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Become familiar with the characteristics of 8
sinusoidal waveforM, including its general format,

average value, and effective value.

Be able to determine the phase relationship

between two sinusoidal waveforms of the same

frequency.

Understand how to calculate the average and

effective values of any waveform.
I

Become familiar with the use of instruments

designed to measure ac quantities.

13.1 INTRODOCTION

The analysis thus far has been limited to dc networks-7
-networks in which the currents or volt-

ages are fixed in n;,agnitude except for transient effects. W6 now turn our attention to the

analysis of networks in which the magnitude of the source varies in a set manner. 
Of particu-

lar interest is the time-varying voltage that is commercially available in large quantities and is

n abbreviation for alternating cu^renr)
commonly called the ac voitag^e. (The letters ac are a	 . . 

0	 M	 -
To be absolutely rigorous, the terminology " voltage or ac current 

is n t su cient to de

scribe the type of signal we will'be analyzing. Each waveform in Fig, 
13.1 is an alternating

waveform available from commercial supplies. The term alternating 
indicates only that the

waveform alternates bletween two prescribed levels in a set time sequence. 

To 

be,absolutely

correct, the term sinusoidal, square-wave, or triangular 
must also be applied,

The pattern of particular interest is the sinusoidat ac voltage in Fig. 13. 1. 
Since this type

of signal is encountered in the vast majority of instances, the abbreviated phrases ac voltage

and ac current 
are commonly applied without confusion. For the other patterns in Fig. 13. 1,

the descriptive term is always present, but frequently the ac abbreviation is dropped, resu It-

ing in the designation square-wave or triangular 
waveforms.

One of.the important reasons for concentrating on the sinusoidal ac voltage is that it is

Id. Other reasons include its application
the voltage generated by utilities throughout the wor

	

s. In addition, the
throughout electrical, electronic, communication, and industrial system

chapters to 
I follow wilt reveal that the waveform itself has a number of characteristics that

result in a unique response when it is applied to basic electrical elemerim The wide range of

theorems and methods introduced for dc networks will also be 
applied to sinusoidal ac sys

tems. Although the application of sinusoidal signals raises the required math level, once the
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notation given in Chapter 14 is understood, most of the concepts intro-

duced in the dc chapters can be applied to ac networks with a mini-

mum of added difficulty.

13.2 SINUSOIDAL ac VOLTAGE
CHARACTERISTICS AND DEFINITIONS

Generation

Sinus3itial ac voltages are available from a variety of sources. The most

common source is the typical home outlet, which provides an ac voltage

that originates at a power plant. Most power plants are fueled by water

power, oil, gas, or nuclear fusion. In each case, an ac generator (also

called an alternator); as shown in Fig. 112(a), is the primary component

in the energy-conversion process. The power to the shaft developed by

one of the energy sources listed turns a rotor (constructed of alternating

magnetic poles) inside a set of windings, housed in the stator (the sta-
tionary part of the dynamo) and induces a volta' ge across the windings of

the stator, as defined by Faraday's law:

do

e = N

Through proper design of thegenerator, a sinusoidal ac voltage is devel-

oped that can be transformed to higher levels for distribution through the

power lines to the consumer. For isolated locations where power lines

have not been installed, portable ac generators [Fig. 13.2 (b)] are avail-

able tl^at run on gasoline. As in the larger power plants, however, an ac

generator is an integral part of the design.'

, In an effort to conserve our natural resources and reduce pollution,

wind power, solar energy, and fuel cells are receiving increasing interest

from various districts of the world that have such energy sources avail-'

able in level and duration that make the conversion process viable. The

turning propellers of the wigd-power station [Fig. 13.2 (c)] are con-

nected directly to the shaft of an ac generator to provide the ac voltage

described above. Through light energy absorbed in the form ofp'hotons,

inverter	 15-

	

(b)	 W

FIG. 13.2

1A	
Various sources 6fac power: (a) generatinkplant; (h)portable acgenerator; W wind-powerstation;

	

N	 (d) solar panel; (e) function generator.



ITIONS 111 639SINUSOI DAL ac VOLTAGE CHARACTERISTICS 'AND DEFIN

s6lar cells [Fig. 131 (d).1 can generate dc voltages. Through an elec-

tronic package called an inverter, the dc voltage can be converted to one-
Vs), and so on,of a sinusoidal nature. Boats, recreational vehicles, (R

make frequent use of the inversion process in isolated. areas.

Sinusoidal ap voltages with characteristics that can be controll - ed by

the-user are available from function generators, such as the one in Fig.

13.2(e). By setting the various switches and controlling the position of

the knobs on the face of the instrument, you can make available sinu-

soidal voltages of different peak values and different repetiti&n rates.

The function generator plays an integral role in the investigation of the

variety of theorems, methods of analysis, and topics to be introduced in
the chapters that follow.

Definitions

The sinusoidal wavdornt in Fig. 13.3 with its additional notation will now

be used as a model in defining a few basic terms. These terms, however,,

can be applied to ally alternating waveform. It is important to remember,

as you proceed through the various definitions, that the vertical scaling is

in volts or amperes and the horizontal scaling is in units of Lime.
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FIG. 1 3.^

Iniportant parametenjor a sinuscidal-voltage.

Waveform: T h 
I 
e path tr aced by a quantity, pch as the voltage in Fig.

13.3, plotted as a function of some variable, . such as time (as above),

position, degrees, radians, temperature, and so on.

Instantaneous value: The magnitude of a waveform at any instant of

time; denoted by lowercase letters (e l , e2 in Fig. 13.3).

Peak amplitude: The maximum value of a .waveform as measured

from its average, or mean, value, denoted by uppercase letters [such -

as E. (Fig. ^ 3.3) for sources of voltage and V. for the voltage drop

across a load]. For the waveform in Fig. 13.3, the average value is

zero volts, and E. is as defined by the figure.

Peak value: The maximum instantaneous value ot a function as

measured from the zero volt level.Fo; the wavefo rm in Fig. 13.3, the

peak amplitude and peak value are the samp since the average value

of the function is zero.volts.

Peak-to-peak value: Denoted by E., or V., (as shown in Fig. 13 3),

the full voltage between positive and negative peaks o ' f the waveform,

that is, the sum of tht magni;ude of the positive and negative peaks.
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5

Periodic waveform: A wavaforrif that continually repeats itself after

the same. time interval. The waveforin in Fig. 13.3 is a periodic

waveform.

Period (T): The time of a periodic waveform.

Cycle: The portion of a waveform' contained in one period of time.

The cycles within Tl, T2, and T3 in Fig. 13.3 may appear different in

Fig. 13.4, but they are all bounded by one period of time and there-

fore satisfy the definition of a cycle,

FIG. 13.4

Defining the cycle and period ofa sinusoidal waveform.

Frequency .(f): The number of cycles thatoccur in I s. The frequency

bf the waveform in Fig. 13.5(a) is I cycle per second, and for Fig.

13.5(b), 2% cycles per second. If a waveform of similar shape had a pe-

nod of 0.5 s [Fig. 13.5(c)], the frequency would be 2 cycles per second.

AA

FIG. 13.6

Heinrich Rudolph Hertz.
Courtesy of the Snrithsonian

Institution, Photo No. 66,606.

German (Hamburg, Berlin, Karlsruhe)

(1857-94)

Physicist

Professor of Physics, Karlsruhe Polyiechnic and

University of Bonn

Spurred on by the earlier predictions of the English

Physicist James Clerk Maxwell, Heinrich, Hertj
produced electromagnetic waves in his laboratory
at the Karlsruhe Polytechnic while in his early 30s.

The rudimentary transmitter and receiver were in
essence the first to broadcast and ieceive radio

_0 waves. He was able to measure the wa,eleagth of
the electromagnetic waves and confirmed , that the
velocity of propagation is in the same order of
magnitude as that of light. In addition, fie demon-

strated that the retirctive and refractive properties
of electromagnetic waves ire the same as those fo^
heat an^ light waves. it was indeed unfortunate

that such at) ingenious, industrious individual

should pass ax-y at the very early age of 37 due to
a bone dise.,e.

^7\
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I	 (a)
	

(b)	 (c)

FIG. 13.5

Demonstrating the effectofa changing frequency on theperiod

ofa sinusoidal waveform..

The unit of measure for frequency is the hertz (Hz), where

I hertz (Hz)' = I cycle per second (cps )	 (13.1)

The unit hertz is derived from the surname of Heinric
11 
It Rudolph Hertz

(Fig. 13.6), who did original research in the area of alternating currents

and voltages and their effect on the basic R, L, and C elements. The fre-
quency standard for North America is 60 Hz, whereas for Europe it is

predominantly 50 Hz^

As with all standards, any variation from the Donn Will cause difficul-

ties. In 1993, Berlin, Germany, received all its power from plants gener-

ating ac voltages whose output frequency was varying between 50.03 Hz

and 51 Hz. The result was that clocts ,were gaining as much as 4 minutes

a (Jay. Alarms went off too soon, VCRs clicked off before the end of the

program, and so on, requiring that clocks be continually reset. In 1094,

however, when power was linked with the rest of Europe, the precise

standard of M Hz was reestablished and everyone was on time again.
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EXAMPLE 13.1 For the sinusoidal waveform in Fig. 131.7.

a. What is the oat value?

b. What is the instantaneous value at 0.3 s and 0.6 s?

c. What is the peak-to-peak value of the waveform?

d. What is the period of the waveform?

e. How many cycles are shown?

f. What is the frequency of the wav6form?

8V

0	 0..	 0.4	 0.6	 1.0	 1.4	 t (S)

-8 V - - - - - - -

FIG. 13.7

Example 1J. L

solutibns:

a. 8 V.

b. At 0.3 s, —8 V, at 0.6 s, 0 V.

c. 16 V.

d. 0.4s.

e. 3.5 cycles.

f.- 2.5 cps, or 2.5 Hz-

13.3 FREQUENCY SPECTRUM

bsing a log scale (described in detail in Chapter 20), we can scale a fre-

quincy spectium from'l Hz to 1000 GHz on the same axis, as shown in

Fig. 13.8. A number of terms in the various portions of the spectrum ate

probably familiar to you from everyday experiences. Note that the audio

range (human ear) extends from only 15 Hz to 20 kHz, but the transmis-

sion of racho signals can occur between 3 kHz and 300 GHz. The, uni-

' form process of defining the intervals of the radio-frequency spectrum

from VLF to EHP is quite evident from the length of the bars in. the

figure ^although keep in mind that it is a log scale, so the frequencies

encompassed within each gegment are quite different). Other frequen-

cies of particular interest (TV, CB, microwave, and so on) are also in-

cluded for reference purposes. Although it is numerically easy to talk

about frequencies in the megahertz and gigahertz range, keep in mind

that a frequency of 100 MHz, for instance, represents a sinusoidal wave-

form that passes through 100,000,000 cycles in only I s—an incredible

number when we compare it to the 60 Hz of our conventional power

sources. The Intelo Core 2 Extreme processorcan lrun at speeds of 3 GHz.

Imagine a product able to handle 3 billion instructions per second—an

incredible achievement.
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Microwave

Mic,0­1, c
oven	 EHF

SHIF 30 GHz - 300 GHz
((Extem^Extremely High Freq.)

,z 

0
UHF =P3 GHz - 30 GHz (Super-High Freq.)

300 MHz - 3 GHz (Ultrahigh Freq.)

	

FIF	 MHz - 300 MHz (Very High Freq.)

MF 3 MHz- 30 MHz (High Freq.)

L	 300 kHz - 3 MHz (Medium-Freq.)

VLF 0 kHz - 300 kHz (Low Freq.)

E F	 3 kHz - 30 kHz (Very Low Freq.)

30Hz-3kHz(ExtcmelyLowFreq.)

RADIO FREQUENCIES (SPECTRUM)

3 kHz - 3WGHz	 Infrared
AUDIO FREQUENCIES

I5Hz-20kHz

I Hz	 IOHz I00Hz IkHi I0kHz 100 kHz l,MHz: 10 MHz IDO MHz I GHz 10 GHz IOOGHz 1000GHz _f(log scale)

	

AM	 FM

	

0.53 MHz - 1.71 MHz rj	 88 MHz - J08MHz

TV channels (2 - 6)

54 MHz - 88 MHz

TV channels (7 - 13)

TV	

174 MHz - 216 MHz

TV channels (14 - 83)

470 MHz - 890 MHz

GPS 1.57 GHz carrier

i.45 GHz microwave oven

	

Shortwave	
Wi-Fi 2.4 GHz - 2.56 GHz

1.5 MHz - 30 MHz

Cell phone and Blackberry
824 - 894 MHz, 1850 - 1990 MHz

3G 1phone 87. - ̂ ,̂Hz 107.9 MHz

4C	 FIG. 13.8

Areas ofapplicasionfor specificfrequency bands.

A:

4,
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Since the frequency is inversely related to the period —that is, aslone

increases, the other decreases by an equal amount—the two can be re-

lated by the following equation:

Hz
f 

T	 T seconds (s)	
(13.2)

or	 T	 (13.3)
f

EXAMPLE 13.2 Find the period of periodic waveform with a fre-

quency of

a. 60 Hz.

b. 1000 Hz.

Solutions:

a. T =	0.01667.s or 16.67 ms
f 60 liz	 0

(a recurring value since 60 Hz is so prevalent)

b. T = I	
S I M,

f I'000 Hz

EXAMPLE 13.3 Determine the frequency of the waveform in Fig. 13.9.	 lov

Solution: From the figure, T (25 ms - 5 ms) or (35 ins - 15 ms)

20 ms,and
0 5VI5 25V35 r

f = - io	 50 Hz
T	

X 0-, s

FIG. 13.9
In Fig. 13.10, the seismograrn resulting from a seismometer near an 	 Example 13.3.

earthquake is displayed. Pr1ior to the disturbance, the wavcform has a rela-

tively steady level, but as the event is about to occur, the frequency begins

Relatively high frequency,
high amplitude

Relatively low frequency, low amplitude	 Relatively h : gh frequency, low^amplitude

2	 BNY
East-West	

OCT23(296),2002
10: 1 GMT

x -2

50	 55	 60	 65	 85	 90

Time (minutes) from 10:41:00.000 GMT

FIG. 13.10

Seismogramfrom station BNY (Binghamton University) in New Yo^k due to magnitude 6.7 earthquake in Central Alaska that occurred

at 63v62N, 148.04'W, with a depth of 10 km, on Wednesday, October 23, 2002.



radian

FIG. 13.12

The sine wave is the only alternating waveform whose

shape is not altered b^ the response characteristics

ofa pure resistor, inductor, or capacitor.

FIG. 13.13

Defining the radian.

5" 
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to increase along with the amplitude. Finally, the earthquake occurs, and

the frequency and the amplitude increase dramatically. In other words, the

relative frequencies can be determined simply by looking at the tightness

of the waveform and the associated period.'Ibe change in amplitude is im-

mediately obvious from the resulting waveform. The fact that the earth-

quake lasts for only a few minutes is clear from the horizontal scale.

Defined Polar̂ ities and Direction

You may be wondering how a polarity for a voltage or a direction for a

current can be established if the wavef6rm moves back and forth from

the positive, to the negative region. For a period of time, a voltage has

one polarity, while for the next equal period it reverses. To take care of

this problem, a positive sign is applied if the voltage is above the axis, as

shown in Fig. 13.1 1 (a). For a current source, the direction in the symbol

corresponds with the positive region of the waveform, as , shown inFig.

'13A I(b).

For any quantity that will not change with time, an uppercase letter

such as V or I is used. For expressions that are time dependent or that rep-

resent a particular instant of time, a lowercase letter such as e or i is used.

The need for defining polarities and current direction becomes quite

obvious when we consider multisource ac networks. Note in the last sen-

tence the absence of the term sinusoidal before the phrase ac networks.

This phrase will be used to an increasing degree as we progress;

sinusoidal is to be understood unless otherwise indicated.

13.4 THE SINUSOIDAL WAVEFORM

The terms defined in the previous section can be applied to any type of

periodic waveform, whether smooth or discontinuous. The sinusoidal

waveform is of particular importance, hoVver, since it lends itself read-

ily to, the mathematics and the physical phenomena associated with elec-

tric circuits. Consider the power of the following statement:

The sinusoidal waveform is the only alternating wavefonn whose,

shape is unaffected by the response characterisgics ofR, L, and C

elenients.

In other words, if the voltage across (or currentthrough) a resistor, in-

ductor, or capacitor is sinusoidal in nature, the resulting current (or volt-

age, respectively) for,each will also have sinusoidal characteristics, as

shown in Fig. 13.12. If any other alternating waveform such as a square

wave or a triangular wave were applied, such would not be the case.

' The unit of measurement for the horizontal axis can be time (as ap-

pearing in the figures thus far), degrees, or radians. The term radian

can be defined as follows: If we mark off a portion of the circumference

of a circle by a length equal to the radius of the circle, as shown in

Fig. 13.13, the angle resulting is called I radian. The result is ,

I I I radr- 57.296' ;—, ̂ 573'	 (l,3.4)

where 57.3' is the usual approximation applied.

One full, eircle has 27r radians, as shown in Fig. 13.14. That is,

F27rad = 36F	 (13.5)

E

(a)

	
(b)

FIG. 13.11

.(a) Sinusoidal ac voltage sburces; (b) sinusoidal

current sources.
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r d^'
;r radians	 2

	

3	 1 radian(3.14 radians)
4 
5 6	

0.29	 2yr radians
(6.28 radians)

FIG. 13.14
There are 21r radians in onefull circle of360'^

so that	 21r 2(3.142) _* 6.28

and	 21T(57.3*) 6.28(57.3') = 359.84* 360*

A number of electrical formulas contain a multiplier of ir. For this

reason, it is sometimes preferable to measure angles in radians rather

than in degreps.

The quantity ir is the ratio ofthe circumference ofa circle to its

diameter.

jr has b
I 
een determined to an extended number of places, primarily in

an attempt to see if a repetitive sequence of numbers appears. It does not.

A sampling of the , effort appears below:

ir = 3.1415P 26535 89793 23846 26433 ...

Although the approximation 7r ;=-- 3.14 is often applied, all the calcu-

lations in the text use the 1T function as provided on all scientific cal-

culators.	
nt are related a^

For 190* and 360', the two units of measureme
en the two are theshown in Fig. 13.14. The conversions equations betwe

following:

(13.6)

FDegree--

	

	 X (radians)	 (13.7)
ir

Degrees	
IT)

Applying these equations, we find

7T	 17
	W: Radians	 901 — rad

180*	 2

	

3W: Radians	 IT (30')	 rad
180,	6

17 

rad: Degrees 
180'(E) 

61V

3	 7r	 3

	31r rad. Degrees	
180* 1' 31T	

270*
1T, ^ -22
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v* "c

3, 7,5* 270'315'3610*-2-	
4

0	 '30 P45'90'135'18	 I	 a (degrees.)	 ax (radims)

(b)

FIG. 13.15

Plotting a sine wave versus (a) degrees and (b) radians.

For comparison purposes, two sinusoidal voltag;s are plotted in Fig.

13.15 using degrees and radians as the units of measurement for the hor-
izontal axis.

it is of particular interest that the sinusoidal waveform can be derived
from the length of the vertical projection of a radius vector rotating in a
uniform circular motion about a fixed point. Starting as shown in Fig.

13.16(a) and plotting the amplitude (above and below zero) on the coor-

dinates drawn to the right [Figs. 13.16(b) through (i)], we will trace a
complete sinusoidal waveform after the radius vector has completed a

360' rotation about the cenier.

The velocity with which the radius vector rotates about the center, called

the angular velocity, can be determined from the following equati n:

d stance (d -gree 

s 0'e

I..ity istance (degrees or radians)
Angular velocity = -_

	

tun s.0	

(13.8)
time (seconds)F

Substituting into Eq. (13.8) and assigning the lowercase Greek loder
omega (a)) to the angular velocjty, we have

(13.9)

and	
(13.10)

Since a) is typically provided in radians per second, the angle a ob-

tained using Eq. (13.10) is usually in.radians. Va is required in degrees,
Eq. (13.7) must be applied. The importance of remembering the above

will become obvious in the examples to follow.

In Fig. 13.16, the time required to complete one revolution is equal to
the period (T) of the sinusoidal waveform in Fig. 13.16(i). The radians

subtended in this time interval are 21T. Substituting, we have

(rad/s)

In words, this equation states that the smaller the period of the sinu-

goidal , waveform of Fig. 13.16(i), or the smaller the time interval before

one complete cycle is generated, the greater must be the angular velocity

of the rotating radius vector. Certainly this statement agrees with what

we have learned thus far. We can now go one step further and apply the
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0*

Note equality
1k,

b
0* 45'	 a

-------- ----

a
(C )	 0. 90,	 a

(d

0* 45' 90' 135*	 a

180,

W,	 1801	 a

ot 225*
225'

0.	 a
z-------------------------------

ot	 270o

(g)e1L;N1L--Z---	
270*

0.	 a-

-----------------

315'
31 5'

(h)
0.	

---------

S, 
-e 
.'e

oE — Z.

90' 135-18
>^^ 225' 270' 315' 360'

G 45

T (perîod)^^

sr	 FIG. 13.16
Generating a sinusoidal waveform through the vertical projection

ofa rotating vector.
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Decreased at increased T, 	 fact that the frequency of the , generated waveform is inversely related to

oi 100 
rad/ decr.casedf	

the period of the waveform; that isj = 11T. Thus,

^-\'	 /—\	 -	 (rad/s)	 (13.12)

(a) This equation states that the higher the frequency of the generated si-

nusoidal waveforrn^ the higher must be the angular velocity. Eqs. (13.11)

Increased ax *reased T 	 and (13.12) are verified somewhat by Fig. 1-3.17, where for the same ra-
increasedf	 dius vector, &j = 100 rad/s and 500 rad/s.w 500 rad/s

AAAAAAAAA
VVVVVVVVVV	 EXAMPLE 13.4 Determine the angularvelocity of a sine wave having

(b) T.L----	 a frequency of 60 Hz.

FIG. 13.17	
Solution:

Demonstrating the effect ofw on the	 w = 27rf (21r) (60 Hz) ^ 377 rad/s
frequency and period

(a recurring value due to 60 Hz predominance).

EXAMPLE 13.5 Determine the frequency and period of the sine wave
in Fig, 13.17(b).

Solution: Since w 2-7r1T,

Lir	 21r rad	 27r rad

	

T =	 = 12.57 ms
W	 500 rad/s 500 rad/s

	

I	 I
and	 f = — = -- = 79.58 Hz

	

T	
2.57 x io, s

EXAMPLE 13.6 Given w 200 rad/s, determine how long itiill take

the sinusoidal waveform to pass through an angle of 90'.

Solution: Eq. (13. 10): a (at, and

However, a must be substituted as 7r/2	 90') since w is in radians per
second:

rr/2 rad	 It

	

t	 yo—O = :^—rad/'s	 00 s 7.85 m s

EXAMPLE 13.7 Find the angle through which a sinusoidal waveform
of 60 Hz will pass in a period of 5 ms.

Solution: Eq. (13.11): a = wt, or

a = 21rft = (27r)(60 Hz)(5 x 1 0-3 S) 1.885 
rad

If hot careful, you might be tempted to interpret the answer as 1.8851.
However,

180'
;Ti;^(I.885 rad) 10W
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13.5 GENERAL FORMAT FOR THE SINUSOIDAL

VOLTAGE OR CURRENT
I	 -

The basic mathematical format for the sinusoidal waveform is

(13.13) -

where A. is the peak vain . e of the waveform and a is the unit of measure

for the horizontal axis, as shown in Fig. 13.18.

The equation a = wr states that the angle a through which the rotat-

ing vector in Fig. 13.16 will pass is determined by the angular velocity	 A,

of the rotating vector and the length of time the vector rotates. For exam- 	 i8o,	 Dr, 3601

ple, for a particular angular velocity (fixed w), the longer the radius vec- 	
0	 a or rad)

tor is permitted to rotate (that is, the greater the value of r), the greater is	
A^

the number of degrees or radians through which the vector will pass. Re-

lating this statement to the sinusoidal wavcform, we have that, for a par-

ticular angular velocity, the longer the time, the greater is the number of

cycles shown. For a fixed time interval, the greater is the angular veloc- 	
FIG. 13.18

ity, the greater is the number of cycles generated. 	 Basic sinusoidalfunction.
Due to Eq. (13. 1.0), the general format of a sine wave can also be

written

FA. ^i. 7wt	 (13.14)

with wt as the horizontal unit of measure.

For electrical quantities such as current and voltage, the general for-

mat is

i = I. sin tot	 1. sin a

e = E. sin wt E. sin a

wherp the capital letters with the subscript m represent the amplitude,

and the lowercase letters i and e represent the instantaneous value of cur-

rent and voltage, respectively, at any tim (; t. This format is particularly

important because it presents the smusoidal Ita e or current as a func-

tion of time, which is the horizontal scale r.the oscilloscope. Recall

that the horizontal sensitivity of a scope is in time per division, not de-

grees per centimeter.

EXAMPLE 13.8 Given e 5 sin a, determine e at a 40' and

a = 0.81r,

Solution: For a 40',

e 5 sin 401	5(0.6428) 3.21 V

For a 0.87r,

180,
C'N	 (0^8 iT)	 144*

IT

and	 e 5 sin 144* = 5(0.5878) 2.94 V

The angle at which a particular voltage level is attained can be deter-

mined by rearranging the equ^afion	 a

e 1^, sin a

Wroductory, C.-36A
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in the. follo%^ing manner:

, e
sma = —

.	 E^

which can be written

sin -, 
e

Em

Similarly, for a particular current level,

a = sin-' 
I

(13.15)

(13.16)

(V)

- - - - to - - - - - - -

90,

t2

FIG. 13.19 -

Example 13.9.

4

J

EXAMPLE 13.9

a. Determine the angle at which the magnitude of the sinusoidal func-

tion v = 10 sin 377t is 4 V.

b. Determine the time at which the magnitude is attained.

Solutions:

a. Eq. (13.15):

	a, = sin-' 
V	

sin-1 
4V	

sin-10.4	 23.58.
^0.	 E^	 lov

However, Fig. 13.19 reveals that the magnitude of 4 V (positive)

will be attained at two points between 0' and 180'. The second in-
tersection is determined by

a2	 180' - 23.578' = 156.42'

In general, therefore, keep in mind that Eqs. (13.15) and (13.16)
will provide an angle with a magnitude between 0' and 90*.

b. Eq. (13. 1 0): ce = tot, and so t = a/w. However, a must be in radi-
ans. Thus,

	

a(rad)	 7r (23.578o ) = 0.412 rad
180o

	a 	 0.412 rad
and	

tj = —

	
= 1.09 Ms

	

(0	 377 rad/s

For the seconO intersection,

a(rad) = 'T 156,422') = 2.73 rad
180'(

a	 2.73 rad
t2 = — = — = 7.24 ms

60	 377 rad/s

Calculator Operations

Both sin and sin - ' are available on all scientific calculators. You can also

use them to work with the angle in degrees or radians without having to

convert from,one form to the other. That is, if the angle is in radians and

the modQ setting is for radians, you can enter the radian measure directly.

Introductory, C.. 36B
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To set the DEGREE mode, proceed as outlined in Fig. 13.20(a) usihg

the TI-89 calculator. The magnitude of the voltage e at 40' can then be

found using the se^uence in Fig. 13.20(b).

Angle DEGREE

(a)

SIN	 3.21

(b)

FIG. 13.20

(a) Setting the DEGREE mode; (b) evaluating 5 sin 40^

After establishing the RADIAN mode, the sequence in Fig. 13.21

determines the voltage at 0.87r.

SIN U] U] U] ",,	 2.94

FIG. 13.21

Finding e = 5 sin 0.87T using the calculator in the RADIAN mode.

I Finally, the angle in degrees for a, in part (a) ofExample 13.9 can be

determined by the sequence in Fig. 13.22 with the mode set in degrees,

whereas the angle in radians for part (a) of Example 13.9 can be deter-

mined by the sequence in Fig. 13.23 with the mode set in radians.

Ca S IN-'U] E3 U-1 ] M U3 " 23.60

FIG. 13.22

Finding a, = sin -1(4110) using the calculator in the DEGREEmode.

Ej SIN-'E] FJU3fijUa" 0.41

FIG. 13.23

Finding a, = s;n -1(4110) using the calculatorin the RADJANmode.

The sinusoidal waveform can also be plotted against time on the hor-

izontal axis. The time period for each interval can be determined from

t al(o, but the most direct route is simply to find the period T from

T I/fand break it up into the required intervals. This latter technique

is demonstrated in Example 13. 10.

Before reviewing the example, take special note of the relative sim-

plicity of the mathematical equation that can represent a sinusoidal

waveform. Any alternating waveform- whose characteristics differ from

those of the sine wave cannot be represented by a single term, but may

require two, four, six, or perhaps an infinite number of terms to be repre-

sented accurately.

EXAMPLE 13.10 Sketch e 10 sin 314t with the abscissa

a. angle (a) in degrees.

b. angle (a) in radians.

. ', I" c. time (t) in seconds.
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S61utions:

10	
a. See Fig. 13.24. (Note that no calculations are required.)

b. See Fig. 13.25. (Once the relationship between degrees and radians
180W 270-''% 360'	 is understood, no calculations are required.Y

0' 30' 90-'	 a	 c. See Fig. 13.26.

21r	 217

	

360*:	 T	 — 
= 

20 ins
314

FIG. 13.24	 180'o:	
T 20 ms

	

Example 13. 10, horizontal axis in degrees. 	 2	 2 = loms

T 20 ms

	

90':	 4	 4 = 5ms

T 20 ms
1. 7 ms

12	 12

3 It	

T - 20 ms

/7r\9 2 2r	 \10 15 20
0	 a(.d)	 0 1.67 5	 (ins)

FIG. 13.25	 FIG. 13.26
Example 13. 10, horizontal axis in radians.	 Example 13.10, horizontal axis in milliseconds.

EXAMPLE 13.11 Given i 6 X 10-3 sin 1000t, determine t at t
2 ms.

.5olution:

a tat	 1000t (1000 rad/s)(2 X 10 -3 S)	 2 rad

a(')	
180 

2 rad)	 114.59'
7r rad(

i	 (6 X 10-3) (sin 1 14.59')	 (6 mA)(0.9093)	 5.46 rnA

13.6 PHASE RELATIONS

Thus far, we have considered only sine waves that have maxima at 7r/2

and 37T/2, with a zero value at 0, ir, and 27r, as shown in Fig. 13.25. If
the waveform is shifted to the right or left of 0* , the expression becomes

A.

A'Sino	
FA. in(., ± 0)]	 -	 (13.17)

where 0 is the angle in degrees-or radians that the waveform has been
shifted.

If the waveform, passes thrmigh the horizontal axis with a^positive-

FIG. 13.27	
going (increasing with time) slope before 0', as shown in Fig. 13.27, the

Defining the phase shiftfo, a sinusoidalfunction 	
expression is

that crosses'the horizontal axis svith a positive

slope before 0'	
+ 0)	 (13.18)



A^	
Cos a	

sin

^j	
2^

0

90*	 '7,
FIG. 13.29

Phase relationship between a sine wave and a

cosine wave.
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A^

(2T + 6)

+

sin 0

At wt a 01, the magnitude is determined by A. sin 0. If 
the

waveform, passes through the horizontal axis with a positive-going slope

	

a	 .
after 0* , as shown in Fig. 13,28, the expression is

	

F
A7. s=in(-t =—O)	

(13.19)

Finally, at wt = a = 01 , the magnitude is A. sin (-0), which, by a

trigonometric identity, is —A. sin 0. *

If the waveforin crosses the horizontal axis with a positive-going slope

90* (1T/2) sooner, as shown in Fig. 13.29, it is called a 
cosine wave; that is,

	

sin(wt + 901 ) = sin Wt +	 coswt	 (13.20)
2)

cos )tsin wt	 Cos(wt	 90')	 Cos tot	 (13.21)
or	 2F ^

The terms leading and lagging are used to indicate the relationship

between two sinusoidal waveforms of the same frequency 
plotted on the

same set of axesAn Fig. 13.29, the cosine curve is paid to 
lead the sine

curve by 90', and the sine curve is said to tag 
the cosine curve by 90*.

The 90' is referred to as the phase angle between the two wavefo
rms. In

language commonly applied, the waveforms are out ofphase 
by 90*.

Note that th6 phase angle between the two waveforms is measured be-

tweentho
' 

se two points on the horizontal axis through, which each passes

with the same slope. If both waveforms cross the axis at the same 
p

1. 
oint

with the same slope, they are in phase.

The geometric relationship beiween various forms of the sine and co-

sine functions can be derived from Fig. 13.30. For instance, starting at

the + sin a position, we find that + cos a is an additional 90' 
in the coun-

terclockwise direction. Therefore, cos a = sin(a + -goo). For — sin a we

must travel 180* in the counterclockwise (or clockwise) direction so that

— sin a = sin (a t 180*), and so on, as listed below:

cos a = sin (a + 90')

sina = cos(a ` 90*)

	

— sina = sin(a t 180')	
(13M)

—cosa = sin(a + 270* ) = sin(a — 90*)

eM

In addition, note that

FIG. 13.28
Defiling the phase shiftfor a sinusoidalfunction

that crosses the horizontal axis with a positive
k slope after 0'.

costa 90*)

C sa

^^ 
sin(a+90*)

sin a	 +sin a

+
Cos a

FIG. 1130
Graphic toolforfinding the relationship between

sp!cific sine and cosine functions.

cos (—a) - cos a
	 (13.23)	

0

if a sinusoidal expression appears a

e = —E.sino)t

the negative sign is associated with the sine portion of the expression,

not the peak value E.. 
In other words, the expression, if not for conven.

ience, would be written

e = E,,(— sin wt)
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OV

Since	 —sinoit — sin(Cat ± 1901)

the expression can also be written

e = E.sin(wt ± 180*)

revealing that a negative sign can be replaced by a 180' change in phase
angle (+ or	 that is,

e ^ ­E^, sin tot = Em sin (wt ^ 180') = E. sin (wt — 180o)

A plot of each will clearly show their equivalence. There are, there-
fore, two correct mathematical representations for the functions.

The phase relationship between two waveforms indicates which one
leads or lags the other and by how many degrees or radians.

0

EXAMPLE 13.12 What is the phase relationship between the s'nu-

soidal waveforms of eacb ofthe following sets?

a. v = 10 sin(o)t	 30')

= 5 sin(o)t + 700)

b. i = 15 sin(wt + 600)

v = 10 sin(wt — 201)

c. i = 2 cos(wt + 101)

v = 3 sin(wt — 100)

d. i = — sin(wt + 301)

v = 2 sin(cot + 100)

e. i = — 2 cos(cot — 60')

v = 3 sin(wt — 150')

Solutions:

a. See Fig. 13.31.

i leads v by 40o
, or v lags i by 40*.

I

FIG, 13.31

Example 13.12(a): i leads v by 40^

b. See Fig. 13.32,

i leads v by 80*, or v lags i by 80*,

c. See Fig. 13,33.

i = 2 cos (wt + 10* ) = 2 sin (cut + 10- + go-)
= 2 sin (cut + 1001)

ileads v by 110*, or v lags i by 1100.



FIG. 13.32

Example 13.12(b): i leads v by 80*.

d, See Fig. 13.34.	 Note

— sin (wt + 30') = sin (wt, + 30' — 180.)
= sin	 150')

v leads i by 160% or i lags v by 160'.

Or using	 Note

— sin(cot + 30') = sin(wt + 30' + 180')

= sin(wt + 2101)

leads v by 200% or v lags i by 200*.

FIG. 13.33

Example 13.12(c): i leads v kv 110'^

FIG. 13.34

Example 13.12(d): v leads i by 160^

e. See Fig. 13.35.	 By choice

2 cos (cut — 60* ) = 2 Cos (wr — 60* — 180')

= 2 cos (wt — 240')

0

wt

FIG. 13.3;

Example 13.12(e): v and I are in phase.

PHASERELATIONS 111 555
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However, cos a = sin (a + 90*)

so that	 2 cos (wt — 2400) = 2 sin ((at — 240' + 90')

= 2 sin (wt — 150')

v and i are in phase.

Function Generators

Function generators are an important component of the typical labora-

tory setting. The generator of Fig. 13.36 can generate six different out-
puts; sine, triangular, and square wave, ramp, +pulse, and — pulse, with

frequ^ncies extending from 0.5 Hz to 4 MHz. However, as shown in the
output listing, it has a maximum amplitude of 20 

Vp-pl A number of
other characteristics are included to demonstrate how the text will cover

each in some detail. 	 a

4V,^

MAIN OUTPUT

Frequency range	 ....................................... o.5 Hz to 4 MHz in Six ranges
Waveforms ........................................................ Six waveforms (sine, square, triangle,

ramp, +pulse, —pulse)
Amplitude ............... .................................

	

20 Vp., into an open (10 V^v 
in to 50 fl)

Attenuator	 ................................... ...... .......

	

0 dB, — 20 dB (+ 2%)—Chapter 21
Output impedance .............................................. 50 fl (+2%)—Chapt^r 26
Distortion .................. ................... ..................... <1%. I Hz to 100 kHz
Rise/fall time..	 .............................. ............ <60 ns—Chapter 24

SYNCOUTPUT
Rise time .................................	 <40 ns—Chapter 24
Waveforms ........................................................ Square, pulse—Chapter 24
SWEEP

Mode .................. I ...............I	 ........................... ^. Lineartlog sweep—Chapter 21
Rate ............................................... ........... . ....... From 10 ms to 5 s continuously variable

Sweep Output ..................................................... 10 V,.p (open)
Output impedance ............................................. I kv +2%—Chapter 26

FIG. 13.36

Function generator

(Courtesy 8 + K Precision.)

6

L

is c.

FIG. 13.37
Digitalstorage oscilloscope.

(Courtesy B +K Precision,)

The Oscilloscope

The oscilloscope of Fig. 13.37 is an instrument that will display the si-
nusoidal alternating waveform in a way that will permit the reviewing of

all of the wavcform's characteristics. In some ways, the screen and the

dials give an oscilloscope the appearance of a small TV, but remember

that it can display only what you feed into it. You can't turn it on and ask

for a sine wave, a square wave, and so on; it must be ^onnected to a

source or an active circuit to pick up the desired waveform.

The screen has a standard appearance, with 10 horizontal divisions and
8 vertical divisions. The distance between divisions is I cm on the vertical



Vertical sensitivity-0.1 V/div.

Horizontal sensitivity-50^Wdiv.

FIG. 13.38
Example 13.13.

Vertical -sensitivity - 2 V/div.

Horizontal sensitivity - 0.2 rns/div.

FIG. 13.391 
Finding the phase angle between waveforms using

a dual-trace oscilloscope.

7

and horizontal scales, provid ing you with an excellent opportunity to be-

come aware of the length of I cm. The vertical scale is set to display volt-

age levels, whereas the horizontal scale is always in units of time, The

vertical sensitivity control sets the voltage level for each division, whereas

the horizontal sensitivity control sets - the time associated with each divi-

sion. 
In other words, ifthe vertical sensitivity is set at I V/div., each division

displays a I V swing, so that a total vertical swing of 8 divisions represents

8 V peak-to-peak. If the horizontal control is set on 10 jLs/div., 4 divisions

equal a time period of 40 gs. Remember, the oscilloscope display presents

a sinusoidal voltage versus time, not degrees or radian 

* 

s. Further, the verti-

cal scale is always a voltage sensitivity, never units of amperes:

The oscilloscope of Fig. 13.37 is a digital storage scope, where

storage-indicates that it can store waveforrit in digital form. The digital

storage scope (DSO) is the standard for most laboratories today. At the

input to the scope, an aniilog-to-digital converter (ADC) will convert the

analog signal into digital at the rate of 250 MSa/s, or 250,000,000 sam-

ples per second—an enormous number—capable of picking up any dis-

tortion in the waveform.

EXAMPLE 13-13 Find the period, frequency, and peak value of the

sinusoidal waveform appearing on the screen of the oscilloscope in

Fig. 13.38. Note the sensitivities provided in the figure.

Solution; One cycle spans 4 divisions. Therefore, the period is

T = 4dw.( So ii. ) = 200jus
dw.

and the frequency is

I	 I	
= 5 kHz

f	
200 X 10- ' s

The vertical height above the horizontal axis encompasses 2 divisions.

Therefore,

V,, = 2 dW. 
. 1 V) 

= 0.2'Y
Odiv,

An oscilloscope can also be used to make'phase measurements between

two sinusoidal waveforms. Virtually all laboratory oscilloscope s today

have the dual-trace option, that is, the ability to show two waveforms at

the same time, it is important to remember, however, that both wave-

forms will and must have the same frequency, The hookup procedure for

using an oscilloscope to measure phase angles is covered in detail in

Section 15. 13. However, the equation for determining the phase angle

can be introduced using Fig. 13.39,
. 

First, note that each sinusoidal function has the same frequency, per-

mitting the use of either waveform to determine the period. For the

waveform chosen in Fig. 13.39, the period encompasses 5 divisions at

0.2 ms/div. The phase shift between the waveforms (irrespective of

which is leading or tagging) is 2 divisions. Since the full period

represents a cycle of 360', the following ratio [from which Eq. (13.24)

can be derived] can be formed:

360*	 0

T (no. of div.)	 Oise shift (no. Of IN.)

PHASE RELATIONS 111 557
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I	 and	
phase shift (n(	

(13.24)

T (no. .1

Sub§tituting into Eq. (13.24) results in

6 = 2-^^ X 360' = 144*
(5 div.)

and e leads i by 144*.

13.7 AVERAGE VALUE

Height

Sand

Diva-e

"

Height

Average heightau

Sand

dist,ince

(b)

FIG. 13.40
Defi^ing average value.

Even though the concept of the average value is an important one

in most technical fields, its true meaning is often misunderstood. In Fig.

13.40(a), for example, the average height of the sand may be required to

determine the volume of sand available. The average height of the sand

is that height obtained if the distance from one end to the other is main-

tained while the sand is leveled off, as shown in Fig. 13.40(b). The area

under the mound in Fig. 13.40(a) then equals the area under the rect'In-

gular shape in Fig. 13.40(b) as determined by A = b X h. Of course, the
depth (into the page) of the sand must be the same for Fig. 13.40(a) and
(b) for the preceding conclusions to have any meaning.

In Fig. 13.40, the distance was measured from one end to the other. In
Fig. 13.4 1 (a), the distance extends beyond the end of the original pile in
Fig. 13.40. The situation could be one where a landscaper wants to know

the average height of the sand if it is spread out over a distance such as

defined in Fig. 13.41 (a). The result of an increased distance is shown in

Fig. 13.41 (b). The average height has decreased compared to Fig. 13.40.

Quite obviously, therefore, the longer the distance, the I
. 
ower is the aver-

age value.

I If the distance parameter includes a depression, as shown in Fig.
13.42(a), some of the sa- ,-' will be used to fill the depression, resulting in

Height

nce

(a)

Height	
#

Average height

Sand

Same

distance

(b)

FIG. 13.41

Eject ofdistance (length) on average value.

Sand

Ground levei

Distance -------

Height

Average height

I	 . I Sand

__^^Sa

mestance

(b)

FIG. 13.42
Effect ofdepresilons (negative excursions) on

average value.
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an even lower average value for the landscaper, as -shown in Fig.

13.42(b). For a sinusoidal waveform, the depression would have the

same shape as the mound of sand (over one full cycle), resulting in an

average value at ground level (or zero volts for a sinusoidal voltage over

one full period).

After traveling 'a considerable distance by car, some drivers like to

calculate their average speed for the entire trip. This is usually done
- I A:

by dividing the miles traveled by the hours requ red to	 ve t at s-

tance, For example, if a person traveled 225 mi in 5 h, the average

speed was 225 mi/5 h, or 45 mi/h. This same distance may have been

traveled at various speeds for various intervals of time, as shown in

Fig. 13.43.

AVERAGE VALUE 111 559

Speed (rna/h^

50 ------------ -- -------- ^,7;M - A rage speed
40	 , ,	 " 

'I Ve

	

A,	 A,30
20
10-

0	 i	 2— -1	 4	 5	 6	 t (h)
Lunch break

FIG. 13.43

Plotting speed versus timefor an automobile excursion.

