
Appendix A

Uniqueness of Solutions

A proof establishing the uniqueness of solutions to boundary value problems ' can often
be accomplished by assuming the existence of two solutions and then arriving at a contra-
diction. We Illustrate the procedure by an example involving heat conduction.

Consider a finite closed region 'It having surface S. Suppose that the initial tempera-
ture inside 'It and the surface temperature are specified. Then the boundary value problem
for the temperature t4x, y, z, t) at any point (x, y, z) at time t is given by

au 
=	 vu inside 'It	 (1)

Tt

*4; y, z, 0) = fix, V, z)	 at points (x, y, z) of '1	 (2)

t4; y, z, t) = g(x, y, z, t) at points (z, y, z) of S	 (8)

We shall assume that all functions are at least differentiable at points of IR and S.

Assume the existence of two different solutions, say it1 and tt, of the above boundary

value problem. Then letting U = ul - ug we find that V satisfies the boundary value

problem
= xV2 U	 inside 'It	 (4)

Yt

U(x,y,z,O) = 0	 at points of 'It.	 (5)

U(z,i,,z,t) = 0	 at points of S
	 (0)

Let us now consider

= )5f5
	

(7)

IR

where the integration is performed over the region 'It. Using (5) we see that

W(0) = 0
	 (8)

Also from (7) we have
dJV = f5fudxdydz = ICSSUV2UdXdYdZ	 (9)
dt	 at

where we have used (4).

We now make use of Green's theorem to show that
1.12	 01.1

SSS UVZUdXd	
aU=	 - fJf 

au
[(j) + (0) 

+(jj)]dxdvc1z

S	 (10)
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168	 UNIQUENESS OF SOLUTIONS

where it is a unit outward-drawn normal to S. Since U = 0 on S the first integral on the
right of (10) is zero and we have

fffuvtudxaydz = - fff[( aTJ
j) + 

all2
) + (

all) ' ] dzdvdz	 (11)

Thus we have from (9),

dW — fl- -x fff[(W) ' +. (f)' + fa1jj t]dadY dz 	(12)

It follows from this that 4W/cU 0, i.e. W is a nonincreasing function of t, and, in view
of (8), that W(t) 0. But from (7) we see that W(t) 0. Thus it follows that W(t) = 0
identically.

Now if U(x, V, z, t) is not zero at a point of '1 it follows by Its continuity that there will
be a neighborhood of the point In which it is not zero. Then the integral in (7) would have
to be greater than zero, i.e. W(t) > 0. This contradiction with W(t) = 0 shows that
U(x, y, z, t) must be identically zero, which shows that u, = U2 and the solution is unique.



Appendix B

Special Fourier Series

1	 O<x<.	 I	 f(s)
14	 = —rCz<O

I	 I
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Fig. B-I

O<
8-2	 f(s) = Ixl = {x

	 x<r
—,<x<O	 1(x)
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170	 SPECIAL FOURIER SERIES

(,jnz OCxCr	 -
8.6	 fix) =

¼	 rCx<2x,	 j/(x)

+ 1 sinx 2 fcos2x cos 4x co, 6x
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•	 fl /Th
Fig. B-S
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—vCxCO

8 fain 2x + 2 sin 4x + S 5111 Ox +
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8-9	 f(x)=r(r—x), O<x<v
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0	 O<X<w...a	 f(s)

	

B-Il	 f(s) = 1 r—a<x<r+
10 r+aCZ<2r	

I

a	 2/sjna coo z	 gin2a Cos 2x

	

I	 I1	 -	 2	 I	 I	 j	 I•
+ sin Ba coo 3z -h 	 4. -	

15

a
Fig. B-li

( z(r—z)	 O<x<,	 f(s)

	

1-12	
f(s) = t_z(wz) —f C <0

S/ sin s gin 8w 	 gin Ix ++ —ji-- -jr

Fig. B-U

	

1-13	 f(s) = ImpS, —,<S<r, p#integer

	

2 sin pr /sins - 2 sin 2x	 $ sin8z
,	 122	 22_2 +	 -

	

1-14	 f(s) = cospx, —rCzCr, js#integer

	

2p sin pv/ 1 +	 -	 +cosx	 coo 2z	 cos3s

	

291

B-is	 f(s) = tar' f(a sin x)/(1 - a coo x)], —,Cx <r, lal <1

a sin s+- sin 2x+ç sin 3x+

	

0-16	 f(s) = ln(1-2a Cos x+a'),	 —,<sCr, jai Ci

_2(a COB s + - co-.2s +çcosaz ±

	

8-17	 f(s) = ktan' [(2a sin x)f(1—a 2fl, —r< 5Cr, al C 1

a5	a sins +	 sin 3z+ j-sinbx +

	

B-IS	 f(s) = tan - ' [(2a cos x)I(1 - a2)),	 —r C x < v, al C 1

S5a COB 
z - -j- Cos 3z + 5 Cos -
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8-19	 f(s)=n'. -w<s<r

2slnh.(1 + j (-1)%u coins - nsjnnx)
,

	

8-20	 f(s) = 1mbps, -,<x<,

2smnhp.r( sins - 2 sin 2x + S gin Sx -
r	 \V+,:'	 22+,:!	 $2+II&2

	

8-21	 =f(z)coah,a, —r<5<r

	2ss1nhpr(i - toss	 con 2z - con an +
,.	 \2,z'	 12+j.2	 22 +pS	 82+p2

	

8-22	 f(s) = InIsmnj4 —v<xC4

	

8-23	 f(s) = In loss isi. -r Cr Cr

	

8-24	 f(s) = i"-4i 2. Os2r

cots+
	 +
 coo 2o eo53s +

	

8-25	 f(s) = i4s(x—r)(x-2v), U 9 x 9 2r

sin s.+tsln2x + sin 2z +13 22as

	

8-26	 f(m) = Wo_*r2x2 fn3_ *z4, 09 x2,

toss	 coa2x	 cosEs
1' + 2' + $4 +



Appendix C

Special Fourier Transforms

SPECIAL FOURIIR TRANSFORM PAIRS

4k Az)	 P(a)

ri lei Cb	 2sinbc-i	 lo lxl>b	 a

C-2	 1	
—I---

C4	 w	 _.la

C-4

C-5	 rf(x)	 dP
da-

c-6
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174	 SPECIAL FOURIER TRANSFORMS

