325

Rl
CHAPTER IX

A 0.1 (b) Neighbourhood (nbd.) of a point (a, b)
PARTIAL DIFFERENTIATION - gh

Ml cmpty subset N of R is called a nbd. of a point x5 ¢ R il
' 9.1. Functions of Several Variables . o PMisly an open interval I such that xy € 1 € N. Again we express

In previous chapters, we have discussed the functions | Nt o€, xote) & N, €>0. Il xo be real number (a, b) such that

independent variable. In this chapter, we now turn to fus
of more than one indepenjent variable.

b then (xg-€. xg+€) is a nbd. of x5 € (a, b). This nbd. is called
ghibinurhood (mbd.) of xy and is denoted by N(xg. €].
Let us g?ve two examples which are [amiliar to us. NIl ol x5 € (a. b) is expressed as [xe R ; |x - x| <€l

: . . o i i 1he case u = . y) at (a, b), we have the sel of values x;,
The volume, v of a right circular cylinder of radius e casc x =ifbe et bl -1

height y is given by v=mxdy ... .. (I)

Thus we see that v depends upon two variables z and 3
v=(x, y) ; v is the function of x and y.

The volume of a Rectangular parallelopiped who’so‘:
breadth and height are respectively x, vy and z is v =2xvyz...

han . b that satisly |x; -a| <e, |y—-b| <€ where d > 0but
. I wind o form a nbd. of the point (a, b). Thus x may take any
: fiom (a -5, a+8 b- €. b + €) such that a takes values from
W+ ¢ except a and is takes values fromb-¢€ tob + .

melric space the set Nip, r) = {xe X; d (p, x) <r is called a
i point p. The number r is called the sadius of N(p. r)
Thus in this case v is the functions of three variables x, 1 (02-1)=a702 ' '

2z, and can be represented as v=£ (z, y, z). N(p.r)={ xeR : |x- p|<r), Ris the set of rational numbers
4 ¢ R r-p<x<r+p) = (p-r, p+1), open interval.
s nbd. of p is an open interval with p as centre of the circle.

Wity Inside the circle x2+y2 = €2 may be taken as a nbd of the

Similarly if » is the funetions of x; xp, X5 v X,

then we represent this function » in the form

-

f£=f (*rh T3y Tyy = Ty )

10,0)
Art 9.1 (a) Domain flincmply subset N of R is called a nbd. of a point x if there
Let u = flx, y) ... (1) - # 20) such that :
X, y are independent variables and u depends upon the I\ ¢, x+e)Je NS R
the function of x and y, The ordered pair is called a pl v ¢)={xe R I'x—xl < e}
aggregate of the pair of numbers (x, y) is said to be doi 8.1 (c) Limit Point
region of a detinition of the function. If the domain is clo #l number x is called a limit point of the set A € R if every
curve C, then f is said to be closed when it is defined for % tontains infinitely many points of A ‘

Wit (xg, yg) is called a limit point or cluster point or
\llon or accumulation point of A if every nbd of (xg. yo)
nh Inlinite number of points of A,

liinit point itself may or may not be a point of the set.

within and on the curve. It the function u or f is defined fof
within C not on the points on the boundary, then the do
called open.
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upon 6>0 such that

o |—3y+ 1| <118.itd=€/11, then

y:
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: Wb matter how x and y approach their limits a and b respec-

Ex. The point (xg, yg) is a limit point of the set {% ; y In the domain. We may explain the continuity of function

1
n r
Limit point is not in the set. _'!' b following way also.

Ex. Prove that by using (5, €) i "hn ‘function £ (z, v) is said to be continuous at (a, b) if and

= b i
Lt (2x*-3y) = -2 il for each € >0, there exists anumber§>0 such tkat
(x, y) —=(x.3)
. | 1}y b (=
Sol. Let us consider a small poisitive number £ > O dé| ad R
for all points (z, ¥)7= (a,b) -
for which | x—a | <8and | y—b| <3
I, e, a—9SxSa+end b—§Sy=b+3

|

|2:2-3y+1| <€ When |x-(-2)| <&, | y-3|<d A
Now |x-(-1)| <8, |y-3|<8

i.e.—2-8<x<-2+48, 3-8 <y < 345

‘Where x#-2, y # 3

Again (-2-8)% < x2< (-2+8)2, 9-38 < 3y < 9+33

or, 4+45+6<x2 < 4-45+5%; 9-38<3y<9+3%

or, 8+85+252452x% < 8—83+282%, 9—35 <3y <9 + 38
. 8+88+2862—9+35 < x2—3y < 8—856+26°—9—35

For the continuﬁity of f (z, y) at (a,b) there isa ina regiow
the xy—plane bounded by the lines z=a-3, z=a+3,
-8, y=>b+3 such that for any point (z, %) in R f(xz, y) lies
ween f(a,b)—e and f(a, b)+€ where € is any positive

; iber, however small.
Or. —1+118+28% < >—3y < —1—11d + 2§? o’

Or, 118<x?>—3y + 1 <— 118
2—3y+1<llie/ll=€ Limit of a function of two variables

H  xe—3y =— 1. 4 1 : 2 0
i A function z'=f (z,y) is said to tend to the limit] as (z,y)}

9. 2. Contiauity of a function of two variables. s 10 (@, b) if and only if for each positive number €>0 bow-

The function z=f (x, ¥) is said to be continuous for
b when

lim f(z, »)=f(a, b)
(1', y)")‘(as b)

4 sinull, there exists a number >0 such that.

I fem—L] <e

fo1 o)l (z, ¥) #{a, b} lyirg in the region R given by
| z—a| <dand | y—b [ <3

{ r,a—dZz<a+8 and b—8SySh4d.




328 Differential Calculus

Partial Differentiation 329
We expiess this in as
lim  f(z,y)=1

(z, y)—(a, b)

@m0 matter how x and v approach their limits 4 and §
domaim

Al points Q,, @, Qg+~ Q, are in space and they all lie in &
Thus z=f(z, y) will represent a surface,

# | Geometrical Representation of Partial Derivatives.

f’ 3 FMQ

9. 3. Geometrical Representation of functions

s R %
variables,
¥ N
Let us consider function of two variables ¥ and ¥ it Y
fen. O - L ,
&5 W) 4
b X AX g Ay a’
Let us consider three perpendicular axis such as | o Vs R’ ;
y— axis and z—axis meeting at point. 0, _

For each pair of values of x and 3, there corresponds a

P on the xy plane and we can draw a perpendicular PQ
zy—plane ard (z,y) such that

PR=z=f (z, ),
(2>0,=a>0)according as Q is above on oz below the .zj

%/ (r, v) represeats a surface PQRS, a portion of the
I8 out off by the planes parallel to X0Z and YOZ.

the co-ordinates of P be (x, ¥, 2) and these of
() and {z, v+ Ay f (2, v+ Ay)}
Rand {(x+ Az, v + Ay, f(x-{-&x, y+A»)

Similary, lengths of the perpendiculars drawn at P, (, Sand {(z+Az,¥; f(z+ Az, v)}

Ps(zs, 95)...... Pilz,, 3,) ate respectively
the figure we notice that TQ is the increment of zand

inerement of y, while & Temains constant.
1hn, we have

(I\I:'*n ;{? ‘-IQ_-)P tan L/ TPQ (TQ=§«, PT=3y)

Py 0y =z,=f (x3y,)

- Thus from
PyQs=23=F (x5, ¥3)

PnQn=zn =f (‘z'myn)
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—Slope of the tangent at P to section of the su'-face.--

z=f(z,9) by a plane throug P parallel to the plane YOZ wnh ‘
a line par_-slllel to y—axis.

331

The partial derivative is tep:esented by the following
symblos also

= ¥ (z,
= Oh £ on *'&::;“ o, Dz

h ains conslant Similarly if z remains constant during dferentistion: and, y
ment SM of z, when y remain :

varies, the derivative of z, w, r, to y is called the partial deriv-
ative of z, w, 7, to y and this is denoted by

Then

LS Lim SM =Lim tan SPM
Tax Aw0 PM S»P

(_ﬁi ) _Lim Az, v+ Ay)—f(x, ») el
— Slope of the tangent at P to the section of the surfa 3y Ay=>) o : im .
z=4(x,¥) by a plane parallel 1o X0Z plane with a line paralle '., Z=constant

to x—axis. We represent this limit also by

_i:— or, f, of, =——*_ 8f(z, y) D z

9. 5. Partial Deriva!ives

define .
Let z=f(z, y) be a function of two indepent variables de .;' i LD sewal s e
in a domain. lf y remains constant, the point (x, y) will mo Ve

treating all other variables as constants and differentiating the
function with respect to the variable under consideration

depends on the vanable of the siogle variable = only and B
derivate of z, w, 7, 10 X 18 called the derivative af z. w: th r.

ART 9.5 (A) MEAN VALUE THROREM
z provied if such derivate exists.

Il (a,b) exists throughoul a neighbourhood of a poinl' Pla.b)

nnd fy(a, b) exists for any point Qa+h, b+k) of this nmghbourbcod
(nhd.),

Symbollically we represent it by

. i flash, brld—f(a. b) = hixla + B b4k + k Lfy (a. b) + )
%E:_ ISR 3z ] Where 0 < 8 < 1, x is the function of k if k=0, there -0
Proof. We have
Thus n ¢ fla+h, b+k)—f(a,b)=fla+h, b+k—fl(a, b+i+fla.b+k)—fla, b)
8¢ _Lim  flzt X ) =S%3)  if Timit eviste.
31: = A z-0 Az

Since fx exists in a nbd. of (a. b), therefore by...(1)
lagrange's Mean Value Throrem, We have
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flath, b+l)—fla, btk
= (a + h—a) fxla+8h. b+k) = hfxda+6h, b+k), 0 <0; <1 ... (2)

Also if fy (a,b) exists in the same nbd. of [(a.b), then

Lt flabtk—flab) _ AN
k—0 k = fy[a.b]. (implies that)
= fla. b+k)—f(a.b) = k fy (a,b) + nk, where x is the function of

k; if k—0, then n—>0 ........ (3)
From (1); (2) and (3], we have
fla+h, b+k)—f(a.b) = hf da+6h, b+k) + k[fy[a, b)4+nk] ... (4)

Where 0<8<1, h—0, k—0, also 1—0, n is the function of k.

Sccessive Partial D erivatives of some symbols.

:2: =fn(x,y) may be written as =/
32

T =il y) is replaced by u,, =f,,

_...Efu—.—f of, u,=f, and 3% f., or
e Vi SrdERTeR T 100

How to use the above symbol u,, or, f,.

Differentiate the function u=f (z, ¥ ) w. r. to only x first thaq,'
differentiate the differentiated function again w. r. to y3

Uyy OF fre

Differentiate the function u=f{ z, y ) w.r. to only y first and

differentiate the differentiatéd function w. r. to only z.

In Partial Derivative of higher order say u,.x, differentia
is made w. r. to the outer most variable first, (here, w.r.t0 ¥
then differentiation is made w. r. to a variable just before

(i, e. z) and so on.
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Fx.1. If ﬁ=xyz+_z3__.z3+2zzy _
then

S : |
Sz T<y 5y == IZ+322, -Ez-— =xy--3zl+4yz

: F;. 2. Wu=az’y+by* ooz find Uxxy Ugxy U |
] Xgy |

U=az?y+-by?fcrr .
<+ Us=2azxy4cr: Uzx=2Zqay
uy=az®+2by ; tury=2ax
Ux=2azy+tcz ; Ue=ax
U,=azr242by ; Uy, =25

9.6, If the derivatives &
ives . = f and —g{- =/, exist in the

heigbourhood of the point (z,
( ] y i i I
- t ) and are differentiable at that

e Hf,,_f,f, £ all existat a
yb % 1 m t s
#8 continuous at the pOmt, b int (z,y) and £, or f,,

3f
We know 5 .=er(,=\',-r y) = 1::‘0 Hz+h, ) - f(x,5)
h

] .;.-

Agai _Lﬂ lim f,
" e (e = I Sle v D, )

lim lim +
T lf(= k. y+k)—f(=z, y’;;k) +Az+h, Y)—F(z.)

lim  lim" 9(y+k)—gp
l—»ﬂh-.o_—l';gj,—ﬁ - westd)

whete §(y)=F (z+4, y)—fz, 5)
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and  @ly+k)=f(z+h, y+B)—f(z, y+E)
oy +E)—9(»)=(y+k—)§y(E) s 0<6;<1 and F=y+0;k
=kg,(y+6,%) [by Mean value theorem.]

=k{f,(z+ b, y+8, ©)—fy(x, »+ 01 k}

y=0 =0 z—y Ty-0 ="
lim lim =4y
Henee.iv) S0 PRI Re

[3

lim lim z+y
y—0 z-50 2=y

9.7. The Total Differential
Let us consider the function ' |
15 =3 M o, SR S (1)
Letu change to u+ Au, when =z changes to z+ Az and:
y changes to y + Ay. That is
v+ Au=f(z+Ax, y+/A») s
on, Au=f(z4+Ax,y+A¥)—Ff (%)
=f (x+Ax 7+ Ap) —fy+ AW +F (53 + AN = f (%)
=Axty (048, A%7+ AW+ A3 (x,3+6,A5)
‘where 0<0,<1,0<8,<1. [ by Mean value Theor¢m}.
If Axand Ay are very small, then :

Pat F(z) =f,(x,y+0,k)
then F(x+h)=f/(x+h,y+0:k)

o Oy + R —9(y)=k{F(z+h)—F(z)}

—kh Fy(m) 3 n=2+0,h and 0<§,<1 [by Mean value theorem] s
=kh Fy(z+0h)=Fkh fiy(x+85h, ¥ +8,h)

Now from (1) we--ﬁ“ﬁ.
| khfy, (z46h, v+ olk)

_f,x(ft y)=£m; lLim

L k=0 R0 kh
lapen L4 ggy (proved.) AEA ALY+ A =F(51)4 Er.. @
) i : where Lim g,=0. also lim f(z+0,Ax, y+A»N=£(x, 1
B 8 Find the values of £y a4, PO (A%ANSO0 (A AN * - -
rrat g

Similarly, f,(x, y+0,Ay)=F(x, y)+&
where €;,-0 as (Az, Ay)-(0,0)
Au=f, (x, y) Ax+e Az +f(x, N AY+E Ay

flz, y)=¢"cos y
fe=e*cosy
f,,:-—a—i—- (f)=—¢* sin ¥

Again f,= —¢* sin y
So f,y--'—éa;—- (fy)=—¢ sin v
: R =fyx
Note :—It is not always true that commutativity of £, and fi,
will always hold good. The commutativity depends upon the
commutativity of the two limits which are not always true ¢. .

lAz%— As!+e, AZ+EAY ... ... ()

Where €, and €, are mﬁmtesxmals which will be zero if Ax
and A» both tend to zero.

The increment of u consists of two parts, first part contains

| the partial derivatives and the 2nd part contains the infinitesimals
lim lim z_l,_y Iim =z Z _q with increments Of x and y.
20 y-50 3T 20z The princpial part of Az that is,
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ef ax+ A:v

Is called the total duﬁerenual of » and it is denoted by.
Sf 3
duw oy fm- 3 Az - Ady.....(6)

This deﬁmuon is true for all functions of u. '
When z=x, (6) gives

dz=1 Ax+0=Az i R T ¢ o
Similarly, then we take u=y in (6), we get
dy=0+1. Ay=Ay o R a3 (8)
Hence by (7) and (8), (6) become- '

du= s—f-dx +%‘f— 55 dx+ & } ®

or, du=fdx+4f dy=n,|lx+u,dy

which is the total differential of «,
Cor. If u=f(z,y, z) then by definition of total differential
we have :

3u
Sy

which, after putting
U=z, 4=y m_:ld u=2z successively, will give

dﬂ=-—— A+ — Ay +~:—:—,f_\,z

3u du , ,
dﬁﬂ—g—zdx-l-—s?d?-i' 3z
or, du=fidz+f,dy+fdz -~ - (10

I u=Ff(zy, By ® 1R e z,) then
du="" o dﬂ:]_—l- é—dx -+ ::: dz, - (11)
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Total Differential Co-efficient - _
9.8. If u=f(x,y) and x=g(t) and y=y(t) and ¢”(t) and )
exist, then

du ¥ dz ¥ dy AR
Pl i T )

Proof 3 u is the function of x and y sx and v are functions of ¢.
Hence « is the function of ¢ only

Now fram (5), Art. 9. 7. we ha.ve
Au“§i‘1‘9+ BfAH(El&zTegAy) €, €,>0

Divide both sides by A t,

o D2 _3 Az af Ay +( f‘.\:v)
W g o ar At

lim ~ Au sf lim Az _§_£ hm Az
At=0 At —35z At=0 AT T3y A0 Rp

lim Ay
+ A0 (E‘ Ae & At)
du _3f dz ¥ dy
Fr T3z 5t oy dt
diu 3 dz- ¥ dv thy
o e o R
Which is called the Total differential co-efficient of u.

~or, 2 €, E,=0a8 At—0]

Cor. g uf(.r,_y) and y=9(x), then
du_Su dr  Bu _dv
A& an ®dT * 3y dx

du _Bu  Ju dv  Su Bu i
or? dr = 8 + % dz =z Sz T 48 )

Cor. If u=f(x, zp» Xg02,) and

22
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X1 Xg......x, are all functions of ¢ only, and if all the derivati=

ves are continuous, then

3 3u dx +-Sw dz, ' +8u dx,
F I I Sz, dt dz, dt

9.9. Ifu=£(xy and x=@¢(r, 8, t)and y— ¥(r, 8,t) then prove

that

Bw_ B 3 b py
3r “ 3z % tiy ' &

du 3x ¥x 3r By

8" "8z, 3. "3y - ks
S 3 Bz ¥ By
T v Ty o
Proof: z=g(r, 5, 1) and y=y (r, s, 1),
=)= A 50, (s, D)

or, fi=Flr, s 2% (s::ppo;e)
The tofa] differential of u is
Lo D
s ISP glealh e 1
du d + 8.» = i (1)
Again x-:g.(r s, ¢, and y= {-— B, 1
Then d.-.-::-i'f dar+ :.r ds+ 8 e (2)
==t h _ ang 3
dy Sr ar- = A L (3)

But if we consxder « as the function of = and yi.e
\ u=f (z, ), then

__ du du
du= 'S?‘fx +-;6—d}’

__ Bufdzx 8x . 3z du (3y 3}’ (14 )
=s\sz¥+ 3, = ds —§;d¢) sy(s drds—ds+S d
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by (2) and (3)

3z  Su ¥y
1 (s_'i _3_‘3.}.& i Sy)d +( LS _"_Ss)ds

sz = o ' ¥y 37 3T 85 3y
AN 8—"—)&: ...... 4)
+ ('8? e 3y © &
Now compains the co-efficient of dr, ds, d from (1) aud (4),

bu  du 3z B Su 3y

Br 82 ° o ' 3z ar

bu du Sz  Su 8y

s~ oz O +. Sy " 3

Su du du +ﬁ ) 8y

B0k 4 By 3¢ _ | :
Cor. If u=f (2. 25 2y-1ore 25) and.xl=(;1. 13y b3 +rom oty

Iy =l1‘ (ti, ", ts-uuu n‘utn) elc. !hen

Ba B Sy BNy o S g B
8;1 s 8_1;1 8{:1 sz 331 Ty 1

du_dw bk O 8% . 1%
ik Al A %,

1 - 3 sx
Su Su 3.z, du . _S_ﬂ_ R L
-S?nz—a')—:; . atn + sz Stn an Etﬂ

9.I10. Partial Differentiation of Implicit functions
Let y defind implicitly as 2 function of u=f(x, y)=¢, when ¢

is a constant. Then du=0=>
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3f 3 3 Sf '
0= 2L g f 8}’ 2 L1
T & B0, 3T 5x  5x =0 Ay = 4 5/ is always true for ordinary cases, so the

3)dz . dxdy

5 8 ;
or, i_.-;- ot %ﬁ%= -§-’— ¢ if £,£0 expression Pdx+4 Qdy will be an exact differential if
o g 5 5P 30
= -f—"- (1) - Sy 3
f Cor. The necessary and sufficient condition for the expre-
Bx. 5 Hfin )18 cZny s 890w find dy _' ssion Pdx+ Qdy+ Rdz to be an exact is
* S, s S Tdx * | P_30 30 _3R R _3P
We have, _ﬁ=!36x!—-—-2y= J%:—_2t+6y . é; e EE— » 32 =r— 83" -1 32‘.’
36x?—2 1822 ' where the partial derivatives are continuoue.
_= L ST ¥) y
_ —2x+6y 3y —z ] 9.12. Homogeneous Functions
9-11. Perfect or Exacf- Differential : A function f(x,, x3, ... ..., 2) is a homogeneous function
Find the condition that the expression '. of degree n in 24y 25 ... , %,
Pdx+Qdy ) £ f(tzy, tzgy .o 5 tT)=1"flzps 24, ... , 7).
will be a perfect differential, when P a.nd Q are functions of For example.
x and y, : 1 flzs ¥)=azt+2hzy - by?
. = . . | i function of degree two in z, y, since
Letusfz. 9)- d t be total differen- is & boriaseyiE ' s
: e u‘ Az, ¥). If f, and £, are coln inuous, the total differen | £z, t9)= atz)?+ 2RG2)19)4 BiEy)?
tial of  is . : —=1%(az? 4 2hzy + by?) = 12f(z, ¥).
f 3 . . o
du= - dx+ - f d" @ The function g (z, ¥) — 2’; _iy' is homogeneous function
| 5
It .-gi-dx+ -g‘jdey is equal to Pdz+Qdy for all values of dx of degree Zero in x, y since
£ v 2(t2)—3(¢ t(2x—3y) 2x—3 .
and dy, then the expression Pdz+Qdy will always bea perfect g(tx, ty)= (:2_1_‘; L (t(.r+;; =~ : =1 g(zs ¥)-
differential. _ ; - The functions :
Now comparing (1) and (2) ._ 2% tan—Y(y/z) + 2yz+ 22, 1 log (22+ y2)—log z,
d \ £ & . .
B %f_ £ Q=S f. ‘ Jo are homogeneous ; theire degrees are
y 3y o respectively 2, 0, 1.
2 : 2 : :
M =t and 80 Y The homogenelity of f(z;. z,, ... , z,) can also be tested by

Sy Sydx dx  Sxdy writing,
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If flzy, 25 ... , 2,) is homogeneous and degree 7, then we
. should have,

Sy, Tas o0 9 X)) =2,"0 (15 D35 -1y T ).

9.13. Euler’s Theorem on Homogeneous Function.

If u be a homogeneous function of degree n inz any y, then

Su b
3.23 iyl —% =uu

Proof : Since u is a homogeneous function of degree n in x

¥, We can write

u=x"f (y/x)=x" f(v)s whenv=y/x.

su 38 fx“) A y
T Ly r“f'(v) T R (©) 4+ xof (v) ( }7)
or, x ;Tzﬂxnf(”}*yf—qf{f') (1)

du - 1
b_'—xnf (‘D) 3}, =X f(U)T

Eox™=1yf (@) w0 . = (2)

&y

or, y

Now adding (1) and (2), we have

K3y B f o)y @)

=nx" f (v) =nu
Bu . a
& 77 Sy

Note = u has continuous first partial derivatives. -

u
ox Sy

du

i. e. and —— exist

» 9. 14. Generalisation of Euler's Theorem on Homogene-
ous functions. '

It f(zy, x4 - --z,) be a homogeneous function of z; x5

z, of degree m and if all their first partial derivatives are conti-

nuous,

than
s s e _if__)"= Ay s =9) -
(I‘S +x3 8x,+ ...... +x, ) m (m—1) (n—2)

conssn(m—n-£ 1)f (21 23 ~ 20

As f(zy, Z3, Z3y---L,) is 2 hom:geneous function of degree m, then

flzy, txgerr ta) =1t Fzyy Xgyr ) e (1
fuy=tr,tu,=17; .. ,U,=1Z, 2
then f (uy, Yge.2,) =10 f(2;, Zpoeeee A AR 3y
Also Guy=xydt, duy=x,dt, + du,=x,dt - (1)

as uy, uy ug -+, u, etc are linear functions of ¢

Differentiate (3 ze. r. to to ¢ then

(Il St f +'x3 Sf i "'+xn%-"t{")::witm_£f(‘thxﬂ o xnf"
Differentiate it again w. r. to ¢t then

axf - [ - 3 Bf
vy B 381.*;}§ng‘ Y2 Buy Suy +xp° 3u’-+

5
il
& du’,

=m(m—1)t"=%f (2, 23 - Z3)
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[ 8f S f

: 5f
) T S et 1 )"m(m L=z, x4 x,) -

Differentiate it upto » times w. r. to ¢ then

(x1*'i+“z §_{+ stz —8-":)“

Su, Su, T Sug
=m(m—1)...(m—n+1) t2= 3z, 2, - x,)
If1=1, then
(3"1 3f+xz gz{ i o g) =m(m—1)(m -2).-. .
(m—n-+1) £ (%3, Z3---7,;) Proved.
Cor 1. u=1. then

&f+x,§f otz L amf (2 2y z) =

Cor. 2. If u=f(z, y, ) is a homogeneous function of degree

#in x, y and z then

x5z +5 3y + 8—-— =nf (z, ¥, 2)=nu. D.H. 86

CONVERSE OF EULR'S THEOREM

It . he a differential function of z, v, z and for all z, y, z let
ou du Su

usz Y 5 HE T

Then show that » is a homogeneous function of degree # in

T, W E

for all values of z,y,z and nand f(x, y, z) is a homogene-
-ous function of degree # in &, ¥, £
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Proof : Let r=4z, s=4y, t=.z. If we consider z, y, ate
constant, then

d 2 3 F 3 f 3 f
drf(rs-g‘)'—x‘_s; +y g—"‘}‘z e

o

5 o
L Ff S SO
v Ee ) o
Since = -—-+y -i'i.;.z ﬁ__m N ¢
8z 3y 3z

is true for all T, 9, then
gl n
G st)y=1—fE,s) v o (3

Let v=f(z, 5, 2), then forall valuss of 4 -+ - (4)

dv 1 dv »n
il k v from (3) or,— B s o
Integrating

log v=nlog p+c,

o1, v=)"e'=Ap", A=¢%isindependent of 5.

o1, f(r,s,t)=Ar" from (4)

or, f(az, Ny, A2)=A4\" :
When 3=1, thanf(x,y,2)=A4

Henee f(az, %y, 2z) =20 f(z, y, 2)
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n derivatives are continuous fuinctions in the interval (0,1) and by

S S
Note ¢ The funct:lon-g—f(r, s, t) is some function of r, s, ¢t ;
A Maclaurin's theorem, we have,

Teti i 2
letitbe f(r,s,t). Then g Flt) = f(0) + tF(0) + L{_ F(0) + ..
i 2
3 . . b n-
{f‘f (z, ¥, 2) 1s Flz, v, 2) : 1 + (t il F-1(0) + — F“ 1213 Pl (3)
Art. 9.15{Generalised Taylor'sTheorem. O<B<l1
Let f(x. y. 2 and all its partial derivatives uplo n are ﬁ Whish 4
= 0. . 4, : i
evitinuiois o ke domas . » : xﬁy z become, a. b, grespgclu e]cly and hence
<x<a+ h bg <b+k c-c';gcﬂ then fla+ h, btlc. c+ 1 " (h‘_"'k'—'ﬂ' "fley Z=(h" ¥k> 412 _
i o A 1 Sx by &2 B e e A b
e TRl R SR s - :
= fla. b. d + ( o T fla b d b Now applying the above relations (1). (2], ... [n) we gel
e id0h | Fl) S ookl a1 2 b
1 5 8 & : . IRl . 5 5 . 0, C
* 1)t ( o oy "a )f iy B bt | § 8 T |
i z=c+6l ot & PRGULB R e
: A Fiioh= i+ R+ 1R flab)
%erc(j<8<l : : : \ 8a . 8b &¢c)
i Let us supposelhalx Cl+hl y b+kl Z_C‘I'!t R e S e e e b e W L
So that flx.y, 2 = fla + ht. b+kt, c+ll) = F(1) say. b F-1(0 d & & ’
)= [ h—+ k—+]— p-1
F() = & oxi of By af bl ; ( A TR lﬁcj Jla.b.e)
x Bt Sy ot Sz " 5t 5 -
8 , bk i (h_ +h= +12 .
=nd Y (h—_~ +k—+ I_—-] e 18 wrn (1) : ox by oz
8x Sy Sz Ay LBy @z Where x= a+ hét. y=b+ ko, z = c + ol
Again differentiating since Right land side is a [unction of x. y Lno<B<l
and z, we have ] Now pulting these relatons in (3), we have
) 5 5 5 | Flt) = fla + ht, b+ kt, c+lt); if t=1, (hen
F () :(h§+ k% + ]a} VAl 1 R P : fla+h, b+k, c+l)
.............................. « flabas [ nd 12\ faba
5 6 6 da &b ¢ ;
Pl = (h— L )* ' FOe Y. 2) e (0=1) : 1 il o SR e
- 8 bz 3 '_ T o) ( s 5b au]"" Sa,b.q)
i ' ’_ T L
(0 _( +k Tf{x TR IO 1 1 s ]nﬂu,] S

We see from the above relations, it is clear that f(t) and the first
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Where x = a+6h, y=b + 8k. z=c+01,. (=1,
The Theorem is established.
The theorem is symbolically expressd as

8 3 -
flath, bik, cHl) = [E(I‘Q R e )] fla.b.o)

1 & & =
i S ks =V fleyg) ... (B)
up to n terms + (hbx+ kSJ i &)ﬂ Y.

: )
or; flx+h, y+k, z+1) = [ M"kbv*'& fxy.zl...... (6)
Art 9.15 (d) Taylor's Theorem can be stated in another form.

flxy) = fla.b) + I:{x—ai ; +(y-h) - 1}] Jla.b)

2
e [[t-a] S 4 beb) 5] J@B) + e
& oy

X

1 o i =l =
t el [Uﬂll 5—:(+ (x-b) Ey] J la.b) + Ry
1 ) d In
Where R = — [[x~a} — + (y-h) —] Ha + (x-a)b},
s dy

Where R, = [[x—a] — + (y-b) —L-J-:|" Jla + [t—a]B b+(y-b)e}

0<b< 1 called the Tayloy's expansion of flx, y) about the point
(a. b) in powers of x-a and y-b

Alternative Form
f{x +h, y + k)

: 521 82f
)‘ 8)‘ 38 f _é_!— kl s
= flx gl + (h ax oy ) 2 (h SOhS i R

Art. 9.15 (b) Maclaurin's Theorem for three variables.
Pultinga=0,b=0.c=0and h=x k=y. 1=z respeclively in
(4). we have,

: & d Qi
) s ; e Jhvaw)
Jle y 2= f10.0. 0] + (,\ s T ¥ Bw)
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Su v Aw

1 (“I o 8 -l
..... + PET [ ek J e [u.\f..w]'

1 s
+-“' X
11! ( 8L

&
- g ] t— + 7 —}s"- jn "-{LI,V.W}
1 av

w.v.w are (o be replaced by 0.0.0 in

Ow

all the terms except the last

term which is (o be repleed by u = 0x, v= By. w=bz, O<b<l.

NOTE. Maclaurin's Theorem [or. two variables,

Flcy) = f{00}+( ar '+95]f[u.v]
ou ov

+ I. k'ﬁ
2! ( du
ORI |
[n—l]!(

ot g
(s

Putling u =

(n+1)th term v
NOTE. I (

NOTE. lFor

Slx, y) = [

B ks W
.\’SL""USVJ. _f[U-V}"'n!('\au +yﬁ\f] Sl v)

&,) Sluwv)

0. v = 0. upto n terns and for the remainder or

1=0x v =08y the above theorem will be obtained.

here are n valiableé lhen
@ :
Flerh, y+k. z+1, ... = [{ he.;*kn\ ‘N] s A ) B SR
ln!‘inite Series,
P\‘;ﬂ ] Jlu. v, alier l\|Jﬁ[}‘il(J|l

pitu=0.v=0

Jle yl 2=

ﬁ a &
e, :
& i T aed Jlu, v, w

alter expansion, put u=0. v=0.w =0
Art. 9.15 (e) DIFFERENTIABILITY.

Show that

a [unction differentiable at a point is necessarily

continuous and possesses partial derivalives thercalt.

Sol. Lel us consider lwo. neighbouring points (x, y)
U+ in the domain of definition of

I5 given by 8 =

and (v+dx,

a lunction f(x.y). The change df
Jx+dx y+dy)-fx. u)
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The function flx.y) is differentiable at (x.y) if the change df can

be expressed as

5f = Adx+Bdy+dxd (8x. dyl + dyy (5x.8y)

Where A and b are Iree from &x and By and also constants. The
functions ¢ and y are the finctions of Ox an
(Bx, 6y)—=0 sinultancously.

We may call Aéx + B8y is a differential of flx. y) at Lk, y) and is

denoted by dflx. y) Or, df. Hence df = Adx + Bdy

From (1) We sce thal (x, §y)=0. then
Flackdx. ¥ +_8y]—_f[x.y] =10}
Or: fix + dx, y+dy)—flx.y)
We conclude that the function flx.y) is continuous at [x. y)
Thus every , differentiable function is continuous. -
If we put dy = 0 for y as constant in -
(1), then 8¢ = A §x+ B.o + dx Oldx. 0)
5 :

Or; 5f = A il lim dx—0
0x

Similarly 4 =i
3y

Hence the constants A and b are respectively the partial

derivatives of f with respect of xand y.

Thus a function which is differentiable at a point possesses
the first order partial derivatives at that point.

Coﬁverse of this theorem is not always true.

Funetions which are continuous an may even possess partial

derivatives at a point but are not differentiable at that pomt
o g ol i)

From (1).5f = A dx + By = g— o
If we consider f =y, then dy = 8y
Similarly if f = x. then dx = 6x

From (2)

d &y and ¢(8x. dy)—0. w
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3}‘ &f
df = =dx+-—= =
by dy = fidx + fydy ....... (3)

X

is the dilferential of f at (x. vl
NOTE. » [unetic
A 11 the lunetion f and its partial derivatives [ f.
tous at a point (x. y) in the demain of f, then AL
= flx + bx. y+dy)-flx.y)
=J X+ 83Xy + By)-Sx. y+dy)+flx. y+8y)-fix. y)
By Ladrange's Mean Value Theorem of ane v
S = dxfy x40 Sx, YHOVIHONL . [ y+0581)
Where 0 < 9. < |, (')f:(—]n:lh F o

ariable, we have

Sinee [y and f
y are continuous at {x, v) therel
Oyl—0,0). we have S = ([ + O)dx + Uy+ W) 8y e
Wherc*  and W t:,_nd 1o zero as [Sx. dy)-(0.0)
B = S x0% + f B + B 0l8%. By) + Syw (B, Sy)
= Fadx 4+ fydy +P8x + ydy ... (4) ;
NOTE-2, Il éx= h, 6y = k in [1] lhén
df = fla+h. b+k)-fla. b)
=Ah + Bk + ho (hdd + ky (h. &) ........ (5)
Where A = f./B= 1 a
nd el - i
MR h_:.U k_}(;p y are the functions of h, I and
NOTE-3 Theorem of 9 15 .
below with an example. el R s s

Exampl
ple. Show that (he given function has partial deriv

and is contunyous a atives
t (0, 0 still
the Bk, the functuon is not differential at

: R ig
Sl y) = 528 i
Yyl * (x, yl =z (0. 0)

=0, x yl = (0, 0)
Sol. Let x = rcosh, y = r sin 0 in

A 3 f
XU | | cos?-r} sinte 3
X e r’(cos?0+sin’0) = |Heos™-sin'o|

M <€2/8, y2 <e2/8
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©Or il x<e/2V2, y<e/2V2

. ‘ i U——O <N+ <2.6/2=¢
x-+u-
. lim x=y?
15w s

(ey)= 0 X+
lim  flxy)

Hal Lx.y)-=210.0) =00

Hence Lhe l'im:li{'::! is continuous al (0.0).

For partial derivalives al (0.0},

¢ e e f00k i, el

h—0 h i O o N
_lim f(D.K)-110,0) lim e
fp %z L TR T T

Thus the funoﬁan has partial derivatives at (0, 0] fe h and fy

exist at (0,0)

If the function f is diﬂermuahle al 10 0).

Then
df = flid=-£(0.0) = Ah+Bk+ho+ky ... (1)
Where a= fx(0.0) = 1. b= J, (00} =~ 1. L 2: A and bare |

constants and o(L, w(h,id—0 as (h.d-+(0.0)

L0 cos8-sinB=cosf-sinB+pcosb+ysing

Now if we put h=r; cos 8. ke=r, sinb in (1),

Fihl)-f10,0) = I.h+[—l_]k+h@[h.k} + kylh.k)

i 3 £
Hecos'0 - sin'B :
ﬁ————b]l}-—} = C0S |_—r|si_r1H + roCost + ryysing

Or;
" pi2(costo+sin?e)

For. 8 = tan~! (h/k), rj—0 implics that (h, k)—(0.0). Therefore irf =

Hmit, we h’lu’ cos 0-sin't = (obﬂ sinfl

Or; (cosf-sinB)(cos- (}+5111-H+Mm8~.mﬂ 1) =0

Or; cosBsing (cosB-5ind) =

‘Which is impossible [or arbilrary 8.

Hence the funclion f is not differentiable al the origin.

or, ¢(x+h, -y-+k )=_=¢{-\'. J')'!'( h —3" -HC
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Taylor's Theorem for two variables,

9,15(c) To expand ¢ (x+b, y+k) in powers of h aud k, and

show that
- 8 &
sx+b,yrig=e 55 TE 5y
¢ (xs »)

By Taylor’s Theorem, we have,
B(x+h, y+E)=9(x, y+ k')+ h :0.-2'- ¢({r. y+R)+ -';’—ﬁ%a (x,y+ k)
' T G,y
=6 ) +_¥-§;_ﬁ- (% N+ ﬂ;i:"-s%- 9{:.:; Jf)rl-‘--% gix, 9+

IF
. ""h (mxs }’)“l’k sJ,ﬁ{x )’)"i"’ 2]3}‘2 ﬁ{xl Yt . )
h2 §2 ety
+37 @(ﬁ(x, Wtk -5;@.-\'. e oy )"'Tl_éx_s e, )4+ ...
: 5 3 AR
=9(x, N+ ( ﬁg;“"g)ﬁ(x. y)+(§-!g;_:-

32
SR i aﬂ B, )

BB RED R B
+ 3 T3es T2 Taxmp 21 gxg}z'l' 3 15y3 jﬂ(x y)+

Blx, N+

1 2 82
=S B St
3 h 5 +2hk SxSy 8y=)¢(x, |
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Where ¢ (h, kK)=0 as (hk)—(0.0) =
By the second condition, fy (a.b) exists,
li

" JaDVACE o vy an st

W 53 58
i B gpey S St
o 31( 5xs T gy H IR ke ‘o‘y’) o0y +

A ke—0
1 ( 8 3 \3
+ hs— 4k — + { We can wrile
3 3x 5y ) --] 2%,
|3 , J fla, b*w Ty (@ b) + wlk) ....cooe.... (4)
G(x+h, y+b)=e" 35 th 57 ‘ Where y(k) = 0 as k— 0
B(x, ») From (1), (2). (3) and (4), We have

If there i
! are n variables, then df = hf x (a.b) + kfy (a.D) + h¢ (h,k) + hylh.k) implies that f is

dillerentiable at (a.h).
NOTE. 4. In the same way we can show that f is differentiable
at la. b), if fy exists and Jy is continuous at (a, b)

Art. 9.15(g) SUFFICIFNT CONDITION FOR CONTINUIUTY

A sufficient condition for a function f(xy) be continuous at {(a,
b) is that one ol the partial derivatives exists and is bounded in a
nbd of (a, b} and that the other exists

Proof. Lel fx exists and be bounded in a nbd of (a,b) and let

fy (a.b) exist. then for any point (a+h. b+k] of the nbd. of (a.bj.

h gk
| >t -H 8 . I
P+l p by 2+l e LU TR RS I

Art. s.memwmm DIFFENTIABILITY
IF fla.b) be a point in the domain of a function f such (hat
(i) fx is continuous at la. b) .

(i) fy exisls al (a, b)
then f is differentiable al (. b)

Sol. [ exists in a certain neighbourhood of (a-8, a+8: b-§. b+8)

of (a. b) since fy is continuous by (i) ]
we have

flath,b+k) _fla, b+k) = (a +h—a) fda + 6h. b+l). 0 < B < |
Since fy (a. b) exists, so we have

L fla, b+k)—fla.b)
k—0 k .
Or, fla. b+k)—fla.b) = k [fy (a.b} + 0] <
Where 1 is a luneton of k and if k—0. then -0

. fla + h.b+B)—fla.b) = hfx (a+6h. b+k) + k Ufy (a.b) + 0]

Il (h;, k}—=0. Since fy (a + 8h, b+k) is beunded, thén :

Lt ({a+h.bik] = fla.b)

(h,k)—(0,0) :

i. e; Left hand limit = Righl Land limit = functional value.