0

By finding the total area under the curve for the 5 h and then dividing

the area by 5 h (the total time for the trip), we obtain the same result of

45 mi/h; that is,

area under curve

	

Average speed = ^—	 (13.25)
ength of curve

A, + A2 (60 mi/h)(2 h) + (50 mi/h)(2.5 h)
Average speed =	

5 h	 5 h

= 
225 

mi/h 45 inl/h
5

Eq. (13.25) can be extended. to include any variable quantity, such as

current or voltage, if we let G denote the average value, as follows:

algebraic sum of areas
G (average value)

	

	 (13.26)
length of curve

The algebraic sum of the areas must be determined since some area

contributions are from below the horizontal axis, Areas above the axis

are assigned a positive sign and those below it a negative sign. A positive

average value is then above the axis, and a negative value is below it,

I

 The average value of any current or voltage is the value indicated on

a dc meter. In other words, over a complete cycle, the average value is

the equivalent dc ' value. In the analysis of electronic circuits to be

considered in a later course, both dc and ac sources of voltage will be

applied to the same network, You will then need to know or determine

the dc (or average value) and ac components of the voltage or current in

v	 us parts of the system.ano



-10 v

V,	
(Square wave)

lov

V2

14V

'6)

H

IE

FIG, 13.45

Defining the average valuefor the waveform

in Fig. 13.44(b).

,b (V)
I cycle

0	 4	 8

FIG. 13.46

Example 13. 15(a).

I

VAZI-1

4

-2 t (MS)
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Determine the average value of the waveforms in

F' 13.44.

(a)	
(b)

FIG. 13.44

Example 13.14.

Solutions;

a. By inspection, the area above the axis equals the area below over

one cycle, resulting in an average value of zero volts. Using Eq.

(13.26) gives

(10 V)(1 ms) - (10 V)(I ms) 	 0
G	

2 nis	 2ms 
0 V

b. Using Eq. (13.26) gives

G= 

(14 V)(1 ms) - (6 V)(1 ms)	 14 V - 6 V 8 V	
I V

2 ms	 2	 2

as shown in Fig. 13.45.

In reality, the waveforrfi in Fig. 13.44(b) is simply the square

wave in Fig. 13.44(b) with a dc shift of 4 V; that is,

V2 = VI + 4V

EX P , ̂ 13.15 '^iffe average values of the following waveforms'. 

X P	

c

ov^.e f. e:

a. Fig. 13.46.

b. Fig. 13.47.

FIG. 13.47

Example 13.15(b),	 0

Solutions:

+ (3 V) (4 ms) - (I V) (4 ms)	 12 V - 4 V

8 ms
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V., M

V) - r (Msl

dc voltmeter (between 0 and 9 ms)

FIG. 13.48

The response ofa dc meter,to the waveform in

Fig. 13.46.

I I i,, (A)

0	 10

-1.6

dc ammeter (between 0 and 10 ms)

FIG. 13.49

The response ofa dc meter to the waveform in

Fig. 13.47.

0	 A
	

X
2

FIG. 13.50

Approximating the shape ofthe positive pulse ofa
sinusoidal waveform with two right triangles.

a

0	 it
	

a	 1-	 it

T 2	 3

FIG. 13.51

A better approximationjor the shape of the positive

pulse ofa sinusoidal waveform.

Note Fig. 13.48,

_(10 ,̂ )(2 ms) (4 V)(2 ms) — (2 V)(2 ms)

b. G=—	 10 ms

	—20V + 8V —.4v = _16V	
1.6 V

10	 10

Note Fig. 13.49,

We found the areas under the curves in Example 13.15 by 
using a

simple geometric formula. If 
we encounter a sine wave or any other un-

usual shape, however, werniu st find C.e area by some other means. We

can obtain a good approximation of the area by attempting to reproduce

the original wave shape using a number of small rectangles or other fw-

miliar shapes, the area of which we alreadyknow through simple geo

metric formulas. For example,

the area ofthe positive (or negative) pulse ofa sine wave is 2A..

Approximating this waveform by two triangles (Fig. 
13.50), we obtain

(using area = 112 base X he$ht 
for the area of a triangle) a rough idea

of the actual area: 	 b	 h

Area shaded 2 1 
bh) = 2^	 EA. 1.58A.

(2	 2 1 
2	 2

A closer 
I 
approximation -may be a rectangle with two similar triangles

(Fig. 13.51):

Area Am-,+ 2 
1 
bh	 Am^^ I !! A. = 

2 7TA
m = 2.094Am

3	 (2	 3	 3	 3

which is certainly close to the actual area. If an infinite number of forms

is used, an exact answer of 2A. 
can be obtained. For irregular wave-

forms, tl^:s method can be especially u geful if data such as the average

value are desired.
The procedure of calculus that gives the exact solution 2A^ is known

as integration. Integration is presented here only to make the method

recognizable to you; it is not necessary to be proficient in its use to con-

tinue with this text. It is a useful mathematical tool, ho^vever. and should

be learned. Finding the area under the positive pulse of a sine wave using

integration, we have

Area	 A. sin at da

tion,
where f is the sign of integration, 0 

and ir are the limits of integra .

A. sin a i's the function to be integrated, and da indicates that we are in-

tegrating, with respect to a.

Integrating, we obtain

Area = A,n1_cosotW

= —A.(cos 7T — Cos V)

(13.27)

0



G	 0,637A]m
ir A	 (13.28)

0

FIG. 13.55

Example 13.18. 2A, + 0 2(10 V)
G = 27r ^ — ^ 3.18 V

21r
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Since we know the area under the positive (or negative) pulse, we can

% %
	 easily determine the average value of the positive (or negative) region of

a sine wave pulse by applying Eq. (13.26):

it
	

a
2	 G

7T

FIG. 13.52

Finding the average value ofone-ha^rihe positive

pulse ofa sinusoidal waveform.

and

For the waveform in Fig. 13.52,

G 
(2A./2) 2 A

a	 7r/2	 1r,	 (The average is the same as for a full pulse.)

'^XA LE 13.16 Determine the average value of the sinusoidal wave.
form in Fig. 13.53^

,It
Solution: By inspection it is fairly obvioqs that

the average value ofapure sinusoidal waveform over onefull cycle is
zero.

Eq. (13.26):

+1A, — 2Am

	

G	
21r	

0V

'Y^ 13.17 ^Detp mi.c ^thav,,agê val.e of̂ the w.vef.,m m
l . '4.

Solution: The peak-to-peak value of the sinusoidal function is
16 mV + 2 mV = 18 mV. The peak amplitude of the sinusoidal wave-
form is, therefore, 18 mV/2 = 9 mV. Counting down 9 m , V from 2 mV
(or 9 mV up from — 16 mV) results in an average or dc level of —7 rnV,
as noted by the dashed line in Fig. 13,54.

13.18 Determine the average value of the waveform in

Solution:

I cycle

A,^

21r

FIG. 13.53

Example 13.16.

V

+2 rnV

0

- - - - - -- - - - - - - - - - -

- 16 rnV

FIG. 13.54

Example 13.17.

M
I cycle

Sine wave

2^

v (MV)	 &XAMPti 13.19 
For 

the wvef,. in Fig. 13.56, ' deteniiine whether the

10mv 

v 'MV,	

average value is positive or negative, and determine its approximate value.

Solution: From the appearance of the waveform, the average value is
- - - - - -	 - - - - - -	 positive and in the vicinity of2 mV. Occasionally, judgments ofthis type

will have to be made.

thstrumentation

The dc level or average value of any waveform can be found using a dii-
ital multimeter (DMM) or an oscilloscope. For purely dc circuits; set the

FIG. 13.56

Example 13.19,	
^4

Ab
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DMM on dc, and read the voltage or current levels. Oscilloscopes are
limited to voltage levels using the sequence of steps listed below:

1. First choose GND from the DC-GND-AC option list associated
with each vertical channel. The GND option blocks any signal to
which the oscilloscope probe may be connected from entering
the oscilloscope 'and responds with just a horizontal line. Set the
resulting line in the middle of the vertical axis on the horizontal
axis, as shown in Fig. 13.57(a).

2. Apply the oscilloscope probe to the voltage to be measured (if
not already connected), and switch to the DC option. If a dc volt-
age is present, the horizontal line shifts up or down, as demon-
strated in Fig. 13.57(b). Muluplying the shift by the vertical
sensitivity results in the dc voltage. An upward shift is a positive
voltage (higher potential at the red or positive lead of the oscillo-
scope), while a downward shift is a negative voltage (lower po-
tential at the red or positive lead of the oscilloscope).

Shift 2.5 div.

Vertical sensitivity 50 mV/div.

(a)	 (b)

FIG. 13.57
Using the oscilloscope to measure dc voltages; (a) setting the GND condition; (b) the vertical

shift resulting from a de voltage when shifted to the DC option.

In general,

V&	 (vertical shift in div.) X (vertical sensitivity in V/div.) (13.29)

For the wavefonn in Fig. 13.57(b),

Vd, (2.5 div.)(50 mV/div.) = 125 mV

The oscilloscope can also be used to measure the dc or average level
of any waveform using the following sequence:

1. Using the GND option, reset the ,horizontal line to the middle of
the screen.

2. Switch to AC (all dc components of the signal to which the probe
is connected will be blocked from entering the oscilloscope —
only the alternating, or changing, components are displayed).
Note the location of some definitive point on the waveform,
s uch as the bottom of the half-wave rectified waveforrin of Fig.
13.58(a); that is, note its position oil the vertical scale. For the

future, whenever you use the AC option, keep in mind that the
computer will distribute the waveform above and below the hor-	

e'.

izontal axis such that the average value is zero; that is, the area
above the axis will equal the area below.



(a)	 (b)

= 0.9 div.
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FIG. 13.58
Determining the average value ofa nonsinusoidal waveform using the oscilloscope:

(a) vertical channel on the ac mode; (b) vertical channel on the dc mode.

3. Then switch to DC (to permit both the dc and the ac components
ofthe waveform to enter the oscilloscope), and note the shift in the
chosen level of part 2, as shown in Fig. 13.58(b). Eq. (13.29) can
then be used to determine the de or average value of the waveform.
For the waveform in Fig. 1 43.58(b), the average value is about

Ya, = Vdc = (0.9 div.)(5 V/div.) = 4.5 V

The procedure outlined above can be applied to any alternating wave-
form such as the one in Fig. 13.56. In some cases the average value may
require moving the starting position , of the waveform under the AC op-
tion to a different region of the screen or choosing a higher voltage scale.
By choosing the appropriate scale, you can enable DMMs to read the av-
erage or dc level of any waveform.

13.8 EFFECTIVE (rms) VALUES
This section begins to relate dc and ac quantities with respect to the
power delivered to a load. It will help us determine the amplitude of a si-
nusoidal ac current required to deliver the same power as a particular dc
current. The question frequently arises, How is it possible for a sinu-
soidal ac quantity to deliver a net power if, over a full cycle, the net cur-
rent in any one direction is zero (average value = 0)? It would almost
appear that the power delivered during the positive portion of the sinu-
soidal Waveform is withdrawn during the negative portion, and since the
two are equal in magnitude, the net power delivered is zero. However,
understand that regardless of direction, current of any magnitude
through a resistor delivers power to that resistor. In other words, during
the positive or negative portions of a sinusoidal ac current, power is
being delivered at each instant 9f time to the resistor. The power deliv-
ered at each instant, of course, varies with . the magnitude of the sinu-
soidal ac current, but there will be a net flow during either the positive or
the negative pulses with a net flow over the full cycle. The net power
flow equals twice that delivered by either the positive or the negative re-
gions of sinusoidal quantity.

A fixed relationship between ac and de voltages and currents can be
derived from the experimental setup shown in Fig. 13.59. A resistor in a
water bath is connected by switches to a dc and an ac supply. If switch I
is closed, a dc current 1, determined by the resistance R and battery volt-
age E, is established through the resistor R. The temperature reached by

M
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r=

witwc	 switch I

e ^Q ac gen 

tor 

11'-- s'ource

FIG. 13.59

An experimental sbtup to establish a relationship

between dc and ac quantities.

the water is determined by the dc power dissipited in the form of heat by

the resistor.

If switch 2 is closed and switch I left open, the ac current through the

resistor has a peak value of 1m: The temperature reached by the water is

now determined by the ac power dissipated in the form of heat by the re-

sistor. The ac input is vaned until the temperature is the same as that

reached with the dc input. When this is accomplished, the average elec-

trical power delivered to the resistor R by the ap source is the same as

that delivered by the dc source.

The power delivered by the ac supply at any instant of time is

(i.c)'R (Im sin wt)'R (I' sin^ &)t)RP..

However,

'sin 2 wt	 (I	 cos 2wt)	 (trigonometric identity)
2

Therefore,

12P,,c	 m —0 cos 2WO R
12

2	 2
MR IMR

and	 Pac	 —	 cos 2&)t	 (13.30)
2	 2

The average power delivered by, the ac source is just the first term,

since the average value of a cosine wave is zero even though the wave

inay' have twice the frequency of the original input current waveform.

Equating the average power delivered by the ac generator to that deliv--'

ered by the dc source,,

P.^*) P&

11.W 
I' R

2	
de

and	 Idc 
72 

0.7071

^vhich, in words, states that

the equivalent dc value ofa sinusoidal current or voltage is I/ N/^ or

0. 707 of its peak value.

Introductory, C.- 37A
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The equivalent de value is called the rms or effective value of the sinu-

soidal quantity.

As a simple numerical exampJe, it requires an ac current with a peak

value of V2-(10) = 14.14 A to deliver the same power to the resistor in

Fig. 13.59 as a dc current of 10 A. The effective value of any quantity

plotted as a function of time can be found by using the following equa-

tion derived from the experiment just described;

Calculus format:	
^f^Ti'(4)dl	

13.31)

T
T

which means	

uea(i2(t))

^13.32)

T

In words, Eqs. (13.31) . and (13.32) state that to rind the rms value, the

function i(t) must first be squared. Aft^!r i(t) is squared, the area under

the Curve is found by integration. It is then divided by T, the length of

the cycle or the period of the waveform, to obtain the average or Ynean

value of the squared waveforin. The final step is to take the square root

of the mean value. This procedure is the source for the other designa

tion for the effective valuethe root-mean-square (rms) value. In fact,

since rins is the most commonly used term in the educational and indus-

trial communities, it is used throughout this text.

The relationship between the peak valu^ and the rms value is the

same for voltages, resulting in the following set of relationships for the

examples and text material to follow:

Ims 72 1^ 0.7071,,

(13.33)

Ems	 E, MNE,^
2

Similarly,

V2I,.,, I j414IZ^1	

(13.34)
E,i V^E	 .4 4

EX,A ̂ L,'^O Find the rms values of the sinus6idal waveform,in,

\,__oA'ch part in Fig. 13.60.

V
i (inA)	 i (niA)

12	 12-

0 V VIsV V2s

(a)	 (b)	 W

FIG. 13.60

Exq^nple 13.20.

Introductory, C.- 37B
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c'- Solution: For part (a), 1,m,	 0.707(12 X 
10-3 A)	 8.48, rnA.

For part (b), again I., = 8.48 mA. Note that frequency did not change

t (c ), V.the effective value in ' ( b) compared to (a). For par'

0.707(169.73 V) 120 V, the same as available from a home outlet.

EXAMPLE 13.21 The 120 V dc source in Fig. 13.61(a) delivers 3.6 W

to the load. Determine the peak value of the applied voltage (E,,) and the

current (I,,) if the ac source [Fig. 13.61(b)] is to deliver the same power

to the load.

1&

E	 120 V	 P=3.6W	 P=3.6W
Load	 Load

V

(a)	 (b)

FIG. 13.61

Example 13.21.

Solution:

Pdc VdcIdc

Pdc 3.6 W
and	 ldc =-- = - = 30mA

V, 120 V

1^ ^/2-ld, (1.414)(30 mA) = 42.42 mA

E^ V2-Edc (1.414)(120 V) = 169.68 V

EXAMPLE 13.22 Find the rms value of the waveform in Fig. 13.62.

Solution: v2 (Fig. ;3.63):

V,	
V(9)(4) + (1)(4)	

2.24 V
L8

V, (v)

9

(V)

-1 cycle

3

0	 4	 8.

0	 4	 r (S)

FIG. 13.62	 FIG. 13.63

	

Example 13.22.	 The squ6red waveform 6f Fig. 13.62.
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EXAMPLE 13.23 Calculatf. the rms value of the voltage in Fig. 13.64.

4-	 .6	 8	 '10	 1(s)

-10

FIG, 13.64

Example 13.23.

Solution: 
t12 

(Fig. 13.65):

U2 (V)

100

16
4

0	 2	 4	 6	 8	 10	 t(s) -

FIG. 13.65

The squared wavefonn offig, 13.64.

V (V)

40

	

	 EXAMPLE 13.24 Deter^ine the average and rms values of the square

wave in Fig. 13.66.

Solution: By inspection, the average value is zero.
0	 10	 201	 t (ms)	

V2 (Fig. 13.67):

-40 - - - -	 ) + (1600)(10 X 10-')I cycle	
VMS

FIG. 13.66	
20 X 10-'.

Example, 1 .3.24.'

	

	 = V 16-00 40 V

;0 X 10-1

	V2 (V)	
(the maximum value of the waveform in Fig. 13.66).

1600 - - - 
The waveforms appearing in these examples are the same as those

used in the examples on the average value. It may prove interesting to

compare the rms and average values of these waveforms.

9The rms values of sinusoidal quantities such as volta e or current are

represented by E and L These symbols are- the same as those used for dc

voltages and currents. To avoid confusion, the peak value of a waveform

always has a subscript m associated with it: 1,, sin wt. Caution: When

finding the rms value of the positive pulse of a sinc wave, note that the
10	 20	 1 (MS)	 = 4A,nsquared area is not simply (2A^)2

	 2; it must be found by a com-

pletely new integration. This is always true for any-waveform that is not
FIG. 13.67	 rectarigular.

The squared waveform ofFIg. 13,66 A unique situation arises if a waveform has both a dc and an ac com-

ppnent that may be due to a source, such as the oiie in Fig. 13.68. The

tombination appears frequently in the analysis of electronic networks

Where both dc and , ac levels are present in the same system.

L
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Vr

0

7.5 V
3 sin 4)t

PT
+	 4.5 V -

6v

	

01	 -7-

FId. 13.68

Generation and display ofa waveform having a dc and an ac component.

The question arises, What is the rms value of the voltage vl-? You may

be tempted to assume that it is the sum of the mis values of each compo-

nent of the waveform; that is, V,. = 0.7071(l.5 V) + 6 V = 1.06 ' V +

6 V 7.06 V. However, the rms value is actually determined by -

V., VVE, + VI..(..)	 (13.35)

which for the waveform in Fig. 13.68 is

v,,n, V(6 V^ —+(1.06 V^ = V-37 1-24 V 6.1 V

This result is noticeably less than the solution of7.06 V.

True rms Meters

Throughout this section, the rms valde of a variety of waveforms was

determined to help ensure that the concept is correctly understood.

However, to use a meter to measure the rins value of the same wave-

forms would require a specially designed meter. Too often, the face of

a meter will read True rms Multimeter or'such, However, in most

cases the meter is only designed to read the rms value of periodic sig-

nals with no dc level and have a symmetry about the zero axis. Most

multimeters are ac coupled (the dc component of the signal is blocked

by a capacitor at the input terminals), so only the ac portion is mdras-

ured. For such cases one may be able to first determ 'ine the rms value

of the ac portion of the waveform and then use the dc section of the

meter to measure the dc level. Theft Eq^ (13.35) can be used to deter-

mine the correct rms value.

The problem, however, is that many waveforms are not symmetric

abobt thq zero axis—How is an rms reading obtained? In general, the

rms value of any waveform is a measure of the "heating - potential of the

applied waveform, as discussed earlier in this section. A direct result is

the development of meters that use a thermal converter calibrated to dis-

play the properyins value. A drawback of this approach, however, is that

the meter wiU draw power from the circuit during the heating process,

and the results have a low precision standard. A better approach that is

commonly used us^s an analog-to-digital converter (ADC) mentioned

earlier to digitize the signal, so that the rms value then can be determined

to a high degree of accuracy. One such meter appears in Fig. 13.69,

which samples the input signal at 1.4 MHz, or 1,400,000 samples per

second—certainly sufficient for a wide variety of signals. This meter

w III run the sampling rate at all'times, even whenimaking dc measure-

ments, so both the dc and ac content of- a waveform can be displayed at

the same time.	
I
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0

FIG. 13.69

True r7ns multimeter

	

+	

(0 Agilent Technologies 2009, All rights reserved.)

	

Vi	
+	 13.9 ac METERS AND INSTRUMENTS

IroA-Vane or d'Arsonval Movement

If an average reading movement such as the iron-vane movement used in

the VOM of Fig. 2.29 is used to measure an ac current or voltage, the level

FIG. 13.70	
indicated by the movement must be multiplied by a calibration factor. In

Full-wave bridge rerifier 
other words, if the movement of any voltmeter or ammeter is reading the

average value, that level must be multiplied by a specific constant, or call-

bration factor, to indicate the rms level. For ac waveforms, the signal must

first be converted to one having an average value over toe time period.

Recall that it is zero over a full period for a sinusoidal waveform. This is

V. usually accomplished for sinusoidal waveforms using a bridge rectifier

such as in Fig. 1170. The conversion process, involving four diodes in a

bridge configuration, is well documented in most electronic texts.
2^	

Fundamentally, conduction is permitted through the diodes in such a

_V^ --------- V manner as to convert the sinusoidal input of Fig. 13.7 1 (a) to one having

the appearance of Fig. 13.7 1 (b). The negative portion of the input has

been effectively "flipped over" by the bridge configuration. The result-

Ing waveform in Fig. 13.71(b) is called a full-wave rectified waveform.

The zero average value in Fig. 13.71 (a) has been replaced by a pattern

	

V.	
V& 0.637V	

having an average value determined by

G = 
2 V,. + 2 V. 

=^ 
4V	 2V. 

= 0.637V^

	

0	 2	 2-,r	 27r	 7r

The movement of the pointer is therefore directly related to the peak

value of the signal by the factor 0.637.
(b)

Foriming the ratio between the rms an d dc levels results in

FIG. 13 71

(a) Sinusoidal input; (b)jull-wave rectified signal.
Vdc	 0.637Vn

revealing that the scale indication is 1. 11 times the dc level measured by

V­;nm	 the movement; that is,

	

V17	 Meter indication =' 1. 11 (dc or average v^^] full-wave (13.36)

0.318V

Some ac meters use a half-wave rectifier arrangement that results in

the waveform in Fig. 13.72, which has half the average value in Fig.
A	

13.71(b) over one full cyc1 le. The result is

FIG. 13.72	
Meter indication = 2.22 (dc or average' 7va71u7e]) half-wave (13.37)

Half-wave rectified signal.

L
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Electrodynamometer Movement 7'.

t is a movement that has the distinctrhe clectrodynamometer movernen

advantage of being able to read the turn rms value of any current, volt!

age, or power measurement without additional circuitry. The basic con-

struction appe ,ars in Fig. 13.73, which shows two fixed coils and a

rotating coil. The two fixed coils establish a field similar to that estab-

lished by the permanent magnet in an iron-vane movement. However,in

this case, the same current that establishes,
 the field in the fixed coils will

also establish the field in the movable coil. The result is opposing

polarities between the rotating and fixed coils that will establish a torque

on the movable coil and cause it to rotate and provide a reading using the

Removing the excitation force will allow the.attachedattached pointer

spring to bring the pointer back to the rest position. Although the elec- 	 J

trodynamometer movement would be very effective in reading the rms

value of any voltage Or current, it is used almost exclusively in dclac

wattmeters for any shape of input. It can also be used for phase shift

measurements, harmonic * analysis, and frequency measurements, al-

though improving digital electronic technology is the new , direction for

these areas of application.

Fixed coil

Fixed coil

Noving'coil

meter Terminals

FIG. 13.73

Electrodynamotneter movement.

EXAMPLE 13.25 Determine the reading of each meter for each situa-

tion in Fig. 13.74(a) and (b).

Solution: For Fig. 13.74(a),, situation (1): By Eq. (13.36),

Meter indication 	 1. 1 1(20 V)	 22.2 V

For Fig. 13.74(a), situation (2):

	

Vm,, 0.707V^ (0.707)(20 V)	 14.14 V

For Fig. 13.74(b), situation (1):

25 V
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Iron-vane
movement

nns scale	
do.	 &C

rectl jer	 20V	 V, 20 V
0—

Voltmeter

(2)

(a)
Electrodynamometer
movement

tins scale	
dc

25 v	 e	 15 sin 200t
0—	 io

Voltmeter

(2)

(b)

FIG. 13.74
Example 13.25.

For Fig. 13.74(b), Situation (2):

Vr,, 0.707V, 0.707(15 V) 
as 

10.6 V

Frequency Counter

For frequency measurements^ the frequency counter in Fig. 13.75 pro-
vides a digital readout of kne, square, and triangular waves from 0. 1 Hz
to 2.4 GHz. The temperature-compensated, crystal-controlled time base

is stable to 1part per million per year.

_k&"' "Wit &P".;"

FIG, 13.75
Frequency counter 2.4 GHz multifunctional instrument.

(CourtesyofB+K Precision.)
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Clamp-on Metem , -
AEMC'6 Clamp Meter in-Fig. 13.76 is an instrument that car! mea-

sure alternating current in the ampere range without having ta open the
circuit. The loop is opened by squeezing the "trigger"; then it is placed
around the. current-carrying conductor. Through transformer action, the
level of current in rms units appears on the appropriate scale. The Model
501 is auto-ranging (that is, each scale changes automatically) and can
measure dc or ac currents up to 400 mA. Through the use of additional
leads, it can also bepsed as a voltmeter (upto 400 V, dc or ac) and an
ohmmeter (from zero to 400 n).

Impedance Measurements
Before we leave the subject of ac meters and iqstrumentation, you
should understand that

an ohmmeter cannot be used to measure the ac reactance or
impedance of an element or system even though reactance and
impedance are measured in ohms.

Recall that ohmmeters cannot be used on energized networks—the
power must be shut off or disconnected. For an inductor, if the ac power
is removed, the reactance of the coil is simply the dc resistance of the
windings because the applicable frequency will be 0 Hz. For a capacitori
if the ac power is removed, the reactance of the capacitor is simply the
leakage resistance of the capacitor. In general, therefore, always keep in
mind that ohmmeters cart read only the dc resistance of an element or
network, and only after the applied power has been removed.

13.10 APPLICATIONS
(120 V at 60 Hz) versus (220 V at 50 Hz)
In North and South America, the most common available ac supplyis
120 V at 60 Hz; in Western and Central EuroM Africa; Asia, and
Australia, 220 V at 50 Hz is the most common. Japan is unique in that the
eastern part of the country uses 100 V at 50 H .z, whereas most of the
western part uses 100 V at 60. Hz. It is 220 V at 50 Hz. The choices of rms
value and frequency were obviously made carefully because they have
such an important impact on the design and operation of so many systems.

The fact that the frequency difference is only 10 Hz reveals that there
was agreement on the general'frequency range that should be used for,
power generation and distribution. History suggests that the question of
frequency selection originally focused on the frequency that"would not
exhibit flicker in the incandescent lamps available in those days. Techni.-
cally, however, there really wouldn't be a noticeable difference between
50 and 60 cycles per second based on this criterion. Another important
factor in the early design stages was the effect of frequency on the size of
transformers, which play a major role in power generation and distribu-
tion. Working through the fundamental equations for transformer design,
you will find that the size ofa transformer is inversely proportional tofre-

quency. The result is that transformers operating at 50 Hz must be larger
(on a purely mathematical basis about 17% larg, , r) than those operating at
60 Hz. You will therefore find that transformia,; lesigned for the intema-
tional market, where they can operate on 50 Hz or 60 Hz, are designed
around,the 50 Hz frequency. On the other side of the coin,-however,

24

FIG. 13.76
Clamp-on ammeter and voltmeter

(Courtesy of AEMC* Instruments, Fo0orough, MA.)
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higher frequencies result in increased concerns about arcing, increased

losses in the transformer core due to eddy current and hysteresis losses,

and skin effect phenomena. Somewhere in the discussion we may wonder

about the fact that 60 Hz is an exact multiple of 60 seconds,in a minute

and 60 minutes in an hour. On the other side of the coin, however, a 60 Hz

signal-has a period of 16.67 ms (an awkward number), but the period of a

50 Hz signal is exactly 2Qms. Since accurate timing is such a critical part

of our technological design, was Mis a significant motive in the final

choice? There is also the question about whether the 50 Hz is a result of

the close affinity of this value to the metric system. Keep in mind that

powers of ten are all-powerful in the metric system, with 100 cm in a

meter, 100'C the boiling point of water, and so on. Note that 50 Hzis ex-

actly half of this special number. All in all, it would seem that both sides

have an argument that is worth defending. However, in the final analysis,

we must also wonder whether the difference is simply political in nature.

The difference in voltage between the Americas and Eur9pe is a differ-

ent matter entirely, in the sense that the difference is close to 100%. Again,

however, there are valid arguments for both sides. There is no question that

larger voltages such as 220 V raise safety issues beyond those raised by

voltages of 120 V. However, when higher voltages are supplied, there is

less current in the wire for the same power demand, permitting the use of

smaller concluctors—a real money saver. In addition, motors and some ap-

pliances can be smaller in size. Higher voltages, however, also bring back

the concern about arcing effects, insulation requirements, and, due to real

safety concerns, higher installation costs. 
In 

general, howev^r, interna-

tional travelers are prepared for most situations if they have a transformer

that can convert from their home level to that of the country they plan to

visit. Most equipment (not clocks, of course) can run quite well on 50 Hz

or 60 Hz for most travel periods. For any unit not operating at its design

frequency, it simply has to "work a little harder" to perform the given task.

The major problem for the traveler is not the transformer itself but the

wide variety ofpJpgs used from one country to another. Each country has

its own design for the "female" plug in Lhe wall. For a three-week tour, this

could mean as many as 6 to 10 different plugs of the type shown in Fig.

13.77. For a 120 V, 60 Hz supply, the plug is quite standard in appearance

with its two spade leads (and possible ground connection).

In any event, both the 120 V at 60 Hz and the 220 V at 50 Hz are ol^-

viously meeting the needs of the consumer. It is a debate that could go

ou at length without an ultimate victor,

Safety Concerns (High Voltages and dc versus ac)

Be aware that any "five" network^ should be treated with a calculated level

of respect. Electricity in its various forms is not to be feared but used with

some awareness of its potentiolly dangerous side effects. It' is common

knowledge that electricity and water do not rrrix (never use extension cords

or plug in TVs or radios in the bathroom) because a full 120 V in a layer of

water of any height (from a shahow puddle to a full bath) can be lethal.

However, other effects of dc and ac voltages are less known. In general, as

the voltage and current increase, your concern about safety should increase

exponentially. For instance, under dry conditions, most human beings can

survive a 120 V ac shock such as obtained when changing a light bulb, turn-

ing on a switch, and so on. Most electricians have experienced such a jolt

many times in their careers. However, ask an electrician to relate how it

feels to hit 220 V, and the response (if he or she has been unfortunate to,

have had slich an experien cc) will be totally different. How often have you

FIG. 13.77

Variety offugsfor a 220 V 50 Hz connection.
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heard of a back-hoe operator hitting a 220 V line and having a fatal heart at-

tack? Remember, the operator is sitting in a metal container on a damp

ground, which provides an excellent path for the resulting current to flow

from the line to ground. If only fpr a short period of time, with the best en-

vironment (rubber-sole shoes, and so on), in a situation where you can

quickly escape the situation, most human beings can also survive a 220 V

shock. However, as mentioned above, it is one you will not quickly forget.

For voltages beyond 220 V rms, the chances of survival go down exponen-

tially with increase in voltage. It takes only about 10 mA of steady current

through the heart to put it in defibrillation. In general, therefore, always be

sure that the power is disconnected when working on the repair of electrical

equipment, Don't assume that throwing a wall switch will disconnect the

power. Throw the main circuit breaker and test the lines with a voltmeter

before working on the system. Since voltage is a two-point phenomenon,

be sure to work with only one line at at time—accidents happen!

You should also be aware that the reaction to de voltages is quite dif-

ferent from that to ac voltages. You have probably seen in movies or

eomic strips that people are often unable to let go of a hot wire. This is

evidence of the most important difference between the two types of volt-

ages. As mentioned above, if you happen to touch a "hot" 120 V ac line,

you will probably get a good sting, but you can let go. If it happens to be

a "hot" 120 V dc line, you will probably not be able to let go, and you

could die. Time plays an important role when this happens, because the

longer you are subjected to the de voltage, the more the resistance in the

body decreases, until a fatal current can be established. The reason that

we can let go of an ac line is best demonstrated by carefully examining

the 120 V rms, 60 Hz voltage in Fig. 13.78. Since the voltage is oscillat

ing, there is a period when the voltage is near zero or less than, say, 20 V,

and is reversing in direction. Although this time interval is very short, it

appears eyery 8.3-ms and provides a window for you to let go.

Now that we are aware of the additional dangers of dc voltages, it is im-

portant to mention thatunder the wrong conditions, dc, voltages as low as

12 V, such as from a car battery, can be quite dangerous. If you happen to
be 

working on a car under wet conditions, or if you are sweating badly for

some reason or, worse yet, wearing a wedding ring that may have moisture

and bgdy salt underneath, touching the positive terminal may initiate the

process whereby the body resistance begins to drop, and serious injury

could take place. It is one of the reasons you seldom see a professional

electrician wearing any rings or jewelry—it isjust not worth the risk.

Before leaving this topic of safety concerns, you should also,be aware of

the dangers of high-frequency supplies. We are all aware of what 2.45 GHz

at 120 V can do to a meat product in a microwave oven, and it is therefore

very important that the seal around the oven be as tight as possible. How-

ever, don't ever assume ihat anything is absolutely perfect in design—so

don't make it a habit to view the cooking process in the microwave 6 in.

from the door on a continuing basis, Find something else to do, and check

the food only when the cooking process is complete. If you ever visit the

Empire State Building, you will notice that you are unable ^ -^ get close to

the antenna on the dome due to the high-frequency signals being enihid

with a great deal of power. Also note the large KEEP OUT signs near radio

transmission towers for local radio stations. Standing within 10 ft of an AM

transmitter working at 540 kHz would bring on iisaster. Simply holding

(do not try!) a fluorescent bulb near the tower cou' I make it light up due to

the excitation of the molecules inside the bulb.'

In total, therefore, treat any siLuation with high ac voltages or cur-

rents, high-energy dc levels, and high 1frequencies with added care.

V(volts)

120 V ms

ac voltage

^-J

FIG. 13.78

Interval oftime when sinusoidall voltagiLis near

zero volts.
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13.11 COMPUTER ANALYSIS

PSpice

OrCAD Capture offers a variety of acyoltage and current sources. How-

ever, for the purposes of this text, the voltage source VSIN and the cur-
rent source ISIN are the most appropriate because they have a list of

attributes that cover current areas of interest. Under the library

SOURCE, a number of others are listed, but they don't have the full
range of the above, or they are dedicated to only one type of analysis. On

occasion, ISRC is used because it has an arrow symbol like that appear-

ing in the text, and it can be used for dc, ac, and some transient analyses.

The symbol for ISIN is a sine wave that utilizes the plus-and-minus sign
(±) to indicate. direction. The sources VAC, IAC, VSRC, and ISRC are
fine if the magnitude and the phase of a specific quantity are desired or if

a transient plot against frequency is desired. However, they will not pro-

vide a transient response against time even if the frequency and the tran-

sient information are provided for the simulation.

For all of the sinusoidal sources, the magnitude (VAMPL) is the peak

value of the waviform, not the rms value. This becomes clear when a

plot of a quantity is desired and the magnitude calculated by PSpice is
the peak value of the transient response. However, for a purely steady-

state ac response, the magnitude provided can be the rms value and the

output, read as the rms value. Only when a plot is desired will it be clear

that PSpice is accepting every ac magnitude as the peak value of the

waveform. Of course, the phase angle is the same whether the magnitude
is the peak or the rms value.

Before examining the mechanics of getting the various sources, re-

member that

Transient Analysis provides 
an 

ac or a dc output versus time, while

AC Sweep is used to obtain a p^ot versus frequency.

To obtain any of the sources listed above, apply the following sequence:

Place part key-Place Part dialog box-Source-(enter type of source).

Once you select the source, the ac source VSIN appears on the
schematic with OFF, VAMPL, and FREQ. Always specify VOFF as

0 V (unless a specific value is part of the analysis), and provide a value

for the amplitude and frequency. Enter the remaining quantities of

PHASE, AC, DC, DF, and TD by double-clicking on the source sym-
bol to obtain the Property Editor, ^Ithough PHASE, DF (damping
factor), and TD (time delay) do have a default of 0 s. To add a phase
angle, cli^k on PHASE, enter the phase angle in the box below, and
then select Apply. If you want to display a factor such as a phase angle
of' 60', click on PHASE followed by Display to obtain the Display
Properties dialog box. Then choose Name and Value followed by OK
and Apply, and leave the Properties Editor dialog box (X) to iee
PHASE=60 next to the VSIN source. The next chapter includes the
use of the ac source in a simple circuit.

Multisim,

For Multisim, the ac voltage source is available from three sources—the

Place Source key pad in the Components toolbar, the Show Power

Source Family in the Virtual or BASIC toolbar, and the Function'

Generator. The major difference among the options is that the phase

angle cannot be set using the Function Generatoi.'
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Using the oscilloscope to display the sinusoidal ac voltage source available
in the Multisim Sources tool bin.

Using the Place Source option, select SIGNALYOLTAGE

SOURCES group under the FaWily heading, followed by AC_

VOLTAGE. When selected and placed, it displays the default values for

the amplitude, frequency, and phase. All the parameters of the source

can be changed by 0ouble-clicking on the source symbol to obtain the

dialog box. The listing clearly indicates that the set voltage is the peak

value. Note that the unit of measurement is controlled by the scrolls to

the right of the'default label and cannot be tet by typing in the desired

unit of measurement. The label can be changed by switching the Label

heading and inserting the desired label. After all the changes have been

made in the dialog box, click OK, and all the changes appear next to the

ac voltage source symbol. In Fig. 13.79, the label was changed to Vs and

the amplitude to 10 Vwhile the freqency and phase angle were left with

their default values. It is particularly important to realize that

for any frequency^analysis (that is, where thefrequency will change),

the AC Magnitude of the ac source mustbe set under Analysis Setup

in the SIGNAL_VOLTAGE_SOURCES dialog box. Failure to do so

will create results linked to the default values rather than the value

set under the Value heading.

To view the sinusoidal voltage set in Fig. 13.79, select an oscilloscope

from the Instrument toolbar at the right of the screen. When booking up

the oscilloscppe, do not worry about overlapping wires. Connections are

shown by small, solid dots. It is the fourth option down and has the appear-

ance shown in Fig. 13.79 when selected. Note that it is a dual-chan.
nel os-

cilloscope with an A channel and a B charniel. It has a ground 
(G)

connection and a trigger (T) connection. The connections for viewing the

ic voltage source on the A channel are provided in Fig. 13.79. 
Note that

the trigger control is also connected to the A channel for sync control. The

screen appearing in Fig. 13.79 can be displayed by double-clickio on the

oscilloscope symbol on the screen. It has all ^he major controls of a typical

laboratory oscilloscope. When you select Simulate-Run or select 1 on the

Simulate Switch, the ac voltage appears on the screen. Changing the Time
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base to 100 As/div, results in the display. of Fig. 13.79 since there Ue 10

divisions across the screen and 10(1 00 As) = I ms (the period of the ap-
plied sigrml) * Changes in the Time base are made by clicking on the

default value to obtain the scrolls in the same box. For a single waveform
like that in Fig. 3.79, be sure to select Sing. (for Singular) in the bottom

right of the scope. It is important to remember, however, that

changes in the oscilloscope setting or any network should not be

made until the simulation is ended by disabling the Simulate-Run

option or placing the Simulate switch in the 0 mode.

To stop the simulation, there are three options: choose Simulate-Stop

from the top toolbar on the screen; select the red square to the right of

the green arrow; or click the switch back to the 0 position.
I 

The options within the time base are set by the scroll bars and cannot

be changed—again they match those typically available on a laboratory

oscilloscope. The vertical sensitivity of the A channel was automati-
cally set by the program at 5 V/div. to result in two vertical boxes for the
peak value as shown in Fig. 13.79. Note the AC and DC keypads below
Channel A. Since there is no dc

* 

component in the applied signal, either

one results in the same display. The Trigger pontrol is set on the posi-

tive transition at a level of 0 V. The TI and T2 refer to the cursor posi-
tions on the horizontal time axis. By clicking on the small green

triangle at the top of the green line at the far left edge of the screen and

dragging the triangle, you can move the vertical green line to any posi-

tion along the axis. In Fig. 13.79, it was moved to the peak value of the

waveform at one-quarter of the total period or 0.25 ms = 250 As. Note
the value of TI (250 As) and the corresponding value of VAI (9.995 V 25
10.0 V). By selecting the other cursor with a yellow triangle at the top

to one-half the total period or 0.5 ms = 500 As, we find that the value at
T2 (500gs) is 0.008 pV ^VA2), which is essentially 0 V for a waveform
with a peak value of 10 V. The accuracy is controlled by the number of
data points called for 

in 
the simulation setup. The more data points, the

higher is the likelihood of a higher degree of accuracy for the desired

quantity. However, an increased number of data points also extends the

running time of the simulation. The third line provides the difference

between T2 and TI as 250 As and difference between their magnitudes
(VA2—VAl) as — 9.995 V, with the negative, sign appearing because
VAI is greater than VA2.

As mentioned above, you can also obtain an ac voltage from the

Function Generator appearing as the second option down on the

Instrument toolbar. Its symbol appears in Fi 'g. 13.80 with positive,
negative, and ground connections. Double-click on the generator

graphic"symbol, and the Function Generator dialog b6x appears in

which selections can be made. For this example, the sinusoidal wave-

form is chosen. To set the frequency, click on the unit of measurement

to produce a list of options. For this case, kHz was chosen and the I left
as is. The Amplitude (peak value) is set as Vp = 10 V and the Offset at
0 VNote that there i s , ti	 I In op on t

o set t e^p ase angle as was possible

for the source above, Double-clicking or. the oscilloscope generates the

Oscilloscope-XSCI dialog box in which a Timebase of 100 gs/div. can
be set again with a veitical sensitivity of 5 V/div. Select I on the
Simulate switch, and the waveforin of Fig. 13.80 appears. Choosing

Sing. under Trigger results in a fixed display. Set the Simulate switch

on 0 to end the simulation. Placing the cursors in the same position

shows that the waveforms for Figs. 13.79 and 13.80 are the same.
7

X^
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FIG. 13.80

Using thefunction gen^rator to place a sinusoidal ac voltage waveform

on the screen ofthe oscilloscope.

For most of the Multisim analyses to appear 
in 

this text, the

AC VOLTAGE under Place Source will be employed. However, with

introduction to Multisim, it seemed appropriate to intro-such a limited

duce the use of the Function Generator^ because of its close linkage to

experience:the laboratory

PROBLEMS	 c. What is the peak-to-peak value of the waveform?

d. What is the period of the waveform?

SECTON 13.2 Sinusoidal ac Voltage Characteristics	 e. How many cycles are shown?

and Definitions

1. Forthe sinusoidal waveforminFig. 13.81:	 (tA)

a. What is the peak value?

b. What is the instantaneous value at 15 ms and at 20 ms?	 200

c. What is the peak-to-peak value of the waveform?

d. What is the period of the waveform?

e. How many cycles are shown?

	

0	 2	 4 6	 8 10	 1 G's)
V (v)

A

2	 4 6

v (V)

10

5
-200 -

30	 16^J20 VOO I (ms)

-5	 FIG. 13.82j

-10	 Problem 2.

FIG. 13.81

Problem 1.

2. For the sinusoidal signal in Fig. 13.82:

a. What is the peak valu,?

b. What is the instantaneous value at I As and at 7 /As.