SPECIAL FOURIER COSINE TRANSFORMS

f(s)

r i Ocz<b	 sin b
C-i	 jo 

C-B	 2b

b
C-9	 a2 +b2

r(n) col (n tar' alb)
c-b	 zn_i 6—ta	 (a2 + 62)fh2

C-il	 —

C-12

&1sec(nf2)	 0<nClC-13 2V(n)

+	 0-ca --
C-14	 Ifl\tt+4

fr/2 aCb

C-15 ain

1

bx	 ab
10 a > b

C-16 ^ffib (cos j
.r2 - 

sin-)

r	 a2

a2C-li	 coabx1	 +

	

4b	 Tb)

C-lB	 eecbbzásech

eosh(Wz12)	 ( cosh (V;7&12)
19 coah(cz)	 Vi cosh (V;:

C-20	
rb (con (2b'A) - ath (2bvc)}
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SPECIAL FOURIER SINE TRANSFORMS

f(s)	 I

1 O<it<b	 t — cosba
C-21	 to	 z>b	 a

C-22 2

C•23 0 + b'

a
C-24 a-2 TV

C25	 fl 6—bs	
flit) sin (it tair' a/b)

(a+bV"2

C-26	
qj:

j3fl

C-27	 s—Il'	 VT

C-28	
n'i cse(nr/2)	 o<%<2

2F(n)

C-29	 stubs
2 Ka—bJ

C-30	
sinbsfra/2 a<b

52	 j,b/2 a>b

10
C41

co	 r/4/4 ab
S

lr/2

C42	 tan- i (s/b)

C$3	 cscbzjtanhj

[C-34	 ew
L	 'coth fwa\

1 Jj2a



Appendix D

Tables of Values for 10 (x) and 11(x)

10(x)

S	 0	 1	 2	 8	 4	 6	 6	 7	 8	 9

0.	 1.0000	 .0978	 .0900	 .9776	 .0604	 .9385	 .9120	 .8812	 .8463	 .8075

1.	 .7652	 .7198	 .6711	 .6201	 .5669	 .5118	 .4554	 .3980	 .3400	 .2818

2.	 2289	 .1666	 .1104	 .0555	 .0025	 -.0484 -.0968	 -.1424	 -.1850	 -.2248

3.	 -.2601 -.2921	 -.8202 -.8148 -.3643	 -.3801 -.3918	 -.8992 -.4026 -.4018

4.	 -.3971 -.3881 -.3766 -.8610 -.3423	 -.3205 -.2961 '-.2693 -.2404 -.2091
S.	 -.1776 -.1443	 -.1103	 -.0758	 -.0412	 -.0068	 .0270	 .0599	 .0917	 .1220

6. .1608	 .1778	 .2017	 .2288	 .2483	 .2601	 .2740	 .2851	 .2931	 .2981

7. .8001	 .2991	 .2961	 .2882	 .2786	 .2663	 .2516	 .2346	 .2154	 .1944

8. .1117	 .1476	 .1222	 .0960	 .0692	 .0419	 .0140	 -.0125	 .0892	 -.0658

9. -.0908 -.1142 -.1867 -.1577 -.1768	 -.1939 -.2090	 -.2218 -.2322 -.2408

11 W

Lz_	
0	 1	 2	 8	 4	 5	 6	 7	 8	 9

0.	 .0000	 .0499	 .0995	 .1488	 .1960	 .2423	 .2867	 .3290	 .3688	 .4059
1. .4401	 .4709	 .4988	 .6220	 .5419	 .5579	 .5699	 .5778	 .5815	 .5812
2. .5767	 .6888	 .6560	 .5899	 .5202	 .4971	 .4708	 .4416	 .4097	 .8154

8.	 .8891	 .8009	 .2618	 .2201	 .1792	 .1374	 .0955	 .0538	 .0128	 -.0272
4. -.0660 -.1083 -.1386 -.1719 -.2028	 -.2311 -.2666 -.2791 -.2985 -.8147
5. -.8276 -.8871 -.8182 -.8460 -.8458 	 -.8414 -.3848 -.3241 -.8110 -.2951
6. -.2767 -.2559 -.2329 -.2081 -.1816 -.1538 -.1250 -.0953 -.0652 -.0349
7.	 -.0047	 .0252	 .0643	 .0826	 .1096	 .1362	 .1592	 .1818	 2014	 .2192
8.	 .2846	 .2476	 .2580	 .2657	 .2708	 .2781	 .2728	 .2697	 .2641	 .2569
9.	 2453	 .2324	 .2174	 .2004.	 .1816	 11613	 .1895	 .1166	 .0928	 .0684
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Appendix E

r

Zeros of Bessel Functions

The following table lists the first few positive roots of J,(s) = 0 and .7(s) = 0. Nets that for all
cases listed successive large roots differ approximately by , = 3.14159...

= 0

J,(z) = 0

2.4048

6.5201

8.6537

11.7915

14.9809

18.0711

0.0000

3.8317

7.0166

10.2735

18.8237

16.4706

3.8317

7.0156

10.1736

13.8237

16,4706

19.6159

1.8412

6.3314

8.5363

11.7060

14.8636

18.0156

n2
6.1866

8.4172

11.6198

14.7960

17,9598

21.1170

2.0642

6.7061

9.9696

18.1704

16.8476

19.6129

iI=3

6.3802

9.7610

18.0152

16.2235

19.4004

22.6827

4.2012

8.0152

11.3459

14.6859

17.7888

20.9726

'=4

7.6888

11.0647

14.8725

17.6160

20.8269

24.0190

5.3176

9.2824

12.8819

15.9641

19.1960

22.4010

n6

8.7716

12.3386

16.7002

18.9801

22.2178

25.4303

8.4156

10.6199

12.9872

17.8128

20.6765

23.8086

a6

9.9381

18.5893

17.0088

20.3208

23.5861

28.8202

7.5018

11.7849

16.2682
18.6374

21.9817

96.18W
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Answers to Supplementary Problems

