Appendix 4

Uniqueness of Solutions

A proof establishing the uniguenesa of solutions o boundary value problems can often
be accomplished by assuming the existence of two golutions and then arriving at a contra-
diction. We fllustrate the procedare by an example involving heat cohductich,

Conslder a finite closed region 91' having surface S. Suppose that the initial tempera-
ture inside R and the surface temperature are specified. Then the boundary value problem
for the temperature u{z, %, 2,t) at any point (z,y,2} at time ¢ is given by

au

T T «V  inside R ()
w(z, 9,20 = f(z,v,2) atpoints(z,9,2) f R (2)
wz, w5t = glz.¥2t) stpoinia(z,y,2)of 8 L4

‘We shall assutme that ail functions are at least differentiable at points of R and S.

Aasume the existence of two different aolutions, 8ay % and e, of the above boundary

value problem. Then letting U=u:i—wm we find that U satisfies the boundsry value
problem

W o U imsideR )
Ulz,¢,2,0) = 0 atpointsof R (5)
Ulr,y,2,f) = 0 atpointsof 8 (&)
Let us now consider
W = %jjf [z, 4,2, )}t dx dy dz )
where the integration is performed overg::he region ®. Using (5) we see that

Wig) = 0 (8
Also from (7) we have
aw _ aly _
a j;j;f U—a?dsdydz = KI{ UgiUdedydz (9

where we have used (4).

We now make ﬁse of Green’s theorem to show that

_j’If UyWdzdyds = _[;j' vias - _fg‘[(%’)’ + () + (&) Jewanas

(10)
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168 UNIQUENESS OF SOLUTIONS

where 1 is a unit outwarddrawn normal to §. Since U ==0 on § the first integral on the
right of (10) ia zero end we have

.f.£ Uvdedyds = - fi’j’[(%f,—’)' + (%g-)’ + (%E),]dzdydz (22)

Thua we have from (%),
1) I G R N

It follows from this that dW/dt =0, i.c. W is a nonincreasing function of {, and, in view
of (8), that W(#) 0. But from (7) we see that W(f) 20, Thus it follows that W(t)=0
identicelly.

Now if Uz, ¥, 2. t) is not zero at 8 point of R it follows by it continunity that there will
be a neighborhood of the point in which it ia not zere. Then the integral in {?) would have
to be greater than zero, ie. Wi(i) >>0, This conitradiction with W({) =0 shows that
Ulz, ¥, 2, t) must be identically zero, which shows that #: = ua and thas solution ia unigue.



Appendix B

Special Fourier Series
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SPECIAL FOURIER SERIES
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SPECIAL FOURIER SERIES
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Appendix C

Special Fourier Transforms

SPECIAL FOURIER TRANSFORM PAIRS
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174 SPECIAL FOURIER TRANSFORMS
SPECIAL FOURIER COSINE TRANSIORMS
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SPECIAL FOURIER SINE TRANSFORMS
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Appendix D

Tables of Values for J,(x) and Ji(x)

Jo(x)

© 0 1 2 8 i & 6 7 8 g

L P 1.0000 2075 .po00 216 . 0804 5385 L0 .B812 8468 8076
1. 1462 J188 6711 6201 566D 5118 Abbd L3880 3400 2318
2 2229 1888 1104 0556 L0026 =484 ~—.0068 —.1424 —1860 —.2248
8. ] —e801 —093)1 8202 —J343 —2643 -.380F 3018 3802 — 4026  — 4018
4. | —a9m1  —3887 —9766 —8610 —.3423 —.5206 —.2B6L 2693 .24 —.2097
5| —1776 —1443 —.1108 0768 —.0412  —.006B 0270 A0598 0017 1220

6. 1508 778 2017 2288 2483 2601 2740 2851 2031 2981
7. 8001 <891 2661 2882 2788 Z663 2616 2846 2154 1944
a AT J4TE J222 0830 0682 0419 0146 —.0136 L0832 —.0863

g, | —0B08 —J142 —136T ~1BT7 1968 —.1989 —2060 -2218 2322 —.240%

Ji(x)

0. 0004 L0499 Op8h 1488 880 2425 2B6T 3290 8884 4058
‘1 &40l AT “0BE 5een B418 SETO 6699 G778 5815 5812

5767 -E8RD 5680 Be0g 5208 4971 4708 4416 4007 8754

A891 2009 2613 2ot 1792 A3H 0856 05638 L0128 —.0272
—-0080 ~1083 ~—1886 1718 2088 2811 —8666 —27B1 —28BE —3I47
~B2Td —5971 5432 —5400 —3B468 —B4l¢ S8 321 8110 2051
—2787 -—2559 —2029 —2081 —1816 —1FBE —1250 —.0858 —.0862 —.084D
T. | —.0047 L0262 A543 JOaga 1086 1352 1592 1818 L2014 2192
L2848 2474 2580 2667 2708 1)) 2728 2697 2041 2569
% 0. L4538 A824 2174 2004 -1813 161% 1895 1188 0928 0484

pEprpe
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Appendix E

Zeros of Bessel Functions

The following table Hats the first few positive roots of Ju(@) =0 and Jy{z) =0. Note that for sll
cases listed successive lazge roota differ approzimately by » = 3.14169... .

