]it Fig. 8.93(a), we. find that the two sensors are located oil opposite

arnis of the bridge. With no smoke present, the balance-adjust rheostat

is used to ensure that the voltage V bctween points a and'b is zero volts

and the resulting current through the prhnary of the sensitive relay is

zero amperes. Taking a look at the relay, we find that the absence of a

voltage from a to b leaves the relay Coil Unenergized and the switch in

the N10 position (recall that the position of a relay switch is always

drawn in the unencrg ized state). 
An 

unbalanced SitUation results in a

voltage across the coil aod activation of the relay, and the switch moves

to the N/C position to complete he alarj^ circuit and activate the alarm..

Relays with two contacts and one movable arin are called single-
Pole -double-throw (SPDT) relays. The dc power is required to set tip

the balanced situation, energize the parallel bulb so we know that tile

s^stem is on, and provide the voltage from 'a to b if an'unbalanced sim-

ation should develop.

Why do you suppose that only one sensor isn't used, since its resis-

tance would be sensitive to the presence of smoke? The answer is that

the smoke detector may generate a false readout if the supply voltage or

output light intensity of the bulb should vary. Smoke detectors of the

typejust described must 
be 

used in gas stations, kitchens, dentist offices,

and so on, where the range of gas fumes present may set off an ionizing-

type smoke detector.

Schematic with Nodal Voltages

When an investigator is piesented with a system that is down or not op-

erating properly, one of tile first options is to check the system's 9peci-

fied voltages on the schematic. These specified voltage levels are

actually the nodal voltages determined in this chapter. Nodal voltage is

simply a special terin for a voltage measured from that point to ground.

Th- e technician attaches the negative or lower-potenti3i lead to the.

ground of the network (often the chassis) and then places the positive or

higher-p9tcritial lead on tile specified points of the network to check the

nodal voltages. If thc^ match, it means that section of the system is op-
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6.8 kn	 board
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R	

8 'n	
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	'ow	
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1.2 V	 5 +	 LM32	

LED 2
Green

7R,	 2.t Ml	 1	 6	 it
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TP

	

10kn	 LOGIC IN

(b)

	

FIG. 8.94	
available ui^zit.

Logic-probe: (a) sche i
nqnic with nodal volictges,(h) nentork with global corinections; (c)phorograph ofcommercialb

crating properly. If one or more fail to inwh the given values, the prob-

lem area can usually be identified. Be aware that a reading of -- 
15^87 V

is sijnificantly different from an expected reading of + 16 V if the leads

have been properly attached. Although the actual numbers ' seem close,

the difference is actually more than 30 V. You mus t expect some devia-

tion from the given value as shown, but always be very sensitive to the

resulting sign of the reading.

The 
s
chematic in Fig. 8.94(l

i) includes the nodal voltages for a to.-ic

probe used to measure We input and output Stites of integrated circuit

lo gic chips. In other words, the probe determines whether the measured

ed to as "on" oi
voltage. is one of two States: high ' or low (often referr

"off' or I or 0). If (Ile LOGIC IN 
terminal of the probe is placed on a

.	
'it a location where the voltage is between 0 and 1.2 V, the voltage

	
k

chip

is considered to be a low level, and. the green 
LED lights (LEDs are
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light-emitting semiconductor diodes that emit light when current is
passed through them). If the measured voltage is between 1.8 V and 5 V,
the reading is considered high, and the red LED lights. Any voltage be-
tween 1.2 V and 1.8 V is considered a "floating level" and is an-indication
that the system being measured is not operating correctly. Note that the
reference levels mentioned above are established by the voltage divider
network to the left of the schematic. The op-amps used are of such high
input impedance that their loading on the voltage divider network can
be ignored and the voltage divider network considered a network unto
itself. Even though three 5.5 V dc supply voltages are indicated on the
diagram, be aware that all three points are connected to the same supply.
The other voltages provided (the nodal voltages) are the voltage levels
that should be present from that point to ground if the system is working
properly.

The op-amps are used to sense the difference between the reference
at points 3 and 6 and the voltage picked up in LOGIC IN. Any differ-
ence results in an output that lights either the green or the red LED. Be
aware, because of the direct connection, that the voltage at point 3 is
the same as shown by the nodal voltage to the left, or 1.8 V. Likewise,
the voltage at point 6 is 1.2 V for comparison with the voltages at
points 5 and 2, which reflect the measured voltage. If the input voltage
happened to be 10 V, the difference between the voltages at points 5
and 6 would be 0.2 V, which ideally would appear at point 7. This low
potential at point 7 would result in a current flowing from the much
higher 5.5 V dc supply through the green LED, causing it to light and
indicating a low condition. By the way, LEDs, like diodes, permit cur-
rent through them only in the direction of the arrow in the symbol.
Also note that the voltage at point 6 must be higher than that at point 5
for the output to turn on the LED. The same is true for point 2 Qver
point 3, which reveals why the red LED does not light when the 1.0 V
level is measured.

Often it is impractical to draw the full network as shown in Fig.
8.94(b) because there are space limitations or because the same voltage
divider network is used to supply other parts Of the system. In such
cases, you should recognize that points having the same shape are con-
nected, and the number in the figure reveals how many connections are
made to that point.

A photograph of the outside and inside of a commercially available
logic probe is shown in Fig. 8.94(c). Note the increased complexity of
system because of-the variety of functions that the probe can perform.

8.14 COMPUTER ANALYSIS
PSpice

We will now analyze the bridge network in Fig. 8.67 using PSpice to
ensure that it is in the balanced state. The only component that has not
been introduced in earlier chapters is the dc: current source, To obtain it,
first select the Place a part key and then the SOURCE library.
Scrolling the Part List results in the option IDC. A left cli 'ck of IDCfollowed by OK results in a dc current source whose direction is toward
the bottom of the screen. One left click (to make it red, or active) fol-
lowed by a right click results in a listing having a Mirror Vertically op-
tion. Selecting that option flips the source and gives it the direction in
Fig. 8.67.

a
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E&	
WoM- uop cadence

L-"G ii4

Q CAlp !1-1 Ir

W

	

.4	 2	 2

R5

6 667A

	R3 2	 R4

0

FIG. 8.95

4pplying PSpice to the bridge network in Fig. 8.67.

The remaining parts of the PSpice analysis are pretty straightforward,

with the results in Fig. 8.95 matching those obtained in the analysis of

Fig. 8.67. The voltage across the current wurce is 
8 V positive to ground,

and the voltage at either e rd of the bridge arm is 2.66,7 V. The voltage

across R5 is obviously 0 V for the level of accuracy displayed, and the

clirrent is such a small magnitude compared to the other current levels of

the network that it can essentially be considered 0 4. ,Note also for the

balanced bridge that the current through R, equals that of R 3, and the

current through R2 equals that of R4.

multisim

We will now use Multisim to verify the results in Example 8.18. All the

elements of creating the schematic in Fig. 8.96 have been presented

in earlier chapters; they are not repeated here to demonstrate how little

documentation is now necessary to carry you through a fairly complex

network.
For the analysis, both the standard Multimeter and meters from the

Show Measurement Family of the BASIC toolbar listing were em,

ployed. For the current through the resistor R5, the Place Ammeter

(Horizontal) was used, while for the voltage across the resistor R 4, the

place Voltmeter (Vertical) was used. The Multimeter is reading the

^voltage across the resistor R2- In actuality, the ammeter is reading

the loop current for the top window, and the ,
 voltmeters are showing the

nodal voltages of the network.
After simulation,the results displayed are an exact match with those

in Example 8.18.
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TW	 90M.-E J^

it

r

R,	 R3
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^Isv	 U 30	 20

-VM.1t,—xMM1 LUJ

—z-

FIG. 8.96

Using Multisim to verify the results in Example 8. 1&

PROBLEMS	
2. For the network of Fig. 8.98:

SECTION 8.2 Current Sources	
a. Determine the currents 11 and 12.

1. For the network of Fig. 8.97:	

b. Calculate the voltages V2 and V,

a. Find the currents It and 12.
b. Determine the voltage V,

1,	

12	

+	
20 mA	

R,	 1.2 kil

+	
V,

R,	 2 D V,	 6A 
R2	 8 0	 +

	

R2	 3.3 kf1 v,

4r
12

FIG. 8.97

Problem 1.	
PIG. 8.98

Problem 2.

a

0
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3. Find voltage V, (with polarity) across the ideal current
	 SECTION 8.3 Source Conversions

source in Fig. 8.99.	
/0^^
tx^*onvcrt the voltage sources in Fig..8.103 to current sources.

'u,
R,

D2.7 k()
+

E	 lov	 1	 8 A 11,	 4.7 fl
+

E	 22 V	 E	 9V

FIG. 8.99

Problem 3.	 2.2 W

4. For the network in Fig. 8.100:	 (a)	 (b)

a. Find voltage V,	 FIG. 8.103

b. Calculate current 12. 	 Problem 7.
c. Find the source current

	

R,	 lonventhe current sources in Fig. 8.104 to volt4ge smCes.

'^ --!) "J 1-2

	

I	
X0

2 AV, I	 E	 24V	 R2	 3 fI
Rp

	

A	 12 f
. I
	 R,15.6 kn	 18 A

FIG. 8.100	 (a)	 (b)

Problem 4.	 FIG. 8.104

5. Find the voltage V3 and the current 12 for the network in
	 Problem 8.

Fig. 8.101.

9i For the network in Fig. 8.105:

06A	 R3	 16 fli 1/3	
a. Find the current through the 10 n resistor. Nothing that

R, 6 1 1	 92 24 Ja	
the resistance RL is significantly less than R, what i as

the impact on the current through RO

1
12 R41 8 fl

	

	 b. Convert the current source W a voltage source, and re-

calculate the current through the 10 il resistor.

Pid you obtain the same result?

FIG. 8.101

Problem 5.

6. For the network in Fig. 8. 102:

a. Find the currents 1 1 and I..	
20A

b. Find th e voltages V, and Y3.	 R,	 100 n	 RL	 10 fl

R2

4 A	

6 1)

	

R, 2(1 E-=- 24 V	 R3 2 0 V3	 FIG. 8.105

Probtem 9.

10. For the configuration of Fig. 8 * 106:

a. Convert the current source to a voltage source.

	

FIG. 8.102	 b. Combine the two series voltage sources into one source.

	

Problem 6.	 c. Calcu late the current through the 91 ij, resistor.
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R^2	 14. For the netwqjk in Fig. 8.110:

R,	 a. Convert the voltage source to a current source.

	

5.6 Q	 b. Reduce the network to a single current source, and de-

10 ft	 termineshe voltage V1.

c. Using the results of part (b), determine V2.

+	
1 2 A	

d. Calculate the current 12.

E	 12 V	 R3	 91 fl
2A

V2

—f--IO2.'V	 R3

492

8mA	 2.2 kfl

FIG. 8.106

	

	 3 mA	 12 VffV,R, 6.8 4W3
Problem 10.

SECTION 8.4 Current Sources in Parallel

11. For the network in Fig. B. 107:

a. Replace all the current sources by a single current source.	 FIG. 8.110

b. , Find the source voltage V, 	 Problem 14.

+

	

	 6âanctnch-Current Analysish

0.8 JA	 *a. sing branch-current analysis, rind the magnitude and_,I. ^' ,.,
V^ 6.2 A	 1.2 A	 R	 4 ft	 direction of the current through each resistor for the net-

work of Fig. 8.111.

b. Find the voltage V..

	

FIG. 8.107	 4 D	 2 fla
Problem 11.

Ri	 R2
12. Find the voltage V, and the current 11 for the network in 	 +	 +

Fig. 8.108.	 4 V _=_Ej	 R,	 E2	 6 V

R,	 R2

_C7

7A	 R^ 4D R2 6a	 3A V,

FIG. 8.111

Probtem 's 15, 20, 32, and 70.

Por the network of Fig. 8.112:

	

FIG. 8.108	
a. Determine the current through the 12 resistor using

	

Problem 12,	 /0 
branch-current analysis.

13. Convert the voltage sources in Fig. 8.109 to current sources.	
Convert the two voltage sources to current sources, and

a. Find the voltage V^b and the polarity of points a And b.	
then determine the current through the 12 11 resistor.

c. Co pare the results of parts (a) and (b).b. Find the magnitude and direction of the current 13.	
In

R113 
0 111 R2 2 fl 1	

4	 3nD

ft	

fl

+ 

Rj 6 Tf)+	 V`b	 P , ,	 , 12 fl,

9	

V
I

E,	 9V	 Ez	 20V	 E,	 10 V	 E2	 12 V

+	

+

b

FIG. 8. 109

Problems 13 and 37

	

	
FIG. S. 1 12

Problems 16, 21, and 33.



A

sing branch-current analysis, find the current through

ea
.
- ch resistor for the network of Fig. 8.113. The resistors are

all standard values.

3.3 kfl

R,	 5.6 ka-, +

E2	30 V

El	 10 V	 E3	 20V	

<1 fy+

FIG. 8.113

Problems 17, 2Z and 34.

Using branch-current analysis, find the current through

the 9.1 kfl resistor in Fig. 8. 1 14. Note that all the resis-

tors are standard values.

Using the results of part (a), determine the voltage Va.

1.2 k1l

8.2 kil

R^*9-1 kfl

L-^ 

E,	

R4

a , 111--^

6 V	
1.1 kil

FIG 8 114
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21. a. Using the general approach to mesh analysis, deternuine

the current through each voltage source in Fig. 8.112.

b. Using the results of part (a), find the power delivered by

the source E2 and 
to 

the resistdr

22. a. Using the general approach to mesh analysis, determine

the current through each resistor of Fig. 8.113.

b. Using the results of part (a), determine the voltage

across the 3.3 kfl resistor.

23. a. Using the general approach to mesh analysis, determine

the current through each resistor of Fig. 8.114.

b. Using the results of part (a), find the voltage V..

24. a.- Determine the mesh currents for the network of Fig.

8.115 using the general approach.

b. Through the proper use of Kirchhoff's current law,

reduce the resulting set of equations to three.

c. Use determinants to find the three mesh currents.

d. Determine the current through each source, using the

results of part (c).

*25. a. Write the mesh equations for the network of Fig. 8.116

using the general approach.

b. Using determinants, calculate the mesh currents.

c. Using the results of part (b), find the current through

each source.

7^5 kfl

R4

R3

.	 R, _ f 9A kf

. I R, 6.8 kn	

3V

2.2 kfl . 

El	 18 V	 Rj	 .3 kfl

Problems 18 and 23.

o the network in Fig. 8.115:	
FIG. 8.116

r	

Problems 25 and 36.,
Write the equations necessary to solve for the branch

currents.	 Write the mesh equations for the network of Fig. 8.117

-te tb. By substitution of KirchhQff's current law, reduce the 	 using the general approach.

set to three e	

. _^i	 .

,quations.	 b. Using, determinants, calculate the mesh currents.

c. Rewrite the equations in a format that can be solved us- 	 c. Using the results of part (b), calculate the current

in& third-order determinants.	 through the resistor R5.

d. Solve for the branch current through the resistor R3-	 R,

	

R,	
. 
I , ^ R3	 R,

	

0

2

	

	 4-11,	

6 VR2 . 1 1C11 , 4^n	 2 
-7

FIG. 8.115

nroblems 19, 24, and 35.

o	

'SE 0 .7 Mesh Analysis (General App^oach)ra

Using the general approach to mesh analysi., determine

the current through each resistor of Fig. 8.111.

b. Using the re,sults of part (a), find the voltage V..

FIG. 8.117

Problem 26.

*27. a. Write the mesh currents for the network of Fig. 8.118

using the general approach.

b. Using determinants, calculate the mesh currents.

c. Using the results of part (b), find the power delivered by

the 6 V source.

2:
Ej _.:
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8 A

1 1-1
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0

6 8 kfl	 2.7 kn

f4,7 kn

6 V
212. kf)	7—,	 8.2 kn

I +
1.2 kf)	 22 kn	 ^9V

5	
1 1 k(I

*30. Using the supermesh approach, find the current through

each element ofthe network ofFig. 8.121.

4 0

10 11

J6 fl+	

6 A	
12 V

24 V

FIG. 8.118

Problems 27, 38, and 71.

*28. a. Redraw [lie network of Fig. 8.119 in a manner that will

remove the crossover.

b. Write the mesh equations for the, network using the gen-

eral approach.

c. Calculate the mesh currents for the network.

d. Find the total power delivered by the two sources.

8 fl

FIG. 8.119

Problem 28.

29 For the transistor configuration in Fig. 8.120:

a. Solve for the currents 1B. 1(-, and IE, using the fact that
VBE = 0.7 V and 1 7Cj = 8 V.

b. Find the N ollages 11,9, VC. and VF ',ith respect to ground-

c. What is the ratio ofoutput current Ic to input current III?

[Note: In transistor analysis, this ratio is referr ed to as

the dc beta of the transistor (13d,).]

Ic	 Rc

C	 2.2 kil
RR	

+

B	 +

8

8 V

V
2, 
70 kil 	+	 -	

+

0.7 V
E	

Vc,

Vcc	 20 V

Vcc	 1-0 V
R, 5 10 0

FIG. 8.120

Problem 29.

FIG. 8.121

Pr6blem30.

*31. Using the supermesh approach, find the current through

each element of the network of Fig, S. 122.	 1	 .

FIG. 8.122

Problem 31.

1P

SECTION 8.8 -Mesh Analysis (Format Approach)

32. a. Using the formatapproach to mesh analysis, write the

mesh equations for the network of Fig. 8.111.

b. Solve for the current thron gh the 8 0 resistor.

33. a, Using the format approach to inesh analysis, write the

mesh equations for the retwork of Fig, 8.112.

b. Solve for the current through the 3 11 resistor.

