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CHAPTER—V

APPLICAT_IONS OF DERIVATIVES
The concept of derivatives comes from the iatutive ideas of
(1) finding the velocity of a particle at an instant and (2) cons-
tructing tangent to a cur vc: at a point.
Let us first corstder the case of velocity, Let algebraic
distances of a farticl: moving ona straight line be S and §; at
times ¢ and ¢, respectively where the distances one measured from

a fixed point on the line. Then

o
T tg—¢

is defined as the dverage velocity of the particle over the time
Interval [ ¢, ¢, 1 Writing t;mty At, 51=S+AS, we have,

v_(S-I- AS)—-S AS
+Ay—t = At

When At bezomes infinftesimally small the length of interval
[ £ t+ A4 becomes almost zero and in these case, v can be termed
a3 the velocity of the particle of time ¢, Thus

At=00 \ At
For example, if S=ef(t)e=tz -

V==velocity at time Eidns A3 )= :3
t

\'=—:-:—-=f‘(t)=2i
If s in seconds and S is iy fect, then the velocity at teml,

2, 3, sec., are respectively 2«1 or 3 ft/sec, 2x2 or 4ft/sec, 2x 3.
or 6 ftfsec,
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ation of a particle is the derivative of 5.9 Differentials

Similaply the acceler
velocity ¢ that is, If£° (x) is the derivative or differential co-efficient of f(x) [
and Axis an increment of x, the product £* (x) Ax is denoted
by df(x)and is called the diflerential of fix). Symbollcally it

is written as
df(xy=F" %) Axeer.. (1)

If x is an independent variable, f(x) =x, then 1~ (v)=1
dx=Ax (2)

iz cy
f=acceleration oﬂ dime 1= o
| ) PRl
5 2 Geometrical Interpretation of the derivative =5l
Lety =f(x) rcpresént the curve APQ. Let P (x, y) be any
point on the curve, and Q (x+ Ax, y+AY).

beany point in the neigh-

bourhood of P. 'l'hus! ¥ s ”ynf(é:) R e
OL=x, PL=SM.:=.b . f” ) £ ‘ i
gLy : ; //R y= .'._x ) u.n s ( )
| S:fi?}?:, LQ;;L: +9£w A 5 which is the difierential of the fanction y=fx)
LXfR::@ | " : ' Proof . From the limit of a function, we have
Now from APQS, T o NL M X

x4+ Ax —
Fi [f_-"""—m;x 42 =ftx) '<e,0< | Ax | <0
. g
QS OM—-SM QM-PL-
£80 CFee PST T LM T OM-0OL

y+oy—v' Ay
x+ OHx—x  Ax

where € is arbitrarily small and A depends on e and x,
From this we have.

A= fix+ Ax)—f(x)={f () ¥ &} Ax
when @0 as Axs»0 v e sa(2)

or, lan f==

if Q approaches [ aloag the curve, Ax tends-to zero, The

) ; i A S §s almest equal to £(; i 4
straight line QPN becomes the straigh. line TPR in the limit as e o f{x) Ax since €~»0. We represent

the product f°(x)Ax by  df(x) aad the differential is
df S (x) &% when f(xymx, then £ (¥ e=1.

Q= or Ax->D. in this case, 6=y, which is the iaclination of

the tangent at P with the positive direction of x—axis.

Therefore
Lim Ha "y =92 ; the lintit exist.
L b P i -
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5.5. Geometrical representation of the Differential of a-

function.  (fowira{@mym s whifafoe ot )
1Y
Q fl‘.'-iﬂ:
18y
A__ P I
7 S
Ar=dx '
0 L M X
Fig 54

Let y =f(x) represent the curve APQ and the derivatives f(x)
exists at every point of the curve. Let the co-ordinates of P
and g be (v, ) and (x+Ax, y+Ay) rcspectwely, PD is the
tangent at P.

Let LCPD=y, PC=Ax=dx, QC=Ay, DC=dy

Thus tan lb-c-—g-g—guf () et e e )

Since the value of the derivative at a point on a curve equal
to the slope of the tangent at that point.

From (4) we have CD=f" (x) A(X)=df(x)= d)’

or, dysf(x)dx

The symbols dx and dy are also called differentials (differen=
tial x and differential )

; il 1
%}2%%?%1{ ==derivatives of f(x)

at x.

dy ..
If dx#0; (hen Efé"'j (x) or
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Examples

Ex. 1. du+v+w)=dutde+ dw
Ex. 2. u=xy
du=d(xy)= ydx+xd v
Fx. 3 dw)=udo+oda =
Ex. 4, A=7zr?
< dA=2nrdr
Ex. 5. x=co0s8, y=sing _
dx=—sin § df, dv=cos § 4o
Notes In the above theorem we notice that the increment
& x of x is equal to the differential dx but is not generally the
case with the dependent varlable i.e. the increment Ay of yis
not equal to dy i. e., Awskdy .
It y=f(x)nxf';~3ﬁ., then
Ay=fx+ Ax)—f(x) =(x+ Axy—3/x+ Ax,2— (x*~—3x%)
- xS A X+ 6x7(Ax) 24 dx(Ax)3 + (Ax* —3x2 —6xAx+3
(AX)? —x* 4 3x7 =(4x3—6x) 1x+ (16x2—3)( Ax)’ 4 Ax(Ax)3
+ A(x)3
dy =Principal part of Ay=(4x*—6x)Ax=(4x3=bx)dz, sincs
L dx,

. f(x;—s% =412 —6x and dy=(4x3=6x)dv i. e,

dylde=A4xd—6x which shows that dvand dy are not neces-

sarily small,

5. 6. Increasing and decreasing functions (&4 g7¢ wyszfyas
IIRH)

Theoremz If p is a function of x, then y increases as z
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increases if (dy/dx) is positive, and y dscreases as X inci2ases

o P :
if -!--15 negative.
dx
For an small increment of x, say Az, let Ay be the corres-

ponding small increment in 3

As x change by Ax and yby Ay and if both of them have

the same sign (i. e, if x and y both increase or decreasc together)

Ly i3 positive. On the other hand if Ax and Ay have oppasite

signs (if one InCreascs and other decreascs) _E is negative.
X

dy lim Ay
Now v = Ax—#0A%
If we ignore the limit then

ii ?4-.( where « is an infinitesimal which tends ¢

zera as Ax=r0.

Thus the sign of (dy/dx) is the same as the siga of (Ay/Ax)
Hence y increases with increase of x if (dyfdx) is positivc ans

y decreases with the increasc of x if (dy/dx) is negative.

Thercfore y=f (x) is called an increasing function of x for a

interval of x if y increases for increasing values of x in that inte

val.

% in an interval if the value of v decreases with the increasis

values of x in the interval.
Increasing and Decreasing Functions

Art. 5.7 Prove that it f(a) < 0 ina < X < b,

steadilly decreasing in this interval.
L1 flath) /@) .
s i) = Flal =
Ans. [ la) o0 h 3

Lt Sla —h)—! (&)
~h—0 —

The function y=f(x) is called a decreasing function ¢

then f(x)

Lt given fla) < 0 .. fla+h)—f(a) < 0 or fla+h)il
Also —fla—h} + fla) < 0 Or. fla—h] > fla) ... (2
From (1) and (2). fla—h) = f{a) > fla + h)

e [unetion is steadily decreasing in the nbd d

Alternative Method :—

et a be a point in (c, d) such thal c<a < d.

(‘onsider two points x;. x5 in the interval such 4
o Iy the Mean value Theorem, we have.

Ixgl—J (x) = (xg0—x1) ffa) where x; <a < xy !'.t.ii"i:
But /(@) < 0in (e d) i.e.; flxa)—flx;) <0 or. _,f'{xz:_.i'-'fj
slendily decreases in (e, d) |

Art. 5.8 State the meaning of derivative at ap‘”
slgnify the increasing or decreasing of a function?

Ans. Let f(x) be dilferentiable in (a. b). Let ¢
point ol (a, b). Then

qa Wt flerh)—flo)
fle) = h—0 BICSCh

fle+h)— 5
.__,__j_(_‘f,‘! — )

<€ >0Where 0 < |l

Or. 1 (c — < fld +e

Let f7(c) > 0. Choose € < f(c) . Then f'(d—e o fi
fl c*_rg_}—f (0

pisitive. Thus >0WhenO0<|h | <8

I'he function J[J\} will then be called an increa?’
the Interval (e—aé. c+3)

Neat, let fle) < 0. chose € < | f(d)]. Then f(c) —it

e both negative
fle+ h)—/f(a
Now g < 0 so that f (¢ + h)— f(cdF

wpposite signs.

e+ h=x then e—8 £ x< ¢+ 8 and hence wesil
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flo). it x> cand f(¥ > flgitx<c
Thus. it f(c) < 0. we can find a nbd. of ¢ such that flx) < f(x'y)

when c—d< x| <Xz < ¢+
The function f(x} will, be called a decrea

sing function in (c—9.

c+ ).
For the e
them.
or. flc+h) > fla it 0 <h = ) |
and fle+h) < flo) it Sl el

Hebh=x.,. c—dsx=sct dil x<e
illac=¢ and [l < flditxs<c

nd points a and b, we only restrict the intervals about

Hence we see that fla = fle

From the above discussions, we have come to the conclusion &
) '_ thal f (&) is positive or negative. J(¥) is an increasing or. decreasing

function in a suitably restlicted ndh. of ¢.

il Ex. ' Show that y-xﬂ—ﬁxﬂ+15x+3 is an increasing func-
i | -
bl tion of x. :
| 2
Let ymad—6x 415243, Sm3 =154 15

=3(x3—4x- 5)= 3{x—2)2+1}
=»(dy/dx) is positive for all real values of x. Hencey is an_
increasing functicen of x. :

Ex. 2 If y-=2x3—-9x*+12x——6, fia
easing and that in which p is decreasing.

d the raage of values of x

for which y is incr
dy _gx2—18x412
dx
=6(x2— 3x+ 2)=6(x—1)(x—2)

-j-'f is positive for x<1or x>2.

-

Se, y is an increasiag fanction of x asx iacreases from—®

1041 or from + 2 to oo

Again dy/dx is negative for 1<x2

function of x as x in 3 50 y is a decreasing

creases from—+1 to 42,

Hence e hav
€ a tangent at g poi
ont, not parallel to y—axi
0 y—axis,

] at c ]

the derivative i
s the slope or -
s gardient of the
tangent line).

If § be the inclinaijo 0 the cu = f(x
nauvon of the tangent
to t rve
: y=f(x)

1 lan g | ¢ T 1

» ! <

decreases as x increase im

- - plyin 2
increasing values of x. g that the curve is falling with

it Y0

—-—=0. t —_—

- en =0 and the tangent is parallel to the x

lIim (&J’

Aok A—x—) =00, then cos¢=0 or ¥
=90

Ahd %0 the angent prependicular to the x-axis

B 3 Ifogx 2 .
;X< 4x, prove that—— SBL X
P £ = <l

axis.

If tany ea -9&.3;..,,

Lol J(0)e si’;:"‘,th.-:n

]
] X C At
f (_‘,,_H_LUS X—S8in xm(-‘f'\—tall X) cos x

w x2 %2 oI
hen x I a positi
tive acute an
gle, we know that
x< tan x,

Al%o In the glven range cos x and x2 are both positi
Hence f'(x)&0 when 0 xgin. Thus f(pm'me.

function of x throughout the intervat 0, im :I) g

value occurs at x«0* and least at : Wh::“

a decreasing

its greatest
=R,

sin x
* 5 2l and fdn)=2/z

2
Thus we have -< ii‘_—n'-rﬁl for 0Ogxgi/n
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Ex. 4 Use differential calculus, calculate the value of V48

& See APPEMDD

vorked ows AE Xornp L{l:_ic,
Nob Noé; No.7

—————

1
Lety=\rx.6y=
2 Vx

If x=49. and ox =~ 1. Then
y=N48 =7 8= 55="= 071
49=7 V(x+8)=y+dy=7-.071 =6.929

epfitert v
1. (qdre @, y=x2-10x+3TA y IR M x< 5/ G y
e I 5 W
| 2 M‘Gﬁy={x—21ex+x+2tﬂ§ﬂﬁxcﬁww
TER ST T es A
‘! 3 Gdls @ O+ 08 -304 NH xR T LAQE W
i | o A A 3

o 4. (RSNl SR y=2x-tan” x-log {x+v((1‘+ x2)}; x -94 1
L 2 QT AR O A TR xR i8R e
i C. H. 1972 %2 (0, (A

5. 16 (0 = (x ~L)ex + 1, show that [ (xJ is positive for i
positive values x. i 1
1

6. Prove that x- 35 x2 <log (1 +x) <x - 2—“%_—-5 for x>0

7. 1f x is not equal to zero, prove that
Ll ¥ eeior o=l ] xEet=1 € o far x <1

X
() 1+x
8. Use differentials to calculate approxinately Y99,

Ans. 9.95, 8,005

9. In what interval is the function f (x) = 3x° — 25x°
60x increasing and decreasing? Sketch (/' (x) FiAT
e FerH OR R IR TP ORI s =
o5 94

10. Delermine the gradient of the tangent to the curve

J(1-22)-sin y=0 at the point whose coordinate is 1 /N2

N 18

CHAPTER —V]
SUCCESSIVE DIFFERENTIATION

(wfaF fowicaforgm )

6.1. Definition 3— i
ition ¢—If p=f(x), its differential co-efficient

f(x)=dy/dx will be in
general a fusction of 1 i
8 ey % f° (%) is called
e first derivative of f(x). The differential co-efficient of £-¢
Iv called the 2nd derivative of f(x) i, ¢ G

Lim f"(x+h)—/" (x)

S = X+ 4h)
h=0 B

provided ihe limits exist,

Similarly ivati ]
R Y ¥ 1]1; derivative of £ (x) is called the 3rd derivative
(%) and denoted by S (%) and so on, If fx) "

i times with is differentiated

respect 10 x then we ;
. get what is called
derivative of £(x) and this is denoted by £'° (x) T

The successive derivative of y=f(x) are denoted b
00 B oo P ;
0. 2. Notation ¢—The first i
derivative of y=f(x)i
: }I’Ihv)=££= f(x) is denoted
dx =
The first derivative of f*(x)e= d( ay\_dy_[d \2
P G\ T _dx2=(a- y
’ d2
X)=— L1
S7(x) Zz =gz =9
[t is convenient to denote the operator

d
Dl e B2
dx

Therefore ~3-. 4. ( d
b = -;;(;,—;)-D. Dep:
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d . . .. 3 = a th
If the operatcr = is applied n timcs on y=f(x) thennl:
perivative of y=f(x) is deroted by
J’.,=<-E-)”J-’==D“y==}’n-
dx

Thus for y=the successive derivatives are denoted by

FrTT G BBt e JEIx),

3r" y-l"-’ yoto.‘ 47 T ol y(n)
g o L
Ol 75"’ EE' dx3 e s

or, Dy, D%, Dy, e i e | e

or; ¥i, Yu ¥m il Nt sl VA

Ex. Find the 3rd derivative of y=x'.
Let y=x'

. dy . __{I_ dy dayu f 5
. E:y1=Dy=7x5 i dx (-E')ﬂdxz Q?D.zj =7-6x

. d
T3 =D3y=1T. 6._5,1:‘

6. 3. Standard Results (2 {%ie; ®5()
(1) Find the nth derivative of y=(ax+b)™,
y=(ax--b)"
yi=m.a(ax+b)*", yymmm(n—1)al(ax +b)—*
yy=m(m—1)(m—2)a3(ax +b)»~3 and so on.
Hence,

ED“(GHIJ}‘“——-m(m ~1j(m—2)-++...(m—n4 [)a2(ax+b)"""
ﬂn(ax-l-b)“""‘

vy =D" (ax+ b= Lg—;‘"in)

Successive Differentiation 4 ?17
= Cor ¢ (A) Let m be a positive integer, e
(1) If n<m, then
Pa=m{m—1)m=2).-. (m—n+ l)a*(ax+ b=
= o L =
(6] - — s n
j yn. L_(m —n) st

(i) If n=m, then
ya=D=(ax+b)P=n(n—1)(t =2) - {n—n+1)a*(ax+b)*~™
- =|_na~

(iii) 1f n>m or n=m+r, then
Vo= DB gx 4 by =D¥D=(ax+b)™}
=DR(|_m.a")=0.

(iv) Ifm is a negative integer,
Let m=-—r, where R is a positive integer, Then
i+ 1 0 ——--l—
yo=Dr(ax+b)"=D ( ax+b)')
= (— r)(— r—1)(—r—=2)..-(r—n+1)a¥ax +5) """

=Pl D+ D rbn—])
- J’)"( _.1____,)_ —1)® Lfribn—1) ~ =oahi -
g e e syl P

When r=li,

1 an
h-(” _'».-_b">=(‘ 1eLn T
(V) Find the nth differential of y=€*
Ay e, yo=a? e, yg=ae** 50 0n.
Henoe = Do () =are?*
Corg—Ilaw|, then
Yuw Do(e%) = e
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Cor —If y=ax=e3'es »

s yi=(log @) ex'oz 3, y,=(log a)?e* '°¢ 2 and 50 on
Hence y,=D" (g%)=(log a)® ex'°¢ °=(log a)" a*

S ¥y =D(a¥)=(loga) "a*

i)~ Find 1le nth derivative of y=10g (ax+b)

= =al@xk b)Y, ya=a¥— 1)(ax+5)7?
yi=(—1)(—2)(a®)(ax+ b) 3 =(—1)"_2 a®(ax+b) 3
=(—1)3"1, L(3_—1) ad(ax4-b)~3

M=t i AP
Ya=(—D¥_(4—1,a"(ax+b) ey

and so on,

Ya=D{lcg (ax+b)}= G 1 0 Y P
@+ b,

Cor g3 Put =0 and a=1 in log (ax+ b) then y=loge x.
The nth derivative is

va=Do(logx)— .(jEJl‘.:(n_j)

«(vii) Find the nth derivative of y=sin(ax+6) C. U. 1983
S yi=acos (ax+b)=asin 31+ (ax+b)}
ya=a%co:{iT+(ax+b }=a sio{3zm+in+(ax+b)}
=a? sir{2.37+ (ax + b)}

yy=a%cos{2.1n +(ax+b)}= a3sin{—‘;’ +2. -‘%— t(ax+b) }
o 7 -
=a3sin [3.~.—2—+(ax+b)}, and so on,

‘Hence  y,-- Dofsin (ax-+ b)}=a° sin {}nn+ “ax +b))

et e <+ e - T PN RPLIRY| |
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(viiij) Find the derivative of y=cos(az +b) g?{\
. . 9 :_\ 9
Proceeding as in (iv), Wwe get \ !’;7; .

y,=-D® {cos (ax+)b}=a" cos {In7+(ax+b)} L\@:‘
Cor g3 If a=1, b=0, then i
Dn (sin z)=sln(3nm+x), i
D* (cosx)mscos (307 +x)-
6. 4. {1) Find the nth differential co-efficient of
y—=e2* sin (bx=+¢)
s y1=ae*=sin (bx+c)+e*” b cos (bx+c¢)
Put a=r cos ¢ and b=r sing then ‘3

b
r2=g°+b? and tan$=>b/a or ¢==tan—? (?)

Now y; becomes

yr=re** sin (bx+¢) co*p+e**r COS (bx+c )sing
e=re3= sin (bx+c+¢)

Similarly

yo=r2¢* sin (bx+ ¢ +2¢) and so on.

b
ya=r"¢*= sin (bx+c+ ng)y=(a*+b* [ sin(b): 4c+n tan "‘-—; )
If y=e¢®* sin bx. then ]
yoem=Dr(e sin bx)=(a*+b*,°/* sin (bx +n tan™'b/a)
gimilarly.
ya=D?(g** cos bx)=(a?4-b%)?[? cos (bx+u tan™ ! b/a)

6.5 Partial Fractions. Expression of the form

!
4’35). where #(x) and f(x) are both rational integral algebraic

£(x)

functisas, can be differentiated easily if the 'cxpression is first
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resolved into partial fractions. This is explained with examples
below.