Hence f(x, y) is continuous. 3

Lel (a+h, b+l be a point of this neighbourhood, So
df = f (a+h, b+id—flab)

= Slath.b+ld-fla.bek) + Ha. b+l)-fla.b)....(1)

' As fx exisls in (@-8, a+5. b-3, b+3), Then by Lagrange's Mean
Value Theorem,

We have
Sla+h, btl)~fla, b+ld=h f -(-[a+ﬂh‘ b+’c] ..... (2)
Where 0 < 0 < 1 and depends on h and Jc.

» Lim f {a+6h, b+k) = Jxda.b), so that we have now
h(h,k)-(0.0) ;

Sfxla+8h, b+k) = JFada.b) + olhk) ...... (3)

= fu la. b)
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Cunclusion : A sufficient condilion that a funclion will be
continuous in a closed region is that both the partial derivatives = klath—a) {f,, (a + 6h, b+0 k). 0 < 0; < 1
exist and are bounded throughout the region. ﬁ' ' olhk) 4
Art 9.15 (h) SCHWARZ'S THEOREM. : i e ki‘; 120 k0 S @ + OB BHOIK) = Fy (a. b)
It fy. exists in a certain nbd. of a point (a,b) of the domain at . 3
0 definition of a function f and fy is continuous at (a, b). then ! ~ Hence fy = fyx Proved.
! fxy (a.b} exists and is equal to fyx la, b) Le; fxy = fyx. ,
"IN Proof. Under the given conditions. fx. fy. fyx all exist in a*
| | ; , certain nbd. of (a, b). Let (a+h, b+k) be a point of this nbd. Let
N 01, K) = fla +hbrki—fla+hb—Sbk+fab) -.... (1)
' Glx = flx,b+k)—f(x,b); Gla+h) = fla+h,b+k)—f(a+h.b) .
! |' L ; - [G{x) means inside the bracket the function remains the same '
} .!: | . in operation] ;
. 9K = Gla+h)—G(@) .......... (2 it e e
| | Cla) = fla b+k—fla, JUAAERING HRE L ¢ A * 916  JACOBIANS
i 1 3 - Since fx exists in a nbd of {a.b), the function GIx) is derivable I If uy, us,.. Uy are funcﬂons of variables ; fh XXy then the
| | in the open interval (a. a+h) and therefore by Lagrange's Mean dctcrmmaut.. ey
| Value Theoren [rom {2} T - , Sul S_u_!_‘ o Suy
| - o(htd = (a+h—a) G (a+Bh), G < 8 < ] : .4 Bx; Sk " 3xa
| = hlf da+0h, b+k)—f y (a+6h, b)) ...... (3); . Change for x . ,__Si@ §_‘f_ﬂ_ e ' §“_2' 1
_ Again since f, exists in a nixl. of la. b). the function f, :' 3xg 8xp T Sxa
i - derivable with resp ect to y in (b bti). open interval and e bv -.-- --. . ‘ :
.: Lagrange's M.V, ‘Theorem, we get from (3) 1 o Ll it o
' Olhlo) = R (b+i—b) Jyx (a+60h. D407k) 0 < 0 < | Iy Loy g _E._‘ff. §.‘.‘1'.. L
| : OULEY B dx1 322 P o
! OF “he = Fyxla+ 6h. b+d k) ; is called the Jacoblan of Uy, Uy, ++otty with 1. t" *, Fgewssdp
| e Tl (a+6h, b0k b S(u1, p...t4) o
i | h—0. k=0 hk ~ hso ko 1K) = 1y la.b) It is denoted by m or, J (i1, y,...0,).
I Again ] Ex. If x=r sing cos ¢, y=r sing sirg, z =r cosf.
| - o(hid = G (b+Id—(b) = Gihek—b) Gy (b+0,k). 0 < B, < | i ' g Bl 2}
: 1 (By M.V. Theorem) ; : fin d m

= ke ify lath, b+ k)—f, (a. b+6,k)
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8% »,2) _'8x  3x  B8x)_'sing cocg r cosh cos —r sing sing

3,0.9) |55 50 3¢ | lsin6sin ¢ rcos 0sirg rsirdcos g
13y 0¥ 3y cos @ — r sin 0 0 '
S 0 20
Sz &z Sz

[r= %

==co0sf (r2 sin@ cosf cos?p+r? sing cosb sin%p) +
r sin@ (r sin’f cos?@++ sin%) sin?¢)
=r2 §ing cos?8 4 3 sin2G=¢2 sing.

%917, Letuy, up or...... n, be fanctions of indepcndcnt :

variables x,, xz, ... x5 If there exists a rela: lamb“twcen these u
funcuons, ) 1

F(uy, sy, ... u,)=0

It is necessary and sufficient condhion that the Jacobian
should vanish. : : '

i 8(“1. Uy, .un)

e

Propertles of Jacebians

Some properties of Iacobmns are given below w:thont proor.
For proofs Edward’s Calculus may be consulted.

9.18. Jacobian of function of famctions §—If u1, uy......%, 216

' functions of y, y3,...y, and yy, y,...y, are functioss of xy, X5, ... Xas

3, by, tty) B (g tta) 8 (31 Yayeonioe oo V)

ol Xayeorarsiondta) | O s oY) o B (31 Fagor v rrkull

Partial Differentiation ; 359

919. Jacobian of Implicit Fanctions s—If wu;, u,,..u, be
connected implicity with the independent varirables x;, x,,...%g
by the relations. .

Jauy, gy ttyy X1, Xo...x,)=0
.ﬁ.‘l(u]ln Us...Un, X1, xﬂ"'xl'l)=‘0

Jolugy g0y, X5, X5...0) =0

‘l'hens (ﬁ’fz’". ~-.:£?-)—x 8 (“1! “2--"'"'“&)
3 (1, Up.nrontly) 8 (X1,X0, ......xn)

Note ¢ The aboye resnlt in 9.19 be regarded as generalisation of

o

where x and y are connected by f(x,»)=0"

8 (fls f2 "'fn)

8 (X1,%3, "'an

(e 1) e

9. 20 If J be the Jacobians of the system u;, u ---u; with regards
10 X1, Xz,...X, and J" the Jacobian of x;, x;.. Xa mth regard to
Ly, Uyreelly, then Jrﬂl

(TSI Ty (R . ) | .
S(%1, XgowrewrXp)  S(H1y g, m.ulg).

9.21. If any set of homogeneous equations be satisficd by a
common system of variables, the equation J=0 is also satisfed
by the same system, and if the degrees are the same, the
cquations. '

=0, — =0, =—=0 ............etc.
x "3y g
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Cor. 1If =0, v=0, w=0 have a common point, the curve

J=0 wiil go through that poil;\*, aﬁd further, if the curves be °
of like degree, we shall have

8J &J 8J
f—— =0, -—-—-=O; _—“"‘-:0
3x Sy bH

so that J=0 will have a double paint there,

9.22. Covariant and Invariant.
Let u be any quantic i. e, a homogeneous function of any

number of variables and of any degree. Another function ¢ is.

derived from  in any manner such that @ contains the constants

and variables of u. Let » and ¢ be changed into. U and ¢ -:.5
respectively by any linear transivrmation, Then ¢ is said to be

covarient of u provided the fuaction derive from U by the

same process by which the function 9 was derived from u is.
merely 9 multiplied by some powers of modulus of the b

transformatior,

if :}: does not contain ﬁuy variﬁbles uor, ¢ contains cnly teh

do-cfficient of u, ¢ is called an invarient.

9. 32. The Jacobian of a system of function u, v, W,isacova-.

riant of the system.

Let the transformation systém be shown below, so that

Lxidmuyi 4 z - -
X=Xt myi+n x| g | %
ye= L1 +moy; -+ Ma 2y :

35 . x |1 my | m
Z=lxi+myitn; o

.v}la’mz g

z 1 \m'; n
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i S Y3y by, Ba Bv M 3z
W ———— g — \h._-ll,____.___“._ :
o ox1  dx* 8x1+ ay* ox1 . Bz .8xi
wiiliiip iy S8 g Sy
ox' oy z
of, Ugy=tichtuty lp- “'BI L
Simi.!al‘ly, uyh Uz, Vi, Yy1, Vz1, Wi, w-;l: aﬁd Wz
Now we have
3, v, w) = v,  3x y,2)
S(xb yllzl) S(xb Ps -"") * 3{x1, yllzl)‘

1.y 1 ﬂzj,\u‘ Ug Uy Uz | X I; "I 33

Ji= Vit Vy1 ¥z

l e my m; ms
Wy

Wyl Wy Wy Wy 10, n ng ng

' v, w) A
or, Ji=Sxp, where J= =tV W) e the acobian of 1he
) # (X, z ) 4

original system and pe= 3 % % 2) i (he co-efficient of trans
8( X1,V 21 )

formation.

9.24. The Hessian
The Jacobiaa of the first differential co-cfficients Uz, Uy, usg
of any fanction u is '

Usy Usy Uxz
. Uxy Wyy Uyz

and is called the Hessian,

Uxy Wyz Uzz

Ex. 6. (a) Expand f(x, y)=log (lfxy) by Taylors se-ies ff
14+xy>0 at (a, b). .
Ans. flx, p)=log(l+xy), f(a, b)=log(l+ab)
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Sx(x,7) ol T =’f:

fY (%, }')== m#y (-ﬂ’. )w _b

Jax (%, Y)=—5(1+ 5yP=fcx(a, b)m—b2(L + ab)?
Jxy (% )={(1+x0)—xp}/(1 4 2))=fsy (a, b)=1/(1+ ab)?
Sy (6 V) =—x(1 +xy)*=fyy (a, B)=—a?/(1+ ab)?

S(x,y)=f(a, b)+(x-a)f,(a b)+(y—=b)fy(a, b)+ -t,:,-(x—a)-

frx (a, b)'i"z(x "aj(y"'b)f;lf (ﬂa b)‘l"(y"'b): fﬂ’ as b)] +

e logti-l-xy)-l&stl-i- ab)+cx-a) +(y b)

l+wb (1 +atz)’

b
.{:.T_Tz[—,-(x— ay mi--l’fx—-a}(ye- b? ﬁ-'_'—_-lab?+(y—b)z

(—a?) |
(1+ab$] LA

or, log (1+xy)=log (1 + ab) - l_jab (x—a)+ a(‘f_“‘y-—a?

1

=b2x—a)2  2Ax—a)(y-b) a? ] i

e S 2l
L2[ (I4abyr 7 (1+aby  (1+aby
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FEx, 6. (b) Show that the functions _
u=xtdy—z, v=X—y+2z, wW=x4+y{z2—2yz are not inde-
pendent of one another. Show that w?4 v2=2w.

3(u,v, W) ) du du du_ I 1 1 —1
5(x,»2) |8 3y 3z
By eBY ST {5 1
8x 3y 8z
Sw 3w aw
3x By 3z 2x 2y—2z 2z—
T S
2x 20y=2) 01

As the Jasobian is zero, so the functions are not independent.
Asdin utv=2x, u—ve=2 (y—72)
Now w=x2+)24 z’-?.yzr-*(Zx)“-L 2(y—z)}2
= 3 (W )2+ 3(n- V)2
or, Awe=2u?42v? or, u4yi=lw

Ex. 7. If z22=x24)*+1, Prove that

8z &z
e . U. 1966
3x3y dydx g2 ]
Now z2=xt+yi41 on z=J(x*+y: D=0 +r2+ D
et B
B2 _ 3 (g 1=ttt D —g—.)
3y by I

2y o Py
2fx3-i-1»~+l (x' +3%+1)

A y =1, o S
ox 8y~ ox {J’(x“ry"—i—l)} Va1

—
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i 32 2r _I i
Agam R T e ———— X A _ ; S :
. & T WD T e AR Ex. 9. Show that §3_"+ 5 :‘é_;_ A
: F -
e —2vy ] :
T e — - - iy A 52 zZ 822 i
S WRER R R e Proved. i w=sigr 2 -}-taq rk [D. V. 1961, 84 ]
X
Ex. 8l vam 1 i i -311 1 i 1 i
r(x ot sy Show that ! i , o i
N G ) T J=®) T IEEm . =@
il 8Lp - 32p ATy ' du s X
{ ST — - e 1 "e ——— e ———; Y
il TR0 [RU.’S4 DL, %0, 83 7 T ImTIGE— e e O
b .' . Su 1 iy 1 1
L o] 1 2 " Agam e T —— ey N ey
-'l 1 iy JEP 1:_]!:-_! "~| i 8 ax J (l—ngjlz) y'ul I- l+y2'rx= X
:: 3 : ‘ . 'I -.0 u—'z 1 o xy tw : LEL -
i !"__ ad. Sy r 2% i A Y 3x v (yﬂ'._ x?) + X2y i 2
&q i | 8 Z(xi +‘}73+2 aj"a ;{sz:_]_“-"‘f-‘-‘-'-g 4 :
i " / i, St Jﬁ'l‘ﬁ)af Therefore adding (1) ﬂ;tld (2) we have
‘.'_i,'l. T j ; ) L Y i
e ' ﬁnﬁfag y 8_# 1 2 | 8_.“ o du % :
L b v o A R A e eyt

2y Alternative Method

AT

; ¥ 2 3 (-_- ok o]
! 8x2 " 3x \ 8x )78k WEW)J
E ' =;ﬁ92+?2+ 234 —3/2x. 1 (x24 M}

: y x : : :
since -~ and-;—are each homogeneous functions of

TF ¥y degree  zero, therefore u is a honogencous function of
| 2 .

1 i v degrec zero. Hence by Euler’s theorem
| el gk 2 '
[ s e R EPERE SR L e | ;
. (A Izt T A J (X2 pie 228 [ Su e 7 "8<£’=D X #=0.
b I | 31‘ oy
: Similarly 1 ;
i T . . Ex. 10. What is the order of u, if
I 3“ Eiee s j‘-’("-—-Za-‘g- S X .' - : x4y ;
B J@Etyioye ¥ (4 2o b
i/ S L Sk
. 33'_5:'4‘%};' +%;__yl_k:4_2x HiEs -21;_,‘._2},2_{;_,: T 2.,_"0 1 Verify Euler’s therem for u.
s ) X<+ +Z" =N !
W i G We have,
32 3 1 3 -t i —1
':: Hence “—v-1—-§-1-’~+——~ =0 Proved. i u(tx, ty)= ” 4 1) =t lux, 1)

P+ (1y) 2 47)
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Hence u is a homogeneous function of degree —1.
N 3u  1(x34y?) —2x(x4 ) ==y’--2—1c;v—x2
e A1 y2p T
U & X2 xy =2
By .°  (FF1 P
R Su du  x()P—2xy—x2)4 Hx2=2xy—)?)

Similarly,

. x's'; Ty - ay S (x2+}1}2- t
—nxy e ()Y
) (2472
NP L TR ) S
=x -é-x-—-r}' 8_]? = (—1) Fﬁ! (—Lu

which verifies Euler’s theorem.

W
' ] P 1 e then
Ex, 11, If z=tan e he

Prove that x g—?';— +y g—}-z}—msin 2z [R, U. 1966. D.U. 1964 T
— xs - 3 x32 + Jr3
Now z=tan™1 x__';s i e, tan z= s
Letv=tan z then
:3x3+t3y3 . (x3+}33) )
— =1 =gy
o(tx, ty)= 1xX—17 -t "=

Therefore v is a homogeneous function of degrée 2.
By Euler’s thecrem,

v Sv
Pt _ =2
* 5 ty 3y .v

N R e :
or (teC-" —?}T) = }’Kscc-: E})ZZ tun = [ .'.v:*»-tau:]

8z z > g
or x..__ 4y —=2 tan z. cos? z=2 sipz cosz
\ 6}.
8z 8z

L ~—==tin 2z (proved
=>rax+y8y== 2z (p )

Partial Diffsrentiation - 367

 RELE I PR WS o)

ok 2+nt L T
prove that o2 4u,24u2=2(xu,+ yuy +zuz)

[R. U 1964 3
Ans. Differentiating both sides of
y? 22
a’-l-u +b=+u e':'“+:<:'-=I

Partially with respect 1o x, we get

3 z? 0
a=+u (a2-1 u)? i (b1+u)2+(c2+u)2 M

— -—2x -
- 2 uF

2
where Fe= — ° P 22

f02+£t;* +=F (b“-}-u}" t62+u)9

Similarly partial differentiation W, r to yand z give

2y 2z
(b2 +u)F ? (2 +wF

z
F? [(a*va-u)z +<b*+u>* Y ey ]

4 4 :
=—2“.F =."—~P\- ey say (1)
2 ‘{2 }:‘2 zq
i +J'“’_+H"z=-“ [(a2+l¢"+ (bi+“)+ c“-i-ii)]
2 2

i R lvee =B
From (1) and (2), it follows that
e 4y 4 uaZmm Dt -+ Yiiy + Zuz).  (proved)
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Ex. 15. Ifvbe a fuuction of x and y, prove that
v 5% 5% 1 v _1.-—1— 5y D. U, 1955, 65
R. . 1954, 065

oy

3;;-'-0;."’- Sore Ty he 2 e
whene x=rco:0 and y=r sird
Ans. We have,
x24y2=r? (cos20+5in%)=r" '
and tang=-2~or G=tan™1 (—Z) } M
X X

hence
5 X i
'g-x—-=r—-;— cosf, —g—;—-ﬂ—)’:———=s]nﬂ : ']I
30 1 9y ¥y rsind ging |
B fer o e |
i oy i ZHERE
x I
30 1 (_I__) x reosg  cosh |
Sy e yﬂ ¥ nxﬂ_’_}!‘!: r2 ='—;—‘ |
s J
v _ W 8 Sv 80 S Sv( sinf
2 e 005 0
Sx 5 Bx + S0 ox 5r 4
= [cosg 5. 5in8 3
(co« =080, [by (2)]

. 'Ef.’..— } /cose_ “ng ) 3 ( cvasﬁ,_a?_—-.'cii?_ﬁ"_ )
Jx2 30 a7 r &9
=Co0sf i_( ep Y sia -3-”_)—- g8 c053§1 :'_”,?_8_"'_

dr i e 88, r80 & r 50
or, B ceoseg D2 cososing [— L 20y ok 8%
" Ox? 2 ar?, r? 36 r ordg
__ Sing (—- sinﬁ?ﬂ’- 4. cos @ -*_SQV)
r i T 305"
2 500 [ o0g5. 2 o sine 22
re 30 362
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or, _@_J_t - oAl 8% 1 2 cosl sirﬂ_S_v __ 2co0:9 sia.ﬁj}_‘i‘g
o.x? 5r2 = 30 r orog”

sin%g &v smﬂav
TR ALT s LA R ol
“"r 8F 2 505 0

Sy av Br 3y 30 v . oy ccsh
it =S i el R S T e R~ 1O 2 {1 ¢ EOM I
5y 8 8y : 30 8y " or i
3 i cosf 3§
( Bl Ty
o B/ 80 cosg S
"és_yﬂ" 5 _8}') (su:ﬂ__-{- 5 )( smﬂ_.-l- . 36
8% 30

1 1 8%
= 5ing Lsmﬂ .........+ cosd\ o e e iy - é;ﬁ)]

+ X8 [eosa—-+ sing o2t +__ ( sing 83: +eos )]

r arse 502
82y 3% . . Zsma cos@ v Zsiné o8 5%
or, si . 2 - it
e 7 oW ¥ v
. ¥ A 4 T
+E‘l‘_ﬁ_3"-{-°°s”” - (1

g r2  3q2
Adding (I) and (II) and using cos"6-+sin?B=1, .

8‘2v+39v o2y 1 8 ’rl 3%

iy P LA TR S roved]
Sxz 8pyr  ar2 ' r or @ r 307 [P e]_.

Ex. 14. If z=f(y,v), u=x2—2xy—y? and v=y, show that

5z Sz o . g Bx
b 2 4 (x—y) 22 =0 is equivalent to 2T .=0.
>+ - ( 5 quivale i

can write o R -!-—S—Z- p
we dx du bx 3y * 6x

But u=x?—2xy—)* g v=yp

24
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% %“ =2x-~2y; ._af__=0 : _§f_= —-2x—=2y ¢ _S.l’._=1
S dx 3y Sy
e 8z 8z '
—— = 2x =)+ Q=2 (x—~P)e. ... ... (1
Sx Sue 3y ( ) Su L

gag o B b om 3z %
TR T T o i N i e

Multiply (1) by (x+y) and (2) by (x—y) and add. The result is

{x'l' “EE-—-. — -§.:"’_= o SZ
¥) % +(x—y) 5 2 (x49)(x J’)—§;

—2x—y)x+y) 2 pa—p) 32 = 3z
ami-talc ¥) ~ (x—y) =

Given that 82 Ly 92
ven (x+9) 5 +(x—3) 3
8z
S O ek Wil
=y 3 o = e (x#y always)
agefie (x4) +(x —y) — a -0 §3¢ Su —9 w0 SrgEn el )

Ex. 15. If o=f (x—y, y—z, z=—x), then prove that

85 B0 4 %

Let Xmy—z, Ymz—x, Z=x—y

n ™ 3y 8z

B i, SE g, Y
“Bx '3y S
B8 ), 22 1, P
3x 3y 3z

Partial Differentiation 371

Now v=f (X, Y, Z); X, Y, Z, are functions of x, ¥, z

Sy _d X & 3Y |y 3Z
8x  5X+ 8x  3Y ‘3% oZ- 3x

39. 89 8o Sy av
= SE=ii, = | 1] =— --....__
e i 3Y el EYA VA
. 31" 3:1 Su
- 9 4 O oy
w T M

ar -_&L §§_+-3P oY +E_ 8z
sy 8X oy 3Y: &y 8Z * 8y

3v 3 _ dv sy

Similarly -

ie
o

Adding, (1), (2) and (3) we have

and Dt B
and - 4 + ...(3)

Ex. 16. Find
(i) lim xy?
(x,5)=»(0,0) x34 y*

(ii) Show that lm f(x.y)#lim f(x,)
740,20  x-30, y-»)

-where f(x,))= z::;:* D. U, 1986

Ans. let (x, y)=»(0,0) along a line
y=mx in th: xy plane,; then along the line

Tim g2 lim m3x3 L lim mx__ _qo
(x,)=2(0,0) 324" x-0 xT4mixt  x=») 1-+m'x3
which is independent of m.
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2
o el

(ii) ]im { lim x'-’—_vz I= Hm ) A
Y=0 |x=0 x+3% | 30 y

lim { lim x?—y? }_ lim x? o

x=>0 | 920 %> +)2| x=30x*
., lim fxy) #lim  fx,)
T =0, x=) x=0, y->0 -

Ex, 17. Examine whether., (x,y)—{ ol S
: —xy iflx] <yl
is continuous at the origin.

Is 8 3 f

T for this function continu~us at the origin..

Give reason for your answer.

Sol. [xyl=|]x] |ylg|2} for|[x}|=> lﬂ

=9 as (x,y)=»10,0)

Also | —xy|=|x][yl<]|y]|® for Ix1<lyl
=0 as (x,y)r>(00)

Also f(0,0)=0

Hence f(r,y) is continuous at the origin.

Again SON=1im = fthy)=f©,y) " _lim —hy __
v el S il

when |h|<[y]
. fu00)=tim  f(0,F)-£(0,0) fim <k _
y Ty ‘

)  Aisidie T R | '
) lim SR —f(x0) _lim ko
Also f,(x,0) i g bad T

lI >kl f(x0)=0
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lim  f(h,0)—£,(0,0) _ B
+(0,0)= A |
i h=>0 h ‘ h-—;o B
Hence fiy (0,0,# fix (0,0)

It is not continuous at the origin.

:xz y2 2
Ex. 18, If u= ‘

b b 2
1 i 1

du_ du Su
prove that—— Sx + 5y + 5 =0
Auns. u=; x? »: 23 :
x vy 7 |=aG—D—yls- m4 20—y
L
v By —yraz
ox

£ L4 =x2—2y(x—z)—2?
3y

3 2y 22(x—)
dz

g these, DB o %§
Adding these, e +8}’+33 . %
Ex. 19. Dirccticnal Derivatives.

Let F(x, p, z) be defined at a point P(x, y. z) on a space curve
C. For a point near to Pis Q where the value of the function
at Q is given by F(x-+ Ax; y+ Ay, z4 Az). Let PQ=arcAS s
Then lim AF =lim F(x4Ax, y+ Ay, 2+ Az)—F(x, p, 2)

AS=0 AS AS=0 AS
2]—-




374 Differential Calculus

is called the directional derivatj
ve of F at the poi | ¥
he cutve C awd is denoted by el ISR
dF  §F dx iF dy
i B G Y oF d.
d> Tix ds 5 ds_+§“1? &’g_‘
8F . 3F )
ol 2L 8 > éF ] -
(a\.% 57 I+ -r-) I8 g gl By
L ds ds’ 'ds
-VF-&—S—=VF.T where Tis uait tang:at. T.us the

direction deri i m
erivative is the ¢n ) i
s ot i prmen” of 7F alnng the uait tan-

The maximum value of ¥F is given by | UF |
Ex. 19. (a) Find the directi -
rect i : =

PR S ket ional derivative of f(x, y);tg Il;éx

[fix, x¥)=tar"1y/ o 6

5 yix miemala (1,—1) fasgs (3,0
CIRETIT SReBe fda 237 1) i bl
Let flx, y)=tan-1y/x at r,—n

vra—gl‘-l"s—a—fjﬂ-:g— (..._.z-) i o ; '
it | ) )
=1 (1) i+3jat P(l,—1)
The vector along P(l,—1) ad Q(3, 0)
d:’Q=r=(3—l> i+ (0+1) j=2i+j
—‘E-um't Tangent in the direction, T=—-—2i—4'1-;- a2
JA¥1)= 75
Durectional D:zrivative of f=7i T=(1i 4 1)) @iLj)
- | v’ﬁ :
Since £ is positive, f isi1creasi B=l¢L)/ /5= 2

255
Noie g atails
Noie 3 [For d2tails, plsase see Art 4.6 15 4. 9. vector Aa-

lyses of g
i A Text Book on Co-ordinate Ceometry and Vestor
Analysis. By Rahman and Bhattacharjes. 1 L
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Fx. 19 (b) Find the directional derivative of F=2xy—:?
at (2,—1, 1) in a direction towards (3, 1,—1).. Find the maximum
lirectional derivative, also its magnitude [ F(x, y)=2xy—2?}
[ memBa (2,—1, 1) &R 3, 1,—1). =13 afls TIE@FHAIE
shuoBe i w7 Bga WArs fs Fakie a3t W o]

Ans, 10/3, —2i+4j—2k, 24/6

'lﬁ‘f’im] the Jacobian of the transformation
U =T sing cost, v=r sin s'sinl, w=1T €05 5
Sol. The Jacobian is

du du' " Sa -

dr os it
du - S ou
or 05 ot
E‘}\v W W
or e &l

|| =

sin s cosl r cost cost — 1 sins sin |
sin s sin t reos s sin i rsin s cos |

oS S 0 0

cOs S (9] 0
= |sin s cost T COS S COSlL —T SIN S sin i

ginssintreosssinir sins cos L

= cos s (r? cos s sin s €os® |+ Cos S Sin S S 1)
=12 cos? s sin s (cos? |+ sin? O)

=12 cos?s sin s




EXERCISE—1X
{gg APPE ND;X" Ex. 97-Ex.93.

2 1‘_:)(.9_9_ » Ex.1G0.
I. Find 8ff3x when () feoxy (i) fexr
(i) f=log (#*+ 3% (iv) f=sin=1(y) v) f=

8%u Sf_y_
Sx3 y-'Bny where

tan"i(x 4 3)
2. Verify that

(i) w=10g (y sin x+x sin y) (i u= 2

{ii) w=ax?+ 2hxy+by2 (iv) u=log tan (y/x)

L
2 (a) Prove that f(x, y) ={%yy2ﬂ oy 2 (0. 0)

,f[O 0] =0 ”'I.Q’n. [l-y = I:U-\’

Lt »oy2 I Ayt
} . 1_-‘._| W AT 3
= x—0 Yt o p i y=30. x50 x4 g

3. I wu=log (&XT?M)J 'f:'nds—%‘
4
7(0, 0)=0, show that f;, (0, 0)s£fix (0, 0).
(O TR 7R VARE SRR x, find
Io b lon, Lo R. U 1965, C. U. 1969

6. Ifu=log (X2+-y%), show that C. U. 1879, R0

Nu 2y
g;,—+§35-'=0 : D. U. 1986.

A% p)=xp 2 =3%)/(x*+)7); when , ¥)#(0, 0) and -
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7. If u=(x, y)=e’ cos x, show that
Yu, ¥u_
53 THe

8. Ifuand v are functions of x and y defined by

0

x=u+e” sin u and y=v e~ cos u, prove that
38_:*5%’ ~ D.U. H. 1962
9. If u=a/(x* # v24 z2), prove that D. 1. 1984,
thax + thyy b g, =2us D. U. H. 1960
10. If u=log (x241?+22), Prove that
£8= fhi i 82 y 82 u

s T ey
11, If u=2(ax+ by)*—(22 +37) and a4 b2=1.

3%u ' Bty
Prove that ko 8—}"*‘-_0

sy S Xy i &
2. 1 1 "t—=_— sh hat B.o¥ 19371
1 [ u=sin by e shcw tha 1982
du Yy 8u du ., du :
Xy Ny Ty =0
13. fu=f(r) and r2=x2+4? prove that

u 3¥u dw 1 dy
S O o e

14, If u=e*™ show that
o3

mz=(l+3x,\':+x* y¥z8) emve R. U. 1988

15- Fi.'d—ﬁi- and -8—3.—12'.,«;=-x2+y3{-xy R. U. 1867
oo By

a:d x=ycosy, y=usinv,
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i5. a) Verify Euler’s Theoram For tha following curves
1

() ”=~W2 (i) u=x"tan (p/x) (iii) w=x?log ¥ix
{1v) u.‘.-.ex;v Jev/s (v) if u=sin (/x+4/y), prove that
du
"-'a.-t- +1 =3(Wx+a/p)cos (W x+4/p).
16. I 2 = xyf (y/x. Show that x o + 1 ?\i = mnﬁ =2y
ox oy du
o 5 S -
16 (a) If 2 = tan~1 + ¥ the # 2 y u _h‘ i :i=-'-;i|"| 2z DU 1989
=1 DX oy
- s .,2
17 M ity !?’:—_:'—J;f, show that N U. 1994
Bu ou
X o ) -§;-=t&l'l u, R. U. 1978, '83 1986
18, If ymsin~1 222 Show that
Vitay
ot i/}
—_— —L —
L ySy 1tanu C.-H. 1977; D. U. 1988
19. Ifv=f(u), being homogeneous fuiction of degree n in
av B ds
XY, thel R—— Ly gy s BT
et nx i 3y 2 du
20. Prove Euler’s Theorem when y=2—2
X+ Yy
2l Wu=x3133423  taca prove that
St qu Bu
—— 2 —
Ee Tl 3y i e

o |

21 Mu=log (34430233450 then show that C H. 1989

3 .8 B g 0 w1993
(‘z:r* 3y +"") ~ Gty ta)ye

23, N u=x2—y2_2Jyx4y4= Show that

‘)M

(x+y) -——+(x—-)) = 4 (¥—)) — =0
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24, Prove that fax+f,, =f,,+f
where u=f(x, y) and x=z cos <—t sin «, v=2z sin € +¢ coss «
25. M u=yp34tan (ye'/*), Show that

du du
.0 0% i o, =
X ¥ +¥ 5y =»*  D.U. 1956
X2 y?
26 1 z= then prove that
X4ty
8%z ot e B
T e D U 1%67
Ry +y Sx? S
27, Mu=3 (It myt+nzP—(24)y24:27 ard B4 m4mr=1
y - 2 22
Show tha 5\”n+§3,, +5 =0 R. U. 1987
28. If F(x, », 2)=0, show thai
S LR
oy Gz 3% :

where each partial derivative is computed by hol.ing the re-
malning variables constant. R. U, H. 1962

28. (@) If w=cosec—! S FSN [0 Show that

WtV
T P tanu 10  tan* u
et eyt r=Tr \nt Tz")
i}
29. Prove that xy (fas—fop)—(a2—12)fi,=—r Brgns*';;
if x=r cos §, y=r sin 6.
30. 10 ¢ (u, v)=f(x, y), u=12—x2, v x24 12
1 9 [ a=q3 6%
S that sz T et : %
how tha e D. U. 1965 (s;

S v is a dillerentiable lunetion. (he
v v v

X mrie fee—
ax oy du

1 is a diflerentiable homogeneous lunction of degree n.
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1994

3 ] 3 &
W Tr X+l el bl
i) H ulx y) = log,. erprol then '\t')x + yﬁu = 2. N.U.

! Tyl
3R B L Sl that

X2y
X2 :Gif..i_zx 3 432 L
EE T g T e

3z

If u=f(x2+2yz, y24+-22x), shiow that
(y'—-zk) ﬂ.—""f("q")")a +(z* "‘x"J =0

34 U u=xvF (¥/x, z/x), Show that

du du du Y
% =ty 5 +z¥-=rm. L R. U. 1964, C. U. 1985

32, I x cos u+y sin U=l, y=x sin u—y cos u

prove that v*s i + ¥ du

&
Svoy -S_J:’— “é—;-mcas 2u

[D. U. H. 1960 ]

36 I F(v-—-x-, Vi—y®, y*—2z')=0, where v=f(x, ¥, z)

Shaow that —— ~_3_v_.+_1__ LSl G
LG y dy z 8z p

37. (i) Ifu=x PrIx)+¢ (¥/x), prove that ,
R 4. 199

Shuw that 1:( Bz) y( )=='c--v
C. H. 1993
. O'u 6%u 811 N. H. 192
X2 —— 42 ] gl ! o
QY' + xyﬁ.rﬂy +JJ §§2— —0
(1) I a=x G(x+ )4y (v+9), show {hat
521_: é'u 8%

a.x2 3 81’3}? i oJ:

=0 [D.U. 1962 ]
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38. Ifu=f{x, ) and x=r cos @, y=r sin . Prove that

or 2 & Tl 3 B du
:)( ) (J’) 1 (ii) '\'S.E— J.é-]—,-——?"-s—;

o 0B PG
-

T _‘-—»—.0,,.3\_]_
(ii) e .1-03'2 ;

#39. x={(M+e ) and y=et+e ¥ 2=f(x, »),
: R 3'—’2 8.‘22
Prove thal ~ 7— 2 8u8v+§;2_
82z 3°z a1y 3z 8z
=yx2 —— —2xy 443 ARy
0 B i ™ RGN TR i T

3 2
40. Dcnetirrga%— +-%’-,—-by V*?, prove that Y%=1/r and

V2tanT?! y/x=0 if r2e=x? 4 y2 [D. U. B, 1950)
41. Ify b2 function of  alone, where P24 24 52

32y 'aa- 8 d%  2dv

Show that -— e
Bx? 8)- +" dz=+rd'r
*42, Prove that
A Au 8% 52
LT e K v G o
oy= ez
3u 2 o 1 B3 cot@g Su 1 o2u

— —_— —_—
o

Sr 12 8ﬁ2+-‘;5_-' 36 r?sin?g * ogh

where r, 6, ¢ dzpotes the spherical polar co-ordinates of a paint,

+43, 1{;:-::““‘” ’m+w.:{ s ) M(

Prove that

: 52 1 L u 4
X om— o | e S =.__+-!m
X 5z + 2xp 553 +¥ T (x2+,%)
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44. Il Pdx4 Qdy+Rdz can bz made a poriect differential
of some fanction of x, 1, z by multiplying cach term by sxme

factors, then

P(B-5)e ()R (=)o

45 M wty=t,t,, uty=tit;, uty=4t, prove that

1;,

(a5

Ty, tigy 1) = S(u1, ug, U3) _
81, I, 3.1.)
46. Show that the function
wu=x+3y+2:, p=3x+4y—2z, w=llx+18y~2z

are not independent and find a relation beiween them.

Ans, J=0; w=2u+3 C. H. 1988

47, Show that ax?+4by?+¢z? 2 fz42gox42hxy will
resolve into linear facters if

a Ao
& b Fioy
& f. ¢

Hints w=v1o, p,=lx4my .z, w=lx+my+ s,

111M=0, equate the co-efficients of
3(x, ), %)
X, ¥, 2 scparately to z:ro
48. If u=xty+z, v=x—2y+3z, wo=2xy—xz4 dyz—2:2

Show that J = M =0 and find a relatidn belween u, v
8(xs ) = ’

and o Ans. 12—y"=40
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8 0) Hu=x/ (b—r?), v=p/s/(1=r?), 0= /s (I—r2)

where r2=x24 32422, prove that J(M)n s 1_._..._
X, ¥ 2 A (L —r2)
R. H. 1987

*49. Show that the funcfion U=3x42y~ z, v=x-—=2p 4 and

@w=x(x+2y—z) are not independent, and find the relation between
them. Ans. w2 —y2=8qp

*
50. If uexdy4s, v=xptredax, we=xi48 g3 _3yys

show that u, v, w are coanscted by a fuactional relation
w=1u?—3uy

*51. If o=£x, y) and x=u cosh v, y=u sinh v, then show that
Su ow o \2 1 /8w ®
( 5% ) ( 3y —(—Su—-) = — "'E-v—) [D. U. H. 19?'0]

*52. If x=f(u,v), y=g(u, v), z=h(u, v, and Fu, v, w)=0.

prove that 8, 2) dx+ Rz dr+ 8(_):, » dz=0
S(u, v) S, v) Su,v)

*53. AF x=f(u, v, ©!, y=g(u, v, w), z=h(x, v, ©) prove that

8 ('\’I ..Pt Z) 8 (u! Fo ""‘) H 8 ('x J ")
Sy 3 () pmmeam) &

54. Mfu=sf (v) where u, v are functions of £ (x,r, z) prove tha

3(1’! v) 32 - 3 (1, v) 8z & (u, v)
8 (y) z) at 8 (-_1 x) _—8‘:; n 8 'T, _1')‘

54, () Uf Usf(x,3) and x=v cos v, y=e" sin v, then prove thar

3"U+8=U —2uz 2 U SQU)

r— T

ox? 82 Su® t av*
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55. By the transformation fm a4-<x-+ By, R=b—PBx+<yin
which a, b, «, B are constants and « 24 B2=1. The function u (x, ¥)
is transformed intc a function U (, 1) of ¢ and m. Prove that

U U —U =up uyy—uy
EE -1 &
56. If v=Tx248xy4 9p2, then show that
V23 Vgy— 2Vx Vy Vay+ V2, Ve =376 v.
57. If u=¢ (y+ax)+ ¢ (y—ax)
Prove that ik =qa? 2
ox? Sy
58. Givea xyz=a, find all the differential coeflicients.
of first and second order taking x and y are independent variables

[ D. U 1932]

59. Find the value of the expression-

2 2
_2"5&; + .3%:-: where a%x2 4-b%y%—222=0

3 +(-.z_.)n =1, fird 5% and ¥
¢ 3% dydz

60,

Also, find dy when the variables are connected by the two
dx
variables

0 (Y -ETHRY @5

61. If v=(1=2xy4)")"'" prove that

v, %
» T Sy

Also show that

8 ____9\_8” l 8 (1;-.
3x {(I i j* Sy i

i
|‘..
e
|
_iL

=9

Nﬁ"
Differential Calculus 385
x2? yﬂ 22
62. 1f o5 + -E,_,———'I- - =1, Ix+my + nz=0
prove that
dx dy dz

=
mx[a2—ly[b®
Hints g—Diff. the condifions w. . to x and apply cross

=
nylb2—mz/c? lz|c?—nx[a®

multiplication.

63, If ze=(x 38x—1) {f(y4+x)—6 (»—2)}
prove that

i"'f_—ff.’_)ﬂ i
8xT ¢ §y? 5%
Hints z=x(f"+¢ )—(f+¢)
3eSx=x(f"447), 32f3y=x(f"+ ¢ )—(["+¢)
3z[8x2=x(f" "+ " V([ +47), 2[5 =x(f "+ 4" )= ([ +¢7)

Multiply, the two equaticns by x and subtract the result
will follow.

