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7.1 MAPPINGS

et X and Y be two sels nol necessarily distinet. A mdpp.ng of X
into Y is a correspondence Lhal associales with each element of X
wilh unigue element of Y. :

A mapping is usually denoted by a single letter such as f g, a,
etc. The fact that f is a mapping of X Inlo Y is often indicated by the
symbol f: X =Y.

If'f: X—Y. then for each x € X, the corresponding element of Y
is called the image of x under the mapping [ and is denoted by (x),
The sel X is called the domain of the mapping [ and the set Y is
called its image space. The subset of Y consisting of those elements
of Y which are image of some x€ Xie. { y/y € Yand y = f{x) for
some x € X} is called the range of the mapping I.

If may be noted that under a mapping fof Xl into Y, every x € X
has one and exactly one image in Y. Where as the same y € Y may
be the image of more than one x € X and there may be some y € Y
which Is not the image of any xe X.

A mapping of X into Y is defined if we know the image of of each
x € X. The notation f : x— f(x) is used to indicate that upder the
mapping of X into Y, x is mapped into f(x), i. e, flx) is the image
of x.

A mapping [ X—Y can be pictorially represented by listing the
elements of X and Y inside two closed curves and drawing arrows
. 1 X the coresponking image y € '
Example : Let a mapping [ Y=Y be delined as follows. 13,
33, 722, 925,

Hi the domain of f is x= {1, 2, 4, 7, 9} and the range of f is
{1%"2.3. 5] :

Example : Let x = {1, 2, 3, 4,5, 6, 7, 8} and JF i xX be a
mapping delined as follows :

fiy=1. fl2 =5 fBl=4 ~ [f(4)=8

S(5)=6 J(6)=3, f(7)=17, f(8)=2.

Hence the domain as range of f is the x.

Example : Let X= (1, 2. 3)and Y ={a, b, c}.

- The correspondence dcfined as.

1—a, 1=>b, 2= b, 3-¢, is'not a mapping because under the
correspondence, two distincl elements Y correspond to the
eleinents 1 of X, i

CHAPTER-1

NUMBERS
1.1 The set of Real Numbers

Az7~ Integers ( ss{meq11 ) The numbers 1, 2,3, «vovran.
are known as the matural or counting numbers. The natural

numbers, their negatives and zero form the set of integers
Z. Thus

'(Zb?q- veer =3, =2, —1,0,1,2,8, seens } v
Y Rational numbers (SrgArfes Ay ) ¢ Any number
which can be expressed in the form -f-, where p and g are
integers with g0, is called a rational number. Clearly any
integer is8 a rational number (corxesponding tog=1).

Examples of rational numbers are 2, & £, % 1.2, etc. &~

In decimal representation of a rational number, the steps
will either terminate Or a certain part of the steps will repeat.
For example,

} = 0125 ; here the steps terminate.

I =0:3333 ... = 0.5 ; here the steps do not terminate,

but 3 is repeated which is indicated by putting a dot over 3-
7 = 0.142857 142857 142857 +eer» = 0142857 ; the dots

ovW that the part ¢142857" is repeated.
ational numbers ( orzsiy 72wt ) ;. A number which
represents a certain length on a straight line but cannot be

represented in the form?p- (p, g being integers ¢ = 0) is
called an irrational number. _-

In decimal representation of' an irrational number the steps
involved one non-terminating and nin-recurring.

J 2, A/3, m, e, etc. are irrational numbers. ¢~
vtAll the rational and jpra!ional number together are said
to form the continunm of Real numbere or the Set of real
numbers, denoted by IR, ]
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All the real numbers, positive or negative, rational or irra-
tional can be represented on a straight line, say, the axis of |
X which is called the real axis.

Let XOX~ be the axis of =z ( or the real axis), the point O
being the origin or the point of reference.

Since ( -z )= = |[x|? >0, we see that the square
of a real number is never negative.

It 1s to be noted that

0) vzt =2
and (i) x| >
Ex. 165 101s=b, | —5]==(-B)=5;

| 5] =5, but | —=5| =5> —5.

V9= /(X3) = |x8| =3
Tf the negative square 100t of 9 or any other positive
real 1 ~mber is wanted then the radical sign should be preceeded
by a ¢ -’ (minus) sign ; e.g. —¢9 = —3.
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Fig. 1 _
Lot P be any point on the real line, Let, on certain scale,
the algebraic d:star& OP=.z; thatis, >0 if 1' lies to I_._{:'
rightof O {on OX s1de\ while z < o, if is to the left of
O (01 OX~ side). We say that the point P represents thi
real number r. Evidently O represents the number O(zero
"or different pcs:tmns of P, x takes different values and Wi
call + to be areal variable. Tf the actual distances of P; o
P, Pot By Ppor Py o weasured from O be 1,2, 3,
apectlve]\ then Pi, By, By, ..represent the pumbers 1, 2, 3,1,
while P%, P, P%, ... ... represent the numbers —1, —2, —3,.
as shown in Flg. 1. The point Q which is the mid point ol
the lines segment P, P, denotes the number 25, In the tnang
OP,M right-angled at P;, P,M ~OP,=1, OM=y2. A circlé
drawn with OM as radius cuts the x-axisat N which is to i
right of O. Hence N represents the number V2,
9~ Aboslute value of a real number. :
The absolute value ot modulus of a real number z is
magnitude or the numerical value of the number with positi
sign. It is denotedby |z |. Thus
jo| =2, if z >0,
and L= — it 20 L

1.3 Imaginary and complex numbers.
Since the square of a real number is never negative, we
introduce the number i, such that

i

P ] or i= v’“\
with !i] — 1, ]

“i" is called the unit imaginary number. Any number

¢ expressed as z= x + iy ( where z and y are real ) is called

W complex nunber. If y= 0, the numberz is purely real ; if

t == 0, then z is purely imaginary, —1 -+ i, 2— v3i, Vi

0r /71 are all complex numbers.

Art 1.3 ; Properties of Absolute values:

(a) If-z and v are any two real numbers, prove that
jz+y] = |2l +ix]

Proof 3§ Let + 4+ vy > 0. Then

!.r+v}==.r+y<lx}+|y (Fx< (2], |y ]
. [Cas<lzl,y<iy])

x4y <0, then
f 2ty | =m-(24y)=(—2) + (== x|+ |¥]

[Fi-2) s | —z|=!2|,(~n<|-y]= y17)

Hence, in any case,
Ix+y| <ix|+1yl ¢

oy
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By repeated application of the above result, we can prove that

| eyt | < |2+ [ 3] 4 | 2] $eciienn
Ex () |-5+71=12|=2; | =8]=5 |7|=7;
547=12.
Now 2<12=|—-5+7[<]-56|+17]-
Gi) | —5-7]|=]-12]=12;

| =8| £l -TE-5Fl=1¢
Sl =5-7}=12=]1-5]+]-7].
(b) Prove that
lx-y|=|x|l—|¥]l
Proof : We have

lz]=|@-N+yl<|z=y|+|v] [by(a]
or lz] — 1y = lx—¥»]
= |z-yl2|zi—[¥i
Ex. () 15-71=2; [5]—|7]=5-T=-2
Sl E=T =187 (:.2>-2)
) 17-51=2; |7]—[5|=7—5=2

£ 17-5| =171 —15]=2
thhat lxy|=1x[1y].
Proof : Let z, y be both positive. Then zy>0.
So |zy| =zy=]=zl |¥] (.- ]=] =r, when >0,
| ¥ 1 =y, wheny>0.)
If z, y are both negative, then zy>0 and
So [ zy| =ay=(=2)(=y)= |z | |¥].
If. x>0, y<0, then zy< 0 and
|zy | =—ay=z(—y)=lz| | 7]
Simillarly, when <0 and y>0
| zy | =—zy=(—2)(M=lz! |51-
Hence in any case, |xy | = |x| |y].

Art. 1-4. Meaning of | x—« | <3.
(a) Let x—«>0.

Then | x—« | =x—4«. I
Sl x—d | <fx—A LG, Or x<A 4 deeali

Absolute Values : 5

{(ii) If z—=<0, then
[[a—=« | <d=mp—(z—2)<3
or —xr44<Lp
or —x<L—4+§or x>L—§- (i)
Hence form (i) and (ii), We have,
A—S < <AS3
if | z—a | <3 }
Cor. |xz—«| <38
A=< r<4+3
While |z | <3 e—3<z<s.

Ex. Give the equivalentof | z+1 | 2.
By removing the absolute notation,

| 241 | =2 is written as—2<z+1<2
01§ —2—1=2x+1—-1<2—1 or —~38x<1

Ex. Give the equivalents of the statement - 3< z<7
in the terms of the the absolute notation.
Let the relation be

lz=~4 | £3 0 «—3S2<d+}

If we compare it with—322<7, then we have

4—3=m—3 and « +3=7.

Solving these « =2 3=5

Hence the expression—3<<7 is equivalent to | x—2 | 5.

1.5. Draw the graphof y= | x |
¥y= | 2| means
y=xif 220 and y=—2z if x<0
So, we are to draw two graphs for the two equations.

Let us restrict our attention to the graph corress ponding to the
interval -6 = 7 <5,

x|-5|~-3]0]|3]5]
y| 5] 3]013][5]
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forza1,
2 x+l]| =2z+2,|z| =z, | 2—1 | =x—1,
=22 +24 x4+ 2r—1—-3=4r—2
01, y=4z—2 represents segment AB in Fig. ()
For 0<x<1, '
yu2|z4l| + |2+ |2—1| =3
w2z42+4 x—(x—1)—3=2x or y =2z represents OA Fig (D
For —1<z20, )

The graph of y= | z | is given by the Fig. (1) The graph
of y=—— | z | is given in Fig. 2.

J 5
y=xhh-5£x<5 yz=|xh-5£x£5 ye2 | 241 [+ |z] + |2—1 ] =3=22+2—2—(x—1'—J
v 4 =0
Fig. (1) . Fig. (2) ot, y=0 reprsents OC (3)
IFor 2<—1,

Ex. 1 Diaw the graph of y=3 (z+ | z [) "
Let us restrict our attention to the graph corressponding tg

the interval —55z=5. -
Forz20, |z| == \ This can be written as

and so yﬁg (zt+z)=z (1) ‘ s z, z=20
But for z<0, |z | =—=2, and ‘\ 0, z<0
y=3(z—2)=0 @'

yw2 |2+l |+ x|+ [a—=1]=3
A D) (x—1) =3 = —dx—4
o1, y= —4z-4 represents CD (4
We draw four graphs for four equations (1)-(4). The four
‘ gtaphs are all straight lines, The combined graph is contin-
sus and is shown in fig. (4).
Ex2 (c) show that Ex2 (b) may be expressed as

5 dx =2, r=1
. i " 2x, Ozl
The graph of y=34 (z-+ 1 x[) 0, - 1=2-0
for—5<z=5 is shown o 0 3 S ey
e Art. 1.6. Graphs of Inequalities ( sA%®(7 ¢AAfE@)
in fig (3)- Lot us consider the following cases involving absolute values,
Fig. (3 I'or the equation | z | =1

¢ hag only two solutions viz, a=+1 and x=—1

What will happento ! z | <1

lIu this inequality » has solutions in the entite interval
a1,

Vor the equation | z—3 | =5,

+ has only two solutions z such as z—3=5and z--3= ~5
ot 2-8and r=—-2

Kt Solve the inequality | 2§ 4|1 ZL... . )

B(2,87

D(-2.%) '.
Ex 2 (a) Draw the graph of

\ A.{l,:':} y=2]z+1|+ ] =z{+| z—1| —31
in the interval—2=z=2 i




Differential Calculus

Let us first consider the values of x and y in the ﬁrﬂ'
Quadrant so that z=0 and v=0, |

0.1 1)
‘}/‘
é 1

(1,0) (1,0)

(0,-1)

Fig (7) Fig (8)

The inequality (1) becomes z4y<l '
: .Fm Z - y=1, we get the lire cegmentin the first quadrant, |
Joining the points (1, 0) and (0, 1):
Hence z-ysl, 220, 320, 1z ]| + |y] <lis a graph 1
consisting of all points in and on the triangle with vertices (00, |
(1, 0) ard (0, 1) [ Fig. (7] ]
Considering the valus of (x,y) in the other quadrants, W€ |
See that the solution of the inequality |
=]+ ]y =1

Is the set of all points lying in and on the quadrilateral with |
vertices at (1, 0), (0, 1), (—1, 03, (0,--1), [Fig. (8))

. Exercise 1 i
If {a—b | <, | b—c | <m, show that | a—¢ | <l+ -

2. Give the equivalents of the following terms in the absolute |
Notation, ' |
(i) —7m32313 (1) —3<a<’
Ans. | z-3 | =10 Ans, | z—2 ]| <5

(i) I~ Bag=l-¢  Ans, | =& | B

31y

Absolute Values 9

3. Find the equivalents of the following by removing the
absolute notations.

(i) | &3] <? (i) |=x+2]25 (i) 0<]|z—2]|<3

Ans, —2<z<12 Ans. —72x23 Ans. —1<z<5, z#2

4, Draw the graphs of the following equations and express
them free from modulus system.

(frafafie afzzrefag @«fEa wem 43 9o wiamma 3w« =@
y @3 FTHTIAT QIATCT 2T F7 )

() y=g4z—|z]) in—-52x=25
(i) y=—3=z+ =) in—-32x23
(iii) y=§( | = | —x) in—5<z«<5

(iv) y=2|(z=1)] — |z | +2 ]| 2+1| =5 in—32233.
5. Draw the graphs of the following inequalities. (/9 7%12)
@ lz|l~-|9|21for-22232
i@ lz|l+2]y| =<l
(iii) 2a+y=5
2—y21 for =33 233
z+2y27.
5 (iv) Show that areas shown in the figure are represented by
the following equation,
(b
\ con(e)
@ 2Z20,y=T0, z 3=l -
(b) z£0,y>0, z4yx1
© 220,920, r4y=1 sy \ (1.0)

@) 250,520, z4yS1Ans.(i) (0) \(d)
220, y=0, z+4y=1 (>

(k)

Fig. (9)

(a)
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1. 8. Constant (asa@' $—A constant is a quantity which

remains unchanged during any mathematical operations or any
investigation.

There are two types of constants,
(1) Arbitrary constants
(i1)  Absolute constants
5 & 5 (i) Thus quantities which have the same value under all circums-
b tences are called abgolute constants.
e i 1,5,9,10, e
35 P £ 6. Iy=|z]t]jz-11, Again quantities which have the same value under one inve-
X 5 then show that stigation but are different for different investigation are called
® ok 1—2z, forz <0 ; arbitrary constant, ¢. g. in the equation of the straight line.
i B M L A
i / : . « and p are same for the same straight line. but they

will be different for different straight lines. So « and P
are arbitrary constants, '

Art. 1.9 Variable (o3 ) 3 A changing entily is called a
variable, Generally we use the letters 2080w, 4,8, Tete

~

for variables. There are two types of variables.

5 (iii)
Sequence (%) i
1.7. Definition ¢ A sequence is a set of uumbers arrange
in order so that there is a first one, & second one, third one and

50 on. R, ; f (i) Independent variables (qfaﬂ p—

sion © ) '
By a sequence we mean 3an ordered infinite succes (i1)  Dependent variables ( ‘[a?{ LA
son o some rale. “Symbo i it i d 1.10 Independent variable: A variable which may take
; . '‘mbolically it is 1epresente \ o

determined according to some rule. Bym ; uny arbitrary value assigned to it is called an independent

by gn} {n} is called the sequence of all positive integers i, € ; il i

i x?: 1.11. Dependent variable : A variable whose value depends

) Ay ,---..-ﬂ.......

und to the size of the numbers ; {n} is endless.
nce.

on the values of second variable or on the values of a system
of variables is called a dependent variable,

Ex. (1) w-=sih.x

For each value of x, there exists a value of sin 2 or 4.

Here y is the dependent variable and z is the independent
variable, i

There is no bo il
Ex. z,=sin Jum) is the general term of a seq
Determine the sequence.
The terms of the sequence are as follows.
L0 -LOLG T
i. e. s the numbers are repeated in pairs with signs changed.
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(if) wu=xy=z.
For every set of =values z, v, =z, there is a definite
value of u. Hence in this case » is the dependent variable

and z, v, z are independent variables.

112 Domain or Interval of a variable,

The set of all permissible values of avariable = is called
the domain of the variable z. (

Suppose the variable z assumes all wvalues between two
given numbers a and b including the values @ and b ( with
b>a). Then the domain of z is called an closed domain
ot closed interval denoted by

a<x<h o1 z€laybl

If one of the end points, say @, is not included in the
interval [ @, b, then we say that the domain of z is open
at the left and closed at the right ; we denote it by a <x<b or |

z&(ayb). Similarly, when a<z<b, wewiilte 2 €[ a, b

If both 2 and b are excluded from the interval [a,b1,

then the domain or interval is called an open domain or

open interval. It is decoted by
a<x<b, or az€(ab)

We can respresent an interval geometrically on the real

line.

z can take any position on the line segment AB,

Let A, B represent the given numbers a, b respectively
on the real line OX and let the point P representing the variable .

Functions | 13,

AB"l‘he interval [a, ] is represented by the whole segment
o fmd P can take any position from the erd A to the end
‘h, m'the intervals (a,b5],[a,b) and (a,%)the point A

e point B both of the points A and B are resPeclivel;

excluded from the segment AB.
intervals is - The length of eack of thise

0 (A P B > X

Neighbourhood of a point: Let § be an infinitesimal]
small orbitrary positive number. Then fora given ny ;:a -
the interval (a—8, a+3) is called a neighbourhood of an;orl;ha.
variable x. If we say that ‘z tends to g’ denoted by ‘:c-a»a'e
we mean that z is in the neighbourhood bf a witi i AR d

Art. 2. Fanction; Suppose that we have two non-em ty-
sets X, Y and arule festablishing a correspondence betw:en
the members of X and Y., If the rule #is such that it assigns
to each element x € X a unique element y & Y, then £ is
called a function. This is denoted by f3 X —Y and :ead.
as ¢f is a function of X to Y’ or f is a mapping from
N to Y. Wealso express this as

J1x =y or y=f(x).

2.1. Function defined as sets of ordered pairs.

Let X and Y be two nonempty ordered sets. A subset fof
N % Yis called a function from X to Y if and only if to each
€ X, there exists a unique y in Y such that (z,y) e f£.

ieg () xeX,(x,7)ef. forsomeyecY
(i) (x,y,) €fand (x,5;) € f ~>(implies that), y,—y,
The first condition exerts that a rule f which gives a image

lor each element of X and the second condition states the exis-
tence of unique image.
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The graph of fis the subset of X XY defined by { z, f (X) 3
zeX}). Therange of f is the set of a1l images under f
denoted by f[X] i g

S X)=1y eY s y=f (x) for some X € X}

—{f@)ixeX} _

Similatly 3f AaX, then the set {f(X); z € A} is called the
image of A underf and is denoted by f [A]. :

If Bay, then theset {x € X :f(z)eB} is called the inverse
image of Bunder f and is denoted by /™ [Bl- '

Art. 3. Eguivalence selation ¢ A relation
i an equivalence relation if
' G Ris teflexive i. e ; for every a eA (a,a)ER
i\ (i) -R-is-'syrn:'nét:ic i, e s for every {a,b) € R implies

(b,a)€ R
(i) Ris 1ransitive i. € ; for every
(ab)ER. and ( b,¢) & R implies that (a,¢) €R
Art. 4 Equivalence get: Set A i equivalent to set
cepresented by A ~Bif there exisisa fnnction f$ A->B
whieh is one—one and onto.
Art. 5. Types of functions :—
Let A and B be two sets and f ¢ A->B.
| (i) f is one ~to—one if (xp y)efand (%, y) e f, then .:'
We express it by f ¢ A-B, (fig-1 ) '
1-1

and is

R in a setis 1

B

xl-—-ﬂt,.

‘Fig. 1
One —one functinn fzom A into B

Functions and Relations

(2) If f is not one —one, fis called many-to-one.

Tig, :
A many-to-one function from A inte B ( Fig—-2)
(3) fis said to bea function from A ento B if

R (fy=B i, if the range of f contains all the elements
of B( fig—3)

Fig. 3

A function fzom A onto B

(4) fisone—one and onto B, then f is said to be

a one —one correspondence between A and B (fig--4)

Fig: 4

Relation s Any nonempty subset R of a cartesian product
AxBis called a relation from A to B. If(x, ¥) €R, it is
often written as R, read. “‘x is 1elated to ».”’

In general a relation R from A to B, between two sets A and
Bis asubset of AxB i e, RaAxD.
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A relation from A to A i. e ¢ a given subset of A x A, is called

lation on A.
“81-1‘;.1 Let A--{3,4,5}, B={1,2,3,4}

Then a relation R between A and B.

Domain and Range of f; For f:X =Y, the permissible
values which z can take from the set z is called the domain
#l 7, while the set of corresponding values. of ye Y iscalled

exists in such that x>y, It is written as
Define R={ (%, 5) | x>3}, then. )
R={(3, 1,) (3, 2), (4,3), (4, D}......(1
Here each Ist element for z is greater than the 2nd element.
It is the relation R. But AxB={3,4,5}x{1,2,3,4}

—((3,1),(3,2),33),(3,4), (41), (42, (4.3 (4 .

(5, 1), (5, 2), (5, 3)s (5, 4)} - o, (2

From (1) and (2), we see that R is

the subset of A« Bie. RcAXB.

Ex. 2. Let A-—={ 1, 2'3’5}', B={1, 2, 3’4, 5, 6}
Then a relation R is such that

R-{x, 5) f-’f}l is an integer }.
Select the values of x from A _
and y from B such that (3x+1) / (y+1D
is aninteger. If x=1, y=1;then : j
(3x+1) / (y+D=(3.1+1)/(1 +1)=-4/2:=2 is an 1mtegelr.
so the pairis (1, 1)
Forx=3 y=4; x=3,y=13 x=b0, y=3
3x+1
y+1 :
R={(1,1), 3 4, (3, 1), (5,3} Itis the
subset of AXBi.e, RcAx B
Ex. 3. LetA={2, 3, 4} :
such that R={(x, y eAxA | z+2y=10}
AxA={2,3,4x{2,3,4
J:=2, y=4,;z= 1, 9=
242.4=10; 4-+2.3=10.
R={2.4), (4.3)}. cAX 4.

—2 5 4_ete are all integers. Hence

Ll (e

he range of £, We will denote the domain and the range of.
f by D and R, respectively, N

Domian and Range of a Relation.

i

' Il'A and B be sets and R is a relation fron 4 1o B,

¢ domain of R is the set of all first elements (or first
ordinates ) of the pairs ( %, y ). which belongs to R.

The Range of R is the setof all second co-ordinates of

the pair (x, y). :

I'rom Ex. 1, the domain of R is {3, 4}, if an element is present
than once in the pair, take only one element for its domain
Range is {1, 2, 3}

Fiom Ex. 2, the domain of R is {1,3,5} and the range is
4, 3)

From Ex. 3. ; the domain of R is {2, 4}
#nd the range of is {4, 3}

Art, 6. Inverse function.

- Lot /2 A—B be any function. Then S 1(B)="4, since every
ntin A has its image in B. If £(A) denotes the range of

] frefca)=4a

I b B, then £ (b)=f1 ({b})

Hote /1 has two meaning asthe inverse of an element of
il us the inverse of a subset of B-

¥
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Def.: Letf be afunction 4 into B and let b € B.

 Iffs4—B, then
frp)={x|xeA, (x) =b}

Fig. 5

Inverse of a Relation ;
[f R be atrelation froma set Ato another set B, then i

inverse relation of R denoted R is defined as the invers

relation i. e, R? from B to A if and only if
R1={(x), z} g (£,¥) ER}

If is clear that domain of R'1is equal to the range of Ra
range of R7! is equal to the domain of R
D(R™)==R (R)
R (R)=D (R)

Ex. If A-fa b, ¢}, B={l, 2}

R~ {(a,1), (g, 1), (b 2) (b, 2 } is a telution from A 10 B.
that R1={(1, @), (L, @), (2, ), (2, b}

will be a relation from Bto 4 i. ¢

on. R.
Difference between Function and Relation 2

Any mon-empty subset R of & cartesian product A xB

called a relation from A to B. ;
if (z, ¥) ER, then Fx 1, Ex 2, Ex 3are all the example

relations. There is no restriction on the elements of Domain o

Relation. Same element of

fizst element in ( 7,y ). DBut
is then a function if all elem

e

:n Function it cannot be. A rela
ents of the set A are the
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|'|(‘!m?nts of (z,y) without Repeatation. i. e. a function is a
relation but a relation may not be a function.

A relation from 4 to B is a function if

(; e 5

(1) Pomam =4, (ii) (=, y)eR, and ( z, 2 ) €R, then y=2z.

ai-::_r, it hmiy be stated that ‘A function from A toB is a

relation which associates each element i .
R 5 7 of A withone and only

R1is the inverse relath

A may occur any number of times

f A R B
B ey B Iy 2 2
oo sl G 5 0 B e it S
Iz/ Vs X, b, 4 b?.
Ay p bg Iy / ha ’\ﬁ" b
x 3
x 3 -"‘\.__*
q/ e B 2t by
fig (6) fi
g (7) fi
. . . ; Ig 8
It is a function It is a relation It is not a(f:in"tion
as r3 has no as z, has images

s relation in B, in B.
ifferent types of functi i i i
e unction will be discussed in the next
Types of Relations
1. ive © i
_lieﬁexwe : A relation R on a set .1 is known as reflexive
if and only if each member of A is R related to itself.
(x, ) eR for each r cA. .
or, R foreach z gA.
2. Symmetric : A relation R i
. : on a set - 4s knowp as Symmetri
if (z, y) eR-(», X) R i
or, R—»R ; 2z, yed
: ,I[f is al.s? known as if R™! =R, then a relation R is symmetric.
J. Transitive ; A relation R on a set 4 is known as transitive

if and only if (z, y) €R and (y, ) sR->(x, =) R
o, R ,avd R,>R,x,y,2zcA |
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Ex. 1. If £(x) is a function whose domain is the interval
thesetof all z, —1<z<1and arule of f is given by the
equation £ (z)=x2, what set of ordered pairs is £ ?

Lety=flz) ;. —1=zx1

Domainof ris[—1,1 ]

Range of y=f (z) is obtained from the rule f(z)=2z2

or, y=2z? for allvalue of rin[ —1, 1]=»[—1, 0JU[0, 1]

If 2=0,y=0,z=11,y=1

y=0, 1. Hence Range of y=[0, 1 ]
Ordered set of £ (x)={(x, y) eR? | y=22}
which are in between ={—1,0]jU[0, 1]} x{0, 1}

Ex. 2, 1f{fs A->Bandletf™1; B—A. state two properties
of the function £, :

Ans. The function f must be both one—one and onto.

Ex. 3. Let the function f={(z, y) eR | y=2% _
Find £1 (36), £ I(—16), £ A[—1, 1], f[(—=. O}, £ . (9,36)]
FH-o =1z | ~=Z2)£0~{z | ~=<250}
={ 0 } since no other number squared belongs to [—c, 0]
S Y19, 36))={z | 9 (2) <36} ={x | F| S2?=36)
={z | 35256,-6=x=—3}=[3, g] U [—6,—-3]
fY—16)={z | f(x)=—16}={z | 2= —16}=0 as
there is no number whose squared is negative.
SN 36)=tx | fla)=36)={z | 2%=36)

={x | x==6}

= {6,—6} only two values of x.
fix)=x?
Fil=1,1]

=(z | —1Sf (@ S1}=lz | 152251}

w=le {Rteli=te | x| 21}

=[—1,1]

Ex. 4. 9ff={(x,y) eERxR | ¥=22—3}. Is ita functiong
Has its inverse 5 Ans. yes.

in the Caztesian plane,

PNML together with bordersides as
Product set and sketch A x Bis the
shaded area.
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Ex. & LetdA={x]| €R and|z—1]| S1}and B={y | &R

ond jy | =1}

Describe 4 X B without absolute value sign and sketch A x B
[D. U. 1984 ]
Ans A={z | zxeRand—1=2zx—1=<1 or, 0=s252)
B={y|yeRand [y]| £l or,—15y<1)
Draw lines ==0and x=2
¥=—1 and y=1
The four lines form a rectangle.
I'hus A% B represents the area of

|
Pl y=1 [N@D

Fig. 9.
Ex. 6. Let A={z | xR, —3<2<3}, Find the product set
A x A. such that R={(z,y) €Ax A | y=22} Is it a function ?
The table of ordered pairs in 4 x A are obtained from y =-z? is
lz]0j1[-1]|2]—-2]

[9]O0J1] 1]4] 4]
Since x lies between 3 and—-3, so these values are neglected.
Now the product set Ax A

Bt e 100, 0), (L 1), (=1, 1), 29),
, (—2, 9}
2 Itisa function as no two pairs
B. 1 A contain the same first element."
1 R e S
YJ’
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Ex. 7. Which are functions ?
'Let X '{1’ 2) 3} and Y {ﬂ', b, Cy d }

If Fll.:( 1' a)! ( 2! a )’ (3,(1)}, I"ﬂ--'{( 1’ ﬂ)’ (1’b)P {2’ C)! (30 d}} :

Fi=((1,2),(2,8),(3d). F—{(1b),(2a)

Fs={(1,a),(2,b) (3,¢e)} ER'U' 1978 1

Solve F, is a function, Range, R={a}

F, is not a function as (1,a),(1,b) contain the same first

element.
F, is a function, R={ a, b,d }
F, is not a function as element 3 of X is not present,
F, is afunction and R={a, b, c }

Ex. 8. Let A={a, b, c}and B=(1, 0}. How many different

fnnctildns*&re thete from A to B and what are they? R. U, 1979

Ans, J:',-—{( ay 1) (6s1).(c,1)}, F(as 0), (5,0), (¢ 0) K
—{(a 10,05, 1)) (e, 0}, Fs={(a. 1), (5, 0, (¢, O}

=1{a,0), (,1), (¢, 1)}, Fs={(a,1),(5,0), (¢,0}
ey o 1 R ), (O (1) _

Rangeﬂ Rl'z {1}| Rz.""" {0}: R’aﬂ{ 1, O}p R{ "'"“{{): 11‘; Ra= {O 134
R¢={0,1}, Re={0,1}

From the ranges, Fy, F, are coustant functions and the
remaining are onto functions. '

Ex. Y. Let 4 and B be two sets. Define what is meant by 2
function f from A to B. What is meant by f(4) }. Give examplel
of two sets .4 and B and of a function f from 4to B. R. U, 19.

Solve. Fuuctions §— : I

Let f bea functionsof 4 into B i, e. f; A-B

The renge of ¢ A->B is denoted by /(.1

If A--{a, b,¢,d}, B—{l, 2,3}

The range of f( A) of the function f may be a

subset of Bie, f(A)aBor, f(A)=B. Ranges of 4

f—image is the subset of its domam
ie., {f(x)}eR, =zeR
f is a mapping of R into R

mapping is many—one. Again thete
is no element in B which is not an
image of :\. Thus fis onto

. f is many —one onto
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ate f( A)=={1}, f(A4) 41,2} FLA)={1,2,3)}
Domain of fineach range f (A)isD={a,b, c,d}
Q¢ all of them are functions f from A to B.
Ex. 10. Give an example in each of the following function /.
i) fis many—one into
(ii) fis many—one onto
(iii) fis one—-one into
(iv) f is one—one onto
(v) fisneither one—one nor onto

Ans. R is the set of real numbers.

F={(x,¥) eRxR,xeR, yeRM--x }
TRange of f=R*, Domain off

aa

b .
\d! o s/

Again a, be R, _ ol
a#£b=fla@)#f (B) 1, € @#H Fig, 11
f is many—one into.

(il) Let f3 A—=B whete A={a, b, ¢,d}. B={l1,2.3

f@=1, f®=1,2=fc), f (d)=3.

Siuce element @, b have the same image 1 of B, hence the

Fig. 12
(iiiy f{x,y)elxl,zel yel| f{x) =z}
I is sel of --ve integere,
Domain of f={1,2,3,.........},
Rangeof f={1,4,9,...... .},
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£ image is the subsct of its domaini. e, { f(x)ch, x€l}

Thus fis into- mapping since all
elements of the range are not the
image of Domain such as 4 of range
is not the 7 image of any element

of the domain.
For,a,bel, atb->f(a)#f(b)i, e at#p?
It is one.-one.
Hence f is one—one and into

(iv) f(z,y)eRxR,zeR,yeR|f (z)=2%}

Domain of f=R, For, 4, b,e R
atb—>f ('a ) = f (b )=a’#d
f is one—one.

Every real number possesses one
and only real cube toot, all the ele-
wents in the range set R are the
f-imege of any element in the domain
set R. Thus fisonto f: R=R.