34. a. Using the format approach to niesh analysis, write the

mesh equations for the network of Fig. i. 113 with three

independent sources. ,

b. Find the current through each source of the network.

*35. a. Write the mesh equations for the network of Fig. 8.115

using the , format approach to mesh analysis.

b. Solve for the three mesh currents, using determinants.

c. Deteimine the Current through the I fl resistor.

*36. a. Write the triesh equations for the network of Fig. 8.116

using the format approach to mesh analysis.

b. Solve for tli^ three mesh currents, using determinants,

c. Find the current through each source of the network.

37. 9. Write the mesh equations for the network of Fig. 8.109

using the format approach.

b. Find the voltage V,,b using the result of part (a).
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54 V

^L R̂2 
+ LL —

5 n

R,

1,

*38. a. Write the mesh equat i ons for the network of Fig. 8. 18

%	
using the format approach to mesh analysis.

b. Solve for the four mesh currents using determinants.

c. Find the voltage at the common connection at the center

of the diagram.

*39
1 

a. Write the mesh equations for the network of Fig. 8.123

using the format approach to mesh analysis.

b. Use determinants to determine the mesh currents.

c. Find the voltages V. and Vb.

d. Determine the voltage V^b-

R2	 2 fl

	

R,	 2 n	 R3

R4	 E2

10 fl	
+

	

+	
411	

20V

l2V

E, 

F4

R5	
R6	

8 n

FIG. 8.1.23

Problen 39 and 56.

NfS E	 N 8. Nodal Analysis (General Approach)

Write the nodal equations using the general approach

for rthe network of Fig. 8.124.

b. Find the nodal voltages using determinants.

c. Use the results of part (a) to find the voltage across the

8 fl rdsistor.

d. Use the results of part (a) to find the current through the

2 11 and 4 fl resistors.

40

FIG. 8.124

Problems 40 and 51.

69p
Write the nodal equations using the generptl approach

for the network ofFig. 8.125.

h.^ Find the nodal voltages using determinants.

c; Using the results of , part W, calculate the current

through the 20 f) resistor.

FIG. 8.125

Problems 41 and 52.

42. a. Write the nodal equations using the general approach

for the network of Fig: 8. 126.

b. Find the nodal voltages using determinants.

c. What is the total power supplied by the current sources?

R,

4 fl

2A	 R3	 R4

4A 
RI	 2 0 20 fl	 5 f1

FIG. 8.126

Problem 42.

*43. a. Write the nodal equations forthe network of Fig. 8.127.

b. Using determinants, solve for the nodal voltages.

c. Determine the magnitude and polarity of the voltage

across each resistor.

R4

ril

FIG. 8.127

Problem 43.

*44. a. Write the nodal equations for the network of Fig. 8.128

using the general approach.

b. Solve for the nodal voltages using determinants.

p. Find the current through the 6 fl resistor.
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4 n U V

21l	 2 n	

4fl

5	 4 A$,	 5 A	 2n 
9fal	 7n

3	 8 n' R2	
1 

12	
2

-=20V

FIG. 8.131
FIG, 8.128	

Problems 

47, 

54, and 72.
Problem 44.

'48- a. W

i 
rite the nodal equations for the network of Fig. 8.132

using the general approach and find the nodal voltages.
*45. a. Write the nodal equations for the network of Fig. 8.129	 Then calculate the current through the 4 fl resistor.

using the general approach.

b. Solve for the nodal voltages using determinants,

c. Find the voltage across the 5 0 resistor.	
5 A

2 il

R, 3 fl 6 fl R5 R, 
6 0	 6 0 jn4 fl

2A

+	 R44 fl R'5 V

V	

3A 
R^ 7 f) 5 n

FIG. 8.132

Problems 48 and 55.,

FIG. 8.129

Problem 45.	 *49. Using the supemode approach ' determine the nodal volt-

ages for the network of Fig. 8.133.

Write the nodal equations for the network of Fig. 8,130	 24V
using the general approach.	 ion	 +

b. Solve for the nodal voltages using.determinants.

c. Find the voltage across the resistor )?6,	
2 A	 611	 4 Q	 12 A

R6

20 fl
FIG. 8.133

20 ill 20 fl	 Problem 49.

2 A	 R, 9 fl 
R4	 R5	 4 n R,	

*50. Using the supernode approach, determine the nodal volt-
-R,	 48 fl	

,	 +	
ages for the network of Pig. 8.134.

16 V =El

' fi
54 Q +

16 V

16 V I VI+

FIG. 8.130

Problems 46 and 53.

*47. a. Write the nodal equations, for the network of Fig. 8.131	 .— 

F20 Ifal	
3 A	 T40 a	 4 A

using the general approach.

b. Find the nodal voltages using determinants.	 FIG. 8.134
c. Determme the current through the 9 fl resistor.	 Problem.)a



I 20 fl

FIG. 8.137

Problem 61.

*62. Repeat Problem 61 for the network of Fig. 8.138,

FIG. 8.138

Problem 62.
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SECTIONS.110 Nodal Analysis, tFormat Approach)
	 59. For the bridge in Fig. 8.136:

51, a. Determine the nodal voltages of Fig. 8.124 using the
	

a. Write the mesh equations using the format appr. oach.

b. Determine the current through R5.

format approach to nodal analysis. 	 c. Is the bridge balanced?

b. 'Men End the voltage across each current source. 	 d. Is Eq. (8.2) satisfied?

52. 

1 
a.. Convert the voltage source of Fig 8.125 to a current

source, and then find the nodal voltages using the for-

mat approach to nodal analysis.	

voltage across theb. Use the results of part (a) to find the,	
33 kfl	 56 kil

6 0 resistor of Fig. 8.125.	

R, R, 
R2

*53. a. Convert the voltage source of Fig. 9. 130 to a current	
I 

T

source, and then apply the format approach to nodal 	 I	 R,	 2 kfl

analysis to find the nodal voltages. 	 12 mh	
R3 

36 kfl 
R4

b. Use the results of part (a) to rind the current through the 	
3.3 kf.1	 5.6 k1l

4 fl resistor.

*54. a. Convert the voltage source of Fig. 8. ,131 to a current

source, and then apply the format approach to nodal

analysis to find the nodal voltages. 	 FIG. 8.136

b. Use the results of part (a) to find the current through the 	 Problems 59 and 60.
9 fl resistor.

*55. a. Using the format approach, find.the nodal voltages of

Fig. S. 132 using nodal analysis. 	 60. For the bridge network in Fig. 8. 136:

b. Using the results of part (a), find the current through the 	 a. Write the nodal equations using the format approach.

2 fl resistor.	 b. Determine the current across R5.

*56. a. Convert the voltage sources of Fig. 8.123 to current	 c. Is the bridge balanced?

sources, and then find the nodal voltages of the resulting	 - 1 3 - (8.2) satisfied?

network using the format approach to nodal analysis. 	 61. ete:mqine the current through the source resistor Ri- in

b. Using the results o f part (a), find the voltage between	 eFig. 8.137 using either mesh or nodal analysis. Explain why

points a and b.	 you chose one method over the other.

SECTIONS.1111 BridgeNetworks

57. For the bridge network in Fig. 8.135:	
1 kfl R,	 2 kfl' R2 2 kfl

R^
a. Write the mesh equations using the format approach.

b. 'Determine the current through R5.	 + 2 k(I

	

il	

2 kilc. is the bridge balanced? 	 E	 10V R,. -2kn R4

d. Is Eq. (8.2) satisfied?

R	 2fl

5CI:y

+	

0fj

E1112V	
loil	

26il

R3

FIG. 8.135
Problems 57 and 58.

58. For the network in Fig. 8.135:
a. Write the nodal equations using the format approach.

b. Determine the voltage across Rs.

c. Is the bridge balanced?

d. Is Eq. (8.2) satisfied?
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SECTION 8.12 Y-A (T-70 and A-Y (ir-Tj C.riverslons

63. Using a A- Y or Y-A conversion. find the current I for the	 +
network of Fig. 8.139.	

42 V	 18 f)	
6 0	

18 fl]aB C1

6 Iffll	 6 fnl

fl	
18 f)

20 V	 FIG. 8.142

Problem 66.

	

3 fl	 ^4 fl

FIG. 8.139	 67. The network of Fig. 8.143 is very similar to the two-source
Problem 63. networks solved using mesh or nodal analysis. We will now

Use a Y- A conversion to solve the same network. Find 1he
source current I., using a Y-A conversion.

64. Convert the A of 6.8 kfl resistors in Fig. 8.140 to a T con.
figuration and find the current L

R,	 R2

4.7 AkInIl I W	 t Cl,, 6 k1al	 6 kf1

+
8 V	

El	 10 V	
R3 6 kfl	 E2-=- 5 V

6.8 W

	

6.8 kfl	 6.8 W

FIG. 8.143

	

FIG. 8.140	
Problem.17.

Problem 64.

65. For the network of Fig. 8.141, find the current I without	
68. a. Replace the 7T configuration in Fig. 8.144 (composed of

using Y-A conversion.	 3 kfl resistors) with a T configuration.

b. Solve for the source current I..

6 k

4 kill	 4 kfl

400 V =-	 I
4kf1	

Rs	 I kfl	
R,	 2 kfl	 R2	 2 M

R3

	

FIG. 8.141	 E ' F20 V	

3 W

_7 20 V

	

Problem 65.	 R4 fl kfl	 R, 3 W

66. a. Using a A-Y or Y-A conversion, rind the current I in the
network of Fig. 8,142.

b. What other method could be used to find the current n
FIG. 8.144

Problem 68.
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*69. Using Y-A or A-Y conversion, determine the total resistance	
Current sources Sources that supply a fixed current to a net-

work and have a terminal voltage, dependent on the network to
of the network in Fig. 8. 145. 	 which they are applied.

b	
Delta (A), pi (ir) conliguration A network structure that con-

sists of three branches and has, the appearance of the Greek

	

9

9 0	 9 fl

	

0	

letter delta (4) or pi (ir). 	
I technique for finding

'd	
9 fl	 9 flEffl	 Determinants method A mathernaticaC	

9 R	 the unknown variables of two or more simultaneous linear

equations.

9 n e 
9 n 
f 

Mesh analysis A technique for determining the mesh (loop) cur-
rents of a network that results in a reduced set of equations
compared to the branch-current method.

Mesh (loop) current A labeled current assigned to each distinct

	

h	 9	 closed loop of a network that can, individually or in combina-

FIG. 8.145	
tion with other mesh currents, define all of , the branch currents

Problem 69,	
of a network.

Nodal analysis A technique for determining the nodal voltages

of a network.
SECTION 8.14 Computer Analysis	 Node A junction of two or more branches in a network.

Supermesh current A current defined in a network with ideal
I'Spice or Multisim	 current sources that permits the use of mesh analysis.
70. Using schematics, find the current through each element in	 Supernode A node defined in a nctwork with ideal voltage

Fig. 8.111.	 sources that permits the use of nodal analysis.

*71. Using schematics, find the mesh currents for the network in 	 NVye (Y), tee (T) configuration A netw6rk structure that con-

Fig. 8. 118.	 sists of three branches and has the appearance 
of 

the capital

*72. Using schematics, determine the nodal voltages for the net- 	 letter Y or T.

work in Fig. 8.131.

GLOSSARY
Branch-current method A technique for determining the

branch currents of a mult;loop network.
Bridge network A network configuration typically having , a di-

amond appearance in which no two elements are in series or

parallel.

1.+_4,,r4nry r.-23A
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Become familiar with the superposition theorem
and its unique ability to separate the impact of
each source on the quantity of interest.

Be able to apply Th6venin's theorem to reduce any
two-terminal, s6ries-paraliel network with any
number of sources to a single voltage source and
series resistor.

Become familiae with Norton's theorem and how it
can be used to reduce any two-terminal, series-
parallel notwork with any number of sources to a
single	 source and a parallel resistor.

Understand how to apply the maximum power
transfer theorem to determine the maximum
-power to a load and to choose a,l9ad that will
receive maximum power.

Become aware of the reduction powers of
Millman'i theorem and the powerful implications
of the substitution and reciprocity theorems.

9.1 INTRODUCTION

This chapter introduces a number of theorems that have application throughout the field of

electricity and electronics. Not only can they be , used to ,solve nemprks such as encountered

in the previous chapien but they also , provide an opportunity to determine the impact of a par-

Iticular source or element on the response of the entire system. In most cases, the network to

be analyzed and the mathematics required to, find the solution are simplified. All of the theo-

rems appear again in the analysis of ac networks. In fact, the application of each theorem to ac

networks is very similar in content to that found in this chapter.

The first theorem to be introduced is the superposition theotem, followed by Thdvenin's

, theorem, Norton's theorem, and the maximum power transfer theorem. The chapter concludes

with a brief introduction to Millman's theorem and the substitution and reciprocity theorems.

9.2, SUPERPOSITION THEOREM

The superposition theorem is unquestionably one of flic most powerful in this field. It has

such widespread application that people often apply it without recognizing that their mancu-

vers are valid only because of this theorem.
In 

general, the theorem can be used to do the fol!owing:

Analyze networks such as introduced 
in 

the last chapter that have two or more sources

-that ' are not in series orparallel.

Reveal the effect of each source on a particular quantity of interest.

For sources of different types (such as dc and ac, which affect the parameters of the

network in a different manner) and apply a separate analysis for each ly^e, with thq

total result simply the algebraic sum &.0he results.

III

h

7Th_



344 111 NETWORK THEOREMS
	

t-Ph

t

"o

J
A 7^^

The fast two areas of application are described in detail in this section.

The last are covered in'the discussion of the superposition theorem in the

ac orti 

0	

f the text.

uperposition theorcm states the following:

The current through, or voltage across, any element ofa network is

equal to the algebraic sum ofthe currents or voltages produced

independently by each source.

In other words, this , theorem allows us to find a solution for a current or

voltage using only one source at a time. Once we have the solution for

eact source, we can combine the results to obtain the total solution. The

term algebraic appears in the above theorem statement because the cur-

rents resulting from the sources of therietwork can have different direc-

tions, just as the resulting voltages can have opposite polarities.

If we are to consider the effects of each source, the other sources ob-

viously must be removed. Setting a voltage source to zero volts is like

placing a short circuit across its terminals. Therefore,

when removing a.voltage sourcefrom a network schematic, replace it

with a direct counection (short circuit) nfzero ohms, Any internal

resistance associated with the source must remain in the network.

Setting a current source to zero amperes is like replacing it with an

open circuit. Therefore,

when removing a current sourcefrom a network schematic, replace it

by an open circuit ofinflinite ohms. Any internal resistance associated

with the source must remain 
in 

the network,

Th^ above statements are illustrated in Fig. 9. 1.

__o

ENO, 
TRi,t

L-0

AAG. 9.1

Removing a voltage source and a current source to pcnnit the application

of the superposition theorern.

Since the effect ofeach source will be determined independently, the

number ofnetworks to be analyzed will equal the number ofsources.

If a particular current of a network is to be determined, the contribution

to that current must be determined for each source. When the effect of

each source has been determined, those currents in the same direction

are added, and those having the opposite direction are subtracted; the al-

gebraic sum is being determined, The total result is the direction of the

larger sum and the magnitude of the difference.

Similarly, if a particular voltage of a network i s to be detertrined, the

contribution to that voltage must be determined for each source, When

the effect of each source has been determined, those voltages with the

same polqrity are added, and those with the opposite polarity are sub-

tracted; the algebraic sum is being determined, The total result has the
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Superposition cannot be applied to power effects 
because the power is

related to the square ef 
the voltage across a resistor or the current through

a resistor. The squared term results in a nonlinear (a curve, not a straight

line) relationship between the power and the determining cur-rent or volt-

age. For example, doubling the current through a resistor does not double

the power to the resistor (as defined by 
a linear relationship) but, in fact,

increases it by 
a factor of 4 (due to the squared term). Tripling the current

increases the power level by a factor of 9. Example 
9.1 demonstrates the

differences between a linear and,
 a nonlinear relationship.

A few examples clarify how sources are removed and total splutions

obtained.
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R,

12 il

E	 Z^61 16 11^36V R,

r_

FIG. 9.2

Network to be analyzed in Example 9.1 using

the superposition theorem.

I

determine the current through
C 9.1/7^ing the supler^p ion he

;hor

b 

r

r.i't.i

esistor Rj for the nern Fig. 9.2.
b. Dern.,

Demonstrate that the superposition theorem is not applicable to

power levels.

Solutions:
. 
a. In order to determine the effect of the 36 V voltage source, the cur-

rent source must be replaced by an open-circuit equivalent as shown

in Fig. 9.3. The result is a simpleseries circuit with a current equal to

E	 E	 36V	 36 V
f8—n = 2 A

RT Ri + W2 
12 fl + 6

Examining the effect of the 9 A current source requires replacing

the 36 V voltage source by a
' short-circuit equivalent as shown in

Fig. 9.4. The result is a parallel combination of iesistors R, and R2.

Applying the current divider rule results in

1"2 = 

RI(l) — (12 fl)(9 A) 
6 A

a, 
R, + R	 12 fl + 6 fl

Since the contribution to current 12 has the same direction for

n for current 12 is
each source, as shown in Fig. 9.5, the total solutio

the sum of the currents established by the two sources. That is,

12 = 112 + 1"2 = 2 A + 6 A = 8 A

b. Using Fig. 9.3 
and the results obtained, wo find the power delivered

to the 6 il resistor

lot = (I,2 ) 2
(R2) = (2 A)'(6 fl) = 24 W

UsingFig. 9.4 and the results obtained, we find the power delivered

to the 6 il resistor

P2 = (1"2)'(R2') 
= (6 A)'(6 fl) -_` 216 W

Using the total results of Fig. 9.5, 
we obtain the power delivered to

the 6 fl resistor

J2
PT	 2R2 

= (8 A)'(6 Q) = 384 W

h resistorIt is now quite clear that the power delivered to the 6

using the total current of 8 A is not equal to the sum of the power

levels due to each source independentl^y. That i6,

Pi + P2 = 24W 
+ 216W = 240W 0 PT = 348W

Cuffent source
replaced by open circuit

Ij 6 01E ^^136V	 2

FIG. 9.3

Replacing the 9 A current source in Fig. 
9.2 by

an open circuit to determine the effect ofthe 36'V

voltage source on current 12.