64, It flapat= L (”"') + 8=1)  where
. r

r*=’:2+y"’+z‘2, prove that w saticsfizs the relation
Ux + Uy + Uy = Tite
Ans, dufdx=f(t4r) x[re—ft+r)x/rB+ g (t—r)(—x(r®)
—g(t--rx[rd
U == (02 B = (1/r2 = 2x[r4 = X2 [r)f "+ 3x2 [ro—I[r®)f
+(x2[r3 g7 + 22/t 4 X2 ri—t[r)g + (32’ —1/r¥)g
tax + gy F e =(1/r) (f"+g")=un
65. If x24-y2422 —2xyz=1, Show that
dx dy. ... o dE
V(1 --“’J+ v (__li-y”)-r Ji—7)

25
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; xv
66. 11 u=F(x® + y? +2%) flxy + yz + 2, prove that ' 75 Consider f(x, ) T R : G O
(y-2) v+ lz—-.:j n;Jr + (x-1y) uy, —_'0 b f(0, 0)=0
66 [a) Il u=x"- 12 2xy+y+7, then (k) iy pHy-xjuy,=0 . is di
L J1I88 FARTTRY ; both st but [(x, y) is dis-
66 (6) Show thal s =0 1T syl + sl xty K. 1995 Prove that f(0, 0) and f,(0, 0) both exi J(% ¥)
L oxm 2 -3 ‘ gontinuous at (0, 0).
67. If AP s (O S e Y ; . i i t
' e pra 76, When is a fuuction f(x,y, 2) said to bz coutinuous a
the Function of % 3.7, fhen prove 8 ot (a,b,c)p Examine the continuity of the function
that (ux)?+ (4y)%+ (1,) =2(x0 4 yu,+ zu,) ¢ (e y)_,.__x;{%, x2 4 y2#0.
68. Find the directional derivative of f(x, »)=tan—tp/x at ’ .
3 , i 77. If the partial derivatives fi, fy of a fanction f(x: y) exist
(I,—1) towards (3, 0) Ans. 575 D. H. 1986 and have the value z:sro at every point of R, prove that f'(x, y)
69. Find the total differential co-eflicients of ues X+ v+ 2)e” is a constant.
D. H. 1986 78. Prove that the function f(x, y) defined by
. 70. For f(x, yj=log (14+xy), flad the Taylor’s series expan- o 2xy %24 y2£0
sion about any point (x, ¥) upto orders 2, where 142y>0, - ek TR A i -U '\992
71. State'and prove E.ler’s Theorem on homogeneous func- f(0,0)=0 . :
ticns of three variables. R.H 1917 has partial derivatives cverywhere. Is it contiouous
xz & - 2 z8 ! here.
73, +y + 2 v i everywhe
far b? “T_-— +ba*1+ct+)° : 79 Examiae whether f(x, y)=J | xp | is totally differentiable
¢ : .
here prove that : at the origin. Ans. no
.\’(b’ —c2) y(c'-'-——a'-’) "(a'-‘-—bz) ' 2 ;
X 2.5 v2 £
P + s e R. H. 1987 80. lff(x. J.‘)_—_W‘T—E-r .I +) #0
73. Fiad the cicectional derivatives of F= 2x3y—342z g { f0,0)=0

P, 2,—1) in a direction towards Q(3,—1, 3), find also the
maximum directional derivative from P and its magoitude,
Ans. 90/7, 12i4-14j— 12k at P, 22

81. Examine whether f(x, y) is continuous at (0, 0).
The partial derivatives f, f, of a function f(x, y) are continuous
in R. prove that flx4h, y+kj—f(x, W=hfs EN+, fE
where (x, y) and (x +h, y+k) and the lias segment joining them
¥+ y7#0 | lic in R and (&, ) is an intermediate point oa the line segment.

74, Test the contiity of the function
22y
xi4y3 !
=), x+3y=0 D. H. 1986

; {X, _\-')=
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82. Firdafuastionf(x, y). whichis a function of x2 4yt
and is also a product of the form P(xNb(y) .

Avs. Y(x)=ax2, {=gv2,
83. lf_f(_x', » 7} b2 emtinuous together with derivatives o

the 1.'irst two orders, i1 the n:ighbsurhaod of the paint (xo, yo, 2y
and if fixo, y,, z.) =0, ad. f«(x, yq, zo) and
Js j #0, faa«s0 at this point, prove that

g Sax f;t. the equations f(x, y, «)=0, fxx, v, <)=0
cline a curve which is tangent to each of the family. |

84. [t f(x, y, z, t) has an extreme value at the point (p,q, r, s

Subject 1o the subsidiary conditioas B(x, ¥,2,8)=0, ¢(x,pz¢

=0 and if at the poiot
8@: }')

3G, 1) #) then two numbazrs A, M exis
such that at the p.int (p, g, r, $) the equa'ions.
L+ Bx+ Hys =0, Sy £2 0 + Fgy=0

Jat Mut phe=0, fi+20; +puly=0
-and also the subsidiary conditions are satisfied.

85. M x3 +y9 + 23 - Bxyz = 4 W, ©IF TEE @AW @ x = 1,
;;=1,z=1ﬁ=‘i€€ u,,x+uw+uzz=+% . U 19917

86. M u=f() G rP=x2+ 2 &9 T4 @

fu &
et =0+ S fm

FPRY D. U. 1990

87. If z and Ic are the functions of x and y defined by

z-¢) (W) =x202 - u?, (z- ¢ (W] ¢ (W) = ux?

& &z
prove that 5 E:-xy R. U 1991, C. H. 1986
Y

389

87 (a) If u = flax® + 2hxy + by*) B iahs

v = 0@ + 2hxy + by?) 'S

Har S a8 0

I'hen show that 5y [uax) = ax[ 5y

) LI flx.yp

88. Discuss the existence of

(%.y)—(0,0)
] x3_y3
for lx.y) = xT-L? (x, ¥) = (0,0) C.U. 1993
=0, [xy) = (0,0) nuous
89, Ifu= )f_j__‘ then show that
X+y
DL 08 C.U.1993
ox oy :
(ii) X2@+ ZX}' _.ai,._yzéﬁi:zu
3x2 Sx8y dy2 _ i
¥ i 8Z 8z
90. If Z = xsin (X /y) + ye''X, prove that . Z C.U. 1993
x 8y

91. Show thal the function [, where
[{x,y} = {—_X_Y . }; !rx3+y2¢ 0,

= it =y=10

is continuous, possesses partial derivatives but is not

dillerentiable at the origin.

92. Prove that the function

fexy) =V| xy | -

is not differentiable at the point (0,0). but that fy and _fy both
vxist at the origin and have the value 0, Hence deduce that these
Iwo partial derivatves are conlinous except at the origin

93. Show that for function

f(x,y)= xyly) (x,y) #(0,0)

X2+Y2 b



390
94. Given that
flx, y) = *QJ; (% 1) # (0, 0) j CHAPTER X (A)
=0, x=y=0 TANGENTS AND NORMALS
Then fl(x,y) is continuoys a{ (he origin. Give reason. . IN
R.U. 1985; D.U. 198 CARTESIAL‘\I CO-ORDINATES

95. Given that
Sflin, y) = (x+y) sin ks iy, 8 n Art 10, 1. Defipition 3—Let P be a given point on a curve and
i W ' 5 X = . ¥ ¥ ' .
# Y $% O be any other point on it and let the point Q move along the

=0, x=y=0 :: ) X
o e Lt flx y) C.H. 1998 curve nearcr and nearer to the point P then the limiting position
est Whethe sl X ) -
T %0, y—q €Xists or not Ans discontinuous.} of the secant PQ, provided limit exists, when Q moves up to anrd
96. For flxy) = 2+1y2) loglx2412), 242 # 0 } ultimately coincide with !5', is called the tangeni to the curve at
= 0_ X= y = 0

Prove that f,, (0, 0) = f. the point P.
= b 0,0 ‘ ' : |
- R The line through the point # perpendicular to the tangent is.

Show that at (0, 0) neither of {he derivati . { ]
e ht e derivatives is continuous C.H. 1992 called the normal to the curve at the point P.
Ey.97, 98, 99, 106G ANSWERS . |
EW =y gy — W ) = yx¥1, fy, = x¥ log x ; Art, 10. 2. Eguation of Tangent.
(iii) fe = ﬁ_};: = | - To find the equation of the tangent at (v, y) of the curve
x"~'+y2 ' i y=f{(x).
(iv) f, = _H____ 1 ’
xV@-12 ' w _ (i) Explicit Cartesian Equation.

Let (x, y) be the cc~ordinates of £ on the curve y=f(y) Let
1 | us take avother point Q ia the neighbourhood of P and let the
3.0, 8, f.= 6"yf§y Sin 2x + cos 2x), ] co-crdinates cf Q be (x4 Ax, y4 Ay). Let (X, Y) be the current

W= Trergr s TﬁiTJf

" 4 1 co-ordirates of a point.
jy —6"3’(2,1'5111 2)().];{,( =el(y(-§y25in Ox + QI.JCOSJC

) The equation of the chord PQ is
- 2sin 2y}, fu, =e‘”9(xy+ljsu12x+e&#‘xcos 2x, '

,’- "y l ){y‘" S| Y_,___."‘I Lt..ﬂ..__‘l_':l( k
Jyx=¢€ 9 2 n 2x + e x cos 2x, _ : X4 AXx—X
1 | Ay
Ju= e’“‘xzsln2x or, 3-\=&———(‘\ (3

15. 2u + U sin 2v, u® cps 2,
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New, as Q—=P, Axand Ay both tend to zero,
from (i) the equaiion of the tangent at P (x, y) is

)}_y Lim
AZ=0 Ax A X

if the ]m'.-lt €Xists,

' x)==-—u-x)

Thus the tangent at P (x, _'v) cn the curve y=f(x) is

._dy
Y—} a=‘a£ (X—-x) s (I)
The equation of any line through (x, y) is
Y—-y=m(X-—x) e ien iae (2)
The liae (2) is perpendicular to the tapgent at (x, y) if
dy "1[ dy
m —1 or, m—
ax = / dx

Therefore, the straight line (2) becomes the normal at (x. y) if
o __( dx
ay
Thus the equati n of the normral at (x, y) is
Y g-~(>< L

or, y)-+(x-r)=0 o ()

(i) Implicit cartesian equation,

. Find the equaticn of the tangent at (x, ») to the curve

f(‘rl y) '__'0'
In this curve we have
dy 8ff3x  SF
dx= " 3ffar b 5y F0
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Thus the equation of the tangent at (x, y) is.

(Y= )= %]-;(X—x) or, (Y—y)= f’(X~x:

or, (X-x)fx+(Y—3)/f,=0 (4)
The equation of the normal at (x, y) o2 the curve f(x, ¥)=0 is
d —fs :
(Y—y) -Jii +(X—x)=0 or, (Y—y) 7;‘- +(X—=x)=0
X—x Y—vy
or, Sl (5)

(iii) A symmetrical form of the equation of the tamngert to a
rational algebraic corve. Let f(x, )=0 be a function of x a2d ¥y
of degree n. We can make the equation homogeneous by intro-
ducing another variable z. Then the equation f(x. y)=0 b=comes
a homogeneous equation in x, y, z and the new equation of the
curve can be given as f(x, y, z)=0. Since f(x, », z)=0 is a homo=
gencous equation in (¥, y, z) of degree n, therefore, by Euler’s
Theorem, we have

2RO N

*x 15, trg=nx v 2)=n 0=0
3f 5f 8f i
— —— "- 6
ox +3f8y Tl (i
Now the equation of the tangent (4)

(X_x)—-f.+(Y—y) Bf =( becomes

01‘, X—

af of 8 4 3f 8f
X'S-Ei- } -1‘5—- By s e 8z (by ()]
3f 3
or, Xg-{—YE}—' +z-§;-r=-0 sas (7
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8fF 3f
= i -—-:'._0 ooy ree e (8)
or, X 3x +Y 3 +Z -

or, Xfi+Yf,+Zf,=0 .es h s 9)

where the co-efficient of-ig{- i ¢ z is replaced by Z for the sake

of symmetry.

After differentiation we are to put Z=2z=1 in the equation.

This method is shown below with an example.

Ex Find the tangent to the curve.
fx, Y)=ax24 2hxy+by? < 2gx+2fy+e=0at the point (x, ¥).
This equation can be written in a homogencous form in x, ¥, 2
avhere z=1.
Thus fix, 9, 2)=ax2+42hzy +-by? 4 2gxz + Ay’
Now fi=8f/dx=2ax +2hy+2gz
Sy=8f]3y =2hx+2by+ 2z
fi=8f1bz=2gz+2fy +2¢z
The equation of the tangent is
Xfo+ Yfy 4 2f,=0
or, X(2ax +2hy+2g2)4 Y 2hx+2by+2f=) + Z(28x +2fy +2c2)=0
or, Putting Z=z=I,
Xlax+hy+ g) + Y(hx+by+)+(@x+fy+c)=0.
Thus the tangent at (x, ») to the cui‘ve f(x, ¥)=0
is X(ax+hy+g)+ Y(ix4+by+f)+ gxtfy+c=0

Note ¢ The use of formula (8) or(?in fiading the equation
of a tangent to a rational a'g:braic curve i¢ advised rather than
the use cof formula (4) or (5,

Differential Calculus

(iv) Parametric Equation

395

Find the equation of the tangent at ‘¢’ the curve represented

by z=4¢(t) and y=1{()

In this case we have

dy dy dt _dy fde Y (0 .
il ol o e o el
Tne cquation of the tangent at (z, ) is

)= & (X or, (F—40h= £2(x- 1)

or, (4@ F2 4 (x-Gin=0

or, {X—g(e)} FO+H{Y—9@} ¥ (=0 (an

Ex. . Find the equation of the tangent at ‘¢’ to the curve

x=p2—a, y=13-—=h
Here x=¢{t)=1t*—a o(t)=2t
y=¢ ()=8~->b, s ¢ ()=382
Hence the equation of the tangent at ' is
{X—4)} §(O=(Y—4(D)} §'(0)
or, {X—(12—a) 32— {Y—(t3—Db)}2t=0
or, 3t X—2 Y+1t3-+3at—2b=0.
10. 3. Tangent at the origin,

The equaticn of the tangent at (¥, 1) to any curve is

Y—y=(dy/dx)(X—x)

0]
or, {X—¢@(O={X—¢ ) 9 (10)
The equation of the normal to the curve x=g¢ (2) and y=1{2p
at (z, y) is
(Y- J})_ -g-'-y-. 4 (X=x=0 froru 3
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The equation of tangent at (0, 0)

dv d
R (___) = _ (9
az (X=0) or, Ye ( dx)o X uisdl)
dv dy
here { — ) t s sl
w (d.r )0 he value of Te at x=0, y=0
Ex. Find the tapgent at the origin to the curve
24y +ax+by=0
dy S 2
7 i f: = 2;:; = -—-i;-when x=0, y=0

Thus the equation of the tangent at (0, 0) is.

dy a
Wiy ] o
(T L (X—0) or, o Y 5 X

or, bY4aX=0
Take xand y as current co-ordinates, then the eqn{_gtion of
“the tangent at the origin is ax+by=0
which is the lowest degree terms of the given equation.
Working Rule g Ifa ra‘ional algebraic equation passes through
the origin the equation of the tangent or tangents can be obtain-
ed by equating 10. zzro the lowest degree terms of the given

equation. By inspection such tangents can be determined,

10. 4. Angle of Intersection of two curves. .
The angle between the intersection of two curves is deter-
mined by the angle between the tangents drawn to each curve at

1he point of their intersection.

The angle between the two straight lines y=my x-+c; and
M~
14+ mm,

Let us consider two curve f(x, y)=0 and ¢ (x, v,=0,

y=mx+tc, is tanf=
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The equation of tangents at (x, y) are

(X=2) [x+(Y=)) =0 or, Xfi+Yfy—af, —yf,=0

and (X"‘x)‘px"‘(Y—y)'t'y“O or, X¢a+ Yﬁy_‘-“¢g_‘}!¢y=0
The slopes are

my= —f.[f, and m,= —@:/P,
Let « be angle between the two tangents drawn at (x, »)

I Hfr/f;’ I be f¢r _f;¢\r—' ¢’ifr
Lt fallybeld, — Fapu-tiyby

Hence the angle « of intersection’cf two curves is given by

1 = Se by —d fy
an « Py e R

Cor. 1. If the two cuives touch at t:‘c, ¥) then the angle
between the curves is zero i. e, x=0, is
fa y~¢ wfy=0
L
¢ x 4’\9
Cor. 2. If the angle between the two tangents is 90° the
Curves are said to intersect orthogonall ¥a

If «=47 then

S tang =

or

(13)

feby~bef,
a0 &=t LRV
T ke

hence frgx+f,6,=0 (14)
Cartesian Subtangent, Sabnoormal, Length of tangent and normal.

Let p=f(x) be the curve

Y
and P(x, y) be any point on P
the curve. Let the tangent "
PT acd norral PN mect the R ¥ ¥

x-axis respectively at 7" and A" R IO B K
Fig 10 (a)




.
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Draw PM perpendicular on x—axis. : (") Length of the normal PN.
The projection TM of the tangent PT on the x—axis is called From the AMPN.
the subtangent. While the prejection, MN of the normal PN on .. PN =PM?+ MN2=124(y1y)* or. Pfq:}\/{)ﬂ + )
the x—axis is called the subnormal. Let the tangent PT make ' *., Length of the normal =y (1 + 1,9 (19)
an angle ¢ with the x—axis ; then _ (¥) Puints of Intersection —made by the tangent on axes.
L PTM={= /[ NPM ' The equation to the tangent is as (x, v)
dy . Y--y=(dyldx ( X—x)
AR '_x”__-'vl AL ME= If the tangent meets thea x—axis, then Y=0. =3

£ che Sub t T™M —y=(dy[dx) X—=x)=y; (X—X) or. X=x—pyy
(i) Ltogth of the Subtapg:nt 1)

From the ATMP. we hav {a) The point of intersection with the x—axis is (x—y/y1, 0)
2 ., we 2

(20)
_ . d ‘ _ .
TM=IrM “°“”""-‘7‘a“ y=y/ 3{“’}%‘ If the tangent meets the Y—axis, then X=0,1i. e,

dy
<+ The lergth of Subtangent=yfy, o et R A DA 0 Y—y= Z;(O—'x)=—l’13¢ or, Y=p—yx

(ii) Length of the Subnormal MN {b) . The point of intersection on ¥—axis

Fiom the AMFN we have 0, Pax) G e e e (21)
dy , 10. 6. Arc Derivatives
ialag b o R To prove that for the curve y=f(x) 2
dy ds dv \2
5. The length of the Subnormaley-— =yy, ... (17 13 R =
¢ length o e F 1 (17 T \f{ 14 (d_r) }
(iii) Leagth of the tangent PT. Let P (x, ¥) be any poiat on the y f/
From the ATMP cutve Bad O(eiLx, 2oy bea -
i ' a neighbouring poirt on it. "’L.._P
Tr2=TM?+MP? Let A be a fixed point on the ; N
=l =0/r)2(1+n%) or, PT=(/3)J(1+11?) ] curve from which the arc length AP -3
v : i and AQ arc measurcd. 0] Lo Mo
" ath of tapgent =— 4/ (1 4 3;° 8
i LRI of tangen 3! Ml 4nn (P Let arec AP=S and arc AQ=S5S+ AS

So that arc PQ=AS.
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Draw PL, QM p:rpaadiculars on QY. and PN perpendicular
t6 QM.

ON=QM—NM=QM—PL=14 Ar-y=2»y

PN=LM=0M-—-OL:=x4+ Ax—x=AX

From*the right angled trangle QPN

(Chord PQj2=PN2 4 NQ2=(Ax)2+(A )"

chord PQ\2 H¥\2
or, ( el 1+( Ax)
i ( chord PO \2 arc PQ 2 _14 (g)z
b Ax arc Ax

(hord PQ) arc PQ ) L Ay)

arc PQ Ax
% () (5 ) AT
chord PQ

If Q=P ——=5 e o ———— -]
. % lim fchord PQ \2 lim (:_f_‘ _;lim { 1+(§_y_\'z}
%

Q-»p\ arcPQ J Ax=») Ax—>0
cr, 1. (dsfdx)?=1+(dy/dx)*
o ge=J{ (5 )] @)
Cor. 1. If x=1(y), tten
: (ds/dv)?=1(dx/dy)? (23)
or, (dsldv)={1-+(dx/dy)?} ... (23i)
(ds)2=(dx)*+ (dy)? (24)

.Cor. 2. From the APQN
PN bx box, As

cos QPN= pa=5="7ns PQ
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Ax arc PQ
As chord PQ

Let ¢ be the angle which the tangent to the curve at P makes
with the positive direction of axis of x.

or, cO§s =

if Q=»P, «=»y and As=»). Also 10 i1, 2 ! S 1
Q=P chord PQ —
Thus
_ lim AR dx | dx
cos 4‘ AS—EO‘E-SE dT e Cuis 11.' _:E (25)

Cor. 3. Similarly, sia Poxy=2N__2r As
| PO~ As® PO

: Ay arc PO
or S P
o A=A chord 2D

If P> Lere PO Ly
Q. <, chord P’Q“’»l and hence

sin = Ll‘un:-ﬂ (%;—) l= % S sing= —‘:,::- (26)
Cor. 4. tan y=(dy/dx); cos y=(dx/dy)

we have from (1) J
(ds/dx)?=1+4(dyldx)?=1-Ftan*gmsec3y or, (ds/dx)=sec d

e §
Similarly = COSEC .

Also (dx/ds)? + (dy[ds)? =cos?y +sin? =1
(dx/ds)*+(dy|ds)*=1 27
Cor. 5. Prove that for thc parame'ric curve x=¢(t) and

ye=((t), the are derivative is

ds\2 dx \* d_y_ B

(W) s(_?i’?) +( da)
No ds.  dx ds dy _fl... _ds_
WM™ B BT ds bk
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Therefore,
(F)+ (@) (7)) (@) (%) @
(%))} (&)
< ( —) (D]
+

o () e

or ____ds = _d_x_)ﬁ (..f‘:l... “ 29
T i o (K i) (PR R
provided S increases with ¢.
Examples

10, 7.

Ex. 1, Find the equation to the tangent to the curve
(xfa)y2+(y/b)y"=1 at (x,))

The equation can be written as x®/a™ 4 ym/b™—1=0...... we( 1y

0, o f % \»mt o
NOfos‘Eﬁ"‘x l=__(“'£'1') aud_f}-'_—'ﬂ '-b—-_ J‘m 1

a
The equation of the tapgent at (x, ») is
(X—x}f:‘f’(y‘-]")fr"’o.
P »

or, (X——x)iz» ('-—a-~)m—_;_ (Y—J-}_’E_(%)M_I =0
X

. ‘_X-‘(_i, m—1 Y ¥ m—1 o y\® .|
o &) L () v

(X/a)(x|aym™1 - (YUY y /by~ 1=1,
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I'x. 2. Find the angle of iaterszciion of the curves
¥3 4 2xv2 —10a2x +12a@%y 4-3a® =0
and ¥4 422 —5a2x—a®=0 at (3a —2a)
Let f{‘_'x’ Vi=x*4 Exy'-‘—TOa'x-l—IE:Fy-l-Sa’ =0 sve . (1)
Blx, V) =14 —2xy2—5a2x—a? ... .- s (2
Then fr=3x2+2y2—10a2, f,=4xv4 1247
Oy=2y2—5a2, B,=3y244xy
At (3a,-2a) '
f.==27024-8a2—10a2=25a%, f;==—2402 +12a% =—120"
. m8a2—5a2=30?, @,=12a2— 24a?=—12a?
Let « be the anele of their intersection. Then,
tan« H[M] When x=3a, y=—2a
fd:=1,0,
_25a%(—1247) —(—12g" . 3a7) _264a* _ %8
= N3 (1A (—T2a%) 219 T3
s« =tan™1(88/73)
Ex. 3. Show that in curve by2=(x+a)* the square of the
[R. U, 1961, 831

«ubtangent varies as the subnormal.

We have, by®=(x+a)® or, _v’-fi%l! w (D)
dy  3(x4-a)? dv  3xta)?
* A= R

Let mw=length of subtanzent=3/y, m=length of the

subnormal=y),

OER_y AR
T (1"": 1) y 27(.1' o a)ﬁ
g
il 8b 5‘ - b y‘ﬂ~§-=con51ant

27 {x+apb® 27y 27
S m? 0o n
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Hence square of the subtangent varies as subnormal.
'Ex. 4. Show that the subnormal at any point of the curve |

y’xz-xa’(x”.-;}ﬁ) varies inversely as the cube of the abscissa

[R. U, 1966 D,U. 19617
yexsgae(xa_an) or, y2=a9—-a‘fx’ ]
dy Za‘ gl

F S = =t
! Y% dx x i }xi_
L
semsubnobmalesy 0L e yyy = p X 08
d.\: J,xs -.:3

nec 1/x3 : _

Hence subnormal varies inversely as the cube of the abscissa. ]

Ex. 5. Prove that the segment (between the co-ordinates axes): '.
of a fangent to aitroid x2/3 + »2/% =a?/? is of constant length.

c.0. 1999 (D. U 1962, 1969, 83, R. H,1966 ]

From the equation f ( x,))=x33+)28—a%/3=0 « ... ... (1)

fe=§QUx)7I8, fym=gQI9) ]

The equation of the tangent at (x, ) is

(X~ fi+ (XY= fy=0 E

or, (X —X)Ex~§ +t(Y—y) g y =0

X ¥
Ottt GNPt (D

Let the tangent line meet the axes at 4 and B. Then the co- '
ordinates of 4 and B are respectively,
A(a?/3. x1/3, 0) and B(0, a2/3 y'/%)
Now OA=a?[3.1/* OB=a%% y'[3
Now Ab%e OA*+-0OB*=a'[3x234 "3

2P a7+
=g![352 /3= g’=Constanls. :
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Ex. 6. Show that in the curve y=a log (x?2—a?), sum of the
lengths of the tangent and the subtangent varics as the product
of the co-ordinates of the Point of contact,
7V (143"

F1
='Length of the subtangént= ¥/ 31

Let m=length of the tangent—= <+

A 1=

a.2x

L
Here y=a log (x*—a*®) ", e

¥/ (1 +}’1“)

Y1

Thus mén = { } -—--{V(i-i-y;*){—l }

_ X4 g2
X202

But /(14 yﬁ)-«{p,

a?x®
& a=>=}

WG 1 X% ¢ q AL xy
e 2z (F*—a") {x" i } 2ax sl a

“o {m+n)txy, as @ is constant.

Ex. 7. Find the equations of the tangent at the origin to the
curve y%(a+x)==x2 (3qa—Xx).

Rewrite the equation y2(7 +x)=x2(3a~—x)

or, x34xy2—3axt+ay?=0 or, —x3—x2p}q(3x?—)7)=s0

Equate to zero the lowest degree term
equation to get

.in the above

3x2—y2=0 or, y=+4/3x

Hence the tangents at the origin are y=»/3x and y=—j/3x,
Fx. 8. Find the angle of intersection of the curves

2y2=x8 and y2=32x.

Let us find the points of intersection of 1he'curvc5
2yt=xl (1y and p2=32x ., o (2)
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From (1) &(2) 2:32x==x3
or, x3—tdx=0 or, x(x2—64)=0 or x=0, 8,8
But x=—=8 is inadmissable because that will give imaginary
value cf.y,
From (2),
when x=0, p=0,and
when x=8, y2=32.8=(416)2 or. y=-LI6
The points of the intersection of the curve afe
0 (0, 0), P(8. 16). O(8, —16)
Let f{x, ¥) =2y*—~x% and ¢ (x y)=y—32x
Ji= =32, fy=dy,; @x=—32and ¢, =2y
-Let g be the angle of intersection ; then |

i@, —f,Be _ (—3x2)(2)) +4y(—32)
A0, 0 1 6 F R = e s b ey

_(=370)2,00—4,6(—32) _0

— —

(=3)(=32)+#4.0,2.0. 0

-which i~ the indeterminate form .. 0o tancut is possible,

—6x2v4 128y —6x82x164128.16
At P8, 16). tar g= ___.‘-SGJ-C’-[-B}?’- = 96, 82"]‘3--16**

8 x16(—6+2) —4 ik
= 8Tx16(6%2)

=0-=tan” ! (—1) at PlB. 16)

— 6.8%(—16)+ 12.8(—16)
96, 8248 (—16)°

 $2x16(6—2) 4 .

“§xTI606+2)" 8

==p=tan™1 (}; at O [(8,—16)]

At Q (8, —16), 1an b =

Exercise X (A)

1. Find the equation to the tangent at the point (x, yl}. of
the following curves.

() x¥a*4)%/b*=1 ai(xy, y1) (i) v=alegsinxai(x,)y)

(iii) (224 y?)*=a’(x*—)?) at (x1, 11)

I. (a) Prove-ihat tangent at (a; b) to the curve
(xfapE+(y/bP=2 is (x'a)+(y/b)=2 [ R. H. 1988, D. H. 1986 ]

2. Find the equations of the normals at the point (x1, 1) of
the following curves. _

(i) yi=dax (i) -x3-3axp4y3 =1

(i) x3(x—))4a? (x43)=0at (0.0)

3. Find:the tangent and normol atvthe point determised
by ¢ on.

() x=a, cos e, y=b, sirg

(ii) x=a(e+sing), y=2a (l—cos ¢)

(i) x=acos8y, y=b sin®s

3¢a) - If fix)=x*+x—b6 dfind the Equalion to the tangent
and the norma{ to the curve of f(x) at the poirt x=1. Drawa
rough sketch. D. U. 1987

@M f(x)=:2% + x—6 @B TPraYr 7 Gla x=1 Q7Y §F 1@
@ =iz b gfvecey Ao G 31 (WBIAP wafoa 9w
FAI) Ans, 3x—y—T7=0, x+3y-+11=0

At x=1; y=x2 4 x—b6=—4 I

we are to find tangent and ncrmal at ([,—4)

dy

—_——m I= =3 1,=~4
L x+ 24 1=3 at ( J
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The eq of the tangent at (1,~4) is
y+4=dy/dx) (x—1) ory, y+d=3(x=—1)
or, 3x—y—T7=0
Normal at (1,— 4) is
(+4)dyldx) +(x—=1)=0 or, (y )34 (x—1)=
cr, 3y4x4+11=0
3(b) Find r?u-.- eq of the tangent and normal at (2,--2) of the
Curve y=x3—=3x-+2 (IPraudy (2,-2) Ry =g Gfezm
Freis =31 C. U. 1981
Ans, 9.:-.-_]!-2020, x49%416=0
4. Find the angle of intersection ¢ £ the curves
H (i) x2—y2=4g2 and X4 y2=0q2,/2
A (i) x2=day and 2y2=ax
(iil) ye=4—x2 and y=xt
(l'v) f—*-}'l- =23 ) 7¢1+§1= 4-3?-,: D.L. 199
5. For the eurve y=¢ cos h-é- find the subtangent and the
subnormal at any point. [R.U. 1962
6. Show that the portion of the tangent at any puiat on the
curve x=27 cos®3, y =27 sin3g intercepted beiween ihe axis is of
constant length. :
7. Prove thai the subtangent is of constant length at any pt.

of the curve log y =x loga and that the subnormal is constant at
any point on the parabnla y ==dax,

8. Show that the abscissa cf the point on the curve.

v (xy)=2a+ x, at which the normal makes equal intercepts from.
ibe cc-ordinate axes is a/a/2.
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9, Find the condition that the conics shall cut orthogonally,
ax?4byt =1
a1x%4-byyFe=1 [R.,U 1964]

9. (1) Show that xys=d, x2-32=15 cut ecach other
orthogonally. .~ ID. 0. 15861
(i) prove that the curves XPla+y2lb=1
x*a1+y2/by=1 cut orthogonally if a—b—=a;—b; R. U. 1987
(iii) Show that the curves x3—3xy?4-2=)
3x*y—yi=2 cut orthgonally. = D. U. 1989
10. Find the equation of tke tangent and normal to the curve
x=¢~! cQst, y=e!sint at the point t=m.
10 (i) x*42y?=3 at (1,—1) D.U. 1980, ’88
11. Show that the curve represented by
: (x/a)°+(y/bj =2
for different values of n have a common tangent at the point (a,b)

Henge show that the equation of the tangent is -.E. e .J_;._=2

12. Show that all the points of the curve

y?=4a {x-i-asin'-f—} s [R.U. 1982]

l

at which the tangent is parallel to the axis of xlizona
parabola y?=4gx,
13, Prove that R +-By—- =1. touches the curve y=bg™s/s
&

at the point where the curve crosses the axis of y.
14. If p=x cos « +y sinx touchss the curves
(x,’a)“f""‘ _{_(w‘b) n‘fn"l =1.
prove that pr=(a cos «)® 4+ (b sin <),
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15. If ax+by=1 is a normal to the parabola y2—4ex
then prove that ca3+2ach*==b2,

16. Show that the condition that the curves x‘/i +y1[l-_—c=P
and x*/a%4 y2[h%e=] may touch is c=a 15,

.

17. For the catenaty y=c cos k x/e, prove that the length of
the portion of the normal at (x, y) intercepted batween the curve
and the axis of x is y?/c. LR. U, 1957,°78 ; C. H. 1969, ’83 }

18. pr-=.x cos €y sin « touch the curve,

am +— =1, show that

m m 7]
m—1 wn—1 M=
? =(acos«)  -t(bsing) [D. 0, 1952]

19.  Show that in the curve a’y’=k(bx +€)* the cube of the
subtangent varies as the fifth power of the subaormal, D. U, 1962

d .

20. Tangents are drawn from the origin to the curve y==sin x.
Prove that points of contract lie on X2)emx?y2
»

21. Show that the length of the portion of the normatl to the
curve. xe=a(4 €0s39—3 c0s ) ; y=a (4 cind g—9 sin )

intercepted between the co-ordinate axes is constant

22, Find the conditiorn that the line p=x cos « 4 ysin « ma,
be a tangent to the curve !

xmyu_arnh
23. Show that the curves cut erthogonally,

() *%—3xy24 20 and 3x2y—y3=2,
(i) ye=x2and x346y=7
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24. If @ be the angle between the tangent to a curve and the

cadius vectors drawn fronf the origin of co-ordinatss to the point

of contact, prove that

b (o )ferr2E)

25. Show that for curve by*=(x+a)% the square of the sub—

tangent varies as the subnormal. D. H. 1986

26. Show that the value of p=m—2, so that the subaormab
of the curve xy°= g**! may be of constant length.

27. Prove that mth power of the subtangent varies as nth

power of the sub-normal of the curve. C. H. 1988

xninn_am{n yzu
28. Show that subtangent at any point of the curve.
xﬂyﬂ-a‘mﬁ
varies as the abscissa of the point

29. Show that for the curve
x=a+b log [ b2+ & (B2—y?)]—V (B*—=Y¥?)
sum of subnormal and subtangent is constant.

30. Find-j%for the following curve.

() y2=fax @) xf+yrit=arf®
i) x=t2, y=t—1 (iv) x==2sin ¢, y=cos 2L
v2i— g2 a a

+ ..,,___'ocr S

31. Prove that in the curve x= =
1be diffcrer.ce between the lengths of the tangent and subtangent

is constant.
32. 1f the normal at any point to the cuive x2[% 1 y23=q2/*

show that its equation is

moakes an angle ¢ with the X-axis,
yeus —x sin g=a c0s 2¢.
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33, If x3, y1 bz the portions of the axes of x and y intercepted by
he tangent at any point (x,y) on the curve (z]a)=f3+(y/b)=f3=t.

»?

show that -+ _b_2_=l

34. Show that tangents at the origin of the foliowing carve
(i) x34yS=3axy are x=0and y=0
{i) a*)P=a?x%—x* are y==tx
(i)  p(x+38)=x(x—a) (x—2q) is x=0
(V) x(y—x)t=ayl is y=0
) X*(x2=d g myY(x2—a%) are y= 12
(vi) x*—=2x2)24 x2 4 xm3y==0 is x=3y
(vii) »x? +y'+x‘y+xﬁy’—ﬁxﬁ =0
are x=0, yau0, xe=2y, x=—3p
35. Find the area of the triangle formed by the axes and the

tangent to the curve
2[4y =t [R. U, 1966}

36. Show that in the curve ay*=b* (cx+f)* the square
of the subnormal varies as the subtangent, C. H. 1989

37. Find the {angent and normal to the curve

(a) y(x-1)(2x-3}-x+4=0 at the points where it cuts the x-axis N.H. 1994
(b) ylx-2)(x-3)-x+7=0 where it cuts the xaxis N.H. 1994
(0) yP+a?) =a at y =a/4 N.U. 1995
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- eERie X (A)
I Fafafs a@ae) AgEa (O ¥) RS wwriee wfgad
ada za
.' () i:—__%ﬁ-——-i a2 (x, y) f2grs (i) y=alogsin x-a3

(x. 1) fasrs v (1) (X3 4y2P=a’(a2—a%) ez (x,, LA R E L tach!
2. mafEfe @ #Ea () @e - giEava A
ady 73
(i) yi=dax (i) »*—3axy-+y*=1
(i) >*x -y)+a(x+)=0 93 (0,0) Rgrs
frafafas marfifes xifezaefia 0 Rms e o afear
fada =21

b () x=acosB, y=bsin 8.

(ii) x=a(@+sinb), y=a (I=cos0),
(i) x=acos’; y=>bsin®0. ;
3 (a) If f(x)=x2+x—6 find the equation to the tangent and
the pormal- to the curve of f(x) at the point x=1. Draw a
j rough sketch. . . N. U. 1987
| (afF f @)=x+x—6 <%0 awTaYl T9 o7 x=1 Regs =
AwCIRTT T b wfdmrgy afext ffy w31 cnbi®
Cﬁﬂ‘f%:ﬁ' TRA TF1) Ans. 3r—y—7=0, x+3p+11=0
At x=1, y=x'lx—6=-4
we are to find tangent and normal at {I,—4)

DY grp1=2141=3 at (I, —d)

1 Codx
- The eq of the tangent at(l, —4) is
y+ad=(dyldx)}(x-1) or, pyi+4=3(x—1)




414

or, 3x-y-7=20

Normal af (I, - 4) is

(y+4)(Ay/dxj) + (x- 1) =0or [y + 493 + (x -1) =0

or,3y+x+11=0

3 (b) Find the eq of the tangent and normal at (2- 2) of
the curve y =3 -3x +2 [IFRAAMT (2,-2) RS ~pfs @
wfery Rda w31 ) _ C.U. 1981

Ans. 9x-y+20=0,x+9x+16=0 |

4. ffRe IR @ @19 (Argle of intersection)

»

Mx*-12=a? @R x2+y?=a? V2 (i) @=day R 22 =

B

m;(lii}y=4—x2l£ﬁt y=x% () x* -y? = 2a2 x? + ? = 402
D. U. 1991
5.7MMY y=ccosh > @@ & @ @R s Torowis
Toery fAefn w31 : R. U. 1962
6. (W€ @ x =27 cos? 0, y = 27 SINPOIFRIR A W
s wiEe =rfs 12 wvmammr MwRe =i o s o1
7. @6 @ logy = x]oga?lmiﬂﬂ a @%’ﬁ?{ﬁs LiEsS

Torerfan 07 &1 43R 1?2 = gax WY@ @ @R Rers ofks
Bopree onfi 6 &)

8. (118 T (xy) = a +x THFEIR @ RS S7S Sy oy
TRTS S T St (=W IR @ Revg o 281 a V2,

9. ax? + by? = 1 992 0,x2 + byy? = 1 IR T TESICE

Cev a1 sy o4 R. U. 1964
9. (I} Show that xy = 4,.x2- y2=15 cut each other
ortisgonally. [R. U. 1964 ]
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(i) prove that the curves a%/a+y%fb=1
xt'g,+y*b,=1 cut orthogonally if a—b=a,—b;, [R. U. 1987]
(1) Show that the curves x*—3r)®42=0
3a%y—)3=2 cut orthogopally. [D. U, 1989}
10, @z x=e~tcis s, y=et sint @7 r=x fILLS =MF R

wlenra mieaq [adE @3 )
10, (i) x2+22=3at (,—1) [D.U- 1980, ’88]

1. caqre ¢z r-s3 fafen awaz @9 (9, 0) LS

P P
e B @FB T4TEa wwe g Ara o By ZR0S (are (q
e a:?fw-i-;:— +—}— =2,

12. a8 o3 ¥*=4a {x+asin x/a} @eINE (@ AFM e
WS X- WURT ANRITE - BZ1d wiHag ( Parabola ) y=dax eg
B arieca : :

13. qamcas) y=be** (a faqrs y-ams afew I3, (416 A
¢ s xlaty/b=1 sEwcaiB @ AFCAANCT P17 FLAN

14. aff P=xcosa+ysin @B aft Iz

G -1
(',’i_)n/ : +{Z P 21 v wen ot awte ca
a )

r ={acos a)*+(b sin a)*.
15. =7 axtiy=1 ¢aq1B =Hfyzg ( Parabola ) p=4dex a3 @’m
tiomr za g o9 23 & ca?'-r?acb*—b“

16. ¢aqre @ *X*PL57R=0PF agy 7 3 +'—---I

ITENIAA MATAE W97 3914 WS 584 c=a+b.
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17. cmrdar (Catenary) y=ccosh xfc «3 7 (FW ¥ (%, ») a

@ ufeen MmiES o] o9, ST *-UF g R TACIN T #f‘w

oreeE Casy g2ta 5%, BE) ot 370

[R.U. 1967,78 C.U.H. 1969, 83 ).