£ is one—one and onto
v) fi:{(xzy)eR|f(z)=cosz}
z,, T;, € R,
x #zy f (x, ) =cos Z1,f (T2 )=C08 Ty

If £p=z1420m, f ( 2+nw)=cos (Zy+2nm )=C0S &y

f(xl)“f(-rn‘)

Hence f is not one—one

Again any element z € R, sav f(x)=2"
f(x)=27cosx, since | cosz | £1

Thus all the element of R in the 1ange are not the f image of

elements of the Domain so f is not onto
Hence f is neither one—one noT onto
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£x. 11. In each of the following cases, decide whether the

given relation fis a function. Iff is a function, determine its
domain and range.

Which are onto and which are one— one
(i) fei(z,») €RxR]| z2--yi=1} Ans. It is not a function.
5 b i e = R?: x—y—=2} Ansl—1 and onto
Gii) f=lz, v) e R | v=1} Ans a function but
not 1—1 and onto
(iv) f={(x,y)EA<B! y=of (1—22)
A—={z | « real number—1 <z<1 and B denotes all real
numbers.

Fx. 19. Prove thatthe identity relation I, is a function,
hence called the identity function.
Proofs Iy is a relation by definition,
Foreachze 4, (x x €l
So, domain of [,—A. Finallyif (z,5)€ In, and (z, 2) € Ia,
then x ~y and x=z by definition of /5. Therefore, y=2
and I, is a function.
Ex. 13. Show that f: {(x,3) €& RxR | y=2z}is an1—-1
{unction but pot onto function, R is the set integers..
Sol.: zeR,y eR,(z, V) ef. Hence D(f)=R.
i. e. domain of fisR.
If (z, ) €f, (%, 2)€ [, then y=2z, z=2r, l.e, y=2
Hence f is a function.

] [ ie not onto R since y= 3 e R but 3%2x as no integer such
that 3=2x.

Funetion of many ( more than one ) variables

Let (1, £y .- oer » &, ) be an ordered n—tuple of real mumbers
belonging to the set E, and yeR. If undez a rule 7, there exists
4 unique value of y corresponding to each n— tuple (zy, 23 - Z,)
helopging to the set X where X, a E,, then f is a function of
4 Independend variables z, Z3, .- , T, 3 We express this as,
£3 (20 Tgp o o0 Tp) WV OT y=f (ZipTgy - sZa )
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The set X, is the dowain of £ and the sety consisting of the
corresponding values of ¥ obtained by the rule f is the range of £

Ex 13.Let f3(x, 9)=> Vzi+yi—l

o, zf (z, N=V/2 T¥—1; z€ER,yER, 2 elR.

Ans. Since z is real, 2230 or 21v3=1 »00r 22y >l

Thus z is real for all points (z, ¥) lying on or outside the
cizcle z2-y?=1 in the xy—plane, So

Dis{(z:3) s T+ y2> 1}

Fot = (2, ) € Dp z20.

Hence R, —rangeof f={ 2 ¢ 2 eR*1-=10, =).

Inverse function 3 If a fupction f given by v =/ (z) is such

that for any two elements z, and z, belonging to the domain of £,

F(x) # fled) when z,# 2.,
Then there exists a unigue
with the properties
)=z orftfla)=z
and £/ (y)=f () =" = f 7 (D=x ( intsrchanging the
roles of x and y )

Note : For the function y= f () to have its inverse /-!, there
exists a one— tu—one correspodence between T and v under
the tule f. We sometimes express this by saving that f iz a
gingle-valued function of .

A function f does not
clements zq, Ty = o belonging to Df such that

F iy f ALy e
even when z, 7= TaF& . oo

In such a case f (z) is termed as a many —valued “function.

It is clear from the definition that

Df-\ =Rf and RF'=D;

Ex 14 Find the inverse of the function

v f(x) =2r+3,

Ans. Df—_-— Domain 0ff=m -=(—an, nﬂ)

Rfurange Off =R =( e )
If r, x,€Dfand I #x;, then
2 x;+3% 225+ in f (x)# Fle).

9

function [ called th: inverse of f

have an inverse, if there exist 2

Domain and Range o7

Hence f-1, the inverse of f exists.
Solving for %, we get
o N—3
T=9—0 DI L= =
2
Hence /-1 (z; = F i
o

It can be seen that

{f _f[x—3 A 3
Bk Gt
also £1f () = 1,254 = EFI3

g 2
Il-ﬂjij__l:;zf;( -, )y ROA=Di=( —=,«).
.15. Does f1 existf o
We have, D, i}??_ m‘fr the function y =/ (z)=2%x € R.
Let us take two numbe
ST 1s x; and x,, such that x,= —x;.
" B YR e (e Ao e frad )
: ence the function 'y =22, does not have its inverse,
nverse of trigonometrie functi~ms: These one periodic

circular functions., S ir inv:
reul X o their in 1
izeulst S erses can be defined only on thei:

(v The principal part of v=f (z !
] M=, =sin ¢ has
dom;un Di=[3mdrlin=t= ; £ < g ﬂac
and 1ange R, =[—1, 17 in — ;
S 7Y () =sin 1z J = e
h.a's domain Dy =R,=[-1,1] and R~ ="}, 1=’
(if) The principal part of y=f (x)=cos x s ipen
has domain D, = g :
S(')f—l (.-z:)u:cos“l.; [Q, = 7'and zange R;=[-1,1%
h‘e.‘-s domainD' —1_Rf =[~1,17 and range Rf-' =[ 0, % |
(ifi) The Principal part of y= f(2)=tan ¢ h ,
has domainDy=( ~1=,lm)ie; =ln <z <l=x
and range Rf=(x, «). A
Hence f~1 (z) == tan ~1z
has domain D,~'=R;=(—x, = }
and range R, '= D;#("'.} 3 x)

= I
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Inverse of the exponential function or e*;

Since exFe’y when X, FXa
§o ex has a unique 1OVEPSE:

Let P(x, y) be any point on the xy plané. Then its reflec-

tion on the line y=x is the poiat Q(y, x) which is evident from
vhe geomctry of the Fig, 15.

' Thlgtelt .z::-Tc{ttf}'):lzy ( - log is written as ) 1 If y=f(x), then x=f"iy), whenever f ! exists. Hence
Hence f-1(z)=inverse of (&5 =lmx 4 when (x, ») is a point on the graph of y=f(x), (& x) will be
similarly, we can Shf’“' that it o, . a point on the graph of y=f"* (v). Thus the graph of y=f"x)
i;::ﬂl‘;:‘:‘f oet(o EEG: S is obtained by reflecting the graph of y=/(x) about the line y=x.
2 - 5 g | a3
Notes (D3 (f a function y:-f :}) is of the t‘or.m ! Ex. () }'=xi i . 1t ¥k, hkn
X , ; =
f(x')': ‘}‘_(—.E o 0 . »
(%) y= —O-‘Wh_lch is indeterminate and undefined.

Then . (%) is not defired for values of x for which fo=)=0,

Since 4 18 undefined. .. 3
‘Again, some values of x, fy(@)=0 as well as

i f‘;{g}fa%t. i ‘then f(z)=¢ ‘for those values of x.
Now % has no definite value ; in such cases, wWe 83y that § :
f(x)=%§ i indeterminate and SO undefined. 0 y=

Reflecation of a point about th: line y =% e
T 3 ('lu) y= -

(ii) y=(x—a)?is defined for

all values of x, while y= la,-‘l is undefined for x=a,since

(x—a

(1) 3

If x=£0, then y has a déﬁni'tc value but when

x=0, then y==0/0 waich is indeterminate and s0 y is not dafined
‘- at x=0.

Similarly there are many more examples of these types.

1. 13. Classification of Functions (spremi=a Rigw 771)

Any given function is eith=r Algebraic or Transcendental

(a) Algebraic Fon:tion (Do Tar D FreAA)

A function is said to be an algebraic functions which consists
of a definite nunber of terms involving only the operations of
addition, subtraction, multiplication, division, root extraction
and raising to pewers of one or more va:iables

Examples are

i

il
|H |

2x+1
— ¥ 2 : I e—
y=x8+3x%4 x+5, ¥ oy

/I—--'x?"”‘

Fig 15

v=J(x+3) and y=x%35

A 0 1 wﬂilﬂl EHI\ | \ ‘ ‘ I

MG
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There are two types of Algabrzical fuictions. Such as
{iy Polynomial funciors
(1) Rational functions

‘a) Polynomials (gg#tql) ¢ A funciicn of the type
y=ag+ a ¥+ ax*+ ... anx, wheie @y @1, @G are all

constants and n is a pesitive integer, is called a polynomials in

x of degree a.
(i) Rational (wigeiifs%) functions
n wiich appears as a quotiont of two polynomials.

A functio
: A i e 1
ag @ X+ ¥ anX” oo oy1ed a rational function

Such asb3+blx+‘.. T
1 P {x) and Q (x) be two polynomials, the ratio

—(-i)-, where P(x) and Q(x) have no common factor, is said

tc be a rational function.
Irrational (mgw®) function is an algebrical function of x whea

it involves root extraztion of terms involving x.

e.g. J(x+2), (x4 2)+3 are
functions.
/b Transcendental (g@) Fanctions.

Functions which are not algeb

tal. The following are transcendental functions.

(i) Trigonometric functions
(ii) Inverse Tr‘i:gonameiric functions
(iii) Ezponeuntial functions
(av) Logarithmic functions
(i) Trigonometric Functions 8—
y=siny, y=Ccosx, y=tanx, y=coty, y=secx efc, are a

Trigoncmetric functioas of x.

the examples of irrational

raic are said to bs transcendzn-
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(ii) Inveres ( f¥#t#t® ) Trigonometric Functions.

y=sia lx, y=mcosT! x, p=tan~1y, ymcot ! X, y=sec ! x etc
are all inverse rigonometrizal functions of X, or, inverse circular
functions of x.

(iif) - Exponeniial fanctions, ( #54Yy wigws )

=% t Xt x ]

y_ , 107, a%, x%, e, etc are all expanential functions of x.

(iv) Logarithmic Functions

y=logex, l0g,ox, logax, logsi

¥ e x, logsing ctc. are all | ithmic
functions of x. : v

- A :

(¢) Explicit ( qym) Functions 3 A function which is directly
e:ipressed in terms of the iadspend:nt variable is called an exp-
licit functicn e. g y=x sinx, y=a co:g, v=e?* cosbx, cic are
explicit functions. 3 ;

(d) Tmplicit ( wqy® ) Fanction ;¢ A function which is not
expressed dirgctly ia terms of the indepandeat variable is called
an implicit function e. g,

N4 y=a?, ax L 2hey 4 by2=0.
3x7y42x)2 4 dxy4 Sx + 704 3=0

In these examples, y is marked as explicit fusctions of ¥

(e) Pcriodic (f‘af"aqu} Functiops
! ﬁ:’f (X)=f (x+4d) for all values of x for which ths function is
d:.- ed, f(x) is callad a periodic Fanction ' with the petiod d, where

i - . - L] - : b

§ minimum positive change in x for which f(x)=f (x+ d) holds

Trigonomatric st
gonomstrical functions such as sinx and cosx are parindic

With 27 as period, while tanx is pzri>dic with period 7
- ik

Hh m
. .npotone ( AT &N SgeqiaY ) function ¢ A fenctisn
(x) is said to be morotonic in a given interval (q, .’ such that




32 Differential Calculus

; “ for any two values x, and x5 (¥, <x,) of the variable x in the iater-

val either (i) f (@) Sf (x1) or, () f(xQ=f(x)

If f (x,)<f (x1), then the functions f (x) is continually deerea-

sing and so f (z) is called a monotoaically decreasing function.

(g) Odd or even Function 3 ( wgn e A )

change of sign of the variable x. That is f(x) is odd, if
[ (—x)y=—f(x)- .

——sigdx cosix | & f(—x ==f(&)
S0 sin x and sindx cos?x are both Qdd funetion.

sion with the change of sign of x. 1 f (x) is even, then

f(—x=f@\

t, ., f (x,=cos x=cos (—X) =f(—x)ie,f(D=fi—x).
cos x is an even function.

(i) f(x)=sin®x tan x

[ —x)=sin%(—x) tan (—x)=sin’x tan x

s fl=x=f (%)

(i) fx)==ax*+ bx* +e¢

f(—=x)= a(—=x)*+ b(~ x)*+e=ax'+be’+ c=f(x)

Again if f (z2) =f (x;), the fuaction f (x) is continually increasing

In this case, f (x), is called a monotonically increasing function,
]

A function f (x] is said to be odd if it changes sign with, the

e. g f(xy=sin xe—sin (=xjm—f(=%) " f—x)y=—f(x) |
Again let f (x)=sin’x cos’x, then f(—x)=sin®(— :Q cos? (—x)

A function f(x) is called an even function if it docs not change

£ (—x)=f (x) These are the examples of even functions, |
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(v Continuous and discontinnous ( wfafogy '« fxfosa)
functions.

A function of x is said to bs continuous in an interval, if it has
@ defiaite value for every valu: of xin the given interval e. g,

_‘"-Sin X : }.gx:

If the furction is undefined for any value of the variable in
the interval then the function is said to be discontinuous for that
Valuz of the variable i1 the given domaia or interval.

x?—gq* in )
x-‘; cesseesas(1), y..i_x_" wwreas(2)

e g y=

In the example (1), the furctisn y is not defined for x=a and
from the example (2) we sce that the function x is not defined
for x=0. Hence the fuactions are discontinuous at x=g2 and
Xxe=0 resbeclively.

For detail discussion sce chapter on the continuity of a
functior.

I 14. Graphical Representation of Functions ( wiew Ty ¢s14f63 )
If y is a function of x i. ¢; y=/(x) then we can represent the
fusction graphically usiig cartesian co-ordinates. G:nerally we
use the independent variable as a abscissa and dep2ndent variable
M ordinate. Thus each numbar pair (%, ¥), for xeDy, is a poiat
on the xy plaic and the co'l:ction of all points so ob ained
fepresents the graph of the function. From the graph of the
function we can uaderstand thé& nature of the function, that is
ow it chaiges with the change of the variable x.

Yy —
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the function y=a* is always positive.

incyeasiag val ues of x

ositive.
~Lion, y=a* is always p¢

sides of (he orizin. v+,

of the curve.

Differential Calculus

j il

(a) Graph of y=a*
Case 1

Graphs of the function.
When a>>1 aad x is any pasitive or neuative integer

For positive valuss of x, y increases iadefiri:cly with thé

When z=90, y =a® =1, thus (0, 1 ison the curve.

For -xevalm valu:s of z, v will gralually decriase with th
increasing values of | = | ag
ultimately y tends to zero a

y= | z | tends to infmity. 1. |

B ik negative x axis is the assil
0 ptote of the curve y=a®.

| The curve is continuog

Fig 16
Now the graph of y=a%, a>1 iy showain fiz. 13 |
Case 11 When 0<a £, r is positive or, negatw: the f
ase

We observe that for z, positive and x>0 from the right h
i @, pesitive x axis is the atymp:o
Whaen z=0, y=a'=1l, Thus (7, 1) lizs on the curve.
' 3 | EE ) 4
For negative va_\lue of §

' =a’ a< 1, y will increase inde
o O{—um itely with the increasing’
ucsof [ x| 1 e ) will ing
\uthnul‘ any limi . Let

— I_

el ids

=ﬂ\.® =22,

- Graphs of Functions

35
y=2.. wyr=mdn If 1300 then Y—>C0. Hence the case
The curve is monotonically decreasing.

Now we can draw the graph. see fig. 17.
(b) Draw the graph of y=e=
In this function ¢ is positive and greater than 2. So i

positive for all values of x pasitive or megative.

The graph is
similar to that at y=se* with a= e>1 (Fig 16)

(¢) Graph of the funetion y=log,x, x>0, >0,

We can write y=log, v as x=qv
Case1 When a>1, x'is positive for all values of y,
xis monotonically increasing with the inereass of ¥,

conversely
y mcreases ‘monotonically with y-+

as x>0,
When y=0 then x=a°=1, the point (I, 0)is on the curve. For
ncgative va'ues of y, v is decreaimg with the increasing. valuzs

of | y|i. e y>0 asx-0. i.e. negative y axis is

the asymptote
of the curve.

The curve is monotonically increasing fron—x to +00 when
‘a@>1  the graph of the function i 1s shown bzlow ia fig, 18

Case Il. When 0<la<l. the function x=47 is monotonically
decreasing, and 1:—:-0 as y—sm

The curve passes through (1, 0)

Fora <l, x is monotonically increasing when y is negative
i. e x—00,is p—> —c0

Foot Note ; Asymptote—If a straight line cutsa eurve in

two coincident points at an infinite distance fiom the origin ard

yetis not itself wholly at infinity is called an asymptote to the
curve. Sce Chapter on Asym ptotes cof this book.
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- The curve is shown in fig. 19

/y=logy
a<i

a>1
/mm \Qf’

Fig—18 Fig—19 -
(d) Graph of the Function
_]-‘-Iﬁglc.\‘

(Hﬂqg

the graph through these points.

Xhirm S 1 2L 3 )48 |10 | 12
I =3 0TI [085 .6 ] T | 1T°07

; the asymptote of the cu ve. The graph of the function can &
zasily drawn. The graph 1s similar to Fig. 18 with a=10.

(e) Draw the graph of y=1logex

Form 2 table of logarithm to the base e. The table of x and y is

x| 5|11 21 3 4.4 .5 |, ete
¥l 610 I L] 14 1.9 ete,

From the tables we see that y—>—co when x—0 i e.. uegativ

;- axis will be the asymptote of the curve.

: iilar to Fig. 18 with a=e>1

(f) Graphs of y=x=, z being any positive or negat_ive integ

TR IR

0l "“'":!Iilllllll!ﬂ|||!|||||'u:'11'|||.m||-mni'm:'mmmuumu---n'-l T e nm————

Form a table, plot the points in the graph ‘papers aad dr'.'

when X -0, theny tends to—co i . negative y axis will

x—00 with the increasing value of j, plotting ;he abo
points on a graph paper. The graph of the fun_ction y=log;.x i '

Graphs of Functions 37

Case 1. When n is positive even integer. Let n=2Xpn

Thcn V= = y2m V= y2m i; an cven funf:li.m

of x. So its graph is symm-

etrical about the y=axis
Put x=0 then r=0.

X=], tlien r=1.
! Iro- A X=~—1, then y=]|,

Fig 20
thus we see that the cyrye passes through 0, 0), (1, 1) aad
(=1, 1) yis always positive whether x is positive or negative,

89, there will b3 no branch of the curye in ths 3cd or
4th quadraats. : F

Aain y= yIma( vy .
i e. the curve is symmetrical about Y axis. -
Y tends to iafinity with the increasitg valuyes of | x] with

P =0 <00

The graph of the faaction y=x3m ¢lm is.shown above (somz)
particular valye of @), '

Case 11 Wheo n isa positive odd integer.

Let n=2m I, then _}‘—.x“=x="f¥:- l=x. (x)m

Put x=0. ] then y=0
Y=, then y=1 v
x=—1 " thep  pimiead

The graph Pa ses throygh
the points (n’OJl ’('sU H (""]'
~I) Moreover ¥y is pa-itive
or negative according as y is
positive or negative. So there
Will bs no branch of (he cuive
in the 2ad aad 4t quadrants,

| Fig 21 ~
The functivn ymy2m+1 is odd and so it js symmetrical
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about the origin. That is, if (v,y) is a point on the .grafph
(—x,—y) is also a point on it. The graph of the function
is shown above.
Case. III. When o is 2 negative even integer:
Let n=—2m, where m is any positive even integer. Then
p=x® sx— M=
'The function is detined for Y_
all valuse of x except at x=0,
The function y="!/x2"
even and so its graph is sym-
matrieal about v —axis.
when x=1, then y=1,

x=—1I, then y=}, X ; 5
The curve passes through
1,1) and (—1,1) .
e v is always positive whether FIE. 22
X i-s povitive or negative as m is an even 1nteger.

So. there is no part cf the curve in the 3rd or 4th quadraats. |
Ag:ain y-—r:).as 1 x1-> o0 and y>ooas | x| — o Hence the -'

axes of coordinates are asymptotes of the curve.

The graph of the function is shown in Fig. 22
Case. IV. Whennisa negative odd integer.
Let n=—(m+1). Y
1
» Then }?ﬂxnﬂ x:m‘?l “’I}
The graph is not difined at e
. | G 0\.
x=0, Sioce y= x2mtl (171
an odd function, the graph 1s ; X
symunetrical about the origin, Y
The graph passes through (1,1 gt

and (e 1 :""'1)'

Graphs of Function 39

v is positive or negative accerding as X is positive or negativa
So, there is no branch of the graphin the 2nd and 4th
quadrants.

sy wam+1 if x increases from | to+ oo, then ¥ decreases

from 1 to zero, Arin if x decreases from | to z:ro, then y
increases from 1 to oo,

Similarly for negative valuz of v, v decreaszs from- o o z2ro
( rume:ically ) for x lyinz between 0 and— oo also v deCreases
from—20 to zero (numesizaily for » lying between 0 and co D

The graph of the function is shown in fig, 23,

(2) Draw the graphs of y=x° when n is fractional

A few cases are give1 bzlow .
Let n=2[3, 1/3, etc.

£
Y_g.—.x /s J Y
Jé_
y=x

0} X % 0 X

Fig, 24 Fig. 35
[1] For the fanction ye=x!/°

=(x/1)* an even functioa. Y 1

we caa £yrm th: table ALy Y=x3

Q01U —11272] =22 | eet.

RIO L 8] 2°] "2 e,
The grapi passes throush (),),

(L0 (—1,1) ete, N branch of.ins o

#aph lies in 3rd and 4t quadrants.
With the iacrease of [ x |,

y will also terds to+oo, Fig. 26
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The giaph is shown ia Fig 24
(i) For the function y=x3/2
we can f.rm the following rable.
_.\'folt[ £ .) 3018 ) ere.
yloll| 2/2) 373 |58]etc.

y=x3=/x%, The functionis difined for x=0 with y> 0."

S> the graph lies entirely i1 the first quadraats and it passes
through the poiats (0,9), ( ,1) (2,2/ 2), (3,34 1), (4,9). '
The graph is the part above x

axisin fig, 2§
The graph of y*=x3 or y=+4x3/2 consists of both the p.ut"
abrve and below the x axis i1 fiz. 25. Owe part is thg
roflection of the other about the x—axis. . ]
(iii) The function y=x'/3 ca1 be wiitten a3 x=y%. Now ws
can form a table which is shown bel "w.
y0]1]—1]~—2] eic
w0t —=tj-—=8] ec .
y=x4% is an odd fuaciion. The graph is symametrical ab)ul

the orgia it passes through, (0,0),(1,1),(—!,—1) etc. The gra.'
lics i1 the lst and 3rd quadrants, no part of it liesin th
2.d and 4th quadrants. The graph ex ends from—oo to4-ot
through (0,0), 5
The curve is shown in Fig 26,
[h] D:aw the graph of y=sia x
y increases from 0 to ! for
valuss of 0Zx<in, yd cre-
ases from 1 to 0 for dn=x=w
Similarly f r—g/25x=)
and—n < x=—17,y decreasés,

Graphs of Function 41

3ra;rhonils ()s ttlg;-nl ia;mF;:'enz ;.ncreases f‘rorn—-l—l to 0 again. 'I‘pc

(i) Draw the graph of y=sin=ly

Let us consider the equation x=sin ¥

Since sin y takes all valuss from—1 to 1 for real values of
¥. the inverse function p=sin~lx is defined over the priacipal
part of the grapa x=sin y given by ,

Yel—gm g7

with  xg[—1, 1]

The graph of y=sin™1x passes thr i
: g ough points (—1,—21
(0.0)and (1,3) : T : b

The graph of y=sin1x can also be cbtained by reflecting the
graph cf y=sinx drawn for—1 g7 < x< 47 about the

line y=x" [Pig 28) 4
A
>y
S
3
4.”69
N
\’\‘ Y:x
(%.1)
LY:Smx
n I i
2 2
% 7 T
a1 k 4
e 1
1,2

Fig 28
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((j) Grapbs of (1) Graphs of y=sec x and y=sec™! x
L Bk A ;
y=cos x and y=C0S 1 X (=@ Y
N ; 08 1:' ! ymcos™ ! ¥ \/
' r=C08 )
'a " 7
i i Y 2 0,1 T[/a
y ' Tt 11 0 -1
]_\_—RA\“/L 0./ /\ /\
. : 1.0 Fig 33
' : 0 X y=sec X L —vLm —oLy<—]
i Ul', 1€P<‘°
3
Al —1=x<1, 0=yST 1.8 n
—0K K0y 1grgl - io —--12_-----—-_---_)‘ %
5 : i
(k) Graph of HE ._9.. WX .
y-tan x and y=tam— <
-————--L--—'--—-
______ e 1=y ¥=1
Fig. 34
0 " ymsec™! x,
e L —0 xS —] or 1< x<®
C and 0Ky w with y#3w
—aLly<LO y=sec™1 x ; y increasts from 0 to w3 a5 % increaes from ¥

{0 ™, ¥ mcreases from 7/2 to 7 as x increaies from-00 to—1.

y==gec™1 x passes through (1, 0) ond (—1, ..)
wsec x the function is discontinuous 3t x=7/2, 37[2,

y=tan x j=Tf2<x i —a2<y<a(2

(Principal Part) :
Fig. 3! . Fig. 32
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] py=3T[ 2 e e g ¥ increases from 1to ©O for the values 2 :.
in 0<K<1I.f2
For — 11'!2{3(40; y also mcreases from 1 to co. For i7 Sxé'n'

'y increases from—ocoto—1 and sO On.
Note s The invesse of trigonometri

_over their principal parts.
For the priacipal paits of ¢in x, ¢35 x and tan X

x lies respectively in the in crvals

(4, 47, (0,7 Yand (— 7, 7 )
. The pridcipal parts of cosecx,
for x& ‘-_-g- o) U(U,%'-‘J. ” {o. —2"—)\.}(3- -n-)
and x€ --g-, O)U(O, —g—- respectively.

Ex.1 3
y=f(x)=1—x2, xR, »eR.

Aps. .y is real for any real value of x.
Dr={x g XER}=(—00, CO).

Since x> o0, therefore the maximum valus of yis 1. Hence

Re=range of f={y ¢ y<l}=(—o, 1].
Fx 2. Find the domain and range ¢ ff waere
y=lf()=JT—xt: xeR, reR.}
Sil:lcc yeR, we have y*=0
or, 1—x*>0 " or x*zl or x4t
orjxl<l =-1<x<l '
s Dp=[—1,1].

ic functions o0ne defined

secx and colx are dﬁﬁﬂf

Find the domain and range of the function f where

Domain and Range 45

For xeD;, 0<y<! and so
Re=[0, 1]
Ex. 3. Find the domain and range of f given by

y=f (x)= ;—;_-a-where x€R, yeR’

Ans. If 2x—3=0 or x= 8/2_
8, .

then y= e is not defiaed.

s De=xt {xeR but x#£ Y, )=(~ o, ’Iz)U('h.oo)
Again solving for x,
Jtzx-S)ﬂx—'l

ey 177

Showing that x is undefined if 2y—1==0 or y=§}
Hence Re={ys yeR but y#}je(—00, $) U (3 00)-
*Ex. 4 Find the domain and ranga of the function

x‘zl

Fla= =oegs e

The denominator xX—S5x46=(x—2)(x=—3)

which is zero when x=2 or x=3

Therefore f (x) is not defined for x=2 and x%}

Hence De=R—{2, 3}=(—00, 2) U(2,3) U (3, ).

Let y=f (‘)gﬁ'

w  (y—1)x"—5y.x4(6y—1)=0.

Treating this as a quadratic equation in x for a given y, we

| real solutions for x, if the discriminant
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(_5y)=_4(y—1)(6y—-1)20

or, y+28y—4=0

———

Ex 6 Find the domain and range of f(x)=‘;"'_93
B

Draw the graph of the

Now the roots of y2—28y=—=d=0 s .fufmion' 5 (35)
S FERETE . _ : L () agerad e Aifd freis ey

rs piveh b e ' : A w7 @32 @ oal® asa T2 ] / 3
~ of iyt =43 2

I..T.f(,\) -;:_5“ : 3 91 11

Ut =340, 01, x#D / Ie 3

or y:l-—'14i10\r2'

fHeunce y2+28y—42.0
When ys,—u—-m,,rz pr»yz—l«urm,rz. o
Rts(_—m,—l4~10j2] U[—-14+10;2.w)_. -

_. Fig 35 - :
The Fanction s undefined for x=3, i e, the poiat( 6 is
lssing ia the graph.

1D omain, Dr-'—OD-S)U__(l )

£x 5 Find the domaia and range of the function

1% Py, _12x<0
J .(?C]={~--gf' A

o : (D v, Range, Ri=(—0,6) U (6, 0)=R—(6}

;xz.’_(zjzzﬂ e negat.ivc, 13; | =—2 v Ex 7 Finfl the domain and range of

b (x),=_y==-e"‘}g=e"‘l= y ity -"‘E“z ' Yi(2.3)

when x=0, then y=1, and x=—1, thea bl b {3_;] -' —é;ig nOE g

Domain is the subset of Dt i- &- -1 O)CDr.--Ql)" B the i, i

and range, (1, T[T HER L D) : When y=—4, x<—2 2 2

For §=x=. 0£x<;2 & ; lzi=3]=2 1 A 71l X
g_n_o_\_l_l__?-_ | | [yT=1]—4 DH T B =4
py10]114 1he «traight line AC which O v

Domain, [ 0, 2)CDt, range, [0, )R-

44 not contain (—2, —4)

Hence the dowain of f (6). De=[—1,0U L0, 2)-[-;7

3 Fig 36
~ Range of f(x)s Re=(1, 1/ e)Ui 0, 4)""[ 0,4)
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For. y=—I1, —2&x£2,
including the point B(2,—1), D(—2—1)
For y=3, x>2 We get a straight line,

y=3, i. e, EF which doess not contain the poiat E (2, 3}
The domain of fix), Di=(—c0,—2) U[—22] U (2,

=-'-(mom‘

Range of fix), Ri={—4} U{—I}U{3} (—4,-1,3}

Fx. 8 D.fine the function fs A-+B where A BCIR, thc:

; —3
get of real numbers by f\x)— el

Find the domain and range of f(x). Show thatf is o1e-one |
and onto. Find a formala for £71(f3 A>B) ABCR (m
AT & ST FO0T B 51w ¥ 9 AR Cofw 7w | trars:
19, FRAAB 9F-9F 3¢ on to f~ &7 W=y asft i ey ) '-1

( DJU. 1988 p
Let J’—z o f'or 2x4+1=0 or, x= -«}, there is no valn:-

of y, so y is uudeﬁncd for x=—1.
Hence domam of fix) is Dy =(—00,00)—{—1}= R-{-1}

-3 e o 34y

Agtit, y=gi or, ~x=17g, 96 ST = gy

¢ is undefined for 1—=2y=0 or y=1% So x is true for all

real values of y, x will be fouad.
Range of f x) or y is Rt =(=00,00)—{1}=R#{}} * :
Now for each value of the set A hasa corresponding one an

only one value of the set B. No member is unrepresented present
in sets. So, the function f(x) is one-one and onto. (4F-aF a4

) 2 - 34
sifaw) The foverse formula, £702 s ]__%’;

BD is the straight line y=—T1 |

4"‘-—1 C
o R, )eD; and (I,

i‘-lJl' X 0

Domain and Range 49

(a) Fin
and draw 1 d the domain and rangz of f(x)= 1 x|+ | x41]

e
fiis @7 i ;{;‘aph [/(x) @3 B1maz7 s1aselE @ A% a1 @3
w2 T4 1 ]

Ex 9.

(b) Show
that f(x)= | x| + | x+1 | may be expressed as
fh ‘“2\—-1 ; x<0

i —-I<-\S0 l A
Sol. (a) PT):-I : i |
¥<0, | x | =—x,
't‘LII*-—x—l Then C
(4 1co [\O 7
O
0 Fig 38
: T x4 | = Sxeal—2=1 %}..

Gmam I—Z‘—'l'
W oM b vk 3T |

o)y, range is the subset

T
he grapp is cp. ¢ (0, 1),

For —1
<¥KO0, x>—1x+1>0and | x| =—x

Then j -
Y=y ¥ et | =erpetl=1,
@)

‘Domaiy (100D, 1} x| =11%41%]0

The graph N yi 1 j1fLLl

=1 is a straight lineCB. ;C(0,1) B(=I, 1)

S Fa4l b 28 s Yx+l ] wmatl, Tef=c
2 V=
Y=l | +x+1 | =xbxsl=2x41
(1) D>
Raf:a'n[(mo)cof. Xl Lizl o
l [ 1,000c R: FITF3FS E i
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51
vi0
The graph is the straight line HLO—I’-Oé_" II i 1<'c<’ Ii":)li"f:fzs } gi_
y =2x+1 represeatsa part B A. B(—l, 1) ¥ [aliet et | —’<-c<—] | oty iaht
From (1), (2) and (3) ¥ | el i I x—3 |
Dpesf— 03— 1)UL =1 UL, 2)=(—,2, The graph is shown where Ar—1,=2), B(—2,—4), C( i e)
% 11U L, oo):-L 1.00,) t'e are excluded.