3. For the periodic square-wave waveform in Fig. 13.83:

a. What is the peak value?

b. What is the instantaneous value at 1.5 ms and at 5.1, 
ms?

c. What is the peak-to-peak value of the waveform?

A. What is the period of the waveform?

e. How many cycles are shown?
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FIG. 13.83

Problem 3.

SECTIOR13.3 Frequency Spectrum

4. Find the period of a periodic waveform whose frequency is

a. 200 Hz.	 b. 40 MHz,
c. 20 kHz.	 d. I Hz.

5. Find the frequency of a repeating waveform whose

period is

a. Is.	 b. V^ s.
c.. 40 ms.	 d. 25 As.

6. If a periodic waveform has a frequency of I kHz, how long
(in seconds) will it take to complete five cycles?

7. Find the period of a sinusoidal waveforim that completes 80
cycles in 24 ins.

8. What is the frequency of a periodic waveform that com-

pletes 42 cycles in 6 s?

9. For the oscilloscope pattem. of Fig. 13.84:

a. Determine the peak amplitude.

b. Find the period.

c. Calculate the frequency.

Redraw the oscilloscope pattern if a +20 mV dc level were

added to the input waveform.

a

Vertical sensitivity = 50 MV/div.
Horizontal sensitivity = 1 0 jWdjv.

11. Convert the following radians to degrees:

a. w/3	 b. 1.2ir

C. l­'61r	 d. 0.61r

A2.
1 
Find the angular velocity of a waveform with, a period of

a. 1.8 a.	 b. 0.3 ins.
c;,8 /is.	 d. 4 X 10-1s.

13. Find the angular velocity of a wavefortur with a frequency of

a. 100 Hz.	 b. 0,25 kHz.

c. 2 kHz.	 d. 0.004 MHz.

14. Find the frequency and period of sine waves having an an-

gular velocity of

a. 754 rad/s,

b. 12 rad/s.

c. 6000 rad/s.

d. 0. 16 rad/s.

*15. Given f = 60 Hz, determine how long it will take the sinu-
soidal waveforrin to pass through an angle of 60*.

*16. If a sinusoidal waveform, passes through an angle of 30* in
^ in$, determine the angular velocity of the waveform.

SECTION13.5 General Format for the Sinusoidal

Voltage or Current

17. Find the amplitude and frequency of the following waves:
a. 20 sin 377t

b. 12 sin 21r 1201

C. 106 sin I 0,000i

d. -8 sin 10,0581^

18. Sketch 6 sin 754t with the abscissa

a. angle in degrees.

b. angle in radians.

c. time in seconds.

*19. Sketch - 8 sin 21r 801 with the abscissa

a. angle in degrees.

b. angle in radians.

c. time in seconds.

20. - If e = 300 sin 157t, how long (in seconds) does it take this
waveform to complete 1/2 cycle?

2L Given i 0.5 sin a, determine i at a 72'.

22. Given v 20 sin a, determine v at a 1.27r.

*23. Given v 30 X 10-3 Sin Wetermine the angles at which
v will be 6 niV.

*24. If v = 40 V at a = 30 and I = I ms, determine the mathe-
matical expression for the siliusoidal voltage.

SECTION 13.6 Phase Relations

25. Sketch sin(377t + 60o) with the abscissa

FIG. 13.84	 a. angle in degrees.

Problem 9.	 b. angle in radians.

c. time in seconds.

SECTION 13.4 The Sinusoidal Waveform	 26. Sketch the following waveforms:

a. 50 sin(rat + 00)
10. Convert the following degrees to rqdians: b. 5 sin(oit + 1201)

a. 40* 	 b. 60* c. 2 cos(w + I Go)
c. 135'	 d. 170*	 d. ­ 20 sin(&)t + 10o)
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27. Write the analytical expression for the waveforms of Fig.	 30. Write the analytical expression for the waveform of Fig.

	

13.85 with the phase angle in degrees. 	 13.88 with the phase angle in radians.

V (MV)

6	 f= 2 kHz
V (MV)

8 -
0

30c	 f= 500 Hz

(a) 30'1

I (mA)

	

f=60Hz	 FIG. 13.88

Problem 30.
2

31. Fin d the phase relationship between the following wave

forms:

v = 25 sin(wt + 80*)

(b)
i = 4 sin(cut — 10')

FIG. 13.85	
32. Find the phase relationshir between the following wave-

Problem 27.	
forms:

	

28. 'Write the anal^tical expression for the waveform of Fig. 	
v = 0.2 sin(wr — 60')

	

13.86 with the phase angle in degrees. 	
i = 0.1 sin(wt — 20')

V (,uV)

	

	 *33. Find the phase relationship between- the following wave-

forms:
f= 1000 Hz

	

120	
v 2 cos(wt — 10')

i 5 sin(wr + 60').

	

0	 *34. Find the phase relationship between the following wave-

forms:

v = —4 cos(wt + 901)

FIG. 13.86	 i	 2 sin(fot + 10')

Problem 28.	
*35. The sinusoidal voltage v = 160 sin(27rIO00i + 60') is plot-

	

29. Write that analytical expression for the waveform of Fig. 	
ted in Fig. 13.89. Determine the time t j when the waveform

	

13.97 with the phase angle in degrees.	
crosses the axis.

V (MV)

12	 V

f 2kH

0
0

77 

60*4

FIG. 13.87	
j	

FIG. 13.89

Problem 29.	 Problem 35.

Introductory, C, 38A
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*36. The sinusoidal current i A 20 x 10-3 sin(50,0001 - 40*) is	 SECTION 13.7 Average Value

plotted in Fig. 13.90. Determine the time t j when the, wave-	
39. Find the average value of the periodic waveform in Fig. 13.92

form crosses the axis.

V (V)

n20mA
6

3
^40*	

',z

	^20 mA	 00	 5	 1

90	 -3	

. .....	 3035

FIG. 13.1	
-----

Problem 36.	 1 cycle

37. For the waveform of Fig. 13.89, find the time when the

waveform has its peak ' value.,	
FIG. 13.9i-

38. For the oscilloscope display in Fig. 13.9 1:	 Problem 39.
a. Determine the period of the waveform.

la. Determine the frequency of each waveform.

C. Find the rms value of each waveform. 	
40. Find the average value of the periodic waveform in Fig.

d. Determine the phase^ shift between the two waveforms 	
13.93 over one full cycle.

and determine which leads and which lags.

i (mA)

20 -----------

LZ
0	 1 ^	 4	 8	 t (ms)

-- 

------------

-16 ----------- -

Vertical sensitivity	 0.5 V/div.
Horizontal sensitivity = I ms/div.

FIG. 13.91	 FIG. 13.93

Problem 39'	 Problem 40.

41. FiA the average value of the periodic waveform of Fig.

13.94 over one full cycle. 	
?

1 V (V)

35

20 ------------------------------- 7-

0	 20	 30	 41)	 50	 60	 70	 1'(Ms)

-7

-2Q

	

7^	 I cycle -

FIG. 13.94

Pmbkm 41.

Introductory, C.- 388
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42. Find the average value of the periodic waveform of Fig. 	 c. Determine the average value.

13.95 over one full cycle.	 d. Sketch the resulting oscilloscope display if the vertical

channel is switched from dc to ac.

i (MA)
+30

0	 1	 2	 3	 4	 5	 7,	 8	 9	 t'(ms)	 .... ...

-20
I cycle	 F—]	 F—^

FIG. 13.95	 Vi— 0

Problem 42.	 Vertical sensitivity	 10 mV/div,
Horizontal scrisifivity - 0.2 ms/div.

FIG. 13.9843. Find the average value of the periodic function of Fig. 13.96:

a. By inspection.	 Problem 45.

b. Through calculations.

c. Compare the results ofparts (a) and (b).

*46. For the waviform in Fig. 13.99:

a. Determine the period.

V (V)	 b. Find the frequency.

c. Determine the average value.
12 -	 d. Sketch the resulting oscilloscope display if the vertical

channel is switched from dc to ac.

4

5	 10	 is	 rn s)25 t
!,4

-i r --i

I cycle

FIG. 13.96

Problem 43.,

44. Find the average value of the periodic waveform in Fig. 13.97.

V ertical sensitivity 10 mV/div.
Horizontal sensitivity = 10)^s/div,

i (mA)	
Circular

I	

FIG. 13.99
20 ----	

Problem 46.

SECTION 13.8 Effective (rms) Values
.0	 2w

5	 47. Find ther^ns values of the following sinusoidal waveforms:

a. v	 12(Ysin(377t + 60*)

b. i 6 X 10-3 Sin(21T 1000t)
FIG. 13.97	 C. V 8 X 10-6

Problem 44.	
6in(21r 50001 + 30*)

48.. Write the sinusoidal expressions for voltages and currents

having the following rms values at a frequency of 60 Hz

with zero phase shift:

45. For the waveform in Fig. 13.98:	 a. 4.8 V

a. Deterrnine the period.	 b. 50 mA

b. Find the frequency. 	 c. 2 kV
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49. Find the nns yalue of the periodic waveform in Fig. 13, 100	 V (V)
over one full cycle.

3

2

0	

1	 1	 1	 1	 1	

7 8	 9	 10 1 1 12
-1

-2

FIG. 13.100
Problem 49.

50. Find the rms value of the periodic wave6rin in Fig. 13. 101	 tv (V)
over one full cycle.	

3	
j cycle

2

0	 1	 2	 3	 4	 5	 0 11 12

-2 -

-3

FIG. 13.101
Problem 50.

51. What are the average and rins values of the square wave in 	 L' (V)

Fig. 13.1(Y2'?
-1 cycle

0	
5	 10	 t (AS)

FIG. 13.102
Pi-oblem 51.

*52. For each waveform in Fig. 13.103, deterrini ne tile period,
frequency, average value, and rms value.

	

Vertical sensitivity= 20 mV/div.	 Vertical sensitivity	 0, 2 V/div.
'Y	 50 jLs/div.Horizontal'sensifivity	 lOgs/div.	 Horizontal sensitivit

(a)	 (b)

FIG. 13.1037

	

Problem 52.	 'k.
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*53. For the waveforin ofFig.'13.104: 	 GLOSSARY
a. (^arefully sketch the squared waveform. Note that th^

equation for the sloping line must first be deter-	 Alternating waveform A waveform that oscillates above and

mined.	 below a defined reference level.

b. Using some basic area equations and the approximate ap-

	

	 Angular velocity The velocity with which a radius vector pro-

3
. 
ecting a sinusoidal function rotates about its center.proach, find^ the approximate area under the squared

curve,	 Average value The level of a waveform defined by the condition

c. Determine the rm#alue of the original waveform.	 that the area e-, iclosed by the curve above this level is exactly

d. Find the average value of the original waveform. 	 equal to the area enclosed by the curve below this level.

e. How does the average value of the waveform compare	 Calibration factor A multiplying factor used to converl'from

to the rms value?	 one meter indication to another.

Clamp Metero A clamp-type instrument that will permit nonin-

vasive current measurements and that can be used as a con-

-ventional voltmeter or ohmmeter.

-a veform contained in ong period of time.Cycle A portion of a A
8 - - - - -

Effective value The equivalent d6 value of any alternating volt-

age or current.

Electrodynamometer meters Instruments that can measure

both ac and de quantities without a change 
in 

internal circuitry.

Frequency (f) The number of cycles of a periodic wavefohn

that oc9ur in I s.
0	 1 2 3 4 5 6 7, gI 9 11) 11 12	 t (s)	 Frequency counter An instrument that will provide a digital dis-

-2	

- - - - - - - - - - - - - -	

play of the frequency or period of a periodic time-varying signal.

I cycle

	

	
Instantaneous value The magnitude of a waveform at, any in-

stain of time, denoted by lowercase letters.

FIG. 13.104

	

	 Lagging waveform A waveforro that crosse^ the time axis at a

point in time later than another waveform of the same frequency.Problem 53.

Leading wiveform A, waveform that crosses the time axis at a

point in time ahead of another waveform of the sarm , fre-

quency.
SECTION 13.9 ac Meters and Initrunnents;	 Oscilloscope An instrument that will display, through th^ use of a

54. Determi 
I 
ne the reading of the meter for each situation in

	

	
cathode-ray tube, the characteristics of a time-varying signal.

Peak amplitude The maximum value of a wa^,eforrn as meas-
Fig. 13.105. ured from its average,or mean, value, denoted by uppercase

letters.

Peak-to-peak value the magnitude of the total swing of a signal

Iron—ane mo% cin	
from positive to negative peaks. The sum of the absolute values

	

Id,	 4mA	 of the positive and negative peak values.

ons 5M^	 Peak value The maximum value of a waveform, denofed by
(hal	

uppercase letters.
r	 .	 recti^'w"-)­ 	 I
	2 kfl	 Perliad (T) The time interval necpssary for one cycle of a peri-

0-	 odic waveform.

Periodic waveform A: waveform, that continuallylepeats itself
0-

Voltmeter	 after a defined time interval.

Phase relationship An indication of which cf two waveforms
(a)

	

	 leads or tags the other, and by how many degrees or radians.

Radian (red) A Unit of measure used to define a particular seg-

ment of a circle^ One radian is approximately equal to 57.3',-
ac	

27T ^ad aniequal to 3600,

Root-mean-square (rms) value The root-mean-square or effec-

tive value of a waveform.
v 16 sm(377t + 20') Sinusoidal ac waveform An alternating waveform of unique

characteristics that oscillates with equal amplitude above and

below a given axis.

VOM A multimeler with the capability to measure resistance

(b,)	
and both ac and dc levels of current and voltage.

Waveform The path traced by a quantity, plotted as a function of

FIG. 13.105	 some variablo such as position, time, degrees, temperature,

Pro^letir 54.	 and so on.
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Become familiar with the response of a resistor.

an inductor, and a capacitor to the application Of a

sinusoidal voltage or current. 	
A

Learn how to apply the phasor format to add and
subtract smusoldal waveforms,

Understand how to calculate the real power to
resistive elipments and the reactive power to
inductive and capacitive elements,

Become aware of the differences between the
frequency response of ideal and practical elements.

Become proficient in the use of a calculator to
work with complex numbers.

14.1 INTRODUCTION

The response of the basic R, L, and C elements to a sinusoidal voltage and current are exam-

ined in thischapter, with special note of how frequency affects the '!opposing" characteristic

ofeach element. Phasor notation is then introduced to establish a method of analysis that per-

mits a direct correspondence with a number of the methods, theorems, and concepts intro-

duced in the dc chapters.

14.2 DERIVATIVE'.

To understand the response of the basic R, L, and C ilements to a $inusoidal signal, you need

to examine the concept of the derivative in some detail. You do not have to become proficient

in the mathematical technique but simply understand the impact of a relationship defined by a

derivative.

Recall. from Section 10.10 that 1^e derivative dxldt is defined as the rate of change of 
x

with respect to time. If x fails to change at a particular instant, dx = 0, and the
,derivative is

zero. For the sinusoidal waveform, dxldt is zero only at the positive and negative peaks (Wt —

ir/2 and jw in Fig. 14.1),,since x fails to change at these instants ^f time. The derivative dx1di

is actually the slope of the graph at any instant of time.

X	 di

du	 ax

M"

0	
Wt

	

sine Wa4	
0

FIG. 14.1

Defining thosepoints ina sinusoidalwaveform that have maximum andminimum derivatives

L

W

Z^o
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A close examination of the sinusQidal waveform will also indicate

that the greatest change in x occurs at the instants &)t = 0, 7T, and 27r. The

derivative is therefore a maximum at these points. At 0 and ' 27r, x

increases at its greatest rate, and the derivative is given a positive sign

since x increases with time. At 7r, dxldt decreases at the same rate as it

increases at 0 and 27r, but the derivative is given a negative sign since x

decceases with time. Since the rate of change at 0, 7T, and 21T is the same,

the magnitude of the derivative at these points is the same also. For vari-

ous values of wt between these inaxima and minima, the derivative will

exist and have values from the minimum to the maximum inclusive. A

plot of the derivative in Fig. 14.2 shows that

the derivative ofa sine wave is a cosine wave.

dt	 dt 1	 0	 1

	

I	 dt
Vinax

	

I	 max

t	 I	 \1

0

0	

1 T	 3	 2,	 W
	2 	 1

Cosine ave

inax

FIG. 14.2

Derivative ofthe sine wave ofFig. 14.1.

The peak value of the cosine wave is directly related to the frequency

of the original waveform. The higher the frequency, the steeper is -the

slope at the horizontal axis and the greater is the value of dxldt, as shown

in Fig. 14.3 for two different frequencies.

Note in Fig. 14.3 that even thodgh both waveforms (x l and X2)

have the same peak value, the sinusoidal function with the higher

'XI A > A	 X2

I	 Less slope

dxl	

Steeper slope

dt	
Higher peak

dt	 Lbwerpeak

^\ Srnailer negative

peak

Negative peak

FIG. 14.3

Effect offrequency on thepeaA value ofthe derivative.
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uces the larger peak value for the derivative. In addi-
freqUenLy prod

tion, note that

the derivative of a sine w
. ave has the same period andfrequency as

usoidal waveform.the original sin

For the sinusoidal voltage

e(t)	 E., sin (wf 0)

the derivative can be found directly by 
d4erentiation (calculus) to pro-

dke the following:

d
e(-t)	 wE^ Cos (cut	 0)

dt

21rfE^ cosi(att ± 0)

iation proce5s are not discussed orThe mechanics of the different

investigated here, nor are they required to ' continue with the-text.

irfE_ is a fimc-Note, however, that the peak value of the derivative, 2

tion of the frequency of e(t), and the derivative of a sine wave is a

cosine wave.

14.3 RESPONSE OF BASIC R, L, 
AND C

ELEMENTS TO A SINUSOIDAL VOLTAGE

OR CURRENT

Now that we are familiar wit' It the characteristics of the derivative of a si-

nusoidal function, we can investigate the response of the basic elements

ML, and C to a sinusoidal voltage or current.

Resistor

For power-line frequencies and frequencies up to a few hundred kilo- 	 +

hertz, resistance is, for all practical purposes, unaffected by. the fre-	 R v

voltage or current. For this frequencyquency of the applied sinusoidal	
stant, and Ohm'sregion, the resistor R in Fig. 14.4 can be treated as a con

law can be applied as follows. For v = V. sin wt,

V	 V. sin wt	 V^	 FIG. 14.4

i	
R	 R	 R 

sin tat	 I sin cat	
Determining the sinusoidal responsefor a resistive

element,

V. (14.2)
where	 R

VR

In addition, for a given i, 	 V.	 i,

v iR (1, sin (ot)R ImR sin tat V. sin wt

	

(14.3)	 0	
2w	 W1

where

A plot of v and i in Fig. 14.5 reveals that

for a purely resistive element, the voltage acr ^ss and the current 	 FIG. 14.5

through the element are in phase, with their peak values related by

	

	 The voltage and current ofa resistive element

are in phase.
Ohm's law.
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z -a

FIG. 14.9

Inductor

For the series configuration in Fig. 14.6, the voltage of the

boxed-in element opposes the source e and thereby reduces the magni-

tude of the current i. The magnitude of the voltage across the element is

determined,by the opposition of the element to the flow of charge, or

current i. For a resistive element, we have found that the opposition is its
resistance and that veje=nt and i are determined byu,,,,.,, = iR.

We found in Chapter I I that the voltage across an inductor is directly re-

lated to the rate of change of current through the coil. Consequently, the

higher the frequency, the greater is the rate ofchange ofcurrent through the
coil, and , the greater is the magnitude of the voltage. In addition, we found

in the same chapter that the inductance of a coil determines the rate of

change of the flux linking a coil for a particular change in current through

the coil. The higher the inductance, the greater is the rate of change of the

flux linkages, and the greater is jhe resulting voltage across the coil. 	 I I

The inductive voltage, therefore, is directly related to the frequency

(or, m43i*e specifically, ^he angular velocity of the simisoidal ac current
through the coil) and the inductance of the coil. For increasing values of
f and L in Fig. 14.7. the magnitude Of VL increases as described above.

Using the similarities between Figs. 14.6 and 14.7, we find that in-
creasing levels Of VL are directly related to increasing levels of opposi-
tion in Fig. 14.6. Since VL increases with both w (= 21rj) and L, the
opposition of an inductive element is as defined in Fig. 14.7.

We will now verify some of the preceding conclusions using a more

mathematical approach and then define a few important quantities to be

used in the sections and chapters to follow.

For the inductor in Fig. 14.8, we recall from Chapter I I that

VL 
L diL

dt

and, applying differentiation,

diL d

Tr = —V,, sin wt) wIm dos (or
dt

diL
Therefore,	 vL = L T 

= 
L(wl. cos cot) = wLI, cos &)t

t

or	
VL = V. sin (wt + 90*)

where	 V^ = &jL1.

Note that the peak value of vL is directly related to oj(=- 21Tf) and L as
predicted in the discussion above.

A plot of vL and iL in Fig. 14.9 reveals that

Ar an inductor vL leads iL by 90o, or iL tags vL by 90c^

If a phase angle is included in the sinusoidal expression for iL , such as

iL = 1. sin (wt t 0)

then	 tit, = wL4 sin (w ± 0 + go*)

The opposition established by an inductor in a sinusoidal ac network
can now be found by applying Eq. (4. 1):

e 4^1._ 
+

^V	 Op sition

FIG. 14.6
De^ning the opposition ofan element to theflow

oftharge through the element.

position a'

function off d

FIG. 14.7

Deflning the parameters that determine (he opposi.

tion ofan inductive element to theflow ofcharge.

1. sin .1

L vL

FIG. 14.8
Investigating the sinusoidal response

ofan inductive element.

L: VL leadS IL by 9

iL

3

7

_i^o R T\j,

go. I	 T

—r a pure inductor the voltage acrois the coil leads 	 cause
the current through the coil by W	 Effect =	 I	 I

opposition
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which, for our purposes, can be written

cause
opposition 

effect

'Substituting values, we have

V
opposition = T 4

revealing that 4he opposition established by an inductor in an ac sinu-

soidal network is directly related to the product of the angular velocity

(o) = 21rf) and the inductance, verifying our earlier conclusions.

The quantity (oL, called the reactance (from the'word reaction) of an

inductor, is symbolically represented by XL an4 is measured in ohms;

that is,

	

Xt	 OL 	 (ohms, fl)	 (1 4.4)

In an Ohm's law format, its magnitude can be determined from

	

L	 (ohms, fl)	 (14.5)

Inductive r^;actance is the opposition to the flo w of current, which

results in the continual interchange of energy between the source and the

magnetic field of the inductor. In other words, inductive reactance,

unlike resistance (which dissipates energy in the form of heat), does not

dissipate electrical energy (ignoring the effects of the internal resistance

of the inductor.)

Capacitor

Let us now return to the series configuration in Fig. 14.6 and insert the

capacitor as the elementbf interest. For the capacitor, however, we will

determine i for a *particular voltage across the element, When this ap-

proach reaches its conclusion, we will know the relationship between the

voltage andcurrent and can determine the opposing voltage (vej,ment) for

any sinusoidal current i.
Our investigation of the inductor revealed that the inductive voltage

across a coil opposes the instantaneous change in current through the coil.

For capacitive networks, the voltage across the capacitor is limited by the

rate at which charge can be deposited on, or released by, the plates of the

capacitor during the charging and discharging phases, respectively. In

other words, an instantaneous change in voltage across a capacitor is op-

posed by the fact that there is an element of time required to deposit charge,

on (or release charge from) the plates of a capacitor, and V = QIC

Since capacitance is a measure , of the rate at which a capacitor will

store charge on its plates,

for a particular change in voltage across the capacitor, the greater the

value of capacitance, the greater is the resulting Capacitive current.

In addition, the ftWdamental equation relating, the oltage across a ca-

pacitor to the current of a capacitor [i = Qdvldi), ;ndicates that

for a particular capacitance, the greater the rate of change of voltage

across the capacitor, the greater is the capacitive current.
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Certainly, an increase in frequency corresponds to an increase in the 'rate

of change of Voltage across the capacitor and to an increase in the cur-

rent of the capacitor.

The current of a capacitor is therefore directly related to the fre-

quency (or. again more specifically, the angular velocity) and the capac-

itance of the capacitor. An increase in either quantity results in an

increase in the current of the capacitor. For the basic configuration in

Fig. 14. 10, however, we are interested in determining the opposition of

the capacitor as related to the resistance of a resistor and WL for the in-

doctor. Since an increase in current corresponds to a decrease in opposi-

tion, and ic is pr6portional to 
(a 

and C, the opposition of a capacitor is
inversely related to w	 27rf) and C.

+	 VC

+ ic

'P^
pposition inve^ely
related tofand C

FIG. 14.10

- Defining the parameters that determine the oplJosition ofa capacitive

element to theflow oftharge.

?
We will now verify, as we did for the inductor, some of the above cqn-

clusions using a more mathematical approach.

For the-capacitor of Fig. 14A 1, we recall from Chapter I I that

+C	 ac V. sin .1	

ic = C 
dvc

dt

and, applying differentiation, we obtain

FIG. 14.11	 dvc	 d 
(V, sin wt) wV, 

COS 
atInvestigating the sinusoidal response ofa capacitive 	 dt — d_1

element.

Therefore,

Cic C 1^v	
C(&)Vn COS WO COCK, COS cot

dt

or	 ic = I. sin (wt + 90')

wh6	 I^ = wcv^

Note that the peak value of ic is directly related to (a(= 21rf) and C,
as predicted in the discussion above.

C: ic leads vc by 90'	 A plot of vc and ic in Fig. 14.12 reveals that

for a ca0acitor, ic leads vC by 90', or vc lags ic by WV.

lic	 VC	
If a phase angle is included in the sinusoidal expression for vC, such'as

VC V. sin (cot _- 0)

0	 3	 2w	 r2 go,,	 2	 T	 then	 i	 wCV, sin (rat 0 + 90 1 )C

*A mnemonic phras., sometimes used to remember the phase relationship between theFIG. 14.12
voltage andcurrent ofacoil and capacitor is "FLI the ICE man." Note that theL(inductor)The current of a pure^v capacitive element leads 	 has the Ebefore theI(e leads i by 90'), and the C(capacitor)has the lbefore the E(ileads ethe voltage across the element by 90'.W	 by 90').
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Applying

cause
Opposition

effect

an d substituting values, we obtain

V.	 V.	 I

Opposition
1^ wcv^ COC

d above.which agrees with the results obtaine

The quantity 11toC, called the reactance of a capacitor, is symboli-

: cally represented by Xc and is measured in ohms; that is.

XC

	

	 (ohms, fl)	 (14.6)

(OC

In an Ohm's law format, its magnitude can be determined from

XC ((3hms, fl)	 (14.7)

actance is the opposition to the flow of charge, which re-Capacitive re

sults in the continual interchange of eneriy between the source arid the

electric field of die capacitor. Like the inductor, the capacitor does no,) dis-

sipate energy in any form (ignoring the effects of the leakage resistance).

e inductive cir-In the circuits just considered, the current was given in th

cuit and the voltage in the capacitive circuit. This was done to avoid the use

irof integration in finding the unknown quantities, In the inductive c cuit,

L di'
dt

but	 iL	 VL dt	 (14.8)
L

In the capacitive circuit,

ic C 
dvc

dt

(l[4.9)
but

Soon, we shall consider a method of analyzing ac circuits that will per-

mit us to solve for an unknown quantity with sinusoidal input without

having to use direct integration or differentiatiou.

it is -possible to determine whether a network with one or more ele-

ments is predominantly capacitive or inductive by noting the phase rela-

tionship between the input voltage and current.

Ifthe source current leads the applied voltage, the network is

predominantly capacitive, and ifthe applied voltage leads the source

current, it is predominantly inductive.

Sincewe now have an equation for the reactance of an inductor or

o not need to use derivatives or integration in th e examplescapacitor, we d
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to be considered. Simply applying Ohm's law, 1. ^ E^IXL (or XC), and
keeping in mind the phase relationship between the voltage and current

for each element will be sufficient to complete the examples.

V. 100v
EXAMP ^E 14.1 The voltage across a,fesistor is indicated. Find the

In ph&w	 sinusoidal expression for the current if the resistor is 10 fl. Sketch the

	

1^ 104A	

—	

curves for v and i.

2 r a0	
a. v = 100 sin 377t

b. v = 25 sin(377t + 60-)

Solutions:
FIG. 14.13

Example 14. l(a).
a. Eq. (14.2): 1,n	 100 V	 10 A

R	 10 fl

(v and i are in phase), resulting in

V^ 25V	 VR
i = 10 sin 377t

In phase 
3	 The curves are sketched in Fig. 14.13"

L2.5A

Vm 25 V

	

2,	 b. Eq. (14.2): 1^	 2.5 A

	

1 

4600-	 -1	 1 ^R I 0,fj

(v and i are in phase), resulting in

FIG. 14.14	 i = 2.5 sin (3771 + 60*)

Example 143(b). 	 The curves are sketched in Fig. 14.14.

EXAMPLE 14.2 The current through a 5 fl resistor is given. Find the si-
nusoidal expression for the voltage across the resistor for i 40 sin(377t +
30-).

-Solution: Eq. (14.3): Vm ImR (40 A)(5 fl) 200 V

(v and i are in phase), regulting in

v 200 sin (377t + 30-)

EXAMPLE 14.3 The current through a 0.1 H coil is provided. Find the
sinusoidal expression for the voltage across the coil. Sketch tl ye v and
i curves.

a. I = 10 sin 3771
b. i 7 sin(377t — 70')

Solutions:

a. Eq. (14.4): XL = , wL =- (377 rad/s)(O.t H) 37.7 11

Eq. (14.5): Vn = IXL = Q0 A)(37.7,O) = 377 V

and we know that for a coil v leads i by 90'. Therefore,

v 377 sin (377t + 90*)
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The curves are sketched in Fig. 14.15.

V. 377V

v leads i by	 I	 10A

90^^901
0	 3

T	 2

FIG. 14.15
Example 14.3

1 
(a).	

V ' 

263.9 VV, 263 9 VvL

b. XL remains at 37.7 fl. 1. 7 A

V. = IYL (7 A)(37.7 (1) 263.9 V	 0,

3	 2ir

and we know that for a coil v leads i by 90* . Therefore,	 070*

	v = 263.9 sin(3771 - 70' + 90')	 96.

and	 I a
d

s i by 90*.

v 263.9 sin (3771 + 20')	 FIG. 14.16

The curves are sketched in Fig, 14.16.	
Example 14.3(b).

EXAMPLE 14.4 The voltage across a 0.5 H coil is provided below.

What is the sinusoidal expression for the current?

v 100 sin 20t

Solution:

XL =	 (20 radts)(0.5 H) 10 fl

= V. loov = 10A

XL ion

and we know the i lags v by 900 . Therefore,

i 10 sin(20t - W)

EXAMPLE 14.5 The voltage across a I ILF capacitor is provided be^-

low. What is the sinusoidal expression for the current? Sketch the v and

i curves.

v 30 sin 400t

Solution:

Iola 2500 nEq. (14.6): Xc	 X 10-6 F)	 400&)C	 (400 rad/s)(1

V^ 30V
Eq. (14.7): 1^ = — = i5-oon = 0.0120 A 12 mA

XC

and we know that for a capacitor i leads v by 90'. Therefore,

12 x 10-1 sin,(400t + 90-1



The curves are sketched in Fig. 14.17^

9
30V
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FIG. 14.17

Example 14.5.

EXAMPLE 14.6 The current through a 100 AF capacitor is given. Find

the sinusoidal expression for the voltage across the capacitor.

i 40 sin(500t + 6

Solution:

XC	 i 
101 a	 101 n 

20ff

	

OC (500 rad/s)(100 X 10-6 F)	
X7104	

5

VM = IMXC = (40 A) (20 fl) = 800 V

and we know that for a capacitor, v lags i by 901 . Therefore,

V = 800 sin (100t + 60, - 901)

and	 v = 800 sin (500t - 30*)

+0—	 EXAMPLE 14.7 For the following pairs of voltages and currents, de-

V	 termine whether the element involved is a capacitor, an inductor, or a re-

-0—	 sistor. Determine the value of C, L, or R if sufficient data are provided

(Fig. 14.18):

	

FIG. 14.16	 a. v = 100 sin(&)t + 400)

	

Example 14.7.	 i = 20 sin(wt + 40')

b. v = 1000 sin(3771 + 10')

i = 5 sin(377t - 80')

c. v = 500 sin(1571 + 30')

i = I sin(157t + 120')

d. v = 50 cos(au + 20*)

i = 5 sin(wt + 110')

Solutions:

a. Since v and, i are in phase, the element is a resistor, and

	

R	 100 V
1^	 20 A

b. Since v leads i by 90', the element is an inductor, and

V, 1000 V
200 flXL = — = —_ =

5 A

so that XL,= toL 200 n or
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200 n	 200 fl
L — -_ =	 0.53 H

&j	 377 rad/s

c. Since i leads v by 90', theAement is a capacitor, and

XC	
500 V 

500 0
I A

	so that XC	 500 f) or
oic

	

C	 12.74 F
co500 f1 (157 rad/s)(500 Q)

d. v = 50 c6s(tot + 20') 50 sin(cot + 20', + 90o)

= 50 sin(cor + I 10')

Since v and i are in phase, the element is a resistor, and

V,, 50V
R

1,,	 5 A

14.4 FREQUENCY RESPONSE

OF THE BASIC ELEMENTS

'Thus far, each description has been for a set frequency, resulting in a

fixed level of impedance for each of the basic elements. We must now in-

vestigate how a chapge in frequency affects tl^e impedance level of the

-important consideration because most signalsbasic elements. It is an

other than those provided by a po^yer plant contain a variety of fre-

quency levels. The last section made it'quite clear that the reactance of

an inductor or a capacitor is sensitive to theapplied frequency. However,

the question is, , How will these reactance levels change if.wc ste^dily in

crease the frequency from a very low level to a much higher level?

Although we would like to think of every element as ideal, it is im-

portant Io realize that every commercial element available today will not

respond in an ideal fashion for the full range ofpossible frequencies.

That is, each element is such that for a particular range of frequencies, it

performs in an.essentially ideal mannef. However, there is always a

ran&e of frequenc
I 
ies in which the performance varies froth the ideal;

Fortunately, the designer is aware of these limitations and will take them

into account in the design.

The discussion begins with a look at the response of the ideal

,elements—a response that will be assumed for the remaining chapters of

thistext and one that can be assumed for any initial investigation of a

network. This discussion is followed by a look at the factors that cause

an element to deviate from an ideal response as frequenc , y levels become

too low or high.

Ideal Response

Reiistor R For an ideal resistor, you can assume thatfrequency will

have absolutely no effect on the impedance level, as .shown by the

response in Fig. 14.19. Note that at 5 kHz or -20 kHz, the resistance of the

resistor remains at 22 fl; there is no change whatsoever. For the rest of

the analyses in this text, the resistance level remains as the nameplate

value, no matter what frequency is applied.

lntrnrlijrtnry r . 19A

R

220

'0	 5	 10	 15	 20 f tkii^)

FIG. 14.19

R versusffor the range of interest.
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Inductor L For the ideal inductor, the equation for the reactance can.

be written ' as follows to isolate the frequency term in the equation. The

result is a constant times the frequency variable that changes as we move

down the horizontal axis ofa plot:

XL = &)L = 21TfL = (21TL)f = kf	 with k = 21TL

The regulting, equation can be compared directly with the equation for a

straight line:

5 
XL (kn)	 y = mx + b­ kf + 0 kf

where b = 0 and the slope is k or 21rL. XL is the y variable, andfis the x
4-

variable, as shown in Fig. 14.20. Since the inductance determines the

3-	 L ]OOmH	 slope of the curve, the higher the inductance, the steeper is the straight-

line plot, as shown in Fig. 14.20 for two levels of inductance.
2 V-Increassing L	 In particular, note that at f = 0 Hz, the reactance of each plot is zero

I	
L 20 mH	

ohms, as determined by substitutingf = 0 Hz into the basic equation for

-the reactance of an inductor:

0 1\ 5	 10 15 20	 f(kH^)	 XL = 21^^ = 21r(O Hz)L = 0 0

	

XL 0 n atf Oliz	
Since a reactance of zero ohms corresponds with the characteristics of a

	

FIG. 14.20	 short circuit, we can conclude that

	

XL versusfrequency.	
at afrequency ofO Hz, an inductor takes on the characteristics ofa

short circuit, as shown in Fig. 14.21.

L	 f=OHz	 f= very high frequencies

moo.	 Noll.	 0-

FIG. 14.21

Effect oflow and highfrequencies on the circuit model ofan inductor

As shown in Fig. W.21, as the frequency increases, the reactance in-

creases, until it reaches an extremely high level at very high frequencies.

The result is that

at very high frequencies, the characteristics ofan inductor approach

those ofan open circuit, as shown in Fig. 14.21.

The inductor,, therefore, is capable of handling impedance level 's that

cover the entire range, from zero ohms , to infinite ohms, changing at a

steady rate determined by the inductance level. The higher the induc-

tance, the faster it approaches the open-circuit equivalent.

Capacitor C For the capacitor, the equation for the reactance

XC
21rfC

can be written as

k	 (a constanXCf

which matches the basic format for a hyberbola:

yx k
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wh6re XC is they va' riable, f th - e x variable, and k a constant equal to	 c (kfl)

I/(2iTQ.	 5

Hyberbolas have the-shape appearing in Fij. 14.22 for two levels of

capacitance. Note that the higher the capacitance, the closer the curve	
4-	

C 0.01 IAF
approaches the vertical and horizontal axes at low and high frequencies. 	 3 -	

A	 ,

	At or near 0 Hz, the reactance of any capacitor is extremely high, as 	 Incrme-asing C

C =

determined by the basic equation for capacitance:	 C 0.03 1&

XC
2,,fC	 ;(0 Hz)C

^0	 5	 10	 15	 20	 f(kHz)
'Me result is that

at or near 0 , Hz, the characteristics ofa capacit;r approach those 9f	
FIG. 14.22

X(; versusfrequency.
an open circuit, as shown in Fig. 14.23.

f=O Hz	 f= -ry high fhqu-d-

0 0-- mol^	 0—

C

FIG. 14.23

Effect oflow and highfrequencies on the circuit model ofa capacitor

As the frequency increases, the reactance approaches a , value of zeio

ohms. The resultjs that

at very- high frequencies, a capacitor takes on the characteristics of a

short circuit, as show n in Fig. 14.23.

It is imporiant to note in Fig. 14.22 that the reactance drops very rap-

idly as the frequency increases. It is not a gradual drop as encountered

for the rise in inductive reactance. In addition, the reactance sits at a

fairly low level for a broad range of frequencies. In general, therefore,

recognize that for capacitive elements, the change in mctance level can,

be dramatk with a relatively small change in frequency level.

Finally, recognize the following:

Asfrequency increases, the reactance ofan indi7etive element

increases, while that ofa capacitor decreases, with one approaching

an open-circuit equivalent as the other approaches 4 short-circuit

equivalent.

Practical Response

Resistgr A In the manufacturing procMs, every resistive element in-

herits go' me stray capacitance levels and lead inductances. For most ap-

plications, the levels are so low that their effects can be ignored.

However, as the frequency extends beyond a few megahertz, it may be^

necessary to he wvare of their effects. For instance, a number of carbon

qomposition resistors have the frequency response appearing in

Fig. 14.24. The 100 f1resistor is essentially stlible up to about 300 MHz,

whereas the 100 W resistor starts to drop off at about 15 MHz. In gen-

eral, therefore, this type of carbon composition resistor has the ideal

characteristics of Fig. 14.19 for frequencies up to about 15 MHz. For

frequencies of 100 Hz, I kHz, 150 kHz, and so on, the resistor can be

considered ideal.
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R
(%.of

nameplate
^alue)

I MHz	 10 MHz	 100 MHz	 1000 MHz

f(logscale)

X_	 FIG. 141.24

Typical resistance-versus-frequency curvesfor carbon

composition resistors.

The horizontal scale of Fig. 14.24 is a log scale that starts at I MHz

rather ,than, zero as applied to the vertical scale. Logarithms are discussvd

in detail in Chapter 2 1, which describes why the scale cannot start at

zero and the fact that the major intervals are separated by powers of 10.

For now, simply note that log scales permit the display of a range of fre-

querlcies not possible with a linear scille such as was used for the vertical

scale of Fig. 14.24. Imagine trying to draw a linear scale from I MHz to

1000 MHz using a linear scale. It would be an impossible task unless the

horizontal length of the plot was enormous. As indicated above, a great

deal more will be said about log scale^ in Chapter 21.

Inductor L' In reality, inductance can be affected by frequency, tem-

perature, and current. A true equivalent for an inductor appears in Fig.

CP

	

	 14.25. The series resistance R, repfesents the copper losses (resistance of

the many turns of thin copper wire); the eddy current losses (losses due

R,	 to smal I circular currents in the core whe^ an ac voltage is applied)^ and

the hysteresis losses (losses due to core losses created, by the rapidly re-
ZL'L

vqsing field in the core). The capacitance Cp is the stray capacitance

FIG. 14.25	 that exists between the windings of the inductor.
Practical tulluvalentfor air inductor. For most inductors, the construction is usual] 

I 
y such that the larger the

inductance, the lower is the frequency at which the parasitic elements

become important. That is, forirlductors in the millihenry range (which

is very typical), frequencies approaching 100 kHz can have an effect on

the ideal characteristics cT theelement. For inductors in the microhenry

range, a frequency of I MHz may introduce negative effects. This is not

to suggest that the inductors lose their effect at these frequencies but

rather that they call no longer be cmisidered ideal (purely inductive

elements).

Fig^ 14.26 is a plot of the magnitude of the impedance ZL of Fig.

14.25 versus frequency. Note that up to about 2 MAz, 'the impedance in

creases almost linearly -with frequency, clearly saiggesting that the 100 AH

inductor is essentially ideal, However, above 2 MHz, all the faclors con-

tributing to R, stLirt to increase, while the reactance due 
to 

the capacitive

element Cp is more pronounced. The dropping level of capacitive reac-

tance begins 
to 

have a shtirting effect across the wiqdin$s of the



FREQUENCY

	

	 -EIVIENTS H 601RESP014SE OF THE BASIC EL

ZL 0

100/^H

Due to C^

10j,H
ZL 2 VfL

I? C'

ZL =	 — .	 ,

1 MHz	 2 M	 4MHz 6MHz I OMHzf (log scale)

2rfL

FIG. 14.26

Z1, versus frequeru^yfor the practical inductor equivalent ofFi8. 14.25.

inductor and reduces the overall -inductive effect. Eventually, if the fre

'quency continues to increase, the capacitive effects overcome the induc

live effects, and the elementactually begins to behave in 19 capacitive

fashion. Note the similarities of this region with the curves in Fig. 14.22.

Also, note that decreasing levels of inductance (available with fewer

turns and thefefore lower levels of Cp) do not demonstrate the degrading

effect until higher frequencies are applied.

In general, therefore, the frequency of application for a coil becomes

important at increasing frequencies. Inductors lose their ideal character

istics and, in fact, begin to act as capacitive elements with increasing

losses at very high frequenci6s.
Z'

Capacitor C The capacitor, like the inductor, is not ideal for the full

the characteris-frequency rangg. In fact, a transition point exists where

ties of a capacitor actually take on thoseof an inductor. The equivalent

model for an inductor appearing in Fig. 14.27(a) is an expanded version

of that appearing in Fig. 10.21. An inductor Ls was added to reflect the

inductance present due to the capacitor leads and Any inductance intro-

duced by the design of the capacitor. The ihductance of the leads is typi-

cally about 0.05 AkH per centimeter, which is about 0.2 )uH for a

capacitor with 2 cm leads at each end—a level of inductance that can be

important at very high frequencies.

Z (n)

Xc -2
2,rfc

R,	 10 -
0.01 jAF	 Inductive characteristics

've cl'duie to L,

C	 RP

	

Rd,	 i	 I	 --

7l	 2	 3 4 5 6 7 8 9 10	 20 f(MHz-
log scale)

(a)	 (b)

FIG. 14.27

Practical equivalentfor a capacitor^ (a) network; (b) response.