n=90 n=1 =B a8 n=d n=F n=4
2.4048 2.8317 5.1368 6.8802 7.6838 87716 9.9561
5.6201 T.0138 8.4178 9. 7610 11.0047 i2.8884 1A.5883
L) =0 ~ 8.6637 101736 11.¢188 180152 14,9725 15.T002 17.0088
11,7915 13.5237 14,7980 16.2235 17.8180 18.9801 20.8208
14.0809 164700 17.9888 164084 20 8280 282178 as.5881
18,0711 180150 21.11570 22,6827 240100 254303 26,8208
0.0000 1.8418 3.0542 42018 5.3176 6.4156 75018
3.8817 5.5814 8.7061 B.0152 9.2824 10.5108 11,7349
2@ =0 T.0186 8.5883 0.0696 11.3458 12,6819 18 0872 15,2682

10,1738 11.7080 18.1704 146859 159041 172128 1B.6374
18.8237 14.8638 14,3475 17.7688 19.1860 20.5758 21.9817
18.4704 1B.0156 19.6129 20,0728 224010 25.808¢ 26.1835¢
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Answers to Supplementary Problems

CHAFTER 1 . R
12, w08 = T, wl.t) = Ty wa® = fio), |wan < M

1 @ woen=2 =0 wwo=% _ =0 w0 = eol <N
® w00 =2 = Bou-w w8 = T, = B

Wz = fz), |w{zt) < M
where Wy = u(o‘ ﬂl Uy =ﬂ(L, ﬂ
Py Py _ [2heiL 0sz=L/o
1. G = dge ¥we0 = {zun-—:}ﬂ. LeszsL
v =0 w0 = 0 w0 =0 it} < M
152, (s) linear, dep. var. &, ind. var, =, g, order 2 (@) Yinear, dep. var. v, ind. var. «, 1, order 2

(8} linear, dep. var. T, ind. var. #,y, 2. order 4 {¢} nonlinear, dep. var. 2, ind. var. r, ¢, order 1
{e) nonlinear, dep. var. ¢, ind. var. ,v, order 3

133, (o) hyperbolic (b} hyperbollc () elliptic {d} parabolie
() elliptic if a%+ 34 < 1, hyperbolic if =8+ y? > 1, parubolicit wltyd =1
(N elliptic if M < 1, hyperbolic if M > 1, perabolicif M =1

135 (&) 2@Rz+y-—28

Py S a8
136, 357 - b - 255 = ¢

iz, .0z _ 3 B2 il _
1. (@) 25 +85 = 2 ® 25— 2pE =0
138. ) 2z = F(z) + Gy B8 =z = 2%+ 22+ Gyt — 68
19, (@) % = Flz+1) + Glza—+) d z = Fi3z+v) + Gly—2)
® u = F(y—2x) &) 7 = Flet+w) + =Gz +)
(&) u'= Flz+iy) + Gz — i)
140, {o)'u = F‘(v—%x)+%s (c) u = f‘(y)+aG(y}+a’H(y)+!(v~2z)+%‘
® v = Fe-0+ G+t~ @ = = Flaty) + Gzt~ Zainy + ooy

14, % = Flz+iv) + Gz —iv} + zHiz + i) + alz— @) + @2+ 444

142, (@) u = defthv—2)2 fo) 1 = Be—Rz-—ft
(b) u = Je—Sr— 4 Zp-d- M () & = 10g~2—3 — fo-ix-6t
f€) % = 2a=¥% gin $z — £o—1 gjn by @) u = 6o~ oin (ra/2) + et pln vz
@ u = 80""”“1:03-3%”-— Ga—21ti/1e mﬁzﬁ

L4 (@) v = Es:ﬁiﬂﬂiﬂzwt ) v = %ﬂnzmaindﬂ-;—r-wln&rz'sinlht

145 wu = G'm(h"" ginygz — o~ W' gin drz)
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180 ANSWERS TO BUPPLEMENTARY PROELEMS
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Wzt = E' E [Amn 008 Attt ¥ Bpp min Apeat] sm-;-sm “:"
where Amn = be I j' Hx, ) sm——-— san—'m- dedy,

= 4 in 7T yin NTY¥
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SN [
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wamh = g+ 2 $ et enteit

-
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where

#le) = = Ay A
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where i = £ 1":::;:'}‘ + ;%u )

Bame as 2.69 but with  ¢(x) =

(.ain ax — % sin af-)

&/ &

L L

we,t) = gz + %%{f () — gl ain 225 du} ain 2% oo 22EE

- -
w2 = B X By, sinmersinney sinh VmE + nt oz

m=l am]

where Bun

sinh \/ﬁiv j;l J: sz
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182 ANSWERS TO SUFPLEMENTARY PROBLEXS

CHAPTER 3
215, (@) so=1, o= =V8, oy =23, &= VB 8, = 6V, a; = 6vs
® 1, Vi@gz-1), VBEzt—6z+ 1)

7. () 1, 1—% 1=224 2

218 () J-%m{ﬂool"a} =J§, Emtumﬂs} m=12..)