CHAPTER 1

1.27.	 u(O, 0 = '1, u(L,	 = 1',,, u(x, 0) = f(z), ju(r, 01 C M

1.28.	 (a) u(O,t) =	
= 0, u(&,t) = 0XIrL = 

0, u(x,0) = Rs), ji4x.t)I < M

(b) ujO, 0 == B(w1 - u0), ujL, 0 = PIL = B(%a0),

u(x, 0) = f(s), I14x, 1)1 C M

when u = t40 1 01 u2 = t4L, I)

02	 az.	 12/tx/I.	 0gxL/2
1.21 _1*_4- y(rO) =

W	 Ox2'	 '	 I2h(L-r)/L L/2 2.5 x I.'

y(O, 1) = 0, y(L, t) = 0, yt(x' 0) = 0, I y(Z, 01 C M

1.32.	 (a) linear, dep. var. u, md. var. x, y, order 2 	 (ci) linear, dep. var. ', md. var. x, t, order 2

(b) linear, dep. var. T. md. var. 5, g , z, order 4	 (c) nonlinear, dep. var. 2, mad. var. r, g , order 1

(c) nonlinear, dep. var. 0, led. var. x, y, order 3

1,33.	 (a) hyperbolic	 (b) hyperbolic	 (c) elliptic	 (ci) parabolic

(e) elliptic if 0 + y C 1, hyperbolic if 0 + y2 > 1, parabolic it x2 + y1 =

() elliptic if M C 1. hyperbolic if M > 1, parabolic if M = 1

135. (6) x(2r+y-2)2

1,86	 68¼	 - 0
ax2 -	 ax ay	 oy

= 2x	 (b)	 Os	 82x	 02z
137. (a) 2	

0	 -	
-	 = 0

1,38. (a) xz = F(z)+G(v)	 (6) xx = 0 + 0+ €,4- 68

1.39. (a) a = flx+y) + G(x - y)	 (ci) z = F(3x+y) + G(y-'xl

(6) a = 0xF(y_25)	 (e) z = F(x+y) + xG(s+y)

(c) a	 F(z+iy)+O(z-iy)

1.40. (a) -a = F(y - Zr) + 1	 (o) a = F(y)+ zG(y) + s'H(y) + I(jt-25) +

(6) y = flx-t)+G(z+t)-ø	 (ci) z = Fix +y)+G(2x+y)_ sin V+i leas Y

1,41. t. = F(x+iy) + Gfr-iy) + zH(x+iv) + sJ(x-4t') + (0+1,2)2/4

1.48.	 (c a = 41($YU)/2	 (e) a =

(6) 'a = se- ax -ax + 2r51 b 	 (I) a = 10e-' -

(c) a = 2rflt sinSx- 42OQt yj 55	 (g) a = 6c' sin (n/2) + 36-' r' ainra

3756
A = 5-I.'tf 16 coa-j-- - 6c 51r'1 cos_j

1.44. (a) y = t sjnrx sin 2rt	 (6) y =	 sin 2rx sin 4rt -

145. a = e- '(2r" sin TX -	 sin 4rz)
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180	 ANSWERS TO SUPPLEMENTARY PROBLEMS

CHAPTER 2

UI. (a) IOj (1-con.) iii 
flfl	 (a) 20- 	 !sin flTXs --,n	 .	 ,

(6) 2	 (1cosnr)	 I 	 j 
1 6(co.nr-1)	 na - 6 cog n, 1nnl

Ws•	 =	 a-	 4 	 i + . ail.	 n1i2	 COt3	
S

2.35.	 (a) x = 0. ±2, ±4, ...0 	 (e) x = 0,±1O,±20, ...;20

(5) no discontinuities	 (ci) x = ±3, ±9,±15, ...; S

n	 Sirxn
V	

4 + 1ji cos__+ I co. S--+i	 j }Mt —jeos-

2.37. (a) s	 a sin 2nx	 (6) f(0) = 1(r) = 0r j 4n2-1

Las. Same answer as 2.37.

i

	

_____________________ 	 nfl02	 yin	 16	
( 2cos r/2- cosnr_1

2.39. (a)	 1	 it,
j-	 -jsin--sin-	 (6) 2 + -	 ) cozy

nfl
2.42. u(x, t)= #(x) +	

nt {f (1(u)- 4n)] in f1 ciu} 8,i,1't/t' sin-7;--

when	 #(x) = p(1 -efl') —
	 — a-tx)

200	 cot Val	 'nix2.50. (a) z4z,t) =	
mti	

sin-1--

2.52.	 150 — fix

2.53. u(p,Ø) = 120 + 6Op2 coo 2	 -

£6	 1	 (2n - i)rx	 (2t - 1)nt2.55. yfr.t) = ,3 	(2n—j)"	 2	 cos	 2

(2.57.	 t4x, y) =	 [a sin (ic,) j0 I() Silt	 dx] sin	 sin)i
o	 a

+	
__2
	 51,(x) sin!!!dx] sin !!! .Iflh!!(a_y)

asinh(tr)

+	 asinb(mr)
2	 5ui(y)aindw] s

in mry	 inn— zinh —[

	

a	 a

+a sin
2 	

Ja	 ] 
. Yin!	 flax

n0 [hi (it,)	 s'n	 dy sin — sinhi —a	 a

759. y(x, t) =
	 [i— g(u)	 kru sin L"—' 2 J' f(u) . kru	 krat	 krx

SL + Lsln_L.-cos_L_duJsinz_

or	 - [fix + at) + fix - at)) + -- J	 g(u) du
rot
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tflwx 	 flrl•
2.61, z(x, Y, t) = S	 [A toe X_at + D, sin Xm*Cttl sin ___sin___

(I	 C

mrz$flnrvJXdVwhere	 Am,.	

jb JCI(xy) sin—i--	
c

,.b	 . mn	 !r—y-dx dy,am - sin 8mn = abeX, J J g(x,

rm2..j2
and	 Xmn =

2.63.	 u(x,t) = #(x) -	 I ehutIlu)t	 tnU	 nrx

L	 (u)srn-rdujsIn-L-

(u 1e L_ u2)0- n -
where	 -	 (x) =	 - 6_a1.

n
2.64. u(x, t) = #(x) +	

+ srueLtfl r.
	

fl
#(u)

L	 L	 sin lint-1-du] sin-1-

	

- (u 1 eaL - ,Qe-a -	 -
where	 #(x) -	 6aL -

nra	 n2rtbt2.65. y(z.t) =	 [j /(x)