602 111 THE BASIC ELEMENTS AND PHASORS	 /0

The resistance Rd reflects the energy lost due to molecular friction

within the dielectric as the atoms continually realign themselves in the

dielectric due to the applied alternating ac voltage. Of interest, how-

ever, the relative permittivity decreases with increasing frequencies but

eventually undergoes a complete turnaround and begins to increase at

very,high frequencieg. Notice the capacitor included in series with Rd
to reflect the fact that this loss. is, not present under dc conditions. The

capacitor assumps its open-circuit state for dc applications.

The resistance R, as introduced earlier, is defined by the resistivity of

the , dielectric (typically 1012 fj or greatei)-and the case resistance and

will determine the level of leakage current if the capacitor is left to dis-

charge. Depending orrthe capacitor, the discharge time can extendfroin

a few seconds for some electrolytics to hours (paperj or days (poly-

styrene), revealing that electrolytics typically have much lower levels.of

Rp than most other capacitors.

The effect of all the elements on the actual response of a 0.01 AF met-

allized film capacitor with 2 cm. leads is provided in Fig. 14.27(b), where

the response is alm6st ideal for the low and mid-frequency range but

then at about 3.7 MHz begins to show an inductive response due to L,

In general, therefore, the frequency of application is important

for capacitive elements because when the frequency increases to a cer-

tain level, the element takes on inductive characteristics. Also, the fre-

quency of application defines the type of capacitor (or inductor) that is

applied: Electrol. ytics are limited to frequencies to perhaps 10 kHz,'

while ceramic or mica can handle frequencies higher than 10 MHz.

The expected temperature range of operation can have an impor-

t4nt impact on the type of capacitor chosen for a particular applica-

tion. Electrolytics, tantalum, and some high-k ceramic capacitors are

-very sensitive to colder temperatures. In fact, most electrolytics lose

20% of their room-temperature capacitance at O'C (freez^ig). Higher

temperatures (up to 100'C or 212'F) seem to have less impact in gen-

eral than colder temperatures, but high-k ceramics can lose up to 30%

of their capacitance level at 106'C compared to room temperature.

With experience, you will learn the type of capacitor to use for each

application and only be concerned 'when you encounter very high fre-

quencies, extreme temperatures, or very high currents or voltagos.

ESR The term equiyalent series ^esisrance (ESR) was introduced in

Chapter 10, where it,was noted that the topic would surface again after

the concept of frequency respimse was introduced. In the simplest of

terms, the ESR as appearing in the simplistic model of Fig. 14.28(a) is

the actuar dissipative factor one can expect when using a capacitor at

various frequencies. For dc conditions it is essentially the dc resistance

of the capacitor #ppearing as R, in Fig. 14.27(a). However, for any ac ap-

plication the level of dissipation wi

' 

11 be a function of the levels of R. and

Rd and the frequency applied.

Although space does not perinit a detailed derivation here, -the ESR

for a capacitor is defined by the follovhng equation:

ESR R, +
^2&Rp :I` ^^2&

Note that the first term is simply the dc resistance and is not a . function

of frequency. However, the next two terms are a function of frequency in
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the denominator, revealing that they will increase very quickly as the

frequency drops. Tbe retult is the valid concern about levels of ESR at low

frequencies. At high frequencies, the second two terms.will die off 	 ESR R, + Rp(f) + Rd(f)

quickly, leaving only the deI 
resistance. In general, 

I 
therefore, keep in

mind that

the level ofESR or equivalent series resistance is frequency sensitive
I 
and considerably greater at lowfirequencies thanjust the dc 	 7
resistance. At very high frequencies, it approaches the dc level. 	 (a)

It is such as important factor in some designs that instruments have

been developed primarily to measure this quantity. One such instrument

appears in Fig. 14.28(b).
associated with- There are some general rules about the level of ESR

ions, the lower the ESR, the better.various capacitors. For all applicat

Electrolytic capacitors typically have much higher levels of ESR than
F capaci-film, ceramic, or paper capacitors. A standard electrolytic 22 A

. .	 .....	
....

tor may have an ESR ,between 5 and 30 fl, while a standard ceramic may

have only 10 to 100 mfl, a significant difference. Electrolyfics, however,

because of their other characteristics, are still very popular in p6wer

supply design—it is simply a matter of balancing the ESR level with

other important factors.
(b)

FIG, 14.28

EXAMPLE 14.8 At what frequency Vill the reactance of a 200 mH in- 	
E$R. (a) I-pact on equivalent model;

(b) Measuring iistrument.
ductor match the resistance level of a 5 kn resistor?	 [Pan (b) courtesy of Peak Electronic Design Limited.]

Solution: The resistance remains constant at 5 kfl for the frequency

ranje of the inductor. Therefore,

R = 5000 C1 = XL = 21rfL 21rLf

= 27r(200 x 10-' H)f = 1.257f

5000 Hz

and	 f=	 3.98 kHz
1.257.

EXAMPLE 14.9 At what frequency will an inductor of 5 mH have the

some reactance as a capacitor of 0. 1 AF?

Solution:

XL xC

21rfL
21rfC

f2
A_2F^41r LC

and

21n	 217 V(_j7x_j 0_-_1 H) (0. 1 x 10 F)

1	 IO'Hz 
go 7.12 kHz

(21,,)(2.236 X 10-5)
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14.5 AVERAGE POWER AND POWER FACTOR

A common question is, How can a sinusoidal voltage or current deliver

power to a load if it seems to be delivering power during one part 6f its

cycle and taking it back during the negative part of the sinusoidal cyclii?

The equal oscillations above and below the.axis seem to suggest that

over one full cycle there is no net transfer of power or energy. However,

as mentioned in the last chapter, there is a net transfer of power over one

full cycle because.power is d

' 

elivered to the load at each instant of the

applied voltage or current (ex6ept when either is crossing the axis) no

matter what the direction is of the currentor polarity of the voltage.

To demonstrate this, consider the relatively simple configuration in

Fig. 14.29, where an 8 V peak sinusoidal voltage is applied across a 2 11

resistor, When the voltage is at its positive peak, the power delivered at

that. instant is 32 W, as shown in the'figurti. At the midpoint of 4 V, the

instantaneous power deli^ercd drops to 8 W;,when the voltage crosses -

the axis, it drops to 0 W. Note, however, that when the applied voltage is

at its negative peak, the current may reverse, but at that instant, 32 W is

-ed to the resistor.still being delivei

-4A

+	

0-	 2 A+

4 V), 

"I
P = iRR

= 32 W -04 P 8 W

8V	
+ -1 iR 0 A

V JR 

2 n

+ -

	

iR	 P=0w

Vj, R 2 n

	

	
P=32W

V2v w,., +0—,

8VR 2 fl

-8 V ----- -------

	

i,? 4 A

FIG. 14.29

Demonstrating that power is delivered at every instant ofa sinusoidal voltage

wavefonn (except vR 0 V).

In total, therefore,

even though the current through and the voltage across reverse

direction and polarity, respectively, power is delivered to the resistive

load at each instant of thne.

If we plot the,power delivered over a fu4 cycle, we obtain the curve in

Fig. 14.30. Note that the applied voltage and resulting current are in

phase and have twice ' the frequency of the power curve. For one full

cycle of the applied voltage having a period T, the power level peaks for

each pulse ofthe sinusoidal waveform.

Thefact thatthepower curve is always above the horizontala'xis

reveals thatpower is being delivered to the load at each instant of

time of the applied sinusoidal voltage.

Any portion of the power curve below the axis reveals that power is

being returned to the source. The average value 'of the power curve
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P(w)

--------- --------- -------- 	 ------------ ----32

PR

Po er	
-- (Av

deli,,ered to
	 ---- ---------	 erage)

element 
by 16 --- --------- ----	

-------
source	 8v	 1/1

4;

32

PR^

1 

6

-- --------	 ------	

--------

-------- ---	 -- -------	

--- -- (Av,

0

0	

VPower
T,

return d to

source by

element	 e

V

FIG. 14.30
Power versus time for a purely resistive load.

7—

occurs at a le vel equal it) V,,I,,/2, as shown in Fig. 14.30, This power

level is called the average or real 0^-er level. It establishes a particu-

lar level of Power transfer for the full cycle, so that we 
do not have to

determine the level of power to apply to a quantity that vaties in a sinu-

soidal nature.
the peak value in terms of the rms

If we substitute the equation fo r

value as

V^jm (,/2 V.s (V2 I.$) 2 V., Inns

Pa, —2	 2	 2

we find that the average.or real power delivered to a -resistor takes on the

following very convenient form:

(14.10)
P V I

Note that the power equation is exactly the same when applied to dc

networks as, long as we work with rms values.

The above'

	

	 urely resistive load. If the sinusoidalanalysis was for a p 
a combination of R, ;L, and C com-voltage is applied to a network with

portents, the instantaneou s equation for the power, levels is more com-

pl6x. ^owever, if we are careful in developing the ,
 general equation and

eneral conexamine the results, wefind some g	
^Iusions that will be very

helpful in the analysis to follow.
In Fig. 14.31, a voltage with an initial phase angle is applied to a net-

work with any combination of elements that results in a current with the 	 I. sin (Wr + 01)

indicated phase angle. 	
0— +

The power delivered at each instant of time is then deflned by	 P —

P = 
vi	 11.sin(wt + 0,)I,sin(wt + Oi)	 v V. sin (wt + O^5	 ^0.^d

V^I n sin(tog + 0,)sin(wi + Oi)

Using the trigonometric identity
	 0

cos(A — B) — cos (A +
sin A sin B =	

FIG. 14.31
2	 Determining the power delivered in a sinusoidal

tic network,
we see that the function.sin(tal + 0,) sin((pt 8j) becomes
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sin((Ot + 0,,)Sin(Wt + 6j)

COS[(Wt + ov) -	 +.0j)] - COS[(W1 + 0 ') + (cot + 0i)]

2

COS (0v	 COS (2wt 4- ov + 0j),

2

	

SO that 	 Fixd ^titnt,	
T'­varYing (function of t)

0i)	 'OS(2wf + Ov + Oi)7	 P,	 Cos K

A plot of v, i, and p on the same set of axes is shown in 
I 

Fig,, 14.32.
Note that the second factor in the preceding equation is a cosine wave

wiff an amplitude of V4.12 and with a frequency twice that of the volt.

age or current. The average value of this term is zero over one cycle, 'Pfo-
ducing no net transfer of energy in any one direction..

--------- --

P	
Vo A.
2

- - - - - - - - - - - - - - - - - -	 P.,

cos(o' - ej)
2

0

71

O^

FIG. 14.32
De^ning the average powerfor a sinusoidal ae network.

The first term in the preceding equation, however, has a constant

magnitude (no time dependence) and therefore provides some net trans-

fpr of energy. This term is referred to as the average 'power or real
power as introduced earlier. The angle (0, — 0j) is the phase angle be-
tween v and i. Since cos( —a) = Cos a,

the magnitude ofaveragipower delivered is independent ofwhether v
leads i or i leads v.

Defining 0 as equal to 10v — Oi I , where I I indicates that only' the mpg-
nitude' is important and the sign is immaterial, we have

p	 COS 0	 (watts, W)	 (14.11)2

where P is the average power in watts. This equation can also be written

'P	
coso

VV_'2

V_or, since	
Vnff V,2	 and	 AL

V2

Eq. ( 1 4. t 1) becomes

P	
islms COS 0	 #(14.12)
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Let us now apply Eqs. (14 11) and (14.12) to the basic 
R, L, and C

elements.

Resistor

in a purely resistive circuit, since v and i are in phase, I O^ — Oi 	0 = 0"

andcos,O = 'cosO' = I,sothat

V IP	 V 
MU 

I.,	
(W)	 (14.13)

2

vm
or, since	 llm^	 I

then	 P—	
12 R	 (W)	 (14.14)_^R

[P̂ =R	 rms

Inductor

In a purely indu rative circuit, since v leads i by 90*, 10^ — Oil,= 0

90o	900.

V.I.	 V.I.P	
COS90, — (0) 0 W

2	 .2

The average power or power dissipated by the ideal inducto^r

Tno associated resistance) is zero watts.

Cipacitor

in a purel y capacjtive circuit, s , ince i leads v by 90", jq^ — 01.1 	0

90*	 90'. Therefore,

P = VM4 Cos (901 V-I- (0) = 0 W
2	 2

The average power orpower dissipated by the ideal capacitor (no

associated resistance) is zero watts.

EXAMPLE 1410 Find the average 
I 
power dissipated in a network

whose input current and voltage pre the following:

i = 5 sin (cut + 40')

= 10 sin (wt + 40*),

'Solution: Since V and i are in phase, the circuit appears to 
be 

purely

resistive at the input terminals. Therefore,

p	 (10 V)(5 A) 21 W

	

2	 2

or	 R	 2 fl
1^	 5 A

)(10 V)]2and	 p	 ((0.707r2	
25 W

P 1,2,.R = [(0.707)(5 A)]'(2) - 25 W
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Forthe following example, the circuit consists ofa combination ofre-

sistances and reactances producing phase angles between the inpuLcur-

rent and voltage different from 0' or 90'.

EXAMPLE 14.11 Determine the average power delivered to networks

having the following input voltage and current:

a. v = 100 sin((vt + 40')

_i = 20 sin(&)t + 70')

b. v = 150 sin(tot — 70')

i = 3 sin(tot — 50')

Solutions:

a. Ym = 100, Ov = 40o -

I,, = 20 A, Oi = 7W
0

	

10, — oi
l	

140o	 70o 1	 1	 30o l	 30o

and

(100 V) (20 A)
P	 Cos	

2	
cos(30o)	 (1000 W)( 0.866)

2

866 W

b. Vm = 150 V, Ov = —70o

1^ = 3 A,	 Oi = —50'

0 = 0, — Oil = I — 70' — (-50')l

= J-70* + 50' 1	 1-20'1	 20'

and

P V-i-	
150 V)(3 A)

2 coso
	

2	
cos (20')	 (22 5 W)(0.9397j

211.43 W

1, 5 A	
Fp I

P_ 250 W Power Factor
+
E^ 1 00 V R 20 fl In the equation P = (V.I./2)cos 6, the'factorthai t has significant control

over the delivered power level is the cos 0. No matter how large the volt-

age or current, if cos 0 = 0, the power is zero; if cos 0 = 1, the power de-

livered is a maximum. Since it has such control^ the expression was

given the name power factor and is defined by

FIG. 14.33

	

Purely resistive load with Fp 1.	

c 
^T'11	

(14.15)

For a purely resistive load such as the one,shown in Fig. 14.33, the phase

angle between i) and i is 0* and I p = cos 0 = cos 0' = 1. The power deliv-
F, 0	 ered is a maximum of (Vml^12) cos 0 = ((100 V)(5 A)/2)(1) = 250 W.1,=5A

+	
P=0w	 For a purely reactive load (inductive or capactitive) such as the one

shown in Fig. 14.34, 
the 

phase angle between v and i i 90' and Fp =
E^ 100 V X,, 20a 

cos 0 = cos 90' = 0. The power delivered is then the minimum value of

zero watts, even though the current has the same peak value as that.

encountered in Fig, 1433.

For situations where the load is a combination of resistive and reac-

tive elements, the power factor varies between 0 and 1. The more resis-
FIG. 14.34	 tive the total impedance, the closer is the power factor to 1; the more

	

Purely inductive load with F, 0.	 reactive the total impedance, the closer is thc.power factor to 0.,
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	e and current,	 i 2 sin(on + 40*)
In terms of the average power and the terminal voltag

a	 14.16)P
FP ?	 Load	 v 50 sin(wt - 20o)

The terms leading and lagging are often written in conjunction with
	 -

the power factor. They are defined by 
the carrent through the load If tfie

	

current leads the voltage across a load, the load has a leading power 	 FIG. 14.35

	

factor. If the current lags the volta^e across the load, the load has a
	 Example 14.72(a).

lagging power factor. In other words,

owerfactors, and inductivecapacitive networks have leading p

networks have lagging powerfactors.

nce of the power factor to power distribution systems isTIfe importa	 v-factor
examined in Chapter 19. In fact, one section is devoted to power

correction.	 V

V = 120 sin(.9 + 80')

EXAMPLE 14.12 Determine thepower factors of thefollowing loads, 	 i = 5 sin(.r + 30')

and indicate whether they are leading or lagging: 	 FIG. 14.36

a. Fig. 14.35-	
Example 14.12(b). 	 .0

b. Fig. 14.36

c. Fig. J4.37
4ff= 5 A

Solutions:
+

a. Fp = cos 0 cos 1 400 - (-200 ) ,l = cos 600	0.5 leading

30'1 = cos 50' = 0.64 lagging	 LOAD V^ff 20 Vb. Fp = cos 0
1 
1 80' P -

	 100 W	 WOW

c. Fp ,= cos 0 -	 joflef,	 0 VJ (5 A )	 W	
P= 100w

The load is resistive, and Fp is neither leading nor lagging.

	

	
FIG. 14.37

Example 14.12(c).

14^6 COMPLEX NUMBERS

In our analysis of dc networks, we found it necessary to determine the

algebraic sum7of voltages and currents. Since the same will also be true

for ac networks, the question ari ses, How do we deternihie the algebraic

sum of two or more voltages (or currents) that are varying sinusoidally?

Although one s ' olution would be to find the algebraic sum on a point-to-

point basis (as . shown in Section i4.12), this would be a long and tedious

process in which accuracy would be directly related to the scale used.

It is the purpose of this chapter to introduce a system of co m
p
lex num-

bers that, when related to the sinusoidal ac wavelorm, results in a technique

foofinding the algebraic sum of sinusoidal waveforms that is quick, direct, 	 anaginary axis (j)

and accurate. In the following chapters, the technique is extended , to permit	 +

the analysis of sinusoidal ac, networks in a manner very similar to that ap- 	
+

plied to dc networks. The methods and theorems as described for dc net	
Real axis

works can then be applied to sinusoidal ac networks with little difficulty.

A complex nun^ber represents a point in a 'two-dimensional plane lo-

cated with reference to two distinct axes. This point can also determine a

radius vector drawn from the origin to the point. The horizontal axis is

called the real axis, while the vertical axis is called 
theimaginaty axis.	 FIG. 14.38

Both are labeled in Fig. 14.0 Every number from zero to t- can be 	 Defining the real and imaginary axes

represented by some point along the real axis. Prior to the development of
	 pfa complex plane.
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this system of complex numbers, it was believed that any number not on

the real axis did not ^xist--hence the term imaginary for the vertical axis.
In the complex plane, the horizontal or real axis represents all positive

numbers to the right of the imaginary axis and all negative numbers, to the
left of the imaginary axis. All positive imaginary numbers are represented

above the real axis, and all negative imagit,,uy numbers, below the real axis.

'The symbol j (or sometimes t) is used to denote the imaginary component.

Two forms are used to represent a complex number: rectangular and

polar. Each can represent a point in the plane or a radius vector drawn
from the origin to that point,

14.7 RECTANGULAR FORM
CC=X+jy

=X

The format for the rectangular form is.

Y
Fc-=- 7 T i Y^ (14.17)

X as shown in Fig. 14.39. The letter C was chosen from the word "com-
plex." The boldface notation is for any number with magnitude and di-
rection. The italic is formagnitude only.

FIG. 14.39	
EXAMPLE 14.13 Sketch the following complex numbers in the com-

Defining the rectangularform	 plex plane:

a. C=3+j4	 I b. C = O-j6	 C. C -10 -j20

Solutions:

a. See Fig. 14,40.	 b. See Fig. 14.41.	 c. See Fig. 14.42.

C 3 +j4

j 10 j

3k I	

- ' -	

. - I 

-' o	 -	 +

-3

	 C=0	 -IQ

-4-5

2	 +4	 0	 -10	 0

++

	

0 1 2 -3+	 -2 
-6

+3	 -3	 C =O-j6	 -2Q

-4

-5

-6
C=-10-

-1
FIG. 14.40	 FIG. 14.41	 FIG. 1'4.42Example 14.13(a). Example 14.13(b).	 Example 14,13(c).

14.8 POLAR FORM

	

Z	 C	 Tbe format for the polar Form is

+	 FC = Z 401

with the letter Z chosen from the sequence X, Y, Z

Z indicates magnitude,only, and 0 is always m
e
asured counterclock-

Wise (CCW) fMm the positive real axis, as shown in Fig. 14.43. Angles

	

FIG. 14.43	
rueasured in the clockwise direction from the positive real axis must

Defining the polarjorm. 	 have a negative sign associated with them.
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A negative sign in front of the polar form has the effect shown in Fig.

	

14,44. Note that it resul ts in a complex number directly opposite the -
	

C
complex number with a positive sign.

(14.19)FKẑ LO = ̂ Zzo ± ̂ 180-

C

EXAMPLE 14.14 Sketch the following complex numbers in the com-

plex plane^	 _j

a. C = 5 L30*	 FIG. 14.44
b. C = 7 L:- 120'	 Demonstrating the effect ofa negative sign
c. C = -4.2 L60' on the polarfopn.

Solutions:

a. See Fig. 14.45.	
1 41^b. See Fig. 14.46. 	 Cz--4.2 z-60*=4.2 L6(r. IN*

c. See Fig. 14.47. 	 4.2 L 2401

C 5 L 30*

+

/7	 4.2
-12010

C=7L-120- -j	 C 4.2 L 240'	 _j

FIG. 14.45	 FIG. 14.46	 'FIG. 14.47

	

Example 14.14(b).	 Example 14.14(c).
Example 14.14(a).

14.9 CONVERSION BETWEEN FORMS	
C Z L 0= X +jy

The two forms are related by the following equations, as fflustrated in

Fig, 14.48.

Rectangular to Polar	 0
+

(14.20)Fz7==x + ia

0 tan-' Y	 (14.21)
X

FIG. 14.48
(^onversion between forms.

Polar to Rectangular

(14.22)

FF =-Z n O^	 .(14.23)
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j
I	

C=3+j4	
EXAMPLE 14.15 Convert the following from rectangular . to polar

form-

+4	
C 3 +,j4	 (Fig. 14.4'9)

+	 Solution:
W	 +3

Z V(3^ + (4^ V '25 5

0	 tan - .(4)
	

53.13' -

_j	
3

and	 C 5 Z-53.13'
FIG. 14.49

Example 14.15.

EXAMPLE 14.16 Convert the following from polar to rectangular

	

C 10 L 451	
form:

C	 10 L451	 (Fig. 14.50)

451'
Solution-

+

	

X = 10 cos 45'	 (10)(0.707)	 7.07

	

Y = 10 sin 45'	 (10)(0.707)	 7.07

	

_j	 and .	 C = 7.07 +j7.07

FIG. 14.50

	

Example 14.16. 	 If the complex number should appear in the second, third, or fourth

quadrant, simply convert it in that quadrant, and carefully determine the

	

C -6 + j3	
proper angle to be associated with the magnitude of the vector,

z
3	

0	

EXAMPLE 14.17 Convert the following from rectangular to
.
 polar

form:

	

—6	
C —6 +j3 (Fig. 14.51)

Solution:

_j	 Z V(6)" + (3^ 1/45 6.71

(3)FIG. 14.51	 tan-'	 26.57'

	

xample 14.17,	 6

0 = 180' — 26.57 * = 153.43*

and	 C = 6.71 L153.43'

0	 230'

	

X	 EXAMPLE 14.18 Convert the following from polar to rectangular

form:

13
C	 10 L230'	 (Fig. 14.52)

Y

	

I	 Z= 10
Solution:

_j	 X Z cos G	 10 cos (230' — 1809 )	 10 cos 50'

Oo	 (10)(0.6428) = 6.428C 1OZ23

	

Y Z sin,3 = 10 sin 50'	 (10)(0.7660)	 7.669
FIG. 14.52

	

Example 14.18.	
and	 C — 6.43 — j T.66
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14.10'MATHEMATICAL OPERATION S
WITH COMPLEX NUMBERS
Complex numbers lend themselves readily to the basic mathematical qp-

erations of addition, subtractibri, multiplication, and division. A few

basic rules and definitions must be understood before considering these

operations.

Let us 'first examine the symbol j 
associated with imaginary numbers.

By definition,

(14.24)

Thus,	
(14.25)

and	
)2j	 Ij -j

with	 h,	 +I

and so on. Further,

MJ

and	
(14.26)	 J	 C=2+j3

C - 

2+13

3

Complex Conjugate	 2 1

The conjugate	
can be found	

+

or complex conjugate of a complex number 	 I +

by simply changing the sign of the imaginary part in the rectangular form -3

or by using the negative of the angle of the polar form. For example, the

conjugate of,	

C.."te ..'ugiu

-j complex conjugate of C

C 2 + j3	 C = 2 -i3

is	 2 — j3	 FIG. 14.53

Defining Me complex conjug6te ofa complex
as shown in Pig. 14.53, The conjugate,of 	 number in reciangulurform,

C = 2 Z 30'

2 L-30'is

as shown in Fig. 14.54. 	 c

2
Reciprocal

C

2

The reciprocal of a complex number is I divided by 
the complex n111117 	 30'

her. For example, the reciprocal of 	

'0.

-30*

C = X + jy	
2

C..P,

is	 X +jy	
complex conjugate of C

and that of Z Z- 0 is	 FIG. 14.54

De^ning the complex cemitigale ofa complex

number in polakf orm.

r . Anh
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We 
are now prepared to consider the four basic operations of addition

subtraction, Multiplication, and division with complex numbers.

Addition

To add two or more complex numbers, add the real and imaginhry parts

separately. For example, if

Ci :tXl t jYj	 and	 C2 ±X2 jY2

then	
1C1 + C2	 X1	 X2) + A± Y1	 Y2)	 (14.27)

There is really no need to me' morize the ^quation. Simply set one above

the other and consider the real and imaginary parts separately, as shown
in Example 14.19.

EXAMPLE 14.19

a. AddC,^-2+j4	 and	 C2 3 +j 1,
b. Add C, 3 +j6	 and	 C2 — 6. + j 3:

66
C1 2	 Solutions:

4
a. By Eq. (14.27),

L4 

C1_r1_+ C2

2

	

C,	 C1 + C2 (2 + 3) + j(4 + 1) 5 +j 5

0

0	 2 4	 6 +
Note Fig. 14.55. An alternative method is

2 +j4

3 4-j I

5 +j5
FIG. 14.55

	

Example 14.19(a)..	
b. By Eq. (14.27),

C 1 + C2 (3 6) + j(6 + 3) —3 +j 9

Note Fig. 14.56. Analtemative method is -

C	
3 +j6

I' C2 10	
—6 +j3

	

C,	 —3 +j9

4
C,

2
Subtraction

-8 -6 4 ,	 0 2	 4	 6 +	 In subtraction, the real and imaginary part's are agaip considered sepa-
rately. For example, if

Ci ± Xj jYj	 and	 'C2 ±,k2 jY2

FIG. 14.56
'Exa.ple 14.]W,:.	

then C2	 (±X,) I + ji Y,	 (14.28)



FIG. 14.57
Example 14.20(a).
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Again, there is no need to memorize the equation if the alternative
I . .	 61j	 C'method of Example 14.20 is used.

EXAMPLE 14.20

a. Subtract C2 = I + j 4 from C 1 , = 4 + j 6.

b. Subtract C2 = — 2 + j S from C, ^ +3 + i 3.

Solutions:

a. By^. (14.28),

C1 — C2 = (4 — I) + j(6 — 4) = 3 + j 2

Note Fig. 14.57. An alternative method is

4 + j 6

— (I + i 4)

3 +j2

b, By Eq. (14.28),

C	 C2	 3	 2) + j(3 5) 5 —j2

Note Fig. 14.58. An alternative method is

3 +j3

— (-2 + i 5)

-6 -Cj5 — j 2

Addition or subtraction cannot be performed in polarform unless the 	
FIG. 14.58

complex numbers have the same angle 0 or unless they differ only by	
Example 14.20(b).4

multiples of 180^-

EXAMPLE 14.21

a.2 Z-45' + 3 L45* = 5- 
Z-451 . Note Fig. 14.59.

b. 2 Z Oo — 4 L 180o = 6 L 0o , Note Fig. 14.60.

FIG. 14.59
	

FIG. 14.60

Example 14.21(.).
	 Example 14,21(b).
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Multiplicition

To multiply two complex numbers in rectangular form, multiply the real

A imagina pa (

	

nd	 ry rts of one irr turn by the real and imaginary parts of the

other. For example, if

C1 Xi + jY 1	 and	 C2'^_ X2'+ jY2

	then	 Ci C2 :	 X1 + A.

X2 + jy^

XtX2 + AX2

+ jX, y2 + j2r, y2

X IX2 + jO'1X2 + X1 Y2) + YI Y2(— 1)

	and	 Y1 Y2) + XYIX2 + ^1 Y2)	 (1129)

In Example 14.22(b), we obtain a solution without resorting to

memorizing Eq, (14.29). Simply-carry along the j factor when multi-

plying eiiqh part of one vector with the real and imaginary parts of the

other.

EXAMPLEI^.22

a. Find C, - C2 if

Cj* 2 t j 3 ,	 and	 C, 5 + j M

b. Find C, C2 if

C,	 j 3	 and	 JC2 +4 —j6

Solutions:

a. Using the format above^ we have

C C2 = [(2)(5) — (3)(10)] t j[(3)(5) +(2)(11 
e = —20 ;1­ j 35

b. Without using the format, we obtain

—2 —j3

+1 —j6

— 3 — j 12

+j 12 +j' 18

8 + j(— 12 + 12)	 18

	and	 C I -' C2 —26 26 4,180'

In polar form, the magnitudes are multiplied and the angles added al-

gebiaically. For example, for

C, Z, LO,	 and	 C2 Z2 402

	we write	 C1 C2 Z IZ2 /0-1 -+ 02 (14.30)
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/0-	
MATHEMATICAL OPE.

----------
EXAMPLE 

14.23

a. Find C1 -C2 if

	

d	 C,2 10 Z 30'

	

C, = 5 L206	 an

b, Find C1 C2 if

	

C, = 2 L-40'	 and	 C2 7 L+120*

$01utions:

-a . C,. C, = (5 L20- )(10 L30- ) = (5)(10) /20- + 30- ,--^ 50 Z-50-

C2 = (2 L -40')(7 L+ 120*) = 
(2)(7)/-40' + 120'

b. C1
14 L+80'

To multiply a complex number in rectangular form by a real number

requires that both ;h e real part and the imaginary part be multiplied 
by

the real number. For example,

(10)(2 + j,3) -= Zo ^F j 30

	and	 50 LO'(0 + j 6) j 300 300 L"'

Divigion

To divide two complex numbers in'r
. 
e- ctangular form, multi

p
ly
 
the Un-

.merator and denominator by 
the conjugate of the denominator and the,

resulting real and imaginary parts collected. That is, if

	

C1 X, + jY1	 and	 C2 X2 4 jY2,

	then	
C, (X1 ' + iYtJ(X1 - iY2)

C2 .(X2 + iY202 -iY2)

VIX2 + Y1 Y2) + i(X'2 Y1	 Y2)

42 + 1'2

C l 9IX2 + YIY2
J- X2 

7x Y,	
(14.31)

	

and	 +
C	 e2	 Y22

The equation does not have to be mernotized if the steps abbve used to

obtain it are employed. That is, fffst multiply the numerator 
by the complex

conjugate of the denominator and separate the real and imaginary terms.

11en divide each term by the sum of each termlof the denominator squared,

EXAMPLE 14.24

	

a Find Cl/C2 if C1 = 1 + j 4	
and	 C2= 4 + i 5.

	

= ^.4 -j 9	 and	 +6 - i 1,
b. Find Cl/C2,if-Cl

Solutions:

a. By Eq. (14.31),

C1	
(1)(4) + (4)(5) + (4)(4) - (1)(.5)-

C2	 ^7+ 5^	 + 5^^

	

24	 jill
t -7-, - 0.59 + j 0.27

	41	 4t -
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b. Using an alternative method, we obtain

—4 —j8

+6 +jl

—24 —i48

—i4 —j28

	

— 24 — j52 +-8	 52

+6 —j 
I

+6 + j I

36 +j6

—i6 j2 
I

36 + 0 + 1 37

	and	 Ci	 —16 j 52C2	
37'	 37	

P.43	 1.41

To divide a complex number in rectangular form by a real number,
2.1

	

	 both the real part and the imaginary part must be divided by the real
number. For example,

8 +jlO
— 

= 
4 +j5

2'

'0
	and	

6UM. 80 ^ i Y =	
—jo 3.4ZO-3.4

2

In polar form, division is accomplished by dividing the magnitude of
the numerator by the magnitude of the denominator and subtracting the
angle of the denominator from that of the numerator. That is, for

C, Z, LO,	 and	 C2 Z2 Z 02

we write	
C, = Z,

I — 00 (14.32)
C2EFZ2

EXAMPLE 14.25

a. Find C l/C2 if C , = 15 L 10o 	 and	 C2 = 2 L7o.
b. FindC 1/`C2 ifC , = 8 L-120'	 and	 C' = 16 L — 50'.2

'Solutions:

	

Ci	 15 LIO- 	 15
- = —j— = — ZIO' — 7' 7.5 Z 3'

a.E2	 47.
2

b. C I	 8 / 120' 
= 

8 
Z120-

	

C2	 16 L — 5,0'	 16	
— (-50-	 0.5 L170'

We obthin the reciprocal in the rectangular form by multip]ying
the numerator and denominator by the complex conj ugate of the de-
nominator:

	

X —jy	 X1 + y2T+ jy
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(14.3M
and

In polar form, the reciprocal is

(14.34)

A concluding example using the four basic operations'follows.

EXAMPLE 14.26 Perform the following operations, leaving the

swer in polar or rectangular form.

(2 + i 3) + (4 +-j 6)	 (2 + 4) + j(3 + 6)

(3 — j3)	 (7 — 3) + j(7 + 3)(7 +j7)'

(6 +j9)(4 —jI0)

(4	 j7 lO)(4	 10)'

[(6)(4) + (9)(10)1 +jf(4X9) — (6)(10)]

4' + 
102

114 — j 24 
0.98 j 0.21

116

(50 L30o )(5 + j 5)	 (50 L30o )(7.07 L4Y)	 353.5 Z 75o

—20ob - -------- 0 /— ^-20o	 10 L-20'	 10L

35.35 /75- (-20-) 35.35 L95-

(2 L20' )2(3 + j 4) 	 (2 L20* )(2 L20')(5 L53.13o)

8 —j6	 10 L-36.871

20 L93.13'(4 L40o )(5 L53.13o)

io L-36.870,10	 36.87'
2.0 Z 150'2 /93.13 - — (-36.8rl

3 + j 1.362) , — (4.596 — j 3.857)d. 3 L27o 6 L-40o = (2.67

= (2.673 — 4.596) + j(1.362 + 3.857)

1.92 + j 5.22

14.11 CALCULATOR METHODS

WITH COMPLEX NUMBERS

one form to another or working through
The process of converting from x numbers can be time-consuming and
lengthy operations with comple
often frustrating if one lost minus sign or decimal point invalidates the

Iqulators and com-solution. Fortunately, technologists of today have ca
ocess measurably easier with higher de-

puter methods that make the pr

grees of reliability and accuracy.

Calculators	 FIG. 14.61

The TI-89 calculator in Fig. 14.61 is only one of numerous calculators

	

	 TI-89 scientific calculator

(Courte. sy dF Texas Instrunwnts, Inc.)
that can convert from one form to another and perform lengthy
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calctilations with complex numbers in a concise, neat form. Not all of

the details of using a specifi^ calculator are included here because each

has itf, own format and sequence df steps. However, the basic opera-

tions , with the TI-89 are included priinarily to demonstrate the ease

with which the conversions can be made and the format for more com-

plex operations.

There are differem routes to perform the conversions and operations

below, but these instructions give you one approach diat is fairly direct

and straightforward. Since most operations are in the DEGREE rather

than ,RADIAN made, the sequence in Fig. 14.6^ shows how toset the

DEGREE mode for the operations to follow. A similar sequence sets the

RADIAN mo de if rpquired.

Angle DEGREE""

FIG. 14.62

Setting the DEGREE mode on the TI-89 calculator.

Rectangular to Polar Conversion The sequence in Fig. 14.63

provides a detailed listing 9f the steps needed to convert from rectangu-

tar to polar form. In the examples to follow,,the scrolling steps are not

listed to simplify the sequence.

In the sequence in Fig, 14.63, an up scroll is chosen after Matrix be-

cause that is a more direct path to Vector ops. A down scroll generates the

same result, but it requires going through the whole listing. The sequence

seems quite, long for such a simple conversion, but with practice you will

be able to perform the scrolling steps quite rapidly. Always be sure the

input data are entered correctly, such as including the i after the y compo-

It 
in 

an error listing. ,nent. Any in correct entry will resul

PAMATH[OmatrixR
Vector ops;	 1^ Polar	 5.83EO L 59.0130

FIG. 14.63
Converting 3 + i 5 to the polarform using the TI-89 calculator.

Polar to Rectangular .Conversion ThesequeAceinFig.14.64isa
detailed listing of the steps needed to convert from polar to rectangular

-
form. Note in the format that the brackets must surround the 'polar form.

Also, the degree sign must be included with the angle to perform the cal-

culation, The answer is displayed in the engineering notation selected.

CIE] U3E)Eig MATH

Angle	 MATH I Matrix'SU) Vector ops S[E

Rect	 3.00130+4,00EI)i

FIG. 14.64
Converting 5453. 1 to the rectangularform using the TI-89 calculator

Mathematical Operations Mathematical operations are performed

in the natural order of operations, but you ust remember to select the

format for the solution, For instance, if the sequence in Fig. 14.65 did

not include the polar designation, the answer would be in rectangular



FIG. 14.68

Adding two ^inusoidal ivavefomts on a poihr-hy-poinr basis.

A"

b:	 z

0	

PHASORS 111 621

10- Polar	 20.00EO 70.00EO

FIQ 14.66.

Perfortning t*,Peration (10 1-50')(2 L20').

form even though both quantities ih .the calculation are in polar form. In

the rest of the 
I examples, the scrolling required ,to obtain mathematical

iunctionsis not included to minimize the length of the sequence.

For the product, of mixed complex numbers, the sequence of Fig.

14.6 6' results. Again, the'polar form was sel ected for the solution.

Polk"" 14.14EQ, Z 98.10E0

FIG. 14.66

Performing the operation (5 L53.1 1)(2 + j 2).

Finally, Example 14.26(c) is entered as shown by the sequence in Fig:

14.67. Note that theresults exactly match those obtained earlier.,

1,, polar	 2.00EOZ 130-0E0

FIG. 14.67

VerIfying.theresults ofExample 14,26(c).

14.12- PHASORS

As noted earlier in this chapter, the ad4ition of sinusoidal voltages and,
-of ac, circuits. Onecurrents is frequently required in the analysis

lengthy but valid method of performing this operation is to place both

sinusoidal waveforms on the sarup set of axes and add algebraically the

magnitudes ofeach at every point along the abscissa; as shown for c

a + b in Fig. 14.68. This, however, can be a long and tedious process

V

	'4.	

Vr	 +'C



0, =

02 :F 0'

(a)

FIG. 14.69

(a I The -hasor 	resentation -f the sinusoidal vvav PAs of art (b 1;

f
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ZO

(b)finding the sum of4vo sinusoidal waveforms oft, and V2.

with limited accuracy. A shorter method uses the rotating radius vector

first appearing in Fig. 13.16. This radius vector, having a constant mag-

nitude (length) with one endfixed at the origin, is called a phasor when

applied to electric cir^uits. During its rotational development of the sine

wave, the phasor will, arthe instant t = 0, hav ' e the positions shown in

Fig. 14.69(a) for each waveform in Fig. 14.69(b),

Note in Fig. 14.69(b) that V2 passes through the horizontal axis at t

-
0 s, requiring that the radius vector in Fig. 14.69(a) be on the horizontal

axis to ensure a vertical projection of . zero volts at t =- 0 s. Its , length in

Fig. 14.69(a) is equal to the peak value of the sinusoid as required by the

radius vector in Fig. 13,16. The other sinusoid has passed through 90* of

its rotation by the time r = 0 s is reached and therefore has its maximum

vertical projection ds shown in Fig. 14.69(a). Since the vertical projec-

tion is a maximum, the peak -value of the sinusoid that it generates is also

attained at t = 0 s, as shown in Fig. 14.69(b). Note also'that VT	 it, at

I = 0 s since V2 = 0 V at this instant,

It can be shown [see Fig.. 14.69(a)) using the .vector algebra described

in Section 14. 10 that

I V Z-O' +,2 V 90' 2,236 V L63.43'
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In other words, if we convert v I and v2 to the phasor form using	
A

v = V. sin (tot ± 6) =^- Vn L

and add them using complex number algebra, we can find the phasor-

f6rm for VT with very little difficulty. It can then be converted to the time

domain and plotted on the same set of axes, as'shown in Fig. 14.69(b).

Fig. 14.69(a), showing the magnitudes and relative positions of the vari-

ous phasors, is called a phasor diagram. It i& actually a "snapshot" of

the rotating radius vectors at t = 0 s.	 jr

Therefore, if the addition of two sinusoids is required, you should

first convert them to the phasor domain and find the sum using complex

algebra. You can then convert the result to the time domain.

The case of two sinusoidal functions having phase angles different

from 0' and 90* appears in Fig. 14.70. Note again that the vertical height

of the functions in Fig. 14.70(b) at t = 0 s is detern-iined by the rotational

positions of the radius vectors in Fig. 14.70(a).

ir = i l + i2 = 10.63 sin(wr + 46.40')

	

A	 60-	 6 A	 5 A

Or	 0.

(t=OS)

	

0, 30*	 02 60' 0 1 30'	
A

i2 = 6 sjn(w + 60')

(b)

FIG. 14.70

Adding two sinusoidal currents with phase angles other than 90'.

Since the rms, rather than the peak, values are used almost exclu-

sively in the analysis of ac circuits, the phasof will now be redefined for

the purposes of practicality and uniformity as having a magnitude equal

to the rms value of the sine wave it represents. The angle associated with

the phasor will remain as previously described—the phase angle.

In general, for all of the analyses to follow, the phasor form of a sinu-

soidal -voltage or current will be

V = VZ 0	 and	 I = IZ-0

where V and I are rms values and 6 is the phase angle. It should be

pointed out thatin phasor notation, the sine wave is always the refer-

ence, and the frequency is not represented.

Phasor algebrafor sinusoidal quantities is applicable onlyfor

waveforms having the samefrequency.

------------- -------

10.63 A

I ---- /
	

----------------- -	 ".j

6A/ X ' -A7 -------
	 i, 5 sin(.t + 30')

W
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FIG. 14.71

Charles Proteus Steinmetz,
Courtesy of the Hall of History

Foundation, Schenectady, New York

German-American (Breslau, Germany; Yonkers and

. Schenectady,.NY, USA)
(1865-1923)

Mathematician, Scientist, Engineer, Inventor,

Professor of Electrical Engineering and

Electrophysi", Union College

Department Head, tencral Electric Co.

Although the holder of 
some 

200 patents and recog-

nized worldwide for his contributions to the study of

hysteresis losses and electrical transients, Charles

Proteus Steinmetz is best recognized for his contribu-

tion to the study of ac networks. His ^'Symbolic -

Method of Afternating-current Calculations" provided

an approach to the analysis of ac networks that re^

moved a great deal of the confusion and frustration

experienced by engineers of that day as they made the

transition from dc to ac systems. His approach (on

which the phasor notation of this text is premised)

penritted a direct analysis of ac systems using many
of the theorems and methods of analysis developed

for dc systems. In 1897 he authored the epic work

Thebty aiul Calculation ofilltemating Curm?a Phe-

nomena, which becarne the authoritative guide. for

practicing engineers. Dr. Stuiturietz was fondly —

lerred to as "Flic DoctcW' at 6encral Electric Com-
pany wheic fie worked for some 30 years in a number

of important capacities. His recognition as a inuhi

gifted genius is supported by [lie fact that lie mam-

tained active fricridships with such individuals a^

All—t Finsteui^ GugJidrno Marco^i, wid 11ornas A.