- []
3. fio) = 3 ats) where e = ke iz outes 2

32, fim) = %‘1 + 3 cntale)

1 12
where e = ‘\]?J‘_, (1— 23~ V2f(x) con (n cos ix}dx = J? J‘_:n Hcos u} ecosnu du

s34, (0) 8-1,3 () YEF—20x

530, VE, J%#, \'is (E%"—l-) , Le. the normalized Logendra polynemiala

3N, -z, 2= 4x+2Y), §6—18x-+ 95t~
$38. (b)) eigenvalues (m —§Pn?, cigenfunctions A, coa (m -Prz, wheve m =12, ...

(¢) Yiemim—-brs, m=12,...

(21'!________—‘1)'7: . 8. sin (_2__'M—2 l)rza ﬁ ain {____ﬂm ; Drz y M= 1,2,...

3. (o)
(5) mbe, Ap coumuz, VZcon mmx, m =12,...

- L - -
LD uwlat) = % El {J; f{ﬂ)m@_".g%)’?‘;du} ma.‘.%!‘ki,—:m-n'a‘mu
.-

(b} Hest conduction in an infinite strip of width L, with one side at 0°, the other side insulated,

and nitial temperature distribution given by Fi=).

o . L -— —
. @ smd = %.2', [J; ,'(u)s!n(z—’;-g—l-} :mdu] sin 2% %n” con 22 uf"“‘

(b} Vibrating string with and z = 0 fixed, end z = L free, initial shape f(z), initlnl speed zero

CHAPTER 4
126, {(a) 80, (b) 16/105, (&) §=V% 437, (@) 17106, (b) 4715, (s} 2u/V3
21 @) 4, O gy, @ —1‘(? 135, (o) 1/60, (8 w/Z (o) 8x
Wr 1"(4/5)
123, iy, o) T, g = $39. (@) 127, (B} ¢
@ §ipn @ @ G o
431 (@) 24, (6) —3/128, (o) iMP 441 (o) 32/2566, (&) 5r/B

432 (o) (16T V105, (B) --3T(2/0) 442 (@) 16/15, {b) B/L05
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CHAPTER 5
s, (o) ¥R (g1 . @ B

[- 2.4
625 (@) Lixcoza—sinag) (B 3 s31. yiw = (2) e

- p @ CO08 & a 16 A W = x
526 (o) —S%%2 @ sine S4h wimy) = oten—1Z
o ® r ¥

a . T PUPONS.
521, (m) TT 545 ulx,y} = 3 -+ = tan ly
528, yiz} = (24 2coss—4conZx)ez 48wz, = fl[un—i(‘—j;—") + m—i(l';’)]
CHAPIER 4

637. (o \I_ (3—2% sm:;— 8z con x]
(b J— [8:- ainx + [3 ) ﬂ”z]

an (352) nior - L

540, (@) Wl te ) () — 8D (& 28 (@) + adole) - _j' Jolo) &

Gl (@) eVad(VE) - VB LVE) + e 0 —J"::)' J‘{“’ f Joix) dz

64l =Jp(x) sinx — afi(x}cosx + ¢

851, (@) —\E;cau Y] -—amx (¢} —\{?;z(siu 4+ %’) (d) .J-:’;(%E~ ma)

659, (0} a3W3lx)+¢ (B) —¥gl2) =2V {s)fzt+ e

© -ﬁ ¥z — 1’,(:) - ---Y, (=} + = f Yy(z}dz

848, () _.,(u 24~ nniD) ) .g—s—i'(x—m*-i—lr!k]
'd rr
673. ¥y = AJJWE) 1+ BY,(vE)

613, () y = AdnziBoms @ ¥ = VEIAT e + BT e

Sy = AdyleT) +BYg(en)
835, () ¥ = AJ(RVE)+ BY,(2Va)
676, (0 v = AVEJ{§at 4+ BVE J . aifa®™

8.78. y = Axdy{z)+ BaY,(2)
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o) = i Adiingg) con Ep coan,t where A, are the positive roots of Jy(A) =0 and
w=I

S{(E — 8Wp(ha) — Bhydi (M) + 6]

A
. RT10,)

o ]
wr,t) = 3 % 08 (§2.t) J; fig) W2 )dr where Jy(0,) =0, == 1,2, ...

ax]