¥x. 10. Find the domain and range of feo=x—[ | x1|] i
Draw the graph of the fusction {fix) a7 pIFeEa Fyf2 fada 2
raftE® mele ]

where [1x1]is the largest iateger in (x; l2ss thaa or equal
I pxl.

Ans.  Clearly, f(x, is defined for all real values of x Hence
D;=IR =(—00, 00). ]
Sol. | x| denotes the greatest integer positive or “Egﬁ"ﬁ; DL UGedawd] Ll 01 Ry
but ﬁ_at aumerically greater thaa X, Alternative Melhod
Consider the values of f(.’r) for x>0.
We have  f(0)==0. '
When 0<x<l, [ 1x1=0 and
f(n:)-x-—-(_] =X
= 0L fix)<l when 0¥ <1,
Far ISx<2' [ ixi]=1 with
f{x)=x—1
= 0 ()<,
Since f(1) =1—1l=0 and fi2~

L e I B Lishl
& y=x—0=x.
when x=1, then y=0.

=%37—1=1",
In general, when N is zero a positive iateger
ard  Ngx<N+1.
S} =x=N; fIN) =N—=N=-0,
lim f(x)=N+1—=N-=1,
x—>(N41)-
S0 0D  for  Ngx<N4I,

Fig 39

- 300XY
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Domain and Range 51

Hence considering x>0, we find that
[0.1 1R,
Now consider that x<0.
when —1<x<0, [x ]=:0.
f(®)=2x= 0= —1 < () <0
When —2Lxg—1, [ixt ]=1,
Ax) =x—123—=3L f ()<—2;5
In general, if —(N4D<x<—N, where N is zer> or
positive integer, [ 1xt ]=N, i
f{x}-=x—~N=$—-(2N+i)<f (H<—2N

For x>0, y=f()=x+2 10V o e
The domain of x is TTZTET4] 5...
“l, w ] and the range is (2’ QO] R

Fherefore we get a straight line (infinite, part is shown) Cp
where C(0, 2) is exeluded. :

Ex. 12. If R be the set of real numbers and the functing

't R—R given by f( x )=x"—y—2, find i
lll.l f"l {{0 }) “ , AN f([ [,2])r f 1([__2'0])

Hence considering x<0, we see that D. U. 1983
g U ('-—50_4 ] U(_Si -2 ] U (_!I 0 ] CR-[‘ I SOI f( - )=-¥:—x-——2 Of' 1’-'-3"2—'.V‘—-2I=I( \:'_‘5 )2-—-9
Combining the results for x>0 and ¥<0, We bave, 4 bty Yy 9jdelx—1)2 ! . /4

Re={y s—CON+ D)<y —NU [0, 1)
Where N is zero or a positive integer.

It is a parabola whose vertex isat (4,—9/4) [ y49/4=0
Ex 11. Sketch the graph of the piecewisc defined-fune ]

or, b=—9/4, and x—}=0 or, x=4]

—1, x<0 By h i
fixy=4 0, x=0 (D.H 19 4 iraph is shown below
x+2, x>0 | L)={fv ) 1<x<2
Let y=f(x)=—1, when x<0 x| =2 =18 N)=x'—x—2 } E
_ : ylo.—11=—1] Here domain 6f £ is R. (-1,0) 0
For x<0,1. ¢. domafn v { K ek B
ofx is (—2,0); y=—1,1, (3,5) (| )=1"—1—2=—2
airfigite straight Jive AB s R S . x -
(part is shown). (1,3) (12={ fix) | IS¥s2} Ly
Fop xm0, youfirm0if oo (ORICS (~2, 0} A%~ 2)
The origin of the axisis 0‘ i s
¢ ik ig.
O (0, 0)a poiat. (0,0) T R I, ¢ 8 the portion of the curve between
A (0-1) Y="B B (1,—2) 15 C (2,0), i,¢, Arc BC. in Igxg2,—2Kyh
Tiz 4) Yo find f°1 (=2, 0)) 4

(=2, 0N ={x ]| =2/ @)<K0} e <+ (1)
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Here f(x)=—2=x>—x-—2 or, X x—1j=0 of, x=I1.4 |
Again f(0)=0=x—x—2 or, (x=(x +1)=0 or, x=2, :'
{ The points on the graph are (0,—2), (1,—2),(2,0),(—1,9) -'
we get the arc between E (—1,0)and H (0,—2) ar¢ betwegl

B(,~2) to C(C © i. e. arc EH and arc BC This ¢4

be symbolically expressed below ]
From the graph we see that
£ ([(-20D={x| —2<f(x)<0}
={x] —1gx<0 and 1Gx<g2}
=[- 1,01 (2]
Solg 7! ({ON=(x | flx)=0} T
BT L | e 2em0h=x | D+ =0}
={x | x=1,—2 only two points }

g
O

={lv-—2} i :. i
ar two poi

i e for v=0, the curve cuts the x—axis

x=1, and x=—2
Notes a<x<bis written as (a,b] called intesval: !
interval x=aq and 3

y=f(x)=7(a,bD), ¥ is function of v in the
(@, b)

If agx<b means opn interval of x
y=f (x)=f (a.b))-
If a<xsb 1. ¢
v=1 (x:=f ((a, B)
ax<hb i, e, la b)

y=f (x)=1(4, b))

Ex, 13. Express the sets as th: uaion of interval

(0 Y={y|reR,[y|>1}
Sol. ; | y | >1 means, y>1 and —p>1 or,

Te 2,

(a, b]

v<—1

Domain and Rang

Graph of p>1 is drawn. Itis the
Y-axis A to infinity.
This line is in the op:zn intzrval.
(1, =)
Again —y>1 or, y<L—1 i e,
the negative y—axis from —1{ ty—m

| and o i e.,

I €, in (=00,—1)
Therefore, Y=(—00,—1) U (!, o0
» The two black lines AY and BY".

Mg
A

y>1 means all valus of y bigger iy, Sl

ull values of y beiween 1 and 4 co. |
I (1, c5) Al

15 an

Fi

€.

A
i

A5
o 4

, Upto4 oo i e.

open interval and

Again—y>1 or, v<{—I meaas al Wlyes o £ Vs less than —1.

These values are between~ o to —1, Itj, an o= Pen interval and

I (—03,- 1)...... (2) The graph Gf(”aﬂﬂtlr is

o v—axis expressed by two iitervals

(=, e

are symbolically exoressed as the unin of b
L

Ihe eraph alse the result may be obtainy

Sol.g A={x|x€eR,|x]<I;
={x| x€ R,—Igrgl}
=[—1, 1]

B={y|yeR|y=2|>1

Ex. 14, Express the set A={x|r¢ R, |

Wo intervals. Indicate the set Axbiy

the two portions

~1), (1, ). These

intervals., From

x =1 as an

lterval and the set B=/1}| y€R, | -f"'3|>l} —=as the unioa of

carte:ian plane.

D. U. 1984
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3. Determine the domains (B179%7) of definition of the ful-
fowing funetions.

={y |y €R, y=2>1and—(y—2)>1}
=(y | v € R, y>>3 and y<l1}
={y|veR,I<y<oand —o<yLl}
=(—oao, 1) U (3, oo)

1
; X
1. (i) fix)=- [ Ans.  all values of x, except x=0

RSt P o duct 1ot v (i) f)= o Ans. all +ve reat values of v including zero
% B=Prcduc (-1.3) Y [(1,3) ;
. i CELORER Y | N SRS A Sty | & P
comprising the area +of the ¥=3 NE M y= (il fx)= i +f =-:+11 Ans. all real values of x, excep:
H H fe=— dx=14 i i s
1 e e (-1,1) an 4 v=0and ].
excluding the area LMNP, but ) L7 yari

(V) y*=(x—y)3 Ans, - <y E—1 and 0=

including sides LM, PN excluding

“yx
sides LP, MN.

) y=log 2
V) y=log i

Anse —-2<x<2 ¢t

Y (Vi) y=cos™ irfx Ans. +—§-§x§.l.
Fiz, 43 (vii) YN xi—i)=1 A, —oxL—1, 1<y <o
(viii) y%=sin 2x Ans, krréx{krr—l--}?r(kuo.:tI,il...)
EXERCISE—1

4. Find the odd and even functions of the following functions )
(1) fix)=32x42) Ans,  epen
(i) flx)=(145Sx4 72— J(1—=5x 4+ 75 Ans. odd

1,3 (x)=3x’l—_—l€ 4 4x-—7

find fi1), f(—2), f (h)-
Ans.  —I1,—5/2, 34%—1 /A4 4h—T7

(iii) fx)= logz X Ans. odd

2

e

Find the limit of the sequsncs (1717 A= {xa) For ¥n @ (iv) Ax =log {.r+\,-' (143 Ans. odd

defined in ¢ach case.

Sin . !
5. Show that i 1s not defined for x=7
| 4+cus x

=
@ya

e log 4 | Ly ._I}n
(1) (IDG-}-;I;-) (l+ u) (iv) ---E-_._._

-, 1

b, Ll ey . % 3
(ii) -?-:-Sln’—q" 6. Sh-w that x/2 is not defined for all negative values of y.
7. Show that the function.

¥y=J{(x—1)(x—2)}is non existent for every value of y

Ans. (D) 1 (i) Q (i) 10% (iv) oO. lying between 1 a=d 2. (1Sx<2-a7 w1 y Fo-asenaty q9) |




L & Ll . i i )
: Differcntial Caleulus - Domain and Range 59

54
¢ Show that (xi—3x742x) 13 defined for any value of .. 2. [Ifxisany real number and f(x)={xl—x, find the domain
x lving Between 0 and | but undefined for any value of x, 1n & aad the range of f(x) Draw the graph (aft x a3® AW ALY
' b
el ;. ry, Sigl TRE NS I f(Y) =|vi—y a7 s1a%zT a3 Y fidw
o s cos~! x defined for 35v=+ Ans. No. 1 T4 adR Aufb AEI F9) | (D. U. 1987)
\ Ans. Dr=[0, ¥), Re={—%* ;
0. Prove that Tt 19‘5 not defined for « =3. i \ Woe T
T E i 2 a) Show that f(x)=}x|—x may also be expressed as ((Fate
i = SOy x|—x 1= Brar @t
EXERCISE—I (A :
(A) e _ flo)={ 0, x>0¢
(1, Exptess the sets as an interval. R is the set of real | ] —2x, x<0
pambers. : 3. If the function f(x) is defmed by
() A={xeR, "'{" (D, U 195 g FiX)={ 2x—3; x<l
{11) A={vxel, IT—"3§§I} . { —x* x|
@ Express as the union of twiw intervais  Find the domaia and razgs of tﬁc Functiouj({:). Draw ihe
={x2R, 1x=31>1} i i . : RS, o
x={x2eR, 1x=31> " graph ( f€) M0 Bfafussny afie g, o1 286 /() a7 6139Ea @
(12) Ta each of the Bllowing cases, decide whether the & R fasfa F71) .
given relation ¥ oand the inverse relation. B are furctions: !-"- Ans. De=(—%,*), Ri=(== —1)
{ncase B or F~'is a function, decide alsa whether it is one 178 4. Find the domain and function defined by
bl | 4 L bl o B8 = e Bl
one. (N, U 19541 ¢ el Al e !
A i ¥y \ - siles Ik
() F=Ix, y)eR? | \-+-.-=|;- ! =) 2ol Ssevlilon, T3, 70
% i 5. Find the domain and range of f(¥)= | x | 4 | x—1 | and

(i) Fe={(y, Y)eRt7=x .
(iii) Fe={yv,neR? | Y= X 4'! shuow that f(v) may be expres:zed as CoH 198/
(ivi F=ir, ek | F4+y =l Ans. D =(—%,%), R f=[1, %)
£ { —2x41, x<£0 i
I e OEges

Te—], x>

Exercise 1 (b —Domaia and Range
{. Find the domaia and Range of the following
G urmssiaix () Yom k2 (1) 5y miin fiks ' Draw the graph of the function. [f(x):}_\'].q- ]x—-l | @7 Bra=
s (0 D=ty 5l Re= (=1 D g 77 g DI Mefa 221 WS 1 £ X) (3 SRafus g sam
QLS L oo o) | | sar gy 1 A() a7 mafes 9w w9 |
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6. Find ths domain ani range of f(x)=x— | x| in—=3Sx=3;

[x]=greatest integer that is <x

Y=

Nirar T

Kei-3=2 =1 01,203 0 %

- ' Fig 44
7. Draw the graph of the following function
x4+l , x<0
Ul A (b o D. U. 1986
FRon e TR

Find the domain and range of f(x). [f(x) F1¢4NA taufes
wFA T a2 f(x) piaecEa ¢ W fda 7)) :
Ans. Dr=(—>,0u[0,170U(l, ®),Re=[1,2)U[0,1]
U (1, 0)=[0, *]
8. TFnd the domain and range of the functions
B A= T (@) fe)=x 0=yt
-3—x, L<xL3

Do —1) UL% . Rpm(—%2,%)—(=1L1)
Apns. Dre=( R, 1f

(C. H. 1958)

iy Dr=(0,3), Re=[0,1] U [}, 3)={0,3]
9, Find the domain and range of f when

ax+3 xelR
y=f3)=—r-
x+1  JeER

10. (i) Define the domain of a function.

of the function defined by y=x=
i

Find the domain
(R. U. 1970)

Domain and Range s

(ii) Define the range gfa function

. Find th
function defined by the equatiop Vil ¢ range of the

Dx—35)

(ii)) Give
) an example of a function which has an inverse

Il. Find the domain and lange of £

4.
y=f (x)== Ym::f » XeR, \eR

when

Apns. Dfﬂ;(-—m. CO) Rf"[| 4]

Ex. (12) In each of the following cases

' . decide whether 1ha
given relation F is a function Wi

In each case Fis a function,
and decide whother itis one-
(D. U. 1934,

determine its domain and fange
=2
one.

() F={(x.y)e R2 | y=x}

. Ans. function, Dy R, Re=R.‘1—1 finction
(l) Fi(x, Y& R? | ymx® 4, function, D;=R, R,=R*
(i) F={x,y)eR?| Y?=x}  Ans. No D¢£R
(v) F={(x, y)eR?| y=Jx} Ans. No Di=R

I3. Find the domain a.ncl fange of the following functiin

() y=J(=2:42) (i) yu 1
¢ R |

Ags. (i) 0y, IS¥<Y (i) De=R—{—1, 1)
2 Re=] ©, 00U —% —j
(4. Determine the domai, and

range of the folowing:
functions.

@ =121 Oiy=[4]+3in (447
(©) y=[1x] &1 in (=6, 6) (d) y=[x+1] in [—4 4]
Ams.' y=o, 0<x<L |y ym | . | <x<2, and so0 on
Ri={o,1, 4,9, '
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(b) y=3, o<gxL I, y=3, Isy<2 and so on
Re=("3 3,71, 3.4.%3)
© y=I 0 xK2, 2=22 =x<4 and so on,
Risela2 o1y 6, 3,27
(d) y=o0,v=sx+gi <1, y=4.1 =x<2, and so on,
Reml—4, 73, —1,0,1,§ 3}
EXERCISE—1 (C)
If A={l, 2, 3, 4 and B={l, 2;3, 4)
1. Which of the following collections of ordered pairs of
aumbers are functions. Find the domain and range of each it.
0 iy @ 1 G 110
G (122,336 4
diy (1, D, (1, 2,2, 1), (3, 2)
(v) (0,3), (1,—1),(2, 4, (3,3} (4,5
2, Find the set of ordered pairs which is { f+g} (x) and which

is { f—23{x).

G fe)iss (0,2 (1, 1) and 2—4) Ass. (0,3, (1, =) |
e(x) is 8 0, 1)), (I, 1) and (2, 2) Aus. 0, 1), (1,0), (2,—6) |
2, 5), (1, 4) and (3, 6) Ans. (=2,2)

G) fds (=3, 1. (=2,

g)iss (=2,—3)(—1, 70O, 5 and 2, 1) 4us (—2,8) §

(i) f(x)iss (—10,3), (—4 8), (0, 1) and (15, 3)
g(x)is (—=5,1),11,3),(2,2)and (10, 10)
3. Find the ordered pairs of Ex—2 above.

4. Which of the followiag relations in I are functions ? Give

the domain and raage of each function.

F={(x, y)l (x, Yelx1, y*=x} Aans. not function.

Domain and Range 63

Fa{lx,y) | (x,y) € I2, y=x*} A1s. D=1; Re=set of integers
_ expressive as the cube of integer:
F={(vy)[(ay)el, x<y} Ans. not functiog,
‘ F={(4,y) | (5 Y) €, ¥*—~y=16)  Aus, D=L R=set of ail
t N tegers expressible as 16 less than the square.
Fe={(x, 3) | (v, ») €A x B, y=2x*4 3}
v A={x | el I35, B={x | xel}, 1g&<100}
Ans.  yes, D=A, Range={5, 11, 21, 35, 53)
Fe(l,5) 2,11), 3, 21), (4,33, (5,53)
F={x,5) | (v, y€RX R, y=x7}, R={x|xe I, | x| <10}
Ans. yes, Fn({‘l,ﬂ),{l, 1),02, 4), (3, 2 (=1, 1), (—2, 4). (—3,9;
F={(x,3) | (x,5) & R, x=y?), Raix|xe L[ x] <10} ;
dns. No, F=0,0,, (1, 1)(1—1), (42) (4,—2), O3), O,—3)
The pairs (1, 1) and (1,—1) have same first component.
5@ IfIis theset of all integers and x e I, which of the

following mapping of I x I are mapni
pping of I ont r
M ping onto I » What are

(@) x->x43 i,e F=(x, y)cl | y=x+4+3}
M) x=x*+x,1i, e, F={(x,y) €} | y=x24x}
(©) F={(x,y)el?| x=x3
(d) F={x,y)el’| x=2x-1}
(¢) Fa={x,y)e?| x=x—4}
6. (i) Let A={x|reR and—5< v < 5)
and B={y | ye R and—2gyg2}
Find AxB and sketch A xB in certain plane
(i) Let A=fx!xe R and | x=1 [ <2}
and B={y | y € R and {y+2]|>1}
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Find A% B and sketch A xB in caertesian plane.
(iliy Let A={x | re R,—6<x<6}
and define the relation Ria A. Find Ax A and sketch AxB
in certesian plane.
7. Dazscribe which of the relation bzlow are functions, which
into and which are 1—1 § also 1—1 correpondence,
(i) f2i(x,¥) € RxR]|y=2x+3} Ans 1—1 Correspondence

(@) f3{(x,» e Rx R | y=Jx, R* be the set of all non-nega-

tive real numbers) Dr# R, it is not function.
(3) fel(x,») € RXR |ymsinx}  Ans. into function

# filx,y)€ RxR|y=x  Ans. onec—one function.
(5) f3ix v)e RxR | f(x)=x 41} Ans. function onto.

(6 S3{(xy)eR I f()=es}  Aus ] is one—one function. |

{l‘)"ﬁ' {x, YER% R |y=tan x} Aas. fis onto,
() f3ixYeR?|f()=logx,  wherex is real}
8. Let A and B set of real numbers Y 9%
f={(x,y) €eAxB|f(x)=6x—x? (3,9)

Find f10, 13, f(1, 4) f~'(L 0, 5)], A
76549 ’
Ans. (0, 17,15, 97) [0, S1U{5,6] [1,5] (15) \(5,5)
9. If f(x)={(x, yeR? | f(()=x"— \
4x44 Find £( 0, 1), fi[3: 41,/
(12D

Ans. [1,4),[1,4][2-J 2 1)

U[3, 244 2)

Fig 45

10. Iffg X—Y is a fuction and A GX; then what is meant

by f~1(A)?
Ans. Sece Higher Algobra, set Theory Art. 9.6
Show that f~1 (AUD)=/~1(A) U f~1 (B)

Limits 65
and /=1 (AnB) = f~YA)y f-( B)

See Higher Algebra, set Tacory Art, 9, 7.
[1. Show that the function f
Y=V (v —a)x—b)(xr—c) s a<h<o is

values of x lying between ¢ and 3 and is not
values of x lying between b and c.

(D. U. 1982)

defined for ajl real
defined for all real

12 Draw the graphs of the follewing function. Find also
the domains of x and y. ‘
() f()=x, O=xs2
= 3—x £Lx L3
(i) f=2, x=0

: =/x; x>0
(iii) f(x)=x; * 0=x<}
=1 x=%
=l—x; $<x<I1

(iv) fix)=x —2=x=2
=d—x 2Lx24

(v) f(x)n-%_x-g- 3 =CQLx<Loo for x+£3

x
=2 x=3
: xt—1g
Yi . e
(vi) f(x)== e for x=£4
=2 for x=4

13. Find the inverse (fysdls ) functions of y and the
cgions (@arF1) where they are d:fined.
(;) y=1=27% Ans. x--log (1—y)/log 2,—~oLy<l
(1) yexP—5 Ans, x=[(y+5), -/ (y4+ (—5<y<0)
(iif) y=logiex, Ans. x=l 07, —coLy<L o
(iv) y=x% x>0 Ans. x=/ »0<y. <o
=x, x=0 C Yex,—00 <y=0,




14. Find the Domain and draw the graph.
[(jfld=1+x-15x<0 Ans. (i) [-1,1]

e 0 K ] ©. 1) U (1,&)
=0:1<x NU 1994 5
C.H. 1992 ; gzl
l.-1,5/23h2 - E+4h-7

(i) 19 = [x+ 1] + |x-2]

Ans. EDOBC .... (-&-1) U -1, 0] U [0, -20] U [2, &]

9. (0 1 (i) O (ii) 10* (iv) O.
) (@) () x=0TS® x @7 & i)

14. 5179 (%7 8 @D FEA P

(D feg= 1% A 220 A
= ex; 5 &%) ) ) % Y xR LAIge IR WA

W) x= 0TS x- GF N T IS W |

= 0 ; 1":;)”.\[,0.1‘19“ _ :
) —co<x <=1 €A O<x<]

- 2<x<2 (d) - %‘-s.xs-l._'

p) - co<x<-1,1<x<oo

\kn<x<kn+n/2(k=0+1+2.......)

() con (i) Rean (i) Reerg (v) Reerg |

A, ‘

8. @x=-1log(l-y /log2 ~eo<y<]l

C. H. 1992
o Rabbiba

Pl = *fl'y +5), -\]y+5, (-6 <y < )

) x = Wy, O<y <o : '
; . 4,09
L B ) 9,05 fo,HuC
4(k)) EDOBC ... .[-e0,~ 1] U -1, 0] U [0, - 20] U [2, o)

RITSFT (00, 3) U (3) U [3, o] TAR
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TRAW 69
EXERCISE—1 (A)

(1) Express the sets as an interval. R is the set of real nu

@) A-{x€ R.1x1<l} ( D.U.

(i) 4=(x1x€ P, |x-3\<1}

(11) Express as the union of two intervals (sﬁﬂ
CATNTCA AFIH 32 )

x={x1%2 R, |x=-3|>1}

(1) In cach of the following cases, decide whether

2. (a) Show that f(x)={x| —x may also be expreSsed as
(a8 3 f(¥)= | x| —x (3 ) @17 )
fiX)= lG;x;O
—2x, x<0
3. B the function /' (x) is defined by

fixj | 2x—3 3 Xe]
=% 1 22l

Find the domain and ringe of the function S(x) Draw the

ph (f(x) 2% SfEiyesiy 2fas iza $1%1 R‘Rca f(%) <3 5z @
u fada $31) '

Ans. De=(— 0, %), Rp=(-x,~I]

relation F and the iaverse relation F=-' are functiors. In |
or F-1 is a fuiction. decide also whether itis one to one.’
F eg F-latons (5 aft soama 23 o133 9545 8

() F={(x.5) ¢ R 1x$p=1)
{i) F={(r,y) ¢ R*|ypi=x}

(i) F={(s,») T R*| v=x%}

iv) F={(x,3) ¢ R |axt+y*=1}

4. Find the domain and function defined by
A PG s
JS(x) {2x+1 ¥ Ans. Dy=[2, «), Ry=[5, «)

5. Find the domaia and range of Flxl=dx] +3x=1 [ and
¥ that f(x) may be expressed as
ﬂx):{ —2;:-}-1, x<=0-

Rl ]
%-1 , x>1

Exercise 1 (b)—Domain and Range ( sz«cwa ¢ a11fz 31 fig
1. Find the domain and Range of tte following
() y=sinx (ii) y=x+2. (ii) y=sinlfx.

Ans. (i) Dp=(~=/,, =) Re=(—=1.1)
(il Dy=Ry=(—x, )

Ans.
Draw tie graph of the function [f()= x| + | x—1 | 47 G134
vt aTie e 331 civie @ %) & SRRS aieta ey
W AY) a7 @ufom od 971 )

Dy=(~cc, @), Ry =[1, )

2. If x is any real number and £ (x)= i ¥ | —x, find th
and the range of f(x) Draw the graph (zfi ¥ @33 %
zd, O TR0A (7418 (A fix)= | ¥ | —¥ 47 G197 an ‘
a1 <3t @sfoE T7q F3) (D

Find: the ‘domain and range of £(x)=x—[ %] in—-3<x<3 ;
Ans. Dp=[0, w}, Ry={~00; 0}

featest integer that is <x
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y=1
Pt

g3 23X

-

X~ 3421

fsa—as
7. Draw the graph of the following function

x4+, x<0
x i s 0Lzl
g |

Tl x>1 ;

! (x)'=={'

Find the domain and range of /(). [f(%) TR

R w4 am (%) srEwwa o rfe fln v

 Ans. Dy=(—w,0)U[0,1]U(L, ao)...R;:[l,fn]g([IO.
4 “ Y ‘

8. Find the domain a5d range of the fugctions

, 1
o f{x)ﬂ\/ :.%E'I :

ars. Di=(=@,~D) U (hw), R=(—, @)-(-L)

9. Find the domain and range of f when

4x+3 xS IR
I=\mEy g IR

10. (i) Define the domain of a function. Find th ,
(R.T

(ii) Define the rapge of 2 function. Find the m.';
function defined by the equation yr=(x—=2,(x-5)

of the function definsd by y=2x?

SRS

71
(iii) Give an example of @ function w

11. Find the domain and range of [

U=ffx?=5§:f. xe IR YE IR

Ans, Dr= (- o, e9); Rp=[1, 4]
Ex. (12) In each of the following ¢ :
:I}u:t g;;leln reltatign Fisa fudnctlon. fﬂgeaiiegé sci:e?;?se whelrthcr
etermine its domain and range - unction.
one-one. : g¢ and decide whether it is
@ F={x yeR2|y=x | (D. U. 198)
Ans. function, D;=R, R=R, 1 - IfWICtion
() F {(x, y) e R? | y = x* Ans. Junction, Bis fip= o
(i) F = ((x, y) € R | y? = x) Ans. No. Dj 4 =

() F={x weR | y= Vx Ans.No.py .,
13. Find the domain and range of ‘the s

‘ : following funeti
Wy=V (x2-2x+2) @ y = ing function

e
() £ = \ (62 - dx +1)
Ans. () 0<y<eco, 1 <x<2 (i) Dy=IR. B
Re=[e0, Q) U[~- 20, - 1]

@) 2- ¥ 3sx<2+ V3, a(-e- 3y
Tl 5
i hon 0) U0, + 1]

14. Determine the domain and range o

the follwoi
lunctions with diagram (FAFR® T fig Wﬁ‘cﬁf@ Oﬁ“ggf
Wiy =21 foael =B 7)) ; 7

(@) y=[?in[2 4]Ans. D;=0<x<], | Sx<2 2<x<8
0 X< _"szfo, 1,4.9, 16... } s
b) y=Ix+5 in[-4, 4
Ans. Dy o1 (@) 99 D
Rr={-9/2,-7/2, - 3/2, é 3/2.5/2, 7/9)

hich has an mverse.
whep

N. U, 1993
1! 1)v
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(¢ y=[HM+1in[-6 6]
Ans. Dy Ans. (a) a3 Di
Rt“{ﬂ4a_3;_2, 0:_— l," 2}
(d) y=le+d in (=4 4]
Ans. Dy Aus. (@) @3 D:
Rewl=4—7[3,~1,0, 1,83, 3
+: ) (i) fio=x, 0<x<y

X
LT

(i) fx)s (=3, 1), (=235, (I, 4 aud (3,6) 4Ans. (-2, 2)
gx) st (=2,—~3).(=17),(0,5) and (2, 1) dns. (=2, 8)
(i) f£ee) is: (—10,3), (—4, 8), (0, 1) aid (15, 3)
g(®)is (=3, 1), (1,3), (2,2) and (10, 10)

3. Find the ordered pairs of-Ex—Z above.

4. Which of the foliowing relations in I are functions ? Give
the domain and range of each function. [~ I @3 Tx1 (FHE
oA 1 1A eI @ caa fadm @] oy

F={(x, ) 1 (x, ») & IXI, y*=x} Ans. not function.

@ i f@=v(
| . C.H. 1998 —3-% 3<x>3 C H. 1
i dns. Dr=[—w,0]—(=1,1) 4ns. D=[0,3], 3_,:[0,5!;
Re=(—1, z]—(~1, 1)  tauf5aB 04 ex BC ; B(3, 0)

CG, 572) g 7XE A

F={(£9) (%) & Py=2% dns. D=1; R=sct of integers

EXERCISE-1 (C) * expressive as the cube of integer.

It A={1,2, 3,4 and B={1, 2, 3, 4)
1. Which of the following collections of ordered pairs

F={(x,5) | (%,3) © 1% x<y} dns. not function.

F={x,») | (x.y) & I* x*—y=16} Ans. D=I. R=setofall
integers expressible as 16 le.s than the -square.

F={(x, ) | (x,y) EAXB, y=2x*+3}

A={x | x€1 1<x<5, B={r|x21; 1<X<100}

Ans. yes, D=A, Range={5, 11, 21, 35, 33)

F==(1, 5) (2, 1, (3, 21), (4,33), (5, 53)

F={x,y) | (x,y, ERXR, y=x%, R={x | X2 I, | x] <10}

dns. yes, F=(0,0), (1, 1),(2, 4), (3, 2).(—1, 1),(—2, 4), (-3, 9)
F={(x,3)1 (%) ¢ R, x=)% R={x1x% I, 15| <10}

Ans. No. F=(0, 0), (1, 1),(1,—1), (4,2) (4,=2), (9, 3), .9,—3)

The pairs (!', 1) and (1,—1) have same first comporent.

pumbers are functions. Find the domain and range -of each
[5{5s (aT0ea MY ©Mg MO @TAB WomA? I
racewa @ fagra fady 73l | '
() (LD, 21, G.1), (41)
(i) (1,1, %2y G, 4,49
(i) (L 1. (1,24 2 1), 3, 2)
(iv) (0,3 (L=1) (2.4, (3, 3); 4 5) 4
2. Find the set of ordered pairs which is {f+g} (x) and W
. [ f—gH®- [afws canga a6 fadfr 33 ,
& Ax)ist (0,2), (1, 1yand (2,—4) 4ns. (0,3),(1,2) (4
etx)is 2 (0, 1)), (1, 1) and (2,2) 4ns. (0,1), (1, 0),
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5. (i) if Lis the sct of all integers and ¥2 7, which of the
following mapping of Ix[ are _mapping of I onto 1? What are .
1—1 of Jonto I. [{ 438 »f awwra 3 x & 1. IxT focam Sact
Tag 8o [ f5aq? 193 644 [ qa (B1ab 9§-4% Bmar ]

(a) x-x+3ie F={xy) ¢ I | y=%+3}

(b) x-=x2+%, i, e, F={tx, y) € I*| y=x2+x}

(€) F={(x,y) & I*1¥'=2%

(@) F={») & 12]y=2x-1}

(&) F={x y) & I*|y=x—4}

6. (i) Let A={x|x ¢ Rand—5<x<5}

and B={y |y 2 R and-2<y<2}

Find Ax B and sketch 4x 3 in certain plane

(i) Let A={x1x & Rand | x—11] <2}

and B={y |y ¢ Rand [y+21>1}

Find AxB and sketch A X B in cartesian plane.

(i) Let A={x|x2 R—65x<6} i

‘and define the relation R in 4. Find 4x 4 and skeich Ax
in ccrtesmn plane.

7. Describe which of the relation bslow are functions, whick
are into and which are 1—1: also 1-1 correpondcnce, ‘

() f:{(x,y) & RXR|y=23+3} Ans. 1—1 Correspond G

@ f:{*y) S RXR|y=yx R* bethe set of all non-negd

tive real aumber:) DR, it is not function.

(3) 3 {(x,») 8 RxR|y=sinx} Ans. into function.

@) f:{(x,») S RxR|y=x% Ans. one--one function

(5) f2{(x,y) & RXR | fia)=xt+1} Ans. function onto.

6 feixn & R f(x)=¢} 4ns. [is one—one function,

75)
(7)f:{lx Yy eRxR | y=tan x Ans. 1 is onto.