Edison, to ninw, just a few. fie was president of thc

An , erican Institute of Electrical Engincers (AtFE)

iind Ou, NationatAssmi%lon nfCoTporation Schools

and actively supf-ted his local c,,rowtuuity (s,fic-

t,,,I,) a, pie,idew 0 the floajd of Ed-,ro- ai,d the

Cuuums,ion or, Rrk, ,uid Cit,v Plawuri.^,

The use of phasor notation in the analysis of ac networks was rust in-

troduced by Charles Proteus Steinmetz in 1897 (Fig. 14.7 1).

EXAMPLE 14.27 Convert the'following from the time to the phasor

domm'n:

Time Domain	 Phasor Domain

a. V2-(50) sin wt -	 50 LO*

b. 69.6 sin(wr + 72')	 ((1707)(69.6) L72o = 49.21 Z.72-

c. 45 cos wt	 (0.707)(45) 490- = 31.82 L90

EXAMPLE 14.28 Write the sinusoidal expression for the following

phasors if the frequency is 60 Hz-

Phasor Domain	 Time Domain

a. I	 10 ^_ 30*	 i = '^/^10)sin(2ir6flt + 30')

and i = 14.14 sin (377t + 30')

b, V	 115 Z_ -70*	 N/2-(115)sin(377t - 70')

and v 162.6 sin (377t - 70')

'EXAMPLE 14.29 Find the input voltage of the circuit in Fig. 1432 if

va = 50 sin (377t + 30') = 60 
Hz

Vb = 30 sin(377t + 601)lf

M

+ Va+1	 +y
ei,	 Vb

FIG, 14.72 -

^Exaniple 14.29.
0

Solutl6n: Applying Kirchhoff's voltage law, we have

ein v. + vb

Converting from the time to the phasor domain yields

va = 5Qsin(377t 300) Va = M.35 V Z, 30a

v& -7 30 sin (377t + 601) Vb = 21.21 V 4609

Converting from polar to rectangular form for addition yields

Va _^ 35.35 V Z 30' = 30.61 \r + j 17.68 V

Vb =1111 V L60' = 10.61 V + j 18.37 V

L
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Then

7.68	 + (10.61 V + i 18.37 V)Ein = V, + ,Vb (30.61 V + j I

41.22 V + j 36,05 V

iconwrting from rectangular to polar form, we have

Ein 41.22 V + i 36.05 V 54.76 V L41.17'

Converting from the pha.sor to the time domain, we obtain

Ein 54.76 V Z 41.17' =*- ein = V2(54.76)sin(377t + 41.17')

	

'and	 ein 77.43 sin(377t + 41.17*)

A plot of the three waveforms is sho^Tn in Fig. 14,73, Note that at

each instant of time, the sum of the two waveforms does in fact add up to

ein . At t = 0 (cot = 0), ei^ is the sum of the ,two positive values, *hile. at

a value of wt, almost midway between 7T/2 and it, the sum of the posi-

tive value of v. and the negative value of v6 results in ein — 0.

	

e,	 V. + V b
77.43

Vb

30 50

30'	 3

	2	 2
4, . i7'

60-^

FIG, 14.73 -

Solution to Example 14,29.

EXAMPLE 14.30 Determine the current i2 for the network in-Fig. 14.74.

il	 80 X 1()73 sin wt

it =A20 X 10-' sin (.1 + 60*)

i,	 ?

FIG. 14J4

Example 14.30.
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Solution: Applying Kirchhoff's current law, we obtain

T ^ I

I 
I + i2	 or	 i2 = iT

Converting from the time to the phasor domain yields

1	 10-3 Sin (w,
ij = 120 X	 + 60') =^,- 84.84 mA Z 601

it = 80 X 10- 3 
sin wt =* 56.56 mA Z 0'

Converting from polar to rectangplar form for subtraction yields

1^ = 84.84 mA Z-60' = 42.42 mA + j 73.47 mA

1, = 56.56 mA /-0' 56.56 mA + j 0

Then

12 = IT - It

" (42.42 mA + j 73.47 mA) (56.56 mA + j 0)

and , 12 =-- 14.14 mA + j 73.47 mA

Converting from rectangular to polar form, we have

12 = 74.82 mA Z 100.89'

Converting from the phasor to the time domain, we have

12 = 74.82 mA Z 100.89' =4,.

i2 = N/2(74.82 X 10 -- ')sin(tol + 100.89')

and	 i2 = 105.8 X 10-3 sin((at + 100.89')

A plot of the three waveforms appears in Fig. 14.75. The waveforms

clearly indicate that iT ^ i l + i2-

i (mA)

'T

T

'2

120
105.8

80

.2r-
2	 2^

/52/ 0.

100.89'	 (10.

f

FIG. 14.75

Solution to Example 14.30.
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14.13 COMPUTER ANALYSIS'

PSpice

Capacitors and the ac Response The simplest of ac capacitive

circuits is now analyzed to introduce the process o f setting up an ac

source and running an ac transient simulation. The ac source in Fig.

14.76 is obtained through Place pprt key-SOURCE-VSIN-OK.

Change t , he name or-value of any parameter by dotible-clicking on the

parameter on the display or by double-clicking on the source symbol to

get the Property Editordialog box. Within the dialog box, set the val-

ues appearing in Fig. 14.76. This is dond by scrolling across the dialog

box and selecting the desired quantity from the top listing. , When se-

lected, a black box will appear under the quantity of interest. Click on

ihe black box, and it will turn white. Enter the value followed by

Display-Name and Value if you want the quantity and its value to ap-

pear on the screen. If you do not want it to appear on the screen, do not

use the Display option. Once each quantity is set, the most important

step of all must be applied, which is to select the Apply key. If you for-

get to apply the changes, none will be used in the analysis.

'Wmd— B.1p

X4 Q

L---

+
L ! 4 V.,

VOFF OV	 Vs	 + IRV,
VAMPL = 5V	 C	 68uF
AC = 5V
FREQ = 1kHz	 IX:

PHASE 0	 dh

0 d­ ul^^d	 S.J.=200% X=230 Y=1.7

FIG. 14.76

Using ISpice to analyze the response ofa capacitor to a sinusoidal ac signal.

The simulation process is initiated by selecting the New Simulation

Profile. Under New Simulation, enter PSpice 14-1 for the Name fol-

lowed by Create. In the Simulation Settings dialog box, select

Analysis and choose Time Domain(Transient) under Analysis type.

Set the Run " to time at 3 ms to permit a display of three cycles of the si-

nusoidal waveforms (T . = I If —_ 1/! 000 Hz = I ms). Leave the Start

saving data after at 0 s, and set the Maximum step size at 3 ms/I 000 =

3 As. Clicking OK and then scle^tjng the Run PSpice icon results in a

plot having a horizontal axis that extends from 0. to 3 ms.

R
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Now you must tell the computer which. waveforms you are iiiterest^d

in. First, take ! a look at the applied ac source by selecting Trace-Add

T)race-V(Vs:+) followed by OK. The result is the sweeping ac voltage

in the bottom region ^f the screen in ,Fig. 14.77. Note that it has a.peak

value of 5 V, and three cycles appear in the 3 ins time frame. The current

y selecting Trace-Add Trace and choos-for the capacitor can be added b

ing I(Q followed by OK. The resulting wavefoirn for I(Q appears at a

90' phase shift from the aliplied voltage, with the , current leading the

voltage (the current has already peaked asthe voltage crosses the 0 V

axis). Since the peak value of each plot is in the same magnitude range,

the 5 appearing on the vertical scale can be used for both. A theoreti-

cat analysis results in XC = 2.34fl , and the peak value of Ic EIXC —

5 V/2.34 2.136 A, as shown in Fig. 14.77.

SCHEMATTO-PSP- 144 s PSP.'t AM D;,;,o	 t14 It

D4 Ed" V­ S—W­ P., 91., '12^ a-- L4 4j	 -cidence q

L:i	 t— C^	 SCNEWICI	 14,1"

q

A

41'
Aiq li' ^71'^	

T -

FIG, 14.77

A plot ofthe voltage, curreitt, and powerfor the capadf^r in Fig, 14.76.

For practice, let us obtain the curve for the power delivered to the

capacitor over the same time period. First select Plot-Add Plot -to

Window-Trace-Add Trace ,to obtain the Add Traces dialog box.

Then choose.V(Vs:+), follow it with a * for multiplication obtained

from the Function listing on the right , side of,the Add Traces dialog

box, and finish by selecting I(Q. The result is the expression

V(Vs:+)*I(C) of the power format: p = vi. Crick OK, and the power

plot at the top of Fig. 14.77 appears. Note thatover the full three cy-

cles, ' the area above the axis equals the area below—there is no net

"Oeriod. Note also that the power curvetra tsfer of power over the 3. ins

is sinusoidal (which is quite interesting) with a frequency twice that of

the applied signal. Using the cursor control, we caill , determine that the

urn power (peak value of the sinusoidal waveform) is, 5.34 W,maxim
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Tbe cursors, in fact^	
been added to the lower curves to show the

peak value of the applied sinusdid and the resulting current.

After selecting the Toggle cursor icon, left-click to surround the

sym
I 
bol to the left of V(Vs: +) at the, bottom of the plot with a dashed

line to show that the cursor is providing the levels of that quantity.

When placed at Y of the'total period of 250 las (Al), the peak value is

exactly 5 V as shown in the Probe Cursor dialog box. Placing the

cursor over the symbol next to I(C) at the bottom of the plot and right-

clicking ^ssigns the right cursor to the current. Placing it at exactly I ms

(A2) results in a peak value of 2.136 A 
to match the solution above.

TO further distinguish between the voltage and current waveforms, the

color and the width of the lines of the traces were changed. Place the

cursor right on the plot line and right-click. The Properties option ap-

pears^ Wben ' Properties is selected, a Trace Properties dialog box

appears in which the yellow color can be selected and the width

widened to improve the visibility on the black background. Note that

yellow was chosen for, Vs and green for I(C). Note also that the axis

and the grid have been changed to a more visible color using the same

procedure.

multisim

Since PSpice reviewed the,response of a capacitive element to an ac

voltage, Multisim repeats the analysis for an inductive element. The

ac voltage source was derived from the Place Source parts bin as de-

scribed in Chapter 13 with the values appearing in Fig. 14.78 
set in

the AC-Voltage dialog box.

% -

%

J;

FIG. 14.78

Using Multisim to review the response of an inductive element

toa sinuso'idal ac signal.

'Once the circuit has been constructed, the sequence SimulateAnaly-

ses-Transient Analysis results in a Transient Analysis dialog box in

which the Start time ' is set at 0 s and the End time at 105 ms. The 
105 ms

was set as the End time to give the network 100 ms to settle down in itg

steady-state mode and 5 ms, for five cycles in the output display. The

Minimum, number of time points was set at 10,000 to ensure a good

display for the rapidly changing waveforms.

Intrndqr.t,ory r.41A
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Next the Outpul heading was chosen within the dialog box, and the

source voltage V(l) and source current I(VS) were moved, from the

Variables in Circuit to Selected variables for analysis using the Add

option. Choosing Simulate results in ^ waveform.that extends from 0 s to
105 ms. Even though we plan to save only' the response that occurs after

100 ms, the computer 1.3 unaware of our interest, and it plots the response

for the entire period. This is corrected by selecting the Properties keypad

m

i

 the toolbar at the top of the graph (it looks like a tag and pencil)-tQ ob-

ta'in the Graph Properties dia4og box, Selecting Bottom Axis permits

setting the Range from a Minimum of 0.100 s = 100 ins to a Maximum

Of 0. 105 8 = 105 m§,. Click OK, and the time period 'of Fig. 14.78 is dis-

played. The grid structure is added by selecting the Show Grid keypad,

and the color associated with each curve. is displayed if we choose the

Show Legend key next to ir.

It is clear from the plot that the scale for the source current has to be
improved for us to be able to clearly read its peak and negative values.

This is
.
 done. by first, clicking on tile I(VS) curve to set the Selected Trace

at the bottom of the graph as I(VS). A right click, and one can choose the

Trace Properties option to obLain the Graph Properties dialog box.

Under Y-Vertical Axis, select Right Axis to establish the right axis as

the scale to be used for the source current. Then select Right Axis and in-

sert the Label: Current(A), select Enabled under 
Ithe.Axis heading, and

Cnall choose Pen Size as I - The Scale i0	 y	 is Linear and of range -500E-3
to 500E-3 (-500 mA to 500 mA), with Total Ticks of 8 and Minor
Ticks 'of 2. The result is the plot of Fig. 14.78. The right axis can now be
improved by selecting Graph Proper-66 agWo, followed by Left Axis,
wqereby the 'Current(A) can be ' deleted." We can now see that the source

current has a peak value of about 166 mA. For more detail on the wave-

forms, select the Sho' w Cursors key pad to obtain the Trpnsient Analy-

sis dialog box with box V(l) and I(VS) listed with the same color

headings as used on the graph. Clicking on one of the cursors and moving

it horiwittally to the maximum value of the current will result in x1

101.0 ms with yl -at 158.91 mA. Actually, the max y appears below at
159.07 mA, which could have been obtained if we had increased the

number of data points. Moving the other cursor to find the minimum

value of current will result in x2 ^ 101.24 ms with y2 at 2.51 mA (the,
closest to the value of I obtainable Mill thi 's data l6el setting). The max-

inlu'm value of V(l) appears below as 10 V, which it should be, and the

d1stance between the maximum value of IM) and the its minimum
value is dx = 242.91 As which is very close to 0.25 ms, or one fourth of
the period of the applied signal.

PROBLEMS	 2. Repeat Problem I forth 

I 

e following sinusoidal function, and
-
SECTION 14.2 De 

I 

riyative

	

	
compare results. In particular, determine the frequency of

the waveforms of Problems I and 2, and com^are the mag-
1. Plot the follc*ing wiiveforrn versus time showing one clear,, 	 nitude of the derivative.

qoMplete cycle. Then determine the derivative of the wave-

form usiAg .Eq. (14, [), and sketch,me complete cycl^ of be	 v	 I sin 314.2t

derivativ^ directly under the ' otiginif waveform. 

C ' 

oinpare
the magnitude of tile derivati	 3, What is the derivative of each of the foll winve at Ywious points ve"us the 	 0	 g sinusoidal
sJopc of the original sinusoidal function.	 expressions?

8. 10 sin 377t
v	 I sit! 6,281	

b. 0.6 sin(200t t 20*)

c. V'220sin(IS7t - 20') d. - 260 si n(i + 180-)

Inf ­4,irto rv.. C - 41 B
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SECTION 14.3 Response of Basic R, L, and C

1:1--nents to a Sinusoldal Voltage or Current

4. The voltage across a 3 fl resistor is as indicated. Find the si-

nusoidal expression for the current. In addition, sketch the v

and i sindsoidal waveforms on the same axis.

a. 1150.sin 2001

^b. 30 sin(377t + 20*)

C. 6 cos(wl + 10*)

d. - 12 sin(wt + 40*)

S. The current through a 7 k0 resistor is as indicated. Find the

sinusoidal expression for the voltage. In addition, sketch the

v and i sinusoidal waveforms on the same axis.

a. 0.1 sin 1000t

b. 2 X 10- ' sinL400t - 120')

6. Determine the inductive reactance (in ohms) of a 2 mH coil

for

a. dc

and for the following frequencies:

b. 60 Hz

c. 4 kHz

d. 1.2 MHz

7. Determine the closest standard value inductance that has a

reactance of

a.' 2 kil atf = 14.47 kHz.

b. 40 ka atf = 5.3 kHz.

8. Determine the frequency at which a 1 mH inductance has

the following inductive reactances:

a. 10fl

b, 4 kfl

c. 12 kfl

The current through a 20 fl inductive reactance is given.

What is the sinusoidal expression for the voltage? Sketch

the v and i sinusoidal waveforms on the same axis.

a. i ='5 sin wt
b. i 40 X 10-3 Sin(wr + 60')

c. i	 -6 sin(wr - 30*)

The current through a 0. 1 H coil is gi^en. What is the sinu-

soidal expression for the voltage?

a. 10 sin 100t
0. 5 X 10-6 &in(400t -^ 20o)

The voltav across a 50 il inductive reactance is given.

What is the sinusoidal expression for the current? Sketch

the v and i sinusoidal waveforms on the same set of axes.

a. 120 sin cot

b. 30 sin(&^t + 200)

12. The voltage across a 0.2 H coil is given, What is the sinu-

soldal expression for the current?

a. 1.5 sin 60t

b. 16 X 
10-3 Sin(lot 

+ 2o)

13. Determine the capacitive reactance (in ohms) of a 5 AF ca-

pacitWfor

a. de

and for the following frequencies:

& 60 H,

c. 2 kHz

d. 2 MHz

14. Determine the closest standard value capacitance that has a

reactance of

a. 60 fl atf = 265 Hz.

b. 1.2 kil at 34 kHz.

15. Determine the frgquency at which a 3.9 AF capacitor has

the following capacitive reactances:

a. 10fl	 b. 1.2 kil

c. 0. 1 fl	 d. 2000 fl

16. The voltage across a 2.5 fl capacitive reactance is given.

What is the sinusoidal expression for the current? Sketch

the v and i sinusoidal waveforms on the same set of axes.

a. 120 sin wt

It. 4 X 10- 3 sin(wr + 40*)

17. The voltage across a I AF capacitor is given. What is the si-

nusdidal expression for the current?

a. 30 sin 200t

b. 60 X 
10-3 sint377t

18. The current through a 10 fl capacitive reactance is given.

Write the sinusoidal expression for the voltage. Sketch the v

and i sinusoidal waveforms on the same set of axes.
a. i = 50 X 10-3 sin wt

b. i = 2 ^< 10-6 sin(wt + 60')
4

19. The current through a 0.56 1AF capacitor is given. Whit 'I'S

'the smusoidal expression for the voltage?

a. 0.20 sin 300t

b.
8 X 10-3 

sin(377t - 30*)

*20. For the following pairs of voltages and currents, indicate

whether the elempt involved is a capacitor, an inductor, or

a resistor, and find the value of C, L, or R if sufficient data

are given:

a. v = 550 sin(377t + 50*)

i = 11 sin(377t - 40*)

b. v = 36 sin(754t - 80')
I i = 4 sin(754t - 1700)

c. v = 10.5 sin(wt - 13o)

i­ 1.5 sin(wr - 13')

*21. Repeat Problem 20 for the following pairs of voltages and

currents:

a. v = 2000 sin wt

i = 5 Cos Wt

b. v = 80 sin(157t + 150')

i = 2 sin(157t + 60')

c. v = 35 sin(wi - 20o)

i = 7 cos(&)t - 110*)

SECTION 14.4 Frequency Response

of the Basic Elements

22. Plot XL versus frequency for a 3 mH coil using a frequency

range of zero to 100 kHz on a linear scale.

23. Plot XC versus fr equency for a 1 jAF capacitor using a fre-

*,^ quency range of zero to 10 kHz on a linear scale.

24. At what frequency will the reactance of a I gF capacitor

equal the resistance of a 2 kfl resistor?

25, The reactance of a coil equals the resistance of a 10 kfl re-

sistor at a frequency of 5 kHz. Determine the inductance of

the coil.

9.

10.

11.
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26. Determine the frequency at which a I ;AF capacitor and a 	 b, Find the value ofthe inductance L. What is its probable

10 mH inductor will have thesame reactance.. 	 standard value in 
mq?

27. Determini the capacitance required to establish a capacitive	
c. Find the ave. rage power loss by the inductor.

reactance that will match that of a 2 mH coil at a frequency 	 34. In Fig. 14.81, i = 30 X 10-^ sin(2-ri5.()Ot - 20*).

of 56 kHz.	 a. Find the sinusoidal expression for e.

b. Find the value of the 'capacitance C in microfarada.

SECTIOIN 14.5 Average Power and Power Factor 	
What is its probable standard value in jtF?

f	 c. Find tho average power loss in the Capacitor.

*28. Find the average power loss and power factor for each of

the circuits whose input current and voltage are as follows:

a; v = 60 sin((or + 301)

i = 15 sin(w + 60*)

It. v = -50 sin(wr - ^0')	 +

i = -2 sin(wi - 201)	 XC 2.4 kf1
C. v = 50 sin(wr + 80')

I. = 3 cos(&)t - 20')

d. L- = 75 sin(wt - 5')

i = 0.08 sin(wr + 35')

29. 1 If the current through and voltage across an element are i	 FIG. 14.81
8 sin(wt + 40') and v = 48 sin(wt + 40'), rcspect^ively,	

Problem 34.
compute the power by 12R, (V,,lg12) cos 0, and VI cos 0,

and compare answers.^0' A 

circuit dissipates 100 W (average power) at 150 V (effec-	
*35. For the network in.Fij. 14.82 and the applied signal:

tive input voltage) and 2 A (effective input current). What is	
a. Determine the sinusoidal expressions for it and i2.

the power factor? Repeat if the power is 0 W; 300 W.	
b. Find the sinusoidal expression for i, by combining the

two parallel capacitors.
*31. The power factor of a circuit is 0.5 lagging. The power de-

livered 
in 

watts is 500. If the input voltage is 50 sin(wt

10'), find the sinusoidal expression for the input current.

32. In Fig. 14.79^ e = 34 sin(2ir6Ot + 20').

a. What is the sinusoidal expression for the,current?

b. Find the power loss in the circuit. 	 +

c. How long (in seconds) does it take
,
 the current to c6m-	 C 11,	 2 pF	 C2	 -:Z 10 1AF

plete six cycles?

e	 120 sin ^10't	 60')

e	 FIG. 14.82
A	

Problem 35.

*36. For the network in Fig. 14.83 and the applied source:

FIG. 14.79	 a. Determine the sinusoidal expression for the sourcq volt-

Problem 32.	 age VI.

b. Find the sinusoidal -expression for th6 currents 
it and, 

'2.

33. In Fig. 14.80, e	 128 sin(1000t 4 60').

a. Find the sinusoidal expression for i. i^	 sin (IQ-t + 30')

+

+	 L,	 60 H	 L2 1120 tnH

e ^V	 X,,= 300

'FIG. 14.80	 FIG. 1413.

Prohl"n 3^	 Problem 36-
%



FIG. 14.84

Problem 55.
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	ConversJOn 69tween.Forms	 *48. perform the foliowir
SECTION 14.9

	

	
4g operations, and express your answer

in rectangular form:

37. Convert the following"front rectangular to polar form:	 (4 + 3) + (6 - i 8)

a. 4+j3, ,	 b. 2+j2	
a' Z3 + 3) --(2 + j 3)

c. 4+)12 ,	 d; 1000+j50

e. -1000 '+J4000	 f. -0.4+jO.8!.	 b.

*38. Convert the following from rectangular to polar form: 	
2 LO* Y+ 100 + j 400)

a. -8 - j 16	 c. 
^6 /-20')(1 0 /- -40')(3 + i 8)

b. +9 . -j4	
2 L-30*

C. 0,02 - j 0.003	 *49. Perform the following operations, and express your answer

d. -6 X 10-3 -j 6 X 10 
-3	

in polar form:

e. 200 + j 0.02	 (0.4 /-60')'(360 L40')

f. - lboo + j 20	 3 +j9

39.' Convert !he following from polar torectangular form:

a. 6 1-40'	 b. 12 /120-	 In.	
')M.

c. 2000 /-90'	 d. 0.0064 /+2001	
(0.02 LTOT j	 61 7^^900

e. 48 /2'	 f. 5 X 10	 2^0'	 *50. a. Determine a solution for x and y- it

40. Convert the following from polar to iectangular form:, 	
(x + j 4) + (3x, + jy) - j'7 = 16 /-0-

a. 42 10.15'	
b, Determine x if

b. 2002/-60-	
(10 L20-)(jr /--,60') =30.64 -i 25.72

c. 0,006 /-120?	 a. Determine a solution forx and y if

d. 8 X IF^L-L120"	
(5x + j lo)(I - jy) = 90 - j 70

e. 15/+180'	 In. Determine 0 if

f. 1.2/-89.9-	 80 LO'	
3.464,- j 2

-^() -26

SECTION 14.10 Mathematical - Operations 	
SECTION 14.12 Phasors,

with Complex Numbers	 52. Express the following in phasor form:

41. Perform the following additions 

I 

in rectangular form: 	
a. V'2(160)sin(wt + 30*)

a. (4.2, + j 6:8) + (7.6 + j 0.2)	
b. V-2(25 .X 10-I )sin(157t - 40')

b. (142 + j 7) + (9-8 + j 42) + (0.1 + j 0.9)

	

	
C. 100 sin(cut- - 90')

*53. express the followittg in phasof form:C. (4 X 10-6 + j 76) + (7.2 X 10 - ' - i 5)	
a. 20 sin(3?7t - 180')

42. Perform the following subtractions in rectangular form:	
b. 6 X 10-6 cos wt

a. (9.8 -^ j 6.2) - (4.6 + j 4,6) c. 3.6 X 10-6 co^754t - 20')
b. (167 + j 243) ^- (-421.3 ^ j 68)	

54. Express the following phasor current s and voltag es as sine
c. (-3q.0+j78)-(74-j6)+;(I0,8-j72)	

wavesifthe
43. Perform the following operations withpolar numbers, and

	 frequency is 60 ITz:

leave the answer in polar form:	
a. 1 40 A L20'

a. 6 Z 20* + 8 L801	
b. V 120V L10*

c. 1 8 X 10- ' A	 110-
b. 42 L45 * ,+ 62 Z601 - 70 z-1200	 6000
c. 20 /-1201 - 1,0 1-150* + 8 /-210* + 8 /+2401	 d. V	 V L ^ 180*,7

44. perform the following multiplications in rectangular form: 	

2

55. For the system in Fig. 14.84, find the sinusoidal expression
a. (2 -^ j 3)(6 + j 8)	

for the unknown Voltage v, if
b. (7.8 + j IX4 + j 2)(7 j 6)	

ein = . 60 sin(3771 + 45o)

	

c, (400 71 200)(-0.01 j 0.5)(-1 + j 3)	
vb = 20 sin(377t - 45')

45. Perform the fullowing muhipmat ons n po 
at 

rm:

a. (2 L60'X4 /- - 40')

b, (6.9L8*)(71L^721)

c, (0.002/-120*)(0.5Z2001)(40/-+80')

46. Perform the following divisions in polar form:

a. (42L10oWL60o)

b. (0.006L120-^/(30L+60-)

c. (43b0L-201)/(40L-2l0')

47. Perform the following divisions, and leave the answer in

rectangular form:

a. (8 + .j 8)/(2 + j 2)

6. (8 + j 42)/(-6 - j 4)

c. (-4.5 - j 6)/(O.l j 0.8)

r"
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56. For the system in Fig. 14.85, find the sinusoidal expression

for the unknown current it if

1, - 20 X 10-6 sin(wi + 60*)
12 - 6 X 10-6 sin(wi - 30*)

FIG. 14.85

Problem 56.

57. Find the sinusoidal expression for the voltage v. for the sys.

tem in Fig, 14.86 if

ei^ = 120 sin(wt + 30*)

vb = 30 sin(wt + 601)

v, = 40 sin(ait + 1201

FIG. 14.86

Problem 57.

*58. Find the sinusoidal expression for the current it for the sys.

tem in Fig. 14.87 if

i, = 18 X 10-3 sin(377t + 1800)

'2 = 8 X 
10-3 sin(377t - 180*)

i3 = 2i2

N

FIG. 14.87

Problem,58.

SECTION 14.13 Computer Analysis

PSpIce or Multisim

59. Plot i, and v, versus time for the network in Fig. 14.76 for

t*o cycles if the frequency is 0.2 kHz.

Plot the magnitude and phase angle of the current ic

versus frequency (100 Hz to 100 kHz) for the' network in

Fig. 14.76.

*61. Plot the total impedance of the configuration in Fig.

14.27(a) versus frequency (100 kHz to 100 MHz) for the

following parameter values: C = 0.1 AF, L, = 0.2 AH, R, =

2 Mfl, and R, = 100 Mfl. For what frequency range is the

capacitor "capacitive"?

GLOSSARY

Average or real power The power delivered to and dissipated

by the load over a full cycle.

Complex conjugate A complex number defined by simply

changing the. sign of an imaginary component of a complex

number in the rectangular form.

Complex number- A number that represents a point in a two-

dimensional plane located with reference to two distinct axes.

It defines a vector drawn from the origin to that point,

	

I

Derivative The instantaneous rate of change of a function kith

respect to time or another variable, 	 -

Leading and lagging power factors An indication of whether a

network is primarily capacitive or inductive in nature. Lead-

ing power factors are associated with capacitive networks and

lagging power factbrs with inductive networks.

Phasor A radius vector that has a constant magnitude at a fixed

angle from the positive real axis and that represents a sinu-

soidal voltage or current in the vector domain.

Phasor diagram A "snapshot" of the phasors that represent a

number of sinusoidal waveforms at t = 0.'
Polarform A method oftlefining a point in a complex plane that

includes a single magnitude to represent the distance from the

origin and an angle to reflect the counterclockwise distance

from the positive real axis.

Power factor (F.) An indication of how reitctive or 
resistive an

ele- ctrical system is. The higher the power factor, the greater is

the resistive component.

Reactance The opposition of ati inductor or a capacitor to the

flow of charge that results in the continual exchange of energy

between the circuit and magnetic field of an inductor or the

electric field of a capacitor.

Reciprocal A format defined by I divided by the complex

number.

Rectangular form A method of defining a point in a complex

plane that includes the magnittidie of the real component and

the magnitude of the imaginary component, the latter compo-

nent being defined by an associated lettcrj.
I
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SER, IES ANd KRAUFA
AC CiRCUITS,

0hiFeTiVES	 Become familiar with the characteristics of series'
and parallel ac networks and be able to find
current, voltage, and power levelsfor each
element.

Be able to find the total imp"adance of any series or
parallel, 4pnetwork and sketch the "pedance and
admittance diagram of each.

-,Develop confidence in applying Kirchhoffj current
and voltage laws to an y, series or parallel
configuration.

Be able toapply the voltage divider rule or current
divider rule to any ac network.

Become adept at finding the frequency response
of a series or parallel combination di elements.

15.1 INTRODUCTION,

In this chapter, phasor algebra is used to develop a quick, direct method for , solving both Series,

and parallel ac circuits. The close relationship that exists between this method for solvihg for

unknown qugntities and the approAchused for dc cirQuits will become 'apparept after a few Sim-

ple examples are considered. Once this association is established, many of the rules (current

divider 4e, voltage di^ider rule, 4nd so on) for c1c circuits can be readily applied to ac circuits.

SERIES ac CIRCUITS

15.2 IMPEDANCE AND THE PHASOR'DIAGRAM

Resistiv% Elements

In Chapter. 14, we found, for the purely resistive circuit in Fig. 15. 1, that v and i were in phase, 1

and the magnitude
.WWI%

	

1^	 or	 V^ I^R
R

	

i	 1. sin ^1 I

R	 V
. 

V. sin w

0-

FtG. 15.1

^esivive ac cir cuir.
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In phasor form,

v V. sin wt :=* V V LO*

where V VOW,

Applying OhrWs law and using phasor algebra, we have

V /-T . V

0===	 R 20, W /O' - I

+	 Since i and v are in phase, the angle associated wjth i also must be 0* . To

5 il	 v 100 sin wt	 satisfy this condition, Olt must equal 0* . Substituting Ott 01, we find

V LO* V	 V
I = 

W—L-0. 'ji 

/0. 0. -k LO,

FIG. 15.2	 so that in the time domain,

Example 15. 1.
i Nr2	 sin tot

R

We use the fact that OR = 01 in the following polar format to ensure the

100 V	

prop^r phase relationship between the voltage and current of a resistor:

20A 2	 2V	
The boldface roman quantity ZR, having both magfhtude and an asso-

0	 Z
2	 ciated angle, is referred to as the impedance of a resistive element. It is

measured in ohms and is a measure of how much the element will "im-

pede" the flow of charge through the network. The above format will

prove to be a useful "tool" when the networks become more complex
FIG. 15.3

Waveformsfor Example 15. 1.	
and phase relationships become less obvious. It is important to realize,

-phasorhowever, that ZR is not a , even though the format R Z 0' is very

similar to the phasor notation for sinusoidal currents and voltages. The'

term phasor is reserved for quantifies that vary with time, and R and its
1	 4 sin(wt + 30*) associated'angle of 0' are fixed, nonvarying quantities,

+
EXAMPLE 15.1 Using complex algebra, find the current i for the cir-

21l
cuit in Fig. 15.2. Sketch the waveforms of v and i.

Solution: Note Fig, 15.3:

v 100 sin &)t phasor form V = 70.71 V./-O*
FIG. 15.4	

V	 V	 70.71 V Z 0'
Example 15.2.	 1 — r, — —^—fl	 - 14.14 A LO'

ZR R LOI	
LO_

and	 iF V^2(14.14) sin wt = 20 ,sin wt

8 V	 V	 EXAMPLE 15.2 Using complex algebra rind the voltage v for the cir-

e waveforms 0 v and i.
4A	

2,	

cuit in Fig. 15.4. Sketch th

?	
Solution: Note Fig.'15.5*

E	 2r, wt
30.	 2	 i = 4 sin((ot + 30* ) --* phasor form I = 2.928 A L30'

Y = 1ZR = (I 1-0)(R LO	 (2.828 A /-30')(2 0 /-0*)

= 5.656 V Z.30*

0

	

	
FIG. 16.5,	 and	 V %F2(5.656)sin(Wt + 30') O.Osin(cw + 30')

Waveforms for Example 15.2.
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	It is often h' elpful in the analysis of networks to have a phasor dia-
	 j

gram, which shows at a glance the magnittides and phase relations

among the various quantities within the network: For example, the pha-

sor diagr" of the circuits considered in the two preceding examples

would be as shown in Fig. 15.6. In both cases, it is immediately obvious

se angle.vthat v and i are in phase^ since they both have the same pha

V

Inductilve Reactance

	

We learned in Chapter 13 thAt for the pure inductorin Fig. 
15.7, the volt-	 14.14 A

	age leads,the current by 90' and that the reactance of t1le coil XL is deter- 	 : 
—70 .7 V

ridned by wL. We have

v V. sin wt phasor form V V /-0*

+

	

X, WL	 V V. sip *)I

	

L	

V

30

FIG. 15.7	 +	 4A^

inductive ac circuit.

(b)
13y Ohm's law,

	

V Lo'	
FIG. 15.6

/0* OL	 Phasor diagrams for Examples 15.1 and 15.2.

XL / OL XL

Sinc evl eads i by go, , i must have an angle of —901 associated with it.

To satisfy this condition, OL must equal +900 . Substituting OL 90* , we

obtain

V /-0*	V	 V

/0* — 90*	
/__901

7L Lgo. 7L

so that- in the ume domam,

V2_(-^^)sin(wt — 90')
XL

We use the 
I 
fact that OL = 90' in the following polar format for induc-

tive reactance toensure the proper phase relationship between the volt-

age and current of an inductor:

L ^Z_	
(15.2)

90.

The boldface^roman quantity ZL, having boilt magnitude and an asso

ciated angle, is referred to as the impedance of an inductive element. It is

measured in ohms and is a measure of how much the inductive element
.,controls or impedes" the level of current through the network (always

4 keep in mind that inductive elements arc stdrage, devices and do not dis-

sipate like-resistors). The above format, like tha^defincd for the resistive

ele.
ment, will prove to be a useful tool in the analysis of ac networks.

Again, be aware that ZL is not a phasor quantity, for the same reasons in-

dicated for a resistive element.I
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i

X1, = 3 D	 v = 24 sin wt

FIG. 15.8

Example 15.3.

FIG ' 15.9

Waveformsfol Example 15.3.

EXAMPLE 15.3 Using complex algebra, find the current i for the cir-
cuit In Fig. 15.8. Sketch the v and i curves,

Solution: Note Fig. 15,9:

V 24 sin wt =*- phasor form V = 16.968 V LOo

I	 V	 VLO	 16.968 
V Z OoZL = 7— = — f,	 5.656 A L - 

goo
L Z goo

3 L90'

and	 N/12(5.656) sin (&)t - 901 ) = 8.0 sin (ast - 90*)

EXAMPLE 15.4 Using complex algebra, find the volta&e v for the cir.
cuit in Fig. 15.10. Sketch the v and i curves.

Solution: Note Fig. 15A 1:

i = 5 sin (wt + 301 ) =^- phasor form I = 3,h5 A /_30-

V = IZL = (I LO)(XL Z-90') = (3,535 A Z-300 )(4 fl /_ +goo)
= 14,140 V z_ 1201

and	 v = N/2-(14.140) sin (cut + 120') = 20 sin (tit + 120-)

The phasor diagrams for the two circuits of the two preceding exam--

ples are shown in Fig. 15.12. Both indicate quite clearly that the voltage

leads the current by 901.

FIG. 15.12

Phasor diagramsfor Examples 15.3 and I
, 
5.4.

Capacitive Reactance

We learned in Chapter 13 that for the pure capacitor in Fig. 15.13, the
current leads the voltage by 90' and that the reactance of the capacitor
XC is determined by ll&)C. We have

.	
v = V sin wt =;,. lia-

2+, 
V. sin w

FIG. 15.11	
C -

Wavefo—sfor Example 15.4.

FIG. 15.13

Capacitive ac circuit.

' i - 5 sin(ut + 301)

XL—= 4 fn)l v

FIG. 15.10

Example 15.4.
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Applying Ohm's law and using phasor algebra, we find

V

VL" V /0.
XC z 9C XC,

i must have an angle of +90' associated with it. ToSince i leads v by 90*,

satisfy this condition, ec must equal —900 . Substituting 9C = —90* yields

V z 01	 V	 V
= 7- /0* (—W — / 90*

XC L — 910*	
C	

XC

so, in the time domain,

i = V2_	 sin(wt + 90')
XVC

We use the fact that 0C = — 901 in the following polar format for ca-

p"	 hip betwe n thepacitive reactance to ensure the toper phase relations 	 e

voltage and current of a capacitor:

FZT7—xc—z- __909	 (1S.3)

The boldface roman quantity ZC, having both magni tude and an asso-

ciated angle, is referred to as the impedance of a capacitive element. It is

measured in ohms and is a measure of how much the capacitive element

"controls or impedes" the level 
of 

current through the network (always -

keep in mind that capacitive elements are storage devices and do not dis-

sipate like resistors). The above format, like that defined for the resistive

element, will prove a very useful tool in the analysis of ac networks.

Again, be aware that ZC is not a phasor quantity, for the same reasons in

a	 dicated for a resistive element.

EXAMPLE 15.5 Using complex algebra, find the current i for the c .
ir-

cult in Fig. 15,14. Sketch the v and i curves.

Solution: Note Fig. 15.15:	 +

I 

sin wt -* phasor notation V = 10.605 V 40'	
Xc 2 it ZZ v 15 sin ut

v = 15

V	 V Le	 10.605 V LO'
5.303 A L90*

_ZC 7C Z —90- = 2 ^ L —90-	 0—

and	 i	 N/2(5.303) sin (&it + 90') = 7.5 sin (tot + 90')	 FIG. 15.14

E.Tample 15.5.

FIG. 15.15

Waveformsfor Example 15-5.
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EXAMPLE 15.6 Using complex algebra, find the voltage v for the circuit

in Fig. 15.16. Sketch the v and 
I 
curves:

Sqlutlon: Note Fig. 15.17:

i = 6 An (wt -- 60*) -* phasor notation 1 4.242 A L ^ 60'

V = IZC = (ILO)(XC L — 90') = (4,242 A — 60')(0.5 fIL —90')
= 2.121 V L — 150*

and

v = V22(2:12 I ) sin (wt — 150') = 10 sin (wt — 150*)

I - 6 sin(wr - 60*)

X, 0.5 n P K V

FIG. 15.16

Example 15.6.

FIG. 15.17

Waveformsfor Example 15.6.

The p4asor diagrams for the two circuits of the two preceding exam-

ples are shown in Fig. 15.18. Both, indicate
I 
quite clearly that the current

i leads the voltage v by 90'.

ImpedanceDiagram

Now that an angle is associated with resistance, inductive reactance, and

capacitive reactance, each can be placed on a complex plane diagram,,as

shown in Fig. 15.19. For any network, the resistance will always-appear

(b)	 on the positive real axis, the inductive reactance on the positive imagi-

nary axis, and the capacitive reactance on the negative imaginary axis.
FIG. 15.18

,Phasor diagitnisfor Examples 15.5 and 15.6.
lj^

XL Z901

-y go-
r

go.	 zo. +

XC Z90*

FIG. 15.19

Impedance diagram.
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The iesult is an Impedance diagram tha t can reflect the individual and

total impedance levels of an ac network. 	
mbining different' We will find in the rest of this text -that networks co^ 	 I—

types of elements will have , tbtal impedances that extend from 90' to

-^90* . If thi
,
 total impedance has an angle of 0

., it is said to be resistive

in na 
I 
ture. If it is closer to 90', it is inductive in nature. if it is closer to

go', it is capaoitive in nature.

Of course, for single-element networks, the angle associated with the

impedance wil 
I 
I be the same as that of the resistive or reactive element, as

revealed by Fqs. (15.1) through (15.3). It is important to remember that

impedance, like resistance or reactance, is not a phasor quantity repre-

senting a time-varying function with a particular phase, shift. It is simply

an operating tool that i

' 

s extremely useful in determining the magnitude

and angle of quantities in a sinusoidal ac network.

Once the total im?edance of a network is determined, its magnitude

will define the resulting current level (through Ohm's law). whereas its

angle will reveal whether th- e netw6ric is primarily inductive. or capaci-

tiveor simply resistive.

For any configuration (series, parallel, series-parallel, and so on), the

angle associated with the total impedance is the angle by which the

applied voltage leads the source current. For inductive networks, OT

will be positive, whereas for capacitive networks, OT will be negative.

15.3 SERIES CONFIGURATION

The overall properties of se- ries; ac circuits (Fig. 1-5.20) are the saine as

those for dc cizcuits. For instance, the total impedance of a system is the

sum of the individual impedances:

(V^4)
ZT ZI + Z2 +

TL

R 4 0	 X1, - 8 fl

Z,	 Z2	 Z3	 --- — --- ZN	 77-

0

FIG. 15.21

Example 15. 7

FIG. 15.20

Series impedances.

----------

EXAMPLE 15.7 Draw the impedance diagram for the circuit in Fig.

15.21, and find the total impedance.

Solution: As indicated by Fig. 15.22, the input impedance can be 	 XL 8 C1

found graphically from the impedance diagram by properly scaling th e

real and imaginary -axes and finding the length of the resultant vector ZT

and angle OT. Or, by using v^ttor algebra, we obtain
Or

ZT ZI + ^2	
V,

R = 4 fl	 +
R LOO + XL Z 900

R + jX L = 4 il 4- j 8 il	 FIG. 15.22

ZT 8.94 fl 463A3*	 impedance diagram for Example 15. Z
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Z,	 Z2	 Z3

c

R = 6(1	 XL'.- 1 0 11 Xc - 12 fl

Z,—

FIG. 15.23

Example 15.8

FIG. 15.24
Impedance diagramfor Example 15.8.

EXAMPLE 15,8 Determine the input impedance to the series network
in Fig. 15.23. Draw the impedance diagraM,

Solution;

ZT = ZI + Z2 + Z3
= R Z 0- + XL /—go- + XC 96-

= R + jX, — jXC

= R + j(X — XC) = 6 0 + j(10 fl — 12 n) 6 fl — j 2 nL

ZT = 6.32 fl Z:— 18.431

The impedance diagram appears in Fig. 15.2^. Note that in this exam-

ple, series inductive and capacitive reactances are in direct opposition.

For the circuit in Fig. 15.23, if the inductive reactance were equal to the

capacitive reactance, the input impedance would be purely resistive. We

will have more to say about this particular condition in a later chapter.

For the representative series ac conflguiration in Fig.. 15.25 having
two impedances, the current is the same through each element (as it was
for the series dc circuits) and is determined by Ohm's law:

ZT,= Z1 + Z2

and	
T	

(15.5)

LE

The voltage across each element can then be found by another applica-
tion of Ohm's law:

a7—
I I

(.15.6a)

FV;-:--1U	 (15.6b)

+

	

	 Kirchhoff's voltage law can then be applied in the same manner as it

is employed for dc circuits. However, keep in mind that we are now deal-
^2	

ing with the algebraic manipulation of quantities that have both magni-
-	

tude and direction. We have

E — ^i — V2 = 0

I FIG. 15.25

Series ac circuit.