Ex. Differentiate x times the expression

—6x41 i B C
(x—1)(3x— 2)§2x+3) =x—1 > 3x—2+ 2x+3

_ =45 23/13 " 49/65
¥—1 3x—32 '2x+3

N=

Therefore the nth derivative of v is

s (=1)L_n _23{—-1)“3"(__?3 49(—1)°_n2~"
5 (x—1)at1 T 13(3x—2)° "2 65(2x +3)+!

[ See Ex. 6.3(1) ]
Use of De Moivre's Theorem

i Vo™

6.6 Find the nth derivative of y== C. U. 1986

1
x2+ a

—n ! 1 il 1 1
x4a®  (x-tai)(x—ai)” 2ia \x—ia  x+ia

1 ok 1 L
2, 3.-=-—§;— (x—iag) 1— W('r+=a} .

”m l)(".‘ ia; '-—-5;;{—1)’3:-}-16)—

o .

32 g (D= De—ia) 3 L (— (=2 (v +i)

. 41 fme a0

and so on

L5 o . - 1 .
- indby (—=1)n! (x—iaj21 — P (—1)n! (x4 1a) 5-!

Foct Neic g8 See Higher Algebra and Tiizonomsiry bs
Shahiduila & Bhattacharjee

sin"g, coseg etc, we are to transferm the expression

Successive Differentiation 221

=L nf 1 b
%ia \(r—ia" (x—iapt §

: > ! a
Put x=r cOs 8, a=r sin 6, r?=2%4 a2, f=tan™" ( )

K (—1)rn) 1 I 0 ]
FaE 2ig rn7! (c0:f —i sing)**' (cos 0+smd,""‘ f
(—l)"i_u N T e
- .{ osf —i sin 6) > '—(cos O+cin )7 !
{1} l---]'1 i2sin’n + 1)6= —(:—);——--sln"”ﬁ; sin(n 416
2larﬁ 1 tﬂ“

(‘-U nl sin(u4 1)@ sin=*'6, =tan ‘e[z

o Lxli-aﬁ )-

6.7 Trigonometrical Trapsformation.

In finding th derivative of expressions like sin?d cosd, sin%@
into a sum

by Trigonometry. ln such cases the substitutions are

o COS O+i sin 6, then z'=cos §—2 sin B

Y 2 cosf=z+1/z, 2i sing=z—1/z

The method is explained below with an example.

fix. Wind the nth derivative of costx sin2x

Let gmcos x |isin x, thzn y—l=cos x—1i sin x

s 2008 xmz-zt, 2i5in xe=z—z 1o (1)

Alg0 2% (CO8 X 41 5in X)"=mcOS nx+1 sin nx

2 0= (08 X4 i sin x) °=c08 nx—1 sin nx

2 cos nxw=z®4z" ", 214 sin X =Pz Buee see [ 2]
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Thus 2?2 cos?x 233 o8 x=(z +271)2(z —z"1)3

1
or; 2843 cos? x si:.s,x;:( i ;5—)—-( zs—-—z_;..)__z (z-—- .lz..>

=21 sin Sx=2{ sin 3x—2.2i sin x
or, —2° cos?x sindx=—2 (sin Sx—sin 3x—2 sin x)
< DP (cosx sin®x)=—27% 2(5° :in (3n7 + 5x)
—32 sin (3am+3x)—2 sin (3n+x)}
w(1/16)[2 sin (dn74 x) +3° sin (3nm+ 3x)—5° sin (3= +5x)]

6. 8. Leibnitz’s Theorem (o3 Izsa Soioiiw)

With the help of this theorem we can find the nth differential
co-efficient of a product of two functions.

The theorem states that ifu and » are two function of x and
each has derivatives upto order n, then the nth derivatives of the
product of the functions is given by

Dr{uv)e=(Dru)v42C; D*' uDv4-oC, D °-2y D2v +

...... «s4®C, D* 0 D'V ...4n Doy
or, (uV)a=ua¥+°C1 Uy_1 V1+Cally_y Votseerer
+°Crup_rVr+ oo uv,

Where the suffixes of  and » indicate the order of derivatives
with respect to x.

Let y=uv. Differentiate 1t w. r. o x

dy

—

d u dy
ax =ax @0)=? —-+u zo=vurtuwwior. yi=u+un,

d d d
e 3'?=‘§%=‘$_.(“w)+ @)

or, yoem(uyp+119,)+ {01+ uny) =+ 2u;0, 4 uv,
=0+ Citty_1 93+ U0s
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Similarly,
1"y Vgt + Janvy + S;Jlt:“.+1¢:~s==r¢3v+3C1 3, 1t Cpts 202403
Iiecause $Cy=3C,=3.
[lus we see that the theerem holes good for n=1, 2 and 3.
Lot us assume that the theorem is true for a=m (a positive
inteper). Then

Vi = e 4 M C it _1v1 A0, Vot

vor ver d-gpmeee voe ove (1)
Differentiate (1) with respect to x 8

Ving 1 =HWmY -+ (UmVs ¥ Megitmvy) 4 (61 ha_1V2 + mﬂzum_-;_"z)

e e b ®mCim r Vet

bower ver S+ PCr g Hm_ryd Yok 0 U _qyd Ve 000 o0
gtV + (P01 + 1) tmdr+ (e +201) Uy Vab o o
.i.(m‘r +mcr._.1}“m_'*1 'Pr+ e aEs .}.uvmi

Bt Mg B¢, _1=""1¢r and Pcr +1 =mtlg

Therefore
Yyl =tme1 ¥ Pty y e g VT o e
4P g il 1 Ve ot Wmalee -(2)
If the theorem holds good for n=m, then, it, will also hold
good [ n=m+l. But it was proved that the theorem is

\ue fur n=1,2aad 3......When the theorem is true for m=3,
(t Iy also true for p=4. Whenit is true for n=4, it is true

fok need and so on. ' Hence the theorem must be true for
every positive integral value of .

Ex. Find the nth derivative of x%?*

Lot ymmyy e xie?*

Where we=g®, v=x2.

. - o
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Yo Fa=tnl 0, V140 C0u, oV, + 000, gvyt-ceenes

It + nCrun__r"’r o g +uy,

= 22X x4 —;—1*2“'1. €% x4 ’-’ifl’__z__')_zn—zezs,z 10

nin—1)
i

6.9. Some Important Symbolic Operators.
F(D)=AuD 4 A, A\D5" 4 ...... ...+ AsD+ A.
=X A:rD", where A is independent of D

|=2"¢** [.r’*‘—}nx-}.

F (D) is any rational integral algebraic function of D or ffid

The following result may be ob'ained from the above functjon
(i) F(D}e*x=F(a)esx

| (i) P(D)e*sV=go= F(D+a) V, wh:re Vis the function of @
o (iii) F(D?) sin (ax+ b)=F(~a?) sin (az+b) -
() F(D? cos (ax+b =F—a? cos (az45)
Proof g2 (1) F(D)e**=(A,Do4 4, ;D* 4 et A1D e dg)enE
We krow that Dress=greax
& F(D)es=e(an Ay4...4 g2 Anttraly-A)=F q)e
Proof. (ii) By Leibaniiz’s Theorem we have
D2(e**V)=VDreax 4.0 D" 1eaxDy .t o CoD e D3V L+
_ [ Bi
=e*(a"V+rCia" DV 42Cad ™ DV 4 .. +D2y)
- . By Dreagﬂarcu
=e¢**(a4D)nVy

d.r -.|il
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V(o wiale aiu s8ane 19 Rl @il D, D% DY Ruima
AW AT WA BB
Dr (ea*V)=e3x(g + D)V
aun ' F\D){e**V}=5AD(e5*V) mea T A(a + D)V
=e*F(D+a)V
Proof. (i) F(D?) mionafda paw D

e FE F(D2)=‘EA:D*’

r=0

aw= D sin (ax+b)=a cos (ax+b)

D? sin (ax +-b)=(—a?) sin (ax+b) =(—a?)sin (ax+b)

DY sin fax+b)=—a’ cos (az+ b}

DY sin (ax+b)=(—a?)?sin {ax+4-b)

D gin (ax-+ b)=(—a?" sin (ax+b)

Y F(Dj2sin (ax +b)=XA,/—a?)" sin (ax+b)
=F(—a?) sin (ax +b) .

WY Wi et ¥R

Hy) (DY) cos (ax+b)=F(—a?) cos (ax+b)

Examples

e, Plod nith diffzrential co-efficient of sin®x. D. U. 1954

Lot yegbi®yed (3 sinv—sin 3x)

y,,-l shn (i 4 x)—3.3= sin (3nm+3x),

1
Kx, 2, Find the nth derivative of =17 *=2)

|
(x=1)"(x—2)

Let yu=




I.
|
!
i
!5'
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Put ax—l=z or, x=l+4z; x—2=14z—2=z—1
1 A Byl

e e e
8, l=Az(z—[)1B(z—1)4+Cz2

Equate co-cffivients of 22, » and constant terms from botk
sides. Then A=—I1, B=--1, C=1,

, medlig I 1 1 ]
h W B e g
R b A ey (x—-l}'-’+x-—2

Differentiating # times we have

P (ot O . ki P i
(x—1)m*! (x—~1)2¥8 " (x—2)a¢1

_‘(_1)“-,“[ 1 1 1 ]

(x_nntl. +(ZI‘.""— l)n+t —(x_z)nﬂ

¥a

Ex. 3, Find the nth differential co-efficient of
y=sinty cosdx

Let cos x-+isin x=g, then cos x—i sin x=z"1
COS rx+1ISin rx=1z", COs rx—isinrx=z"r
5 2cosx=ete? 2 i58in Xx=ge—g!
2cosrx=z'4z"" 2 isin rx=z"—z"*
New (2 # sin X)%2 cos x)2=(z—z" 1)z +2"1®
or, 27 i sindx cosdx==(z—4z2 - 6—4/22 L1 [29)(z3 4324 3/z4 1/28)
or, 27 sintx cos8x=2741/z7) 4 (—443)(z3+1/2%)
+(6-3—=12)(z8+1/29) 4 (18—12—44 1)(z 4-1/2)
or, 27 sinfx cosdx =2 cos Tr—2 cos 5x—3.2 cos 3x+3.2 cosx
or, sindx cosdx=(%)f (cos Tx—cos 5.\:-——35305. 3x-+-3 cos x)

Hence nth derivative of y is

AN M
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Yo (DU cos (dnm 4+ Tx)—5° cos (3nm 4 5x)
—3.3% cos (dum4+3x)+3 cos (Bnug =x)
Kx 4 Find nth derivative of sin® x.
Let ze=c0s x40 5in X, 2z=008 x—F sin &
2 cos xmzzl, 2 sin xms—z 1t
o 2D sin® x=(z—z7 ) ={(2"—] 2 ) (z"— /2%
+ 2(e3—=1/x3) —35(z—1/z;
w2 [sin 7—7.2 {8in Sx 42, 21 4 sin 3x-—35.278in x
or, sin x=3)%'sin 7x—7 sin Sx 421 sin 3x—35 sin x)
& Ve (D70 sin {fur +Tx)—7.50 sin 3(rm +5)
4 21.30 sin (b 4+ 3x)—35 sin (307 4-x)}
Bx B, If yetan-ix, show that ya=2 cos (R 43) cosdy
We have x=tan 3 ... oo (1)
Differentiate it w. r. to x 3

3 dy
i ' =y 1y= 23’ Tae wR4 Sy 2;'

el g% v osin Yy % =—2costy sin r=_1s [ by (2)?

L LT (1 gos \:—; —6 cos? p sin? m(%‘-)
s ot poad § (2052 ¢ ~3 sin? p) cos? [ by (2) ]
o o QO eosdy—3 cos 1(1-~cos2 1)}
sl COMM (4 posp—3 cosy)=—2 cosdy cos 3y
sl oonm 1) cody (Proved.)

Ex, 6, IF yssght gos by, prove that y,—2ay; +(a? +52)y=0
Lt pmeet® cos by (13
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yi=ac®* cos bx—be** sin br=ay—>be** sin bx by (1) Successive Differentiation 229
A wy=ayi—abe3* sia bz—Db? ¢** cos bx (2)
_ . (] X2V s — 5 F oy Ll "
uayr——a(bc“ sin b.s:)-—-b!y [by (1) |_ m'(l ﬁ)."z} ([ X }Yn!-.. Hinp12X "(_” I)Ynl,
i " . 2y == 2
=ayi—alay—y)—bty .- Coyety QR e 7T = Ry atse

Therefore D3 (1—x?)y, —Dixyi +D%a2y=(1—x2)Y,¢2
—(2n+1)x¥n 41— (1?—a) ya=0

0, (=)0 so—{2n 4 Dxya,1— (02— a%)y,=0

Ex. 10, If y=sin (m sin ~'x), show that

) (1=x?)y;=xy;—m?y D. U. 1983

) (1 =2350s=022+ Dxynp+(n?—m?)y, D. H. *62, R.1.67

yoaln (msin”lx) ... ... (1)

(m sin-* x) Wi—,t—x?f don ... f2)

o g (I=x"Y=m cos (m sin —x)

or, Yo—2ay1+(6*+b2)y=0  (Proved)
Ex, 7. Find the nth de;ivati\rc of x8 sin x
Let y==2% sin x, Then
Ya=D"(sinx, x3)
=Do(sinx). x342C; D*=1(sin x).(3x2)
+42C2 D*72 (sinx). 6x+42C3 D°™2 (sin x)6
=sin (307 + x)a%+2Cy sin {$n—1)7 +2}32
45C; sin {§(n—2)r+4x}6x +°Cj sin {3(r—3)7 +x}6
or, yo= x3sin {Inw+2) + Ix? sin {4(n—1)m 2} 4
3xn(n—1) sin{d(n—2)7 +x)+n(n —1)(n—2) sin F(n—3)7T4+x} : A
- M) cos® (msin—1x)=m? [l—sin(msin—1x)]
Ex. 8, Ify= x2e* show that e " mi2(l — 32)
hban=ligg—nn -z)y'+‘&{”"1)(“-z)y RIREROAtng both sides zo. 7. to x
Differentiate y=2x%* . r. to x RS e 343 —2x) =m¥(—2 3yy)
S yi=€" X2+ e* 2x=e* (x24 2%) L NI Lhroughout by 2y,
yp=€%x24+2x)4 eX(2x + 2)=e%(x24 4x 4+-2) W)y = —m 2y

n(n 1) SRS e iy, (proved)
DA rentinte it » Imes e

“"'#'Jl‘ln-l{h)' T ‘( (Z)yu—J ap1 X4 ny (1) —m2y,

S Ya=exx 4 ne3lx 4 eX2=c*{x? 4 2nx+ n(n—1)} ...(4)

F Now e¥{x2+ 2nx+ n)(n—l)}:g*(x’ + 4z + 2) ¥ n2—n)—
w—3nt2 .

il c:{—z\ﬁ"' 2£)(H!_2ﬂ}+g’ 2 ." ‘l-’,y..'-(:ﬂ+ l)“:yn +1+ na_mz‘}yn= O (pro‘,ed). -
| = 4n(1—1)y,—n(n—2)y; + $(n—1)n—2)y by [1}, (2, [3] B 1L IF pasg® =1 prove that C. U, 1984
! Yn=3n(n=1)yo—n(1—2)y;+4(n—1)(n—2)y. Proved. th ( R R T R T ¢ H. 1992

W) (1) 0a =80 ¢ |)\1...g-—(\f +a7) v,=0
A henee find the value of v, where x=0

R. U. 1964, %66 , D. U. 1952

Ex. 9. Differentiate n times the equation
I , (1—x2)y;~xy11 a2y=0 D. U. 1982
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asin—! x
Differentiate y=¢ s aael L (R

a sin—1x - RS
FCI= sy

e N1=¢€ l'?-)

ar, y,_fl[l-—-xij.;—.: aly?

s 23y (l—x3)—2xy2=2y10? | Differentiating both sides
S S

(1—x*)y—xy1—ya*=0:. (proved)

Differentiate it » times §

(i=—=1)

2 ey ey 2 Py sy 2V
— XY N¥,— -‘IQYn”O

of, (1—x%2)Ya,e— 20+ 1)XYa1—(F +0%)¥a=0 (4) proved
Put x=0in (1}, 12), (3), (4); then
(o=1, (y1)e=a and (Ya.2)o=(1? ¥ a)(¥a' e we (5)
Putting n=n—2 in (5),
(o= {(1—2)2 + a%} (Yu=)o ++ = (5)
e={(n— 224 a*}{(n—4)2+ a2} (¥a-1)o €1C.
But (y)e= 1, (Y2)oz=a% (y:)o=(2'+a%)a?
when n is even.
o ()= {(n—2)2 + @H{(n—4)2 4 a3} (42 + 03N 4 a7
(when n is eve
When n is odd, (v1)e=a, (vge=(12+a%)a |
o (ga)o=l(n— 27 aY(n—dF 4 (... (37 +a2)(12 +.a2Xya)
= {(n—2)3 +a2}{(n—4)3) +-a%}-+ (324 c2)(12+a)2

B 12.

d
dt

Successive Differention
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If u. v, w be functions of z, and if suffixes denote
differentiations with regard to ¢, prove that,

wp V1 owr | =] ux vi 1wy
e vty Uy V2 10,
By vg Ws | U, Vi 104

|

| For the differentiation of Determinant see authors’s Higher
Algebra,

When a determinant is differentiated, there will ba as

many determinants as the order of ithe determinant and each

determinant coatains only one row or one column differentiated

Hhee only.]
d\ u ¥ i = _d-u d
a g vy 103 &L m
Uy Y3
| Hy Vi w1 Uy
*1 d i d W i u,
o i T S
Bty A d
Uy Vs Wy de
o oy va wa (| w1V oW
lf‘ Vg oy | 3 vi g
W v, tog | uy vy 10,
- P W
Wy V¥a Wy | proved.
" '. W‘

d

ar
0y |
wy |

V1 W
¥a g
d d

“3dy Vs Ty T

u; "
w v
uy, vy

wi
wi

Ba. 10, If yespx and 7=qx, all the variables.are the funcions

N oy 1
LI R |
N N K
Now y = px

OF 4, then prove that

P2 49

ive differentiation.