(8) f: {(x. y e R? | f(x = log x. where x is real}
8. Let A and B set of real
numbers

f={lx y cAxBI ¥
fd = 6x—- @) ' (3,9)
fmdf [0, 1}, (1, 4), f!

f‘ 5. 9l
- Ams. [0, 5] [5, 9] [0, 8 (1,5) 1(5,5)
U5, 6], 11, 5]

9.1 fld ={cyeR®if

(x).= x* - 4x + 4 0,
1), f (3; 41Jx+ it X

i1 2) A \
Ans. [ 1, 9], [1, 4], [2 -
V2 1

Ul3 2+V2j
10. X f: x - yis afunction and A X, then what is meant
by f1 (4)? |
Ans. See Higher Algebra, set Theory Art. 9.6
Show that f! (AU B) =f! (A) US! (B)
and ! (An B} =f1(A) nf! (B

(o. 5

foa-s6

see Higher Algebra, set theory Art. 9.7

11. find the domain of the following (F/q% %@ Ry w1

B
f)=x2-1,9(x) =3x +1 o

(@ gw @ % o) we 0 ()

Ans. (- oo, 00) = [1/3), (- 0o, 20) — (-1, 1), [~ ¢o, e0), [~ e0),

(= o0, o)




CHAPTER II
LIMITS
21. The concept of limit is the most basic concept of Calculus.
In this chapter, definition of a limif, properties of limits

and some standard theorems on limits will be discussed.

Definition ¢ A constant g is said to be a Iimit of the

variable x, if

2.2,

0L | x—a ] <5
Wheres isa pre-assigned positive quantity as sma!l as we
please. In other words, we say that “x approaches the constant
a, or ‘x tends to 4", Symbollically, it is denoted by
x> a or lim x=a,
N;)te that x—a never inplies that x=a
When x approaches a but always remains less than a, we

~ say that x approaches a from the left on tPc real axis and we

write. X->d4,”
Similarly, when x tends to @ with values always greater than

& x approaches a from the Tight on the real axis and this is

expressed as xy-—ra‘

For example, when v takes successive numerical values,
3+9, 3.99, 3:399, 3-999....r X tends to 4 from the left or x->4".
Smilarly, if x assumes the successive values '

41, 401, 4-001, 4.0001, ........ x approaches 4 from the right
or x->4*

Considering the two sets of values

(39, 3+99, 3999, 3:999:ws1ucnne)

Differcntial Calculus 7
and {4-1, 4-01, 4-001, 4:001...++...}
assumed by x, we say that x—>4

or 0< | x=~4] <3 where 8=——- ne=|,

0, 3, 3, - .

Art 2:3 Limits of a function g
lim f(x):-l.
X—=>a

In common language “lim f(x)=I, means that #(x) is very close
X-—>a

Definition g

to the fixed number | whenever x is very close to q.

In terms of mathematical analysis, we give the meaning of
lim f{x)=1, as follows ¢

xX->a

Let S be a set of numbers and let f{x) be defined for all num-
bers in § (that is, S is a subset of Dy, the domain of /). We ﬁssume
that S is arbitrarily close to a; i. e. given 8>-0, there exists an
elenment x of § such that 0< | x—a | <3, we shall say that 0
approaches the limit / as x tends to a if the following condition
is satisfled g

Given a number €0, however small, there exists a pos:twe

number 8 such that forall x in § satisfying -
0L |x—a | <5
we have
| fG)—1] <e
If this is the case, we write
lim f(x)=1.
x—>a
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Note that a may or may not belong to Dy,
We can atso define ; :
lim f(x)=1
X-»a
In the following way g
We write ,
lim f(a+h)=!
h—0
and say that the limit of f(a-+-b)
is I if h—>0, provided given >0, however small, there
exists 8>>0 such that whenever
0L | h| <5 and (a+h) e §, then
I @+m-ij<e

Cor ¢ If the set S is such that any number x € Sisless thana

and for any €0, however small, there cxists a positive number
3 and fixed number [, satisfying. ! .
0< | x—a | <8 with | f(x)—I, | <€,

{Left hand Limit sl We say that Iy is the left hand limit of f(x)

a5 x-»a’ and we write
lim f (=1,
x—>a

Similarly, §f each number x of S is greater than a and there

i s a fixed number [, such that whenever
0 | x—a| <3
We have |f(x)—I; | <e,

Differential Calculuys ' 7

Elgh hand Limit?[ Where €and 8 have the same meaning as

before, we say that I3 is the right hand limjt of f(x)s This is
e¥pressed as lim f (x) =1,
I=>aq*

Note g When the set .5 consists of numbers less than as well
as greater than a, we say that lim f (x) exists,
x->q
ifh=l=] anditi; equal to [
‘ Ex 1. Prove that C.RH.199
im (3 +4)=10 by (8, €) definition of a function
x_'z Y e '
Let us consider aa ar
small such that
| 3x44—10 < or
I € | x—2| <§e
|x~2]1 <3  when 3=34€>0
This weans that, lim (3x + 4)= 19
X2

bitrary poshtive’ number 80 howeve,

[3x—6 | <g

i 2
Ex. 2. Prove that lm"l----—-----.......J': i
X=»@ .X—g

Let us consider an arbitr itive
ary posiljve number 0,
il i E> ' hOWC\?t_l'

PR
i ':__:__a" --2.2 <E" . sas  wse | See ([)

=2q

fx-i-a){x—-a) = '
| °"“?:5—“""""’lx"‘"'“"z“l<s M vk

of, |x—z i <6
o, | ¥=a|<3  where §=¢ ... ... (2)
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Limits
Hence lim _x?—a?_,) [ From (1) and (2) ] (@) fe =} then = _2-‘5_ e 1
X-—>a@ X—a ! ! 32576
Ex. 3. From the deﬁnitiop_ot‘ (5, &)show that . “ ®) If =007, then 8_-_-.,"3 _007 0.07 e
lim (2x3—3x2—18x+29)=2 . T
wy3 234 Distinction Between lim f(x) and f (a)
Let for a given €0, however small, xra
: 0< | x=3 | <Aleeeenn (1) ~ f(a) means that the value of f(x) when x=g.
& 12038185 +29-2 | = | 253518427 | 4 or, the value of f(x) at x=a is f{a) ; clearly a €Dy
= | 2(x—3)+15(x~3)*+18(x—3) | lim f(x) is a statement about the values of f(x) when x assumes
<2 x—3 3415 x—3 | 2418 [ x=3 | 241N 3 x=>a ]
+18}<35 | all values of  in tlﬂe Bﬂsthurhood of @ except x=a.
(o ML R When Hm f(x)e=f(a)
where 8=35\ (2) x=>a

Now | (2x3—3x*—18x+29)—2 | <8, ?
or, N=g/35 therefore, We can deermine a small positive number |

§ depending oa € such that the limit is established. Here 3= €/3 5 |
Heace Lim (2:3—3¢'—18x429)=2  [From (1) aad ()]
x—>3 s

The fnnctlonf(x) is said to be continuous at x=gq.

Ex, 5. &functmnf(r) is defined in the following way
Jx)=142x for—i<x<0

I s -
' cnever -1-2x  forOgx<t 4
Ex. 4. For f(x)=x2—3c+15, find 3>>0 such that wh =—142x for x>%

0< {22 | <3 then | f(x)—3 | <8, when () © ~H0 * =2 3 Investigate the function at x=0 and x=4

Let 8 be given; we are to find 32> 0 such that : P 5

- implies that ' :

i ',}(; ';:ﬁl(ﬂ_‘;”:ﬁ”;_s : lim QO+ A)=lim {1420+ A)j=1 , take fix)=1 25 as x<0

= 2P +(x-2) | § | x=2] 2+ | 2-2[ QFA< "*_-*0“‘ k-*?," |

[~ vl lim f(0+ A)=Lim {1—2(0+ )} == s take f(x)=1--2x. as x>0
' h=>0t h=»0t

and fl0)=1—2.0=1. take f(x)=1—"2x;as x=0

Thus we get, Lim f(x) e 1==£(0).
x=>0

So [f(x)—3| <B,if »=8 ]2 Therefore we can determine .'
positive number 3 smaller than 1 and cqual to €2 so thatt
limit exists. . _

Hence §=8 /2
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(i) A function f(x; is said to tend to400 when x approaches
g, if for any pressigned positive number N, however large, we can
determine another positive number § such that f(x)>1:! far all
values of x satisfying the inequality g -

: 0L | x—a | =3 with x>a, or a<<x=a+3$
(i) A function f(x) is said to tend to—c0 when x épproaé‘hes

i, e. the value of the fuxctidn f(x) at xwe0 is equal to
the 1imit of the function f(x) whea v=»). Hence f(x) is continu)d
at x=0 For x=1}

lim f(3 4 h)mLim [—1+2(3 +h)=—1% 1=0, take f(x;=—1}
+2x h=>0% h=0"

Jim #(3+ By=Lim {1—2(3 —R)}=—1+1=0, take fx)==1 +2
h=>0— h=»0% _

lim fil $h)=lim 3+ hy=0
h=>0— h—>0*

Hence the limit of the fuactioa fix) exists and is equal {0

if iti
,if for any given positive number N, however large, we can
ctermine a pasitive number 3 such that '

—f(x>N, or, f(x)<—N {,
r all vatuzs of x satisfylag the inequality 0<x—a<8

Ex. 6. Evaluate lim -_:2....,\/(/
x=»2 (x—2)?
Let f(x)—

2. 5. Meaning of the symbols - oo nd —00 ( AFELER
If a variable x assuues all positive valuss .and incr
without limit such that it is greater than any positive nu
however big which we may imagine, xis said to tend to —(;i—z)!
and symbolically it is written as x>0 The Timit of f(x) is+oo at .
- x-»2 if both fla+h)and f(a—Fh)
fcome greater and greater when h approaches zero with A>0
:,1% f@*h)ﬂ;_“:gf(lﬂj- Lim 3o Jtmd,

: et P
Similarly if the variable possessilg negalive values 0!
decreases without any limit and less than any negativz numl

which we may imagine, x said to tend to minus infinity (

k30 CFE=D0F —h=0 2 ©
and it is denoted by x=>»—0. | lim f (2—h)e= lim 3 s
These symbols+40o and—, by themselves do not possese | h=2* J;.+g+"'—"""*""_(2__h_2)z - -&0*72'2"=°°
meaning and the phrases in which they occur do not take lim f(24 h)=lim f{a—h)= 0

meaning from the symbols. - h=32* h=»0*

The meaning of the phrase x=>X0 is not found from the & Therefore limit exists and lim 3

ment x~»a by substituting a=00.

Ex 7. Evalpate lim —1
2.6 Meaning of xep) (X=2)2
() lim f(x)=00 @) lim f(x)=—00 ;
x-2a x=2a Let f (x)“—(-x_—zj;




Differential Calculus | 85
Art 2:6 Meaning of lim f(x)=l.

We have s o ;

Lim —f(24h)=Lim = RS Let a be any positive numbers, that f(x) is defined for all
} ¥ —2)2 '

F=»0* h=20% (24h—-2)* — umbers x >a. We say that f(x) approaches I asx tends ta

oo lim R+ h)=—00
h=»)

finity, and we write lim f(x)=(
X=2C0 )
the following condition is satisfied ; Given any €>0, there

Ex. 8 Show that
sts a positive number A, such that whenevcr x)A. we have

Lim i lim __l— ™
A e Ml T _ | Ay~ | <&
Let fix)=1/x A similar meaning is given to lim f(x)=I. -

X=p =2

at fs, for a given €>0, therc exists a posltwe numbcr A, such
t whenever
x<—A, we get | fix—I | <&
[ where (—eo0,—A) is a subset of Dy |
() when x >1. Let x=144, 0LhLl

Let x>0, s0 that £ (v) is positve. Ifx diminishes gra
then f{x) or 1/x increases gradually. Ifx tends to zero

i 1
S or = tend? to be infinite.

If we take N any given positive number, however 12

I/x>N when x<1/N By Binomial thecrem,
Hence lim (1/x) = =14k =1 p ke g(n_z;zaa L
i Vo XL nh>nh

Let x<0, so that Sf(x) is negative. .
Let N be any given positive number then for x L0,

—f(*)>N or,—(1/x)>N. if vy&—1/N, -

Let N be any positive number, such that n7z>N0 n>Nfh.

Therefore x*> N where N is any large number for all »>Njh.
Hence Lim x*=cowhen x>1

n=300

(i) When-—l<x<l or x| <,
. 1 :

Iet [x] = 3

et | t‘ | m » Where 0<A <1

I :
As Nincreages, —y—dccreases

Hence lim (1/x)==—c«

x=»0—
B - : T bt
e Ctab "D ST <o
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Let x be any positive number which ljes betwen two c;nsccu-

tive integers m and m+1, that is, m<x<m+1, wherem is 2

1
It n=poo, nh-»o and so = =0,
. positive integer,

Hence lim | x | =0

n=>00 We have,
Hlimx2=0 when—1<x<1. * x g e i v g
e ' Leid. "2 3" m ml e

.(m) When x=-—1 or -1 accordingas s is an odd or P ? g

~ integer. Therefore when 7=»0,x" oscillates betwee L"’ Py e il

and+ 1when J;=-—-L - - Now i o i 2

Hepce  lim(—1)® does not exist. m-r.z -l-l’ il +1" Em e o8

o “m x° 7 [ Fd 5 ok x X

or —x>1, x= %\ n—m (since i .
OF el b N in€e in the square
G <Tm (m—t bracket, there are (n—m)

we have from case :ii),
lim (—x)P=00
n=»0
or lim xP=(—1)200=~—00 OT+X0
7=»00 according as nis odd or even.

factors’).
" :.T;(m)

Hence o ol 8. '8
< l—" & i -=m+1)

Hence lim x° does not exist for x<Z==1.
7i=p00 '

)= |
Where L= {’(;_"-’ﬂ ) 18 a constant free from 2.

(v) The trivial case $

When x=0, x=0 for all positive integral valu + 71 1S Positive aud less than 1, thatls, °<'__-:l<"
m

lim x»=0 when x=0.

: lim X [
n=p0 ARE D (-_m-l-l) =0.
“lim x® S
.7 Fiml AC fm x
2 aoL.n Ly Hence e 0

Where n is a positive mteger and x is any real num
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s

Let x be any negative oumber say x==-—g. so that a

positive number.

f X0 '(_])nah au
= =
Y X ) ] Le Ln
By the previous result, fin o:_{r-:':o

Iim

=0 whatever be the value of x
- 00 Lu

Hcnce
n

2.8. Fondamental Theorems on limits (ﬂ'mr{ carer Ssioiiwy)
Theorem 1. The limit of a sam of any definite number
functmn is equal to the algebraic sum of the hnﬁts of
fanctions. - :
Let us-first consider two func'tmns ofx

If Lim f(x)=I, Lim ¢(x}-m
Xx-a x—d
then lim {f(x):¢(x)}=11%m |
xX—+a !

If € be a given arbitrary small positive number, we.
choose another two posnive smaller numbers 3 ‘and 32 dcpeni
on & such that

| fix)—1 | <€l for 0L | x—a | K31...+1)
| 2(x)=m | L6/z for 0L | x—a | K3pereee(2)

Let us consider another positive uumber § which is 1ess ¢
both 3; and 3,. Then.

| f6)—1 | <€z 1, | px)—m | <elafor 0L | x~a] <a ,

Thus

1 f) 49— +m) | = [ =D+ | o(x)—m) |
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L} )= + | 9()—m |
<—§— +*-§—=e when 0< | x—a | <8.
Hence Lin {fix)+o(x)i=14m......(3)
x—~a

Similarly we can prove that
Lim {f()—2(x)}=l—ms++ r.(4)
Xx»a :
Now combining (3) and (4), we have
Lim {(f(x):¢(x)}=lxm
x=>a : ;
Similarly we can extend it to any number of : functions
Lim {f(x) () Ld(x) L ..o}

x->@
=lim f{x)+Lin ¢(x)tlim $(x) L «......

X-=a X=0a X-=a

-llizgj:tsi', iesasanan

Theorem 2 The limit of Itllc prodact of any finite nomber of
fanctions is equal to the product of the limits of these fanctions g
I lim f,(x)=1, limf,()=L,.........

x-—ra x-—a
then bm [ fi(¥) f:(x) ... J=ls Ir ...
X-—=+q

Proof 3 - We prove that result for two'!‘unciions first.

Let lim f(x)e=] and lim g(x)=m.
X->a X—+a

Then for a given number €0, however small, there exists a
Positive number & such that
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lf(r)'—:l< 2] I = 1fm§£'{}
fx)-11 < -—5-, if m=0

: 7 e 1 € (the equality holds
| 8(5)—m | < — (71 +15 2 * when I=0),

for 0 | x—a ] <38.
Fom  [f)-1] <y or 1f(0—1] <5

We have, |f(x)]| <]l +1
Heance, for 0< | x—a | <3. _
[fix) g(x)—Im | == | {fix)g(x,—f(x'm} +{f()m—Im] |
= | S &) —m)+mif)—d) | -
S| | gx—my + |m] | £~}

e 1 ; &
<(1Z| +1) Tm'{'lml-ml

N[m

Lo
+5 =€

Therefore lim f(x) g(x)=Im=lim f(x). lita g(x).
x=—>a X=rq X~3a
Cor 3 It ¢ be a constant, them
lim ¢f(x) =cl where lim A(x)=l.
X=>a X=>a ;
The theorem can be extented to any number of funciiom..

Theorem 3. Iflim f(x)=/, then lim __!__ __l_
e

x+a X=»q JIay
providid /z£0,
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Proof s Given €30 let g, be the smaller ol’

J ” - a0d & Then there eqists §3>2 such that wheas vae
0< | x—a | <8, we hav:

[ f()—-1] <& ()
and also
; I o
-1 <0 Gy
From (i).
Vi) ol

(A0 1> =gzt L YL o

when 0L x—a | <3. For such x,
A _,-nll—-f]x)L< 2.1 el
R T e SRR R e

' : [ by (ii) and (iii) ]
' ] 1 1
Hence lim 1 _l__
x->a f(x) Sl 15 ]
Cor s Iflim f(x)=1 and lim g(x)=m
X=ra X+ (2 -

then lim f(e) .. ¥
__l —lim f(x), U Ha,_z-}

PAEX)  xod ZX

provided m#*0 .
The theorem can be. Casily extended for any definite number

"~ of fupctisns

Ltﬂk)?(.\} G(x) oo omsbomm Lo
x4
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Theorem 4 s Limit of a function of a function
{ PNLENTHE WL 711 )

If lim f{x)=t aand lim ¢ (uJ:q; (s}

X—a u>t

is in other words, if @ (u) is continuous at u=t, then

Lim ¢ {f(x)= e¢{Lim (x)}

X-—+d xX—-a
As lim o{u)=o(), we can seléct a nunber 3, depending upon ¢
u-t i )
to a given small positive number €, such that
L elf)-0) ) < for | fro—2] <3 - - (D)

Sinc2 Lim f(¥)=1, a numbar 3, can be selected dependmg on 8;
X4 G fery

such that

[ fix)—t ] &3 for | x—a | <35 ...... e (2
N w from (1] and [2] we have

|of -] <e fro< | x—a | <3,
i e Lim o{f(x)} =9 )=¢ {lim f(x)}

X=» 3 X—=a

_Ex 9. IfLim f(o)=I

X2 d
(i} Limsia f(x)= in(Lin ' ) g
T yea g [ J=sinl
Jix) lim f(x)
[ii] Lime - X->a
x-24a e =g

Lim lim -=I“
0 N (oY= {-c—ra S j :

Limits - 93
‘Summary on the fandamental Theorem on limitl, R it
G\ o1z otsiywy)

If Lim fix)=l. and lim ¢(x)=m
X=»3 X=32

where ! and s are finite quantities then
(. Lim {f(x)+f(x)}=l%m

X=>3
(i) Lim {f(x)«}(x)}._ —Im
. v 1 Xepg
I.m § fx) /4 Lim
Gy Lo -%?J'E—}-‘;;‘ K e $(x) #0

5

o apron=s (5 1)

Limits of a sequence g¢—( See fauction ) f!ﬂ'i‘l’h'll )
A number [ is the limit of a sequence a; ayees...a,..
or, im an=1I

n=»> o
Iffor every positive valus of g (€>0) however .small, the-e

is a number N such that
| an—I<e when n2=N.

we can also express limit of a sequernce as

{an}=»! when n—co,

Ex, 10. Show that
Him 3542

nep X .13 =3
Here

Int2
In+3 i I La+3 u+3 <€ ... (1)

ifn43>7/e or, ifn>7e-3=N

|
|
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Thus for every positive value of g, there will bz a numbar
N =7/e—3 such that for 2>N. ; (i) holds

X lim In+2
* pep®  n+3

2. 13. Some Important Limits (sfesty Wﬁ’jﬁ )
(a) Prove that

Therefore from (1) we notice that in the limits both sides of

5ll"l
— are the same and equal to umty,

= 3. .
lim sinx

Hunce
x-=0 X

Lim sinX .\ when x is measured in radiar.

x=) X
This function is not continuous at x=0. Let us

_ " X
-n\-/_“' 0 1'[\_/21'!

Proof g
consider a circle of unit radius, Let A. B, C. be three poiats oa
the circle such that : i
- AOC=x _ _
diLAOBl:;f ] (b) Prove that Lim (14x)}/*=¢
radians, W
i x>0
fRree Proof 3—Expanding binomially.
Let the tangents at . (lfx)(l/\:—n
Band C meet at T on {l+x-i”§ll+ —Li—._... }
OT. Since BCis a chord (1'- =25 1
= = -
of the circle, we have, zl"H - LZ 73 et b
Chord BC<arc BACLTC+TB Now  lim (I—x) =1, lim (1 2%\ =1, ete,
or, 2 CD<2 arc AC<2CT, x-=0 x=>0
- arec AC cr ; Hence
or, sin xLxL tan X. I3 o

o5 oc< 0C  <0C

x L i M O D
or, I<§in CeT o 15 == o 2 4 (

This inequality is assumes that x >0, It is also trugif x >0

-0 (L4 /x| 4 Z-I—-i-—[lf—t-"“z‘j'f o =g
(¢) Proof lim (14 1/x) ®=,,
x>0
The result follows on exmding (l+ut)= binomialiy and
then taking the limit.

 Now lim cos x=1
x~»0
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every positive value of €, there will be a aumber

Thus for
N =7,e—3 such that for m>N. (i) holds
i lim In+2 3
&8 ® a+3 R e

n=»
2. 13. Some Important Limits (=feon m"l" Sar)

(a) Prove that
Lim sinX _¢ whenxis measured in radiar.
=) X :

Proof g This func
cle of unit radius,

tion is not continuous at x=0. Let us
b

consider a cir Let A.B, C. be three poiats oa

the circle suck 1hat
L AOB= LAOC=%
radians, where
0> x<7l2
Let the tangents at
Band C meet at T on
OT. Siace BC is a chord
of the circle, we have.
Chord BC<Larc BACLTC+TB
or, 2CD<L2arc AC <2C7,

GD arc AC cT or, sin xLxL tan X-

o, Gc<—oc ~OC
X 1 sin x
or, 1<s-if1_f<cos —or, e e SCO8 X oo v e (¢4]

This inequality is assumes that x >0, It is also frueil x >0
_Now lim cos x= 1 '
x—=>0

then taking the limit.

Limits 95

T
herefore from (1) we notice that in the limits both sides of

sin x
< are the same and equal to unity,

lim sinx

Hunce
x>0 x

=1

I
Y Sinx

VAN
fig. 47

(b) Prove that Li-m.,(.1 *-.x')tfs__ ¢
x>0

X
LB T

Proof g—Expanding binomially.

F
£ (I—xy  (1—x)1—2
N = .
Now lim (I—x) =1, lim (1 -2\ =1, ctc-
x—0 x=30 ’
Hence
lim

x=30
{¢) Proof

T PO R -
i + /1 -+ 2 +"‘"Z-3-+ vir aeaEER
Bm (14 1/x) T=¢,
x>0
Th I .
e result follows on_expandi’ng (141/x)* binomially and
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e 3 lim({ 1
' 1o i+\:)}==l.
(d) prove that x-r[){ : g( .

Lim (l/x) In (14x)=Lim In (14 2!/
x>0
lim (14%)Y*
=la gx-—rﬂ
=pLint (1/x) In (14 x)=1.
x=»0

} =lne=logee

(e) prove that uiu%i =ln z =log,a

Proof ¢
Put a*—{ sy or,a*=14y .
S x lpa=ln (I4y) of, x=

a—1 ylha lna-.-._
NoW = =la(l+n = (Ml (1+3)

fimg*—1 Lim __lng {
“ x0 x  y=0 (1/_,})_’—1::(14-;0 '

HiEL . neo s —!-—-lna-logd e By (@
Sy In 14!/ loge _ P
lim ar—1 loga
x-»0 x

h. lim e—1 -l
(fy" show ts x—=>0 x

Proof 3—Put e*—I=y  orf, ex=14y. .

A x=sloge (1 +3)=1a (I+)
Since 1o 1=0 therefore y-)ﬂ as x=30.

v e 3 1 ;
Now Lim e*—1 lim o i .
x20 "%  x=01n (i+y) y=0 W in(d+y)

=-Lool [ A lopemlne=1]

D. ', 1983

(l ]
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(g) Prove that Lim xo—qn
X=»i1 Y—a

for all rational values of i provided a is positive.
Case. I. When u is a positive integer.
lim xn—gn ' lim '

— =a (T4 T2 - L@ )
X=> X——a ep

=g 14 g, a2y L=t
Case [l. Whean n is a negative integer.
Let it=—m, m being a i:r-).:ilive integer and as:0
ltm, | at e "ialdmiagEets gt im0 I
—_— = ity iy _———
X=>3 X—q X=>a X—a XpFragEPe gm
Lim —1 /[ xm—gm)
X==p 1 am_tm\ '\‘._._a N

I ot L Hobidfee iGR 1 1
a0 e e, vl L v uilis et - il
a° x=3a X x=»z\ x—ad ai am

[ by case 1]

=(—m) a (o)1

=ag"" [ » —m=
‘h) Prove that Lim (I =—ai>—| :
S Tlen DDLU 198
A= i
Proof :—
Lin (14-x;8—1 Lim [ oonln— [)e2 | ol
ot T AR S
_Lim{  oan—1,x°  pn—1)n—2)
=3 __’0{,!\‘_ -_L‘2 + l_:( + . ...}",\:‘
Lim n(:z-l)_tl n(u—l\.(ﬂw—"'l:c: ;
= L s '
o T i

L3 =

x__,_
k.
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==n, since cach of the remaining terms —»0 as z=»0
lim’ !1 +xp—1 s
x=»0 x
The f llowing limits are very useful in solving problems.

( wras® sraiea A=)

o BB U e,
() ”muﬂ/x;:-e (d) _[;::o—l—_lope (14x)=1
(e) xl'_';a—}—— =loga ()hm; ;‘-1_
i R

‘Procfs of these are given in Art. 2.13

Lim 2x43
Ex. 10 (g) Prove that, 1T =]

We can wri:e the ab e functi>nalso in t'ihe form

: 3 |
T
Now for an arbitrary €, the inequality is satisfied
1 (1 4+3/22)—1 ]| <&, €=2)
provided z>N. waer: N is dstermined by chmce of &

>
or, 32x< € or, —t<-%— or. x/>3/28 =N
L x 3 .

which means that

Lim ___:_i_, lim 2x+3
Xop % X | T 2x
Lim 2x+3
x=>% 2%

Limirs 99

it can be shown "s.imilar:y that Lin:ozxz-l;‘.{

This graph is not defined for x=0 i.e , y-axis is the asymptote

of the curve. Again y=»1 if x=» ®i. ¢, ‘the straight line y=I is

snother asymptote of the curve.

The graph y=1+ éxiis shown

'“__—._1.'.\__..-. ;.'-__-:::.-_t:
\o X
. pig 48 st
" H .' l _l
1] . t %
Ex. 11. Prove hal -2 0 x: T ’

For iny positive number N>>0, however large, we have

1 5L i
m<~ 1,6, (2 x)<-—1-¢
or, l2—x <J.(m—8(sav)
which dep:nds upon N such that | § | &0

‘The function (2-_—1—.. assumes only pos:t ive valuss.

and it is greater than any large positive number
whenever 0 | x—2] <7‘N

lim 1

B i) = <o
s (2=—x)* &
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undifined. The line x=2 is an Asymptote of the graph
the grazh is symmetrical about the line v=

(0,2.5)(1,1(—1,0.1) etz.
Also y=») when x=» 30 or—wo
Hence x-axis is also an asy'nto

__/ of the curve,,

Fig. 49
[ =2 I=1 1o 1 13pv2ei28]3 | 4108

[ y]00635 (011 (.25 ] 1 | 4 [co]4]1 l-*slo'lrl,

Lim ST
. 3 =0....
Ex. 12 Show that S

Since | sin x| ! fur all x,

sm X [
IIL.-'_f;re _I_

!__
T

which tends to 0 as x—=*

4 .Iig-n (Sli_"_l__'}'___) 0 .'
X

X=P> 0

I

A 1 apell
Ex. 13. Examine the limit of f (¥)= Pl -\
as x tends to zero.

Since 'sin —1—! ! for all real values of x excepl
X

i)

Y ' The graph passes through

= X=2 X The graph is shown ia fig 4

¥

For all valu.s of X, v will’ b2 positive and for x=2, ’f,

Limits 101
1
therefors sin—-;—'(‘lscﬂlafeg_ between —1 and+1 as x-»0 or
R
1% —%. Hence — sin -\—_-osc:[latcs batwren—ax  and

+2 as¥=0 go lim (‘-1-—- sin -I--) does not exist
5 X S s
-9 = il
Fx. 14, Show that im x sin (1/x) =0
x=->0

Far non 72ro vatues of ¥

[2sio (1X) ] o |y I | sin (_Ih I = fisx ia% sin (sia (1/x) | ST

Thus | ¥ sin (I’\}—O | m | x sin (lf\') < lx)<t.

such that for all valuec v in, '
N Tx—=0! <eie, || €&0r, =<y BwWith vo£0,

Thus we notice that if 5isa pasitive numbzr however small |

there is aa” interval (—g, =) arund 0O <uch that for all values
of x, x==0, the diffirencs between sin /12v) and 0 is less than a
prsitive number g, g0

Hiazs limovsin (['vish
="

Lot yeeshnd i) e lisia (1%9)] =<
[ ¥
Thus x sin (1°x" o=cillates between p=x a1d y= -x, as v
tends 40 zero,

; e Lim 14212
Ex. 15. Find the limits of x-;()-w :
If x=o+h, where h >0 " '

1 1
= — R o A=
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Now f(0+h)-]"m 1424% Tim 2"/h+1 01

h-):b h=>») .!1-'"/“"!;-»3 32"I“+I 0+l - )
| S, ]Il'l'1 hrn P2=/ 10 1 R
A o— £ -1 .
. =1k 1
[.'- 2=3p a; -;—-)cc ] |
f({H\-h) e ‘“Oﬂo_") 31eh <
Hence the limit does not'mst,, yE i 4

Nﬂtc 8. The rotation - ﬂj_‘pcj' will mean the same statemen

x-nf(x) ) _ i ey n

W‘ﬂ functisn f is defined by £ (x) "12_i‘i il

i : o
Yi) Determine the domain and the rangs of f '
(ii, Find Lim f(x) axd Lt f ()
s x=rl4 Xy ]— i .
{itip Fid Lim  f(x) and Lim f(x) , R. H 1988

~ x-—) o x-r —c0 .
4
(w) Find f7(x) and the ivlerval where f is mcreasmg !

{\r) Draw a sketch of the graph of f

Solg () SE)mym o e e (D) |

or, y{1—x)=2x or, x—ﬁ? IR SF Y ¢ O

ii‘ x is real then from (1), ——2_'_-‘—'{ is als;i.;cﬂ,
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-liz;x_—; is undefined at x=1.
S$> the domain of f=(—00, 00)—(1)
=(—00. 0] U [0, 1) U (1, » ) from (2)

For ra T G
! nge of f, x i form (2)

For any real y, -;;-y—zis also real but f-' is undefined

. for y=—2
Hence range  of f=(—00,00 )—{ —2} a=(00,—2)U(—2, 0]
' ' U [0, oo

o limfe) Vm  2lak) lim 2—2%
‘“‘3”(-:1': =420 T=(1+h) "k») = =— @
© lim f(x) _lim 2(1-h)  lim - 2—2h f

xpl= k=0 T—(I—h “h=0 ~n -2

O

2x 2 i
R 122 W it 715 |

lion 2,

i X)== .—.—--—2
e o = =
1lim fix)= __2__‘ ey

Ma — 00 -0

iv) 2) z (1—x).2— (—1)2x 2=2x42x
Bl 1___‘5-‘_: {4 fl—x)(z - - _(lfx)i-.