3

A

*4-

or	 FE = V, + V,]	 (15.7)

The power to the circuit can be, determined by

FP = EI co; 07T	 (15.8)

where OT is the phase angle between E and I.

Now that a general approach has been introduced, the simplest of se-

nes configurations will be investigated in detail to further emphasize the

similarities in the analysis of dc circuits. In many 'of the circuits to be
corNidered, 3 + i 4 = 5 L53.13' and 4 + j 3 = 5 L36.87' are used quite

frequently to ensure that the approach is as clear as possible and not lost,

in mathematical complexity. Of course, the problems at the end of the

chapter will provide plenty of experience with random values.
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R 3 n	 XL 41l

Refer to Fig. 15.26.
+	

+	 +

OAsor Notation	 e ICA sin 

t

e 141.4 sin wt E 100 Vz 0*

Note Fig. 15.27.

Zr

	

	 FIG. 15.26
Series R-L cirruit.

ZT Z, + Z2 3D ^-01 + 40 Z90' 3 fl + j4fl

and'	 ZT = 5 fl /-53.13*	 R = 3 il	 XL - 4 n

Impedance diagr?zm: See Fig. 1518.
+ V" -	 + V1, -

E IDOV 0-

E lftv^-O,

ZT 5 Cl /-53.13* 
20 A L - 53.13'

VR and VL	 FIG. 15.27

Ohm's law:	 Applying phasor notation to the network in

VR 1ZR = (20 A L^-53.13- )(3 fl Z 0-)	
Fig. 

1 

15

1 

.26.

=60VL-53.13'

YL VL = (20 A L -53.13')(4 0 L90')
80 V L36.87'

I^irchhqff's voltage law:	 XL 4 n

MCV = E - VR - VL 0

or	 E = VR + VL
53.13.

In rectangular form,
R=30	 +

VR = 60VL-53.13' 36V' - j48V

VL = 90 V /- + 36.87 o 64 V + j 48 V

and	
FIG. 15.28

E = VR + VL = (36 V - J48 V) + (64 V + j 48 V) 100 V + j 0 	 Impedance diagramfor the series R-L circuitjn

= 100 V LO'	 Fig. 15.26,

as applied.

- Phasor diagram: Note that for the phasor diagram in Fig. 15.29, 1 is
in phase with the voltage across the resistor and lags'the voltage across
the inductor by 90'.	 VL

Power: The total power in watts delivered to the circuit is

	

	 '1^ 1, 1

100 VPT = 'EI cos OT ,	 Z Z \,

= (100 V)(20 A) cos 53.13' = (2000 W)(0.6)	
\1;36.87^

3.131	 '1E	 +
= 1200 W

where E and I are effective values and OT is the phase angle between E
and 1, or	 ^^ V11

PT = 12R	 FIG. 15.29
= (20 A)2(3 fi)	 (400)(3)	 Phasor diagramfor the series R-,L cirruit in
= 
120^w	

F^g. 15.26.
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where I is thezffective value, or, finally,

PT PR + ,PL = VRI COS OR + YJ COS 64
= (60 V)(20 A) COS 0' + ^80 V)(20 A) 

COS 
90'

= 1200W + 0

= 1200 W

where OR is the phase angle between VR and I,-and OL is the phase angle

between VL and 1.

Powerfactor: The power factor Fp of the circuit is 
COS 

53.13' 0.6

lagging, where 53.13* is the phase angle between E and 1.
MW

If we write the basic power equation P El 
COS 

0 as

COS 0
EI

where E and I are the input quantities and P is the power delivered to the

network, and then perform the following substitutions from the basic se-
R 6fl 	xC 8 n	 ries ac circuit as

W-1	 p 121? IR R I?+	 + Vc	COS 0
El T T E T/_1 YT

i = . 7.07 sin(.t + 53.13')
we find	 Fp%,= COS OT = 

ZT]	
(15.9)

FIG. 15.30	
Reference to Fig. 15.28 also indicates that 0 is the impedance angle

4 Series R-C ac circuit. 
Or as written in Eq. (15.9), further supporting the fact that the impedance

angle OT is also the phase angle between the inputvoltage and curlent for

a series ac cirtuit. To determine the power factor, it is necessary only to

form the ratio of the total resistance to the magnitude of the input imped-
R = 6,0	 xC 8 n	 ance. For the case at'hand,

R 3 fl

	

1 5 Z 53.13'	
+ VR —	 + Vc—	 FV	 COS 0	 0.6 lagging

+1	
5 fl

as found above.

R-C

-FIG. 15.31	
Refer to Fig. 15.30.

Applying phasor notation to the circuit in

-Fig. 15.30.	
Phaior Notation

i = 7.07 sin (cot + 53.130) => 1 	5 A Z 53.113o

R 6 0	
Note Fig. 15.31.

+\OT = 53.13Yol

ZT

	

xc= 8 a	 ZT Zi + Z2 6 0 LO' + 8 fl L-90' 6 f) — i 8 fl

and	 ZT = 10 fl L — 53.13'

Impedance diagram: As shown in Fig. 15.32.

FIG. 15.32	 E
Impedance diagramfor the series XCcikuft in.,

Fig. 15.30.	 E IZT	 A L53.131(10,Q L-53.13*) 50Y Z 0'
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VR and VC

V^ = 1ZR (I LO)(R LO-) (5 A L53.13 * )(6 0 LO')

= 36 V_/_5113"

VC = JZC = (I ZO)(Xc /--90') (5 A L53.13 -)(8flL —go')
= 40 V L —36.87'

Kirchh4 's voltage law:

710 V = E — VR — Vc = 0

or	 E = VR + Vc

which can be verified by Vector algebra as demonstrated for the R-L circuit.

Phasor diagram: Note cry the phasor diagram in Fig.. 15.33 that the

curr6nt I is in phase with the voltage *across the resWor and leads the

voltage across the capacitor by 90*.

I ime domain: In the time domain,

e = N/2(50) sin wt = 70.70 sin oit

vR = V2—(30) sin(w + 53.13') = 42.42 sid(wt + 53.13')

VC = N/2(40) sin(wt — 36.87) = 56.56 sin(tat — 36.87')

FIG. 15.33
	A plot of all of the voltages and the current of the circuit appears in 	

Phasor diagram for the series R-C circuit in
	Fig. 15.k Note again that i and VR are in phase and that v C lags i by 90'.	 Fig. 15.30.

FIG. 15.34

Waveformsfor the series R- C circuit in FYg. 15,30,

^ower:M.e total power. in watts delivered to the circuit is

PT = 
EI COS 

OT = (50 V) (5 A) 
COS 

53.13'

= (250)(0.6) = 150 W

.1-	 2
or	 PT=	 = ^:)A) to al)

150 W

or, finally,

PT PR + PC = YRI COS OR + VCl COS OC
= (30 V)(5 A) COS 0' + (40 V)(5 A) 

COS 90'
150 %V + 0
150W

0

a
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Powerfactor. , The power factor of the citcuit is

F ^ cos 0 = cos 53. 13' 0.6 leading,p

Using Eq. (15.9), wCobtain

R	 6 il
FP = Fos 0 =

z	
0 5

= 0.6 leading

	

as determined above. 	 -

R-L-C

Refer to Fig. 15.13.

	R 	 311 XL 7 f2 Xc 311

+ Vc

e 70.7 sin

FIG. 15.35

Scries,R L^C (7 r cin--ii#.

Phasor Nota*100 As S^own in Fi!. 15t^6.

3 11 Xr 7 fl Xc 3 n

VR	 VL	 + Vc

E SOVZO*

XL=7D

FIG. 15.36

X1,-Xc 4 f2	 -,.7,	 Applying phasor nota lon o che cir--uit in Fig. 15.35.

ZT

Z, + Z2 + Z3 R .LO* + XL go- + VC ^ —go-0, 53 13'	 ZT

+	
3 Q-+j70 — j3fl 3PI +j4f2

and	 ZT 5 il L53.13'

Impedance diagram: As shown in Fig. 15.37.
Xc 3 f,

FIG. 15.37

Impedance diagrainfor the series R-L-C circuit in	 E	 50 V LOO

Fig. 15.35.	
lo 

ZT	
5 f, /	 = 10 A L-53.130
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VR, VL, and Vc

VR = IZR'= (I Z 0)(R Z 0-) (10 A Z- -53.13 - )(3 C1 LO-)

= 30 V L - 53.13'

(I LO)(XL L90') (10 A L-53.13')(7 fIL90-)YL = 1ZL
= 70 V L36.87o

VC = IZC (ILO)(XC L-90') 
(10 A L-53.13')(3 fl L-90o)

= 30 V L-143.0'

Kirchhoffs voltage law:

I V=E-VR-VL-Vc=O

or	 E V, + VL + Vc

which can also be verified through vector algebra. 	 VL

Phasor diagram: The phasor diagram in Fig. 15.38 indicates that

the current I is in phase with the voltage across the resistor, lags the

voltage across the inductor by 901 , and leads the voltage across the ca-

pacitor by 90'.

Time domain:	
Z^36.871'

E

i = V2 ( 1 0) sin (tot - 5 3.13') = 14.14 sin (wt - 53.13'^

VR = V2 (30) sin (o)t - 53.13') = 42.42 sin (wt - 53.13')

VL = N/2-(70) sin(o)t + 36.87') = 98.98 sin(wt 
+ 36.87')	 VR

VC = 'V2 (30) sin(wt - 143.13') = 42.42 sin (tot - 143.13')	 FIG. 15.38

Phasor diagramfor theseries R-L-Ccircutt in
-A plot of all the voltages and the current of the circuit appears in 	 Fig. 15.35.

Fit, . 15.39.

Power: The total power in watts delivered to the circuit is

PT = El COSOT = (50, V)(l 0 A) cos 53.13 *- = (500)(Cf.6) = 300 W

or '	 P, = PR = (10 A)'(3 0) = (100)(3) = 300 W

98.98 V	

VL	
A

I

70.70 V

42.42 
1)

	 R	 Vc

3

90,

53.13'^—

FIG. 15.39

Waveformsfor the series R-L-C circuit in Fig. 15.35.
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or

PT = PR + PL + PC

= VRI COS OR ' YJ COS OL + YCI COS OC
(30 V)(10 A)cos 0* -L (70 V)(10 A)cr^ oW + (30 V)(10 A)cos 90'

(30 V)(10 A) + 0 + 0 = 300 W

P&werfactor; The power factor of the circuit is

Fp COS OT = 
COS 

53.13' = 0.6 lagging

Using Eq. (15.9), we obtain

R	 3 fl
Fp cosO =	 - 3— = 0.6 lagging

ZT a

15.4 VOLTAGE DIVIDER RULE

The basic format for the voltage divider rule in ac circuits is exactly the,
same as that for dc circuits:

Z'g
VX

ZT

where V. is the voltage across one or more elements in a series that have

total,mpedanre Z, E ih the totat ,ohag,^ appearing across the series cir-

cuit. and ZT if' the 0'2̂1 impedance of the'series circuit.

EXAMPLZ 15.9 Using the voltage divider wle, find the voltage across

R 3,0	 XC 4fl	 each elernew of the circuit in Fig. 15.40.

I	
SolLttion:

E IOOVZO' 

+	 + VR - + 

V—	
VC	

ZCE 
= 

(4 fl Z - 90')( 100 V Z-O') 400 Z- -.90o

	

ZC + ZR	 4 n L-90- + 3 fl LO'	 3 - j4

400 Z - 901
= 
5 L-,53.13- 

80 V L - 36.87*

I FIG. 15.40	 VR	
ZRE	 (3 0 LO-)(100 VLO-)	 300 LOo

Exalhple 15.9.	 ZC + ZR	 5 fl L - 53.13'	 5 L-53,130

60 V L + 53.13'

EXAMPLE 16.10 Using the voltage divider rule, find the unknown

voltages VR, VL, Yc" and V, for the,cirr-,uit in Fig. 15.41.

R 6fl	 X'. 9	 c

+ V,

	

+	 + VL	 + vc

	

E 50 V Z 30*	 y

FIG. 15.41

Example 1 5, 10^
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Solution.

	

ZRE	 (6 fl Z 0- )(50 V L30-)

'V

	

R	 Z, + Z, 6 fl 1-0' + 9 fl L90' + 17 fl L-901

300 L30'	 300 L30'

+ j 9 - J 17	 6 - j 9

30b L30-	
30 V L83.131

10 L-53.13'

Calculator The above calculation ,provides an excellent opportunity

,to demonstrate the power of today's calculators. For the 
T1,89 calculator,

the sequence of steps to calculate Vk are shown in Fig. 15.42.

Z	 1^ P.I.	 30.00EO Z 83AAE0

FIG. 15.42

Using the TI-89 calculator to determine VR in Example 15.10.

(9 Ill Z 90')(50 V L30P )	 450 V L 120o
VL

	ZT	 10 fl L -53.13*	10 L-53.13'

45 V z 173.13,

ZCE (17 fl L-90-)(50 V /-300) 850 V 4-60o
VC

	ZT	 10 fl L-53.13'	 10 L-53'

85 V L-6.87o

(ZL + ZC)E (911 L90* + 17 0 L-900 )(50 V'L30')

	

V,	 l0flL^53.13*ZT
(8 Z -90')(50 L30-)

10 L-53.13-

- 
400' -̂	 40 V L-6.870
10 /--53.13-

EXAMPLE 15.11 For the circuit in Fig. 15.43:

a. Calculate 1, VR, VL, and VC-in phasor form.

b. Calculate the total pqwer factor.

-c. Calculate the average power delivered to the circuit.

C, 200 /AF C2 200 jiF

R, 6 fl R2 4 11 L, 0.05 H L, 0.05 H

	

+	 +	
"8.	 +	 VL	 7	 + VC

V*1(20) sin 377t

FIG. 15.43

Example 15.11.
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d. Draw the phasor diagram.

e. Obtain the phasor sum ofVR, VL, and VC, and show that it equals the

input voltage E.

f. Find VR and VC using the voltage divider rule.

Solutions:

a. Combining common elements and findibg the reactance of the in-

ductor and capacitor, we obtain

RT = 6 fl + 4 fl = 10 0

LT = 0.05 H + 0.05 H = 0.1 H

CT = ^^ = 100 AF
2

XL = &)L (377 rad/s)(0. I H) = 37.70 0

106 fj

XC =	
— = 16.53 fl

(,) C	 (371 rad/s)(100 X 
10 -6 F)	 37,700	 "

Redrawing the circuit using phasor notation results in Fig. 15.44.

R = 10 0 XL = 37-70 n XC 26.53 0

I	

+ V, - + VL -	 + VC -

E = 20VZO^

FIG. 15.44

Applying phasor notation to the circuit in Fig. 15.43.

For the circuit in Fig. 15.44,

ZT = R LO' + XL L90' + Xc L-90'

= 10 n + j 37.70 n - j 26.53 fl

= 10 fl + j 1 1. 17 fl = 15 11 L48.16-

650 111 SERIES AND PARALLEL ac CIRCUITS

0

The current I is

I = 
E	 20 V Z_0* 

= 1.33 A L -48.16-

ZT	 15 fl L48.16-

The voltage across the resistor, inductor, and capacitor can be found

using Ohm's law:

VR 
= lZR = (I LO)(R LO') = (1.33 A Z_ -48.16')(10 fl Z.O*)

= 13.30 V Z,-48.16'

VL = 1ZL = (I Z-0)(XL L90- ) = (1.33 A L -48.16')(37.70 fl L90-)

= 50.14 V L41.84o

VC 
I
- IZ, = (I LO)(XC L -90') = (1.33 A L-48.16')(26.53 0 L-90o)

= 35.28 V L - 138.160

b. The total power factor, determined by the angle between the applied

voltage E azid the resulting current I, is 48.16':

Fp cos 0 = cos 48.16' = 0.667 tagging

R 10 fl
or	 Fp iF cos 0 = — = --- = 0.667 lagging

ZT	

1 
5 f,

3.
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c. The total power in watts delivered to the circuit is	
VL

PT 
Elcos 0 = (20 V)(1.33 ^A)(0.667) 	 17.74 W

d. The phasor diagram appears in Fig. 15.45.
X

"I C,e. The phasor sum of VR, VL, and Vc is	

Z

E = VR + VL + VC	 41.84'

= 13.30 V L -48.16- + 50.14 V L41.84' + 35.28 V L - 
138.W	

E
E = 13.30 V L - 48.16' + 14.86 V L41.84' 	

49.16	 +

Therefore, VR

E 
= /(13 .30 V^ + (14.86 V^ 20 V

0 ­ = 0.	 (from phasor diagram) 	
VC

and	 E	

E=20LO'	
FIG. 15.45

and

	

	 Phasor diagramfor the circuit in Fig. 15.43.

Z,E ( 10 il LO') 20 V LO') 200 V LO'

f. VR = ^ =_	 15 L48.160
ZT	 15 fl L48.160

= 13.3 V L -48.16'

ZCE (26.5 Q L -90')(20 V LOO) 530.6 V L -90'

VC	 =	 1-5 n L48.16

'	

15 L48.16o

= 35.37 V L - 138.16'

15.5 FREQUENCY RESPONSE FOR SERIES

ac CIRCUITS

Thus far, the analysis has been for a fixed frequency, resulting in a fixed
value for the reactance of an inductor or a capacitor. We now examine

how the response of a series circuit changes as the frequency chatiges.
We assume ideal elements throughout the discussion, so that the re-

sponse of each element will be as shown in Fig. 15.46. Each response in

Fig. 15.46 was discussed in detail in Chapter 14.

X'=
2^fc

R	 XL 2-J'L f	

0
f	 0

R	 L

Z'

+	

R 0. Xc Z_9'
0.

c Z-90

FIG. 15.46
Reviewing the frequency response of the basic elements.



When considering elements in series, remember that the toLo i mped-

ance is the sum of the individual elements and that the reactance of an
intinctor i^ in direct opposition to that of a capacitor. For Fig. 15.46, we
are first aware that. the resistance will remain fixed for the full range of

frequencies: It will always be there, but, more important, its magnitude

will not change. The inductor, however, will provide increasing levels of

impedance as the frequency increases, while the capacitor will provide

lower levels of impedance.

. We are also aware from Chapter 14 that the inductor has a short-

circuit equivalence atf = 0 Hz or very low frequencies, while the capaci-
tor is nearly an open circuit for the same frequency range. For very high

frequencies, the capacitor approaches the short-circuit equivalence, and

the inductor approaches the open-circuit equivalence.

In general, therefore, if we encounter a series R-L-C circuit at very low

frequencies, we can assume that the capacitor, with its very large imped-,

ance, will be the predominant factor. If the circuit is just an R-L series cir-
cuit; the inipedance may be determined primarily by the resistive element
since the icixtance of die inductor is so small. As the frequency increases,

the reactance of the coil increases to the point where it totally outshadows

the impedance of the resistor. For an R-L-C combination, as the fre-

quency increases, the reactance of.the capacitor begins to approach a

short-circuit equivalence, and the total impedance will be deterritined pri-

marily by the inductive element. At very high frequencies, for an R-C
series circuit, the total impedance eventually approaches that of the resis-

tor since the impedance,6f the capacitor is dropping off so quickly.

In total, therefore,	 .

when encountering a series ac circuit ofany combination of

elements, always use the idealized response of each element to

establish somefeelingfor how . the circuit will respond as the
frequency changes.

Once you have a logical, overall sense for what the response will be, you

can concentrate on working out the details.

$52 1 11 SERIES AND PARALLEL ac CIRCUITS

Series R-Cac Circuit

As an example of establishing the frequency response of a circuit, con-

sider the series R-C circuit in Fig. 15.47. As noted next to the source, the

frequency range of interest is from 0 to 20 kHz. A great deal of detai I is
provided for this particular combination, so that obtaining the response

of a series R-L or R-L-C combination will be quite straightforward.
Since the resistance remains fixed at 5 M for the full frequency

range, and the total impedance is the sum of the impedances, it is imme-

diately obvious that the lowest possible impedance is 5 kfl, The highest

R

+	 5 kfl

E = 10VZ0- AV i7'	
+

C	 0.01 pF VC

f: 0 to 20 kHz

FIG. 15.47

Deterntining thefrequency. response ofa -series R-C circuit.



ZT = R — jXc

and	 ZT Z OT = 
VR2 _+X2C /_ — tan 7 '^ Ĉ—	(15-12)

F_ZT	
R

The magnitude and angle of the total impedance can now be found at

any frequency of interest by simply substituting into 
Eq. (15.12). The

presence of the capacitor suggests that we start from a low frequency

(100 Hz) and then open the spacing until we reach the upper limit 
of

interest (20 kliz).

R

5 kn

TO	 f

R 5 VQ^l

-i;,	 XC 
Tl;f—c 

5

FIG. 15.48
Thefrequency responsefor the individual elements ofa series R-C circuit.

R<Xc R>Xc
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impedance, however, is dependent on the ,capacitive element since its

impedance at very low frequencies is extremely high. At very low fre-

quencies we can conclude, without a single calculation, that the imped-

ance is determined primarily by the impedance of the capacitor! At the

highest frequencies, we can assume that the reactance of the capacitor

has dropped to such low levels that the impedance of the combination

wilrapproach that of the resistance. 	
rops to that of. The frequency at %^hich the reactance of the capacitor d

the resistor can be determined by setting the reactance of the capacitor

equal to that of the resistor as follows:

xC

	

	RirfIC

Solving for the frequency yields

This significant point appears 
in the frequency plots in Fig. 15.48.

Substituting values, we find that it occurs at

A	

I	 I	
az 3.18 kHz

27rRC	 27T(5 kfl)(0-01 jiF)

We now know thai for frequencies greater than fl , R > XC and that for

frequencies less than fl , XC > R, as shown in Fig. 15,48.

Now for the details. The total impedance is determined by the follow

6
ing equation;
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f = 100 Hz

^c ^ 

I 
= y—	

I	
= 159.16 kfljr(l (^ 7̂

27rfC	 ^)(0.01 AF)

and ZT = V 'R+ X,2 = VO k6) 2 + (159.16Tfl7 = 15 19,24 kfL

with	 OT = -tan - '	 -tan- 
159.16 kf) 

= -tan' 3..83
R	 5 kn

= -88.20

and	 ZT = 159.24 kil L-88.21

which compares very closely with Z C = 159.16 W L - 900 if the circuit

were purely capacitive (R = 0 fl). Our assumption that the circuit is pri-
marily capacitive at low frequencies is therefore confirmed.

f = 1 kHz

XC = I =
	 I	

- 
= 15.92 kfl

27rfC	 27r(I kHz)(0.01 gF)

and ZT 'R+ X, V(5 kfl)' (15 92 kfl^ 16.69 M

with	
XC	 15.92 W

OT = -tan	 = - tan

	

R	 5 M

= -tan' 3.18 = -72.54'

and	 ZT = 16.69 kil L -72.54,

A noticeable drop in the magnitude has occurred, and the impedance

angle has dropped almost 17' from -the purely capacitive level.

Continuing, we obtain

f = 5 kHz: ZT = 5.93 kfl L-32.481

f = 10 kHz: ZT = 5.25 kfl L - 17.660

f 15kHz: ZT-,5.1IkflL-1I.98'

f = 20kHz: Z7­ 5.06knL-9.04'

Note how close the magnitude of ZT at f = 20 kHz is to the resistance
level of 5 kfl. In addition, note how the phase angle is approaching'that

associated with a pure resistive network (0*).

A plot of ZT versus frequency in Fig. 15.49 completely supports our

assumption based on the curves in Fig, 15.48. The P lot Of OT versus fre-
quency in Fig. 15.50 further suggests that the total impedance made a

transition from one of a capacitive nature (OT = -90') to one with resis-
tive characteristics (6T = 0')-
,Applying the voltage divider rule to determine the volta ge across the

capacitor in phasor form yields

ZCE

VC =
ZR + ZC

(XCL-90')(ELOo) XCEL-90o

	

R - jXC	 R jxc
-90-XCE L

VR' + X'C /- tan - ! XCI

XCE
or	 - 1 (XcIR)VC VC LOC	 -90' + tan7R2 + XC2

f
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Zr (kn)

	

20	
A

circui t capacitive

	

10	 %

I-- 
ZT (f)

c c j, ,p ve

itr u c ac u

ZT -------- 

- -----------

---	

------------- -	
i	 i ie

	

5	 Circuit resistive

0	 20	 f (kHz)
0

FIG. 15.49

The inagnitude o^the input impedance versus frequency for the circuit in

Fig. 15.47.

Or

5	 10	 15	 2,0	 f (kHz)

0.

Circuit resistive

—30o

'st've'rcu"'e^C

—45*

Circuit capacitive

FIG. 15.50

ne phase angle of the inp4 impedance versus frequency for the circuit in

Fig. 15.47.

The magnitude of VC is therefore determined by

E

XcE	
(15.13)

VC —
+ 4N
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and the phase anglevc by which VC leads E is given by

FOc =:^-90* + tan XC tan 
R

	

^Kc	
tait-

	

R	 y 
C	

(15.1.4)

To determine the frequency response, Xc must be calculated for each
frequency of interest and inserted into Eqs. (15,13) and (15.14).

To begin our analysis, we should consider the case Qff 0 Hz (4c
conditions).

f= 0 Hz

Xc F;(0) C 
0 

very large value

Applying the open-circuit equivalent for the capacitor based on the
above calculation results in the following:

Vc = E IOV40-

Jf we apply Eq. (15.13), we find

XIC >> R2
+ X2, VX2and	 VR'	 XC

XCE	 XcEand	
VC = -- = — = E

VR2 + X2C XC

with	
R

Oc = -tan y- = -tan -1 0 01C

verifying the above conclusions.

f 1 kHz Applying Eq. (15.13) gives

XC 21rfC = (21r)(l X 10,Hz)(

	

	 15.92 kil
.01 X 10-'F)

+ XC	 5 W + ( 15-92 kfl^ = 16.69 M

XCE	 (15.92 kfl)(10)
and VC --f-2 = — = 9.54V

VR + XC	 16.69 W

Applying Eq. (15.14) gives

6C -tan 
R	

_tan- 
1 5 kil

XC	 15.9 kfl

-tan - '0.314 = -17.461

and	 Vc 9.83 V Z- - 17.46-

A As expected, the high reactance of the capacitor at low frequencies has

resulted in the major part of the applied voltage appearing across the ca-
pacitor.

If we plot the phasor diagrams forf = 0 liz andf = I kHz, is shown in
Fig. 15.51, we find that VC is beginning a clockwise rotation with an in-
crease in frequency that will increase the angle OC and decrease the phase
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V	

0

I-OA	
E:	 90*	 E

f - = - 011z 
—0^ VC ec Go	

ec	 -17 A16-

jr	 I kltz^	 I VC

FIG. 15.51

Thephasordiagramfor the circuit in Fig. 15.47forf = 011z and I kHz.

angle between I and E. Recall that for a purely capacitive network, I leads

E by 90'. As the frequency increases, therefore, the capacitive reactance is

decreasing, and eventually R >> XC with 0C = -90', and the angle be-

tween I and E will approach 0*. Keep in mind as we proceed through the

other frequencies that 0C is the phase angle between VC and E and that the

magnitude of the angle by which I leads E is determined by

Flo, 90. - loci]

f= 5 kHz - Applying Eq. (15.1 j) gives

xC

	

	3.18 Wiric 

(21r)(5 
x 103 Hz)(0.01 X 10-' F)

Note the dramatic drop in Xc from I kFiz to 5 kHz. In fact. XC is now

less than the resistance R of the network, and the phase angle determined

by tar. - 1 (,Xclk) 
must be less than 45'. Here,

XCE	 (3. 18 kfl)(10 V)

VC

	

	 5.37 V

V)F+ Xr, -V'65ifl^ + (3-18 kil^

with	 Oc=-,tan-I 
R =_ 

tan- 
1 5 kfl

xC	 3.2 M

-tan- '1.56 = -57.3r

It = 10 kHz

XC 1.59 kil VC 3.03 V 0C -72.34'	 OC ^51.387

5 kHz
Ntc

1 15 kHz	 Vc

Xc 1.06 kil VC 2.07 V 0C -78.02*

VR

It = 20 kHz
E

XC at 795.78 il VC = 1.57 V 0C = -80.96*	 40 —96--

The phasor diagrams for f = 5, 
1 
kHz and f =. 20 kHz appear in Fig.	

Vc f - 20 kHz

15.52 to show the continuing rotation of the VC vector. 	 FIG. 15.52

Note also from Figs. 15.51 and 15.52 that the vector VR and the current 	 The phasor diagram f^r the circuit in Fig. 15.47for

I have grown 
in magnitude with the reduction in the capacitive reactance.	 f 5 kHz and 20 Wz^
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Eventually, at very high frequencies, XC will approach zero ohms and

the short-circuit equivalent can be applied, resulting in Vc ^_ 0 V and

OC _— — 90' and producing !he phasor diagram in Fig. 15.33, The net-

work is then resistive, the phase angle between I and E is essentially

zero degrees, and VR and I are their maximum values.

V, Of 0*

V, - '0	 E or -go-v

f very high frequencies

FIG. 15.53

The phasor diagram for the circuit in Fig. 15.47al very highfirequencies.

A plot of VC versus frequency appears in, Fig. 15.54. At low frequen -

cies, XC >> R, and VC is very close to E in magnitude. As th& applied

frequency increases, XC decreases . in magnitude along with VC as VR

captures more of the applied voltage. A plot of Oc versus frequency is

provided in Fig. 15.55. At low frequencies, the phase angle between VC

and E is very small since VC _= E. Recall that if two phasors are equal,

they must have the same angle. As the applied frequency increases, the

network becomes more resistive, and the phase angle between V C and E

approaches 90'. Keep in mind that, at high frequencies, I and E are ap-

proaching an in-phase situation, and the angle between V C and E will

approach that between VC and 1, which we know must be 90' (1c lead-

ing VC).

A plot of VR versus frequency approaches E volts from zero volts

with an increase in frequency, but remember that V^ 0 E — VC due to

th- vector relationship, The phase angle between I and E could be plot-

ted directly from Fig. 15.55 using Eq. (15.15).

In Chapter 2 1, the analysis of this section is extended to a much wider

frequency range using a log axis for frequency. It will be demonstrated

VC

to-	
Network capacitiv

9-

8 -

7-

5 -
VC ('r)

4-

3-	 Net ork resistrNe

2-

0 1
	

5	 1	 1 0	 15	 20	 f(kHz)

FIG, 15.54

The magnitude ofthe voltage, VC versusfrequencyforthe chcuil 
in 

Fig. 15.47.
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"0C (phase angle between E and Vc)

c('

o	 5	 to	 15	 20	 f (kHz)

^Network caPacitive
-30*

'Network capaciuve0

Oc (f)

Network resistive

FIG, 15-55

The phase angle between E and VC versus frequencyfor the circuit in

Fig. 15.47.

that an R-C circuit such as that in Fig. 15.47 can be used as a filter to de-

termine which frequencies will have the greatest impact on the stage to

follow. From our current analysis, it is obvious that any network con-

nected across the capacitor will receive the greatest potential level at low

frequencies and be effectively "shorted out" at very high frequencies.

The analysis of a series R-L circuit proceeds in much the same man-

ner, except that XL and . VL increases with frequency and the angle be-

tween I and E approaches 90' (voltage leading the current) rather than 0':

if V jjs plotted versus frequency, V L will approach E, as demonstrated in

Example 15.12, and XL'will eventually attain a level at which the open-

circuit equivalent is appropriate.

circuit in Fig. 15.56:EXAMPLE 15.12 For the series R-L

a. Detennine the frequency at which XL = R.

b. Develop a mental image of the change in total impedance with fre-

quency without doing any calculations.

6. Find the total impedance at f =^ 100 Hz and 40 kHz, and. compare

your answer with the assumptions of part (b).

d. Plot the iurvt: of VL -versus frequency.

e. Find the phase angle of die, total impedance atf ^ 40 kHz. Can the

circuit be considered indu&ve at this frequency? Why?

R

2 kil	

+E 20 V Zo*	
L 40 mH V,

f.0 to 40 kHz

FIG. 15-56
Ciicuirjar Example 15.12.
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Solutions:

a.XL = 21rfjL = R

and	 ft	
R	 2 ti'l	

7957.7 Hz
TirL 27r(40 mH)

b. At low frequencies, R > XL and the impedance will be very close to
that of the resistor, or 2 W. As the frequency increases, XL increases

to a point where it is the predominant factor. Tlie result is that the

curve starts almost horizontal at 2 W and then increases linearly to

very high levels.

c. Z, = R + jXL = Z, LO, VRT + XL2 Z-tan - .' XL
R

100 Hz:

XL = 21r)E 21T(IOOHz)(40mH) 25.13 a

X,2and	 Z, = VR' +	 V(2 kn^ + (25.13 fl^
2000.16 fl 25 R

Atf 40 kHz:

XL = 21TJL = 21r(40 kHz)(40 mH) ^— 10.05 W

and Z, = VR2 + 3j^, = V(2 kfj^ —+(10.05 kn)z

= 10.25 kO ao XL

Both calculations support the conclusions of part (b).

d. Applying the voltage divider * rule gives

VL = ZLE

ZT

From part (c), we know that at 100 Hz, ZT at R, so that VR QF 26 V and
VL ^— 0 V. Part (c) revealed that at 40 kHz, Zr —^ XL, so that VL -- 20 V
and VR Gs 0 V The result is two plot poi nts for the curve in Fig. 15,57.

V&

20V -----------------

Y
I 
J;10V	 VL

0 1 5 1 OC20 30 40 kH

FIG. 15.57

Plotting VL versusffor the series R-L circuit in Fig. 15.56.

At I kliz X1, 21rjL 0.25 kfl

and VL 
(0.25 M L90- )(20 V 

40-) 2.48 V /-82.87o
2 M + j 0.25 W

At 5 Oiz	 XL 27rj7, 1.26 W

(1.26 WZ 90-)(20 VLO-)
and' VL	 = 10.68 V z-57.79.

2 kil + i 1.26 kf)

4
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At 10 kHz

	

	 -XL 21rjL:E 2.5 kfl

(2.5 W L90')(20 V LO-)
and - VL = ---i- = 15.63 V L38.66'.5 ki, + j 2.5 ki,

The complete plot appears in Fig. 15.57.

10.05 kfl
e. 9-r tail - ^ L̂- = t.--	 = 78.75*

R	 2 W

The angle OT is closing in on. the 90' of a purely inductive network.
Therefore, the network can be considered quite inductive at a fre-

quency of 40 kHz.

15.6 SUMMARY, SERIES ac CIRCUITS

The following is a review of important conclusions that can be derived

from the discussion and-examples of the previous sections. The list is not

all-inclusive, but it does emphasize some of the conclusions that should

be carried forward in the future analysis of ac systems.

For series ac circuits with reactive elements:

1. The total impedance will be frequency dependent.

2. The impedance of any one element can be greater than the total

impedance of the network.

3. The indtictive and capacitive reactaitceS are always in direct

opposition on an impedance diagram.

4. Depending on the frequency applied, the same circuit can be

either predominantly inductive or predominantly capacitive.

5. At lowerfrequencies, the capacitive elements will usually have

the most impact on the total impedance, while at high frequen-

cies, 'the inductive elements will usually have the most impact.

6. The magnitude ofthe voltage across any one element can be

greater than the applied voltage.	 ,

7. The magnitude ofthe voltage across an element compared to the

other elements of the circuit is directly related to the magnitude

ofits impedance; that is, the larger the impedance ofan element,

the larger is the magnitude of the voltage across the element.

8. The voltages across a coil or capacitor are always in direct

opposition on a phasor diagram.

9. The current is always in phase with the voltage across the resistive

elements, lags the voltage across all the inductive elements by 90',

and leads the voltage across all the capacitive elements by W.

10. The larger the resistive element ofa circuit compared to the net

reactive impedance, the closer is th^ powerfactor to unity.

PARA,LLEL ac CIRCUITS

15.7 ADMITTANCE AND SUSCEPTANCE

The discussion for parallel ac circuits is very similar to that for dc cir-

cuits. In dc circuits, conductance (G) was defined as being equal to 11R.

The total conductance of a parallel circuit was then found by adding the

conductance of each branch. The total resistance Rr is simply I IGT.

In ac circuits, we define admittance (Y) as being equal to I/Z. The

unit oi measure for admittance as defined by the SI system is siemens,

1ntr^ds,r#,%nr C.416

ADMIT7ANCE AND SUSCEPTANCE H 1 661

4

0

11!
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which has the symbol S. Admittance is a measure of how well an ac cir-

cuit will admit, or allow, current to flow in the circuit. The larger its

value, therefore, the heavier is the current,flow for the same applied po-

tential. The total admittance of a circuit can also be found by finding the

sum of the parallel admittances. The total impedance Zr Of the circuit is

then 11YT, that is, for the network in Fig. 15.58,

Yr = Y1 + Y2 + Y3 + - - - + YM	 (15.16)

and

Y,	 Y'
Z
 7;	

Z'

7'

FIG. 15.58

Parallel ac network.

or, since Z	 I/Y,

+ 
+

Zr Zi	 + T

	

+ Y2 3	 ZN

and

ZT	 (15.19)

+ + + iNi. Z2 Z3

matching Eq. (6.3) for dc networks.

For two impedances in parallel,

+ZT

If the manipulations used in Chapter 6 to find the total resistance of two

parallel resistors are now applied, the following similar equation results:

(15.20)
-ẑF, z.z, z,

For N parallel equal impedances (ZI), the total impedance is deter-

mined by

	ZT 
Z,	

(15.21)
N

For three parallel impedances,

ZIZ2Z3
ZT 	 (15.22)

U2 + Z2Z3 + ZIZ31

Introductory, C.43B
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As 'pointed out in the in troduction to this section, conductance is the

reciprocal of resistance, and

Fy),

	

^= —' = - ^—'— G LO'	 (15.23)Z, j 0,

The reciprocal of reactance (11,X) is called susceptance and is a mea-

sure of how susceptible an element is to the passage of current through

it . Susceptance is also measured 
in 

siemens and is represented 
I 
by the

capital letter B.

for the inductor,

YL

	

	 L-90*	 (15.24)
ZL XL L90- XL

Defining	 (siemens,I 
S)	 (15.25)

we have	 FY77BL 2 —90-1	 (15.26)

Note that for inductance, an increase in frequency or inductance will

result in a decrease in susceptance or, correspondingly, in admittance.

For the capacitor,

o
Y

	

	
1	

490.	 (15.27)
C ^ ic Yc 4-9WO' XcF -z

Defining	 .(siemens, S)	 (15.28)

(15.29)
we have	 Fy^ BC A90.

For the capacitor, therefore, an increase in frequ 
I 
ency or capacitance

will result in an increase in its susceptibility.

For parallel ac circuits, the admittance diairam is used with the

three admittances, represented as shown in Fig. 15.59.

Note in Fig. 15.59 that the conductance (like resistance) is on the pos-

itive real axis, whereas inductive and capacitive susceptances are in di-

rect opposition on the imaginary axis.

For any configuration (series, parallel, series-parallel, and so on), the

angle associated with the t
I 
otal admittance is the angle by which the

source current leads the applied voltage. For inductive networks, OT is

negative, whereas for capacitive networks, OT is positive.

For parallel ac networks, the components of the configuration and the

desired quantities determine whether to use an impedance or admittance

approach. If the total impedance is requested, the most direct routi may

be to use impedance parameters, However, sometimes using admittance

parameters can also be very efficient, as demonstrated in some of the ex-

amples in the rest of the text. In general, use the approach with which

you are more comfortable. Naturally, if the format of the desired quan-

tity is spelled out, it is usually best to work with those parameters.

Sc z goo

GZO*

B, z -go-

FIG. 15-59
A&nittance,,diagra"L



664 111 SERIES AND PARALLEL ac CIRCUITS
a--
IF

"7 ER11 11 Ion

FIG. 16.60
Example 15.13.

Z'

A
Z, = 7.95 D Z OW

ZR = 4.0(rfl Z 0- +

FIG. 15.61
Impedance diagramfor the network in Fig. 15.60.

Y, 0.05 S Z 0'

	

)-163.41i'	 +

	

YL = 0. 1 S Z -

	

1\1 -1 1! 2S

I

Y,

FIG. 15.62
Admittance diagram for I he network in Fig. 15.60,

R 5 fl XL . n XC	 20 D

FiG. 15.63
Example 15.14.

EXAMPLE 15.13 For the network in Fig. 15.60:

a. Calculate the input impedance.

b. Draw the imped"ce diagram.

c. Find the admittance of each parallel branch.

d. Determine the input admittance and draw the admittance diagram,

Solutions:

a.
ZRZL	 (20 n Z 0-)(10 fj z go-)

i, + Z, 20 ^fl+ j Io n
200 0 Z 90o — 

8.93 fl /_63.431
22.361 L26.57-

4.0

' 

0 n + j 7.95 fl RT + jXL,

b. The impedance diagram appears in Fig. 15.6 L'

c. YR = G'LO* 
R 
Lo, = To a L 0' 0.05 S z 0'

= 0.05 S +j 0
I

YL = BL Z	 /--90*	 z —90,
10 0

= 0.1 S L —90* = 0 — j 0.1 S

d. YT = YR + YL (0.05 S + jO) + (0 — jO.1 S)
= 0.05 S — i 0.1 S = G — jBL

The admittance diagram appears in Fig. 15.62.

EXAMPLE 15.14 Repeat Example 15.13 for-the parAlel network in
Fig. 15.63.

Solutions:

a. ZT =	
I

I 
+ ^

I 
+

ZR	
'1^ ZC

'
^0̂ + i-fl--z9-- + io­—oo	 f, 2 - 

goo

S Z 0- + 0. 125 S Z - _90' + 0.05 S Z-90o

1	 1

i O^075 S	 2136S L-20.56-

4.68 fl L20.56'

or

9

ZRZI,ZC
ZT =	 I ^ __

-C + I-RI-C

21	 (5flLOo)(8f1Z90')(20flL-90')

(8 0 L go-) + (8 0 L 90') (20 fl L - 90-)(5 f2 ZO

')(20 fl L-90')+ (5 fl Z-0
800 n LO'

40 L90' + 160 Lo, + 100 L -90'
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a	
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goo n	 800 n

T60 + J 40	 100 ^ 160 - i 60

800 0

170,88 L-20.56-

4.68 fl L20.56 * = 4.38 11,+ j 1.64 fl

b. The impedance diagrara appears in Fig. 15.64.

I
c. XR = G LO'	 Z-O* =	 L01

R	 5 il

= 0.2 S Z-0 , = 0.2 S +jO

-90'	 Z- - 90*YL = BL L-90* 	 4

= 0.125 S L-90' 0 -jO.12$S

YC = BC L90' 7C- 1-90' ^0—fl L90*

= 0.050S L+90* = 0 +jO.050S'

d. YT = Y1 + YL + YC
(0.2 S + i 0) + (0 - j 0. 125 S) + (0 + 0.050 S)

0.2 S - J 0.075 S = 0.214 S L-20.56'

The admittance diagram appears in Fig. 15 ^65.

0

J '

4 68 L1

ZL = 1 - 64 0 -' 90*

Z,, = 4.38 0 Z 0* +

FIG. 15.64
Impedance diagram for the network in Fig. 15.63.

A Yc

+
2̂0.56* IYL - YC

1

!
0 

!S
.214S--------------------

Y

'T

T

YL

YL

FIG. 15.65'
Admittance diagram for the network in Fig. 15.63,

On many occasions, the inverse relationship YT = 117T or Z7 . = I/YT

will require that we divide the number 1 by a complex number having a

real and an imaginary part. This division, if not performed in the polar

form, requires that we multiply the numerator and denominator by*1he

conjugate of the denominator, as follows:

I	 ((4n - 1-6n)

YT	 ^—fl + j 6 n	 4 fl +1 j 6 0 ((̂4 fl - 6 f^)

4 - j 6

4' + 6'

and	 YT	
S j 

S
52	 52

To avoid this laborious task each time we want to find the reciprocal

of a complex number in rectangular form, aformat can be developed

using the following complex number, which is symbolic of any imped-

ance,or admittance in the first or fourth quadrant:

I	 I	 )(a, j6,	 a, Tjbi

b	 b,	 J b.	 .2 + b2

or	
a, 

-2 :;j	 (15.30)
b.	 + b	 + b

Note that the denominator is simply thesum of the-squares of each term.