-.\"l P a1 l ¢ D1, Py etc. indicate the success-

S =P, Ve=px ¥ 20151+ p X
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z=gx = Z1=qXi+ 0%, Z,=(0 X2+ 2q1X1 + doX

Here |x y 2z [=|* £P% gx
[ x1 1 23 \ X1 pxi+pix gx;+qix
1 X Y. 22 Xo DXa 4 201%1+ Po¥1 @¥a+291X1 +G2%

Co—Pe1y €491

x: 0 0
X1 p1x gi1x
Xa 2p1%1 4+ PaX 2q1%1F G2%

"’le qi

4—P1.¥1+P2¢ 2g3x1+2%

Exercise

Find yn in the following cases.

c
E — 4»
A =T
3z 6
g ) s
¥ IS G=IRETD
7. y=sindx cosdr 8.
9. y=ear,+b 10.
11+ y=sin®x 12,
13. y=e?* cos?x 14,
24 bx+
130y 1f y=2 +1-.-Ei

Then prove that (l-—x)yi'=3_r2
y=tan~'=  RH. 1988

X
15. y= pe e 16.

x [ p1x q1x
2p1X14 PaX 2¢1X1+ PaX
‘-—xz #1 \ Rl—'lek
Pa2* qu
=x3 1 51 qi l
o Qs
x3
VE G=1x-2)

2
I= =1 x—2)

1
Y= T=5x+6x2

y=sin 2x sin 3x
y=sir2y sin 2x
p=C08"x

(i)y==€3* sin 4x
(if) y=e**sin(p -Aqx)

R. U. 1988

yam22 {1.35. .00

Successive Differentiation D]

14x I—-x 2x

17 i — - = =% Ty

(1) y=tan—! — (if) y= T 18. y=tan—-!? i

. 2x
19, ,1'=51n-1—-—-1_+12 20. y=e=log x
2. yee¥(ax+b)®  22. (i) y=%2cos x
(it) y=x"log bx D. U, 1954

" d3
23. If y=sin x, prove that 4 I -cos” x=105 sin 4x
24, 1f y==sin nx 4 cos nx, show that R.U. 19988

ye=n* J {1 +(—1)" sin 2nx}
25. If yeaxo*14-bxn prove that x2y,=n(n+1)y
26. If y=tan-lx, show that (y10)=0
27 Tf y=x* log x, prove that y=24 log x +50
(i) If y=x*"1log x. prove that y,=| (n—1)/x R.U.1987

28. Find (pu)o If yeme™oO8 ¥
29. Find the derivative at x=0, if
yefx+ S (14+ XD
30. Find (yn), When y=sin (a sin—1x)
31. If y- x2» where n is a positive integer, show that
(2n—1)} x» R. U. 1987
31. (i) Show that y=¢= sin xis the solution of y,+4y=0
(ii) Show that y=sin k (m sin A~'x) satisfies the
equation (14x)? yo4 xn=m?y
32, If y=sin=1x, show that (ya)e=0. or,
(n—2)*n - 4)...52.32, 12 when n is even or odd
33. If y=A tan 104+ B(2+6 tan 1), when A and B are any.
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constarnts, orove that : ]
(1+4cos g)y,=y R U.(8) 1962 \8, If y/ (1—xB)=sii"'x, prove that
34. Prove lhat--!—(f“)" 1 =(—'I)=+.,__ 1 ] Ul_x’)ynn__(z,;-i-3’)x}’n-"’}’n-1=0 e
w \dx ) x(I—=x) — x0T (Irxes 46 If y=cos{log(l+x)%} prove that - N.U.V294
R.U. (H) 1962 | (V4 X242+ 20+ 1)1 +2)) apg + (2417 =0 '
D. U. 1951

it dr+i
35. Show that g (x* log .r)_—-__’:_c..l. D. U. 1957, D. U, 1969 |
17. Show that the nth derivative of the differential equation.

36. I y=sin (sin y), prove that
x8yg +xy3+(aB—m2)y=0 is

A8y o Ly | .
s +lan x—d;+y cos2x=0 D. U. 1954 1
37. If i V)gz b (U4 1)XVagr T (8= % =)y, =0
g Y=m Cﬂi"l,‘.\‘, 3]10“" that 1 ; ) i
E B : log y=tan~!x, show thal
(adi o AR B (i) Iflog y=tan™ x
38. If y=ax sin x, prove that X2y, — 2xy, 4+ (324 2)y=0 R : | X200 2+ 20X+ 2x—1)yasr+n(r+Dy=0 C.U. 1980, "84
39, Ff y=sin{a log (x+ b} prove 1hat _ 1 48. If y=x2sin x, prove that NL U 1294
;f)) ((r +?;J'=+(x+b)y1+aﬂy=0 BRI S, g . v, =(2—n?+n)sin (x+nm/2)—2nx cos (x+nmm/2)
) (o4 )2aga + @A+ 1)+ )i + (8 + 0270 = | & |
Ya=0 . . ; : i
n ! t ih [ &
M gy ] 49. Differentiate n times the equla' ion
40. 1If y=A cos {m sin'(ax4-b)} prove that 1 li] x2(d?y[dx?)+x(dy/dx)+y=0 [ii] (1 +x2)ya+:2n—1)y,=0
{1—(@x +5)}¥n4a—(2n +1a(ax + b)¥as1+(mP—n?)aZy,=0 __ 50, 1P x==sin i log v Of, p=em Sin-lx
D.U. 1964 ' s A0 4
41. If y=[an-1x, prove that §how that
( [+x2))'n+s+i(7;+ 1).\:}'“ 4 1.*-41(;;..!— I))'n‘: 0 . (! —x)Waro _[2“4. [}:\.rnﬁ_(uz +m?)V, =={) N. U. 1986
42, If y=aces(laeX)+b s L4992 i
22 yoy +(3n;l-°1:}fz' :Fm(;i&!;? SE:)W iy Y i now that the value of yp at x=014. ¢, D. H. 87
o4 e n= 2 F 3 i
xcosa & D B- ?9]9916[ (y,) o=m(m? + 22 (m?+32)...0m2 - (11— 32} whenz is odd
43, W r=e sin (x sin @) prove that or, me(nt422%(m* =47)..0n7 1 {11—2)*} when 2 is even
sy % i :
Yoy =Vaty COS @+ 3=0 D H19%5 8 50, If y=e28in—lx prove that C. H. 1987

(1) (1 =x2)y,—xy1—4y=0

44 1f y=(sin h~1x)2, FEove Fhal
(1 (1=—x3)Yaqs a— (24 1)xy o Jl,4)y_,0

(1 +x2)_;;,,.|.2+(2n+l}ynﬂ+x=yn={] D. H. 1959
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23 58, If y=x2+ -;ishow that x'*‘—-—‘;x}; +x g—-ﬁ-ysﬁ R.U.1962

51. If y=(x2—1)" prove that

Z
(¥2—1)Tap2 + 2%V n—1(n 4 1)y, =0 59. Show that %:n( e%x ).=un(x)e%x2where u,(x) is a poly-

: de
Hence if u= J;;(_}'Q-—I)“ nominal of degree n. Establish the recurrence relation. D.H. 1962
May1==Xty+ 11, .3 and hence obtain the differential equation
U xt's—nu,= 0 satisfed by u, (x)

(i) If x=tan (log ), prove that

1 “dy
Show that{-{g—-‘( 1—x2) el } + n(n41u=0

52, If yym4 y~1fm=2x, prove that  D. bt. 1989, D.U.¥20

(%% = )2+ @t DpXag + (12 —m2)p,=0  R.U. 1960 (1420 a1 (o= bt Aln—1) 40 il
53. If x=(A+ Btje~=, prove that D.U. 1984 60. If y=x/(x*+4%) and x=a cot 6. show that
ftzr-: +2n “""jf PPN . D.U. 1962 -"'“E("D“l;% (sin 6)*1 cos (n+1) ¢ R-H. 1967

61, Show that

_dv fsin'x )= P sin (x4 $n%)+ Q cos (x+$rm)
dx" x xn+1

54. If y=sin —1x, then prove that

(1—%)Yag2— (2""1' 1)xy0 +l_"'2yn-0
() If y=(asin=1 bx)?, obtain an equation connecting ¥, 11,

and y,

d (003 x) P cos (x+43nm)—Q sin (y+3n%)

Apply Leibnitz Theorem on this equation and a relation dye \ y s

connecting Ju, Va1, Voia, where P=yr—n(n—1)3""24-n(n—1)(n—2)n—3)y"~* ...
Qm 1y = — p(11— 1)(11—2) y2 =3 4 «oe

62. 1f yeet®an IT—g 4 a;x+ @, X2 4  oo-

55. If n=tan-1x, prove that

d? d
(1459 a,—x-f;’—-a-zx?% =0 e

Show that

(1) (14x%) y+(2x=1) y1=0

(i) (14 x2) Yayot {2+ Dx—1} Yas1+71n+1) yo=0
(i) (n+2) apeat+na=dan,

¥
|
|
:
i

f Hence determine the nth derivatives of u, with respect to x
é when x=0 R.U. 1958
! 56. If y=xm log x, show that xry=my-+x2 where we dy/dx
Differentiate this equati 'n iz times where n>m
57. If y=log{x+J (1+x%)}* Prove that -
i} (1 4+x)re+xy=2
(1) (A4 x)yaced QndDaruF0y,=0

Sol g—See worked out example 14 of chapter YII General
1Theorems. i
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] 63, If y=sin (m sin~'x)=a +a1x +ax2+
i;}, Show that

D. H. 1986
| : () (I—x3)y,=xy1—m?y M. H. 1324

(1) (1—x)Yasz— @114 Doy —(P—m?)¥.=0
JL Gil)y (4 D +2)aq, =(1*—m?)an
Sol s—see worked out Ex. 10 for (i) and (ii) and for (iii
differentiate y, then put the values of yg and y, in (i), equate the
co-efficients of x» from both sides. The rtesult will follow.
64, If y=e*Sit~lxma,+ag x+axx’+ ... -
Show that
! L (- Dn+2) ana=(1*+a%a,
| Hints ¢ sece worked out Ex. 11, then equate co-efficients of
x® from both sides after putting the values of yg and y, in (1)
65. If y=(sin"! xyP=a,+a1 x4ax* + .-
show that (n4 1)(n42) a.,,=n?a,
66, Prove that

| _d__ r ax He= r—n n-—-r(_f_ nax r
i gy e X a x dx /e x
b 67. Prove that if x4y==1.
| i nyll n_fie2 o1 n =
F{X Y )=n! (y —Neys § x-+ ,5'2‘2}- 22 4 ... “.)

98. Prove that if y==l_c.’§y..§, then

i
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69. By formirg in two dilerent ways the »#ih derivative of

V" prove that

14 e nn—12  n3(n—1)Fn—272 (2
iy 23z T 5T oot i
i,
Hint ° if yxxzn. Vo= (-II? Ix“
nt

Again y=x". x0
{2n )2

D'(x2")=Ds{x". x")=x" n} [ given rerjes J= { '
ni

70-1f coly = x then show that
”II x]‘!
e 112 2 =n! siny [siny-"¢] cosy sin2y + Ncg cos?y sindy----]

efsaia V1

frafafys siagfes y. M 39

] :xs
I, y=(2x+3)® Y= G=I=2)
c ~2
mEm bl o et v
2
B i AEUERTING]: Dl
y (x—1)¥}x-+2) it 1—5x+6x°

7. y=sinx cos’x 8. y=sin2xgsin 3x
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9. y=—ea'th 10. y=sin%x sin 2x
] H." p=sin®s

| 13.

12. y=cos5x
14. (i) =€ sin 4x

p=e?* cos2x

et

ax*—bx4-c
e

13. () zf5 y= iii)) y=e? sin(p—gx)

27 78 @ (I=x)p=3, R U 19338 D.U. 1954
15. y=—._.—i—

b ERE

19. p=sin~? -—2".'—-

% 20. y=e“logx

21. y=e%(ax4by® 22, (i) y=alcosx

. a
23. =zfk y=sin x, 3T ST A9 F7 (3 ¢ 2 ©0"¥=105 sin 4x

24. 7 y=sin nx+cos nx g7 €I (418 (I
ye=nt/{l+(=1) sin 2nx}  C.HA993 R.U. 1988
25, gfe y=ax *+14b3" g (I W14 FF A *.=n(n+l)y
' 26. zft y#tan~lx 2¥ 3 7818 € (5,)=0
i 27. gfg y=x'logx 2§ ©3 o474 I3 ¢§ y=24 log x50
| § 28. 3 ya=e"SF gy @1q (), @a WA fadm 71

29. aff y={X+v(l+x¥)}= g7, w3 x=0 famrs n o1 9533 |

3 Aaza 348 %31
30. y=sin(asin~' %) gie@ (), fada sa1
3L () ™Are @ ya +=0 g7 AN & y=e*sin x
| () crare @ (1-x%) b3 =my ARNFI0T
y=¢inp A{msin -2 x) 5% =1 R, U, ]9¢%

\ -.
16. y:tan'l-g R. H. 1988

: 1% s 1—x 2l
=tan=t — = —tan~
.1?. (i) y=tan T (i) y= T 18. y=tan 1} i

(i) y=x*logbx D.U. 1954

afie sEdlzdy 241

12, ufyt y=sin & g7, SC3 C41€ A (), =0 3,

(n—2)Xn—4)%... 52301 343 n (ora AR LG 22

1,k y=Atan}0+B210 tan}f) g7, (a7 4 R B
2P w33, wr3 Aaq FA @ (1+cos 6)y,=y R.U.(H) 1962

e D

R. U. (H) 1962

M. e 37 ca{—!( ad?)"

dn+l n! .
3. civre 3 Feei ( x" log Jc)='_—x— D. U. 1957 D. U. 1969

30, wfir y=sin (sin y) 27 ©Cq 2974 3 3

%’; +tan ¥ 4:': 4y c0six =0 D.U. 1954

M. afi y=e<sm-2, g7 o3 CiTe (3
(1= %)Y nda— Qa+Dxya+1—(n*+ m)y,=0
M, nfk y=ax sin x, g Ot #ae I3 €8 Xy,—2 4+
(x2+2)y=0
M. ufk y=sin{alog(x+b)} 28 I =AA4 I (3
() (x+5)py+(x+b)yy +a%=0
() (% +8)%yata+(20+1) (¥4-B)ynty+(12+0%)yo=0

N.U- 1994 C.U. 1980. D.U. 1953
40, iy p=d cos {n sin-1ax+b)} g7 wLq A4 FI (3 >
(1 (ax b2 vaeg—(2a+1)2@E+B)py+ 1+ (M2 1*)a3pa=0
D.U. 1964
Al nf§ p=tan-le 57 T 474 IA (T
(14 x"yr 4o +2n4Dxyny  +n(n411y,=0

" M2 i y=a cos (log 3)+b cin (log x), 77 SCT (RNTS 7
A o B 204 1)¥ya (02 +1)ya=0 D. H. 196i
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242
M. (1) If y=exin-1x prove that C.H. 1937
43. =% y:axccmsin(x sin 4) g8, SR A FA i) (1=xtys—xy,—4y=0
. \ D. H. 1 () (1 =)ynsa—(2n+1)xy 4y —(n2+4)y=0

a +}'n=0

z3 < 2974 I3 g

Ynia = 2¥nt1 €03

4, zfp y=_in na)
(1+x‘)yn+=+(2n+1)xym1+x’y.-——0
45, afw py/(1—at)=sin'* T O 274 33 (A

(L—=2%)ya s—(2n+1)Xyn— "’)’n-;‘-‘*ﬂ

46. =fa yzcos{log(! 4%} gra A ¥4 =
(14+X)*yns +2n+ 10 +X) Yasrt (034 1)y.=0
N 1994

M nfe y=(x*-1)" g7, 3 oTa ¥ A

D. H. |,. ‘}‘ ‘l)yn+a+zx}’n+1“"("+l)."’;=0

drn
_ winies ufy u= 4 0°~1)" a8, SF (1418 3
p.U. 19 4
5{“—.")?'; }-—i-n(n—}-])u:o
B " ryYm=2%, TR AT FI Q@ D.U-1990, D.H K182,

D.U. B (' =1)ya+3 (20 + 1)xpas +(n2—m)ya=0 R. U. 1960

47. caure &8 quas e ¥V TR R g A

7iezra 29, 5 Mx L & _ |

x’ynu-i—(!ﬁl‘)x}'uu*(""’“’ —m*pn=0 v ten gpt D. U. 1962
(]') qﬁ log y=tan='"' xﬁ,'@fﬂ qYTe C: c u. 1980, "r' ygﬁin—lx ZF ©C3 HATY I A

(1 +x2Va *,+(2r:lx+?.x——1).$’nu +n(n+1)y.= (1 —3yn+9—(2n4+1)50 41— 117e=0

ofr7d FA (3 If y=(a sin-! bx)?, obtain an equation connecting ¥, ¥,

3. =ft y=%° sin x 7%, O x .
' J2)—2nx €05 (x+n=i2)

yn_—_(ﬂ-—-nz«l-n) sin (¥ 1=

2. Grfafys mFaae@e 13 wEAwEd ¥, .
0 [} (+atyst(@n-1nd

) addyide) XN T

N
Apply Leibnitz Theorem on this equation and finda relation
"H' M, yn*l' ya'l-:!

88l u=tan='x 3, SCI 974 37 (I

d*u Jg;

logy fﬂ ruTe (3 .
gy) q {l'i'}ij d"l ~|'-2x },LT=D C,U.’ \992

iy
50, x=sin (—

* D.U.
( —X5)Yn+ ,——(En L1)xyass —(n*T

Dn Hc.

m?)ya=0 :
wee £ -0 e nox fiRgra fada ez R U. 1958

M, nfip y=xlogx, g8 7 (7418 (T
AV iy X" (aNTLR yy=dypldx
— o alloncm n-za IfE1a fada s g n>m g

x=0 ZLS yo &3 A TR

13 (wWIe 3
13 (=2

(3a) o= m(m*+ 12)(m?
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aft y="log{v+v(1+¥)} 78, S L4 T
I.il (1 'i'x’)yg-'rxy,_=2
{ii] (1+x=l?n+;+[2ﬂ-}-])x}-n+1+nzyn.___,0

58. afg y=x*+ ""iﬂ (I (ALTS (A

dzy dy o
x2 Pry +x7&--4)_0 R.U. 1962

e [ 3% _ i
9. (ACA L e )= w()e™ asm ua(x) g2 1

qram® e3B I AT cimnfas a=gB afel 31 .
D. 4.
Uptq=Xtp+ o~y AR Bgl S #a (%) A A 9IS :
"o+ X1 —nu,=0 afed T

(i) afk x=tan(logy) <8 I 19 ¥4 (3
(1+5*)yatr+H(@nx— 1)pat+n(n—1)ya=0 C. H,
60. zfg y=x/(x*+a%) ax x=4a cot 0. 57 orq (TS (3 1

yam(—1p0 LR Gin o)estcos (1130 R.H.

6l. cayre (q
do _sin x )_P sin (¥+3nz)+0 cos (x+}nz7)
dsn ( e at+d
d fcos x) Pos (x=4nz)— Q sin (y+in=)
dyn » e ‘;4.5.1
caaneq P=yr—n(n—1)-24nin—1) {n—2) (n=3p2=t .
Q=ny-1—n(n=1) (n—2)y" -+ -

62. If y=etrs-1*=a,+a,x 18X+ . e

Show that
@) (1+x%) y+(2%-1) »n=0

i e T 245

(I (1+5% yosrq+{2An+ D=1} yati+  n{n4-1) ya=0

() (n+2)a8at,+18a=Fn+y

Bol: see worked out example 14 of chapier VIL General

Theorems.

8). If y=sin (m sin-x)=a,+ax+0,x*+
N.H-1994 D.H. 1986

Show that

() (1—x2) yy=2xy,—m?y

(1) (1—3t)ya+a—(2n+1xya+r—(12—m2)ya=0

() (n+1)(14+2) Gaty=(n2—m*)an

$ol :—see workedout Ex. 10 for (i) and (i) and for (iii)
tentiate y, then put the values of v, aad y, in (i), equate the
folents of x° from both sides. The result will follow.