2
=

£()>0 for all x but x~1
When x=0, f(0)=y=0. From (i), (iii), (iv), f(x)=0to o
¢, increasing from x=0 to | i.e. in [0, 1) Alm_fis incl-!asin-g
from—co to—2 in (— e, —2) and [— .o, 'g ]
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(v) From the above poiats. the graph is f (v), and passes (0, 0)

through increases to'co at x=1, then f(x) decreases to y=—2
when x =0 to—o0, "

Aqain f(x) increases from —0 to —2 when x=i+to co.
The graph is showa

Yl |
- x=1
X X
s 0
y=-2
Vil
Fig 30

Exercise 11
Show that, ../
\.1 lim /(1 —;’~.1:}---—l___.0 i lim nl4n—y 1
x=>0 J‘-'!-' i n—>* 32kl — 3
, lm T )= x)=0. 3. lim (27431 =3
X =0 n=» 0
Llm e (2R
x= 2x—J (24232

. ]
v D 'tl".:‘ir;‘; 5 < M
- lim [ x—1 -3 / im x'—q s "

x=> 1 x—1 g x-if x—a
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lim 1 lim tan x—siny 1
7. l—cos x_ _° SN S
aF T = S'x—m » 2
linr  sin 5x lim 5x42 :
; — =5 18 =
? x=37 sin 6x 26 [ X=»C0 Ix+ 7 0P
ir linm  x*=2x43 o e lim tan x_
x> oixtd -5 x=>) x
lim e lim 1—cos
13, Jx+1) I:-_:_ {4 2 &
x=30 X 2 x—>0 x
. LA P
15. lim ______x‘:’=-4x+3 __I. 1506 Lim € el
x>3 x?1-2¢x—3 2 7Ny o4y
16. Find th2 following limits Skl tabute)
: flim sin x B e
() S Ans. 0 D
lim 1 i3y ) 2
o & e Ans. not exist.
(D x—=0 x el
lim 1 . ;
TR Ans. does not exist
i xsa J——gljx-n
lim ]
. Ans
(iv) el cos ——
lim 1
v . ’s' L]
) a2 ¥ A
5 lim 1 4557 415,
o) x—=0 X
Ha —1% ¢
e / Ans.
{vii) F0 %
D [ s
(i) T e »
(%) lim s Ans. 1
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lim

17, Show tl:ht —!- does not exist
Toel X

18, Show that

lim 2t=og and draw the graph ol' Ihe funcuon.-
X—>00 : .
/1. Showrnat B B0

20 By(3,0) deﬁnmon prove that

lim x2emnt :

x=1 x=1

21. Use(3, e) defisi ion to s‘how'-'thgt :

=2

fim  S—3x+Tm9 -
x2 e :
|22, /For f(x)=x2—2x~8, find a 3250,
such that whenever 0L [ x=3] <8
then [ﬁx)+5 | <& when (a) g =1/5 (b) & =0.00%,
‘Ans. " 1/25.0.0006
23. Find the limit of th: sequence {an} for a,, as de{ined n
such cate i
men—1 i il - :
1) m‘ . . . vl vl 3
(i) dn=-£n— L ' Al Ans. O
() deelboR el o
(iv) ans%"%‘.- EL ) . - Aps, O

() Ifo<r<l, thealim  72=0
I | n>%® i

‘(b) 0.9, 0.0, 0998

RN ® % %5 V) L3 V> S

b Find lim f(0) and lim f(x) |

Dlﬂ'crcmul Ca.lculus A s 107

__(Vi) 4“*7—:05 5 ¥ _IAn:' 0

24, Test whether a l:vmt exists of the followings equences.

_(.1) l 0,1,0,1. l—(—-l)ﬂ Ans does not en;t.

. 1—_13: . . Auns. l_
TR
5 4, s '-—-—'
e wr e i
_('d}-2",_5}'2,8f3-,‘_1/8, 1_4rs C L O YRS
I : LN AH‘.O
25  Consider the real fanction defined by

342/n Ans, 34

)

4. Find lim f(x) and lim fx)

ox= kL x> -1

D. Ul !984
X=>—l4 x-1— /

¢ Find lim f{x) and lim f(x

X=> ko X=>—o

d. Fiad f{x) and the jnterval, waerc fix) increasi 8
e . sketch the graph of f

26. lim (9 =/-lim ]j‘(x) | =11]
X—>a

'The converse will not be tru-. Establish it with an example.

27, If fix)=x, x is rational

mm—Y Xx i3 irrational
Shew that lim f(x) exists enly when a=0
' C o x-»a :




Continuity
CHAPTER III

3. 1¢ Continuity ¢ In grdinary sense continuity means
something s done without any break., For example if a buy runs
for half au hour without s:0pping anywhere, we say that the bov
1as run Coitinuously fot half an hour, If, however in couibe of
half an hour runsing, ths boy meets 2 ditch ( say ), then he has
neither to stop or 10 jump the ditch to continue his Tunning ; In

both the cases his running is discontinuous over this interval of

half on hour.

Mathematical definitions of continuity and discontinuity
are as follows 3 !

Continuity ¢ A function f (,r._;} is said to be c.ntinuwus at
z=a, if the following conditions are satisfied

(1) a & D; (thatis, f is defined at )

and (i) lim f{r) =7 (a).

x—>a

If any of the above two conditions is not satisfied, then /')
s said to have a diseontinuity at = — a.

4. 2. Cauchy’s Definition of continuity :

A\ function f(z) is continuous at 2 = 4 if Ha) is defined and for
as.eall positive mumber g, a mumber 3.-0 can always be deter-
mined such that

| o) —F () | -~ € whenever | rgu \ S3ora-32r<a+s

3. 3. Discontinuous Functions, fafony oiome)

A function £ is sa‘d to be discotinuous for r=a if £(2)

does not satisly any one of the conditions of continuity in .\rt,

3.2, Thatis if_,(‘{‘{:; is not finite at r =g or, Lffuf(,z:) does not

exiet =30
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or, Lim f(x) s f(a) then the function £ ()
=30

is said to be discontinuous at z=g

~ Different classes of discontinuities have been discussed in the
next Article,

3.4.  Classification of discontinuites ( fafigsely sty )

The discontinuities are (1) Ordinary discontinuities
(2) Mixed discontinuitics, (3) Removal discontinuities, (4) Infinite
and (3) Osciflatory discontinuities.

(A) Ordinary discontinuity or, discontinnity of the first

kind ( nigt34 cerg@s! )
If the function f(z) has finite limit but
Lim fla+h)s Lim f (a=h)#f (a)
k=0 -0

the functi 'n is said to have ordinary discontinuity or disconti-
nuity of the first kind at 3 =4

(B) Discontinuity of the second kind.
If the limits of /(). '
Lim fta - h)and Lim f (a—h)

f=31) h-—-}O

do not exist for +=a then f(2) has a discontinuity of the
second kind at = = 4,

(C) Mixed discontinuity s (fae (&FYEFs] )
1f one of the limits of f£(z) exists then the discontinuities of
the function ' (z) at .z =a is called a mixed discontinuity.
That is if Lim f (a +h8)= fi(a) but Lim f (a—h) #f (a), then
h—0 =0

f(z) is continuous on the right but it has a ordinary discon-
tinuity on the left for v=a. Similaily
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i€ Lim f(a—h)=f (a)but Lim f (a-+h)sf (@), then
= b0
i (z) is continuous on the right at z=a

Such types of discontinuities are called mixed discontinuities

(D) Removal discontinuity (qu'ng ﬁqq\gmﬁ )

I Lim f(a+ ) =Lim Sfla—h)# f(a)
h—0 b0

then the function f(.:r.) 1is said to have a removal dlseontinulty

for z=a.
(E)- Infinite discontinuity ( e cegFel)

If both the limits of f(z) ate infinite, the functlon f (a) has an
infinite diecontinuity. Thatis

if Limf (a+h) and Lim f (a—ﬁ) tend to -|-er. OT—cx then

k=0 B0 ;
f(z) is said to have an infinite d:scontmuny al z = a.

Ex. 1. Prove that the function f(z) --|szn z is continuous for
every value of z.

sin z isdefined for all values of z.

Therefore D;=IR = (—, «).

Forany z € IR, ;

lim f (z+Hh)=lim sin (x+b) =lim (sin = c::oslI +cos z sint )

h=>0 b=>0 k=0 :

—sin 2. lim (cosY) +cos z. lim ( sin®)
h—0

=gin z. 1+cos zx 0=s8in z=f(z).
Hence f(z)=sinz ie continuous for all real valus of z.

Ex. 2. Discuss the continuity of the function

1
f@ =5 at z=0.

Since —]6— is undefined, lherefo:e £ (0) is undefined.
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Hence f () is discontinous at z=0,

- Ex. 3. Show that f(x} =cg§ -;—-!:as a

discontinuity at x=0.
0 ¢ D, sinoe—g-— is undefined.
Hence f(z) has a discontinuity at z =0.
Ex. 4. Examine the contmu;ty of the function f(z) at x-—%
where
f(z)=3—2z  for Ogz<},
f(z)=—8—2z for z>3.
Clearly § eDfand f @') =—3—2(3)=—6.

Again lim f(!—--k) =lim[ 3—2 (%-—-h) 1= 0

k=0 Iaqo

h>0

lim f(3 +&) =lim [‘-3—2 (% +H)]=—6.
h=»0 h—0 s
k>0

lim f(§+h) =f(3) =—6 lim f (§—F), where h>0.
h—0 h=>0
Although § € D;, the limit f(z) does mot exist.

z->§

Hence £ (z)

is not continuous at x =§.

Ex. 5. Show rh:t the function
J(@) = fo: x:&a
e < ) =-ﬂ forz=gq,

. has a removable discontinuily at z=a.

By removable diseontlnn}t: of f(z) at z=a

We means that f(z) is discontinuous at z=a and continuous
at any sther values of % € Df with lim [ f(a+1) =—f(a-—-b)] finite.

. =0t




112 ; Differential Calculus

Again lim [ f(a+ k) —f(a—1) 1=lim [(2a+})—(2a—h)]=0 ,;

I, is the left hand limit of f(z) as z—>a, then f(z) is said to have
an infinite diacnntinuipy at x =a.

Continuity
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Now lim 1+ —f(A—k
The numbex ¢ may or may not belong to Dy. h-)l!if A+8—f(1—h) |
We have, f(a) =0 =2a € D,. (h=>0)
: (=144 —1 = " 2
Again lim f (z)=lim .1:3:-a =lim (z+a) =2a. =lim \ =1 f':: | (____h_)__..’ =1lim }_—}Tlﬁw .
z-sa z-3a z=a 550 Lo

Hence lim f(z) exists.
z—a

But lim f (2)# f (a) .

z=>a

Hence the discontiniuty at =1 is infinite.

Ex 7. show that the functim
f(@)=e/*

has an infipite discontinuity at 2= 0.

since f (o) =e—¢ is undefined, 85 f (z) is.discontinu~us at

. f(x) isdiscontinuous at x=a.

A R Y, 52 o
(#>0) . i Now lim | f(05) /0 -1 | e
! I - g I g i * e . ik 3 - "|' b YUW f(ﬁ+h) -—-f(ﬂ -k ulim e h --a h
" which is finite. Herce the discontinuity at x=a is removable, ! . _ ) 49t I |
! N 3 . 0
Ex. 6. Show that the fupclion (:>0) = . °f_°:| = [0—w | =
f(2) = "““rf Hence f(z) has an infinite discontinuity at »—0.
r—

Las an infinite discontinuity at 2 =1. (F) Oscillatory discontinuities ( CRIZEINT cERgze] )

1f f(z) is discontinous at x=a-

and lim [ f(a-+ 1) —f(a—h) 1=,
h=0 ' . !

Limis | l—l | =« wherel is the right hand limit end™

:f
L

A fanction f (z) having a discontinuity at a point &= ¢ may
oscillate finitely or does not tend to a finite limit or to o

0rl—eo 38 £ tends to infinity. In such a case, f (z) has an
nscillatory discontinuity at zs=q. '

Ex. 8. f(z)=sin %- oscillates between—1 and 1 and more

rapidly as x approaches zero from either sides. f(&) os:illates

linitely at z =0
Since f(1) ﬁ:{} is undifined, yatz

Ex. 9 fa)= . sin —* the function £ () oscillates

is not included in the domain ) r—a . z—a
e i infinitely as £ 2. ;

~. f(z) is discontinuous at x =1.
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3. 5. Properties of continuous Functions (ﬂﬁ&t i [THY '
Q4R 1) "

(i, Tne sun of difference of two continuous functionsis a
continwous function over the intersection at their domains. '

Let f(x) and 9,2) be two functions of = each being continuous

at z=a. Then
lim f(x)=f(a) , lim 2(2) = § (@)
r=»a I=ra i
Thus lim {f(z)=9(z) }=lin f(z) =lim ¢ (@) =7(a) L %(a)
z=>a z—>a z=>a A

Hence f(z)4-9(2) is continuous at z==a ]
We can extend the theorem for any finite numbez of functio
(i) The product of two contizuous functions is a contin
function woer the intersection of their domains.
lim {f () ®(%) }=lim () lim 9(z -=f(a) p(a)
T=ra ) x—>a 1=3a :
Where f(z) and ¢ (x) are two continuous funct’ons at 2=
and a eD; nDe.
(iii) The guotient of two coatinwous functions in some
domain is also a continuous function ir the same domainif’
denominator is not zero anyihere in it. |
Let f(£) a=d 9 (x) be two continuous functions at x =a w ]
aeD; NDe. E
N A Jf‘.f_)=( %_;T"J}ﬂ )_fa)
z=a 9(x) (m) ? (@)

I=ra

if ¢ (o) 0.

Hence _f_(.x_) is continuous at r =a.
PUT)

i |
(iv) Ifa function is continuous in @ closed interval, it
bounded in ihat interval. '
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(v) A funetion which is cotinuous in a closed interval attains
at least once iss least upper and greatest lower bounds.

.(ui} A continuous fuunction which has opposite sign at twe
points meets its domain vanishcs at least once between these
potnts.

(vis) A continuous function f(x), in the interval (a,b), assumes
at least once every value belween fia) and f \b), it being supposed
that f\a)#f ().

(vis) The converse of this theorem is not true i, e, a function
J'x) which takes all values betwsen f(@) and f(b) is not necessarily
continuous in the interval (a,b). ' :

3.6, Continuity of some clementery functions.
(1) The function fiz)= z* is contiruous for all. values of z

‘when n i any rational numbes, except at z =0 when n is negative.

Let us investigate tiie continuity of the function at z = a.
Lim fla+hb)~ Lim (@+h)>=Lim «*(1+-hla)”

k=0 h=>0 =>0
(h>0)

S ot —1)h? ]
fl-’;n:] a“{ 1+nb!a.+%m g }
Lim f(a-—h)=Lim (6-—h)*=Lin a"(1—h/a)"
h=30 h=»0 =0

(h=>0)
=Lim a*(l—nh/a+- ...}
k=30

Also fia) =a.

Hence Lim f(z)=a®=/(a) for all values of # and & except
z-a

a=0 when n is negative,
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When # is negative say n=—m, where s is positive. Then
#% =2 = (1/2™) which is undefined when »—0

Hence f(z) =27 is continuous for all values of z, except at
z=0 when 2 is negative. "

(i) Polynomials are Continuous ( wifefowy agea))
Letflz)= ayro+ g, an—14 4 a,_1x+-a, be a polynomial in »
The polynomial f{z) is the sum of a finite number of terms
containing only positive integral powers of z. In the article 3.6,

(i) wesee that Zim 2 is continuous, Thus by repeated appli
x=>0 |

cation of Art. 3.6, (i) for the terms of f(z) here we see that
each term is continuous, :

Hence the polynoimal is itself continuous for all values of 2,
(iii) Rational (mirgeitf%w) Algebraic funetions ave Continuous.

Let f{z) and ¢(x) be two polynomials which have no common
factor and ¢ 7)< 0 | :

The rational algebraic function "

R(z)= L2,
(=) S Ple)#0

If f(z) and @ (x) are continuous for all values of z then R(z)
is also continuous for all values of 2 except for those valves of =

which make $(2)=0 4, e., for these values for which the denomi-
nator becomes z-ro.

(iv) Exponential (;g5)x) funetions f/z)=e=

Let us investigate its continuity for any vaiue of z say 4. Then
a+h '

Lim f(a+h)=Lime

fi=»0 =0

5 h2

=pg? [in ( 1-!—-,&.}-—@—--}-

h=»)

=e*Lim et

h=>0
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Also f(a)=e?
Hence Lim f(a+h)=fla)—=e*
h=30
Therefore ¢* is continuous for all values of z.

{v) Legarithmic Function

Let us consider the function f(z)=log z=ln z, 2>0

Now we are to investigate ils continuity for any vlaue of

z (z>0)

Letlogx=Inz=y, thenln (x4 D)=y 1k

or, z=¢" and zt+h=e '™ [, h=(z4h)y—a=erh —p7
If -0 then k-»0. Bute? is continuous as in Art. 3.6 (v),

Bo by definition of continuity 8.2 (g).we have.

1t | B s <1 131 0

Hence log 2 =1n z is continuous for all positive values of z.
When 2<0. the function log z=1In z is no* defined.

3.7. Infinitely small quantities or Infinitesimals. ( wy)
Definition 3—An infinites’mal is a variable quantity whose

limit is zero.

Comparison of Infinitesimals.

Let « aud £ be the two infinitesimals
() Infinitesimal of the same order.

im (g
If Y ] lﬂk?‘of
0 (u ) conslan

then « and £ are called the infinitesimale of the same order.

Ex, 8. If ==, B=sin z, then
Lim sinz

smibr {1 |
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() Infinitesimals of different orders
If Lim ( B ):0 ; that infinitesimal 8 is called an infinites-
a0\ «
imal of higher order than <

1f :i-n:o ! -g—) —d, Bisan infinitesimal of lower order

than «,

(¢) Infinitesimal of the nth order:
An infinitesimal B is said to bean infinitesimal of oxdex »

with respect to the infinitesimal &

If :i_t’nn 1’% = k0 i. e., @ and 4= are of the same order. |

(d) Equivalent Iofinitesimals.

lim
eyl e |
then « and B are called equivalent infinitesimals, g
(e) lf«and B are equivalent infinitesimals, their difference
{¢—pB)is an infinitesimal of higher oxder than that of « o1 B,

2 I a«—B lim TR MR iy o5
Proof g df{] (T )"‘_’0(1” .:L—) =1-1=0
The result follows from result (b)

(f)y A quantity which is the product of‘a {inite quantity and
an infinitesimal of any order is an infinitesimal of that

order,
i (5}}*:1, a finite quantity.

Thegefore A« is of the same order as « [by ()]
(§) Principal partof the Infinitesimal.

An infinitesimals g of any order may be splitup into two
parts one of which is of the same order as the given infintesimal
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« and the other is of higher order. The part which is of the
same order as « is called the ptincipal part of the infinitesimal f.

i lim (B \_ lim A<tk lim /AR

=0 \ « £—=0 < =30 o )
— A as k vanishes with <.

The Principal part of infinitesimal 8 is A. Thus the prineipal
p‘at.ts of.ﬁ is obtained by multiplying the infinitesimal by the
finite limit of the ratio it bears to the infinitesimal =,

==f1"."'

Ex. 9 Show that 1+ 8in%<--cos « is of the 2nd order and
its principal part (3/2)%2

Lim 14sin’« —cos « _ Lim  (1—cos4)+4 in’z

«~+0 2 =0 <2
i Lm{ 2 sin?«/, sin‘g"}

"‘"‘0 o2 5 FY

Lim

g sind/, \2. Lt sin4 \2
,,,..Eo { a/y }TG-DD( o )"?"'1_2‘3

which is finite and non-zero.
Therefore 1+ sintxc—cos < isof 2nd order .7, « and the
principal patt is §47,
" 3.8. Differentiablity of a” function ¢

A function f (z) is said to be Differetiable at z=a ifa+h
and a both belong to the domain of fas h—>0

lim f(a+h)—f (a)
il h=>0 k
we write.

£y = o (et S @

prov.ded the limit exists.

exists,
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if lim f(a+b)—f(¢_=_)_= im f(a—h)—f (a)
=0t h b0 k

or, lim fla+h)—f(@) 1p. tun ction f(x) is differentiable at
h=>0 h

-
2.9. Fvery finitely derivable function is Continum:s._
Let f {z) be differentiable at z=a i. e,

lim f(@rh—Ae)

Fldsts g~ T e,
e lira [ f (a-h)—F (@) }=limb £ (a]=0
L=>0 h=>0
or lim f (a+h)=f(a).
h=>0 '

Hence f (#) is continuous at z=a,
Note ¢ Lin f (a+h)=Lim f(a+h)=f(2)
b0 + h=30—

or, Lim f{a4h)=f () f(2) at v=a is Continuous.
h—

The converse of these theorems is not necessarily truei, e
function may be continuous for a value of the variable in an i
terval but derivative at this point may not exist. This wil
be shown with an example. (B=fabw Sssronz ReMe 78
eI ATE ZC® AT | 9% BIYNA (T BIAIEIEE @R [
aRfan z3ee (R fimre Bey femrcafme #ga ave a1
AT 1) ! .L

Ex. 10, Consider the function, D. U. 1983
VV_J‘ @)=z ; 0=sz<] N U199

=l—g23 js52<1 f _
1s the function cont'nuous at z==} Is it defferentiable

atz=¢. .
(4

J7(z) does not exist at z=0,
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From the conditions,
Lin f(}—-h}=Lim =B =Lim (A—h)e
fi=0 Ji=30) Al 13—10 Akl

(A>0)

Lim £ (L4 p) - Jim [ 1 — (2 =li —h)=
i G+n k-l-f?) [1-G-+b) ] ﬁl—lftl) (g—h)=4
(A>0)

Also fd)= 1—3=4 _
Thus lim f(3—h)= Lim (+h)=f Q=3
=30 4- Ch=04-
Hence the function f(%) is continuous at z=3.
Now L and 44k as h=p0-t. belong to D,
o Hm ALy i ) g
Aain, W8 LEHBAD M 1G4t

= ==1...(8)
(h>0) ot |
4 lim f3—m)—d) lim f—h—1 _
Aa>

Thus right hand limit (a) and the left hand limit (b) are not

z?ua]. %Hence S (%) does not exist i.¢. f,z)is not differentiable
=

Note ; If £ (z)=2", (0 <n< 1) f(x) is comtinuous at z =0, but

when.

fZ)=+v [z | 220

Ex. 11. Test the continuity and differentiability £ ) at x =8

==V Ilz|iz<0

We have Lim f(0+h)=limy [0+ h | =0
h=>0 k=20
(h>>0)

Lim k=0

(h>0)

L O-h)=Lin— | —} | =lim v | hi=0

h—0 =20
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. lim f0+R)—f0 lim h| —0
Now &y (0= 150 AOEBLO) 0 IR0
(6=>0)
lim & lim 1
“ha0 h "0 VE T

Again
m»g —h)-—f!g lim — | =h] —--_D
A= B0k T
(h‘:>01
lim oh

b 2" NS i
R (0)=Lf (0)=co Hence f*(0) exis's .....(V)
Also £(0) =0 from the given conditions
Thus f(0+h) =f(0—h) = £(0) =0.-. ()

This example shows that a function having an infinite deriv-

atiyé at a point may be continuous at that point,

\/;Ja 12 A function f(z) is defined in the follnwmg way.
f(z)=0 for 0L =<3

=4for =3

=5for3<cz =4
Investigate the continuity and differentiability at 2= 3.
we have lim f(3+4h) =lim 5=5 ;

b=»0 (h>0) h—0

lim f(3—%) = lim 0=0 :
h-0 h—0
(h=0)
f(3)=4
Thus f(3+ h)Y=£A3—h)££3).
Hence f{z) is discontinuous at z= 3.
Now lim f(3+h)—f(3) Lim 5—4

h=>0 h SRR TR

(h=0)
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limy f3—h —£(3 Irm 0-—4 Lim 4 o
(h>0)

RfF (3)= L_f'(3) « i e. £ (3) exists ......(3)

This is a falacy. ‘c0* is not a finite number. Had it been a

a finite nu nber then we would have, {rom (i) and (ii).

Rf'(3)=ﬂ and Lr(?;)-:d:-:
= Rf (3) # LF(3),
that is, f(3) does not exist,

Hence fl.z) is not differentiable at z=3

Bx'is. It fir)=13 z<0
B e =ltsinz, Ogz<iw
=2+(@=m? ; fz zin

Discuss the conﬂnum ‘and dlﬁenentlubihly of the fwctmn

at z=n/2,

Now Rf (4m) =lim £ (§ n--h) =lim [2 +{ (3= +h) —im]?] =2
h=»0 (h>0) h=>0
Lf(gw)=lim fijm—h)=Lim [1--sio(gn—h)]
h=0 (h>0) h=s0 .
' =lim (1+ cosh)=2
h->»0
Also f(3r)-=2 +(ix—~1)2=2 :
. Rf(@@)=Lf ) =f (dr)=2.
The function f(x) is continuous at=m/2

- For differentiablity.

Rf (im)= - '
Lo Grdindin L 4 ere Fh—im—( 2+ (Ir—im)®
B0 " = p=0 A
th>0

8 -
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lim h  lim h=0 Ex. 15. (a) Draw the graphof the funetion
“h=20 "4 he0 (e N.U.199
Lfam m f(3r—h)—f(i=) lim l4sin{dsn—h)—(14sinix) @)= 2 | \9 7
3% = hes0 —h >0 =k v kel o ! .
(h}O) : ) —T-r ( !
lim 14-cosh-2 lim (1—coshh lim 2sin®b/ z
“h0" —h  —h={ “h=»0 e for >0, -|—— T TR

Thus Rf” (%)= Lf" (1=)=0 i for =0, f (o) =8 50 the function Js not defined at z—1.
Hence f (2) exists i. e., f(z) is .rliffezentiable at r—=1im - Hence f(z) is discontinuous at z=0
Ex. 14, Show that " | Y=Fx)
J(z)=x? sin 1/ when z#0 _

=0, whenz-0 The graph of the fanction 0
is dezivable at z—0 Also find f~ (0) is shown in fig, 51 ety
'_Ex. IE; D'mv ﬂ#a@bﬁ fmction . i F'is i

g (xd )“:- e is discontinuous at z=0
_._-__0+++0__-0+++ Rf(0)=Lim RO +h)
} | f > X h=0
4 2 3+ : (h=>0)
_ : Fig. 50" : Iim% =Lim /P =800 —«

From the above sign graph we see that A0 h=0

y=0 for 1<x<2 and for x23.

y is imaginary for x-<1 and for 2< .z <3.

Therefore the graph of

y=v(x—1)(x 2) (x-3)

has two branches—one betwen 1 and 2 and the other for x> 3.

L f(0)=Lim f (0—h) I g
=lim 3 = F-d =)
h=>0

Eig, 52
R(0)# Lf(0)
Now f(0)=23% which is undefined since 1 is undefined.
So the function is decontinuous at z -0
Also note that £ (2)->1 as 2> w0z —w0»
"he graph of function is shown in fig, 52

_we may form a table ont of the values of x avd ¥y

il | A2 Ty T L) e T A LTS8
y1O0] +4 [+56 | 6] +05+ 3] 0] gl +24] +45
The graph may now be drawn
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y=1, ¢/3/2,1/42, 1/2

i, e, sin (1/z) decreases eontinﬁously from 1 to 0 with the
increasing values of z form 2/x to .

Ex 17. Draw the.graph of y=[x]
where [z] denotes the greatest integer positive or negatwe

} ut not numerically greater than x.

The function y={z] A
A L g
is replaced by following statements For = —, _2_’ . —%—, _2_, a2 18
: n’ In 3n ' 4m Sm® 6m ° Tx’ Br
y=f(x)=0; 0=z>1

i | - 1§$>2 3’—_—1. O'_J"ﬁ'—l 0’ -—1. Loveviaeas '

=9 ; 2= x<3 .Thus sin J—Oscilhetes between

~3: 32z<4 | it |

and so on. (1,~1) and (—1, 1) for the values of x in the intervals

(2/m, 2/3m), (2/3r, 2,5m), (2/5m, 2/TR)...{2/2n+1)x, 2/(2n—1)=}

For negativ= values of z. h y I Ml
where  is positive integer.

y=f (2} : . _
B P Y 1f nep then x—0, !bnt y does mot tend to any finite linmit
el A ] epe but oscillates moxe frequently between--1 and—1 as z is nearer.
=-8,;-332<—2 — to zeso. '
«nd so on. ' o, f k.o e A Now combining (1) and (2) we get the nature of the grerh
i b e izl il it ! of. positive values of z only.
In each zase we have LM
& ! p— .
e xeluluded lbq':- ‘Tight hand ; E ' ; Again f (—z)=sin (—-' ":__)m-—sin _3:1__=_f(x) 80
end points, . The graph g "_‘l ;
consists of some line se- b sin ( T ) is an odd function and its graph is symmetrical about
gments as shown in ihe |
. the origin,

figar. 53 Eig. 53.

: Note : y=[z] s sometimes called a step function.
Ex 3 18, Draw the graph f the function y=F£ (z) =sin 1/x
=nd show that limit does not exist when = tends to zero.
£ (0)=sin (1/0) is n~t defined.
For all other values of z, sin (1/c) exists. Let us investigate

~§n,

4.e nature of the graph.

2 e g
For w2, 3,020 L Lm }_,,...,.,m
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#x. 18, (a) Draw the graph of the function
' ]
y=008—
e

The graph has a discontinuity at =0
2le=i2] 1]23131 1381#1 -
yI[0[=1[0 [I[ —1[1]-w

For ;gs(z‘?: ), y=0 when n=-0, 1

For the values of z in the mtctwl (0,2/3) » osc:llatcs freque-
ntly between 1 and— 1 but never becomes zero.

For the values of x in the intervel (3, 2), the values of y-
g1+ dually decreases to y=-—1 and then-increases to 0 when z =2.

The graph is continually increasing for the values of z m

(2, ») while » increases from Oto 1. ms—; is an even Iunc

tion., So similar graph will be obtained for the negative values
of z. The graph, has a discontinuity at « =0.

Ex. '19. A function f (z) is defined as follows.
flx)=z,022<1
=1, z=%
=1 —u2x, <<l
Show that f (z) is discontinuous at z=1 R, U. 1964
For d<a<1,f(x)=1—z ;
" Rf()=Lim f(3 +h)=Lim [L—(}+h)]=14:
h-pD h—30
(h:-9)
For =z <3, f(2)\==x.
. Lfih)=Lim fii—h)=Lim (3—h=1];
hes() h=30
{th>0)
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also f(})=1 (given);
Rf(})=Lim (D#/(})
Hence f (a7 is discontinuous at z=1.
Ex. 20. If each of f(z)and g (z) is continuous at T==a,
show that.2f(z) 4 3g (z) is continuous at r=a.
As f(z) and g (z) are continuous at z=0, then
| f@)—fta) | <€ - o ()
" and | g(a)—g@) | £ & o 2
for 0L |z—a| 53
Now, | {2f(x) +3g (2)} — {2f(a)+38(a)]}
S2 | A2)—Aa) | —8 | s(a)—g (a) |
<2%,~3e;=¢ 01 0% | z—a | <3
Hence
Lim (flz)+3g@))=2f(a)+35 ()
z=>a
Therefore tte function is continuous at x=a
Ex. 21. A functions f (x) is defined ix an interval [0, 2]

by formulae f(z)=z when 0 S2£1; f (z)=2z—1. when
l<z=s2

Show thatf(z)is continuous at z=1 but 1) does not
exist. Draw a giaph of t* e function.

Forz=1

RAQL)=lim f (14-A) bim [2( 1+ h)—1]=1
k=0t k=20

LAQY=lim fil—b)=lim (1—h)-=1
h=0* h=20"*

Again f (1)=1
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Exercise | (C)
am
| h—0

lim
= O+h| =0
JO+hy =, | 0+ h| cach.

What aveihe types of discominm;tics,'gire exXamples of

gl =0 2. 8 ‘ ;
% _}ﬂf O-h=, | 0-h| : how that £(7)m | [ is every where continuoys,
Thus LflX = RAiX = f0) = 0 * Show that 2241 is continuons at yes2
Hence flx) is continuous at x= 0 4. A function is defined as follows
For differentiability. f (Z)=cos x for x
Him  f(0+h)-f(0) _ lim |h|-1 m - h . =0

h— 0 h h-»0 N "B 0h -
B fo-mede) W ) oh)-0 Em o B

=-=—C0s x for 20

Is :
shacdon x) conti -
Aty B haDT 78 h- 0-h P -'ﬂ_) RTAONS AL 2aml
Thus Lflx # R at x= 0 ' E‘a"’:“ “‘; °°"E’i“““y off(x)m 3 at x=3
L5 F( is not differentiable at x= 0 () ~ShowChat gtz SN DR T . o
Hem?c (x) is ] Kot aln'ﬁgun{:io.hlel ai?! C‘Ls c"'*{"-”ufﬂ‘ll_-ﬁ-hyﬁ
_ oy tial coefficient of 6. Showt o )
24. Find the differen ‘ | hat flx) == has an ordinary diccontinuity
fid = |x|+1 at x=—1 an at o=, ' :
What is the domain of f~ ? i 7. 48 2 Lim '
28. Check the conténuity of the function ; oW that f(x)= T hags “Inx is discontingous
fid =0, — &<x<0 ) | ; ! i
. [}/ :0
st Geksl CH. 15 8. S)=e¥/x for x+£0 and =1 for veg i
X - .
Ll A Show that J(x) is discontinuoys at x=0,
A 9. f@=( +2)yx when 220
=g2
2% Show that f(x) =[x+ pe-1]is continuous but not ditterentiak “ when x=0

at x=0, 1 (41e @, f(0) = |x] + [x-1], x=0, 1 R -
SEAFAAT T0R) . . /
2§. Show that f(d = |x| + |x-1| + |x-2] is continuous at x =

Is f(x) continuous at x=0

10, Test the continuity of the fanction at x=0

1[:2

) fx,- -s-_...___

1, 2 but not differentiable at x=0, 1, 2 ( PEy when 20
(6 @, fl = |x| + |x1] + [x2|, Sfifeg x =0, 1. 2 RQE !

when x=0

- i 11. Show that f(x)ex?, . . y2]

28, Show that the function L
f@=20 1 x#0 a

¢ =0 ) X=0  is disconkinaws at x=0

See APPENDIX ror Unifenm Contenuiity

"
-*_’

_x=l is ‘discontinuous for x=1.