= 2 J.(aup) sink 2y (l — 3)
- &
@ o) = o0 BB T Gead sinhnd

(Agrtinme + By, coang)

-3 w
where dus = [ f otor)utuns) sinng do o

-] L
B = | j: oflen ) (hnp) conng dp 34

and J (A} =0

-] L J:(’m’)!illhlg{l"l)

G N

1 a
where B, = -ii;[(su—uiw.u..u) =8 [ 2o0uerco |
and Jy (o) =0

wlp, 5,8} = 3 21 Opmt RO T te 0 win ks

k=] m=
_ 4 1 §
where B = mj; j;,.'.,(r_,mp,xmnbndpds

and J,ir,) =0

iy | -

o0, 8) = .S;o Ju%ﬂnﬁ'] €08 yoct

+ tznt u§l (Ama c08 %9 + B,y sin ngju, (o) 008 Amuot
where  Uyhand) = Jalippp) Valimat) = 203t} Voltans),

Ir b
3 M I TPy
ix b -
Bus = F f [ ot s sinns oy,

-}
L = _f lttplhmas)] 2 lp
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CHAPTER 7
138, Py = %(3 — 3021 4+ 352%) 750. 2%(1 - ‘;‘)
o1
Pylay = gillz —10x3 + 63%) 751,  mir where > a in the distance
from the centar of the sphere
1A%, (2} 0D by 2/8 @0 156. (o) 3(1—=2%

o) —-%{8—24:3—- 214)

= Z 147y _B2f 2
. @l = - 3””( ,) 2 T3 (¢} 10Bx{) —z%314
_ T Y 1+ z
T oy = Aa:+3[l+ 1“(i+x)] A (@ —vV1 i[zh(l-,,) *.,:]
B} _._;i
T45. —-P.,(z) + Pyiz) ~ P=(=)+ Pq(z) O 1=

788, Ingide, v = wyrieinté cossconle

¥i ] 7"
146. Po[ﬂ-i-zf'i(z)-i'a-l’z(:)—i‘gf'g{tl)‘l' Outeide, » = ;:-liﬂ!icnatm&t
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a7, 1, 2, 4at—2, 82t — 1% 330, Lyx) = 2—4x+ 2t
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-INDEX e

Absolute convergence, 24, 89
Ahsolute temperature, 10
Acesleration due to gravity, 4, 17
vibrating string under, 17, 98
Analytic continuation of- gamma function,
67, 71, T2
Angular momentum, 121
Approximetiona to functions, 34
in the least-squates sense, 68, §4, 57, 58, 84, 66
Arbitrary functions, 2, 12
Associated Laguerre polynomiats, 166, 162, 165
Associated Legendrs functlons, 132, 14.4-150
diffsrential equation for, 132, 144-146
expanslon of functions in aeries of, 147
Logendre functions as speclal case of, 132
orthogonelity of, 152
Parsaval’s identity and, 162
potantial problems involving, 148-160
seriea of, 132
solutions of Laplace’n squation uaing, 148
Amociative law of slgebrs, 82, B8
Asymptatic formulas, for Bessel functions,
107, 126
for gamms function, 68, 78
Asymptotic series or expanalons, 70, 76, 77, 7%

Rar, heat flowin, 9, 10, 17
sesuming Newtoh's jaw of cooling, 17
infinite, 96, 96
semi-infinite, 89, 90

Beam, vibratng, 3, 4

Ber and Bel functions, 100, 111, 152, 126
graphs of, 100

Bersel funstions, 87-129
naymptotic formuls for, 101, 126
differential asquation for, 97
of the first kind, 87, 08, 104-10%, 123
functions related ta, 99, 100, 111, 112, 124, 125
gamma function and, 88
generating fumetion fo¥, 99, 108, 109, 128, 124
graphs of, 98, 100
Hankel functions in te¥ma of, 99, 111, 126
intogral rapresentation for, 109
integrals involving, 108, 107
linear independence of, 98, 104, 105, 108
modified [ses Modifled Bessel functions]
of order half an odd integer, 53, 106
orthogonality of, 101, 112, 138
recurrence formulaa for, #9, 105, 106, 108, 111
of the sscond kind, 97, 108111, 119-3122
series of, 102, 113, 114
solutions using, 102, 114-122, 126-128
table of walues for, 176
sercs of, 101, 177

Beusel_ diﬂerential equation, 87, 102.104, 108
squations tranaformsble inte, 101, 112, 128