18, ﬂﬁ P=xcos aty sin a AR AN
v m
(‘E ) '('5') =1 3. 2910F "1 %13 T (Aare (3

m m m

——

P m—1 T | [D. U. 1962]

=(a cos a) <+(b sin &)

19. creTe 8 a?yS=k (bx+c)* ITTINIA (7 (BTR THATS BTy

W & frees Ao Somcan wem wrea wrgenfes |

[D.U. 1962]
20. y=sinx czu1a Bomy TA fay 2%es s gqles ax i,

7416 (3 T frefd xr=xt-)%cqy Bug arferan 1

21, ¢cadre (@ IWAN ¥=a(4 cos®0—~3 cos8) ; y—a(d sin® 8—9 |
sin 0) a3 (3 (F17 frree afee wfoar e ws w a3 ofes |

g e T I

22. P=xcosaty sin a[ﬁnﬂﬁ ATYR==eMAM AL e~ FITY 'f

wé fade T

23. iwre (3 faafofis smaaren smomes =mveny (e T

( cut orthogonally ),
() ¥—3y312=0 wxp Iaty—y=2.
() y=x! ez **4+6p=T

24. (@R AT (317 s wfe e aw AR s
w7 13 s cnfas anard ( Radius vector ) ¢otam aigas ;qs'[q 9& |

L e ORI e

e (g

fegriaiziaa U=gaTA 117

25. byt=(x-+a)f THIANTA 7T RU1S A T« TR 35t GoEtEd
w1 5 1

26, (ReTe (9 n=—2 LA qWAN] P =01 7 (7 (FF WS
Bracag cidr &g R :

27, TR FA (3 ADH2=aT -0 3 quraarg 3 (31 S Gi7s
Do TEd m-B7 wral & s wiTe Comesa m-wm STEIF ST
wifes [C. H. 1588]

2%, (RGTG (T ATy0=c P gEaaTa (N (1R e siws Sawe
& fa7a ©rad sErenies |

29, (qsTe (@ ¥=a+blog [b*+ /(85— —v(0*—»")

ATEAE 3 IR AT wEe S e ex Soarwa owdia

— — S

3. fmafEfes smzareEs @, fdn 3a

(i) yi=dax (ii) x%5Llyp=a?/?
(i) x=r%, y=1—1 (iv) x=2sint, y==cos 2,

pe—g?
4a.

a a
3. (%18 (3, x= Lo !og? IFINTE (T (FIn (990D

uize 237 a3t Bop 13 Imedin GeATA @ g8z DL U, H. 1960
32, gfe P+ P=cP awEaTa (@R A gfesn wfEs

wiara B3l x-ursa Afgs ¢ 319 O a wiq CqdTe (A ©ZTa
#il%24 gRCY ¥ €0s ¢ —x sin ¢=acos 24.

x \2/3 y \3e
33; (#‘:—)/ ’:b) =1 IFET T T AT (%)) a
s T AT X ey g% B w1 8 ¥y WA FEF I

2 x"‘ 1«':
By AT F3 —E‘;-r=—b‘—_— =1,
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Wgéﬁ GRS, S RIRING Secers i e O = ; (If) ye(x—af) tan 82, x-+ y tan g/2=a0-2a tan §/2
:;i}ﬁgzg:;% xfiﬁwﬂﬁ? y?—.;fjk e (Wl a c:s 6 + b slivn g Ly b dini—aa el il
(i) y* (x + 3a) = x (x ~a) (x - 2a) | &F x=0 & G) w4, Ci) =2, tan—-; 3/5

(V) xly-xP=ay? 99 &9] y=0.

: — 2 e
(vi) x4 - 2x2 y? + x% + x~ 3y =0 R &F x = 3y. 5 cylJO2—D s (clNJ 0P—e?)=9, aax?+bbyyi=0
(Vi) X+ 2 + Py + X2y -6 =099 &0 x=0,y=0, x it w© P
=2y, x =-3y.. 10. ye =e(x+1);y+xe +ex=0
35. AFW x2/3 + 123 =a?/3 @@ @ I fvrs wfes »pfs 22, P rmmpR=0™ta(;m 4 n)BYR cOSTL SN
32 RN i1 3 rgrem e e ey w1 [ R U. H. 1966] | 3. ) vE iy (apoyd (i) A/ (1+1/ax%) (iv) 3(1-H)
x
36. Show that in the curve ay?= b? (cx +/)° the square of '
w B 35, A=A
the subnormal varies as the subtangent, C.'H. 1959] : 2
3y (x - 1) (2x -3) ~x + 4 =0 9% Qe =M+ @ 7@ POLAR CO-ORDINATE X (B)

10.8. Avgle Between radins vector and Taugent.
Let P be any given pcint on the curve r=f(g). Take any
siher Q on the curve very near to P.

MR F9 @IE x FF @1 F@ (Find (he tangent and normal to
the curve y (x -1) (2x ~-3) — x + 4 = 0 at the point where it

pats e x i) ) y{x-Z)(‘x«:b)—J‘(,g;E Gt 13 Let the co-ordinates of P and Q be represented by (r, 8) and ]
TaaaEl
105 az % = 1. (i) y - y, = a cot x (x - x;) {7 | Ar, 64 A9) respectively,
[”ﬂ (2u, 0 + U+ @yyy + (2% ()7 + Y2 + a@Pxg) x= Join PQ and produce. Then
ke PQ s a secant of the curve

2. (Ix-x)y;+2aly-uy)=0
(i) x (ax; -y +ya?-ayy) =0 -yl lax +ay; + yef(0) through P and Q. Draw

Xy #N perpeadicular to 0.
(iii) x 1y = 0.

3. i) (x/a) cos 0 + (y/b)sin §=1

Fig No 13
If (1-»P, then /[ OQP-» /OPT=@, where ¢ is the angle be- _
LTS {1 radins vector OF and the tangent, PT at P

by cos @ — ax sin 6 + (@? - b?) sin 6 cos 6 = 0.
(i) 1y~ (x- al) tan 0/2; x+utan B/2 = af + 2a tan 0/2.
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We are to find ¢. we have,

OP=r, O0=r: Ay

LXOQ=0+Ag, LXOP=8; [POO=Ap
From AOPN,

PN= b.P sin Af=r sin Az ;

ON=r cos Ag
Now from the APON,

tan PQN= LN _ PN ' riin pg

ON EOQ—ON Ft &r—rcos Ap
4y # fin AB______ _rsn Ap
~Ar e (l—cos &gy = pAraor sin?iAg
or, tan PON= - l’ijg_i&'%ﬂ)_______
§ -in&ﬂ( sin —2--’}-—25) + ArlAg
If 0P, then Ag—) and LPON= L OPT=¢

Lim

r(\in ,&9;&9)'
tan g Ag—0 \

* _Lim R Rt ?
T A0=0 AT 15 /A0 = Fag=rin
di
tan g=r ng——r,’n (31)
Let are AP=5, arc AQ=s+ As,
Therefore arc PO=A s
Erom the APQN,
Sin PON= PN » sin Ap

Cor. 1,

" sin Ag  Ag As

/748 SRR a8 T Ae Y FO

If Q=»P, then A8-30, As—D,

LPQN—)Q and
Lim As Lim :

arc FQ

Q=P PQ QP Ghord po=!

IrABGTR {06y A0y TATRe ]

Differential Calculus

- R $in A9\ lim Ag

il ’(W)&'s—w As
= sin p=r gf (32)
| Cor. 2

Similarly from the APQN

ON OQ“(E‘!
! cos PON= 70 = _—T’Q
r+Ar—rcos Ag  Artr2sin? 1Ag
PO i PO

rdii NCIRPN
=[£i 4 oo saenagn iR o
In the linit, when O-3P, then As=), Az=») and so

cos @=[ dr/ds+2r.1.0 =-dr/ds
cos ff‘ﬂ(dt/ﬂ&) a5 T wn (33)

W may get the value of cos ¢ with the help of sin ¢ a1d cotn
cos'd LA, :
€8 ¢=msxw @=cot ¢, sin ¢

do
=y . [ by (3] xd {32
~n,grd$[.v( ) an )
dp
b ds
Cor. 3. We have

- ds
i Cus = ir—, sin =1 ——

ds ds

(% 24 ( r -g-g)a:cmi’,c-;—sin? o)

i o L T S
> (Eg 1 i

of, (dr)? 1 (rdg)%em (ds)? (39

421
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o1, (ds/dgy=/{12-+(dr;/de)*}

provided s increases with ¢

Cor. 4. From thefigure 13 we see that LPTX =y is the angle
made by the tangent PT with the positive direction of x axis,

LXOP=g¢ is the angle by the radius vector OP with the (¥-axis)

ipi!ial line, / TPO=¢ is the angle between radius vector aad the

‘fangent. We have from the figure,
or, y=p+40 (35)
Yo lan g=tan (¢ )

or, tan v.[.;-—..._...__lml fian ¢
i 1-tan2 1an ¢

(36)

Allernative Method

10. 8. (a) Angle between radius vector and Tangent,

Let P (r, 0) be a1y poiat on the curve r=f(¢). Another point
-Q(H;Ar, 6+ A2) 15 taken on the curve very near to P.

Let PT" be tangent at P which ieets the initial line at T,
Join PQ. Produce OP to L.

Let £ LPQ=xand /LPM=¢, the angle between the radius |

vector and tangent at P.
If Q=»P, then /LPQ=>/ LPMi, e, x> ¢,
‘Thercfore fOPQ=r—x
and [ OQP= [ LPQ— [ POQ=«—A3
Now by sin Rale, from AOPQ

00 sin OPQ _sin (R=—eo)
Or ™5in O0P = sin(x—A8)

r+ArF sin o Ar sin &

S R g Y Py R

1

/XTP= / TPO+ / TOP.

Differential Calculus 4923

r Sin «==sin («=— Ag) 2 cos («+3A8) sin IAB
% T T am—ae sin (x—A0)

. 1 _Ar  cos(«+31AB) cin 1A6

' 7 A0 sin (x—A8)" 1 (A0)

If Q=-»P, then x=>¢, AtG=>0, thus

I d¢ cos¢
e g ez k. Limgnt @
r dbo " sing ¢
do
or. tan ¢=r T

10. 9. Angle of intersection of two curves

Let the two polar curves whose equati-ns are r=/(8), r=0¢(6
intersect at P. Let « be the angle of their intersection. Find ¢
the angle between the radius vector and the fangent of the first
curve r=f (6). Similarly ¢, for the 2nd curve r={(8).

Thus the angle of interscction of two curves is given by

%= ¢$1~P, ]

If tan ¢by=n and tan ¢,=r, then

tan « =tan (g1~¢2) = 1%%

5 tan« = H,_, (38)

Cor. 1. If the two curves intersect at right angles, theo

< =72
S P~ FAT (39
or, mny=—I (40)
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10.10. Polar subtangent and Polar subrormal.

Let re=f (0) be any Polar curve.
O is the Pole and OX the initial N
line. Draw the tangent PT at P

and the normal PN at P. Thus P
the tangent PT and normal PN 9
meet the straight line TON 0 X
througk the pole at right anglcs
to the radius vector OP, T
Then Fig. 15

(i) OT is called the polar snbiangeat and ON is called the "

pelar subnormal.

“LOPT=¢. the angle between the radius vector and the .:

tangent at P, OP=r. From the AOPT.

(= . — r-&f—ﬂ-_ - de
OT=O0P tan ¢=r dr[by(?ol)] or, OF=¢ T

" da
.. Polar subtangent=p1 - T

(ii) Again from the AOPN, we have
ar _dr
rd6  do

dr
Polar subnormal = T (42)

(ifi) Length of the tangent.

ON=0P cot¢p=r

PT*=07*+0P*= (r*-—._d; )2+r2
x

Gl d ) B r2 A

or, PIte=(rlirs =g (P trd

& PTe :-.I-- J(r!,{.rln) (43)

(41)
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(i¥) Length of the normal

PN:=0N2+0P"'=( j; )2+”’=r:=+r*
PN=4/(r{*+r?) (44)
" Examples

Ex. 1. Exoress ¢ in terms of 0, form the curve r?=4? cos 28
Take logarithm of both sides of
ri=a? cos 20
Then, log r2=log (a? cos 20)=log a®+log cos 20
or, 21logr=21loga-+log cos 20

2 dr 25in2§
r d8  cos20

x

=—2 tan 20

: : do
or, cot §=—tan 20=z0t (®)/2+:0). [ = r == =tang ]

s P=r/2+20
Lx. 2. Show that the curves r2 sin 26==a% and rZcos 26=5b2

4otersect orthogonally.

Consider r? sin 20=a>
Taking logarithm of both sides,
2 log r +log sin 26 =2 log a

2 dr_l ?.cosZ&Eo

7 & T Sinde
or. cot ¢=—cot 20=cot (7—28)
o8 ¢=1r_26 & (1)

‘Similarly for the 2nd curve, r? cos 20=b?

dr 25020, pirerentiate w. . 08
de cos 28

2
‘we have—
S




426 Tangents and Normals

Ot, cot ¢'l=faﬂ. 28. .'.. ﬁl-iﬂa—-zﬁ.

Hence the angle of intersection of the curves is
«=p—@=r—20—ir+ 20=}m.

Thus the curves intersect orthogonally (at right angles).

Ex, 3. Prove that locus «f the extremity of the polar

subtangent for the curve.
1 vl ™
—HE=0i—= [ T+0)

Let the entrimity of the polar subtasgent be (ry, 8;,). then
r1=OT=polar subtangent (see fig. 15)

=D 0

From the figure
—ti=/XO0T=/POT— / POX=17—0
or, §=3n+0; (2)

From the given equation -—I_-=-—f(ﬂ)

1 dr ¥ L dg 1
=TS Sy ey
1 .
or, n::f'(hr-l-ﬁ:) by (1) and (2) ]

1 .
or, T;f'f (Im 4 61)
Drop the suffixes from r and § getting equation is
I
—=f"(r+0)

which is the reauired locys.
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Ex, 4. Show that the tangents to the cardioide r=a(l4-cos 6)
at the points whose vectorial angles are 7/3 and 27/3 are respec-
tively parallel and perpendicular to the initial liae.

Let the angle between the radius

vector and thes tangent at (r, 8)
be ¢, then

de r
tan ¢=r Er_-(‘a;-/d—aj*

=a (1+COS 0) =

L Iy
—a siof

=—cot }0 =tan(iw+16)
S P =iﬁ+ %a“

Fig. 16

1f the tangent QT is parall:l to the initial line OX then

@=m—6=2in +40=7—0

or, 30/2=i=n or, 6=%n

Hence the tangent is parallel to the initial liac at 6=7/3

Let the tangent be pzrp. to the initial line at @, when

¢=/0QT = £LQMO 4 L QOM=1ix 47— 0=3n/2 -0

=i7+10=37/2—0 or, 306/2=7 or, Om=i7T

Hence the tangent at 0=§-r= is perp to the initial line

Alternative method

Let & bz the angle made by the tangent with the x-axis (bere
initial lint)., Thend=6+9¢ ; r=a (1--cos0)

1 dr — @ sin §
LRI A o SR
r dy "~ a(l+cosh) Bl
or, cotg=cot (Iz+18) .~ g=1ir+16
tan §-+tan @

Now tan ¢=tan (8 + ¢)=m¢_
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At 8::3-:':. then ¢=iﬂ+ 1, -}ﬂﬂ&ﬂ

,_ tan guytan B A/ 3—4/3 o

tan y= Ty .
= i—tan 3 lauB‘-rr'- 143 Ay (e

Hence the tangent is parallel to the initial line at § =x/3.

Again when 6=27, ¢=1z1+1 2x=57/6

o tan 274 tan 5x=/6 = —/3—1/4/3
3=tan Entan 5n1/6 . 1—4/3(1/4/3) =2
s Y=900,

Hence tangent at 0 =2 is perp, to the initial line.
Ex. 5. prove that polar subtangent and the polar subnormal

af

of the equiangular spiral re=e“" varies as the radius vector r.

ag 1 dr . B
Here r=e o -Fé-ae =Ja4r

db 1 r
Polaf S“braﬂgent r? -—"fr—'=rg —;;-::";z-—-

<+ Polar subtangent varies as r as ¢ is constant.

. dr
PPolar subnormal =" _
a a0 ar

<« Polar subncrmal varies as r as @ is constant,

Exercise X (B)
1. Express ¢ in tcr;ns of ¢ for the following curves
(i) r=ad (ii) 2a=r (1—cos 0) (i) r=a(l—cos6)

0 cot « 2
(iv) r2sin 29 (v) re==age. (vi) ro=g® cosn0 C. U. 1983

2. Find the angle of intersection of the following curves

(i) r=a(l+cos ), r=a(l——cos §) (ii) r=2 cos 6, ¥ cos D=—%
(iii) r=4(1 +sing), r=3(1—sin 8) (iv) r=I1+sin0, r=1—sind
(v) rP=ag® cos nf, ro=a" sin 10

3. Show that the following curves intersect ortﬁbgonally (at
right angles). '
(i) r=asec?6/2, r=bcosec?d/2
(i) ro=g™ cos mg, re=b sinmo
“ (i) r=a(l+cos0), r=>b(l—cos @)

(iv) r?=a2c0s 20; r?=a?sin 29.

4, Show that polar subtangent is of constant length for the

curve, ri=a
d cot a
5. Show that in the equiangular spiral r=ae the tan-

gent is inclined at a constant angle to the radius vector.

6. Show that for the curve r=af the polar subnormal is
constant and for the curve ri=a the polar subtangent is constant
a being a constant.

7. Prove that locus of the extremity of the polar subnormal
of the curve r=f(0) is r=fi0—1x)
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8. Show that the curves
ree=a® sec (m94 «) and r°=bo sec (10 + B)
intersect at an angle (% —f)

9. Show that the locus of the extremity of the plar subnor-
mal cf the equiargular spiral r=ae¢™g is another equiargular spiral.

10. S%ow that Polar subtangent for the curve,

: .. 2aco: g2
r=a (l+co*8) ls—w

11. Prove that

‘—g.;-s a(sec nﬁ)(n_ e
for the curve ro=gn cos 18
12, For the curve r*=g® cos n, prove that
el .E;E __l_mnn—_lgo
13. Show that tangent drawn at the extremities of any chord
of the cardioide r=a(l+cos6) which Passes through the pole
are perpendicular to each other.

14.  Show that in the curve r®=g0(l—cosB) the 1adius vector

of the pt. whose vectorial angle is 2 cos™? %56‘ makes an angle

of 45° with the tangent at the point. [D. U. 1954 ]
15. Find the polar subtangents, polar subnormals, length of
the tangent, length of normal of the following curves.

(i) rem—6sin @ at 7/3

P ST LN T e
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(i) r=2sec @ at /4

(iii) r=5+2 sing at /6
(iv) r2*=4 cos ¢ at w/6

(Y) r= at 7/,

AL
1+4sin 0 .
16. Show that the locus in polar co-ordinates of the inter-
scetion of two perpendicular tangents to the curve
X=q cos3 ¢, y=g sin? @ is

ri==1q2 cos? 29.

@HiE X (B)
. TfaRe qwagre®m w9 ¢ o3 G-0q sranew o™ TR
() r=as (ii) 2a=r(1—cos 0) (iii) r=a(l—cos 8)

(iv) ri=sin2¢ (V) r=a ee catx (vi) ro=gq" cosnd
c. UI 1983 ‘

2. [asfafys qmagef wr arq M FI0
() r=a(l+cos6), r=a{l—cos 0) (i) r=2cos®,
reosB=—% (il)) r=4(14sin 8), r=3(I—sin @)
(iv) r=1+4sinB, r=1—s5in0d

(v) re=gncog nf, ri=gn sin 19
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ferreataean wrmzam

3 ciste @ fafefis awae® srmms aveny e 7o |
() r=asec®€),
(i) rm
(i) r=c(1+cos 0),
(iv) r*=da®cos 29 ;

r==0 cosecf2
=cWeos md, po=pm sin mb
r=E(I—cos 0)
r==6"sin 24.
4. (7970 (T IWCZATA rO=0a QAT (AT A= CTA 07 B9 AT |

5. (74t (3 #RTA- -13ifae gadt r=ae HBLr
€7 (3 ¢F7 fqars ~
i B

“ (eqiangular spiral)
9 E SR (Rurg wifEs ada) T (@Ty Serla

= ke -y L . |
6. 3M *0" @3B #3 | 27 ©CA (i €7 r=a) ITC2TH CATT |

Comia R rl=a G (NEg BoewuTrn 0ad ey LT |

T TR ¥ @ S (9) ITENT (A BT A ¢or=TE oty
UTBIRRT A %L r=/10-=[2).

8. (74re (7 r"=a" sec (n6+ a) @y r=b" sec (n0+B) qELATT A
Y (31 2qA (a-B).

9. ¢aqre (3 AFAT padl r=ae i
Botaitan wrEfEa [%1a Yg 5ol 9B AqTe -
spiral).

10. ¢7sre @ r=a(l+cosh) xmgarg comarm Somins ol

__ 2acos® (8)2)
S sin(0]2)
11. #dr4 g9 ¢4 r°=a” cos 10
ds =a(sec nh) d=l,
) &

a3 (& 314 f379¢S eonrara
¢3t{%% et (Equiangular

eq Ty )

12. 3wl /m=a®cos 10, «7 w9 ware 37 €4
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2% thrg 45°.

5. Fafniie 7 ) Ao

15, Fafafis zmEsrelag cenaa Ba~s’s, ¢onarg 8
W) gfearsa L f@dy =2

() r=-06sin0 a1 =3 F9rs|

) r=2sec0 a7 =/4 ﬁ:wg|

() r=5+2sin0 ag =/5 fasgre 1.

(lv) r*=4cos 0 s =/6 frwrs |

4
W) r=vqrum =4 s
=

16, (%16 (3 a@gEw] Y—a cos’d, y--asin’d g TP B KPO
'“ "9 ME™AT A HESTT (BT 3 TLT (TF2wT L""ﬁﬁ(a RN
Wy g2 ri=1a® r‘o; 24.
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I, (i) tan @s=g, (ii) 612, (-
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I8 (i) '_9:""3':'\/?{}?,6: (.li) 2"1/21 2’5,.2.1 4, 4.
() 124/3, #/3, 61/1_3-; v3%

(v) 3, ¢3, 1/4/(2/¥3) 264/ 3, \l ,¢3> ?
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PEDAL EQUATIONS X (C)

Pedal equation s—The relation batweea p and r f¢
a given curve is called the pedal equation of the curve, p Is t.
length of the perpandicular from the pole or origin to the tange
and r is the distance of any p2

fy eliminating @ from (46) or (47) with the help of F=11&:
the required pedal cquation is obtained.

10. 13. To determine the pedal equation of a curve whose
satienlan equation is given by f(x, y)=0. :
I'ho equation of the tangent at (x, y) on the curve f{x, y) =0 ¥

10. 11.

int on the curve from the pole 2
- - v
Is denoted by f(p, 1)e0. Y=y "% (%=, or, Y—y—(¥—3)g; =
10. 12. The Pedal equation of & carve given by r=1(0).

| i i ' in (0,0) to the
: The perpendicular distance from the origin (0, 0)
Let O be the pole and OA the initial line. Let PT be !

fangont Is

tangent at P(r, ) to the curve rmf(g). The radius vestor OP | pe= —y+x(dyldx) __Xyi—y
Draw OT perpendicular to v -+ (@eF) ‘/(l-f_.'.qu)
1 the tangent PT Alio ARmxtty? .. oo .. (D)

80d fx, ))=0 o oo (i) '
Now climinating x, ¥ from (i), (ii) and (iii) we get a relation
Biween pandr. This relatmn is the required pedal equation

~ Bee cxample 3,

! Let OT=p, [/ OPT=g T
From the right angled AOPT

| OT=OP sin OPT=r sing 0 ¢ A
.' or, P=t ring...... (45) |

Fig. 17

Pedal Curves

10. 14. First Positive Pedal. If a perpendicular is drawn
from a fixed point on a movable tangent to a given, the locus
of the foot of the perpendicular is called the First Positive
podal of the orginal curve . r. to the given point.

The pedal of the first positive pedal is called the 2ad

e 1.
? r spt
1
a3 (E;T')} ’s tanﬁ-ﬁ-{’_]
dr posltive pedal and so on.
J is a point on the curve APQ. A tangent PT is drawn

1 1 1/ dr
‘31’, —'p_‘-‘?;‘-i-"';‘—('?é-) (46) .‘ P on lhc curve APQ and OT 13 I’Efpendlcutar FI'Dm O

1

l p
Or, n—r‘—‘“osec‘! ¢--—-—-(!° 2l

cosece or

! . d the tangent PT.
If we put u-._!._’ then _‘fl_‘_ﬂ_ 1 dr
r dg
and hence
1 du 2
— = 2
" +( %)



Fig. 18 Fig. 19

T is the foot of the parpsndizular from the origin to tangent
at Pof curve APQ. Similarly we get feet of the parpzndiculars
from the origin to the tangents drawn at the points on the

curves APQ. All feet of the parpandiculars will lie onacurve STM

The curve STMis called the pedal curve of the curve APQ.

Consider two adjacent points P and Q on the curve APQ. |
Draw tangents PT and QM at P and Q respsctively of the curve.

Draw OT and OM perpzadiculars from O to the tangents PP and

QM respectively. The two tangents PT and QM iatersect at R.

Join OR and TM is a chord of the circle describzd on OR as
diameter. P, @, R coincide, when the chord T™M becomes =
tangent to the circle described on OP as diameter ata poing

where the circle cuts the tangent PT, i¢, TM is tangent ta

the circle as well as the pedal curve at T.

Let OT; be perpendicular drawn from O the tangent TiTAF
i, e, on first Pedal.

/. OPT=¢, then [ OTTi=¢
Let OP=r, OTy=p1, OT=p
From AOTTy, OTi=OT sin¢ or, pr=p sin ¢
From AQTI?, OT=0Psing or g=r sin ¢

Theeefore, from the above iwo equations. we get a relation

between p and py.
s prepyr or, re=pip
(1€ f(p, r)=0 be the equation of the original curve, Wwe
will get a relation between P and p; by putting the valuwe
fo r in f(p, )=0 i,¢,f (2 2] ps)y=0.
f(p,p%/p1)=0 is the pedal equation of the pedal curve
put pe=r, py=r?p inthe pedal equation,

then _f(r,rﬂ{p:—(}
ts ihe pedal curve of the pedal equation f(p,p?/pr)=0

Working Rule for determining pedal curve.

Find the pedal equation of the given curve say f(p, F)=0 Now

put pe=r, and re=r¥p in the pedal equation f(p, r)=0, to get
. rfp)=0 which is the pedél curve of the original pedal
oqustion. :

fir, r2p)=0 is called positive pedal of the original equatif-m.
®hnilarly by applying the above rulef we may get Ist positive
pedsl, 2nd positive pedal, 3rd positive pedal and so on,

.- \ 1 A
Ex. Given the pedal equation of the circle ap=r2

Determine the 4th positive pedal.



438

The pedal equation-of the circle fs -
[, N=ap—rt=0 .,

T AR
For the Ist positive pedal
Put p=r, and re=r2jp in (n
Then Sr, r2[p)= ar—(r2/p)2=0 or, p%g=p3 e ()

The equation of the Ist positive pedal of (1)
rige=(r2[p)s of, pigumpt

3)
Simflarly, 3:d positive padal is Pla=r’j
Therefore the 4th positive pedal is Pla=rt

10. 15. To determianc the positive

of any curve where cartesian equation is givea,
Let the equation of the curve be fixy )=0
Let P=X cos a+Y sin g 2

be nnly straight liae which touches the curve,
But the equation of the

()

tangent to the curve f(x, y,=0 at (x, Y)
M. ¥ s
m " LP 5 ...I:D (3) sec Arl 10.2  (iif)

If (2) and (3) are identizal the .
n iheir cc=-cfi
PfOIJOrtmnal cient will ba

Hence ¥ Icos o = -_...’

Ll
-

sin e(=--— (-—-p)-), (say) ... (4)
From the above four equafion

We can eliminate x, y and \ get the result in terms ofp and .
p and « are the polar gomor

dinates ¢f the foot of the
perpendicular,

If we replace p by r ard « by 6 then we get the polar equation

pedal w, r, to the origin .

439

whioh is the required locus of the foat of the perpendicular. The
fagus Is called the first positive pedal of the given curve w, r- to

the origin.

fx. Show that the first positive pedal of the parabola y3=4ax

w. r 1o the vertex is x(xi4y?) +ay?=0
yr=4ax (1
The cquation to th: tangent at (%, Y) of the curve (1) is
Yy=2a(X+x) - Of 2aX—Y y+2ax=0 i {2)
Ler p=X cos «+Y sin < (3)
be ary slratghl line whi:h tcu..,h-..s rha. curve (l)

" .I | e co L 0 t T]lv
fope 1on l. 0 1}

cos & sin k. —p

= = or, y=—2atana, Ama—p 520 &
20 7 =) 2ax

and 4q? tao Le==—_qap seC «

Now from (1) we have ! ’
4a2 tande= —4dap scc * oOr, & sin? o +pP COS -r.=

Now replace < by 6 and p by r then the locusis

. 2 Z
a sin%g+r cos =0 or, a Prr4x=0 5 riex + 2 0
or, ay? ! xr?=0 or, ay’+ x(x2+y9)=0 o x=rcosh, y=r sin
L] =¥ -
Thus the first pasitive pzdal w. r. to the vertck is
x(x2+y3)+ ay?=0.

#10. 16. Determine the first positive pedal w, T, t0 the pole of
any curve whose polar equation is given, A

Let the equaticn 1o the curve be f(r, 6)=0 ...

Let PT be the tangent to the curve at P (r, 0) b

0Q is drawn p° rpendicular Lo the tangent. Let Qm. 8,) be

3 2 bz the initial line.
~the foot of 12 perpendicular. Lo -t OX




curve) w. r. to the pole,
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AXOP=9. AOPT=g, PEX i
“+ 0=/XOP=/X0Q+ /P0g

e=91+§w--LOPQ=ﬂ[+i7r——¢ Of; 0=0,+1n—g ros ool
a8

lFa et iy, tan ¢="‘Er‘ yxs, o2 ave (3]

AOPQ 221 0Q=0P sin / OPQ=7 sin ¢
or, ri=rsing .. .. 4)

1 ] 1 fdr 2 '
ETEETRRINE ) D

From the equations (1, (@), (3), 4) or, (5) we can elimina
T, 8, @ and the result will be in terms of #; and 0.

The dashes may ba dropped and the required locus will
obtained ia r aad g only. ‘ '

Ex. Show that the equation of first pasitive pedal of
re=a® ¢ nh w. r. 16 the pole is

n

Syt ) n

nii 11 CO5—n.

r =g 5 : l ?l+l°'
P=a%cosn@ . . .. (@))]

or, nlogr=pn|.y a+log cos g
dr

M ———— ) —
p +

el (~sin 18). jte=mp tan nf
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Of cot dm=—tan 28=cot (m/2+ ng)
. * 'f‘=?¢'/2—|—h‘ﬂ VR aal A (2)
Rut B=ﬁ:+ﬂ[2-—§§=!31+ g ";2__”&“’1_-”0

8
, ’ 1 = r s iaa .
S (1) 0=8; or, ﬁ_.m 3)
We know ryep sin ¢ =sin (7/24 n8)
=T COS 78 =a(cos n8)'[s, cos g by (I)
n41

n
<o ri=a(cos ng)

n T
ndl n4-l cos KL
But (1) =g b
L e
n+1 n41 ©€0s\,3
or, (r1) =a by (3)

Now make rq and 8, as current, then the required first positive
Jpedal is

2 — no
n+1 n+1 cos.— Proved
r =g :
*10.17. Negative pedals
Let C, Cy, Gy, G5, Cop Cp ~vvsa s «+Cq be a series of curves,

Cyis called the first positive pedal of C, C,called the 24

positive pedal of C. Similarly Cy is called the §ih Positive pedal
of C.

Now if we consider C. as the original curve, then Cjy is called .
the first positive pedal, C, the 2nd positive pedal of C,,

The curve C, is called the first negative pedal of C,, C, the
2nd negative pedal of C,, Cy, the 3rd negative pedal of C, C the
dth negative pedal of C,. In this way we get negative pedal from




-
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a series of curves. see Ex. 4 and Ex . 5,

Working Rule for determining negative pedals
Put r=p and p=p°/r in the given p:dal equation f(p, r)=0i. c.
f(r, p*[r}=01is the first negative pedal. Repeat this process for
the 2nd negative pedal, 3rd negative pedal and so on,

*Ex. Determice the pth tegative pedal of the curve pla=r*

Put r=p and p=pt/r in pla=r*

The first negative pedal is (p2/r)4 a=p® or, pla=r¢

2nd negative pedal is (P*fr)a=p' or, p2g=r3

3rd negaltive pedal is - (P/r)%a=p* or, pa=r2

The nth negative pedal is po™4— gpa~s

' #10. 18. Xnverse curve
Let Pbe apoint on a curve and O be the origin. Another
point Q is taken on OP such that OP, OQ=g constant, say k2.

The locus of Q is called the inverse of the curve along whick.
P moves, with respect to a circle of radius % and centre O.
*(a) To find the inverse of a given curve whose cartesizm

equation is given.

Let P (x, y) be the co-ordinates |

of any poiat on the curve APC g c \ \}\%’,
f(x y)=0. Let Q (x, y’)_b!e another 3 i ~
point on OP such that OP. OQ=k? P ‘
: _ 4
. e () AL L ;
Fig. 21

PM and QN perpendicular are drawn fromPand Qon OX

respectively.

Ex. 1. Find the polar reciprocal of the hyperbola
Now from AOPM and AOQN

x OM OP OPOCQ k°

¥ =“ON=0p = 00z —ogr Y]

Bx”  Bx
or, x*= 0Q% =72t y3 as[ .~ 0Q2= ONQ+NQ2]
Similarly y=- ’{z:y'z

The equation of the given curve is f(x. y)=0.
Replace x and y by their new values,

k2x’ FEp N -
T T AR

The locus of Q is another curve which is obtaipeq . by remo-
ving dashes from eq. (2)

Ex 2 A, Vi
i an(‘;;-—'-;-z..' ";:?;.—y?) 0.

Worl:iug Rule ¢ The faverse of a curve fs obtained by repla-

in the carteslan. equation of the

and y by

cing x by ,_i_yﬂ

k2%
2+ ]
curve.

(b) Polar equation g—The inverse of a curve {5 obtained

by replacing » by k?/r in the polar equation f{r, 8)=0 of the

curve i. e
f(-":i a)=0
(c) Inverse of a curve when its pedal equation is pjyen
Let p={(r) be the pedal equation of a curve

The pedal equation of the inverse of 2 corve Whoge equation

Is y=f(r) is given by



k2
il ]
{(d) The polar reciprocal of a curv< s the Ia

* 10, 19. Polar Reciprocal

(A) Polar reciprocal of a curve W. e
the pole, O to a tangent to

verse of its pedai,

fo a given circle.

Let OP be the perpandicular fcom
the corve, a point Q is taken on OP o¥ or
OP.0Q=constant=42 (say)

The locus of Q is called the polar

0. r. to acircle of radius k and centre at O.
is the imverse of its First

produced such thet

reciprocal of the given curve

Th.c polar reciprocal of a cmeve LT ;
pedal. The equation of the polar gRAISHIFRERY DN EIIED FRere. b

obtained by finding of its pedals.
Working Rule 3--Find the conditios? 1hat 2= €05 w4
touches the given curve. Then replac® PR Al % 5o from
the condition.
The result will be in terms of r

reciprocal w, 7. to the circle of radius

and 0is the required polar
% and czntre at the crigin.

i and the centre
X _ Y2 _1 with regard to circle of radius & enire
at b2
“the origin of the curve.

Let p=xc0S <+ §il & e o+ o

i puv el B0

touch the conic ?&— b -]

1))

The equation of tangent at (xz, ¥1) to (2) is
s WS A e e 2 3)
@t~ bt

- = ;. t .
i (1) and (3)are identical, then $BEIF ©° cfizients will be

. i ; hus
proportional. Then compare their coeffivicats. T
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TSI N

4% cos « Psink — p
g? b2 sin «
Je Xy= —COS ®, Ypmtem S

The required condintion of tangency of line (1) is

a*cos?2 & p3sind & A
F i ? il of, ple=a?cos?®—b2 sin?a

Now remove p by ék:— and « by 6
kl
& = =q2 cos28—b2 sin?
ot, kl=sa®r® cos?Q—b%r23in28 ... ... (4)
which is the required polar reciprocal of the curve, (2)
If x=r cos 8, y=r sin0, then (4)
becomes k'=a'zi==p2p? or, @22—-p2p2 =}"
which is also the polar reciprocal of the hyperbola . r. to
the circle of radius & and centre at the origin.

#10 20. (B) Polar Reciprocal with respect to a given conic.
Let S=0 be any curve and F=0 be the given conic. The locus
of the poles W r. to the conic F=0 of tangents to S0 is called
the polar reciprocal of the curve S=0 w. . to the conic F=0.
Letp=Xcos«<+Y sin o . (1)
touch the curve S+==0 and the condition of tangency is in terms
of p and « i. e, p=f(x) vee - e (#3)
Let (x, ) be the pole of the tangent (1) 2. r. to the conic

I'=0. The polar of the conic F=0 w. r. to the pole (x, ) is
XFe+YF,4+ZF,=0 (3) s (Z=])
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This p-lar must coincide with the tangent (1) and their
co-efficients are proportional. Now compare their co-efficients,

cos £ sin < P °°s"=_£‘_.. sin *___f_"z_
Px . Xy j:: -—.Fl i Fy . P F,

: cos®x  5ir 3k F:Q+Fy? 1 .F_}_’—!—F,?

IR i e W

y
Also taneg= -F-:

Put them in (2), then

'J{F.i;‘—f,f}-‘ ltan“F }

which is required polar reciprocal w. r. to the conic F=0
.seeBx, 7 .

Examples
Ex. 1. Show that the pedal equation of the cllipse

y’

—”1...-3‘-’--1 © R.U.1960,D.U. H. 1963, C.H. 1965

p? r
we know the polar equation of the cllipse by taking one of the

focus as pole is [/r=1+ecos 8 (1)
From (1), we have log I—log r=log (1 }e cos 0)

1 dr_ __esino_ esine_ o
r°- 48  l+ecoso

[ s . cot¢]

s D or, cot = iTecom
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But we know, p-r sin ¢

l cosec? 1
or, __f—s 3 -----—-»¢ =—5(1+col’@)
- 1 1 e? sin2p 1+ 2¢ cosf+e%(sin29+cos20)
rs (1+e coeg)? r?(14-¢cos 0)?
or, _i__ 2+2e cos) +e*—1 1 2(14e cos 6 e?—1
p2 r’(2—[~ ¢ cos 6)2 (1 Te cmg)ﬂ"‘(ﬂ. e co;l))ﬂ

---!..[ : e €%2—| 1 ) ' e2—1

2 | l14ecos@ 1+e CW]— -F?[TF__T-.FF]
1 2r :

n [ l +Tf(e=-1) ]==-—-[ 2ra ( Sl__l)]

2a a? b2 2 2
"“5=£+‘sa‘[“‘—"—1] %

a® e e
a0 2a 1 ® 2 '
T Hr % = ——1 Proved.

Ex. 2. Obtainlthe pedal equatior of the curve.

=g sir, m R. U. 1967
Take logarithm of Ibo:h sides m log =g loga+log sin me
. 1 dr 1
Jo W =04 __ *
r 4 COs cos me (=20 mB)m
or, cnl¢ =Ccotm0 .. ¢—mﬁ, P -is (1)
But p=r sing==r sinm 0 (2)
From the given equation rU=gam sin 4,40
W!'- ha\'c Ein mﬁ=f““{a“’ wee T 11l (3)
P=r. rojgm o by (4)

of, pa®= ymil

which is the required pedal equation.
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Ex. 3 Find the pzdal equation of the curve x?-}-y'-"-.;axso

The cquation of the tang:nt to the curve
X242 —lax=0 oo {1)

8t (x5, ¥1) 15 xx1+yy1—a(x +x1)==0
or, x(xi—a)+yyr—ax;=0 s ik (2)

The length of the perp. from the contre (0, 0) to the tangent is

s —axy = —ax; —ax,
V(x+ P —2ax+ a*) e

& {x1—a)? ';3'-1’}_“
¥ 2 2 2
) Again from (1), x12+y91—2ax! =007, .t1=z'—x1—-ai3ll—- =.2£_ i

< a

2ap=r2,

o

L) *Fx. 4. Find the %th positive pedal of the cardioide
r=a(l+cos 6)

The equation can be written as r=22 €0s’0/2 ...+ (1)

or, log r=lag 24+2 log cos40

= -?I'% =24 :(;:nﬂ%;; =—tan]l =cot(ix + 10)
or, col =cot (in416;

dr=iz+d0 . L ()
But from the Art 10,17 ane we have

00"+ 37— §i=0"+in—='2—30 or, O==20" ... (3)
Azain we know

! ri==r sin ¢y=r sin (in +40)=r caséﬂ
=2a ¢05°9 2 cos 10 =24 cos3/2=2a cosd i 2n

or, n=2lacosd Ly = (4)
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which is the first positive pedal Simplify as before, then

| dn

Fo* dbg
o1, cot ¢y=cot (7/2+6:/3)

Y ,=0/24865/3; 01=8:+7/2—¢, o1, Gy=30,/4
Again 1,e=ry sin ¢gmmry cos 61/3=2a cos? 63/3 cos 01/3

=2a cos* B3/3=2a cos* (6_[4)
rie=2g cos* 8,/4 ... ... ... (%)

which is the 2nd positive pedal of (1). In the same way we

=— tan 0/3=cot (m/24 6,/3)

##1 the k th positive pedal of (1), and this is

ree=2a cob"*“(h_e_“_ )
= k+2

Alterpative method

pm2acoi® 82 ... ... ... (1)
Lot us consider 1t as
Fe2a cos®™Bfm) ... .. (2)

o1, lopre=log 2a+4m log cos 6/m.