See APPENDIX_Um}orm Corz}:mw;ﬁy o
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134 Continuity : '  Differential Calculus 13
a; ‘I'j
: 19. Examine wheth —1/x )
sin?( ax) er or not € /* is continuo
2 ¢ f(x)= ——— for x £0 g us at x=0
12, Prove tha AX) = # | 20. A function f(x) defined as follows
=1 for x=0 i ' f(x)=x sin (1/x) ; x*0
: =21} i
is discontinuous at x=0 unless a=1 : o
el Examine the continuity and differentiablity of f(x) at x=0
{3, Examin the continuity of i Show ghat f(x) does not exist at x=0 il
f(x}ﬁsin'(llx} at _x—‘Q. ‘5{‘" R. U. 1965 21. Prove ‘t-.hatl f(x)g)'; sin l___ X#O
| 14. Disci.:ss whether the function defined as ] 5 x
_ ! $ = x=0
fH=14% x=0 ] is not continuous at x=0, Can you red
. » fl
=0, %<0 is continuous 4y Hiem0.'" | Ans. DO continuous at x=0. you redefine fl0) 5o that f2) i
15. f(x)is defined as follows : 22. Let f be defined by fio= § | x—z L. iexass
. : X— :
Lt nelio _ . Discuss the continuity at x=3. Find the domain and range of
. f(x). Draw the graph. C. H. 1983

lim ﬂx) lim ;.;.'._3
=1; [~ (x—3)20])

S

C . me—3% x<0 / :
i - - - -. ; = x )
Is f(x.) continuous at=0. DOEs J7(x) exist .nt x=01i :m: f(ncl b Sl =
differentiable at x=0 1 A i i
! 16. Test the continuity of i .:' R i3 —...._x:a-c_1 ST i
f(x)=sin (r[x) for x#0 1 For ye=3 Wi
=1, for x=0 { .'I;t;)==0 . 3
. _ e _ .
at the point ¥=0 1 m f(x)7=lim f(x)
at x=4 1 B2 - xedde
| The function f(x) is not (3’1)
0] Ao—

g functions continuous

17. 1s the followin
f)=4x+3 for x>>4 and for x<4 1 OO tE AL ¥an3
| For |x=3|>0, |x—3] - 1<Go)
»

!

=3x+7 for x=4 2
. “ - —
18, Examine J(X) poscsses first derivative (f(x)]at x=0 §
when f(x)=0, x=0 | r=fx= [x=3] _ x—3 A 10 9(3;1)
’ | x—3 x—3
(3 ©)eDr 4 licRe
I Fig 55

1 ¢
- e




136 ‘Continuity
For | x=3 | <0 | x—=3 ] =-—(x--3)
y= ' x—3 l =—]
x—3
(—,3,) €Dy, {—1} CRe
For z=3, f(x)=0. i
Thus domain Dy=(—00, )N {3}V (3, )=
Re={—1,0, 1} :
The graph does not contains A (3, 1), B (3,—1). It contains
two line y= |, y==1 and an iscolated point (3,0)
Miscellaneons Examples
{ on functions, limits and continuties )
1. Give examples ofa function which is not continuous at

the origin.
(a) : Let x be the name of 2 huy appearing in an examiration

and y be the roll number of boy x. Is the relation between y and
x functional ? _
(b) Give examples
(i) Divergent sequence of real numbers.
(ii) A function which is not defferentiable at the origin.
2, Explainthe significance of the statements =
4 fe)=»I as X=»a
(i( f(x)=>>= as x=»a
(iti) fx)=»l as  x=>%
3. ‘Explain the significance of the statements 3—
(i) f(x)isa function cf x ia the interval (a, b)
(ii) f(x) is continuous at x=ga.
(iii) f(¥) has a differential Co-efficient at x=a

Differential Caiculus 137

4. If lim fix)=1 lim g(x)=m
xX=3a X=3a
Show that lim {#(x)+ glx)=I4+m
X~>aq

5. lim f(x)=l; lim g(x)=m

X=>a X=>a
Show that lim S(x) g(x)=Im
X=da

6. Show that if f (x) has a derivative at x=a, then f(x, is eon-
tinuous at x=a, but the converse is not always true,
R. H. 1964

7. Prove that continuity is a necessary condition for differ-
entiability but not a sufficient one. llustrate your answer with

an example. R. H. 1988

8. State any one of the fundamental proparties on a continuous
function and show that there is one and only onz pasitive root
of the equation x3=2 by that prperty.

9., A function f(x) is differgntiable  for every point of
definition, What will you infer from this statement

10. State any one of the funda nental prop:rties of a coutin-
uous function other than used in proving Rolle’s Theorem.

13, Let f(x)=sin (1/x) wh2n x40 and g2(x)=xsin (l/x) when

x#0, prove that lim f{x) does not exist and lim g x)=0

X=»0 x—>0
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12. Show that the limits of the fo]low!n_g
lim x—sin x cosx

) X0 3% ks

.. hm  xex—log (14-x)
Wl o0 x?

S 71 s 1—tan x 1, (iv) lim sma_g
{ ——— O — ——
v x=p37 l—cotx - i G-bo 8 6

R. U. 1966 -

=3/2

AN . Hm
(m} x_'m oy Sin X== v Y N

1lim J(2x+1)--3 2J'2

(vii) x=24 1 (> (x——2)—J' 2kl

HAT

6 < * li‘fx)— 1,x<3

sin x
g B
Farl'what value of v the function is defined 7

14, Cite an example of a bounded function in (1 -—-l) whnch
is discontinuous at the single pomt ==y,

15. Show thatf(x) (J:—-a) sm 5?_- for x+£a
o' | for x=a
is cor-tmuaus and diff:rentiable for x=a
16. For the function f(x)=x cos (1/x) ; x50
. =0 x=0
Show that (i) the limit is zero when x=»0

(ii) f(x) is continuous at x=0

(iii) f7(x; does not exist at zﬂ)

Differential Caleulus 139

17. Examine the continuity and differentiability of the func-
tion difined in the interval (—o0, o)

C.U. 1992
such that -
S(x)=13 —®<x<0 C H. 1989
=1+sin x 0= x<in
=24 (x—1m)?, insSx<oo

and show that f’(x) exists for x=1z and does not extst for x=0.
18. A function is defined as follows.

JeI=1+x,  0<xs4
=4, —léxSD
=]4x —ASx<—1

show that f(x) is eontmuous at x=0 but . diaonminnous at

x--—l
f. 8]

19. A function is defruod as fowllows D U.1290
JSx)=x?, x=0 ; ! :
=1, 0<x<l i R.. U, 1980
=1/x, x>l !

Show that the function S(x) is not d]ff‘ctentiable at x=0
What is about £” (x) at x=1 ?

20. Find where the function is discontinuous -

fR)=x2 41, 0gx<3
-0 _t=i’ !, H
it ek R.U. 1960

: d x
(I) Find -a-%-at x=0 for the following function

L]
y=x?+1;x=0
=cosx; x=0 R. U, 1986




140 . Contiauity
N.UCe~2) 1994
C. U. 1987 289

21, If y=x2 when x=<1
=X, l<x<?
-%’c‘ x>2
Show that yls continuous at x=1, =2,
22. fy=—x, = x=0
-y, 1 0<xgl D.U. 1989
—2——-.‘.:. x>1 ]
Show that y is continuous a x=0 x=1
3 2x —3/2
23, Iff(x)=342x, [2€x<0 C.U. 1993
=3—2x, 0gx<3/2
=342, x=3/2
Show that f(x) is continudus at x=0 and disc'c-ntin_ucus x=3.2
" 24, I f)=4(b?—a?), 0Sx5a '
=1p2—1x?—4(ad/x), a<sBb R. U. 1988
=3(B*—a®)/x, x>bh
Show that f{(x) and f"(x) are conunuoqs for every positive
value of x.
25. A given function y=jf(x) is defined as fsllows

f(xy=0, *1>1 |
=] E oL | : : I
-lsh x’- I

Show that f(x) is discontinuous at x=+1, Explain the discon=

tinuous of the function &l hough it has a value for every value
of x.

26. Prove that

Lim y»=0 if yisa i:‘ropcr function
n—>

and n is a positive integer

Di ff: rential Calculys

i : 141
=0 (?‘ e wmrt e b— ):a"‘-—
28, Lim

S T 1
29, lim 2432,

S = (=] o
3: (—1p _H a limit R. U. 1966
« Define 5 fy ;
TP nctiOn Find the domain of the following
i
? S fx)- ;—_ | Ans. 0<x<00,~c0<r<0,
fmj' I @)=/ (x1) Ans, xz1,
VIR L dns all real values of x except ye=?
2,3

xX+6

‘C. U. 1986
Ans. : all real values of x. except x=1,

(V) fCr)em J::"'l‘

) f(x) = -I—:-I- Ans.  all real values of x except xw 0

2 -t R ) e
(@) f(x) P ey Py Ans.  except the values of x

which make x2 —S¥4°1 =0 asid x<Z 1.

@) f=E=F ﬁx)-fcxa—4;c%3)
2 J(x—2) by’ farn
A s s (RN S f"‘l“ﬁﬂ?;)‘

R. U. 1967, C. U, 1969,
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32, Determine the biggest domain and range for the followirg

functinns.
(i) f(x)=—1 whenx<0 Ans, |x! =0 Range (—1,1)
=0 when x=0
~1 when x>0
(i3) fx)=2 when—5<x<L—1
=sinx when 0&x<2
i) f)=x+5- x<r<a A —aly<w
(i) f(X)=x2+x+1 Ars x>0,y>20

(v) j(xj=nx"sin (1/x; Ans. all values of x, except x=0,
Range. (—1,1)

33. Iuvestigé,fp whethet the following function tend to limit *

.or not as n.=PcC.

b B 1
(@) f(m)= L;—) (i) f (n)m

@3i) f(m=1+1/n.
34. Show that if « is an infinitesimal, sin« and tan « are

infinitesimals of the same order as «< 'and._\l—cmi is an infinitesi-

mal of the second order with respect 10 <o
- - ‘ - :
Lim sin « Lim tan i e sl

ow aartets
il P e T e o M
#an «, are of same order. \ _ i
lim 1—cos « LS s .
Also >0 —Tni which is finite other than 2ero.

Hence 1=—cos < and «* are of same order,

35. Show that 35 +2<? is an infinitesimal of the sarre o:der. .-

36. Prove that /(sio < ) is of lower order than <,

(i) fin)y=n{1+(—1)] R.U.1964.

;. e.. Ind order,

Differential Calculus
143

37. Show that J'« is ap jng;
38.  Show that sin «
part is l(‘., |

nitesimal of lower than o,
—tan < is of 3rd order and jts principal

39. Show
siara il tl}at 810 «(l==cos «)is an infinitesimal of
T and ity principal part s 33 #% of the 3rd

i

ke ) R. U, 1986
4, Not-continuous 5. not cont;
= O
9. Continuous. ' 10. Conti e
:: discontinyous. 14. not it
gt b ot cont,
b t 3 16. not cont, 17. cont
not. :
. o 19. not, 20. cont.
sceliancoms Ex
y=1/p g0, mise
9. Function is i
contin i i
i 1;(:151 In the interval,

ﬁx)-=3-—x, —13x<0
=0, x=0
=x—3,0< x=]
10. undeflaed at Xom ] 20, x=0, 3 2? 2. 30 ‘
, LI 2 . no.

31 (vii) —2<x <2 (iii) Igxg1

G-x«) 2&*‘(3} 5{.\:(00 (l) 0(3\3&—-.1.
nw

BG oo,
n i8 even. i @) 1,

(®) 0, nis odd, no..
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.

1 if 0<x<3
fm: x+ 1 if 3<x<b
7 if GaxZ9

domain and range of fi(x)

consists of the line st
g g and draw the grap.

Find the

The graph
0 < x <8, y=x+
| : Put the pomts as below:

gments such as y=1 for

1 for 3< xSG. y=7 if6< x =

wu:nll s o |s |6 ||+ \a “a
e e e PR R LG
: ' by ple®)
'I‘he graphis =} . {9’7)
st @)
—B
_A_% 2 4 G K

t only discontt
From the figure W€ gee tha e

t
for the values of x greater than 3 ge

er
orresponding function values fix) get clos
c

o flx) = 4

18 4 >3+

jeates that values of X under consideration
ca

us sign ind
ket 3 j.e., 3+h, h—o

" slightly greater than

and closer to 4. This

Again when the values of x are less than 3, then the values fl)
gradualy approaches to 1. i.e flx) =1 for all values of x, between 0.
and 3. This is expressed as (x »3-h, h —m] hiie. - :

Thus only discontinuity exits at x=3 1. e the line AB fails to -

connect C i.e., with the line segments CDE.
The domain of flx) 1s [0, 3] U 3.6V [86. 9]
‘Range of fix) is {1) U [4. 71 U (6.’ 7} .
Ex.2. The fix) is defined in the following way.

=10 if B8<x<6
6 < x< 10

=1 i

. Locate the discontinuties. Also find the domain and
range of flx). 2 TR ' | :

Ans : Let us draw Ehecurves fory=x3 In05x<4‘ y=5in4
<x<fbandy=x-1in6<x<8 -

X | Il |2||3 lfor fig OA = & |5 |6
lo [1 [a y 10 |10 |10

PA




Asﬂe\#épﬁ‘a

»

(3.9) and E (10.9). By the formula
.rstn_.fp&w. Lt fd=

. f16-0) # fl6) = f(6) =

o e % 678

Mmmmwacwm *)rw
F‘mm the figure we see that the curve is dlsceﬁﬁ?mfwa at'A

x3+0 x 3-0 - x 3+0

- f13+0) = f(3) = 10 # f(3-0)
Hence flx) is discontinuous at x=3 .
Again ! {
BRI = 10E D Lt fixls Lt x-1 = 5 ;
x— 6-0 x= 6+0 x=-365+0

Domain of fld 1s [0,3) U 3,6) U [6.10) = [0,10)
Range of f{x) is [0,9) U {10} U [5,9)-

alepod

Lt = 9. Limits are not equal,

Irﬁx] = 5\hen X = 6

| Limits are not equal. Hence f{x} is disqontihuous at x=6.
Hence discontinuties of f{x) are at x = 3 and 6

For Exercise

Ex.1 Show that for the function
fid = x2 qr 0<x<2
=y if 2<x<4
=x-1"IF4<sx<hB
*The. discontinuities are a =2 anc! Xx=4 -
Also find the domain and Range of ﬂ:@

Ans Domain =_ [0.3}. Raiige = [0,5) - {2}-{4) g
P ¥ it i R :

Ex,2 Find the discontinuities of
Jtx) =1 ifos xsa2v SR

=avl 2 < Sl 1o Yo

_ I*"& 4§ 2] ‘E%ﬁﬁ z)" h‘ gde

-

Also ﬂnd the ilbma:ll; &nfl range of _ﬂ’:ndg ‘

Ans : Disconduities are ate=9 b

Domain, [0, 2] U [ 2, 510 15.7] = | 0, 71*

Range ={ 1) U (3, 6] U( 6)

WETIPE

TR :,/O J
OR vioge. U
i i R
T
Fig. for Ex. 1.




fafoe ergaten
© ( Miscellaneous Examples )
 heots, A @ efRfEws!
(on furctions, limits and continuties )
1. emv a3B groweaz @rrlt;f:"m gt g fRws afkforn
- H/AI L -

(@) WA 3 @1 Il aTeeEs AT x an ord AdvEE A

W I G 3 8y 47 00 UG T Breew wien owy 2
) frafefuesfin Snmma are
0 arw sifrefirn anardt wmaw,
( Divergent sequence of real numbers. ) -
(i) B I el qafvce wwET crm
2. fifurfs ﬁgﬁqﬁm wTerds wy wa 1
Explain the significance of the statements :— -
) F! AN Xl
() F()>o aeq  x-a
i) S ww xew
3 ffufve fsfsafin erends T T ¢~
() * ax(ab) fagman mas f(*) @3B F100
(i) x=a Ryrs f/(x) BrowE wfafign:
(i) ¥=a Rgrs f(x) a7 wwae wa AN |
4 wft Lt f)=l, azn Lt g(x)=mgx
- X-—aad A=>a

W3 rate @@ Lt [f(x)+g(=l+m
x—a _

ferafimra FITAGETA 145

5. af Lt fixn)=l, azgy Lt g(x)=m g3
X=a X—a

O3 (T8 (@ Lt f(x) g (x)=Im
X—=a

6-. (are (@ x=a RIS f(x) Fiorag 1feciean ( derivative )
AT 19, x=a Roprs /() ofifen 2 s fow og fiofe Rarsh
IR A AT LTS *CF | R. H. 1964

7. 249 ¥ 7 AENRIT @IV 6D (@1 TIeS T faftms
IB AETENT o8 [F% 453 ;R 11 com Cataz Ay ezl
Ttz Erad a1 o .

8. ufafien Frowma 1 @@ n%ﬁ citfire weda Bume vg aaz @
T AN (A4re (1 2 =2 mhAT  RB ex FEarE ooB
W fiw A " i '

9. oo maEfiT Re «xB TR LX) wEw T
@ ITA (OF F 33 97| .

(A function f(x) is differentiable for every point of definition.
What will you infer from this statement ? )

10. @eera—Beromy ( Rolle’s Theorem.) emmpqz wg IRGS
wfifign Frmwa cifes o wfes afifcs Frmas UMY (T
a3b catfaz qufa aa) wre

11 f ()=sin (1/x) 947 2520

&3 g (x) =X sin (1/x) 74q x5%0

o 7 @ Lt f(x) a7 wfew (AR fIw Lt g(x)=0
x>0 x—0

12. e 8 fsfafus srvmefna N zia
o Lt x-sinxcosx -
0 -0 Tl <

10




fegrcafmra sagerA 147

146 afqfens
iy £ ye*—log (1+) _3p 17. (—o0,x) fremaz s Azrfs fafafas swabs afzfmes
- x=0 x* €3 FEAIFRA ATSIF AT I 4 C. H. 1989
(i Lt I—tan x__, (iv) It sinf-9 s f(nN=1, A5 — 0 <x<0 C-U» 1933
) x=sig 1—cot x i 80 6 =1-+sin x 2y 0<x<m2
R. U. 1966 & =24 (¥—7/2)* T n2<x<®
A '- oeal craTe ¢ £ (x) WY x=n/2 Regs A fig *=0 fmre
S LI O L T A, TR |
X1 h g e LA EE 1—=x3

18. (afufes Boa asB Fremes m@rfis w5 LAl i—

b -\/(Zx-i-l]- “2v2 =41 x®
(vii) - J{x)=4+x* Wy 0<x<4
x4 -J(t—Z) 4 2 3 ﬂ“, : ﬂﬁ:'-'{ __nggo
13. afg f(x)= "_"""Iﬂ x<3 =14y, @R —4Sx<-]
are @ S(x) guaesh x=0 ﬁmvs ma"ﬂ frg x=-1 faws
““faqqnua, fafen |

19 farw o From ﬂmﬁm am 7@ '
S)=x*; g x<0 D'“'.m#
=]; Aaq O<x«l *R.U. 1980
=lfx; zamq x>1 '

(rare (3 ¥=0 fRges f (%) tm'm w@awa Fravesr e x=1

X 47 (317 TNAZ TP FIWRS a-wﬁts 7| LA

4. (1I,—1) afire @B ANTS TR M7 3 919 935 <39
fag x=0 (o fafea g1 [Cite an example of a bounded functz;
in (1,—1) Which is discontinuous at the single point ¥=0. 1

: | fas f(+-a3 =wam & war . .
15 f{3)=(x-0) sin —— 5 x50 20. ' (@rars @B wafea ( discontinnous) vy fadw ¥4 1—
_ S(x)=a24+1 . qqw 0<x<}
f ==0 mﬁx-——-a : ; : l=.0 ﬂqﬂ' = } ; : R. . 1960
aare (3 x=a fgee FreB Afkfys o wedlesT @l WY RO AT R L
16. mra f (x)=x cos (1/x) a7 330 . 2L, aff pe=t q x<1 : C.U. 1987,°89
=0 7947 x=0 ga e T 1<x<2 ae
=18 . Qe X>2 T8 SR

(rre ¢ () x—0 zg A (limit) g9 &1
(i) x=0 famrs f(x) wfafea
(i) x=0 fRmIs [ (M) <7 qiEy qE /i

rdTe (1 *¥=1, a3t x=2 fmga ¥ Ifim
: d :
() x=0figrs o «3 ;A fda 33

y=x"+1; x20
=603 X, x40 s R.U. 1986




148 ufafenel
22. =fg y=—x, @ x<0
= X, gy O<xg1 i
=2—-x Fag x>1 g3y, A D.U. 1989
(e (1 x=0 ez x=1 Fyza y wfaies !
23. afi £(x)=342%, qe-32<x<0 _
=3-2x, Fux 0<x<32 c:\§-1995
= -3-2%, =4 ¥>32 zE, @
(reTe (3 X=0 ﬁwms 7 ufifer et x=2 fews %)
ﬁﬁm _ A

2. ofe £ -1 e O3

=1bP— 2% - }(¥x), med a<x<bh s

=i(B*—a")x, wa  x>b

mre-’ﬂx-sa wEe 4T ATAA w9 (%) e [1) wif¥fies f

25. emw w1 =/ (x) % fen nEEe 32 A

f(x.)=0. qu x*_bl
=1, qaq ¥7<1
=*, m ':'8=1

Crare 4 x=21, Bre f£(x) O RER xeg3 A AT

aRvAls €38 mA 21 NEe T TR = sUSTAF SHIN) 982

26, smraRa @ Lt yi=0Z3 ﬂfﬁ ¥y o aTs BT
X—="

n ¢3B 49T 7 MW I
27. (mre (3
2 1St e By

1
-0 (_nf""TﬁJ" ne I

R.U. 1968 | )

(demic) e =3

29. (q3Te (¥ :

{ Pefice limit of a sequence.

(vif) f(x) = ey

g V
ferrafimm siregers 4
23. (448 (3
n-—a-nn( +%+ gk 4‘-‘_')_'

L I_=+2f_-{_-32+......+n2
) nd =3

n

30 17 qrarg vz et Pt Sam(— 13 -— '

n

A M@tz 9FB ¢ars o 31 AT HILE
Has the sequence defined by

Sa=(~1)=-a limit? R.H. 1966

nil
31 WAL ) lf'ral ﬁzﬁtﬁwqrm FIeHaET R e

: 1
) f(x)= - et 0<x\- o~ <x<0

(1) f(x)n/(x}n Baas x>—1
(i) f(x)= _‘x'H T 5 x=2, 3 qifew x-cq
| (*=3Szte). | €t P FWE ATTT TR |

ol . _
%I M |
() f(x)= I-E—I- Boa: x=03%5 v-a1 7o
: T Aq 1

F/(x— I)

i 5%aT) 0 98399 (3 W WA AeSpilo

TIH B BE Fa an x<l ang 57 S x93 A s g

A --4
"G; —2<xe?




150 : sfafens
Will) f()=4V(P=drs3) B 3<r<I

(EX) f,(.x):: "iT‘i“:;—fE-ij—m' @: 2<.1<5, NG

. 1
(K) f{x) m— @; O'ngﬁ';

%) Fod = =& R. U. 1567 ; C. U, 1669
Gy (%~2) §: (~e0,00)-f L 2} c.u.1932
32. faafafas onsmefer Igew erzqumE e xew nfw
fa gg¢2— .
() f)=—1zqgx<0 & praa cma | x| 20 qria (—1,1)
= 0 geg x=0
= 1 gqq x>0

(i) fE)=2 Qe - S<x<—~1
1 e=Rif X | g O<x <1

(#Hi) f(X)=X+5 mu—o <x<o Br— 2o <f (X)<0

(i) f(x)=)¢4x+1 & 20,20

(v) f(x)=x sin (1/x) g2 x=0, zufes Y-07 @A WA |
przerFE L e (-5 1) |

33. n-»» wuz ga fufifvs semefa Mvm e wgag

za o A1 24 o1 "HTE 99—
. (=1)= 4 : 1
(i) f(m)= T , (i) f(n)—‘—-.n—'_—(:ﬂg‘
(i) f{n)y=1-}1/n, (iv) f{()=n[l+(—11"]

34 ryre 3 A « a3h garfogs arfa zg, =

R. U. 1564,

73 ¥ a3 Tié’i?ﬂﬂ""

sinz a3y tan @ @ FF qraAMA FITEFI 1 &R A%z ex wm
(I—cos z ) gtz f4<ta ayara ( second order ) -:fgﬂtg’rf arf i

ol (O T It lang L
=1 w3y 0 T-.I sA7¢ sin «, {an o

e R T I S

4 o GA AT OFF |

fegralfmara sivagam 151

2 sin%z[2
T2 RE

it I—-ées o
T o0t

e I—cosz @ of qqural @72 032 BEral T sy ararg ).
35, qute (3 31+2:° «3F <3} ArAre garfens A

36. (A%Ta (T + (Sin ) @71 qrEY 2 @7 AATA I )

37. rare @ V2 eab garviegE a1 @13 atE ¢ @3 W@

T |
33. (rdre (7 sianz-tenx ey ArR] @SN R B etTA SR

=} Y %I ML e} FANN

39. (qara cq sina ( 1—cos x) @3F gein srarz ?ETr@?EE arfy
a3 Em YT S a8,

40. BRTZACAA AIZTL CRYTE @A fages «36 s [fven
gXea A FyaE

Tgaaten 1(C)
4. wfzfes a3 siRfemant 9. wfsfem
10. wfafigml  13. f3fea 4. wfafeeagi
15. 1,411 16. gfafguag: 17. wfafmg’
13. & 19 & 20. wiLfwa

fafay elzez Bwami=t
Loy=ll% @, 9 & fend snodb afife: 13, x=1 a,
4, f()=3-x, qqa—123<0 19, x::1 fRwre
=0, =@|x=0 marfie w1 A Al 1
=x--3, qug 0<r &1
20. x=0, } 28. 2. V3. a1
3. () 0, (i) 0, @iy 1,

() 0, n frarg |,
noCEg WS | falibe




CHAPTER IV
Differential Co-efficient
4.1. Differential Co-efficient 3—The dxfferential Co-efficient
f(a) of a function f(x) atx=a is defined as

Lim fa4-h)—f(a
F@y= 0_-—'-"-11_’.._(_’. ikt )i
provided the limit exists and finite. The differential
co-¢fficient f7(a) is also known as the first derivative or simply :
the derivative of f(x) at x=a.
Note that both @ and a+/ bzlong to domain of 4 |

For the function fgx-»y, we can interpret the differential

j'
Ca-efﬁdent ata pnint as the rate o!' change of y with respect
‘tox at the point. Lot x change smail quantity 8x or- % and the

corresponding change in y is 3y or k. Thatis, £ (x - 8¥)>y+ 3y,
Now k=38y=(3+ 8y)—y=f(x + 8x)—f(x)
By fxt8x)—f(x)

T b AT
_ v\ lim f(w:+k;—f(1) il
H‘cmﬂf} Br=50 (_Sx) paat) I A

provldf.d the limit exists. :
Ay limit 8y

We writ —— ), u limit exists.
RIS = i V] e ),when the imit exists

Thus for y=f(x), f (\‘)= —j—i- is the rate of chanac of y wuth

respcm to x at the point x

The process of‘ﬁndmg the differential co-efficient or deriva~
tive of a functions is called differentiation.
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It is often said that “'differentiate f(x) 20. r. to x'” means that

differentiation is made w.r. to the independent variable .w;“
In (2) we do not consider the derivative of f(x) for any parti-

cular value of x but it is considered at any xeD}

4. 2. Prove that évery finitely derivable function is continuous

lff{.x) is dlffcrcnt!'able atl x==g, then
it is contmuo:gs at x=aq,
For proof sec Art-39

. & ~ y
Cor. The converse of the theorem is not necessarily true i.e,’
a funcijon may be continuous at a point x=a but it is not true

that finite derivative should exist for that value. An example
is given belqw. '

Ex. If flx)mx—a  for x>a

=g—Xx for x<a
=0 for x=aqa

Show that f(x) is continuous at x=a but has no differential

co-efficient at x==a
Lim f(x)=lim f(a+h)= llm(a+h_.g)_

x=»a* =0 h=0
(h=>0)
lim (f(x)=1tim f(a——h)sl:m{(a—(a—»h)}==0
X=0- h=»0 h=0
(h>0)

Also f(a) =0
s Nim f(x)=limf(x)=f(q)
x=pa* x=2a"
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Hence f(x) is continuous at x=aq,
Now

im  (a+h)—f(@) Lm (a+h—a)—0
h=>»0* h = hep0+ h

_lim ( X
“h0t \ 2 >=‘
L £ (@) Lim mf(a—h)—-f'@ Lim  {a—(a—h)}—0 ety
h=»0 ~ h-»0— b
Thus Rf'(a) £Lf"(a) 1. e, limit does rot exist. Hence deriva-
tive of f(x) at x=a dces not exist.

Some General Theorems on D ifferentiation

4.3. The differential co-efficient of any constant is zero,
Let y= f(x)=mc where ¢ is a constant.

dy _Lim fox+n)—fx)
dx h=0( G4h—x

Rf (a)e=

Lim ¢—e=Lim0 . 0
T he»0 kh k=30 h,

d :
Hence ‘dlx' (c:=0. where ¢ is a consilant

4.4. Product of a consisnt and a Function
The differential co-efficient ofa product of a constant and a
function is equal to the product of the constant and differential
co-efficient of the function
Let y=f(x)=c(x) then flx-+h)=cp(x+h)
d. Lim e i y—,
2% Df(x-l- h)—f(x) I;:-H:O e_f(_x-!-f;l) eb(x) . 500

Vs o a : '
i.e E{”ﬂx)}-c —d—f‘- #(x), where ¢ is a constant
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4.5. Differential Co-éfficient™ ¢f a sum or differ ence
The differential co-zflicicut of the sum or difference of a set
of functions is the sum or difference of the differential co-zfici-
ents of thatset of function.
Let p=fl)=4()4™)
then f(x-+h)=¢(x +h)td(x+h)
dy _Lim{gx+h)ty(x +h)}—n4' X)+ylx }

dx )
L1.n $(x+h)—¢ (t) Lim x.[; x4 h)— t}: x)
= h-) h h.}g h =0 (x)£¢'(x) -

Hence o g {\b(x):i:({v(r }=¢ ()L ()

Genmliutinn s—By repeated applications of the above result
obtained it can be proved that if

.v-m:tu.iu Souk e

and P:ESynnlﬂ:Balj;ugztSuzzh(zt; +3ug) (e, E=82 ) + ...

then 8y=3u :I:Ssz:t&naztau,d: ek

8y du, , duy, duz |, du,
SR gt Tl T ey
Lim 3y Lim / duy, du. Stia
ot — St
3x=p0 5x —5t=-0\Bx v Bx St-t Bx "‘)
dy du, dad duy dt.r.l
O 2x = dx o v dx dx = dx T

4. 7. Differential Co-efficient of a product

Let y=uv
where u and » are two derivable functions of x.

Let u change to u4-3u; » change to v43» when x changes to
x+3x-




156 Differential Calcalus )

Let « change to u +34 and » changes to v +8v when changes
to x4+ 8x.
3y = udv+vdu +3u 3v

i

0;. % He 3 Su , o Bv
I Sx — % 3T +w—é-£..+81 é_r—

Let 8x—0 then 3u, 3u-also —0 for » and o which are

derivable function of x are continuous,

dy 1) Lim f Sv ity Lim Sz Su Eﬂ)
ax 3250 \ s.:‘) Bea0l el M
- do du 0 do 1) ‘:{E,{_ di.
bl PR sy Ml 4 P Iz

d dv du
Hence ax (uv) =u E-’.TIE

T The differential co-efficient of the product of thg functions
| 15 equal to

First f unction x derivative of the Second +second function

¥

x derivative of the first,
Cor. 1l y=u. v then

dy dv du

praa e e is divided by u.v

R T e e

dyidz _ deldz | dvfdz

or, 5 5 ~+ T

Now if we consider y as the function of several variables i.e.,

... =+« then

V=R T W, L.

i A S s i
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4, 8. Dif ferential co-ef ficient of & quotient of the functions
Let y:-g. . where » and v are two derivable functions of »

and 70
Let 8, 8u, 3v be the increments of ¥y, tespectively when
z changes by 8z. Then.