64, If y=ed Si0-1 x=@ 40, X+a,x*+

Show that

(n+1) (n4+2) @4 ,=(n246Ya,

Hints: see worked out Ex. 11, then aquate cc-efficients of

4% fron both sides afier putting the values of y, and yo in (1)

65, If y=(sin-1x)2=a,+a, X-+ax*+...
$how that (n-+1) (n4-2) @, 4:=1"4da
66, Prove that

d \rax n r—n n—rf d\nax r
dx/]€¢ = g % o e i
67, Prove that if x—l-y-_-'i,'

in
g (¥ym)=n Lty X0c -t X
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68. Prove that ify = %—5 then 7, 2-7{8esin (8x+3nm)—2.6" sin (6x+3n=)
n <y o i x+iaz
_{=rnt a o forde b 1 —2.4n sin (3x+3n=)+ 627 sin (2¥+37 )
Un= " il og X g T g - 1/n) " J'{COS {.\:+§Hﬂ)——5“ cos {5':1-%!1::)} g. gnewx+h
69. By forming in two different ways the nth derivative {0, 20-1sin (2x+43nx)—4"""sin (4x-+3n=)
x2n, prove that : 11, —(3)s {62 cos (6x+3nm)—6.4° cos (4x-+3n7)
1+ - 1P nPn-12Mm-27 _(2nt 4-15.20 cos (3n=+2x)}
12 12‘ 22 12, 22 i 32 e R {ru'} f 12. ﬂ)‘ {5“ cos (5x+in=)+5-3“ co;(3x+§n,—:)
£ ns
Hint: 1fy=xn, y,= e +1€ cos (¥+inm)}
Again 13, 20-1 ¢4 (PPfR cos (3nm+25%)
\ Atp 2 )4, (i) 5 e sin (4x-+n tan—24[3)
' D" () = D (x" . x¥") = x" n! [ Given series |= LZ,%’L () 2 ‘
: iy (a® nf2 g a* gj —gx--n tan=1 gla)
70. If x = coty, then show that (i) (a*+g")[*e<"sin (p=1 -
@ X ' 15, {(—1)=n Icos(n+ 1) 6 sina-+1}fa" 1, X=a cOs 8
o [ Teg) =ndsiny [siny- "¢, cosy sin2y + "¢, cos?y. o ;
) 6. (=hft sin n6 sin™0, (gL x=4a cot 0
TeanEt vi 17, () (—=1p-*L(n=1) ! sin™ sin 79, @41 x=cot 0
) (—ip— 2l
l.2nm!/ (m-n)!(2x+ 3 ™" () (-G
19. 18 &2 1
2. (1! nt (x- 1)1 - (8x — x) -n-1) 18, 177 €3 g2ed €q 1&% }
0. e*{l np x=1gf—1) e, 524 ... (—1)=1 (n— )x-*»
3.¢c| n5" (4-509 "1 20, e* {log x+ex-1+(—1) e A=
2 yo=ex{(ax+b)y+3c, alax +b)2+ 6acy(ax-+b) +6a%
4 L1v1ng m+2 n+1) 3(+ 1) 4 4 - .
- Zh-10 - T =Dl T - 22. (i) (x*+n—n?)cos (Jnm+x)+2a% sin (An=-+x)
m+)! Dt _Snlflr 4nl(- 1" (= o Oy
5. 3x- 1! * 9(x-1)n! * 9+ 2T () »= T {=(n=1)1+5 cy(n—2) Lt2et 5(n )1
g 3n +1 — = Hliceil are
6. n! [ 1 - 371 71 _%;;m} ] 2, {(n 2)2 4+ m¥Y{(n—4) +m }.

()2 mit)m%emhm R M CTTY wui] &F !
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A, {(n—2pLu(n—-a) £y ...
() (1L mmembn qum n Reama ww A |

29. {m’—-(n——2)“{:::2-(:1-—4)’}...{!1!“-—1) I* 247 1 canw 23 1
31, W (n=2)}{m2—(n-

AT

4)2}...(1’119_."’] mays n 'ﬁtm

49.. (i) xzyn+,+(2n+l}.ryn+1+(n=+ljy_—_-0

() (4043 +23(4 D)= Dyagy 4 n(a+1)p,=0
54. (1) yaf1-B2x%) -y, bix—2ame
(1028 (201052 3 4, — BY(nP— L)pne

55. RS,
3. (#)o=0cr, =5 =1 ! 243 n (wy 71 frans

56. Xj’rh-{- (n—m)y,=0

CHHPTER VIiI
GENERAL THEOREMS AND EXPANSIONS

Art. 7.1, Introduction §—That a function f(x) is conti-

nuous i the closed Interval [a,b] meanc that the furction f(x)
is continuous at every point in the interval [a,b] including the

end point @ and b and the interval is given by ax<b.
The fanction f* (x) is contipuous in the open interval (g, b)
means that f(x) is derivable at every point in the op=n interval

(a, b) satisfying the condition a<<x<b.

7.2. Rolle’s Theorem
If o functian f(x) is contiouous in the closed interval a<x<h,
! M(EY exists in the open interval a<x<b, and f(b)-f(d), then
there exist at least one point, say x=c¢, a<c<b at which the
derivative f°(x) vamshes i.e.,  f(c)=0
Proof ¢ As the function f(x) is eontinuous is the interval
W r &b, and f(a)=sf(b), f(x) has at least a maximum or a
Minimum or both in the interval. Either f(x) has minimum value
Mat x=ci. e, f(e)y=M, or 2 minimum value m atx=c i e,
J(¢)w= m, c lying in the interval (a, )
There are two cases
(1] M=m [[i] M#m.
[i(1 When M=m
let f(x) be constant in the interval [a, b] with
J(x)=m, The derivative of f(x) is zero for every point in the
derval,  So f7(x) in also zero for xe=c, a<le<h,

Hence f*(c) =0
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(i) When Mz=m, then at least one value of f(x) is different
from f(6) and f(a) in the interval, Letfic)=M be diffcrent from
them, where ¢ lies within the interval.

Since f(c) is the maximum value of the function f(x) then
fle+h)—fie)<0 A

whether A is positive or negative

Thus we have

f_'(if??:&ﬁz_ <0 when 2>0,

and

_——-—f (c+h])‘-—f(€) >0, when k<0

But {rom the statement of the theorem we see thatf(x) exist

at x=¢c
Now limf(c +h)—f(¢) Lim f(c + k)=f(c)
e e bl BOE 7 =9
= i o) ISR (&
and f(c)<g0... ... =+ = (D)

The relation (1) and (2) are true if and oaly if f(c)=0
Consequently there is a point ¢ inside the interval a<lc<b, at
which the derivative f(x) is equal to zero i. e. f(c)=0.

We can reach the same conclusion iff(x) has a minimum

value which differs from f(a) and f(b).
Hence the theorem is established.
73 Geometric Interpretation of Rolle’'s Theorem
Statement 3—If f(x) be a continuous curve which has tan-

gent at every point inan interval (a, b) and the ordinates of

"
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the extremeties of it are equal, i. e. f(a =fb), then there exists
at least one point ¢, a<c<b. atwhich the tangent to the curve is

parallel to the x-axis.

Y
4 B R
ola E X
Q,
P
Y iy
Q Al By

. Q.:
Ola, ¢y B, Ol ¢ MOl L ™
Flg—1 Fig—4 Fig—3
In the Fig (1), if OAy=a, OBy=b, then we have f(a)=0,
f(h)=0, So fla)=fib). The curve increases from A; becomes
maximum at P, with the increase of x and gradually diminishes
with the continuous increase of x and vanishes at Bj. Thus P,
is a highest psint in the curve A;P;B;. The tangent P, is parallel
to x-axis and the slopes of the tangent at P; {s zero. 1. e. f (%)
w0 for x=0Ci=c in fig (1) 1. &, f'(c)=0.
In the figure (2) we see lhaty-=f(x)-increascs with the in-

crease of x, attains its maximum. then diminishes and becomes
zero at B. For further increase, of x from OB to OC, y dimi-
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nishes first and then increase, and at some point Q
and f"(x) vanishes at Q, i. e., f(x)=0. '

If we consider the interval OD, we get three maximg
two minima at these points iy

¥ is minjmum

nd
tangents are parallel to x-axig i.e

f(x)=0 at these poiits i, e., f(x) vanishes ﬁv‘e"timcs.

interval OF, f(x) vanishes six.times. e

Is the figure [3], we see that the curve does not Meet th
3 - e
x—axis ; but A\LL=Bi\M. If OL=g, OM =b then fa)=1p). 1
this case with the increase of x from OL, y increases first A

e : | the
diminishes and becomes y=B,M. There is a point on the 'curvcn
A; Py B, where the tangent is parallel 1tz x—-'axis L & f(x)

vanishes. Hence f'(x)=0 at a point x where OL<x €OM. In

fig. (4), we see that f°(x) vanishes four times in the interval pet-

wecr‘i x=OL and x=0M. All the above statements regarding
Roll’s theorem prove its validity,

If function f(x) is discontinuous at any point between
: x=a

A, LA

OlA Fig)BX O|lA Fig@ B

g TR S T Ty

OlA Fig3) B O|A Fig4) B

and x=b or, f{(x) does not exist at any point within the inter«
val, then the theorem does not hold good.

JAKL: MR
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In the above figures we see that f°(x) is discontinuous at P
iyt fig. (1) while £7(x) does not exist at P in fig, (2), (3) and (3),
and (4) ;f7(x) does not vanish at the poirt Pin the above figures.
where is.no point in the interval (@, b), where the tangent is

p.ral lel to x-axis.

7.5. Mean value Theorem (Lagrange's Theorem).

If a function f(x) is continuous in the closed interval
acx<b, f'(x) exists in the open interval a<x<b, there exists
a! least one point ¢, a<e<b such that

f(b)— f(a)y=(b=a)f (c)

To prove this theorem let us consider another f unction ¢ (x)
jovolving f(x) such that ¢(x) satisfies all the coaditions of
Rolle’s Theorem. Let ¢(x)=f()+4x ... ... (1)

Where A is a constant which is to be determined by the
¢ondition ¢(b)=¢(a).

From (1),

d(b)=F(b)+ Ab and §a)=f(a)+ Aa
Now $(b)=2¢(a)

% fB)+Ab=f(a) +Aa adal IR T L

b—a

Since f(x) and x are continuous in the closed interval and
derivable in the open interval, then

@(x) is also continuous in the interval a<x<gb, and derivable
in a<<x<b ard also g(a)=@(b),

Thus @(x) satisfies all the condition of Rolle’s Theorem,
Then there is at lcast one peint ¢ in the interval a<c<b such

that @ (c) =0 ©)
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According to the given condition
J(x) Is zero throughout the interval (a, b) so fla+0(x—a)}=0,
Mence. f(x)=f(a)=constant

If f(x) and g(x) are two functions such that f(x)=g(x) for
#ll points in (a, b), thea f (x) and g (x) differ by a constant in

b))

Wor f(x)— g(x)=constant in (a, b)

Differentiate it w. 7. tO X,

/" (x)—g (x)=0 or, f(x)=g(x)in (a, D)

Cor 3 If f(x)=0in the closed iaterval a=x<b, show
| /(x) is steadily increasing in agx<b,

Lt us consider an internal [e,d] of [a,b] such that asc<dsb
Then f(x) exists ia the interval e<x<d and is greater thaa

| €., (%) exists and remains greater than zeroin agxg b.
As [(x) exists in egx<d, 0 fix)is continudus in cx<d
# by Mean value Theorem, we havr.

i) —f .©) =(d—c) f*(E)s c<E<d

But f7(x)>0 aad d>ec. "Thcrcfjr'e f(d)—fic) is positive
0, /(d)=f)>0 f rd>c

ot [(d)>f(e) for any interval [e.d] with asc<LE<d,

Thus f(x) is steadily (monoton:.cally) incraasing in the given
Wlerval, agxLb i

Bimilarly f(x) is steadily (or monotonically) decreasing if

Now differentiate (1) w0, r. t0 X §
1 P (x)=f ()+A4
} a0 F@=F @+A or, 0=f@+4 by (5
or, F 0t (c)-’:(i)b:f_a‘l)- by (2)

or. f(b)—f(a)=(b—a) [(c) [ Proved]
£ ()= f(b) f(“) s e B

or,

This is called First mean value Theorem.
Cor. 1, If we put b—a=h or, b=a+h, then the relation [ 4]

becomes,
N fla+4-k)—f(ay=hf(a+6h), c=a+0h
I where 0 is a number such that 0<0<1, so that a <c<a+ h.
' So the statemsnt of nean valus Theorem also runs as follows.

If a fanction f(x) is continuons in the closed interval
a<xs<a+h, f7(x) exists in the open interval a<x<a-+h, then -
there exists at least one number @ lying between 0 and 1 such that

fa+h)~f(a)y=hf (a+0h), - 0<6<I,

or, fla-+hy=f(a)+hf" (a-+0h)

Notes The Theorem proved in the Article 7-5 is called First
mean value theorem  Tae order of the Theorem depsads on the
kighest order of the dzrivative of f(x) involved.

Cor. 2. Iff7(x)=0 for all points in (a, b), then f(x) is

'. constant throughout (a, b),

& s 7 J'(%) |1 negative in the intervals
For any interval (a, x) lying in (4, b), we have by Mean

; (a, %) Vying (@ b) y | Cor. 4. 1fths function f(x) and g(x) havethe same deri-
Yatlve at all points in an interval a<x<b, show that f(x)—g(x)

1 sonstant in agx<gbe

value theorem,

J)=f(a)+ (x—a)f” {a+6(x—a)}, 0<OH<],
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Let FO=f()—g(se) - e Tk

o FW=f (0) —g/ (%) . N (ii) _
According to the gwcn condition f(x)—g’(x) for all value
of x in ax<b. @

Hence from Lii], ¢'(f)=' .2

OT.  ¢(x)=constany i. e., f(x)—g(x)=constant.

7.6. Secord Mean Valuc Theorem ({FSTy At tﬂm;}
Iff(x) andf7(x) ape continuous in the closed interva

or, @(a)=0 (7)
Ilercfore, we get another interval (@,x;) such that ¢ (x)is
puntituous, in a<x1<x, ¢°(x) exists in a<<x;<x
wnd moreover ¢ (@)= 0"(x))=0

Thus @'(x) satisfizd all the conditions of Rolle’s th:orem

"p, Ihere is at least one paint x, lying between @ and x, such that
() =0, a<x,<x;

or, ¢°(xg)=f"(x.)4+24=0 from (7)

or, f{xy)=—24

br, reigepedta R DM@ 3 fom ()

aQxg a+h, f(a) exit ; in the open interval a<x<a+#h, the

f(a +B)=fa)+hf" () +3h*f" (24 6h).

where @ lies betwea n 0 and 1i. e, 0<B<LI.

Let us consider the. function.

P =f0)—f(a) — (e —) [~ ()+-A(x=a)® ... ... [1]
where Aisa constant ¢ he constant A is chosen in such a way tha

KHa+x)=@a) .+ o

or,  f@+h)—F(a)~~hf (@)+Ahtm Fa)=0 from (1)

or, 4=Ua+R)—of @=HF@) |
’ T =

where a<x;.<a+h
or, —;z- 17 (a4 ah)=f.a+ h)—f(@)—If "(a)
. where 00!, x,=al bk
0, fa+h)=flar B (@)1 ——f " (a+0h)

llence the theorem is established
17. Geometrical Interpretation of Mean value Theorem

3}
Now ¢(x) sarisfies ¢ he conditions of Rolie’s Theorem int
interval (a, ath) Thgen xisa point in the interval such that
a<x1a+h,
where ¢'(x;)==0 Sep (€))
Now differentiate (=1) wrtox
@)= )—pf @+24(x—a) = (3
¢ () =f(x)+ 24 e (8)]
when x=a in (5), wese get
¢ (=f" (a)~~f(a)+24. 0=0

Let y=f(x) rcpresent the ; a V
ve FTQ inthe interval (@ b) |V }/R
0
OM=a, PM=f(a) /
ON=b QN=fb)
Ihus the equation of chord /:/
passing through Pla, f(a A P
Qih flbyyis o ol " g7 M BN X
Fig—9
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A () /7 x) and g7(x) d> not vaaish for the same value of
Ih're exists at least one pyint ¢ in the interval (4, b) such

y f(h)  x—b SO —fa) .
@ b-a "5 D
Let PQ make angle ¢ with the x —axis, then
1) f(b)—fla)
b)— s ———
targ= 6)—~fa(a} (0= g —e(a)
i s consider a fanction #(x) defined in the following way
BN) - f(x) + A2(x) (1)
eie A is a constant. We sclect A in such a way that
v(a) =2(b)

(D
But the curve y==f(x)4i; continuous i1 the closed interyl

- asxssh and f(x) is differentiable in the open iuterval aly
i.e., f7(x) exists in the interval a<x<bh. It means that the cu y
has a tangent at every point bitw:en P and Q. Then the
is a paint 7 ia the curve where the tangent STR is parallel.
the chord PQ. Let the poiat T corresponds to x=c.

I_ = g‘(b)_,g(ﬂ e - o {2]
tangent STR at T{c,f(c}} makes angle § with the x—axis w_'

dy o )44 () e D)
i , autll f(:.)a o we ses that ¢(x) is continuous in the closed interval ,
| that is, tm#--f“(c) () Wb, ¢'(z) exists in the open interval a<z<p as f (x) and

From [1] and [2] we have
ro=10I@

pxist also cp(aj=q>( h). Hence by Rolle’s theorem, there eXists
one point ¢ in th2 interval (a, b) such that
Gil‘fC)a
0, p(c)—f (c) + Ag (¢)=0 from 34
. [+ Ag () =0
Wit g* (e)s£0, otherwise : f'fc) would also bz zero which is
fary to the assumption (iv) of the hypothesis,
Thus A=-_J::_(_°’ W
2 (c)
From (2) and (4), we bave
J (e) [fB)y—fa)
P s e s (a<e<<h)
o ~zo—Fa <
* Monce the theorem is established.

or, f(B)—f{(a) = (b —a)f (), a<e<b.
Hence we conclude that if a curve has tangent at each of i‘
point then there exists at l1zast on= point T on the curve sug

that the tangent at T is parallel to the chord PQ joining il
extremities.

7.8. Caachy’s Mean Value Theorem
(1) f(x) and g (x) are continuous inthe clos:d interval a<x

(i) f7(x)and g (x) exist in the onen interval a<lx<h,
(i)  glb)#g(a)




{ i e, f*71 ()] are coatinuous in the closed iaterval agx<ath
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7. 9. Taxlor’s Theorem with Remainder.
Again

If a fynction f(¥) aad all of its derivatives upto (n—1th ordel
] Vi =f (O—f ()4 (@4 h—x)f"(2)— E:,— (a+ i—x" ()

1

i 2 pviw e 5
(@E Rt o ) | (@RS b et

and the nth derivative f? (z) exists in the open interval F —~z)’ (4
a<r<a+h 'then ' .2 L(—D

. o~ p— ) f (a i D 3 }— -—x)m1d 6

A O T ) () —mla =) - (6

AR h j.
fla+ h)=f(a)+hf (a)J—L_'; (@) + L_n-—I) (xy+ 5 Since o(x) is the sum of (n +1) continuous terms 20 the loter
| Vil [ay b ). Therefore o(x) is continuous in [ a, b ] ;as f2(x)
and (a+h—x)""! a}e defined for a<x<a +h, 50 ¢ (x) exists in
ho open interval (a, ?b). Also o{a)=p(b Hence all the conditions
B Rolles theorem arle satisfied and so there exists a point ¢

oh that

whers R, is the ramainder after n terms.

Let us consider a function 9 (x) in the interval (a, @+ A]
that 9(¥)=f(¥)+(a+h—2)f(x)— 2T (""'" _2_ 7@+

a4 h—x)P-t
ses  dws +( —(-m

where A is a constant and m>0 ., (1)

Y3 +(a+ h—x)™ 4 _ - .
' #(c)=0 where ale<at+h
or, ¢(a+6h)=0, c=a+ghand, 0<6<1
Now from (5)

(a + h—a—8h)*!

We are to select A in such a way that

Ha)y=9@+h) .. . () ]
o) — a4 eh)
Now A |_(n—1) A .
; 3 S B, % —mla+h—a—0gn)n~1 A4=0
a)=f@+ 1f" (a)+ Ez‘f' (@ + E;f “(a) + = .
g T or, Ll f‘ a+gh)=mh>* (1—0h)"~ A
Lo & -j——f{' La)+b7A... ...(3) (=D
i P s amie R
o laEI=RaLR) e Y ) L_m(n—1)
Putting (3) and (4).in (2, Put the value of 4 in (5) t}l:n h"-zl -
- : 1 ‘e )
T )4_ g e I~ Y(a a) F i J o4 h) e fra)+Df (@) + -2—;?' (@ ...+ I (a).

hmkﬂ—mtl_s)n—-m 2 5
oh
m(n—1) | A6
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(ii) Taylors Serizs with Lagranges Remainder

2 ]! L -1
fxtB=f@+ S+ = (Dbt fm SR

=f@y+hf’ (a)+ 2’fif"(g)+

3 hﬂ-—l fﬂ—l‘-a} h‘(l B) n—m (ﬂ
| o s Ve LI L T i
T (n=1) m(n-—-—l) [f i ) :’—”— S (x40h) - ... (13)

or, fla+h)=f(a)+ hf’ (a)+ f/(a)—i-... (iii) Taylors Series with Cauchy's Form of Remaindcr

Jo—1 S+ By=f(3) + gy’ *’.~;)+ ﬁ— FARIEST i

e
"L(n—-—l)fn- (@) + Ra......(8) b e b
? ; i)+ ..___,__.f"(x-pam e (14)
where R_is called the Remainder after n terms in the expam (n—1), cn—=1)!