© 187

Beasel's differential equation (com..) o
general solution of, 97, 104, 105, 109, 110
RAenacl's insquality, 34, 58 86 .
for Fourier series, M4 ~ |
for orthemormal series, 68
for vectors, €4
Beta function, 69, 13-Td
commectioh of with gamma functon, 69, T8-18
definition of, 69
evaluation of integrala in terms of, 89, 78.78
Binomial theorem, 186
Boundary conditions, 2, 11, 186
for heat conduction, 10
for radiation, 10
tor vibrating string, 6
Boundary valia problems, 1-19
Bessel functions and, 102, 114-119
[4ee alze Beasel !uncmmu]
definition of, 2
Fourier integrris and, 82, 83-81
[sse aleo Fourler intesulu]
Fourier seriea aolutions for jaes Fourler sories]
involving heat condustion, 7-10
involving vibrating wtring, &, 7
mathematical formulation of, 1, 8-10
methode of solving, 6
physical interpretation of,
sojution of, 1, 11, 19, 38
solved by sapareticn of variables
[ss¢ Separation of varinblen]
Boundedness conditton, &

1, 16, 17, 18, 48, 48

Cantilever beam, 96
Cauchy or Evler differential nuaﬁon.
101, 184
Celsius degreea, 10
Centigrade degrees, 10
Chain, vibretions of, 127
Charactariatic functions, 55
Characteristic valves, §5
Chebyahev polynomials, 168, 183, 186
Cirenlar sylinder, heat flow in, 118 117, 1%-128
Circular dine, potential of, 151 .
Cirenlar membrane, 3, 46, 46, 117-118, 125+
Circular plate, temparaturs of, 39', 40, 48,50,
114, 115 BT
Classification of partial’ differential aquuonl,
10, 11,18
Commuutivc law of algebra, 82, 88 -
Complementsry error function, 88,
Complatenass, 34, 54, 65 : -
Complex notation for Fourier sorles, 24
Companents of vectors, 2
Conducting medium, 7
Conduction of heat {sss Heat conduction aqult!on]
Conductivity, thermal, 3, 7T, 62, 88
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Continuity, pieceawise [ses Piccowise
continuous functiona]

paints of, 2B, 80, B1
Continuous functions, 21, 25

piacewise [ree Plecewise continnous functions)
Convergence, of Fourler series, 21-24, 27, 3537

of orthonormat series, 53

of series of Beanel functions, 98

uniform {ees Uniform convergence]
Convergence in mean, 54
Convelution theorem, 82, 96

oot of, 85, 88
Coaine and sine integrals, 69, 79

Fresnel {ace Fresmel sine and cosins integrals|
Cosine and sine tranaforms, Fourier, 81
Cylinder, heat flow in, 115-117, 126-128
Cylindrical eoordinates, 4

Density, 3, 17, 8, 63
Density function [sse Weight function)
Dependent variables, 10, 11, 18
Derivative, partial, 2, §
Differentiable function, 12
Differential eguatian, 1
Differentiation and integration, of Fourler
Beries, 24, 47

of series, 23, 24
Diffusivity, 8, 8, 8
Jixichlet conditions, 22-24, 8729, 102, 120

snd Bessel series, 102

and Fourier series, 22

and orthonormal serfes, 53

and Parsevel's identity, 23

[see aleo Parseval's identity)
Dirichlet problem, 8, 48
Discontinuitien, 21, 26, 26, 28, 48, 80, 81, 102
Distributive law of slgebrs, 82
Double Faurlar series, 24, 25, 37, 46, 46
Drumhesd, vibrationg of [eee Membrane)
Dupl;catinn formula for gamma function, 68
5,76
proof of, 16, 76

Eigenfunctions, 64, 55, §8-61, 66
erthogonality of for Sturm-Liouville 5 stems,
&6, 58-41 4
Eigenvalues, b4, 65, 68-61, 66
Teality of for Sturm-Liovville syatems, 69
“lagticity, modules of, 3
lectrie potential, & [so slic Potential)
‘Hiptic partia) differential equations, £, 11, 18
"guilibrium position, 3, 45
rror function, 63, 17, 80, 95
[TOr, Tnean squere, 84, 53, 67, 58, 84
Jler or Cauchy differential equumtion, 40, 101, 134
‘uler’s constant, B8, 79, B3
“ven and odd extensions, 32
<ven and edd functivna, 22, 25-88 -
Ixistence of solutions, 1, 2, 187
theoremny on, 2
Ixperiments, 1
ixponentinl integral, 69