	

1' n-IL	
nrn-1-dx sin_r-eos._j--

a
L	

nm	 1 .nrr	 n2n2bt2
2.66. y%t) =	 - [ fr flu)

	

n1	
sin-17 duj Sm-1- COs—jy—

lInt	 n2n2bt

	

+ {& 5'	 sjn-- du}. sin-j-- An

 nra	 Era
2.69. u(x,t) =	 (x) +	 ± iJ [f(u)'I L 0	

-	 (u)]sin-1-du	 •1

where	 #(x) = B(1 - e")x	 *.€_(1+ Ic),2

	

1	 x .2.70. Same as 2.69 but with	 (x) = '40
i çs in ax - 18m at)

1.	
. nra 1	 nra lInaC

	

2.71. y (x, t) = #(x) +	 5 {J' (1(u) - #(u)) nm-1-- duj sin -y -- cos-r- where #(x) =	 (x -14

2.72. u(ø,y,z) =	 j Hrn,.sin,nnsinnnlJsthh[m2+nsn
rn — I net

when	 B.. =	
4

sinh Vm +	
A /(z, y) sin inn sin ,try dx dy

2 c I 'nit f 6 Er.
2.76.	 u(r,6) - -	 (1.)	 if 1(0)
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CHAPTER 3

US. (a) a=1, a 1 =-4, as 	 as 	 a.	 1f a.=€a

(6) 1, /i(2x-1), Nri (6x-6x+1)

3.17. (6) 1, 1—i, 1_2x+jxZ

339.	 (6)	 cua(O ca.-' x)	 .41 , .4leos( t cor' x) (a = 1.2,...)

•	 Ce
3.20. 1(z) =	 e,,(x) where c,, 

= J w(x) 1(x) jx) dx
s-I	 C

321. 1(') = 2! +	 esjx)

where 
2	

:	 (1— xl)- lfl/(x) cos (a car' x) dx = 4! t_: Aces a) cos as di.

3.24.	 (a) 2, -1, 3	 (6)	 (18r' - 49)/iS,

us. ^/S, 41x ..,Jj (3; 1) , i.e. the normalized Legendre polynomials

3.31. 1—x, (2'-4x+x2), *(6_18x+9xs)

3.33.	 (6) eigenvalues (m - )'tr', eigenfunctions A. ct (in - jwx, where m = 1.2....

(c) V*costm—hnx, m1,2,...

P!(Z(2m _i! Rn. Bill 
(2m - 1)rx	 (2in -

3.34.	 (a)	 2	
n"	 2	 • m=1,2,...

(6) ,n$,, A. cas 'an, Vho. inn, in 1,2,...

	

(2n - flwu 1	 (2n
3.49. u(x,t) =	

fyL	
fl	 dt.j cos	 2L

5=' 1. o

(6) Beat conduction in an infinite strip of width L, with one side at 00 , the other side insulated,
and initial temperature distribution given by /(x).

(2n - 1)xat
_______	

1)"
3,41. (a) y(x, 1) = 	

j [jL/(5) 
sin (2'	 xi. dii] sin (2n -21. 	2L

(6) Vibrating string with end z = 0 fixed, end x = 1. free, initial shape /(x), initial speed zero

CHAPTER 4

1.26.	 (a) 30, (6) 16/105,	 (e)

so
Li?.	 (a) 24, (6) jj. (e) -j -

128,	 (a) *r(*), (LI) !,	 (c)
5Vi

4.31.	 (a) 24. (6) —8/128.	 (c) j r(*)

4.32.	 (a) (16,r. )/105. (6) —3 r(2/8)

	4.37.	 (a) 1/105,	 (6) 4115,	 (c) 2,/'/3

	

418.	 (a) 1/60, (6) sf2, (e) Sr

	

4.39.	 (a) 12, (6) r

	

4.41.	 (a) 3,1256,	 (6) 5r/8

	

4.42.	 (a) 11115, (6) 8/105
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CHAPTER 5
sin5.24.	 (a)	 (6) 1

4 A!5,25.	 (a) - 1 (a COsa - in)	 (b) 16

1 — COSa	 8ifl
526. (a)	 (6) -

a	 a

2527. (a)

528. y(x) = (2 + 2 coax 4 cos2x)Irx

.ao.	 (a)	 (N

537.	 y(u) =	
114

\ir)

z
5.44.	 u(x,y)	 2

7	 1?

+ _! tar l E5,45. u(x,y) = 
-i	 ,	 V

5.46. u(x,y) = I[thfl_ l(Lta) +

CHAPTER 6

6.37. (a) .,fL[(S - a2) sin - ax coax]

+ (3_x2) coax]

628. (8	 (') - J0(x)

640.	 (a) x34(x) + a	 (6) 2.J(1) - SJ I (I)	 (a) x2Ji (x) + xJ0 (x) - 5
6.41. (a) 6fJ1 (V) - 3V?J0() + a	 (6) -	

-	 + 5 4(x) dx
3x	 3

6.42. x4(x) sin x - x11 (x) Cos z + a

637. (a) _ &J Cos x	 (6) .\jT!_. sin x	 (a) _ 41( sin x + Cos x)

6.59. (a) x3Y3 (x) + c	 (6) —Y3(x) - 211 (x)/x + c

(a) —i-Y1(W) 15z- 	Y:(x) - -L Y3+ 5 Yofr)dx

	

15

6.68.	 (a)	 ((.- ./4-  ./2)	 (6) fLe_icx - .14 - nr/2)
rx

6.72. it = AJO (Vi) + BY0(vW)

A sin a + B coax
6.73. (a) y =	 (6) it = a1A;u4(+x + BJ_,144x2)1

a

6.74. it = AJ2 (6') + BY 0 (cx)

6.75. (6) y = A4(2.a) + 2Y0(2'./)

	

6.76.	 (6) it = A VIJ113(R Z312) 
+ BiJiJ..113(x312)

6.78. y = AxJ 1 (x) + BxY0(z)

(d) rx \ a
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Ut. ul.p. , t) =	 A,,J(X,p) cos 2* cos Aj when A are the positive roots of 180,) = 0 and
•i=1

A	
- 2((A —8)J0 (h) - 6x.,J 1 (x) + 81

S —

; 
Jo(Vi)

US. Vim, t) = ,
1
	cue (jk,t) f ffr)J0Qji dw where Jo (A.) = 0, 't = 1. 2.