R,

12 fl

R	 6 it	 1^9A2
1

1"2*

FIG. 9.4

Replacing the 36 V voltage source by 
a short-circuit

equivalent to determine the effect of the 9 A

current source on current 12-

1' 2 = 2 A	 I, x 8 A

R2	 6 0 1111111111110110- 	
R2	 6 fl

I"2=6A

FIG. 9.5

Using the results OfFigs. 9.3 
qnd 9.4 to determine

current 12 for the network in Fig . 9.2.

M
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Th expand on the above conclusion and further demonstrate what is
meaht by a nonlinear relationship, the power to the 6 11 resistor ver-
sus current through the 6 fl resistor is plotted in Fig. 9.6. Note that
the curve is not a straight line but one whose rise gets steeper with

increase in current level.

P (w)

400 -- -----------------------------

P

------------------

300

---------------- ------
200	 z
0,4.

Notilinew curve

1	 2	 3	 4	 5	 6	 7	 8	 'lip (A)
("2)	 1"2	 (IT)

FIG. 9.6
Plotting power delivered to the 6 n resistor versus current

through the resistor.

Recall from Fig. 9.4 that the power level was 24 W for a current
of 2 A developed by the 36 V voltage source, shown in Fig, 9.6.
From Fig. 9.5, we found that the current level was 6 A for a power
level of 216W, shown in Fig. 9.6. Using the total current of 8 A, we
And that the power level in 384 W, sh6wn in Fig. 9.6. - Quite clearly,
the sum 0 pqwer levels due to the 2 A and 6 A current levels does
not equal that due to the 8 A level. That is,

X + y -0 z

Now, the relationship between the voltage across a resistor and

the current through a resistor is a linear (straight line) one a 's shown
in Fig. 9.7, with

c a + b

10^

9

- -------------------------

-- ----- ------

- ----------------------

4	 C

b	
Lineu curve^

2 - ------

12	 1!

^0
12	 24	 36	 48	 V60

12	 (IT)

FIG. 9.7
L	 Plotting I versus Vfor the 6 0 resistor.
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E 9.2 

Usin

R,	 R3

M E 9.2 Using the superposition theorem, 
determine the current

o gĥythe 12 0 resistor in Fig. 9.8. 
Note that this is a two-source net- 	 24 0	 12	

4 C1

i 'a

f	

typ x"

4work of the type examined in the previous chapter when we applied 

+
branch-current analysis and mesh analysis. 	 Et	 54 V	 R2	 1211	 E2,—=- 48 V

+

Solution: Considering the effects of the 54 V source requires replacing

the 48 V source b, y- a short-circuit equivalent as shown in Fig. 9.9. The

result is that the 12 fl and 4 fl resistors are in parallel.

The total resistance seen by the source is therefore

RT'= RI + R2 il R3 24 fl + 12 Q ji 4 n
. 24 fl 4- 3 fl 27 0	

FIG. 9.8

Using toe superposition theorem to determine the

andihe source current is	
current through the 12 fI resistor (Example 9.2).

o!4 V 2 A
R, 27 fl

R,	 R3	
R,

	1 ,2 4 fl	
48 V battery	 2:4 n

24 InI	 replaced by short

A" circuit
+	

V	

E,	 54 V	 R2	 1211	 1 R3	 4 n
	34 V	 R2	 12 ilEIM

30

FIG. 9,9
Using the superposition theorem to determine the effect of the 54 V voltage source on current 12 in Fig. 9.8.

Usig the current divider rule results in the contribution to 12 due to the

54 V source:

(4 fl)(2 A) 
0.5 A

R3 + R2 41 fl + 12 fl

If we now replace the 54 V source by a short-circuit equivalent, the

network in Fig. 9. 10 results. The result is a parallel connection for the 12 
fl

and 24 11 resistors.

Therefore, the total resistance seen by the 48 V source is

RT R3 + R2 R I 4 fl,+ 12 n 24 fl 4 fl + 8 fl 12 n

	

R,	 R3	
R3

F24 n	 4 fl	 4 fl
RT

R, 12 fi	 E2'—^-=.48V EN00- R, F24n jR2120	 2 4

r2

54 V battery replaced

by short circuit

FIG. 9.10

Using the superposition	 to determine the effect of the 48 V voltage source on current 12 in Fig. 9.8.,



E

r_W_

t1h

and the source current is

L2 — 48 V '= 4 A
RT	 12 fI

Applying the current divider rule results in

R I (Is )	 (24 0)(4 A)

RI + R2 24 fl + 12 fl

It is now important to realize that current 12 due to each source has a

different direction, as shown in Fig. 9.11. The net current therefore is the

difference of the two and in the direction of the larger as follows:

12 = P2 — 1'2 = 2.67 A — 0.5 A = 2.17 A

348 1 ^ I NFTWORK THEOREMS

1 '2 = 0.5 A

R2 	 120	 R2	 12 fl

1"2 = 2 67 A	
1 
12 = 2.17 A

FIG. 9.11

Using the results ofFijs. 9.9 and 9.10 to determine

current 12 for the network in Fig. 9.8.

1 
1,

E_^:30V I	 3A R, 6 fl

T_

FIG. 9.12

Two-source network to be analyzed using the

superposition theorem in Example 9.3.

6 n

FIG, 9.13

Determining the effect ofthe 30 V supply on the
current 11 in Fig. 9.12,

ill',

6 f)

FIG. 9.14

Determining the effect of the 3 A current source on
the current I, in Fig. 9.12.

Using Figs. 9.9 and 9. 10 in Ex' ample 9.2, we can determine the other

currents of the network with little added effort. That is, we can determine all

the branch currents of the network, matching an application of the branch-

current analysis or mesh analysis approach. In general, therefore, not only

can the superposition theorem provide a complete solution for the network,

but it also reveals the effect of each source on the desired quantity.

k

P*9.3 Using the superposition theorem, determine current I,

the êt̂work in Fig. 9,12.

Solution.
Solution: Since two sources are present, there are two networks to be

analyzed. First let us determine the effects of the voltage source by set-

ting the current source to zero amperes as shown in Fig. 9.13. Note that

the resulting current is defined as I', because it is the current through re-

sistor R, due to the voltage source only.

Due to the open circuit, resistor R, is in series (and, in fact, in paral-

lel) with the voltage source E. The voltage across the resistor is the ap-

plied voltage, and current I', is determined by

V1 E 30 V

R, 
= 
R, 

^-f-2 = 5 A

Now for the contribution due to the current source, Setting the volt-

age source to zero volts results in the network in Fig. 9.14, which pres-

ents us with an interesting situation. The current source has been

replaced with a short-circuit equivalent that is directly across the current

source and resistor R 1 . Since the source current takes' the path of least re-

sistance, it chooses the zero ohm path of the inserted short-circuit equiv-

alent, and the current through R, is zero amperes. This is clearly

demonstrated by an application of the current divider rule as follows:

I	

I 't ^ i, 

R^,l	 (0 fl) I ^ 0 A

, + Ri 0 0 + 6 fl

Since Ij and P, have the same defined direction in Figs. 9.13 and

9.14, the total current is defined by

11 
= I', + I"I = 5 A + 0 A = 5 A

Although this has been an excellent introduction to the application of

the superposition theorem, it should be immediately clear in Fig. 9.12

that the -voltage source is in parallel with the current source'and load
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resistor R I, so the voltage across each must be 30 V. The result is that 11

must be determined solely by

30 V
= 5 A

R 1 , R,
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P

E ^9

	

	 g the principle of superposition, find the current 12

ughth	 kn , sistor in Fig. 9.15,

Sofution: Consider the effect of the 6 mA current source (Fig. 9-16).

6mA	 6 mA

1'2

/6 k^11"^R^ ^ 12 k1l9,

6 m
I A <^^, 0---^

1^ E X
I kfl 35 kn

R,,j 6 kil R2 12 W	 R,	 W	 12 W	 FIG. 9.15

6ample 9.4.
R, 6 kn R2	 6 jkfl,',

6 MA	 6mA

R3 14 W R4 35 W	 R3 14 W R4 35 W

FIG. 9.16

The effect ofthe current source I on the current 12.

'The current divider rule gives

R"
	 (6 kfl)(6 mA)

1'2 ='	
= - = 2 A

Ri + R2 6 kfl + 12 kfl

Considering the effect Of the 9 V voltage source (Fig. 9.17) gives

E	 9 V
ka + 12 kfl = 0.5 mA

RI + R2

Since 1 '2 and 1 "2 have the same direction through R2, the desired cur-

rent is the sum of the two:

12 = 1 2 + 1"2

= 2 mA + 0.5 mA

= 2.5 mA

1111111110I.-

R, .6kfl R2	 12 kfl
9 V

+
E

R3	14 kn R4	 35 kfl

+ — 9V

R,

	

6 kfl	 12 W

9 V

+ 1"1"—
E

	

L R3	 R4W,_T^

	

14 kO	 35 kil
+-9V --

FIG. 9.17

The effect of the voltage source E o^ the curwnt 12,
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4 f)	 R2
R: 2 0	 3 A

12 v	 6 V	 E2

E,	 V	
110

)e_"
FIG. 9. 18

Example 9.5.

r_W_
Th

EXAMPL	 Find the current through the 2 1`1 resistor of the network

in Fig. 9.18. The presence of three sources results in three different net-

works to be analyzed.

Solution: Consider the effect of the 12 V source (Fig. 9.19):

t	
—t-r.	 4 0 R2

2 f)	 R,

12V
+ 
1-4Z

E,

-	 FIG, 9.19

The effect ofE I on the current L
o

El	 12 V	 12 V 
=2A

RI+R2 Y,0+4fl : 6a

Consider the effect of the 6 V source (Fig. 9.20):

E2	 6 V	 6 V
Wj-;^-R2 f, —+4 f,	 I A

6,0

Consider the effect of the 3 A source (Fig. 9.21): Applying the current
divider rule gives

R21	 (4 fl)(3 A) 12 A

RI + R2 
f, —+4 f, 6 2 A

The total current through the 2 fl resistor appears in Fig. 9.22, and

S dir^,U 	 Opposi.dii..
.1mFig.9.18

—T,

=IA+2A-2A=IA

R,	 20 1'1 =2A	 1^1 I A	 1-1 = 2 A	 RI	 2 0 11	 1 A

FIG. 9.22

Tke resultant current Ip

9.3 THtVENIN'$ THEOREM'

The next theorem to be introduced, Thivenin's theorem, is probably

one of the most interesting in that it permits the reduction of complex

networks to a slimpler form for analysis and design.

In general, the theorem can 'be used to do the following:

Analyze networks- with sources that arenot its series or parallel.

Reduce the number ofcontponeni ts required to esiablis
I 
h the same

characteristics at the outpui terminals.

r,	 4

2 D

6 V	 E2

V

FIG. 9.20

The effect ofE2 on the current 11,

R2
2 fl

FJG. 9.21

The effect ofI on the current 11.
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[

_ARA* a

R,

Erh

b

FIG. 9.23

Thgvenin'equivalent cirruit.

M

0

FIG. 9.24

Leon-Charles nivenin.
Courtesy of the Biblioth6que tcole

Polytechnique, Paris, France.

French (Meaux, Paris)

(1957-1927)
Telegraph Engineer, Commandant and Educator

tialle Polytechnique and fcole Soorleure de

T616graphie

Although active in the study . and design of tele-

graphic systems (including underground Lransmis-

sion), cylindrical condensers (capacitors). and

electromagnetism, he is best known for a theorem

first presented in the French Journal of Physics—

Theory and Applications in 1883. It appealed under

the heading of "Sur un nouveau thdor^me d'dlectricitd

dynarnique" ("On a new theorem of dynamic electric-

ity") and was originally referred to as the equivalent

generator theorem. There is some evidence that a

similar theorem was introduced by Hermann von

Helmholtz in 1853. However, Professor Helmholtz

applied the theorem to animal physiology and not to

c?inmunicatian or generator systems, and therefore

he has not received the credit in this field that he

inight deserve , In the vaxly 1920s AT&r did some pi-

oneering work using the equivalent circuit and may

ha^ c initiated the reference to the theorell, us simPi Y

Th6venin's theorem, ' In fam-Edward L.^ Norton, art

engineer at Ar&T at the time, introduced a current
.
soil

t 
too equivalent,

 of.the Tb6venin equivalent cut-

rently referred 
to as the Norton Noival^nu circuit As

an aside, Commandant Th&cnin was an avid skier

and in fact was conlimssioi;er ofan interin4borial Sid

c6npetition in Gnertonix, Franee,in 1912

M

j

tTh

Investigate the effect ofchanging-aparticutar component on the

behavior of a network wit^out having to analyze the entire network

after each change.	
I

Alle Was of application are demonstrated in the examples t9 follow.'kep. 'sn 
theorem states the following:

--termituil dc network can be replaced by an equivalent circuit

consisting so e Y of a voltage source and a series resistor as shown in

Fig. 9.23.

The theorem was developed by Commandant Leop.
-Charles Thdvenin in

1883 as described in Fig. 9.24.

To demonstrate the power of the theorem, consider the fairly,com-

plex network of Fig. 9,25(a) wiffi its two sources and series-parallel

conneptions. The theorerit states that the entire network inside the blue

shaded,area can be replaced by one voltage source and one resistor as

shown in Fig. 9.25(b). If the replacement is done properly, the Voltage

across, and thiLdcurrent through, the resistor RL will be the same for each

fietwork. The value of RL can 
be changed to any value, and the voltage,

current, or power to the loaa resistor is the same for each configuration.

.Now, this is a very powerful statement—one that is verified in the ex-

amples to follow.
The question then is, How can you determine the proper value of

Th6venin voltage and resistance? In general, finding the Thdvenin

resistance value is quite straightforward. Finding the Thdvenin voltage

can be more of a challenge and, in fact, may require using the superposi-

tion theorem or one of the methods described in Chapter 8.

Fortunately, there are a-series of steps that will lead to the proper value

of each parameter. Although a few of the steps may seem trivial at first,

they aan become quite important when the network becomes complex.

Th6venin!s Theorem Procedure

Preliminary:

1.Remove that portiQn of the network where the Thivenin equivalent

circuit is found In Fig.
,
 9.25(a), this requires that the load res War

RL be temporarily removedfrom the network.

2.Mark the terminals ofthe remaining two-terminal network (The

importance of this step will become obvious as we progress

through some complex networks.)

R Th:

3. Calculate RTh by first setting all sources to zero (voltage sources

are replaced by short circuits and current sources by open circuits)

and then finding the resultant resistance between the two marked

terminals. (if the internal resistance ofthe voltage andlor current

sources is included in the original network, it must remain when

the sources are set to zero.)I

Erh:

4. Calculate Erh by first returning all sources to their original posi-

tion andfinding the open-circuit voltage between the marked

terminals. (This step is invariably the one that causes most confu-

sion and errors.^ In all cases, keep in mind that it is the open-

circuit potentia0etween the two terminals marked in step 2.)



a
VR,	 IL

RL

b

(b)(a)

r-Im-
362 111 NETWOHK THEOREMS
	

t1h

Conclusion:

S. Draw the Thivenin equivalent circuit with the portion ofthe

circuit previously removed replaced between the terminals ofthe

,equivalent circuit. This step is indicated by the placement ofthe

- resistor RL between the terminals ofthe Thivenin equivalent

circuit as shown in Fig. 9.25(b),

R,

FIG. 9.25

Substituting the Thevenin equivalent circuitfor a complex network.

R,	
a	 EXAMPLE 9.6 Find the Th6venin equivalent circuit for the network

30	 in the shaded area of the network in Fig. 9.26. Then find the current+97	
through RL for values of 2 fl, 10 fl, and 100 fl.

El	

V	

1^^	 -

	

9V R2 6 :fl]	 RL	 Solution:

Steps I and 2: These produce the network in Fig. 9.27. Note that the
load resistor RL has been removed and the two "holding" terminals

	

b	
have been defined as a and b.

FIG. 9.26	 Step 3: Replacing the voltage source E, with a short-circuit equivalent
Example 9.6	 yields the network in Fig. 9,28(a), where

(3 fl)(6 n)
RTh = R, 11 R2 = 

3 0 + 6 fl = 
2 fl

R,

a
3 In

El	

9 V

9 v R2 6 fl

b

Ri	
a

CI
3 n

R2 6DI	 R,

b

R,,	 a

7	
+

R,

:6	 b

(b)

FIG. 9.27

Identifying the terminals ofparricular

importance when applying

The'venin's theorem.

FIG. 9.28

Determining Rrh for the network in Fig. 9.27.
	 5

The importance of the two marked terminals now begins to surface.

They are the two terminals across which the Th6venin resistance is

measured. It is no longer the total resistance as seen by the sourc e, as

determined in the majority of problems of Chapter 7. If some difficulty
develops when determining RTh with regard to whether the resi§tive el-

ements are in series or parallel, consider recalling that the ohmmeter

sends out a trickle current into a resistive combination an(L senses the



FIG. 9.29

Determining Enfor the network in Fig. 9.27

R,

Erh

9 V ]R 6nE,	 2

FIG. 9.30

Measuring EThfor the network in Fig. 9.27.

y^ a

RTh = 2 11	 IL

Erh - 6 V	 RL

!b"

FIG. 9.31

Substituting the Th Jvenin equivalent circuitfor the

network external to RL in Fig. 9.26.