Cor. In th: fwldl) s Expans‘on with Laﬂraqﬂcs Reminder,
when n=1, '

fe+h —f(t)+!f +8h) .. eyt 1 08)

which is called Lagrange’s Mean valus Theorem ofthe First
Mean Value Theorem, See Art. 75 _

If in the cxpansion, we have n=2, then

Six+ ) =fx) +f" (x}+-2—l—f"<'x+eh)_ = (16

which is called the Second Mean Value Theorem. Seghrt. 7.7
7.10. Taylor Series (infnite form)

If f(x) and fa(x) be finite and continuous in the interval pa+ h)

for every positive integral value of m and if the remaicer R,

sion of f(a+h)

bﬂ)__ L@+ 0h)..s s oee (9)

\frhzch 15 called Schomilche and Roche’s Remainder,
When n=min[ 9]

h® 4
i i g
m=Ty @t R= 0 @ ) o (10)

which is called Lagrange’s Remainder,
When m =1 in [9],

ol d-—- B')u_l
(n—1) |

which is called Cauchy’s form of Remainder.

o — @+ gh).....(11)
terds to zero when # ternds to infinity, 7. e. lim R, =0, tha
n=0
! : H ; 4 ,‘I 2 b o
Changing a to x *we have, from (9), (10), (11) respectively, . f.a+h)=f@)+h @+ ?”_ iy _{l__l_ £° (@) hore:
(i) Taylor’s series with Schlomiche and Roche’s remainder § ! n!
N
fe+ M=) +f m+-—f Wbt e

If a=1x, then the Taylor series bzcomes.

) = WA g 1) +—f:—(ll+---,.

Fa=0""" i iom.. 12
e fo(x+0h)...(12)
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The necessary and sufficient condition that f(x+h) zan ba _i

expanced in an infinite setics is lim R =0
n- et

R, may be any oue of the forin (), (10), (I1) in Art. 7.9,
2.1!. Failire of Tazlor's theorem

In the following c:he‘, Twlor 5 theorem fails,

0 1£/(x) orone of its derivatives becomes undzfined in the |

given interval.

(i) If f(x) or one of its derivatives Lecomes discontinuous in |

the came inferval

(i5i)  If the remainder R ¢apnot be m'lde to vanish m'[_hel

limit when n is talen suﬁ'u:uentl)r large so that R doss not tcﬂ',_
to anyv finite limit for, @ given n.

7.12, Maclaurin's ceries with Remainder aficr n terms

If we put x =0 and b =x in Tavlo's seris (12)

Pl R L e 4o}
F)=fO)H(0) + = £ (o) « mos =1
) .2 o =1
B e L j‘“({}’s) where 0. g Tovenn 1))
[ mn—1y
R Asas N i A v xa— ‘f”"'(a) i
cr, f(x =f(o)+xf Lo}-i-—-L-?f 0).0eii+ (T +R, d

(18).

where R, is the remainder after n terms in the Maclarring

2xpar sion, Now

. “(1__9) n 9
(i R, = it i o f ey Wt SO = I

ic called Schlomilch and Roche form of Remainder,
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(i) whea n=m i'] (19) then

| — xn n
R,= L_n e ) C ——/"(02)

or, R, = L”f{ﬂ,ﬂ A i R

which is called Lagranzes Ramainder.
(iily  When m =1 i1 (19), then

R, = (I—8)2=1f000x) ... ... (21
Ln[ =) idmad i | )

which is called Cauchys form of Remainder.

Cor. whenn =1, th: Mazlaurin series with Lagrances
Ramain?er is, y f
FO=fV+ 2 (0X) ... o (22

when n =2 in the absya expancion then
2
1) =f(0) + 31 "(0) +S—2~ FTNY kR R 3y

7 13. Maclanrins Series ( infinite form)
If f(x) and f?(x) ar2 continunis and limit at ¥ =0 far every
positive i-tegral value of mand th: remrinder R, tends to zero

45 i tends to infinity ther,

w2
f () =14 ()4 =51 (o)

Where Ry may beaw cne of tte forms (17), (19, (20) of
712
7 14, Fallure of Maclauria's theorem,

Arl,

In the following cases Maclaurin®s theorem fails,

() If any of th: cxpressions (o), f (0)... - f2l0) bacomes

undefined




266 Diffcrential Calculus

(i) If f(x) or any oae of its derivative is discoastinuous at.

x:ﬂ
lim ."
If ]
(iii) "-+ch_ﬂ MO0#£01i e,

If R, does not tend to a limit When » tends to infinity

7.15. Expansions :

Studsats ar: already familiar with th: expaisions of given
explicit fun:tions in ascendinz powvers of 2 variable, For example
the expansions of (a4 x)°, log (1 + x), €*%. tan™1x etc. are already
known to them in Algebra and Trigonometry. Thess expansions
are geperally made with the following Principal Methods.

(i) By purely Alg:baric and Tri onometric Mzthods See. Ex, 7

(i) By Taylor’s and Maclauriu’s Theorems See Ex. 8, Ex. 2,

Ex. 10. {

(iii) By diffsrentia‘i»n or, htcgratlon of knovm sarics See Ex.

. EIND Ex 13

(iv) By the use of differential equations. See Ex. 14.

The above methods will be explaioed with cxamples,
7. 16. Determination of the co-efficients in the expansiom

of fixy and f (x +h).
Taylor’s Tkeorem (infinite form )
(A) Iff(r+h)can be expanded in a convergent series of

positive integral powers of k in an interval, prov: that
EF+n=f2)+ " ()+ __ﬁ;- F0e) + to fufinity
s
Let flz+h)= a;+ash+ 6.k +agh® - = o D

Where a,, ¢y, a,, a, etc ate all fiee from b,
but are functions of £ only.
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Now differentiate (1) successively w, r. to h, treating x

as constants and hence . a4, a,, etc are all constants. A
Then

S G+b=a,42ak+3.5,h2 1 4.0 JLE3 S (2)
f' (x+h)=2a,423a.h 13 Aa, R4 e 6}
(x4 h)y=3.2a,4 2345 b+
and so on
Putting k=0 in (1), (2), (3), (4), we have,
f(x)=a,, f(x)=a, [ (x)=2.1 a,f ()= [ 3a,
or, dy=f Xty =f" (x),a,=f " (x)/21
ag=f"(z)/3 ! :
Now from (1)

> v e X e
hy=fix)+h e £ RN il
Slxtb)=f(x) + bf (x) 4+ sz )+ 3 )+

fir
F st IO ot i D)
i (

or, f(x+h) —f(x)+h 4 s+ Sl O Ay

L2 dz?
+!_"% ey
{ Lk ;:_+Ih__h( - ) -( “:s )3+... }f(x)

hd lax

=2fx+h=c  f(x)

Note g
Put x=a, then We get a series of fia).

If h=x=a in (5), then
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We have,
F(a)=0=F\b).
Then RoOlle’s theorem, there is a value of x=F, a <¥ <b such

that F'(E)=0.

Now F’ (x)=| i Iy B L 4 )
: (M ¢(x) (b—a) | () @)
Hence
FE=0= oo r®O(__1 |ftad £
?'a) ¢'(a) b—a | 2(a) ¢(b)

. PR
j 'i((aa)] q{(!ﬁ) I=(b_“) ‘1):(;': f?'Eé))
Art 1719. If f(x), o(x), U(x) have derivatives when
a<x<b, show shat there is a value g of x lying between a and b
such trat

fiay of(a) d(a) 1=0

HORRIO IR0 ‘

rE e Ve

and dcduceflb\#ﬂa} = .\: (€)
eB)— 9la) ¢ (&)

Art. 17, 20. 1f «, 8 lie between the Icast and the greatest of

the numbers 4, b and ¢ ; show that

@y f(® fe© =kl fla /o @
pla) o) 2%) (¢ () @70
@) B YO da@) YO $°(®)

Where k = 3(b—c (c—g)a—b)

Sol Let fix), oX), & (x) be continuous in the closed inter-

val (@, ¢, and twice differentiable in the "open interval (2, ©)

a <b<c.
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Let us consider the function F(x) =
| f@ f) fev)) (¥ —g)(x—Db)
(9(a) o) o(x) |\~ c2ye—F) | ola) olb) %) |
@ ) g 19@ 90) ()
Here Fla)=Fb)=F(c)=0, Ry Rolle's theorem

F (x))=F (x,)=0, X <b beox,<ce
Using Rolle's Theorem once again on F” (x),

fa) &) flo) .!

F™(8)=0_ where X<h<x,
flay f(b) f()
oa) 9(B) ¢7(s)
$@ @ By

Again consider 'Ithe function
Fadd=[l@ fix) [P
o(@) ¢x) @)
0 ¢(x) ¢7p)|
From Rolle’s Theorem, F,” («) =0, a<ct<h

or, | fia) £1%) £ 2 | (@) £ (b) ﬂd[

el 2
=('c_—a](c—-b} o) 9(b) ?(c)

vay y®) ylc)

flay ) fo
-

2Ax—a)
(c—a (c—=b)(b=—a)

Y@y Fb) fio
(@) ob) »(c)
ua) V@) i)

9 a) (<) 9(p) (e=a)(c—b(b=—a) | 2(@) ?(B) ®le
Y(@) ¥ ¢ 8) ( ; Y@ o) Yo

Art 7. 21 M 9() =) +£(1—x) and £ (x) >0 in 0gxgl
Show th1t 9(x) increases in
0<x< ¥ and decreases in 1<z<1
and then prove that '
sin zy
X(l—x)
Given 9.x) =f(.x)+f(l——‘\‘) }

<4 Ocx<l|,

) =f " (x,—f"(—x) ()

Tl =f "W+ (1—x)
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If x varics from 0 to 1, then
f"(I—-.‘:) is also negat've as £°7 (x) is negetive so @™(x) is ncvam
throughout the irterval (0. 1) by hypothesis.’
‘. 97" (x) is monotonically decreasing in (0, 1)
Agrin 9 (0)=f"(0)—f"(1). 2 )= B)—f (})=0

¢ N= =10 .- ee.. . @

Since f*(x)<0 throughout the irterval Oy 1 and on tha_
accourt f(x) is monotone decreasing in (0, 1), thenf'(O} >

So 9" (x) is positive in (0, &) and negative in . 1) by (2)

®(x) is ‘monscione increasing in (O 1) and monotont

decreasing in (3, 1)

= e S
s topje (A=tog TLEIL 1o Sin s —r)f2 |
~ ]—I
= flx)+fl—x)
where fix)=log sin 1‘:’3 2

ery_ COSmx[2z 1
EE T = sin =v/22  x

7! 1
i =— — s SR —_—
Lx= Z coscc® mx /24 =

(—=2x*/4 +sin? =x/2
x* sin? (zx/2)

1 gﬂg} or, d:(x) ircreaces in (0 %)

<0, b<cx<!

and decreases in (—1 1)

sm
'[-—-x}

As ¢(x) = e (4

l—x varies from 1 to 0, !‘

General Theorem

LM A 10+, gl)>n

M oyl =0, gs(x)-m_a;fs_ip '(I%Ii)bmin ]
Ao x=1 gix)—4, from (4)

y "<(x)<4in (0, })

Ml A d(x)<xin (3. 1)

273

Y

1

_Nl"-" -<_iin nX <4
X(1—x)

7 22
Bqualitics. ¢ |
1/ %) | <4,-1/7(® | <B, in the range x>a,

! fhere A and B are constants Prove that | fx | <2/ (AB).
For positive m_.l_mb:r h, and x>a,

PR =fRy 4 L

A Function is twice diﬂerentiabie and satisfies

sz (x+e'u o<e<1

] fix+ h)—fix}-_' T_-f "(x+af:) i
L/E4m) |+ | + I
A4 A4 B2

| ) | <'-—+th2 his+ve

I-'lf(x)l

(x+ oh) ]

% |/’ (x) | must be less than the least value of (2.4/!! +Bf’/2)
(A/h+ Br[2) = {12 d/k)— (Bh/2)l'+?J (4B) >2/ 4B
lare of a quantlty is positive.

N [ QA — s 2BR[2)e >

I | £ () | <(4[h+BA[2) then

/()| <27(4B)




Lim (x4 hB3—(x+h)'—4(x+h)+4—x"+ 3t +4dx—4
= ) k

Examples

Ex. 1. Verify the truth of Rolle's theorem for the function
f(*)=x*—3x+2 in the interval (1, 2). -
when x =1, then f(1)=1-3+2=0
when x=2, then fi2)=4—6+2=0

f()=A2).

Now f(x)=2x—3

If f7(x)=0 then 2x—3=0  or, x=3[2=L5. |

Thus We sec that f{x) is continuous in 132,
f () exists in lex<2

and f (1)=f2) Thete exists a point x=1.5.

within the interval (i, 2) such that, 1<1.5.<2

where f(x)=01ie, fi1.5)=0

Hence Rolle’s theorém is verified. -

Ex. 2. Verify Rolle’s theorem for the functio 1.

f(x)=:3_a*_4x+4

f(x)=a3—=x"—4x+4

If f(x)=0, then *3—x"+4v+4=0 or, (x—1)(¥ +2)(x—2)=
xe=1,2,—2 ; A

S0 f(x)=0 for x=1, x=2, 8nd x=—2
ie fi)=0 fi2)=0, [—2)=0

Now Rf(x=Lim  flx+h)—f1%)
he=04 fi

=3x— x4

Lf (x)=Lim f(x—-k} {Ix WS SEL P

(h>-0)
h=>0

..... Fiaal
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Thus f7(x) exists as a finite differzntial co-efficient in the
fulerval — 2oxe22.

fx)=3x"—=2x—4
[(x) is continuous in the interval—2< xg2.
Now- f(x) is also continuous in—2gxg I and 1 <xg2
[ x) is differentiable in 2<x<land 1 «x<2
Also f(—2)=f(1) =1(2) =0
Hence all conditions of Rolle’s theorem are satisfied,
Therefore f(x* w0 at a point in (—2.1) and also ata point
B(l 2)
Now f "(x) = 0=33x*—2x —4 =0 giving
o JES(44443 2327(13)  1£36
o 6 R ;
Thus f “(x)wm 0 for x=—0.87 which lies between~=2 and 1 and
[ (x)=0 again for x=1,55 which lies between I and 2,
Hence Rolle’s theoren is verified,

=087, 1.55

Ex 3. Verify the truth of Rolle’s theorem for the functso::.
fix)=1— §x

The function f(x) is coatinuous in ths fatarval — Igx<l,

Al)=0 and £, —1)=0

Agtin  f(x) = __g_x“‘f =—% ‘st

Wit /* (x) does not vanish in th: mterval—-l<x<l_ besides

oes not exist at x=0

Mince Ro'les Theorem does not hold good.

B4, 4. Verify Mean Value Theorem for the function.

J(x)=2x—x" in the interval (0, I).
8 functionf (x) = 2x—x*

i
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is continut)us'iﬁ' ‘th: intervl [0,1] aad difterentiable for il val ;

of x in the interval (4, b),
f(xy=2—2x SR T AR e O
Clearly f"(x) is continuous for o< x< 1
By the Mean value theorem, we have

f(1)=f(0)=(1—0) f " (¢)"Where ¢ is a point such that 0<c <

or, 2—1)—0=1"(c) or, f(6)=1 |
or, 2—2¢=1[from(2)]or. c¢=3} -
Since 03 <],

Hence the Mean valu.e Theorem verified.

Ex. 5. At what pomt is- the tangent by the curve y—
paraliel to the chord joining the points (IL,Dto (2,8,) |
we have f{x)=x* ) : E
"The functlon fx)is continwous in [, 2] and dlﬂ'ercntiable
the interval (1, 2). y
Now f(x)=3x" ... -« (2) '
exists at every point in the interval (T, 2]
By Mean value theorem, we have AR 1
FRy—f(1)=(2~1) f'ic) we have : i
¢ is a point in 1<c <2, 2

Now f(1.15)=1.15*=268
The tangent at (1.15; 2,68) is parallel to the chord passi
through the points (1,1) and (2,8) ]
Ex. 5. (2) show tbat (x—sinx) is a steadily increasil
function in 0Sx<n 3

or, 8—1=3c* or, ¢=],15

Let y=x—sin x S kY

S dyldx=f"{(x)=1—cos x 12)
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Now for values of x in UQx.{d}z the values of cosx chan ge
from 1to 0 i, Ocosxeg!.

Therefore I —cosx is always positive

Hence, f7(x) is always positive i. e., £ (x)> 0 for Ogxg/2

Then by cor Art, 7.5 We see that f(x) is a steadily (mono-~
tonically) increasing function of x in the given interval,

Ex. 6. If flr+ b)=f() 4 b ()4 —:—:—f"(x-l-w
wheref(x) =(x—a)5/® then

show that§ = for x=a

SR =fC) 4 hF (9 + ;-—I-f CH) e e (D)
and f (y=(x—a)spr .., M @
oo FO)=S(x—a)dfs)2

I R=06/26]2)J (x—a)=15/ (x—a) /4

when x==g, then f(a)=0, f(a+4) =h3/s
[a+eh)=157(eh)/4 ; f'(a)=0

In(1), putx=a;then

fla+h)=f€a)+ hf"(a)+

h? '

T/ (e o

. s : b
(h)n/:=_i_i- _ziezﬁ K'[? or, S8 =8/15 or, 9=64[225

Ex. 7. Expand xcose2x in a series of ascending powers
Wp to the fourth power of x inclusive. D. U, 1966

il - ; i
15 not defiencd at x =0, Henee
sin x

("

) does not possess a Taylor alrics expansmn. e

sin x
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: A\ .
However, ( _* 31 as x-»0, Hence 3 Sine ¢Xpansion

Sin x

of ( e )canhe obtained by Binomial theporem g
Sig X

containing »° and higher powers of x

x8 Ixt i
or, xcosecx==1+-—-‘.1_-ﬁ+ wadt e

Ex. 8. Expand e* cosx in a finite series in powers of x w;tl:
1950

Lagrange's form of Remainder.

. L
Let f(x)=e*08 x=f 0)+x f (.r;;).|.W £ +

+-E.Tf“lﬂx) o g 2
f(x)=£" cos x e (2)
f(x)=2°/* ¢ cos (x+tn*) 0L ety
fa(bx)m2'[2 e 2 cos (0x+gnm)
From (1) and [2] when x=0
J©@)=1, f(0)=J 2coswj4=1

R.U.

a

4 f
co log(l4x) = x—-i;:- +—x-—-.-a- + e (=1 )"-1.;(
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S (0)=2 cos 22'4=0, f"(o)=_23)* 12 e

S¥(0)=24/1 cos ®=—14 and so on.
Now from (1), we have
3 20

X
€ cos x=1+x— e ?i—"'__-ni:fa“x) where 0<g<1
i

‘ : i 2 e
Lagrange’s Remainder is— f"(ﬂx)=j'__ 25/% e6* cos (gmﬁ-ﬂx)
n n |
Ex.9. Expand log (1+x) in powers of x by Maclaurin’s
Theorem R. U. 1962

Let f(x) = log(1+%)=fl0) + %/ () + f “©)

' +_ﬁ'%fe(ax), 0<p<i
N

Here f(x)=log (I+x), [~ (x}== =(14x)y"%
l+x

vy =D n—1) 3

& a+r

for xs£=—1
Si@)=(—1)>1(n - 1) ! when x=0
Therefore f(0) =0, £ (0)=1,f"(0) = —1
f “()=2, fiv(0)==—13, and so on

which exists for all values of

'8 e 1
Now R-ﬂ-;Tfh(ﬂx)-——;'-—!-(—I)b-‘* (n—11 T+0x)?