0

2 -	 J5(Xjp) slab XQ — z)
qgy• (a) i4p,,z) =	 J,41(e) sinhAki (inn* + 2ea em ")

• .. •=Q

a6 ft
Where	 A. =	 J pf(p,Ø)J,,(kp) sin no dpd

JO 0

a n5t

= I $ pf(p,Ø)J4(Xp)eoen4dpd
-e "0

and J. (.\,a) =

2	 1z(hp) .ini XL(i —z)
(b) "(p.0..) 

=	 11th	 JI(.) sinbXj

1
where	 = $[wa - $* 3)JoQ.a) — aj J0(X9) rip I

0

and 11(46)=0

I.	 C

tilL it(p,s, t) =	 e_eeCt&'1)tJo(r._p) sin Icrr
E2 M2

4	 .
where	 4,' = ç-5f

1

J
1 
p/0(r,,p)f(p.t)slnkndpdz

0	 0

and 11(r,,)0

tilT. z(p, . t) = Auk,,0p) cue X,'ct

a -

+	 (A,' cos + B, sin n4)u5(,,,p) cusX.et

where ujL_,p) = 4(X_,p) Y(X_a) - J,(X_,a) YØt,p),

1
A	 =	

'

g5 ''4
I pf(p,Ø)u(A,p)cunnØd,dQ,

o 

1	 -B,,, = 
-1f I pf(p,)u,,(k,,,,,p)sinn44,

o "4	 -

L
 = J

p[u4A,.,p)]0dp
a

and c
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CHAPTER 7

732. P4 (x) = !(3-300+35M4)

= (lbz - 702 + 63x6)

7.33.	 (a)O	 (b)2/5	 (a)0

ui+\ 5x22
743. Q3(x) =

	

	 (6z2_3)In(.____j .__-.--4-
- xl

744. y =

10
745. P, (Z) + P 1 (Z) — 7—F2(X) + fgP4(r)

74$. P0 (x) +	 (4 + P2(x) - f'Pt (x) +

748. (a) v = t0 + 3tr0r Cos o

V0 3v
(b) V = _+—,:rCOsO

749. (a) v = 2v0 [1— rP2 (COB ')I

(8)	
2vo rl P2(cose)

71% 2ILo(1)

731. rn/v where r> a I. the distance
from the center of the sphere

736. (a) 8(1-29

(6) —(S-24x2-21x)

(c) 105xt -

737. (a) ....vTri[i fi+\ 
74—.11tnt — I +2 \1Z/

2(6)

7.83. Inside, v = vor4 5jn3 cot, con 3

Outside, v = 	 sins 0 cam t 
Cos	 3#

rs

bu, - azL	 sb(u4 - ug)
7.71. U =	 6—a + (b — a)r

7.73. u = [A 1J, * 111 (Ar) + BJ_— 311(Xr)j

[A 2P(coa I) + B2Q(co. )]C"

CHAPTER 8

8.17.	 1, 2z, 422 — 2, 8x3-12x

820. 4x2 -2, 8x3-12x

8.22. 4Vff = 0 2Gifn2,

0 otherwise

8.26. (a) —IHo(z) + jH i(x) - *1t2(x) + oHs(s)

g • (a) v = ci+csJ'e'tAr

(6) y = c.x+csrf 
511 

dx

8.28. L4(z) = 24 —96z + 72x - 16x + x

830. L5(x) = 2-4x+x2

L.3(x) = 6-18+90 x3

8.34. 21.0(r) — SL,(x) + 6L2(x) — L(x)

8.36. (a) it = ci+es5dx

(6) y = e1(1 —a) + s,Q -45 x(1_x)2'
ex

8.38. L(x) = 144 — 96: + lZxZ

L(x) = —1296 + 600: - 60x

841.	 180

.8.43. y=Asinz+R
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M4. (a) T, (r) = .8a4—Sz'+l

(b) 75 (w) = 16x5-20x+2x

845. i!Ts((t) + 2T1(x) - 1ST1 (z) + 1OT0(x)l

eztdx
8.49. (a) p = Afljt) + BuIjx) f [Hjx)1$

851. (a) p = AL.(	 ef
xdx

x) + BL(x) x[L4x)]2

8.55.	 (a) to	
dx

= AT(x) + BT(x)	
-



INDEX

Absolute convergence, 24, 89	 -
Absolute temperature, 10
Acceleration due to gravity, 4, 17

vibrating string under, 17. 96
Analytic continuation of gamma function,

67, 71, 72
Angular momentum, 121
Approximations to functions, 84

in the least-squares sense, 58, 54, 57, 58, 64, 66
Arbitrary functions, 2, 12
Associated Laguerre polynomials, 166, 162, 166
Associated Legendre functions, 132, 144-150

differential equation for, 132, 144-146
expansion of functions In series of, 147
Legendre functions as special case of, 132
orthogonality of, 182
Parseval's identity and, 152
potential problems involving. 148-160
series of, 132
solutions of Laplace's equation wing, 148

Associative law of algebra, 82, 96
Asymptotic formulas, for Bessel functions,

101, 125
for gamma function, 68, 76

Asymptotic series or expansions, 70, 76, 77, 19

Bar, heat flow in, 9, 10, 17
assuming Newton's law of cooling, 17
infinite, 95, 96
semi-infinite, 89, 90

Beam, vibrating, 3, 4
Ber and Bel functions, 100, 111, 112,126

graphs of, 100
Bessel functions, 91-129

asymptotic formula for, 101, 126
differential equation for, 97
of the first kind, 97, 98, 104-109, 123
functions related to, 99, 100,111, 112,124, 125
gamma function and, 98
generating functloà for, 99, 103, 109, 123, 124
graphs of, 98,100
Henkel functions In terms of, 99, 111, 125
integral representation for, 109
integrals involving, 106, 107
linear independence of, 98, 104, 105, 108
modified [sea Modified Bessel functions]
of order half an odd Integer, 98, 105
orthogonality of, 101, 112, 118
recurrence formulas for, 99, 105, 106, 109,111
of the second kind, 97, 109-111, 119-122
series of, 102, 113, 114
solutions using, 102, 114-122, 126-128
table of values for, 176
seros of, 101, 177