:L^h	 THMNIN'S THEOREM 111 363

level of the resulting voltage to establish the measured resistance level.

In Fig. 9.28(b), tile trickle current of the ohmmeter approaches the net-

work through terminal a, and when it reaches thejunction ofRj and R2,

it splits as shown. The fact that the trickle current splits and then recom

bincs at the lower node reveals that the resistors are in parallel as far as

the ohmmeter reading is concerned. In essence, the path of the sensing

current of the ohmmeter has revealedhow the resistors are connected to

the two terminals of interest and how the Thdvenin resistance should be

determined. Remember this as you work through the various examples

in tilis section.

Step 4: Replace the voltage source (Fig. 9.29). For this case, the open

circuit volta ge E7-h is the same as the voltage drop across the 0 fl resistor.

Applying the voltage divider rule gives

E7h — 

R2E, = (6 n)(9 V) 
= 
54V 

6 V

R2 + R1 6 il + 3P	 9

It is particularly important to recognize that ETh is the open-circuit

potential between points a And b. Remember that an open circuit can

have any voltage across it, but the current must be zero. In fact, the

'current through any element in series with the open circuit must be

zero also. The use of a voltmeter to measure ETh appears in Fig, 9.30.

Note that it is placed directly across the resistor R 2 since ETh and VR,

are in parallel.

Step 5: (Fig. 9.3 1):

ETh
IL = -

Rn + RL

6 V

RL 2 0:	 IL 
2 fl + 2 n 

1.5 A

6 V

RL = 10 fl:	 IL j— = 0.5 Af, + of,

6 V

RL = 100 fl:	 IL it, + 100 f, — 0.06 A

If Th6venin's theorem were unavailable, each change in RL
 would re

quire that the entire network in Fig. 9.26 be reexamined to find the new

value of R1,

'^	̂ 9 ' 'd the Th6venin equivalent circuit for the network inEXAMPIC .

the shaded afea of the network in Fig. 9.32.

Solution:

Steps I and 2: See Fig. 9.33.

Step 3: See Fig. 9.34. The current source has been replaced with an

open-circuit equivalent and the resistance determined between terminals

a and b.
In this case, an ohmmeter connected between terminals a and b sends

out a sensing current that flows directly through Ri and R 2 (at the same

level). The ' result is that R, and R2 are in series and the Thdvenin resis-

tance is the sum of the two,

RTh = R, + R2 4fl + 2fl 6fl

a

1+ 30

	

+E,	 9 V R2 ^ +6n

R2	 a

12A	
R3 7n

b

FIG. 9.32

F_xampte 9.7.
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R2	 R,	 + V2 0V	 a

	2 fl	 I R, = 2 a 1,= 0

	

11^-- a	
+	 +

12A I R, T4fl	
R111 
T40	 Rjh	 I= 12 A®R, 4 01

b L	 b

FIG. 9.33	 FIG. 9.34	 FIG. 9.35
Establishing the terminals of ,	Determining Rrhjor the network 	 Determining EAfor the network in

panicular interestfor the network in	 in Fig. 9.33.	 Fig. 9.33.
Fig. 9.32.

Step 4: See Fig. 9,35. In this case, since an open circuit exists between

the two marked terminals, the current is zero between these terminals+ :Rrh =76 :f̂l

	

	
a	 and through the 2 0 resistor. Thevoltage drop across R2 is, therefore,

	

V	

V2 12R2 = (0)R2 = 0 V

	

E7-h- 4:8 V	 R3 70	
and	 Erb =_Y1 = 11R, IRI = I (1 2 A) (41) 48 V

b	 Step 5: See Fig, 936

FIG. 9.36

Substituting the ThIvenin equivalent circuit in th 	
E Nftk4 Fiadfhe Thdvenin equivalent circuit for the network in

	

network external to the resistor R3 in Fig. 9.3	 e aded are	 the network in Fig. 9.37. Note in this example that

re is no need for the section of the network to be preserved to he at the
end" of the configuration.

R2

a	 41l

	

R, 6 n	 R4 3 il Ei	 8V	 R3 2fl

b

V

FIG, 9.37

Example 9,&

Solution:

Steps I and 2: See Fig. 9.38.

R2

4

R ^-'611 E,	 8V	 R3

b

FIG. 9.38'

Identifying the terminals ofparticular interestfor the network

in Fig. 9.37.
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R2	
Circuit rcdralmm

f 
4 n	 a

	t	
60 R 4 0"2n DR,	 NEJOP^	 R11	 2R,

6f)	 ArkAt
b

b	 "Shon circuited"	 b

AT 0 rl 11 2 fl = 0 0

FIG. 9.39

Determining RTh for the network in Fig. 9.38

Step 3: See Fig. 9.39. Steps I and 2 are relatively easy to apply, but now

we must be careful to '%old" onto the terminals a and b as the Th6venin

resistance and voltapp are determirked. In Fig. 9.39, all the remaining el-

ements turn out to be in parallel, and the network can be redrawn as

shown. We have

(6 0)(4 il) 24 Q 
2 4 0

	

R7"h J^j R2 
6 a + 4 fi	 10

R2 4 n

E,	

v 

As 2 il
R2	

ETh A, 6n

4 il

	

Erb	 E. R, 6 n	 El	 S V	 R, 2 n	 FIG. 9.41

	

........ . 	
Network ofFig. 9.40 redrawn.

	

b +	 + 7"	 T
a

	

FIG. 9.40	 An 2.4 n

Determining Erh for the network in 1^g. 9.3&
E, 4.8 V	 R4..-3n

	

Step 4: See Fig. 9.40. In this case, the *w4k can be redrawn as shown 	 b .

in Fig. 9.41. Since the voltage is the game across parallel elements, the

voltage across the series resistors R, and R2 is El, or 8 V. Applying the'

voltage divider rule gives	 FIG. 9.42

Substituting the Thovenin equivalent cirruirfor the
RIE,	 (6 fl)(8 V)	 48 V	 network external to the resistor R4 in Fig. 9.37.

En = — = — — — = 4.8 V

- 

RI +	 6 0 + 4 ,n	 10

Sar5. See Fig. 9.42.

6 fl	 12 fl

	The importance of marking the terminals should b e obvious from	 b-	 a
E =_72V

Example 9.8. Note that there is no req ziiriment that the Thdvenin 	 RL

1 

211

voltage have the same polarity as the equival 	 cuit originally in-	 R3	

n

troduced.	
3 n

E	 .9 V^i^e Th6venin equivalent^circuit for the network in	 FIG. 9.43

	

oed area of the bridge network in Fig. 9.43.	 Example 9.9.
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Solution:
	6171	 12 n	

Steps I and 2: See Fig. 9.44.
+	 R,	 R2

E	 72V	 b	 a	 Step 3: See Fig. 9.45. In this case, the short-circuit replacement of the

83 R4	
voltage source E provides a direct connection between c and c' in Fig'

	

3 fli	 4 fal	
9.45(a), permitting a "folding" ofthe network around the horizontal line

of a-b to produce the configuration in Fig. 9.45(b).

RTh R.—b = R, 11 R3 + R2 11 R4

	

FIG. 9.44	 = 6 11113 D + 4 fl 11 12 fl

Identifying the terminals ofparticular interestfor the 	 =211 + 3 0 5 fl

network in Fig. 9.43.

C	 b	 a
R

6 f1	 12 fl

R,	 R 
3 fl 4 Vn

	

3	 RA
R,

b 
R3 

I 
R4	

6 fj	 R,	 R2	 12 f)

3 lil '	 4 fl

C.0C
V

(a)	 (b)

FIG. 9.45

Solving for Rrhfor the network in Fig. 9.44.

Step 4: The circuit is redrawn in Fig. 9.46. The absence of a direct con-

nection between a and b results in a network with three parallel

branches. The voltages V, and V2 can therefore be determincd using the

voltage di
q 
vider rule:

(6 fl)(72 V )' 432 V
V,	 48 V

^j +^1?3	 6 fl + 3 fl	 9

V2	

R2E	 (1 2 fl) (72 V) 864 V 

54V
R2 + R4 12 0 + 4 fl	 16

+ +
	 +

V, R, - 6 n KVL R2 12 fl V2

E	
+	 + E77,72 V	 E^

b

R, 3 fl ,	 R	 4 fi4

14

i a

Rrh	
FIG. 9.46

Detenniring ETh for the network in Fig. 9.44.

En 6V	 RL
Assuming the polarity shown for ETh and applying Kirchhoff's volt-

age law to th e top loop 'in the clockwise direction results in

Ic V = + ETh + V 1 — V2 = 0

	

FIG. 9.47	 and	 ETh = V2 — V, 54 V — 48 V 6 V

Substituting the ThfFvenin equivalent cirruitfor the 	
Step 5: See Fig. 9.47.

network external to the resistor R L in Aig. 9.43.



E, +JOV

+1 

OV

R2 4 kn

R4

L4 kn

R, 0.8 kn +R,6 kil

E -6V

ULZ^

RL

FIG. P.48

Example 9.10.	 4

R4

A
14 M	 A NT-1

R, 0.8 M	
R3 F6kfll 

4 kill	 a

[0 ^j	

T 
b

FIG. 9.49
Identifying the terminals ofparticular interestfor

the network in Fig. 9.48.

R4

R2	 __^kl .
R,	 0.8 kn	 4 kfl 

R,. 6kn	 "Z_
b

2.4 M

FIG ' 9.50
Determining R7hfor the network in Fig. 9.49.

R, f 0.8 kd" 
4 kfl

+7

V4 +

	

R4	 14 0

__W_^
1.4 kil

	

W V3	 E,

	

+	
0 +

+ V4

4-f-a. . ^^

W 
R2S4kO 

I	
+

+1	
R3 6 kn 1,

E2	 10 V	
-T

R
1+

Th

Thdvenin's theorem is not restricted to a single passive element, as

shown in the preceding examples, but can be applied across sources,

whole branches, portions of networks, or any circuit configuration, as

shown in the following example. It is also possible thlit you may have to

use one of the methods previously described, such as mesh analysis or

superposition, to find the Tbdvenin equivalent circuit.

Z^

E	 o sources) Find the Th6venin circuit for the net-

'
 

w

w-t	

the shaded rit * the shaded area of Fig. 9.48.

olution:So

Steps I and 2: See Fig: 9.49, The network is redrawn.

Step 3: See Fig. 9.50.

RTh = R4 + R, 11 R2 11 R3
= 1.4 kfl + 0.8 kQ 4 kO 116 kfl

= 1.4 kQ + 0.8 kn 2.4 kfl

= 1.4 kfl + 0.6 kfl

= 2 kfl

Step 4: Applying super-position, we will consider the effects of the volt-

age source El first. Note Fig. 9.51. The open circuit requires that V4

I4R4 = (0)R4 = 0 V, and

E'Th = V3

R^ = R2 11 R3 = 4 W 116 W = 2.4 W

Applying the voltage divider rule gives

R,E,	 (2.4 kfl)(6 V)	 14.4 V
V3 =	

- = - = 4.5 V
R'T4f 2.4 W + 0. 8 kft	 3.2

E'Th = V3 = 4.5 V

For the source E2, the network in Fig. 9.52 results. Again, ,V4 14R4
(0)R4 = 0 V, and

I 
E"Th = V3

R T = R, 11 R3 = 0.8 W 116 M = 0.706 kQ

R TE2	 (0. 706 kfl)(I 0 V) 	 7.06 V
And V3 =	 = - = - = 1.5 V

R'T + R2 0.706 M + 4 kfl	 4.706

E"Th = V^ = 1.5 V

TH8VENIN'S.THEOREM ill 357

FIG. 9.51
	

FIG. 9.52
DNermining the contribution to ETh from the
	

Determining the contribution to Ey t from the
source El for the network in Fig. 9.49, 	 source E2 for the network in Fg. 9.49.
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R,	 Since E7,h and E"Th have opposite polarities,

Erh = ETh — E"Th

= 4.5 V — 1.5 V

	

En	 3 V	 RL	 =3V	 (polarity of ETh)

Step 5: Sft Fig. 9.53,

FIG. 9.53

Sybstituting the Thgfvenin equivalent cirruitfor the	 Experimental Procedures

network external to the resistor RL in Fig. 9.48. Now that the analytical procedure has been described in detail and a sense

for the Thdvenin impedance and voltage established, it is time to investigate

how both quantities can be determined using an experimental procedure.

Even though the Thdvenin resistance is usually the easiest to deter-

mir^e analytically, the Thdvenin , voltage is often the easiest to determine

experimentally, and therefore it will be examined first.

Measuring Erh The network of Fig. 9.54(a) has the equivalent

Thdvenin circuit appearing in Fig. 9.54(b), The open-circuit Thdvenin

voltage can be deterrnined by simply placing a voltmeter on the output ter-

minals in Fig, 9.54(a) as shown, This is due to the fact that the open circuit

in Fig. 9.54(b) dictates that the current through and the voltage across the

Th6venin resistance must be zero. The result for Fig. 9.54(b) is that

V, E7-h 4.5 V

In general, therefore,

the Th6venin voltage is determined by connecting a voltmeter to the

output terminals of the network. Be sure the internal resistance of the

voltmeter is significantly more than the expected level of RTI,

v	 V+V=OV-

R2	 Rrh

+	 +
.875 il

;:OA
R3	 3 il	 +

	

I	 8A R 4	 Erh	 4.5 V	 ]+EnV,,, ETh 4.5 V	 V^ ETh 4.5 V7

P	 12V

='IT

(a)	 (b)

FIG. 9.54

Measuring the Thivenin voltage with a voltmeter: (a) actual network; (b) rh6ven0f equivalent.

Measuring Rrh

Using An Ohmmeter In Fig. 9.55, the sources hi Fig. 9.54(a) have been

set to zero, and an ohmmeter has been applied to measure the Th6venin re-

gistance. In Fig. 9.54(b), it is clear that if the'fb6venin voltage is set to zero

tlvolts, the ohmmeter will read the Thdvenin resistance direc y.



n
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R2

R, 3 nn

R,	 4 n	 R Rrh 1,875 n_Oe"'

C

(a)	
(b)

FIG. 9.55

Measuring R7 ,h wi 
I
th an ohmmeter.- (a) actual network; (b) Thivenin equivalent.

in general, therefor e,

the Thivenin resistance can be measured by setting 
all 

the sources to

zero ,and measuring the resistance at the output terminals.

It is important to remember, however, that ohnImeters cannot be used

on live circuits, and you cannot set a voltage source by putting a short

circuit across it—it causes instant damage. The source must either be set

to zero or removed entirely and then replaced by a direct connection. For

the current source, the open-circuit condition must be clearly estab-

lished - otherwise, the measured resistance will be incorrect. For most

situations, it is usually best to remove the sources and replace them by	

Nthe appropriate equivalent.

Using a Potentiometer If we use a potentiometer to measure the

Thdvenin resistance, the sources can be left is is. For this reason alone,

this approach is one of the more popular. In Fig. 9.46(a), a potentiometer

has been connected across the output terminals of the network to estab-

lish the condition appearing in Fig. 9.56(b) for the Th6venin equivalent.

If the resistance of the potentiometer is now adjusted so that the voltage

across the potentiometer is one-half the measured Thdvenin voltage, the

Thdvenin resistance must match that of the potentiometer. Recall that for

a series circuit,the applied voltage will divide equally across two equal

series resistors.

If the potentiometer is then disconnected and the resistance measured

with an ohmmeter as shown in Fig. 9.56(c) the ohmmeter displays the

Thdvenin resistance of the network. In gene;al, therefom

the Thivenin resistance can be measured by applying a potentiometer

to the output terminals and varying the resistance until the output

voltage is one-halfthe measured Thivenin voltage. Tire resistance of

the potentiometer is the Thivenin resistancefor the network.

Using the Short-Circuit Current The Th6venin -resistance can also be

detennined by placing 
I 
a short circuit across the output terminals and find-

ing the current through the short circuit. Since arnmeters ideally have zero

internal ohms between their terminals, hooking up an ammeter as shown

in Fig. 9.57(a) has the effect of both hooking up a short circuit across the
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IK

V

R2	 R,

— 
7	

1	 +
1.875 n

R3	 3 Ll	 +
EJ' 2.25 V

I	 8A R,	 4a	 EV, +	 En	 4,5 V	 RL	 Rn—= 1.875 n	 2

2

E	 12 V

(a)	 (b)

czm

FIG. 9.56

Using a potentiometer to determine RT11: (a) actual network; (h) Thevenin equivalent, (c) measuring RTh.

7j

qC0

RR2	 R,2	 Rr,

1,875 n

R3	 3 0

'T

V

A Ell, 4 fl	
C::::>^, R7,	 -

E,	 4.5 V	 1	 2 4 A

EE .2 jV12 V

(a)	 (b)

FIG. 9.57

Determining RTI, using the short-circuit current: (a). actual nenvork,^ (b) Thivenin equivalent.



FIG. 9.58

Edward L. Norton.
Reprinted with the permission of

Lucent Technologies, Inc./Bell Labs.