1 dr =~ sin(0 'm) 1
— e -

P i cos(B/m) m

or, cot g=cot(n/2+8/m) . Pp=n/240/m
and 0=0,+n/2—¢@ or, O=0;+%/2=5n/2—0/m

{[-l-m) 1 _iﬂ_’q],
P =-Bl s ﬁ—'m

=-—lan 6'm

or, 0+—'a—= Bl . B
m

It we know ri=r sin @=r sin (/2 16/m)=r cos 0/in
=2a c0s=(6/m) cos (6/m)=2a cos™*3(0/m)

Or, ri==2a cogm+l (m-:l ) s e €3




150 Tangents and Normals

Therefore first positive pedal equation of (2)

r=2a cos?* l(mL-}-l') e (8

If we put mm=m-+1, thea
re=2a cOs™y —-3?, my=m+ 1
which is the first positlve pedal of the curve (2)
Similarly the 2nd posittve pedal of (2) is
e cos™y ~—B-. my=my+1=m+2
my :
and the kth positive pedal is
2a cosmy —L , me=m+k
Fipu- x e meg=m+
Put m=2, then my=k+2.
AT,
Thus r=2a g;;;)jj“+= m 13 “}e pedal cqualion_ of

r=2a cos? §/2=a (1 +cos )]

Ex. 5, Find the pth negative pedal of the curve r=q(l +cos ;'
" The equation can be written as ]
r=2a cos? 6/2 m2a cos™ §/m , m=2.
The kth positive pedat of r=2g4 cos® (8/n) is
r=2a cos™ (0/m)
where m=n+k or, nem—k
Hence kth negative pedal
of r=2g cos™ §/m is r=24 €os™0/m

Differential Calculus

\

where n=m—k
#imilarly the pth negative psdal of r==2a cos™d/m is

Fe=2a cOsm—P —B—-
m—1

HMence the pth negative pedal for r=2a c0s20/2

I re=2a cos®=r 2 o1, re=1a cos® -,%-, n=2mp

Kx. 6. Show that the positive pedal of the curve
r2[? cos 20/9=a2/? is r® cos 20=a?
Lot r2/® cas (2/9)0 = a?/® become r™ cos m8 =a®™, m=2/9
or, m log r+log cos mb=mlog a '
m dr sin (2/9)8
o ae Yo 0

or, cot ¢=tan mi=cot (ir—mb), ¢ =3x—ml.

But 0= 0y +}r—¢=0,+ia—intmb or, 0=0:1+mb

or, (1l—m)=01 or, B= —

Agiin ry=r sin ¢=r sin (3 —mb)e=r cos md

of, ri®=r"co:® md=a® cox™~t mo

n
or, n®j(™-=ma={(™"1) cos = i

or, 1m)(17"m) cos 1__"; 9='0“‘f(‘;‘“)

r -
ut m
I—m
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) m1
The first positive pedal of (1) is ry cos m; e‘aaml
Similarly the 2nd positive pedal is

m m
1—m: 1—2m

gt OSmfy my=

Similarly 4th positive pedal is

a™amymt cos g, §
L o )

But me—- then m,=

5 q= sp
Therefore the 4t iti 2 = .
rerefo th positive pedal of r2/® cos 5 0=a
is a*=r* cos 20.

Ex. 7. Show that invcrsc of the ellipge-'?-:.;. %_;1 .

with regard to the ongm is (x24-y2)2. e (.___ »
i a P

Put i forx, ——. e f
X2 O'% gy for yin the equation of cllipse

kt X2 kY=
Fhitn EX Ty =1

X2
) or, k‘ (—‘-I—E-l-

for the equation of inverse of the ellipse.

o)=Y L ()

Now replace X by x, Y by y in (1), then

B (35 4+ )=
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Ex, 8. Show that the inverse of the equiangular spiral

6 cotx ___ k2 ,—0 cotx

re==ge is a. another equiangular spiral.

2., k2 .0 cot
Replace r by -%—-ln ruge’ " ghen ~=at 9/ eoty
1 1 .

Gcotx
for the equation of the inverse of re=ae

k= otx 2 —
Now replace r1 by r. then—=a¢ L or, "=%‘e e

which is the inverse of the given conic.

Ex. 9. Find the polar reciprocal of the parabola y2=dax
with regard to its focus. s

The eq. of the tangent to curve y2=4ax at (x,, y1) is

yn=2a(x+x1) or, 2ax—yy;—2ax;=0 (1)

If p=x cOs ®+ y sin & touches the curve 33 =4ax then it will
be identical to (1) if the co-cfficients are proportional.

Thus 2ax—yyi+2ax1=0 ; x c0s K+ sia <—p=0

Comparing co-efficients, we have

2a _h 2ax;
cose . Sil o P
2ap _Zaslnx
Of, M= = cos <t cos &

Thus the condition of tangency of the line p=x; cos2+ y; sine

i —p COS K _ 24 Sin®a
cos « T cos®

or, 2p=-—2a sing tank or, p=—asine tang - ... (1)
The polar equation of the pedal with respect 1o the vertex is
re=—aq sinf tand (2)
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The inverse of this curve is

- BJre=—a sin g tan g (rri=k?)
which is the polar reciprocal of y2=4ax.
Put x="r cosg, y=r sirg, k2= —r +i-g tan 9

or, B=—y_ or, y2ilktx=0
Thus rsing tarf=—k? or, y*+k2x=0 -.
is the polar reciprocal of the parabola w. r. to a circle with :
ccntre at the vertex and radius k.

* Fx. 10. Show that the polar reciprocal of the curve
ree=g™ cos mo with regard to the hyperbola r2 cos 20=4? is

m . m i
e
r €O m+1
Let the pedal equation of r==a™ cos m @ a1 2
be p=rsin ¢ : -

Take logarithmic differentiaticn of (1)

then r _d'_ == -—tan mo
da

or, cot¢ =cot dn+mb) .. @G=(ix+mb)
Hence p=r sin (i®+mb)=r cos m)
(m+1)m  mlg

p=a cos m+ 1
% B0+ 4a—$ =03+ §7—Im—md or, 0= 01
m[fm¥])— g0 .71 ___mg_l. 2
(=)= a={(=") cos — @
Let p=X cos «4Y sin « i (3)

touch the curve (1)
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From the 2nd equation we have

r¥ cos 20==0q% or, r2co:0—r2sin?g=a?

or, xt—y?=a? {4)

If (x,y) be the pole of tangent (3) w. r, to x*—jy=gt
then the ftangent must coincide with the polar of (x, »).

Therefore Xx=—Y y==a2 (5)

Compare (3) and (5)

cose _ —Sin _p er, COS o ..f__. Sine ___ ¥
x ¥y a? P at p at

f 2
L8 _1_ (cos?® 4-5in? «) = X+ e

———

P? at at

or, pPe= _‘::.'. {6)

From (2) and (6), we h:_we

[yt s, (2)

mim+1)  mfm+1) mf )
a S oS \ m+1

or,

mj(m+1) m mo/(m+1)
v cos TmaT @ Proved.

Exercise X (C)

I. Find the pedal equation of a parabola cither from its
polar cquation or from cartesian with the focus as origin
of co-ordinatess ) DU 1952, 56
2, Find the pedal cqua{ion‘ of the curve

rf=ag* cos 40 D. U. 1965,
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4. Find the pedal equation of an elj;

of the major::axis. :
5

Pse w. r to one extremity

; D U. 1953
Find the pedal equation of the parabola -
yi=da (x+a) .
6. Show that the pedal equation of
With its vertex is a? (2
7. Show that the

D. U. 1961

the parabola y2=4ax
—P)=pNr24 dad)(pry 42y R.U.H.1964
pedal equation of thg astroid

_xz/a.,.y:/s:az/a is r24-3p2— g2 R. H. 67, C.U. 1932 -

2
Show that the pedal equation of the ellipse—fn— + _Jf__=1'
a

‘8.

with regard to tke origin is adbzf p2

=a4-b2— 2. N-v. 194

%
#9, Show that the first Positive pedal with regard to the
wertx of the parabola Y+ 4bx=0 can pe written as R, U. 1959
Y 28—=x)=x* where p— 2
—u_ 1 L] 3
(m) "SITEE /sin « \o—1T =&=—
3 u -+ (_T ) P =]

#11.  Show that the first positive pedal of the curve
B4 =g is (¥ +32)3/2 = (x8/5+ as/n)
#12. Prove ttat the kth positive pedal of pm

=a%cos mp is |

m m!
r"*=a "xcos my,

|
%#13. Show that the Sth negative pedal of the cardioide

where m, = i‘j!_% D, U, 1965

r=a (l—cos 0) is 8a/r=cos§+3 cos 30

9 cot «

#14. Show that nth positive pedal of the spiral r=gg

n(&u-—q) cot < @ cot «
e

is r=gsin®™ o

Differential Calculus

Show that kth negative pedal of the curve

#*15.

re=a" cos me

in
is r"=a" cos nf when n= T

#16. Show that pedal equation of the curv.e g

‘ x=a(3cos 9—cos*d), y=a(3 sir@—sin°0)
is 3p%(7a’—r") =(10a2—r?)8

%17, Show that the pedal equation of the curve

e e e
(x4 p2) = x2y" is _p’- s o T

%18, Find the pedal equations of the follomn;:ur\';s )
) . W]
(ii r=a+bcosg (i) r*=a" sin m&B !—»ﬂ €03
(iii) Ir=a(l4-cos @ (V) r’cos 20=a®
#19, . Show that the pedal equation of the c:rve .
y(3a—x) = (x—a)® is p* = 9a2(r*—a?)[r*+ (5a%)
#2. Showthat Sth negative pedal of r®=a* cos 29
is r%/® cos 2/99 =a*/° Sl =
21 Wri{e down the Ist, 2nd and nth positive and negativ
pedal of the curves ol
i ii) a@r= (iiiy r/p=a
i) p+r=a. - (ii) a*r=p * y. 3
;‘i Show that the pedal equation of the hyperbolic spira

I |

r8=a is P i T

23 Shov.; that pedal equation of the spiral of Achimedes:
r=ap is r*=p*(@*+r) T :

24, Show that the inverse of a straight line is acircle an
that of circle is another circle, : LPPUA
25. Show that the inverse ofthe conic ax®42kxy+by*=3y

is the cubic k2(ax® + 2hxy  by?)=5Syix*+37)
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26. Show that the inverse of the parabola __l'_ =1+cosé is
S g
cardoide r=a(l+cos ) where a=k*/I
27. Show that polar reciprocal r—a cosg with regard to a

circle of -radius k and centre at the origin of the curve is

= znl-i—cos-g

28. Show that polar reciprocal of x™p™=a™*" with regard

to the circle of radius & and centre at the origin of the curve is

a(m 1 n) m+n
e s —

%29. Show that the Polar reciprocal of ellipse with regard
its centre is a*xz-i- b2yt =kt

where k is the radius of the circle.
30. Show that first positive pedal of the curve
ro+l

P=—_ ispotlgm . ,mid
= P

and that its polar reciprocal with regard to a circle of radius

a whose centre is at the origin p™+1=g®r

%31, Show_-that the polar reciprocal of the curve x° 4 Vi=a

With regard to the circle of radius k and certre at the origin of

i e B k2 \o=i
the given curveis x © + y° : =(_)

emiT X (€)
L gafaqes Sopm (focus) qf3R) corama A1 FHEAIS TANCSE
a[HaceT 7 Fad g2CS (o3 Y eI fadfa a7 1 D.U. 1952, '56
2. FIfeaECIs (Cardio‘ide) r=a (l—cos 6) aa ¢#ircs (Pedal)

ESCRCE & SR Cc.U. 1983, D. U. 1958.
3. gmEwy r=d*cos4d ez (p,r) Aty fada 4t
D. 1. 196
4 (3R ¥ 90T 3TA0FR wm’:ﬁ: ACHCT BLIA LT ALTI74
fadfa =3 D.U. 1953
5. sarge (Parabola) 3*= '4a(x¢ﬂ) €1 (orEH NI A
Fq 1 D.U. 1561
6. cwe @ KAgE J"'=4at a3 A& ACTF 213 Sl
A% 28R
a@(ri—py=p(r*+ 447)(p*+ 4a’) R. U. H. 1964

_ : 5 % :
7. cqqre (3 @zZeay (Astroid) X 4y =a a3 ¢RES AN
rif3p3=a? R.U.H. 67, C, U, 1982
8. crre ¢4 YARYA ATCMT Sorag
¥ o . :
-gg-p-;—u—:I' a3 CNEA AAIF7q a°6°p*=a> b3 -1t
9. (qaTe (@ MNIERTA AT AA13G 2H40x=0 97 AW AT
cresH ANeAIs fag A yea—x)=x* @@ b=2a R.U. 'S
#10. (AuTS (3 ITCIY] P LB =1 a7 AL LHTIT (T AT
cos armfim—1) 1(L—m) | psinaym[(m—1) 1/(1—m)
EtW( J a ( ) b =1,
*1l. o418 (3 FE MUY= 69 g ERIT e FATI
R2A (VP =& P+ '
*12. ¢rare (g rm=a™ cos md mAegiag k-sa
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:ir-z;ﬂ-’ T a::mq A r=gm, co; my ey W P SR
.1‘: Tﬁ;:,: -l | ! . Db 1965 2. (et mr;alt‘:;i%@:i;;: G537 CNTA FF
. 5 o o J . 1as, I . |
:'f‘ wam mqr;it:t:?;::j 1:::; Paintcii 2. (aNTe (g mﬁf‘rz’%tjfjg?ﬁ r=ad a3 _.cﬂﬁjﬁ iz |
f‘i:""’-" T ey 4. ke cd aﬁ%-#ﬁﬂtﬂm-ﬁ*ﬁ"iw mlgad 93b 76 agt @ab
o g et @9 o - (57 oS ATFRd SR ovB W1

TS FIYT oorurag ANTA g8rq

Mrf2—g
F---asin"c_e(f Jest s ear-‘ota

'_15.. ciNTe ¢y IFLIY rB=gm
AT 28eg ro—go

23. crare 1 FfeF axt+2hvy+-by’=5y a3 Rt FIT R
fiere Adtgaa - -
k*(ax*+2hxp +by%) =5y (x*+y%)
2. (ire 3 ufige lr=I+cos 0 a3 fyordle Fiaae e
- WifSaegs r=o(l+cos 0), usrea a=kYL. .
27, (7418 (A IWANE TS cam «w koamd GHe ww
WO J@eq] r=acos 0 ag ¢orarra 851 Adlead 2RI Mr=1+cos 0.
38 (74T (F ITINA A RALT 3% an karad AR wez
WITHTs AN
X0 ym=amtn ag (onemg ©B) (Reciprocal) mftwar 236

x y2 f_f'_’g-"—) TH e,

cos mi-ag k oy FATIF o1
€oSn 0 cayrgy mee .
*16. caare CTIMAY *=4(3 cos f— ppgs

S T ANFI g 3pX7at— 2
‘1. cxre cq I (x4 0)=

0), y=a (3 sip 0—sinig)
)=(10 a'-‘-—r’)’

¥ onen miggg e
NP+ 3re<1)ca

"8, Fafale smavrein R At fady
() r=a+bcoss gii rP=a%Sin M4 b oo mp
() Zr=a(l+cos g (i) r?cos 2p=p2 V) »2
19, cagre g TR P Ba—2)=(x~gp2 ¢ Crewer ATy zc%c‘q
P*=9a%p2_ A(r*+150%) -
2. (axre (q ITAG] Fi=at cos 20 g3 opug VLT (W wa
A 5 ﬂ:‘a'frafacr R %P cos 29 B=q?/2
L tafaive secqarefi 36 9 mw gy ax H119
nE el 294 :

m=#teos 28 2. (adre (3 Bomicen cawra oS (with regard to its centre)

Soacea eotrem BBl wteTd 28y ExP-0%y2=k*, awrea & g¥a 3@
= s

0 41
+30. (A48 (4 AMAN] P= 9T G AAITF (XA AN

QR pret am=pP

3 31 RS 37 ¢ ‘@’ awrard fafeid wea AR e cnanaa
BeB) wftagq g3 puti=amr,
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o3, CRNTA (I FHAY X0 F) =0 a7 ARICS (3T @ Kk AT
fafv® 3027 AT IBCANTTA CATEATCET OB FFANT AW am

n : ey

n
n—=1 n=1 ’f:_) frd
x “+y =\a

Answers
1, p=ar 2. P=2p 3. ri=ap 5. p=ar
18, () ri=(@*—a*+2ar)p* (i) r™H=p[(a'=+ 1)
(i) rl=2ap® (iv) pre=a® (v) r=ap,
~21.  nth+ ve pedal negative pedal

(i) nth %(y-{-r)-:a_ .!:(p+r)=a

(ii) Pﬁ-{-s B=r2¥-t, roh d‘!=lpiﬂf'

{iii) e rlp=a
P

- Chapter xi
MAXIMA AND MINI VA

Il 1. Definition g A function f(x) is said to have a maximum

at x=a if j(ajbf{.x) for every x in the neighbourhood of a.

Thus if A is any small positive number, then

S (@>f (x) for a—hgx<a+h,

This implies that

f.a)>fia—h) and f(a)>f(a+ h).

Similary, furction (f(x) is minimum at x=a, if
f@Sfix) for a—h<x<at+h

when hﬁ-o and h—;-o_ In thisl case

flay Ra=—h) and fiA<f(a + h).

i
Lo i
R-, i!. Q. Qz Qs ::_
M, NJ-H‘
Feg.—1

Let Fig 1. r'epresent the graph of some funciion y=f(x), The
function is maximum at Py £, P, F, and minimum at Q, Q,
Q.l Ql . i

(i) We note that a function may bhave several maxima and
minima in an interval where the function is defired.
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(i1) ; It is not necessary that a maximum value of a function
is always greater than minimum value of the function, Maximum
walue of a function may be less than minimum value of a functions.
For example the minimum _value @, N, at @, is greater than the
maximum value PyM,; at Py.

(iii) In between two maxima, there should be at least one
minimum value of the function. Similary at least one maximum
value of the function must lie between two minimum values of
the function, There is a minimum value of the function between
two comsccutive maximum values and vice veréa,

Thus we observe that maxmimum and mirimum values of a
function (continuous ) occur alternately., 1

(iv) In Calculus we are concerned with a relatiﬁ maxjimum
or a relative mivimum value of a function and not with an absolute
maximum or absolute minimum in algebraical or trigonometrical
<xamples, -

{(v) From a pcint' of maximum, the graph ye=f(x) either

descends on both sides (point Py and £y) or ascends on the left
if (point F,) or descends on the right (point Py).

From a point of minimum, the curve y=f(x) eitber ascends -

on both sides (as at Oy and Q) or descends on the left (as at Q)
or ascends on the right ( as at a:)
A point of maximum or minimum of a function is called a

turning poins or a stationary point whea the function is
differentiable at the point.
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11.2, Necessary Condition for Maxima or minima
If a function f(x) is maximum or minimum at x=a and if f"(a)
#xist, ih;:n f' (d)=0
Let f(x) be a finite and continuous funetion of x in the neigh=

Wurghood of ¥ =a

From the definition of maxima or minima, f (x) is maximum
Of minimum at x=a according as f(a + k)—f(a) and f{o— h}—f(a)
ate +ve or both megative. A being indeflnitely small (5-9) and
positive. :

Proof ; For the matimum value of f{x) &t x=a

fla + hy—f(a)gO, fla—h)—fla)<O

Lkl R e o B O 2
Hencs

b

lim fla+ h’):—f(al <0 aud;:'flo f(aﬂ—h}h"jfgﬂ) "

lh=»()

Now if £° (@) exists at x=a, then the above two limits must
o cqual. Hence £~ (@) =0

Similary we can establish that f” (x)=0 is the necessary

tondition for a minimum value of f(x) at x=a

Hence the necessary condition for maximum or minimum of
f(x) 2t x=ais f7(a)=0

o
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(B) When f™(a) =0 at x=a with { (a)=0
we have from Taylor's Theomm '

‘,f(a+m--ﬂa)=hf'(a~a+ f' @+- Cgf'"‘(a)ﬂ_ 2/ (a4 o
fo—h)—fe)y=—W"(&)+ !_zfc )—L{“ c=)+ W (atoh)

* where 0<f<h

- £a+h;——f(a)=l__—3f"-(a) P 2 fi(a-+ gh)

4= R—flo)=— ’-‘1;"‘(::)4- o fria—on)
In geperal,
© IS @=f"(@ =.v=f (- H(@)=0 and f(a) 0. then
(h f(x is maximum or minimum if n is even ¢
fix) is maximom if U‘){") (a) is nepﬂveaml
f (x) is minimum if £(*) (a) s positive,
() f(z) is neither @ maximoem nor a minimum if n is odd,
Proof ;—By Taylor's Théorcm, we have

J(a-t hymyia)=hf (@) + 2:’ @ # o + I),r-v- @+

11.3.(A) Determination of Maxin.a and minima
If f (x) is finite and continuous jfunction of x in the vicinity |
x=aandif f(a)y=0andf"” (a)#0, then
(i) f(a) is maximum if £ (a) is negative
(i) f.a, is maximam if £°7 (8) 15 positive.
_ For f (x) has maximum or mipimum value at x=a, we ba
f(a -'%-5}—]&) and fia—h)—f @) are both mnegaive or boj
positive'h leing i;igleﬁnitely small (h=>0), ' ;
By Taylor's Theorem

(.« f7(@=0

BE .
{ fa-by=fia)+ hf ‘(@) + t—-—-f" (@+ is—- 7 (a+-6h) 0<@

v A R -
Lf(ﬂ—k} f(ﬂ)""‘"f' (“)'*‘ -G—'f ‘GJ [_b ﬂ—ﬂ’l),‘)‘:

[ o
(fa+ h—fi) = sz (aH--—-—f @) 1
3 v, 1. @)=
hf(a-—h)-f(ab— e ca)— LS a0 ;

Ln fe(a-+6h). 0<<h

i 1) ~f(8)=—hf "(a) + ?f “(a)--- c_l)“—‘g(ri—— ftn—a.:a:a

+(— 1)”!;— FC)(a—en), 0<8<h

Since h is very small, we can r_eg,lect-the Ind term. Then

Rt iy ERS
f(a+il'i)__-—f (@)= E_*f‘f “(4) af(“"‘ff)“f(ﬂ)“‘l:ff (a

approximately

" Ash® is aiways positive, so the sign Off (2ER)—SI ( f@+ h}—f(a}“f FE)a+ oh;

depends upon £ (@)
Since fla+h)—f(a)<0 for -a,maiimum of fx) at
/7 (o) must be regative and timilarly fora minimum value

A6 at x=a, 7 (@) must be positive.

%by conditior{c)
f(a-—-—h} fi@)=(—1p ———-f(“);a-—-&!z)

Now we can  write f° (g4 afs)«-—jn {a)+8,

M
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where € is a very small quantity (€-»0).
f={a-gh* is the sanie as the sign of f* (a)
Similarly for f° (a-—ah} has the same sign ot'f- (a)

© fla+h)—fia) = f " (@)

fla=hy—@)=(— 13" Eﬁ“ J:#:(a) approximately

If nis even, then f(a+ h)—-f(a) and f(a—hk)—f (a) have'
same sign. So f(a+h)—f (4) and f (a—h)—f (4).2re both ne

tive if f{*)(a) is negative,

 Similarly f (¥) has 2 minimum value at x=a if f(“){"

positive.

If n is odd thea f (a+k)—f (@) and J _(4.:-5&)—.{_@) have diffe

signs and f (a) is neither & maximum nor a minimum if n is od
11.5. Maximum and minimum vejoes when
dy/dx or. f{°(x) is discontinnons.

Let y=jf{x) be a funstion of x The fun=tion is not contini
at points shown in the Sgure and £°(x) is not continuous at s
(dy)dx) is undefined but y is fi

points, Py, Oy und Q.

Y R |

0

At P, botl dy/dx and y are inficite At P, and (y
is discontinuous,

So the sign.
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How can we determine the maxima or minima values of f(x)

#l these poings ?

3 dy .
Immediately before Py. the curve rises and so?x-b-o ; imme-

- Wlately after Py % <0 since the curve falls, AtFy the

dy

Waogent to the curve is ver tical and so ‘-7";- is undefined. Thus

DAl Py, »y=fix) is maximum and _dl changes sign from --ve to

dx

e,

Immediately before Q,, the curve y=f(x) falls and imme-

Wintely after Q. the curve rises, Hence Q is a point of minimum

ye=f(x) where % changes sign from —ve 10 4-Ve, although

"_ . does not exist atQ,

Similar conclusions hold for at maxima and minima at points

Where %is éither dicontinuous or undefined.

11. 6. Ina rational integral algebraical function of the nth
degree the greatest number of critical values 18 n—1 and
these are alternately maxima and minima,

Let y=f(x)=8,x"4+ax" " + ...+, _g%+da o (1)

bo an integral algebraical function (integral means there isnox
I the denominator)

dyjdx=f" D=ayna®t +a(n—1""2+ o + % o )
The necessary condition for mazima and minima is f7 (x;=0"
“r. ﬂaﬂxn*l‘l'al(ﬂ*—nxn“z"l’ are +aﬂ_1ﬂ0 nie (3]
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The eq (3) is of (n—1)th degree, so it bas (n—1) roots, re8

OF complex, C ot
Se 3

So, f(x) has (n—1) critical values if @'l the roots of f(x) an

real. From (2)
F(x) = dy/dx=0an(x— € Plr—etg) o+ (x—etymy) . (4)
where «,, €, «,,...45 8re the roots of £ (x)=0
Eet the roots be different and

LI L AN < S

Sign of (i’l’_\"'—-o gl 200 0 Ohyyy

dx } o 2 Ag . i =1

Supposing ;Z <0 for x=« l-.._{which is true n is even), we y
= :

dy " '
= ¢hanges sign from —.ve to +ve at <5, from 4-ve to

|t 4%, from—ove 10 4 rve or <4 and so on. Hence y=f(x) is mi

mum al« , maximum &t <,, minimum at oc, and so on. Hene
maxima and minima occur alternately.

11.7. Inflexions

The necessary condition for maxinia and minima if a funciiof
y=fx)is f(x)=0 |

but this condition is no:‘ sufTicient.

At a point P, £7(x) may bc.zero, but it is either positive ol
uepative on toth sides of it, thit is £°(x) does ol change its sigh

8lthough it becomes zero at P. Such 2 point is called a point
inflexion.

e Al s v i

~-x
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In general; a point of inflexion is cue at whish a curve changes
tho sign of curvature or the direction of bendiuz. Let z =« be
point of inflexion. Then, if f*° (*—hk)>0, We must have [~ (*-+
#)<0 or vice versa, whereh isa small number, If the curve is
Amooth at x=+, then f™ () =0, Hence £ () =0 is the necessary
vondit ion for'the point z =< to be a point of inflexion.

If d2y)dx? is first+-ve fora given valus of ¥ say ¥=x at P thea
ity /dx passes throygh zero and then becomes—ve, dyjdx first
Increases, then becomes stationaryand then -decreases, then the
point P where d2y,idx"=0 is called a point of inflexion (Fig 8.)

Similarly if d?y/dx?* is ficst—ve, then passes through zero
#l Q and tecomes +ve. then dy/dx first decreases then becomes
patiopary at Q and thea increases, The necessary condition that

Wy/dx is ‘maximum or minimum is d’p/dx2==0

flx) +ve Fltcve
:

fixy=0 " firy=0
Figa 7—’\/ B Figs
flx)+ve fl0-ve
+

flx)+ve | flor-ve

igh cl firy=ce
o+ ve ' fix) -ve

o f(x) = oc Fig?

Figs
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Cor. The greatest number of points of inflexion is (=2 11. 19. Necessary conditions for the existence of Maxima and

Minlma.
A fupction @ ( X, . 2...) has maximum or minimum value at

(. b, ¢,......) if the partial dervatives exist and -

Slf» 8¢ 8¢ T — |

Sr oy G 821;

T gj(:» ¥, Z,.ee ++) is continuous at the neigh-
)then we Lave by extended Taylors’s

an intergral algebraical function,

Let ymapxn+ayxa=d .. .coo 40,y X+ a,
Tten

dy ;
Tr 0wt 40y (B—1) 2 4l 2x ey

bourhoed of (a, b, c..
Theorem

dy
dx._z=ﬂou(n—"l)#_l-z+uuu +2aa_ 1-....-...;..{1) s 5
h—+k -—- R )
e - x+h y+k ztl.)=e Bx By 2
Tke condition for the existence of a point of inflexion irate et #(x, ¥, z...)
d’ ‘ = |
ol NPT USNDNIN IR P UL /. By XL N
='[ +( o +k 3y + 57 L_z Sx &y
As tlfc equation (i) is of degree (n—2) if may have (n—2) _H's_zﬁ_ )T ]¢ (X Po Z <ros0)
voots at the most, H
inflexions is (n—2) i i ke wblr, 3, 2) b (b 2 4k Bkt S terms
of the 2nd and higher ordtrs.
11, 18, Maxima and Minims for the fumction of severs or, (x4h yt+k zt+l.)—¢ (x, ys2 Y=k — + k- aqb

independent varisbles.
13 4.4 terms of the 20d higher order A, K, I.....£1)

8z
31"
As h, k, 1..,are very small, then hE_‘
Z

Definition 3 Let ¢(x, », 2......) be any ‘finite and continuou
function of 2, y, Z...... -at the neighbourho0d Of ( @, &, c,u....mees

ST
3y 8y

dominates the sign of Right handside of (I,
If we change tc sign of b, k, L....., the sign of the Right

side ¢f (1) will change.
Hente thL necessary condition for a maximum or minimum

The function é(x, y, z,........) is s2id to have a maximum valy
at (9, b. .. il ¢ (a-+-h, b4k, e+1..)<(a, b, c...) and ¢(x, 3, 2...
is said to bave a minimum value at (a, b, c...) if ¢ (a-+h, Dk,
e+1.)>0g, b, c......), whatever be the increments h, k,I..eto
provided they are sufficiently small and finite,

= 3‘1’ 3¢ ..2. g St WS
value is b +k By+‘{32 + e (2)
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Sinc (2)is always true whatever be the values of h Kk 1.

(:e.cms as f, k, I......etc, are all independent of one other,)
we have

3 _ _o 3% o

3 ettt 4 )

! 3
Bx Sy 3z " @

As there are n independent variables, so we will get n equations,
Solving these equations we get the value of @, b, Cyunnas wBtc, Now

put the values of x; ¥, Zuu-in ¢ (x, 3. 2,..) Wiich is sither a
maximum or a minimum.
The conditions
3
313 4'.?=0 3:}:

] £ = 0: etC.
8 X b » 3z

are mnecessary but not sufficient for the existence of maxima
or minima.

11.29. Determination of the sign of quairatic expressions.
(i) ax®42hxy4.by? ‘
(i)  ax?42hxy+by* + c2=2fyz +?gzx
Let T,=ax®42hxy L byt
e=(1/a)(ax2 +2haxy+aby*)=(1ja){(ax + hy)* + (ab—h2)y?}
(ax 4 hyP 4 (@b —h2)y? s positive if ab—ht>0. Thus the
sigr; of I, depends on the sign of @ th+ ¢ efficient of x2
If ab—h‘ is negatwe We canat say anything about the sign
of the expressisn, Let
Iy =ax® 4 by* +c22  “hxy + 2fyz+ 2gzx
= (1/a)la’x? 4- aby’ +acz? 4. 2akxy -+ 2afyz + 2agzx)
=(1/a {a?x* +2ax(gz 4 hy, 4 aby? +acz? + 2fazy}
=(la){(ax+ hy +gz,*+ (ab—h?'y* + 2taf—ghiyz + (ac—g?)z?)
I, will have the same sign as a for real values of x, y, z if
(ab—h2)y? + 2(af—gh)yz + (ac—g*)z® is positive
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i. e., (ab—n?) and {(ab —F*)(ab— g?)—(af —gh)?} are positive
ie., (ab--h‘) and a(abe + 2fgh—af*—bg2—ch?) are all + ve

Thus I, will be positive

ifa :1 h are all positive

g B g
b b
g f &Y

kb
I,-will be negative if these determinants are alternately negative
and positive,”
These findings will be used in determining maximum -or
minimum value of a function of two and three variables,
1121, Two Jndependent variables, Laprange's Conditions,
Let 1: (x, y) be function of two variables in x and y

8’* = 8’¢ Jies 3% FOI.' x=a un'd y:.b
i o T 7 A

By Taylors theorem, we have

o -3 o 8
¢(a+h,b+k)=?(a, b)+§ "‘ ) 1_2 ( o S
s L s
B =L sl 3
or, d(a+h brk)—o (a b)=}(ir+2hks+ )+ Ry . (D)
3 _ 3 _g
where = 3

and R, contains terms with _higher pawers of k and kand h
k are very small, So the sign of $(at+h, b+k)—4¢ (a,_ b) depends
upon the sign of

I, =(hr ¢ Zhks +-1k%)
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If the expression Iy is positive, then ¢ (a,b)is mininum
If I, is negative then ¢ (a, b) is maximum. Now,
I, will be positive if hr+ 2hks+tk® is positive 4. e,

re—s? is positive and r is positive., (Ses Art. 1120)
Not that rf—52>0=3r¢> 52.0.

Thus if rt——s* is positive, ¢’a, b) is maximum or minimum
sccording as r and t are both negative or are both positive.

These are called Larrange’s condittons as these conditions were
pointed out by him first.

\ Ifrt—s2 is  nmegative, ¢(ab) is meither & marimuom nor &
miniman. _

I rrees® S0 then I, = ph® 4+ 2shk y 1k = (Vr)hr + ket

. Thus the sign ofI, is the :ame as the sign of r or . So'$'ab)
wﬂl be maximum Or minimum if r is positive or negative.

Af rt=s2 and (h/k)=—(¥/r)=B (say) the 2ad degree terms in

(1) will vanish. We are to consider the cubic terms of (I) which

will again vanish as h/k= and thn consider the 4th degree terms

of (1) whete we will get the sign of the entire  4th degree term
dependinig on the signs of r and ¢ when (h/k)=8,

1122, Maximom and Minimwm values of 2 functicn of two
variables x and y, when x and y afe commected by a relation,

Let g (x, 1) (1)

be a finite and continuous function of x and y. Let variables
x and y be connected by a relation f (¥, »)=0 .- .. (2)

Now eliminate y from (1) and (2), then a relations between u
and x will be obtained. Now u is the function of x only.

From (2), we have 8fdx+— ’o‘f a‘y-(} or, fudx+f3dy=0

dp ¥ o 3
O fm / v Salfves oo A3)
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But from (1), the total differential is du= .:i’dx-l- ..;'
)

du 3 %’“._‘Q’ 8 M by (3) (43}
L L [ty (3) ()

As u is the function of %, €0 u will be maximum or minimum if

du 8-}
-::10 '. e [ k4 0
i e, s Sulfy)=
or, 4. H_.f‘ 8

a8x
Now solve (2) and (5) for x and y. These values are required:
for determining the maximum snd minimum of u.
Now find d'ujdx put the value of x and y in d2u/dx3.
If dbujdsa is posltwe then @ is minimum.
If d2u/dx* is uegative, then « is maxipym.
11.23. To determine the maximum or minimuma ulnes of &
fmaciien of thres-independent variables at a polat,
Lét (x, ¥, z) bea funttion of x, y, z. We are to investigate
at (g, b, ¢) whether ¢ (x, y, 2) is mazimum Or minimum, -
_8 ¢ @ 3! a1 5‘5 §? ¥ g 52 e
Let 4=, B=1s, C= 3:1. Fe = Gl He o8
For the existence of a maximum of a mm:mum at(a b, o)
i 8'# ‘_8‘# )
Y T
By Taylor’s Theorem
#(a+h bk, ctl¥)—¢ (a, b, c)=} (Ah1+3k’+l:?2+

2FkI+2GTh + 2Hk) & Ry

R, consists of terms of 3rd and higher powers of h, k, / which
are very small. So the siyn of (1) depends on the sign of
I,=Ah*+ Bl + Cl2 + 2Fkl 4 2GIh+ 2Hkk

T —
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Therefore ¢ (g b, b) is minimum
it A4 | 4 H| A H G
| H B F\ are all positive.
H B | G E o C
and & (@, b, c) is maximum if
A, A H A H G
| # B F \
H B G-l @

are a'ternately negative and positive. e
If these conditions are not satisfied, then ¢ (4, b, ¢) is neither

A maximum nor a minimum,
11,24 Lagrange’s method of Finding Undetermined Multipliers.
For Several Independent variables , |
L6t = § (X, ¥gpoes-oeXa) be & function of n variables xg, Xg,...x,
Let these variables be connected by m equations
‘fl (x,,.x.....;..x._)uﬁ, f.(xl‘ ;t.......-..xg)='0m...---
fui 3y, Xapeersinnea®n)=0
So, only (n—m) of the variables are independent. We are
#o find equations for (n—m) remaining variables which will deter-
anine & point where » is minimum or maximum.
When z is 2 maximum or minimum.

du = Eidxl"i' a“dxi‘i' B 88‘! diy=0"

*x . OXy n
df ="'af—l—d adéavr (11 —a&‘dx ﬂo
1 5%, Xy 5% g+ FY a

i[‘-‘_dxg+ i S dx,,-==ﬂl
%y ax

n

dfy= 35 axy 1 (1)

83"

LY nee e s ohe

S e e R

3 fu 31, 3f :
é; o 2 e o L e e VL L
If; BX, %y - 8%, Xy e 3 Xa=0

~ they satisfy m linear equations.
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In order to avoid total elimination we may make use of undeter-
mined multiplers. Now multiply equations of (I) by 1, 2y, Raweeees
3 respectively and add then P,dx;+Pydx;+...Pydx,=0...(2)

3u 8 8/
Where P,= % fr JUhom: iy e
er . 3-’&-+M 55 H S 4 < @A)

Let us select ;. Ay == M in such a way that
If P,=Py=P3= we=Pe=0 ... ..(%
then the equation () reduces to
Pﬁ{.i d.‘jp.j_‘*‘ Pﬁ_«ps“:ﬁa+'" ver Py dxa=0 o m (5}
Let n—m quantities ¥, g, g3 o oe ¥ bE independent

variables, As n—m quantities. '

A% » @%pgs o+ wee ...0%, areall independent, so their

co-efficients must be separately zero. Thus from (5)

P‘ff].: P:H.‘:_- [ wen anHO e Lo i (6)
Therefore we get
PIEPSHPS. T ase ana -P!]EU
v P‘.[.‘”;'P.i i P wse ﬂP’EQ
aloﬂs with fi=f2=f3 A =f;-_—-0 J'
These constitute a set of m+ a equations.
These will determime m muitipliers %5, Az .o oo R the
value of u and a point where u is mazimum or minimum, -
Art 24(a) The significance of the Lagranges ﬁla!tip!zu
Let m be the maximum (or minimun) value of f x,3) subject

to the contraint g(x,)=Fk As the value of k, of the copstraint
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function values, so does the cotresponding optimal value m of the
function f.. The Lagrange multiplier 1 is the rate of: change
of m with respect to k. That is N=dm/dk
Art.11.25 1f Flx y, 2) be subject to constraint G{x, ¥, 2)="0.
prove that a necessary condition that F(x, » z) have an
extreme value is F,Gy—FyG:=0 '
As G x, ¥, z)m 0, sO We may consider z as function of x and y,
z=flx P
Now F(x, y, z) is equivalent to F[x, », f(x M
A pecessary condition that F,x, 3/ f(% 1)1 have an exireme value
4s that partial derivatives with respect to x and ¥ be zero, Thus
Feb FZe=0 ... (1), Fy+FiZ,=0.. @
Again G(x, », 2)=0, 50
Gy GaZy=0 ... (3) 3 Gy+GiZy=0 .. (9
" Now eliminate Z, from {I) and (3),
F,G—F:Gs=0 .o ves wee (5
Eliminate Z, from (2) and (4), FyGi— FiG, =0 ... (6)
Eliminate Gx and Fa from (5) then

‘y, —Gy| =0 o1, F,G—Fy Gy=0-
F, —Gy ’

Alterpative Method

Let ¢=F 4G & is & constant

The necessary conditions for extreme value of ¢ are

C $x=0, $;=0 Le.
" F,+Ge=0, F,+)Gy=0. Eliminate }, then the condition is
13 IZ-GF"'F y Gy=0

D. H. 1987

A
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Ex. 1. Find the maximum and minimum values of
2x3—9x® 4 12x—3 C. U. 1989
L&t f(x) == 2x8—9x% + 12x~—3 we (D
[ (o) =6x2—18 %412 can DY
As f(x) is maximum or minimum f(x)=01 e,
6x%— 1854120
or, x2—3x+42=0 or, x=D(x—2)=0=0x=1, 2
Again f “(x)=12x—18
when x=1, () =12=—=18 =—ve
when x=2, (%)= 24—18=6= +ve.
Hence f(x) will be maximum when x=1 and the maximum
value is £(1)=2.1=9,1 4:12,1=3 =25 /
f(x) will be minimum when x=<% and the minimum _value is

f(%) =28-9.44122—3=1

Ex, 2, Find the maximum and minimum values of
x2—3x*4-3x4-1
Let f()=x2—8x*+3x+1 - we (D

R. U. 1966

f‘(x)=3x=""6x+3 (A1) aaw R} (2)
The necessary condition for the éxistence of maxima or minima
is /(x)=0 or, 3x?—6x+43=0 or, x*—2x+1=0
or, x=1 Againf™ (x)="6x—6
when x==1, () =0 Again f""(x)=6

Thus f (x) has no maximum or minimum.
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Alternative method ; —
Let y = x3=3x242x +1

dy 3y x4 3=3(F—2x41)=3x—1)

' - @ —

dx 3
which is always positive can never change sign.
Hence y has peitber a max imum nor 2 minimum,
Ex. 3. Discuss the meximum and minimum values of th:
function f(x)=sx5—Sx*+5x— 1 R, U.1987 , DU, 198
f(xJ == xﬁ__sx" .I..st— 1 il e ane aE (’)
S ) =5x4—20x° +15x7 e '(2}.
«or the existence of maximum of minimum ; f° (x)=0
0Ty Sxd-20x8 15x2=0 1 :
or, ¥ (P—dx+3)m0 or, ¥ x—1)(x—8)=0 .~ x=0, 1/
Therefore f/x) may have exterme values for x=0, 1, 3 onlY.
Now we are to investigate for the maximum or minimums Bt
x=0. :
£ ()= 54— 2003 152 =522 (x = Dx—=3) o L, ()
sign of 7°(x)
+ + 4+ + + + 04 ++-il}--—.—_-0;-++_’0
0
i N o O,
Now for x<0, £ () =(+ W —)=+rve i e. xL0,f(x1>
for 0<x<li. e ¢ f° (xi=(+)(=)—)=+ve
T;us f 'j:x) coes not change 5ig0 Whep pas:es through x = O-
Therefore f (x) bas no maximum oT minimum at xe0
At x=1, from (3), if x<1, " @) =(+X=XN—)=+1e
|' iflexa3i e for x>1 but ¥<3, fF(x)=(+)(+) (—1)= ..-z:.:
Thus f*(x) changes sign from+ve to—ve when passes through ;x=:'_
- i i Tua (4]
¥) is maximum at %=1 and the maximum va ;
;z;;g:f(j;()il-—5+5-—-1=0 from (1) Atx=3,fx)="
ifl<xe3, £ () =(+)X+) (——1)=+:w »
ifx>3; f' J.)=(+)(+])(+)== €,
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Thus f(x) changes sign from —ve to +tve when passes
through x=3

Hence £°(x) is minimum for x=3 and the minimum value is
S ()==—28 [ from (1))

Ex. 4. Find the maximum or the mipimum. value of y when
YV=(x=3 . . ()
1
Here f° (x)=0 means 470 which is absurd
If dylds=f"(x)=gc, then x—3=0 or, x=3
We are to investigate maximum or minimum for x =3
If x<3i. e., ch—.3-—h where 4—»0, then from (2)

3 i 2oLl 4 137
f(")f' ‘r_“'(araﬁ’p"’?(‘“?_ e

Ix>3i.e xmd+h k0 _
MO, 1 [ 1 \3/7
f T ————— . | —--(—-ﬂ-) = —!-l?e
Thus dy/dx or, f"(x) changes sign from—ue to } ve when passes

through x =3, Hence f{x is minimum for x=3.
Ex.5. Find the maximum or the minimum value of y =f(x), i

; 23fx 3. 1

‘ [ (x)== gy

If 0, e | xeO—h; h—'0, then
“m ¥

T s R Y R
_ﬂ")"h-—po 1—=2=1 = 5w ™ =0 Lis, f&
is positive x=04 2, h=»0%then
Froyem Bm 21A41 5 24MI42M) 140
_ S0 1—2IE= pepo  TIFEGIAT) ~ 01
1. e, f7 (x) is negative.