Bessel's differential equation, 97,102-104,108
equitions transformable into, 101, 112, 125

Bessel's differential equation (cóht)
general solution of, 91, 104, ios 109, 110

Bessel's inequality, 84, 58, 65
for Fourier series, 84
for orthonormal series, 58
for vectors, 64

Beta function, 69, 73-16
connection of with gamma function, 69, 73-75
definition of, 69
evaluation of integrals in terms of, 69, 78-76

Binomial theorem, 186
Boundary conditions, 2, 11, 16

for heat conduction, 10
for radiation, 10
for vibrating string, 6

Boundary value problems, 1-19
Bessel functions and, 102, 114-119

[see also Bessel functional
definition of, 2
Fourier integrals and, 82, 89-91

[ace also Fourier Integrals]
Fourier series solutions for [ass Fourier series]
Involving heat conduction, 7-10
involving vibrating string, 6, 7
mathematical formulation of, 1, 6-10
methods of solving, 6
physical interpretation of, 1, 16, 11, 10, 48, 49
solution of, 1, 11, 19, 38
solved by separation of variables

[see Separation of variables)
Boundedness condition, 6

Cantilever beam, 98
Cauchy or Euler differential equation, 40,

101, 184
Celsius degrees, 10	 -
Centigrade degrees, 10
Chain, vibrations of, 127
Characteristic functions, 65
Characteristic values, 56
Chebyshev polynomials, 156, 163, 166
Circular cylinder, heat flow In, 115-117, 126-128
Circular disc, potential of, 151
Circular membrane, 3, 45, 46, 117-119, 226,
Circular plate, temperature of, 39; 40, 48,.50#

114,215
Classification ofof partial differential .equations,

10, 11, 18
Commutative law of algebra, 82, 86
Complementary error function, 69
Completeness, 34, 54, 65
Complex notation for Fourier series, 24
Components of vectors, 52
Conducting medium, 7
Conduction of heat (ace Heat conduction equation]
Conductivity, thermal, S. 7,62.68 	 -

187
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Continuity, piecewise [see Piecewise
continuous functional

points of, 28, 80, 81
Continuous functions, 21, 25

piecewise [us Piecewise continuous functional
Convergence, of Fourier series, 21-24, 27, 85-37

of orthonornisi series, 53
of series of Besse] functions, 98
uniform [see Uniform convergence]

Convergence in mean, 54
Convolution theorem, 82, 95

proof of, 85, 86
Cosine and sine integrals, 69,79

Freanel [see Fresnei sine and cosine integrals]
Cosine and sine transforms, Fourier, 81
Cylinder, heat flow in, 115-117, 126128
Cylindrical coordinates, 4

Density, 8, 7, 8, 63
Density function [us Weight function]
Dependent variables, 10, 11, 18
Derivative, partial, 2, 6
Differentiable function, 12
Differential equation, 1
Differentiation and integration, of Fourier

series, 24, 47
of series, 23, 24

fliffusivity, 8, 8, 9
)irichlet conditions, 22-24, 27-29, 102, 120

and Bessel series, 102
and Fourier series, 22
and orthononnal series, 53
and Parseval's identity, 23

[see also Parseval's identity]
Dirichlet problem, 3, 48
Discontinuities, 21, 26, 26, 28, 46, 80, 81, 102
Distributive law of algebra, 82
Double Fourier series, 24, 25, 3?, 46, 46
Drumhead, vibrations of [see Membrane]
Duplication formula for gamma function, 68,

75, 76
proof of, 75, 76

Eigcnf unctious, 54. 55, 58-61,66
orthogonali of for Stunn ,tiouville systems,

56,58-61
Eigenvalues, 64, 65, 58-61, 65

reality of for Sturm-Liouville systems. 59
• 'lastielty, modules of, 3

lectric potential, 3 [see also Potential]
'iliptic partial differential equations, 2, 11, 18
'quilibrium position, 3, 45
rror function, 69, 77, 90, 95
tror, mean square, 34, 53, 57, 58,64
jier or Cauchy differential eqution, 40, 151, 134

luler's constant, 68, 78, 98
:van and odd extensions. 32
ven and odd functions, 22, 29-83
xistence of solutions, 1, 2, 167
theorems on, 2

Xperimenth, 1
xponenfial integral, 89

INDEX

Factorial function fssc Gamma function]
Finality, principle of, 54
First harmonic, 45
Fourier, 1
Fourier coefficients, 21. 27, 33, 34, 36, 117

calculation of, 27-29, 31-33
for double Fourier series, 24. 25, 87, 45, 46
generalized, 53, 56, 58
motivation for definition of, 27

Fourier expansion [see Fourier series)
Fourier Integrals, 80-96 [see also Fourier's

integral theorem)
applications of, 82
conditions for validity, 80
definition of, 80
need for, 80
for odd and even functions, 81
Psrseval's identity for, 82
solutions to problems using, 89-91, 95

Fourier series, 1, 20-51
applications of, 20-51
Bessel's inequality for, 34
complex notation for, 24
convergence of, 21-24, 27, 35-87
definition of, 21,22,2?
half range, 22, 23, 29-33, 87
integration and differentiation of, 24, 27, 84,85
need for, 17, 20
orthonormal series as generalizations of. 58
Parseval's identity for, 23, 33, 34
solutions using, 48
special, 169-172
used in summing series, 23-35

Fourier sine and cosine transforms, 81
Fourier transforms, 81, 83-85

convolution theorem for, 82, 85, 86, 95
inverse, 81
solutions to problems by. 92-94
special, 178-175

Fourier's integral theorem, 80 [see also
Fourier integrals]

condition for validity of, 80
equivalent forms of, 80, 81, 83
proof of, 87.89

Frequency of normal modes, for drumhead, 119
for string, 44

Fresnel sine and cosine integrals, 69, 79
Frobenius, method of, 97, 104, 134, 185
Fundamental frequency or first harmonic, 45, 46
Fundamental mode, 45

Gamma function, 67-79
analytic continuation of, 67, 71, 72
asymptotic formula for, 68, 76
Bessel functions and, 98
connection of with beta function, 69, 78-75
definition of, 61
duplication formula for, 68, 75, 76
evaluation of integrals using, 69, 71-73
graph of, 68
miscellaneous results involving, 68
recurrence formula for, 67, 70
Stirling's asymptotic series for, 62, 76
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Gamma function (cont.)
table of values of, 68