Fuctorial function [see Gamma function]
Finality, principle of, 54
First barmonic, 45
Faurier, 1
Fourier coefficients, 21, 27, 33, 34, 36, 117
calculation of, 27-29, 31-33
for double Fourier series, 24, 25, 87, 45, 46
genernlized, 63, 56, 58
motivation for definition of, 27
Fourier axpanslon [ase Fourier series)
Fouriee integrals, 80-58 lsce cloo Fourier's
integral theorem)
applications of, 82
conditions for walidity, 80
definition of, BO
need for, 80
for odd and even functiona, §1
Fareeval’s identity for, B2
sclutions to problemn using, 83-81, 95
Fourier serles, 1, 20-51
applicationa of, 20-51
Besaei's inequality for, 34
complex notation for, 24
convergence of, 21-24, 27, 35-37
definition of, 21, 22, 27
half range, 22, 23, 29.33, 87
integration and differentiation of, 24, 27, 54, 36
need for, 17, 20
erthonormal seriea a8 generalizations of, 63
Pargevals identity for, 23, 43, 34
solutions using, 48
apecial, 169172
uzed in summing series, 33-36
Fourier gine and ¢esine transforms, 81
Fourier tranaforms, 81, 83-85
convolution theovrem for, 82, 85, §8, 06
inverse, 81
solutions to problems by, 92-04
special, 178-116
Fourier's integral theorem, 20 [se2¢ also
Fourler intsgrals)
eendition for validity of, 80
equivalent forme of, 80, 81, 83
proof of, B7-E9
Frequency of normal modes, for drumbead, 118
for string, 4¢ _
Fresnel sine and cosine integrais, 69, 19
Frobenius, method of, 97, 104, 124, 135
Fundamenial fzequency or firat harmonie, 45, 46
Fundamental moede, 46

Gamma funstion, 67.70
analytic continustion of, 67, 71, 72
asymptotic formula for, 68, 76
Bessel functions and, 98
connection of with beta tynotion, 69, 73-75
definition of, 67 :
duplication formula for, €8, 75, 76
evaluation of integrals using, 69, 7173
graph of, 68
miscellanesus results involving, 68
recurrence formule for, 67, 70
Stirling's asymptotic series for, 68, 78



Gamme function {cont.)
table of values of, 65
General solution of a partinl dtﬂorentml
equation, 2, §, 12, 13, 14, 18, 19 '
Generalized Fourier mmuenta 53, 68, bB
Generating functions, for Hessel functions, 99,
108, 109, 123, 124
for Chebyshev polynomials, 156
for Hermite polynomials, 164, 167
for Laguerte polynomials, 165
for Legendre polynomials, 131, 196, 187, 129
Gradlent, T
Gram-Schmldt orthnnormn‘.linﬁon proceas, GE,
61, 63, 66
Graﬂtatlonal potential, 3, 18, 143, 144
[see aleo Potentiat]
Laplece’s equation and, § -
Gravity, finite string under, 17
infinite string under, 96
Green's theorem, 167

Half pline, solution of Laplace's equation in, #1
Half range Fourier sine or cosing meries, 22,
28, 29-33, 87

Hankel functiona, 95, 111, 126

Harmonie oswillator, 166

Harmonies, 45

Heat conduction equstion, 3, 9, 10, 62
spplications of, 1, 18, 25, 37-42, B9.94
derivation of, 7, 8
Laplace'a equation as, 3
one-diminsional, 10
for a thin bor, 9, 10, 62, 83
uniqueness of eofution to, 167, 168
vector method for deriving, 8

Hoat flux, 7

Hemiaphere, heat Aow in, 142

Hermite polynomials, 154, 156, 157-160, 164
diffarential equation for, 154, 168, 166
generating fonction for, 154, 167
oxthogonality of, 154, 166
Parseval's identity for, 169, 160
recurrence formulas for, 164, 167
Rodrigue's formula {or, 154, 167
series of, 165G, 168, 15

Hollow sphera, potentiul of, 141, 142, 151

Homogeneous partinl differential equations, 2
10, 18

Hyperbolic partisl differential equations, '2, 1_1', 18

Independence {ses Linear independence]
Independent varishles, 10, 11, 18
Indicial aquation, &7, 104, 185
Inertia, moment of, 4
Infinite-dimensionsl wector, 62
Infinite series, 28, 24

cenvergence of, 25

uniform convergence of, 23, 24

foee alse Uniform convergence]

Initial temperature, 10, 41
Insulated surface, #, 16, 88, 39, 41, 62 89

boundsry cendition for, 10
Integral cquation, 86-87; 94, 95
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Integration and differentiation, of Fourler
series, 24,27, 32, 35
of aeries, 23, 24
[nverae Fourier tranaforms, 81

Jacobian, 86

Kelvin temperature, 10

Ker and Kei functions, 100, 125
graphs of, 100 .

Kronecker's symbols, 62 N

Tordudi o

e -

Laguerre polynomials, 63, 165, 166, 164«
associated, 166, 162, 160 .ot
differential equation for, 156
generating Tunction for, 165
important properiies of, 165, 168
orthogonelity of, 158, 160, 161
recurrence formulas for, 155, 161
Roedrigue’s farmula for, 155
series expansions involving, 158, 161

Lagplace's equation, 2, 9, 18, 42, 45, 87
asgociated Legendre functions and, 182
Bessel functions and, 87, 102, 103
in cylindrical coordinates, 4
Fourier integral sclations of, 81
Fourier series zolutions of, 25, 42, 413
gravitational or electric potential and, &, 18,

143, 144 [ses also Patential]
Legendre funetions and, 130, 133, 136, 188
in spherical toordinatay, 4,5