1 X a
=_1u_1'.-_-— [
S n(1+9x)

"

3 1408
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() I0gx<I then -

Lim Y F e
me_ ol kv e f) g

n+nc(l+a.\:) : 1+ 6x <l

Hence R ==0 if H—cc,

(i) ¥—1<x<0. in this case - may not be numerically 1
14-px

Jess than |
So L:’m(
n~» 0

I+Bx) 0

Thus we fail to get the ccfinite value of Rn from Lagrance’s

form of Remainder.
From Cauchy's form of Rcmamdcr

(1—6)"175)

T 1 (n—I)
0" ' (n—1)

L_(n—l) (1+ Bx)'

S 1—@ )l— 1
ni gl Y I _
==l TN T o |
I—¢ Lim I—g \n—1
As ‘f':'r""*“h Prec \T40x ) =0

So R,=0ifn-=cc for  —Tle=x<]

Herce the expansioz} of _

x2 x3 Xt xm

T e TP —1) D4
5+ 5=t e D)

log ([ 4 X)= x— - |

Ex 10. Use Maclaurin's theorem to expand tan—!x into an,'
[R U. 58 65]""

f (")+ ()'

infinite series of ascending powers of x.

Let fix) =tan—lx=/f(0) +xf (a) + —f" (0)+

Here Jx)=tan~lx, [f(x)= 1+;.
I HxX)=(—1)""%n—1) | sin® ¢ sin n$ sce Art. 6.6
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where ‘ﬂl]g!;z,' 1_ Sir¢=‘ -—---—.]_...
il J (1+x3)

IH0) =(—1y=1 (n—1) | (I_;IF)M‘ Sin( " Sin—lfTr-ll-_xi}
S2(0) =(—1)s~1(p —1) | sin (nn/2)
e 0)=0, f(o)=1, f* (0)=0, F7)=—@2 H)=—21
f™0)=0, /v (0)= 4 1 and so on

Now from (1)

ta"‘t"'lxnx._ §x=:+ xffs

W: may get the cxpansion of an—? x in an ascending powers

©f x by integrating a known series. (See below)

Ex. 11, Expand tan—lx in an ascending powers of x by

integrating a teries.

Lot pe=tan—1x.

dy 1
"8 = A=At
2
. *}f- =T 8 20 o (— LN - s fixt < 1)
or, dye={l—x2 +xt— 38 4% — ., + (—1)"2"+ ... }dx

Now integrate both sides,

Yo x Lt e[St |1 S
2n4-1
(The constant of integration is zero since tan—!) =0)
—])mxe" 2
Or. lal'l L X-x—l'l‘a + x5 5—“ + { e et . + L1 (L1
/ 2n+1
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Ex, 12. Ifthe expansion of wn—ly |
008 X === X* + > y +..£ — S ¥y Nywe Tome — % +2ax 430, +...... +na,xe-1
21 4! 6! 8! S (N4 D), P +2)0, L (2)
Show that the expansion of Yy ¥i=2a, 4603+, ..+ n(n —I}a,, "2 4 (n+ I)na#,x
shpmi— X B Fh DO+ 20y )
FaL - Al 71 From (2).
Since : st
cosx=1—2x2[2 14 x4[4 1 —x8/6 ! - 2%/8 ! — LY oo
Integrating both sides w. r to x, nil r %) =c ==y
43 %5 " Differentiating

sinx=x—___ e
213 54 41 761
or, sin x=x—x3/3 14x5/5 —x", 7 1+ ..
[ for all values of x. the series is convergent ]
" Ex. 13. Find the expansion of tan x if .

W43+ 20 =Yy or, 1,1+ 42) 4 (2xT)y; =0-o...(4)
Put the values of y, and y from (2) and (3) in (4) then
'+I)’(2ﬂ,+ LR 1} -ﬂ(ﬂ *—I}O‘nf—'i‘l"ﬂ(ﬂ * 1}0'4.1?."*14'

o " o (4 Dn+2)(@, x4+ ...... } 4 2x—i)ay +......
logsee x== '__+'4'.—! +16 _6T+ ses ter

21 F x4 (14 1D, X" (0 +2)g, o x™  pLLL§=0
32 25t X8 . Pquating the co-efficients of x* from both sides
Since log seC x == i _|. —_— 16—+ . e 3
4! 6! (n+1)(n+2)a 45 +n(n—1)a, +-2na,—(n+1)a,, ;=0
theanfferentmte both sides w. r. to x or, | (n+ D(n+2)a,,,+ nln + Da,=(n + -0
- . y or, (n L2)03ﬂ+ﬂdn=dn+1 ran e e (5)
Sec x tan x 2x 2 4x? 166 x® 4 8
= = k T when x=0 in (1), and (2),
or, tanxnx+%x3+ (2/15)15—!- I“"o.l‘"a;
tan—1x ; a7 B
t maf) LR i s
EX. ]4_ Ify-e =a°+aix+a‘x2 {—_“-" +anxn + Pﬂi IDB n ! e el Succes lvely in {5)'
Show that (1) (n+2)a,,,+ na, =a, 1 2a3wmay o1, 2ag=1 or, ag=g
tan—x \ ]
(ii) e =1 x4 - gt dag+iaye=a, or, 3gy +1=t o1, @ =—7 ¢
Since i Continuting this way we may get as mamy terms as we like
tan™lx iy -
yi=e '-a,+a,‘x+a,.x3+......+a,f+a_ﬂln+1 Aol

+a, m

g :=l+x+§x‘-—§x3
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Ex. 15 If o(x)is ;oﬁtinuous foragxgh and @~ (x) exists

UKD 4 reases stoadilly and
R

:anﬁ positive in aqx<h then—
s!{iéﬂy for acx<p.
Hints. f(x);—.______wx}‘” %(a), -
X—q
Sinee @ ™ (x) exists obviously as a finite differential co efficient
0¥ is continuous and therefore finite in d<x<b. Also 9(x) is
i Jon asa contipuous function, Henceby the second mean value

1M0mm .

f (xXV= ﬁx}_'(a)

A Y@ Ic,
=P+ L2 ? (k)
where aex<b and ac¥<bh

P

Hence rm’:,_(;) =4 positive quinﬁty by hvpothesis thro-

uf the interval a<x<b.

Now b(¢5) =,-(—x~>—_ﬂiﬂcrm§es stesdily and strictly throu-
x—a :

gb"ut the same inferval a<x<b.

Ex. 16 TIfex)=[fa f® 1
o(ay ob) ©(X)
R hib) h(X)

Where ace<h and f(), g(x). %) are continuous in the <lo-
e interval (@ b and twice differentiable in the open interval (4,5)

pyo¥e that there exists a number £ such that a<€<b and
o)~} —ac—D) ¥ ®

Py Y
ko) h) heo) | € =0 ha) BB hte)
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Here “ﬂ]““ﬂ) tv.b(b)l::(} i
By Rolle’s Theorem
$1€2)=0, a< E,<¢

ViEg)=0, c<F,<b

Now for (1)
o (F—@x—h)
¥ () =2(x)— S c)

(x—a) X

LN # —— Y b
< sttt e

and T - P e S
d" (x) 7 (x) (C"" a)(c_b)?(c) vae ans (2)
As 4= % (E;) =0, then by Rolle’s theorem,
Y E)=0, £ <E<¥,
on, Y- 2 g0)=0
iy e
or,  9le)=H(c—a)c—>) ¢ ()
Ex. 17. Shkow that
fiby—fia)=Ef “(§)log(b/a), where f{x) is ccntinuous and
differentiable in (a.b) and a<f<b. ok
From Cauchy’s Mean Value Theorem
I (§) _Ji)—fia) (n
8() sb)—gla)
If g(x)=log x,;g'(x)= 1[x¥ies g (&)=l
putting g'(F)=1/E in (1) |
b '(El _ Jib)—fia) fib)—Aa)
1E T log (b)—log (a)  log (bla)
or, fib)—fia)=Ef (§) log (bja)
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Ex. 18 Ify=/(1—x?) sin—lr, thea prove that
(A =x*yp,=Cn—3)xy -, +(n=—1)(n—23)y

and find the co-efficient x7 in the cxpansien, C. H, 1986

Sol, yaf(j.__,x!} B s il
2 1 si'n—lx(—-..lﬂ
= (X)X — . S
1= J- ) TH—x) -+ 3T (=)
— xS (1—x?) simlx
(1—x%)
or  yy (1—a2)=({l—x¥)}—xy [by (D] ... (2)
Differentiating this,
Yo(l—x2)—2nyy = —Tx—xyy—y

o1, P (1==x2)==—2%+ Xy1—y i1e vee (3)
,(I—t‘l)—-2xy.-= —2+4 Yy + 311
or  y(l—x¥)=—23xy, #
Differentiating both sides of (4) (n—3) times w. r. to x,
a5 B )}n—Aa
(1—x%))+ (", 1'7 Ype1(—2%) + (1———)-%——3 aea{—2)
(n —3)
=8xy, .43 =7, ()

=(I—x2)y, = (2" —38) xpu. 1+ (n—1)n—3)p__y- (5) (proved)

where n -3< or n>4
From (1)—(4) ;
(0) =0, y1(0) =1, v,(0) =—y(0) =0, ys(0) = —2. ...(6)
Now from (5), putting n=4,5,67 successively,
2,(0)=()1)y,(0)=0
ye(0)=(4) (2) yf0) =8(—2)=~—16
V6(0)=(5)( ) ¥i(0)=0
7,(0)=(8)4)y (o) =(24)—16) =—384,

Hence the coefficient of x7 in the expansion of J T——yz 1—32 sin=x i§

y.,(_o) -—334 8
T e A A T

[by Maclaurin’s theorem)
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~ #%. 10. Expand 2x°4 7x"+4x—I in pewers of ( x-=2)

We huow that * 1@37«:- vn Pocsens 03(' (2 C0.19%2

Hw o) | (x—a) f’(a)--l- } f o)+ !.)a @+ ...

Mete [(V) w24 7xt4-x+1 and a=2
L M= f()=223472841—1=45
) B 4 14x+1, fl@y=()=62+14241=53
) - 2x+14x T (a)s_f ‘(2)=12.2414==38
e 12 ; f @)= T D=12

20 Ixt 4 x—1 _

38 12

83(x~—2) & 22 (x=2)4 - - (x—2)*
." (x=2) 2!(x )4 Y

8 5B(x-~2) +19(r—2) +2(x=—2)
20, Expand sinx in powers of x—3x.
i have
= [($n 4 x—}x) and a=}ix
W= f1a) 4 (v —a)f'(@)+ t;f.):f “@+

i o l iy 2 1 —n (11]
‘{l}—km:h.::l—-z—-i-(lf in)+ -Tl_t(x '+

M, a=—1 bs1and f(x)= show that the condi.

2
I={ "’
ol Lagrange’s mein value theorem ace not satisfied in the
8l (4, b) , but the conclusioh of the theorem is true, if and
Wb>14 2. '
1 Forh e,

1 1 ! '
B T Y o s
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Exercise VII

I, Verify Rolle’s Theorem for the following forms

1.0y is not defined. Let f(0)=A4, according to the definition of
the function A is definite finite number, 1

Hence, Lim f(04k)—f(0) Lim I/h—4 Lim 1

] f()=x*+6v—6 iy the interval [—6, 1]

(7 S h=») "7, h=>0 k (1) /(x)=x? in [—2, 7]
!zL—:E _};I"—A ) = CX®=X ... .. (2 (1] 7(x)=sin x/es in [0 =]

L : - (V) 769 = (x—2)x—3)x 4y in [ 3
s (0—~h)—f 1/h=4 Lim ‘1 Lim(1 ) 1 e

=i —h 2, Verify Rolle’s theorem for the function
m=—C X 20— &€ 3

J(*) =x(x+5) et
B, Verify Rolle’s theorem for the function
S()=2x% - xe gy

A, Verify Rolle's theorem for the function
) =8x34+Tx2 1) 15

Verify the truth of Rolle’s tﬁeorem for the function

From (2) and (3). it is noticed that the function is not diﬁeren-.-..
tiable atz=0 . . . |
The conditions of M.V, Theorem are rot satisfied ( ab) 8
which includes 0 also. Hence the conclusion is
Sf{b)—i(a)

= - . L L] wwe l4)
b-—d f {c)‘ a<c<b 1

It is tiue for x=c, a<c<b, M=x—7x436 i) Frymeios _:s::g,
: .I_;'_ _I_EIT._ d ( _l- I)=...'.. _-__I_ B ..i Verify Rolle’s theorem for the function in (—n/4, /4y
e el s f(1?=cos=_r (i) f(x) =e* (sin v—cos )
1/6—1/1 1 1oE = Verify Rolle's Th sorem for the following functions,
OF, (G = 0y FioTy T o fe )= 1—34fs in [0,2] |
o b4b : ) /() =¥ (>—5516) in (2, 3]
or, — <b* o1, bi<e? (i) f(-‘)=2+(x—1)’,'3

Verify the Mean Value Thedrem for the function

[(\) =x—2% in the interval (—-2,1)

f(X)=342x—x2 in [0,1] D. U, 1988

Uslng Rolle’s Theorem, show that S(x) cannot have equal
B Iwo distinct values of x for the function

) =25 432 46

b+1 . : e
of, T <b or, b is+ve, which can be divided by b,

or, b*—2b.>1 or, B2=2b+1>2

or, (b—1)2>2 or, bx=l4J2 |
Under this condition the conlusion o* M, V.T, is true a!thoug

the conditions fer the validity of the theorem are not fulfilled.

See APPENDIX— Anb17.23, Avt. 17.24, Avt.17.25
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10. Verify the Mean Value Theor¢m for the Cunction : M ym2x—tan- *x—log (x+J’(I+xe)}_ show that y
S()=Ix2 4 mx~n in the interval (4, b} R o << -
i  11. At what point is the tangent to the curve y=10g X p ;” ol
to the chord passing through the points (1,0) aad (c,0) ] « ’:".ﬁ):‘f{a)-”f’ (atoh). 0<p<,
( Ans. ¢ . “i'lp " ..‘f’ find tke value of § in the interval [0,3

5 Tyt N Ytha Frsoeias b asod ter 0.1 hA:mlymg mzan value Theorem shov that
F() =1 [, (x7%0),f(0) =0 in the interval [—1.‘] ? ol <!mla—tan=1p <f:6 D, H. 1986
13. ABisa <h:rd of the parabola y=x* passiog throug! b i

Nhow that
L} /'-""h-l-gxlfl f!+3‘1 h? I

2227 Jixqony 0<O<L,
i find the value or g when =0 J

I1/7(x) exists then show that

points (1, 1) a1d (39) : Show that tanzent at (2, 4) to the
is parallel to the chord 4B, -
14, Find the value of ¢ in the Mean Value Theoiem

fB)—f(@)=(b—2) f (©) ; ];
() S =xM in (—1, 1) (i) Hf)=e" In @hn

i ' Lim flx+h ok
B A i 3 DRt (G Y
(iv) if fix)=x—2x"+x2—2x in [—1,2] il
(v) iff(x)=x*in(12) (vi) if f(x) =sin =¥/2 in [0,‘I] ; Ax)-sm_in f1, 0]

(viiy if Ax)=J(x*—4) in (3, 3]

r=2r el ¢
vty if A=y in (14) (2) 95569 = e

I there is no number ¢ between— 1 and O

[}

) Iixpand ths frllowinz funcrions in powers of it with

(Seblomiltch, Lagrange and Cauchy’s form) -l

B0 (1) et Gili) Tog (x+h) (vi) (e +hya(y) 2NT77 0
i Elqmu'd the followinz functions ia powers of x with

A (98hoomteh Lasrange and Caushy's form)

y 1) cos=Ix (i) o (iv) ™ cos by

thit expansion of xcotx as fur as the term

LT Y S

15. Venfy Cauchy’s M:an Value Theorem for the ful
fix)=x2+2and g (x)=x—1 in the interval (L2
! 16, Verify th:t Cauchy's Mean Value Tacorem fails
fanctions, fix)=x? and g(x)=x* in the interval {—1,1] :
16. (1) State and prove Cauchy's Mean Value Tha f

d at : a
:dﬁzﬁ'f@""f’(") log(b/a) where [f{x) is coatin¥

di‘ferentiable mm (a,b) and a< x<b

' Hints g Put g(x)=log x. =y .
| 17. 16f7 (x)=0in 1<x<?}and if {2) =2, show tha

i throughout the interval lcx <3

WAL e lo. (1 4x) = x 4 ¥2/21 4248 /3 PH9x8/5 11
W that the exparsizn of gtin® ina scries-up to the
bon ﬁ\-'-— fre— ... ...

10 sec v dx ot 4 et togex
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26. Show that cosiy=Il—x? L ﬁix' —:f‘xﬁ TR

General Th
27. Prove that €orems

283

X x x? 1 x4 (1) exists for &, b ix _

gy =l gz — Ay T R or all points in (24) ana’D=/@ _£B) I
—— & . « e h ‘ ) - 0=

28, Show that &L thea there js a number such {hae s

sin“"x=x+§.%xﬁ+§1. ;i.%xﬁ-i- ...... ¢ a<E<h and

29, Prove that i lf' I'wsin Jog (x? (&) =p

(84 1) 5 42 +2¥4-1), prove that
ne2 T2+ 1)(x4-])
- : Was 1o+ (17 4)y,
BADANd y in ascending powers of fﬂa:;@yn_o
i ar as x4

that fire

ecos x=1+x+x22—x}3—1a824— .. .
30, Prove that (I4x)*=1+x2—1x8 4 Fvé — $x0uens
31. Prove that log (I +sinx)= x—-x2{2+x3{6-—x"!§‘2 ’ It y=tan (o tan- Lo
32, Find the exparsion of sin (¢*—1) upto and includin S
term xt. Ans, ¥ 4EP— G+
32, (i) If tan=1x in powers of x—1x expanded, then 3
B S v
tan~ Ix==tan”! ; i ( 3 _:‘)(lv-&'- :’! 16)#"21 + ::)t-
(i) Prove by Taylor’s Theorem
h h? he
@) log(x4h)=logx+ =~ —5 5 +--3-;=; —

1 | h it

' : t thr .
WS series for y are e t‘?{'ﬂlﬂ in the

I M — 10333 4. ooz 1321 3)x8/15
lf Y=iin (m sin=Tx) show that
wey—(@2n + ])Wn-l-;'i“(mz"‘”z})’n'

: o () sin (m sin=1y) ) i 1 =0 and Hence fing

® TR TR [
; A T Xz__ ’E':_(‘F,), u n42 %
(<) f( 14-x ) =f - =) @raes 7 Mhow that all even terms vanish, and iqat
(-cL) log sin x=log sin 24(x—2) cot 2—3(x=—2)" €O  t 2 . s

| ‘\" S '
g5 ¥ 3t —e-R HO1955, ¢, H. 1986
| y-‘,.ﬁ'ﬁ‘l‘k:a

(RACIEE TPt SO ¥ R TN

;(x — 238 cosec?2¢0t 24 Lo nn e
33 Show that Maclaurin’s (heorem fails to expand
84. Show that g which occurs in the Lagrange's for

".']‘1 +azy (ii} (”+1)("+2)“n+g”{n3+a’)an
iy one of the fundamental properties of a continuus.

: Ql:aw that there is one and oaly one positive root of
A"2 by the property, ;

hn .. H 1 1
remaincer, R =~— fo(@-+0k) tends to the limits Som

Provided {hat fat2(x) is contintious at @ and /i Ya)#0

_ . ;‘ny One of the fundamental properties of a contip -
Wher thap one ysed in proving Rolie’s Theorem
G L]
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43. The function u, v (of ¥) and their derivatives w’, ¢’
pontipuous  in a<y<b and w’—ut7#40 in a<y<b. Sho

¢hat between any two roots of u=0 lies one of z. u
44, Iff (x)>0ina<xy<b then show that f(v) is strid
jncreasing in ¢S<X < b. Deduce a>xv if x>aze. J
45. If log,y=tan- 1x, prove tiat ' 1
)y, = (1= An=D)efy- y— (n— 10— 2acs 20

hence find the co-efficients of <5 jn ths expansion of y by Mal
larein’s Theorem. .