General solutleh of a partial differential
equation, 2, 6, 12, 13, 14, 18, 19

Generalized Fourier coefficients, 53, 56, 58
Generating functions, for Bessel functions, 99,

108, 109, 123, 124
for Chebyshev polynomials, 156 	 -
for Hermits polynomials, 154, 157
for Laguerre polynomials. 155
for Legendre polynomials, 131, 136, 187, 139

Gradient, 7
Grain-Schmidt orthonorntallzatton process, 55,

61, 62, 65
Gravitational potential, 3, 18, 143, 144

(see also Potential]
Laplace'a equation and, 3

Gravity, finite string under, 17
infinite string under, 96

Green's theorem, 167

Half plane, solution of Laplace's equation in, 91
Half range Fourier sine or cosine series, 22,

28, 29-33, 87
Henkel functions, 99, 111, 125
Harmonic oscillator, 165
Harmonics, 45
Heat conduction equation, 3, 9, 10, 62

applications of, 1, 16, 25, 31-42, 89-94
derivation of, 7, 8
Laplace's equation as, 8
one-dimensional, 10
for a thin bar, 9, 10, 62, 63
uniqueness of solution to, 167, 168
vector method for deriving, 9

Heat flux, I
Hemisphere, heat flow In, 142
Hermits polynomials, 154, 156, 157-160, 164

differential equation for, 154, 158, 166
generating function for, 164, 157
orthogonality of, 154, 165
Parseval's identity for, 159, 160
recurrence formulas for, 154, 157
Rodrigue's formula for, 154, 157
series of, 155, 158, 159

Hollow sphere, potential of, 141, 142, 151
Homogeneous partial differential equations, 2

10, 18
Hyperbolic partial differential equations, 2,11,18

Independence (sea Linear Independence)
Independent variables, 10, .11, 18
Indicial equation, 97, 104, 135
Inertia, moment of, 4
Infinite-dimensional vector, 52
Infinite series, 28, 24

convergence of, 23
uniform convergence of, 28, 24

[sea also Uniform convergence]
Initial temperature, 10, 41
hiulated surface, 9, 16, 38, 39, 41, 62,89

boundary condition for, 10
Integral equation, 85-87; 94,95	 -'

189

Integration and differentiation, of Fourier
series, 24, 27, 34, 35

of series, 23, 24
Inverse Fourier transforms, 81

Jacobian, 86

Kelvin temperature, 10
Ker and Kei functions, 100, 125

graphs of, 100
Kronecker's symbols, 52

Laguerre polynomials, 65, 155, 156, 164
associated, 156, 162, 165
differential equation for, 155
generating function for, 155
important properties of, 155, 166
orthogonality of, 156, 160, 161
recurrence formulas for, 155, 161
Rodrigue's formula for, 155
series expansions involving, 166, 161

Laplace's equation. 8, 9, 18, 42, 43,91
associated Legendre functions and, 182
Bessel functions and, 97, 102, 103
in cylindrical coordinates, 4
Fourier integral solutions of, 91
Fourier series solutions of, 25, 42, 48
gravitational or electric potential and, 3, 18,

143, 144 (see also Potential)
Legendre functions and, 130, 133, 135,188
in spherical coordinates, 4, 6

Laplacian, 8
in cylindrical coordinates, 4
in rectangular coordinates, 3
in spherical coordinates, 4, 5

Least-squares sense, approximations in, 53,
54, 57, 58, 64, 65

Left and right hand limits, 21
Legendre functions, 130.153 (ace also Legeadro

polynomials]
associated [see Associated Legondre functions]
differential equation for, 130, 133-186
of first kind, 130
linear independence of, 136
of second kind, 180, 131, 135, 138
series of, 131, 132, 139-141, 151

Legendre polynomials, 62, 130-132, 135, 186-144,
160,151

derivation of, 136
generating function for, 131, 136, 137, 139
orthogonality of, 131. 138, 139 	 -;
recurrence formulas for; 181, 137
Rodrigue's formula for, 130, 136
series of, 131, 132

Legendre'a associated differential equation,
132, 144-146

general solution of, 132
Legendre'a differential equation, 130, 133-136

general solution of, 130
L'}Iospital's rule, 110
Limit in mean, 54
Limits, right and left hand, 21
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Orthogonality (cont,)
of Hermits polynomials, 164, 155
of Laguerre polynomials, 156, 160, 161
of Legendre polynomials, 131, 188, 139
with respect to weight function. 53

Orthonormal series, 38, 52, 56, 64
Bessel's inequality for, 58
expansion of functions In, 58
Paneval's Identity for, 54

Orthonormal sets, 52, 53, 57
Overtones, 45

Parabolic partial differential equations, 2, 11, 18
Parsevil'a identity, 28, 82, 34, 47, 48, 57, 58, 64,

66, 126, 152
for Fourier integrals, 82
for Fourier series, 23, 83, 34
for Hermits polynomials, 159, 160
for orthonormal aeries, 54
for vectors, 64

Partial derivatives. 2, 6
Partial differential equations, 1, 2

classification of, 10, 11, 18
definitions pertaining to, 2
elliptic, hyperbolic and paa'Øolic, 2, 11, 18
existence and uniqueness theorems for, 1, 2,

167, 168
homogeneous and nonhomogeneous, 2, 10, 18
linear, 2, 5, 10, 11, 13, 14, 18
order of, 2, 10, 11, 12, 15
solved as ordinary differential equations,

5, 13
some important, 3, 4

Partial sum, 28, 34
Particular solutions of partial differential

equations, 2, 5, 12, 18, 18
obtained by separation of variables, 5
as special cases of general solutions, 5, 12

Pendulum, vibrations of, 121, 122
Period. 20, 25, 26,29-32, 85,36

least, 20
of vibration, 45

Periodic functions, 20
Physical interpretation of boundary value

problems, 1, 16, 17, 19, 48, 49
Physical laws, 1
Piano string, 44
Piecewise continuous functions, 21, 34, 85, 36, 88
Polar coordinates, 39, 78
Potential, of circular dIsc, 151