The sign is inverted between the real afid imaginary parts. A few exam-

ples will develop some familiarity with the use of this equation.
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EXAMPLE 1 S. 15 Find the admittance of each set of series elements in
Fig. 15.66.

R	 10fl

	

R 611	
Y	 X, 4n

Y

XC

XC	8 11	 XC	 0.1 a

(b)

FIG.- 15.66
Example 15.15.

Solutions:	 low

a. Z = R — jXC 6 fl j 8 fl

Eq. (15.30):

Y	 6	
+	

8

6 fl — j 8 fl (6)2 + (8)1 J^6^ + (8^
6 
S+j 8 S

100	 100

b. Z = I0f1+j40+(—j0.If1)=l0f1+j3:911

Eq. (15.30):

Y	 10	 3.9

Z 10 0 + j 3.9 a ( 10)2 + (3,9) 2	 TIO^ + (3.9^
10	 3.9— — 

—1— 0.087 S — j 0.034 S
115.21	 15.21

15.8 PARALLEL ac NETWORKS

For the representative parallel ac network in Fig. 15.67, the total imped-12
ance or admittance is determined as described in the previous section,

E + ^V	 Z,	 72	 and the source current is detem -dned by Ohm's law as follows:

E = 

EYT
ZT

FIG. 15.67	
Since the voltage is the same across parallel elements, the currentParallel ac network
through each branch can then be found through another application of
Ohm's law:

	

EY,	 (15.32)
Z,
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12

	

	 EY2	 (15.33)

Z' EY,

Kirchheff ,s current law can then be applied in the same manner as

tworks. However, keep in mind that we are now dealing
used for dc ne both magnitude

-̂ with the algebraic manipulation of quantities that have

and direction. We have

12 = 0

(15.34)
or

The power to the network can be determined by

(15.35)

where Or is the phase angle between E and 1.	
at detail for the

look at a few exarni)Ies carried out in greLet ^s now

first exposure.

R-L

Refer to Fig. 15.68.

a

iL
+

VJ(20) sin(wt + 53.13*) ^V	 R	 3.33 fl	 X,	 2.5 fl

FIG. 16.68

Parallel R-L network.

Phasor Notation As shown in. Fig. 15-69.

I 10AZ0*	
a

+	 PL

E 20 V Z 53.13' ^V	 R 3.33 n	 X, 2.5 fl

FIG. 15-69

Applying phasor notation to the network in Fig . 15.68.

YT = YR + YL	

L-90*
= G LO' + BLL-90-	

LO + ^—
3.33 0	

.5 f,

= 0.3 S LOO + 0.4 S L-900 0.3 S — ji 0.4 S

= 0.5 S L-53.130

2 n L53.13*
ZT =	 0.5 S L-53.1.3'
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Admittance diagram: As shown in Fig. 15.70.

-^- = EYT = (20 V /-53.13')(0.5 S Z -53.13') = 10 A Z 0-
ZT

E /_O
IR = — 

= 
(E 1-0)(G Z-O-)

R /_01
= (20 V Z 53.13')(0.3 S LO- ) = 6 A L53.13-

E /_O
IL = 

XL /-go- = 
(E LO)(BL L -90')

= (20 V Z 53.13') (0.4 S z - 90-)

= 8 A L -36.87,

Kirchhoff's current law: Attiode a,

1 IR - IL = 0

	or 	
IR + IL

10 A /_0' = 6 A L53.13- + 8 A 4 - 36.87-
10ALO' = (3,60A +j4.80A) + (6.40A - j4.80A) IOA +jO

	and	 10 A /_0' = 10 A LO'	 (checks)

Phasor diagram: The phasor diagram in Fig. 15.71 indicates that the
applied voltage E is in phase with the current I R and leads the current IL
by 90'.

Power: The total power in watts delivered to the circuit is

PT = El 
COS OT

= (20 V)(10 A) 
COS 

53.13 1 = (200 W)(0.6)
= 120W

2

	

or	 jor = 121? LR = V,2 G = (20 V)2(0.3 S) =, 120 W
R

or, finally,

PT Pk + PL, = EIR COS OR + EIL COS OL
(20 V)(6 A) 

COS 
0* + (20 V)(8 A) 

COS 
90' = 120 W + 0

120W

Powerfactor: The power factor of the circuit is

Fp = COS OT = 
COS 

53.13' = 0.6 lagging

or, through an analysis similar to that used for a series ac circuit,

P - E'IR EG G G
COS OT = = — = — = — = —

El El	 I I/V YT

	and	 Fp = COS OT = G
	

(15.j6)
YT

	

wt,	 Aere an , T are the magnituues ot the total conductance and admit-

tance of the parallel network. For this case,

0.3S

7	
Fp COS OT = 5— = 0.6 lagging

.5S

Impedance approach: The current I can also be found by first finding
the total impedance of the network:

j

G Z 0* - 0.3 S _/ 0*

53.13*	:	 +

Bt, -90' 0.4 S Z -go-	 5 S Z -53.13*

\Y-,

FIG. 15.70

Admittance diagram for the parallel R-L network in
Fig. 15.68.

^L

FIG. 15.71
Phasor diagramfor the pari allel R-L network in

Fig. 15.68.
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6

ZRZL	 (3,33 (1 Z 0')(2-5 il z 90-)

ZT ZR + ZL T33 a /-0- + 2.5 a /-90-

8.325 /-90' 
= 2 il /-53.130

4.164 L36.87'

Then, using Ohm's law, we obtain

E 20 V /-53.13-	
10 A LO*

ZT	 2 fl L53.13-

R-C

Refer to Fig. 15.72.

+	
PC

i	 14.14 sin wt	 e	 R	 1.67 fl	 XC;N -:Z 1.25 il

FIG. 15.72
Parallel R-C network.

Phasor Notation As shown in Fig. 15.73.

a

+	 ^Tc

I 10AZO'	 E	 R 1 1.67 n Xc;' 1.25 A

FIG. 15.73
Applying phasor notation to the network in Fig. 15-h-

YT = YR + Yc G LO* + BC L90* .67 1 LO' + .25 1, L90*

= 0.6 S Z-O* + 0.8 S L90- = 0.6 S + i 0.8 S = 1.0 S L53.13'

ZT = 
1	

1	
1 a Z--53.13*

YT	 1.0 S L53.13'

Admittance diagram: As shown in Fig. 15.74. 	
Y, I S Z 53.13'

E = IZT = 
I = 10 AL0- = 

10 V L-53.13'	
Bc Z 90* 0.8 S Z 90* -----------

YT	 1 S L53.13-

IR = (E Z-0)(G LO-)

(10 V L -53.13')(0.6 S LO- ) = 6 A L -53.13*

IC = (E LO)(Bc L90')	 53.13- 1.
	= (10 V L-53.13o )(0.8 S L90- ) = 8A L36.87o	

Z Oo = 0.6 S Z 0*	 +

Kirchhoff's current law: At node a,

I IR - IC = 0
FIG. 15.74

or	 IR + IC	 Admittance diagramfor the parallel R-C network in

which can also be verified (as for the R-L network) through vector algebra. 	 Fig. 15.72.



670 111 SERIES AND PARALLEL ac CIRCUITS
C a-­

11C

FIG. 15.75

Phasor diagramfor the parallel R-C nenvork

in Fig. 15.74.

Phasor diagram: The phasor diagram in Fig. 15.75 indicates that E is

in phase with the current through the resistor I R and lags the capacitive

current Ic by 90*.

Time dorr:ain:

e = V2(10) sin(wt — 53.13 *) = 14.14 sin(o^t — 53.13*)

1R = N/2(6) sin(wt — 53.13') = 8.48 sin(am — 53.13*^

ic = V2(8) sin(wt + 36.87* ) = 11.31 sin(ad + 36.87')

A plot of all of the currents and the voltage appears in Fig. 15.76.

Note that e and iR are in phase and e lags ic by 90'.

FIG. 15.76

Wavefonnsfor the parallel R-C network in Fig. 15.72.

Power:

PT = El 
COS 

0 (10 V)(10 A) 
COS 

53.13 1 (10)'(0.6)
= 60W

or	 PT = EG = (10 V)'(0.6 S) = 60 W
or, fibally,

PT PR + PC = EIR COS OR + EIC 
COS 

Oc

= (10 V)(6 A) 
COS 

0' + (10 V)(8 A) 
COS 

90*

= 60W

Powerfactor: 1be power factor of the circuit is

Fp = 
COS 

53.13 * = 0.6 leading

Using Eq. (15.36), we have

G	 0.6S
Fp COS OT	 0 6 leading

YT 1-OS

Impecitince approach: The voltage E can also be found by first find-

ing the total impedance of the circuit:

ZT	
ZRZC	 (I.67flL0')(l.25DL-90')

+ 1.25 0 L-90'i, + ZC 1.67 fl LO

j,	 2.09 L — 90o
I a L 53.19'

2.09 L-36.81'
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and then, using Ohm's law, we find

E 1ZT (10 A Z.0* )(1 0 L -53.19*) 10 V -53.19*

R-L-C

Refer to Fig. 15.77.

a

+	 pc

V2(100) sin(wt + 53.13') ^v	 R	 3.33 n X,	 1.43 0 xc ;^ ^Z 3.33 il

FIG. 15.77
Parallel R-LoC ac network.

Phasor notation: As shown in Fig. 15-78.

a

+	 PC

E 100 V Z 53.13* AV	 3.	 1Z 3.33 111 L43 fI Xc

FIG. 15.78
Applying phasor notation to,the network in Rg. 15-77.

yT yR + YL + YC GI-00 + BL L-90* + BC L90-

1	
/--901 + I L00*

T33 fl /-0* + T.43 a	 3.33 fl

0.3 S LO* + 0.7 S L-90* + 03 S L9(r
0.3 S - j 0.7 S + j 0.3 S

03 S - i 0.4 S = 0.5 S L-^3.130^

ZT	 2 fi L53.13*
YT T5 S L-53AY	 Bc Z 900 0.3 S Z 90*

Admittance diagram: As shown in Fig. 15.79.
GZ(r - 0.3SZO*

EYT = (100 V L53.13 0 )(0.5 S L' -53.130) 50 A LO* 	 -77-+
\53.13*

ZT

IR = (E LO)(G LO-)
= (100 V L53.13')(0.3 S LO-) 30 A L53.13	 B, - Bc

IL = (E LO)(BL /--90*)
')(Q.7S L-9V) = 70AZ--36.87'	 43.13*= (100 V L53.13	 -------- - YT 0.5 S Z

IC = (E L0)(BC L90*)	
143.13*= (100 V L53.13')(0.3 S L+90- ) = 30 A	

BL z -900 = 0.7 S Z -900

Kirchhoff's current law: At node a,

I IR - IL - IC = 0

	

	
FIG. 15.79	

-L-CnetworkAdmittance diagramfor the parallel R

or	 IR + IL + IC,	
in Fig. 15.77.
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FIG. 15.80
Phasor diagram for the parallel R-L-C network

.in Fig. 15.77.

jj7-

Phasor diagram: The phasor diagram in Fig. 15.80 indicates that the
impressed voltage E is in phase with the current IR through the resistor,
leads the current IL through the inductor by 90', and lags the current 1C
of the capacitor by 900,

Time domain:

i = V2-(50) sin wt = 70.70 sin wt

iR = V2-(30) sin(wt + 53.13') = 42.42 sin(wt + 53.13')

iL = V2-(70) sin(wt — 36.87') = 98.98 sin(wt — 36.87')

ic = V2-(30) sin(wt + 143.13') = 42.42 sin(wt + 143.131)

A plot of all of the currents and the impressed voltage appears in
Fig. 15.8 1.

Power: The total power in watts delivered to the circuit is

PT = El 
COS 

0 = (100 V)(50 A) 
COS 

53.13 * = (5000)(0.6)
= 3000 W

FIG. 15.81
Waveformsfor the parallel R-L-C network in Fig. 15.77.

or	 PT EG (100 V)'(0.3 S) 3000 W

or, finally,

= PR + PL + PC
= EIR COS OR + EIL ^os OL + EIC 

COS 
OC

= (100 V) (30 A) 
COS 

0' + (100 V) (70 A) COS 90'

+ (100 V) (30 A) COS 90*
= 3 000 W + 0 + 0

= 3000 W

Powerfactor.- The power factor of the cirCu iIt is

p̂ = COS OT = 
COS 

53.13* = 0.6 lagging

Using Eq. (15.36), we obtain -

G	 0.3S
FP COS OT 	 0.6 lagging

L	 YT 0.5 S



Z,

Z2

FIG. 15.82

Applying the current divider rule.

I = 20A LO*

R 3fl	 X,^ 4n

0—

FIG. 15.83

Example 15.16,

R	 XL

'T 5A L 30*	
in	 8 fl

Xc

F-
2 0

FIG. 15.84

Example 15.17

a
117	 FREQUENCY RESPONSE OF PARALLEL ELEMENTS 111 673

Impedance approach: The input current I can also be determined by

first finding the total impedance in the following manner:

ZT	
ZRZLZC	

2 fl L 53.13*
ZRZL + ZLZC +

anl, applying Ohm's law, we obtain

100.V L53.13o
yn— = 50 A LO'

ZT	
453.,3.

15.9 CURRENT DIVIDER RULE

The basic format for the current divider rule in ac circuits is exactly the

same as that for dc circuits; that is, for two parallel branches with imped-

ances Z, and Z2 as shown in Fig. 15.82,

1 1 = Z21T	
or 12 = 

Z11T	
(15.37)

Z, + Z2	 i^ —+Z1.

EXAMPLE 15.16 Using the current divider rule, find the current

through each impedance in Fig. 15.83.

Solution.-

IR	
ZLIT	

1 (4 fl L90-)(20 A Z-O-) 90 A L90-

ZR + ZL 3 Q LOo + 4 n L90o	 5 Z-53.13o

16 A L36.87'

	ZRIT	 (3 fl Z 00)(20 A 2-00 ) , 60 A LOo
IL 

ZR + ZL	 5 fl L53.13'	 5 L53.13'

1ZA L -53.13o

EXAMPLE 15.17 Using the current divider rule,.find the current

through each parallel branch in Fig. 15,84.

Solution:

IR-L	
- 

ZCIT	 (2 fl L-90-)(5 A L30o) 10 A L-60o

TC + ZR-L -j 2 fl + I Q + j 8 fl	 I +j6

10 -A L-60o

6 093 L80.541	
1.64 A L - 140.54'

	

Ic — 
ZR-LIT	

D + j 8-0)(5 A L301)

ZR-L + ZC	 6.08 fl L80.54'

(8.06 L82.87 - )(5 A L30* )	 40.30 A L 112.87*

6.08 L80.541 	 6.083 L80.541

6.63 A -L 32.33'

15.10 FREQUENCY RESPONSE
OF PARALLEL ELEMENTS

Recall that for elements in series, the total impedance is the dnoct sum of

the impedances of each element,and the largest real or imaginary compo-

nent has the most impact on the total impedpnce. For parallel element g, it



I = 100 ntA ZO*

f. 0 to 20 kHz

1L

4MH
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q

is important to remember that the smallest parallel resistor or the small-
est parallel reactance will have the most impact on the real or imaginary
component, respectively, ofthe total impedance.

In Fig. 15.85, the frequency response has been included for each ele-
ment of a parallel R-L-C combination. At very low frequencies, theimpcd-
ance of the coil 

will 
be less than that of the resistor or capacitor, resulting

in an inductive network inwhich the reactance of the inductor will have
the most im2act on the total impedance. As the frequency increases, the
impedance of the inductor will increase, while the impedance of the ca-
pacitor will decrease. Depending on the components chosen, it is possible
that the reactance of the capacitor will drop to a point where it will equal
the impedance of the coil before either one reaches the resistance level.

R	 X1,	 XC

f	 f

I 	 FIG. 15.85
Frequency responseforparallel R-L-C elements.

Therefore, it is impossible to make too many broad statements about
be effect of each element as the frequency increases. In general, how-
-ver, for very low frequencies, we can assume that a parallel R-L-C net-
work will be inductive as described above, and at very high frequencies
t will be capacitive since XC will drop to very low levels. In between, a
)oint will result at which XL will equal XC and where XL or XC will equal
?. The frequencies at which these events occur, however, depend on the
,lements chosen and the frequency range of interest. In general, how-
ver, keep in mind that the smaller the resistance or reactance, the
reater is its impact on the total impedance of a parallel system.

Let us now note the impact of frequency on the total impedance and
nductive current for the parallel R-L network in Fig. 15.86 for a fre-
uency range of zero through 40 kHz.

C

E

FIG. 15.86
Determining thefrequency response ofa parallel R-L network



FREQUENCY RESPONSE OF PARALLEL ELEMENTS 111 675

R
Ir

220 0

XL

0	 f

L - 4mH	 2^O Ll --------- ---

R 

0. AL 

Xt, 2vfL

1
10	 f2
XL4R

FIG. 15.07

Thefrequency response ofthe individual elements ofaparalleIR-L network

ZT Before getting into specifics, let us first develop a "sense" for the

impact of frequency on the network in Fig. 15.86 by noting the impedance-

versus-frequency curves of the individual elements, as shown in Fig.

15.87. The fact that the elements are now in parallel requires that

we consider their characteristics in a different manner thanoccurred for

the series R-C circuit in Section 15.5. Recall that for parallel elements,

the element with the smallest impedance will have the greatest impact

on the total impedance at that frequency. In Fig. 15.87, for example, XL

is very small , at low frequencies compared to R, establishing XL as the

predominant factor in this frequency range. In other words, at low fre-

quencies, the network will be primarily inductivt, and the angle associ-

ated with the total impedance will be close to 90', as with a pure

inductor. As the frequency increases, XL increases until it equals the im-

pedance of the resistor (220 A). The frequency at which this situation

occurs can be determined in the following manner:

XL 21rf2L R

and

4hich for the network in Fig. 15.86 is

	

R	 22011-
f2 

27rL 21r(4 X 10-'H)

o 8.75 kHz

10 which falls within the frequency range of-interest.

For frequencies less tha^ , 
L < R, and for frequencies greater than

f2, XL > R, as shown in Fi*r.tx̂ 7. A general equation for the total im-

pedance in vector form can be developed in the following manner:

ZT ZRZL

ZR + ZL

(R Z 0')(XL Z_90- )	 RXL L90-

	

R +jXL	 VR2 
+ X,2 /-tan - ' XIR

and	 ZT	
RXL 

/90'-tan-' XLIR

VW1 -+Xz
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so that	 ZT =	
RXL	

(15.39)
VR ' + Xj

and	 Or = 90' - tan- 
I XL = 

tan- 
I R	

(15.40)
R	 XL

The magnitude and angle of the total impedance can now be found at

any frequency ofinterest simply by substituting Eqs. (15.39) and (15.40).

f= I kHz

XL = 21rjL = 27T(l kHz)(4 X 10- ' H) = 25.12 0

and

ZT	
RXL	 (220 fl)(25.12 fl)	

24.96 il
VR' + X^', -\/(220 11^ + (25.12 fl^

with	 Or = tan-1 R - tan- 
1 22011

. YL	 25.12 0

= tan - ' 8.76 83.49'

and	 ZT = 24.96 11 z,83.491

This value compares very closely with XL = 25.12 fl Z 90', which it
would be if the network were purely inductive (R = - 11). Our assump-

tion that the network is primarily inductive at low frequencies is there-

fore confirmed.

Continuing, we obtain

f = 5 kHz: ZT = 109.10 L60.23'
f = 10 kHz: ZT = 165.5 91 L41.21'

-
f = 15 kHz: ZT = 189.99 11 L30.28'
f ^ 20 kHz: ZT = 201.53 0 L23.65'

f = 30 kHz: ZT = 211.19 n Z 16.27^

f = 40 kHz: ZT = 214.91 n Z-12.35'

Atf 40 kHz, note how closely the magnitude of ZT has approached

the resistance level of 220 fl and how the associated angle with the total

impedance is approaching zero degrees. The result is a network with ter-

minal characteristics that are becoming more and more resistive as the

frequency increases, which further confirms the earlier conclusions de-

veloped by the curves in Fig. 15.87.

Plots of ZT versus frequency in Fig. i 5.88 and Or in Fig. 15.89 clearly
reveal the transition from an inductivd1wwork to one that has resistive

characteristics. Note that the transition frequency of 8.7 5 kHz occurs

right in the middle of the "knee" of the curves for both ZT and Or.
A review of Figs. 15.49 and 15.88 reveals that a series R-C and a

parallel R-L network . will have an impedance level that approaches the

resistance of the network at high frequencies. The capacitive circuit

approaches the level from above, whereas the inductive network does

the same from below. For the series R-L circuit and the parallel R-C
network, the total impedance will begin at the resistance level and then

display the characteristics of the reactive elements at high frequencies.
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Network resistive

R 22011 - - - - - - - -
200

XL>R(Zr a R)

X, = R - - - - -	 ZT (a)

ZT
'100.

Netw^.rk indductive(Z' C XL)

L < R VTX,. <,R r=xL)

0 1	 5 8.75 10	 20	 30	 40 . f(kHz)

FIG. 15.88

The magnitude ofthe input impedance verwfrequencyfor the network in

Fig. 15.86

9(r -

Inductive (XL < R)	 t.

609-

45-
OT(f)

30* -
Resistive ^XL > R)

1	 5	 10	 20	 30	 40	 f(kHz)

FIG. 15.89

Thephase anglebfthe input impedance versusfrequencyfor the network

in Fig. 15.86.

IL Applying the current divider rule to tbe network in Fig. 15.86 results

in the following:

IL
ZI + ZL

(R Z-0- )(1 LO- )	 R1 LO*

	

R 
+ . 
jXL	

N/V + XL2 /tan-' XLIR

RI
and	 IL IL LOL	 XLR + XL2 /-tan

Wroductory, C, 44A
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The magnitude of IL is'therefore determined by

=
'RI

	

T=^	
(15.41)

+ X1

7R

and the phase angle OL, by which IL leads 1, is given by

X^OL:=—:—:t^an-	 (15.42)

	

Ee	
_ 
R

Because OL is always negative, the magnitude Of OL is, in actuality, the
angle by which IL lags 1.

To begin our analysis, let us first consider the case off 0 Hz (dc
conditions).

f= 0 Hz

XL 21r/L 27r(O Hz)L 0 fl

Applying the short-circuit equivalent for the inductor in Fig. 15.86 re-
sults in

IL	 100 mA /_0*

as appearing in Figs. 15.90 and 15.91.

It = 1 kHZ Applying Eq. (15.41) gives

XL 21rjt = 27r(l kHz)(4 mH) 25.12 0

and

	

	
221.43 flVRY + XL2 - V (220 fl^ + (25-12 D)

and	 IL	
R1	 (220 fl)(100 mA)

VR' + XL2	 221.43 fl

4	 IL (MA)

- - - - - - - - - - - - - - - - - - - - - - - - - - - -

L < R (IL

75	 Network inductive

It 
U)

50

25	
XL > R (It => 0 tnA)

Netwoittesisti've

0 1	 5	 10	 20

	

30	 40	 f(kHz)

FIG. 16.90
_kk	 The magnitude af lh^ current IL versus frequencyfor the parallel R-L neA,ork

in Fig. 15-86.v:'

A.

	

	
Introductory, C.-44B,S



FREQUENCY RESPONSE OF PARALLEL ELEMENTS 111,6179

OL Of IL

- es

5	 10	 Zo	 30	 40	 f(kHz)

Network inductive

:Z03:40'v.

5	 to	

0

'N 
work inductive

-45*-
OL V)

Network resistive

0*
-90 --- - - - - - - - - --- - - - - - - - - - - - - - - - - - - - - - -

Re. 15.91

Thephase an8k ofthe current IL versusfrequtn^yjbr theparallel R-L network

in Fig. 15.86.
4D,

with

OL tan 
XL	 L5^	

tan 0.114
R	 220 fl

and	 IL ".35 tnA L —6.51*

The result is a current 1,L that is-still very close to the source current I in

both magnitude and phase.

Continuing, we obtain

f = 5 kHz: 11. = 86.84 rnA L — 29.72%

jr = 10 kHz: IL = 65.88 raA L-48.790

f = 15 kHz: IL = 50.43 ntA L — 59.72*

f = 20 kHz: IL = 40.11 rnA L — 66.35*

f = 30 kHL: IL = 28.02 mA L-73.73'

f = 40 kHz: IL = 21.38 1MA L-77.65*

The plot of the magnitude of IL versus frequency is provided in Fig.

15.90 and reveals that the current through the coil dropped from its

maximum of 100 mA to almost 20 mA at 40 kHz. As the reactance of

the coil increased with frequency, more of the source current chose the 	 V,

l6wer-resistance path of the resistor. The magnitude of the phase angle

between IL and'I is approacaing 90* with an increase in frequency, as

shown in Fig. 15.91, leaving its initial value of zero degrees atf 0 Hz

far behind.	
L83.49'

Atf = I kHz, the phasor diagram of the network appears as shown in 	 'R

Fig. 15.92. First note thar the magnitude and the phase angle Of IL are

very close to those of L Since the voltage across a coil must lead the cur- 	 -6.51'
rent through a coil by 90', the voltage V, appears as shown. The voltage

across a resistor is in phase with the current through the resistor, result- 	 FIG. 15.92

ing in the direction of IR, shown in Fig. 15.92. Of course, at this fre- 	 The phasor diagramfor the parallel R-L netwo rk in

quency R > XL, and the current 1)? is relatively small in magnitude.	 Fig. 15.86 arf I kHz.
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At f = 40 kHz, the phaslut diagram changes to that appearing in Fig.

15.93. Note that now IR and I are close in magnitude and phase because

XL > R. The magnitude Of IL has dropped to very low levels, and the phase

angle associated with IL is approaching -90*. The network is now more

"resistive" compared to its "inductive" characteristics at low frequencies.

'Me analysis of a parallel R-C or R-L-C network would proceed in much

the same manner, with the inductive impedance predominating at low fre-

quencies and the capacitive reactance predominating at high frequencies.

	

12.35'	 'R	 V,

	

ILY-1-17.650	
I

FIG. 15.93

The pha,sor diagram for the parallel R-L network in

Fig. 15.86 atf = 40 kHz.

7

15.11 SUMMARY. PARALLEL ac NETWORKS

The following is a review of important conclusions that can be derived

from the discussion and examples of the previous sections. The list is not

all-inclusive, but it does emphasize some of the conclusions that should

be carried forward in the future analysis of ac systems.

For parallel ac networks with reactive elements:

1. The total admittance or impedance will befrequency dependent.

2.Depending on thefrequency applied, the same network can be

either predominantly inductive orpredominantly capacitive.

3. The magnitude of the current through any one branch can be

greater than the source current.

4. The inductive and capacitive susceptances are 
in 

direct opposition

on an admittance diagram.	 I

5.At lQwerfrequencies, the inductive elements will usually have the

most impact on the total impedance, while at high frequencies,

the capacitive elements will usually have the most impact.

6. The impedance ofarty one element can be less than the total

impedance (recall, thatfor dc circuits, the total resistance must

always be less thaii the smallest parallel resistor).

7. The magnitude ofthe current through an element, compared to the

other elements ofthe network, is directly related to the magnitude

ofits impedance, that is, the smaller the impedance ofan element,

the larger is the magnitude ofthe curTent through the elenlent.

8. The current through a coil is always in direct opposition with the

current through a capacitor on a phasor diagram.

9. The applied voltage is always 
in 

phase with the current through

the resistive elements, leads the voltage across all the inductive

elements by 90', and lags the current through all capacitive ele-

ments by 90'.

10. The smaller the resistive element ofa network compared to the

net reactive susceptance, the closer is the powerfactor to unity.

15.12 EQUIVALENT CIRCUITS

In a series ac circuit, the total impedance of two or more elements in , se-

ties is often equivalent to an impedance that can be achieved with fewer

elements of different values, the elements and their values being deter-

x	 mined by the frequency applied. This is also true
, for parallel circuits. For

; 1 .	 the circuit in Fig. 15.94(a),

:,4x

W^

ZCZL	 (5 It L - 90-) P 0 11 L 90o) 	 50 Z-Oo
ZT =

ZC + ZL 5 11 L -90' + 10 fl L90' 5 L90'

= I O il L-90'

vj



+

E	 XL	 1	 3 fl

XL

Z'

(a)

a--
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Z'	 xc ;P -:z 5 0 XL	 Ion	 Z'	 xC	 10 a

0--

(a )	 (b)

FIG. -15.94

Defining the equivalence between two networks at a specific frequency.

The total impedance at the frequency applied is equivalent to a capacitor

with a reactance of 10 fl, as shown in Fig. M.94(b).Always keep in

mind that this equivalence is true only a( the applied frequency. If

the frequency changes, the reactance of each element changes, and the

equivalent circuit changes—perhaps from capacilive to inductive . in the
above'example.

Another interesting development appears if the impedance of a paral-

lel circuit, such as the one in Fig! 15.95(a), is found in rectangular form.

In this case,

ZLZR	 (4 Q L90')(3 fl Z 0-)

ZT = - = -
ZL + ZR 4 fl L90' + 3 il LO'
12 L 90'

7— = 
2.40 f2 L 36.87'

L 53 13'

1.92 fl + j 1.44 D

which is the impedance of a series circuit with a resistor of 1.92 11 and

an inductive reactance of 1.4 ' 4 11, as shown in Fig. 15.95(b).

The current I will be the same in each circuit in Fig, 15.94 or Fig.

15.95 if the same input voltage E is applied. Fora parallel circuit of one

resistive element and one reactive element, the series circuit with the

same input impedance will always be composed of one resistive and one

reactive element. The impedance of each element of the series circuit

will be different from that of the parallel circuit, but the reactive ele-

ments will always be of the same type; that is, an R-L circuit and an R-C

parallel circuit will have an equivalent R-L and R-C series circuit, re-

spectively. The same is true when convertine from a series to a parallel

circuit. In the discussion to follow, keep in mind that

the term equivalent refers only to thefact zhatfor the same applied

potential, the same impedance and input current will result.

To formulate the equivalence between tl^e series and parallel circuits,

the equivalent series circuit for a resistor and reactance in parallel can be,

found by determining !he total impedance of the circuit in rectangular

form; that is, for the circuit in Fig. 15.96(a),

Y,	 + 
I

R, tjX,	 p X,

and

+	 R 1.92 n

E f\j

Z'

(b)

FIG. 15.95

Finding the series equivalent eircul'itfDr a parallel
I	

R-L network.

0

Rp

(a)

R,

0

Z' Z P

Y, Y'—

zp = 
I 
=	

I	 (b )

Yp	 (IlRp) ;: j(l/-Yp)	
1/xp,	 FIG. 15.96

IIR,	
Defining the parameters ofequivalent series and

( IIR,)l +. (,/X,.)2 ± j (IlRp )2 + (IlXp)'	 parallel Arworks.
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Multiplying the numerator and denominator of each term by R,X,'

results in

R X"	 R2 XPP P	 IV
ZP X2 + JR2	

XP2 + R2
P	 P	 P

R^ jX,	 (Fig. 15.96(b)]

R,, XP2
and	 R,	 (15.43)

I 
+ R2PXP

R 2X,p
with	 X,	 (15.44)

Xpl + 
R'2

For the network in Fig. 15.95,

R,	
Rp Xp'	 (3 0)(4 11)"	 48a 

1.92 fl
X,2 + ipl (4 0)' + (3 fl) l	25

and

X, = 

Rp2 Xp	 (3 fl) 1(4 fl) - 36 fl 
1.44 0

X'2 ^ j! 
I 

4̂_f̂j+ (3 ^0)2 25
^fip

which agrees with the previous result.

The equivalent parallel circuit for a circuit with ' a resistor and reac-

tance in series can be found by finding the total admittance of the system

in rectangular form; that is, for the circuit in Fig. 15.96(b),

Z, R, t jX,

R,	 Xs
'- j 2 + X2,

Z'	
t jX'	 + X,	

R1

Gp 4jBp	 (Fig. 15.96(a)]
Rp XP

R 2 + X2
or	 Rp	 (15.45)

R,

with	 XP	
X^ -	

(15.46)

For the above example,

R' + X' (1.92 n)' + (1-44 fl)" 5^76 n

XP	 Rp	
R$	 1.92 n	 1.92	

3.0 a

RP	 I

XC 4 
4 kn	

and	 XP 

R,2 + X,' 5.76 0 
4.0 fl

R_'	 X^	 1.44
.8 W

9kO	 as shown in, Fig. 15.95 (a).X"

FIG. 15.97	 EXAMPLE 15.18 Determine the series equivalent circuit for the net-

Example 15.18.	 work in Fie. 15.97.

A
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'R,

C

2.25 kn	 3.60 kn
XAresultant) - Xt. XC 1	 19 kfl 4 kill

= 5 k(I

R, X,'	 (8 kfl)(5 kfl)'	 200 kO 
2.25 WR, =	

__ --7--— — T. n%27,2 R,2 T5 kn^ + (8 kO)	 89	 FIG. 15.98

with	
The e'quiva

I 
lent seriev. circuitfor the parallel network

in Fig. 15.91.

	

Rp' Xp	 (8 kfl)'(5 kfl)	 320 kn

Tp2 + Rp' (5 kn)2 + (8 kO)2	 84

3.60kil (inductive)

The equivalent series circuit appears in Fig, 15.98.

EXAMPLE 15.19 For the network in Fig. 15-99:

a. Determine YT and Zr.

b. Sketch the admittance diagram.	
r

c. Find E and IL.

44 kI d. 
Compute the power factor of the network and the power delivered to.

the network.

e, Determine the equivalent series circuit as far as the terminal charac,

teristics of the network are concerned.

f. Using the equivalent circuit developed in part (e), calculate E, and

compare it with the result of part (c).

S. Determine the power delivered to the network,"and compare it with

the solution of part (d).

h. Determine the equivalent parallel network from the equivalent se-

ties circuit, and calculate the total admittance YT. Compare the re

suit with the solution of part (a).

V2 ( 1 2) sin I (^Q'

yr

	

i	 e R, 10 fl R2 40fl L, 6mHL2 y12m1H1 " C,01,,^7:2Z201LF

FIG. 16.99

Example 15.19.

Solutions:

a. Combining common elements and k finding the reactance of the in-

ductor and capacitor, we o6tain

RT ^ 10 1`1 40 n = 8 fk

LT = 6 mH 12 mH 1= 4 mH

CT = 80 AF + 20,uF = 100 AF

XL = wL (1000 rad/s)(4 mH) 4 0

10 flXC	 (1000rad/s)(109AF)
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Ac-

M

11 -

r

I - 12AZO' 10fl

FIG. 15.100

Applying phasor notation to the network in . Fig. 15.99.

The network is redrawn in Fig. 15. 1 dwith phasor notation. The

	

Bc Z 90.	
total admittance is

GZO'	 YT = YR + YL + YC
= GLOo + BL L-90o + BCL+90o

	1 .0 ^1 1
""
"4.	 1	 1	 1

BL-B	 = 8D 
L Oo + 4 fl- L - 90' + -fo-fl L + 90'

	

S	 = 0.125SZOO + 0.25SL-90' + O.ISL+90'
= 0.125S - jO.25S +jO.1 S

VT 	 = 0.125S -jO.15S = 0.195SL-50.1941

ZT	 L -50.1941 5.13 fl Z 50.19'

	

B, z -go-	 YT 0,195S

b. See Fig. 15. 1 0 1.

	

1	 12 A LO*	FIG. 15.101	 c. E = IZT 
= - =	

= 
61.54 V L50.19'

Admittance diagramfor the parallel R-L-C network 	 YT	 0.195 S L-50.194*

	

in Fig. 15.99.	

IL = 
VL 

= 
E 

= 
61.538 V L50.1940 

15.39 A L - 39.811

	

ZL ZL	 4,Q L900

	

G	 0.125S
d. Fp = cosO = - = - = 0.641 lagging (E leads 1)

YT 0.195S

P EI cos 0 = (61.538 V)(12 A) cos 50.194'
= 472.75 W

e. ZT

	

	 5.128 0 L + 50.1941
YT 0. 195 S L - 50.194'

3.28 fl + j 3.94 0
R +jXL

XL = 3.94 fl = toL

3.94 fl	 3.94 fl
L	 -,-000	 3.94 mHrads

The series equivalent circuit appears in Fig. 15.102.

I = 12AZ 3.94 mH

FIG. 15.102

Series equivalent circuitfor the parallel R-L-C network in Fig. 15.99with

w = 1000 rad1s.
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f. E = IZ 7- = (12 A Z 0')(5.128 ff Z 50.194')

= 61.54 V L50.194'	 (a's above)

g. P = 12R = (12 A)'(3.28 (1) = 472.32 W (as above)

(3.28 Q)' + (3,.94 
n)2	

8 11
R,	 3.28 fl

XP	

(3.28 
n)2 + (3.94 

fl)2 6.67 fl

X^	 3.94, fl

The parallel equivalent circuit appears in Fig. 15.103.

YT = G 40' + BL L —90' — i-n— LO' + 6.675 fl Z_ — 90,

= 0.125 S LO' + 0.15 S L-90o

	

= 0.125 S — jO.15 S = 0.195 S L50.194-	 (as above)

FIG. 15.103

Parallel equivalent ofthe circuit in Fig.-15.102.

15.13 PHASE MEASUREMENTS

Measuring the phase angle between quantities is one of the most im-

portant functions that an oscilloscope can perform. It is an operation

that must be performed carefully, however, or you may obtain the in-

correct result or damage the equipment. Whenever you are usingthe

dual-trace capability of an oscilloscope, the most important thing to re-

member is that

both channels ofa dual-trace oscilloscope must be connected to the

same ground.

Measuring ZT and OT

For ac parallel networks restricted to resistive loads, the total imped-

ance can be found in the same manner as described for dc circuits:

Simply remove the source and place an ohmmeter across the network

terminals. However,

for parallel ac networks with reactive elements, thi total impedance

cannot be measured with an ohmmeter.

An experimental procedure must be defined that permits determining the

magnitude and the angle of the terminal impedance.

The phase angle between the applied voltage and the resulting source

current is one of the most important because (a) it is also the 'phase angle

associated with the total impedance -, (b) it provides an instant indic ' ation

of whether a network is resistive or reactive; (c) it reveals whether a net-

work is inductive or capacitive; and (d) it can be used to find the power

delivered to the network.
In Fig. 15.104, a resistor has been added to the configuration between

the source and the network to permit measuring the current and finding

the phase angle between the applied voltage and the source current.

At the frequency of interest, the applied voltage establishes a voltage

acioss the sensing resistor that can be displayed by one channel of the

dual-trace oscilloscope. In Fig. 15.104, channel 1 is displaying the ap-

p od voltage and channel 1 
the voltage across the sensing resistor. Sen-lie

sitivities for each channel are chosen to establish the waveforms
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0
Channel 2

Channel I

	 zr.	
Network

V,

Vfi, + 1,

X-x

FIG. M1104

Us^tg an oscilloscope to measure 7T and 07,

77-FT-)Channel I

2 V/div.

Channel 2

10 mV/dfv,

d'

FIG. 15.105

e and vR, for the configuration in Fig. 15.104.

appearing on the screen in Fig. 15.105. As emphasized above, note that
both channels have the same ground connection. In fact, the need for a

common ground connection is the only reason that,the sensing resistor

was not connected to the positive side of the supply. Since oscilloscopes

display only voltages versus time, the peak value of the source current
must be found using Ohm's law. Since the voltage across a resistor and
the current through the resistor are in phase, the phase angle between

the two voltages will be the same as that between the ^pplied voltage
and the resulting source current.

Using the sensitivities, we find that the peak value of the applied vjlt-
age is

E^ = (4 div.)(2 V/div.) = 8 V

while the peak value of the voltage across the sensing resistor is

YJ?jp..k) = (2div.)(I 0 mV/div.) = 20 mV

Using Ohm's law, we find that the peak value of the current is

VR,(peak) 20 mV
1,(pak) = — = — ô —fj ft 2 MA

R,

The sensing resistor is chosen small enough so that the voltage across

the sensing resistor is small enough to permit the approximation
V, E — V)?, as E. The magnitude of the input impedance is then

x	 8 VZr	 21 f =	 -- 4 W
1, 2mA
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15.105
For the chosen horizontal sensitivity, each wavOorm in Fig

defined by ten horizontal divisions, and the phase anglehas a period T eforms is 
1.7 divisions.Using the fact that each pe-between the two wav

riod of a sin6soidal waveform encompasses 360', 
we can set up the fol-

lowing ratios to determine the phase angle 0:

	

10 div.	 1.7 div.

	

360'	
0

360' =J61.2'
and

	

	 100 W,

In general,

F

(div. for 0)
8	

T 
X 360'	 (15.47)

(̂div. for T)

Therefore, the total impedance is

4 k(I ZAIX - L93 W + j 3.51 kil R + jXL

which is equivalent to the series combination of a 1.93 kO 
resistor and

I M (at the frequency of interestan inductor with a reactance of 15

Measuring the Phase Angle

Various Voltagesbetween

In Fig. 15.106, an oscilloscope is being used to find the phase relation-

ship between the applied voltage and the voltage across the inductor.

Note again that each channel shares the same ground connection. The re-

sulting pattern appears in Fig. 15.107 
with the chosen sensitivities. This

time, both channels have the same sensitivity, resulting in the following

peak, values for the voltages:

E^ = (3 div.) (2 V/div.) 	 6 V

vL4.k) = (4.6 div.)(2 V/div.) = 3.2 V

The phase angle is determined using Eq. 15.45:^

Ll ±^ 360*
(8 div.)

0 45*

OsciflOSCOPC

FIG. 15.106

Determining the phase relationship betwen e and t%.
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FIG. 15.107

DeArmining thephase 'angle between e and vl for the configuration in
Fig. 15.106.

If the, phase relationship between e and vR is desired, the oscilloscope
cannot be connected as shown in Fig. 15.108. The grounds ofeach chan-
nel are internally connected in the oscilloscope, forcing point b 

to 
hav , ,

the same potential as point a. The result would be a direct connection bee

tween points a and b that would short out the inductive element. If the

inductive element is the predominant factor in controlling the level of the

current, the current in the circuit could rise to dangerous levels and dam-

age the oscilloscope or supply. The easiest way to find the phase rela-
tionship between e and vR would be to simply interchange the positions

of the resistor and the inductor and proceed as before.

For the parallel network in Fig. 15.109, the phase relationship be-
tween two of the branch currents, iR and iL, can be determined using a
sensing resistor, 

I 

as shown in the figure. The value of the sensing resistor

is chosen small enough in comparison to the value of the series inductive

reactance to ensure that it will not affect the general response of the net-
wo . annel 1 displays the Voltage 

VR, and channel 2 the voltage VR,.
Since vR is in phase with iR, and vR is in phase with iL, the phase rela-
tionship between vR and vR, will be the same as between iR and iL. The
peak value of each current can be found through a simple application of

Ohm's law.

e

FIG. 15.iog'

Determining the phase relationship between iR and it.

Oscilloscope

FIG. 15.108

An improper phase-measurement connection.

13

Channel 1

2 V/div.

I div.

2

oscill^scope
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15.14 APPLICATIONS

Home Wiring

An expanded view of house wiring is provided in Fig. 15.1 10 to permit a

discussion of the entire system. The house panel has been included with

the "feed" and the important grounding mechanism. In addition, a num-

ber of typical circuits found in the home have been included to provide a

sense for the manner in which the total power is distributed.