=]
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L. i1, Limits$ R, H. Limit, Here f"(x) or, dy/dx is discon-
tinuous at x=0 but dy/dv changes from-+ve to ——ve when passes
through x=0. Hence f” (x) or, y is maxi num at x=0.

Ex.'6. Show that "+ e~ x? has a minimum value for x=0,

Let f (x)=e*+e*—x* (N
1 (x) =€ =" —~2x sk W RN
Putting f'(x)m0 we have ¢—e*—2x=0 .. {3
or. (1+x+ ._x.z__*l-....... \-——( l—x-l-i—'...)—-lxuzo
i, T BE - h

Thus we see that x=0 is & ‘solution of (3) _

Again f” ()=t e =2, f* () me*— ¢, fir (W) ="+ e
When x=0. f7 (¥)=1+1— 2=0,17" (x)=0, fiv(x)e=2ex
positive. Thus we se that f (x) is the first derivative which does

" pot vanish and fi* (x) is positive i. ¢, , f (x) is minimum 8t *=0
Fx. 7. Determine the maximum and minimum value of the |

function sin x - ¢os 2x ; 0<x I L
Lot f (x)=sin x+cos 2x P (I

2o I (®)emcos x—2 sin 2x=cos x(1—4 sin x)

Pﬁt f7(x)=0. then co& x (I—4 sin x)+ 0 cos x=0 or, sin xmi '

Now cos x==0 wc0s %/, =08 3y x=w/2, Tnf
When sin x-ﬂ.ém sin « {say) then x ==, w—x, «=sin—? }
Again f* (¥) =—sinx-—4 COS 2x

_wher x=nfy o f7 (%)= — sin wfy—Acos2 w)y==3

. When x==/; lf" (%= —sin 3n/;—4 cos 2. 3nf, =5
Thus f (x) is minimum for x=x[2 aod x=3r[2,

. From (1), values are £ (}m)=0, f (3x)=—2
Again for x=«, O, sifl <=4 ;

77 (3) = —sin x—4 cosxlx=—1—4 (1 +2. 1/16)=—15/4
for y=n—X=x-sin"'3.

Maxima and Minima Ll
I (x)=—sin (m~— sin —1}) —4cos 2re—2 sin~*}))
= —sin “i1-=4 cos (2 sinTIP=—2—4 (I—2 sin? (sin~*}))
=l (1=2. 1/16)mm T2 e 15/4
Thus £*(x) is maximum for xesin =15 and xa= :_:---iﬁm"‘;
And from (1) ¢ the values are
[ (sin™13)=sin {sin" 1)+ 1—2sin’(sin>*2)=9/8,

f{r— sin™*} e sin (:g—-Sin"%Y + 1—:25in’(rl—-sinf"1% =14 1—%

_ =9/8.
Show that the maximum value of (1/x)* is et/°

Let yﬂtllx)‘ ~eee e - b R (l)
or, log y=x log (l/x)=—x logx.

Y

Ex. 8,

4
s e
- g =y(-:-1--log );) sy (‘2)
For the maximum or minimum value of y, dy/dx=0
or, p(—Il-—log x)=0. or, log X=w=] as p760, x=e~*
. d¥y - dy
Agamdxa e (—1—1log x)—(¥[x)
=(I/x*)(—1—1log x)*—(1/x)* 1/x by (i) and (2) When
x=e~1, then d=y/dx®=el[® {(—1—log ¢~ 1)"=me} = —el/%e,
which is negative.

Hence y is maximum for x==¢~1 the maxinum value is

o 1 e~1 o !!a
* c") =e® =e Proved
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Ex. 9. Find the maximum and minimum values of
X3 2p8—ly 4 dy—3 R. U, 1965
Let p(x,9)=x* + 22—Ax +4p—3
a2 2xds } b =Ay 14 ] r=@, =2
b= =4 ] 5= dy=0
#(x,y) way have critical values if ¢y=0 and ¢, =0
or, 2x=—4=0and 4y4-4=0 .. xe=2and y=—I
Thus ¢(x,y) may have a critical value at (2,~1)
Now pt=s?=24 De8= t7e and rand ¢ are both positive
Hence ¢ (x,¥) has & minimum value at (2, —1)
Ex. 10. Show that the maximum values of Xy(a— x—y)is 1/27g*
Let ¢ (3, 3) =xa=—x==p)=axp—xp=—x* .. .. (1)
S0 e=ay—3xp—)~, { =mox——x?=—2xy
#(x, y) is maximum. or, minimum if
$=0 and _‘},—0 ie ¢ a_v—-ij'—y'=0, ax=—xt—2xy=0
Solve for x and y and the points are (0,9), (0,a), (a,9), (3a, 30)
Now we ars to investigate the nature of the critical points at
these points
Again reg =2y, s=¢ ,=g—20=Dy, { = —2x
For (0, 0)
st =(—2y)f-—-2x)—(d—-2x—2y)g =0—g*=—g?—= —pe
There is 10 maximum or, minimum va'ue of ¢(x, ) at (0, C)
For (0, ) rt—s?=0—(a—2g)*==-ne
No critical value of ¢ {x, y) at (4,0)
For (3a, {a) rt—s"=(—2a)(—3a) (a— %a_g‘ﬂe:;az‘
Thus rt—s® is positive end r and # both negative
Henee ¢ (x, y) is maximum at (Ela, {.a} and the max'mum.
walue is ¢ (Ja, ga)=1/2%"* from (1)

Maxima and Minima 487
Ex. 11. Show that the function ¢, where
& (x, y» 2) =284y '+ 22 $ x—2z—Xy has 3 mipimum value at
(—2/3, —1/3,1)
Let ¢ =x*4y2 422 4 X—2z—xy
ox=2x+1—y, 9y=2y —x, 9z=2z-2
& (x, y» z) will be maximum or minimum if o =0, ¢,=0, p=0
or 2p==p-+ =0, —x42p=8 2:—2=0
" Solve for x, y and z, then x=—2[3,y=—%, z=1
We are to investigate the nature of critical point at
(—2/3, —1/3, 1) if there is any,
Again A= hzz‘ _ ‘B_.—.-'%,':-Z, C-é,,=2,
P=$,=0, Gm=¢u=0, H=py=—1
Hence from Art, 11.23

o7 Mo | 2 =1 Iusand .
‘*Z'IH B l"'] -1 2 |-
1 A H G 2 —1 0
H B F |=| —I1 2 0 (=6
G F @ 0 0 2

As all them are positive, ¢(¥.y, z) is a minimum at (—2/8,—1/8,1)
The minimum value is (=34 1)=—4/3 :
Ex, 12. Show that the minimum value of C. H, 1977
324 y* 4 22 When ax-l-by-l-cz:;p is p*/(a* + B 4c?)
Let ¢=x2+y*+2* (1) ;
and ax4by+cz=p or, z=(p—ax—Dby)c (2)
Now ¢p=x+y' 4+ (p—ax—by)*[c [by )]
v\ $a==2%—(2a[c?)(p—ax—by), $,=2y—(2b[c’)(p—ax—by)
4 may be maximum or minimum if ¢,=0 and ¢, =0
of. 2x—(2afc*)p—ax—by)=0 and 2y—-(lbjcz)(p—a.t-—b}')=ﬁ0
or, X(c*+a?)—ap+aby=0 a5 B
and y[c*+b")—bp+ abx=0 “)
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solving these

x=apl(@ 452 4 ¢3), ymbp/(ct 4524 a") &)

Again Feex=2+20%C%, S md,ymable?, ted, =242/
and ri— s*=4(14-a2Jc?y b2jc?)= 4 ve

Also rand ¢ are both positive, Hence @ is mmlmum

For values of x and y given by (5).

z={p -a’p/(@ +024e7)—b1p[414 4-b2 -+ e = cpl(a? - b 4c2y
Now from (1),

= “?Pz'i*bipl{c’ﬁ” p'll'a? +b;+c= 5
. (ﬂt-{-ob:-!-c?)' W 43;{;52'+é2)= , sz{(ﬂ=+bz+c!

The minimum valve of ¢ is 2@+ b’w _
_ Ex. 13. Find the minimuin value ofx-"+y‘+z= with conditions
: m+by+¢:=1 @ x4byy4c 2=l and interpret the result geo=

metrically.. .. R, Hy 1966, D, H. 196t.
Lt wemxB )24 XA Sl b ey
ax+ bptez=1 - A o 2 2
SLa b e S Sl O A g B
o duem2xdi+2pdy 4 2zds= 0 C))
ads+ bdy +cdz =9 et
aydx b dy+¢ydz=0 o LY

Taking (4)x $+()XA+(6) XAy,
(Gt ah-taghg) ded(B+Eh 418 1)y + 2+ Ontogha)dz=0
01'. x—}-dz,-f-‘alll-:ﬁ 2 -

YHB DA =0 o R )

g+t eghy=0 f L

O e
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Now multiply eguations of (7) by x, y, z respectively and then add

224+ 28+ Max by + ez) 4 (a1x by ¥ 6,7) =0

or, u+H+%; =0 .0 (8)

Again multiply the equal fons Of (7) by a, b, ¢, respectively
and thep add '

(ax + by cz)+(a? + b"+c1}1+(aa +bby e =0

or, 4-)Za*+ 1_Eaa1-=0 (9

Again multiply the equations of (7) by a , b; ¢, respectively

and add g
,x+b1y+c1z+(da1+bb1+ccz'}1+ (a4 b% —c)h ;=0
of. T4aBad; 43 3er=0 e U ae (10
Thus u+a+X1=0, } 424" +n,8aa, =0, 1+$.zm+

AN 18a2=0

Elimigate 2 and M, from the above eqﬁationg."
s el Bl
1 2a* Eaay |=0
1 Zaa, T#* - i
which:gives the maximum or minimum valuve of u.
A, Ay; Can be obtained by solving (9) and (10y  and then _
%, y, z can be found from (7) I

Ex. 14, Divide a numb¢r a into three parts such that their
product shall be maximum.
Let a be the number. Let x=first part, y--2nd part ‘and
z=a—x—y=third part. Their product is :
S(p) = Xy(@—X-—y) =aXy—x y—*)*
8/18¥= ay—2xy—y? asd 3f[8y =ax—xP—1xy
Sixy ) will be maximum or minimum if §//8x=0 and §//5y=0




490 ‘Differential Calculus

or, ay—2xy—y?*=0 xnd ax—x"—2px==0
or, a—2x— y=0and g—x—2y=0

Solve for x and y. They are x=ga ard y=Ja
Again 32f/8x2=r=2y, 8Y/8y" =t=—2x,

and §' f]3x8y=>s=a—2x—2y atx=4aq, y=1a
r=—2af3, t=—2q/3, s==—q/3

A ff‘"‘-.f‘l::(-—2‘1/3)(——-20’13}——0’!91\=O'/3.—~= -}-—ve and r and t
are negative. Hence maximum if X=y - z= la,
This is the same problem as ExI0

Ex. i5. Find the shape of a quart-can open at the top which
requires for its construction the least amount of tin.

Let r =radius of the base sk —depth of the cone,

Area cf the base and curved surface —gr2 4-2nrh ... ... (nH
Let v be the volume of the cone

oo v=gwrh v is constant or, h=v/nr? Rl
S A=qrid 2mrv[rrt=prl 4 20/r... b sy aes G2
8A[§r=2qnr—2v[r?, arcais to be miininmum,
84/8r=0 i e, Ixr=Q20/r)=0 cr. r=(v/x/*
So 3MASri=2m 4 dovfr2 , :
so 82A[3rt=2r 4 dn = + ve for r{v/m)1 [}
Hence Area is minimem when res(v/x)'/* and b =(o/m)/3,
Ex. 16. Prove that of a!l rcc angles that can be inscribed in
a given circle the square has the grea'e -t area. Also show that the
square will have the maximum perimeter as well. D. U, 1967, 83

Let P(a cos 6, a sin @) be any point S =
on tke circle x? 32 =a? (1) &
It is evidened that oT X
PQ =2PT=20P sin% == ¢a sin« R Q
QR=2q cos «
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Now area PQRS =2a sin <« 2 cos«

== 24 sin 2«

Arca will be maximum ir sin 24 ig ma'ximum i, e.,

sin 24=I=sin = or. *:;:r :

In this case

PQ=2g sin «=2a sin Ine=2a/) 2=/ 22

" also QR=2g cos «=2a[/ 2= [2g. Hence PQ=QR,

Thus the rccthngle PQRS is a square

again perimeter=C=2 (PQ+QR)=2{2a sin 4 2g cos «}

=4a (sin <+ cos «)m4a {sin « + sin (m/2—=)}

_“.mn{ ujz-;-t+-c } B {f[?.—z--(—at }

.. C=8aq si;1 /4 cos (x/4—<«) . Value of C (Perimeter)
would be greatest if cos (s/4—<) be greatest. i,e cos (g/4—x)
=] =c0s0

“ wf4=—<=0 or, ¢=é1;

.. PQ==2a sin «=2g sin xj4=2a . 1] /2= J2a

PR =28 cos< =2a cos x/d=2a . 1//2=J2a .. PQ=PR i.e.

when a rectangle becomes a square, it will have the maximum
perimeter.

Ex 17. If a triangle has a given base and if the sum of the
other two sides bz given, prove that the area is greatest when
these two sides ar. equal. R. U. 1954

Let ABC be the triangle, BC=base of the trinngle=a (given)

Let AB=x, CA=y where x + y=constant=k (say). We know

2S8=Perimeter of the triangle=AB+ BC+CA
=a +x+y=a+k=constant, i, e, § constant,
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Affa of the ABC.

A= [ {5(s—a)(s—X)(s—p)} = im(s *x)(f—y}i

where mm 5(s=—a)=consiant.

Thus A will be greatest if the product (s—x)(s—y) is greatest

and (s— x)(s~—y) will be greatest if factors are equal

ley s—Xe=s—yor,x=y I e} AB=CA,
Hence area of A ABC will be greatest if AB=CA.
Ex. 18. Show that the volume of greatest cylinder which

can be inscribed in a cone of height & and semivertical angle «
is 4/27xh3 tant«.

Let LMNP be the mscr:bcd c}l!nder of the cone ABC
Let

height of the cone=h

radius of the cone =g

radius of the cylinder=x

height of the cylinder=ML = LB cot e=(OB—0]) cot «

== (g—x) cot X Where g and « are constants.

Let ¥V =volume of the cylinder.

Vem. OL*. LM=rnx(a— ¥) cot «=(m cot «)(ax'— 2%).
dV]dx=(x cot «)(2ax—=2x). If ¥ is to be maximum or minimum

dV[dx=0i. e. 2ax—3x*=0 or, x=0, 2a/3

Again ( dW/dx*)=s(x cot <) (2g-=6x) : When x=2a/3

(rejecting x=0,) d*V/dx"=(x cot «)(2a—6.2 0,3)m= — ¢

Hence V i8 maXimum when x=2a/3

Then cylinder of greatest volume.
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Vsg/x3(a—x) - cot =w(442[9)(a—2a]3) cot «=4/27 xa® cot«

is inscrived in the cone. But a=h tan <. -

.st.j_ . we(h tan<)? 1
tan

£ "
27 = -—2-7—:@’13 tanZ«(Proved)

Ex. 19. Prove that of all rectangalar parallelopipeds of the-

* same volume the cube has the least surface,

Let x, y, z be the lenpth, breadth and height of the cutoide.
Let V be the volumc and S, the surface of thc cubo:d

. Then

Ve=iyz v W (D S=2xy+2yz+ﬂzx e e (20
43-3(v+z}dx+2{z+x)dy+2(x+y)dz Al ¢

.W=0=yzd'x+zxd'y+xy¢fz L e vx s (4D
.as the volume V is constant g '

For the surface § is to. be mammum or minimum 1£ d’.S'-o

OF, (y4 D)% + (24 X)dy+ *+yMdz=0 .. )

Also yzdx 4 zxdy + xpdz=0 (6) from (4).

Now muitiply (5) x 1. and (6) XA and add.

O+ 24+ Mp2)dx+ @+ x4 3x2)dy + (¥ y+ 1 xy)da—0

Equate the co-efficients of dx, dy; dz to zero,

S ydzanx=0 .. (1), z+x4hx=0 e we (B
X4y+axy=0 ... (2)

CT, 1jz+ ly=1[x41z= l/Jr+1/x=—)h:

From two equations wehave .. I/y=1/x or. x=y
Similarly y=z; _
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Now from (1) Xx==p= g=VY* - vee (10)

Let us assume that x and y are independent of each other.

Then S=2xp+2yz+ 22

(3Sfax)=.2y+2y(3z;ax).,.zz+zx(szjs;)... (11)

Now from (I), differentiating w, r. to x

y2+x/{(32[3x)=0 or. (3z3x)=—12/x

co (38[8x)=2y —2y(z[x) 12z —Dzx|x=2y=—2yz[% ... (12)

Again r=(32¢/3x2 )=2yz/x*—2y/x (3‘2[5.‘.!.‘):!.2}'3])6’—2]?]&'(—4?‘)
=2y’ )+ Qyzfxt)=dyz]xt =4 ot xmy=2

Similarly fe=33S5/3x? =4 it X=y=2z

3= (B1SBy8x) m2—22] x— (27| )32 [3x)=2—22] x—2y| *=2{)
=22 42=2 at x=ymZ :

Hence § is least when =~ x=y=2. : .

Ex, 20. The cost of fuel for running a train is proportional
o the square of the speed gcncrntcd"in kms. per hour and costs
Tk, 48 per/hr, at 16 kmsfhe. What is the most econofnical
speed if the fixed charges are Tk. 300, hr.

[ @3B camsrgi® (oA Wb nw =eBW - ofem AR A~
nfes ; wEE of ov fafl 2&@ a0 MY 8y Brer g Bim 1 I8
e (ACe e GRRa 9B %36 woo Bt 7Y ]

Sol ¢ Let the speed of the train be @ km/br. and the
.distance travelled d kms. The time=d/o hrs. The given cost of
fuel according to the law=Fkv%, where kis a constant. When
.c0st==48 ; v==16, then

48emk(16)* or. k=3[16.

3
Hence the cost of fuel= -Té-v rupees per hour

3, 3 d -
For d kms, the cost =—0 A= —= £, =g v
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d
Also the cost of fixed charges =300/ per hour= 300X —

If p bethe total cost of running per km in Taka, then
p=(3[16)dv 4 300 (d/v)
e 8 300d  d'p _ 600d

M e (] d— 25 4" o
For exiremum value, dp/do=0

s 3?;3-—:0 or, v?=16x 00 or, p=40 km [hr

chﬁ: pis minimum for v=40km [hr, for most mnoqimi speed.
Ex. 21. Show that f(x,) =44 x¥»—)* has asaddle point at
(0, 04)
Let z=fx, y)=4+ -y
Sz=2x. f;:"‘zr Sar=0, fym—2y, f,!':'_'z
Critical points are fi=0 fi=" xe=0y=0
D(x’}’)“f“ fﬂ—f“!mn-s‘-=2:.-2)-—0=_-4<0
So  no critical peint at (0,0) we knoW if
D(;: N<oi. e, rt<s%, then the point  {@, b, fab}isa saddle
point.
2 f(x,0) =4 +32, 2=f 0,)=4-y, z=(0, 0)=4
The saddle point is at (0,0, f'(ﬂ,ﬂ)}=(0_0,4) :
Ex, 22 Find the maximum and minimum values of the function
f(x,y) =xy subject to the condition x*+ y =8
Ans. [ f(x,y)=x%y 63 SFAIS agwa faa 73 afg X+ yi=
73 )
wE g (x)=8=x2+)", flxy)=rxy
», fa=y, [y=X, Zg=2%, gy =2y
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Lagrang’s a3 mﬂwawul‘a ;
g =y=2x, f- -YMQNP &3¢ 74 =8

O =yx, x;éo;m\uxfy, ys£0

o ylx=xy K=yt - .

Lagrange a3 s:ﬁ'taaemﬁﬁr afgy AT wwm, xr‘“ qTa
2xt=8 or, x'=4or. x=:k2 i

;N x=2, wua y=2—2

aﬁ[ x;—-—Z, y=2—2 :

co SO, =4, f2—2) =4, f2,—2)=—4, fi—2, 2)=x—4

fxy) a3 7@ AFID G 9 Byl 4; (2,2) @k (—2, —2)
e a3 —4 e (2, —2), (—2; 2) fmee, @A gReT )

Ex. 23, A publisher has been alloted Tk. 60000,’ to spend on
ihe improvement and devclopment of a new Galculus Text. He
estimates that if h: spends x thmtsand taka on ‘improvement
and y thousand {aka for dcvelopment,_ apprommalely 20 /%y
copies of the books will be sold. How much ‘money " should
the Publisher allo:ate to improvement and how much to develop-
ment in order t0 maximize sales ? : :

If the allotment is Tk, 61000/-, what isthe effect of the
sale of the maximum numbcr of books for the addition of Tk.
1000 /- *

( @39%q eame® 5% U7 Calculus IR 43 AAEIT 4L
Bafsz way Tk. 60,000/ grest a1 fofi mRmEaNg o x

i@ B @3 IRama e p wiwa Bl aag afam, 20 X%y afy
3R 37 o8 | AAme ¢ Wea oA A% Biww AfEwi Fw P

3t 3a% Tk, 61,000/- zg, a® afEs Tk. 1000/. G IS
T3 o Ry 251730 IHR ) '
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Sol § glx.y)=60, g(x,y) =x+y, M=20x%"y. The Lagranges
cquations are g

6;:: 30.f.xy=i, %‘:'-{ =220 ¥3/% =
and x+ y=60
Solving, 30/ > y=20 x3/* or, x=2gy.
Put it in x+y=60 or, 3/2y+y=60 or, y=24 and the x =36
Hence to maximize the sales, the " pablisher should spend Tk.
36 000;- for inprovement and Tk. 240(}0{- for development
M=—f(3624) = 20x‘j‘y =20 (36) 24 =103680.
The value of & is from _ ia .
b= "?: =20 x3[%=20 (36)%/3, when xg?ﬁ
=20.% 216=Tk 4320 copies .
!I..=JM;JE it follows that the unit iscresse in- k from k=
% +y=60 to k=61 will increase the maXimal sales AMof the
book by approximately 4320 copies. '

Exercise XI.

I. Find the m&mmum asd minimuom  vatues of tho following
experess:ons

() x%—B8x34-22:8—-24x-+1 C, U. 1980 |
(i) 2x0—20x74363—20 (@)5x- £ 182C+1520118, B, L4

(i) xt—5xt 4857 | R, U. 1687

(i) 383 @. X - 4E 0 D.U-199]

(v) 2%=—3x2—_0% C, U. 1533

(V) Zytemfixtem]Bx 4T : C. U. 1984

(Vi) XPei2x8m36x844==4 C. U, 1986
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2.

values and that the latter is greater than the former. D. P 196%
3. Skow that the curve y=—xe* has a minimum ordinate where

Show that y=x+1/x bas a maximum and a minimum

x:.—]

R. U. 1962 '82

3. (@) I f(*)= | x | Show that f(o) is minimum although £ (o}
does not exist,

Solg fin)=x, x>0

=0 x=0

3 — x<0
Limf(x) = Lim h =0, Limf(x)=Lim=—A=0, flo)=0
Xwb( 4 h-»0 30— he0
Then f(a+ k) =fla—h)=f{0)=0
Hence f(0) is continuous.
f®=Lm fix+b—fix) Lim (0+h—

I k-»m_T-—f“?‘ T .[_i..’.‘?...?:I
f@=lim fix—h)—flx) Lim —h Bl
A0~  k T k0~ &

L.H Limy40 R.H Lim
Hince f/(0) does not eKist.

4. (a) Find the maximum and min'mum value of sin ¥ costx
xt
() C—=DG=3p" R, U.. 1978

5. Find the maximum and minimum value of the Yanction.
© P=?pt+ 2n when ;m avd n are real eonstants. DU, 1966
6, Find the maximum and minimem values of cos'x—-sintx.
2 2
7. Find the minimum value of ——.—-‘-’-—-—l— =
sin®* ¥  cos® x
8. Find tke mirimum volue of y=da(e*/* +¢—%/%)
R.U, 1958
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b2

9. Determine thc values of ¥ which will make-——- +a—- 7S
a maximum and minimum

10. Show lhgf dcosx+ cos2x is

whenever cos x is maximum or minimum,

11. Prove that x!/* is a maximum when ¥=
D, U. 1984 C. U. 1988

m aximum or minimum

Jf::—.?flif‘-—has a axipum value Whep x4
x—

12. Show that

and & i imum \Falue x=16,

13. Prové that sin x (l+cosx) has a mAximum for X=ln

: R. U, 1983,

(i) In what intervals is the function £ix)=17—15% 4 9x3—38
Increasing and in what intervals decrcasmg ? .

Also find the relative maXimum and ma3ximum Values of the
function. Sketch the graph of f. :

(STmies PN 3R Palys g g3 T by I
Wy ez @z ®eamBa wriss wg @ TS Ay w3~
fies wrrg e 21 (Asfol @ewd 237 ) D. U. 1987

Ans, (= U(S, ec) 3 x==1, the greatest ‘alle is 42 feast
W10 at x=35 '

13 (i) Find in what intervals the fupction f(¥)=xt—25 41,
—1 x4 is decreasing and in what iptervels the funetion is
Increasing. Find the maximum and miniptm values f(x)

13 (iif) Find the intervaus wnere the lunction

[({) = x* + 2x%-4x + 4 is increasing apd decreasing Ajso find
(e relative maximum and minimum values of the function and
henee skich its graph

(fx) = x4 + 2x3-3:%-4x + 4 Wity (i TIUCS Iy qae @iy
wfurs e fida 79 | 329 St g o 9@ A6 2 g2 g b
™) C. 1. 1992
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14,  Show that {log x/x) 13 a maXimum for x==¢ and -.,;

value is:1]e,

15.  Show that % is a minimum for % =1/e and the value;
! D. U. 1984

is {l [e))°
16. Find the maximum and minimum values of

(i) “sin 2x—= [ii) sin®« sin n x, n being a+ve integer.

17, - Show that x3—3x* + 3y+-3 has neither a maximum nor

a minimum valie,

(i) Examine maxima snd minima f{x) =3x8—3e R. U. 198§
18.” Show that (3—:)::"—-—4:3'—: has no ma:nmum ot

Wmm value for x=0.
19. Find the extzemi.- \va!ues Of “
) Pthmg®—y, when a>1 Gy dxmBy log 2,

20, Show that the follewing function hgs neithet a maximur

foT 8 minimum va!ue k=—sid X,

2!. Test the rollowmg t‘uncnon fur mamma and minimas

(1) x*—ixy+3ﬁ+15x—12y~} 13 (u) x’-—y"+ ¥=—dy ~Z |

(i) #4352 —3x"—3"+4
W X (1—x—y) (vi)

(V) xp+(4/x) + @ly)

(ut) x2y —5x’—-8xy—-5y1==u
(1) £ yy=xy +8]x + 8/, Also determine there nature.
; " D, H. 1986 Ans. 2,2) = I

(i) Show that f(x,y) = 4+x*—y* has a saddle point at (0,0.4)

sin x+sin p+sin (x4
(vil) x*4xy 4 yeebx 2 (vil) 9y";l-6xy+4x2—24y-8x+4=.—.-:r
C. H. 15§
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2. Find the maximum avd minimum valyes of the following
functions. _ ) ;
(i) sin 2x-—sin 2x cos zx (ii) 4 co3 x-4 sin? x-—2
(iii) B=D{/ (L +32)—~3) |
23, Show that y is & minimum at x=2 of the function
98 = (Y=mr2)? .
24. Find the maximum or mmlmum value of y, Whl:n
Y=(=—3t
#26. Find the manmmn or minimum value of y if
d. K TLE
o
226, prw that.yismuat x=0, pom! of inflexion for ¥==1
wnd minimum &t ¥=2 of the function dylde=#a—1)z 2P
27. Show that the point x=gis a maximum point of the
J(x)=b— (x—a)* D. H, 1960
28. Shqw that points of mﬂemm of the curve
= (x=—a)%{x~b) lie on the line Ix+a=4b
29, A cubic funcfion of x has a maximum value equal to 15
when x=-—3, and a minimum, value— 17 when x=1 Find the
¢ function. DU 1963
(@) Show that the function y=x+1]x has precisely one local
maximum and a local minimum and that the latter i greater than
the former. Give a rough graph of the function,
#%30. Show that the curve .:"22 (1 +sin x) cos x

has & maximum, 2 minimum and four points of inflexions.
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#31, Show that €¥4-e™ +2 cos x has a minjmum value at x=

%32, Show that tanmy tan'(a-—x) is a maxlmum when
tan (g—2x) = —"an «
n + m

#33 Show that 4af 4-cos 2,:;._%(31* +e"=‘)
value for x—3

has a maximy

34  Find the maximum, minimum points and the points
inflexion of y= 2x3—6x? +18x 47 and show that point of inflexi
lies between maximum and minimum points,

% 5 Show that the function S —q(2x+ﬂ)fx+4)(x—2‘(x—-l
change signs from + ve to—ve as x pasies through—4 and 1.
from——se t0--ve as x passes. througt——3/2 and 2,

86. Find the critical points of the t‘oiluwmg curves

() j[x)::x—x’-—x’

—1

x—a
G =20 . —1
57. Show that iffix)~ =(x* 4354285 + 2254 17 (x) = oc give
3 minimum for x=-—2 x——1 and x=0; ard Ax)=0 giv .
two mtennedlatc maxima

@) P=(x-ay

#38. Examine the function ~:3axy-—1‘3——y5 for maxim
and minima

#39 Snow thaf fhe maximum value of y = sin 4 ¢in B sin’
s whén A=B=C=n/3 " T

#40. Find th* maxinminm and minimum values of gx + by whe ;
Iy =ct,

LI o= a”{x—]-b % wherex + y show that ~ hss a minimu

wulie when x= g2 [(a+&) and a maximum value when x=a’/(a—b).

Maxima and Minima fis

%42 Find the maximum and minimum  valucs of u of Ithe

following curves;

(i) w=x+2y* +I2—2xyp—2yz—2=0

(i) wu=2a%xy —F_ax"y-—ays.-lex’y-{-xy’.
xyz

(a + x)(x+ y)y+z)z+b)

(V) u= 2xyz-l--4zx —2yz+ 32 f P ft=m2x—4y + 4z

(v) u=atpr—5xt—8xy—5)s

(vi) “::.‘ axyP =23y —xy' s —xy'st

tvii) Show that, u=2xyz+x%4y*+ z* min. at (0,0,0)

(viii) u = 2x° + 3y* + 4z2r31y + 8z muni. at (0, 0, =1)

i = Xt +13x-12y+13.

:;] lEa; sz:::g:tlit a ncccjsary oonditioﬂ tbat F(x, y, z) have
an extremeé value is that. F,G —F,Gz=0 subjett to the constraint
condition G{x, y.z)=0 .D. H. 1987

42(b) Use the method of Lagrange ;multiplyer to find the
anaximum and minimyum values of the function .

0} ﬂX‘s P =x'4+2y"+2x+3

subject to the condition x* 4 y*=4

Ans, Max. f(1, J3=Ff1—J =12 min. f(—2,0)=3

@) G, ) =8x0—2hxy 4y

"Subjeﬁ to the condition x* 4 yi=1

Ans, max. fi4/5—3/5,=f(—4/5, 3]5) =17, min. f3/5,'4]5)=

J(=3j5, —4/5)=8&
(iii) f(x, y)__ x?42p—-xy subject to the condition 2x + y=2
Ans. min. f(9,4)=17
(v) f(z»)==xy subjet to thc: condition x +y=1
Ans, max. f(hH=3}

(i) u=

D.U. 1989
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%43, If X?[ad+ 210 4 2P = 1 Show that maximum value of
Xyz is abe. Interpret the result geometncally

43 (a) Show that (x4 + 2)8=3(X 4 yi-z)~~24xy2.4.g° is
min, at (1, 1, 1) and max. at (—1, =1, —I)

%44, Show that maximum and minimnm values of

=4z +y 1 y* where x4 324 2x 4 y—1=0

are at @ —3%) and at (—~5/2, —1/2) respectively Is it always

possible to express u as a function of x to have the result ?
#45. Show that the minimum value of U==XLypiz

when afx 4 bjy+cjz=118 x|/ @=y|b=z| [c= [a+ Jb+ Jec
$#46. Show that maximum and minimum values of

U=x?4 y'+2*, when gx? 4+ by? 4+ cz’=1. are gt'vuny the roots
Of (1ja=—u)(1 fb—11)(1 je—2)= .
47, Show that the minimum valuo of == x4 4 Yo,
i8 Zyx=c® when x=y=y=c,

47. (a) Show that Fyx, y, )=xy%® is max and its value is 108.
%#43. Find the maximum and minimum value of 3% 4 y*+22
subject to the following conditions ax? 4 hy? 4 cz?=1
andlx +my+nz=0

C. H. 1972, D. U. H. 1958
#49. Show that the maximum and minfmnm vaiues of

X2+ y* 422 with the condition

ax® 4 by* + ez 2z +2g2x + Yixy= |
are given by the roots of

C. H, 1988

| a=—1[u h g
k be=1lu 7
g 4 c==1/u

R. H. 1967

Msazima and Minima

ousH
#30.  Find the mirimum value of u=x2+4yiq4z2
when Xy b yudzx= 332,
*S81. Find the maxinum and minimum velues o-f Xy
* whea x2+4 xy - y'= g2, (i) %_, +2 =1 N.H.1995

*52. Show that the maximum and minimum value of x4+ y

. Where ax? 4 2hxy 4 by?=1 are given by the rools of the quadratic

(a—1[r—1{r)=h?

®53. Show tbat critical vaiues of u = xPy9z’

when a/x+bly 4 cfz=1 is maximum and the value is
(pra+r)Pre a/pblgr(c/r)s
*54. Find the maximom value of x4 y? 4 22
subject to 632 +3p> 42z =12, 3x+ 2y+z=0
*35, Find the critical value of

S5 see
u=x+y*ta2

‘ Banﬁﬂl‘ﬂ?ﬁs‘:"
when X4y+z=38a
Show that the criiical values of y?

when u’—-a‘ ’-Lb!y -l-t:'?

"

A4 yr4 22 =1 and Ix4py nz=0._ are tha roots of

I* m? n®

ut— a’+u3_-- b2 +u2—»b"_=u° i

SO ML

57. Show that maximum and mioimum values of

== x4 p 422 if px+gy+rz=0

and x’{a +J,Z/b=+zz/c==1 are given by the roots of
a!’pz i big? et
]

Foh 97(g) See
y—at +u,—bz +u—-¢2 =0 analo Venston
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*58, If (xg ¥y, Zg) 8 (Xs. Yo Z,) 1€ tWO points on the curve
of intersection of lx+4-mydnz=0 and ax*+by’+cz’=1 the
dictance p bet:veen these points is staiion_ary when

? m n’

el =0
—art "o T i—er

%59, Show that the maximum and mirimum values of
u= x*[as-1-y* b4 422 [b%, when he4+my+nz=0
and x2[a*+ y* b2 4 2% [c®=1 are given by the roots of

,131 m!él nzc
1=a ut T=bu, T1=chu

59 (a) Find the minimum value of
yizx4xy if xyz=a*(x+y+z) Ars. " 9 D. H, '87
(b) Find the pojnts where the value of F=xZylz? will be

maximum x>+ p* 4 z"_= c2 and find the greatest value of F, ;

60. Show that the scmivertixl angle of the right cone of a
given curved surface and mﬂxlmum VOlum,e 13 *m‘“"- e B

61. A farmer can aﬁ'ord for buying 8800 ft, of wire fencing.
He wishas to enclose a rectangular  field Gf largeat possible area,
What should be the dimensiors of the field 2

%02 Find the fractioﬁ \yhich cxcccd_é its second power by the
preatest number possible. ‘

63, " Show that of all rectangles of a _given afea, the square

fhas the smallest perimeters

Maxima and Minima 507

64. Show that semivecrtical angle of a cone of maximum
volume and of given slant height is tan—! 2,

65. Given th: toual surface area 2rg? ofa right circular
-cylinder, show that the cylind:r of maximum volume is 2ra*[3J 3

66. Find the surface area of the right circular cylinder of
-great st surface which can be inserted into a sphere of radius r.