American (Rockland, Maine; Summit, New Jersey)

1898-1983

Electrical Engineer, Scientist, Inventor

Department Head: Bell Laboratories

Fellow: Acoustical Society and Institute of Radio

Engineers

Although interested primarily in communitcations

circuit theory and the transmission of data at high

speeds over telephone lines, Edward L. Norton is

best remembered for development of the dual of

Th6venin equivalent circuit, currently referred to a

Norton's equivalent circuit. In fact, Norton and ^is

associates at AT&T in the early 1920s are recognized

as being among the first to perform work applying

Th6venin's equivalent circuit and referring to this

concept simply as Th6  nir,'s it , rern, In 1926, Ivo

proposed the equivalcii.t  ,Uo ng a f  t

source and parallel resistor 
to 

a^sis t in the dc^ign of

recording instraftlentatiCni that was primarily current

driven. He ligan his telephone career 
in 1922 with

the Wcstffn Electric Company's Enginedning De-

partri wtich later becarin, Bell La t)nraWr i cs. Ilis

:icfi,e rel-rch m, luded network 01 10 1 1'̂

systems , elec ti ri apparatus, and

dac, irausmi,wn, A graduate, OfNli I and Columbia

UniversitY, lie !told nineteen patents on hiswofk,

4(,

t1h

terminals and measuring the resulting current. The same ammeter W,

connected across the Thdvenin equivalent circuit in Fig. 9.57(b).

On a practical level, it is assumed, of course, that the internal resistance

of the arnmeter is approximately zero ohms in comparison to the other re-

sistors of the network. It is also important to be sure that the resulting cor-

rent does not exceed the maximum current for the chosen ammeter scale.

In Fig. 9.57(b), since the short-circuit current is

ETh

RTh

the Th&cnin resistance can be determined by

RTh 

Erh

in general, therefore,

the Thivenin resistance can be determined by hooking up an

ammeter across the output terminals to measure the short-circuit

current and then using the open-circuit voltage to calculate the

Thivenin resistance in thefollowing manner:

V,;c

Rlh _—

	

	 (9.1)

isc

As a result, we have three ways to measure the Thdvenin resistance of a

configuration. Because of the concern about setting the sources to zero

in the first procedure and the concern about current levels in the last, the

second method is often chosen.

ORTON'S THEOREM

n rSection 8.3, we learned that every voltage source ith a series internal

The 

c 

eir

r 

S s C'I'

esistance has a current source equivalent. The c e t source equivalent

si I.can be determined by Norton's theorem (Fi .58) It can also be found

dt
 on.
	

ctio

hrough the conversions of Section 8

The theorem states the followin

Any two-terminal linear bilateral dc network can be replaced by an

equivalent circuit consisting ofa current source and a parallel

resistor, as shown in Fig. 9.59.

The discussion of Thdvenin's theorem with respect to the equivalent

circuit can also be applied to the Norton equivalent circuit. The steps

leading to the proper values of liv and RN are now listed.

Norton's Theorem Procedure .

Preliminary:

1. Remove thatportion ofthe network across which the Norton

equivalent circuit is found.

2. Mark the terminals ofthe remaining two-terminal network.

RN:
3. Calculate RN by first setting all sources to zero (voltage sources

are replaced with short circuits and current sources with open

circuits) and then finding the resultant rilisistance between the two
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a

RN

b

FIG. 9.59

Norton equivalent circuit,



R,	
a

3 n

E 

+ 

9V	 R,f6fl	 fRL

b

FIG. 9.61

E-.ample 9.11.

R,

a

E _==.9 V	 R &:2 6n

b

0

,,a

	

3 n	
12 0

	

+	 is
+	 '.6nE	 9 V V2 R,

b^7s—h^,,, , irc u ned
FIG, 9.64

Detr—inin 1v I,. tor ilie numuek'n !7g. 9.62.
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t_jh

I	 E
En = 'NRN	 IN	

!^I_h	 RAr = Rrh
Rn

TZL-	 H_	 ,

0

FIG. 9.60

Converting between TUvenin and Norton equivalent circuits.

marked terminals. (kf the internal resistance of the voltage andlor

current sources is included in the original network, it must remain

when the sources are set to zero.) Since RN  Rrjj^ the procedure

and value obtained using the approach describedfor Th9venin's

theorem will determine the proper value ofRV.

IN-'	

I

4. Calculate IN byfirst returning all sources to their original position

and then findingthe short-circuit current between the marked

terminals. It is the same current that would be measured by an

ammeter placed between the marked terminals.

Conclusion:

S. Draw the Norton equivalent circuit with the portion of the circuit

previously removed replaced between the terminals ofthe equivalent

circuit.

The Norton and TUvenin equivalent circuits can also be found from

each other by using the source transformation discussed earlier in this

cha ter and rernoduced in Fia 9.60.
FIG. 9.62

identifying the terminals ofparticular interestfor the

network in Fig. 9.61.

EXAM	 9.	 Fin c Norton equivalent circuit for the network in

' 

ir

'_ 

7

thesh edareain ig._9.61,

Solution:

Steps I and 2: See Fig. ^^62.	 e

Step.3.- See Fig. 9.63, and

	

(3 a)(6 n)	 18 il

	

R,v R, 11 R2 -- 3 fl 116 fl = 3 fl + 6 
n	 9

Step 4: See Fig. 9.64, which clearly indicates that the short-circuit con-

nection between terminals a and b is in parallel with,92 and eliminates its

effect. IN is therefore the same as tbrqugh R I , and the full battery voltage

appe across R, since

V2 -1 12R2 (0)6 fl 0 V

Therefore,

Is E ^_V 3A

RI 3 0

Stop 5: Set Fig 9^65. This circuit is the same as the first one considered

in the development of Thdvenin's theorem. A simple conversion indi-

cates that the Th6venin circuits are, in fact, the same (Fig. 9,66).

R,

---------- o a
3

17,R, 6 n R,,,

b

FIG. 9.63

Determining RNfor the network in Fig. 9^62. -
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IRTh RN 2 n

a

	R N 20	 IN	
KRIfl 1111110100-	

E, I VRN (3 A)(2 n) 6 V
is. 3A

	

	 ..RL

 b

Ak^

FIG. 9.65	 FIG. 9.66

Substituting the Norton equivalent circuitfor the 	 Converting the Norton equivalent circuit in Fig. 9.65 to , a

network external to the resistor RL in Fig. 9.61.	
Th6venin equivalent circuit.

r

L

	

	 e Norton equivalent circuit for the network ex-

	

al	 9 0 r sistor in Fig. 9.67.

olution:

- 

9.M

S' P" I an

Steps I and 2: See Fig. 9.68.See i

R,	 R,

'T . 
I .	

5 05 ri	 a a

RL 90	 R,-' 4 nR, .4 Ll	 10A	 10A

F

	

FIG. 9.67	 FIG. 9.68

	Example 9.12.	 identifying the terminals of.

particular interestfor the network in 	 R)
Fig. 9.67.

Step 3: See Fig. 9.69, and

R,, R^ + R2 5 fl, + 4 n = 9 11	 R, [4 0

Step 4: As shown in Fig. ^30, the Norton current is the same as the cur-

rent through the 4 fl resistor. Applying the current divider rule gives 	 b

R11	 (5 fl)(10 A) 
LO—A 5.56 A	 - FIG. 9.69N 

RI + R2	 5 fl + 4 fl	 ^9	 Determini
I 
ng RNjor the network in

Step 5: See Fig. 9.7 1.	
Fig. 9.68.

a

a

,R, '4 n

	

	 =000- R21.	
/JV	 .5 EAR,--_ 9 a	 R'. 9 [1

10A

b
b

	

-1 r	 r lN

	

FIG. 9.70	
FIG. 9.71

Substituting the Nort m. iquivalent circultJor the

Determining INfor the netwOrk In Mg. 9.68.	 network extemalto jh*_rjs4tor. Ri ht Fig. P. 67.'
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sources) Find̂ Îe r,e ""
L 9.N

	EXAMPL 9.	 sources) Find the Norton equivalent circuit for

the portion o the network to the left of a-b in Fig. 9.72.

	

a	
R,_ 4 a	

I	 8A R,	 6 fnl	
'R3	 '9 fl	

R4	 10 fl

R	 4 fl	
E,	 7 V	 12 V

	

- E

	

+

+	 8A R2 6D

E^	 7 V	 b

	

b	
FIG. 9.72

	

Example 9.13.	 V/

FIG. 9.73

	

Identibing the terminals ofjoarticular in-	 Solution:

terestfor the network in Fig. 9.7^.	 Steps I and 2: See Fig. 9.73.

	

a	 Step 3: See Fig. 9.74, and

(4 fl)(6 fl ) 240

	

R, 4 n	
RN = R, R2 = 4 f2116 fl f, —+6 f, — = 2.4 n

10

	

R2 K6fl --,RN	 Step 4: (Using superposition) For the 7 V battery (Fig. 9.75),

El 7 V
- = ^—d = 1.75 A

b	
RI

FIG. 9.74	
For the 8 A source (Fig. 9.76), we find that both R, and R 2 have been

	

Deterining Rvfor the nenvork in Fig. 9.73,	
"Short circuited" by the direct connection between a and 6, and

I'^ = I = 8 A
Short circuited	 a	 The result is.

	

1',V	
'IN	 8 A — 1.75 A	 6.25 A

R,	 4 fl

+	 R2 6 0	 1	 Step 5: See Fig. 9.77.

E,	 7 V

a_TT
_b

R3 9 aFIG. 9.75	 1,	 6.25 A	
R, 

2.4 fl	 R4	 10Determining the contribution to INfrom the voltage
source El .	 E2	 12 V

Short circuited	 b

FIG. 9.77
R,	 4 fl	 Substituting the Norton equivalent circuitfor the network to the left of

	

1	 8 A R2 * 611	 1	 terminals a-b in Fig, 9.72.

Experimental Procedure

The Norton current is measured in the same way as described for the
FIG. 9.76	 short-circuit current (1,,) for the Thdvenin network. Since the Norton

	

Determining the contribution to INfrom the current	 and Thdvcnin resistances are the same, the same procedures can besource L	
followed as described for the Thdvenin network.



Rrh

RL - RT4

FIG, 9.78

%,Defining the conditions for maximum power to a

load using the Thevenin equivalent circuit.

Erh

FIG, 9.79

Thd-venin equivalent network to be used to validate

the maximum power transfer theorem,

r_1%_
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9.5 AX UM POWER TRANSFER THEOREM

"designing a circuit, it is often important to be able to answer one

of the following quest ions:

What load should be applied to a system to ensure that the load is

receiving maximum powerfrom the system?

Conversely:

For a particular load, what conditions should be imposed on the

source to ensure that it will deliver the maximum power available?

Even if a load cannot be set at the value that would result in maxi-,

mum power transfer, it is often helpful to have some idea of the value

that will draw maximum power so that you can compare it to the load at

'hand. For instance, if a design calls for a load of 100 fl, to ensure that the

load receives maximum power, using a resistor of I fl or I kfl results in

a power transfer that is much less than the maximum possible. However,

using a load of 82 fl or 120 0 probably results in a fairly good level of

power transfer.	 I

Fortunately, the proces9 of finding the load that will receive maxi-

mum power from a particular system is quite straightforward due to the

maximum power transfer theorem, which states the following:

A load will receive maximum powerfrom a network when its

resistance is exactly equal to the Thivenin resistance ofthe network

applied to the load. That is,

	FRTZ- R7,	 (9.2)

In other words, for the Th6venin equivalent circuit in Fig. 9.78, when the

load is set equal to the Thdvenin resistance, the load will receive maxi-

mum power from the network.

.78 with RL = RTh, we can determine the maximumUsing Fig. 9
inding the current:power delivered to the load by first f

ETh	 Erh -	 ETh

IL =
RTh + RL Rrh + RTh 2RTh

Then we substitute into the power equation:

	

2	 2

PL = IL'RL	 ET, (R.)	
Th Th

2RTh	 = __ ̂ ATV

^2 1

and	

PL_ 

= 

ZTh 1	
(9.3)

1 
_^RT̂ k1

To demonstrate that maximum power is indeed transferred to the load

under the conditions defined above, contider the Th6venin equivalent

circuit in Fig. 9.79.

Before getting into detail, however, if you were to guess what value of

RL, would result in maximum power transfer to RL,, you might think that

the smaller the value of RL, the better it is because the current reaches a

maximum when it is s
I 
quared in the power equation. The problem is, how-

ever, that in the equatiori PL = IJRL, the load resistance is a multiplier.

As it gets smaller, it forms a smaller product. Then again, you ntight sug-

gest larger values of RL because the output voltage increases, and power
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Th

is determined by PL = VL21RL. This time, however, the load resistance

is in the denominator of the equation and causes the resulting power to

decrease. A balance must obviously be made between the load resistance

and the resulting current or voltage. The following discussion shows that

maximum power transfer occurs when the load voltage and current

are one-halftheir maximum possible values.

For the circuit in Fig. 9. 79, the current through the load is determined by

ETh	 60 V

i, + RL ^ 9 fl + R,

The voltage is determined by

RL(60 V)

VL iL + R,-h RL + RTh

and the power by

PL = ILRL	 V )'(RL)	
360ORL 

)2(9fl + RL	 (911 + RL

If we tabulate the three quantities versus a range of values for RL from
0. 1 fl to 30 fl, 

we 
obtain the results appearing in Table 9. 1. Note in par-

ticular that when RL is equal to the Thdvenin resistance of 9 fl, the power

TABLE 9.1

R

	

L	 (0)	 PL (W)	 IL (A)	 VL M

0.1	 4.35	 6.60	 0.66
0.2	 8.51	 6.52	 1.30
0.5	 19.94	 6.32	 3.16

	

1	 36.00	 6.00	 6.00
2	 59.50	 5.46	 10.91

	

3	 75.00	 5.00	 15.00
	4 	 85.21	 4.62	 18.46

	

5	 91.94	 4.29	 21.43

	

6	 96.00	 4.00	 24.00

	

7	 98.44	 increase	 3.75 Decrease 26.25	 Increase

	

8	 99.6	 3.53	 28.23	 ^
9 (Rrh) 100.00	 (Maximum) 3.33	 30.00 (Eri,/2)

	

10	 99.72	 3.16	 31.58

	

11	 99.00	 3.00	 33.00
	12 	 97,96	 2.86	 34.29

	

13	 2.79	 35.46

	

14	 95.27	 2.61	 36.52

	

'15	 93.75	 2.50	 37.50

	

16	 92.16	 2.40	 38.40

	

17	 90.53	 2.31	 39.23

	

18	 88.89	 2.22	 40.00

	

19	 87.24	 2.14	 40.71

	

20	 85.61	 2.07	 41.38

	

25	 77.86	 1.77	 44.12

	

30	 7 LGO	 1.54	 46.15
	40 	 59.98	 1.22	 48.98

	

100	 30.30	 0.55	 55.05

	

500	 6.95	 Decrease	 0.12 1 Decrease 58.94	 Increase

	

1000	 3.54	 0.06 V	 59.4.
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-fTh

pj'(W)
PLII

- - - - - - - - - -
P'_ 100

90

so

70

60

I RL=RTh=9fl
so

40

30

20

10

I I IJ	 3 0	 RL(11)
01	 5	 15

RTh

FIG. 9.80
;aL versus RJDr the network in Fig. 9.79.

has a maximum value of 100 W
, the current is 3.33 A, or one-half its

maximum value of 6.60 A (as would result with a short circuit across the
output terminals), and the voltage acrQss the load is 30 V, or one-half its

maximum value of 60 V (as would result with an open circuit across its

output ' terminals). As you can see, there is no question that maximum
power is transferred to the load when the load equals the Thdvenin value.

The power to the load versus the range of resistor values is provided
in Fig. 9.80. Note in particular.that for values of load resistance less
than the Thdvenin value, the change is dramatic as it approaches the

venin value, thepeak value. However, for values greater than the Th6
drop is a great deal more gradual. This is important because it tells us

the following:

if the load applied is less than the Thivenin resistance, the power to
the load will drop off rapidly as it gets smaller. However, if the applied
load is greater than the Thivenin resistance, the power to . the load

will not drop off as rapidly as it increases.

For instance, the powe. r to the load is lit least 90 W for the range of
about 4.5 11 to 9 A below the peak value, but it is at least the same level
for a range of about 9 il to 18 11 above the peak value. The range below
the peak is 4.5 0, while the range above the peak is almost twice as
much at 9 fl. As mentioned above, if maximum transfer conditions can-
not be established. at least we now know from Fig. 9.80 that any resis-
tance relatively close to the Thdvenin value results in a strong transfer
of power. More distant values such as I f1 or 100 f1 result in much

lower levels.
it is particularly 

I interesting to plot the power to the load versus load
resistance using a log scale, is shown in Fig. 9.81. Logarithms will be
di4cussed in detail in Chapter 21, but for now notice that the spacing



I

A-
Th
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10C

90

80

70

60

50

40

Linear 
30

scale	 20

10

0

KL=R,=9fl	
Log scale

FIG. 9.81
PL versus Rjor the network in Fig. 9. 79.

between values of RL is not linear, but the distance, between powers of
ten(such asO.1 and 1, 1 and 10,and 10and 100) are all equal. Ile advan-
tage of the tog scale is that a wide resistance range can be plotted on a
relatively small graph.

Note in Fig. 9.81 that a smooth, bell-shaped curve results that is sym-
m' etrical about the Thdvenin resistance of 9 D. At 0. 1 fl, the power has
dropped to about the same level as that at 1000 fl, and at 111 and 100 D,
the power has dropped to the neighborhood of 30 W.I 

Although all of the above discussion centers on the power to the load,
it is important to remember the following:

The total power delivered by a supply such as Erh is absorbed by both
the Thivenin equivalent resistance and the load resistance. Any
power delivered by the source that does not get to the load is lost to
the Thivenin resistance.