“1y? ]
g (tan 1y a5 agrd  agx8

461 I {—2 == 2 — T CELd
' W 1
© : ! x
PO O TR, (sin-12y? =
n=1 n! 3 1 He=l ﬂ
Show that a_, ;== n‘a +b,
dx
. X242 =210 A
48, If v._+ X g ( Rl )
aﬁ 'n -aw
andyj—-ﬂu+.a1x+ 3 RS

Show that @ ., +@ . 40 0,=0

49, If fP(9 is conlinuous in the given equation

' . ol g
flx+h) = 3+ h f(d+ g3 Fld 4 e * T ALV
L 4
then prove that b0 Bi=in

50. Deduce from Cauchy’s mean value theorem that.

fb-f(@) = g '@ og (l‘;) where S0 is continnuol

differentiable in la, b)and 2. <8 <'b.

it 1722

295
B 1o (9> 0 for all values ol x, prove that

R 1 1
'( 7 ]<§q>[x1]+§¢[x2}

BOL. IT i i
L. IT we consider ¢ "(x) to be finite so that ¢ '(x)

an g
I tontinuous and finite for all values of x . N P
s of x . Now

) = 0 lle+x5)/5 + (x1-x5)/5 of the form
pah) = of(x +xg]/2]+f[~'¢1-¥2]/ﬂ 01l +x3) /o) +
yy (1 -xg) /91 O X1 +20) /240 (x1~x0) /b4 (1): 0< B, <]
A1): !

Bimilarly
‘“2': ‘iﬂh +0) /2l g-x1)/5) 0 {(x)+x5) /o +
o [2)e {il_i"‘_‘z X=X

|( 5 ) & 5 +922Tl}+ ..... (2), 0< 0,4< 1
Idding (1) and (2)

)+ plxg) = 1 ! 1 o .
| ol 2 ZQ{Q [xy *xgl} 4 5?(’(]'32]2 |'¢<[2l X)4x0) + fy % [xl—x.zj} +

1
. [ g a+g) + 6, .;l, (xp—x7 ;]

" . i l i -3 it
) (.Yl 2] 15 P S p si ti €. AISU ¢ [x} is pOSl t e rﬂ ll
+ X aiwa’ Q. Y 2}

ol x as a given condition.

- 1
[ B P ar=
bxy) + 6le) = 2¢ {2 e + X2}} +a positive quantity

; 1
B’ {E ["H'Xz}} < ¢lxy) + ¢lxg) or; ¢ [_xlzxg] (% P
: 2

Soe APPENDIX~Extra Sums

N0z, No53, NOS4, NO.55,NO. 5, NOST
Avt. 17.24. Art.17.25.

e . el
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sy VIT

faafafus sromel@n S taeaa Sasitg it F91 0

() [—6, 1] famita oreE £ (x) =a?+-6x--6

(i) [~22] fRrend wom f(x)=*" ¢

(ii)) [0, =] fymrea Fivw f(x)=sin x/e*

(iv) [2,3) RRema enam S (H)=G6-2)(r=3)x-4)

2. f(x)=x(x+5) e=x* 63 @ careaa Gopny aferma ¥

3. f(x)=234-x2—4K~ 202 39 (AR Sevmay sl
4. f()=2347—1x-15 gre@ba ¥ A A

#feerm 331

( Verify Rolle’s theorem for the function )

f()=34722—11x—-15.)

2 3
5. () f)=*-Ta*+36 (i) f(x)=log “—'xa?bz‘

FremeiE @9 caag Sanredy wers] afeAER I3

6. (—=/4, =/4) Az FRWWE

(i) f(x)=cos*x aq
(areaa decea Aviel afen@ 391

7. frafafas Fomefn @9 anas S ers aw1R §

() 10, 2] frmrea f(x)=1-2*/*
(i) [2,3] faerea snea f (3)=¥(a*—5x+6)
() f(R)=2+(x-—-1)]°

8. [-2,1] faemy Tm S (¥)=x—** a3 9 9§ 13

He1% i T2
G 10,1] fagng f(x)= 3+2r A ag I OAGAIR

HOI®] 29 T )

(i) f(x)=¢" (sin x—cos x)=4

D.U

HRAATAD € ATYTE Sopotras Ty 297

9. amn#m Cwnoba AT I (1418 (7, X-a7 %5 fAf7d Aisa
9 f(x)=223+346x FReA7 4O wad W77 IPCS PACIA]

[ Using Rolle’s Theorem, show that f(x) cannot bave equal
values for two distinct values of x for the function f(x¥)=2x"4
x4+6x ]

10. (a, b) fA@vea f (x)=Ix+mxtn proqgan o9 aga77 oo
Aere] erfeorqy a1 [ Verify the Mean Value Theorem for the
function f(x)=Ix*+mx-+n in the interval (g, b). ] '

1. y=log ¥ u¥ IWAYA (314 ﬁq_im =xig (1, 0) @33 (c, 0)
At @i-aa AfLS AKrWAra g3 ?

12. (=1, 1) fwns S «1x, (x20) ax f(0)=0-s3 u=
g BB Xer gry 7y

3. (L 1) e (3,9 R 48 @38 3= ey @i
(418 (3 (2, 4) fagarn =z 4B @ 93 AxS A9r9ar4 |

14. g Saomen S (8)=f (@) =(b-a)(¢) 315 ce3 A1 {347
3 7@ (1) [0,4] R F(I = (x-DCx-2)(%-%) N.U- 1994,

@) (=1, 1) fagrea S (¥)=x%gg |

@iy (0, 1) fawrcy f (x)=e* 771

(i) (0,2) fasrca f(x)=,\=-2x=-i:3.t—2 zq1

(iv) (=1,2) famreg f(x)=x*—2x"+x2-2x g7 |

v (1,2) fRgrea S(¥) =22 z7

(i) (0, 1) famnz f(¥)=sin=x/2 =71

(Vi) (2,3) fazna f(XD=+/(x"—4) z71

(»m) (1, 4) fRmrca f(¥)= 52; +.,3 75
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lewrcafima yimgens

15, 1,2 fa=1ea f(x)=x2+2 agy

o(x)=x3_ ) |
¥T‘Gf‘5§ (ca,uc];y) ﬂ@‘f:{ @9“?‘ 3() X1 TR ATY .! "

b AGe] erfise

ki G ERE £ J

.( L) famya J(x)=22 gz 8(X)=x%

Frelba AT Borerray oy NMZ—RT oW 331 i
16. (iy

- () 31ef67 awaq Soeras® I =7 AR} A4 w3 |

(ﬂ, b) a2 ﬁ{\;{b f‘
| Ly SRl Wma f(x ~
5 o BT @ ) afifen ¢ wwdivaq ..

: S G =S (@)=cf (o) log (b/a)
I [
| &fore g(x)=log x IS 2T717]

17 1<3<3 awfiong afe f'x) =
(e 1 I<x<3 Ry #tag f(x

)
1,

h
n

0 ' 0.
R aR £(2)=2,

0 8 Ak y=2i—tan-1 x_og {x+\/Z:-:w ' : .
S¥S® RN 5 9feq ang g ye i&ﬂitg | bl

g 19 93 Semmicas £ (ot

| =/ (@+4f @+er), 0
| . = flr; 2 » U6 In ,’.
< aw f ®)=1r—§2? g1 Wz (0, 3) fRer. 6egg ; . P
9. () sy Sy erzare ; il .
i T .
Ty stan~la—tap-1p _9-56
¥ < T D, & v
2. cagre (g b A
| GHRPF=xpy3)oap gy SIE 1 "
| a%x %=0 2227 ey 0<<, #
| 20\ - 97 v O-93 a1 fady w7 4
' « () If fx) exists then show that P
ﬂx)hﬁ ; SCAR) +f (x—h)~f (x) 4
yEa— D. H, 1984 32
|
2. (~=1,0) famrg LICHE - B (xJ—~2x+3 i
i = 3y (AWTe (3 | E’
~1 qz

| 0 @1 My @m wyy e X

l=x?3—x¢ 454+ .

#* log (14-x)=x+x22 14+2x%3 14+9x5 /5 1+...

R

L S i

FERTAY 8 A3 T2 AT 299

() carffta, somss ex wefm wafRag fRamEfie

malnes h- a7 sfers aoamas a7

sin (x-+k) (i) e*4t (ﬁi%wlog.%ir_{’l'&iﬁh)[x'!'k)n
() carfifsa, amoced ek wrefltn Mg fafafee

pufns cag =fecs a=ead 33—

cosx, (i) cos-tx (i) & (iv) e** cos bx

(RaTe (g xcot x (T x* mifes % iz faRS 330 e

gurq ¥ A

omre 77 (4 enf o3 x4 Fafee 0w cfiv fAwS FIA oren]

oy %7 ¢ log sec x=§x?+1/12x¢ +1/45x6 4-... D.U. 1964
cqure (8 cos® x=1—-a%4-3x¢ —2/455¢ +o0e wir e
oard 9 ®

L3 ﬁf‘;l - ;ﬁ,—’}?.L i s ons
isre (@ sin-! x=x+3.33+3-3.3%5 + o e
osTe F9 O

c0s X== 14 x +2% 2= X33 1134 [24 =255 v o

sard 73 3 (14+x)=1+x"—§x* 150648 —§x5 ...
o1 33 @ log (14-sin X)=x—x¥24+x%6—x4 [I124 ...
sin(e*—1) 3 ¥ miEe o 443 R 97

. (i) If tan-*x in powers of x—}= expanded, then
! (x—=)r

(R3]

TR Ty B 15




Al :
: ! RAATAS @ HITL134 SATH AW © 801

300 fesrafmma simzas |
| J‘ ' | 39. x-a3 witgs @t V(1 —2%) sin? x-a3 fezfers omv
(ii) ‘Prove by Taylor's Theorem | 3B om =fz e L XB+E g
LR it —1
(a) log (x+h)=log x+ —— _ —TE .1!_3*3 ik i T YUNTT 3 (F Gatg = _._ﬁ':}:—,’-aﬂ
(b) —ﬂi k.m}{__£:+&rﬂjtj . WA Mwre 1 T cars ATafd 93 28 ek Ak 29
X X x4 waw S :
| : 2 24 964} C. H. 1986
x’ a . x—-}.\."— = A —— (S scw  ase [R- Ut 1 ] . .
[ (c) f(-m):f(x) f'(x)+ i 7 121') a 3.5x,_ 3.5.1
g J L i 40, qﬁ y=ed sin-1 x=aa+-a,‘.r+a,x=+ ...... +azxX" ...

(d) log sin x=log sin 24 (x- 2) cot 2.3 .
=X 72 |
H(x—2)° cosec? 2 2c0t 24, 2)* cosec?24

33, cavre 3 mmrﬁtﬂa B sin (xv/7) ¢ fa ‘Mt. ;;

o W3 o474 73 3
(1=3%yy=xp+ @y (i) (A+1Nn+2)a0+e=(n"+4") 2

afafkn Fronaa «if GiEw afa Sme 93 eR crure @

j' qAT | __
i :ﬂwr % timer.;mn N aX mefa @9 X0 =2 «% FigxlE @3B o Iy KRB @
2 1/ W(a+0h)a c
I : ; ! fNw omen A 1 .
i 1 mm“‘nﬂ-ﬂﬁwmm mwzh-m, #® £2. @ S gy @ 1 4f Imws 23 g wfes

wizfen Fromas wom @3B AES wda ey 330
43, u(x), o(x), u'(x), o'(x) R w'-urE0 GRE fy (4 0)
(s wffms 1 (4, by 3nafics agaA BT o, Py 7EB 4(¥)=0 @3 A AL

(0, b} asafag g a7 wfa)=0 aR u(p)=0 _
(s g2e3 @ (py, p) AWAS 0(x)=0 e7 @3F y&@ fRarw,

%A B p(1)=0-e3 1% g (. P IWfCS AR

Wif1e (py, Pa)-03 mzas carA w3 @9 o(VFE0 .. .. (D)
MG TG TR u(e )~ KE)EHA v e (2)

weh 3 Féx)=u(x)/u(x)

() =%s (py, po) MAfies F(x) wfafoen |

gy W (X)e(X)— 0" (X)u(x) ; , s
F'(x) = s foara (1) agg (2) 2%0S

jll fo¥1 (x) wfafizn o fo43(a)=20
35 (a,5) fFEna % f(-03 wfey a0 Oz

J—-fla) fib)—fie)
e—a T h_o eI a<c<h WY exq amp o 'rm

NI (2R a<E<b mf”(E)==0 2 A I

36. aff p=sin log (x*+2xL1) gx w13 ey =7 (£

(x+1)2y, .+ (2n+1) (x+1)y, T (M+4)yn=0

4 S y-F xaz 534 =i (x1) ’ﬁmﬁ?@WI y
ki ﬁ;. aff v_tgn(m tan=x) 73, Sr@ MFAICAT AATY Bz1a r
X +-m(m®— 1)x3/3 3+m{m®—1)(2m?2—3)x8 15
58. aft y=sin (m sin~1 x) g7 w7 cqave 2
‘I“-‘w”3ynén 2N D)Xy sy (02— mB)yn = 0 L

sin (m sin~1x) @ () sin-? xaq3 faefe fada ?il

LA
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qTze F(pyy=Flpy)=0.

-

43 (1 F(E)=0

or, dldx [F{vc)] =0, x=fF fasrs
H?E)I’IE) w'(EW(E) -
[etE)?
WA ATTRA e Lol t(x)=0-03 azB
urfRrg

(2)

44. 1If f(x)>0, in @SxSh, then show that j'(x) is

increasing in asx<h, Deduce a*>x8 in ¥>a>e,
Mean Value Theorem g8
F@=fiey=(d—e) f(5), e>E<d
| ﬁ‘ d-¢>0 aa S(F)=0 [.. a<i<b 1
f( A=RA>0 or, fd>fE) or

© SEIIRHE [o, 8] aafirs 2B wfenes Qelef

increasing ) ge.
=3* 7Y, xlog 2—a logx =0
%A FE S ()=xloga—a log x
- fi(x)=loga~ alx=(xlog a=a)fx>0
o SO)>03 xlog a>a log 2 g1, e*>ae
415. If log.y=tan-1 x, prove tkaf

(14+%)yn={1-2n~1)x)pa_,—(n~1)(n—2) i) wl
the co-efficients of x* in the éxpansion of y by M “l

Theorem.

(lan”3 x3* @' gt ggxs
A N e S

PTO‘K' thlt ﬂ'.—-d”_!:z ml

46. 1If

. CATCT BoMrAs R, a3 @3B A ,, n<i<py

=0, 221 wua) fRacs (2 con '_
7 r.Pi-,Pal‘-

ANSWERS Vii

| W yes (i) yes (i) yes (V) yes.

L B, yes 4. yes for (—1,—3)

! 1 | true for— 2<0<3 ; 3<14/3<6

() yes, —J@+b=ab) <0< J(@+b—ab,

) yos, —n/d<Bgn/d (i) no
) no, (i) yes 2523 (iil) no.
Bl 1 <1 9, fuils, 10a< "'"’<b

2

- ,f—l.lo;c'e—i}, 12. no 13, () O, (i) log (¢—1)
M (09 0, 3.1, () 32 (vi) o8 i——
A0 Qa10p3 14 1< 49 <2
Wiled 0s ¢ (0)=r"(0)=0 19. % (3*&) 20.9/64
hn=
|' Mo xh sine/ 24 2) 4
A
(- 0y~
i _(tn=1)
: Pt =l giving successivelv Lagrange’s and Cauchy’s

s:n!(n Aief24 4R,

sin trmf2- X+ Gh) then put ma=a

"
P hety b2 [2 ... ...

(l 0"  x+6h
m(n*-l V&
M, und m=1,

- log J-H:/\ +(-——'l}(

e:-l- Rn

hin-1
)

+ (n—1)

fagrange's and Cauchy's Reminders

2 he )

C,.(lzx*)ﬂ—-l) W 1/x

A l)n-c "“"’
x""l

-1




R - l“_{_...._ o)n=m
" ”L(u-—-l[(_]ﬁl O<ocr-

Lagranges and Cauchy’s Rcmaindgrs by putting m—p pq

CHAPTER VIII
INDETERMINATE FORMS

Tesbectively,
(V) . X0 by o1 + Bt (_ﬂ‘l-ﬂr-f-z)} [ I. In (?hapter Il ‘wc have alrcudy‘discuascd lirm:ts in sa-me
s ) D of functions It is shown that limit of a c2rtain function
I (1—-6)“" : . Immu'a) can be determined by direct substitution of that
e » [_@ 1) wi—1),., oo - n o 1)(x +ghye=n of the independent wvarjable. But there arc cases jn which
P=n, Lagrange’ Remainder, | tubstitutions reduce 1he function forms like_o_ L _,: ete,

p=71, Cauchy’s Remainder.

2t (8o R=toH) 2yadies . 4 h arc meaningless. In this chapter attenpts have been made

x2=1
Lm—D

fluate limits of such ‘meaningless  forms. Examples of

Schlemiitch Remainder 7o 2
PR L P A%(1— ﬁ}n-m = Dwid) 4 Ingless form are shown below,
o 7 i (6x) = co 6 gL
"’L(“ L (n— s%"r+ : ' o sin » the expression becomes 0 for x=0
] ' N0 [§]

R=oZ cos ok
Gnr'}*ﬂ-ﬂ[ﬂmangts s m=n lim x—3 . When =3, the expression becomes 0.
0

x'(l -a)n* N3 x8-T9

[ (n— 1)

cos™ x=1—x 3 apd so en,

R, ek X2 x
(i) e =1+4+r4 [z b +m+}?n
A== g,
Ot 1Y

n=m, Lagrange’s mm1, Cauchy’s Remair rder,
(V) ™ cos bx—= 14 y(a +569%/2 co; (tap-t blay+

X
Lim ¢ ——n>0; When x=, the expression becomes— %

A=p < .1 [ o

R, =

o8 {*-'f??[ +0x} m==1, Cauchy's

I F(x )=¢( e when f(a)=0, g(a):;Q

0
Then F(@) = -—ﬂ--' which is meaningless. ” The form% bisl
s los

ire called Indeterminate forms,
Al lome books these forms are also called Singuh. form
mined form, or Illusory forms,

B 2. List of Indeterminate forms,
hore are many indeterminatc forms of limit ; which after,

! {_( L V@ 4 costny) tan=b/a 4 B,
36‘ 2).. —_—a -g.t"g + g.\:l e

38. sin (m sin-1 x) = X — Him? — ~——... - ’ e O orm
= mr—1) +m(mn 12) (2 2oy :
Won® — 2 )._ substitution reduce to any one of the forms given below,

‘-33)x5/'_ S4 i
%=+ iiatpe g

.
!

i.. . a'oxm’ G:--x.ﬁﬂ «?, 1o

0
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' 8.3, Metbod of determining t.xe indetermipate forms,
There are two wmethods for determing indeterminate form s
limits.
(1) Algebraical Method
2) Application of Differential Calculus,

lim  @(x) _lim  e(x)—%a)
xa Y(x) - xra Yx) - o)

lin a+hsia_
“h-0 Yat+iy—Ya)

-..—.Iim( P(a+h)—2(a) )

h .
e = ¥[a)
o G031y
h

(taking x:= a--7)

The algcbraical method has been displayed with an esample 4
the application of Dificrential Calculus will need the e smbiish
of some Theorems. The second method will be applied after |
proof of these Theorems in _Att. 8.4, }

lim  ®(x ) (@)
ol ‘I'(x) ¥ s——(proved j
where Y (a),—,éo
It cp'(a) =0, :{;(ag=0 but ¢’ (a);eO then
proceeding as before with ¢ and ¢’ in place of % and g we get

lim 'P(x} lim () ? “(a)

0
ba T iy T Ay

Proceed in this way untill the given expression is free from the

lim  log(14-kx?)

lim kx?— k44 ..
Fx-»0 1—(1—~x%2 142%4/4 1 .,)
llm Ex?—1k2x ..
x=0 x/2 I—x“_ﬁl 14- .
lim K3kl + o k
B AR B s ol
Hence the limit is 2k

Let y=

by expansion

) form.