6’. A ladder is to be taken in.a horizontal position round a
right angled corner from a passage of width a to a passage of
‘width 5 Show that the greatest possible length of it is
{a?[3 b3, 32, D. U. 1265

68. Prove that the least perimster of isosceles triangle in
“which a circle of radius r can be inscribed is 6c/3. )

69. Sh)w that the maximum right cone inserted mto a given
‘spkere is (32/81)xa®, @ being'the radius of the sphern

70. Find the maximum cyliader that can be inserted into a
sphere of radius a. " D, U. 1986

71.  Show that the radios of the right circular cylinder of
-greatest curved surface which can be inserfed ‘within 2 givep cong
is half that of the cope. -

72, Determine the cone of minimum volume described about
‘of a given sphere of radius r., :

#3. Divide a number into two parts such that square of one
part multiplied by the cube of the other should give the greatest
possible product, :

74. What 1s the height of a right cone of greatest volume
which can be kept .within a sphere of radius ‘g’ p

75, Tke sum of the surfaces of a cube and sphere is given,
show that when the sum of their volume is least the diameter of
the sphere is equal to the edge of the cube.
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75 A thin closed rectangular box has one edge n times
the length of another edge and the volume of the boxis V,
Prove that the least surface § is given by ns?=354(r +12ve,

77. Pisapoint on the ellipse whose centre is C and N the
foot of the perpendicular frem C upon the tangent to the ellipse at
P, find the meéximum value of PN.

%78, A variable sphere is described with its centre on the .
surface of a fixed sphere. Find for what value of the radius the
area of jts surface intercepted by the fixed sphere is greatest,

#79. Through & given point P (A, k), 2 straight line is drawn
meeting the co-ordinate axes OX and OY in A ard B resp:ctively,

determine thepmhiom of the line in order that 04+ 0'_3 may be |

L} minimum. £ _
80: If ry r, be the local distances of a poiut on an ellipse
whose major axis is 24, find the maximum and minimum values of
ry 7a (g s (Fg=>ra) distinguishing between the cases wiere the
eccéntricity is greater than or less than 1/J3
*31. What is the volume of the greatest rectangular parallelo-

D. H, 1962

pipe} that can be inscribed in the ellipscid,

#82. Find the dimensions of the rectangular box open at the
top, which bas a maximum volume if its surface is 12,

83, Find @ point such that the sum of the squares of the
perpendiculars drawn on the sides of a given triangle shall bea

minimum,

*84. Show that the points such that the sum of the squares.
of its distance from n given points shall be minimum is the centre

of mean position of the given points.

: Fi'qdahothemaximmuiofﬂ.- R. H. 1988:

Maxima and Minima 509

QA';:i Pis a point in the A ABC, PA ; PB, PC are joined.. If"
PB= <BPC = <CPA=120°, show that th i J
Wi 1 e angular distance -
*
86. _?rove that, of all polygons of a given number of sides .

clr:lumscribed to a circle the regular polygon is of minimum area
an nf all polygones inscribed in a circle, the regular polygon ha;‘
& maximum area. |

87. . Daring the course of on epidemic, the ‘number of pecple-
inficted at the time ¢ is given by ol i
N=fi)=kes[2 e~
. where ¢ i_} mmadin Weeks from start of the ep:demxc “and:
k is a constant. When is the maximum number of people idfac{ed T

‘ " Ans, 1=5]8 Weeks N= k(5/2)]2 e=5/3 -
88s Show that the surface area of all ellip!'soid ofconatané
voiume is minimum when it a sphers, R. H. 1987
89, A firm sells all the product it makes at Tk. 12.00 per-

unit. The cost of making x umits ¢=20406x+001x2 Find
the maximum -profit. D H 198y

( @B 13§ Geafie m21a aterlda RIT bR,.00 Blet Wiz Rary
@ X evw et Aw c=2040.6x40.01x* plrm wrdes:

gl RELEE - ) B Ans, | Tk, 3229/
90. A farmer with a field adjacent to a straight river wishes.

to fence a rectanguiar area for grazing, If no fence is needed along
tke river, and bas 1600m of fencing, what should be the dimensions.
of the field in order that it have a maximum area ?
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95. The percel post regulaﬁon restrict parcels to be such that
the length plus the girth (=2wp, r isthe radius of the cylinder)
qust mot exezed 180 cms. Determine the percel of greatest
~volume that canbe sent by post at the form ef the percel
‘be a right circylar c)linder,- | I

[ woite3 i Anw® 2FRI@ AT AT = i) @3 N @R
orga AEFAE LA Swo N @) gRa A @t ) doo talk

g7 12 2R A1) AW e engle e B svrw s ST

| Hgm EITAPTRRI ]

€ ot e 60 emé, Zur=120 em,

96. A farmer can afford for 800 metre of wire fencing He |

wishes to _encloae a rectangular fieid to largest possible area. What

should the dimensions of the field be? ({F&H $IE oo faGra A oI

mmemmdwa,mmmqmmm crata 8 AT, WA
ey el )

greatest curved surface which can be inscribed in a given sphere to
the radius of the sphere is 4 : 3 ((T8 @, a0 Gl Y I /EE
CPIEITE JEON IO B 3 I G €1 SIS 4 ; 322)

C.U. 1993

98, Find all the local maximum or minimum values [whichever
exists) of the function flx} = x* + 0,3 3 3, Determine the inflexion
points and the concavity of the graph of this fuinction and draw &
rough sktch of the graph, N.U. 19

(1 = 2 + 2,0 + 3 TS HAR AeAfies oF ¢ TR fAdg w2, 99
e | 2R ) AT Rege e T R e ot waws fcf =fal

reralffaid wEe 9 1)

C.H. 1992)
g7. Show that th ratio of the height of a right circular cone of

513
WAl - XI
1. Frafis afire efe geew « gaes 19 R =) *
(1) 3 = 8 + 2952 - 24x + 1 C. U. 1980
(i) 2x® - 21x2 + 36x — 20 C. U. 1979
(i) )@ —5x* +5x2 -1 .00 iov van R. U. 1987
(lv) 2%-3x (@) x* - 4x3 + 10 D. U. 1991
(v) x3 = 3x% - 93
(Vi) 23 — 62 ~ 18x + 7 g: E}’iggfi
(vil) X6 — 12x° -36xt +4 =0 ;
(vili) 558 — 18x5 + 15x% - 10 g: gﬁ igg?
2. A6 @ y=x+ 1/, 97 JEOW GANN & FHSH S WL
|
Wt (e (3 FEeN Wi JR8Y NIt (BT I8N D. U. 1961

3. (dle @ IF@Y y=xet @ 430 WAy WeR @R

ordinate) WICR @M x = 1. 2 R U. 1961
4. (a) 4 sin xcos? x (b) mmwew
i A sl R. U. 1987

| 5. Trose =3m% -2, @4ITR M @ NITR SR FI &L FLWM
Wos o) wE%8 saarA fAdw Fal D. U, 186
6. dy__cind
cos‘x—sin's @7 e @ FEea FWR G4 F31

7. y=}a(e*—e-*[%) «a 7,87 Rwwa Rz R, U 1955
at b2 '

; B B
9, xaj @A AR A9 —+—— 49 XTI 8 FHST AR 278w
arlca

10, 7T ca 4 cos ¥+-cos 2% €3 A(H LT AL T,A9H 5T TN
ag
W8 X a7 a| ITE Al wEeT 23! )

1. =14 ¥4 (4 A9 X=¢€ gq O%F X qIH T

D, U, 1s&4

o
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x*—7x46 !
12, crare @ =k w3 ATR ITET T I X=4 &3 5,5

ZXC3 A4 x=16 g3
1.3

U F9 3 *==/3 ag 7w sinx(l+cosx) e AR 3 T
[ &R0 1 '

R. U. 1983

(i) In what intervals is the fusction J(x)=17—15x} 9x3— x%
increasing and in what intervals decreasing ?

Also find the relative maximum and mazimum values “of the
function, Sketch the graph of f,

(Suafys snamas cars aafies g ek car wafice 7.f%
m ffa w31 sRaraBa Gl WA MR @ woEe TR
aAe fada 331 afba @ 33) D, U. 1987

Aps. (—=JU (5, ®); x=l1, the greatest value is 42, least
e 10 at x=3
13. (iii) Determine the maximum and minimum values of
J ) =x°~-3x+ 2on the intervals [-3, 3/2 ] Hence skelch
the graph. (f(d &% & G [- 3, 2/2 ] 97 W1y RS € AFE I
SEEERGE L P D. U. 1990
(i) Find in what intervals the function
J=xr=x2<2x+ 1,
~ 1 < x< 4 isdecreasing and in what intervals the
function is increasing. Find the maximum and minimum

values [ (x)
(FIRMD @ JIMRTS T A, @R IRMATE R aw R F
D. U. 1986

Tl sRRaE e aRdE R4y w2)
value 4 and 9 and at x = 4,

Ans. [-1,1), x= 1, greatest
least value is zero

14. (8 @ x=e9q &) (‘—"ﬁi’} €7 T FAeY 9L FHEY |

T 2309 1/e.
15. (18 A, x=1/edR & x* 97 T Frey a2 9T FHSY
TN 289 (1/e)!/e, D.U 1984

515

16. (1) sin 2x - x (if) sin"x sin rx (UM n G0+ pe 4
ARURER ELE RS I RN CRCE R

17, (A8 @ X3~ 3x2 + 3+ 3 A JTBY I FHSN (T THE
LA
R. U. 1988

18, 48 @, x=09F G (3 - Ye?* - 4xe*— x & &FF
R A1 FESY W A1

19. () @*! —a* -~ x YW a > 1 (i) 4* - 8xlog 2. W 53w
oy R

20. T8 @ x— sinx R JIGN I FHON T TR

21. &N IR TR W & RS FemeR o[ w1

() X = 3xy + y? + 13x— 12y + 13 (i) x? - y? + 2x- 4y - 2

() x* + 3xy? —3x2 - 3y? + 4 (i) xy + (4/x) + (2/y)

(V) X%y? (1 = x - y) (vl sin x + sin y + sin (x + y

(vi) x2 + xy + y? - 6x + 2 (viii) Gy? + 6xy + 4x2 - 24y -
My + 1=0

(1x) x?y? - 5x% - 8xy - By = u

A e
(I} Examine maxima and minima f (x) = X0~

C. U 1985

(x) f(x ¥)=xyp+8jx+8[y, Also determine theie pature,

D. H, 1986 Avs, f(2,2)=12
(vi) Show that f(x, y)=4+3°—32 kag a gaddle point at (0,0, 4)
2. fafaive Flemefas 1T o gaey s fdn 54 1
(1) sin 2x—sin 2x cos 2x (i) 4 cos z+4 sin?x—2
(i) B—x)f{y/(1+3—x}
U e @ Y= (-2 groraBa ¥=2 frecs ¥ az v g |
M.y a3 e A WA A1F I T4 79 Y= ()
'35, yeaq TREW | BESA A9 F54Y 77 999

dy 3Yy=—3
Ax =103
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g ggeT 2R ) 3
34, y=2x°—0x2—18x17 @z 4TEY, T FHEHEA &R dzFera 3L

17 (Points of inflexion) fAidfg 23 (ANTS (A AFOTH 7 ATZRIEN S

*26. (rqre @@ dyldv=x 1P (*-2) grumz x=0 f3
IxEn +=1 fygrs gz 3% (point of inflexion) 9R =2 f3 '
BIACT I ez ) \ 2

*27. (ANTe @ f ($)=b—9/(x — oyt

: V=0—=v/(x—aP grovmes x=a :
SR [Ies gafes 1 ﬁ‘!’?}*ﬂ? =a“1
28, (qare (3 3= : : msra: -3
: I Gt Y =g (x—b) g
) . . ; q', e
(Point ofinflexion) 3xrp—45 @R TrECINBy &7 wafes :
i F: i

. x93 @3B faars wdvaay 1007 M7 1S qqg x=—3, g

SIS 717 2w x=1. gromB Ry 1 D.U. 156

o fega anRenes w3fEs |
35, are a8 x —4 ex 1 fag fw wfewn 304 A ERAE

[ ()= (2% +3)x+4(x—2)(x—1) a3 Tow+oe gRLS-ve a7 wimfes

g o x4y s —302 gRrs 2.4 "fgafEe Zowia Al ffE—re

e +~ve & #izafes 2| ; ‘
36: frafufys gwcawiela @3 nfe fag (Critical points) fada

2%, (a) u-_:c;l( —i—) +¢ (—}L) %, ©1 Ao cq . :

() £ (R)=x—xt—a (i) y0=(x—a)% (il]) f(F)=2¢"7F —L.

3. v @ & SR =432+ e f()=o T4,

g x=—2, ¥=—1 aqz ¥=0 Srsva 5@ S () gEEA 2RI AR

[(x)=0 mgex masem wadt 3588 amef aem ¥ |

V8. e 6 FAEH SNAICHA 9 QAR 2=3axy—x' 3" odIF] !
39, (48 (@ FILH u =sin A sin B sin C-¢R W 6 oA

8z S8y ¥
x——ﬁ.\: =3 '5}-‘—"3?; ( -;")
. .
i '},( ) TS R T p=x+1/x oz ffe2 @38 =iy 3097
_ TISH I ANE 1 WA (Hare cx RAW IRE 7 TET a7
W:WIIS: :;ma; FRHABY (TR <3 F cmafba wad a7 4
W that the function Y=x+1/x has precisely one log

) .

?"0. .
20 RATS (T WA y=24(I+sin X) €0 X-47 @2l e
TIW 6N 432 513% 7@ T2 (four points of iy Aexions) wrel

@3 I A=B=C=zr/3 RAI
-ao.ax+bymaqmmzwwmﬁﬂuwww xy =2
41. 7 z=a-;+b2/y A x+y=aT S (s @,

=2/ {a+b) 9% T z 9] TH FTESH %203 ¥9R x'=a?/(a-b).

3 CiyTe g x=0 {3
. =0 f3s e*+e~*+2c0s 2o .
SIE 1 +2c0s x~07 938 wazq 3 o 2R
: 12, FrafiRe IFRASFH T u 99 JT/W G TESH DA
N—m " . ) .
Mg |

!3’} J

4 (f4ra Sy ,
478 (I 97 tan (e 2""3—,‘;__.:;,;t3n_n= il e .

ian® y tapn (ﬂ——x) €3 AR FgEq ﬁca I (1) u=x+ gy.'z +322-2xy-2yz-2=0

(1) 1 = 2a2xy - 3ax?y — ay® + X%y + a3,

e 978 @ =3 g¥ia yifemren 4xitcos 2y e,

_ g
(i) u = Ta+x)(x+y ly+2(z+b
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(iv) u :nyzﬁqzx—Qyz+x2+y2+z2—2x—4y+4z.
(V) u= 22 - 5x2 - 8xy - 5y2
(Vi) 1= axy?z? - 23x22 — xqy32° =774
(vii) e @ (0, 0, 0) RHITS U = 2xy2 + 37 + 2 + 22 FESN |
(vii) e @ (0, 0, - 1) ﬁ"{(.ﬁ U=2x%+ 3y? + 422 - 3xy
+ 8z 99 TH Frey

(ix) x? - 3xy + y? + 13x - iZ2y + 13 D. U. 1989

42. (@) N9 ¥ @A F(x, y, 2) PIAL T 0= AP 330

PGy - Fy Ge= 0 990 @iy =% RBw <@ e
(constraint) ¥ 2@ G (x, y, 2) =0. _

43.3% §-+ §+§~&1.mmmm@ﬂq@w
AW abe. 9% IR WIET 794 e R, U, 1967

43. (a) rre W (X"'y"‘ZJ"’"3l'x+y+z)—24Jqu+asng ,.

T (1, 1.1) RS gEew @ (- 1.- 1, - ) Rere gzeT|
*44 i ¥ u- dx-Lyy® Sds e A4fE AR 2Ew @, —])

WR (=502, —1) Res x4 AAHyi+2x4y—1=0. B 3m g
XA ¥ (F X837 TR A4 o9 %A AT (%7

; i x : -
45, e (Fu=X+yi:ex T I A= 33==‘75
; a b ¢ - :

=v'a b+ 4/ Sy

y+v+xcw-1xiy+z 1231 _
*46. cruTe (X u=x'+)%2 a3 ITGT ¢ WS T

(_l_—u )/_{.—u \'(._1....-—&)=0
a \ b / e

TFAAT T 20T wrert XA I aP+Hbyi+er=1 RR@!

47. (HRT@ (T I/ I=)=z=¢ AT Y u-—-—x’-{—_y‘-}-:' &2 '?,\_EEII
a1 zRey xyr=cd. :

519
47. (a) crare 3 Fix, )s D)=x)%2° «F (I8 7279 T4 TR aR

a® 77 z3g 103.

48, axt4 by?ter=1 ez lxt+myLnz=0

02 S X+pi42t ez 3R € T899 18 fAda F

C.H. 1972, D.U.RH, 1958.
49. ax+-byt et 4-2fys+2gzx+2hxy=1!
af s ) 1

e e ol
u

1
- BB e C' H. 1988
x4yt 420 67 3T @ F 7S A1 AreH AR, R (ANiS
*50, u=x*4p*+z® @3 W,HE NW WG ¥

qYq xp+yc+ix=36"%3F | S
51. xy ¥ JRBY @ FACH WK A I IW L ray+f =a

ol

52. (A8 @ (a-1/r%) (b—1/r?) = h? @] SRR X2 + 2
mwewwmmm|
I ax? + 2hxy + by? = 1 |

53, (e @I L+ —5+ Co 1 W SNTu=xryiz R T

TR ROT T R G3R 4R 338 1%

a b 163

pra=nrer (32 (3 (7)

54, 6x2+3y°+ 222 =12 3x+2y+2=0

I RAICATE o2 + 12 +22 ¥ JRGN N fafa =)

55, T x+y+2z=3aT O u =2 +y? + 27 91 AFAE
[44% P41 (critical values)

(a) 2x? + 2y2 + 9a® - 6ax - 6ay + 2xy

56. A8 @ I u=a?x? + b2 +c22 X +y? + 22 =1
VAL [x+my +nz=0 T/, OH

E
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Spe g b D
- *e-pF tg-@ =0
9 PIeFE 2 12 G THFIT AR (Critical values)
57. e @ I pe+ gy + 2= 0 WAL
X  1F 2%

-@ T u-p2 T y—a@ =0 Tl 23| u=x?+y? + 22

57. (a). find the maximum and minimum values of x? + y?
+ 2% Subject to the conditions x2/4 + y*/5+z2/z=1and z=
X+y
Ans. 10, 75/17. C.U. 1991
58. FEE Ix + my + nz = 0 U9, IFEL ax? + by?+ cz? = 1
UE R -] ﬁ"'i (x1s Y1, 21) x 06, Yo, 25). :
- @R 7% 73 w3y N7 2heq A
m? nt

I

1—-ar3+1—-br’, 1—2 ™

50 (rTe (3 *%A lstmytuaz=0 aq -;3 + =§3~3-+—§ -1
X2 g2 g2
R N u= oo, 97 WY € FESN WA AAres] Wi
2 4 2
Ui T e =0 3 e 2k
(a) Find the minimum value of
yztex+xp if xy"za‘-‘{lx—;—y-.’—z} Ans. 942 D, H, 1987
(¢) Find the points where the value of F=x%p%2® will be
maximum x*L32Lz8—¢? and find the greatest value of F. _
0. crave (u faf2 cszea AR azeq e I ATHG IS
a2 e wre1 s@Fm erczE ( ight cone) wi-fm (P14
=sin™! (1/4/3) g¥r31

6l. wEm % voo I By cawl Pfiws M or & (391
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frm wfrfus (vawd 3@ a3¢e oft [Gicre w2 *faE: @ sfa
ofzar & z2@ K47 23|

62. g9 azb s fada 33 A1 gEre By ad feama sfamm
fargrome 358 TR s

[ meas 76 = —( l;—) ]

63. (MAT@ (4 W@ (FAPLEI TEA AHOCELAY wcdi Qlesiad sifa-
AGTE FEEF

64, cure (@ A4R% (zaTA) Oaf vy IgET ATaeA A2 31
(#7ead (cone) qd={im@=(ra tan~*v2 I

( Show that semivertical apgle of a come of maximum volume
and given slapt heigh is tan-'v/2, )

o3, a%b (IR 71 =N, FEOE fAtEIeILag N0 (wRTA (Ra¥] WICE
Ima®, BL13 I ZEA W1EEA g 2re®3v3. Rg) oerd w30

[ Given'the total surface area 2na® of a right circular cylinder,
show that the maximum volume of such 2 cylinder is 2xa%/3v/3.]

66. °r myrd 3R asB carensa mw afes At e
cragn fafed meesfie Ffeenss / s b cvawaz afima
fadm =3

67. @ wuz fafits a3 @12y b o7 faf2 gva «IF aTeIm
AE® AMINT RIS 1 @3B TACE wgsfIEENg @ AWEATEA M
TATNS 2RI (A48 (3 & Wag ARIe LS @P VPP ad @
2RI AL

68. rqid 342 @3B 35 3B swfEqc fasies sw wiEe
z%|, cqare (3 fagras gwen sifafln g8y 6r/v3H
69. cqyre cq @ ATd fafi2 a9B cwaea o w@fss agaw

32
TGRS (FICE ATITA ZRA e
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70. a gaK ﬁF'IE -aasE emteerd s afFs wdags fafaenas
THIITA T 7

71. (EyTe ¢ o CFIad  (come) szwr afEe WETLAT ITed
3Fen 72 sm 3 ggfus R@onia Amd o3 (IR AWM
LEE ZET ! ' D.U. 1986

72, exB (FT4 {conc) T3, WA AR eFB CAERCE
(sphere) #fzaRe wfacs qooa (orcan am@sy fd 331

*73, 3B 298 MYNF o 42 Wy RAETFFI @ LW WO
5[ TS 33 MO 9% o $fA 94T ARIR T

73. () 100 7 wam q2 wrew (7@ 37 (AW BoT093 womA 3569

LR

4. ‘@ yATda @3B (MAcTd aa afwe Izen ANIE ofid
SARERL IR §

75, a3b %93 a3 €3 B (o107 137 2HUED (HIATCAT (FNTA CRET
WML L CHArS (q A9 RATHA AIASLAI (RTAFHA ST 7 B4 09
AT AT 4163F AN ZBCT |

76. «3B ared| HraeraT@ 1% AnEd 3B @13 w97 g1eaA Lveaig

noeq AR FENR V, (418 (A @ I uEA JRISA (ITA 5

uren] MR ns*=CAn L1V qfeqq 250

i7. Cczw A2 rara Buyrma Boz P a3f Ay e P faqcs
wfps =nitgg 843 C e ﬂ"ﬁf‘@ wiwan o7 fag Nadea PN a3
ki Feon e RECHE I

*76. 177 @3B cwmeEidn Y1 7 A frue m ofaml 93
FHATARA (AT (Req Z7 . A B zhew Ten cwes ofbara
Jlew iy cvaga I 5E TR ¢

9. «aB A2 R PO k) agwe fa @3B A9A caw eaA

523
©Iey AP 238 @A U %R OX e OY ¢ qorweT A alﬁ-ﬁ{:ﬁg
(5% 02 | FEMAANE 93y 03B Hamad f5dy 37 cqaws O4L0B
63 WA Ao 3504 |

*80. a3F Twwrea (Ellipse) gmars 20, B33 11 w19 fawa
UFIRTA GAT 118 T2 S ATPWEAL 1y Moy —r,) [>7:] @7 2327 @ B good
paniy fads 91 «® W Sccemerg (eccentricity) sra 1/v/3
AT T &ET J] FEOH LA ANY Ane 5 oaex wfafew @
BIT) LAYra 1 . D,H. 192

*3l. a3l Boizersa (Ellipsoid) myr €af7s 7§Ige HESIFIA
943%3 (rectangular parallelopiped) saex fada a1

*82. w3l wrzwrwrad qtma Sufaem el e g o
ARG CFIFLAT (ArAFA 12 7T eqy GESA IWET T3 =Y 204
ady, 27 o Bwoy fada a3

*83. amq azb R73 937m fAdn #3 717 & o fafad
fagrsn azefm 8w wfes awsfar wiz @rmea paea 231

*34. - (qaTe 79, 9 T 23S nB- fRe7a qaced wofg tATATA FABH
57, % b g n fRyefEa 1g q3vCaa (37 330

*85. AABC fagrwa svo Pra (312 fag PA, PB, PC @

73 ﬁﬂl rdre (3 (3taE qav w4TfEE 52 ol
£ APB= [ BPC=/CPA=120" 77 |

*86. oA (3T WS sifzfaie am R e eI
MS WgRa[FT Y FIT OYH [STPA FAST €A (I WA
wafafws cwim Wfaz mus qEaal MWe wEeael® Wy W
WHEHT (T I 78T LR |




Exercise XI
. Answers .

1. () max x=2 min x=1; and 3
() max x=1, min x=6
Gil) max x=+—1 min x=1

(iv) max x=1 minx=3, pone. x=0
5. mini. for=/2, max for tan x=1// 2 in the Ist quadrant
(i) no. max or mini.

5. max. value 2p2+4 2n when {=—m
min, value—2m?+2n when t=m
6 max. [, mire 1 _
7. minimum value is ¢ when =0 8. (a+b)?

g a? oo phad
T e S

16. (i) max x=nx+x/6, mini x:mn.n,—n[s' ;

(i) max. and mini. alternately for x — n+; i
starting from k=1, omiting even values of n far which k==0
<or multiples (n+1)
19. (i) min value={log (@e—e)/loga} log a
(i) min. at x=1, value=4-8 log 2.
2l. (i) notbing
(i) no masimum or minimum value at (—1, 2)
(i) max (0, 0), min, (2, 0)
(iv) min. at (2 1) () maXat(}, 2
(iv) »=y=n/3 max, mini; ¥=y=>5a/3
(Vi) min at (4,—2)  (viii) mini. at (O, 4/3).
22, (i) max x=x/3
(ii) maxat x=x/3, 5x/3, min at x=0, 7, 2%’
(iii) max. value=3, x=4/3 24. minatx=3
26, minat x=0 20, x4 3x2—9x—12
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34. max at (—1, 17), min at (3—47) inflexion at (1, —15)
36. (i) max at (}, 5/27), mizi at (—1, —1) (i) min, at x=aqa
(iii) [~ (@) is discontinuous but f (a) is max at x=a
38, mini. at (4, @) nothing at (0, 0)
40 mini at x=/(b/a) max. at x=-—c/ (b/a)
42. (i) min at (2/5, 6/25, 2/25), u=—254]125,
(i) min. at (:4/2, a/2) maX. at (36/2,—q/2)
max at (a/2, a/2). min at(a/2,—a/2)
(iii) min value is (a'/*4-b%/%) —* at (ar, ar®, ar’), r=(b/a)}/e
(iv) min. at (1,2, 0) (v) maxat (0, 0)
(vi) max value=10847/7".
44, Tbis example illustrates how it is mot sufficient to express,
uasa fnmctionofxsay =241
r s
& bt LT bu—l - S
' 50. . 3a? at (4, a, @) and at (—a, —@, —a)
1. ' 1a%, max. at (@3, a]J3), (—a[S 3. —alS D),

—a, mnn at @, —a) } (—a.a),
54, 28{5 i - ! (1) min at (a a @) 34*

6l. 200,200. 62. % 66. max surface=wr’ (5+V 5)/JS 5
67. h;%af3 Ti. h=2r. :

92. v is mini. for x=13r, ris the radms of the sphere,
73, x--'.’a,'i a being a number y maxi, 74. h=4a3
79." a—b. 78. ruda‘r:i

-
W T RS
81. 8abci3 /3
472
82. V maxat(2,2) 8.



CHAPTER XII
ASYMPTOTES

12. Definition. If a :iraight line meets @ curve into two
coincident points at infinity, and yet is not itself wholly at

infinity, it is called an asympiote to the curve.

An asymptote can also be defined as “a straight Jine whose
distance d from the moving point P on the curve to the straight
line approaches zero as the point recedes to infinity.

When we say thdt (Pz, v) moves along the corve to infinity,
we mean thatat l-ast one of the Co-ordinates = and y tends
0+ 0r—> and this is denoted by P

12.1 Determination of asymplotes (not parallel ¢> the azes)

Let yY=mz+¢ ([)

where m and ¢ are finite, be an asymptote of a curve,

Then m= Lim < and ¢=Lim (y—mx)
X—>00 o X—> 00
wherte z,y are the co-ordinates of a moving point Pon the cuive.
Let d be perpendicular distance between the point P(z, y) of
the curve and the straight line y—mz-—e=0. Then

_ Y —rmE—C
it Li:_ﬂ (J-‘—m.'z:--z-'l =Lim dy(1+m? =0 Since m is finite.
Z-r0 d—0
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Again putting V(1 +m?) =z. from (2) ; we have
Yy—mr—t=g Or, y—mx=z+c Or3 ylr—m=(z+ec)/z

Lim (y{z—m)=Lim (z+¢)/x=0
Ly T
Since z—0. as x->% and ¢ is finite with
or m=Lim-2_ (4)
Z=p 0 3

From (31 and (4) we notice that we are to find uut m=Lim(y[z)
>

first from the equation ; 4 may have more than one valve. For

each value of m, we get a corresponding value of ¢ =Lim (y—mz)

If ¢ is finite, then y=mzx +c will be an asymptote of the curve.

This method will determine all asyniptotes of the curve not
paraliel to the co.ordinate axcs. Seperate metheds will be dis-
cussed in Art. 124 for parallel asymprotes

Alternative Defirition Y

An Asymptote is defined as
a tangent whose points of con-
tact are =t infinity and again it
is not tself wholly at infinity.

Let the cquation of the tan-
gent at (z, v} of the curve
y=f(z) be

Fig—12

o _dy d A d
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Exclude the asymptote parallel to the co-oxdinate axes (that is

2y #0, o). The tangent (1) will be asymptote if

az
Lim dy Lim ( ke ﬁ)— re finite, If these
s® a5 =" and R 8 = =ci

conditions are satisfied, then the asymptote is given by y=mx-+¢.
NOTE s The converse is not always true. :
12.2. To determine the Asymptotes of an algebraic curve.
In. Art. 12.1. We have discussed definition of asymptotes
and also discussed how to determine asymptotes. .
In this Article we ate giving another method for determining
asymptotes.

Let @ (2, 3)= (9" + 19" T wee oo+ 8o+ GV
B2z 4 = b ) (6,30 F ey P T v Gy ) F

L g T s T )

be a cﬁwe and Y=mz-+¢ (2)
be a straight line. Put the value of y in (1), then we get an
equation only in x. Thus ¢ (z, mz+¢)=0 b M 3)

of, A,z°+ A+ A2 4 +A,=0 = (@)
where A,, A;, A, etc. are the functions of m and c.
Pat z—1/z, then (EJ becomes
Ao+ Arz 4 4,224 e = A, 12" 1 A2 =0
If two r00ts of this equation are z:1o, then
A,=0and A4,=0
Bitz=1/z when z-0, x becomes infnite.
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Thus we see that we are to select the values of m and ¢ in
such a way that two of the roots of z in (4) become infinite. In
this case the straight line y== mz -+ c cuts the curve at two coin-
cident points on the cuive whose distances from the origin are
infinite.

From 4,=0.and A; =0 we will get values of m and ¢. Putting
these values in y=mz+ ¢ we will get the equations of asymptote
of the curve (1)

12.3. The asymptotes of the general algebraic curve.

(A) Let the equation to the curve be
(@0)"+ 61" £+ a2)" 25+ -+ + aq_1yz* ' +a,z")
+ (h1y*1 - byyn—2z 4.0+ bo—tyxa 2 4 b 1)
He™ 2t tex™ ) +=0 ... (1)
of; Pt Pii+Paot o o 4P=0 . @

Now we see that P, is homogeneous expression in z. y of
degree n ; P,y is a homogeneous expression of degree n—1,
P,y is also an homogeneous expression of degree n—2 and

50 O1.
.Pnﬂ auyﬂ_i. aljun‘-lx+ sae an-—-lJ'-zu_l + a,xn
=z" {ﬂo(.“f.r)“+a1 (,1‘)’.1‘]”"1—5—-—- LLE R - R | (j'fz)-—!—an}
=Z%0n (X)) e e (3)
=z"d(m), where O/, =m .. (4)

¢.(m) is a homogenous expression of degree », and co O (m =0
has n 100ts. Let my, m;...m, be the 100ts of @_(m)=0

i"l
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Then Eq (7) becomes

(y—mz)? Qp 3+ Po gt (Pog+ ... +F,)=0

of, (y—mz)?2 Qug+P1+Fo =0 ... o (9)

Qo —y = (y—m3z)(y—mz)...(y—m,z)=terms of (1—2)thdegree,
P,_y=terms of (n—1)th degree

Thus @, (m) = (m —m,)(m—my)... (m—m,)
= (y[x—m)(¥/z=my) ...(y/z—my)
P= 20, (m) = (y—m2)(y—myz) (y—msX) - (y—myZ)
The possible asymptotes of the cuve are paral'el toy—m,z = 0

y—maz=0 .. we  y—mnz=0,
F,;=terms of (n—2)th degree and lower degree terms.

Case 1. If P, has no repeated linear factor, then the equation PO S
(2) can be written as '
Pit(Py g HPasy o v HEY=00L Pt Foy=0 .. ...
Let y—myz be a non-repeated factor of P,
Then P,= (J’-"ml;z) Q-1 I
whete Q,__q = (y—myz)(y—my2)...(y—m,z) and

F,_, contains all the terms of (n—1) the degree and low

y—mix=cg, Where c; is obtained from (9)
Lim Lim P47
€= (y—myx)t=— e
T30 oo Qn—z
If P,_.; does not contain y—mz 8s a factor, then ¢; does not
tend to a finite limit, so there will be no asymptote parallel to
y—myz=0,
If P,_; has a factor y—m,z. then eq. (9) becomes
(y-ml't): Qn—' + (3’_"”1;1:] Rn—l+Fn_=ﬂ 0
If there are asymptotes parallel to y—myz =0, they aze given by
X0 Qug XPPQu s
In the same way we can find out asymptotes parallel to the
factors of P, =0.
All the asymptotes of cutve (1) canbe determined by the

il 2
‘ degzee.

(y-—mu_l') QB"-3+FH_'1=O T L L] wan t?)
' It theze is an asymptote parallel to y—m3z=0 let it be

(y—mx)*+(y —m,X) =0 .. (10)

y—miT =0
F:ozﬁ the definition of asymptotes

ca=Lim (y—mz)=Lim —F.

Thetef ore, the asymptote parallel to y—mz=0 is method shown above.
y— mxilim Fo=0 . (@) Cor. IfP,_;in eq (2) is absent, then all the asymptotes
; Foa: -

2 Qo pasallel to the factors of P, are given by F,=0 if thers wie

In this way other asymptotes parallel to y—mgz=0.
y—myz =0 etc can be detexrmined.

repeated factors in P,;
i, e ; if the eq, (2) is written in the: form.

| P, L o wen =
Cese II. Let P consist of repeated factors, say (J"“'"l-“} 2t (Pa—gtPaat e Po)=0
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or. P4R_,=0 (10a) whete @ (y/x) represent an expession of nth degree in y/z

then all the asympototes are given by P, -0 ) _-; Let y=mz+c (13)

Ex. Find the asympotes of gy x2 g2 27 0 be-one of the asymptotes of the curve 12
The eq can be written as (% —2y%) + (x2 + 32) —aq2 =( y/z=miejz e 9 L ]
o B+ (P+P)=0 ors P4+R~0

Here &, is absent. S0 all tha asymptotes are given®Y

Put the value of y/z in (12) then
[ x"g. (m +-6/.z)+x"“1¢n,_; (mAefe) s o . =8 ... (15)
Fo=0o0r, (z'—293)=0 or, x(x—y) (x4 zy + y?) =| 2te the
asymptotes of given curve,

Expand it by Taylors Theore na

Working Rule :— x“{;ﬁ,(m)+—f—r-¢'n(m) i ‘—Lf%-r:»" I e By
(a) Group the highest homogeneous degree term s in ¢ PFacket i
It is 7, Equate P,--0. The asymptotes of the cury Will be |
parallel to the factors of P,~0. '
Let y=m;z be of the factor of P,. Then the asy"Piotes
parallel to y —mx=0 is from ) :

Lim F il
el g

Yy=mXx,

+_rn—:{¢n_.2(m)+_£_ QJ u—1 (m)+ 'Cq;’:i‘ﬁ'n.-; (m)y+ ... } _

+ 2" o y(m)+- ".fz— Bamz (m) ““’L:‘;—x'i 2 g (m)

..f_"_ =5 ;+... swe mm
OF, Z%Qy (m)+x1 {cg’) (M)~ Guz (m)}+

= S = .
vt {___L‘Z P (m)+cpuy (m)+ %—z(m)}"‘ res==0 o0.es(16)

Since y=mz+ ¢ is an asymptote of the curve (12) therefore
‘Similarly for other asymptotes parallel to the factors f Fe: Iwo roots of the equations .become infinite for which we are to
(b) If P, has repeated factors say (p—m;x,2 then the BYDp-
totes parallel to y—m,x=0 are given by
Lim R, , ' Lim F,,

¢quate to zero the co-efficients of first two highest degree terms.

Now from (16) we have

o 2L (e SR b st b »
L R 6. fm=0 .. .
y=mx y=mx cPa(m) gy y(m)=0 ... (18)
12.3. (B) Let theq. (1) ...... (A) be writtea as Equation @, (m)=0 is of nth degzee in m, so it gives us roots

Pt P4+ Pogovse P 0
or, @ ({—)+;n—r¢u_l (Jz_)+ R W

C8Y, my, vy -+---my, From (18) we get the values ¢ corresponding
1o the values of m say m,, my ele.
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Thus the asymptotes are y =mx+c1, y=myz+c, et

Cor, If ¢.(m)=0 kas two equal roots. From (16) we have
c1=—@s—1 (m1)/ @ alm1)

If my ='m2 in ¢(m)=0, then ¢, (m)=0

Hence ¢;=—¢, 1 (m1)/¢a” (m1) is infinite if p, _; (m,)520,

" The straight line y=miz+¢; will intersect the y—axis at
infinity, so is not an asymptote, through m; is a roots of g, (m) =0
In tais case if @, (m)=0 has two equal roots, then ¢, (m;)=0

and @, (m1)=0. The eq. (18, vanish independently.

In such cases ¢ will be obtained by equation to zero the cos
efficient of z*~2 in (16), |

Thus

e! Lar A - 3 ’
[Z 9 +ephs (M +Guytm)=0 — - (19)
The eq. (17) is a quadratic in ¢ so it will give two valves of ¢ -

for the value of mq.

Thezefore, the asymptotes ate y =mix+ ¢1, y=miz+c,,

Cor. 2. If the equation ¢,(m)=0 has three equal roots then
we are to equate to zero the co-efficient of 2°-2, of eq. (16)

Thus ¢, (m)=0

and (c*/{_30""(m) +c¥_20" am1(m)+ cF a(m) + Pos(m)=0

There will be three values of ¢ say ¢4, ¢y, 3 for my. Then the

asymptotes are y=nx--c;, y=mx+C3, y="2-+Cp
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Cor. 3. For imaginary 1oots, there will be no asymptotes of

the curve.

Working Rule :—

(a) First group the highest homogeneous degree terms ina
bracket ¢ which is ¢, (y/z). N

Put =1, v=m Then ¢, (m) is obtained.

Similarly find ¢ 51 (m). Differentiate ¢, (m) w. 1. to m.

Then ¢, (m) is obtained

(b) Put g, (m)=0. Find the roots of m. Consider only the
real yoots of m. Put one by one in ¢g%; (m)+@a—i (1) =0,

then for each value of m, there will be a value of «.

Put the values of m and ¢ in y=mx+¢. which will be an
asymptote. In this way all the asymptotes can be determined for
real values of m.

(©) If g (m)=0 has two eqal roots, then equate to zero the
co-efficient of 2z~ i. e.

s -
(2 @) +e0Toms (W) +pug (m)=0.
Two values of ¢ will be o-tained and thus two parallel
asymptotes will be determined.

(d) If po (m)=0 has three equal roots, then
2
E:fi ¢..”’(m)+ﬁ B a1 (1) +0P ag(m) 4+ Pas (m)=0

Thus there will be three parallel asymptotes.
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Asgymptotes

Asymptotes paraliel to the co-ordinates axes

12.4. (A) Asymptotes parallel to the x—axis.

Lel @ (2, 9)=0

he.the equation as shown in Art. 12,2

The equation can be arzanged in the descending powers of zi.e.

@0+ (a1y+ b))z (@gy? +-byy +c1)z" 2+ L. =0 ... (1)

If a,=0 and y be selected in such a way that @,y +51 =0 ...(2)

Then theze are two infinite roots of z.

Hence a;y 45,=0 is an asymptote of the curve (1)

a1y+b1=0 or. y=—b/a ; a0, or, y=k, (say)

which is a straight line parallel to x-axis.

If a,=0, a;=0, b;=0. then thete ate thr:e infinite roots of
Z 80 @yy*+byy+cy=0 giving two asymptotes parallel to z—axis
if the 100ts of y are not imaginary.