Under maximum power conditions, only half the power delivered by the
source gets to the load. Now that sounds disastrous, but remember that

we are starting out with a fixed Thdvenin voltage and resistance, and the

above simply tells us that. we must make the two resistance levels equal
if we want maximum power to the load. On an efficiency basis, we are
working at only a 50% level, but we are content because we are getting
maximum power out ofour system.- 

The dc operating efficiency is defined as the ratio of the power deliv-
ered to the load (P - ) to t power delivered by the source (P.). That is,

E

77%/—=:fL-^ X 1700%	 (9.4)
P,

For the situation where R1, RTh,

IZIRL	 RL	 RTh
TIRI. X 100%  

X 100%	 X 100%
RT	 RTh + RTh

Rp,
X 100%	 X 100% = 50%2R, 2
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Th

100

. ....................	 100%

75

50

25 : (R, R Th%

r1% kRL X 100%

0^ ̂ .020 ^40 ^60 80 100 RL (0)

A
FIG. 9.82

Efficiency of operatioh versus increasing values ofRL.

For the circuit in Fig. 9.79, 
if we plot the efficiency of operation ver-

sus load resistance, we obtain the plot in Fig. 9.82, 
which clettrly shows

that the efficiency continues to rise to a 100% level as RL gets larger.

Note in particular that the efficiency is 50% when RL = 
RTh.

To ensure that you completely understand the effect of the maximum 	
Power flow

power transfer theorem and the'
 efficiency criteria, consider the circuit in

Fig. 9.83, where ' the load resistance is set at 
100 fl and the power to the

Th6venin resistance and to the load are calculated as follows: 	 PL

ETh	 60 V	 60V 
550.5 mA	

PE	
R7Th= 9 0

IL RTh + RL = Tn _+100 R = TON f,
	 +

ETh :60V	
:RL 100(i

with	 P,,, = lZRT, = (550.5 mA)(9 fl) =_ 2.73 W

and	 PL = 1,2R, = (550.5 mA)'(100 fl) a^ 30.3 W

The results clearly show that most of the power supplied by the bat-

tery is getting to the load—a desirable attribute on an efficiency basis. 	 FIG. 9.83

However, the power getting to the load is only 30.3 W compared to the 	 Examining a circuit with high efficiency but a

100 W obtained under maximum power conditions. In general, there-
	 relatively low level ofpower to the load.

fore, the following guidelines apply:

Ifefficiency is -the overriding , factor, then the load should be much

larger than the internal resistance ofthe supply. Ifmaximum power

transfer is desired and efficiency less ofa concern, then the

conditions dictated by the maximum power 
transfer theorem should

be applied.

,^% relatively low efficiency of 50% 
can be tolerated in situations where

power levels are relatively low, such as in a wide variety of electronic

systems, where maximum power transfer for the given system is usually

more important. However, when large power levels are involved, such as

at generating plants, efficiencies of 50% cannot be 
tolerated. In fact, a

great deal of expense and research is dedicated to raising power generating

and transmission efficiencies a few percentage points. Raising an effi-

ciency level of a 10 MkW power plant from 94% to 
95% (a I% increase)

can save 0. 1 MkXV, or 100 ritillion watts, of
, power—an enormous saving.



Rj^,	 2.5 f)

+	 RL

E	 120 V

R t	 0.5 iljnfÔ	

Rt

E	 12 V

. FRTTR7,	 (9.5)

This result (Eq. (9.5)] will 
be 

used to its fullest advantage in the analysis

of transistor networks, where the most frequently applied transistor cir-

cuit model uses a current source rather than a voltage source.

For the Norton circuit in Fig. 9.84,

'kRN

PL— - 4— 
(W)	 (9.6)

EXAMPLE' .61 A ^Ac 89.̂ at.r, ba^ttery,, g!,pe ator, battery, and laboratory supply are
connected to resistive Ic-NffRL in Fig. 9,85.

a. For each, determine the value ofR L for maximum power transfer to RL.
b. Under maximum power conditions, what are the current level and

the power to the load for each configuration?

c. What is the efficiency of operation for each supply in part (b)?
d. If a load of I kfl were applied to the laboratory supply; what would

the power delivered to the load be? Compare your answer to the

level of part (b). What is the level of efficiency?'

e. For each supply, determine the value of RL for 75 % efficiency.

n
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R,	 R

I 

L - RN

FIG 9.84
D

lefining the conditionsfor maximum power to a

load using the Norton equivalent circuit.

r-w_

t Th

In all of the above discussions. the effect of changing the load was

discussed for a fixed Thdvenin resistance. Looking at the situation from

a different viewpoint, we can say

ifthe load resistance is fixed and does not match the applied

Thivenin equivalent resistance, then some effort should be made (if

possible) to redesign the system so that the Th6venin equivalent

resistance is closer to thefixed applied load, -

In other words, if a designer faces a situation where the load resistance is

fixed, he or she should investigate whether the supply section should be

replaced or redesigned to createa closer match of resistance levels to

produce higher levels of power to the load.

For the Norton equivalent circuit in Fig. 9.84, maximum power will

be delivered to the load when

Rj^, -20 

1 

fl —I 

RL

E	 0-40 Y

(a) dc generator 	 (b) Battery	 (c) Laboratory supply.

FIG. 9.85

Example 9.14.
K.

Solutions:

a. For the dc generator,

RL RTh Ri, 2.5 n
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For the 12 V car battery,

RL RTh Rm 0.05 fl

For the dc laboratory supply,

RL RTh Rj^t 20

b. For the dc generator,

Ejh	 E2	 (120 V)2 
1.44 kw

2.5 fl)PL--

For the 12 V car battery,

E 2	 E2	 (12 V)'Th	 720 W
PL— = TRTh 4RIA, 4(0.05 n)

For the dc laboratory 
Supply.

Ejh	 E2	 (40 V)2 20 W
PL...	 TRĵt 4(20 fl)

se RL RTh-
C. They are all operating under a 50% 

efficiency levelbecau

d. the power to the load is determined as follows:

E	 40 V	 40 V 
= 39.22 

1 
mA

7L ^j., _,RL = 20 fl + 1000 il 1020 fl

IL2RL = (39.22 mA)2(1000 fl) =, 1.54 Wand	 FL

The power level is significantly less than the 20 W achieved in

part (b). The efficiency level is

1.54 W
PL	 154W	 _ X 100%

' 77% — X 100% ^6^ *	 X 1009. — (40 V)(39.22 mA)PS	 EI,

L.54^^ , lo()% = 98. 09%

1.57 W

which is markedly higher than achieved under maximum
. power

of the powcr level.conditions—albeit at the expense

e^ For the dc generator,

17 PO	 'RL	 (17 in decimal form)
P, RTh + RL

RL
and	 17 J^+ RLT

i7(RTh , + RL) RL

,IRA + 71RL = RL

RL(I — = 77Rn

7,RTnhI

and	 =RL
1	 17

RL 
0.7' 5(2.5 fl)	

7.5 11
0.75

For the battery,

0,75(0.05 fl) 
0.15 flRL	 0. 7 5
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1O..A 1, 40 kn	 RL

FIG. 9.86

Exampl^ 9. a

R^

36DV

E	 48 V R,	 16 0

dc supply

FIG. 9.87

dc SUPPIY wilh afixed 16 f2 load (Example 9.16).

r-w-
-^ Th

For the laboratory supply,

RL 
0.75(20 fl) 

60 n
I — 0,75

EXAMPL	 .15	 ana sis ofa transistor network resulted in the re-
duced equiveq n kFig. .86.

a. Find the load resistance that will result in maximum power transfer

to the load, and find the maximum power delivered.
b. If the load were changed to 68 U2, would you expect x fairly high

' level of power transfer to the load based on the results of part (a)?

What would the new power level be? Is your initial assumption
verified.?

c. If the load were changed to 8.2 U2, would you expect a fairly high
level of power transfer to the load based on the results of part (a)?
What would the new power level be? Is your initial assumption
verified?

Solutions:

a. Replacing the current source by an open-circuit equivalent results in

RTh = Rs = 40 kfl

Restoring the current source and finding the open-circuit voltage at

the output terminals results in

ETh = V = IR^ = (10 mA)(40 kQ) 400 V

For maximum power transkr to the load,

RL = RTh = 40 kfl

with a maximum power level of

ET2 
h

4RTh 4(40 kfl)

b. Yes, because the 68 kn load is greater (note Fig. 9.80) than the
40 kfl load, but relatively close in magnitude.

ETh	 400 V	 400
IL ^ 

RTh + RL ^ 40 —kf2+ 68 kfl = 
-,-08k,, _^ 3.7 MA

PL = IL2RL = (3.7 mA)'(68,kn ^ 0' .93 W

Yes, the power level ofO.93 W compared to the I W level of part (a)
verifies the assumption.

c. No, 8.2 kD is quit^ a bit less (note fig. 9.80) than the 40 kf2 value.

Erh	 400 V	 400 V
IL ^	 ^0 kfj —+ 8 2 kfj = ^-8 —'RTh + RL	

.2 kfj — 8.3 MA

PL = ILRL = (8.3 mA)2
(8.2 kfl) _^ 0.57 W

Yes, the power level of 0.57	 mpared to the I W level of part (a)
verifies the assumption,

EXAMPLE	 .87, a fixed load of 16 D is applied to a 48 V
supply with an internal resistance of 36 D.

a
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a. For the conditions in Fig. 9.87, what is the power delivered to the

load and lost to the internal resistance of the supply?

b. If the designer has some control over the internal resistance level of

the supply, what value should he or she make it for maximum power

to the load? What is the maximum power to the load? How does it

compare to the level obtained in part (a)?

c. Without making a singlecalculation, find the value that would result

in more powei to the load if the designer could change the internal

resistance to 22 fl or 8.2 fl. Verify your conclusion by calculating.

the power to the load for each value.

Solutions:

E	 48 V	 48 V
a.	 923.1 mA

is —+RL T6 n + 16 ft 52 D

PR, = ltR, = (923.1 mA)
2(36!^) 30.68 W

PL = IJRL = (923.1 mA)
2(16 11) 13.Q W

b: Be careful here. The quick response is to make the source resistance

R, equal to the load resistance to satisfy the criteria of themaxAurn

power transfer theorem. However, this is a totally different type of

problem from what was examined earlier in this section. If the load

is fixed, the smaller the source resistance Rs, the more applied volt-

age will reach the load and the less will be lost in the interral series

resistor. In fact,, the source resistance should be made as small as

possible. If zero ohms were possible for R, the voltage across the

load would be the full supply voltage, and the powerdelivered to the

load would equal

2PL	 144 W
RL	 16 fl

which is more than 10 times the value with a source resistance of E,
36 fl.

c. Again, forget the impact in Fig. 9.80: The smaller the source resis-
3 0

tance, the greater is the power to the fixed 16 fl load. Therefore, the	 68 V

8.2 n resistance level results in a higher power transfer to the load 	

10 fj	

R,

than the 22 ft resistor.	

I C6 A R2 10 0	

R3

	

For R, 8.2 0	 1

	

E	 48 V	 48V	 2Q

IL — = —	 = 
Tz2—f, 1.983 A

R, + RL 8.2 Q + 16 n	 FIG. 9.88

and PL 1L2RL = (1.993 A)
2(16 n) 62.92 W	 Fxample 9.17.

For R, 22 il

IL =	
48 V	 48 V 

1.263 A	
R,

	

Rs + RL 22 0 + 16 n 38 n	
3 fl

and PL = IL2R,^'^^'^263 A)2(16 n) 25.52 W	
Ion

r I '- I- --7=	 R2 10	=QR,

	

^1Ĝ^Ihe network in Fig. 9.88,	
20,2 fl,

EXAWLIA' .	 find the value of

RL for maximum power to the load, and find the maximum power to 	 R3
the load.

FIG. 9.89
Solution: The Thdvenin resistance is determined from Fig. 9.89:	 Determining RA for the network external to resistor

R, = R, + R2 + R3 = 3 fl + 10 1) + 2 fl = 15 0	
RL in Fig. 9.88.
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V, - OV + 
L,	

so that	 R1, = RTh	 1^5 fl

I The Thdvenin voltage is determined using Fig. 9.90, where

R,	
fl 68 V -

	
V, = V3 =OV and V2 =12R2 =^R,=(6A)(I0fl) 60V

L	 Applying Kirchhoff's voltage law gives

I = 6 A	
0	

_V2 - E + ETh 0

	

)?3 2 fl	 and	 ETh = V2 + E = 60 V 4^ 68 V 128 V

	

+ V3 0 V	
w;th the maximum power equal to

FIG. 9.90	 r-2

Determining Enfor the network external to resistor 	
(128 V)'

RL in Fig. 9.83.	
P1 

4RTh 4(15 kfl) 
27i07 'A

9.6 MILLMAN'S THEOREM

Through the application of Millman's theorem, any number of parallel

voltage sources can be reduced to one. ' In,Fig. 9.91, for example, the

three voltag^! sources can be reduced to one. This permits finding the

current through or voltage across R L without having to apply a method

such as mesh analysis, nodal .analysis, superposition, and so on-. The the-

orern can best be described by applying it to the. network in Fig. 9.91.

Basically, three steps are included in its application,

R,
1 4

7R,

FIG. 9.91

Demonstrating the effect of applying Millman's theorem.

^tejn 1: Co nvert all volta& sources to current sources as outlined in See-

tion 8.3..This is performed in Fig. 9.92 for the network in Fig. 9.91.

	

1,	 E,G,	 12	 E202 G2	 13	 93G3 G3	 RL

(

E,)	

R3R,	 GO

FIG. 9.92

Converting all the sowce in Fig. 9.91 to current sources.

Introductory, C.- 258,
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Step 2: Combine paral lel current sources as described in Section 8.4—

The resulting network is shown in Fig. 9.93, where

IT = 11 + 12 + 13	 and	 GT G.1 + Gi + G3	
IT	 Gr	 '?L

Step 3: Convert the resulting current source to a voltage source, and the

desired single-source network is obtained, as shown in Fig. 9.94.

In general, Millman's theorem states that for any number of parallel

voltage sources,	 FIG. 9.93

IT	 = -I l	 1 2 	 13 ±	 IN	
Reducing all the current sources in Fig. 9.92 to a

single current source.
	Eeq j^T- G, + G2 G; +	 + GN

i^G. -- EG2 ± E3G3	 EjVGN	
(9.8)or	 G, + (^2 + G3 +	 + GN ' + ^	 I	

1^
R, . 

G?

The plus-and-minus signs appear in Eq. (9.8) to include those cases,

where the sources may not be supplying energy in the same direction. 	 L - IT

(Note Example ' 9.18.)

The equivalent resistance is

FIG. 9.94

&q

	

	
+ G3 +	 + GN	 (9'9)	 Converting,the current source in Fig. 9S3 to aGT G, + G2

voltage sour ce.

In terms ^f the resistance values,

EN

-eq	
R, R2 R3	 RN	

(9.10)

R, R2 R3	 RN

Rq	 9	 (9.11)
and

+ T2 + T3 + + TN ,R,

Because of the relatively few direct steps required, you may find it

easier to a ply 'ach step rather than memorizing and employing Eqs.. p	 e

(9.8) through (9.11).

EXAMPLE 9.18 Using Millman's theorem, find the current through

and voltage across the resistor R L in Fig. 9.95.

Solution: B y Eq. (9. 10),
7

'Ei
R,	 5Q R,	 ,^211'

R, R2 R3
Eeq	

El +	 E,-
	

RL 31) V,

V - .=16V _^8V
—R, + T3	 A	 —R, +	

tio	
-7,

The inihus sign is used for E2/R2 because that supply has the opposite

polarity of the other two..The chosen reference direction ,is therefore

that of E, and E3 . The total conductance is unaffected by the direction,	 FIG. 9.95

and	 Example 9.18.
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IOV 16 V 8 V
- -- + —

E,	
411 2 D	 2A-4A+4A

1	 1	 0.2 S + 0.25 S 4- 0.5 S

+

2 A
5̂S = 2.11 V

with	 kq	 1.05 il
I	 I	 0.95S

+ —n + ^ —fl

The resultant source is shown in Fig. 9.96, and

2.11 V	 2.11 V
1j, ^	 = ^-6— = 0.52 A

1.05 D + 3 fl	 5f2

with	 V1, = ILRL = (0.52 A)(3 fl) = 4.56 V

EXAMPLE 9.19 Let us now consider the type of problem encountered

in the introduction to ,mesh and nodal analysis in Chapter 8. Mesh analy-

sis was applied to the network of Fig. 9.97 (Example 8. 12). Let us now'

use Millman's theorem to find the current through the 2 fl resistor and

compare the results.

Solutions:

a. Let us first apply cacti step and, 
in 

the (b) Sol ution, Eq. (9. 10). Con-

verting sources yields Fig. 9.98. Combining sources and parallel

conductance branches (Fig. 9.99) yields

IT = 11 + 12 = 5 A + 
5 
A = 

15 
A + 

5 
A 

20 
A

	

3	 3	 3	 3

	

1	 6	 1	 7
Gr = G, + G2 = I S + — S — S + —S __S

	

6	 6	 6	 6

R, 1.05 a

I

3 n VL

E.4 

C" 1111

FIG. 9.96

The result ofapplying Millman's theorem to the

0	 network inFig. 9.95.