Laplacian, 3
in cylindrical coordinates, 4
in rectangular coordinates, 3
in spherical coordinates, 4, 6

Least-aguares asnas, appeoximations in, 63,

b4, 87, 68, 64, 85
Leoft gnd right hand limits, 21
Legendre functions, 130-1563 [s4¢ also Legendre
polynamials)
raspeinted [ses Associated Legondrs fonctions)
differential equation for, 130, 133-136
of first kind, 130
linear independence of, 136 :
of second kind, 180, 131, 186, 138
series of, 131, 182, 130-141, 151
Legendre polynomia.ls 62, 180-132, 135, 195144,
150, 151
dorivation of, 136
generating function for, 131, 136, 187 139
orthogonality of, 131, 138, 138
recurrence formulas for, 131, 137
Rodrigue’s formula for, 130, 136
aeries of, 131, 132
Legendro’s aszociated differential eqna.tmn,
132, 144-146
peneral aclution of, 132

Legendre's differential equation, 180, 183—136
general sclution of, 130

L’Hespital's rule, 110

Limit in mean, 54

Limits, right and left hand, 21
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Linear independence, of Bangel functiona, 08,
104, 106, 108
of Lagendres functions, 136
Linear partial differential equations, 2, 6, 10,
11, 13, 14, 18
Longitudinal vibrations of a beam, 3, 4

Meas, 8,8, 7%
Mathematical formulation of phyaical problema,
1, 610
Mathematica) models, 1
Meen of a function, £1
Mexn, limit in, 54
Mean square ervor, 84, 53, 64, 57, 68, 64
Membrane, circuier, 117-119, 186
equation for vibrations of, 3
asquare, 45, 46
Models, mathematical, 1
Modes of vibration, 44-46, 119
Modified Bexsel functions, 93, 100, 124
differential equation for, 93
grapha of, 160
Modulus of alasticity, 3
Moment of insrtia, 4
Momentum, angular, 121
Musie, 44, 46 '
Muytually orthogonal or erthenormsl functiona,
65, 56, 64 "

Nagtuial or normal modes of vibration, 44-46, 119
Necesaary conditions, 22
Negmann functions, 87
Newton'a law, 1, 8, 72

of cooling, 10, 17, €2, 63, 127
Nejse, 119 i )
Non}éngzencoun partial differentinl equatfions,

, 10, 18 '

Nontrivial und trivial eoluttona, 65, 58
Normal, 7

outward-drawn, 9, 168

unit, §, 168 .
Normal or natural medes of vibration, 44-46,

119

Noemaligation, 55 -
Normalized tunction, 52, 55
Normalized vector, 52

0dd and even extensions, 32
0dd and evan functions, 22, 24.58
Order, of Beasel functions, 97-0¢
of r;r:isnl differentin] equation, 2, 10, 12,
]
rdinary differential equeations, 5, 14
used to solve partiel ditferential equationsg, 13
"rthogonal functions, 62, [ses alpo Ort.hogonllil:r]
definitions Involving, 62, 53
eigenfunctions aa, 55 see also Eigenfunction]
-rthogonal sets, 66
vectors, 52
irthogonality, 52, 58
of Hessel tunetiona, 101, 112, 133
of‘eig'entunctions, 58

Orthogonality {cont.} _
of Hermite polynomials, 164, 158
of Laguerre polynominls, 156, 160, 161
of Legendre polynomials, 131, 198, 139
with respeet to weight function, 53
Orthonormal series, 33, 53, 66, 64
Bearel’n inequality for, 58
expansion of functions in, 68
Parsevel’s identity for, 54
Drthonormel] actg, B3, 63, 67
Overtonon, &5

Parabolic partial diffarenticl equaticuy, 2, 11, 18
Parseval's identity, 29, 83, 84, 47, 4B, 57, 68, 64,
a5, 128, 152
for Fourier integrals, 82
for Fourier aerion, 23, 93, 84
for Hermite polyncmials, 159, 160
for orthonormal series, 54
for vectors, 84
Partial derivativen, 2, 8
Partial differentinl equationa, 1, 2
classification of, 10, 11, 18
dafinitions pertaining te, 2
elliptie, hyperbolic and parabalic, £, 11, 18
existence knd uniqueness thesrems for, 1, 2
167, 188 :
homogeneous and nonhomogeneoun, £, 10, 18
linesr, 2,5, 10, 11,18, 14,18 .
order of, 2,10, 11, 12, 15
aolved as ordinary differentia] eguations,
5, 18
some importent, 8, 4
Partial sum, 283, 34
Farticular solutions of partial differentin]
equations, £, 5, 12, 18, 13
obtained by separation of variablea, B
B8 specin] caes of general solutions, 5, 12
Pendulum, vibrations of, 121, 122 -
Period, 20, 25, 25, 20-38, 35, 38 :
least, 20
of vibration, 46
Periodic functions, 20 , . .
Physicai interpretation of boundary value
problams, 1, 18, 1%, 18, 48, 49
Physical laws, 1 -
Piano string, 44 ’
Plecewise continuouy functions, 21, 84, 35, 34, 88
Polar coordinates, 33, 78
Porential, of cireular dise, 161
of hollow sphere, 141, 148, 161
of ring, 148, 144 ’
of sphere, 148-150 ‘
Fotential equation, 8, 96 fses also Laplace’s
equation)