Hence to determine the asymptotes parallel to the z-axis
preceed as follows 3

Rules In an algebraic equation of & degree if the highest
power term of z (say z° ) is absent, all the asymptotes parallel to
the z-axis are obtained by equating to zero the co-efficients
to the next available highest power of =z (say 2°~1) in the
equation.

If the co-efficient is constant, then equate to -ze-ro the next
available higher power,

If the co-efficients give imaginary factors or constant then

there will be no asymptotes parallel to x—axis,
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Ex. Determine the asymptote of the curve,
y—y224 vz 4 22--4=0

In this eguation highest power of z. i. e. 29 is absent. So there
may be some asymptotes parallel to z—axis.

Arrapge the equation in descending powers of z. Then

2 1-y) fzy2y0—4=0 e (D)

Equate to zero the Co-efficiente of available highest power of
x (1. e, x?). Then the asymptot parallel to x—given by
1—y=0 or, y=1

12.4. (B) Asmptotes parallel to y—axis.

In an equation of nth degree in z and 4, if the highest power of
¥ (i e., y*) is absent, then equate the co-efficients of next avai-
lable highest powers of 4 (i. e, y* ') to zero ; all asympiotes
parallel to y—axis will be obtained.

Ex. Determine the asymptotes of the curve
Xzl 2432 — g2= ()
In this equation the highest powers of y (i. e., 3*) is absent.
There may be some asymptotes parallel to y—axis.
Azrrange the equation in descending powers of y. Then
¥ (l—22) 4244+ 22—al=0 it (1)

Equate to zero the available highest power of y in the equation

(1), Thus 1—z?=0 or, x=-+1

Thus asymptotes parallel to y axis are given by
z=~1=0and x4-1=0
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12.5. Intersection of a curve with its asymptotes
Let us consider an equation of nth degree. This equation kas n
asymptotes. If there are no two paralle! asymptotes, we can write
the eqt;ations of this curve and the asymptotes as in Cor, Art. 12.3
F,=0 .. (1
Fot-F,_3=0 - (2

If ;=0 and S,=0be two curves then any other curve is
represented by S1—aS,=0.

1f a=1, then the curve is S;—S5;=0

If $;=Fo+F,—y and S;=F,

then (F,+ Fo_z)—F,=0 o1, F,_3=0
represents curve of intersection of the two curves F,+F,;=0
and F__,=0. Thus we se: that all points of intersection of the
asymptotes and curve be on a cutve F,_,=0.

We know a straight line cuts generally 2 curve of nth degree
in 1 points (real, imaginary). If this line is an asymptote it cuts
a cutve in two points at infinity. Hence it cuts the curve of ath
degree in (n—2) points. As there are z asymptotes for cuxve of
nth degree so all asymptotes cut the curve in n (n—2) point and
all the points will lie on a carve. F,_,=0
" The equations of all asymptotes are given by F,=0.

Thus the given curve is obtzined by combining the equations
Fo+F, 2= 0.

For example
(1) 1If the curve is a cubic equation the points of intersection

of the asymptotes and the cutve will lie on a curve.

-
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F,,=0 ot, F3_;=0 o1, Fi=0

which is a first degree equation in z and y, The asymptotes

meet the curve at n(n—2) i. e ; 3(3—

2) =3 points.

Hence three points will lie in a straight line.
(i1) If the curve is a 4th degree equation then n=4.

The points of intersection of the asymptotes and the curve will

Iie on a curve.

F,—y=0o0r, F,_,=0 ot F,—0 which is an equation degree 2.

This will represent a conic section,

Moreover the points of intersection of the asymptotes and the

Curve are

n(n—2)=4(4—2 =8 i. ¢., 8 points will lie on a curve F;=0

Similarly for curves of higher degree.

12.6. Asymptotes in Polar Co-oxdinates.
If @ be a root of the eqation £0)) =0, then

7 sin (B—a)=1/f"a)

(1

is a asvmptote of the curve | /r=7 (0) - (2
If 7=, then from the eq.  2) we bave f(§)=0...  (4)

Let the roots of the equation
f8)=0bhe «, 8, v

Let P(r, 0) be any point on
a curve near the asymptote { M.

Draw

OP=the radius vector

.PN=:tapgent at P

NO is perpendicular to FP.N.

ON =the polar subtangent=72 _g—g-
r
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. ity, the tangent PN the~

If P moves along the cuzrve up t0O infin ~ et
comes an asymptote 2M and consquentl o sl GEOAE
calar to QM, ON eqtals OM, end becom

Lim
whet ==,
I Lim ON=Lim de i ﬁzg.—/’-i“ whete " ©
P™p.o) peores ' dr
sp::rsm{ﬁ—ﬂ)

The polar equation of the asymptote 28 4.
or, l/f7ia)=r sin (0--a4ix)=r sin
or, rsin (0—<)=1/f ()
Worlinx Beles Mempee lhe YR 6,say a, B, t etc. Difffe-
Eqnate f(6)=0. Find the roots oi/ hat . B et
rentiate £ 8), put 6=a, 8, ¥ etcin f (6)

are chrained.

%tion in the form 1/r=_ft)

Fin (0—<) =1/f(a)

d Fi4) to get r

Put the values of = and f7i4) to 8 : AP Mo,
which will give us t"e polar equatior

a8 0 increase with tlhe

Note: fig (13). dr/de is posilive

ent is positive and is to
increase of r. Hence the polar subtan

the right. :
o dr/db is negative, 150

With the increase of », B decreases,

3 Awn to the left,
the polar subtangent is negative and is d¥

polar Co-ordinates,
Cor. How to draw anasympiote i

Draw OR in the direction indicated bff y
W= Lim riiﬂ_ )
Draw OM parpendicular to OR wherd 2% | gr
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If p positive, draw OM to the right side of OR, and p is
negative draw to left side of OR.
Now draw MQ parallel to OR which dedermires the asymp-

tote of the curve,

12.7. Circulsr Asymptotes.
In many po'ar equation when 6 increases indefinitely and »
remains finite, the equation involves only ». Such type of curve

posseses circular asymptotes since r is ultimately constant.
In this case the curve tepresents one or more concentric circlos.

Ex. 1. Find the asymptotes of
T34 22—y =2 f gy —y =l =0 . (1)
Let y=mz+¢ iy v (2)
be one of the asymptotes.
Put the ralue of y in (1), then
Z224 22 mz + C)—z(mx +¢)*—2(mx + c)* + x(mz -+ c)
we(mz+c;2=1=0"
or, z¥l+2n—m?—2n% +x3(2r:— 2mc—6m? - m—m?)
+z(c—c2—6mec?+4 2me) +( —2c3—c2—-1) =0,
or, A3t A22+Azz+ A3=0.
Now equate to gero the co-efficients of z* and 22 seperately.
A=0or, 14+2m—m?—2743=0
and A;=0 o1, 2c-——2mc—6mlc4-m—m?=0
The first equation gives
14Z2n—m*=2m3=0 or, (14+2n)(1 +m)(L—m)=0
m=1,—1,—1,
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From the 2nd equation 2¢—2mc—5mic4+m—m2=0

' m*—m

2- Zm—6m?

For, m=1, —1, —-%, ¢=0, —Il,7% 1espectively.

Hence the asymptoies are obtained from (2) by putting the

oI, &=

values of m and c.

Thete are p=z, y=--x—1, and y=-—3z+i
- otg y=x, z+y+1=0and z4+2y~1=0

Ex. 2, Find the asymptotes =3 D.H. 1987

4P—z2y—axy* + 2 4+ 322 1 22y—y*—Tx +5=0
The equation can be written as
(42’ —x2y—Lzy?+5°)+ (327 +2xy—y)—Tz+5=0
or g 3gs(v/z) +27gs(v/x)—Tz+5=0 s, T ¢
Let y=mz-+tc g (2)
be one of the asymptotes of (1)

Then Put =1 and y=m in @s(y/x) and @, (¥/x) in (1)
we have _

Os(my=4—m—4m*+m3 5 @,(m)=3+2m —m?

0% m)=-—1 - 8&m+ 3m?

Now g,(m)=0 oz, d—m—am24md =0

or, (d—m)(] +m\(l—m)=0 or, m=1,~1,4
_ Gaaim)  u(m) 3 2m—m?
Also ¢== e T gl

"For m=1,—1 4, the values of ¢=§, 03 respeciively
Heuce requir-d asymptates are, from (2).

y=x+§, y=—z -0, y=4z+}

3y=3r4+2, y4+x=0, 3y-=12x+1

or,

(y—x)2 =~ (y—2z)

Differential Calculus 543

Ex. 8. Find the asymptotes of

X—x2y—xy 24 y3 4+ 2x2— 432 4 22y x4y +1=0 R. U. 1954
Write the equation as

(23 -2y =232+ 1)+ (2x—4)2 +2zy) + (2 )+ 1=0 ... (1)
or, Pyt Pa+P+ /=0

Now Py=ad—a2y—zy+3%=(y—z)3(y+ 2"

[Put x=1, y=m, 1-m—n2+md=(1—m)*(1+m).

--Then put m=y/z. The factors of Py will be obtained].

The asymptotes of the curve (1) are parallel to y—az=0.

y+z=0

Now the asymptote parallel to y +z=0

Lim 22> —4y2 422y Lim z4y+1 0
T (—XP T xde  (—XPF
y=—x y=—z '

' Lim 22%2—4x2-22" Lim x—zx+1
o TP g e Pl s =0

or, y+x—14+0=0
or, y+x=1

y+x+4

Again the asymptote parallel to y—x=0is

Lim 2 x+ 2y) Lim z4+y Lim 1

Xp Y+T T XS TFY x> XY
Y=z y=zx y=x

or, (y—xP=(y—x). 3+1+40=0

o, (y—zP—3(p—x)+1=0

Hence asymptotes ate 2 4+y—=1=0 y—z=1 BEy5

Fx. 4.  Find the asymptotes of the curve N.U.1994

(y—2)* x—3y (y—z)+2a=0 R U, 1951, D.H. 1965.
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The equation is of 21d degree but y3 is absert
So, there are asymptotes parsilel to y—axis. The highest
p ower of y available hezte is y2
'y2x—2x2% +x3—3y24-3zy+ 2x=0
or, y2(x—3)—2x2y+x*+3xy+2x=0
Now equate the Co-efficients of y? to zero. Thus
x—3=0 is an asymptote.
For other asymptotes, from the criginal equation we notice that
Py=(y—x)
Hence the asymptotes are parallel to y—x=0, x=0.
The asymptotes parallel to y—x=0 are

Lim —3 Lim
(Yy—x)*+(y—x) x_? IR 4 2> op z;ﬂ

y=x y=x
or, (y—x)*+(y—z)(—8)+2=0 or; (y—x—2)(y—x—1)=0
of, y—x—2=0, y—x—1=0 .

i :

Hence the asymptotes ate x =3, y—x—-2=0, y—x—1=0
Ex. 5. Find the asymptotes of the curve yv/(x*—1)=1x2 |
C.U. 88 j
The equation is written as  y2(x2—1)=x* ... ... ) |
The equation (1) is of 4th degree, so it may have four aymp-
totes. As the highest powerof y, i. e. ¢
" y* is absent, so there are some asymptotes parallel to y—axis.
Now equate the co-efficient of y% (as y* is available highe:-
pover) to zero, then x2—1=0 of, x=41.
For two more asymptotes. the equation (1) is written as
zt— 2l —yi=0
or, x}x?—yl)—y?=0 2)
or, x¥x+y)(x—y)=»*=0 - (3)
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The other two asymptotes are parllel to x4 y=0, x—y=0
Now asymptote parallel to x-Ly=0is

Lt —y?
X4+-Y+ — =
X o XX(y—2) 2
' i =_’x
or, x~+y+0=0 or, x+4+y=0.
Similazly other asymptote is x—y=0.
Hence asymptotes are x+1=0, x—1 =0, x+y=0, x—y=0
Ex. 6. Find the asymptotes of the curve
Xy2 (Xx=y)—5 X2y -9 +6x2_5=0
The equation is of 4th degree, so there s1e four asymptotes.
From the equation, the asymptotes are parallel to x=0,y=0
x—y=0 ' ,
; The asymptotes parallel to x—y =0 is i

Lim —y(5x?+y?) Lim 6x2—5
X=> o xy x> xy2
ot i y

—p+ 0

or, x-y—ﬁ=0_ or, x—ynﬁ
The equation is written as
. TP -xp-Sxlyyi4 6250 .. .. (1)
or, X(y?—5y+6)—xy3 —y3—5=0 R
or, 3 (~z—1)+y%x2—5yx24-6x2—-5=0 ... . (3)
. The equation is of 4th degr e, The hrghesr power- of x and y.
1. e, x* and y* are absent. So there are some asymplotes parallel
[0 co-o1dnate axes.
Now equate the co-efficient of z? (available highest power of x)
to zero from (2) then the asyn.piotes are

y?—5y+6=0 or, (¥y=3)(y~2)=0 ¥—2 =0 and y—3—=0.
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Again equate the co-efficient of 32 (available highest power
of y) to zero from (3). then the asymptote parallel to y axis is
—p—1=0 o1, z+1=0
Thus tte asymptotes are y=2, y=3, x+1=0, x--y=6.

Ex. 7. Find the asymptotes of the curve y__l_ﬁ_!_’f

Let us define z in the interval O<z<<too
The function y is not discontinuous in the defined domain
but when z tends to zero, then

Lim  Lim logz _
D0 T e T T

Hence the straight line z=0 i. ¢, ; y—axis is the asymptotes
of the given curve.
Fer an asymptote of the from y=mx+c, where m and ¢ finite

we have,

m=Lim (y}z) =Lim (log z)/x2=0
X=p4-00 X—po0
Li Lim (logx

Lim (log z, )=0

T xso\ 22 °
There is another asymptote which is y=0, 3. e. the
2 —axis is also an asymptote of the curve,
The asymptotes are z=0,y=0.
Note ¢ Note the asymptotes of the following cuxves- .
() y=a*; x—axis is the asymptote.
(i) yalog,x - y—axis is the asymptote See Art. 1. 16,

[
|
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Ex. 8. Find the asymptotes of the curve y=e¢=* sin z+z
There are no asymptotes parallel to the co- ordinate axes,
Let us try for obeique asymptote of the form y=mz +¢

_ Lim Y. i Lim ersinztz

207 T r® “———_;—" =0+1=1

¢=Lim —mx)=Li
e o) i’fw (e7* sin z 4-x—z)

=Lim e sin =0
>0

Hence y =z is the asymptote of thz curve 88 X=p® ,
When z——w ,
Lim y _Lim (¢e~*sinz

me= e
Xep—R T T s po

+1)=does not exis( as
the fizst term increases to infinity as x->— oo
So, there is no asymptote when z—»— o

Ex. 9. Find the asymptote of the curve 7(30-%)=4a sin ¢

The equation is written as

1 30—m
+ “zsmg =/@ - D
For the asymptotes r—p= and so S(0)=»0
N—n
=> asmo=0 or, 0=%ﬂ

We are to investigate the possibility of an asymplote ut § w3

Differentiate (1) . r to 8 )= 3 sin §—-(36—x) cos 0
a s’ §
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When 0 =x/3,
- 3 sin n/3—3n/2—m) cosw/3 3 3[4 243
F 3= =

Therefore the asymptote is

a sin?w/3 2a.3 a

r sin (6 —3w) =1/f(r/3)= ;m
or; 24/3rsin@—mr3)=a
. Ex. 10. Fiod the asymptotes of r=sec §+b tan @.
Tne equation is written as r=a/cos 6+(b sin ) [co8 6
- - =(a+bsinB)/cos 8

or; 1/r=cos8/(a+bsin 8)=£0)

If £ (8) =0, then cos 6=0

s 0= (2n4+1)x/2, n is any integer.

6=1ir, 3 2, 5%/2, Tn/2 and so on.

—sin 0 (a+bsin@)—cosBbecosh _ —a gin 0—b
Now f/(®) = (@ +b sin ) “(a+bsmn0?

fw/2y=—1/(a+b), [(3r/2)= (a—b)l{a—b)*=1/(a—b),
frEn/2)=—1/a +b), S* (Te/2)=1/(a— b)

Thus the equation of the asymptote at 6=m/2 is

rsin (0 —n/2) =1/f(x/2) =—(a+b) or; r cos 6=a+b

the asymptote at =23x/2 is
rsin (0—3m/2)=a—-b or; rcos 0=a—b

Proceding this way we see that the asymptotes
at 8=7/2, w/2, 9%/2 each has equation
rcosf=a+b

and asymptotes at 6=3x/2,
r cos 0=a—b.

| 7z/2, ete. each has equation -
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Therefore there are only two different asymptotes
equations are '

whose

rcosf=a-td and r cos =a—p

Ex. 11. Find the circular ssymptotes of (r—2) B=sin o
The circular asymptote is
r—2=Lim (3 sin 6) /6 =0

fp as |sin6| < |
or; r=2 )

Ex. 12, Show that the asymptotes of the curve
: (£+a) y2— (y+b)x*=0
cut the curve in three points which lie on the straight line
b2 (z+ a)=a? (y+b)
The given equation is of 3rd degree and is written as
(z+a)y*>—(y+b) 22=0 (1)
or; TP —yxitayt—bzp=0 (2)
The asymptotes parallel 10 z axis is given by equating the
co-efficient of 22 to ze10i. e y+d=0 (3)
Similarly asymptote parallel to y axis is given by
z+a=4¥ o (4)
From eqa. (2), ayly—z)+ay2—bz2--0 (5)
Now asymptote parallel to y-—z=0 is
R Lim ay?—bz?

'.'.z.'—-)ﬁe+ Xy
VN=x

=0

or; y—zta—b=0

Hence the asymptotes are

(6)

4 a :—:0’ ¥+ b"_-O’ y—v.z-i—a-—5=0.
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The joint equation of the asymptotes is

(.z:+a)(}'+b)(y-z+a—-b,\=0
or; zyt—z2w—bzt4ay’—biz+ a2b—ab?+aty =0
or; (z+a)yi—(y+b)z2—bz+ae)+ Aty +b)=0
The e.qu ation of the given cuzve i8 written as
(z+a)y*—(y +b)z* +{a*(y+ b)—bi(z+a)}=0

which is of the from F 4+ F,,=0 i e Fst+F =0
Hence 3(3—2) i.¢,; 3 points of their intersection lie on the
line F,s=0 or, F,..,=0 or, Fi=0ie
ol (v+b)—b* (z+a)=0
o a4+ b= (z+a)=0 Proved.
Ex. 13. Show that the asymptotes of the curve
Zy?— a2 +y?)—adz+y) Hat=
form a squate, two of whose angulat pointe lie on the cutve.
The equati>n is of 4th degree and highest powers of zand »

are absent. The equation is written as
22(yi—at)—atyP—a(z+y)+a' =0 - 1)

or, ¥A(z*—at)—a’x? ~a(z+v)+at=0 w @

tca parallel to z axis from (1). arey=*a

The asympto

and asymptotes parallel to y-axis, from (2),are z=+a’

The fous asymptotes are x=@, T="—0@ ¥=a, y=—&
_ which form a square of sides 2a.
Thus Ala, @), B{—a, a), C(—a,

of the square ABCD
Put the co-ordinites of B (—a, ) and D (e,

—a), D(a,—a)are vertices '-
—a) satisfy the

equation of the curve.
Hence (a,— @) and (—@, ) ate on the curve,
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Ex.
14. Show that the asymptotes of the curve
4
4 (&' +y)—17x%2— 4z (4y? ~22)+ 2(22—2) =0
pass through the point of intersection of the ellipse

-t2+4y: =4
The equation is written as D-U.H. 1958, C. H. 77.

L, (4~?-“+4J""17z”y")—-4~z(4y’¥-rﬁ)+2(x=.—2) 0
i . = e (1

€n put x=1, y=y inthe first and 2nd terms of (1)}
Bz (m)=4 (4m2—1

P (m)= (2—m)(2+m) (Zm-i-l)(l»-Zn;!) }

¢4 (m) =0

or, m=2’-_2l_*%! i‘

@ ¢ (m)=16m3—34m

Now ¢ E—M A AL el

il @ (m) 16m*—34m

s m=2,—2,——§, %, then values of c=1,+ 1, 0.0

hus the asymptotes are (y=mz+c) i
y=22—l,y==2241, y=—13x, y=4z
0r; y—2z+41=0 :
. Y+2z—-1=0 g

T H ) s <Y +x= 0’ 2 —I=

(yhe :ombmed equation of all asymptotes is ety

g —( z+1)(y +2x—1) (v +z)(2y—x)=0

£ ly—2

e 4r)(:’+2x)(2y +XN2y —z)+ dx 4yt —x2)-~(4)% —22) O

Th’ (x ‘_i'y )—172%% 4 4x(4y*—x2) — (dyr — x2)= .

4(xti:qti?tleltx?of the given curve is written as ’ s

Y)—=1722p2 4 4p(dy2— 2
orj Fy+F,=0 ) =4y 24 (dy2 4 32— 4) 0
The asymptotes me
et the curve at n(n—2) =

and these points lie on the curve F#(,; {:;?) sl

or, 4y2+.2:=—4m0 or, 4}'n+:.:==4 or, F4-2=F3=0

B (m)=4+4m*—17m? ;
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Ex.15. Show that the equation of the cubic which has the
same asymptotes as the curve z°y —xy*+zxy+y*+x—y =0
and which passes through the points (0,0), (0,1), (1,0)is
yx2—xyt+zy+¥2+3y=0
The given ‘equation is of 3rd degree and 2 and 4% both the terms

are absent. There.are some asymptotes paralle] to co-ordinate axes

The equation is written as

yz2—zy?+xy+y*+3y=0 sov e (D)
or ; zy(x—y)+zy+¥2+3y=0 (2)
P (—z+1) +y22+zy+3y=0 o e (3)

From (2), the asymptotes are patallel to £=0, y=0, x—y=0),

Now asymptotes parallel to z-axis from (1) is y=0
Aaymptotes parallel to y =x from (2) is

lim zy+)y? lim 3y
T=0 xy IR yx

And asymptotes parallel to y—axis from (3) is z =3

=3 ('.-"l, x_5’+a=0 |

The asymptotes are y=0, z=1, z—=y+2=0
and the joint equation of asymptdtes is
yiz—1)(x—y+2)=0 - (4)

Let the equation of the new curve be
y(z-1)(x—y+2)+ax+by+ec=0 - (5)-

Since it passes through (0,0), (1,0).(0,1)

then, ¢=0, a=0,b=1

Hence the new curve which has the same asymptotes as, (1) is

y (x—1)(x—y+2)+y=0.
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Exexcise X11
Find the asymptotes of following curves.
1, 293 2x*y—A4zyi+ Az? —14xy+ 6424 422 1-69+1=0
2. 3z 2xy—Txy*+2y —1dxy-+Ty2+4x-+5y =0
3. y’—-GJ:yH—llxzy-ﬁa;]%--r-’i'ﬂﬁo
A. x3+x9y-—xy‘-—y3+x3-y2-—-2=0
5. 23— 293+ zy2z—y)+y(E—y) ] =0

6. YP-x- Ly +x2-12-1=0

(i) Gr2Ry-a-2yt Ayt + 2xy-5y+6=0 D.U. 1991
T .13-—5x2y+8xy2—4y3+x2—3xy+2y2—750

(i) 23-1P=x+21%=0 N.U. 1994
8. xyP-2y=a (eryl+b? & 20d-P-2ay’ + 2a80 N.U.1995 -
9. ¥a2yraf-x?-xy+2=0 p.U. 1959
10, 212 = alyP-bi? (i) yly?) = yley) + 2 NH. 1994
(i) =22y +x°-xy+2=0 ) D.U.1977

11,z +aty+zyy?+3z=0
12. x8—axy2+62=0

13, y(ai—at)=z}(x*~ 4a%)
14, y¥xE-—~-a?)=x

15, 34 22y+2zy*—y+1=0 :
)] iy o+ - at=0 C. U. 1969
16. zy —xyi+zy+yr+x—y=0

17. zyt=x4y 18 rly=z>+zt)y

19. y2=z+tax? 20. x“y‘—zy’+.r-l-y+i-=0

91. zi-+yi==3axy 22. x3—y3 =aZxy

23. {y/tx-}-a)}’:(z—a]{(x——:!a)

24, (x--y)“(.z——2y)(z—-—3y)—2a(3;’—- )
—2a%(z—2y)(z+¥)=0 D.H, 1961 -

95, y*=2zy*+ 2z3y--xt--32? +3z2y+3zy* 8yt —222+2y2—1=0

R, U.1979




.
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Asymptotes
26, .z’(yz—4)——4y3+8.\;y +2y—3=0
27, .t’y=—~9(x2+yzj—5(x+y)+ 27=0
28. .r’(y+3)-—-y2(x+2)= 0.
29. 2%
" 2 x2 4y —2zy)—223—2y2—( parallel to y =2
. a2 (x«-y)’r—-aﬂ(.ri' +32)=0 .
31.
i (*+39)* (22 +3)+ 22— 8y +7=0 D, U. 1984
. T(y—3)= 5 -
: z( yzz3)“;-43"i-f—-1)3 33. 2z (y—3)"—3y(z - )?*=0
. i'( —5%)(z2—4y%) 4 Bzy(z2—y2) +224y2—7=0
Jo. +3.z9y'—;y=—3y3-{—zﬂ—2.ry-i-3y‘«‘+4r+7 Clh

36. y == 1/x 3
i | 7yl g ilon
38. y=e—x2 | 38 "
! - y- ac
40. y=elf*—1 41 : i :
42, Daia~2% ai * y=log z
Y=g gin z 43. V= zel/:cz

44, y=¢—s gin 224,
Find ili
the rectilinear asymptotes of the following cury.
€es.

45 rg=q
46. rcosg

47. r&ing/2 Fis
b 0/ =q 48. r cos 3(0+¢ =g sin (g +a)
e wW=a 50. r=4(1—sec 20)

+ T=a(secf {cos g) 52, r=ae =
83 rag S0l - i

o8t 94. 7 tan 30 =g
85, g = '
SIn 2.0 = gn 96, 7 cos 0 =g sin g

7. r(3—-cos@)=ga
Find i
nd the circalar asymptotes of the fullowing curves

58. r 6
= - e ﬁqu
6-+1 59. r= &
60. r= 6%+ 30+3
61. (r—1)(a—1)=1

=S+ 70+5
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6. ra® —mate? 1

(i) Show that the asymptotes of
(x2—y2P =2(x* +3%) form a square

(ii) Show that the asymptotes of the curve
(z2—y%) y—2ay? +52—T=0

63.

63.

form a triangle of area equal to @* R.U.H. 1969, C.H. 1969
(iii) Show that the asymptotes of the cutve z2y2=a? (£2+5%)
form a squate of the side 2a R. H. 1986 ; R.U. 1972°87

(iv) Show that the asymptotes of z2y2=9(z2+3?) forma
R.H. 1988

square of area 36 square units,
64: Show that the asymptotes of the curve

=2 +zy Qe—)+yz—+1=0
cut the curve in three points whieh lie on the straight line,

65. Show that the asymptotes of the curve
22y — i+ Y+ ¥+ XY =0

cut the curve in thice points which lie on the straight lins

2+y=0 _
66. Show that points of intersection of the curve

2932y —4zy? +4x'—14xy+ 632 + 4z +6y+1=0
and its asymptotes lie on the straight line, 8z+2y+1=0

67. Show that the asymptotes of the curve
¥ =522yt + AP 22—yt +z+y +1=0
cut the curve again in eight point lying upon 2 rectangular
hyperbola. 22—32+x+y=0.
68. Show that the asymptotes of the curve
(23 —45?) (22—9)%)+ 5x2y—5xy?— 30y} +-xy+ Ty2ee] =0
cut the curve in the eight points lying on a circle, 4 yi=1l.
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69, -Show that the poinis of interssction of the curve

424~ 183224 9y% ; 3222y—42y°— 207 4 749 —56y -+ 42+ 16=0
and its asympiotes lie on the curve ¥24+4z=0.

70. Show that the equation of the curve which has the same
asymplole as the curve

a3 —6x%y4-11a9?—69y3 4z + 5y +7=0

end which passes through the points (0, 0), (2, 0), (0, 2) is
3 —6z2y 4+ 11xy2=— 6)3—Azxr+ 24y =0 4
71. Show that there is an infinite sexies of parallel asymptotes

e +-b, and show that their distances from
the pole are in Harmonic progression.

a
to the curve r= e

72. Show that all the asymptote of the curve r tan nf=a
touch a cirele r=a/n.

73. Find the equation of the curve which has

2=0,y=0, y=x, y+2=0 for asymptotes, which passes through
the point (a, ) and which cuts its asymptotes sgain in lying
upon the cir:le 2 4yi=at.

Find the asymptote of the following cuzves.

€.+ h-19
U4 () ay(@P—yt=274 2 (&) 2P )52 v a7 C‘:jz
(i) 42:2—3yz?—5zr)* +21%+46y2—z—3y+2=0 R.U. 1982

(3ii) xiyl—x?y—xy2422—3y+4=0

R. U, 1983
(1v) xy+ (22—4y2)=2x2+Ty2 R.U. 1934
(V) 23=08y%+-3z2 492 —T2+4+2=0 C. U. 1984,22
(vi) y=a log sec x/a D. H. 1983

i) 2006153052 (1)

C.U. 1987
Ly ']_}",.

Yoy my g 9P 2 XU Y 2Ry RN Y A0 Coe 1993
agis] Xl

fafafes sstawrel® sioaw sz fads wai

L 20— 2x%p—Axy®+ 4xS—14xy + 692 1 4x2 4+ 6p+1=0

2, 3x042xty—Txy*42y3~ 14xy+ 7534 4x + 5y =0

nry

3 yl.-ﬁxf.}-llx’y-—ﬁf‘-i-x"t'l’ =0
PR o =h
5 x‘-——2y3+xJ(2x—?1+l’l’*P)+l=°
: i
6 y*—xy!-—ﬁy-l-x*-rx’. i 90l
PN gty — Y- 297« by * _D"‘Sj
$ c‘{)x*-sa:ﬂy+sxy=-4y*+-‘~“‘—3~“?+-J’ gxlios R.U. 1962
a: :vsy!*—:.:‘y»--—'—ﬂr’(1¢+y)~i-~"-'2 D.U, 1959
9. B2y xy—at—xp+2=0
0. () Pp=ayt-bx p. U. 1977
(i) 58— 2ty xy iy +2=0
' ' )
11. xy’+x=y+:i+:=+3x | ?;H_afx:reu o
12. B-xp407= : 2 320y i :
/ 2 =x%(x2—44%) (f-) 32(.'1 ;j r)’)"”ﬁl"u_!ggq.
B 2 M =9(¥ 7
14 yﬂ(x’.—a’)ﬂx f_L) y(»— R. U. 1979
15 @y yrxiprani—yii=0 : R, U. 1960
(i) B s £ Amline '
16. xPy—xy*+ %Y ’f,‘yz'!”""')"'g

" 2 :
17, ep=3+r 18, Myp=2E2id o, gyl
19' P tad 20. x‘y‘—;_ﬁ"%-ﬂ.—y
- - ; 0r
21. .-‘3_."_’3;-.3&:)1 2\2- x‘—-}"-—c’x}'
3 x—a
v 2 Al |
23. {x+a } x—l-2t.l .
o :
24 (x-—y)'(x—2v)(x-31’)-'3“(-‘"°" ) p.H. 196l
3 _.ga'a(x-?.y‘j(x-i-y)==0 32342y —1=0

25, y=2xy+ 53y — X IXS4-35PF 3330~31
26. 3*?“—-4)—4y=+8xy+2y—3-—--0

21. x‘y’—9(x="+:v’)-5(x+y}+27=0

8, XBgt 3}—}*{::-}-2}--0.

0909090




(i) crere @ FWAY| (F—yYy—2ap*+08—7=0 w3 G
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29, X(x*4-y2—-2xy) ~2x3=~22=0, y=x g3 SERATHA AT q#? faes &4t 33 IR (FIATFHA AT [ N.H. 1923,

30, A%x—p)i- a¥(a2+y?)=0 ek R. U, H 196992C. H. 69
o (¥43p)%2x +-p) 425 —-3p4-7=0 D.H. 1954 (i) ere @, IWIY x*y=a? (x*-!—y’) €3 SHLayrAgy v

R e SR S PO arftwa (oD T LA A8 24 R.U. 1972

b 64 (gam@ (8 ITLAWI 32 =28 Fap(2x—p)+y(x—»)+-1=0 ez
wigaal g AmCaaTBee eud forb Rwe F3' IETL AFEEN
x—y+1=0 a3 Toig AMCF

34, xy(x®— (32— 4y?)+-3xp(x2 =3+ x1 4070
35. xﬂ+3x9y—xy=—3ﬁ+x’—2xy+3y’+4x+7-—__0

36. y=el N e .
38, y=¢ 39. y=esr 1 65 ¢Ayre ca 3TV x’y—xy"+xP+J”+x—a’=° a7 ShLIyl WL
40, y=el[*~1 41. y=logx reaaTley oaa F5AB e (=7 FA AIZTE] AIWAN *+y=0 6 oy
42, p=e~sinx 43. y=xo|2 &35S |

66. (qure (1 FERA 20 —2x'y— 4ry‘+4x’—-14xy+6y’+432+5y

44. y—e~% sin 2xL .
+1=0 g3 €3 ©BCAY 7ERd (zrlrrefa 8¥+2y+i=0 Agaciuma

fmafafes g@avefny Az b fde o3

4. rg=a 46 rcos0—a0 B .. cifie
47. rsinb2=a 48. rcos 3(8+a)=a sin (8+4) 67. crare (@ ATAN] F-5EELdprxtopiixdy+1=0 o
49, rsinnb=q 50, r=4(l—sec 20) sican 7z TEEATBCE ATSH e (e "I Az x—pitxpyd=l
51, r=a(secB4-cosb) 82, r—g g;: 9% oIES wiy1eha (Ré:tangu_lar hyperbola) Go wigfz® |

sin® 0 ' . 6@ caure (8 aw A (X2 =4 W AT=9p% ) 1507y - 55y 30y - xy
53, reo——op 54. rian 30=q o L7y—1=0 e ed @A HLEA ATHB (WAL AE Rl x’-H"-l

a% 1eBg 8o wfws !
69, (ryTS (2 FECIN] 4x¥—13x%)% 9yt 322:2_‘15—' 42.]?3-" 2057 '!-74_?!

— 56y 4x--16=0 @7z BZT9 GHaN] ALEA (A Teld qurgul yHH4x=0
03 Boja wafEs !

55. rvsinnf=a" 56. rcosO=asinf :
57. r{}—cosB)=a i
fanfafye swayrela afen oz 7L 747 390

- 250 B—1
e st = 8 | 70, @%B awANTA Shranraia aq A —6x'y+1lxpA—6yi+Ax 4y
60,y 38143043 _ +7=0 qwaqrs Stcaarefm 331 & amas (0,0 2, 0), O, 2)
: BTETLS 6L (r=1}8-1)=1 - femuln fmt wiezn Ffka (Rare (2 -ma narF 2501

A —6xty4 11xy2—6)° -—4‘:—1'1.4}'

62. r(e® ~D=ate’ 4. | -~ e
63, (i) cTwrs g JWAY] (X-y5 _'2(-"-57']!’} e @&gﬁn - . 71, C‘WTG (& FEqA r= -_tln 5t (G| q AT ﬂm‘ﬂlﬁ
Shewa e wot (".Iﬁﬁtg W iyt ane e Aal e @ s fey @ A R RS (Pole)

vaa T <33 4ranaifEd o A Fa
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72. civre rae; : = I
1S (33WAS) 1 lan n0=2 g7 57g SHavTe g7 r=qf

CF = g

. 7"!‘. - - : -
e ;1@%' ¥R AT e 2 T3 Sdeaaref gder |

COCANISHT 57w 3g *i+yi=a? a3 Pog q3f3e 2871

:4'4. faafEfs IHNrefEm eragrefy fAda 33—
0 »(2—p?)=xs4 2 .

(f‘i') ;=x=—3y.t°~—5xy=-:-2x=+6y=-x—3y+2=0 R.U. 1933
(i) x*y’—x‘-‘y—-xyf-{-z.\:—By-}-ét-_-.O R.U. °
(iv) xy«}-(x'-—4ﬁ)=‘h’+7ﬁ R. U‘ 1
(V) x2-8y313x2.q p2 7x4+2-0 C'U.. l9 .
(vi) y=a log £CC Xx/a. D. U. 19
(vii) 26(y—SP=3(y—35) (x—13 g
(Vh!) x.",__ 7(.’3)' —'x,y"’( 3) 2 2 Cu. .19 -I
J 2% -4y w2 xyx 4y
BEAwierl X C.1-1993

) 2 =2 y=-—x-2, y=x~1
2, Gy=~6x-7, 2y=6x415, 2r+x+ =0
3 y=x, p=2sx, y=3x, 4, Y=3%, y+x=0, pLxi1=0
5. X—p=0, x+y+1=0, X+2y—1=0
6. y+x=0 y—x, y—x=1
7. y=x=0, 2p=x, 2y=x-i-;l
8 x=0, y=0, y=x,
9. x=0, *+y=0, x+y=1
W) x=2e. (i) x=0, x-y=0, Xy+1=0
1. y=o0, *+1=0, x+y=0
12, x=6* YXx=3, p=x43
13, x=4gq y=+3x. C"J ¥=0,Y=0, x4+Y A+ 0=0, X-y= =0

eBCaa] ‘ e

14, y=0, y=0, x=a, x=-—a
15, () x4y=l], x4+y+1=0
15. (i) x=#1, x+y=0
16, y=0, x=1=0, y=x12
1. y==1, x=-£I.
18, x=z=l1, y=x 19. y=x{a3
20. x=0, x=1, y=0, y=1 2l. x4y=a
2, y=Xx 23, x3+21=0, yp=%x
4, x—y=a, x—y=2q, x—2y=13a, x—2y+14a=0

26, y=+2; x=1+2
28. %+240, y=%+1, p+3=0
2. x—p=+2 30. X=t0yx—p=s4/2a
3. 2x4-y=0 32. x=0, y=0. 2y=4x+3, 2y+4x=15
3. y=0, =0, 2y=3x+9 M. y=+x, y=zxx, x=0, y=0
35, dx—4y+1=0, 2x+2p—3=0, dx+12y4+9=0
3. x=0 37, x=0 33. y=0 39.. y=0
40. x=0, y=0 4[. x=0 42. y=0
4. y=x 45. rsin6=a 46, rcos 0=—a=]2, 3ar/2
47. rsinf0=2a 48. a=6rsin (}r—x~0),~a=3r sin (iz~z

2. y=zxx, p=x+l, p=x+2
27! = 7‘—"3: yaiB’

43. y=x, x=0

~0) i @=6r sin (S-E- -—::-—9) 49. rnsin (B— —’-E"',t )ua sec Mz
50. rsin(@—=n/4)=%2, rcos(8—}=)=+2. Sl. rcos O=a
52. 2ax=-r sin (0+4a) 53. a=r cos®

54. 0=0, =3, 2n/3 BENTH)

aycR EAB wirzyl Arce ATt 438 TIW ST9E Lo WA 81ETE
LLECIEL Y
WG
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CHAPTER X111
CURVATURE

13.1. Definitions 3 —
(a) Angle of Contignance,

Let F and Q be two neigh-

k- —
55. wirawrefnd slem 0=— aft n2lgn few afn<lg

©L3 (FTA BicaN] ZRCIA 1
56, r cosB=-a. 7. +da=\/r(3sin 03 cos )

- 58, r=1 59. r=1 60. r=5/3. 6l. r=1 62. r=a.
73, bxply*—a®)+a(aP—b2)(x2+)2—a%)=0

74. (i) x=0, y=0, x4+y-2=0, x+y+2=0 bouring points on the curve
(i) x=2=0, x-3=0, y—1=0, y—2=0 APQ.
(iii) x=0, P=0’ x=1, J"=1' Let arc AP=3,
(iv) x=0, y=0, xx2y=0 arc AQ=s43s
) 24x—48y+13=0 then arc PQw=3s. :
9. et ol T T X

; (Vi) x=znaf2. (vii) x=0, y=2, 2p—3x—14=0 :
' : Let the tangents PT and 07" at P and Q of the curve make
angles ¢ and ¢ +8} respectively with the positive direction of
X—axis
LORL=[TRT = [ RT X— [ RTT ={+3y— =3¢
Thus 8¢=(y+ d¢—4y) is the change in inclination of the tangent
line as the point of contact of the tangent describes the arc 3s.
The angle 8p is called the angle of contignance of PQ provided
the bending of the curve between P aad Q is continuous in one

=

direction only.
(b) Average Curvature or Average bending
The average curvature of arc FQ is the ratio of the corres-
ponding angle of contignence 8} to the length of the arc §s, that
3

is average curvature or averag: bending of the ar¢ PQ= o
For onc and the same curve the average curvature of is

difference parts may be different.