R,^^ 10 MR,16 A V+	

'R3	 2 f2+

Ej_=_5V E2-=-IOV

FIG. 9.97

Example 9.19,

FIG. 9.98	 FIG. 9.99
Converting the sourres in Fig. 9.97 to current 	ReduciAg the current source., in rig. 9.98 -

I	

sources.	 to a single source,

R 161f
q	 A7 	 Converting the current source to a voltage source(Fig. 9.100), we obtaiii

R3 2 n	 20
+	 A

E 7q — NO V	 IT	 3	 (6)(20)	 40
V,	 E^, --- = — - __ V --- V

GT	 7 
S	

(31)(7)	 7

6

FIG. 9.100	 1	 L,	 6
and

Converting the current source in Fig. 9.99	 G7-	 7 
S	

7

to a voltir.,g e s^ut cc.	 6



E

3 A

ILI 12V

FIG. 9.102
Demonstrating the effect of the substitution theOrt"L.
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so that

40	 40
— V	 —V

E q 	 7	 7	 40V 
2 A

&q 
+ R3	 D + 2 0 6 n + 

14	 200

7	 7	 7

which agrees with the result obtained in Example 8. 18.

b. Let us now simply apply the proper equation, Eq. (9.10);

5 V IOV 30 V IOV
+ +	 + -^ —fl 40

F^q =	
_ = V

I +
	

6' + 1	 7

111	 6 fl	 6 fl 6 0

and

1	 1	 6
— = — =

R,q —	 6	 1	 7	 7
+	 -- + — —S

il 6 fj	 6 0 6 fl	 6

which are the same values obtained above.

The dual of Millman's theorem (Fig^ 01) appears in Fig. 9. 101. It can

be shown that Iq and Rq, as in Fig. 
9. 101, are given by

I IR I	 13R313^3
F1	

I^RI :t I:ZR^ ^—	 (9.12)
R, + R, + R3

and
	

^e^Rt + ^R2+ R3	 (9.13)

The derivation appears as a problem at the end of the chapter.

FIG. 9.101
The dual effect ofMillmans theorem,

9.7 SUBSTITUTION THEOREM

The substitution theorem states the following:

Ifthe voltage across and the current through any branch ofa A

bilateral network are known, this branch can be replaced by any

combination of elements that will maintain the same voltage across

and current through the chosen branch.
I 
More simply, the theorem states that for branch equivalence, the ter-

minal voltage and current must be the samd'. Consider the circuit in

Fig. 9.102, in which the voltage across and current through . the branch

Y



r-w-

t-Lh_

3 A	 A	
^3A

2 fjI+	

+
A j +12V	

2 V

	 'A2'V .3	 12 D	 12 V

_T	 - 

V T

b	 b	 b	 b

FIG. 9.103

Equivalent branchesfor the branch a-b in Fig. 9,102.

a-b are determined. Through the use of the substitution theorem, a
number of equivalent a-a' branches are shown in Fig. 9.103,

Note that for each equivalent, the terminal voltage and current are

the same, Also consider that the response of the remainder of the
circuit in Fig. 9.102 is unchanged by substituting any one of the eq"u,'v- -
alent branches. As demonstrated by the single-source equivalents in
Fig. 9.103, a known potenoial difference and currentin a network can
be replaced by an ideal voltage source and current source, respectively.

Understand that this theorem cannot be used to solve networks with
two or more sources that are not in series or parallel. For it to be ap-
pli. ed, a potential difference or current value must be known or found

using; one of the techniques discussed earlier. One application of the

theorem is shown in Fig:9.104. Note that in the figure the known poten-

tial difference V was replaced by a voltage source, permitting the isola-

tion of the portion of the network including R3, R4, and R5 . Recall that

this was basically the approach used in the analysis of the ladder net-

work as we worked our way back toward the terminal resistance R5.

378 111 NETWORK THEOREMS

R,	 R,	
R3

E	 R2 V	 R4	 R5	 r	
+

R4 R

b	
b_

FIG. 9.104

DemOnstrating the effect Qfknowing a voltage at some p oint in a cotnple)^ network.

The current source equivalence of the above is shown in Fig. 9.105,
where a known current is replaced by an ideal current source, permitting
the isolation of R4 and R5.

Rj	 R2	 R4	 R5	 1111111000^

FIG. 9.1o5
Dern onstrating, t^e effect oklowing a current at some point in a complex network
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Recall from the discussion of bridge networKs that V 
= 0 and I = 0

were replaced by a short circuit and an open circuit, respectively. This

substitution is a very specific application of the substitution theorem.

9.8 RECIPROCITY THEOREM

'Me reciprocity theorem is applicable only to single-source networks,

it is therefore, not a theorem used in the anal ysis of multisource net-

Works described thus far, The theorem states the following:

The current I in any branch ofa network due tu a single voltage

source E anywhere else in the network will equal the current through

the branch in which the source was originally located ifthesource is

placed in the branch in which the current I was originally measured.

In other words, the location of +e voltage source and the resulting

current may be int1rchanged without a change ir, current. The'theorem

requires that the polarity of the voltage , source have the same correspod-

dence with the direction of the branch current in each position.

a	 a

+

C

- Ej	

E

d
b	

b
(b)

FIG. 9.106

Denionswating the impact ofthe reciprocity theorem.

In the repr-sentative network in Fig 9.106(a), the current I due to the

voltage source E was determined. If the position of each is interchanged

as shown in Fig. 9.106(b), the, current I 
will be the same value,as indi-

cated. Tc-demonstrate the validity of this statement and the theorem,

consider the ' network in Fig. 9.107, in wWch values for the elements of

Fig; 9.106(a) have been assigned

The total resistance is

RT R, 4- R2 11 (R3 + R4) = 12 11 + 6 n 11 (2 n + 4 fl)

121l + 6QI160 =^12fl + 3n = 150

E 45 V	 A
and	 is = — =	 .

R,	 15 fl,	 FIG. 9.107

-	 Finding the current I due to a source E.

with	 I = :^—_ = 1.5 A
2

For the nctwork in Fig. 9.108, which corresponds to that in , Fig.

9.106(b), we find

RT = R4 + R3 + R, R2

= 40 + 2fl + l2njj6n lOn

E 45 V
and	 ^: ^ = 4.5 A

RT 10 fl	 —

r) A 5 A)

so that	 I	
A I	 =	 = 1.5 A	 FI(`I1. 9. 108

12 0 + 641	 .3	 hiterchanging thelocation ofEandlofFig. 9.1071,,

demonstrate the validity ofthe'reciprocity theon
which a2rees with the above.

T1

M

R,	 R3

2 n

4 D
E 745 7VR, 6(1 R4

_T

12 fl	 1	 2Q

11,111 11

	

R2	 6 fl

F	 45V

.t	 1 77+'
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r—A%_

tT—h I

FIG. 9.109

Demonstrating the power and uniqueness ofthe reciprocity theorem.

E

I

E

a

It

b

R4

1.4 kn	
+

711,

ET,

E,

a

FIG. 9.110

Network to which I'Spice is to be applied to

de!ermine ETh and R^.

The uniqueness and power of this theorem can best be demonstrated
by considering a complex, single-source network such as the one shown
in Fig. 9.109.

M

9.9 COMPUTER ANALYSIS

Once you unLrstand the mechanics of applying a software package or
language, the opportunity to be creative and innovative presents itself

Through years of exposure and trial-and-error experiences, professional

programmers develoli a catalog of innovative techniques that are not only

functional but very interesting and truly artistic in natur&, Now that some

of the basic operations associated with I'Spice have been introduced, a

few innovative maneuvers will be made in the examples to follow.

PSpice

Th6venin's Theorem T'he application 'OfThdvenin's theorem requires
an interesting maneuver to determine the Thdvenin resistance. It is a ma-
neuver, however, that has application beyond Thdvenin's theorem when-

ever a resistance level is required. The network to be analyzed appears in
Fig. 9.110 and is the same one analyzed in Example 9. 10 (Fig. 9.48).

Since PSpice is not set up to measure resistance levels directly, a I,A
current source can be applied as shown in Fig. 9.111, and Ohm's law can
be used to determine the magnitude of the Thdvenin resistance in the fol-
lowing manner:

JRTh I	

IVÂ	
V,	 (9.14)

In Eq. (9.14). since 1. = I A, the magnitude of RTh in ohms is the same
as the magnitude of the voltage V, (in volts) across the current source.
The result is that when the voltage across the current source is displayed,

it can be read as ohms rather than volts.

When PSpice is applied, the network appears as shown in Fig. 9.111.
Flip the voltage source El and the current sI 

ource 

by right-clicking on the
source and choosing the Mirror Vertically option. Set both voltage

sources to zero through the Display Properties dialog box obtained 
by

double-clicking on the source symbol. ne  result of the Bias Point sim-
ulation is 2 kV across the current source. The Thdvenin resistance is
therefore 2 W between the two terminals of the network to the left of
the current source (to match the results of Example 9. 101 ). In total, by
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^Th

c dence

QQ	 V

GL 6k Ck	 k.,	 1q1-1c'

SCHEMATIO ^Pk-V.

R4	 +

1.4k

RI	 0 Sk	 R2	 4k

R3	 6k	 1A	
I

El	 E2
ovdc^ OVdc

---- — ---- - ------..... --- ----- --- ------	 W40 V.2

FIG. 9.111

Using PSpice to determine the Thdvenin resistance ofa network thrvugh the

application ofa I A current source.

age source to 0 V, we have dictated that the voltage is the,setting the volt	
ffect of a short-ds of the voltage source, replicating the esame at both en

circuit connection between the two points.
oltage between the terminals of in-For the open-circuit Thdvenin v

terest, the network must be constructed as shown in Fig. 9.112. The

EMM P^ I

	

Fu Idl Y 1^111	
dence

gj^ 0 4

R4	

L

1.4k

Ri	 0.8k	 R2	 4k

	

R3 6K	 R5	 IT

El	 E2
6Vd	 1 OVdc

2

-:70

FIG. 9.112

using PSpice to determine the Th1venin voltagefor a network using a very

large resistance value to represent the open-circuit condition between

the terminals ofinterest.
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resistance of I T ^ aer I mi Ilion Mfl) 
is 

considered large enoughto repre-
sent an Open circuit to permit an analysis of the network using PSpice.

PSpice does not recognize floating nodes ard generates an error signal
if a connection is not made from the top right node to ground. Both

voltage sources are now set on their prescribed values, and a simulation
results in 3 V across the I T resistor. The open-circuit Thdvenin voltage
is therefore 3 V, which agrees with the solution in Example 9. 10.

Maximum Power Transfer The procedure for plotting a quantity
versus a parameter of the network is now Introduced. In this case, the
Output power versus values ofJoad resistance i ' s used to verify that max-

imum power is delivered to the1oad when its value equals the series
Thdvenin resistance. A number of new steps are introduced, but keep in
mind that the method has broad application beyond Thdvenin's theorem
and is therefore W"ell worth the learning process.

The circuit to be analyzed appears in Fig. 9.113. The 'circuit is con-
structed in exactly the same manner as described earlier except for the
value of the load resistance. Begin the process by starting a New Project
labeled PSpice 9-3, and 'build the circuit in Fig. 9.113. For the moment,
do not set the value of the load resistance.

8' 

O'CAD Cap,,,, I

file Jdit Yieu,

dence

M TIC, P^^

F_SCHEMATIMPS

PAGE%

------------------

	Rth 	 PARAMETERS:
Rval

EEth

	

60Vdc	 RL	 (Rval)

P—It

IX,

M OiCAD Capture a
file

'a
let 

Ps^SC.EMAT

th 7E.

^0	 a'.
0-

T__ J
f 0 A-- elected

X.ZM Y.D.

FIG. 9.113
Using PSPice to plot the pol Ile; to RL for a range of values for RL.

The first ster is to establish the 
value of the load resistance , s a vai	 riable since it will not be assigned a fixed value. Double-click on the value

of RL, which is initially I kO, to obtain the Display Properfles dialog

box. For Value, type in [Rvall and click in place. The brackets 
(not

parentheses) are required, but the variable does not have to 
be called

Rval--it is th6 choice of the user. Next select the Place part key to
obtain- the Place Part dialog box. If you are not already in the Libraries



list, choose Add 
Library and add SPECIAL to the list. Select the

SPECIAL library and scroll the Part List until PARAM appears. Select

it; then click OK to obtain a rectangula r box next to the cursor on the

screen. Select a spot near Rval, and deposit the rectangle. The result is

PARAMETERS: as shown in Fig. 9.113.

- Next double-click
 on PARAMETERS: to obtain a Property Editor

dialog box, which should have SCHEMATIC I:PAGE1 
in the second

column from the left. Now select the New Column option from the top

list of choices to obtain the Add 
New Column dialog box. Under Name,

enter Rval and under Value, enteill followed by an OK to leave the dia-

jog box. The result is a return to the
' Property Editor dialog box but

with Rval and its value (below Rval) added to the horizontal list. Now

select Rval/I by clicking on Rval to surround Rval 
by a dashed line and

add a black background around the 1. Choose Display to produce the

Display Properties dialog box; and select Name and Value followed by

OK. Then exit the Property Editor dialog box (X) to display the screen

in Fig. 9.113. Note that now the first val^
'e (I fl) of Rval is displayed.

We are now ready to set up the simulation process. Under PSpice,

select the New Simulation Profile key to open the New Simulation di-

alog box. Enter DC Sweep under Name followed 
by Create. The

Simulation Settings-DC Sweep dialog box appears. After seiecting

Analysis, select DC 
Sweep under the Analysis type heading. Then

leave the Primary Sweep under the Options heading, and select

Global parameter under the Sweep. variable. The Parameter name.

should then be entered as Rval. For the Sweep type, the Start value

should be I fl; but if we use 1 fl, 
the curve to be generated will start at

111, leaving a blank from 0 to I fl. 
The curve will look incomplete. To

solve this problem, select 0.001 fl 
as the Start value (very close to 0 11)

with an Increment of I fl. Eater the End value as 
30.001 fl to ensure

a calculation at RL = 30 fl. If we used 30 il as the end value, the last

calculation would be at 29.001 f) since 29.001 fl + I 
n = 30,001 fl,

which is beyond-the range,of 30 fl. The values of RL will therefore be

0 .001 fl, 1.001 fl, 2.001 D.... 29.001 fl, 30.001 fl, 
and so on, at-

though the plot will look as if the values were 0 fl, 1 fl, 2 
fl, 29 fl, 30

fl, and so'on. Click OK, and select Run under I'Spice to obtain the dis-

play in Fig. 9.114.
Note that there are no plots on the graph, and that the graph extends to

32 fl rather than 30 fl 
as desired. It did not respond with a plotof power

versus RL because we have not defined the plot of interest for^jhe com

puter. To do this, sele' ct the Add 
Trace key (the key that has -a red curve

peaking in the middle of the plot) or Trace-Add Trace from the'top

menu bar. Either choice results in the Add 
Tra&s dialog box. The most

important region of this dialog box is the Trace Expression listing at the

bottom. The desired trace cap be typed in directly, or the quantities of in-

terest can be chosen from the list of Simulation output Variables and

deposited in the Trace Expression listing. To find the power to RL for

the chosen range of values for RL, select W(RQ in the listing; it then

appears as the Trace Expression. Click OR, and the plot in Fig. 
9. 115

appears. originally, the plot extended from 0 0 to 35 fl. 
We reduced the

range to 0 fl to 30 fl by 
selecting Plot-Axis Settlngs-X Axis-User De-

fined 0 to 30-OK.
Select the Toggle cursor key (which lia, an arrow set in a blue back-

ground), and seven options will open to the right of the key that include

Cursor Peak, Cursor Trough, Cursor Slope, Cursor Min, Cursor

Max, Cursor Point, and Cursor Search. Select Cursor Max, and the

comPUTER ANALYSIS Ili 383
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cidence

FiG. 9. 114
Plot resultingfroin tile tic ,,cp qj'RL)i1" the network, in l'ig. 9. /1.? bt-lot,

defining the parameters to be displaYed.

cidence

FIG. 9.115
A Plot of the power delivered to R L in Fig. 9-113jora range ofvaluesforRL,

extendingfinm 0 n to 30 fl.

Probe Cursor dialog box at the bottom right of the screen will reveal
where the peak occurred and the power level at that point. Note that Al
is 9.001 to reflect a load of 9 0, which equals the Th&cnin resistance.
The maximum power at this point is 100 W, as also indicated to the
right of the resistance value. The Probe Cursor box can be moved to
any position on the screen simply by selecting it and dragging it to the
desired position. A second cursor can be generated by right-clicking the
mouse on the Cursor Point option and moving it to a resistance of
30 f2. The result is A2 = 36 fl, with a power level of 71.005 W, as shown
on the plot. Notice also that the plot generated appea rs as a listing at the
bottom left of the screen as W(RL).
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tTh

multisim

Superposition 
I 
Let us now apply superposition to the network in

Fig. 9. T 16, which appeared earlier as Fig. 
9.2 in Example 9. 1, to permit

a comparison of resulting solutions. The current through R2 is to be de-

termined. With the use of methods described in earlier chapters for the

application of MUltisim, the network in Fig. 9.117 
results, which allows

us to determine the effect of the 36 V voltage source. Note in Fig. 
9.117

that b^th the voltage source and current source are present even though

we are finding the contribution due solely to the voltage Source. Obtain

the voltage source by selecting the Place ^qurce option at the top ofithe

left toolbar to open the Select a Component dialog box. Then select

POWER.SOURCES followed by DC^POWER as described in earlier

chapters. You can also obtain the current source from the same dialog box

by selecting SIGNAL—CURRENT under Family followed 
by DC_

CURRENT under Component. The current source can be flipped

vertiGally by right-clicking the source and selecting Flip Vertical. Set the

current source to zero by left-clicking the source twice to obtain the 
DC_

CURRENT dialog box. After choosing Value, set Current(l) to 0 A.

0

I	 R

E	 36V	 R2 
6 n	 I 

t 
9A

FIG. 9.116

Applying Mulnsim to determin' e the current 12 using

superposition.

I - 771
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Eie EcHt &W E*e I1_oJ ^!Wate TreffLl 1061s W111 ff^* ^^	
11

%
Im E9. a n. i

' 

n! . ;

It-9 I

FIG. a. I I I

Using Multisim to determine the contribution ofthe 36 V voltage source

to the current through R2.