Of hollow sphere, 141, 142, 151
Of ring, 143, 144
of sphere, 148-150

Potential equation, 8, 96 (see also Laplace's
equation)

Quantum mechanics, 165

Radiation, beat conduction with, 62
heat flux of, 10
Stef an's law of, 10

Rectangular coordinates, Laplacian In, 8
Rectangular plate. 49

190

Linear independence, of Bessel function,, 98,
104, 106, 108

of Legendre functions, 136
Linear partial differential equations, 2, 5, 10,

11, 18, 14, 18
Longitudinal vibrations of a beam, 3, 4

Mass, 8, 8, 72
Mathematical formulation of physical problems,

1,6-10
Mathematical models, 1
Mean of a function, 21
Mean, limit In, 64
Mean square error, 84, 58, 54, 57, 58, 64
Membrane, circular, 117-119, 126

equation for vibrations of, 3
square, 45, 46

Models, mathematical, 1
Modes of vibration, 44-46, 119
Modified Bessel function., 99, 100, 124

differential equation for, 99
graphs of, 100

Modulus of elasticity, S
Moment of Inertia. 4
Momentum, angular, 121
Music, 44, 46
Mutually orthogonal or orthonormal functions,

55.66,64

Natui-al or normal modes of vibration, 44-46, 119
Necessary conditions, 22
Neumann functions, 97
Newton's law, 1, 6, 72

of cooling, 10, 17, 62, 63, 127
Noise, 119
Nonhomogeneous partial differential equations,

2, 10, 18
Nontrivial and trivial solution,, 55, 58
Normal, 7

outward-drawn, 9,168
unit; 9, 168 -

Normal or natural modes of vibration, 4446,
119

Normalisation, 55
Normalized function, 52, 55
Normalized vector, 52

Odd and even extensions, 32
Odd and even functions, 22, 29-83
Order, of Buse] functions, 97-99

of a partial differential equation, 2, 10, ii,
12,18

Winery differential equations, 5, 14
used to solve partial differential equations, 13

'rthogonal functions, 62, [see also Orthogonality)
definitions Involving, 52, 53
eigenfunttions as, 55 [sec also Eigamfunction,j
rthogonal sets, 66
vectors, 52
rthogonality, 52, 53
of Bessel functions, 101, 112, 118
of el g enfuncio, 68
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Recurrence formulas, for Bessel functions 99,
105, 106, 109, 111

for Chebyshev polynomials, 156
for gamma function, 67, 70
for Hermits polynomials, 154, 167
for Laguerre polynomials, 155, 161
for Legendre functions, 131, 137

Riemann's theorem, 35,88
Right and left hand limits, 21
Ring, potential of, 142, 144
Rodrigue's formula, for Hermits polynomials,

154, 157
for Laguerre polynomials, 155
for Legendre polynomials, 130, 136

Root mean square error, 53, 54, 57, 58, 64
least or minimum, 54, 57,58

Scalar product, 52
Schroedinger equation. 165
Separation constant, 55

leading to Sturm.Liouville systems, 55, 62-64
Series, of Bessel functions, 119-122, 125

of Hermits polynomials, 155, 158, 159
of Laguerre polynomials, 156, 161
of Legendre functions, 121, 132, 139.141, 151

Sine and cosine integrals, 69, 79
Fresnel, 69, 79

Sine and cosine transforms, Fourier, 81
Singular solution, 2
Slab, heat flow in, 10
Solutions of partial differential equations, 2, 5,

18, 14, 18
existence and uniqueness of, 1, 2, 167,168
methods of finding, 18, 14, 18, 19

Special functions, 67-79
Specific heat, 3, 7, 8, 83
Sphere, potential of, 48-150
Spherical coordinates, 4. 5
Square plate, temperature in, 41, 43, 48, 49

transverse vibrations of, 49
Steady-state heat flow, 9
Steady-state temperature, 3, 38, 42, 48, 50, 51
Stefan's radiation law, 10
Stirling's approximation for xl, 68

proof of, 76
Stirling's asymptotic series for gamma function,

68,76
Strain, 3
Stress, S
String, vibrating, 3, 6, 17. 45, 48, 93,94,96

[see also Vibrating string equation]
under gravity, 11, 96

Sturm-Liouville systems, 54. 55, 58-61, 65, 66,128
Sufficient conditions, 22
Sums of series, Fourier methods for finding,

33-36
Superposition principle, 5

Temperature, 8, 7, 9, 10, 16, 27-43
Tension of a string, 3, 6, 45

191

Thermal conductivity, 3, 7, 62, 63
Torque, 121
Transformation equations, between rectangular

and cylindrical coordinates, 4
between rectangular and spherical

coordinates, 5
Transverse vibrations, 3

of a beam, 4
of a membrane, 45
of a plate, 49
of a string, 3

Trigonometric expansions, 17
Trivial and non-trivial solutions, 55, 58

Undetermined coefficients, method of, 14
Uniform convergence, 23, 24, 27, 33, 47, 89

of orthonormal series, 56
theorems on, 23, 24
Weierstrass M test for, 23, 24

Uniqueness of solutions, 1, 2
proof of, 167, 168
theorems on, 2

Unit normal, 9, 168
Unit vectors, 52

Variables, 2, .10, 11, 18
Vector method for deriving heat conduction

equation, 9
Vectors, 52

Bessel's inequality for, 64
components of, 52
expansion of, 53
functions as, 52
infinite-dimensional, 52
normalized, 52
Parseval's identity for, 64
unit, 52

Vibrating beam, 3, 4
Vibrating chain, 127
Vibrating membrane, 43, 46
Vibrating string equation, 3, 6, 7, 43-46

derivation of, 6
generalized to higher dimensions, 3
with gravity term, 17
solution of by Fourier integrals, 93, 94
solution of by Fourier series, 43-45
with variable density and tension,?, 128

Vibrating systems, 25 [see also Vibrating beam;
Vibrating string equation]

Vibration, modes of, 44-46, 119
Violin string, 3, 44

Wave equation, 152
Weierstrass M test, 23, 24, 89
Weight function, 53, 55, 64, 101

for Bessel functions, 101
for Hermite polynomials, 154, 155, 157, 158
for Laguerre polynomials, 156, 160,161

Wronskian, 108

Zeros of Bessel functions, 101, 177