Quantum mechanics, 165

Radiation, beat conduction with, 62
heat Aux of, 10 .
Stefan's law of, 10 .
Rectangular tocrdinates, Lapiacian In, 8
Rectangular-plate, 40



Recurrence formillaa, for Bessel functions, 99,
105, 106, 108, 111
for Chebyshev pslymomilala, 156
for gamma function, 67, 70
tor Hermite polynomiala, 154, 167
tor Laguerre polynomiale, 166, 181
for Legendre functione, 181, 137
Rismann’s theorem, 35, 83
Right and left hand limits, 21
Ring, potential of, 143, 144
Rodrigue's formuls, for Hermite polynomiais,
154, 1587
for Laguerre polynomials, 156
for Legendre polynomials, 180, 186
Root mean square error, 63, 54, 67, 58, 84
{east or minimurn, 64, 57, 58

Sealar product, G2
Schroedinger equation, 163
Zeparation constant, 55
lending to Sturm-Liouville systems, 55, §2.64
Series, of Bessel functions, 118-122, 125
of Hermite polyromials, 155, IR8, 150
of Leguerra polynomiais, 156, 161
of Legendre funetions, 131, 132, 139.141, 151
Bine and cosine integrals, 69, 7%
Fresnel, 89, 79
Sire and cosine transforms, Fourier, 81
Singular solution, 2
Slab, heat fiow in, 10
Solutions of partial differential equations, 2, §,
13, 14, 18
existence and uniqueness of, &, 2, 187, 163
methods of finding, 13, 14, 18, 18
Specinl fonctions, 67-T9
Specific heat, 3, 7, 8, 83
Sphere, potential of, 48-150
Sphoricatl coordinates, 4, §
Square plate, temperature in, 41, 48, 48, 49
transverse vibrations of, 49
Steady-state heat flow,
Steady-state tempersture, 3, 38, 42, 48, B0, 51
Stefan's radiation law, 10
Stirling’s approximation for =!, 68
proof of, 78
Stirling’s asymptotic 3eries for gamma function,
68,76
8train, 3
Stress, 3

String, vibrating, 8, 8, 17, 45, 48, 93, 94, 96
{aee al=o Vibrating string equation]
under gravity, 17, 56
Sturta-Lioaville systems, 64, 56, 58-81, 65, 66, 128
Sufficient eonditions, 22
$um;30§ saeriea, Fourier methods for finding,

Superposition principls, §

Te¢mpecature, 3, 7, 9, 10, 16, 37-43
Tension of a string, 8, 6, 45
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Thermal conductivity, 3, 7, 62, 63
Torque, 12
Tranaformation equations, between tectangular
and eylindrica] coordinstes, 4
between rectangular and spherical
coordinates, b
Transverse vibrations, 3
of n beam, 4
of a memhrane, 48
of & plate, 43
of a string, 8
Trigonometriz expansions, 17
Trivial and non-trivial solutions, 55, 58

Undetermined coefficients, method of, 14
Uniform vonvergence, 23, 24, 27, 33, 47, 89
of orthonormal series, 56
theorema on, 28, 24
Welerstrass M test for, 23, 24
Uniqueness of solutions, 1, 2
proof of, 167, 168
theorems on, 2
Unit normal, 2, 168
Unit vectors, 52

Variables, 2, 10, 11, 18
Vector methed for deriving heat conduction
equation, 9
Vectors, 52
Bessel's inequality for, 64
components of, 52
expansion of, 53
funetions a3, 52
infinite-dimensional, 52
normastized, 52
Parseval’s identity for, 64
unit, 52
Vibrating beam, 2, 4
Vitrating chain, 127
Vibrating membrane, 43, 4%
Vibrating string equation, 3, 6, 7, 43.46
derivation of, 6
pencralized to higher dimenszions, 3
with gravity term, 17
solution of by Fourier integrals, 93, 94
sclution of by Fourier series, 43-45
with variable denzity and tension, 7, 128
Vibrating aystems, 20 {sce olao Vibrating beam;
Vibrating string equation)
¥ibration, modes of, 14.46, 119
Violin string, 3, 44

Wave equation, 152

Wolerstrass M test, 23, 24, 89

Weight function, 53, 55, 64, 101
for Bessel functiona, 101 :
for Hermite polynemials, 154, 153, 157, 158

for Laguarrs polynomials, 156, 160, 161
Wronskian, 108

Zarog of Bessel functions, 101, 177