_ u+du

o U sy
—_ i
LUt A viea ) e B T

3y v+d0 v v(visy) il O e +3u)

If 320 then Sv also-—so _
du dv

dy Lim _az ﬂzht_u-a_cﬁ
dr ~§z-0\3z )T
il S
Hence % ( 5‘;):: dz _— dr_ wv—uv
dr \ v 72 o2
The diff exential co-efficient of the quotient of two functions is
equal to

(Differential Co-efficient of Numerator) x( ISenominamI )—
Differential (Co-efficient of Denominator) x Numerator,

(Denominator)2
4.9. Differential Co-efficient of 2> (newwiz wjEigey fow-
cafogam wes faedy ) '

Let y=f(z)=a» where n is a positive integer,
Then f (z +Hy=={z -+ hj» H
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i L:m flz+hy--fx) Lim (z+h)*—z
" i —_—— e - h Ioga loga)?
| (el h “h-0 h | a h-;o 5 [{ (h OgaJ }_1]
_lim u(1+hf.r)° 1 lim _, y(1+hiz)*~1 e. fAz)=axloga
“h>0% " h =h-0 bz - &
_lim - (L+h/z)— L.z %0 0o dz '=a*log a
“hs0 T @+hla)—1- 1 4.11. If dy
Pui z=1+h/z. If #—>0, then z —1. .: : BT s ol log, e—¢x .-, ..Es*— ex
i —_ ! 4. » |
A x)*‘zil et zz_i _ | 12 Differential Co-efficient of log, z. w. r. to »
NS ! 4 [ Let y:ﬂz)—-log‘ Z. then f(z+h)=] h
—xh 1m (z _‘+z“1+... +1) =$n~1ﬂ»=ﬂzn 1 ¥ d’y ( +h 10 ogl ‘:‘r+ )
z=1 (nterms) ] O h Im log, (z+h)—log, z_ _lim
A i o Wy | h “hes0 Em‘(“" *)
Henece -E-&"‘ =nz""! when n is a positive integer. - a
{ ! i m ll- =y, I }1__:,0 theh P
If # is nota positive integer, 5 B 5
! : h n ':- e _-] 1 L-
lim (z4RrP—zt limed '+ 3 ) ik - e f R toa,(142)7

R e o 'ﬁ“-—
-epaifte ity oy WACRERRT = (rdre]

(log, x).- lo
=gt [.'%( - ] [uaing Binomial expansion with I—I < 1] & e
x: i

o “9 +log, x th “'3’
en.—— 3L 1
or. f{x)=nx"1 dx loBe'*- i d o= .
-Zg-(.r") =pnz"1 for any real values of n. di‘ h'.-‘f- -
4.10 Differential co-efficient of ax 4.14  Differential Co-efficien ofsinz w.r.r0z
¥ . e

Let = =n
y=f (x)=sin x then ' (z+h)=sin (2 +A)

Let y=f(z)=a=, then f (z h)=ax*t
dy Lim  sin(y +h)—gin x

dy lim g**h—g= lim a* a"-1>
h

=2 = =0 | e, R
!  hloga 1 Lim 2 cos (x+4h) sinjh
o Bm fe 1 “h-0 £ Lim ik
=a h—0 ( h ) i ' i ; h-—,o il éh

TR by Art. 2.13,

v
e gt A
o

159
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-.i—( ginx )—c¢o0s X.
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4. 19. Similarly the differential co-efficient of cosecx is

- —cogecx cot X i. ¢.,

Similarly the differential co-efficient of cosx is —gin x

4 d
i e. —COSX=—8inx
- dx

4.16 Differential Co-efficient of tan z. w. r to x
Let y=f(x)=tanXx ; then f (x+h)=tan (Jc-l-}i)

dy Lim tan (x--h)-—tanx |
ax ~ h=0 h

|
_ lim sin(x+h) cos x—cos(x+h) sinx |
“h-0 7 h cos(x+h)cos x

_lm  sinfr+h—x) lim sinh |1
=10 heos(xrh)cosz ~ h-0 h cos(¥+h)cosx

VI Y 3
=t Tcosxcos ¥ =coa'x

=sec? x by A1t |2.

|
Hence --g—- ( tan x )=sec’z |_

13.

4.17 Similarly the differential ou-eff:c:ent of eolx is
—coReC® X

1. . _é.__cot 2—=—COSecis
dx

4. 18. Differential Co-¢efficient of sec x. w. . to x
Let y=f (z)=sec z, then flz+h)=sec/z+h)
dy lim cos x—cos (z-+h)
=1h->0 T oo = cosz Fh)
sinz

costr

lim sec(z+k)-—secx
dz "~ h=0 h

b ﬂ s:n(.x4+%h}

= h—0 4n cos .z cos (:.r!-{rh)

= &2 Z lan T

Hence —"—'r-{aec r)=8eC x tan
dz

d

—, (cosec z)==—co0sec r cot x,
dz;

4. 20. Differential Co-efficient of sin—'x. w. r to x
Let y=f(z)=sin? z ; then flz+h)=sin—(z +h)=y &
Then z=sin y and - y==sin (v k)
Therefore, h=(x4 h)—x =sin(y +k)—sin y
and k=sin? (x+h)—sin! %
dy _ Lin _
' h—0
_lim & Lim S
Theagh k-0 el (y k) siny
Lim k
~ k-0 2 cos(y- 1k) sin k
1 1 1
PR = & (1—sin%y) .

sin(z+h)—sinl =

lim
k=0

sm ik “cos (:H-{;k)

i

[ a8 2 =siny with_g—-<yg % and so cosy >0 ] .

1
Vi—=?)
4.21. Similarly the differential Co-efficient of

S Lt
1/(1-——.'::") —— cOoSs™ix -__w"(l--zl)

422 Differential Co-efficient of tan—! z; w. r. tg'x
Let y=f (x) =tan—! z, then flz+-h =tan~! (z+h)=y+k

Hence {;-ain‘lx -

costx is

™

[Note that y € (L 'Q')j
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therefore, z=tan y, x4 h=tan (y+&)
and h=tan (y+k)—tan y ; k=tan—1(z+ h)—tan—! ¢
dy lim ten™! (x+4h)—tan—tzr lim 1

©dx The0 h =k->0 tan (y—k)—tany

lim  kcos(y+k)cos y
= k-0 sin(y+%)cos y—cos(y +) &in y

lim k cos (y+k) cosy Lim k

——co8 (v k)cosy=cosZy

=150 sink “k>0sin k
o 1 2 L i
*seczy fr 'tan’y=1+xz

Hence Bt {tan—iz) e

1-1-.'47:=l

423 simﬂaﬂy the Differential co-efficient of

cot™l zis — w,r, tox

14z

. d L e A

1. €., —Ez—(cot— )= 75z
4.24. Differential co-efficient of se¢'z. w,  to z.
Let y=f (z) =sec—lz, then f (z+h) =sec™! (.z—}—h)-y+k
therefore, z=sec y, z-h=sec (y+k)
and he-sec(y- k)—set y ; k=see™ (z+h)—sec™'z

dy Lim sec”! (z +h)—sec—lz Lim &

x ~ h-0 k “hs0 kb
Lim k _Lim % cos(v-+}) cos g
“ gD sec(y- kE)—sccy  k—0 cosy—cos{y+k)
Lim 3k cos(y-+k) cosy . E?é?
“p->0 smip  sin(y -+ 1k) sin y
& 1 P 1
sec y tany .z ¥ (8eciy—1)  x4/(2*—1)

=0COty CO8 ye
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¢ i 1

Hence — Tl il ML
o ¢ dz zv (z2—1)

4.25, Similaxly the Differential Co-efficient of cosecz is

_,.‘_.....1_-._ - ii-._cosgc"'l.z — _.....__-1

zvy (x*—1) dx zv (z?—1)
Examples

EBs 1. F md from first principle the differential co-efficient
of  (b=2azx)w.r.to z

F (@)= lim - f$;+h}-f(-‘£_) lim 1"{5-—2‘:(;—1-1:)}—{(5_2“)

“h—>0
lim 1 ‘{_E'E—za(.z-l- h)}— (b—2az)
“h=0 h Y{b—2Zaz+h)}+ (t—2az)

lim 1 L e
“h—0 h V{d—Za(x+h)}+ v (b—2ax)
,lim —2a
“h-»0 Y {b—2a(z+h)+ ¥ (b—2ax)
—2a 1 :
T2y (b—2ax) T ¥ (b—Zaz)
e R RS S
dz ¥l ~2ek) v (b—<ax)
Ex 2. Find from the definition the differential co-efficient of
2z2~3 ¥
o e to x. [R. U. 1986)
23. 3
Let f (2) 3275

Lelf'(_—; s ::f)ofl-'r'{"hh!—*fl’.t}

lim: l[zr.e+m-3 22—3
b0 k | 3(z+h)+5 — 3z+5
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lim {2(.r+h)—-3} (3z+5)—{8(x +h)+5}(2z —3)}
“h0" h°  {3z+B)+5)GZ+5)
im 1 - - 19h _lim 19
“h—0 h {3(z+h)+5|(8z+5) ~h->0 {3z+h)+5](3z+5)
19
= (Bz+5)
e
@ \3z46) T (8z+5)
Ex. 3.Find from the first principle the denvatlve of cos? x.
w.r. 0z,

; [D. U. 1965]
Let f (z)=cos 2!

P _lim (1 h)—fz) lim eus(.z+h)2—aos z?
Gl (O e T N,

_lim Zsmi(x+h)’+§i sing | 2’ —(z+B)%)

—2zh —h?} (—2zh—h?
=:;"‘ p25int {(z+h)=+.z=} ?{{-—_2‘1:!: h=§( 7 :

=2 sinf(z?+1%). 1. 1(—22) = —2z sin x2

a'(;i;-(cos xz‘} =—22 sin 22

\,./Ex. 4. Differentiate tan—! Z from the first principle z.  to x

a ) ¢ A i e l|,
[ iy 0 1 . [ R.U. 19521
Let z=tan—t = ,and z4k=tan—! i}_‘
a’ 2

If h—0, then 2—0, Ncuw we have

“f.'*'_h = tan(z +kj, -= tan zand
a a

.:’z.‘ % f;:,h_._‘?“ =tan(z + k)—tan »

ARt e pe s Wyl e et 1 RN . . AL,
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e lm:tﬂ tan—! (x +-h) fa—-tan‘"l(.t/a)
h
_hm k
“ k=0 a{tan(z-;-k—)-'.—_f&ﬁ'z}
lim 1 k : 1
i Wl (z+k)cos z= o 1 cos z. cos z
_cos*z__ 1 1 1 1 1 1
@ e sectE T g Tithr &g 1+(x/a)?
R
T a z2'4a? T g2ig?

i( tan—1 ‘f),: N0

dz Lk at+z?

Ex. 5. Differentiate log (sin x ) from the definition.
Let ze=sin 2, z4-k=sin(z +h)

k=(z+#k)~z=sin (x4 h)—sin =z

_ Ifh-—»ﬁthﬂlilllo-io

)= h . lil. sin(z + h)—-!ocl sin 2

h

lim log, (x+4-4)~ lou'g k hm log, {(z+k)/z}
~ he>0, k=0 il ‘Bl 9474 F>0

_lim  log(1+k/z) 1 Lim k

" B0 klz. ‘h>0 h

lim log (1+E/2) yLim 1 sin(z+h)—sinz
k>0 Elz }'z—)O z h
_lim sm%h

h—0 z2 E0BCah 3By —res

=1.1/z. 2 cos z. } =cos x/sm Z=cot .
= d (log, sin z)/dz=cot z
10—

k
b
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 Ex. 6. Differentiate x sinz from the first principle w. r. ta x

[C. U. 1986)
sinz sin x log = .
Let fiz) == =e
sin (z+£) log (24 .h) sin z log

) L1m e =
sinz logz Siﬁ(_.r-!-ﬁ) log(z +h)—sin z log =
__lim € e ; —1
" h=0 : B

sin z ng L y
=e lim ¢*—1 sin z log z lim e*—1
: k=0 h =¢ h—0 %
where z=sin (z+4) log (z+k)—sin z log :
If h=>0, then z also—0.
) sin zlog x lim /e*—1 lim z
i 20 (o ) ko (7 )
sinz 1. lm /z\.
A h=0 ( I3 )
sin y lim  sin (z +-A)log (z+h)—sin z log z sin 2
= a0 h = %

= u

A0 _ h
=lim g%o* L.ng;l-}-flf.z) 1 +lim sin A i
hsg Loine § hiz } 10 ol
,lim cosk=1 ]
1 !
o8 (x-+1) ] s ] &

== thox [sin x k +1. log .xcc-sa:] = ghifx [ s +log = 003-’-'] -
z z i

Lo lim log (14A/x) ;
. h=0 " k/x < ] s

e b P b
i .‘m:?':. o

= —— — T g

iim [5in z{cos h log (z+h)—log x}+cos z sink log (x+k,] b |
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Ex. 7. fiz)=e> sin z, find £~ 0 from defmmon
/7 (0)=¢e® sin 0=0,
. F10)= lnn ﬂO-i-h}—-f(O 1im e*h sin(0+h)—e"gino
0)= —_—)_
h =p—0 h
lim ¢bgip h _lim v i f'rm h
h->0 "l e s
S F(0)=1
Ex. 8. Diﬁ'e:-enti#te cot x from the first principle at

z -—:;?‘-'» w. r, 1o x.

Le!fx) cﬂta

s Iim £(2 1-. cot(3m+h)—cot in
£ im 3
‘? B0 s T

il smig cos Q’H—h}-—co gin (jx+h)
b—0 h'sin (n+h) sir? #°

Lim —sin ( i)
haomgﬁg#

1.1

b0 h " Tsin Grth)sing” Tsingr

I id)=—-2.
Ex. 9. Find the differential co. eff:c:&m of z" sin az from the

definition, ! [C. U. 1987 ]

Let y=f(x)=2z» sin ax

N. U. (c-21994
W8y Lsmf(z+h)—f(' X)

_Lim (x4+h)sin {a(x+h)—y" gin ax}
b0 h




168 Differential Calculus .
- Lim [{{____-x-}-h)“-x“ } sin a(x +h)

h—0 h
sin @ (x+h)—sin ax
““"{ B - } ]

Lim [rxn—1 +te1ms containing higher power of h] x
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Differentiability at z =0

' 1
lim f0+h)—F(0) L; 2 (__')
ha o iy im (0+h)? sin\O+h
we have, hisb T ) ISR T

_lim B2 sin (/) Iun

sin (ax+h)+x ““Lm; 2 gos (m:+a;1/2]sm ah/2 Hence £ (x) is diffetgnt:ab]e at x=0

, &in ah/2
= nx™1 sin x4 x° ﬁj‘ocos (ax+ah/2) 1—;@——* a.

Ex. 11. Determine whether fi%) is continuous and has a
derivative at the origin where
Ax)=a+az if .::!DO
FxX)=a—z if 2<0
Let us consider L
"0 =a+0=a ( . f(2)=a+z for.fa;ﬁj'

—-nx”“‘ sin ax-}-.x" cos ax. la=nx""1 sin tzx+ax“ c0s ax

R —_(x“ sm axj xnx*"'l m ax-{-ax" cos ax.

Ex. 10 A functinnf(x) is deﬁned as follows —

f(x)=x% sin = when x7=0, lim f(zx)=Lim (a+X)=a
=0 when z=0 =04 z—0+ l
=0, _ | : . ;
Show that Fx)is continuous and differentiable at x =0, i-':’:o - S(x)= x]f:ﬁ-- (6—x) =a
Since l.-.:’ sin = I < ' xzi L=n? z->0+ sl

Hence the !'unctionf(x) is continuous at z=0
Differentiability at x=0

and lim x2=0,
' h—-0

: 40) = 1 FO+H—A0) Lim a4h—pg
l:mo sm3-=0 RFO) = h—0 ;P T W o R =1 (h>0)
x .
lim A0—h)—£0) Lim a+h—a
Also 10, =0 Lf10)= Bl TR T g =—1 (2>0)

Hlerce f(x) is centinuous at x=0."

. RF (O)ALFO)
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Hence the f(z) is not differentiable at z=0
Fx. 12. A function £ z) is defined in the following way.
fz)=0, 0szx<}

=1,z =4

=2 1 <zl
Show that f(z) is discontinuous at z=1 :does £14) exis's ?
When z=1, then flz)=1 i.e,A})=
fG+0)=Lim fi3+h)=2, when +>1

h—0

Sf(3—0)=Lim fi3—h)=0, when z<}
h->0

Thus f(}4-0)54f(3—0) = £ (%)
Hence f(z) is -digmntinuous al x=3
Differentiability at x=§

“h-0 h
Lfy_ fG-h—f® Lim 0-1
hs0 = —h gt e W
Rf (H=Lf})=w .

The limits are not finite.
Hence f() does not exist.

Ex.13. Discuss the Continuity of function f[x}'; [ at =174
fractional, h # 0; where [x] denotes the integral past of x i.e. [x]
denotes the greatest integer =x. Draw the graph.

Does [ (x) at x="'/3 or f(‘/g) exists?

(x=1/n S S f(x) = [x] 99 G5 wieews sfafoay o e
31 xl, x 93 3559 o s e 33, [x] <x.)

Sol. Al x=1/n, n# 0. an lntcgerf[llf;g ] =[['/3 1=0-.0

171

Also we have
L L L L
X ]/3+{)lm=h—'m i /5+h) -—t[]f'i+f1]=[ '3]=0.. 2)

Lt
and, 1, llxlah_m 73 —1:] 1/;—11] [/a]=0.. @
From (1), (2), (3) Wf see thal
t
Lt

PR L M®=[(/3)=0

h——+ o0

3

The function in continuous al x=1/3 i. e; it will be continuous
for fractional values of n.

For. Differentiabilty at x=1/3
m{l }.__ el B L 22_0/0

RETR NG
Limnits are nptﬁn!te
Hence {1/3) does not exist.
For graph see Ex17 chapter [i{c)
Ex. 14, Discuss the continuity of the rational infegsal values of
x for the function f(x)=[x) or; integral part of x. Also draw the graph.
Sol. We know that [x] denotes the greates! integer <x
Il n is an integer we conclude that
%) = n-1, for n-1<x<n...(1)
= h, for n € x<n+1 ...(2)
= n+l, for n+l1<x<n+2 ....(3)

~and so on.
Let us consider now x=n ...(4)

Then [[n) = n from (2)

e f () w5 5
x—n-h ~ h—o (n+h) =, " In-h] = [n-o] = n-1...(5)
Lt
x—n+h  h—oo
From (4), (5) and (6) we see thet

fn—o) # fin) 2 f(n+o)

Lt
f (n+h) = Wl [n+h] = [n+0] = n+1...(5)
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i.e.; the lunction in disconlinuous for x=n

i.e; when x is an integer. (he function is continuous when x is
fractianal

For graph see Ex17 Chapler Hl{c) -

Ex. 15. Determine the continuities and discontinuties of the
following functions [(x], composite functions f{fx)} and f[f{ﬂx]}] it

Jx) =1/(1-2x). :

[fx), fifx)), 992 0] T IR AFE FAAHelFT wfafeaget ¢
fifeget el efa o9, 7 fl=1/(1—2)]

Sol. flx)=1/(1-2x) if 1-2x=0 or, =12

Then x=‘/2. f (x) becomes infinite So [{x) is discontinuous at
ge=tifa. I

1 01/2, et o=t/ ; 1)

i 1 o 1-2x  1-9x 2x1

M 1I-H{1/(1-29) " 1-2x%-1" 2x = 9x "
Hwmee F(9 is disconor_ltjnubus at x=0

If 220, x#1/2, then

v(xd = AN = 1M1 /(1-2)) = r(z"“

o L gl =2
O i TR T e
Jramtst
#l

Hence v(x) =2x is a continuous straight line passing through the
origin. LI = Rilx) = f(0)=0. and limits exist for all values of X

Thus the points of discontinuities are x=1/2 for flu), x=0, 1/2
for fIA(AN and x=0 for fif(x))

Exercise (IVA)

ffafie wrewm =z o1 fofore mamm oo fowra weae sga
faqz =3 g

Differentiation the following from the first principle w.r. toz.
: 2. 72245/z R U. 1960

9.

11.
13.
15

17.
19.
21,
23.
25.
27.
(i)

29.
30.

J1.

32.

3‘733

Differential Co-¢fticient

1
T —
1/ z D . .1957 4, TETD
(4.1) x+ J*¥*+1) R U- 1988
Jz D.U, 1965 6. etan—x
N x ' _
5 _ 8. esxta R.U. 1966
tan z/a 10. tan 52 D.U. 1966
cos (az+b) R.U, 1958 12. sin (ex+b) D,U. 1955
a sin x/a 14. logyy x
7z 16. J(sin x)
log cos =1 18. tan22z D,U. 1954
sin 2? I_).'U. 1964 20. logsinz/a R. H 1988
Z* D. H. 1987 23. x 8in »
log sin—1z 24. coslog =
cos z 06 e?* @) xﬂq-sx +l
log z : Tz z
adsinz 28, b=
sin~! ratz=0 () efi"=al r—q C. U. 1984

If fiz) =sin z find f{x/2) from the definition

If fiz)=tan z, find f(=/4) from the first principle

Show that the function | z | is continuous at z=0 but is
not differentiable at that point,

A function is defined as follows s

f(-t’)'*—.t, =0

=z, 20 ie,f(z)=|z]
Show that f(z) is continuous but not differentiable at z =0

Ifft_r) = tan—! .1.. when £ 0
£
=0 when z=0

Show that f{z) is continuous but not differentiable at =0

34. Examine whether () possesses f(2) at 2=0.
' where flz) =0, when =0




fz) = 1—i~tl—!;when z7#0 |
35, A function f{z) is defined as follows s
£2)=0, z=0 '
=z, >0
=—z, <0

Does f(0) exist 9
36. A function is defined as follows :--
Ao=1, —o <z<0
=1+s8in z, Oz <im
~24(o—dm rge< e

Show that f(z) is continuous at z=0 and z= i but f(2)

e xisis for 2 =3w and does not exist for z=0

37. Discuss the contin: ity and differentiability of the follow-

ing functions defined as

(i) flw)y=<x sin-l—, x40 D. H. 1984
e oo

= =0
Investigate at =0
(1) flx)=z cos 1/z, 270 s and £ (0)=0

Investigate at z=0

for z#£a

(ii) fla)={xz—a) sin =
=0 - for x=0
Investigate at x=0
48. Snow that the function
Ax)=z{l+3 ein (log z2)}, 2748
=0 when z=0
15 co;at inuous but has no derivative at z=0

39. A function f (z) is defined as follows

i i it T e
175
Ax)=142; z=U \QQZ
=2z ;0<z<l C.B
=2—r;1<2<2
=3z—22 7>2 i
. » wgh f(z) is
Show that Sx) atz=1and 2 d 'Ff )

; 0€8 ng, __:
continuous at these points, Ot existy

39, (i) Sketch roughly th.
57 wzq =7 ) )

/ (#1emraby
g1aph of (g pyetl

J@=( 2241, zep ). 1986, 88
e 0=zl D
; 1/z, ] and =1
Discuss the continuity of the function at 220 ﬁ)
(2=0, =1 s FTATAES ARACT g, ool
39, (i) oy ;
. 1
Az)=L* cos; 250
, 0, z=0 D, U. 1986
70 faqg =7 anctions is

40, Prove that the product of tﬁ'o COjp 008

continuous, Prove that if /" (z)<0in a<<x<} (o
dily decreasing function in this interval, '

{x) is stea-

Reduce that 2z/e<ein x<z. If 0<zgm) ability of a

41. Distinguish between derivability and difféfen‘ sufficient
function at a given point and show tha: a N€Chggyry ad '
condition for the differentiability of f(x) ata

it possesses a finite derivative at that point,

'pint is that
given 4




176

" 41 (a) The tunction | is defined thus:-

flx) =e*when x< 0

=x>+1when0sxs1 N.U.1994
X
i when x> 1
incd -
F&EI x Lm0 Lim
(a) S, e fx). _}0+f[x}
X— (1 .
Lim Lim ( Lim
(@) x_)af(x]. x—0+ b, x«—rﬂﬂlfix] '
(b) Determine where [ is not continuous and where it is notl

differentiable. [f (R Sfafieg 70 @32 AT TEAFAeTAN 71 ©F Fafad

&4 | |
(¢) Draw a rough Sketch of the graph of [ and the range of [

| GIBTAITeT (@ rifoa oas #3 9= 93 @y Trgd 991 |

42. Let f(x)= A x in the interval 0Sx<4. If e isa positive
number, choose small at pleasure and find a $>0 depending on
g, such that | F(x)+f(z) | <€ whenever | x;—X, 1 £8.

43. Show that f(x)= | x| is continuous atx=0 but not

differentiable at z=0
for derivability for x=0,

SO+B)—f0) f(h) 1B ={ 1.i£f!:>0
TR -1, if h<O

h ho
. Rf(0)=15£Lf(0) = —1
Hence 7~ (0) does not exist
For continuity at z =0 '
| fz)—f.0) | = | = | <e, when | z—0 | <3
5 is any positive number less than e.

Hence f( =) is continuous at z=0

44. Examine the continuity and differentiab lity of the

177
function f defined by flz)= | z—2 | at=2
Draw the graph of the function in—4 <2< 4. D.U. 1986

Ans. conti, at =2 but not differentiable.
The graph consists of two straight lines inclined at 45° at

z=2 with the z—axis, points (2,0), (3, 1), (4.2); (1,-3),

(2-—4\3 f‘?’l“"'s)l (4l_6 .

45. Show that lz4+1] + 2| 4+ {2—1|
but not differentiable at 2= —1, 0, 1.

Sol: Atz= ‘1,

is centiruous

Rft—1)=
Lim [ g 7% ST IS, (T il B AT AN
i . 4’; 1)=041+1-—h+1
Lim 3p .,
o Al R e
Lim —1—h4+(—1—h-1—h—1)—(—1-2)
o ool e Ry o=

hes0 R
s RfF(—1)#&Lf (—1). So itis not differentiable
46. (a) Sketch roughly the graph of the function f{x)

where f(z) = { ~lzls . —1<2<0
e
22, 0<z<2 D.U. 1987

Find the domain and range of the function.

(b) Discuss the existence of lim f(z). where f(z) is given in(a;
z=>0

(¢) Discuss the continuity of the above function.
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f(z) also at z=0
47, Let the function f be given by

zs’ s 1
ﬂ.z:‘j={3;_2. R
Does the function £have a continuous derivative at 2=0, 1 »
Explain. D. U. 1987

48. With diagram discuss the continuity and differentia-
bility of the following functions at the point indicated.

(fafa faqee fx) @3 s=fzae e guwaaEroe fia
AZPIE I F71)
[i) ﬁ,t):atﬂin x), 0{.1‘5457, at x=23n

@) fa)=g 2x— 0<xsl ) o

2—x+1, x>1 C. H. 198

49, A function f ¢ R=3MR'U {0} is defined by f (x) =(x—1)

Is it an onto function y Sketch the graph of f.
Lip K- 0k exists  D. U. 1989
h—>0 h
50, Let f(x)=5x—4 forD<x<l
= 4x2 —3x for L<x<2 ‘
Discuss continnity of fx)at x=1 and existence of f(x)

R. 1. 1987

Does the

for this value,

51 Examine whelher _I"[_xl_ exists al x = 0 artd x = 2 where
Tl =i B <2

==k 25K ol 1821
52. Draw the graph ol (he hinetion delined by 1y = [&] where |x)

denoles the integral part ol x (largest integer nol exceeding x) =

Discuss continuity and dilferentinbiltiy of the function al x= 1 (y=

R . iR i, @ e g s e e o e P ] 000, o= e

179

(] 7191 2 e Y WEN FE, QAT [ A x-6F e T (o-9d
% 3zEn 7 e x = 1 fope wemfty Sfifere o SeRraweTe
SIS 4 | D.U. 1991

53. Find the points of continuity and discontinuties of the

: LEAI
function fix):l_:_f of fix) and the composite functions fifix)} and

fIfif(x)}] Ans. At x=1, fx is discontinuons.
x=0and 1 are discontinuties of fUTAxN; x=1 is the disconlinuity

of fifix
U = /(19 il o) flx) <@ Siafegrel e Rifgye! s fidy =2
AGS SN (), MAN & ¢ Fegef Fefa 53]

54. [e+y) = f(2 f () for all x and y and fld) = 1+xg(x) where

lim i
X—30 A
Show that the derivative f1x) exists and f (x)=flx) for all x.
[ Sx+y) = flx)fly) 7799 x @38 y S WA GR ([Y= 1+ (o A x_l:;

glx)=1, B9 (7ol O SgE TRE f(x) R @q Pld=flx) T x @ o ]
54 If f is continuous function of x satisfying the functional
squation flx+y)= flx)+[ly)
Show that flg=ax, a is a constant.
95.0) Show thal f is defined by fld=| x | + | x-1]

is continuous but not derivable for x=0, x=1.

(ii) Show that [ defined by fld = | x| + |a=1]+]x-2] is continous
and not dillerentiable at x=0, x=1.; x=2.

56, 1f (ﬁ/[x} =0 for ¢very value of x. then

Dl b+l £ 5100x) + o)

q)l :‘ l"(]'.'“X]"’--—v‘-’ﬂ”gél [¢[-\'1}+¢[a‘(_1}+...d’{.\:n”

T
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ANSWER -.
1. 2z+8 2. ldz—(5/z2) 5. —(1zy 8
4 —f2+z)-3r 5. 172z 6. &= genly -
NETS | ‘B '
7. & R 8. 5e e 9. 2z sec? 22
1 . ]
10. % % T 11 --asin(az+b) 12. gcos(az+b) |
2 1 e i
13. cos o 14. -—;logw 15. ;—x(‘/”)““
16 1l cosz
- m b - 18. 4tan 2 sec? 22

19, 2zcos z® 20, -z cot '?z{" 21. zX1+log x)
. _

22. 7 CO8 z4+sin = 23, —.
h sin—1z J(1=z? )

24 i i X
. ~——.-a‘-:---:am log z 25. (—-sm z log z— —;—cos .r) (log .r)’

2z 1 Z
26. (2¢ log Her gy a'r)(log z)? 27. 82% sin x413cos z |

28. '™ sec2z (i) e %% cos g.
29. . 0. 2. " s1. f(2) exiata
37. (i) Continuous, f (o) does not exist.
(i) Continuous, (o) does not exist.
(iii) Continuo ué, f(0) does not exist.
4.27. Derivative of a function of a function.
Let y =fw), where v =g(x). 5o is the function of z, then

by _ dy dv
dr dv dzx
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where f(v) and @ (z) are continuous.
Therefore v is also continuous f unctiox; of z,
Let v43v =@(z+4) and y +3y=f(v +3v)

Let A=3z—0. then 3v also tends to zero.