Mathematically we explain the above statement in this form.
If ¢ (@) =¢"(@) ... = *~*(2) =0 and

¢ @)= == (8)=0
but v= (@) 20, then

im ®r) 0 gxy _¢'ld
x=209(x)  x=0dnyy T ¥ “
Note ¢ The proposition of Art. 8.4, is even true When x—oc

This limit can 2150 be evaluated by the 2ad method.
8.4 Formﬂi (L. Hopgitals Theorem) .- R, 14 .'

Let $(x), ¢(x) oxd their derivatives @ (¥) are all cont'mu'
xe=g, 0nd also Ha)=<@)=0, ard {’ (¢) 740, then
lim %) _ lim & (x} ’(a)
¥>a Y(x)  x=4 'Hx) &J(f’)
Sine @(a)=o0, ¢ (a)=o0, we have

wid of v=»a. 1In this case We are to put x=1ft. = -
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308 Differential Cakulus
o In fact, if '
; _ ‘ lim ¢(x)==lim ¢(x)=0 and lim ¢'(x
lim @(x)=lim ¢{1/r) and lim $(x)=1lim ${} /1) —_ Xepd : PR :hT("')T
X=>coC 10 ; : o
i 5o Tk =0 exists and equals L, then
. lim _é(¥) lim ¢.(1 ) lim ¢(1/e—) ir%) lim  4(x)

X2 xy(x) T =30 y(][;) = fep ;,W
liin & l!F“ lim ¢ (1‘)
= 1000 xvo ¢ ()

st gL
X=>a ‘p{") =.
|
' lim x—tan x

Ex. . 2. Evaluatexmpg—-";’s_'
llm X—t
i

Note ¢ Students are advised to note the fact that the differej e

tiation of the numerator and denominator made separately, T"

“lim __I;squ_x from—7~ differentiating both numerator
should not be confused by seeing the form which shows generall s0 0 [fro '

and denommator separately in edach case.}

a fraction, the differentiation of which is made by the rule| . N ol
; lim —2sec? % tap x . lim —7 ,;s,{
differentiating the quotient of two functions. o i oy il LI
. e lim 1 \lim (‘_._‘“ )= —i0-—3
Alternative proof § Let us comsider @ curve which pass -0 (——-TSB».'-JC il 7
through th: origin and be defined by the equations. &
¢ y ' §5 Form——'
x=¢\.t} } o l.
i Im ) == - Then
y=(t) Let lim $(x)=cc and _ Py =%
2 poi : the origin O. Suppol o R
Let, P (x,y) bs poiat very nzar to A lm () eages the form . . If imit exists, then
‘When r=a, x=0and y=0;1ie, -;&'a)mﬂ, ¢ @)=0 x=a (x) <
lim ( dv ) lim ¢'(f) lim (g(_\_) b Lm ¢’(x) ¢
(—_) tsnﬁ) x—a-ﬂ t-a V() _ x=+a \W(x) | x-a =¥(a)
s ; ' Proof 8 We can write the expression
Hm gy _lim ¢ _ @ iraia)e0 el -
t=>adlx) 124 va) ' | lim 93 [:m ( 3 \}) i 0}
: . . orm —
Note 3 In the above theorem the functions and their deri 0

X=qa l,;p,) A=»a
tive are continuous. If the functions are not continuous a!__ ( $(x)

point concerned still the theorem holds good.
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_ im0y (x}.
L xee ] [by Art. 84,
Tty ¢09

2 Jim m 4 x)72
Txa'E (’3)[_4'—}]

lim ¢x) lim §(x)lm [ ¢(x ]9
_a;-)a BX)  xepad (X)) x4 W
lim _«}s(x}
vesa (x)

lm Y(x) 2y lim ¢g'(x) '

1= ;..,gm-. e ] Wi ','g'{x)\_m: AP TTIT 0 0
Case 1. If7%0 Jscc, then
e jm "ﬂlie- lim _.',@)  lim 4.@
A0 xma U@ x=d §(D)

-=1 '&lﬂl‘l‘

‘e

Case II, If 1=0, then addmg 1 to each side of equatian .;i.

we have. J
lim (x) e ¢(x2. .lim $ox)+dlx
I= xoa Ty O Tana g ¥ T kT W

x=>a ¥} x=»2 V(x)
lim Qﬂa_) Lim ¢'[;x)
xsa Ux xp1¥ V)
Case 11, Ifl—~e . then

l=

A - r . | A I
1 tim 1y gty lim Y (x) by case I

—

Nt I x=c P(x) = x=3a E{Té:x-bﬁ $ -\7)\ A
¥x) 1/1=0

_(Form t"

lim ¢+ t}f(x) lim #’(‘C) ._1 [ by (1) as ) i-'l?io

Indetermintae Forms 311
lim #e) lim ¢
"x=a Y(x) x-»a $(x)
Prom cases I, IT & 111, it is seen that the theorem is ture of ail

or

19, Thus, if lim @ x)=%"lim ¥ ‘X)=cc

X-3q X=3
lim ;?SL:\) Nim  ¢7x)
Vsd v[ﬂ X W}
Hence the theorem is proved for all cases.
Ex. 3. Evaluate
lim log 1—x)
x=] cot wx :
w— u
lim log(l—x) [mm ]

YT xslcolmx '«
Ve |
- ; - !

T (e : lim ﬂa X

lim e w0 0101

= o] HCOSCL®T X |

wlim 2 sirgy COS X 0
x-al — it
B.6. Form@xeo

e
This form can be converted into-the form a—ur,-%-

Ex. 4, Evalvate lim fog (I4+x) .__'

x-=0 51N
1
xlfolog(l-i-:\) sim x (e 0% &)
“tin BEHD (i O)
x+0 sin x . 4

Lim 1/(1 +x) i m _ 1 1

- =1
=x+0 cosx x-0(l+x)cos x..,“) 8 5]
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0 o &«
8. 7. Form 0, cc, 1

These forms can be converted to the form 0/0 or.cc/cc W

the help of logarithns.

The process i bettér to bz demonstrated with some examp

given below,
Ex. 5. Evaluate lim (sin x)" if x>0
x—-+0
Lety—lim (sin %*  [form 0]
x=>0 |
*» log y=lim log (sin x)*=lim x log (sin x) (form 0X¢
x=»0 ! x=»0
Lim [0gsinx Lim cot x 0
T x-+0 -__hl/'_c_ “x0 Tt [fom
_fim _— _ lim (_x__) Bl g o8
x—0 ta.n X x-)O tan x /x=>0 o
or, log y=0=log1 or, y=1 thatis,
lim (sin x)*=1
x=>7
Ex 6. LEvaluate lim (sin x) =

x=rin

Let y=Ilim (sin y; ©®™* o
form |

x= i
++ log y=lim log sin x) ‘*™
x-a);-rc
=lim tan x log sin x (formeoc X 0
x-’i: i

X lim log sin x ( 0)

X357 cot x form-n

" Indeterminate Forms

lim cot x lim T 4
lflg N= x—’{ﬂ .—...W zx_)é“—cosxslnx—o
;:p3r=39=1

limn

OF ,pim ( sin z )¥®= =]

Ex. 7 Evaluate lim 1/(1-—z)
=21 =x
"Lim 1(1—2) o
Let y=_.31 -,1;( (form 1)
1
Then. log y=x‘_L_;"i log = 1—x
Lifﬂ 1 log o 7 :
=z-1 (1 (form .. e« X0)
Lim log ; 0_) Lim ( 1 )=
=gy 1_:.;( form 0 )=2=1\ "% 1
d 1-—2—1g__1_.
e e
|
Lim 1—2 1! 1_.
=1 G

Ex. 8. Find the limit of the expression

Lin x sinazx

2=>0 3
lem z~sinx 0
Let g=' 20 = (l'orrv 0 \

Lim - lmcnSm (‘inrn 0 " Lim 2sin’ 2/2
= x>0 30 e =.:c-+0 BN

313
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Lim (sin 2/2 )z 1 therefore ¢ (0)=0=> a—b+c=0 (1)

lim ¢ (2) lim ?7(2)
lhe given hmlr-,‘_., @(1) = 0 V2)

= z=30 /2 36

Ex. 9. Fvaluate Lim Snz—log(es08) o (1 1oeq

Now '.'y’(x’m z CO8 c-8iD 1

x=0 z sinz
Fat szlm sin z log ( e*cos x) -#¢'(0}=0—
T 20 z sin .z 9 (0)=
Bin z — .z:—!Og"Ens T 0 : {
i‘f:ﬂ z sin z ( form-ﬁ-) Bat 9iz)=aer+bsin z—ce>
[ loger=z log,=z ] ¢(0) =0 =pa—c=0 (2)
__Lim cos z—l-+tanx (f ) 3 3 : T E thl
S S orm-, - By L! Hospitals Rule, the given limit is then
lim —sin z +gec? ; H’f’ -’;;S'E’j
=z-0 cos z+ cqs.'a&-j;sin.r_—"=i 230 ¥ {"J
We have, ¢* (©)=—xsinz+cosz+c0s z
Ex. 10 Evaluste ™ (21 Y D . 106 P (0)=041+1=2 0
_ ; =1 \z—1 " log 2 Y

Mence hm? 3 4% Lo ( given )

lim z =0 9"(z)
i DS ik (tan oo — o)
2y { 1 log x } @ (0) 44
¥ (0)

lim .z}og Tz + 1( lim 1+logz—1
=21 (z—1) log 5 (z—1) log 2 o ) = zeal Iog:;:+(.ru—-1)/x( form

lim log = lim 1/z

Sa-31logz+1-1/5 = Tzl Vz+1/z 2 =3

Ex. 11 Find the values of 4, b and c, if

lim aes—p cos 2t ce—x
=20 & sin T

or 9 (0)=2x¢" (0)=2x2=4
Now qa'cz_)mac’+b'oos.z:}-ce’
a+bte=4 (3

Molving (1), (2), and (3), weget .
a=1; b=2, c=1.

=2

Becond Method 2

Lim ae*—b cos x+ce™" o
z=0 X 80 x 4

, Ans, Here 9 (x)=a(*—b cos z4¢ ¢~

1 fl{:{:r):.rsinz
Since ¢ 10)=0,

:\!n
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A .

+) +e(l—z. + 57

2
or Tim A 1+5+i—)—b(1 +

s 1

2
z—0 x3
. ; x(x-*g—!—+ . )
op LM (a—b+¢) + z(a—c) +Ez¥(a+b+o)+ ...... e
x>0 ZH1—qz24 ... ... ) ]

As the limit is 2, so

a—b+c=0, a—c=0and % (a+b+c)=2
Now solve fora, b, c.
Hence e=1, =2, c=1.

lm sin z—tan’lz

12. | .
Ex, Evaluate __ o y= 3 P

The form is %- A

We get the result by using L’ Hospital's Rule several times

So, expansion by taylor’s Theorem is helpful.
lim sinz—tan—lg
x50 z* log (1+4x)

lim z—.%| 3428 5— —(z-ka'+]g2b )
~z—0 2z —2%2 23— v
hm (2—17 3) 2*+a* (1) 5—1/15+ .
z-0 X A—z/2+ 23— )
lim 1/6+ 2%V 5-1/15y+ '
S0 15 x4 E—. =3

; . i
Ex. 13. (i) Find ‘z_h ' 2* when k>0,

—0

lim o %
let um AT

Indeterminate Forms

]l
Now Iogu=x_l_’fﬁx“ log x (form0x . ; x>0)

_ lim log 2

lim 1/x Yar) ot

ﬂ.t'"—)__-—-_u T Eavi _.Z'—-)O:'__k_=0 U=e=1
8 (i h ‘ lim T

(1) show that ugieile zlfx* J=1; E>0
Let  u=lim (_.::ll'tk )

lim 1
Then logu=x3:5k log z

lim log J
= e “‘%?'(m%)

bt By
Ty hzE1 =.’L‘—)¢0Tfi—=0 ;

-’ l‘_—_—gl}l:l ( Ans)
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oy H A logx®
Wmap Hod il] x—)O log cotZx [i]} -1 X21/%-1) Nu. 1994
Exercise VIII y, Lin e—l—log(4x) ,. Lim [ & z—sns
x>0 xz 25 s i (x-—-u 2 r—m )
Evaluate each of the following limits. a5 fgily
lin z—a lim sinnz -0 (r* ;.;2“) I e hﬂ ( ) |
s o= 2 el Gl T Vel A
lim tan’lz lim z—sinz | lim li = A
- . = N o L = m . ,
1. 49220 sniz D. . 1960. 2. (D) 20 = - 24 e z log sin = . 29, _;-...;.x 2% gin ( a/2%)
Lim 3 tan x —3z—2? Lim «ztanz G Hm ¢ g z lim 1
3. 250 z3 I (es—L)3=  zolibae Tl ) “t RS ('_ Breokd )D U. 67
g Lim e*—e~=+2sinz—4z . Lim 14 cos =z o o lim ? lim ¢1 {
. m._)o zs 6. ] WR. H. -_l_ wld, zl-')%ﬂ' se;.t t-x lln.:«—-l'ﬂ) 28, (a) xu’o —-..__._tgu-_,_,,l_z,
; - g
7 Lim lan z—zx 8 Lim g¥—e®"—" gg(a)z t—) \r—ﬁ;& = =6 C.1199% D. U. 1968
z=»0 z2tan z 2=0 r—sma 29, .‘;ﬂﬂ Got‘rlcg 1 DH LzCH '"T7°89 30. ]lm tans ]ng
9 Lim e*—e—*—2log(l+x) 10. Lim cos’xmx b 5 ¥
i T i e, m 2 tanlg— li
=30 rsinz x=3»% g"*—2g" _ g1, U et ooy f 3L. (a) _;ﬂo_]_l‘lf'D U. 83
17, Limzieosx oy g2 g, Lim log sinde o o 00 e i D4 b
X=dsm L1+2T x=30 log g;rﬂl: 82, g (8= z) tan ax/2a) 33. 0( )
bl i = i :
4 R DERE ) : :
13.. x> of x le: D. U 1964 (ﬂ-) e{-anx I C H 1 3 IR -:EO ( SeCx )t:m ¥ 35‘ Iim (-_2_13“1 ) tan _z-/z
o Lim _tamx—sinx o o000 Lim sin x--tan—l _ z—?n %
O it Hme— () g <7 Tog O ¥48 . :_lme (og 2)'/(*€ 37 lim F(14z)—1 Shey e
4 ol —p T e G —— ¥ -
Lim log tan x -. Lim log (x—=x/2) i Wi ®
(14) . (15) —_— DU ‘ 1/z2
=0 logx x=p1e/2 tan x . <
), Im log (cos X} REH, 62,98 Bim'' |t tan
16 Lim log tan 2x 17 log (x~1)+tan § mx. T~ r—-s-O i ) JxiD.H."62
* x=»0 log tan x_ y COL ™ X il
; I e
Lim Lim log (1—a% vesq ( €O8 x Jeoseciz 4q iy R AL sz—f’)
@ o 10, SOE AT : e D
18, o *=(log r) m, n>0 eyl IOk ‘cont DU‘_ =1 2e— J (25253
Lim Lim ' ' R T 1993 i Lt
D yp0 ** log x (i} x=>im (1—sin x) tan x C, L". K0 sinZ © 20 W X0 (eosy ' /x
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L tanx I
4n ('—)‘fx D.U. 68 43 (a)
x>0 L * -1

Indeterminat: Forms

321
lim

z -4
=2

V(z+2)—v(3c+2)

: i
(1+x/x DUI9SE CU.1992

=1

; Fiud the values of
lim ; SR & : cot % s of 2 and b ¢o that
44. i.._\n  cos z )1 27 AR el Eidantd lim z4azcos z—p sin ¥
] a0 ) =
46, 0 (2—x Yaniwy ] ;
i & : Find the value of s jf lim S 2(2 cos z+m) £
i R o T 5 ]imo (cos .r)m % C. 1.8 z=0 z? He
7 pem/2 T 4 Does limit exist for 68, lim i
T i )/ D. 1 9{{; 149 ., lim Coshz—cos 2} lim log (z—1) —taninz x=0 4 =0
49. el Bl Todt | z—0 zrsinzx P 21 COL 7y
o lim Sinz sin—iz Frove that
Bm Jrelogx = s Bostih i
50. 1 e (lﬂg I s ol. x-—)ﬂ J.z D. U : n 1m+2ﬂ1+ 8m, .. 4w 1
[ (04 23) A5 lim i o ~hoo #imHl = my1? m>0
52 im log . = il 0 (coth x)! "
MBI e i S : : bod Tivad wic 1 :
H . 1 €XIs1 for [ 1 . llm + xm !‘ X n__
15 hm 2 ,\siok 85 lim z—sin—”'x Him ( tan x\1/z% il * E”g) -
84. .0 (cot? x) 2507 sind x B0\ "3 ) R.H. 1988 D. U. 1984
lim tan .z tan—! 2—z? ., lim 45—-2% 106
56. 230 20 50' \a z—0 - R.U ] i - Cos .y d )
. A e i et s o gE PRA A B Lt sin(*/4)
fgar e s s o gl e ae 7 71 (@) oL o e VRO
o7, 3032 Tog il—2) z—0" z —sin » ove that ::—4[) sinx i
: g B eXe X oy ]
59 lim sec? r—21an T . lim ( cos z Yoos* b d"_’;k*_ (b) il e DU 199
Wl smf4T 1-+cosdx zon/2 : dzt

51, lin, sin2z42siniz—2s8inx 62

20 cos T —CO0s* T
= lim
63. =,
y b Lt
64. Find the values of a. b, ¢ AP
Lt U

=w _ifn CH. 1992 {b)
n—on i=1 €

[.r ( 1+ %)‘-—eleoé ( 1+§\]

=t ot

0 P

lim zcos z—log (lf T

z—0 =

iTesk

-

Min~1r)2, Mové that
dn }Z}I

da+rbeosx)+esiny _ i ’ dxnt2 g
“) { rf“y i
e_.l 5% dzn
e C.H.
x-0
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72 11 u = 2% 4nd x = sin \
T eosy i ANSWERS
1 L ;
Provethat S /R I 1152 () 1 PR e
i s . . 5.0 g g
(a) If y = (sin~1:92, Prove that 7 4 R R S 1
L wze L4 12,4
[ o e 0, (i) 3/2, (i) 1/~ 1401 15. 0
=4 Examine whether the function f () is continuous A 2]'(1) ; };’ 'G_f'.) ! ‘I;i (:(i) 0
2s 20, f(0=1 H w13 20, 0.()— 21.
Where £ (z)=2%, 220, f ( Y 23, — (0 wihiep
Sol, =e AT, S (x)=£“l a ST | 2% <28
22 —1, (a) 0 901 2 .£0. 1
log fy=2xlog z=2 —— ’ 28, L7 )
i ! 1”; , | | 1 G 32 2l 33 1
im -0 B ok b - ¥ 4 i ANE i :
. 0!1*]’(.1;)::2 i s form Z- 1 35, SRR __Bs. gl
lim 1z V/n L ) 39, c‘fj'
T S0 e o L e Az LYY
i _ T 1. 4. )2 45. ¢ ..
aqm 0 log f(z}=log D 4 2/'n I8 S A 48, -2
! ' ¢ ! i
w547 log 1120 log f (1) =0, mt& e1i6 49, fay)id 50, 1e ity
1 p 33 1 7 Al |
P
x—)(}f (z)=e'= -} 56. 2/9 (a)ylog2 57. —2/3
creq wirtg f (O)=1. zwm lim f @=f0 | 3 59. -3 €0. 1
e 1 62. % 63. O
qzaz z="0 TS f () afzn Ml a=120, b= 60 ¢=180, 65—8
A i lim q* sin bx—b* sin ax : R'}-:_:' fim—5)2, .6‘:"‘"3/2
78. Evaluate ;- T % m=—2, limit=—1

2

- Limit does not exist.

70. b* (b cos bz—sin bz) cos? bz