First note how the copper bars in the panel are laid out to provide both

120 V and 240 V. Between any one bar and ground is the single-phase

120 V supply. However, the bars have been arranged so that 240 V can

be obtained between twq vertical adjacent bars using a double-gang cir-

cuit breaker. When time permits, examine your own panel (but do not re-

move the cover), and note the dual circuit breaker arrangement for the

240 V supply.

For appliances such as fixtures and heaters that have a metal casing,

the ground wire is connected to the metal casing to provide a direct path

to ground path for a "shorting" or errant current as described in Section

6.8. For outlets that do not have a conductive casing, the ground lead is

connected to a point on the outlet that distributes to all important points

of the outlet.

Note the series arrangement between the thermostat and the heater but

the parallel arrangement between heaters , on the same circuit. In addition,

APPLICATIONS III ^89

Switched outlets	 Parallel outlets

A

V + \1

M ab W

12.2 kW

Neutral	 Line I Line 2

----- -- ------I

main I
breake,!
200 A-1	 Copp

I
20A	 15 A I

15 A	 +
40A-	 1#14

ML. I

#10

Is

bus-bars

Lt Intin	 Series switches

60^ 4OW 6OW 6OW

400 W	
lamps

240V
r	 MAIN PANEL	

Electric dryer

conditioner
	

4.8 kW

—	 7.	 '	 "860^W	 F2';;,.d. ^4
575 WWI 150 W

2300 W
Thermostat

Parallel electric
baseboard heaters

FIG. 15.110

Rome wiring diagram.

V^
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note the series connection of switches to lights in the upper-right corner

.but the parallel connection of lights and outlets. Due to high current de-

mand, the air conditioner, heaters, and electric stov^ have 30 A breakers.

Keep in mind that the total current does noi equal the product of the two

(or 60 A) since each breaker Win a line and the same current will flow

through each breaker.

In general, you now have a surface understanding of the general

wiring in your home. You may not be a qualified, licensed electrician,

but at least you should now be able to converse with some intelligence

about the system.

Speaker Systems

The best reproduction of sound is obtained by using different speakers

, for the low-, mid-, and high-frequency regions. Although the typical

audio range for the human car is from about 100 Hz to 20 kHz, speak-

ers are available from 20 Hz to 40 kHz. For the low-frequency range

usually extending from about 20 Hz to 300 Hz, a speaker referred to as

a woofer is used. Of the three speakers, it is normally the largest. The

mid-range speaker is typically smaller in size and covers the range

from about 100 Hz to 5 kHz. The tweeter, as it is normally called, is

usually the smallest of the three speakers anil typically covers the

range from about 2 kHz to 25 kHz. There is an overlap of frequencies

to ensure that frequencies aren't lost in those regions where the re-

sponse of one drops off and the other takes over. A great deal more

about the range of each speaker and their dB response (a term you may

have heard when discussing speaker response) is covered in detail in

Chapter 2 1.

One popular method for hooking up the three speakers is the cross-

over configuration in Fig. 15.1 1 1. Note. that it is nothing more than a

^
arrallcl network with a speaker in each branch and full applied voltage

ac oss each branch.'rbe added elements (inductors and capacitors) were

carefully chosen to set the range of response for each speaker. Note that

each speaker is labeled with an impedance level and,associated fre-

quency. This type of information is tyiical when purchasing a quality

speaker. It immediately identifies the type of speaker and reveals at

which freqency it will have its maximum response. A detailed analysis

of the same network will be includedtn Section 21. 15. For now, how-

ever, it should prove interesting to determine the total impedance of each

branch at specific frequencies to see if indeed the response of one will

far outweigh the response of the other two. Since an amplifier with art

output impedance of 8 fl is to be used, maximum transfer of power (see

Section 18.5 for ac networks) to the speaker results when the impedance

of the branch is equal to or very close to 8 11.

Let us begin by examining the response of the frequencies to be car-

ried primarily by the mid-range speaker since it represents the greatest

portion of the human hearing range. Since the mid-range speaker branch

is r- ated at 8 fl at 1.4 kHz, let us test the effect of applying 1.4 kHz to all

branches of the crossover network,

For the mid-range speaker:

XC =	 ^F—j 2.42 0
2 ,rrfC 21r(1.4 k1u)(47

XL = 2,rrfL 27r(I.4 kHz)(270 AH) 2.78 fl

R 8 fl

X

0

L,_ 3.3 inli

Woofer

V,

I.., 
= 270 IM

milrange

FIG. 15.111

Cwssoverspeaker jypepi.



a
APPLICATIONS 111 801

and Zmid-,angt = R + j(XL — Xc) 8 n + j(2.78 0 — 2.42 fl)

= 8 fl + j 0.36 il

= 8.008 n L-2.58' Mi 8 il LO* = R

In Fig. 1^5.112(a), the amplifier with the outpu(impedance of 8 0 has

been applied across the mid-range speaker at 'a frequency of 1.4 kHz.

Since the total reactance offered by the two series reactive elements is so

small compared to the 8 fl resistance of the spea^er, we can essentially

replace the series combination of the coil and capacitor by a short circuit

of 0 fl. We are then left with a situation where the load impedance is an

exact match with the output impedance of the amplifier, and maximum

power will be delivered to the speaker. Because of the equal series im-

pedances, each will capture half the applied voltage or 6 V. The power to

the speaker is then V21R = (6 V)/8 n = 4.5 W.

At a frequency of I A kHz, we would expect the woofer and tweeter to

have minimum impact on the generated sound. We will now test the validity

of this statement by determining the impedance of each branch at 1.4 kHz.

(-jXC + jXL -j 6.04 fl)

Xc	 XL

vy

8 0
+	

Zr	 2.42 G	 2.38 fl

V
A	 18 fl 'r.A^V 6V

Amplifier

XL

362 mA29.03 f)

12 V AV	 8 n

Woofer

Amplifies

(b)

29030

XC

0	 1/

gn	 R	 397 AAZt+	 29.15 n

12 V	 8 0

zl-

Amplifier

(c)

FIG. 15.112

Crossover network. (a) mid-range speakerat 1.4 kHz,.(b) waoffr as.

1.4 kHz; (c) tweeter.
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For the woofer,

XL = 21rfL = 27r(I.4 kHz)(3.3 mH) = 29.03 n

and	 4.fe, = R + jXL = 8 fl + j 29.03 11

= 30.11 fl Z 74.59'

which is a poor match with the output impedance of the ampl
i
fier, The

resulting network is shown in Fig. 15.112(b).

The total load on the source of 12 V is

ZT = 8 fl + 8 fl + j 29.03 fl = 16 0 + j 29.03 fl

= 33.15 fl Z 61.14'

and the current is

E	 12V ZO,

Z, 33.15 fl Z 61.14-

362 mA z —61.141

The power to the 8 fl speaker is then

p'^re' = 12R = (362 MA)2(8 fl) =' 1.05 W

or about 1 W.

Consequently, the sound generated by the mid-range speaker far out-

weighs the response of the woofer (as it should).

For the tweeter in Fig. 15.112,

1	 1	
29.15 fl

XC =^ —21rfC i,(1.4 kHz)(3.9 AF)

and	 4.eete, R — jXC 8 fl — j 29.15 fl

30.33 0	 74.65o

which, as for the woofer, is a poor match with the output impedance of

the amplifier. The current is given as

E	 12 V Z 0'

ZT 30.23 fl Z —74.65'

397 mA Z 74.65*

The power to the 8 fl speaker is then

12R = (397 MA )2(8 fl) = 1.26 W

or about 1.3 W.

Consequently, the sound generated by the mid-ra;ige speaker far out-

weighs the response of the tweeter also.

,All in all, the mid-range speaker predominates at a frequency of

1.4 kHz for the crossover network in Fig. 15.1 1 1.

Let us now determine the impedance of the tweeter at 20 kHz and the

impact of the woofer at this frequency.

For the tweeter,

XC	 2.04 fl
21rfiC _27r(2OkHz)(3.9AF)

with	 7,^, = 8 fl — j 2.04 11 = 8.26 fl Z_ — 1431 o

Even though the magnitude of the impedance of the branch is not ex-

actly 8 fl, it js very close, and the speakqr will receive a high level of

power (actually 4.43 W).

4,
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For the woofer,	 V (volts)

XL = 21rj'L 21r(20 kHz)(3.3 mH) 414.69 (1	
Applied

170 -	
voltage

witp	 7,fer = 8- il — j 414.69 0 ^ 414.77 fl /_8&9*

-which is a terrible match with the output impedance of the amplifier.

Therefore, the speaker will receive a very low level of power (6.69 mW at

0.007 W).
For all the,calculations, note that the capacitive elements predominate 	 20

at low frequencies and the inductive elements at high frequencies. For 	
—0

the low frequencies, the reactance of the coil is quite small, permitting a 	 Larrip	
40

full transfer of power to the speaker. For the high-frequency tweeter, the 	 voltage

reactance of the capacitor is quite small, providing a direct path for

power flow to the speaker.

Phase-Shift Power Control

In Chapter I I I the internal structure of a light dimmer was examined and

its basic operation described. We can now turn our attention to how the 	 V (volts)

power flow to the bulb is,controlled. 	 Applied
If the dimmer were composed of simply resistive elements, all the 	 voltage

voltagesofthe network would be in pha^e, as showninFig. 15.113(a). If ^ .170

we assume that 20 V are required to turn on the triac in Fig. 11.68, the

power will be distributed to the bulb for the period highlighted by the

blue area of Fig. 15.113(a). For this situation, the bulb is close to full

brightness since the applied voltage is available to the bulb for almost

the entire cycle. To reduce the power to the bulb (and therefore reduce its 	 20

brightness), the controlling voltage would need a lower peak voltage, as 	 _0

shown in Fig. , 15.113(b). In fact, the waveform in Fig. 15.113(b) is such

that the turn-on voltage is not reached until the peak value occurs. In this 	
Controlling

case, power is delivered to the bulb for only half the cycle, and the 	 voltage

brightness of the bulb is reduced. The problem with using only resistive

elements in a dimmer now becomes apparent: The bulb can be made no

dimmer than the situation depicted by Fig. 15.113(b). Any further reduc-

tion in the controlling voltage -would reduce its peak value below the

trigger level, and the bulb would never turn on. 	 W

This dilemma can be resolved by using a series combination of ele- 	
FIG. 15.113

ments such as shown in Fig. 15.114(a) from the dimmer in Fig. 11.68. 	 Light dimmer: (a) with purely resistive eletrients;
Note that the controlling voltage is the voltage across the capacitor, 	 (b) half-cycle power distribution.
while the full line voltage of 120 V rms j 170 V peak, is across the entire

branch. To ^describe the behavior of the network, let us examine the case

47 kn
TFUAC
	

R 0 M

330 kn
	 170 V ZO*

VI.. = 170 V Zo-, rheostat

(peak)	 +
C 72 ZZ, 0.068 AF V,­1

V_.W
	 0.068 JAF

0

(a) ^

	

	 (b)

FIG. 15.114

Light dimmer: (a)Avm Fig. 11.68; (b) with rheostat set at 33 kOl

ACA
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a

V-Ppli

8(

(a)

a--
I IC

defined by setting the potentiometer (used as a rheostat) to 1/10 its 'max-

imurn value, or 33 kfl. Combining the 33 kO with the fixed resistance of

47 W results in a total resistance of , 80 W and the equivalent network in

Fig. 15.114(b).

At 60 Hz, the reactance of the capacitor is

XC = 
I = —1 — = 42.78 W

21rfC 27r(60 Hz) (62 14F)

Applying the voltage divider rule gives

V=Iml ^ 
Z 

ZCV,

JR + ZC
(42.78kn 1_-90')(VsLOo) 42.78 W Vs L - 90o

80 W - i 42.78 kn	 90.72 W L^28,14'

= 0,472 V, L - 61.86*

Using a peak value of 170 V gives

V.Ontrol	 0,472(170 V) z -61.86o

80.24 V L - 61.860

producing the waveform, in Fig. 15.115(a). The result is a waveform with

a phase shift of 61.86* (lagging the applied line voltage) and a relatively

high peak value. The high peak value results in a quick transition to the

20 V tum-on level, and power is distributed to the bulb for the major por-

tion of the applied signal. Recall from the discussion in Chapter 11 that

the response in the negative region is a replica of that achieved in the pos-

itive region. If we reduced the potentiometer resistance further, the phase

angle would be reduced, and the bulb would bum brighter. The situation

is now very similar to that described for the response in Fig. 15.113(a). In

other words, nothing has been gained thus far by using the capacitive ele-

ment in the control network. However, let us now increase the potentiome-

ter resistance to 200 W and note the effect on the controlling voltage.
That is,

RT = 200 W + 47 W = 247 kfl

V(Volts)

170	 V.ppfid

V1..P

Vwn"]

29.07 L
20

o, L_-^	 —^L_ F360'

(b)

FIG. 15. 115
Light dimmer in Fig. IL 68; -(a) rheostat set at 33 W; (b) rheostat set at 200 W.
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IF

ZCV,
v control ZR 

+ ZC
(42.78 ^n L-90o)(VsLOo) 42.78 kfl Vs L — 90o

247 W — j 42.78 kil	 250.78 W L — 9.81
0.171 VL-80.2-

and using a peak value of 170 V, we have

V,nn,,[ = 0. 171(170 V) L — 80.2
= 29.07 V L — 80.2*

The , peak value has been substantially reduced to only 29.07 V, and the

phase-shift angle has increased to 80.2'. The result, as depicted by

Fig. 15.115(b), is that the fihng potential of 20 V is not reached until

near the end of the positive region of the applied voltage. Power is deliv-

ered to the bulb for only a very short period of time, causing the bulb to

be quite dim, significantly dimmer than obtained from the response in

Fig. 15.11 3(b).

' A 

conduction angle less than 90o is therefore possible due only to the

phase shift introduced by the series R-C combination. Thus, it is possible

to construct a network of some significance with a rather simple pair of

elements.

15.15 COMPUTER ANALYSIS

PSpice

Series R-L-C Circ6it The R-L-C network in Fig. 15.35 is now ana-

lyzed using OrCAD Capture. Since the inductive and capacitive reac-

tances cannot be entered onto the screen, the'associated inductive and

capacitive levels were first determined as follows:

7 n
XL = 27r/L L 

= _^ L̂ =	
= 1.114mH

21rf 21r(l kHz)

xC =	 C	 53.05 AF
21rfC	 21rfXc 27r(I kHz)3 fl

Enter the values into the schematic as shown in Fig. 15.116. For ,the ac

source, the sequence is Place part icon-SOURCE-V gIN-OK with

VOFF set at 0 V, VAMPL set at 70.7 V (the peak value of the applied si-

nusoidal source in Fig. 15.35), and FREQ = I kHz. Double-click on the

source symbol and the Property Editor appears, confirming the above

choices and showing that DF = 0 s, ' PHASE = 0', and TD = 0 s as set

by the default levels. You are now ready to do an analysis of the circuit

for the fixed frequency of I kHz.

The simulation prbcess is initiated by first selecting the New Simula-

tion Profile icon and inserting PSpice 15-1 as the Name followed by

Create. The Simulation Settings dialog appears and since you are con-

tinuing to plot the results against time, select the Time Domain (Tran-

sient) option under Analysis type. Since the period of each cycle of the

applied source is I ins, set the Run to time at 5 ms so that five cycles ap-

pear. Leave the Start saving data after at 0 s even though there will be an

oscillatory period for the reactive elements before the circuit settles

down. Set the Maximum step size at 5 ms/1000 = 5 t ts. Finally, select

OK followed by the Run PSpice key. The result is a blank screen wit:*Pan

x-axis extending from 0 s to 5 ins.

COMPUTER ANALYSIS 111 695
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Z'T e^ 0 Z 414 '401 10 IV I a I i t 10

R

Ve	 3	 1.114MH
—4,

	

VOFF 
"!OV70	

G	 53.000
VAMPL '^NFFtEQ 

-1k
Ix

FIG. 15.116

Using PSpice to analyze a series R-L-C ac circuit,

The first quantity of interest is the current through the circuit, so se-

lect lYace-Add-Mrace followed by I(R) and OK. The resulting plot in

Fig. 15.117 clear ly shows that there is a period of storing and discharg-

ing of the reactive elements before a steady-state level is established. It

dF xEA. Ed^ Y­ 5i."O­ 1,­ B^ T20% Wnd^ jj^p

SCHEWICIPSpo,154

1,MunL!
"KIA ."N'

'1',	 ';4

A	 lj'	 I %4j

Lk

)­ "j -N gp

	

pu"	 7.­ 5 C^OE 0	 :00%

FIG. 15117

PPlot of the currentfor the circuit in Fig. 15.116 showing the transitionfrom

T	 the transient state to the steady-state response.



FIG. 16-118

A plot of the steady-state respowe (: > 3nts)fii^vl, vp and ifor the circuit in

Fig. 15.116.

would appear that after 3 ms, steady-state -conditions have been essen,

tially established. Select the -Toggle cursor key, and left-click; a cursor

appears that can be moved along the axis near the maximum,value

around 1.4 ms. In'fact, the cursor reveals a maximum value Of 16.4 A,

which exceeds the steady-state 
I 
solution by over 2 A. Right-click to es-

tablish a second cursor on the screen that can be placed near the steady-

state peak around 4.4 ms. The resulting peak value is about. 14.15 A,

which is a match with the longhand solution for Fig. 15.35..We will

therefore assume that steady-state condition g have been established for.

the circuii after 4 ms.

Now add the source voltage through Trace, Add Tract.-V(Vs: +)

OK to obtain the multiple plot at the bottom of Fig. 15: 118. For the

voltage across the coil, the sequence Plot-Add Plot to Window-

Trace-Add Trace.V(L:1)-V(L:2) results in the plot appearing at the

top of Fig. 15.118. Take special note that the Trace Expression is

V(L.-1)—V(L-2) rather than just V(L:l) because V(L:I) would be the

voltage from that point to ground, which would include the voltage

across the capacitor. In addition, the — sign between the two comes

from the iTunctions or Macros list at the right of the Add Traces di-

alog box. Finally, since we know that the waveforms are fairly steady

after 3 ms, cut away the.waveforms before 
3 ms with Plot-Axis

Settings-X axis-User Deflned-3ras to Sms-OK to obtain the two

cycles of"Fig. 15.1. 18. Now you can clearly see that the peak value

of the voltage across the coil is 100 V to match the analysis of

Fig. 15.35. It is also clear that the applied voltage leads the input cur-

rent by 
an angle that can be determined using the cursors. First acti-

vate the cursor option by selecting the cursor key (a red plot through

the origin) in the second toolbar down from the menu bar. Then se-

lect V(Vs:+) at the bottom left of the screen with a left click, and set

it at that point where the 1pplied voltage passes through the horizontal

axis with a positive slope. The result is Al = 4 ms at —
4.243 AV a

COMPUTER ANALYSIS 111 697



698 111 SERIES AND PARALLEL ac CIRCUITS
a7—
I I

OY. Then select I(R) at the bottom left of the screen with a right

click, and place it at the point where the current waveform passes

through the horizontal axis with a positive slope. The result is A2 =

4.15 ms at — 55.15 mA = 0.55 A _= 0 A (compared to a peak value of

14.14 A). At the bottom of the Probe CtIrsor dialog boX, the time

difference is 147.24 As.
- Now set up the ratio

	

147.24 As	 0

_^^000s ^60'

	

6	 52,99'

The phase angle by which the ^pplicd voltage leads the source is

52.99', which is very close to the theoretical solution of 53.13' ob-

tained in Fig. 15.39. Increasing the number of data points for the plot

would have increased the accuracy level and brought the results closer

to 53.13*.

Multisim

We now examine die response of a network versus frequency rather than

time using the network in Fig. 15.86, which now appears on the schematic

in Fig. 15.119. The ac current source appears as AC—CURRENT-

SOURCE under the SIGNAL_CURRENT_SOURCES Family listing.

Note that the current source was given an amplitude of I A 
to 

establish a

magnitude match between the response of the voltage across the network

and the impedance of the network. That is,

I Z
" 

= ^ 1̂$' I = I A 
I = I V11

Before applying computer methods, we should develop a rough idea

of what to expect so that we have something to which to compare the

7

';n

T",

M

FIG. 15.119

Obtaining an iinpedance plotfor a parallel R-L neavork using Multisim.
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use

made to this listing.
For the simulation, first apply the sequence Simulate-Analyses-

AC Analysis to obtain the AC Analysis dialog box. Set the Start fre-

quency at 10 Hz so that you have entries at very low frequencies, and
a points at theset the Stop frequency at 1MHz so that you have dat

other end of the spectrum. The Sweep type can remain Decade, but

the number of points per decade will be 1000 so that you obtain a de-

tailed plot. Set the Vertical scale on Linear. Within output varim

r^ ables, V(I). Shifting it over to the Selected variables for analysis

column using the Add ke pad and then hitting the Simulate 
key re"

suits in the two plots in Fig. 15,119. Select the Show/,Hide Grid k^y

to place the grid on the graph, and select the Show/Hide Cursors key

to place the AC Analysis dialog box appearing in Fig. 
15.119. Since

two graphs are present, define the one you are working on by clicking

on the Voltage or Phase heading on the left side of each plot. A small

red arrow appears when selected so you know whichis the active plot

When setting up the cursors, 
be sure that you have activated the cor-

rect plot. When the red cursor is moved to 10 Hz (xI), you find that the

voltage across the network is only 0.251 V (yl), resulting in an input

impedance of only 0.25 fl—quite small and matching your theoretical

prediction, In addition, note that the phase angle is essentially at 90*

—a totallyin the othei plot, confirming your other assumption above

inductive network. if you set-the blue cursor near 100 
kHz (x2

102.3 kHz), you will find that the impedance at 
219.2 n (y2) is clos

-ing in on the resistance of the parallel resistor of 220 fl, again con-

firming the preliminary analysis above. As noted in the bottom of the

AC Analysis box, the maximum value of the voltage is 
219.99 n or

essentially 220 il at I MHz, Before leaving the plot, note the advan-

tages of using a log axis when you want a response over a wide fre-

quency range.

INP

a--
11C

computer solution. At very high frequencies such as 1 MHz, the imped-

ance of the inductive element will be about 25 kfl, which when placed

in parallel with the 220 il will 
look like an open circuit. The result is

that as the frequency gets very high, we should expect the impedance of

the network to approach the 220 fl level of the resistor. In addition,

since the network will take on resistive characteristics at very high fre-

quencies, the angle associated with the input impedance should also ap-

proach 0* . At very low frequencies the reactance of the inductive

element will be much less than the 220 fl of the resistor, and the net-

work will take on inductive characteristics. In fact, at, say, 10 Hz, the

reactance of the inductor is only about 0.25 fl, which is very close to a

short-circuit equivalent compared to the parallel 220 fl resistor. The re-

sult is that the impedance of the network is very close to 0 fl at very low

frequencies. Again, since the inductive effects are so strong at low fre-

quencies, the phase angle 'associated with the input impedance should

be very close to 90*.
Now for the computer analysis. The current source, the resistor ele-

ment, and the inductor are all placed and connected using procedures

described in detail in earlier chapters. However' there is one big differ

ence this time: Since the output will be plotted versu's - frequency, the

AC Analysis Magnitude in the AC–CURRENT 
dialog box for the

source must be set to 1 A. In this case, the default level of 1A 
matches

iled to checkthat of the applied source, so you were set even if you fa

the setting. In the future, however, a voltage or current source may be

A — 
does 

not have an amplitude of 1, and proper entries must be
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PROBLEMS

,
SECTION 15.2 Impedance and the Phasor Diagram

1. Express the impedances in Fig. 15.120 in both polar and
rectangular forms.

L- 1.2 H	 L 4.7 mH

R - 6.8 0	 a - 377 rad/s	 f 50 Hz
(a)	 (b)	 (c)

C= 10,uF	 C 0.47,uF	 R-220il

(0 100 rad/s	 f lOkHz	 a) 157 rad/s

(d)	 (e)	 W

FIG. 15.120

Problem 1.

2. Find the current 1 for the elements in Fig. 15.121 using com-
plex algebra.. Sketch the waveforms for v and i on the same

set of axes.

0—

0
3 n v 15 sin(wt + 10.

	

X, 2mH v 6 sin(500c + 10*),	 C - ^'.'_V 12Dsin w f 5 kHz

+
(a)	 (b^	

(c)

FIG. 15.121

Problem 2.

3. Find the voltage v for the elements in Fig. 15.122 using
c^mplcx algebra. Sketch the waveforma of v and i on the
same set of axes.

1	 4 X 10-3 sin 10001	 1	 1.5 sin(wr + 60*)	 1 2 X 10-3 sin(157,+ 40*)

+	

+	

C	

+
R 22 11 v	 12 mH ^V	 A.	 0,047,uF 0

DL f - 200 Hz

(b)	 (c)

FIG. 15.122

Problem J.

SECTION 16.$ Seri" Configuration

4. Calculate the total impedance of the circuits in Fig. 15.123,
Express your answer in rectangular and polar forms, and

draw the impedance diagram.
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R, =,2fl Xc 6n	 I kn XL, 3.2 ka
R 6.8 n

	

8.2 il	
ZT	

R2	 'on	
5.6 kQ

fX) xi, 6.8 kn

(a)	 (b)	 (c)

FIG. 15.123
Problem 4.

5. Calculate the total impedance of fhe circuits in Fig. 15,124.
Express your answer in rectangular and polar forms, and

	

draw the impedance diagram.	

R2

	

R 3 rl	 R	 XL, 2 kil	 R 470 fl L, 47 mH

0

7::Z C 0.10
X, 4 fl	 6 kfl	

f I kHz

	

Xc 5 11	 Xc ­4 kil	 L2 200 mH

	

(a)	 (b)	 W

FIG. 15.124
Problem S.

6. Find the,type and impedance in ohms ofthe series circuit el-
ements that must be in the closed container in Fig. 15.125
for the indicated voltages and currents to exist at the input
;enninats. (Find the simplest series circuit that will,satisfy
the indicated conditions.)

	

1 60 A Z7(r	 I - 20 mA 40*	1 0.2 A Z -W*
e=_-0—	 0—

	IS 120 V 0*	 ?	 E 80 V Z 320*	?	 E 8 kV Z 0* 	?

	

0—	0 	 0—

	(b) 	 (c)

FIG. 15.125
Problems 6 and 26.

7. For the circuit in Fig. 15 . .126: 	 c. Find the curMt I and the voltages VR and VL in phasoF

a. Find the total impedance Z7. in polar form.	 form.

b. Draw the impedance diagram. 	 d. Draw the pbWr diagram of the voltages E, VR, and V.,L,

- I? - 8n	 X1. 6 fl	 and the curvWJ.
e. Verify Kirchhoff's voltage law around the closed

loop.
+ VR	 f. Find the average power delivered to the circuit.

hether it is leading or lagging.
h. F.ind the sinusoidal expressions for the voltages and cut-

	

E - l00V_/0'	 g. Find the, power factor of the circuit, and indicate

Zr

rent if the frequency is 60 Hz.
FIG. 15.126	 1. Plot the waveforms for the voltages and current on the

	

Problems 7 and 48. 	 same set of axes.
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8. Repeat Problem 7 for the circuit in Fig. 15.127, replacing

VL with VC in parts (c) and (d).

R=18fl	 C=91 AF
AAA

I
+	 V^	 + VCVR

E 120 V Z 20-

60 fliz 20

FIG. 15.127

Problem 8.'

9. For the circuit in Fig. 15.128:

a. Find the total impedance Zr in polar form.

b. Draw the impedance diagram.

c. Find the value of C in microfarads and L in henries.

d. Find the current 1. and the voltages VR, VL, and VC in

phasor form.

e. Draw the phasor diagram of the voltages E, VR, Vb and

VC and the current I.

f. Verify Kirchhoff's voltage law around the closed loop.

g. Find the average power delivered to the circuit.

h. Find the power factor of the circuit, and indicate

whether it is leading or lagging.

i. Find the sinukidal expressions for the voltages and

current.J. 

Plot the waveforms for the voltages and current on the

same set of axes,

R - 4fl	 X, 6 C1 XC = 10 il

+	 + V,	 + V L -	 +

+ — +

e 70.7 sin 377, _^V

FIG. 15,128

Problem 9.

10. Repeat Problem 9 for the circuit in Fig. 15,129 except for

part (c).	 '

R-1.2kil L-OAH ' C - 8200 pF

+	 + V,	 + U L	 + Vc

+ I

6 sin(20,000i + 60*) "IV

T7

FIG. 15.129

Problem 10.

11. Using the oscilloscope reading in Fig. 15-130, determine

the resistance R (closest standard value).

+	 R	
+

E-20V(rms) 1\/	 22 fl Scope - 43.20 V(p-p)

FIG. 15.130

Problem 11.

*12. Using the DMM current reading and the oscilloscope mea-

surement in Fig. 15.13 1:

a. Determine the inductance L

b, Find the resistance R.

c. Find the closest standard value for the inductance found

in part (a).

Scope - 22.8 V(p-p)

FIG. 15.131

Problem 12.

*13. Using the oscilloscope reading in Fig. 15.132:

a

'

 Find the rms value of the current in the series circuit.

b. Determine the capacitance C.

Scope - 8.27 V(p-p)
+

+	

10 kl)

E 12 V(rms)

40 kHz

Fig. 15.132

Problem 13.

SECTION 15.4 Voltage Divider Rule

14. Calculate the voltages V, and V2 for the circuits in Fig.

15.133 in phaior form using the voltage divider rule.
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2 kn	 8 W	 6.8 fl	 40 n	 22n

+	 V'	 + V2

V z 60'	 E 60VZ5'
E'= 120

(a)	
(b)

FIG. 15.133

Problem 14.

' 15. Calculate the voltages V, and V2 for the circuits in Fig.
-	

15.134 in phasor form using the voltage divider rule.

20 f)	 2011	 4.7 kfl	 30 kfj	 3.3 kn

+	 + V, — + V2 —	

v,

20 V z 70.	
E - 120VZOP	 V,	 V2	 ;N:z 10 kf1

(b)
(a)

FIG. 15.134

Problem 15.

*16. For the circuit in Fig. 15. 135:

a. Determine I, VR, and VC in phksor,form.

b. Calculate the total power factor, and indicate whether it

is leading or lagging.

c. Calculate the average power delivered to the circuit.

d. Draw the impedance diagram.

e. Draw the phasor diagram of the voltages E, Vj?, and VC,

and the current 1.

f. Find the voltages V R and VC using the voltage divider

rule, and compare ffiern with the results of part (a).

g, Draw the equivalent series circuit of the above as far as

the total impedance and the current i are concerned,

+ VR	
+ VC —

- +	

370 n7L 20 rnH C=39 pF

e V'1(20) sin(I 0001 + 40') ^V

FIG. 15.135

Problems 16 and 4 7.

	

17. An electrical load has a power factor ofO.8 lagging. It dissi-	 1	 3 A.4 0

pates 8 kW at a voltage of 200 V. Calculate the impedance

of this load in rectangular coordinates.	 +	 2 fl

	

*18. Find the series element or elements that must be in the en-
	

E - 120 V Z 0' "^V
closed container in Fig. 15.136 to satisfy the following con-

ditions:

a. ^kverage power to circuit = 300 W.

b, Circuit has a lagging power factor.

FIG. 15.136

Problem 18.



8200 VC

FIG. 15.139
Problem,21.

+V'
R

FIG. 15.137
Problem 19.

e - 7.07 sin w
E - 5VZO* mH VL

0.47juF VC

FIG. 15.140
Problem 22.

E -' 40 V ZO*
f: 0 to 40 kHz

t V,
R

e - V700) sin W1

M

0.471AF Vc

FIG, 15.138
Problem 20.
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SECTION 15.5 Frequency Response for Series sc
Circuits

*19. For the circuit in Fig. 15.137:
a. Plot ZT and 07- versus frequency for a frequency range of 	 Lf 120 v

zero to 20 kHz.
b. Plot VL versus frequency for the frequency range of

part (a).	 I

C' Plot OL versus frequency for the frequency range of
pan (a).

d. Plot VR versus frequency for the frequency range of
part (a).

22. For the series R-C circuit in Fig. 15.140:
a. Determine the frequency at which XC = R.
b. Develop a mental image of the change in total imped-

ance with frequency without resorfing to a single calcu-
lation.

c. Find the total impedance at 100 Hz and 10 kHz, and
compare your answer with the assumptions of part (b).

d. Plot the curve of Vc versus frequency.
e. Find the phase angle of the total impedance at f

40 kHz. Is the network resistive or capacitive at this
frequency?.

*20. For the circuit in Fig. 15.138:
a. Plot Zt and OT versus frequency for a frequency range of

zero to 10 kHz.
b. Plot VC versus frequency for the frequency range of

part (a).
c. Plot 0C versus frequency for the frequency range of

p- (a).
d. Plot VR versus frequency for the frequency range of

pan (a).

SECTION 15.7 Admittance and Susceptance

23. Find the total admittance of the branches in Fig. 15.141.
Identify the values of conductance and suscepta ,nce, and
draw the admittance diagram.

XL '- 200 11

(b)

*21. For the series R-L-C circuit in Fig. 15.139.
a. Plot Zr and 02. versus frequency for a frequency range of

zero to 20 kHz in increments of I kHz.
b. Plot Ve (malInitude only) versus frequency for the same

frequency range of part (a).
c. Plot I (magnitude only) versus frequency for the same

frequency range of part (a).

XC - 2 kil

W

FIG. 15.141
Problem 23.
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U. Find the total admittance for the networks of Fig. 15.142.

Identify the values of total conductance and admittance, and

draw the admittance diagram.

	

YT	
ZZ 6 fl	 2.2(1	

Y,

60 fl	 22 il	 3 kfl	 6 k1l	 ::Z 9 U1

0

(a)	 (b)

FIG. 15.142

f
roblern 24.

25. Find the total , adrnittance, forthe networks of Fig. 15.143.

Identify the values of total conductance and admittance, and

draw the admittance diagram.

R= 4.1 fl	
33 fl 70 fl	 0.2 kil 0.5 kfl

VT	
XL 8 11	

YT	
20 fl	 0.6 ka

(a)	 (b)	 (c)

KG. 15.143

Problem 25.

26. Repfat Problem 6 for the parallel circuit elements that must 	 g. F ind the power factor of the circuit, and indicate

be in the closed container for the same voltage and current 	 whether it is leading or tagging.

to exist at the input terminals. (Find the simplest parallel	 It. Find the sinusoidal expressions for the currents and

circuit that will satisfy the conditions indicated.) 	 voltage if the frequency is 60 Hz.

I. Plot the waveforms for the currents and voltage on the

	

SECTION 16.8 Parallel ac Networks	
same set of axes.

27. For the circuit in Fig. 15.144:	
28. Repeat Problem 27 for the circuit in Fig. 15.145, replacing

a. Find the total admittance YT in polar form.	
IL with IC in parts (c) ,and (d).

b. Draw the admittance diagram. 	 1, 2mAZ20*

c. Find the voltage E and the currents IR and IL in phasor	
—

form.	 11	 C

d. Draw the phasor diagram of the currents I, IR, and IL,	 +

and the voltage E.	 E	 10 M, C	 0.13 /AF

e. Verify Kirchhoff's current law at one node.

f. Find the average power delivered to the circuit.	
f--'60	

T
1, = 2AZO*

	

	 FIG. 15.145

Problem 28.

	

1,	 1L

+	 YT	 29. For the circuit in Fig. 15.146:

E "^v	 Rel. 10	 X1.	 20 0	 a. Find the total 4dmittance and impedance in polar form.

b. Draw the admittance and impedance diagrams.,

c. Find the value of C in microfarads and L in henries.

	

— -	
d. Find the voltage E and currents IR, IL, and IC in phasor

form.

FIG. 16.1"	 e. Draw the phasor diagram of the currents I, IR, IL, and

Problem 27.	 IC, and the voltage E.
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f. Verify Kirchhoff's current law at one node.

g. Find the average power delivered to the circuit.

h. Find the power factor of the circuit, and indicate

whether it is leading or lagging.

1. Find the sinusoidal expressions for the currents and

voltage.

Plot the Wavcforms for the currents and voltage on the

same set of axes.

30. Repeat Problem 29 for the circuit in Fig. 15.147 except for

part (c).

0
a7—

11

+	
'L	 lic

i, = 3 sin(377t + 60o)	 e	 R	 1.2 fl XL	 2 il XC	 5 fl

FIG. 15,146

Problem 29.

+	
ji"	 IiL	 iic

i	 5 x 10-3 sin(I 000t - 20*)	 e	 If 3 kil L	 1, 9H C	 0. 12 AF

' FIG. 15.147

Problem 30.

SECTION 15.9 Current Divider Rule

31. Calculate the currents 11 and 12 in Fig. 15.148 in phasor

form using the current divider rule.

0

I = TO A Z40' 1,	 12

1 220 
XL 

60R..

(a)

I 6A Z 30*	 4 il

R 12 
X

—&M— ^—
12 0 '6 n

XL,

W-

I = 4AZO*	
20 n	

R

XC	X 
L2	

1.2 W

--W ZV 
12

—t 40111012

(b)	 (c)

FIG. 15,148

Problem 31.

SECTION15.10 Frequency Response of Parallel

Elements

*32. For the parallel R-C network in Fig. 15.149:

a. Plot ZT and OT versus frequency for a frequency range

of zero to 20 kHz.

b. Plot VC versus frequency for the frequency range of

part (a).

i 
IR

Z	 +

I = 50 rnA Zoo C 
RT40 f C 2 gF Vc

c. Plot IR versus frequency for the frequency ranee of

part (a).

*33. For the parallel R-L network in Fig. 15.150:

Plot ZT and Or versus frequency for a frequency range

of zero to 10 kHz.

b. Plot IL versus frequency for the frequency range of part

,(a),

c. Plot IRvetsus frequency forthe frequency range ofpart (a),

IL
+

E 40 V Z0- "\J	 R.	 200 mH

FIG. 15.149
	

FIG. 15.150

Problems 32 and 34.
	 Problems 33 and 35.
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34. Plot YT and OT (of YT YT z- Or) for a frequency range of,
	a. Plot Yr and OT (Of YT Y7. LOT) for a frequency range

zero to 20 kHz for the network in Fig. 15.149. 	 of zero to 20 kHz.

35. Plot YT and OT (of YT = YT I-OT) for a frequency range of	
b. Repeat part (a) forZ7-and OT(ofZr = ZTLOT).

zero to 10 kHz for the network in fig. 15.150.	
C. Plot VC versus frequency for the frequency range of

36. For the parallel R-L-Cnetwork in Fig..15.151:	
part (a).	 il

d. Plot IL versus frequency for the frequency range ofpart (a).

1L

Zr

I lOmAZO*	

R-	

3,0W pF Vc

FIG. 16.151

Problem 36

SECTION 15.12 Equivalent Circuits

37. For the series circuits in Fig. 15.152, find a parallel circuit

that will have the same total impedance (ZT).

20 n	
40 0	 2kn	 6 kfl	

14 kn

0

(a)	 (b)

FIG. 15.152

Problem 37.

38. For the parallel circuits in Fig. 15.153, find a series circuit

that will have the same total impedance.

8.2 kn

R	 X, 20 W:T
(a)	 ,

FIG. 15.153

Problem 38.

$39. For the network in Fig. 15.154:

a. Calculate E, IR, and IL in phasor form.

b. Calculate the total power factor, and indicate whether it

N leading or lagging.

c. Calculate the average power delivered to the circuit.

d. Draw the admittance diagram.

e. Draw the phasor diagram of the currents 1, 1,?, amd IL,

and the voltage E.

E Find the current Ic for each capacitor using only Kirch-

hoff's current law.

Find the series circuit of one resistive and reactive element

that will have the same impedance as the original circuit.

= V7 sin 2r I QDOt

+	

^20 n	
I

e (^	 R	 1 1 gF ,	 10 MWC -T I /IF,

CT

FIG. 15.154

Problem 39.

40. Find the element or elements that must be in the closed con-

tainer in Fig. 15.155 to satisfy the following conditions.

(Find the simplest parallel circuit that will satisfy the indi-

cated conditions.)

a. Average power to the circuit = 3000 W.

b. Circuit has a lagging power factor.

I = 40AZO

E = 100vZoo _E

20 a ?

FIG. 15.155

Problem 40.

SECTION 15.13 Phase Measurements

41. For the circuit in Fig. 15.156, determine the phase relation-

ship between the following using a dual-trace oscilloscope.

The circuit can be reconstructed differently for each part,

but do not use sensing resistors. Show all connections on a

redrawn diagram.

a. e and vc

b. e and i,

c. e and VL

XL 60 n

ZT
R 68 n

XC —r 20 fl

(b)



Vertical sensitivity = 0.5 V/div.

Horizontal sensitivity = 0.2 ma/div.

(a)

Vertical sensitivity = 2 V/div.
Horizontal sensitivity = 10 jAs/div.

M

FIG. 15.158

Problem 43.

708 111 SERIES AND PARALLEL ac CiRCUITS

+ VR —	 + UL —

+61 i, R	 L C^ +

e -IV	
VC

FIG. 15.156

Problem 41.

42. For the network in Fig. 15.157, determine the phase rela-

tionship between the following using a dual-trace oscillo-

scope. The network must remain as constructed in Fig.

15.157, but sensing resistors can be introduced. Show All

connections on a redrawn diagram.

a. e and vR,

b. e and is

C- 'L and ic

r" R,
+	

R^ 

V"'	

jic

V

e ^Q	
C7_:Z

C_

L	
1 -

FIG. 15.157

Problem 42.

43. For the oscilloscope tracts in Fig. 15.158:

a. Determine the phase relationship between the wave-

forms, and indicate which one leads or lags, ^

b. Determine the peak-to-peak and rms values of each

waveform.

c. Find the frequency of each waveform.

SECTION15.15 Computer Analysis

PSpico or Multisim

44. For (he network in Fig. 15.124 (usef = I Wz):

a. Deterinine the rms values of the voltages V R and VL. and

thexurrent I.

b. Plot tsR, vL, and i versus time on separate plots.

c. Place e, vR, vL, and i on the same plot, and label accord-

ingly.

45. For the network in Fig. 15,144: 4

a. Determine the rms values of the currents Is, 1R, and IL.

b. Plot is, iR, and 'L versus time on separate plots.

c. Place e, is, iR, and iL on the same plot, and label accordingly.

46. For the network in Fig. 15.127:

a. Plot the impedance of the network versus frequency

from 0 to 10 kHz.

b. Plot the current i versus frequency for.the frequency

i	 range zero to 10	 z.

*47. For the network in Fig. 15.135:

a. Find the rms values of the voltages ts R and vc at a fre-

quency of I kHz.

b. Plot vc versus frequency for the frequency range zero to

10 kHz.

c. Plot ,the phase angle between e'and i for the fre4uency

range zero to 10 kHz.

GLOSSARY

Admittance A measure of how easily a network will "admit" the

passage of current through tkat system. It is measured in

siemens, abbreviated S, and is represented by die capital letter Y

Admittance diagram A vector display that clearly depicts the

magnitude of the admittance of,the conductance, capacitive

susceptance, and inductive susceptance and the magnitude

. and angle of the total admittance of the system.
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at a glance the

	

Current divider rule A method by which the current through ei 	 Phasor diagram A vector display that provides

	

ther of two parallel branches can be determined in an ac net- 	 magnitude and phase relationships 'among the various volt-

	

work without first finding the voltage across the parallel 	 ages and currents of a network.
Series ac configuration A connection of elements in an ac net-

branches.

	

ac network, there is a paral- 	 work in which no two impedances have more than one tefti-Equivalent circuits For every series	
h each

	

lel ac network (and vice versa) that will be "equivalent" in the 	 nal in common and fhe current , is the same throng

element.sense that the input current and impedance are the same.

	

Impedance diagram A vector display that clearly depicts the 	 Susceptance A measure of how', "kusceptible" an element is to

	

magnitude of the impedance of the resistive, reactive, and ca 	 the passage of current through it. It is measured in siemens,

	

pacitive components of a network and the magnitude and 	 abbreviated S, and is represented by the capital letter B.

angle of the total impedance of the system.,	Voltage divider rule A method through which the voltage

	

Parallel ac circuits A connection of elements in an ac network 	 across one element of a series of elements in 
an ac network

	

in which all the elements have two points 
in common. The	 can be determined without first having to find 4ie current

voltage is the same across each element. 	 through the elements.

44

Introductory, C.- 46A