. 4 _lim (,3_3' oy
" dz x>0

3z ) s‘i—ro,—a; 3z
_lim ( 3y ) lim (  \_ dy dv
sv—0\ v /. $z—v0 \ sz )_ dv. dz,
' dy dy dv L 3 i
H Lot (AR g o i :
ence ¥ Py g provided the limits exist

Ex. Differentiate log(sinz) w. r, to z
Let y=log (sin z) ; put z=sin z

Then y=log z, —j?—- ..=~—j— ; :; = cosz.
dy dy dz

1 Bab e
e— = e = ——" 08 = —— 08 r=cot
v Tde de ide T g R S il &

Cor. we can generalize the above differentiation
X y=f(v), v=F{2), t=1(x),
be the three continuous functions, y is also continuous func-
tion of 2. Then
dy dy dv dt .
dx~ dv at  dx
. This is known as the chain rule of differentiation.
In this way we can establish the theorem for any number

of functions.
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Ex. Differentiate log sec (axz+bP w.r.to x

d 1 :
;z o seclaz+b)? tan (az+b) . 3(az+b). a

4.28 Logarithmic Differentiation.

* Differentiate £*** w. r. to .
Lefy =z
Take logarithm of both sides. Then
log v =log z**=cos z log z.
Differentiating both sides w. 7, to z,

1 i | d
L. .g% = ——(conz). log z-+cosz. (108 2)

| =—sin 2 logz+cosz s
z
d A 2 2 1
or, %?‘r‘ (—sin z logz +'-_;ECGS.1:) =2 (sing logz ™+ -__;_—303.1:)

In oxder to differentiate ;au function of the form «" where &
and v-are variable quantities. we are to take logarithm of the
expression and then differentiate. The process which is shown
above is called the logarithmic differentiation. |

In another way we can differentiate the function like y=z"**

The process is shown below.

cosr logzs®* coszlogx

y=z =¢ = —e¢v. where v=cosz log =
it —(E-y—-—z L ey T clBX .ﬂ_’___ﬁ_ 3 1 -..1. CUB,
T y=z®* ;= sing logz+ =, co8z
dy dy dv

P mli e PO 2 =zct** {—sin z logz +(}/x) cosz)
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This process is not always helpful if the expression is the
sroduct of many functions. Such as y=sin ¢* log = z*.
In this case logarithmic differentiation is very helpful.
4.29 Derivatives of Hyperbolic £ unction.
(gl wieTad fowtca mes sizt)
PR S S S s
@ Hence£ ( sin h x)=cos h X

Let y=cos hz=4(e*+e™) ' (dy/d.r)—‘—%(e‘-f*‘)";ﬂiﬂ hx

(ii) Hence dgx (cos h x)= sinh x

| sinh x
Lety = tavh# =55

dy (sinh 2)" cosh z—(sinh 2) (cos h z)”
L ) (cosh x)* |

dy coshrz—sinh*z 1 P
i cos h*zx BRI (e

(iii) Hence —%{—(tnnhx) = gech’x

(iv) Similarly.'-g-x-(coth x;=—cosec h’x
1

Let y —.aechx=-—cm

SH o (l\l(coshz—(l)(coshx)! ¥ —sinh =

“dr cush? X cosh® x
E':f{%’; —gechz tan i x
Hence d (sech x) = —sech X tanh x

dax

d ¥
(v Similarly = (cosech )= —cosech x coth x
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4.30 Derivative of sinh—! x w r to x

(Fretirs =1713M%% wicsicag Fwicafomin wvt)
Let y=sinh—1x .". x=sinh y (x20)
". (dx/dy)=(cosh y) = ¢/ (cosh?) = /(1 +sinky) =4/ (1+ 22
dy 1 d gl 1
e = s iy () s
Qimilarly,

(i}—d‘i—(cnsbﬂx )= ﬁm; (x>1)

o 1 .
(1) E—Jﬂﬂh ?x)= H;{—1<x<1)

(iv) -%cﬂl—(cusech‘-lx)m— _x_T;:}-_l_} (x#0)

1 p
— 7=y (aA0and |z <1)

Cor: Lety-=log{z-+ J(22+1)}

. ay ol 1T j1+ il }._ ]
Tz z+J@ DV T Zeaig]) J(Z+])

(v) _3‘.{'—(5“&"13:) =

1
Ny

Also —-‘i—ﬂ(sin hlz)=
dr

T [ RSRC Lamiige ]
c.8in ! z=log (z4 J2¥+1) +c [conslar:t and dx

when z =0, we have,
sin i~10=1log 14-¢c e3c=0.

Hence (i) sinh~! z=log (x++/x2+ 1) (z=0)

Differential Caleulus

Similarly, we can show that

(i) cos h—! x= log (x+ /x2—1) x=1

14.x

—

(ifi) tan A1 2= 1 log ( ) —l<a<1

4.31. Differentiation of Parametric Equations

( *t3tateal §e wiesicy fowicalmate was )
Sometimes = and y are expressed in terms of a third variable
usually called a Parameter. In such cases we can ﬁndg“’ithout

eliminatirg the parameter. The process of differentiation in

such cases is sk own below.

Let z=f; 1) and y=f, (t) then
dy _-_i'_,l!_ 33 . ay / dzx

e h 5

dap T o e A s #0
Ex. fz=acost and y=~bsin t, then

dr ‘ dy

-d—z—x———ﬂ sin t, d_ﬂ=b COS ¢ ;

. dy dv dr dy [de "
| g i b —— =bcos 1/(—q sin )= —(b/a) cot ¢

y 4.32. Differentiation of Implicit Functions (Ga7& e

y f in an equation involving z and v, the variable ¥ is not
!-. given in terms of z or it is not sujtable 10 express ¥y in terms of =
' by solving the equati« n, then y is said 10 be an implicit fonetion

of z. In this cas:, we inay get d&_':_v by differentiating every term
b 4

in the equation with respect 1o = as shown below :

185
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Ex. Differentiate az2+ 2hxy+ by24+d=0w. r. 1o 7.
Differentiating every term . r. to z,
dy

a 2x+(2hy+2hz %‘;—) 2hy dr +0=0
or (2hz +253’)‘£1§' = —2ax—2hy
=ax?+4 2hay + by +d =0, then
dy 3f/8x

T F (50

Ffy=derivative of f(x, ) w.r. to z treating y as constant,

f,=derivative of f(x, y) w. r. t0 v treating = a8 constant. For
detail, consult Chapter | |

4.33. Explicit ( 13% ) ii‘llneti;onn,:-—- If we can express a
variable v exclusively in terms of another variabale x, then y is
called an explicit funcﬁon of x. For example,

y=sin log cos z?, y<=flz).

X2 +5x+ T
YT TP r 443
4.34. Examples :—

Noteg Let f(r, ¥

ete,

Ex 1. Find %”ify:em:san el D, U. 1965

y=e *n % gin gx :
log y=log ( e*® * gin a* ) =sin x+log ( sin a* )

1 dy : cosa*

o e - a* log a

y  dx Fo.x-+ B K e

dy =4 ( c0s x+a* log a cot a* ) =¢"* sin &* (Cos x-+

i
a*log a cot a¥)
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Ex.é/;- Find the differential co-efficient of

a-—+x
l—axr

tan—1 . r. to z, D.U. 1969 ; R U. 1959

Lﬂy“tﬂﬂ“l( he )xtan*’ a-+tan—! g

l—ax

dy i 1

ey r

N7 i o e I+ 22

e’ tan—1 z
N A+ z?)
R. U, 1958 D. H. 1983

Ex. 3. Find-;i'i- !‘fy = D.‘U. 1962 :

we have,
i 2 tan—! o
T I
. log y=log ¢ 24 log tan— z—4log (1+z7%)
=7x%4 log tan—1 z—4 log (L+ 2%
1 dy | A

-.-:23 AETER - S L) I it
y dz * Tan— 21z 271442
dy 1
o1, = | 22 o i A
d '\r( R Y e e 2(I+x)  I1z2 )
Ngw pm the value of y, the result will follow,
\%E( 4.4 Find (dy/dz) Jf'& (tan Z) O de(cot g jtans J/

X D. U. 1983
Le! yg([an _1—) cnlx+(cot x)tln:.._ecou Iog tan K-_+ e'al;x Tou st i1

—
dy En”‘ log tanx(

g

—cosec? r lo tan
da gtan x+4cot

sec? r )
tan 2

a gl 2
+etan Xiog fol (Seﬂ*.z log 'cot 24 tan o TZCO0BEC 2 .z:__)
- col x ;

=(tan z) ©* (I—log tan x) cosec? Mx_

(log cot z—1) secc ¥

i
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Ex. 5. Differentiate +/(v/z)+ J (z/y)=:0 w. r. to z.
D. U, 1962

Now /(y/z)+ J (2]») =0
or, y+z=3,/(zy) or,y+z=3y/xJy [ onsimplification ]

Differentiating both sides w. r. to z,
i L iy
Ez‘+1‘3 ( a7z NYTEa da:)
y
ok “ J v TJ‘}‘ e
g _r_lg_ __NyBJy—2Jx)  3y—2a(zy)
dz = Nz(2Jy—3v12) T 25' Yy—3z
Ex f?ﬁnd d” 1flog (zy) =224 52 D. U, 1981, ’86.

log (x_v)—:rz-l-yz or, log z+logy=z%+5?

S A 1 dy
e T R = e

212—1
dy(%_zy}=2xhio dy _ (222—1)y

e e ‘dz T Z1—2%)
. dy . .
Ex 7. Find ——if zr—a cosd ¢,y =a sind ¢ R. U. 1965
¢ dz | Rigil
z==a cos?® 1, ye=q 5ind ¢
dz_ = —3a cos? ¢ sint. -—Ei -~ _ = 3a 8in? ¢ cos? t.
de de
dy dy l dz _ ”3“ sin? ¢ i PN T

"3a cos® t sin ¢

i d . —CO08 ’
Ex@_~;mdéls,=m—l J{T-FEE?:; D. U. 1952,'59
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Let = tan J(lm';#.) ettt J(z sin? /2 )
l+cosz 2 cos® 2/2

= tan-!(tan z/2)=%x
dy

g

Ex, 9. Differentiate fan log i:- w. . to x
T

Le‘ y = ta; & Iog iz-='tan i

> (z—zlog z)

=tan x—tan z log z
(dy/dx)=sec? r—se=2z log = —(1/z) tan z
=sec? x (1-+log z)—(1/z) tan z

Ex 10, Differentiste tan-t YAXEI=L o) ooy,

R. U. 1981, 1987
v(1+22-1

Let y = tan—* T and ¢ =tan—! »
we are to find dy/dx
ymeans VAL
—tan —1 ¥ (1 +tan’6) —1
tanf
= tap—1.3€C 0—1 i 1—-1:088_
tan 6 sin @
2 sin24g
= tan—1 At Ve 1(tan—1
tan (2 Sini0 cos10 ) tan—!(tan—~110)
=30=4tan~1 z=1~ o dyfdz=

Ex. 11. Differentiate = o % g0, r. (sin 2)%
Let =2"R X gnd »—( sm z )

we are to find 4y
dz

Now y=z*io = o1, log y=g8in z log z

4. 49 r-masx!ch+~l— sin z
y dzx
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dy

: !
or, 7o =xz*"* cos z log ,z-i—-—-; gin g 3™

Again z=(sin z)* = ¢* log sin X
ds
g ( sin 2)* (log sin z+.x cot z)

dy dy dz z*™ cos z log z4(1/x) sin z zti®
_a-z_"'dx e (sin z)*(log sin z+x cot z)
Ex 12~.\) If sin y =2 sin (a+y) prove that

ay- 'sinzi a+y)

d.x gy Sin a i .C- U- 198?
Now sin y=zsin (a+¥) ... .. ... (1)
ot log sin y=log x+log sin (a+y)
dy cos y cos (a+%) dy
dz siny i~ (a+y)
dy (cosy cosla+y) )
% L\emy ®m(atn )T

dy sin (a4+y—y)

N P ysinia-+y) b
A it
Or, ._dl_: 8111 ¥ Si_n(a-!-y) T “sjn- (a-‘:y) [ by (1) ]
dz z Sina g
: Proved
Ex. 13. Find _gy.i:" when (cosy +(sin 3)* = C. H. 1983,
89 D, H, 1987

(cos z)?+ (sin ¥)*=0
.'.ﬂj—x[(cus z)¥4(sin ¥)*]=0

bF il’ y log cos x
dz| e

v log cos = dy
d

zlog sin y} e

+e

—5in g
cos .xr

oT, g

log cos x Ly

Differential Ca'culus
Ge¥ log sin y log sy Cosy dy } 0
or, (cos.)¥ [(dy/dz) log cos .q:u—x tan .1:]

+48in 4 )% { log smy-[-xcoty } =0

or’_d; [(cos z)7 log cosz -+ (siny)* z cot ¥]

= (cos z)’ ¥ tan z—(sin v)* log sin y
o1, @Y dy (ecs )y y tan 2 —(sin y)* log sin ¥
dz = (cos z)? log cosz4 (siny)* z cot v
Ex. 14. y= {a?—b2 cos? dogz)} C. U. 1985
dy _ dv{a*—F cos? (logx}  d{a’—b2 cos?(log z))
d{a?2 — b2 cos? (log .:ﬂ} d{cos(log 2}
o d{cos logz} d(log =)
Y 2 7 ey dz'
v i{a?—b? cos? (logz)}~1/2x {—2b2 ens (log )}

x {—sin lo
b? sin 2(log ) gz} x1/x

" S vi{ar 52 cos2(Jog )}

Ex. 15 Find if-—ud_-i if 234y3.234.y

d : d
dz (2% Ly9)— 5 (3azxy)

or, 32143 e dy e i dy
¥y (I.'_[' ay - 35.7: —d——

v o
dy
OI——— (_}- ‘—'f-??:)r ay—zx?

—2
> P ay-z
dz  y2—_py

19
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ix. 16. Differentiate log .._a_ii-t—a—ﬁf— w. r to
a—b taniz

1 .
02 cosz -} x_.b! sinz_% x C- Ul 1986

a+t-btan} e
s g =log (a+ b tan 3x)—log (a—b tan}x)

dy s i-b seczi- x

Let y=1log
- _ibsect}z _ b secdx (2a)
dx a-+btan iz 2—btan 3z a*—b*tan*lz
_ absec?ix costlx _ ab
T a? costpx—b? sin?kz a2 costiz—b* sin2t.r
L 1
bet 2= 3 cos? § x—b? siv?lx
de | w¥a? sip x—4b? sin x (a?+b) sind z cos i x
17 = @ cod® Iz b2 it ko2 (a2 cost 3 z—b? sinfa)?
.dy | .‘b_'.]i‘f-,: ablo? cos? 3 x—b? sin* z)?
dz dz) dz  (acos?d z—b?sin? iz)(a? T 62)sinicosiz
ab { a? cos?} x-— b2 sin?dx }

T Ta2+b2] sinixcoskx
= -Eg-!-’—z (a® cotd x—b2 tan}z)
'Q\Ex 17. Prove that
1 .._.._.21‘,_ 4‘13 ._.8__'_?.7__._ + oo =-_ %.—.—
i i - miesks - MEE P N
ifl<x

We know that -
1 —z)(1+2)=1—22, (1—2) a+2)Q 42 =1—z"
(1—2)Q+2)A+2) (A +z%) =1—28,

s (l—z)(1+2)(1+27) 14z 1+
when 12| < |

and lim a2P=0
I=P 00

1A

Taking logarithm of both sides of (i}, we have
] y
log (1—=z)+log (1+x) +log(l+x) + (1 +2Y...c-log 1-=0
Differentating both sides . r. to =,
iy | SRR e 2 4z3

=% +1-{-.:r: +1-}-$2 + 1+1T+ """ =0
or i e 2z e 43 . 8x7 A 1 %9
ll-J'.' ].+I" 1+‘r"' T 1+I5 5 "m—"—f':x
Proved.

Exercige IV (B)
Find the differential co-efficients of the following with respect
o x.

(391&%:1 fostcaf@gas sast fadw =7)
1. 2:4-—-.11:_ +753

2. log (1 +sin ) +2 log {sec (}z—z)}
‘ | i
3. log Y (izt3) 4. log [Jtlx-a)ﬁ— N(z—Db)}

2z+1
243z : ! xf'l_l.]_ il
5 ) !( ) ' leg @ x
0‘\-‘ 23z 6 D -

« th‘ Iiﬂx)z 5 l/éj Iog sec (a.z+b)‘-‘
0, log (x+W{z2+2)}+sec™!(z?)+ 5
,/(0- log(sec x4 tan z) !
'i N a+ b tan z !
( h) los a—btan z 12. log,z+loga
13, 2o FHtan z
Io‘tx 4. cot x-—lzn
15. secz’ 16 sin £+ cos «
" Wf(1+sin 2x)

17. (a*P—x2)3)? a1y 1. 1 DU. 1988

2 4zt (x"—l)i i
18. s lagra o par1 @FOZ
\/ ai__¢x+z2)_ 0 18 (1) tan 1—5-:—55 D. U, 1984

Qo0 APPENDIX-Exta Sumsi142-15
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19. z(a+zY) (a2 —z2)

21

ko

23,

24.

26.

28.
30,
32.
33,
35.
37.
39+
40.
43,
46,
49.
51.

53.

& (L+log x log sinx) 22, log {(Cz—1) -+ 2./ (z2—
-1
N ; & i
s () tan-t X R U. 1952
€'l X2_(sip v2)2 o5 LW (z%i4) |
(%4 3)
{ 1  —r
1+ S(1--22) Sl - z3)
~{x+1)—1 :
lOg W 29. 108{ ’fl “Iog I) ""-Sin .\'}
i i—x
|
BTz A V=22
v (a2 cos? z 1 b?sin? z) () (sin x) S Cet{g@—"' 0
J( v ) 34
242 7 mn
i o o 35, log i o Lol
d=z3pf2 v+
(cos hx)* 38. t‘!’J e
xxz 0. eot"t
X" ; ;
x 12 = () T2
cos—! 2sin z
e 44: (1 4+ x)* 45. =z
x? bl
3.2 47. (sinx)* 48. =z
log(z+1) R
N (z+1) 50. (sinx)
log = (cos x |-sin x)
(sin™1x) 52. (tan™! x)
log sin x
»E L ¢l 54. 10
1 x
( 1—}-‘}’1) Tx'r () Sin( x g )+ﬂi“’(°°3“’x)

0. it r’z.)\/ A

iz ) ¢.01993

R.U. 1982 ,D. U. 1981

e

195
66. W (cot—le") 57. (sin x)<*-r(cos x)"™ C.\ 9B
sin—lx /89 sin—1 a+bcosx R.H, 1987

bi+acosx C.H.1988
D.U. 1962, R. U.1990°

58. e k

§9. (i) sin— 1_—----11_ch D. U. 1986
60. tan— ::(llmtzzx] (i) sin—1- z ":Trrtzl_@ R.U.1982
M D. 121992
1. tah ; 1-+tan x 62. x comm
1:{;““ f/ N V1993 ;
all’+-x iy [ & x
il e 7 SRR (m—‘“ )
D. U. 1981
fi4. tan—! (m tan x) 65. tan (sin—x) '
x ' _, cos
66, wlm 67. tan 141_ T—- R. U. 1983
68, cos'(1—2x?) (@) xtus—1x ' C. U, 1984
_y [ cosx—sin x J, ax
O o ey ) 142

B 1—x i 1
71, vin §2 ten=! J‘i?;} D.H. 1987 72, tan~t g

79, sin=1y/(1-x?) D.H. 1987 74, tan (log x?) ¢

76 345 ¢on x 76. sec t-t-tnn x
* TBTJcosx sec sec ¥— fan y
g, taDX
RETT . 78. tan x-+ Jtan’x
79. x cos ¢* 80. e*#sinwr x
81. see {{log(:?- a?) 82. sin x? cos hx
: X2+ 1
%
\(cot x) Ok e 0
83 e ;
L (sin—1 )2
85. cos~!{2rw(1—x?)} 86.e D. U. 1986
87. 2tan—! J{ﬂ 88 Stz
b—z
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89. sin? log
sin?(log x?) 90. xx4(sin x}og ;

91, cop ] Ry T
tan™* ”““"‘—'—-)-——— g2. { sin—'.\:} kit
sin—1 x/
4 { } . H. sf;
95. tanx+sec x - 96, ¥

sec(tan—! )
97. x2~f(1_x1) 98. (2r—3)2—3

99, w 11+x¢4) tan X + [2-sinx] logx

D.H. '
(i) (x24+1) sin=1 4 o V(14x2) 198!
(iii) (1+x / D.H. 1984
S = il
tan-1 VYx-Vx, x> 0 o 1s 3on

() P+ V(-2 +(sin-192, x| <1
| v a¥X 100 y’-4ax=0
101. xV(1+cos y) .102. Viy/x)+lx/y) = 6

(i) y=x log _7— C.U 1986 (i) y = (g]“" [l-l.-Jog%). C.H 1992

xbixt y 3= 0 '{?"" xY=yX 105. xV¥y%=1
3xt—x?y+2yi= 0 107. x"+ u'= a®

10§. y =x¥ D.U. 1986 109. x*+x2y24 yi=0
108 (i) y x108 x4 xc0871 fx C /9) @ (sin 2 “°™ + (cosxn ™W=q
(i) xtanx+ (sin x} cosx C.H. 1992; D.U. 1990

110. Wryt=a b ﬁ%%’g
5

112. x+y=bli‘l" (ay/
112, (i) sin y=x{2+y)
113. y=sin-1 (ax/y)
(i) log (x+y) = xy

111, y=xog y

F13(a) fsin \ (14x2)) 198 cosy
D.U. 1988 D.H.1984
114. sin (x+y) =a

1 : D.0. 199l
y=sin _j(axa‘yl N-H-9Y  ]16. x—a[ﬂmm@] y=[1+ cosb) - v 21
Ca, y_ésa"_“.x_ﬂ_(” !
i fai? [cos x)Y=(sin x)* C. U. 1984
118. tan y-‘ ‘. si .2t 3
(./ ]nfz X - D.U.1989

119, x=log t + sin 1, y = el+cos (
120. x= si113ﬂ.y = tanB

197
= 0. [x.yl= (0.0) at the
Origin ~ fxy#lyx
121. Differentiale sin x% w. r, to x2,
121, 2. &7 AMATF sin 10-44 TGGF 7Lo Ay F4
(i) cos3x a7 T edin-l oz swas 7zdl Felm ¥4 1 N.U. 1994
Differentiate e¥$1-!x 1o.r.lo cos3x €.U.1991
22, Differentiate tan! —=5 w.r. to sin’! i
122, Dilferenliale tan ] "\. w.r. to sin"' 75
sin! i g AACE lan" L o wwaFac 99 |
1-x l+x
C.H. 1989; D.H. 1984, 87
124, Differentiate logg x w. 1. to x*
w02 AMCATE log, g x-é'ﬁ AR T |
124. Differentiate x :r. w.r. to sin~! x
Wiy ! x -8 FCACE xS0 - 07 TR T |
124, (1) log (2497 GFRA 2,243 wrEa®. 72 T @ |
(i) Differentiate cos 2x> wir.to log (2+x) C.U.1984
148, Dillerentiate € w.r. Lo \{T .
Ji e o an wEes wze fe ¥
La6. ) Pl :li: in trems of x and z where
ooV nl*r" A \';J and x84 x2z=x" C.H. 1985
_ st %
125, (1) Differentiate ¥ log tan”! x with respect to 2 ';/\l-"
x/2
C.H. 1985
1
125 (1) Differentinte tan™! - u.r to sec—1 ———
2x2-1
(1-x2)
C.H. 1988

‘\f{l+x‘-}+\[{1 X l

125. (iv) Dilferentiate —

V (14x2) V{lu\*

S~ — .1 to \ (1-x3)

125, (v) Differentiate
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‘Show that  $=r sin 04 [zt B R
c %‘;— +s—£‘f—=(c’+s=) cos 0 and
e _5:._. ol d’ =(c?+5?) sin O
134. (a) Hflx)= \ —'-’”-’f lM!“show that
LR - alb :
rio=2(low g+ =N ( : R. U, 1987

1
(C+ax+a?)n log cot 7 X tan! {a cos bx) w. r. to (acosbx)

(vi) Differentiate log E%E w. r. to V.x3

D.H. 1989
-V x 3

126. y = ul-43 TEIF 39 @A 1 TR TSFR x-GF T |

Differentiate y= u¥ where u, v are the functions of
127. [-’H"y} l'l1+|']=xlnyllJ

128, ir_y =gineh i Sl e lhatg‘;; 1.
(1+x2) 1+x2

129. If y=x Vx>+a2)+alog {x+V(a+x2)). prove
that (dy/dy = 2V (a2+x2)

130. I y=-cot (cos—? x), from that ——
131. I P(x)=ax®+bx+ec, y=+ {P(x)}
- show that 4y3

1
= A=

2:1 =4¢G—-b= !
BE—2) . : ;.

132. .I.ff: ‘/{-—;4-——1-—2} Flﬂd [he domin Offandf' D.H. 19 "i.
133, Ify= ;‘lx ":_:_" “l“: 5 Bk 1 "
dy (1+y)cos x+yamx
“dx 1+2y4-cosx——smx .
ricos20 r3cos 80

T k)
2802 3s8in 30

Prove that——

134, If c=14r cosOF

Differential Calculus 199

135. If?'_hr’inx_i'd—sm Xt S om X+ selc to®

dy cos x
Prove that — i 2-5'—__“3-

() ¥y=vVIFvi-x , x<4
136. If y=sec 4x, prove that
dy 162 (L—1%) ! LA,
dt — (@—6r+t) ' o
137. 1fS,=the sum of a G, P. to n terms of whichr is the

common ratio,

Prove that
ds Sl g
(r—=1) 7;"?-("-*1) a1y~
138. If xty+y2x+ J (=1, then show that

o ey era) D. U. 1987
dx —  x(x*y+3xy3+1)
139. Prove that -
1—2x 2x—4x3 Ax3—Bx" | 1 A42x
fexer T1x@dxt © L—xlixd B - L
if x<1.
x X x sin x
140, I 008-}3 COS'-}'-:— cos '?z;' cae e 006—2";= W
then show that R. U. 1688
i X 1 1
¥ tll.'.l--x—4-§« ;i-tan ii;f— e e +-§-n-tan Ry 27- cot 72-n-——-cot x
X foll X 1 T )
andg,l—uec'-' -—2—' J{_‘?-‘-l-ﬂ!,.- "2—;+ EORER +23n %a

- 1 — cosec? -——+ cosec® x.

: S 2—: on
What happens if n—»®
141, If (14 x)" = co-teyx +c,~c— ...... £, Xm0 (
show that ¢, +2¢,+3¢g i +-nc,=n2"" R.U. 1987 .
A58

See APPEND!K — Exbracume= 442 ——
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| INGHEERE i St 3p: En ol sip s
T3V (I=x7) 2
—5x ! ~(6x- 1)
3. T2 ) SO 7 7 vy
_ 2 (1—x2—x4)
% 3 (B 2] e M o
. 2x24-3x—2
37. y(xtank x+4log cash x) 38. 3x—1)
39. xx:l ‘,(! +2 Iog x) 40- » (CDL‘I X ___..j‘ﬂ:':)
x _I'sz

4].I x‘: !g\g X [ l-{-log & -)?]_}g'_x._']

cos™ly log x
—————

42, x*1+log x) 43. .\:‘:"5"1}‘( x '7(1._;2_)"

4. Q4+ [ log (1--x)+ 1_‘:!; ]

45, 2x2 Sinx. [cos xlog x - S‘: J‘] 46.  3.2x2x 2xlog2

47, (sin x)* [xcot X+log sin x] 48. x°xe* [1/x-+log x)

49, y lpg(ii{i)l)- 50. (sin x) logx [log x cot x +—£~log sinx]

o log x log sin™1 x
1 1
3 din ), loes [slli Tlxy/(I—-x3 T ]
__€0s x+sin X {os i
52 y { T %) tan—1 3 T C0s x=3in x) log tan™1 4 }

54, x*(14-log x)+xlj‘-l-:-'-§-?§3 54. 10 Yoe Sinx Jog 10 cop x
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ANSWERS
Lo 2-—1x2_6/xt 2. tan (%fr-kx)-—z taa (f7—x)
3 =4+ 4 1
BxZ4 10x +3 C 2S{(x—a)(x=B)}

5. 6/(4—9x2) 6. —2/./(x241) 7. 2cot x log sin x

8. 3a(ax+b)’tun(ax+b)3 9. 1 (x242) 4 -—-——-2—-—.__

xJ (xt=1I)
2ab sec? x 1 log a
10. I, e — —_——
secex o1 A0 tants 12, 3102, € o)’

13 (ux2"1 log, x—x2"1 logs ¢)/(log, x)?
14.  (e*+seckx)(cotx—x%) +(cosecis 4 myxn “1)(e* +tanx)/

l (cotx—xn)2
s, F_ sinx) (2?3 —x2/8)
Y cotw 160 17, i
18, a(a?—x2) ' a*+ a%x2—5x2

mﬂ‘?[ﬂz+a«t ¥ J(@=xy
(D 1/(14x?
2. _ 4% 2 Iog sin x4 x log x cot x
(14x%)3,2 " 2x/(l+log x log sin x)
1 l—x : a
—fF P sy O aa

24. 2xcos %% eSi"24 3 sin x2)

22.

L Y ) i
® e\ e ) (=)
TR o e S DR S
ST =i S XV (3+1)
29, 1—2xcos x4/(1+log x)

{~/ (I Flog X)(—sin xJ2x4/(1 +logx) 30. —1/2x




82. sin x2 sin hx+2x cos x? cos hx. 81.
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s I dlog (L 41m) Jpxry(¥F1—log x
55. (14 1/x) i‘_x+1 og (1 +1/x) }+x1%/ .___)

x?

56, (e o
’ 2/ (cot lez)(1+ e2x)

(sin x) €08 = {cot x cosx—sin ¥ log sim x}
+(cos x)¥ia *(—tan x sin x4 cos x log cos x)

£Sin=1x e (ba_az) !
O T e NGRS e
5 =) 60, 3 s1o1.

s ! 1
] bl
62  cos < x»(nx—sinx) 63, 3XP(+ )
m A LI
f foFxrmismte O (=) o TSR

- j I logx cos”™ix
87, —itieR: J(l“*'“' @) x 63571 s+ }
_ 2
69-_ "_I 70- m‘.

X -1 1

T (=x3) el =0 i ad ':r'(!—xii
—16 sin x

(543 cos .t)’-‘

7.
74, —%seca log x 75. —4 seci(m/d—x]2)

sec? x tan x (1 4¢%)

4
77. e oy 78. sec’x
79. —Xe* sin exlcoser. 80, e2*sin® rx(q-trm cot rx)
81

1:’ T SeC {«}lng (x?4-a?)} tan {1 log(x24 a?)}

! : . J cot x
e

sin2x 2./ cot x

e 85 v

1+x* t V(=)
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.2 sin-‘ x e(Sin-:)e s i
' v (1—x%) i & ({x—a)(b—x)}

2
88. (2x+1) log 3 34/ (14x4x2) 89, _f_sin (2 log x%)

24/ (1 +x+4-x2)

' log sin x
90. xx(l+log x)-f-(Siﬂ‘-l;)‘ogx( cot x log x4 == xl l)

1 1 ap % N\l x

o 2(1 4x2) = -E(sm a ) (sin'lx[a-\/(m—x’)'{"
fnei
log sin a

93, (gc__)sin‘lea sin“__ lg—]

~+ T
94. x* cosec x(3—x cot x)
95. sec®x4secxtanx. 94 M_’(I'J:'H'T“') _
o 2y [ (1=~%7):
A 4 2=3x3) 52k
7. A 98. 2(2x— 3)2*—3(1 +log(2x — 3)}
v(logx log y-i-1/x)
9. Fp—yTrloge 100 ¥(a/v
s . 5 N=1Ty Sxt4-4xty
101. 2x cosec y 102, Ty 103. i
: : x log y—v 21
2,7 08 NG . P AN i e
X ylog x—x e x* l—log g

T A et

e 107, —(x/y)e
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b i e
TSRS P T

yrlog y+yxr .. ylogy

108

110, —

xv log x4 xy=? y—x
ay+ x? ¢os (x4y) _ ay

i ax—x? cOs (x-+) 113 xa ;_y.\/(yz__azx:).
’ 115 2cos (x+3)x+y)
e ! T T 1=2(x - y)cos(x+y)

802—13)
116. tan %6 117. ‘lT—_?.TE-‘ 1181
119 Hel—sing) | 120. cos?g cosec 28
l4+tcost
gl Ry 122 i
2. iagewox

123, £x78 log yee

=iz (g1 L U1—%%) )i-_f4xz+8x}sinzx='
124, xSie ™! (um 1y —-T—jl‘lﬂgx .() .

) 804 5x8
125. 2/t e (i) —

4284 23| 2xz4/ (x%2—1) |
—(5244 5x%) secT xS 2 ]

. 2n4-3
: n(l+x?) tan"1x log tan"1yx +x v 3
i) 2 (T+x%) tan X(x/ X COs &/ X—3 siny %)

i L VU434 (1—x9)
i =)

(14 a2 cos? bx)(x2xax-+a2)*? [#(2x - a) log cot $x
k). = —ab sin bx -

—cosec x(x?+ ax+ a?)]

v du dv i
126. ¥ [T'd';--}-log v-d-}—] 127. yp/x 127'1—1_;1

CHAPTER—V

APPLICAT_IONS OF DERIVATIVES
The concept of derivatives comes from the iatutive ideas of
(1) finding the velocity of a particle at an instant and (2) cons-
tructing tangent to a cur vc: at a point.
Let us first corstder the case of velocity, Let algebraic
distances of a farticl: moving ona straight line be S and §; at
times ¢ and ¢, respectively where the distances one measured from

a fixed point on the line. Then

o
T tg—¢

is defined as the dverage velocity of the particle over the time
Interval [ ¢, ¢, 1 Writing t;mty At, 51=S+AS, we have,

v_(S-I- AS)—-S AS
+Ay—t = At

When At bezomes infinftesimally small the length of interval
[ £ t+ A4 becomes almost zero and in these case, v can be termed
a3 the velocity of the particle of time ¢, Thus

At=00 \ At
For example, if S=ef(t)e=tz -

V==velocity at time Eidns A3 )= :3
t

\'=—:-:—-=f‘(t)=2i
If s in seconds and S is iy fect, then the velocity at teml,

2, 3, sec., are respectively 2«1 or 3 ft/sec, 2x2 or 4ft/sec, 2x 3.
or 6 ftfsec,