I

_4i!lj

Following simulation, the results appear as in Fig. 9.117. The current

through the 6 fl resistor is 2 A due solely to the 
36 V voltage source. The

positive value for the 2 A reading reveals that the current due to the 
36 V

source is down through resistor R,.

Forthe effects of the current source, the voltage source is set to 0 V as

shown in Fig. 9.118. The resulting current is then 
6 A through R2, with

the same direction as the contribution dut to the voltage source.

The resulting current for the resistor R2 is the sum of the two curren .ts:

IT 2 A + 6 A = 8 A, as determined in Example 
9. 1:

M
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riG. 9,118

Using Mulfisim to determine the contribution ofthe 9 A current source
to the current through R2.

PROBLEMS	
R	 E

SECTION 9.2 Superposition Theorem
3.5 f2

a. Using the superposition theorem, determine the current 	
12 V	 +

through the 1 2 D resistor of Fig. 9.119,	
R,	 2.4 0	 3 A	 R3	 4.7 [1 V

b. Convert both voltage sources to current sources and re-
calculate the current to the 

1 

2 fl resistor.
C. How do the results of parts (e) and (b) compare?

3511

3 MAR3

FIG. 9.120

Problem 2.

R' 

1	 4 f)	 R2	 2(1	

H	

d he re I	 art (d) compaxe with 'he sum of

+fT	
ow 

0 

t so ts 

of 

p 

nd (c)? Can th
th	 Its to parts 

(b) 

a	 e superpositionR3 12 fl	

e resu

+	
theore - 

be 

applied to
	 wer levels"

16 V E2	10 V	
Using t 

m 

up rposjt

	

po J^he 

s	
jon theorem, d

ctermine the current

roug 

th 5 ^ res1stor 

of 

Fig. 9 121

/Ih h e 6

-FIG. 9 119	 24 V	 1211	 1	 it; 0

Problem 1.

2. a. Using the super
p
osition theorem, determine the voltage

across the 4.7 0 resistor of Fig. 9.120
.

b. Find the power delivered to the 4.1 0 resistor
to the current source.

X. Find the power delivered to the 4.7 fl resistor due solely
. to the voltage source,

d. Find d^c power delivered to the 4.7 fl resistor using the
voltage found in part (a). FIG. 9.121

l"Iblem 3,

En Ek fidt klBw 213CO WEI SkMkg Treger look 2ptions A'Mdow liek)

Decowaa 4 hum.

0 W --m 	 40 DC-
P-M.-a-t- D_

RI

12n

too

V1	 OV	 11	
9A

R2 60
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4. Using superposition, find the current I through the 24 V	 *7.. Using superposition, find the voltage across the 6 A source

'source in fig. 9.122.	 in Fig. 9.125.

	

E, +42V	 R5

4 n
+

	

R, '18 171	 E,	 R,	 R2	 E2

24^V	 12 V	 6 fl	 4 fl	
+8V

^j	 At12 V 6 ^
fl (EH1=6A

+

R, 9 fl 

E2 

R3 115 a	 R4 10 fl	

R3130il R4 12 fl

FIG. 9.125
FIG. 9.122	 Problem 7.

Problem 4.

SECTION 9.3 Th6venin's Theorem

S. Using superposition, find the voltage V2 for the network in 	
S. a. Find the Thdvenin equivalent cimuit, forte netw 

I 
ork ex-

Fig. 91.123.	
ternal to the resistor R in Fig. 9.126.

b. Find the current through R when R is 2 fl, 30 fl, and

100 fl,

E 36V

R 	 12 kL"l 	 R,	 R3

6 fl	 4 P

IS VE	 R2	 3 1`1	 R
+

	

V, R,	 6.8 kfl 1	 9 nIA

-A r

FIG. 9.123	 -FIG. 9.126

Problem 5.	 Problem, 8.

9. a. Find the lbdvenin equivalent circuit for the network ex
*6., Using superposition, find the current t1trough R, for the net-

work in Fig. 9.124,	
terital to the resistor R for the network in Fig. 9.127.

b; Find the power delivered to R when R,is 2 kfj and

100 M.

3.3 W
3.3 kn JI

1.2 kn

I a

	

4.7 kn

	

R,	 2.2 kf I +

	

R3

	

9 MA
	 +^8v

__r

FIG. 9,124	 FIG. 9,127

Problem 5.	 Problem 9.

R
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*13. Find the Th6venin equivalent circuit for the network exter.

nal to the resistor R in Fig. 9.13 1.

388 111, NETwou THEOnEMS.

Find the Th6venin equivalent circuit for the network ex-

ternal to the resistor R for the network in Fig. 9.128.

b. Find the power delivered to R when R is 2 fl and 100 0.

- 1	

6 n 1,^( 

2 n

=-72 V
- r 4^

3 il -A\	 ,K -4 fl

R

FIG. 9.128

Problem 10.

11. Find the Thdvenin equivalent circuit for the network exter-

nal to the resistor R for the network in Fig. 9.129.

FIG. 9.131

Problem 13.

14. a. Find theTh6venin equivalent circuit for the portions of

the network of Fig. 9.132 external to points a and b.

b. Redraw the network with the Thdvenin circuit in place

and find the current through the 1.2 M resistor.

4.7 kfl

a R,"T

R	 1.2 kf12
R, F2.7kfl +	 I	 R3 3.9 kfl

Ism"E	 6 V

R,+	

12 V	 FIG. 9.132

E,	 Problem 14.

*15. a. Determine the Thevdnin equivalent circuit for the net-

	

FIG. 9.129	 work external to the resistor R in ,Fig. 9.133.

	

Problem 1 1.	
b. Find the current through the resistor R if its value is

20 fl, 50 f), and 100 fl.

c. Without having the Tbdvenin equivalent circuit, what

would you have to do to find the current through the re-

sistor R for all the values of part (b)?

12. Find the Thdvcnin equivalent circuit for the network exter-

nal to the resistor R for the network in Fig: 9.130.	 R,	 R3	 R,

---AAA-

20 n	 12 fl	 2 n

E	 R420 V R2 	 511	 16 fl	 R

+ 16 V,

2.2 kn
8 mA

R	 5,6 kf)	 FIG. 9.133

Problem 15.

*16. a. Determine the Th6venin equivalent , circuit for the net-

work external to the resistor R 
in 

Fig^ 9.134.

	

FIG. 9.130	 b. Find the polarity and magUitude of the vbltage across

	

Problem 12.	 2 kfl.the resistor, R if its value is 1-
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19. For each vertical set of - measurements appearing it

Fig. 9.137, determine the lbdvenin equivalent circuit.

RR2 12 kfl2 2.2 

k"
+^12Y R,	 R3

1. 1 kil	 3.3 kfI.

20 VNetwork
R 4.7 kfl

E2 -4V

FIG. 9,134

Problem 16.

*17. For the network in Fig. 9.135, find tIV Thdvenin equivalent
Network	 1.6 mA

circuit for the netWork external to the load resistor RL.

+ 22 V

(a)

22.2 kn2 hk

3.3 kfl	 1.2 klnl-W_

Network	 60 mV.

	

5.6 kf1	 6.8 kil	 R,

	12 V	 +6V

FIGA.135

	

Problem 17.	 E=OV

2.72 ka

*18. For the transistor network in Fig. 9.136:	 1 
Network

a. Find the Th6venin equivalent circuit for that portion of

the petwork to the left of the base (B) terminal.

b. Using the fact that lr^ = 1E and Vce = 8 V, determine the

	

magnitude of 1j.	 (b)

c. Using the results of parts (a) and (b), calculate the base

current 1B if VBE = 0.7 V.

d. What is the voltage VC?

20V	
Network	 16V

20V

11C

R,	 51 kn	 RC	 2.2 kfl

VC
C

VC, 8 V

51 krl	

Rc C

	

I's	
E	

Network	 R 2.2 kO

fl

R,	 10 Rn	 R, 10.5'kf1

	

FIG. 9.136-	
FI

' 

G. 9.137

Problem 19.
Problem 18.

Introductorv. C - 26A
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*20. For the network of ^ig. 9.138, find the Thdvenin equivalent
.Cirruit for, the network external to the 300 

f2 rc^istor.

2 fl

1	 4 fl

15 V
_T 4

I	 a ^\ /^'\* 2 V

FIG. 9.138

Problem 20.

SECTION 9.4 Norton's Theorem

21. a. Ffod the Norton equivalent circuit for the network ex-

ternal to the resistor R in Fig. 9.426.
b. Convert the Norton equivalent circuit to the Thdvenin

form.

C. Find the ,Thdvenin equivalent circuit using the Thdvenin

approach and compare results with part (b).

22. a. Find the Norton equivalent circuit for the network ex.

terrial to the resistor R in Fig. 9.127.
b. Convert the Norton equivalent circultio the Thdvenin

form,

c. Find the Thdvenin equivalent circuit Using the Thdvenin

approach and compare results with part (b).

23. Find the Norton equivalent circuit for the network external

to the resistor R in Fig. 9.129,

24. Find the Norton equivalent circuit for the network external

to the resistor R in Fig. 9.130. 	 -4,

*25. Find the Norton equivalent circuit for the network external

I	 to .the resistor R in Fig. 9.13 1.

*26. Find the Norton equivalent circuit for the network external

to the resistor R in Fig. 9.133.

*27. Find the Norton equivalent circuit for the network external
to the resistor R in Fig. 9.135.

*23. Find the Norton equivalent circuit for the network external
to th

' e 

300 fl resistorin Fig, 9.138.

*29. P.. Find the Norton equivalent circuit external to points a
and b in Fig. 9.13^.

b. Find the magnitude and polarity of the voltage across
the 100 fl resistor using the results of pan (a).

+	 2 A
=i_: 12 V +fl 00 D	 12 n

72 V

b

r-Iml-

t1h

SEZCT719.5 Maximum Power Transfer Theorem

Find the value of R for maximuRpower transfer.to R

for the network of Fig. 1. 126.

b. Determine the maximum power of R.

31. a. Find the value of R for maximum power transfer to R
for the network of Fig. 9.129.

b. Determine the maximum power of R.

32. a. Fiad the value of R for maximum power transfer to R
for the network of Fig. 9.13 1.

b. Determine the maximum power to R.

*33. a. Find the value of RL in.Fig. 9.135 for maximum power
transfer to RL-

b. Find the maximum power to Rl:.

34. a. For the network of Fig. 9,140, determine the value of R
for maximum power to R,

b. Determine the maximum power to R.
c. Plot a curve of power to R versus R for R ranging from

1/4 to 2 times the value determined in part (a) using an

increment of 1/4 the value of R. Does the curve verify

the fact that the chosen value ofR in part (a) will ensure

maximum power transfer'.)

R, 12.4 '1 1

	

+	
5A R2	 24n R:

E _= 20
7^r_

L

FIG. 9.140

Problem 34.

*35. Find the resistance R, in Fig. 9,141 such that the resistor R4

. 
I 

will receive maximum power.nink!

R,	 R3

a

	

100V
	

R2^^ 50 fl	 R4 50

FIG. 9.141

Problem 35.

?36. a. For the network in Fig, 9.142, determine the value OfR2

FIG. 9.139	
for maximum power to R4.

b. Is there a general statement that can be made about situ-
Problem 29.

Z	
J	 ations such

.as those,presented here and in Problem 35?
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R,	 R,	
40. Using Millman's theorem, rind the current through and

voltage across the resistor RL in Fig. 9.146,

2 47n	 24 fl 50 0OV

	

=f—. 2 JR	

+ 

'o VR3 +.,I
E	 120 V R2	

+	 R3
!o VR, 80 il	 E2. —	 +

—10V
RL 200 n

EFIG. 9.142	 --! 4:00V R, 5 fl
Problem 36	 +

*37. For the network in Fig. 9.143, determine the level of R that

will ensure maximum power to the 100 (1 resistor. Find the	 FIG. 9.146

maximum power to RZ,	 Problem 4D.

41. Using the dual of Millman's theorem, find the current

through and voltage across the resistor RL in Fig. 9.147,

1,	 4 A	 12	 1.6 A
500 n pot.

12V
R^

	

7D—:	
I	 R2

R,	 100 fl	

4.7 fl	 3.3 A	 RL	 2.7 fI

FIG. 9.143

	

Problem 37.	 FIG. 9.147

Problem 41.

	

SECTION 9.6 Millman's Theorem	
42. Using the dual of Millman's theorer;, find the current

39. Using Millman's theorem, find the current through and
	

through and voltage across tl^e resistor RL in Fig. 9.J48.

voltage across the resistor RL in Fig. 9.144. 	 12

RL
8 mA
R2	 6.8 k

	

R, ion R2 6 fl	

441 

0

R,	 9.2 kf1
R, 3n	 1, 1	 R,	 2 k1l 4.7 n	 13

4 mA
	42 V	 10 mA240V E2

'7

FIG. 9.148
Problem 42.FIG. 9.144

	

Problem 38.	

SECTION 9.7 Substituiior^ Theorem

39. Repeat Problem 38 for the network in Fig. 9.145.
	 43. Using the substitution theorem, draw three equivalent

branches for the branch a-b of the network in Fig. 9,149,

2.5 k" a	 8 kfl
E,	 5 V	 R2	 8.2 k0l

+	

j671 j
RL 5.6 kn	 +

+	 E _^ 60 V	 15 fl	 7 kn

	

R., 2.2 k(al E2 M_=_ 20 V	

^60 V

b

FIG. 9.149

	

FIG. 9.145	
Problem 43.

Problem 39.
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	44. Using the substitution theorem, draw three equivalent 	 47. a. For the network of Fig. 9.153(a), determine the current L

	

branches, for. the branch a-Yof the network in F .ig. 9.150.	 b. Repeat part (a) for the network in Fig. 9.153(b).
c. is the reciprocity theorem satisfied?

A R2. + E ^ -b
4 k"fjg4 kf1j14 kil

0.51 kil IOV	
E

Q

R, T2kQ	 1.5 kf1	 +

	4 niA	
lov

Akfl	 8 kfl

FIG. 9.160

	

Problem 44.	
(a)

4 kf1	 4 kfl
*4S. Usfng"th6 substitution theorem,	 three equivalent

branches for the branch a-b of the network of Fig. 9. IS 1.
E	 10V

4 <k4 34 kf1l

R,	
R3	

4 kill	 8 k

	7 ^4flja 87A	 (b)
+	

_0	 ^ fj

E,	 20 V R2 1:2fl E2--._.=- 40 V	 FIG. 9.153

b	 T	 Problem 47.

48. a. Detemune the voltage V for the network in Fig. 9.154(a).

	

FIG. 9.151	 b. Repeat part (a)-for the network in Fig. 9.154(b).

	

Problem 45.	
C. Is the dual of the reciprocity theorem satisfied?

-+ V -
SECTION 9.6: Reciprocity Theorem 	 R2

46, a. For the network in Fig. 9.152(a), determine the cuffentL 	 2 fl
6. Repeat part (a) forihe network in Fig. 9.152(b).	

'I :

c. Is the reciprocity theorem satisfied? 	
RE, 3 f)	 R3 4 fl

6 A

V	 (a)

	

8kn	 4 kil
I = 6 A

+	 24 W
E	 2i4 V	

kf1	
20 W	

R2
24

2n

(a)	 V R, AM R3 4 fl

	

8 ka	 4 kf)

24 V
x	 FIG. 9.164

24 kil	 20 kf1	
Prob

I 
lem 48.

24 k'	 SECTION 9.9 Computer Analysis

49. Using P^pice or Multisim, determine the voltage V2 , and its(b)
components for the network in Fig. 9.123.

FIG. 9.152

Problem 46.	
50., Using PSp

.ice or Multisim, determine the Thdvenin equiva-

lent circuit for the network in Fig. 9.13 1.
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Norton's theorem A 
theorem that permits the reduction of any

1. a. Using pSpice, plot the power delivered to the resistor R	 two-terminal linear dc network to one having Vsingl^ currentin 
I (I 

to 
10 fl-

in Fig. 9.128 for R havigg values fro

	

determine the value of R resulting in the 	
source and parallel resistor,

b. From the plot,	 . j
imun power to R.	 Reciprocity theorem A 

theorem that states that for single-

maximum power to R and the max, the numerical solu-
	

source networks, the cuntnt in any branch of a network due to

c. Compare the results of pan (a) to 	 a single voltage source in the network will equal the current

tion.	 through the branch in which the source was originally located

I d in the branch in which the current wasd. plot VR and 1,R versus R, and rind the value of each under
	

if the source is p ace i

m power conditions. 	 e8bred.maximu	 originally in

	

*52. Change the 300 fI resistor
 in Fig. 9.138 to a variable	 Substitution theorem A theore

m that states that if the voltage

resistor, and using Pspice, plot the power delivered to the

	

	 current through any branch of a dc bilateral net-across and
resistor versus values of the resistor. Determine the range of

	
work are known, the branch can be repla

c
ed by any combina-

resistance by 
trial and error rather than first performing a 	 tion of elements that will maintain - the same voltage across

longhand
 calculation. Determine the Norton equivalent	 and current through the chosen branch.

' circuit from the results. The Norton current can befieter
	

Superposition theorem A 
nei6rk theorem that permits consid-

mined from the maximum power level. 	 ering the effects of eacK source independently. The resulting

current and/or voltage is the algebraicsum of the currents

and/or voltages developed by eagh source in&pen6ently'

GLOSSARY 	 Th6venln's theorem A 
theorem tbin permits the reduction of

twork to one having a single
MAximunt Power transfer theorem A 

theorem used to deter- 	 any two-terminal, linear dc ne

mine the load resistance necessary to, ensure
,maximurn Power	 voltage source and series resistor.

transfer to the load.
source conversions that

Millman's theorem A method using
	

1-wit variables in a munwill permit the deten
I 
ni atiori of unkno

tiloop network.

Apo,
J

Al


